
Fluid-fuel systems

Summary of lecture

◮ General model

◮ Discussion of dynamic effects of fuel
motion

◮ Derivation of consistent point kinetics

◮ Quasi-static scheme



The neutron kinetics of circulating-
fuel reactors

Balance equations for neutrons:





∂n(r, E,Ω, t)

∂t
=
[
L̂(t) + M̂p(t)

]
n(r, E,Ω, t)+

R∑

i=1

Ei(r, E, t) + S(r, E,Ω, t)

1

λi

∂Ei(r, E, t)

∂t
+
1

λi
∇ · (uEi(r, E, t)) =

M̂i(t)n(r, E,Ω, t)− Ei(r, E, t),

i = 1, 2, ..., R,

Ei(r, E, t) = λiCi(r, t)
χi(E)

4π
.



In the equations for precursors a con-
vective term appears due to fuel motion,
and appropriate boundary conditions must
then be introduced:

Ei(r, E, t)u (r) · (−n) =

∫

Aout

Ei(r
′, E, t− τ (r′→ r))e−λiτ (r

′→r)×

u

(
r
′
)
· n′F

(
r
′→ r

)
dA′,

r ∈Ain.

Fission products are moved through and
outside the core by the motion of the fissile
material.



Geometrical structure of a circulating-
fuel reactor

Multigroup diffusion model in cilindri-
cal gometry + slugflow

In slug-flow conditions the velocity field
is maintained by externally-driven devices
and is one-dimensional (axial):

▽ · (Ciu) =
∂

∂z
(uCi)



τ c =
Hcore

ūcore
τL =

Lloop

ūloop
ūcore

ūloop
=
Aloop

Acore
Acore = πR2core

1

vg

∂Φg
∂t

= ▽ ·Dg ▽ Φg − ΣgΦg+
∑

g′

[
χp,gνΣfg′ (1− β) + Σg′→g

]
Φg′+

Sg +
∑

i

λiχi,gCi

∂Ci

∂t
= −λiCi + βi

∑

g

νΣfgΦg −
∂

∂z
(uCi)

⋆ boundary conditions:

u(0)Ci(z = 0, r, t) =

u(H)
e−λiτL

Acore

∫

Acore

Ci(z = H, r, t− τL)dA



Discussion of dynamic effects of mo-
tion

i) the delayed-precursor equa-
tions cannot be eliminated in steady-state
configuration.

solid fuel: the concentrations of pre-
cursors can be expressed as functions of
the fission term and substituted into the
neutron balance equation

Ei(r, E) = M̂in(r, E,Ω)

circulating fuel: the equations for pre-
cursors are still differential for the space
variable and their concentrations can not
be made explicit and substituted

∇ · (uEi(r, E)) = λiM̂in(r, E,Ω)− λiEi(r, E)



ii) the multiplication eigenvalue
depends on delayed neutron andflow
characteristics;

iii) the space distribution of
delayed-precursors is not following the
neutron distribution and is completely
different from standard solid-fuel systems
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iv) the role of delayed emissions
is reduced by space-redistribution and ex-
ternal recirculation (reduction of effective
β)

βi,eff =
λi
〈
Φ+
∣∣ Ci〉∑

j

λj 〈Φ+| Cj

〉
+ (1− β) 〈Φ+| νΣfΦ

〉

Ratioβ̃/β as a function ofτL andkeff
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.

v) factorization schemes should
be applied to both neutrons and precursors

vi) point kinetics model needs a
specific formulation

vii) the numerical solution can
take advantage of the slower time-scale of
the motion of the delayed precursors



Point kinetic model for circulating
fuel systems (consistent with Henry fac-
torization procedure)

⇒ the time-dependent balance equations
for neutrons and delayed precursors are
considered:





∂n(r, E,Ω, t)

∂t
=
[
L̂(t) + M̂p(t)

]
n(r, E,Ω, t)+

R∑

i=1

Ei(r, E, t) + S(r, E,Ω, t)

1

λi

∂Ei(r, E, t)

∂t
+
1

λi
∇ · (uEi(r, E, t)) =

M̂i(t)n(r, E,Ω, t)− Ei(r, E, t),

i = 1, 2, ..., R,

+initial and boundary condition



⇒ a reference configuration is intro-
duced






0 =
[
L̂0 + M̂p,0

]
N0(r, E,Ω)+

R∑

i=1

Ei,0(r, E) + S0(r, E,Ω)

1

λi
∇ ·

(
u0Ei,0(r, E)

)
=

M̂i,0N0(r, E,Ω)− Ei,0(r, E),

i = 1, 2, ..., R,

+boundary conditions



⇒ a physically consistent definition of
the neutron concentrations and delayed
emissions importancen† andE† is intro-
duced;

⇒ the balance equations for the im-
portance functions are shown to be the
mathematical adjoint to the balance equa-
tions for neutrons and precursors, having
defined the inner product as:

(w†,w) =
R+1∑

n=1

〈w
†
n | wn〉 =

R+1∑

n=1

∫

V
dV

∫

E
dE

∫

4π
dΩ · w

†
nwn

where
w = (n, E1, ..., ER)

t

w
† = (n†, E

†
1 , ..., E

†
R)



⇒ The system of equations for the
importance takes the form:






[
L̂+0 + M̂

+
p,0

]
N+0 (r, E,Ω) +

R∑

i=1

M̂+i,0E
+
i,0(r, E)+

S+0 (r, E,Ω) = 0,

N+0 (r, E,Ω) +
1

λi
u0 ·∇

(
E+i,0(r, E)

)
−

E+i,0(r, E) = 0, i = 1, 2, ..., R,

with boundary conditions:

E+i (r, E)=

∫

Ain

E+i (r
′, E)e−λiτ (r→r

′)F
(
r→ r

′
)
dA′,

r ∈Aout.



⇒ Both flux and delayed emission dis-
tributions are factorized with an amplitude-
shape formula:

n(r, E,Ω, t) = A(t)ϕ(r, E,Ω; t),

Ei(r, E, t) = Gi(t)ei(r, E; t) i = 1, 2, ..., R.

∗ The factorized formula is introduced into
balance equations;

∗ A projection on the adjoint solution is
taken;

∗ A normalization conditions is im-
posed on the shape functions to make the
factorization unique:

d

dt

〈
N+0

∣∣ ϕ〉 = 0,

d

dt

〈
E+i,0

∣∣∣ ei〉 = 0, i = 1, 2, ..., R,

=⇒ a point-like model is obtained








ΛP
dA

dt
=
(
ρS − β̃

)
A+

R∑

i=1

λiΓi + S̃

Λi
dΓi
dt
=
(
β̃i + ρi

)
A− (λi + µu,i + µξ,i)Γi + σi

i = 1, ..., R

→ structure equivalent to the point
kinetic model for solid-fuel systems;
→ kinetic parameters and effective

delayed neutron functionsΓi have different
definitions;
→ unconventional terms:

ρi : perturbation of production;
µu,i : perturbation offluid velocity;
µξ,i : perturbation of recirculation

time;



• normalization factor

F =
R∑

i=1

G∑

n=1

〈
Φ
†
n

∣∣∣ χi,nλiCi,0
〉
+

+(1− β)

G∑

n=1

G∑

g=1

〈
Φ
†
n

∣∣∣χn
(
νΣf

)
g,0
Φg,0〉

• effective delayed neutron precursors

Γi =
1

F

G∑

n=1

〈
Φ
†
n

∣∣∣ χi,nCi, 0
〉
Gi(t)

• effective neutron source

S̃ =
1

F

G∑

n=1

〈
Φ
†
n

∣∣∣ Sn〉

• effective delayed neutron fractions

β̃i =
1

F

G∑

n=1

〈
Φ
†
n

∣∣∣ χi,nλiCi,0
〉
, β̃ =

R∑

i=1

β̃i.



• reactivityρS = ρ0 + ρpert , where

ρ0 = −
1

F

G∑

n=1

〈
S
†
n

∣∣∣ Φn,0
〉

ρpert =
1

F





−

G∑

n=1

〈
∇Φ

†
n·
∣∣∣ δDn∇Φn,0

〉
+

+
G∑

n=1

〈
Φ
†
n

∣∣∣
G∑

g=1

(1− β)χnδ
(
νΣf

)
g
Φg,0

〉

+

−
G∑

n=1

〈
Φ
†
n

∣∣∣ δΣR,nΦn,0
〉
+

+
G∑

n=1

G∑

g=1

〈
Φ
†
n

∣∣∣ δΣg→nΦg,0
〉





• prompt neutron lifetime

ΛP =
1

F

G∑

n=1

〈
Φ
†
n

∣∣∣
1

vn
Φn,0

〉



• generalized precursor lifetime

Λi =

〈
C
†
i

∣∣∣ Ci,0
〉

G∑

n=1

〈
Φ
†
n

∣∣∣ χi,nCi,0
〉
; i = 1, 2, ..., R

• unconventional terms

ρi =
1

F

〈
C
†
i

∣∣∣ βi
G∑

g=1

δ(νΣf)gΦg,0

〉

µu,i =

〈
C
†
i

∣∣∣
∂

∂z

(
δuCi,0

)〉

G∑

n=1

〈
Φ
†
n

∣∣∣ χi,nCi,0
〉

µξ,i =

u0(H)

∫

Acore

C
†
i (H)Ci,0(r,H)dA

G∑

n=1

〈
Φ
†
n

∣∣∣ χi,nCi, 0
〉



• apparent precursor source

Ξ =
1

Acore
u0(H)

(
ξi,0 + δξi

)
×

∫

Acore

C
†
i (r, 0)dA

∫

Acore

Ci, 0(r,H)

σi =






Ξ
G∑

n=1

〈
Φ
†
n

∣∣∣ χi,nCi,0
〉
Γi,0,

if t ≤ TR,

Ξ
G∑

n=1

〈
Φ
†
n

∣∣∣ χi,nCi,0
〉
Γi(t− TR)

if t > TR .



Quasi-statics

• Point kinetic calculation on the time
interval∆Tφ;

• At time Tφ, the factorized forms of the
neutron density and delayed emissions are
introduced in the spatial equations:






A(t)
∂ϕ

∂t
+ ϕȦ =

[
L̂ + M̂p

]
ϕA +

R∑

i=1

Giei + S

1

λi

∂ei
∂t

Gi +
1

λi
eiĠi +

1

λi
∇ · (uei)Gi =

M̂iϕA− eiGi,

i = 1, 2, ..., R,



After time discretization the equations
take the form:





ϕn+1 − ϕn

∆Tφ
+ ϕn+1 Ȧ

A

∣∣∣∣∣
Tφ

=
[
L̂ + M̂p

]
ϕn+1+

R∑

i=1

en+1i

Gi

A

∣∣∣∣
Tφ

+
S

A|Tφ

1

λi

en+1i − eni
∆Tφ

+
1

λi
en+1i

Ġi

Gi

∣∣∣∣∣
Tφ

+
1

λi
∇ ·

(
uen+1i

)
=

−λiC
n+1
i + βi

∑

g

νΣfgφ
n+1
g

P

Gi

∣∣∣∣
Tφ

i = 1, ..., R

Iterations on the values of the deriva-
tives of the amplitude, to fulfill the normal-
ization conditions.



Typical Results (multigroup diffusion
model, 2 groups)
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