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Abstract

The convex rope problem, posed by Peshkin and Sanderson in IEEE J. Robotics Automat,

2 (1986) pp. 53-58, is to find the counterclockwise and clockwise convex ropes starting at the

vertex a and ending at the vertex b of a simple polygon, where a is on the boundary of the convex

hull of the polygon and b is visible from infinity. In this paper, we present a linear time algorithm

for solving this problem without resorting to a linear-time triangulation algorithm and without

resorting to a convex hull algorithm for the polygon. The counterclockwise (clockwise, respec-

tively) convex rope consists of two polylines obtained in a basic incremental strategy described

in convex hull algorithms for the polylines forming the polygon from a to b.
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1. Introduction

The convex rope problem, posed by Peshkin and Sanderson in [11], is to find the counterclockwise

(clockwise, respectively) shortest path starting at the vertex a and ending at the vertex b of a

simple polygon with n vertices that does not enter the interior of the polygon, where a is on

the boundary of the convex hull of the polygon and b is visible from infinity. These shortest

paths are called convex ropes between vertices a and b. Computation of these convex ropes is

required, in [7], to plan reachable grasps of a simple polygon by a simple robot arm. An O(n2)

time algorithm was presented in [11] in 1986 and a linear time algorithm was presented in [5] in

1987 by resorting to a triangulation and by resorting to a convex hull algorithm for the polygon.

Heffernan and Mitchell presented a linear time algorithm in [6] in 1990 by resorting to a partial

triangulation.

In this paper, a linear time algorithm for determining these convex ropes without resorting to

a triangulation and without resorting a convex hull algorithm for the polygon will be presented.

The counterclockwise (clockwise, respectively) convex rope consists of two polylines obtained in

a basic incremental strategy described in convex hull algorithms for the polylines forming P from

a to the transformation vertex u∗ then from u∗ to b. Some advantages of the algorithm and

experimental results are presented.

2. Preliminaries

Before starting the analysis, we recall some definitions and properties. Consider a simple polyline

X = {u0u1 . . . ul}. The vertices ui are supposed to be in general position (no three collinear). u0

and ul are called the first and the final vertex of the polyline X , respectively. If i ≤ j then we

say ui is before uj (uj is after ui) in the polyline X . If i ≤ j ≤ k then we say uj is between ui

and uk. For any vertices p, q in the plane, we denote

[p, q] := {(1 − λ)p + λq : 0 ≤ λ ≤ 1},

[p, q[ := [p, q] \ {q},

]p, q[ := [p, q[ \{p}.

Each vertex is represented by its x and y coordinates. Given three vertices p = (px, py), q = (qx, qy)

and z = (zx, zy), let s = (zx − px)(py − qy) −

(qx − px)(py − zy). We say that z is left of (respectively is on, is right of) the ray pq (an

oriented line from p to q) if s is positive (respectively zero, negative). A vertex u of a simple

polygon P is visible from infinity if there exists a ray beginning at u, which does not intersect P

anywhere else. This is demonstrated in Fig. 1. In this figure, m is a ray beginning at u. Let m̄

denote the ray beginning at u and in the opposite direction.

We will use the phrase “on the hull” to mean “on the set of extreme vertices of the convex hull

in counterclockwise order”. We say a path X starting at the vertex a and ending at the vertex
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Figure 1: Clockwise and counterclockwise convex ropes between vertices a and b of P . b is visible from
infinity, whereas v is not.

b of a simple polygon P is counterclockwise (clockwise, respectively) if the interior of P lies to

the left (right, respectively) as we step along X , starting at a. The counterclockwise (clockwise,

respectively) shortest path starting at the vertex a and ending at the vertex b of P that does not

enter the interior of the polygon, where a is on the hull of P and b is visible from infinity, is called

convex rope between a and b. Clearly, it is a polyline (see Fig. 1). For simplicity, we consider the

counterclockwise convex rope case only. The clockwise convex rope case is considered similarly.

Suppose that vertices of the counterclockwise polyline X are a = u0, u1, . . . ,

ul = b. Many algorithms for determining the convex hull of X use a basic incremental strat-

egy. At the i-th stage, they have constructed the hull Hi−1 of the first i vertices u0, u1, . . . , ui−1

of X , incrementally add the next vertex ui, and then compute the next hull Hi (see [8] and [10]).

Most convex hull algorithms construct Hi from Hi−1 in a similar manner. Namely, they find the

right and left tangents from ui to Hi−1, say [ui, u
R
i ] and [ui, u

L
i ], respectively and use these as new

edges for Hi (see Fig. 2 in case i = 5). In this case, if the hull is not incremental at ui+1, there

exists j > i such that ui+1, ui+2, . . . , uj−1 lie in Hi and uj does not lie in Hi. Then ui is called

an apex and the array Tui
:= {ui, ui+1, . . . , uj−1} is called a tail of the apex ui. An apex may not

be on the hull of X . If b belongs to a tail Tu then u is called the final apex of X . Obviously, the

final apex is on the hull of X and if b is on the hull of X , it is the final apex of X . If the final

apex u is to the right of the ray m, u is called a transformation vertex of X . Otherwise, we will
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see later in Lemma 4.1 that the previous vertex of u on the counterclockwise hull of X is to the

right of m and is also called a transformation vertex of X (see Fig. 2 and Fig. 3). If b is on the

hull of X , it is also a transformation vertex of X .

We now determine the polyline X ∗ forming from the set of vertices to the right of the ray m

of tails of apices of X , vertices belonging to the intersection of the ray m̄ and the polyline forming

by Tu, and the transformation vertex u∗ and b, namely

X ∗ = {z : z ∈ Tu, u is an apex between b and u∗, z is to the right

of the ray m} ∪ {z : z belongs to the intersection of the

ray m̄ and the polyline forming by Tu} ∪ {u∗, b}.

The order on X ∗ follows the order of X . Let a be on the hull of X . We define the (left) tangent

polyline Z of the polyline X . It has two parts: the first part is a counterclockwise polyline forming

by vertices of the hull of X from the first vertex to the transformation vertex of X . The second

part is a counterclockwise polyline forming by vertices of the hull of X ∗ from the transformation

vertex to the final vertex of X ∗. Note that X ∗ loses its simplicity on m̄: some segments of X ∗

have common points on m̄ (see Example 2.2). Fortunately, we will see later in Lemma 4.2 (b)

and Lemma 4.3 that the Melkman convex hull algorithm ([8]) with some minor modifications (see

the procedure TP(X ) in Section 3) still works on X ∗ to produce the second part of the (left)

tangent polyline. In this case, b is not only the final apex but also the final vertex of X ∗. Hence,

the second part is formed by vertices of the hull of X ∗ from u∗ to b in counterclockwise order.

We will see later in Theorem 4.1 that Z is the requested convex rope.

Example 2.1: In Fig. 2, X = {a = u0u1 . . . u16 = b} is in counterclockwise order. In the

figure, ui is labelled with “i”. Initially, after the first 3 vertices are considered, H2 is simply

u0u2u1, then H3 = u0u2u3, then H4 = u0u2u4u3, then H5 = u0u2u4u5u3, then H6 = u0u2u4u6u3,

then H7 = u0u2u4u6u7, then H8 = u0u2u4u6u8, then H9 = H8, then H10 = u0u2u4u6u8u10,

then H16 = H15 = H14 = H13 = H12 = H11 = H10. Thus, the hull H8 is not incremental

by u9 (because H9 = H8), the hull H10 is not incremental by u11, u12, u13, u14, u15, u16 (because

H16 = H15 = H14 = H13 = H12 = H11 = H10). Therefore, u8 and u10 are apices. By definition,

the corresponding tails are Tu8
= {u8, u9} and Tu10

= {u10, u11, u12, u13, u14, u15, u16}. Since

b = u16 ∈ Tu10
, u10 is the final apex of X . In the figure, the final apex u10 is to the right of the

ray m, it is the transformation vertex (i.e., u∗ = u10). Then the first part of the tangent polyline

Z is u0u2u4u6u8u10. In the figure, every vertex of Tu10
\ {b} is to the right of the ray m. Hence,

X ∗ = {u10u11u12u13u14u15u16}.

We now repeat the above for X ∗. Then H3 = u10u12u11, then H4 = u10u12u13, then H5 =

u10u12u14u13, then H6 = u10u12u14u15u13, then H7 = u10u12u14u16u15u13 is the hull of X ∗. Hence,

the second part of Z is u10u12u14u16 and Z = u0u2u4u6u8u10u12u14u16 (see dark coarse dotted

edges in Fig. 2).
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Figure 2: A (left) tangent polyline (dark coarse dotted) is obtained from the basic incremental strategy.
u8 and u10 are apices, whereas u5, u6 and u7 are not.

In the next example, the final apex is to the left of the half line m.

Example 2.2: In Fig. 3, X = {a = u0u1 . . . u24 = b} is in counterclockwise order. Since

b = u24 is in the tail Tu14
= {u14, u15, . . . , u24} of the apex u14, u14 is the final apex of X .

Moreover, u14 is to the left of m and the previous vertex of u14 on the hull of X is u7. u7 is to the

right of m and therefore is the transformation vertex u∗. From u7 to u24 there are 3 apices: u7, u12

and u14. By definition, Tu7
= {u7, u8, u9, u10, u11}, Tu12

= {u12, u13}, and Tu14
= {u14, . . . , u24}.

Moreover, the intersection of the ray m̄ and the polyline forming by Tu7
(Tu12

, Tu14
, respectively)

is {v10,11} (∅, {v15,16, v16,17, v17,18, v22,23}, respectively). Hence,

X ∗ = {u7u8u9u10v10,11v15,16u16v16,17v17,18u18u19u20u21u22v22,23u24}.

Then the hull of X ∗ between u∗ and b is u7u19u21u24. It follows that the first part of Z is

u0u2u4u5u7, the second part of Z is u7u19u21u24 and Z = {u0u2u4u5u7u19u21u24}.

Thus, each part of the (left) tangent polyline is composed of left tangents determined in the

incremental strategy for finding the convex hull of a polyline. Example 2.2 shows that the polyline

X ∗ loses its simplicity only on the ray m̄: some segments of X ∗ have common points on m̄.

3. The Algorithm

We now describe a procedure to calculate the first part of the tangent polyline and the final

apex of a polyline X = {u0u1 . . . ul = b} based on the Melkman’s convex hull algorithm ([8]).

Here, vertices of X belong to the vertices of the simple polygon P. Let m be a ray beginning
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Figure 3: u7 and u19 are apices, whereas u3, u4 and u5 are not. u14 is the final apex and u7 is the
transformation vertex.

at the final vertex b of X , which does not intersect P anywhere else and let m̄ denote the ray

beginning at b and in the opposite direction. The procedure uses a deque (double-ended queue),

D = dbotdbot+1 . . . dtop−1dtop, to present the hull Hi of the subpolyline u0u1 . . . ui. A deque allows

one to “push” or “pop” on the top of the deque and to “insert” or “remove” from the bottom of

the deque (see [8]). It will always be the case that dbot = dtop (the bottom and the top elements

of the deque). Below is the pseudo code of the procedure.

Procedure TP(X ) (TP stands for Tangent Polyline)

Given: Counterclockwise polyline X = {u0u1 . . . ul = b} (l ≥ 2). X loses its simplicity only on the

ray m̄: some segments of X have common points on m̄. u0 is on the hull of X .

Find: First part of the tangent polyline and the final apex u of X (with corresponding tail Tu).

1. Put u0, u1 and u2 onto deque D so that u2 is at bottom and top of D and on D they form

a counterclockwise triangle.

2. Set u: = dbot = dtop, take an array Tu and set Tu: = {u}. While there are more polyline

vertices of X to process. Get the next vertex ui.

{ // Test if ui is inside D (as a polygon)

If ui is left of rays dbotdbot+1 and dtop−1dtop

// Then current vertex u = dbot = dtop is an apex with the tail Tu.
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Push ui onto Tu.

If ui = b goto 3 // u is the final apex

Continue with the next vertex

// Get the tangent to the bottom

While ui is on or to the right of the ray dbotdbot+1

bot = bot + 1 // Remove dbot from the bottom of D

bot = bot − 1 and dbot = ui // Insert ui at the bottom of D

// Get the tangent to the top

While ui is on or to the right of the ray dtop−1dtop

top = top − 1 // Pop dtop from the top of D

top = top + 1 and dtop = ui // Push ui onto the top of D

}

3. u is the final apex (with corresponding tail Tu) and vertices of current D between u0 and dtop

in counterclockwise order forms the first part of the tangent polyline of X (dbot, dbot+1, . . .,

dbot+top−bot form the hull of X ).

The Algorithm for Finding Convex Ropes

The counterclockwise convex rope Z between vertices a and b of the simple polygon P is con-

structed by the first part of the tangent polyline of X and the first part of the tangent polyline

of X ∗, where X is the counterclockwise polyline of vertices of P from a to b.

Given: Vertices a and b of simple polygon P, a is on the hull of P, b is visible from infinity (i.e.

there exists a ray m beginning at b, which does not intersect P anywhere else. Let m̄ denote

the ray beginning at b and in the opposite direction).

Find: The counterclockwise convex rope between vertices a and b.

1. Let X be the counterclockwise polyline of vertices of P from a to b.

2. Call TP(X ) to calculate the first part Z1 of the tangent polyline and the final apex u of X

(with corresponding tail Tu).

If b = u then Z1 is the counterclockwise convex rope between vertices a and b. STOP.

Else, b ∈ Tu \ {u}. If u is to the left of m then the transformation vertex u∗ is the previous

vertex of u on the hull of X . If not, u∗ = u.
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3. Determine

X ∗ = {z : z ∈ Tu, u is an apex between b and u∗, z is to the right

of the ray m} ∪ {z : z belongs to the intersection of the

ray m̄ and the polyline forming by Tu} ∪ {u∗, b}.

The order on X ∗ follows the order on X . We will see in Lemma 4.2 that the first vertex u∗

and the final vertex b of X ∗ are on the hull of X ∗.

Call TP(X ∗) to calculate the first part Z∗

1 of the tangent polyline of X ∗. Then Z∗

1 is the

second part of the tangent polyline of X .

Z: = Z1 ∪ Z∗

1 is the counterclockwise convex rope between vertices a and b.

In fact, the algorithm has already been illustrated in Examples 2.1 and 2.2. It says that Z consists

of one or two parts, depending on the location of b and the hull of X (b is an apex of X or not).

The principal advantages of the algorithm for finding the counterclockwise convex rope can

be summarized as follows:

a) The triangulation of the polygon is not needed.

b) The location of vertices of the polygon from a to b in clockwise order does not play any

role in the algorithm. Moreover, computing the convex hull of the polygon P is not needed in

some cases of a and b (such a and b are given in the next section).

4. Correctness and Implementation

Since there is a unique shortest path between two vertices in a simple polygon (p. 639 [9]), we

conclude that there is a unique counterclockwise convex rope between a and b.

Lemma 4.1: If after some vertex u 6= b of X , the hull is equal to the hull of X , then b ∈ Tu. In

this case, if u is to the left of m then the previous vertex of u on the hull of X is to the right of

m.

Proof: Since the hull is not incremental and becomes the hull of X , u is the final apex. Then

b ∈ Tu. Assume that u is to the left of m. Because of simplicity of X , the previous vertex of u

on the hull of X should be to the right of m.

Lemma 4.2: Suppose that u∗ 6= b is a transformation vertex of X . Then

a) the hull of

X ∗ = {z : z ∈ Tu, u is an apex between b and u∗, z is to the right

of the ray m} ∪ {z : z belongs to the intersection of the

ray m̄ and the polyline forming by Tu} ∪ {u∗, b}
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contains the first vertex u∗ and the final vertex b of X ∗. Moreover, b is a (final) apex of X ∗

b) the hull of X ∗ and the hull of

X ∗∗ = {z : z ∈ Tu, u is an apex between b and u∗, z is to the right

of the ray m} ∪ {u∗, b}

coincide on or to the left of the ray bu∗.

Proof: a) Suppose that v∗ is the next vertex of u∗ on the hull. Since m does not intersect X

anywhere else apart from b, it intersects the interval ]v∗, u∗[ (see Fig. 4).

v

_
m

X*

    b

u*

*v m  tangent polyline of      

intersection point

X*

Figure 4: Adding intersection points m̄ ∩ X does not change the (left) tangent polyline of X ∗.

Let v = m∩ ]v∗, u∗[ . Then X ∗ lies in the convex cone pointed at v and bounded by the rays vb

and vu∗. Hence, the hull of X ∗ lies in this convex cone, too. Since b and u∗ are on the boundary

of the cone, they are on the hull of X ∗.

b) It follows from the fact that

{u ∈ X : u ∈ X ∗, u is to the left of the ray bu∗}

= {u ∈ X : u ∈ X ∗∗, u is to the left of the ray bu∗}.

|X | denotes the number of vertices of X .
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Lemma 4.3: The procedure TP(X ) calculates the first part of the tangent polyline and the final

apex of X (with corresponding tail Tu). It takes O(|X |) time.

Proof: Observe that the procedure is almost based on the Melkman’s convex hull algorithm [8]

with two minor modifications: “While ui is to the right of the ray dbotdbot+1” (“While ui is to

the right of the ray dtop−1dtop”, respectively) is replaced by “While ui is on or to the right of the

ray dbotdbot+1” (“While ui is on or to the right of the ray dtop−1dtop”, respectively). Moreover, X

loses its simplicity only on m̄: some segments of X have common points on m̄. The procedure

shows that dbot = dtop. Therefore, if a vertex is inside the current D, then it belongs to the tail

of u = dbot = dtop. Similar to the argument presented in [8], dbot, dbot+1, . . . , dbot+top−bot form the

hull at step 3. Since u0 is on the hull of X , it will always be some element of D. Then vertices

of the first part of the tangent polyline are u0 . . . dtop obtained directly from the deque D.

Since each vertex ui is pushed and popped at most once, the procedure TP(X ) takes O(|X |)

time.

If the order on X ∗∗ follows the order of X then X ∗∗ loses its simplicity not only on m̄ but also

on X ∗∗ \ m̄. Therefore, we do not use the procedure TP(X ) for determining the convex hull of

X ∗∗. We now prove the correctness of the algorithm.

Theorem 4.1: The algorithm presented in Section 3 computes the counterclockwise convex rope,

Z, between a and b in O(|X |).

Proof: Suppose that m is a ray, beginning at b, which does not intersect X anywhere else

apart from b. We consider two cases:

a) b is a (final) apex of X . Then, b is on the hull of X and therefore there exists no transfor-

mation vertex of X . Hence, the tangent polyline Z of X , is on the hull of X . This is computed

by Step 2.

b) b is not an apex of X . Then, by Lemma 4.1, b ∈ Tu with some vertex u. Thus, b is inside

the convex hull of X and therefore there is some transformation vertex u∗ of X . Step 2 computes

the first part of the tangent polyline of X from a to u∗. By Lemma 4.2 (a), u∗ and b are on the

hull of X ∗. Hence, b is a (final) apex of X ∗. Step 3 computes the first part of the tangent polyline

of X ∗ then stop. By Lemma 4.2 (b), this is the hull of X ∗∗ on or to the left of the ray bu∗. It

follows that the first part of the tangent polyline of X ∗ is the second part of the tangent polyline

of X . Therefore, the path Z is composed of two parts of corresponding polylines of vertices of X

from a to u∗ and of X ∗.

We now consider an arbitrary path Z ′ starting at a and ending at b such that all vertices of

X lies on or to the left as we traverse on Z ′ from a to b (see Fig. 5). Observe that the interior

angle made by an arbitrary vertex (which is not a or b) of Z and its previous and next vertices is

always less than π. It follows from the straightforward application of triangle inequality that the

length of Z ′ is larger than or equal to the length of Z. Thus, Z is the shortest counterclockwise
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Figure 5: The length of Z ′ is larger or equal to the length of Z.

path starting at a and ending at b that does not enter the interior of the polygon P. Hence, it is

the counterclockwise convex rope between a and b. If b is not on the hull of X , it is on the hull of

of X ∗ and therefore is an apex of X ∗. Then, the algorithm stops after a finite number of steps.

Since TP(X ) takes linear time, the algorithm takes O(|X |) + O(|X ∗|) = O(|X |) time.

simple polygon with 100 vertices
vertices a and b

counterclockwise convex rope between a and b

Figure 6: The counterclockwise convex rope between two vertices a and b of a simple polygon with 100
random vertices
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This algorithm is implemented by a C code based on the code [12] of Melkman’s convex algo-

rithm [8] for presenting the incremental strategy. In the implementation, X ∗ is also determined

in the procedure TP(X ).

For simplicity, a is the leftmost vertex (i.e. its x coordinate is minimum), which is clearly

on the hull of the polygon. We find the highest vertex h (in case there are several with the

same maximum y coordinate, we will use the rightmost of the highest vertex as h). b is the

previous vertex of h (in counterclockwise order). Since h is on the hull of the polygon, b is visible

from infinity. The number of vertices of the first part and the number of the second part of

the counterclockwise convex ropes Z of two such vertices a and b on simple random polygons

(computed by RPG’s “2-Opt Moves” heuristic in [4]) in the square of size 1 are given in Table 1.

The convex rope in case n = 100 vertices is presented in Fig. 6.

Table 1: The number of vertices of the first part and the second part of the counterclockwise
convex rope Z between the leftmost vertex a and the previous vertex b of the highest and rightmost
vertex of the polygon, where X is the polyline formed by vertices of the polygon from a to b.

Input Number of Number of vertices of Number of vertices of
size n vertices of X first part of Z second part of Z

100 85 11 3

300 271 12 2

600 573 13 3

900 747 21 3

5. Concluding Remarks

We can use the polyline

X ∗∗∗ = {z : z ∈ Tu, u is an apex between b and u∗, z is to the right

of the ray m and is to the right of the ray u∗b}

∪ {z : z belongs to the intersection of the segment [u∗, b[

and the polyline forming by Tu} ∪ {u∗, b}.

instead of X ∗ (the order on X ∗∗∗ also follows the order of X ). Because the determination of

X ∗ is simpler than the determination of X ∗∗∗, we use X ∗ in our algorithm. The algorithm will

also apply, with some minor modifications, to the case in which vertices a and b are visible from

infinity.

Efficient algorithms to determine the hull of a finite set introduced in [2] and [3] can be used

to determine convex ropes. This will be the subject of another paper.
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