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Abstract

The control of solid-state qubits for quantum information processing requires a de-

tailed understanding of the mechanisms responsible for decoherence. During the past

decade a considerable progress has been achieved for describing the qubit dynamics

in relatively strong external magnetic fields. However, until now it has been impos-

sible to experimentally test many theoretical predictions at very low magnetic fields

and uncover mechanisms associated with reduced coherence times of spin qubits in

solids. In particular, the role of the quadrupolar coupling of nuclear spins in this

process is to date poorly understood.

In the framework of this thesis, a spin memory device is utilized to optically pre-

pare individual electron spin qubits in a single InGaAs quantum dot. After storages

over timescales extending into the microsecond range the qubit’s state is read out

to monitor the impact of the environment on it the spin dynamics. By performing

such pump-probe experiments, the dominant electron spin decoherence mechanisms

are identified in a wide range of external magnetic fields (0− 5 T) and lattice tem-

peratures of ∼ 10 K.

The results presented in this thesis show that, without application of external mag-

netic fields the initially orientated electron spin rapidly loses its polarization due

to precession around the fluctuating Overhauser field with a dispersion of 10.5 mT.

The inhomogeneous dephasing time associated with these hyperfine mediated dy-

namics is of the order of T ∗
2 = 2 ns. Over longer timescales, an unexpected stage of

central spin relaxation is observed, namely the appearance of a second feature in the

relaxation curve around TQ = 750 ns. By comparison with theoretical simulations,

this additional decoherence channel is shown to arise from coherent dynamics in

the nuclear spin bath itself. Such coherent dynamics are induced by a quadrupo-

lar coupling of the nuclear spins to the strain induced electric field gradients in

the quantum dot. These processes lead to a relatively fast but incomplete non-

monotonic relaxation of the qubit’s spin polarization. This observation changes our

understanding of spin qubit decoherence mechanisms, as quadrupolar effects were

already known but as yet not associated to an additional source of decoherence. It is
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found that the strength of the quadrupolar coupling is approximately twice as large

as the hyperfine coupling. At microsecond timescales and low external magnetic

fields (< 1.5 T), the combined effect of quadrupolar coherent nuclear spin dynamics

and incoherent hyperfine interaction induce a stage with monotonic relaxation and

with almost complete loss of coherence, in contrast to earlier theoretical predictions

where quadrupolar effects were not taken into account.

By applying an in-plane magnetic field we also implemented an optical phase gate

that enabled the coherent control of the qubit’s state. This is used to perform spin

echo experiments in order to remove the inhomogeneous dephasing and uncover the

electron spin’s intrinsic coherence time T2. By performing such spin echo measure-

ments, it is found that at low magnetic fields the intrinsic coherence time of the

electron is drastically reduced due to combined effects of hyperfine and quadrupolar

interactions, reducing T2 to a value of
√
T ∗
2 TQ corresponding to ∼ 40 ns. Only

by applying a magnetic field exceeding the quadrupolar interaction strength in the

quantum dot (> 1.5 T) these effects could be removed and an increase of the coher-

ence time to T2 = 1.3 ➭s is observed.

A long spin echo lifetime T2, however, does not necessarily predicate the ability of

quantum dot spin qubits to process quantum information. Spin echo is a classical

effect in the sense that it can be fully explained in terms of a classical measure-

ment and the behavior of classical spins changing the axis of precession under the

action of a properly applied control pulse. How long such an electron spin qubit

can store quantum information while showing quantum effects is a question that

can only be explained within the framework of a quantum measurement theory.

This was explored via studies of spin-correlators beyond 2nd order. Such measure-

ments of higher order correlators were also conducted to directly determine both,

ensemble (T ∗
2 ) and quantum decoherence times (T2), using only repeated projective

measurements and without the need to coherently control the state of the qubit.

It is observed that quantum correlations are maintained up to microsecond time

intervals, during which a quantum dot spin qubit can potentially perform many

thousands of quantum logic operations. Furthermore, it is demonstrated that the

3rd order spin-correlator is sensitive to pure quantum effects that cannot be explained

fully within a classical framework. Experimentally, this was done by demonstrating

violations of Leggett-Garg type inequalities excluding hidden variable theories of

quantum mechanics.
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Zusammenfassung

Die Kontrolle von Quanten-Bits (Qubits) in Festkörpern für die Verarbeitung von

Quanten-Information erfordert ein detailliertes Verständnis der Mechanismen, die

verantwortlich für Dekohärenzphänomene sind. In den vergangenen Jahrzehnten

wurde ein beachtlicher Fortschritt erzielt, um die Dynamiken und somit auch die

Dekohärenz von Qubits in relativ starken Magnetfeldern zu verstehen. Jedoch die ex-

perimentelle Untersuchung von Dekohärenzphänomenen in relativ schwachen Mag-

netfeldern, und somit die überprüfung von theoretischen Vorhersagen um Mechanis-

men für die Reduzierung der Qubit-Kohärenz im Festkörper zu identifizieren, hat

sich bis heute als schwierig herausgestellt. Insbesondere die Rolle von Quadrupol-

Kopplungen in solchen Prozessen ist bis heute wenig verstanden.

Im Rahmen dieser Arbeit wird ein Spin Speicher-Medium benutzt um einzelne Elek-

tronen Spin-Qubits in einem einzelnen InGaAs Quantenpunkt optisch zu erzeugen.

Bevor der Zustand des Elektronenspins ausgelesen wird, kann das Elektron über

einen Zeitbereich von mehreren Mikrosekunden gespeichert werden, während es mit

der Umgebung interagiert. Unter Zuhilfenahme solcher “pump-probe” Experimente

werden die dominanten Dekohärenz- und Relaxationsmechanismen von solchen Spin-

Qubits in einem Magnetfeldbereich von 0 − 5 T und einer Temperatur von 10 K

identifiziert.

Die in dieser Arbeit vorgestellten Ergebnisse zeigen, dass ohne das Anlegen von Mag-

netfeldern der Spin des Elektrons innerhalb einer inhomogenen Dephasierungszeit

von etwa 2ns seinen Spinzustand verliert, was auf eine Präzession des Elektronspins

im sogenannten Overhauserfeld zurückzuführen ist. Die Fluktuationsamplitude des

Overhauserfeldes beträgt dabei etwa 10.5 mT. Auf grösseren Zeitskalen, nach etwa

TQ = 750 ns, wird eine unerwartete Reduzierung der Elektronenspin Polarisierung

beobachtet. Anhand von numerischen Simulationen kann dieser zusätzliche Re-

laxationskanal als ein Effekt zugeordnet werden, der aus der kohärenten Dynamik

des Kernspin-Ensembles entsteht und durch Quadrupol-Kopplungen zwischen den

Kernspins und den piezoelektrischen Feldgradienten im Festkörper entsteht. Diese

Prozesse führen zu einer relativ schnellen aber unvollständigen, nicht-monotonen
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Reduzierung der Elektronenspin Polarisierung. Es wurde weiterhin festgestellt,

dass die Stärke der Quadrupol-Kopplung von 2.3 ➭s etwa doppelt so stark ist wie

die der Hyperfeinkopplung. Die Beobachtung solch einer zusätzlichen Kopplung

trägt zum Verständnis über Spin-Qubit Dynamiken bei, da Quadrupol-Effekte zwar

schon bekannt waren, jedoch nicht als Ursache für Dekohärenz von Quantenpunkt

Spin-Qubits assoziiert wurden. Auf Zeitskalen von einigen Mikrosekunden und in

schwachen Magnetfeldern ist die Phasenkohärenz anhand eines kombinierten Ef-

fektes von Quadrupol- und Hyperfeinkopplung weiter reduziert. Diese Relaxation-

sstufe mit monotoner Reduzierung der Spin Polarisierung und fast vollständigem

Verlust der Phasenkohärenz steht im Gegensatz zu früheren theoretischen Vorher-

sagen in denen Quadrupol-Effekte nicht berücksichtigt wurden. Durch das Anlegen

von planaren Magnetfeldern wurde die Implementierung eines optischen Phasengat-

ters ermöglicht, wodurch die kohärente Kontrolle des Spin-Qubit Zustandes erzielt

wurde. Diese Methode ermöglichte die Durchführung von Spin-Echo Experimenten

um die inhomogene Dephasierung des Elektronenpins zu unterdrücken und die in-

trinsische Dekohärenzzeit T2 aufzudecken. Es wurde beobachtet, dass bei niedri-

gen Magnetfeldern die intrinsische Kohärenzzeit des Elektrons auf einen Wert von
√
T ∗
2 TQ ∼ 40 ns drastisch reduziert wurde. Diese Reduktion konnte auf einen

kombinierten Effekt der Quadrupol- und Hyperfeinkopplung zurückgeführt werden.

Nur das Anlegen eines Magnetfeldes stärker als die Quadrupol-Kopplung, in unserem

Fall 1.5 T, konnte diese Effekte unterdrücken und eine Erhöhung der intrinsischen

Kohärenzzeit auf T2 = 1.3 ➭s wurde festgestellt.

Eine lange Spin-Echo Lebenszeit T2, andererseits, bedeutet nicht zwangsläufig, dass

Quantenpunkt Spin-Qubits die Fähigkeit haben Quanteninformation auf solchen

Zeitskalen zu verarbeiten. Spin-Echo ist ein klassischer Effekt, welches vollständig

mit der Theorie einer klassischen Messung beschrieben werden kann, und die Eigen-

schaft von klassischen Spins ihre Richtung unter dem Einfluss eines geeigneten op-

tischen Kontroll-Pulses zu verändern ist ebenfalls klassisch beschreibbar. Auf die

Frage wie lange solch ein Elektronenspin seine Speichereigenschaft behält während es

Quanteneffekte zeigt kann nur im Rahmen einer Quantenmesstheorie erklärt werden,

welches einer Studie von Spin-Korrelationen höherer Ordnung entspricht. Es wurde

festgestellt, dass Quantenkorrelationen bis zu Zeitskalen von Mikrosekunden beste-

hen bleiben, während der Spin-Qubit im Quantenpunkt potentiell viele Tausend

logische Quantenoperationen durchführen kann. Weiterhin wird hier demonstri-

ert, dass Spinn-Korrelationen der dritten Ordnung sensitiv auf reine Quanteneffekte

sind, was nicht vollständig mit einer klassischen Theorie erklärt werden kann. An-

hand der Messung von Spin-Korrelationen höherer Ordnung und die Verletzung der

Leggett-Garg Ungleichheit konnte die Theorie von lokal verborgenen Variablen aus-

geschlossen werden. Weiterhin wird im Rahmen dieser Arbeit gezeigt, dass die Mes-

sung von Spin-Korrelationen höherer Ordnung benutzt werden kann, um sowohl die
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inhomogene Dephasierungszeit als auch die Quantenköhärenzzeit, T ∗
2 und T2, zu bes-

timmen. Im Gegensatz zur Spin-Echo Methode wird dies hier mit der Notwendigkeit

von nur projektiven Messungen erreicht, ohne die Notwendigkeit den Spinzustand

kohärent zu kontrollieren.
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1
Introduction

“Over the past several decades, quantum information science has emerged to seek

answers to the question: can we gain some advantage by storing, transmitting and

processing information encoded in systems that exhibit unique quantum properties?

Today it is understood that the answer is yes, and many research groups around

the world are working towards the highly ambitious technological goal of building

a quantum computer, which would dramatically improve computational power for

particular tasks. A number of physical systems, spanning much of modern physics,

are being developed for quantum computation. However, it remains unclear which

technology, if any, will ultimately prove successful.”, T. Ladd [Lad10].

The quantum computer, a device which uses fundamental principles in quantum me-

chanics to solve a computational problem, may soon wake up from being a dream.

The ability to solve particular tasks with exponentially improving computational

power has driven quantum information science into a fascinating and highly ac-

tive research field. The basic principles, on which the idea of quantum computa-

tion is based on, are described by quantum mechanics predicting that a particle

can be in two states at the same time (superposition) and that two distant parti-

cles can be linked together (entanglement) showing unusual quantum phenomena

[Gro07, Sch09b] - but only as long as the system is unobserved [Sch35]. Such a

“closed box” requirement is one of the most critical aspect for physical realization

of quantum logic gates [Lad10]. Unwanted measurements via interactions with the

environment can disturb the fragile quantum mechanical state causing the loss of

quantum information [Geo13, Eda08]. Thus, the search for robust quantum systems

and sophisticated manipulation and error correction methods lies at the heart of

quantum information technology.

Many different systems are currently being considered for the physical realization of

quantum bits (qubits) such as trapped ions [Bla08, Sti06], neutral atoms [Sod09],

defect centers in solids [Vel15, Bal09], superconducting circuits [Nis07, Nak99] and
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Introduction

many others, each having its own advantages and disadvantages. Photons represent

a convenient choice since their polarization can easily be encoded into qubit states

using simple birefringent waveplates [Bra05b]. The photonic qubit also shows a

relatively long information lifetime of the order of 100 ➭s [Mat09]. On the other

hand, the creation of efficient single photon sources and detectors with near unity

fidelity, as well as the search for materials with strong optical non-linearities needed

to mediate interactions betwee multiple photonic qubits remain significant challenges

in this field. Further examples are trapped ion qubits which also show impressively

long qubit lifetimes in the order of seconds and longer [Lan05]. Their quantum state

can be easily initiated by optical pumping and measured by optical fluorescence

detection with almost 100 % efficiency [Ben08]. Recently, up to eight trapped ion

qubits have been entangled demonstrating the fast progress in this field [Bla08].

However, the scaling of trapped-ion Coulomb gates becomes increasingly challenging,

especially, when a large number of qubits are needed to execute complex quantum

algorithms. Thus, a single system can perform one or a few specific tasks, but is

not able to meet all requirements needed for quantum computation. Hence, photons

are best suited for transmitting quantum information, weakly interacting spins may

serve as long-lived quantum memories, and the dynamics of electronic states of atoms

or electric charges in semiconductors and superconducting elements may provide

rapid processing of quantum information [Kur15].

One promising candidate for quantum information processing is the spin of an elec-

tron confined in a semiconductor quantum dot (QD). Such a spin qubit was first

proposed by Loss and DiVincenzo [Los98] which has opened a new research field,

namely the realization of spin qubits in optically active [Pre08, DeG11] as well

as electrostatically defined QDs [Kop06, Blu11]. The major advantages of these

systems are the highly controllable and scalable fabrication technology as well as

compatibility to the existing, well established semiconductor industry. Further-

more, the two-level system of the confined electron spin is well defined at cryogenic

temperatures with sharp and distinct transition frequencies enabling efficient qubit

manipulation methods [Pre10, Kop06]. Besides the electrical manipulation of the

electron spin state in both QD systems [Han07, Kro04], in optically active QDs one

can use coherent light sources to modify the quantum state of the confined spin

qubit [Pre08].

To date different types of spin qubits in optically active QDs have been explored,

each having their own benefits and limitations. For example, the spin of a bright

exciton which directly couples to laser light enabling an efficient and convenient

optical manipulation method by simply controlling the light polarization, but hav-

ing exciton spin lifetimes in the nanosecond regime due to spontaneous emissions

[Mue13, Ben11]. The spin of a dark exciton shows much longer lifetimes, but this

comes with weaker coupling to light rendering their optical control more complex
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[Poe10, Sch15]. In contrast, the spin of a single electron or hole exhibits very long

spin lifetimes extending to milliseconds [DeG11, Gre11, Mue12b]. Recently, two in-

teracting hole spin qubits have been realized in a pair of stacked QDs demonstrating

a first step towards creation of quantum logic gates [Kim11]. Therefore, optically

active QDs enable the freedom to explore both electrical and optical single spin

manipulation schemes. In particular, the large electric dipole moment of confined

charge carriers in such QDs make optical transitions highly efficient. This enables

methods in order to prepare the spin in a predefined state and measure the state of

the spin qubit with fidelities exceeding 95 % by taking advantage of strong optical

selection rules [Mue13, Bec15b].

The ability to prepare a spin in a desired quantum state, to control the qubit’s

state in order to form a universal set of quantum gate operations and, finally, to

successfully measure it’s state after some interaction time are only three of the

five criteria formulated by Loss and DiVincenzo [Los98]. These criteria describe

requirements on stationary qubits essentially necessary to process quantum infor-

mation [DiV00]. Already the first criterion is one of the hardest to meet, namely

scalability, meaning that the effort to exponentially scale up the dimension of the

system’s Hilbert space should increase only linearly. One way to achieve this is to

add further well characterized qubits to the system and let them interact with the

existing ones. Such a scenario is unimaginable for systems such as trapped ions

and ultra-cold atoms favoring solid-state platforms for quantum computation over

many other alternatives. Despite the benefits of using such spin qubits confined in

solid-state nanostructures, one major issue arises according to the last of the five

criteria - the unwanted coupling of the qubit to the environment and the resulting

loss of quantum information. Information leakage from the isolated qubit system can

cause a collapse of the fragile quantum mechanical states on which quantum com-

putation methods depend [Los98, Han08]. This unwanted environmental quantum

measurement is termed decoherence.

Decoherence comes in several forms. In a simple picture, the different timescales

of decoherence can be divided into three main subgroups: the inhomogeneous de-

phasing time T ∗
2 , the transversal relaxation time T2 and the longitudinal relaxation

time T1. Figure 1.1 schematically elucidates the difference between the types of de-

coherence. As shown on the figure, quantum mechanical oscillations of the phase of

superposition states show interference phenomena seen as oscillating amplitudes of

the measured eigenstates in the time-domain. However, owing to various processes

such interference phenomena vanish in repeated trial measurements and phases no

longer remain coherent after a certain time. Even though a single oscillation evolves

in a coherent fashion, in an ensemble measurement the different oscillator frequencies

average out the oscillation amplitudes leading to a damping on a timescale called T ∗
2 ,

as schematically illustrated in the left part of Fig. 1.1. Eventually, interactions with
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Figure 1.1.: An oscillator with frequency varying by trial (left), as indicated by the
differently colored waves, averages to an oscillation decaying with apparent dephas-
ing timescale T ∗

2 . A quantum oscillator interacting with the environment (right) may
have phase-kicks in a single trial; these are the processes that break phase coherence
and lead to an average decay process over a timescale T2. Processes that lead to
equilibrium of the quantum system are similar and cause decay on the timescale
T1 ≥ T2/2. Figure adapted from [Lad10].

the environment can add or subtract energy from the oscillator bringing the system

to thermal equilibrium over a timescale denoted T1. Some processes can also only

disturb the phase of the oscillator without an exchange of energy leading to damped

oscillations on a timescale called T2, as illustrated in the right part of Fig. 1.1. The

exact shape of the oscillation envelope function depends on the type of the envi-

ronmental coupling and the statistics of the fluctuating environment [Wan12]. In

the simplest case, that is when the dephasing events are temporally uncorrelated

(Gaussian white noise), this results in a mono-exponential decay of the oscillation

envelope in the time-domain [Kla62].

Decoherence also strongly depends on the geometry of the system under consider-

ation. As an example, in bulk III-V semiconductors the hole spin lifetime is found

to be in femtosecond timescales as a result of strong spin-orbit interactions [Hil02],

while electronic spins exhibit longer lifetimes typically in nanosecond timescales

[Dzh02] due to weaker spin-orbit contribution. On the other hand, in strongly

confined systems electrons or holes benefit from spin-orbit quenching owing to the

quantum confinement resulting in enhanced spin T1-times [Pry06], typically in the

4



Figure 1.2.: Hyperfine interaction between the electron spin and nuclear spin bath
in a quantum dot. The electron spin state can be initialized and read out using
polarized light. Figure adapted from [Urb13].

millisecond range at low external magnetic fields [Hei07, Hei10, Kro04]. The only

relevant sources of decoherence in strongly confined systems are then mediated by

interactions with phonons [Kha01, Woo02] and nuclear spins [Mer02, Hac14].

While phonon mediated spin relaxation processes are efficient at magnetic fields

larger than 10 T significantly reducing the spin T1-time to microsecond timescales

[Kro04], at cryogenic temperatures and magnetic fields lower than 10 T interactions

with the nuclear spin environment represent the most dominant spin relaxation

mechanism. Owing to the small localization volume of the carrier wavefunction

in QDs, the coupling between the central spin and the nuclear spin environment,

also termed hyperfine coupling, is significantly enhanced. Thus, typical spin co-

herence times T ∗
2 and T2 in InGaAs QDs are found to be in nanosecond and mi-

crosecond timescales, respectively [Kop05, Kop06, Pre08, Bec15b, Pet05, Joh05a].

Specifically, such reduced coherence times arise from enhanced fluctuations in the

effective magnetic field, the Overhauser field, seen by the central spin due to its

interactions with randomly oriented nuclei of the component atoms of the QD

[Mer02, Urb13, Kha01, Bur99, Erl01, Coi04]. Similarly, the effective magnetic field

seen by each nucleus, also termed the Knight field, is more susceptible to fluctuations

in the electron spin (see Fig. 1.2).

In contrast, at external magnetic fields exceeding the hyperfine interaction strength,

typically in the millitesla scale [Bra05a, Dou11], the central spin - nuclear spin

flip-flop processes are effectively suppressed, and the spin T2-time is then primar-

ily limited by weak dipolar interactions [Urb13, Dya08]. Such weak dipolar in-

teractions between distant nuclear spins were predicted to lead to a final stage of

depolarization during millisecond timescales [Wit06, Mer02, Mer10] but even this

theory was challenged by the observation of hour-long nuclear spin relaxation at

higher magnetic fields [Mal09], which suggested the importance of quadrupolar cou-

plings [Wel14, Bul12]. On the one hand, the inhomogeneous nuclear quadrupo-

5



Introduction

lar interaction can suppress such dipolar coupling effects, thereby, inhibiting nu-

clear flip-flop processes and significantly reducing nuclear spin diffusion processes

[Che12, Che15, Mal09, Lat11]. On the other hand, the precise impact of quadrupo-

lar fields on the dynamics of the central spin dynamics at magnetic fields smaller

than the hyperfine coupling strength remains subject to considerable debate.

In this thesis, we explore decoherence mechanisms of an individual electron spin

confined in a self-assembled optically active QD. Studies are performed in a wide

range of external magnetic fields in order to improve our understanding of how hy-

perfine as well as quadrupolar interactions are connected to the temporal evolution

of the spin qubit and how such decoherent channels can be controlled. Therefore, in

chapter 2 of this thesis, we start with providing details on the quantum dots under

study and describe basic concepts of the storage device in which the QDs are embed-

ded. Furthermore, basic opto-electronic and magneto-optical properties of QDs and

their coupling to coherent optical fields are discussed. In chapter 3 we explain our

primary experimental methods which are specifically designed to optically generate

a single electron spin qubit in a predefined state, to manipulate the spin state using

optical control pulses and to readout the state again after a well defined storage

time. By utilizing the spin storage device and our optical pulse sequence we per-

formed pump-probe type experiments and spin-echo measurements and demonstrate

in chapter 4 our findings on the comparative role of hyperfine and quadrupolar in-

teractions responsible for electron spin relaxation. Moreover, we compare our results

with numerical simulations and obtain good qualitative and quantitative agreement.

This type of pump-probe experiment is equivalent to probing the 2nd order time-

correlator of the spin at various external conditions. In chapter 5 we demonstrate

an alternative technique by showing that considerable information about spin dy-

namics can be obtained from direct measurements of spin-correlators beyond the

2nd order. We show that these correlators are sensitive to pure quantum effects that

cannot be explained within the classical framework. Moreover, this method enables

studies of quantum phenomena including tests of Leggett-Garg type inequalities

that rule out local hidden variable interpretation of the qubit dynamics. Finally,

in chapter 6 we conclude our overall findings and provide suggestions for further

studies.
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2
Key physical electronic and optical properties of

self-assembled quantum dots

A semiconductor QD is a nanometer-sized structure in which single electrons and

holes can be trapped and manipulated [War13]. As a consequence of the full mo-

tional quantization in the strong confinement potential in the QD, the electronic

structure of the trapped charges are discrete producing an atomic like energy spec-

trum [Gru95]. The details of the energy levels depend on the precise shape, size

and material composition of the QD [Sch07]. In this chapter, we start by providing

details of self-assembled QD growth as well as fabrication of spin memory devices in

which the QDs are embedded. This is followed by a review of basic physical principles

of charge carriers confined in QDs, starting with a description of three dimensional

confinement which affects the optical transition and selection rules as compared to

optical transitions in bulk-semiconductors. Then, we move on to describe the energy

levels of the excitonic states which are modified by the application of electric and

magnetic fields as well as by inter-particle interactions such as Coulomb or exchange

interaction. Finally, as most relevant for QD applications, the interaction between

excitonic states and coherent optical fields will be discussed in the framework of

resonant excitation and manipulation methods.
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2.1. Quantum dot growth and device fabrication

Quantum dot growth. Since epitaxial methods, such as molecular beam epitaxy

(MBE) were developed, atomistically precise growth of semiconductor heterostruc-

tures consisting of a wide range of different material systems is possible [Gol85]. This

advanced method facilitates the fabrication of nanostructures with near atomic pre-

cision and is the starting point for epitaxial growth of semiconductor QDs. Using

MBE it is possible to grow arbitrarily thick layers of different semiconductor materi-

als on top of each other wich are almost free of point and ordering dislocation defects

[Shc04] providing that their lattice constants are similar enough [Sze85]. By modi-

fying the material composition during growth one can deliberately manipulate the

energy of the conduction band (cb) minimum and the valence band (vb) maximum

to produce tailored band profiles. Such a method of band structure engineering was

first suggested by Tsu and Esaki in the 1970’s [Esa70] and opened the way towards

low dimensional heterostructure devices with new functionalities from which numer-

ous Nobel prizes have emerged (1985, 1998, 2000, 2008, 2014).

The nanostructures examined in this thesis are made of the material system Ga-As

and In-Ga-As. Both are compounds of III-V semiconductors that crystallize in a

zincblende structure [Sze85]. In the ternary compound InxGa1−xAs the group-III

lattice sites are randomly occupied by In-atoms with fraction x. The resulting band

gap has a value between that of GaAs and InAs, depending on the composition

x. For all these materials the band gap is direct and located at the Γ-point, the

center of the Brillouin zone. Such a direct band gap character is beneficial for opto-

electronic applications since no phonons need to be involved in interband transitions

[Gru95, Gyw10].

Within tight-binding approximation electrons in the conduction band have a s-like

Bloch-wavefunction symmetry with the total angular momentum quantum number

J = 1/2. In comparison, holes in the valence band have a p-like symmetry of the

Bloch-wavefunction [Dya08]. The spin-orbit interaction of holes leads to a splitting

into states with a total momentum of J = 3/2 and J = 1/2. The states with J = 3/2

represent the heavy hole (hh) and light hole (lh) valence bands with components

|Jz| = 3/2 and |Jz| = 1/2, respectively. The J = 1/2 state produce a third valence

band, denoted as spin-orbit (SO) band, which is red shifted in energy by a few hun-

dred meV with respect to both, hh and lh bands. As it will be shown in section 2.2,

in low dimensional systems the energetic separation between the hh-band and SO-

bands is further increased owing to different effective masses m∗ of the holes such

that the SO-band can safely be neglected [Bra59, Ehr60]. Table 2.1 summarizes the

main parameters of the used materials In0.5Ga0.5As and GaAs. From now on, the

ternary compound In0.5Ga0.5As will be denoted as InGaAs.
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2.1 Quantum dot growth and device fabrication

Material Eg(eV) a(nm) m∗
hh/me m∗

lh/me m∗
e/me

GaAs 1.52 0.565 0.5 0.09 0.066

In0.5Ga0.5As 0.81 0.587 0.5 0.06 0.041

Table 2.1.: Material parameters of unstrained GaAs and InGaAs according to
Madelung [Mad04]. Lattice constant a at room temperature and effective masses
m∗ near the Γ-point at T < 10K. Effective masses are in units of the free electron
mass me.

During the growth of InGaAs layers on top of the GaAs substrate using MBE, the lat-

tice constant of InGaAs initially adapts that of GaAs and growth proceeds via Frank-

van der Merwe mode [Pim98]. As a result of the lattice mismatch of ∼ 7 % between

GaAs and InGaAs layers strain accumulates during further growth [Sol96]. After a

critical number of layers the strain relaxes by spontaneous formation of nanoscale is-

lands - the quantum dots [Sta04]. This growth method is termed Stranski-Krastanow

mode and generally occurs during the growth of lattice mismatched materials where

island formation is induced by a strain relaxation. The QDs grown with this method

typically arrange randomly over the surface during their formation with small fluc-

tuations in size and shape. After island formation the QDs have to be capped with

a GaAs layer to provide a three dimensional confinement [Bim98]. In addition to

such a spacial confinement, the capping layer isolates the QDs from surface defects

providing high quality of optical properties. The QDs grown in this fashion are

typically lens-shaped with a diameter of ∼ 10− 60 nm and a height of ∼ 3− 8 nm

depending on precise growth conditions [Urb13, Kre05, Fry00a, Fry00b]. In a next

step, the QDs are implemented in a photodiode device providing the ability to apply

electric fields inside the device.

Fabrication of spin storage devices. To perform opto-electronic measurements

the QDs are embedded in a GaAs photodiode structure. A common device is the n-

i-Schottky diode [Dre94, War00] that enables the application of homogeneous electric

fields inside the device as well as providing an optical access to the QDs using semi-

transparent top contacts. Furthermore, micrometer sized nano-apertures made in

the opaque gold top contact allow the optical investigation of isolated single QDs.

In the following, the individual fabrication steps are briefly introduced, whereas the

device processing protocol is discussed in the appendix A.

As depicted schematically in Fig. 2.1(a), an Ohmic back contact at the n+-doped

(1018 cm−3) GaAs substrate was realized by evaporation of a Ge-Au-Ni-Au sequence

and thermal annealing in a forming gas atmosphere at 420 ◦C. An Al0.3Ga0.7As layer

with a thickness of 20 nm was grown below the QDs in order to prevent optically

generated electrons escaping from the QD. On top of the 100 nm thick capping

layer a 4.5 nm thick titanium layer was deposited with a transparency of 50 % for
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Figure 2.1.: (a) Schematic representation of the layer sequence of the spin storage
device. (b) Schematic illustration of the corresponding energy-band diagram. Shown
is the valence band maximum (vb) and conduction band minimum (cb). (c) Typical
current-voltage characteristics of the spin storage device at a temperature of 10 K.
Figure (a) and (b) adapted from [Jov12a].
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the spectral range of interest. Together with the titanium layer, a 200 nm gold

protection layer was fabricated on top using optical lithography methods in order to

establish an electrical contact. The micrometer sized nano-apertures on top of the

device (not shown in the figure) were produced by dispersing polystyrene balls on

the titanium layer prior to deposition of the gold contact layer [H̊ak03]. In a final

step, the polystyrene balls were mechanically brushed away leaving the apertures in

the gold layer behind. In Fig. 2.1(b) the corresponding band diagram of such a spin

storage device is depicted schematically. Due to the Schottky contact at the top,

the Fermi level of GaAs is pinned to the Fermi energy in the titanium layer leading

to a built-in potential of Vbi = 0.72 V. Figure 2.1(c) shows a typical current-voltage

characteristic of the spin storage device at low temperature (T = 10 K). By the

application of an external voltage V , the corresponding electric field in the vicinity

of the QDs can be estimated to be

F =
Vbi − V

d
.

Here, d = 140 nm is the thickness of the intrinsic GaAs layer including the AlGaAs

tunnel barrier. For negative electric fields (forward bias) a drift current flows towards

the top gate resulting in an exponential increase of current with applied bias [Sze85],

whereas for positive electric fields (reverse bias) up to ∼ 200 kV/cm the current

through the device is strongly reduced. Above 200 kV/cm the current towards the

n+-GaAs layer then increases exponentially as a function of the applied voltage. The

onset of the current depends on defect states which are generated during the metal

contact fabrication and vary from device to device [Jov12a].

A major benefit of using such gated devices is the electric tunability of the ex-

citonic transition energies via the DC-Stark effect [Fry00b, Fin01a] while current

flow through the device is negligible in a wide range of applied bias, as seen in

Fig. 2.1(c) between 0 and 200 kV/cm. Moreover, due to the presence of the AlGaAs

tunnel barrier next to the QDs electron tunneling is strongly suppressed while the

hole tunneling is unaffected. This provides methods to efficiently store the optically

generated electrons, as discussed in section 2.3 and demonstrated in section 3.1.

2.2. Opto-electronic properties of quantum dots

In order to develop an understanding of the excitonic level structure in a QD and

the advantage of using them as a host for two-level quantum systems with opti-

cal access, we first recall briefly the basic properties of electronic confinement and

optical transition rules in a simple single particle picture. A full quantitative de-

scription of the much more complex excitonic spectrum needs a detailed numerical

treatment that takes relevant interactions into account, such as multi-particle ef-

fects [Eto97, War98, Bay98, Bay99, Fin01b, Haw03], inter-band mixing [Jov12b]
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as well as a realistic material composition and strain distribution within the QD

[Pry98, Shu01, Haw03, Sch07, Sch09a]. Instead, a much simpler approach based on

analytical effective mass solutions will be presented here.

A simple model of three dimensional confinement. The lateral extent of the

QDs studied in this thesis are 20− 40 nm, much larger than their height of ∼ 5 nm

measured along their growth axis [Kre05]. As a result, the strong confinement

along the growth direction can be modeled as an infinitely deep potential box. The

symmetry of the in-plane confinement allows for qualitative description via a two

dimensional harmonic oscillator [Haw99, War98]. Therefore, the time-dependent

Schrödinger equation can be written as [Gyw10]:

[

− ~2

2m∗∇
2 + V (r,z)

]

|Ψn(r,z)〉 = En|Ψn(r,z)〉, (2.1)

V (r,z) =







1
2
m∗ω2

0r
2 for |z| ≤ d

2

∞ for |z| > d
2

, (2.2)

where ω0 is the oscillation frequency in the harmonic potential V (r,z), d is the height

of the QD, r is the in-plane radius and n represents the energy quantum number.

To solve equation 2.1, the wavefunction can be separated using the product rule

Ψn(r,z) = ψnr
(r) ·χnz

(z). This gives the eigenstates of the system [Kva09, Che59,

Her64]

|Ψn〉 ∝ Hnr
(r) · exp

[

−ω0m
∗

2~
r2
]

︸ ︷︷ ︸

from x,y-confinement

· sin
(πnzz

d
+
nzπ

2

)

︸ ︷︷ ︸

from z-confinement

, nr,z = 1,2,... (2.3)

with Hn being Hermite polynomials of degree n. The resulting eigenvalues can then

be written as [Gyw10]:

En = ~ω0nr +
~2π2n2

z

2m∗d
, nr,z = 1,2,... (2.4)

Figure 2.2 schematically illustrates the confinement potential and the corresponding

energy levels. At low temperatures (kBT ≪ Eg) all electrons fully occupy the

valence band. Due to the much smaller size of the QD in the z-direction only

the energetically lowest conduction and energetically highest valence sub-bands are

important in such a system (nz = 1), whilst in x,y-dimensions several sub-bands

with quantized energies named s,p,d,... exist, in analogy to atom physics. These

discrete shells arise from the two dimensional in-plane harmonic potential and have

a degeneracy which is given by the number 2nr [Kva09] taking the spin degree of

freedom into account. For example the second orbital shell consists of two sub-levels

px and py comprising four electronic states in total, as indicated in Fig. 2.2.
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Figure 2.2.: Schematic representation of conduction band and valence band profile
of self-assembled QDs. In growth direction the structure is formed by a quantum
well (left). The in-plane confinement is approximated by a harmonic oscillator
(right). The blue arrows represent the electrons populating the QD levels with
a spin projection indicated by the arrow direction.

Owing to the larger effective mass of heavy holes compared to light holes the con-

finement energy for light holes is typically several tens of meV stronger (see equa-

tion 2.4). This results in a highest energy valence band that has predominantly

heavy hole character [Fry00c, Fry00b, Wan99, Bar00], an effect that is further en-

hanced by large compressive biaxial strain in self-assembled QDs [Jas06]. Owing

to the large energy separation between the hole bands only heavy holes need to be

considered in most experiments on QDs, albeit small deviations from a pure heavy

hole character has been observed [Jov12a, Eis11] and explained as being due to

slight admixtures from the light hole valence band. Such a heavy hole - light hole

coupling can arise from strain, rotational symmetry breaking [Gru95, Kre96, Bes05]

and shape anisotropy [Bay02, Kou04, L0́7, Bel10]. However, in most experiments

light holes can safely be ignored [Huo14].

Optical transition and selection rules. In the previous discussion we pointed

out that at low temperatures all electrons occupy the valence bands whilst the

conduction bands are fully unpopulated. The application of light with a photon

energy ~ω that matches the condition

~ω = Eg + Ee
n + Eh

n (2.5)

can excite the system such that an electron is lifted from the valence band to the

conduction band, as sketched in Fig. 2.3 (left). Such an excitation can be described
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Figure 2.3.: Schematic representation of optical transitions and selection rules. Tran-
sitions with ∆mJ = ±1 couple to σ± polarized light and create “bright” excitons.
“Dark” exciton transitions with ∆mJ = ±2 represented as gray dashed arrows are
optically not allowed.

in a simple electron-hole-picture: the missing electron in the valence band is pre-

sented by a hole quasi-particle. This way, an electron-hole-pair is created known as

a neutral exciton X0 [Fin01b]. After a characteristic lifetime, typically in the range

of hundreds of picoseconds [Pai00, Urb13], the exciton relaxes down to the crys-

tal ground state (cgs) reaching thermal equilibrium again. This optical relaxation

process is accompanied with a generation of a characteristic photon with energy

~ω. However, such optical transitions can be described by the interaction between

electromagnetic waves and charge carriers in the QD and is in general governed

by strict optical selection rules [Urb13, Fin01b]. Fig. 2.3 (right) shows schemati-

cally the dipole-allowed optical transitions between conduction band electrons and

valence band heavy holes at the Γ-point. As discussed earlier, electrons in the con-

duction band have s-like symmetry of the Bloch wavefunction implying an angular

momentum of mJ = ±1/2 (represented in the following by the arrows ↑ or ↓), whilst
heavy holes have p-like symmetry with mJ = ±3/2 (represented by ⇑ or ⇓). If the
conduction band is unoccupied, the system has a total momentum of J = 0. A

photon carries an angular momentum of J = 1. Depending on the helicity of the

photon (mJ = ±1 for σ+, σ−-polarization) only transitions with ∆mJ = ±1 are

optically allowed leading to

|cgs〉 σ+

→ |↓⇑〉 or |cgs〉 σ−

→ |↑⇓〉 .

Thus, neutral excitons with a total momentum of mJ = ±1 are termed bright, while

excitons with mJ = ±2 (|↓⇓〉 , |↑⇑〉) are dipole forbidden and, hence, referred to as

dark excitons [Haw99] since they cannot be excited via one-photon processes owing

to momentum conservation. In contrast to |cgs〉 → |X0〉 transitions, the optical
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2.3 Quantum dots in electric fields

selection rules when the QD is precharged with either a single electron or a single

hole is particularly simple. In this case, the optically excited spin eigenstates are

trions (X±), consisting of spin paired electrons and a single hole (and vice versa).

The optical selection rules are then:

|↓〉 σ−

→ |↓↑,⇓〉 or |↑〉 σ+

→ |↑↓,⇑〉

for excitation of negatively charged trions, and:

|⇓〉 σ+

→ |⇓⇑, ↓〉 or |⇑〉 σ−

→ |⇑⇓, ↑〉

for excitation of positively charged trions, respectively. Moreover, if rotational sym-

metry of the QD is assumed and exchange interaction between electron and hole is

neglected, the excitonic spin states are then eigenstates of the system. In practice,

QDs do not possess perfect rotational symmetry. For neutral excitons in elliptically

shaped QDs or when rotational symmetry is lifted, e.g. due to zincblende crystal

structure, selection rules are significantly modified by anisotropic exchange interac-

tion resulting in a fine structure of the excitonic eigenstates [Bay98, Bay02, Wit11],

as it will be discussed in more detail in section 2.5. In contrast, charged trions are

not subject to a fine structure splitting due to Kramers degeneracy, therefore, their

optical excitation is simple and straightforward [Bay98, Bay02, Wit11].

2.3. Quantum dots in electric fields

The quantum confined Stark effect. In absence of electric fields confined elec-

trons and holes occupy specific discrete energy levels depending on the confinement

potential, strain and inter-particle interactions, as discussed in section 2.2. Since the

excitons carry an electric dipole moment the application of a static electric field at

the device leads to an energetic shift of the discrete excitonic states [Fry00b, Fin01a].

The energetic shift results from a displacement of the wavefunctions and is termed

“Quantum Confined Stark Effect” (QCSE) in analogy to the DC-Stark effect in

atoms [Mil84, Mil85, Ben10b]. The origin of the QCSE is schematically illustrated

in Fig. 2.4. An electric field F applied in the z-direction causes a displacement of

the electron and hole wavefunction apart from each other inducing a dipole moment

of pind = αF , where α is the polarizability of the exciton mainly dependent on the

confinement conditions [Ben10a, Mil84]. The induced dipole moment couples to the

electric field resulting in an energetic shift ∆Eind = pind ·F = αF 2. In addition

to the electrically induced dipole moment, confined excitons in QDs also own an

intrinsic dipole moment pint = ed arising from an intrinsic separation d between

electron and hole wavefunction. It results from an asymmetric confinement poten-

tial and strain-induced piezoelectric fields [San00, Pat00] leading to a localization of

the hole wavefunction predominantly at the In-rich apex of the QD [Fry00b], while
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Figure 2.4.: Schematic illustration of the QCSE. The electric field F couples to the
intrinsic and induced dipole moment of confined charge carriers reducing the energy
of excitonic states. Electron and hole wavefunctions are illustrated in blued and red,
respectively. The coordinate zQD is the center of the QD.

the electron is primarily located at the base of the QD due to the larger extend of

its wavefunction. Both contributions sum up [Fox10] and couple to the electric field

leading to an energy shift of

∆E = pint ·F + αF 2. (2.6)

Such a dependency provides a superb tuning mechanism for controlling the reso-

nance energy of excitons by a simple application of electric fields [Wen95] and is

extensively used for the measurements presented in this thesis. Figure 2.5 demon-

strates typical photoluminescence (PL) spectra of excitonic states recorded as a

function of the electric field. As can be seen in the figure, with increasing electric

fields the excitonic lines, corresponding to the transition frequencies, is reduced.

From a quadratic fit to the excitonic luminescence lines using equation 2.6 (dashed

lines in the figure) we obtain pint ≃ −3.7 · 10−29 Cm for the neutral exciton X0,

corresponding to a charge carrier separation of d ≃ 2.3 Å. The polarizability of

X0 is α ≃ 1.1 ➭eV/kV2cm2. Both values are comparable to other reported val-

ues in similar QDs [Ben10a, Fry00b]. For the negatively charged exciton X− we

obtain a slightly higher intrinsic dipole moment of pint ≃ −4.8 · 10−29 Cm and a

polarizability of α ≃ 0.9 ➭eV/kV2cm2. Besides the energetic shift of the excitonic

transition frequencies via the QCSE, electric fields inside the spin storage device

modify the tunneling rates of electrons and holes by effectively shrinking the con-

finement barrier. Once the tunneling rates exceed the rate of optical recombination

the photoluminescence signal quenches, as observed in Fig. 2.5 for electric fields

F > 30 kV/cm.

Tunneling properties. Another important and experimentally useful effect of the

interaction between electric fields and excitonic states in a QD is the modulation
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Figure 2.5.: Measured photoluminescence spectra as a function of the electric field.
The luminescence signal at higher electric fields quenches owing to charge tunnel-
ing processes. The dashed lines are extrapolated quadratic fits to the neutral (X0)
and negatively charged (X−1) exciton emission lines. The inset shows the experi-
mental configuration: optical excitation in the wetting layer (red) and luminescence
detection from optical recombination in the QD (green).

of charge carrier tunneling rates. With increasing the electric field F the tunneling

barriers are effectively reduced resulting in a higher rate of charge carrier escape out

of the QD. In this case a 1D Wentzel-Kramers-Brillouin calculation provides a good

description of the tunneling rate Γ [Fry00b]

Γ =
1

τ
=

~π

2m∗d2
exp

(

− 4

3~eF

√

2m∗E3
I

)

(2.7)

with EI being the ionization energy, m∗ the effective mass, d the height of the QD

and ~ the reduced Plank constant. It is easy to see that a small variation in the

external field causes an exponentially change in the tunneling time τ . This way,

the tunneling behavior can be tuned in a very simple and experimentally convenient

manner. Figure 2.6 presents the tunneling properties of the electron and heavy-

hole using the spin storage device and demonstrates the τ ∝ exp(1/F ) tunneling

behavior. Owing to the asymmetric barrier design the tunneling time of electrons

and holes differ by many orders of magnitude. Such an asymmetry in the tunneling
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Figure 2.6.: Electric field dependent heavy-hole (left) and electron (right) tunneling
times from a QD embedded in a spin storage device. Due to the asymmetric tunnel
barrier, electron and hole tunneling rates differ by many orders of magnitude. The
lines are fits obtained from measurement data (not shown). Figure adapted from
[Jov12a].

rates is of special interest for the preparation of a single electron inside the QD

[Mue12a]. While the hole removal time after optical X0 generation can be adjusted

to be in the picosecond time-domain, the electron can be stored in the QD for

timescales much longer than microseconds [Hei10]. Moreover, at very low electric

fields the electron can obtain storage times in the order of seconds. The method of

tunnel ionization is extensively used in the experiments presented in this thesis and

addressed in more detail in section 3.1.

2.4. Quantum dots in magnetic fields

Zeeman interaction. Application of an external magnetic field B on QDs generally

lifts the spin degeneracy of both, electrons and holes. The change in the energy of

the particle is given by

∆E = −µ ·B (2.8)
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where µ is the magnetic moment of an electron or a hole and proportional to the

angular momentum J with Je = 1/2, Jh = 3/2:

µe = −µBgeJ e and µh =
1

3
µBghJh, (2.9)

introducing the effective Lande-g-factor and the Bohr magneton µB = e~/2me. For

free electrons the g-factor is g0 ≈ 2. Due to spin-orbit interaction in semiconductors,

ge,h is effectively reduced [Rot59]. In nanostructures, strain and confinement also in-

fluence the spin-orbit interaction owing to band intermixing effects [Jov11a]. Hence,

the g-factor may have values in a wide range [Pry06] and is generally described by

a tensor [Wit11]. Owing to the s-like Bloch wavefunction of electrons, ge is almost

isotropic, while the p-like nature of holes lead to an anisotropic gh-tensor [Sch11].

In contrast to single electrons or holes, the Zeeman interaction of both neutral and

charged excitons depend on the symmetry of the QD with respect to the direction

of B. The Zeeman Hamiltonian of excitons reads [Bay02]

ĤZeeman = −µB

∑

i=x,y,z

(

gieJ
i
e −

gihJ
i
h

3

)

Bi. (2.10)

In Faraday geometry, this is when the magnetic field is applied along the growth

direction of the QD (z-direction), the rotational symmetry of the QD coincides

with the magnetic field direction leading to only diagonal elements of the Zeeman

Hamiltonian. In matrix representation in the basis of excitonic spin eigenstates

(|+1〉 , |−1〉 , |+2〉 , |−2〉) the Hamiltonian can be written as [Bay02, Wit11]

ĤF
Zeeman =

µBBz

2








+(gze + gzh) 0 0 0

0 −(gze + gzh) 0 0

0 0 −(gze − gzh) 0

0 0 0 +(gze − gzh)







, (2.11)

with gze,h the out-of-plane g-factor of the electron or hole. As the matrix is in a diag-

onalized form, the excitons maintain their rotational symmetry and spin eigenstate

basis (|+1〉 = |↓⇑〉 , |−1〉 = |↑⇓〉 , |+2〉 = |↑⇑〉 , |−2〉 = |↓⇓〉) in presence of magnetic

fields Bz. An orientation of the magnetic field perpendicular to the QD growth di-

rection, also known as the Voigt geometry, leads to a breaking of the QD’s rotational

symmetry and the matrix elements only obtain off-diagonal elements [Bay02, Wit11]

ĤV
Zeeman =

µBBx

2








0 0 gxe gxh
0 0 gxh gxe
gxe gxh 0 0

gxh gxe 0 0







. (2.12)

Owing to the off-diagonal matrix form in Voigt configuration, bright and dark exci-

tons are coupled to four new eigenstates of the system, each having optically bright
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components and are, therefore, detectable in luminescence spectroscopy. Especially

dark excitons acquire bright components owing to symmetry breaking in the pres-

ence of in-plane magnetic fields Bx. In section 2.5 we provide detailed analysis of

the magnetic properties of excitons in Faraday and Voigt configuration taking ex-

change interaction effects into account. The latter interaction leads to a rich fine

structure of the excitonic spectrum and cannot be disregarded since the coupling

strength of both magnetic and exchange interaction share the same order of magni-

tude. However, a further modification of the excitonic energy spectrum arises from

the diamagnetic response of the system.

Diamagnetic shift. In addition to the energetic red-shift of excitons in an electric

field, the energy of excitons subject to magnetic fields is also modified by a diamag-

netic response of the system. For rotationally symmetric QDs the diamagnetic shift

can be described by [Kut98, Wal98]

∆Edia = γ2B
2, (2.13)

where γ2 is the diamagnetic coefficient. To a good approximation γ2 depends on

the lateral extension of the charge carrier wavefunction in strongly confined QDs,

thus, the diamagnetic coefficient can be used as a measure for the QD’s lateral size

[Bay98].

2.5. The fine structure of excitons in quantum dots

Optical selection rules and the interaction with an electric and magnetic field within

the framework of an idealized model, as discussed in the previous sections, allow

to gain insight into many basic QD properties. However, this simplified picture

cannot reproduce many features observed in experiments. Since electrons and holes

carry a charge and spin, the Coulomb interaction between electric charge, exchange

interaction between the spin degree of freedom as well as correlation effects have

to be taken into account [Sch09a]. Figure 2.7 provides a schematic overview of the

excitonic fine structure occurring in realistic QDs.

As discussed in section 2.2 the lateral confinement potential of the QD leads to

a discrete shell structure and, therefore, to discrete excitonic states (|Xs〉, |Xp〉).
Coulomb interaction between the electron and hole lowers the transition frequency

of excitons by typically 10...20 meV [Bay98]. Compared to bulk semiconductors the

strong confinement potential in QDs leads to a larger wavefunction overlap between

electron and hole resulting in an increased Coulomb interaction [War98]. Moreover,

electrons and holes are Fermions implying that their wavefunction overlap in the QD

requires the formation of anti-symmetric states giving rise to an exchange interaction
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2.5 The fine structure of excitons in quantum dots

Figure 2.7.: Exciton fine structure of elliptical QDs. Coulomb and exchange in-
teractions modify the optical transition frequencies (solid arrows). The reduced
rotational symmetry leads to the formation of new eigenstates. The Zeeman inter-
action is shown in Faraday configuration. Figure adapted from [Klo12].

which further modifies the excitonic transitions. In its general form the electron-

hole exchange energy Eeh is proportional to the exchange integral [Dya08, Kes90a,

Bay99]:

Eex ∝
∫

Ψ∗
X(re,rh)ΨX(rh,re)

|re − rh|
dredrh, (2.14)

with ΨX(rh,re) being the exciton wavefunction at the electron or hole coordinates

re,h. The exchange coupling can be divided into short and long ranged parts [Bay02].

The main effect of the short range interaction is the splitting of the exciton mul-

tiplets into bright and dark states. In addition, the long range part contributes to

the bright-dark exciton splitting and modifies the transverse and longitudinal com-

ponents of the bright exciton, while it does not influence the dark states. In the

following, we only consider the short range interaction for simplicity.

21



Key physical electronic and optical properties of self-assembled quantum dots

The exchange Hamiltonian in its general form can be written as [Bla94, Kes90b]:

Ĥex = −
∑

i=x,y,z

(aiJh,iSe,i + biJ
3
h,iSe,i), (2.15)

where ai and bi are phenomenological constants, Jh and Se the spin of the heavy hole

and electron, respectively. Using the excitonic spin eigenstates |+1〉 , |−1〉 , |+2〉 , |−2〉
as a basis, the matrix representation of the exchange interaction is obtained [Bay02]

Ĥex =
1

2








+δ0 +δ1 0 0

+δ1 +δ0 0 0

0 0 −δ0 +δ2
0 0 +δ2 −δ1







, (2.16)

with

δ0 = 1.5(az + 2.25bz),

δ1 = 0.75(bx − by), (2.17)

δ2 = 0.75(bx + by).

From the block-diagonal form of the matrix we can conclude that bright and dark

excitons do not mix with each other. Thus, bright and dark excitons are decoupled

from each other and split by the isotropic exchange energy δ0, as schematically illus-

trated in Fig. 2.7. Typical values of δ0 are in the range of ∼ 0.1 meV [Wit11, Urb13].

However, off-diagonal elements exist within a sub-block leading to formation of sym-

metric and antisymmetric superpositions of bright excitons (|+1〉 ± |−1〉) and dark

excitons (|+2〉± |−2〉), as illustrated in Fig. 2.7. The hybridized bright excitons are

split by the anisotropic exchange energy δ1, while hybridized dark excitons are split

by δ2. For QDs with rotational symmetry D2d (bx = by) it follows that δ1 = 0 and

hybridization of bright excitons is lifted coupling to circularly polarized light. In

contrast, excitons in QDs with lower symmetry (<D2d) couple to linearly polarized

light, as indicated with solid arrows in Fig. 2.7. Note that charged excitons do not

exhibit a fine structure at zero magnetic fields, therefore, δ0,1,2 = 0 for the X−.

Table 2.2 summarizes the eigenstates and eigenenergies of excitons in presence of

e-h-exchange interaction at zero magnetic fields. The new eigensystem is obtained

by diagonalizing the Hamiltonian Ĥex.

In presence of external magnetic fields, the e-h-exchange interaction has to be ex-

tended by the Zeeman interaction, introduced in section 2.4 (see equations 2.11 and

2.12):

Ĥ = Ĥex + ĤZeeman. (2.18)

After diagonalization of the total Hamiltonian we obtain the new set of excitonic

eigenstates which are summarized in table 2.3 for Faraday geometry and in table 2.4
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Figure 2.8.: (a) Excitonic PL spectra as a function of magnetic field in Voigt con-
figuration. Red dashed lines are fits of equation 2.18 to the data. Corresponding
linearly polarized components (H and V) of the PL spectra for the neutral exciton
X0 at (b) B = 0 T and (c) at B = 10 T.

for Voigt geometry for QDs with lower symmetry. The strength of the magnetic field

controls the mixture of the eigenbasis described by the coefficient α, thus, the optical

transition and selection rules are strongly affected by the application of external

magnetic fields.

The evaluation of the exchange and Zeeman Hamiltonian provides a useful tool to

experimentally obtain a full set of characteristic QD parameters, such as δ0, δ1,

δ2, ge, gh, as well as the diamagnetic coefficient γ2 [Wit11]. In Fig. 2.8(a) the

excitonic luminescence spectra for a typical QD are presented for magnetic fields

applied in Voigt geometry and at a temperature of 10 K. The dominant transition

lines in the figure can be identified to arise from the neutral and negatively charged

exciton. As the magnetic field is increased, the dark excitons acquire optically bright

components, as seen in the figure at the lower branches of X0 lines. At zero fields the

lower and upper branches of X0 are split by the isotropic exchange energy δ0. Since

negatively charged excitons are not affected by exchange interaction, we start our

analysis by fitting equation 2.12 to the X− data. The red dashed lines in the figure

show the result of the fit from which the g-factors gxe = −0.53 and gxh = 0.09 are

obtained. In chapter 4 an electron g-factor of |gxe | = 0.55 is determined from Larmor

precession measurements and is in very good agreement with the value obtained here.

From the quadratic behavior of the Zeeman branches the diamagnetic coefficient

23



Key physical electronic and optical properties of self-assembled quantum dots

D2d <D2d

bx = by bx 6= by

Energy Eigenstate Energy Eigenstate

+1
2
δ0 |−1〉 +1

2
δ0 +

1
2
δ1

1√
2
(|+1〉+ |−1〉)

+1
2
δ0 |+1〉 +1

2
δ0 − 1

2
δ1

1√
2
(|+1〉 − |−1〉)

−1
2
δ0 +

1
2
δ2

1√
2
(|+2〉+ |−2〉) −1

2
δ0 +

1
2
δ2

1√
2
(|+2〉+ |−2〉)

−1
2
δ0 − 1

2
δ2

1√
2
(|+2〉 − |−2〉) −1

2
δ0 − 1

2
δ2

1√
2
(|+2〉 − |−2〉)

Table 2.2.: Isotropic (bx = by) and anisotropic (bx 6= by) fine structure of X
0 at zero

magnetic fields [Bay02].

<D2d

bx 6= by

Energy Eigenstate

+1
2
δ0 +

1
2

√

δ21 + β2
1 N1 [|+1〉+ α1 |−1〉]

+1
2
δ0 − 1

2

√

δ21 + β2
1 N2 [|+1〉 − α2 |−1〉]

−1
2
δ0 +

1
2

√

δ22 + β2 N3 [|+2〉+ α3 |−2〉]
−1

2
δ0 − 1

2

√

δ22 + β2 N4 [|+2〉 − α4 |−2〉]

Table 2.3.: Fine structure of QDs with lower symmetry in magnetic fields applied in
Faraday configuration. β1 = µB(g

z
e+g

z
h)Bz and β2 = µB(g

z
e−gzh)Bz. The coefficients

α1...4 and normalization constants N1...4 are functions of the magnetic field. In the
zero magnetic field limit the coefficients α1...4 = 1 [Bay02].

<D2d

bx 6= by

Energy Eigenstate

+1
4
(δ1 + δ2) +

1
4

√

2(δ0 + δ1 − δ2)2 + 4β2
2 N1 [(|+1〉 − |−1〉) + α1 (|+2〉 − |−2〉)]

−1
4
(δ1 + δ2) +

1
4

√

2(δ0 − δ1 + δ2)2 + 4β2
1 N2 [(|+1〉+ |−1〉) + α2 (|+2〉+ |−2〉)]

+1
4
(δ1 + δ2)− 1

4

√

2(δ0 + δ1 − δ2)2 + 4β2
2 N3 [(|+2〉 − |−2〉) + α3 (|+1〉 − |−1〉)]

−1
4
(δ1 + δ2)− 1

4

√

2(δ0 − δ1 + δ2)2 + 4β2
1 N4 [(|+2〉+ |−2〉) + α4 (|+1〉+ |−1〉)]

Table 2.4.: Fine structure of QDs with lower symmetry in magnetic fields applied in
Voigt configuration. β1 = µB(g

x
e + gxh)Bx and β2 = µB(g

x
e − gxh)Bx. The coefficients

α1...4 and normalization constants N1...4 are functions of the magnetic field. In the
zero magnetic field limit the coefficients α1...4 = 0 [Bay02].
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γ2 = 4.83➭eV/T2 is obtained.

Figure 2.8(b) and (c) present the linear components (H and V) of the PL spectra

for the neutral exciton at B = 0 T and B = 10 T, respectively. At zero magnetic

fields the bright states are split by the anisotropic exchange energy δ1 = 14.8 ➭eV

as a consequence of the elliptically shaped QD geometry and the corresponding

symmetry breaking. The fundamental components are linearly polarized, thus,

|X0
H〉 = 1√

2
(|+1〉+ |−1〉) and |X0

V 〉 = 1√
2
(|+1〉 − |−1〉). At B = 10 T all exci-

tonic states are split by the Zeeman energy in addition to the exchange energy,

according to the states summarized in table 2.4. Solving the equation system with

the knowledge of gxe , g
x
h and δ1 we obtain the remaining parameters δ0 = 135➭eV and

δ2 = 3➭eV. Taking these parameters into account, the red dashed lines in Fig. 2.8(a)

present the application of equation 2.18, demonstrating the good agreement with

the PL data from the neutral exciton X0.

2.6. Coherent state population and manipulation

Rabi oscillations. So far, we investigated few-Fermion transitions in the QD and

the dependence of excitonic states on electric and magnetic fields. With the prospect

to initiate single spin qubits in the QD optical interband transitions should be

performed resonantly in order to directly address the excitonic state of choice, in

our case |cgs〉 → |X0〉. However, in order to control the state of the spin qubit such

resonant transitions should be carried out in a coherent fashion by using strong

picosecond optical pulses. With such conditions the interaction between laser field

and the QD is found to be in the strong light-matter interaction regime [Fox06] and

can be approximated by a two-level system [Fuk11]

|Ψ〉 = c1 |1〉+ c2 |2〉 , with |c1(t)|2 + |c2(t)|2 = 1, (2.19)

where the eigenstates |1〉 and |2〉 present the empty or excited QD, in our case, with

population amplitudes c1 and c2. From solving the time dependent Schrödinger

equation for the two-level system in presence of an oscillating electric field E(t)

i~
∂

∂t
|Ψ〉 =

[

Ĥ − p ·E(t)
]

|Ψ〉 (2.20)

with E(t) being defined as

E(t) = (E0,0,0) · cos(ωt) = (E0,0,0) ·
1

2

(
eiωt + e−iωt

)
, (2.21)

we obtain the solutions for the wavefunction amplitudes in the strong-field limit

[Fox06]:

c1(t) = cos(ΩRt/2), (2.22)

c2(t) = i sin(ΩRt/2). (2.23)
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Figure 2.9.: Illustration of Rabi-oscillations in absence of damping (γ = 0) and in
presence of damping (γ > 0). Figure adapted from [Fox06].

Here, ΩR = |µ12E0/~| is defined as the Rabi-frequency and µ12 is the dipole matrix

element between states |1〉 and |2〉. The time dependence of the probability |c2(t)|2
for occupying the excited state |2〉 as a function of interaction time with the optical

field is schematically illustrated in Fig. 2.9 (dashed line, γ/ΩR = 0). After a time

corresponding to a half of a Rabi-period (ΩRt = π) the system fully occupies the

excited state and is depopulated again with ongoing interaction. This periodic

oscillation of the system between two quantum states is known as Rabi-oscillation

and originates from light induced coherent coupling of the two levels.

Damping processes, arising from interactions with phonons [F0̈3], tunnel ionization

[VB05] or other mechanisms, lead to a collapse of the coherent superposition of both

states [Ram11, Zre02]. As a result, the population amplitudes are asymptotically

reduced towards an equilibrium state, as depicted in Fig. 2.9 with solid lines (γ/ΩR >

0). In the case of strong damping (γ/ΩR = 1), no oscillations are observed and the

occupation of the excited level is in agreement with Einsteins transition coefficients

[Fox06]. However, for pulsed excitation with picosecond driving laser fields it is

useful to define a pulse-area θ [Ram11]

θ =

∫ ∞

−∞
ΩR(t)dt. (2.24)

The pulsed optical driving field can transfer the population of the QD from the

ground state to an arbitrary superposition of states |1〉 and |2〉. For example, using

θ = π/2 pulses the system is transferred from the initial ste |1〉 into a state de-

scribed by |Ψ〉 = 1/
√
2 (|1〉+ |2〉). The application of coherent light can also cause

a complete inversion of the system using π pulses (|1〉 → |2〉), or even result in

self-induced transparency using 2π pulses where the final state equals the initial

state, but with modified phases (|1〉 → eiΦ |1〉) [Mue13, Ben11]. Such phase control

methods using 2π pulses enable schemes to coherently manipulate the qubit state

[Pre10, Eco06, Mue13]. Over the last decades such coherent manipulation methods
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Figure 2.10.: Rabi-oscillations in presence of rapid hole tunneling: Measured PL
after X0 generation as a function of driving laser field power, expressed in units of
Rabi-area θ, for different electric fields. Dephasing of oscillations depend on the hole
tunneling rate, which is controlled by the applied electric field.

were demonstrated in atomic systems and successfully adopted to excitons in opti-

cally active QDs [Zre02, Mue13, Ram11].

As discussed earlier in this chapter, the QDs under study are incorporated in a

spin storage device with taking advantage of tunnel ionization principles. Contrary,

a high charge tunneling rate can result in strongly damped Rabi oscillations and,

with this, in a negative impact on the coherent character of the excitonic transitions.

In order to demonstrate the tunnel rate dependent damping of Rabi oscillations the

laser absorption of the |cgs〉 → |X0〉 transition is monitored as a function of laser

power and presented in Fig. 2.10. Here, the laser absorption is measured as PL

response by using a charge sensitive probe pulse which is applied directly after the

application of the coherent driving field (see chapter 3 for technical details). The

duration of the driving laser field is adjusted to be 5 ps, the laser power is plot-

ted in units of the Rabi pulse-area θ. As can be observed in the figure, at high

electric fields (black dots), this is when hole tunneling occurs within timescales of

the optical pulse duration, the Rabi oscillations are strongly suppressed and the

monitored PL intensity is observed at high values with increasing laser power. This

damping process is a direct consequence of tunnel induced dephasing resulting in an

convergence of the oscillation amplitude towards values of c2 = 1 corresponding to a

population inversion of the system [Ard15]. As can be seen in Fig. 2.10, by reducing

the electric field from F = 73 kV/cm to 51 kV/cm hole tunneling is slowed down

which is reflected in the reappearance of the Rabi oscillations and increase in Rabi
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Figure 2.11.: Arbitrary superpositions of the two spin eigenstates are represented in
a Bloch sphere with the Bloch vector pointing at the quantum state |Ψ〉 of the spin
qubit.

frequency [Ard15].

Bloch sphere representation of the spin qubit. Owing to the quantum nature of

the two level spin system, the confined electron spin can be brought into a coherent

superposition of spin-|↑〉 and spin-|↓〉. Such a state can be described by:

|Ψ〉 = cos (θ/2) |↑〉+ exp (iφ) sin (θ/2) |↓〉 (2.25)

with 0 < θ < π and 0 < φ < 2π. The temporal evolution of the phase φ = ∆Et/~

is a consequence of an energy splitting ∆E between the coupled eigenstates |↑〉
and |↓〉, arising from e.g. a Zeeman splitting by application of external magnetic

fields. The state |ψ(θ,φ)〉 is commonly represented as a vector in a Bloch sphere,

as illustrated in Fig. 2.11, where the north and south pole of the sphere correspond

to the eigenstates of the system and arbitrary superpositions of the eigenstates

are represented by points lying on the surface of the sphere [Fox06]. The concept

of Bloch sphere representation is also applicable on Rabi coupling between two

eigenstates (see equation 2.19). The Bloch vector angles are then described by

θ = ΩRt and φ = ∆Et/~ with ∆E the energetic separation between ground and

excited states.

Coherent manipulation of quantum states. The application of optical Rabi-π

pulses with predefined light polarization is sufficient to initialize and readout the

state of the spin qubit when using spin storage devices [Kro04], as it will be demon-

strated in chapter 3. However, for advanced qubit operations one needs to manipu-

late the qubit’s state. This can be achieved by taking control over the spin’s Bloch

vector with arbitrary Euler rotations [Kod12], but without destroying the coherent
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Figure 2.12.: Quantum dots as hosts for electron spin qubits. The quantum state
is presented by the Bloch vector. Vector rotations about the quantization axis is
achieved by application of an in-plane magnetic field. Vector rotations about the
out-of-plane axis is realized by circularly polarized optical pulse along the growth
direction of QDs. Figure adapted from [Eda08]

character. One possible realization is the combined application of circularly polar-

ized laser pulses [Eco06, Eco07] along the QD’s growth direction and a magnetic

field applied along the in-plane direction of the QD, as schematically illustrated in

Fig. 2.12. The static magnetic field induces an energetic separation between spin-up

and spin-down state. This leads to a phase accumulation of the spin wavefunc-

tions resulting in a Bloch vector precession around the axis of the magnetic field

[Eco06, God11, Ram11]. The optical pulse induces transitions between the spin-up

and spin-down state through a virtual excited state in a process called stimulated

Raman adiabatic passage (STIRAP) [Eda08, Eco07, Tak10, Mue13, Ber98]. In case

of electron spin qubits a driving laser field having a Rabi-area of θ = 2π and applied

in resonance with the virtual transition |e−〉 ↔ |X−〉 induces a coupling of the spin

states and, with this, a rotation of the Bloch vector around the optical axis. The

rotation angle then is given by [Eco07]

φ = arctan (β/∆), (2.26)

with β the bandwidth of the driving laser pulse and ∆ the energetic detuning be-

tween laser energy and optical transition frequency. Such an optical control method

has been used successfully to control the state of the spin qubit [Pre08, Bec15b].
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This method also provides utilization of spin refocusing techniques, such as spin echo

to explore the intrinsic coherence time T2 [Pre10, DeG11] or Carr-Purcell-Meiboom-

Gill (CPMG) sequences [Var14, Blu11] to extend the coherence time by dynamically

decoupling the qubit from the noisy spin environment.

2.7. Summary

In summary, in this chapter we discussed basic effects of charge carrier confinement

resulting in a discrete energy level structure of excitons in QDs. The discrete exci-

tonic states can easily be modified by electric and magnetic fields. Such a control

over the exciton’s energy makes it possible to drive the QD into different regimes;

the regime of tunnel ionization in order to prepare the electron spin qubit when us-

ing the spin storage devices, and the regime of optical recombination, where charge

dependent PL can be used to read the state of the spin by taking advantage of

optical selection rules. Furthermore, we briefly discussed multi particle effects, such

as Coulomb coupling and exchange interaction, which are responsible for the highly

non-linear character of optical transitions, an advantage when single charges or sin-

gle excitons have to be excited in the QD. The rich fine structure of excitons, mainly

arising from effects of maintaining or breaking the rotational symmetry of the QD,

leads to coupling of excitonic spin eigenstates to a new set of eigenstates. Such

couplings, also depend on the direction of the applied magnetic field, can be utilized

to coherently control the spin state of the qubit by taking advantage of stimulated

Raman processes.

In the next chapter, we continue to introduce the experimental method and electro-

optical pulse sequence in order to initialize, control and sense the state of the spin.
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Spin storage devices provide a unique platform to explore spin dynamics of individual

electrons for timescales much longer than conventional methods [Bra05a]. As the

aim of the thesis is to identify relevant decoherence mechanisms of the spin qubits,

a method has to be developed in order to prepare, store and identify the spin state

of the qubit for arbitrary timescales. In this chapter, we describe the concepts

and experimental realizations to initialize and readout a single electron spin in an

individual QD by all optical means. This is followed by a detailed description of the

operation regimes of the storage device from which the whole measurement sequence

is constructed. We then demonstrate spin manipulation methods that have been

realized to achieve phase control over the spin qubit by implementation of an optical

phase gate. Such a phase control enables the utilization of spin refocusing methods

to remove inhomogeneous dephasing effects which opens the way to explore intrinsic

decoherence mechanisms and uncover the spin dynamics at timescales much longer

than T ∗
2 . Finally, we provide details on the experimental instrumentation used for

conducting the measurements.
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3.1. All-optical single spin generation, manipulation and readout

method

Using the voltage tunable spin memory device described in more detail in section 2.1,

we utilize a method to optically create and sense a single electron in a QD with

a predefined spin polarization. As schematically depicted in Fig. 3.1, the basic

working principle of the spin memory device can be divided into five basic regimes of

operation. We start with a reset operation by an application of a strong electric field

(Freset) in order to fully empty the QD from residual charges enabling a fresh start for

every single measurement cycle. In a next step, denoted as charging in Fig. 3.1, we

switch the electric field strength to a lower value (Fch1) and apply a laser, termed the

pump pulse, that is energetically tuned into resonance with the |cgs〉 → |X0〉 optical
transition. In this phase of operation the optically generated excitonic spin state

is defined by the polarization selection rules, such that a circularly polarized pump

pulse resonantly creates the exciton with an electron spin up or down configuration

with respect to the optical axis.

After the generation of the neutral exciton with a predefined spin state, the hole tun-

nels out of the QD as a consequence of the applied electric field leaving behind the

single electron. The electric field is chosen such that the hole removal time is much

faster than the timescale for exciton fine structure precession providing a high spin

initialization fidelity [Mue13]. The fast hole extraction is needed since the excitonic

spin eigenstates are not an eigenbasis of the QD owing to symmetry breaking effect

and the resulting fine structure splitting [Bay02], as described in section 2.5. In

contrast to the short hole lifetime, electron tunneling is strongly suppressed by the

AlGaAs barrier and can achieve storage times in the order of seconds [Hei09, Hei10].

Consequently, the electron can be stored in the QD for a controlled time Tstore at

selected electric fields (Fstore) until the spin state is tested.

In a next step, instead of directly probing the electron spin state, we perform a spin-

to-charge conversion before readout operation takes place, as illustrated in Fig. 3.1.

The benefit of implementing such an intermediate step is the increased luminescence

yield since the charge state of the QD represents a physically more stable quantity,

whereas the electron spin itself is subject to relatively strong interactions with the

environment [Urb13, Sin12], thus, diminishing the PL signal during readout. During

this step, we tune the electric field to an intermediate value Fch2 corresponding to

an electric field regime where hole tunneling is possible. To map the spin infor-

mation into a charge occupancy, a second circularly polarized laser pulse, termed

the probe pulse, is applied in resonance with the |e−〉 → |X−〉 optical transition.

Thus, depending on the spin projection of the initialized electron after Tstore, the

Pauli spin blockade either allows or inhibits light absorption of the probe pulse. As

schematically illustrated in Fig. 3.1, if the electron has kept its spin polarization
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Figure 3.1.: Single electron spin preparation, storage and read-out. The upper part
represents the band structure of the device for each operation regime. The lower
part shows the applied electric field F (t) and optical pulse sequence as a function of
time. The measurement cycle consists of five phases; (i) discharging the QD (Reset),
(ii) electron spin preparation (Charging), (iii) spin storage at low electric fields, (iv)
spin-to-charge conversion for spin measurement and (v) charge read-out (Readout).
The charge dependent PL intensity of the X−

T recombination reflects the spin state
of the electron. Figure adapted from [Jov12a].
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after the storage time, the QD becomes charged with 1e, whereas in the case when

the electron spin changes its state over time, Pauli spin blockade is lifted and X−

optical creation is possible which is followed by a rapid hole tunneling leaving behind

the QD charged with 2e.

Finally, the device is biased into the charge readout mode by reducing the electric

field to Fread where optical recombination of the electron and hole dominates over

tunneling. In order to read the charge occupancy of the QD we apply an addi-

tional laser pulse, termed read, that is energetically tuned into resonance with the

|e−〉 → |X−
T 〉

∗
optical transition. Here, |X−

T 〉
∗
indicates an excited state of the neg-

atively charged trion in a spin-triplet configuration where the electron and the hole

populate an s-shell, while the second electron occupies the p-shell [Jov11b, Aki02].

As shown in Fig. 3.1, in the case when the QD is charged with two electrons, the

read laser is out-of-resonance with the optical transition and no PL signal is pro-

duced in the end of the measurement cycle. In contrast, a QD charged with only

one electron results in absorption of the read laser creating the excited state of the

negatively charged trion, whereafter relaxation into the ground state and optical

recombination a PL signal is produced, as schematically depicted in Fig. 3.1. By

monitoring the yield of the PL signal obtained from the |X−
T 〉 → |e−〉 recombination

we extract the spin information of the electron.

In the following sections we continue to optimize and characterize the performance

of the used operations of the spin storage and readout method.

Reset and charge readout. Owing to the tunnel barrier and the resulting asymme-

try in the tunneling rates of the charge carriers, electrons tend to accumulate in the

QD during laser illumination. To prevent an electron accumulation the sample has

to be emptied periodically using the reset operation. To demonstrate the necessity

of preventing a charge accumulation, we demonstrate in Fig. 3.2 photoluminescence

spectra with (left panel) and without (right panel) using a reset operation. As can

be seen in the electro-optical pulse sequence in the upper part of the figure, we apply

a laser pulse during the application of Fread and compare both PL spectra as a func-

tion of Fread (lower part of figure). Here, the laser energy is tuned quasi-resonantly

to the wetting layer of the QD. By comparing both spectra, PL signatures from

the excitonic states can be observed only in the case when a strong reset pulse is

applied at the device prior to the readout step, thus, demonstrating that accumu-

lated electrons tunnel out the QD despite the presence of the tunnel barrier and,

with this, resulting in a stabilization of the excitonic PL lines. The impact of the

reset duration and Freset on the discharging efficiency of the QD is discussed in

detail in Ref. [Jov12a]. Here, we use the optimized values of treset = 500 ns and

Freset = 190 kV/cm.
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Figure 3.2.: Electric field (Fread) dependent PL spectra with (left) and without
(right) application of a reset operation prior to laser illumination. The corresponding
electro-optical pulse sequence is schematically illustrated in the upper part. The
laser energy is tuned into quasi-continuum of the wetting layer with 1 ➭s duration
during the read-plateau with 1.5 ➭s duration. The duration of Freset is set to 500 ns.

Under quasi-resonant excitation in the wetting layer continuum, however, the strict

requirement for a charge sensitive readout laser absorption is not feasible. There-

fore, an excitation of higher orbital excitonic states of X−
T is more suitable for the

charge-read operation. In order to identify the interband transitions of excited or-

bital states, we performed photoluminescence excitation (PLE) spectroscopy at fixed

Fread = 9 kV/cm. The basic principle of the PLE measurement is shown in the inset

of Fig. 3.3(a). Here, the energy of the excitation laser Eexc is tuned over higher

orbital states and once the laser energy coincides with an optical interband transi-

tion, an electron-hole pair is created in higher orbital shells, followed by a charge

relaxation and ground state optical recombination with energy Edet. The result of

such a PLE measurement is presented in Fig. 3.3(a) showing excited orbital states

of the negatively charged excitons, X− and X−
T , respectively. A typical signature

of the trion triplet complex X−
T is the threefold peak structure in the luminescence

intensity, energetically separated by typically ≃ 100 ➭eV arising from the isotropic

electron-hole exchange interaction [Jov11b, Aki02]. A further indication is that the
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Figure 3.3.: (a) PL excitation spectrum recorded for the negatively charged trions
as a function of excitation laser energy with Freset = 190 kV/cm for 500 ns and
Fread = 9 kV/cm for 1.5 ➭s. (b) PL intensity of X−

T ground state recombination by
driving the excitation laser over excited orbital states. For the readout operation in
our spin storage method the read laser is fixed to the excitation energy indicated by
the blue arrow, i.e. the energetically lowest excited state of X−

T .

trion triplet states are typically blue shifted by ≃ 1 meV with respect to the nega-

tively charged exciton X−, as observed in Fig. 3.3(a). Figure 3.3(b) shows a cut of

the PLE contour plot in (a) through the energetically lowest triplet state of the trion

(red dashed line) for better visibility of the PL intensities. For the implementation

of the X−
T state into our charge readout method we set the read laser energy to

optically excite the first excited trion state (X−
T )

∗, as indicated by the blue arrow in

Fig. 3.3(b), since this excitonic transition shows the strongest optical dipole element

improving the PL yield of the readout operation.

In a next step, after the reset and read operations have been adjusted, we con-

struct the electrical and optical pulse sequences for electron spin generation and

spin-to-charge conversion.

Electron spin initialization and spin-to-charge conversion. For single electron

spin preparation we extend the pulse sequence by an additional 5 ps laser pulse,

termed the pump pulse, as schematically depicted in the top part of Fig. 3.4(a). The
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spin state of the electron is only defined by the helicity of the pump pulse owing to

strong optical selection rules in the QD [Bay02], as discussed in section 2.5. For a σ+

polarized pump pulse the electron is initiated in |↓〉z-spin orientation. The electric

field during this charging mode is set to Fch = 59 kV/cm such that a relatively

fast hole tunneling takes place after X0 generation to isolate the single electron. A

detailed analysis of hole and electron tunneling rates as a function of the applied

electric field is given in Ref. [Jov12a]. However, to find the X0 resonance we tune

the pump laser energy Epump over the QD’s transition frequencies and observe a

peak in the readout signal corresponding to |cgs〉 → |↓⇑〉 optical transition, as

presented in Fig. 3.4(a). Owing to the relatively fast hole tunneling after exciton

generation, the energy bandwidth Γ of the excitonic transition is mainly determined

by the hole tunneling time (τh = τX), from which the hole lifetime can be extracted.

According to the estimation 2Γ = ~/τX ≃ 850 ➭eV, we obtain a hole tunneling

time of τh ≃ 5 ps, a value which is comparable to the pulse duration of the pump

laser as measured to be ≃ 5 ps by using autocorrelation. As a result of comparable

pulse duration and X0-lifetime, we expect strongly damped Rabi oscillations where

the state population is pushed towards complete population inversion [Ard15], as

measured and demonstrated in Fig. 3.4(a) by monitoring the PL intensity as a

function of laser power Ppump. Here, the pump laser energy is fixed to Epump =

1325.1 meV driving the netral exciton optical transition, as indicated by the red

arrow in the figure.

However, for the spin initialization method we fix the pump laser energy corre-

sponding to the peak maximum of |cgs〉 → |X0〉 and choose a pump laser power

corresponding to the first maximum in the power trace, as the red arrows in Fig. 3.4

indicate.

For the spin sensitive readout in our method, we extend the measurement sequence

by a spin-to-charge conversion step, as illustrated in Fig. 3.4(b). This is achieved by

applying an additional 5 ps laser pulse, termed the probe laser, and keeping the elec-

tric field constant (Fch1 = Fch2 = Fcharge). The probe laser has the same polarization

as the pump laser in order to ensure that in case of a spin flip Pauli spin blockade is

lifted, a second electron is created in the QD and no PL signal is produced during

the charge read step, as discussed above. However, to find the resonance condition

of the |e−〉 → |X−〉 optical transition, we tune the probe laser energy Eprobe and

observe a dip in the PL readout intensity, as shown in Fig. 3.4(b). Here, we applied

a weak in-plane magnetic field of Bx = 300 mT to force a spin flip and, thus, a lifting

of the Pauli spin blockade inducing the breakdown of the readout PL intensity in

resonance condition. Additionally, we set the time delay between pump and probe

to obtain a half of a Larmor precession period, ∆t = h/(2geµBBx) ≃ 215 ps, with

ge = −0.55. However, the position of the dip minimum, indicated by the red arrow

in Fig. 3.4(b), is the probe laser energy of choice for the spin sensing method.
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Figure 3.4.: (a) Pump-read measurement cycle for electron spin generation and
charge readout: Freset = 190 kV/cm for 500 ns, Fcharge = 59 kV/cm for 500 ns and
Fread = 9 kV/cm for 1.5 ➭s. The lower parts show the resonance of the neutral
exciton, fitted with a Lorentz function (red line) and Rabi oscillations (red line is
guide to the eye). (b) Pump-probe-read measurement cycle for spin generation,
spin-to-charge conversion and charge readout. Electric field sequence as in (a). A
weak in-plane magnetic field Bx = 300 mT is applied such that the probe pulse
arrives when the electron spin is flipped after a half of a Larmor precession period
lifting Pauli spin blockade. The lower parts show the resonance of the negatively
charged trion, fitted with a Lorentz function (red line) and Rabi oscillations of this
transition (red line is guide to the eye).
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The PL readout intensity as a function of probe laser power Pprobe during |e−〉 →
|X−〉 excitation is depicted in the lower part of Fig. 3.4(b), demonstrating Rabi

oscillations up to a Rabi area of 3π of this transition. Note the “up-side-down”

behavior of the oscillation in the figure that arises from the pump-probe measure-

ment technique. However, to convert the spin information into a charge occupancy,

we choose the probe laser power having a Rabi-area of π, as indicated by the red

arrow in the figure. A laser power of Rabi-area of π corresponds to a projective

measurement, as intended for the spin sensing method. Moreover, for spin control

methods a laser power equal to a Rabi-area of 2π is needed. Such a laser pulses is

then termed control pulse.

Optical manipulation: Geometric phase control and spin echo. In order to

coherently control the state of the spin after the electron has been initialized, one can

apply a laser pulse with a Rabi-area of θ = 2π, energetically adjusted in resonance

with the |e−〉 → |X−〉 optical transition [Gre09, Eco06, Eco07]. An additional key

requirement for spin control is the existence of a coupling between the spin states

of both, |e−〉 and |X−〉. Such a coupling can be achieved by applications of in-plane

magnetic fields, while the optical axis remains in the growth direction of the QD,

defined as the z-direction, thus, perpendicular to the magnetic field direction. Such

a configuration is termed Voigt geometry and discussed in section 2.5.

The energy levels and optical selection rules of the spin system in Voigt configuration

are shown in Fig. 3.5(a) in the x-basis. The magnetic field defines the spin eigenstates

along the x-axis, energetically separated by the electron Zeeman splitting. Such

electron eigenstates along the x-direction are symmetric and antisymmetric linear

combinations of the spin states along the optical z-axis, |x〉 = |z〉 + i |z̄〉 and |x̄〉 =
|z〉 − i |z̄〉 [Gao15]. The eigenstates of the negatively charged trions, |Tx〉 and |T̄x〉,
are defined by the quantization axis along x separated by the hole spin Zeeman

energy. Optical transitions are coupled by linearly polarized light [Ema07], H and

V , introducing a double λ-system as schematically depicted in Fig. 3.5(a). Both

electron spin states are coupled equally strongly to the trion states. In contrast,

circularly polarized light can selectively couple to one λ-subsystem, as indicated by

the colored arrows in the figure. Even though the bandwidth of the control laser

spans over all four transition frequencies, different phase evolution of the transitions

with respect to each other enable the selectivity when using circularly polarized

light.

A much simpler representation of the coupled system is achieved in the optical ba-

sis in the z-direction, shown in Fig. 3.1(b). The spin-z components of the electron

(|z〉, |z̄〉) and the trion (|Tz〉, |T̄z〉) are coupled by the in-plane magnetic field, where

the temporal phase evolution is given by the Larmor frequency, as illustrated with

black arrows in Fig. 3.1(b). According to optical selection rules in the QD only
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Figure 3.5.: Selection rules for electron - trion optical transitions in x-eigenbasis and
z-basis representation. In-plane magnetic field symmetry couples the spin states of
electron and trion, respectively, forming a double λ-system. A circularly polarized
laser field selectively couples to one λ-subsystem (colored arrows), enabling optical
spin control applications.

circularly polarized light couples to the electron-trion system in the z-basis. How-

ever, optical transitions in the z-basis are not part of the system’s eigenbasis but a

linear combination of circularly polarized light according to |H〉 = |σ+〉+ i |σ−〉 and
|V〉 = |σ+〉 − i |σ−〉. Therefore, optical selection rules enable the ability to optically

address one of the two λ-subsystems without the need for frequency selectivity.

Without the application of a coherent optical field the eigenstates of both, the elec-

tron and the trion, are coupled by the in-plane magnetic field resulting in a temporal

evolution of the phases with Larmor. By applying a circularly polarized broadband

laser with Rabi-area of 2π the temporal evolution of the phases are effectively frozen

during time instants of the laser duration resulting in an optical phase gate [Eco06].

In Bloch sphere representation the angle of z-rotations in the phase plane is given

by

ϕz = 2arctan(β/∆), (3.1)

with β being the laser bandwidth and ∆ the detuning of the laser energy with respect

to the optical transition frequencies.

In order to experimentally demonstrate the phase control over the electron spin, we

first apply an in-plane magnetic field of Bx = 1 T and measure the electron spin

Larmor precession using the pump-probe-read pulse sequence as discussed above.

The result is shown in Fig. 3.6(a). Here, we used a σ+-polarized pump pulse to

generate the |↓〉z-electron, corresponding to a point in the equatorial plane in the
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Figure 3.6.: Demonstration of spin phase control using a control pulse with Rabi-
area of 2π. (a) Pump-probe-read sequence to measure Larmor oscillations of the
electron spin in an in-plane magnetic field of Bx = 1 T as a function of probe delay
t1. The red solid line is a cosinusoidal fit for t1 > 0 with amplitude equal to “1”.
(b) Pump-control-probe-read measurement cycle with fixed t1, corresponding to 3/2
Larmor periods, as a function of control delay t2. Stars in (a) and (b) indicate time
moments for which the spin evolution in the Bloch sphere is shown.

Bloch sphere (see the figure at t = 0). The north and south pole of the Bloch sphere

are defined by the magnetic field quantization axis, directed along x, and correspond

to the states |↓〉x and |↑〉x. After time delay t1 we optically probe the probability

of finding the electron in |↓〉z using the probe pulse. As the Fig. 3.6(a) shows,

by increasing the time delay t1 > 0 we observe Larmor oscillations as expected

for electron spin precessions in in-plane magnetic fields. Here, the PL intensity is

normalized such that an intensity equal to “1” (“0”) corresponds to the case of

finding the electron spin in |↓〉z (|↑〉z) state. In a next step, we fix the time delay t1
to 3/2 of a Larmor period, as indicated by the red arrow in Fig. 3.6(a). In such a

configuration, we would find the electron in a spin-|↑〉z state, when no control pulse

is used, thus, no PL signal is produced after the measurement sequence.

Figure 3.6(b) shows the result of a pump-control-probe-read measurement cycle as a
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function of control delay time t2, with t1 fixed to 3/2 of a Larmor precession period.

Most notably, at timescales of multiples n of half Larmor periods (t2 = nT/2+T/4)

we observe an increased probability of finding the spin in its initialized state again,

manifesting in an increase of the PL intensity after the measurement cycle. This

behavior is illustrated in the Bloch sphere in Fig. 3.6(b) and can be explained as

follows: after the spin initialization at t = 0 the spin starts to precess with the

Larmor frequency. At time instants t = 1/4, 3/4 and 5/4 the control pulse changes

the phase of the spin by ϕz = π resulting in a phase flip to the opposite side

of the Bloch sphere. After the remaining time (total time is set to 3/2 of Bloch

rotations) the Bloch vector always points towards the initialized direction resulting

in increased PL intensities in the measurement sequence. The phase control as

demonstrated in Fig. 3.6(b) exhibits a relatively poor fidelity of ∼ 50% seen in

reduced PL intensities of the peak amplitudes (IPL < 1) . This arises from the fact

that the fidelity of the Rabi-2π control pulse only amounts to ∼ 50%, as observed in

Fig. 3.4(b). However, the spin component along the optical z-axis can be modeled

with a function exp(i φ(t)), where the phase evolution φ(t) is defined as

φ(t) = ω

∫ t

0

α(t′) dt′ with α(t′) =







−1, 0 ≤ t′ ≤ t0
+1, t0 ≤ t′ ≤ t

0, elsewhere

(3.2)

Here, ω = gxeµBBx/~ is the electron spin precession frequency, t0 is, in this notation,

the time instance when the control pulse is applied, t is the total time, i.e. when the

probe pulse arrives. The application of this model with fixed total time t ≡ t1 and

variable control delay t0 ≡ t2 is shown as the red solid line in Fig. 3.6(b) and agrees

very well with a used fidelity factor of 0.7. At timescales t1 ≃ t2, both laser pulses,

control and probe, arrive at approximately the same time at the sample which leads

to a laser induced increase of PL readout intensity explaining the deviation between

data and model at ≃ 200 ps.

For a spin echo pulse sequence the condition t0 = t/2 in equation 3.2 must be

fulfilled. This corresponds to a complete inversion of the phases at time instant t/2

(half of total time) where fast phases are flipped behind slow phases using the 2π

control pulse. At time t the phases are caching up each other and refocusing again

[Gre09, Car14, Gao15]. Due to the inversion of the phase evolution such a spin echo

sequence is able to remove linear dephasing components enabling measurements of

intrinsic decoherence times T2 which are typically covered by the inhomogeneous

dephasing T ∗
2 .
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3.2. Experimental realization

Optical excitation. The measurement setup used to experimentally realize the

optical pulse sequence is presented in Fig. 3.7 providing a schematic overview of the

laser path before reaching the sample.

Starting with the 200 fs broadband pulses provided by a tunable laser system (Coher-

ent MIRA 900) with TR = 13.1 ns pulse repetition rate, three independently tunable

pulse trains (Pump, Echo and Probe) are derived by using polarized beam splitters

(PBS). In order to energetically narrow the broadband fs-pulse train (∼ 20 meV),

we used a set of 4f-pulse shapers (PS) [Ram11, Mue13] which allowed us to tune

the pulse duration in the picosecond time domain as well as to tune the central

wavelength to optically address excitonic states (X0 and X−). The pulse duration

and bandwidth after passing the pulse shapers are measured to be ∼ 5 ps and

150 ➭eV at the used frequency of ∼ 1330 meV. The relative time delay τ1,2 between

the three pulse trains was precisely controlled by using two delay lines providing a

temporal tuning range from −150 ps to 1250 ps and a resolution of 5 fs. An addi-

tional fixed pulse delay of 1, 2, 4 and 5 ns was achieved by using optical fibers with

fixed length. In order to reduce the repetition rate from TR to Tcycle, we used fast

switching acousto-optical-modulators (AOM) which “pick out” single pulses from

the pulse train. The laser power and polarization control was achieved by a set of

tunable density filters, λ/4- and λ/2-waveplates in each optical path (not shown in

the figure).

For charge readout we used a tunable continuous wave (cw) laser system (Spectra

Physics - Newport 3900S), energetically adjusted to the resonance frequency to

excite the (X−
T )

∗ optical transition. To temporarily filter out a pulse train with 1 ➭s

duration and achieve a repetition rate of Tcycle, we used an electrically controlled

AOM, which also allowed to tune the temporal delay of the read pulse with respect

to the other three pulses. Finally, all optical paths are combined using fiber couplers

and send to the magnet system, where the sample is positioned.

Low temperature magneto-confocal photoluminescence microscope and spec-

troscopy. For an application of magnetic fields inside the device we placed the

sample inside a superconducting magnet system (Oxford Instruments) with optical

access, as schematically shown in Fig. 3.8(left). The optical excitation pulses are

sent through a unpolarized beam splitter, separating the optical excitation from

detection path, downwards to the sample. The magnet system provides homoge-

neous magnetic fields up to 17 T and dynamical cooling of the sample in the range

1.5− 300K with stability better than 10 mK.

The optical beams are focused on the sample using a microscope objective. De-

pending on the direction of the magnetic field with respect to the growth axis of the

QD we used two different microscopes specifically designed for Faraday and Voigt
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configuration. As schematically depicted in the right part of Fig. 3.8, the Faraday

design implements an objective (L1) that consists of a system of 4 lenses (Melles

Griot GLC) with numerical aperture of NA= 0.62 and focal length of 6.5 mm. In

contrast, for the Voigt design, the sample is tilted by 90◦ using a modified sample

holder and the laser beam is directed to the sample using a prism mirror. The

objective of the Voigt microscope consists of a system of two lenses (L2 and L3)

where the distance between L2 and L3 is precisely adjusted to 15.0 mmproviding a

combined focal length of 9.7 mm. Thereby, L3 is chosen to be an asphere (Thorlabs

C330TME-B) in order to eliminate spherical aberration and also to reduce other

optical aberrations whereas L2 is a achromatic doublet (Thorlabs AC127-025) to

correct achromatic aberrations. In both cases, Faraday and Voigt geometry, the

focusing and positioning of the laser spot on the sample surface was controlled by

moving the sample with a set of three linear nano positioners (Attocube ANPx51)

and an accuracy of 10 nm.

The electrical pulse sequence for reset, charge and read operations was achieved by

electrically contacting the sample to a voltage pattern generator (Agilent). After

illumination of the sample the produced PL signals after optical recombination in

the QD are collected and sent to a double monochromator (Princeton Instruments

Acton SP-2500i) consisting of two independent stages with a focal length of 500 cm

and 1200 g/mm gratings. The PL intensity is analyzed using a silicon CCD camera

(Princeton Instruments), cooled with liquid nitrogen for noise reduction. Thereby,

the spectrometer system provides a spectral resolution of 45± 2 ➭eV.
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Figure 3.8.: Superconducting magnet system and low temperature microscope for
Faraday and Voigt geometry. The sample is electrically connected to a function
generator to apply the voltage pulse sequence.
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4
Relaxation dynamics of an electron spin qubit:

Distinct stages of decoherence

The control of solid-state qubits for quantum information processing requires a de-

tailed understanding of the mechanisms responsible for decoherence. Considerable

progress has been achieved in this field for qubit dynamics in strong external mag-

netic fields [Cyw09, Wit06, Blu11, Zha12]. However, the process causing decoherence

at very low magnetic fields remains puzzling, in particular the role of the quadrupo-

lar coupling of nuclear spins in this process is poorly understood.

For spin qubits in semiconductor QDs, phenomenological models of decoherence,

such as the Merkulov-Efros-Rosen model, currently recognize three basic types of

spin relaxation [Mer02, Kha02, AH06]; fast ensemble dephasing in the nanosec-

ond timescale due to the coherent precession of spin qubits around a nearly static

but randomly distributed Overhauser field [Far13, Bra05a, Dou11, Joh05b] and a

much slower process of irreversible monotonic relaxation of the spin qubit polariza-

tion due to nuclear spin co-flips with the central spin, also known as the Knight

field [Sal14, Mal07, Aue09, Lai06], or due to other complex many-body interaction

effects [Erl04] that occur in the microsecond timescale. Weak dipole-dipole interac-

tions between neighboring nuclear spins lead to a final stage of decoherence, where

the electron spin is completely depolarized at timescales of hundred microseconds

[Mer10, Dya08] such that the spin information is ultimately lost.

In this chapter, we demonstrate that such a view on decoherence is greatly oversim-

plified; the relaxation of a spin qubit state at low magnetic fields is determined by

an additional stage corresponding to the effect of coherent precession processes that

occur in the nuclear spin bath itself. This leads to a relatively fast but incomplete

non-monotonic relaxation of the central spin polarization at intermediate (∼ 750 ns)

timescales.
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4.1. Theoretical background: A historical point of view

Among different sources of decoherence relevant for an electron spin in a QD, de-

coherence due to interactions with a spin bath is the most dominant mechanism

at magnetic fields less than a few tesla and low temperatures [Urb13]. Much re-

search has been focused on this interesting field [Kha01, Kha02, Cyw09, AH06,

Hac14, Hac15, Sto15], the most important semi-classical description of such “cen-

tral spin problem” is the Merkulov-Efros-Rosen (MER) model in which three distinct

timescales are relevant for the electron spin relaxation [Mer02]. The predictions of

the MER model are schematically depicted in Fig. 4.1 showing the characteristic

relaxation timescales typical for confined electrons in self-assembled QDs, each re-

ducing the spin polarization by 1/3rd until complete depolarization takes place after

several hundred microseconds.

In the following, we give a brief theoretical introduction to each relaxation channel in

the framework of a semi-classical picture. Although the following models are based

on a semi-classical picture, the large number of nuclear spins contributing to the

hyperfine interaction (N ≃ 105 in InGaAs QDs) justify their validity. Moreover,

in Refs. [Far13, Hac14] it was shown that a full quantum mechanical treatment of

this problem reproduces the semi-classical approach. This shows that considering

the nuclear spin bath as an ensemble of classical magnetic moments is sufficient to

describe the basic relaxation stages.

Inhomogeneous dephasing in a fluctuating Overhauser field. The first relax-

ation arises from a coupling of the central spin to the nuclear spin bath via the hyper-

fine Fermi contact interaction [Kha02, Abr61]. This coupling gives rise to an effective

magnetic field Bn, the Overhauser field [Mer02, Tes09], around which the central

spin precesses typically at nanosecond timescales [Kop08, Blu11, Pet05, Pre10] in

optically active QDs. The Hamiltonian of this interaction can be written as [Abr61]

Ĥhf
cont =

ν0
2

∑

j

Aj|ψ(rj)|2
(

2Îjz σ̂z +
[

Îj+σ̂− + Îj−σ̂+

])

, (4.1)

with ν0 being the two atom cell volume, Aj the hyperfine coupling constant, rj the

position of nucleus j with spin Îj, ψ(rj) and σ̂ are the electron wavefunction and

the Pauli matrix. In the mean field approach, that is when the sum of contributions

from a large number of nuclei is averaged over N nuclear spin wavefunctions, the

effective nuclear magnetic field acting on the central spin is given by [Mer02]

Bn =
ν0
µBge

〈
∑

j

Aj|ψ(rj)|2Î
j

〉

N

. (4.2)

Here, µB is the Bohr magneton and ge is the electron Landê g-factor. The magnitude

and direction of this field are randomly and isotropically distributed and described
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Figure 4.1.: Predictions of the Merkulov-Efros-Rosen model: electron spin relax-
ation induced by hyperfine and dipolar interactions in the electron-nuclear spin
system is characterized by three distinct stages. Figure adapted from [Dya08].

by a Gaussian probability density distribution function [Mer02]

W (Bn) =
1

(2πσn)3/2
exp

(

−B2
n

2σ2
n

)

, (4.3)

where σn characterizes the dispersion of the Overhauser field distribution. As it will

be shown later in this section, the magnitude σn is the only relevant value describing

the timescale of the first relaxation mechanism.

During the initial hundred nanoseconds the Overhauser field can be considered to be

time independent [Mer02, Urb13], also known as quasi-static approximation (QSA).

In this case the electron spin will move around the frozen fluctuation of the hyperfine

magnetic field Bn. Even though the electron spin evolves coherently in the frozen

field, the time averaging over many Larmor precession periods leads to a reduction

of the electron spin polarization seen as inhomogeneous dephasing (see chapter 1).

The equation of motion of a spin S in a fixed magnetic field is given by

S(t) = (S0 ·n)n+ {S0 − (S0 ·n)n} cosωt+ {S0 × n} sinωt, (4.4)

where S0 is the initial electron spin polarization at time t = 0, n = Bn/Bn is

the unit vector of the nuclear magnetic field and ω = µBgeBn/~ is the Larmor

frequency of the electron spin precession in this field. Usually, the validation of

a spin polarization is based on measurement techniques where the measured spin

state is obtained by averaging over many repeated measurement cycles meaning that

equation 4.4 has to be averaged over the magnetic field distribution of equation 4.3.

From this we obtain the time dependence of the averaged electron spin polarization

〈S(t)〉 =
∫

S(t)W (Bn)B
2
n cos θ dBn dφ dθ. (4.5)
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The integration over spherical coordinates results in an expression describing the

time evolution of the electron spin at zero external magnetic fields:

〈S(t)〉 = S0

3

{

1 + 2

[

1−
(
t

T ∗
2

)2
]

exp

[

−1

2

(
t

T ∗
2

)2
]}

. (4.6)

Here, T ∗
2 is the inhomogeneous dephasing time of the electron spin resulting from

the random electron spin precession frequencies in the quasi static Overhauser field.

The inhomogeneous dephasing time is defined as

T ∗
2 =

~

µBgeσn
(4.7)

and depends only on the amplitude of the Overhauser field dispersion σn. It can be

shown that the Overhauser field dispersion itself depends mainly on characteristic

parameters of the jth nucleus, such as the hyperfine coupling constant Aj and nuclear

spin Ij, and is proportional to σn ∝ 1/
√
N with N being the number of nuclei

interacting with the electron:

σ2
n =

16

3N

1

(µBge)2

∑

j

Ij(Ij + 1)(Aj)2. (4.8)

For InGaAs quantum dots with N ∼ 105 nuclei, the Overhauser field dispersion is

in the range of tens of mT resulting in a typical dephasing time of T ∗
2 ∼ 1ns.

Considering the electron lifetime in the QD is much longer than timescales described

by the hyperfine interaction, equation 4.6 predicts that in the absence of external

magnetic fields the coherent character of this precession leads to a characteristic dip

in the central spin relaxation, i.e. the spin polarization reaches a minimum during a

few nanoseconds from which it recovers before reaching a nearly steady level at 1/3 of

the initial polarization S0 [Mer02, Zha06]. In contrast, a confined electron having a

finite lifetime τ within timescales of the hyperfine interaction, i.e. some nanoseconds,

the average electron spin polarization obtains the form (1/τ)
∫
〈S(t)〉 exp(−t/τ)dt.

This results in a “smeared out” dip as depicted in Fig. 4.1 during the first relaxation.

The application of an external magnetic field parallel to the initial spin direction

(Bext ‖ S0) significantly changes the temporal evolution of 〈S(t)〉. In such a situa-

tion the total magnetic field B = Bext+Bn acting on the electron spin is effectively

directed along the external magnetic field, providing Bext ≫ Bn. This results in

a stabilization of the electron spin component along Bext and no relaxation takes

place in this regime, as can be seen in Fig. 4.2(a) for magnetic fields Bext > 100 mT.

The figure shows the application of equation 4.6 by changing the expression of the

magnetic field to Bn → Bext+Bn and using realistic parameters for InGaAs quan-

tum dots, |ge| = 0.55 and σn = 10mT. When no external magnetic field is applied,
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Figure 4.2.: (a) Electron spin dynamics as a function of magnetic field applied along
the optical axis (Bext ‖ S0) using equation 4.6 with ge = 0.55 and σn = 10 mT. (b)
and (c) are line-plots of (a) along constant external magnetic fields (Bext = 0) and
constant storage time (t = 1.5 ns and 2.8 ns). An application of external magnetic
fields (Bext ≫ Bn) prevent out-of-plane spin relaxations.
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Figure 4.3.: (a) Electron spin dynamics as a function of in-plane magnetic fields
(Bext ⊥ S0) using equation 4.6 with ge = 0.55 and σn = 10 mT. (b) shows a line-
plot of (a) along Bext = 100 mT. Despite the application of external magnetic fields
(Bext ≫ Bn), the in-plane electron spin components are still affected by fluctuations
of the nuclear field resulting in a dephasing at timescale T ∗

2 .

the degree of electron spin polarization shows a characteristic dip during the initial

nanoseconds within a dephasing time T ∗
2 and recovers to S0 = 1/3 for longer times,

as can be seen in Fig. 4.2(b). Once the magnitude of the external magnetic field

exceeds the hyperfine field, electron spin relaxation is effectively suppressed and

〈Sz(t)〉 ≃ 1 for all storage times in this regime, as can be seen in Fig. 4.2(c) for

Bext ≥ 80 mT. At this point it is important to note that the electron spin is still

subject to a dephasing since the Overhauser field fluctuations are still present in

the QD. Although comparatively strong external magnetic fields suppress the spin

relaxation along the direction of this field, the spin components perpendicular to

the external field are entirely affected by the nuclear field fluctuations such that

these spin components still dephase within the timescale T ∗
2 , as demonstrated in

Fig. 4.3(a). The figure shows the application of equation 4.6 with Bext ⊥ S0 using

the same set of parameters as in Fig. 4.2. The resulting Larmor oscillations decohere

quickly, as can be seen in Fig. 4.3(b), and obtains the same value of T ∗
2 as in the

case when no magnetic field is applied at the QD. This confirms that prolonging the

macroscopic coherence time cannot simply be achieved through an application of a

magnetic field. Instead, a narrowing of the hyperfine field dispersion is necessary,

for example via dynamic nuclear polarization (DNP).

Decoherence as a result of time dependent changes in the nuclear spin bath.

The second stage of decoherence of an electron spin qubit in a QD is governed by the

nuclear spin precession in the inhomogeneous hyperfine field of the localized electron

[Sal14, Mal07, Aue09, Lai06, Mer10]. Due to the fast electron spin precession around
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the nuclear magnetic field Bn, the nuclei only see the long time average of the

electron spin directed along the Overhauser field, 〈S〉 ‖ Bn. Since the electron

wavefunction is inhomogeneously distributed over the nuclei, the direction of the

total nuclear spin I =
∑

j I
j differs from Bn ∝

∑

j A
j|ψ(rj)|2Ij, and consequently

Bn ∦ Ij. This leads to a Larmor precession of Ij aroundBn with different precession

rates proportional to the square of the electron wavefunction at the position of Ij

[Mer02]. In a simplified classical picture the average electron spin polarization can

be described as an effective magnetic field BK , also known as the Knight field,

around which the nuclei precess. The time averaged Knight field acting on one

specific nucleus j in the presence of an electron is given by [Urb13]

BKj =
ν0A

j

gNµN

|ψ(rj)|2 〈S〉, (4.9)

with gN and µN the nuclear g-factor and the nuclear magneton, respectively. As a

result of the nuclear spin precession around the electron’s Knight field, the nuclear

spin system cannot be considered to be static anymore. Such a time dependent

nuclear spin bath changes the direction of the Overhauser field over time which in

turn affects the electron spin evolution 〈S(t)〉. As a result of the temporal evolution

of the Overhauser field, the central electron spin experiences a second relaxation

channel within the timescale TK∆, reducing the electron spin polarization further

to ∼ S0/9 as schematically depicted in Fig. 4.1. The precession of the electron in

the macroscopic fluctuation of the Overhauser field is
√
N times faster than the

precession of a nucleus in the Knight field of an electron, from which it follows that

the nuclear precession period can be approximated to TK∆ ≃ T ∗
2

√
N [Mer02]. Here,

the value N denotes the size of the nuclear spin bath consisting of N nuclei.

The fate of the remaining polarization of S0/9 has been subject of considerable

debates. Early studies predicted, e.g. that the spatial randomness of the hyperfine

coupling can lead to an intermediate stage of a qubit relaxation that has qualitatively

similar features to a dephasing stage [Mer02]. Subsequent theoretical [Kha02, Erl04,

Hac14, Che07] and numerical studies [AH06, Sin12] showed that the randomness

of parameters leads only to a slow, 〈Sz〉 ∼ 1/log(t), and incomplete monotonic

relaxation towards a non-decaying fraction of electron spin polarization in a fashion

controlled by the spatial distribution of the hyperfine coupling constants Aj, i.e.

the precise form of the electron wavefunction in the QD. In Fig. 4.4 the result of a

numerical calculation of the hyperfine interaction is shown exemplarily for different

hyperfine anisotropy factors β. For s-type wavefunctions, such as conduction band

electrons, the hyperfine interaction is isotropic (β = 1) [Tes09]. As can be seen in

the figure, after the initial decay to S0/3 following the deep local minimum as being

due to the coherent character of precessions around the fluctuating Overhauser field,

the electron spin additionally relaxes during longer timescales that is of the order of
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Figure 4.4.: Numerical calculation of the spin correlator C2 (≡ 〈Sz〉) at B = 0 for
different values of the hyperfine anisotropy factor β and for N = 700 nuclear spins.
(a) shows the spin relaxation at longer timescales arising from co-flips between cen-
tral spin and nuclear spin bath (Knight field). (b) shows the central spin relaxation
at short timescales owing to Overhauser field fluctuations. The time t is in units
of the hyperfine coupling constant 1/A. The hyperfine interaction for electrons is
isotropic, therefore, β = 1. Figure adapted from [Sin12].

microseconds in real QDs. This additional relaxation is a direct consequence from

co-flip effects between the electron spin and the nuclear spin bath and saturates at

values different from S0/9 as predicted by the MER-model.

Complete depolarization due to dipolar interactions in the nuclear spin bath.

The last stage of electron spin relaxation, important for confined electrons in QDs,

is attributed to co-flips between nuclear spins via dipole-dipole interactions. The

dipole-dipole interaction of a nucleus n with the other nuclei n′ separated by the

translation vector rnn′ can be written as [Abr61]

Ĥdd =
µ2
N

2

∑

n 6=n′

gn gn′

r3nn′

(

Î
n
Î
n′

− 3
(În rnn′)(În

′

rnn′)

r2nn′

)

. (4.10)

As a result of the dipole-dipole interaction, each nucleus experiences a local effective

magnetic field Bloc created by the other nuclei and is estimated to be in the range

of ∼ 0.1mT [Mei84, Aue09]. The non-secular part of this interaction (second term

in equation 4.10) leads to spin flip-flop processes between the nuclei at different

sites such that the total nuclear spin is not conserved within a volume due to spin

diffusion. The co-flip processes cause a spatial reorientation of the nuclear spin

distribution [Ram08], which in combination with the hyperfine coupling leads to an

electron spin relaxation through spectral diffusion. This non-spin-conserving process
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gives an upper bound for the intrinsic electron spin coherence time T2 ∼ 100 ➭s,

as indicated with TDipole in Fig. 4.1. In addition, such a reconfiguration of the

nuclear spin bath affects the amplitude and direction of the Overhauser field and is

responsible for the inhomogeneous dephasing T ∗
2 when averaging the electron spin

polarization over times much larger than TDipole.

Our contemporary understanding of decoherence mechanisms in quantum dots.

Although single electron or hole spins confined in individual semiconductor QDs have

been considered to be promising candidates for solid-state qubits [Han08, Eda08], the

strong localization of the central spin enhances the isotropic as well as the anisotropic

hyperfine interaction with the nuclear spin bath [Mer02, Tes09, Kha02]. The initially

orientated central spin rapidly looses its polarization within a few nanoseconds due

to precessions around the fluctuating Overhauser field which was predicted theoreti-

cally and observed experimentally in numerous publications [Mer02, Mer10, Kha02,

AH06, Bra05a, Dou11]. On longer timescales decoherence of the central spin occurs

due to a slow change of the Overhauser field in time. In contrast, in a large magnetic

field the difference between the Zeeman energies of the central spin and the nuclei

suppresses co-flip processes between them, and the temporal evolution of the Over-

hauser field is primarily governed by weak dipolar interactions. Such weak dipolar

interactions between nuclear spins were predicted to lead to a complete relaxation

during timescales in the order of hundred microseconds [Wit06, Mer02] but even

this theory was challenged by the observation of hour-long nuclear spin relaxation,

which suggested the importance of quadrupolar couplings [Mal09].

As the applied magnetic field is reduced towards zero the central electron spin

underlies co-flip processes between distant nuclei resulting in accelerated dynam-

ics of the Overhauser field and in an enhanced central spin relaxation. Low-field

numerical models with unpolarized nuclei suggest non-exponential dynamics with

a slow 1/ ln(t) relaxation [Erl04, Coi04, AH06, Che07], but with neglecting other

mechanisms such as the role of quadrupolar effects at low magnetic fields. While

some of the relaxation mechanisms can be suppressed using non-trivial manipulation

methods such as spin-echo [Pre08, DeG11] or Carr-Purcell-Meiboom-Gill (CPMG)

[Blu11, Zha12] refocusing techniques, the detailed knowledge of the decoherence

mechanisms of a qubit lies at the heart of quantum information technology. Unfor-

tunately, until now it has been impossible to test many such predictions experimen-

tally, in particular, to observe the predicted dip in the qubit relaxation dynamics

during the first relaxation stage and explore phenomena occurring at much longer

timescales and at low magnetic fields.

In this chapter, we apply novel experimental techniques that not only clearly resolve

the precession dip in the spin qubit relaxation but also provide new insights into

the time-dependence of the central spin qubit during up to four orders of magnitude
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longer time. In the following, we demonstrate experimentally as well as theoretically

the appearance of an unexpected stage of central spin relaxation, namely the appear-

ance of a second dip in the relaxation curve after several hundred nanoseconds. We

show that this feature reflects coherent dynamic processes in the nuclear spin bath

itself induced by quadrupolar couplings of nuclear spins to the strain induced electric

field gradients [Bul12, Che12, Che15]. Eventually, the combined effect of quadrupo-

lar coherent nuclear spin dynamics and incoherent co-flips of nuclear spins with the

central spin induce a stage with monotonic relaxation that occurs over microsecond

timescales and low magnetic fields with almost a complete loss of coherence. Our

findings in the following discussions are partly published in Ref. [Bec15b].

4.2. Details of experimental method

Sample characterization. The electron spin qubit studied in this chapter is con-

fined in a single self-assembled InGaAs quantum dot incorporated in a spin memory

device, as discussed in more detail in section 2.1. The corresponding PL spec-

tra at wetting layer excitation (ELaser = 1409 meV) as a function of the electric

field are presented in Fig. 4.5(a). We observe PL signal from the neutral exciton

X0, the negatively charged exciton X− and triplet 3/2-state of the charged exci-

ton X−
3/2 for electric fields F < 30 kV/cm, as the only relevant excitonic states

for conducting electron spin storage and read out experiments. At higher electric

fields (F > 30 kV/cm) the PL signal is extrapolated using second order polynomial

function to account for the QCSE (see section 2.3).

Details of the spin storage and spin sensing method. General information about

the utilized spin storage method is provided in chapter 3. In the following, only

technical details of the method are given. In order to monitor the temporal evolution

of the spin qubit we apply a time dependent electric field profile and optical pulse

sequence, as schematically presented in Fig. 4.5(b). The QD is first emptied by the

application of Freset = 190 kV/cm for 500 ns. During the charging mode (Fcharge =

70 kV/cm) a 5 ps duration σ+-polarized laser pulse resonantly drives the cgs→ X0

transition with 1323.8 meV laser energy indicated with pump in Fig. 4.5(a) and

(b).For the spin-to-charge conversion after a storage time Tstore a second σ
+-polarized

laser pulse with 5 ps duration and 1320.4 meV laser energy is applied to resonantly

excite the 1e → X− transition at Fcharge = 70 kV/cm, as indicated with probe in

Fig. 4.5(a) and (b). For the charge read mode (Fread = 13 kV/cm) a 1 ➭s duration

laser pulse with 1350.6 meV laser energy resonantly drives an excited state of the

hot trion transition 1e → X−1
3/2 [Jov11b, Aki02], probing the charge occupancy of

the QD and, therefore, the electron spin polarization after Tstore by measuring the

PL yield from the X−
3/2 recombination, indicated with read in Fig. 4.5(a) and (b).
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Figure 4.5.: (a) Photoluminescence spectra as a function of electric field with optical
excitation in the wetting layer. (b) Representation of the applied electric field and
optical pulse sequence as a function of time. The measurement cycle consists of four
phases; (i) discharging the QD (Reset), (ii) electron spin preparation (Pump), (iii)
spin-to-charge conversion for spin measurement (Probe) and (iv) charge readout
(Read). (c) The PL signature of the electron spin readout for storage times of
Tstore = 2.8 ns. The X−1

3/2 PL intensity reflects the charge state of the QD, 1e or

2e, by comparison of the PL yield obtained with (black points) and without (red
points) the application of a probe pulse.
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Degree of electron spin polarization. Figure 4.5(c) compares typical PL signa-

tures of the electron spin readout scheme for applied magnetic fields of Bz = 80 mT

and 0 mT at a fixed storage time of 2.8 ns. Since the read laser is tuned into

resonance with the e− → X−
3/2

∗
transition the PL signals shown in the figure pre-

dominantly arise from the X−
3/2 ground state recombination separated in energy

from the other triplet state manifolds, X−
1/2 and X−

5/2, owing to electron-electron

interaction [Aki02, Jov11b].

In order to obtain the degree of spin polarization 〈Sz〉 we perform two different mea-

surement sequences; a reset-pump-read measurement cycle (red points in Fig. 4.5(c))

to obtain the PL intensity as a reference when only one electron is present in the

QD and a reset-pump-probe-read measurement sequence (black points in Fig. 4.5(c))

from which we deduce the average charge occupation of the QD, 1e or 2e, by com-

paring the PL intensities of the X−
3/2 ground state recombination, I1e or I2e. Note

that both measurement sequences are only sensitive to the 1e charge state of the

QD. The average 2e charge state is generally unknown. To determine the 2e charge

occupancy we first measure the PL signal Ipump obtained using the reset-pump-read

sequence. This signal reflects the PL intensity when only one electron is present in

the QD and only one electron is created with the pump pulse. We need this value

as a reference for deducing the upper bound of the PL signal obtained during the

spin-sensitive reset-pump-probe-read sequence. The latter measurement sequence

produces a PL signal Iprobe which is smaller or equal to the reference reflecting the

1e charge occupation of the QD (Iprobe = I2e). The difference between both PL

intensities reflects the 2e charge occupation of the QD (Ipump − Iprobe = I2e), as

indicated in Fig. 4.5(c). The degree of spin polarization as a function of the storage

time Tstore is then given by

〈Sz〉 =
I1e − I2e
I1e + I2e

. (4.11)

As can be seen in Fig. 4.5(c), upon reducing the magnetic field from 80 mT to

0 mT, the probability of finding the dot charged with 2e rises (I2e > 0) indicating

that electron spin relaxation has occurred and consequently we find 〈Sz〉 < 1.

Electron and hole tunneling. To obtain a high degree of the initial electron spin

polarization S0 during the charging sequence the hole has to be removed much

faster than the exciton fine structure precession time τFSS = h/δ1 = 280 ps (δ1 is the

anisotropic energy splitting, see section 2.5). Therefore, the electric field of Fcharge =

70 kV/cm was chosen such that the hole tunnels out the QD within τh = 4 ps, while

the electron remains in the QD over microsecond timescales (τe ≫ 10 ➭s).

In order to measure the hole tunneling time τh we use a reset-pump-probe-read

sequence with cross-circular configuration of pump and probe pulses. In contrast

to the co-circular configuration used for the spin-to-charge conversion method, in

this case Pauli spin blockade is lifted and 2e charging is possible as soon as the
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Figure 4.6.: (left) Hole tunneling time measurement using a reset-pump-probe-read
measurement cycle and (right) electron tunneling time measurement using a reset-
pump-read measurement cycle.

hole leaves the QD after X0 pumping. Fig. 4.6 (left) shows the result of using this

sequence as a function of the time delay between the pump and probe pulses, labeled

here as T h
store. For negative delays, the probe pulse arrives before the pump and the

QD is always charged with 1e during charge readout resulting in PL intensity, as

observed in the Fig. 4.6(left). For positive delays, as long as the X0 is present in

the QD the probe pulse is off-resonant to the e− → X− transition resulting in read

laser absorption and PL signal is produced, as seen in the figure during the initial

picoseconds. Once the hole tunnels out leaving behind a 1e charged QD the probe

pulse resonantly drives the e− → X− transition and no PL signal is produced, as

observed in the figure at longer delays. From an exponential fit we obtain the hole

tunneling time τh = 4 ps.

To show that the electron lifetime at Fcharge = 70 kV/cm is sufficiently long we

perform a reset-pump-read measurement cycle and tune the time delay between

pump and read pulses, labeled here as T e
store. The result is presented in Fig. 4.6

(right). Immediately after exciton generation the hole tunnels out the QD after

picoseconds preparing the single electron. As long as the electron is present in the

QD the read laser resonantly drives the e− → X−
3/2

∗
transition and PL signal from the

trion ground state recombination can be monitored. In the case when the electron

tunnels out leaving behind an empty QD no absorption of the read laser is possible.

As demonstrated in Fig. 4.6(right), after a delay time of 10 ➭s no decrease of the

PL intensity is measurable and no electron tunneling occurred during this timescale.

Such long electron storage times provide electron spin polarization measurements

up to the microsecond timescale.

59



Relaxation dynamics of an electron spin qubit: Distinct stages of decoherence

4.3. Monitoring the electron spin qubit relaxation

Electron spin dynamics at zero external magnetic fields - The comparative role

of hyperfine and quadrupolar interactions. Using the experimental method de-

scribed in section 4.2 we prepare the electron spin S0 in the z-direction and monitor

the temporal evolution of 〈Sz〉 at zero external magnetic fields. The result is pre-

sented in Fig. 4.7(a) (black dots). Over the initial 20 ns the average electron spin

polarization exhibits a strong decay due to precession of the initial electron spin S0

around a frozen Overhauser field Bn (see Fig. 4.7(b)). At these short timescales

the Overhauser field experienced by the electron can be treated as being quasi-

static within a single measurement cycle Tcycle but evolving between cycles during

the few second integration time of our experiment. As discussed in section 4.1

the magnitude and direction of Bn are described by a Gaussian distribution func-

tion W (Bn) ∝ exp(−B2
n/2σ

2
n) with σn being the dispersion of the Overhauser field

[Mer02]. As a consequence of the field fluctuations between measurement cycles with

a dispersion σn, the electron Larmor precession around the Overhauser field aver-

aged over many precession frequencies lead to a characteristic dip in 〈Sz〉 reflecting
the inhomogeneous dephasing time T ∗

2 . The initial degree of spin polarization after

the electron has been initialized amounts to S0 ≃ 0.85. This observation may be

indicative of a weak magnetic interaction between the tunneling hole and the stored

electron during the partial exciton ionization. This conclusion is supported by the

fact that S0 returns to ∼ 1 when a weak static magnetic field (|Bz| > 50 mT) is

applied, as it will be demonstrated below.

In the second phase of spin relaxation observed in Fig. 4.7(a), which takes place from

20 ns to 1 ➭s, the degree of spin polarization is further reduced from 〈Sz〉 ∼ 1/3

to a small non-vanishing value 〈Sz〉 ∼ 1/9. We attribute this to time dependent

changes of Bn due to the coupling of the nuclear spins I to a strain induced

electric field gradient ∇E. Within a nucleus the charge distribution shows devia-

tions from a spherical symmetry, which can be described by a quadrupolar moment

[Bul12, Che12, Che15]. Due to the strain driven formation of the QDs the crys-

tal lattice is distorted away from cubic symmetry leading to electric field gradients

which couple to the quadrupolar moment of the nuclei. In the presence of such a

quadrupolar mixing the Overhauser field acquires time dependent components which

in turn modifies the central electron spin evolution [Sin12]. Due to the much faster

electron spin precession around the Overhauser field, the nuclei only see the long

time average of the electron spin 〈S〉 directed along Bn. Since the electron spin

follows the direction of the time dependent Overhauser field adiabatically and the

time evolution of the Overhauser field itself is governed by quadrupolar couplings, a

new electron spin depolarization channel becomes possible via the combined effect

of both hyperfine and quadrupolar coupling. In analogy to the coherent character
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4.3 Monitoring the electron spin qubit relaxation

of the electron Larmor precessions around a quasi-static nuclear field during the

first dip, the presence of a second dip reflects the coherent character of nuclear spin

evolution around a static quadrupolar field. After the second stage (Tstore > 1 ➭s)

only a small monotonic relaxation is observed up to 10 ➭s, as seen in Fig. 4.7(a)

(black dots).

In order to quantify the experimental data in Fig. 4.7(a) we developed a semi-

classical model in which the nuclear spins precess around the random static quadrupo-

lar fields combined with a time-dependent hyperfine field of the central spin. In

presence of external magnetic fields Bex the minimal Hamiltonian of the central

spin interacting with a nuclear spin bath with quadrupolar couplings is given by

Ĥ = geµeBex · Ŝ +
N∑

i=1

(

γiH Î
i · Ŝ + gnµnBex · Î

i
+
γiq
2
(Î

i ·ni)

)

, (4.12)

where Ŝ and Î
i
are operators for the central spin and the ith nuclear spin; γiH and γiq

are the strengths of the hyperfine and the quadrupolar couplings of the ith nuclear

spin, I i > 1/2 are the sizes of the nuclear spins, e.g. I = 3/2 for Ga and I = 9/2

for most abundant In isotopes. The quadrupolar coupling of an ith nuclear spin is

characterized by the direction of the coupling axis ni and by the size of the energy

level splitting γiq along this quantization axis. In a self-assembled QD electric field

gradients have a broad distribution of their direction and magnitude [Che15].

At short timescales t≪ 1 ➭s one can disregard the temporal evolution of the nuclear

field such that the effects of the electron’s Knight field and the quadrupolar fields

are neglected. Then, at zero external magnetic fields we obtain the familiar formula

Ĥ =
∑

i γ
i
H Î

i · Ŝ described in equation 4.1 where we used γiH = ν0A
i|ψ(ri)|2. Using

the Gaussian statistics of the Overhauser field and averaging over the electron spin

motion we arrive at a formula for 〈Sz(t)〉, which is given by equation 4.6. The red line

in Fig. 4.7(a)) along the first dip shows the fit of equation 4.6 from which we obtain

T ∗
2 = 2 ns. The spin polarization curve 〈Sz(t)〉 has a minimum which develops

at Tmin =
√
3~/geµBσn. A comparison with the experiment gives Tmin = 3.4 ns

corresponding to an Overhauser field dispersion σn = 10.3 mT.

The effects of the quadrupolar coupling become apparent at relatively long times

t ∼ 102 − 103 ns. They can be modeled by the Hamiltonian in eqation 4.12. In

general, the unit vector along the direction of the quadrupolar coupling anisotropy

ni has a broad distribution inside a self-assembled QD. We will make an assumption

that this distribution is uniform and the characteristic level splittings have Gaussian

distribution throughout the spin bath. For simplicity, we also assume a bath of

nuclear spins consisting of the same isotope and, hence, identical nuclear g-factors

gn. A similar Hamiltonian has been considered previously in [Sin12] for application

to spin relaxation in hole-doped QDs. The major difference of electronic QDs is the
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Figure 4.7.: Dynamics of the electron spin relaxation at zero external magnetic field.
(a) Experimental data reveal a fast inhomogeneous electron spin dephasing T ∗

2 . The
quadrupolar coupling of nuclear spins induces oscillatory fluctuations of the Over-
hauser field at TQ further reducing 〈Sz〉. The red line compares experimental results
with analytical predictions based on the semi-classical model using equation 4.6 and
4.16. (b) Illustration of the electron spin evolution with initial spin S0 in a frozen
nuclear field Bn.

nearly isotropic hyperfine coupling in equation 4.12, which follows from the contact

exchange interaction and a relatively strong magnitude of this coupling comparable

to typical quadrupolar coupling strengths in electron-doped QDs. This leads to

drastically different relaxation curves for electron spins from the merely exponential

relaxation of hole spins discussed in Ref. [Sin12]. The analytical and even numerical

treatment of evolution with equation 4.12 would be too complex to achieve for a

realistic number of nuclear spins N ∼ 105. In order to obtain analytical estimates for

the central spin dynamics we use an observation made in Ref. [Sin12] that essential

effects of the quadrupolar coupling in equation 4.12 are captured by a much simpler

model of a spin bath with spins-1/2 only:

Ĥ = B · Ŝ+
N∑

i=1

γiHŜ · ŝi + γiQ(ŝ
i ·ni) + b · ŝi, (4.13)

with B = geµeBex and b = gNµNBex the effective Zeeman fields acting on, re-

spectively, electron and nuclear spins. The spin-1/2 operators Ŝ and ŝi represent

the central spin and the ith nuclear spin, respectively. The quadrupolar coupling is

mimicked here by introducing random static magnetic fields acting on nuclear spins

with the same distribution of ni as in equation 4.12, where the vector ni points in
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4.3 Monitoring the electron spin qubit relaxation

a random direction and is different for each nuclear spin. The parameters γiQ are

connected to γiq as γ
i
Q ∼ γiqI/2 and characterize the nearest energy level splitting of

nuclear spins due to the quadrupolar coupling.

We are now in a position to show that in the presence of quadrupolar couplings

〈Sz(t)〉 will develop a second dip with a minimum at a fraction microsecond timescales.

It is easiest to see this if we consider the case of a zero or weak external magnetic

field and a strong quadrupolar coupling, γQ ≫ γH . Each nuclear spin simply rotates

then around the corresponding quadrupolar field axis. Within the model in equa-

tion 4.13 keeping only effects of quadrupolar coupling, the nuclear spin dynamics

are given by

si(t) = (si0 ·ni)ni + (si0 − (si0 ·ni)ni) cos(ωit) + si0 × ni sin(ωit), (4.14)

where ωi = |γi
Q| is the coupling strength in units of angular frequency. Here, we

introduced the vector γi
Q ≡ γiQn

i whose components were chosen from a Gaussian

distribution:

W (γQ) ∝ e
−

γ
2
Q

2σ2
Q (4.15)

with σQ being the dispersion of quadrupolar fields. This choice corresponds to the

uniform distribution of the anisotropy vectors ni. In the case of no external magnetic

fields we obtain the electron spin evolution for the second spin relaxation stage (see

appendix section B.1):

〈Sz(t)〉 = S0

(2
√

1− f(t)2

3πf(t)
− 2(1− 2f(t)2)

3πf(t)2
sin−1(f(t))

)

, (4.16)

with

f(t) =
1

3

(

1 + 2(1− (σQt)
2)e−σ2

Q
t2/2
)

. (4.17)

For small times equation 4.16 saturates at 〈Sz(t)〉 = 1/3 which connects to the first

stage of relaxation, in our case ∼ 20 ns. On the other hand, 〈Sz(t)〉 saturates at

the value ≈ 0.095S0 at long timescales and, prior to this, develops a second dip

in the spin relaxation at a time corresponding to TQ =
√
3

σQ
. This behavior is con-

firmed experimentally in Fig. 4.7(a). A comparison to the experimental data gives

TQ = 0.75 ➭s, which corresponds to σQ = 2.3 ➭s−1 and is in good agreement with

the quadrupolar splitting of ∼ 1.4 ➭s−1 obtained in [Che12] using optically detected

nuclear magnetic resonance (ODNMR) spectroscopy at large magnetic fields. Note,

that the units corresponding to quadrupolar effects are expressed in angular frequen-

cies. With the relation ~σQ = gnµnBQ one can transform this expression into an

effective magnetic field BQ ∼ 210 mT with gnµn ≃ 7.2 · 10−9 eV/T for As-isotopes.
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Figure 4.8.: Numerical calculation of central spin relaxation at different values
of quadrupolar couplings σQ for (a) N = 50000 and (b) N = 900 nuclear spins.
The energy scale is set by the average value of hyperfine coupling 〈γiH〉 = 1.0.
For individual nuclear spins, the hyperfine coupling was chosen randomly from the
interval [0; 2〈γiH〉]. The long relaxation tail for σQ 6= 0 at longer times is due to
combined effects of hyperfine and quadrupolar coupling.

However, the red line in Fig. 4.7(a) shows the prediction of this model obtained in

the limit that disregards the impact of the central spin on the nuclear spin dynamics.

Even in this limit the model correctly captures the appearance of both relaxation

dips. To capture the many-body co-flip effects beyond perturbative limits within the

nuclear spin bath, we performed numerical simulations of our semi-classical model

including up to N= 50000 spins. For details of the numerical method see appendix

section B.4. The result of these simulations at σQ = 2〈γH〉 is presented in Fig. 4.8(a).

It demonstrates that complex many-body interactions, such as spin co-flips, do not

remove either of the relaxation dips provided the quadrupolar coupling strength

exceeds the hyperfine coupling σQ > 〈γH〉. Moreover, at even stronger values of

hyperfine couplings the second dip disappears completely. Figure 4.8(b) presents

the result of our numerical simulation taking N = 900 nuclear spins into account

with a fixed normalized value for the hyperfine coupling 〈γiH〉 = 1 and for different

values of the quadrupolar coupling σQ. Clearly, the presence of quadrupolar cou-

plings significantly enhances the decay and leads to the appearance of the second

dip in the spin relaxation. In contrast, without quadrupolar coupling (σQ = 0) the

electron spin polarization is only slightly reduced owing to inhomogeneous nuclear

spin precession in the Knight field of the electron [Sin12, Hac14]. The larger sepa-

ration of both dips when taking N = 50000 into account (Fig. 4.8(a)) as compared

to the case of N = 900 (Fig. 4.8(b)) arises from the fact that the precession of the

electron spin in the Overhauser field is
√
N times faster than the precession of a

nucleus in the Knight field.
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4.3 Monitoring the electron spin qubit relaxation

Electron spin dynamics in out-of-plane magnetic fields - Hyperfine field dis-

persion. In order to obtain the Overhauser field dispersion experimentally we per-

formed magnetic field dependent measurements of 〈Sz〉, presented in Fig. 4.9(a).

The data clearly show that 〈Sz〉 resembles a dip at low magnetic fields which can

be explained as follows: in the presence of the Overhauser field Bn the electron

spin precesses about the total field Bt = Bn + Bz, as schematically depicted in

Fig. 4.9(b). At strong external magnetic fields (Bz ≫ Bn) the total magnetic field

Bt is effectively directed along Bz and the Zeeman interaction of the electron spin

with the magnetic field is larger than the interaction with the Overhauser field.

As a consequence, the electron spin relaxation along the z-direction is suppressed

by an application of Bz resulting in 〈Sz〉 ≃ 1, as can be seen in Fig. 4.9(a) for

Bz > 50 mT. By fitting our data (red solid line) using a the semi-classical model de-

rived from the Hamiltonian in equation 4.13 we extract a dispersion of σn = 10.5 mT

at Tstore = 2.8 ns. For further details of the used model in presence of external mag-

netic fields see appendix section B.2.

Figure 4.10 shows the hyperfine field dispersion as a function of storage time and

demonstrates that σn remains approximately constant at the storage times explored

as expected theoretically in the thermodynamic limit [Mer02]. Only a slight re-

duction of the Hyperfine field distribution is observed. Note, that the used charge

readout sequence with a laser duration of 1 ➭s on one hand provides a good signal-

to-noise ratio for probing a single spin state by taking advantage of luminescence

recycling, but on the other hand a cw-laser may induce a significant amount of

dynamic nuclear spin polarization which would manifest in a reduced nuclear field

dispersion. The build-up and relaxation times of a nuclear spin polarization is in

the range of some milliseconds [Mal07, Klo10], i.e. during resonant excitation of

a negatively charged trion near flat band condition. In our method, however, the

duration for which the read laser is switched off (> 10 ➭s) between measurement

cycles is much longer than the time during which the read laser is switched on

(1 ➭s), inhibiting dynamic formation of any nuclear spin polarization. In order to

conclusively prove that the measurement procedure does not influence the nuclear

distribution in our experiments we systematically changed the polarization of all the

lasers from σ+ to σ− and could not detect any shift of the dip position as shown in

the Fig. 4.9(a). Moreover, the position of the dip is located at zero external static

magnetic field; a very good indication that dynamic nuclear spin pumping is not

created by our measurement procedure.

Electron spin dynamics in in-plane magnetic fields - Extending the coherence.

In addition to the out-of-plane magnetic field measurements where the electron is

prepared in a spin eigenstate, we show in Fig. 4.11(a) spin precession measurements

in a fixed in-plane magnetic field Bx. Here, the electron spin, prepared along the
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Figure 4.9.: (a) Evolution of the electron spin in weak out-of plane magnetic fields
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4.3 Monitoring the electron spin qubit relaxation

optical z-axis, precesses with the Larmor frequency (|ge| = 0.55) around Bt, mainly

directed alongBx for large fields Bx, as illustrated in the inset of Fig. 4.11(a). Again,

due to fluctuations of the Overhauser field the electron spin experiences a dephasing

leading to damped oscillations in the evolution of 〈Sz〉, as discussed in section 4.1. In

Fig. 4.11(b) we analyzed the Fourier component of the Larmor oscillations revealing

a Gaussian envelope function that indicates the Gaussian-like distribution of the

Overhauser field. The variance of the fit in Fig. 4.11(b) reflects the inhomogeneous

dephasing time of 1.99 ± 0.03 ns, which is in perfect agreement with the value

obtained in Fig. 4.7(a). Such Larmor precession experiments provide a convenient

tool to analyze the in-plane electron g-factor for various conditions. As can be seen

in Fig. 4.12(a), the g-factor gxe remains constant during the magnetic fields explored.

In Fig. 4.12(b) we demonstrate the inhomogeneous dephasing time T ∗
2 as a function

of magnetic field obtained from analyzing the variance of the Gaussian envelope

functions in the spin precession measurements. As already discussed in section 4.1,

the application of a magnetic field is not able to remove dephasing effects since the

Overhauser field fluctuations are governed by co-flip processes in the nuclear spin

bath which are independent on the magnetic field in first approximation [Urb13] and

T ∗
2 remains independent. The dephasing time and the Overhauser field dispersion

are connected via T ∗
2 = ~/geµBσn. Using ge = 0.55 we obtain σn = 10.3 mT, in

perfect agreement with the value obtained in Fig. 4.7(a) from the position of the

first dip.

In order to remove the inhomogeneous dephasing T ∗
2 and investigate T2 decoherence

we extended our pulse sequence by an additional optical pulse with a Rabi-area of

2π, which allows the implementation of spin-echo pulse sequences [Blu11, Pre10], as

discussed in section 3.1. The echo pulse essentially reverses the phase evolution at

time instance T such that slow phases catch up fast phases resulting in a phase re-

covering at time 2T . The result of using this method is shown in Fig. 4.13. At strong

magnetic fields (Bx = 4 T) the nuclear Zeeman splitting exceeds the quadrupolar

splitting of σQ = 2.3 ➭s−1 considerably, which effectively suppresses the dephas-

ing effect of quadrupolar coupling and, in contrast to the Bx = 0 T measurements

discussed above, a transition to a mono-exponential decay is observed. From a

mono-exponential fit we obtain a decoherence time of T2 = 1.28 ± 0.07 ➭s. Such

a mono-exponential decay at very high magnetic fields is notable and contrary to

theoretical predictions [Wit06] and experimental observations in gate-defined QDs

[Blu11], where the decoherence could clearly be attributed to spectral diffusion aris-

ing from dipolar interactions between nuclei with coherence times. However, such

a mono-exponential behavior was also observed in earlier studies of spin-echo decay

on optically active QDs [Pre10] with decoherence times in the microsecond scale.

The exact origin of such a decoherence in self-assembled QDs is to date not fully

understood and therefore still under debate. A possible source of this behavior could
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Figure 4.11.: Evolution of the electron spin in an in-plane magnetic field. (a) Free
induction decay of the electron spin qubit prepared along the QD growth direction.
The Larmor oscillations are damped due to fluctuations of the Overhauser field. (b)
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function revealing the spin dephasing time T ∗

2 . Error bars represent one-standard-
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arise from effects of charge-noise induced spectral diffusion.

However, upon reducing the magnetic field the spin echo signal obtains an oscillatory

behavior in addition to the mono-exponential decay, as observed in Fig. 4.13. At

even lower magnetic fields the echo signal shows a behavior with a fast monotonic

spin relaxation. The major reason for the decay of the spin echo at low values of

the external magnetic field is the noise of the Overhauser field along the x-axis of

the applied external magnetic field. Let the spin echo pulse be applied at time T

so that the echo signal is observed after the time 2T . The size of the echo is then

given by

C2(2T ) =
〈

ei
∫ 2T
0 dtα(t)ω(t)

〉

e−2T/T2 , (4.18)

where α(t) = 1 for 0 < t < T and α(t) = −1 for T < t < 2T . As discussed in equa-

tion 3.2, the phase evolution is determined by the total magnetic field acting on the

electron spin, in this case the magnetic field components are time dependent owing

to hyperfine and quadrupolar contributions such that ω → ω(t). The parameter T2
is introduced phenomenologically to describe all mechanisms of spin echo relaxation

that are not related to the quadrupolar coupling in the nuclear spin bath.

In the limit of a low external magnetic field, or at small time T such that the relation

bT ≪ 1 with b = gnµnBx/~ is maintained, we obtain the approximation for the spin

echo signal (see appendix secion B.3):

C2(2T ) = e−σ2
nσ

2
Q
T 4−2T/T2 , (4.19)

In the large external field limit we obtain the approximation for the echo signal:

C2(2T ) = exp
[

− 2T

T2
−

2σ2
nσ

2
Q

b4

(

3− 4e−σ2
Q
T 2/2 cos(bT )+

+ e−2σ2
Q
T 2

cos(2bT )
)]

. (4.20)

Our theoretical model based only on quadrupolar and hyperfine interactions does

not explain the mono-exponential relaxation at large magnetic fields. However, it

does explain the qualitative behavior of the spin echo signal at lower fields, as demon-

strated with the solid lines in Fig. 4.13. Several important consequences follow from

equations 4.19-4.20: Firstly, equation 4.19 shows that at low external fields the spin

echo signal decays non-exponentially with a characteristic time for the relaxation

of the spin echo of the order Techo ∼
√
T ∗
2 TQ, where T

∗
2 and TQ are characteristic

timescales of the first and second dip, defined in Fig. 4.7. Such a non-exponential

relaxation of the spin echo is the signature of slow dynamics of the nuclear spins

[Yao06, Wit06] in comparison to the Larmor precession of the central spin, indica-

tive for slow 1/f -charge noise [Kuh13]. Secondly, according to equation 4.20 at

external magnetic field values exceeding the geometric mean of the Overhauser and
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Figure 4.13.: Spin echo signal as a function of the total evolution time 2T at different
in-plane magnetic fields. The fit of the data at high (black dots) and low (blue
dots) magnetic fields are obtained using equation 4.20. Error bars represent one-
standard-deviation confidence intervals estimated by taking multiple measurements
of the same delay curve.
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Figure 4.14.: Electron spin coherence time T2 as a function of applied in-plane
magnetic field. At low magnetic fields quadrupolar interactions dominate resulting
in reduced coherence times, while at magnetic fields exceeding the quadrupolar
splitting the electron spin coherence times are increased.

70



4.4 Summary

quadrupolar fields b >
√
σnσQ, quadrupolar effects on the spin echo become quickly

suppressed such that the spin relaxation obtains a mono-exponential characteristic

in the large field limit. This mono-exponential decay was introduced phenomeno-

logically in our model and it is not related to quadrupolar coupling effects. Thirdly,

the transition between the echo decay as exp (−aT 4) with a constant a in weak

external fields and the mono-exponential decay as exp(−2T/T2) at large external

fields proceeds though a complex oscillatory behavior of the spin echo at magnetic

field values corresponding to b ∼ √
σnσQ (in units of angular frequencies).

We note that our model does not include numerous factors that can influence quan-

titative predictions. For example, the spin echo can be sensitive to details of the

quadrupolar coupling distribution and anisotropy, the precise isotope content of the

spin bath. Our formulas were derived for the limit of weak hyperfine coupling, while

our experiment corresponds to comparable quadrupolar and hyperfine interactions

of nuclear spins. Nevertheless, the predictions of equation 4.20 agree very well with

our experimental observations, as can be seen in Fig. 4.13. In particular, upon re-

ducing the magnetic field to the range Bx ∼
√
geµBσn · ~σQ/gnµn ≈ 1.5 T, where gn

is the nuclear spin g-factor, the quadrupolar coupling leads to oscillatory behavior

of the spin echo signal. Indeed, at such values of the external field we observe such

oscillations. At even lower external fields, the model predicts a phase with rela-

tively fast monotonic spin echo relaxation as exp(−aT 4) with a ∼ 1/(T ∗
2 TQ)

2, again

in excellent qualitative agreement with our experimental observations.

Figure 4.14 summarizes the spin echo coherence times T2 as a function of magnetic

field. Clearly, at low magnetic fields the combined effect of hyperfine and quadrupo-

lar interaction leads to a reduced T2-time according to
√
T ∗
2 TQ = 38 ns. With in-

creasing the magnetic field above the intermediate region at Bx = 1.5 T, we observe

a reduction of oscillations in the spin echo time traces, and with this, a saturation of

T2, only limited by charge noise effects as indicated by the mono-exponential decay

of the echo signal.

4.4. Summary

By performing pump-probe type of measurements on electron spin qubits, we demon-

strated that the spin evolution is dominated by an additional intermediate relaxation

mechanism, in contrast to earlier numerous theoretical predictions. An important

and unexpected finding of our work is that at low magnetic fields the intrinsic co-

herence time of the electron is drastically reduced by combined effects of hyperfine

and quadrupolar interactions, reducing T2 to a value of
√
T ∗
2 TQ, corresponding to

only ∼ 40 ns in our case. Only the application of a magnetic field stronger than the

strength of the quadrupolar coupling could remove these effects.

Our findings have major implications for extending the coherence time evolution of
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electron spin qubits at low magnetic fields. While the inhomogeneous dephasing

time T ∗
2 can be reversed by the application of spin-echo methods, the strong back-

action of quadrupolar couplings in the spin bath demonstrates the necessity of the

development of strain engineered QD structures for extended coherence times T2
which may also help pave the way towards creating useful semiconductor based spin

qubits that can be incorporated into quantum information devices.
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5
Quantum effects in higher order time-correlators of

a quantum dot spin qubit

In the last chapter, we demonstrated that spin qubits confined in optically active

QDs interact with numerous other spins in its environment leading to memory losses.

Interactions with nuclear spins via the hyperfine coupling restrict the precision of

quantum logic operations by the inhomogeneous dephasing time T ∗
2 within nanosec-

onds originating from the qubit level splitting by the Overhauser field slowly chang-

ing with time [Bra05a]. Implementations of a more complex optical phase gate

could principally extend the timescale for quantum logic operations to microsec-

onds [Bec15b, Pre10]. However, the question for how long such an electron spin

qubit retains quantum information while showing quantum effects can be explained

only with an application of a quantum measurement theory obtained from studies

of higher than the 2nd order spin-correlators, which to date have been hindered in

semiconductor QDs due to the dominance of strong noise over the low signal.

In this chapter, we demonstrate that the problem of unfavorable signal to noise

ratios can be overcome by a fully optical approach for harnessing quantum effects in

solid-state qubits via measurements of the 3rd order time-correlations of the single

electron spin qubit. Such measurements allow for the direct determination of both,

ensemble dephasing T ∗
2 and quantum decoherence T2 times, using only repeated

projective measurements of the qubit state and without the need for coherently

control the spin state [Liu10]. We observe quantum correlations up to microsecond

time intervals during which a QD spin qubit can potentially perform many thousands

of quantum logic operations.

We also demonstrate that the 3rd order spin correlator is sensitive to pure quantum

effects that cannot be explained fully within the classical framework and rule out

local hidden variable theories through violations of the Leggett-Garg type of inequal-

ities [Bud14, Leg85, Ema14, Wal11]. A related effect is the dependence of the future

system’s evolution on the very fact that prior measurements have been performed

irrespectively of the outcome of the measurement [Cle15]. The observation of such
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quantum measurement effects, which would be impossible without a state vector

collapse at the measurement process, can be used as a direct test of non-classical

behavior. Such violation of the Legget-Garg inequality was demonstrated in various

physical systems such as superconducting qubits [PL10], photons [Gog10], defect

centers in diamond [Geo13], nuclear magnetic resonance [Ath11] and phosphorous

impurities in silicon [Kne12]. In this chapter, we demonstrate entirely new methods

to probe quantum measurement phenomena in semiconductor QD spin qubits.

Our findings in the following discussions are partly published in Ref. [Bec15a].
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5.1 Introduction and experimental method

5.1. Introduction and experimental method

Electron spins confined in InGaAs QDs have shown long spin lifetimes T1, rang-

ing up to millisecond timescales [Hei09, Kro04], and intrinsic decoherence times T2
in the microsecond range, as measured by spin echo experiments in strong mag-

netic fields [Bec15b, Pre10, DeG11, Blu11]. Moreover, an optical polarization of

the nuclear spin bath can extend the central spin lifetime up to timescales reaching

hours [Mal09, Zho15]. This indicates a considerable potential of QD spin qubits for

quantum information processing. On the other hand, an electron confined in a QD

represents a quasiparticle dressed by continuous virtual interactions with other solid-

state excitations. For example, the spin coupling to the magnetic field is described

by a strongly renormalized Lande g-factor if compared to free electron values. There-

fore, the ability of the electron spin to behave as a true qubit during microsecond

intervals is not a priori obvious.

A long spin relaxation time T1 and spin echo lifetime T2 do not necessarily predicate

the ability of QD spin qubits to process quantum information. Spin echo is a classical

effect in the sense that it can be fully explained in terms of a classical measurement

and the behavior of classical spins changing the direction of their precession under

the action of properly applied control pulses [Eco07]. Thus, available data for central

spin relaxation, spin echo and spin fluctuations [Bra05a, Ebl09, Dah12, Li12] could

be well explained, so far, purely within the semiclassical approach [Mer02, AH06,

Zha06, Tes09, Sin12].

In this chapter, we demonstrate an alternative route to characterize the quantum

nature of a solid-state qubit. By “quantum” we mean here the effects that cannot

be explained without resorting to the quantum measurement theory. We will iden-

tify such effects by introducing the measurement technique that can determine, in

principle, an arbitrary correlator of order n, which is given by

gn = 〈Q̂tn+...+t1 . . . Q̂t1Q̂0〉, (5.1)

where 〈. . .〉 denotes a quantum mechanical average over many repeated measurement

trials. The sub-indices tn in equation 5.1 indicate the time moments of application of

the projection operator Q̂ acting on the electronic spin and is defined as Q̂ ≡ |↓〉 〈↓|
without loss of generality.

The quantum measurement operator Q. In the following, basic features of the

used experimental technique to explore higher order correlators of a spin qubit are

summarized and the connection between optical pulses and the projection operator

Q̂ will be introduced. A detailed discussion of the used spin storage and readout

method is given in chapter 3.
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Figure 5.1.: Experimental method and energy band diagram of the device. Optical
pump pulse prepares the electron in a spin downs state, applications of optical probe
pulses determine the electronic spin state at time moments t1, t1 + t2. The QDs are
embedded in a voltage tunable spin memory device.

The basic idea of the experimental method is schematically illustrated in Fig. 5.1.

An electron spin confined in an optically active QD can be prepared in the |↓〉
state using a single picosecond laser pulse [Hei09, Jov11b, Kro04], as indicated with

“pump” in the figure. This is equivalent to the nonzero outcome of the application

of the projection operator Q̂0 at the initial moment in time. By taking advantage

of an asymmetric tunnel barrier, the electron spin can be trapped in the QD over

timescales extending up to seconds [Hei09]. Subsequently, following the electron spin

initiation we apply one or more circularly polarized laser pulses, labeled “probe 1”

and “probe 2” in the figure, that probe the state of the spin qubit at later moments,

t1 and t1 + t2. As was already introduced in chpter 3, if the electronic spin is in

the state |↑〉, such a probe pulse excites an additional electron-hole pair and the

QD becomes charged with 2e and is, therefore, optically inactive during the whole

remaining time of the experiment. Such a state corresponds in our notation to the

zero outcome of the measurements described by the projection operator Q̂t = 0.

On the other hand, if the electron spin is in the state |↓〉 during the application

of the probe pulses, the Pauli principle does not allow the excitation of a second

electron-hole pair such that the probe pulses become essentially unnoticed by the

electron leaving behind a QD charged with 1e.

At the end of the pulse sequence, we perform the measurement of the total charge

in the QD (not shown in Fig. 5.1). Here, an observation of a doubly charged QD

corresponds to at least one zero outcome of the measurements by operators Q̂ cor-

responding to at least one spin-flip event at time instants t1 or t1 + t2. Conversely,

finding a singly charged QD corresponds to results Q = 1 in all measurement pulses

and no spin-flip events at time instants t1 and t1 + t2.
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Experimental details. During the reset operation we apply electric fields of Freset =

190 kV/cm for 500 ns enabling a fresh start for each measurement sequence. After

the reset operation we reduce the applied electric field to Fcharge = 70 kV/cm. In

this electron charging regime a 5 ps duration σ+-polarized pump pulse resonantly

drives the cgs→ X0 transition with 1323.8 meV laser energy, whereupon an exciton

is generated and the hole tunnels out of the QD within τh = 4 ps. The applied

electric field during the charging regime is chosen such that the hole escape time

is much faster than the timescale for exciton fine structure precession (∼ 280 ps)

providing a spin-|↓〉 initialization fidelity of ≥ 98%. Electron tunneling is strongly

suppressed by the AlGaAs barrier leading to τe ≫ 10 ➭s. For the spin to charge

conversion, a second (third) σ+-polarized probe pulse with 5 ps duration and a laser

energy of 1320.4 meV is applied at time moments t1 and t1+ t2. For charge read out

we biased the device with Fread = 13 kV/cm, where a 1 ➭s duration optical pulse

with a laser energy of 1350.6 meV resonantly drives an excited state of the trion

triplet transition (e− → X−1,∗
3/2 ).

5.2. Quantum measurement effects on the third order spin

correlator

A simple model that illustrates quantum measurement effects is a spin in a fluctu-

ating magnetic field applied along the x-axis, transverse to the measurement z-axis

(Voigt configuration). This spin is described by the Hamiltonian:

Ĥ = ω(t)ŝx, (5.2)

where ω(t) has a strong constant component due to the external field with Larmor

frequency ωL, and a fluctuating component is due to the dynamics of the Overhauser

field with frequency ωO(t): ω(t) = ωL + ωO(t). The latter originates from hyperfine

coupling to the bath of nuclear spins in the QD. It has nearly Gaussian statistics:

〈ωO(t)ωO(t
′)〉 = R(t − t′), with some correlation function R(t). This model disre-

gards feedback of the central spin dynamics on the nuclear spin bath, which was

proven to be a good approximation due to strong nuclear quadrupolar coupling in

chapter 4 and in Refs. [Sin12, Sto15]. We also disregard transverse Overhauser field

components since their effect is suppressed due to fast spin precession in the yz-

plane. As discussed in the previous chapter, the Overhauser field has both fast and

slow dynamics. Its fast fluctuations lead to irreversible loss of coherence with the

effective spin lifetime T2, while effects of the slow quasi-static part of ωO(t) on spin

correlators are analogous to the result of averaging over an ensemble of systems with

different static fields and a characteristic ensemble dephasing time T ∗
2 .

Let Ĝ(t) be the evolution matrix for the measurement probabilities with an element

Gαβ(t) with α,β ∈ {↑ , ↓}, meaning the probability that after the system starts in
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the eigenstate with eigenvalue β of the spin projection operator on the z-axis, the

measurement of the spin projection at a time t afterwards would find the spin in the

state α, e.g.,

G↓↓(t) =
1

2

(

1 + cos

(∫ t

0

ω(t′) dt′
))

. (5.3)

The second and third order correlators of observable Q̂ = |↓〉 〈↓| are then given by:

g2(t) = Tr
[

Q̂Ĝ(t)Q̂
]

, (5.4)

g3(t1,t2) = Tr
[

Q̂Ĝ(t2)Q̂Ĝ(t1)Q̂
]

. (5.5)

Between measurements of the spin state, the presence of an external magnetic field

leads to oscillations of the probability of observing Q = 1. Importantly, even if

this value is observed, quantum measurement is generally destructive, i.e. it resets

the density matrix to |↓〉 〈↓|. Measurements become nondestructive only when the

time intervals t1 and t2 are chosen to be commensurate with the period of the

spin precession. This situation corresponds to the quantum measurement effect of

resonant enhancement of the correlator g3(t1,t2) [Liu10]. We are going to show that

it becomes especially pronounced in g3 for times t2 = t1 ≫ T ∗
2 .

Substituting equation 5.3 into equations 5.4 - 5.5 and averaging the result over the

Overhauser field distribution we find for the second order correlator

g2(t) =
1

2

(

1 + cos(ωLt)e
− 1

2

∫ t

0 dt1
∫ t

0 dt2 R(t1−t2)
)

, (5.6)

and for the third order correlator

g3(t1,t2) =
1

2

[

g2(t1) + g2(t2) +
1

2
g2(t1 + t2)

]

− 3

8
+

+
1

8
cos(ωL(t1 − t2))e

−
t1+t2∫

0

dt′
t1+t2∫

0

dt′′
q(t′)q(t′′)

2
R(t′−t′′)

. (5.7)

Here, q(t) = 1 for t < t1 and q(t) = −1 for t > t1. Figure 5.2(a) shows an

example of g3(t1,t2) calculated using equation 5.7, considering the case of a correlator

R(t − t′) = (1/T ∗
2 )

2 + (2/T2)δ(t − t′) [Liu10], where T ∗
2 is the dephasing time that

follows from the distribution of quasi-static component of the Overhauser field, and

T2 corresponds to the component of this field that experiences fast fluctuations.

The corresponding correlators g2(t) in equation 5.6, and hence the term [. . .] in

equation 5.7, decay quickly during T ∗
2 . The insets in this figure show details of g3

at small (t1, t2 < T ∗
2 ) and large (T ∗

2 < t1,t2 < T2) timescales. A remarkable effect

is the survival of the last term in equation 5.7 along the diagonal direction, t1 = t2
for timescales much longer than the inhomogeneous dephasing time T ∗

2 . Without
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Figure 5.2.: Theoretical predictions of the outcome of a three pulse experiment. (a)
Contour plot of g3(t1,t2) using equation 5.7 with R(t−t′) = (1/T ∗

2 )
2+(2/T2)δ(t−t′).

Insets show details of g3 at short and long timescales. (b) Cut of g3 along anti-
diagonal direction, t1 + t2 = const. (c) Cut of g3 along diagonal direction, t1 = t2.
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a collapse of the wavefunction by the measurement, g3 would also decay quickly

for T ∗
2 < t1,2 ≪ T2 to a constant value 1/4. However, the 3rd order correlator is

influenced by quantum measurement effects (see appendix section C.1) that make

the last term in equation 5.7 immune to inhomogeneous broadening for equal time

intervals between successive measurements, as can be seen in Fig. 5.2(a) along the

diagonal direction.

For a better visibility we show in Figs. 5.2(b) and (c) cuts of the g3 contour plot

along the anti-diagonal (t1 + t2 = const.) and diagonal (t1 = t2) directions, respec-

tively. Along the direction t1 + t2 = const., the third order correlator oscillates

with an envelope given by a Gaussian function with a width corresponding to the

inhomogeneous dephasing time T ∗
2 . Along t1 = t2, the oscillation amplitude first

decays quickly within the inhomogeneous dephasing time T ∗
2 , then it decays slowly

at the timescales of T2 according to ∼ e−2t/T2 , which can be used to determine the

intrinsic spin relaxation time [Liu10]. In fact, one can recognize the exponent in the

last term in equation 5.7, at t1 = t2, as the expression that describes the spin echo

amplitude in the noisy field model (see appendix section B.3).

Comparison of second and third order spin correlators at short timescales:

Experimental results. Within short timescales, for which t1, t2 are in the order

of nanoseconds, the results of measuring g2 and g3 correlators are presented in

Fig. 5.3. As can be seen in Fig. 5.3(a), the amplitude of g2(t) oscillates with the

Larmor frequency (|ge| = 0.55), since an in-plane magnetic field of Bx = 0.5 T is

applied. Within the initial 2.0 ns the amplitude of g2 quickly decays with a Gaussian

envelope as ∼ e−
1
2
(t/T ∗

2 )
2
owing to contributions of randomly oriented Overhauser

fields [Bec15b, Mer02, Hac14], as expected and discussed in detail in section 4.1.

The red line in the top part of the Fig. 5.3(a) shows the application of equation 5.6

and agrees well with the experimental results demonstrating the high fidelity of

our spin initialization and readout method, a necessary pre-requisite for conducting

higher order correlation measurements. In contrast to the sinusoidal behavior of g2,

the correlator g3 in a three pulse experiment shows a pattern that is comparable

to g2(t1) · g2(t2) at such short timescales, as depicted as a contour plot and black

dots in Fig. 5.3(b), and agrees very well with the theoretical predictions of equa-

tion 5.7, represented as a red line and plotted in the upper part of the contour plot

in Fig. 5.3(b).

Third order spin correlators at timescales longer than T ∗

2
. At longer timescales

T ∗
2 < t1,t2 < T2, i.e. at hundreds of nanoseconds, the oscillation amplitude of

g3 along the anti-diagonal direction reflects the dephasing time T ∗
2 , according to

equation 5.7. In order to show this experimentally, we keep the total time t1 + t2 =

157.2 ns fixed and tune only the time delay t1. The result of analyzing the oscillation
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Figure 5.3.: Short time behavior of g2 and g3 correlators at Bx = 0.5 T. (a) Exper-
imental data of g2(t) with a zoom-in over the initial picoseconds. Inhomogeneous
dephasing after 2 ns due to contributions of randomly orientated Overhauser fields.
(b) Experimental data of g3(t1,t2). The upper part shows a line cut of the contour
plot along the anti-diagonal direction, keeping the total time fixed to t1+t2 = 750 ps.
Comparison with theoretical predictions using equation 5.7 (red line and upper part
of contour plot).
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Figure 5.4.: Long time behavior of g3 correlator along the direction t1+t2 = 157.2 ns
(anti-diagonal) for Bx = 4 T. (a) Experimental data (black dots) obtained from
the oscillation amplitudes of g3 at time instants t1,t2. The shaded area indicates
the envelope of g3 oscillations with probe fidelities equal to unity. The red line
represents a fit of Gaussian functions to the experimental data. (b) Oscillations of
g3 at short, intermediate and long time sections, respectively. The data points in
(a) are obtained by analyzing the oscillation amplitude using a sinusoidal fit (red
line) at different time sections of t1.
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Figure 5.5.: Long time behavior of g3 correlator along t1 = t2 (diagonal) direction
for different magnetic fields Bx. (a) Experimental data of g3(t,t) (dots). The line
represents a mono-exponential fit to the Bx = 4 T data. (b) Comparison of nu-
merically obtained values of g3(t,t) for different magnetic fields. Numerical time
is in units of inverse average hyperfine coupling 1/γH of a single nuclear spin and
magnetic field values correspond to ωL/γH . Number of simulated nuclear spins is
N = 900.

amplitude of g3 along such an anti-diagonal direction is shown in Fig. 5.4(a) for

Bx = 4 T. Notably, the oscillation amplitude at time instants t1 ≃ t2 have non-

vanishing components for t1,2 ≫ T ∗
2 and, hence, are different from values according

to g2(t1)g2(t2) = 1/4, which reflects the quantum nature of the correlator g3. From

the width of the Gaussian-like envelope we extract T ∗
2 = 2.12±0.10 ns. The obtained

value of T ∗
2 shown in Fig. 5.3(a) is in perfect agreement with previous measurements

and also in chapter 4, where we used only one projective measurement (pump-probe

sequence). Fig. 5.4(b) shows the experimental data for g3 from which the data points

in Fig. 5.4(a) are obtained by analyzing the Larmor oscillation amplitude. Note

the doubled oscillation frequency at times t1 ≃ t2 in our experiment as predicted

theoretically and plotted as red line in the figure.

In addition to the experimentally measured amplitude of g3 along the anti-diagonal

direction, the amplitude along the diagonal direction (t1 = t2 = t) as a function

of the total time 2t is presented in Fig. 5.5(a) for different magnetic fields. At

high magnetic fields (Bx = 4 T) the correlator g3(t,t) decays exponentially with

T2 = 1.41 ± 0.1 ➭s. The T2 time here is comparable to values from previous spin

echo measurements, discussed in chapter 4, where we obtained T2 = 1.3 ➭s. From

Fig. 5.5(a) it can be seen that by reducing the magnetic field to Bx = 1.75 T, g3(t,t)
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shows an oscillatory behavior in addition to the T2 decoherence decay, while at Bx =

0.5 T a quick decay takes place towards the classical limit of 1/4 after a few tens of

nanoseconds. The oscillatory behavior is not captured by predictions of equation 5.7,

but is comparable to the features observed in the spin echo measurements discussed

in chapter 4. From the qualitative and quantitative comparability between the

results of using both measurement methods, we conclude that these features arise

from combined effects of hyperfine and quadrupolar interactions, which are not taken

into account in the equations of higher order spin correlators.

To show the influence of such interactions, we numerically calculated g3(t,t) along

the diagonal direction with using the “Dynamic Mean Field Algorithm” [AH06],

which includes hyperfine and quadrupolar couplings of nuclear spins (see appendix

section C.2). The results are presented in Fig. 5.5(b) for different magnetic fields.

The time axis in the figure is expressed in units of ωL/γH , with γH the hyperfine

coupling constant. In contrast to the numerical calculations presented in chapter 4,

where the central spin is treated as a classical object, here, we rigorously took

quantum measurement effects into account. A large timescale separation limited

our simulations by N = 900 nuclear spins vs. N ∼ 105 in a real QD. However,

the results in Fig. 5.5(b) do show qualitatively similar behavior as observed in the

experimental data, that is the mono-exponential decay at high magnetic fields and

the oscillatory transition towards a reduced coherence time at low magnetic fields,

with T2 values according to
√
T ∗
2 TQ (see chapter 4). The qualitative agreement

between the data and numerical results confirms that the oscillations of g3(t,t) at

magnetic fields below 4 T indeed arise from the combined effect of hyperfine and

quadrupolar interactions in the nuclear spin bath modifying the values of g3(t1,t2).

5.3. Leggett-Garg inequality

According to the formalisms of quantum mechanics, an unobserved system can per-

sist in an arbitrary superposition of classical states. Once the system is probed, the

wavefunction of the system collapses and we will find the system in one of its classical

eigenstates [Sch35]. Therefore, the outcome of a measurement is non-deterministic

meaning that the state before “opening the quantum box” is classically not defined.

But how can we know that quantum mechanics is not simply incomplete, and there

is no other hidden variable theory rendering the outcome of the measurement de-

terministic? One argument against hidden variables was given by Bell’s inequality,

which limits events of statistical correlations between spatially distant subsystems

[Bel64, Cla69, Asp82, Wal11]. Bell showed that it is possible to perform experiments

to probe the realism of a quantum system free from the existence of such hidden

variables.

On the other hand, instead of describing the correlations in the context of spatially
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Figure 5.6.: Violation of the Leggett-Garg type inequality. (a) Contour plot of
g3(t1,t2) − g2(t1 + t2) at Bx = 0.5 T. The area within the red contour correspond
to data points which violate equation 5.8 and is in very good agreement with the-
oretical modeling. (b) Experimental data (dots) and theoretical calculation (solid
line) corresponding to line-cuts in (a) for t1 + t2 = 690 ps and 750 ps, respectively.
Positive values (blue area) are classically forbidden, thus, violating the Leggett-Garg
inequality.
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separated systems, Leggett and Garg focused on a single system where correlations

are described at different points in time, formulated in the Leggett-Garg inequalities

[Leg85, Ema14].

With regard to measurements of higher order spin correlations, pure quantum be-

havior of the correlator g3(t1,t2) can be also revealed if we note that, in classical

physics, an application of any extra probe pulse would only reduce the probability

for a quantum dot to remain in the 1e-charge state at the end of the measurement

sequence. Indeed, imagine that the spin is always physically present in one of the

states |↑〉 or |↓〉, and there is a hidden variable theory that leads to the existence

of the joint probability pα,β(t2 + t1,t1) of observing the values α,β ∈ {0,1} at time

moments t1 + t2 and t1. Then 〈Q̂t2+t1Q̂t1〉 ≤ 〈Q̂t1+t2〉 and we arrive at a constraint

on the correlators of Q ∈ {0,1}:

g3(t2,t1) ≤ g2(t1 + t2). (5.8)

This relation is of the same origin as the Leggett-Garg inequalities, which are usually

formulated for dichotomous variables taking values in {−1, 1} [Leg85]. To show the

violation of this fundamental inequality we subtracted g2(t1 + t2) from g3(t1,t2)

measurements. The result is presented in Fig. 5.6(a) for Bx = 0.5 T as a contour

plot, where positive values correspond to a violation of the inequality 5.8 (region

within the red line in the contour plot). In Fig. 5.6(b), two cuts of the experimental

data from (a) are presented for t1 + t2 = 690 ps and 750 ps, represented as dots in

the figure, and the corresponding theoretical calculations that assume coherent spin

precession (solid lines). The values corresponding to g3(t1,t2) − g2(t1 + t2) > 0 are

classically forbidden and demonstrate that the dynamics of a single electron spin

cannot be described by a classical theory with hidden variables.

5.4. Summary

We demonstrated experimentally that fully optical preparation and readout schemes

of the electron spin states localized in a semiconductor quantum dot make it pos-

sible to characterize higher than 2nd order spin qubit time-correlators for a wide

range of external magnetic fields. We observed effects incompatible with a classical

measurement framework. They persist up to the decoherence time T2 ∼ 1.4 ➭s,

suggesting that quantum dot qubits are capable of quantum information processing

up to such timescales. Moreover, measurements of the third order correlator can be

used in practice as an alternative to spin echo or dynamic decoupling approaches

to determine the ensemble and intrinsic dephasing times, T ∗
2 and T2, without using

coherent spin control sequences.
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6
Conclusions and Outlook

Self-assembled quantum dots are now well established and often termed as artificial

atoms. In this regard, their optical properties are comparable to those of real atoms

revealing rich phenomena, such as discrete optical transitions, strict optical selec-

tion rules and strong optical non-linearities. These unique physical properties make

quantum dots an alternative to process quantum information among many other

systems. On the other hand, quantum dots as solid-state nanostructures also reflect

the complex environment in all facets. The interplay between the central spin qubit

and its environment has driven a lot of interest in this research area during the past

decades to seek an answer on the question of how the interplay is connected to the

quantum dot’s spin coherence in order to build useful quantum devices.

In the framework of this thesis we investigated the mechanisms responsible for elec-

tron spin decoherence in an optically active InGaAs quantum dot. By performing

pump-probe type measurements in a wide range of external conditions we identi-

fied multiple stages of electron spin relaxation arising from the hyperfine coupling

between the central spin and the nuclear spin bath. Moreover, the observation of

an unexpected stage of decoherence arising from the combined effect of hyperfine

and quadrupolar coupling widened our understanding of the central spin problem in

quantum dots, which is summarized in Fig. 6.1: Dipolar interactions in the nuclear

spin bath lead to nuclear spin co-flips on a timescale on the order of Tdipole ∼ 100 ➭s

[Mer02]. Within the mean field approach the sum over nuclear spins Ij can be con-

sidered as an effective magnetic field, the Overhauser field Bn, acting on the central

spin via hyperfine interaction. As a consequence of the spin bath rearrangements,

the central spin experiences fluctuations of Bn resulting in an inhomogeneous de-

phasing on a timescale T ∗
2 = 2 ns. As demonstrated in this thesis, the application

of a magnetic field is not able to remove the fluctuation of the Overhauser field

since the nuclear Zeeman splitting between neighboring nuclear spins remain equal

allowing co-flips between them. The second interaction on the nuclear spin bath

influencing the central spin dynamics is the central spin itself. This back-action of
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Figure 6.1.: Interactions in the electron-nuclear spin system in a strained quantum
dot.

the central spin to the nuclear spin system can be described as an effective magnetic

field, the Knight field BK [Urb13, Aue09], leading to nuclear field precessions around

〈S〉 on a timescale TK ∼ 300 ns in InGaAs QDs [Mer02]. In contrast to the Over-

hauser field, this interaction can be removed by an application of relatively weak

external magnetic fields on the order of 2 mT [Aue09, Far13] extending the intrinsic

coherence time T2 to an upper value that is limited by Tdipole. The reason why T2
does not reach its upper limit in presence of weak magnetic fields is the relatively

strong coupling of the nuclear spins to the strain induced electric field gradient ∇E,
as shown in this thesis. This interaction can be described as an effective magnetic

field BQ splitting the nuclear spin states into duplets [Urb13] with an energy that

depends on the strength of the local quadrupolar field and the type of the isotope

(gjn). While the secular part of the quadrupolar interaction can slow down nuclear

co-flip processes resulting in an extended value of Tdipole on the order of milliseconds

[Wel14, Che15], or even longer [Mal07], the non-secular part leads to coherent dy-

namics of the nuclear spin system strongly reducing the central spin coherence to a

value governed by
√
T ∗
2 TQ, as we demonstrated in this thesis. Only an application

of magnetic fields exceeding the quadrupolar coupling strength was able to remove

these effects, as we demonstrated with spin echo measurements. However, at very

high magnetic fields the T2 time still does not reach its upper limit of Tdipole. We

attribute this to effects arising from charge noise leading to irreversible changes in

the spin dynamics.

In contrast to electrons, the hyperfine coupling strength of hole spins is expected to

be one order of magnitude smaller [Urb13] resulting in enhanced coherence times.

On the other hand, the highly anisotropic character of hole spin hyperfine interac-

tion, essentially arising from the p-like nature of the Bloch wavefunction [Tes09],

limits the coherence time to ∼ 1 ➭s [DeG11], a value which is comparable to elec-

tronic spins and further reduced by a strong sensitivity of the hole g-factor to charge
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noise by virtue of their field dependent g-factor [Hou14]. However, by fabrication

of hole spin memory devices and utilization of the spin sensing method described

in this thesis, the precise interplay between hole spin coherence and hyperfine in-

teraction could be studied in future experiments. This could be achieved with an

implementation of a tunnel barrier next to the Schottky contact that enables hole

storage functionality instead of electron storage. Especially, when using piezo-driven

strain-tunable quantum dot devices [Tro13] the role of quadrupolar interaction on

the temporal evolution of the electron and hole spin qubit could be examined in

much greater detail. Furthermore, in future experiments the realization of extended

coherence times could be achieved by implementations of Carr-Purcell-Meiboom-

Gill (CPMG) sequences in order to dynamically decouple the central spin from the

noisy environment [Blu11]. Longer coherence times also require to improve our spin

sensing method in order to monitor the spin dynamics over timescales much longer

than microseconds. This could be achieved by an implementation of a Distributed

Bragg Reflector (DBR) layer [Zha05] into our device.

The investigation of coupling mechanisms responsible for decoherence can exclu-

sively be described within the framework of a semi-classical theory. The movement

of a spin in a magnetic field and spin echo effects are characterized by classical

motions, and therefore, the ability of electron spin qubits to process quantum infor-

mation is not obvious. In this thesis we explored the question of how long such an

electron spin qubit can store quantum information while showing quantum effects.

This was achieved via studies of spin-correlators beyond the 2nd order and an ap-

plication of a quantum measurement theory. We demonstrated that the 3rd order

spin correlator is sensitive to pure quantum effects on a microsecond timescale that

cannot be explained fully within the classical framework. At timescales within T ∗
2

we explored quantum phenomena of the spin qubit by violations of the Leggett-Garg

inequalities. This demonstrates that spin qubits are feasible for processing quantum

information. A possible future experiment into this direction could be realized by

studies of the quantum Zeno effect [Li14]. This could be achieved by frequently

repeated measurement sequences applied at the quantum system.
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A
Appendix: Sample processing

In the following, the processing procedures for the fabrication of the spin storage

device 06-29-06.3-N5 are summarized.

Back contacts. For the fabrication of the back contacts, the sample wafer piece

was cleaned using acetone and isopropanol during rotation with 3000 rpm, and

was finally dried with a stream of N2 for 20 s. After the cleaning procedure, the

remaining oxide layer was removed using HCL for 30 s followed by a cleaning step

with deionized water and a drying step with N2.

The metallization of 30 nm germanium, 20 nm gold, 10 nm nickel and 200 nm gold

layer sequence was realized using an electron beam evaporator with a layer growth

rate of 0.05 nm/s during the first 5 nm of each layer, which was stepwise increased

to a growth rate of 0.5 nm/s.

After the metallization step, thermal annealing was performed at 420 ◦C for 60 s

in forming gas atmosphere N2/H2, during which the sample piece was placed on a

glass holder with the deposited layers pointing upwards.

Top contacts. After the fabrication of the back contact layer, the top contact layer

containing the nano apertures were produced. In a first step, the sample piece was

cleaned using acetone and isopropanol during rotation with 3000 rpm, and dried

with a stream of N2. A photo-resist (S1818) was spinned on top of the surface with

8000 rpm for 40 s and soft backed for 120 s on a hot plate heated up to 120 ◦C. The

photolithography was performed using a mask and UV ligth exposure with 25 mW

for 10 s. Photo-resist development was achieved by using AZ400K developer for 15

s and a subsequent cleaning was performed with deionized water and drying with

N2. Finally, the remaining resist was hard backed at 120 ◦C for 120 s.

To remove the remaining bits of undeveloped resists, the sample was plasma cleaned

with oxygen for 120 s at 200 W and a pressure of 1.4 mbar. To prepare the met-

allization step, the sample was treated with 37 % HCL for 30 s and subsequently
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cleaned with deionized water after which the sample was dried with N2. A 4.5 nm

titanium layer was produced using electron beam metallization with a deposition

rate of 0.05 nm/s.

For the fabrication of the nano apertures, a suspension containing a solution of

polystyrene balls with 1 ➭m diameter and deionized water in a ratio of 1:10 was

applied on top and dried with a stream of N2. In a next step, a layer of 20 nm

titanium and 200 nm gold was evaporated on top of the sample and polystyrene

balls using electron beam metallization. Finally, lift-off was performed by placing

the sample in acetone for 30 min. After the sample was dried, the polystyrene balls

were mechanically removed from the surface by using a fine brush.

Electrical contacts. After fabrication of the back and top contact layers, the sam-

ple was first electrically characterized at a needle station and then glued on a chip

carrier with silver epoxy. Thin gold wires were manually contacted with the elec-

trodes using conductive silver epoxy. In a last step, the I-V characteristics were

recorded at cryogenic temperatures to ensure a successful fabrication of the electri-

cal contacts.
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B
Theoretical modeling of hyperfine and quadrupolar

interactions

The theory of quadrupolar induced electron spin relaxation has been developed

by N. A. Sinitsyn and F. Li at the Los Alamos National Laboratory to describe

the experimental results obtained in the Walter Schottky Institut and presented

in this thesis. Most of the following theoretical discussion is partly published in

Ref. [Bec15b]-(Supplementary Material).

The minimal Hamiltonian of the central spin interacting with a nuclear spin bath

with quadrupolar couplings is given by

Ĥ =
N∑

i=1

(

γiH Î
i · Ŝ + geµeBex · Ŝ + gnµnBex · Î

i
+
γiq
2
(Î

i ·ni)

)

, (B.1)

where Ŝ and Î
i
are operators for, respectively, the central spin and the ith nuclear

spin; γiH and γiq are, respectively, the strengths of the hyperfine and the quadrupolar

couplings ofith nuclear spin, I i > 1/2 are the sizes of the nuclear spins e.g., I = 3/2

for Ga and I = 9/2 for most abundant In isotopes; ni is the unit vector along

the direction of the quadrupolar coupling anisotropy, which generally has a broad

distribution inside a self-assembled QD.

B.1. Theory of central spin dephasing in external out-of-plane

magnetic fields at short timescales

At short timescales, t ≪ 1µs, one can disregard the dynamics of nuclear spins so

that the central spin polarization dynamics follow the law [Mer02]:

S(t) = (S0 ·n)n+
(

S0 − (S0 ·n)n
)

cos(ωt) + S0 × n sin(ωt), (B.2)
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where n is the unit vector along the total, external plus Overhauser, field:

n =
B+Bn

ω
, (B.3)

ω =
√

(B +Bnz)2 +B2
nx +B2

ny, (B.4)

where we assume that the external field B is along the measurement z-axis with

magnitude B.

In all theoretical parts of this section, unless intentionally specified, we use a system

of units in which the magnetic field definition absorbs the values of the g-factor and

Bohr magneton, i.e. the magnetic field has dimensionality of s−1. This simplifies

the notation because it removes numerous repeated factors geµB/~. For example,

the rms of the Overhauser field now is given by a simple formula [Mer02]:

σn =
√

NI(I + 1)/3γH , (B.5)

where N ≫ 1 is the number of spins of size I in the nuclear spin bath, and γH is

the characteristic strength of the hyperfine coupling between a single nuclear and

central spin. The Overhauser field statistics is described by the Gaussian distribution

[Mer02]

W (Bn) ∝ e
− B

2
n

2σ2
n , (B.6)

Averaging (B.2) over (B.6) we find

〈S(t)〉 = S0g(t), g(t) = 1− a2 + a3DF

(1

a

)

+ a2 cos(t′/a)e−t′2

−
√
πa3

4
e−1/a2

(

Erfi(1/a− it′) + Erfi(1/a+ it′)
)

. (B.7)

Here, we defined two dimensionless parameters: a ≡
√
2σn

B
and t′ ≡ tσn√

2
. DF (x) is

the Dawson Function defined as DF (x) = e−x2 ∫ x

0
et

2
dt, and Erfi(x) is the imaginary

error function with Erfi = 2√
π
ex

2
DF (x). At zero external field, B = 0, Eq. (B.7)

reduces to the familiar formula from [Mer02]:

〈S(t)〉 = S0

3

(

1 + 2(1− σ2
nt

2)e−σ2
nt

2/2
)

. (B.8)

We used Eq. (B.7) to fit the experimental results (red curve in Fig. 4.7(a)) along the

first dip. The spin polarization curve 〈Sz(t)〉 has a dip-minimum which develops at

Tmin =
√
3

σn
. A comparison with the experiment gives Tmin = 3.4 ns and σn = 500 ➭s−1

(corresponding to T ∗
2 ≃ 2 ns).
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B.2 Effects of quadrupolar coupling

B.2. Effects of quadrupolar coupling

The effects of the quadrupolar coupling become apparent at relatively long times

t ∼ 102 − 103 ns. They can be modeled by the Hamiltonian in Eq. (B.1), with

I i > 1/2 being the sizes of the nuclear spins, e.g., I = 3/2 for Ga and I = 9/2 for

In as the most abundant isotopes. In general, the unit vector along the direction

of the quadrupolar coupling anisotropy ni has a broad distribution inside a self-

assembled QD. We will make an assumption that this distribution is uniform, and

test predictions of this approximation by direct comparisons with results of the

experiment. For simplicity, we assume a bath of spins of the same isotope, and

hence identical nuclear g-factors gn.

A similar Hamiltonian has been considered previously in [Sin12] for application to

spin relaxation in hole-doped QDs. The major difference of electronic QDs is the

nearly isotropic hyperfine coupling in Eq. (B.1), which follows from the contact ex-

change interaction, and a relatively strong magnitude of this coupling, which is now

comparable to the quadrupolar coupling in electron-doped dots. This leads to dras-

tically different relaxation curves for electronic spins from the merely exponential

relaxation of hole spins discussed in Ref. [Sin12].

The analytical and even numerical treatment of evolution with Eq. (B.1) would be

too complex to achieve for a realistic number of nuclear spins N ∼ 105. In order

to obtain analytical estimates for central spin dynamics, we will use an observation

made in Ref. [Sin12] that essential effects of the quadrupole coupling in (B.1) are

captured by a much simpler model of a spin bath with spins-1/2 only:

Ĥ = B · Ŝ+
N∑

i=1

γiHŜ · ŝi + γiQ(ŝ
i ·ni) + b · ŝi, (B.9)

with B = geµeBex and b = gNµNBex the effective Zeeman fields acting on, respec-

tively, electron and nuclear spins. The spin-1/2 operators Ŝ and ŝi represent the

central spin and for the ith nuclear spin, respectively. The quadrupole coupling is

mimicked here by introducing random static magnetic fields acting on nuclear spins

with the same distribution of ni as in (B.1), i.e, the vector ni points in a random

direction, different for each nuclear spin. Parameters γiQ are connected to γiq as

γiQ ∼ γiqI/2, i.e. they characterize nearest energy level splitting of nuclear spins due

to the quadrupole coupling.

We are now in a position to show that, in the presence of quadrupole couplings,

〈Sz(t)〉 will develop a second dip with a minimum at a fraction of a microsecond. It

is easiest to see this if we consider the case of a zero or weak external magnetic field

and a strong quadrupole coupling: γQ ≫ γH . Each nuclear spin simply rotates then

around the corresponding quadrupole field axis. Within the model in Eq. (B.9),
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keeping only effects of quadrupole fields, this dynamics is given by

si(t) = (si0 ·ni)ni + (si0 − (si0 ·ni)ni) cos(ωit) + si0 × ni sin(ωit), (B.10)

where ωi = |γi
Q|, and where we introduced the vector γi

Q ≡ γiQn
i, whose components

were chosen from a Gaussian distribution:

W (γQ) ∝ e
−

γ
2
Q

2σ2
Q (B.11)

with σQ being the characteristic rms of the quadrupole coupling distribution. This

choice corresponds to the uniform distribution of the anisotropy vectors ni. Averag-

ing Eq. (B.10) over the distribution of quadrupole fields in Eq. (B.11), we find the

correlators of the Overhauser field:

〈Bnα(t)〉 = 0, 〈Bnα(t)Bnβ(0)〉 = γ2H

N∑

i

〈siα(t)siβ(0)〉 = σ2
nδαβf(t), (B.12)

with

f(t) =
1

3

(

1 + 2(1− (σQt)
2)e−σ2

Q
t2/2
)

. (B.13)

At microsecond timescales, the central spin polarization follows the Overhauser field

Bn(t) adiabatically, i.e.,

〈S(t)〉 =
〈

n(t)(n(0) ·S(0))
〉

, (B.14)

with n(t) being the direction of the total field experienced by the central spin, that

is, the sum of the external Zeeman coupling with the field B and the Overhauser

field Bn(t).

For the case of B = 0, the result of averaging Eq. (B.14) over the initial central spin

and nuclear spin states can be obtained in a closed form:

〈S(t)〉 = S(0)
(2
√

1− f(t)2

3πf(t)
− 2(1− 2f(t)2)

3πf(t)2
sin−1(f(t))

)

, (B.15)

which demonstrates, e.g., that 〈S(t)〉 saturates at the value ≈ 0.095S0 at long time

and, prior to this, develops a second dip in spin relaxation at time TQ =
√
3

σQ
. This

behavior is confirmed experimentally in Fig. 4.7(a). A comparison to the experi-

mental data gives: TQ = 0.75 ➭s, which corresponds to σQ = 2.3 ➭s−1.

In the presence of an external magnetic field, the exact expression for Sz(t) would be

too complex to be shown here. Following [Mer02], we make the approximation that

〈nα(t)nβ(0)〉 ∼ 〈BTα(t)BTα(0)〉
〈BTα(0)BTβ(0)〉 with BT = B+Bn. We find an approximate formula:

〈Sz(t)〉 = Sz(0)
[

1− a2f(t) +
(

a3f(t)− a(1− f(t))
)

DF (1/a)
]

, (B.16)

where a is defined in Eq. (B.7). Equation (B.16) produces a good fit of the 2nd dip

in Fig. 4.9(a) (red curve for Tstore = 660 ns).
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B.3. Modeling the spin echo measurements

The major reason for the decay of the spin echo, at low values of the external

magnetic field, is the noise of the Overhauser field along the x-axis of the applied

external magnetic field. Let the spin echo pulse be applied at time T so that the

echo is observed after the time 2T . The size of the echo is then given by

C2(2T ) =
〈

ei
∫ 2T
0 dtα(t)Bnx(t)

〉

e−2γT , (B.17)

where α(t) = 1 for 0 < t < T and α(t) = −1 for T < t < 2T . In Eq. (B.17)

we disregarded the contribution of the Overhauser field fluctuations in he plane of

the precession of the central spin. The parameter γ is introduced phenomenologi-

cally to describe all mechanisms of spin echo relaxation that are not related to the

quadrupole coupling of the nuclear spin bath. Averaging in Eq. (B.17) is over the

distribution of quadrupole fields and initial states of the nuclear spins.

Assuming Gaussian fluctuations of the Overhauser field along the x-axis, the spin

echo amplitude can be expressed via the field correlator:

C2(2T ) = e−2γT− 1
2

∫ 2T
0 dt

∫ 2T
0 dt′α(t)α(t′)〈Bnx(t)Bnx(t′)〉. (B.18)

The correlator 〈Bnx(t)Bnx(t
′)〉 is provided in Eq. (B.12), where the function f(t), in

the presence of an external field along x-axis, reads:

f(t) = 〈n2
x + (1− n2

x) cosωt〉, (B.19)

with

nx =
b+BQx

ω
, ω =

√

(b+BQx)2 +B2
Qz +B2

Qy, (B.20)

where b = gNµNBex/~ corresponds to the external magnetic field Bex acting on the

nuclear spin bath.

Substituting this form of the Overhauser field correlator in Eq. (B.18) and using the

definition of α(t), the spin echo amplitude can be written as:

C2(2T ) = exp
[

− σ2
ng(T )− 2γT

]

, (B.21)

where

g(T ) =

∫ T

0

dt1

∫ T

0

dt2

[

f(t1 − t2)−
1

2
f(t1 − t2 − T )− 1

2
f(t1 − t2 + T )

]

=
〈(

3− 4 cos(ωT ) + cos(2ωT )
1− n2

x

ω2

)〉

. (B.22)

Here the averaging is over the distribution of the quadruple fields. We note that

different nuclear spins contribute additively to the Overhauser field correlator in
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Figure B.1.: (a) Exact numerical calculation of Eqs. (B.21)-(B.22) (blue dots) com-
pared with Eq. (B.24) (solid line) at low magnetic fields Bex = 0.02 T. (b) Prediction
of Eqs. (B.21)-(B.22) for the spin echo amplitude at different strengths of the ex-
ternal magnetic field Bex = 0.5 T, 1.5 T, 2.2 T and 4.0 T (respectively: green,
blue, red and black curves). The phenomenological relaxation rate γ = 0.66 ➭s−1 is
used to account for decoherence mechanisms not related to the quadrupole coupling.
Two different kinds of nuclear spins are assumed to be present in the QD, in equal
amounts: with effective g-factors g1 = 58.9 ➭s−1T−1 and g2 = 45.8 ➭s−1T−1, which
mimics the difference between isotopes of In and As. The characteristic quadrupole
coupling is σQ = 2.3 ➭s−1, and the Overhauser field σn = 508 ➭s−1.

Eq. (B.18) so that Eq. (B.21) can be generalized to the case with simultaneous

presence of different types of nuclear spins. In such a case, each nuclear spin type

will produce its own additive contribution to the exponent in Eq. (B.21) with its

own parameter σn and the function g(T ) that depends on an individual quadrupole

coupling distribution and the g-factor of this particular spin type.

In Fig. B.1, we explore some predictions of Eq. (B.21) numerically. In addition, the

averaging and the integration in Eqs. (B.21)-(B.22) can be performed explicitly for

two limiting cases. In the limit of a low external magnetic field, or at small time T

such that bT ≪ 1, we can approximate g(T ) as:

g(T ) =
1

2
T 4
〈

ω2(1− n2
x)
〉

. (B.23)

The averaging over Gaussian distributed quadrupole fields can be easily performed,

and gives:

g(T ) = σ2
QT

4, C2(2T ) = e−σ2
nσ

2
Q
T 4−2γT , (B.24)

In the large external field limit, up to the leading order terms in σ2
Q/b

2, we approx-

imate g(T ) in Eq. (B.22) as:

g(T ) =
〈(

3− 4 cos[(b+BQx)T ] + cos[2(b+BQx)T ]
)B2

Qz +B2
Qy

b4

〉

. (B.25)

The averaging over the quadrupole field gives:

C2(2T ) = exp
[

− 2γT −
2σ2

nσ
2
Q

b4

(

3− 4e−σ2
Q
T 2/2 cos(bT ) + e−2σ2

Q
T 2

cos(2bT )
)]

.(B.26)
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We note that our model does not include numerous factors that can influence quan-

titative predictions. For example, the spin echo can be sensitive to details of the

quadrupole coupling distribution and anisotropy, the precise isotope content of the

spin bath, etc.. Our formulas were derived for the limit of weak hyperfine cou-

pling, while our experiment corresponds to comparable quadrupole and hyperfine

interactions of nuclear spins.

B.4. Details of the numerical algorithm

An insight in a more complex regime of comparable hyperfine and quadrupole cou-

plings can be achieved by numerical simulations of the dynamics of the central spin

- nuclear spin density matrix within the time-dependent mean field algorithm devel-

oped in Refs. [Sin12] and [AH06]. Following this approach, we approximate the state

vector |Ψ〉 of the total system as a product |Ψ〉 = |u0〉
∏N

i=1 |uk〉 of the single-spin

vectors |uj〉, (j = 0, . . . N).

Then, at each time step we update the state of each spin by considering its evolution

with the effective Hamiltonian

H i
eff = hi(t)σ̂

i, i = 0,1, . . . , N, (B.27)

where the effective field hi(t) acting on the i-th spin is calculated, at each step,

according to

h0 = B +
N∑

i=1

γiH
(
σi
zẑ + σi

xx̂+ σi
yŷ
)
, (B.28)

hi = γiH
(
σ0
z ẑ + σ0

xx̂+ σ0
yŷ
)
+ γiQn

i, (B.29)

where we defined σj(t) = Tr[ρ̂(t)σ̂j], and where ρ̂(t) is the density matrix that

corresponds to the pure state Ψ(t).
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C
Supplemental information on higher order

spin-correlators

C.1. Correlators in the model with two relaxation times

Here, we explore the model of noisy field, described by Eq. (1) in the main text,

with correlator of ω(t) given by R(t− t′) = (1/T ∗
2 )

2 + (2/T2)δ(t− t′) in more detail.

Substituting this correlator into Eq. (5) and (6) in the main text, we obtain,

g2(t) =
1

2

[

1 + cos(ωLt) exp
(

− t

T2
− t2

2(T ∗
2 )

2

)]

, (C.1)

and

g3(t2, t1) =
1

2

[

g2(t1) + g2(t2) +
1

2
g2(t1 + t2)

]

− 3

8
+ q3(t2, t1), (C.2)

with the last term given by

q3(t2, t1) =
1

8
cos[ωL(t1 − t2)] exp

(

− t1 + t2
T2

− (t1 − t2)
2

2(T ∗
2 )

2

)

. (C.3)

These explicit formulas show that while g2(t) and the term [...] in g3(t2, t1) decay

quickly during the inhomogeneous dephasing time T ∗
2 to a finite constant value, the

last term in (C.2) survives along the diagonal direction for t1 = t2 ∼ T2, i.e. at

timescales much longer than T ∗
2 . Indeed, along the diagonal direction t1 = t2 = t,

Eq. (C.3) reduces to q3(t, t) = 1
8
exp(−2t/T ∗

2 ), which is immune to the inhomoge-

neous broadening effect.

Non-classical behavior of third order correlators. The fact that the correlator

g3(t1,t2) shows anomalously long relaxation along the line t1 = t2 apparently orig-

inates from properties of the quantum measurement but it is easy to see that it is

manifested even in the range of parameters that do not lead to breakdown of the

Leggett-Garg type inequality. Below we show that the g3(t1,t2) immunity of ensem-

ble dephasing effects along t1 = t2 is rather a manifestation of another phenomenon,
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namely the signaling in time by quantum measurements [Cle15], i.e. the dependence

of the system’s future evolution on the very fact that prior measurements have been

performed irrespectively of measurement outcomes.

To understand the non-classical behavior of g3(t1,t2) it is instructive to relate this

correlator to spin correlators at the thermodynamic equilibrium:

C2(t) ≡ 〈ŝz(t)ŝz(0)〉 ≡ Tr
[

ŝzĜ(t)ŝz

]

/2,

where Ĝ(t) was defined in chapter 5, and we assumed that the equilibrium density

matrix is ρ̂eq =
1
2
1̂ corresponding to a fully thermal population of the two spin states.

The operator Q̂ can be expressed in terms of the spin operator ŝz, as Q̂ = 1̂
2
− ŝz.

At the thermodynamic equilibrium, the averages of the odd power products of spin

operators are practically zero due to the approximate time-reversal symmetry at

magnetic field values much smaller than kBT . Disregarding such odd power terms,

we find

g3(t1,t2) ≈ C2(t1) + C2(t2) +
1

4
+

1

2
Tr
[

ŝzĜ(t2)Ĝ(t1)ŝz

]

, (C.4)

where we used the fact that the matrix Ĝ is doubly stochastic and the equilibrium

distribution is invariant under the evolution: Ĝ(t)ρ̂eq = ρ̂eq.

Naively, one can think that since Q̂ is linear in the spin operator, and since odd order

spin correlators are negligibly small at equilibrium, the correlator g3(t1,t2) should

be expressible via the 2nd order spin correlators plus a constant. Equation (C.4)

shows that this is not generally true. For classical nondestructive measurements, the

evolution of state probabilities satisfies the convolution rule: Ĝ(t1+t2) = Ĝ(t2)Ĝ(t1).

Hence, classically, the last term in Eq. (C.4) would be equal to C2(t1 + t2), as

expected. However, in quantum mechanics, the convolution rule is valid only for the

evolution operators Û(t) of the Schrödinger equation: Û(t1+t2) = Û(t2)Û(t1), which

does not guarantee that such a relation is valid for probabilities Gαβ(t) = |Uαβ(t)|2.
Therefore, the last term in Eq. (C.4) does not reduce to a standard 2nd order

spin correlator. Let us introduce operator 1̂M(t), meaning measurement by spin

projection operator ŝz at time t that is followed by replacement of the measured

result sz by unity, 1. Then

1

2
Tr
[

ŝzĜ(t2)Ĝ(t1)ŝz

]

= 〈ŝz(t1 + t2)1̂M(t1)ŝz(t)〉. (C.5)

In classical physics, operator 1̂M(t1) merely multiplies any expression by 1, i.e. it

does not change this expression. In quantum mechanics, the right hand side of

Eq. (C.5) has independent meaning due to the destructive measurement effect, i.e.,

it is an independent unusual 3rd order spin correlator that does not vanish even in the

thermodynamic equilibrium with time-reversal invariance. Thus, we conclude that
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the deviation of g3(t1,t2) from its classical expression via 2nd order spin correlators

at equilibrium corresponds to a purely quantum mechanical measurement effect.

As an example, we compare correlators for spin-1/2, described by Eqs. (5.6) - (5.7)

in chapter 5, with similar correlators of the classical spin in the same noisy magnetic

field as in Eq. (1) of the main text. Suppose that classical spin size is normalized

to |S| = 1 and that we measure the correlator of variable Q = (Sz − 1)/2. For the

classical spin, the measurement is noninvasive, i.e. the state of the spin will not

be affected by the outcome of measurement. It is apparent that the classical spin

shares the same second order correlator as the quantum spin,

gcl2 (t) = g2(t) =
1

2

[

1 + cos(ωLt) exp
(

− t

T2
− t2

2(T ∗
2 )

2

)]

, (C.6)

when we take into account the effect of a noisy magnetic field with correlator of

ω(t) given by R(t− t′) = (1/T ∗
2 )

2 + (2/T2)δ(t− t′). The third order correlator of a

classical spin, however, is quite different from that of a quantum spin-1/2 because the

measurement at time t1 does not affect the classical spin state. Explicit calculations

give:

gcl3 (t2, t1) =
1

2
gcl2 (t1) +

3

4
gcl2 (t2) +

1

4
gcl2 (2t1 + t2)−

1

2
, (C.7)

which depends only on second order correlators and therefore decays rapidly within

the inhomogeneous time T ∗
2 . This behavior is in contrast to the spin echo effect that

would have the same relative magnitude for classical and quantum spin-1/2 in the

model defined by Eq. (5.2) in chapter 5.

C.2. Details of numerical simulations of the central spin model

Our numerical studies of the 2nd and 3rd order spin correlators were based on sim-

ulations of the central spin model that describes the spin interacting with a large

number of nuclear spins via the hyperfine coupling, while nuclear spins experience

additional random quadruple fields from strains in a quantum dot. We use the

simplified Hamiltonian that mimics such interactions of bath nuclear spins, which

justification is discussed in more detail in [Sin12],

Ĥ = B · Ŝ+
N∑

i=1

γiHŜ · ŝi + γiQ(ŝ
i ·ni) + b · ŝi, (C.8)

where B = geµeBex and b = gNµNBex are Zeeman couplings of the external field

to the electron and nuclear spins, respectively. Here, N is the number of nuclear

spins. Numerically, we considered N = 900, which is large enough to capture the

quantitative behavior of the spin correlator features. The spin-1/2 operators Ŝ and ŝi
stand for the central spin and for the ith nuclear spin, respectively, and γiH describes
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the hyperfine coupling between the central spin and the ith nuclear spin.

We assume that the distribution of γiH is represented by a Gaussian function, with

a characteristic dispersion of σH . The quadrupole coupling is mimicked here by

random static magnetic fields acting on nuclear spins with the vector ni pointing in

a random direction, which is different for different nuclear spins. The parameters

γiQ are the quadrupole couplings, taken from another Gaussian distribution with the

mean value σQ. In the numerical calculations, we take σQ = 2σH . This model has

been already applied to explore spin relaxation effects in the same quantum dot,

presented in chapter 4.

As in chapter 4, we use the dynamic mean field algorithm developed in Refs. [Sin12]

and [AH06]. We approximate the state vector |Ψ〉 of the total system as a product

|Ψ〉 = |u0〉
∏N

i=1 |uk〉 of the single-spin vectors |uj〉, (j = 0, . . . N). Then, at each

time step we update the state of each spin by considering its evolution with the

effective Hamiltonian

H i
eff = hi(t)σ̂

i, i = 0,1, . . . , N, (C.9)

where the effective field hi(t) acting on the i-th spin is calculated at each step

according to

h0 = B +
N∑

i=1

γiH
(
σi
zẑ + σi

xx̂+ σi
yŷ
)
, (C.10)

hi = γiH
(
σ0
z ẑ + σ0

xx̂+ σ0
yŷ
)
+ γiQn

i, (C.11)

where we defined σj(t) = Tr[ρ̂(t)σ̂j], and where ρ̂(t) is the density matrix that

corresponds to the pure state Ψ(t).

The important addition that we used specifically to calculate the third order corre-

lator g3(t1, t2) in chapter 5, is the application of the projection postulate to simulate

the quantum measurements by the Q̂-operators. We set the central spin to be in the

|↓〉 state at the initial time moment, and then after time t1 we record the probabil-

ity, P1, of finding the central spin in the down state and then reset the central spin

density matrix to be ρ̂(t1) = |↓〉 〈↓|. After another time interval of duration t2, we

record the probability P2 of finding the central spin in the |↓〉 state. Then g3(t1, t2) is
the average of P1P2 over different configurations of randomly chosen initial nuclear

spin state vectors. In Fig. 5.5, the averaging was performed over 30.000 records with

different initial conditions of the nuclear spin batch and quadrupole axes.
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[VB05] J. M. Villas-Bôas, S. E. Ulloa, and A. O. Govorov. Decoherence of Rabi

Oscillations in a Single Quantum Dot. Phys. Rev. Lett., 94:057404 (2005).

[Vel15] M. Veldhorst, C. H. Yang, J. C. C. Hwang, W. Huang, J. P. Dehol-

lain, J. T. Muhonen, S. Simmons, A. Laucht, F. E. Hudson, K. M. Itoh,

A. Morello, and A. S. Dzurak. A two-qubit logic gate in silicon. Nature,

526:410–414 (2015).

[Wal98] S. N. Walck and T. L. Reinecke. Exciton diamagnetic shift in semicon-

ductor nanostructures. Phys. Rev. B, 57:9088–9096 (1998).

121



Bibliography

[Wal11] G. Waldherr, P. Neumann, S. F. Huelga, F. Jelezko, and J. Wrachtrup.

Violation of a Temporal Bell Inequality for Single Spins in a Diamond

Defect Center. Phys. Rev. Lett., 107:090401 (2011).

[Wan99] L.-W. Wang, J. Kim, and A. Zunger. Electronic structures of [110]-

faceted self-assembled pyramidal InAs/GaAs quantum dots. Phys. Rev.

B, 59:5678–5687 (1999).

[Wan12] X. J. Wang, S. Chesi, and W. A. Coish. Spin-Echo Dynamics of a Heavy

Hole in a Quantum Dot. Phys. Rev. Lett., 109:237601 (2012).

[War98] R. J. Warburton, B. T. Miller, C. S. Dürr, C. Bödefeld, K. Karrai, J. P.
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