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Abstract 
 

The tumor growth is a complex process characterized by the proliferation of uncontrollable 

cells which invade neighbor tissues. The understanding process of this type of phenomena 

is very relevant in order to establish diagnosis and proper therapy strategies and to start the 

valorization of its complexity with proper descriptors produced by the scaling analysis, 

which define the tumor growth geometry. In this work, obtained results through the scaling 

analysis for pilocytic astrocytomas, anaplastic and diffuse, are shown, which tumors of 

primary origin are. On them, it is calculated the fractal dimension   and critic exponents of 

local roughness to characterize in vivo 3- D tumor growth. The acquisition of the images 

for this type of injuries was carried out according to the standard protocol used for brain 

radiotherapy and radiosurgery, i.e., axial, coronal and sagittal magnetic resonance T1 

weighted images and comprising the brain volume for image registration. Image 

segmentation was performed by the application the K-means procedure upon contrasted 

images. The results show significant variations of the parameters depending on the tumor 

stage and its histological origin. 
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1.- INTRODUCTION 

 

The dynamics, analysis and understanding of tumor growth have been the subject of a large 

amount of research and, therefore, in recent years there has been a rise in the number of 

publications about the aforementioned topics in which complex physical-mathematical 

models are used. Simpler theoretical models applied to this kind of problems only deal with 

the overall cell number within the tumor and considering that growth may be exponential, 

Gompertzian, reaction-diffusion or logistic, among others (Brú & Herrero, 2006; Tracqui et 

al., 1995). In that sense, the above models do not take into consideration essential aspects 

such as the spatial arrangement or the extent of cancer cells within an specific anatomical 

location which are crucial to determine both the growth and invasiveness of the tumor. More 

refined models include invasion anisotropy by means of different terms of scalar diffusion 

(Brú et al., 2006; Gardiner, 1985) Dynamic scaling is a technique that exploits the 

geometrical properties of the growth fronts by using different concepts from both the theory 

of stochastic process and fractal geometry (Barabási & Stanley, 1996; Gardiner, 1985). 

Studies performed on the tumor-host interface show that fluctuations behavior leads to 

stochastic evolution which is, in turn, analyzed through radial symmetry. 

 

Tumors exhibit a complex and irregular geometry due to the uneven spatial distribution of 

their cells. This irregular geometry appears during their growth processes, and it is apparent 

in a tumor interface with its host, on a tumor vascular network, and even on a tumor’s spatial 

diffusion through time. Fractal geometry provides a notion of dimension that characterizes 

these complex and irregular objects. In the case of brain tumors, medical imaging technology 

has been fundamental for the geometrical analysis and quantification of tumor lesions. 

Magnetic resonance imaging techniques with standard contrast enhancement. When applied 

to the central nervous system, the precise characterization of tumor geometry, in all of its 

complexity, makes an important contribution to the understanding of brain tumor pathology. 

This precise geometric characterization leads to new methods for tumor segmentation and 
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tissue classification in enhanced contrast MRI (MacNeil, Heussy, Dacheux, Raviola, & 

Masland, 2004; Martin-Landrove, Pereira, Caldeira, Itriago, & Juliac, 2007; Ramasco, López, 

& Rodríguez, 2000), tumor grading  (Brú, Albertos, Luis Subiza, García-Asenjo, & Brú, 

2003; Brú, Albertos, García-Asenjo, & Brú, 2004), and therapy monitoring (Brú et al., 1998; 

Brú et al., 2004).  

 

The approach used on this work is based on scale invariance and fraction on the cell colony’s 

border. Tumor cells may be characterized by a fractal dimension portraying their geometry 

and degree of complexity thus allowing the use of scaling analysis (Losa, Baumann, & 

Nonnenmacher, 1992; Greenberg, Chandler, & Sandler, 1999). Recent in vitro growth studies 

(Sedivy, 1996; Martín-Landrove & Torres-Hoyos, 2013) show that a certain type of 

universality in the dynamics of tumor growth may be determined by assessing their 

geometrical properties through critical exponents. Parameters extracted from the complex 

tumor growth dynamics (Barabási & Stanley, 1996; Brú et al., 1998; Brú et al., 2003, Brú et 

al., 2004; Brú, Alós, Nuño, & de Dios, 2015; Brú, Casero, de Franciscis, & Herrero, 2008; 

Martín-landrove & Pereira, 2008; Torres Hoyos & Martín-Landrove, 2012) can be used to 

validate tumor growth models (Sedivy, 1996; Jbabdi et al., 2005; Martín-Landrove & Torres-

Hoyos, 2013; Swanson, Bridge, Murray, & Alvord, 2003)   for therapy simulation and 

prognosis (Murray, Alvord, Jr, & Swanson, 2003). On the present work, a detailed study of in 

vivo growth on pilocytic astrocytoma, anaplastic and diffuse brain tumors is made by means 

of scaling analysis in order to assess the critical exponents of local roughness on the interface 

of the host-tumor (Brú et al., 2004; Greenberg et al., 1999) which in turn allows the staging 

of the aforementiones lesions according to characterization made by the World Health 

Organization (WHO) 

 

1.1.- Theoretical basis 

 1.1.1.- k-means algorithm: The description of the k-means algorithm is presented 

below as it is used over large data volumes such as series of digital images belonging to 

DICOM standard. 
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1. Initialize the number of classes, k, and μj centroids 

2. Assign a pixel or voxel to the class or group whose centroid which is the closest in the n-

dimensional characteristic space. 

3. Once pixels have been assigned, recalculate centroids 

4. Repeat steps 2 and 3 until centroids do not change anymore. 

 

The k-means clustering algorithm minimizes the sum of the intra-cluster variance 

 

 

 

Where  is the digital level of the voxel i-th that belongs the class j cluster with centroid μj.  

 

1.1.2 Fractal Dimension  

Given the fact the host-tumor interface shows fractal geometry (Sedivy, 1996), which is 

relevant to calculate the fractal dimension, in this case, the capacity dimension or Hausdorff 

dimension, df. This dimension is often calculated through the well-known box count 

algorithm originally proposed by Russel (Russell, Hanson, & Ott, 1980) which basically 

counts the number of boxes containing the fractal structure and establishes a power law based 

relationship between this number and the  box size or  scale , such that the fractal dimension 

can be estimated by (Barabási et al., 1996; Feder, 1998; Ben-Avraham & Havlin, 2000). 

 

 

 

Where N () is the number of necessary boxes to cover completely the fractal structure.  
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1.1.3 Scaling and Fractals Analysis  

The dynamics of a number of physical systems that present rugged surfaces can be 

characterized by a set of critical exponents obtained from the properties of the scaling 

invariances of certain physical magnitudes [4, 8, 9]. A point of interest in this study is the 

average ration of the tumor which corresponds to the moment of first order in the interface 

position. 

 

 

 

Where N is the number of points on the tumor interface and ri corresponds to the distance of 

this point in the center of the tumor mass. The dynamics of the tumor growth is present 

throughout the temporary dependency of the interface points; therefore, it is necessary to 

regard other important parameters such as the second order moment of the interface position 

as a function of the surface s and time t. 

 

 

 

Where Σ represents the interface of the overall host-tumor  is the local average taken by 

subsets of size s interface and   is the average over Σ. This amount defines the interface 

width and offers a measure of the local fluctuations of the interface around the mean position.  

 

Both sets Σ y s are associated to the area of the overall surface as well as the surface of the 

spherical cap respectively. 
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1.1.4 Anisotropy 

Each interface was assumed to be a mass distribution, so an inertia tensor can be associated to 

it and its eigenvalues calculated. As a measure of the departure from a spherical shape the 

following definition of anisotropy was used: 

 

 

 

Where β1, β2, β3 are the very own values for the associated inertial tensors. 

 

 

2. - MATERIALS AND METHODS 

 

2.1.- Selection and processing of imaging 

Images were obtained in compliance of the standard protocol used in radiotherapy and brain 

radiosurgery which consists in working with contiguous, non-overlayed slices of MRI images 

contrasted with gadolinium and weighted on T1, obtained along anatomical axial planes and 

comprising the whole tumor volume used for their record. For this work, a number of around 

100 to 200 slice images were obtained, and each of them had a minimal size of 256 * 256 

voxels and with a plane resolution under 1 mm and cutting thickness ranging between 1 and 2 

mm. Hence, the voxel volume is typically found under 1 cubic millimeter. 

 

Only pilocytic astrocytoma, anaplastic and diffuse brain tumors whose size was ranged 

between 1 and 4 cm in diameter were analyzed and assessed through histopathological results 

in post-contrasted images, unfortunately, most of the available data lacked pre-contrasted 

images. Even for those sets in which both images were available, only the post-contrasted 

image was regarded in order to prevent manipulation-related differences on the image data 

whose size was around 256 * 256 voxels in such a way that the tumor lesion fitted the 
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selected volume as it can be seen on Figure 1. Contrasting images on the brain reveal cell 

activity and they are currently used to define the tumor volume in clinical praxis, and 

therefore, they are suitable to determine the interface of the host-tumor through segmentation 

process. 

 

 

Figure 1. MRI image enhanced in T1, axial plane, contrasted with gadolinium and ROI selection on 

pylocitic astrocytoma  

 

The analysis presented on this paper was conducted only on contrasted images with 

gadolinium and appraised on T1 regardless of their histological origin; images, whose contrast 

was poor, were not considered. Imaging segmentation in the tumor volume was performed 

slice by slice by k-means clustering method, also known as unsupervised classification. The 

k-means algorithm is a portioning method seeking natural clustering in a set of 

multidimensional data by using similarity or dissimilarity measures. In the clustering process, 

classes are unknown and explored from the very same data, clustering splits data in similar 

groups and then they are sorted accordingly in each of the already known groups. 

 

Clustering can be divided into two main categories: split clustering and hierarchical 

clustering. The divided clustering consists of taking m samples, each of those which may be 

represented by a vector featuring n dimensional characteristics, which in turn, are sorted in k 
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groups in such a way that the members in each group have a share of similar characteristics 

(Demirkaya, Asyali, & Sahoo, 2008). Each group is labeled by a vector with n-dimensional 

characteristics which is the average of every member in the group, defined as its μ centroid. 

 

The slices of segmented images are piled up to define a set of tridimensional data used to 

establish the interface of the host-tumor and thus obtain surface points from it. By taking into 

account all of the above, it was designed an algorithm that preserves the voxel classification 

and the geometrical characteristics on the interface according to the k- means method (Martin-

Landrove & Torres-Hoyos, 2011). Essentially this algorithm involves the application of a 3 x 

3 image masking filter on each of the previously segmented images covering the tumor 

volume. The masking filter works as described below: if the central pixel of the 3 x 3 mask 

belongs to the segmented image, then occurs the sum on all the pixels within the 3 x 3 image, 

assigning the value of one if the pixel belongs to the segmented image or the value of zero if it  

is placed in a different location. If the sum of the mask is lower than 9, the central pixel of the 

3 x 3 mask belongs to the host-tumor interface, finally resulting in a binary image including 

pixels of such interface which are meant to be selected only the related outlines to the 

aforementioned interface. Figure 2 portrays the segmentation of a diffuse astrocytoma. 

 

 

Figure 2. Segmentation of a diffuse astrocytoma through K-means method. 
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Figure 2  show two well-defined regions, namely: a white one referring to the size of the 

studied tumor and a black one associated to two fundamental aspects: 1. That location is 

lesion-free which is easy to distinguish based on the limits set by the white region. 2. Cells 

whose stage is either latency or necrosis within the tumor were both assigned a gray value. 

Since it is not possible to extract such necrotic or latent cells from the tumor, they are 

regarded as an inbuilt part of the tumor which, in turn, becomes a drawback for the analysis. 

In order to sort out this disadvantage, elements from mathematical morphology were used to 

gain accurate information of the studied tumor as shown in figure 3. 

 

 

Figure 3. Application of mathematical morphology to diffuse astrocytomas 

 

For the purposes of defining the outlines of each tumor, it was developed an algorithm that 

determined the interface of the host-tumor and its results are shown in figure 3. In that figure, 

it can be observed a white region which corresponds to the host-tumor interface which is the 

place where the geometrical study of astrocytomas was conducted. Once the process on the 

images was completed, the tridimensional reconstruction of the treated lesions was performed 

as shown in figure 4. 
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Figure 4. (A) High contrast three-dimensional image for a astrocytomas (B) calculated surface points 

obtained by the algorithm developed in this work. The tumor orientation is different in both images. 

 

2.2.- Scaling and Fractals Analysis on the Host-Tumor 

In order to assess the local roughness exponent, the overall Σ host-tumor interface is shown 

thoroughly through the use of identical spheres. For each sample, the interface points 

determine a solid angle Ω and a corresponding surface area of spherical cap. The average area 

of the spherical cap surface determines the scale of the corresponding selected size of the 

sampling sphere permits the use of equation (4) to assess W(s). The performances of the 



ISSSD 2017 
September 26 to 30th, 2017.  Santo Domingo, Dominican Republic. 

 

140 
ISSSD 2017 Proccedings                                                                                                                                          Volumen 3 

 

power law leads to the observation of small values of s as compared to the surface are 

associated to interface Σ. Therefore, the equation (4) is reduced to: 

 

 

 

Where αloc, is the local roughness exponent (Brú et al., 1998; Brú et al., 2003). It is worth 

noticing that temporary evolution is not taken into account in the equation (6) because the 

tumor data show an evolution in time that cannot be accurately estimated apart from being 

unknown in most of the cases which makes it an alternative variable defined in histological 

terms as the tumor grade (Quintana, Martín-Landrove, & Pereira, 2007). It is assumed that 

tumors with the same histological origin, similar tumor grades correspond to similar dynamic 

stages and therefore they hold the common value of loc. There exists a relationship between 

the fractal dimension y the local rugosity exponent loc (Barabási et al., 1996; Ben-Avraham 

et al., 2000; Feder, 1998), as presented on the expression given below. 

 

 

 

Where dE is the Euclidean dimension of the space where the fractal structure is embedded. 

In figure 5 shows the performance of W (s) for astrocytomas. 

 

The figure analysis reveals that W (s) exhibits a power law behavior at small scale as 

predicted by the equation (6), as well as an asintotic saturation value, W (Σ), where Σ is the 

overall surface area of the host-tumor interface or equivalently W (4π). 
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Figure 5. Behavior of  W(s) as described by Eq. (6). The slope of the power-law region determines 

αloc, while the saturation value determines W() or W(Ω).The data corresponds to astrocytoma. . 

 

 

2.3._Calculation of the fractal dimension on the host-tumor interface  

Equation (7) holds in general and can be used to check the accuracy of dF and loc estimates. 

Figure 6 shows an example of the application of the box-counting fractal dimension 

determination for astrocytomas. 

 

Due to the discreet nature of the image matrix, data obtained from the algorithm of box count 

must be carefully selected to overcome possible artifacts. For example, there is a minimal 

scale due to the size of the voxel, and therefore, the limit of the equation (2) is unreachable. In 

order to avoid those constraints, all the calculations related to the fractal dimension were 

performed with intermediate points on the graphics of log (N ()) vs log () which show a 

stable performance when observed under the power law. 
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Figure 6. Fractal dimension for astrocytomas calculated with the box-counting algorithm, N () is the 

number of boxes and  is the box size. The value obtained for the fractal dimension is: dF = 2.09 

0.02. 

 

 

2._ VALIDATION OF THE CALCULATION METHOD  

The first aspect to be taken into consideration is the effect of the data size in the calculation of 

αloc. The small host-tumor interface generates a greater sense of uncertainty when assessing 

the averages present in the equation (4); therefore, and in order to determine the critical size, 

the simulated interface method was applied by using of spheres of different diameters to 

determine a varied point number. On this case, only the maximum interface width was 

calculated W (4π), that is, the saturation value of the equation (4). All of the above occurs 

because from the beginning, W (4π) should have the same value since the interface width 

depends solely on the discretization of the image matrix and the output of their asintotic value 

which means that a high N value should have a corresponding low statistical situation. Figure 

7 shows the dependence of W (4π) in regards with the interface size since it can be observed 

that the value for W (4π) fluctuates for interfaces whose size is lower than 2000 points and it 
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gets stable when it is above that aforementioned size. From now on, and for the selection of 

the image data to be used in the present work, the threshold for the host-tumor interface size 

will be N= 2000 points. 

 

 

Figure 7. Determination of the threshold of the sample size for the calculation of local roughness 

exponent loc. N is the number of points on the surface and W(4) is the maximum of the interface 

width. 

. 

The spherical shaped host-tumor interface exits might cause great variations in W (Σ), and as 

a consequence on the αloc assessment as well. To estimate this effect, W (4π) was calculated 

for simulated ellipsoids on the host-tumor interface. It is assumed that each interface is a mass 

distribution which permits the association with an inertial tensor in order to calculate their 

own values. As a measurement for the exit of a spherical shape, it was used the anisotropy 

definition given for equation (5). 

 

Figure 8. shows the calculations of W (4π) for simulated host-tumor interfaces where the 

anisotropy values under 0.8 become relatively stable. If the αloc estimate is limited to the 
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relatively spherical host-tumor interfaces, then the deviations for this estimate must be small 

as it occurred for most of the host-tumor interface in this work: 

 

 

Figure 8. W(4) dependence with the tumor-host interface anisotropy, . 

 

Image data selection for the αloc estimate implies: a) Sampling only the spheres whose rations 

are above the minimal limit of the image matrix (which depends on the conditions to obtain 

the image), b) Taking into consideration only those host-tumor interfaces whose number of 

sampled points is above 2000 c) Restricting calculations to the relatively spherical host-tumor 

interface with β anisotropy under 0.8.  

 

Finally, to calculate the local roughness exponent αloc through linear regression analysis by 

using the equation (4), only those results showing a square correlation coefficient, r
2
, and 

complying with the r
2
> 0,99 condition, will be considered 
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3.- RESULTS 

 

An overall number of 33 brain tumor lesions were subjected to scaling analysis. Those lesions 

were histologically classified into three groups namely: Policytic astrocytomas (11 cases), 

anaplastic astrocytomas (11 cases) and diffuse astrocytomas (11 cases). In every single case, 

the host-tumor interface shows fractal geometry characterized by a non-integer within the 

2.09 – 2.13.  

 

The local roughness exponent, αloc, was calculated and in every single case power law 

performances were observed with small variations within each histological group as shown on 

Figures (9 – 11) for all cases. 

 

Figure 9. Power-law behavior for pilocytic astrocytomas. 
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Figure 10. Power-law behavior for diffuse astrocytomas. 

 

  

Figure 11. Power – law behavior for anaplastic astrocytomas. 

 



ISSSD 2017 
September 26 to 30th, 2017.  Santo Domingo, Dominican Republic. 

 

147 
ISSSD 2017 Proccedings                                                                                                                                          Volumen 3 

 

 

Table 1 summarizes the results for the fractal dimension dF and the local roughness exponent 

αloc for the different histological groups. 

 

Table 1.- Human Tumors. Tumor-host interfaces were characterized by fractal dimension dF , 

measured by the box counting method, and local roughness exponent loc , with its respective 

errors and squared correlation coefficients. 

 

Type Cases dF loc r
2
(dF ) r

2 
(loc) 

Anaplastic 

Astrocytomas 

11 2.09±0.02 0.89 ± 0.02 0.999 0.998 

Diffuse 

Astrocytomas 

11 2.10 ± 0.02 0.87 ± 0.03 0.999 0.998 

Pilocytic 

Astrocytomas 

11 2.13 ± 0.02 0.83 ± 0.04 0.998 0.998 

 

 

Taking into account the values obtained for each of the roughness exponents loc of the 

different lesions studied, the respective staging was done as shown in the figure 12. 

 

 

Figure 12.  Staging of the astrocytomas according to the local roughness exponents loc 

 



ISSSD 2017 
September 26 to 30th, 2017.  Santo Domingo, Dominican Republic. 

 

148 
ISSSD 2017 Proccedings                                                                                                                                          Volumen 3 

 

4.- DISCUSSION 

 

In all cases the tumor-host interface exhibits fractal geometry characterized by a non-integer 

dimension dF in the range of 2.09 – 2.13, for all the different histological groups, which is 

consistent with what is expected for embedded fractal interfaces into a tridimensional 

Euclidian space, as shown in the table 1(Barabási et al., 1996; Ben-Avraham et al., 2000; 

Feder, 1998). 

 

On Table 1 the anaplastic astrocytomas show a value of αloc = 0,89 ± 0,02 which is consistent 

with the one obtained by Brú et al (Brú et al., 2003) for the celular line C6 of rat astrocyte 

glioma apart from obtaining that dF + αloc = 2,98 ± 0,04, which is in agreement with an exact 

result of 3, that is, the Euclidian dimension as it is established in the general relation in the 

equation (7). Inspection on the table 1 shows that equation (7) is also consistent with the 

diffuse and pilocytic astrocytomas groups (Barabási et al., 1996; Ben-Avraham et al., 2000; 

Feder, 1998) which leads to conclude that all of them scale according to the Family-Vicsek 

Ansatz (Family & Vicsek, 1991). Comparisons between the values of local roughness for all 

the different histological groups clearly show significant differences for malignant and 

benignant tumors. Given the fact that in the interface growth process, both roughness and the 

growth exponent characterize the classes of universality (Barabási et al., 1996; Ódor, 2004), it 

is possible to conclude that benignant brain tumors belong to a universality class in terms of 

interface growth other than the one for malignant tumors. The fact that numerical differences 

between the roughness exponents are placed into the hundredths range, places a level of 

complexity in the diagnosis which entails that differentiation must be handled with extreme 

care. For example, anaplastic astrocytoma is an infiltrating and invasive and not clearly 

defined tumor whose location is extended (Brú et al., 2015). On the contrary, pilocytic 

astrocytomas are characterized for being not very aggressive and having a clear defined 

location; diffuse ones show differentiation between malignant and benignant cells which 

makes them relatively defined Also, from the analysis of Table 1, there is a correlation 

between tumor grade and local roughness exponent, αloc, which can be used as a measure to 

estimate degree of malignity 
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5.- CONCLUSIONS 

In this work in vivo brain tumor growth is characterized by scaling, employed 3- D MRI data. 

Case consisting of different types of tumors such as pilocytic astrocytomas, anaplastic and 

diffuse, were analyzed taking into account the morphology of the tumor – host interface to 

calculate their geometric dimensions, i.e. fractal dimension and local roughness exponent loc. 

The results show some similarities with some of the 2-D in vitro (Brú et al., 2003, Brú et al., 

1998b) and in vivo (Lozano, 2013; Brú et al., 2003b) results. The general relation between the 

fractal dimension dF and the local roughness exponent loc, was verified. As expected, the 

complexity of the tumor-host interface increases as the lesion becomes more aggressive, a fact 

that is reflected by the local roughness exponents. The small variations of the local roughness 

exponent encountered within the malignant tumors group, could allow for the hypothesis that 

solid tumors, belong to the same interface growth universality class. 

 

Fractal analysis applied to brain tumor lesions has permitted quantitative tissue 

characterization, tumor grading, and the quantification of changes in vascularity associated to 

cancer pathologies. Nevertheless, in most of the known applications, fractal capacity 

dimension is the sole descriptor used to account for the complexity associated to the tumor 

lesion and is estimated by the box-counting algorithm. This analysis is usually performed in a 

scale range for which auto similar and auto affine scaling properties of the system are evident 

(Losa et al., 1992b). Moreover, estimation of fractal dimensions depends strongly on the size 

and resolution of the data, restricting its application to particular image acquisition protocols 

of difficult implementation in clinical routine. In order to further advance in the understanding 

of tumor complexity, the definition of physical parameters, obtained through the integration 

of information of different imaging modalities, which could act as suitable biomarkers for 

fractal analysis, is also highly relevant (Vicsek, 1990; Rényi, 1961). Even though the complex 

dynamics of tumor growth requires a profound and extensive analysis to describe them 

appropriately, fractal capacity dimension has proven to be a fine and effective descriptor to 

establish differences between tissue properties through the transition from normal to 
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neoplastic tissue, making it suitable to be incorporated in clinical protocols and medical 

decisions. 

A pervasive problem in oncology is that traditional treatment planning disregards the 

individual evolution of a patient’s tumor, applying the maximum tolerable dose of radiation or 

chemotherapy on a fixed regular schedule. It has been shown that individualized treatment 

plans that consider the evolution of a patient’s tumor can help in the reduction of the dosage 

of radiation or chemicals and the application of “correct” models (Martín-Landrove et al., 

2013; Brú et al., 2003c; Murray et al., 2003; Swanson et al., 2003) (correct in the sense that 

these models have appropriate dynamical parameters and scaling behavior) is of major 

importance. 
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