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Abstract

Superconducting circuits offer the opportunity to study quantum mechanics on
mesoscopic scales unimpeded by dissipation. This fact and the nonlinearity of
the Josephson inductance make it possible to use superconducting circuits as
artificial atoms whose long-lived states can be selectively addressed and studied.
A pronounced nonlinearity of the energy spectrum, however, requires quantum
fluctuations of the flux across the Josephson junction which are large on the scale
of the superconducting flux quantum ΦQ = h/2e. This implies charge fluctua-
tions below the single Cooper-pair limit via flux-charge duality. The localization
of charge leads to a strong susceptibility to interactions with charges in the en-
vironment which has motivated the search for schemes to decouple charges from
their environment. This thesis is concerned with theoretical challenges arising
from two complementary approaches to this problem: the realization of large
impedances and the fractionalization of electrons by means of Majorana bound
states.

In recent years, the decoupling of charges from the environment through
reactive large impedances, so-called “superinductances” L, has attracted much
interest. These inductances feature small parasitic capacitance C such that the
characteristic impedance

√
L/C is much larger than the superconducting resis-

tance quantum RQ = h/4e2. Superinductances have various applications rang-
ing from qubit designs such as the 0-π qubit or the fluxonium to impedance
matching, Bloch oscillations and the stabilization of phase slips in supercon-
ducting nanowires. Although there exists a well-established formalism for the
quantization of superconducting circuits in terms of node fluxes, this formalism
is ill-suited for the description of fast flux transport with localized charges in
large-impedance environments. In particular, the nonlinear capacitive behavior
of phase slip junctions cannot be modeled in a straightforward way using node
fluxes. In view of the ever growing interest in superinductances, in the first part
of the thesis, we present a recipe for quantization of planar circuits in terms of
loop charges. As we will show, the loop charge approach is dual to the usual
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node flux formalism and well-adapted to a large impedance setting.
In the second part of the thesis, we turn to a complementary approach of

charge decoupling by means of Majorana bound states (MBS). MBS solve the
decoupling problem by encoding a fermionic mode nonlocally into two bound
states with large spatial separation such that a local coupling to the stored charge
is no longer possible. It has been shown that despite the apparent nonlocality of
the fermionic mode, transport through the mode remains local unless the MBS
are coupled by a global perturbation like a finite charging energy. Here we show
that, even in absence of charging energy, decoupling the superconductor from
the ground plane achieves a subtle coupling of the MBS that leads to nonlocal
transport.

Finally, in the last part of the thesis, we turn to two mesoscopic applications
related to supersymmetric quantum mechanics. The simultaneous presence of
a fermionic mode due to the MBS and a bosonic mode due to the Cooper-pair
condensate makes systems involving MBS appealing candidates for the realiza-
tion of supersymmetric quantum mechanics. For a Majorana Cooper-pair box,
we discuss an unusual “bosonic” supersymmetry and its experimental signatures.
Since MBS remain challenging to realize experimentally, we show that a similar
supersymmetry can even be realized in a setup using standard superconducting
circuitry without MBS.
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Kurzfassung

Supraleitende Schaltkreise ermöglichen es, Quantenmechanik unbeeinflusst von
Dissipation auf mesoskopischen Skalen zu studieren. Zusammen mit der Nichtli-
nearität von Josephson-Kontakten erlaubt es diese Tatsache, supraleitende Schalt-
kreise als künstliche Atome zu betrachten, deren langlebige Zustände gezielt
adressiert und studiert werden können. Für eine deutliche Nichtlinearität des
Energiespektrums müssen die Quantenfluktuationen des Flusses über dem Jo-
sephson-Kontakt groß gegenüber dem supraleitenden Flussquantum ΦQ = h/2e

sein. Aufgrund der Dualität von Ladungen und Flüssen impliziert dies, dass die
Ladungsfluktuationen auf dem Josephson-Kontakt klein sind gegenüber der La-
dung eines Cooper-Paars. Die Ladungslokalisierung macht die Systeme anfällig
für Umgebungseinflüsse, was Versuche motiviert, Ladungen von der Umgebung
zu entkoppeln. Diese Arbeit beschäftigt sich diesbezüglich mit zwei komplemen-
tären Ansätzen: der Realisierung großer Impedanzen und der Fraktionalisierung
von Elektronen durch gebundene Majoranazustände.

Um Ladungen von der Umgebung zu entkoppeln, interessiert man sich in den
letzten Jahren verstärkt für reaktive große Impedanzen, sogenannte Superinduk-
tivitäten L. Diese besitzen eine kleine parasitäre Kapazität C, so dass die cha-
rakteristische Impedanz

√
L/C sehr viel größer ist als das supraleitende Wider-

standsquantum RQ = h/4e2. Die Anwendungen solcher Superinduktivitäten rei-
chen von Qubit-Designs wie dem Fluxonium oder dem 0-π-Qubit über Impedanz-
Anpassung und Bloch-Oszillationen bis hin zur Stabilisierung von Phasensprün-
gen in supraleitenden Nanodrähten. Obwohl es einen wohletablierten Formalis-
mus zur Quantisierung supraleitender Schaltkreise mit Hilfe von Knotenflüssen
gibt, ist dieser ungeeignet zur Beschreibung des schnellen Flusstransportes in
Schaltkreisen mit lokalisierten Ladungen in Hochimpedanzumgebungen. Insbe-
sondere kann das nichtlineare kapazitive Verhalten von Phasensprung-Kontakten
nicht unmittelbar mit Knotenflüssen beschrieben werden. Angesichts des wach-
senden Interesses an Superinduktivitäten präsentiere ich im ersten Teil der Arbeit
ein Rezept zur ladungsbasierten Quantisierung von planaren Schaltkreisen mit
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Hilfe von Maschenladungen. Wie wir sehen werden, ist dieser Formalismus dual
zum üblichen Knotenflussansatz und gut an Hochimpedanzumgebungen ange-
passt.

Im zweiten Teil der Arbeit wende ich mich einem komplementären Ansatz
zur Ladungsentkopplung mit Hilfe von gebundenen Majorana-Zuständen zu.
Majorana-Zustände lösen das Entkopplungsproblem, da eine fermionische Mode
nichtlokal durch zwei örtlich separierte gebundene Majorana-Zustände realisiert
werden kann, so dass eine lokale Kopplung an die gespeicherte Ladung nicht mehr
möglich ist. Man hat gezeigt, dass der Transport durch die fermionische Mode
trotz der scheinbaren Nichtlokalität lokal bleibt, solange die Majorana-Zustände
nicht durch eine globale Störung wie eine Ladungsenergie gekoppelt werden. Hier
zeige ich, dass ein ungeerdeter Supraleiter auch ohne Ladungsenergie zu einer sub-
tilen Kopplung der Majoranas führt, welche nichtlokalen Transport ermöglicht.

Im letzten Teil der Arbeit beschäftige ich mich mit zwei mesoskopischen An-
wendungen mit Bezug zur supersymmetrischen Quantenmechanik. Die simultane
Existenz einer fermionischen Mode aufgrund der Majorana-Zustände und einer
bosonischen Mode in Form des Cooper-Paar-Kondensats lässt Supraleiter mit
Majorana-Zuständen als vielversprechende Kandidaten zur Realisierung super-
symmetrischer Quantenmechanik erscheinen. Für eine Majorana Cooper-Paar-
Box diskutiere ich eine ungewöhnliche “bosonische” Supersymmetrie und ihre
experimentellen Signaturen. Da Majorana-Zustände experimentell immer noch
schwierig zu realisieren sind, zeige ich anschließend, dass sich eine ähnliche Su-
persymmetrie sogar ohne Majorana-Zustände in konventionellen supraleitenden
Schaltkreisen realisieren lässt.
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Chapter 1

Introduction

1.1 Large impedances and Majorana bound states

Superconducting qubits like charge qubits (Bouchiat et al., 1998), transmons (Koch
et al., 2007; Schreier et al., 2008) or the fluxonium (Manucharyan et al., 2009)
provide impressive examples of the potential of superconducting circuits for the
realization of artificial atoms. The nonlinearity of the energy spectrum in those
systems is due to the nonlinearity of the Josephson inductance. A pronounced
nonlinearity requires exploring the full nonlinearity of the Josephson inductance
via quantum fluctuations of the flux which are large against the superconducting
flux quantum ΦQ = h/2e. Due to the duality of charge and flux, this implies
charge fluctuations below the single Cooper-pair limit. As a consequence, systems
featuring a pronounced nonlinearity are typically very sensitive to interactions
with charges in the environment. Charge qubits and transmons exemplify this
phenomenology: charge qubits provide a good nonlinearity of the spectrum while
being very sensitive to charge noise, whereas transmons are largely insensitive
to charge noise on the expense of nonlinearity. This observation has motivated
the search for schemes to decouple charges from environmental influences. In
this thesis we deal with theoretical challenges arising from two complementary
approaches to this problem: the realization of large impedances and Majorana
bound states.

The decoupling of charges from the environment through impedances larger
than the superconducting resistance quantum RQ = h/4e2 has a long history. It
was first employed in the context of single-electron tunneling using dissipative
impedances (Averin and Likharev, 1991; Grabert and Devoret, 1992). In recent
years there is a lot of interest in purely reactive large impedances, so-called “su-

1



perinductances” L with small parasitic capacitance C such that the characteristic
impedance

√
L/C is much larger than the superconducting resistance quantum

RQ = h/4e2 (Masluk et al., 2012; Bell et al., 2012). Such superinductances
are relevant to qubit designs such as the fluxonium or the 0-π qubit (Kitaev,
2006) with improved coherence times compared to traditional charge qubits. Su-
perinductances are also relevant for impedance matching (Altimiras et al., 2013),
Bloch oscillations (Weißl et al., 2015) and phase-slip junctions which have been
proposed as elements electromagnetically dual to Josephson junctions (Mooij
and Nazarov, 2006). Recently, there has been a lot of progress in the experimen-
tal realization of phase-slip junctions using superconducting nanowires (Belkin
et al., 2011; Astafiev et al., 2012; Peltonen et al., 2013; Belkin et al., 2015) and
large inductances have been found to stabilize the phase-slip regime in those sys-
tems (Arutyunov et al., 2008). Although there exists a well-established formalism
for the quantization of superconducting circuits in terms of node fluxes (Yurke
and Denker, 1984; Devoret, 1996), this formalism must be considered ill-suited
for the description of the fast flux transport in large-impedance circuits with
localized charges. In particular, the nonlinear capacitive behavior of phase-slip
junctions cannot be described in a straightforward way using node fluxes.

In view of the ever growing interest in superinductances, in the first part of
the thesis we present a recipe for quantization of planar circuits in terms of loop
charges. As we will show, the loop charge approach is dual to the usual node
flux formalism and well-adapted to a large-impedance setting. In chapter 2, we
begin with a general introduction to superconductivity, the lumped element ap-
proach to circuits, circuit quantum electrodynamics and circuit quantization. In
particular, we explain in some more detail the prospects of large impedances.
This provides us with the necessary background for chapter 3, where we explain
in detail the new loop charge quantization. We show that the loop charge for-
malism is dual to the conventional node flux approach and therefore provides an
accessible and convenient theoretical basis for explorations of the exciting physics
in large-impedance settings.

In the second part of the thesis, we turn to charge decoupling by means
of electron fractionalization into two spatially separated chargeless Majorana
bound states (MBS). Although the two MBS together form a nonlocal fermionic
mode (Kitaev, 2001), previous work has showed that electron transport through
the nonlocal mode is only possible when the superconductor is decoupled from
the ground and the MBS are coupled by a global nonlocal perturbation in form
of a charging energy EC (Bolech and Demler, 2007; Fu, 2010). This raises the
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question whether a global charging energy is indeed indispensable for probing
the Majorana-induced nonlocality. In chapter 4, we show that decoupling the
superconductor from the ground plane is sufficient to achieve a subtle nonlocal
coupling of the MBS in absence of charging energy such that transport of elec-
trons through the mode becomes possible. We show that the Coulomb-blockaded
regime and the noninteracting regime without charging energy have the same
peak conductance e2/h but differ in their shot noise power.

In the last part of the thesis, we turn to mesoscopic applications related to
supersymmetric quantum mechanics in setups derived from the Cooper-pair box.
In section 5.1, we discuss a supersymmetry that arises in a Majorana Cooper-pair
box. Since MBS remain challenging to realize experimentally, we discuss in 5.2
a similar supersymmetry that can be realized in a variant of a Cooper-pair box
in absence of Majorana bound states.

In chapter 6, we summarize our results and end with a short outlook.

1.2 Outline

Chapter 2 summarizes in which sense superconductors can be regarded as ar-
tificial atoms. We start with a summary of superconductivity in section 2.1,
focusing on the electromagnetic properties of superconductors which will later
be of relevance for circuit quantization. We begin by recalling the London phe-
nomenology in section 2.1.1 and then summarize the microscopic BCS theory
of superconductivity in section 2.1.2. We hope that section 2.1.2 manages to
fill a gap that exists in the literature between introductions to classic BCS s-
wave superconductivity and advanced treatments which consider unconventional
pairings beyond s-wave. We try to provide a discussion of the generic features
of mean-field superconductivity that allows to understand the conceptual differ-
ences between different types of pairing without going into detailed calculations,
providing references to the literature where necessary. Such a summary would
have been helpful for me when I started my thesis work some years ago, and we
therefore hope that it will prove to be useful for some readers, besides laying some
basis for the work on Majorana bound states that follows later in this thesis. At
the same time, we want to apologize to readers that are well familiar with the
differences between different types of pairing for the short digression. In section
2.1.3 and 2.1.4, we consider the electromagnetic response of superconductors to
longitudinal and transverse fields from the point of view of the microscopic the-
ory. Finally, in section 2.1.5, we conclude our introduction to superconductivity
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by reviewing the hydrodynamic approach to superconductivity. The hydrody-
namic approach focuses on the dynamics of the superconducting phase alone and
will be the conceptual basis for most of what follows.

In section 2.2, we review circuit quantum electrodynamics. We start with
a brief summary of the Josephson effect in section 2.2.1. In section 2.2.2, we
give a detailed introduction to the lumped element approach to electric circuits.
In particular, we will see that Josephson junctions behave as nonlinear induc-
tors. Armed with that background, we will discuss the node flux approach to
circuit quantization in section 2.2.3 and finally arrive at the Hamiltonian of the
prototypical artificial atom in superconducting circuits, the Cooper-pair box.

In section 2.3, we review the approaches to decoupling charges from the en-
vironment. We start with the discussion of large impedances in section 2.3.1.
We review the relevance of large dissipative impedances for the observation of
single-electron tunneling. We explain in which sense reactive superinductances
achieve a similar decoupling of charges from the environment and explain their
relevance for qubit designs such as the fluxonium qubit. We discuss that large
inductances also stabilize phase-slips in superconducting nanowires and mention
several other recent applications of large inductances. In section 2.3.2, we turn
to the decoupling of charges from the environment by means of fractionalizing
electrons into Majorana bound states. We briefly discuss in which sense Majo-
rana bound states give rise to artificial atoms unaffected by local interactions
with the environment.

In chapter 3, we discuss circuit quantization in large-impedance environments.
After a short introduction, in section 3.2, we discuss why the node flux formalism
is ill-suited for the quantization of circuits with large impedances and introduce
the new loop charge approach. We discuss the duality between node fluxes and
loop charges in section 3.3 and explain how to handle dissipation in section 3.4.
In section 3.5, we discuss a mixed approach to circuit quantization where some
part of the circuit is described in terms of node fluxes and another part of the
circuit is described in terms of loop charges. In section 3.6, we apply this idea
to Josephson junctions shunted by large impedances. We discuss how the mixed
formulation yields a good approximation scheme for the fluxonium dynamics and
show that a 0-π qubit shunted by large impedances becomes dual to a Majorana-
Josephson junction.

In chapter 4, we turn to the question in which sense the fermionic mode
hosted by a pair of Majorana bound states is nonlocal. Previous work has shown
that the fermionic mode only shows nonlocal behavior in the sense of allowing
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transport of electrons through the mode when the bound states are coupled by
a nonlocal perturbation like a global charging energy. We show that electron
transport through the mode is also possible using a more subtle coupling of
the bound states that arises solely from decoupling the superconductor from the
ground plane in absence of charging energy. We show that the Coulomb-blockade
case and the non-interacting case (in absence of charging energy) have the same
peak conductance e2/h but differ in their shot noise properties.

In chapter 5, we turn to mesoscopic applications related to supersymmetric
quantum mechanics in superconducting circuits derived from the Cooper-pair
box. In section 5.1, we discuss a supersymmetry that arises in a Majorana
Cooper-pair box. The Majorana Cooper-pair box is a Cooper-pair box hosting a
pair of Majorana bound states. A Majorana-Josephson junction couples one of
the bound states to a bound state on a ground superconductor. We discuss the
supersymmetry that arises in this setup and its experimental signatures in tun-
neling spectroscopy. Since Majorana bound states remain challenging to realize
experimentally, we discuss in 5.2 how to realize a similar supersymmetry us-
ing conventional superconducting circuitry in absence of Majorana bound states.
We discuss realistic device parameters and the signatures of supersymmetry in
microwave spectroscopy.

In chapter 6, we summarize our results and end with a short outlook.
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Chapter 2

Superconductors as artificial atoms

2.1 Superconductivity

2.1.1 Phenomenological description

For most people, the characteristic property of a superconductor is its absence
of internal resistance to current flow. This is precisely what the groundbreaking
experiments performed in 1911 by Kannerlingh and Onnes in Leiden showed.
Nevertheless, it is important to realize that a superconductor is more than just
a perfect conductor: it is also a perfect diamagnet. This means that it perfectly
screens magnetic fields in its interior. This effect is nowadays known as the
Meissner-Ochsenfeld effect, named after the two experimenters who measured
this effect for the first time in 1933. This effect goes beyond what would be
expected from a perfect conductor. Assuming zero resistance, any change in the
magnetic field in a perfect conductor would lead to the generation of currents
opposing this change. Due to the absence of resistance, such screening currents
would not die away and the magnetic field should remain constant (London,
1950).

In 1935 the London brothers found equations which would at least phe-
nomenologically describe the superconducting state and which we now want to
motivate following Ashcroft and Mermin (1976, chapter 34, p. 734). Let us de-
note the density of electrons contributing to the dissipationless current flow by n.
In a free-electron model with an electric field E, electrons with charge −e, e > 0,
and effective mass m are accelerated according to mv̇ = −eE. This corresponds
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to a current density j = −env of the electrons in the material and we find

d

dt
j =

ne2

m
E. (2.1)

Making use of Faraday’s law of induction,

∇×E = −∂B
∂t

(2.2)

leads to

∂

∂t

(
∇× j +

ne2

m
B

)
= 0. (2.3)

We see that a time-independent magnetic fieldB and a time-independent current
density j are trivial solutions of Eq. (2.3). In order to recover the Meissner-
Ochsenfeld effect known from superconductors, the London brothers postulated
that instead of Eq. (2.3), the fundamental equation governing the behavior of
a superconductor is obtained by demanding the vanishing of the term in the
bracket,

∇× j = −ne
2

m
B. (2.4)

This equation is nowadays known as the London equation. Assuming that the
rate of time variation of the electric field is sufficiently slow such that displace-
ment currents can be neglected, we can make use of the second Maxwell equation

∇×B = µ0j, (2.5)

with the permeability of free space µ0 in SI units, and obtain

∇2B =
µ0ne

2

m
B = Λ−2B, (2.6)

with the London penetration depth Λ =
√
m/µ0ne2. Similarly, taking the curl

of Eq. (2.4) and using ∇ · j = 0 along with the second Maxwell equation gives

∇2j = Λ−2j. (2.7)

Eq. (2.6) describes the Meissner-Ochsenfeld effect. To see this, consider, for
example, the case of a semi-infinite superconductor occupying the half space
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x > 0 in one dimension. Then the solution of Eq. (2.6) shows an exponential
decay of the magnetic field

B(x) = B(0)e−x/Λ (2.8)

towards the interior of the superconductor. Equation (2.7) shows that not only
the magnetic field but also the currents decay inside the superconductor. For
future reference, we note that using a gauge where the vector potential A = A⊥

is purely transverse, ∇ · A = 0, which is also called the London gauge or the
Coulomb gauge, the London equations can also be written in the concise form

j = −ne
2

m
A⊥. (2.9)

The London equations were successful in describing the basic phenomenology
of superconductors. However, their naive application falls short in one important
aspect: the prediction of flux quantization. Starting from the London equations,
London first predicted the quantization of flux in a superconducting ring to
multiples of h/e. This is in contradiction to the experimental results which
show quantization of the flux to multiples of the superconducting flux quantum
ΦQ = h/2e. It is instructive to repeat his original argument along the lines of
de Gennes (1989, chapter 5.2). First of all, we note that expressing the current
j using the canonical momentum p,

j = −ne
m

(
p+ eA(r)

)
, (2.10)

taking the curl of that equation and making use of the London equation (2.4)
shows that ∇ × p = 0 (London, 1950, § 10). For that reason, we can express
the net canonical momentum p = ∇S as the gradient of some scalar potential
function S. This suggests a specific structure of the wave-function describing
the superconducting state. Assuming that ψ0(r1, . . . , rN) is the ground state
wave function of a superconductor with N electrons that carries no net canonical
momentum p, a state with finite p can be written as

ψ(r1, . . . , rN) = ψ0(r1, . . . , rN) exp(i[S(r1) + · · ·+ S(rN)]), (2.11)

where S(r) is a slowly-varying function of r. The resulting current has the form

j(r) = −ne
m

(
~∇S(r) + eA(r)

)
. (2.12)
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By construction, taking the curl of Eq. (2.12) reproduces the London equa-
tion (2.4). Let us now consider a superconducting ring. According to Eq. (2.7)
the currents decay towards the interior of the ring and we find j = 0 in the in-
terior. If the annulus is threaded by a flux Φ, integrating the resulting equation
A = −~∇S/e over a contour enclosing the hole leads to∮

ds ·A =

∫
dF ·∇×A = Φ = −~

e

∮
ds ·∇S. (2.13)

The single-valuedness of the wave function requires that
∮

ds ·∇S = 2πn with
n ∈ Z. This leads to flux quantization in multiples of h/e.

The reason why we obtained the flux quantization in units of h/e can be
traced back to the fact that we implicitly assumed that the fundamental carriers
of charge in our theory are single electrons. If we had instead assumed that the
fundamental carries of charge in our theory are bound pairs of electrons with
an effective charge −2e, an analysis similar to the one just sketched would have
given the correct flux quantum ΦQ. This suggests that a microscopic theory of
superconductivity should lead to a pairing of electrons. This is the famous BCS
theory which we will describe next.

2.1.2 Mean-field theory of superconductivity

The pairing of electrons must be mediated by some sort of attractive interaction.
We will not consider the question here how this attractive interaction arises
microscopically but simply take its existence for granted. In Fourier space, a
generic (possibly spin-dependent) two-body interaction can be written as

1

2

∑
k,k′,q
αβα′β′

Vα′β′αβ(q) c†k;α′c
†
k′;β′ck′+q;βck−q;α. (2.14)

Here, ck;α are the annihilation operators of an electron with wavenumber k and
spin α. The interaction describes the transfer of wave number q from a particle
with initial wave number k′ + q and spin quantum number β to a particle with
initial wave number k−q and spin quantum number α, resulting in particles with
final wave numbers k′, k. Due to translational invariance, the matrix element
Vα′β′αβ(q) depends only on the transferred momentum. Since we also allow for
spin scattering, the final spin quantum numbers β′, α′ can also be different from
the initial ones.
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From the point of view of Landau’s classic Fermi liquid theory (Nozieres and
Pines, 1999; Fetter and Walecka, 2003), insisting that interactions play a crucial
role for the emergence of superconductivity seems inconsistent at first. The
reason is that although the summation over the wave numbers k, k′, q is a priori
unconstrained, at low temperatures T , the Pauli exclusion principle requires both
the initial and the final momenta to lie in the vicinity of the Fermi surface where
both unoccupied and occupied states are available for scattering. To see what
this means let us, for simplicity, assume an isotropic, spherical Fermi surface with
Fermi wave number kF . Then we must have that k = |k| and k′ = |k′| are of the
order of kF but q = |q| ' kBT/~vF � kF , where kB is the Boltzmann constant
and vF = ~kF/m is the Fermi velocity. As a consequence, the total phase
space available for the interaction is strongly restricted and only comes from
the summation over q � kF which greatly reduces the effects of interactions.
In a modern phrasing, Landau’s Fermi liquid theory is the observation that
interaction terms of the form (2.14) are irrelevant in the renormalization group
(RG) sense (Polchinski, 1992; Shankar, 1994).

There is, however, also a possibility to achieve a large phase space for the
interaction. Previously, we considered two independent initial wave numbers
k − q, k′ + q which are only changed slightly by a small momentum transfer q.
We now consider “correlated” wave numbers k + q/2, −k + q/2, where k ∼ kF ,
q � kF such that both initial wave numbers are close to the Fermi surface but
nearly antiparallel. Note that the meaning of q has changed: q is no longer
the transferred momentum but the conserved center of mass momentum of the
pair of electrons being scattered. In this setting, the Pauli principle does not
prevent a large momentum transfer k′ − k into states with momenta k′ + q/2,
−k′+q/2, where k′ ∼ kF . Since the direction of k′ is arbitrary, we obtain a large
phase space for the interaction which amplifies the effects of interaction in this
channel and ultimately leads to the phenomenon of superconductivity (Altland
and Simons, 2010, chapter 6.4.1). The situation described above corresponds to
an interaction term written in the form

V =
1

2

∑
q

q�kF

∑
k′,k,
αβα′β′

Vα′β′αβ(k′ − k) c†k′+q/2;α′c
†
−k′+q/2;β′c−k+q/2;βck+q/2;α. (2.15)

Note that due to the restriction on the q summation, Eq. (2.15) does no longer
describe the entire interaction but only a subset which is called the Cooper-
channel.

Since Eq. (2.15) describes an interacting theory, the theory cannot be solved
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exactly. The great insight of BCS was that the theory can considerably be
simplified through a somewhat unconventional mean-field approximation. There,
the operators c−k+q/2;βck+q/2;α are replaced by the so-called pair amplitudes

Φαβ(k, q) =
〈
c−k+q/2;αck+q/2;β

〉
. (2.16)

We want to investigate the spin structure of the pair amplitudes (2.16). Since
the tensor product of two spin-1/2 particles decomposes into the direct sum of
the singlet and triplet representations, we can regard Φ as a linear combination
of vectors |S,mS〉 in the singlet or triplet representation with total spin S and
z-projection mS. In line with the interpretation of Φ as a vector, we interpret
Vα′β′αβ(k,k′) as a matrix describing the scattering of singlets and/or triplets.
Assuming overall spin conservation, the matrix elements Vα′β′αβ(k′,k) in the
product basis are related to the matrix elements VS,mS(k′,k) in the singlet-triplet
basis according to

Vα′β′αβ(k′ − k) =
∑
S=0,1

S∑
mS=−S

VS,mS(k′ − k)〈α′β′|S,mS〉〈S,mS|αβ〉. (2.17)

Employing the rewriting

c−k+q/2;αck+q/2;β = Φαβ(k, q) +
(
c−k+q/2;αck+q/2;β − Φαβ(k, q)

)
(2.18)

and neglecting terms quadratic in the fluctuations c−k+q/2;αck+q/2;β −Φαβ(k, q),
the Cooper-channel interaction (2.15) assumes the form

V =
1

2

∑
q

q�kF

∑
k,k′,
αβα′β′

Vα′β′αβ(k′ − k) c†k′+q/2;α′c
†
−k′+q/2;β′c−k+q/2;βck+q/2;α

=
1

2

∑
k,q,α,β
q�kF

[(
∆̃αβ(k, q) c†k+q/2;αc

†
−k+q/2;β +H.c.

)
− Φ∗βα(k, q)∆αβ(k, q)

]
, (2.19)

where we introduced the pair potential

∆̃αβ(k, q) =
∑
S=0,1

S∑
mS=−S

∆S,mS(k, q)〈αβ|S,mS〉 (2.20)

with components ∆S,mS(k, q) =
∑
k′ VS,mS(k − k′)∑α,β〈S,mS|αβ〉Φβα(k′, q).
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Regarding ∆̃αβ(k, q) as components of a matrix and noting the usual connection

|S=0,mS=0〉 =
1√
2

(|↑↓〉 − |↓↑〉), |S=1,mS=− 1〉 = |↓↓〉, (2.21)

|S=1,mS=0〉 =
1√
2

(|↑↓〉+ |↓↑〉), |S=1,mS=1〉 = |↑↑〉, (2.22)

between the spin-triplet basis |S,mS〉 and the product basis of two spin-1/2
particles, we can write the pair potential in the form (Mackenzie and Maeno,
2003)

∆̃(k, q) = ∆(k, q)iσy, ∆(k, q) =
1√
2

(
∆0,0 + ∆1,0 −

√
2∆1,1√

2∆1,−1 ∆0,0 −∆1,0

)
. (2.23)

The extraction of the matrix iσy is convenient because it relates singlet pairing
to the identity matrix, ∆(k, q) ∝ 1.

Eq. (2.20) decomposes the pair potential into different spin-channels. Which
one of those channels is dominant has in general to be determined self-consistently
by minimizing the free energy. However, even without consideration of energetic
arguments, we can already make some general remarks about the properties of the
different pair channels. Specifically, since ∆̃αβ(k, q) must reflect the fermionic
statistics of the particles being scattered, it must be antisymmetric under ex-
change of the scattered particles. Inspection of Eq. (2.16) shows that particle ex-
change corresponds to sending k to−k on the orbital level and exchanging α↔ β

on the spin level. Since the singlet wave function |S = 0,mS = 0〉 in Eq. (2.20)
is odd under particle exchange and the triplet wave function |S = 1,mS〉 is even,
this implies the relation

∆0,0(−k, q) = ∆0,0(k, q), ∆1,mS(−k, q) = −∆1,mS(k, q). (2.24)

Assuming that the pair potential ∆(k, q) is a spherically symmetric function of
k such that it only depends on the azimuth angle θ and the polar angle ϕ, we can
decompose it into spherical harmonics Y m

l (θ, ϕ). Specifically, for a spherically
symmetric function f(x), we have the decomposition

f(x) =
∞∑
l=0

l∑
m=−l

fml Y
m
l (θ, ϕ), fml =

∫
Ω

f(θ, ϕ)Y m∗
l (θ, ϕ)dΩ, (2.25)

where the integration is over the unit sphere Ω. Following conventions from
atomic physics, pair potentials with l = 0, 1, 2, . . . are referred to as s-wave,
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p-wave, d -wave etc. In that respect, it is important to highlight that even/odd
angular momentum number l corresponds to even/odd parity of the spherical
harmonics. Taking Eq. (2.24) into account, we find that s-wave pairing requires
spin-singlet pairing in order to comply with Fermi statistics, while p-wave pairing
necessarily requires spin-triplet pairing.

The preceding analysis already allows one to understand a number of classic
facts about superconductivity. For s-wave pairing, we have a pairing of elec-
trons with their time-reversed partners. Since time-reversal invariant disorder
preserves this pairing mechanism, the Anderson theorem predicts that s-wave su-
perconductivity is rather insensitive to non-magnetic disorder (Anderson, 1959).
However, since the phase space argument relies on the presence of the Fermi
surface, s-wave superconductivity in three dimensions breaks down in the strong
localization regime kF ` ∼ 1 where ` is the mean-free path (Ihn, 2009, chap-
ter 15.8). The k-dependence of everything beyond s-wave pairing leads to an
increased sensitivity to time-reversal invariant disorder since the mean-field is
effectively decreased by the averaging over the Fermi surface. In that case, super-
conductivity already breaks down when the mean-free path becomes of the order
of the superconducting coherence length ξ (Larkin, 1965; Balian and Werthamer,
1963), see also Mackenzie and Maeno (2003, section 1.C).

Although the mean-field potential (2.19) captures the paring of electrons,
it has the startling property that it does not conserve particle number. This
is reflected in the fact that if we regard ∆(k, q) as a fixed, external parame-
ter, the Hamiltonian is no longer gauge invariant. A gauge transformation is
a mapping from states |Ω〉 in frame S to states |Ω′〉 = U |Ω〉 in frame S ′ with
U = eiχ(r) and χ(r) some function of the position operator. Gauge invariance
means that we have the equality of all matrix elements 〈Ω1|A|Ω2〉 = 〈Ω′1|A′|Ω′2〉
of the operators A and A′ in the respective frames for arbitrary states |Ω1〉, |Ω2〉.
This obviously holds when A and A′ are related as A′ = UAU † (Berche et al.,
2016). Consequently, we obtain the gauge transformed Hamiltonian by mapping
c†α(r)→ Uc†α(r)U † = eiχ(r)c†α(r) and the mean-field pair potential breaks the in-
variance of the Hamiltonian under that transformation. However, it is important
to note that this does not hint at a fundamental problem of the theory, but rather
at the fact that we are not applying the mean-field approximation correctly. Al-
though in the mean-field approximation, we neglect the quantum dynamics of the
Cooper-pair condensate, we cannot simply regard the mean-field as an external
parameter. Physically meaningful results are only obtained if the strength of the
mean-field is consistent with the dynamics of the fermionic degrees of freedom
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generating the mean-field. This means that the mean-field has to be determined
self-consistently according to Eq. (2.16). Indeed, Eq. (2.16) shows that the gauge
transformation on the fermions induces a transformation on the pair potential,
∆αβ(r1, r2) → e−i[χ(r1)+χ(r2)]∆′αβ(r1, r2) (Rickayzen, 1965, chapter 6.5), where
∆′αβ(r1, r2) refers to a pair potential determined self-consistently with respect
to the transformed Hamiltonian UHU †.1 Taking this change of the mean-field
into account recovers gauge-invariance (de Gennes, 1989). Going beyond a pure
mean-field treatment in a path-integral treatment also shows that the theory re-
mains perfectly gauge-invariant (van Otterlo et al., 1999). Furthermore, one can
show that the essence of electron pairing can also be captured in a purely canon-
ical, electron-number conserving approach (von Delft, 2001), see also Zagoskin
(2014, chapter 4.1), which reproduces the BCS results in the bulk limit where
the energy spacing of the single-electron spectrum is much smaller than the pair
potential.

Despite not posing a fundamental problem, the terms comprised of two cre-
ation and annihilation operators in Eq. (2.19) raise the question how to prop-
erly diagonalize the resulting Hamiltonian. We will therefore try to rewrite the
Hamiltonian into a form akin to a number-conserving theory which only has
terms comprised of an equal number of annihilation and creation operators. A
convenient way to do this is suggested by the considering the non-interacting
part ĥ of the Hamiltonian. In absence of spin symmetry, it is of the form

ĥ =
∑
k,α,β

(εk,α,β − µδαβ)c†k;αck;β, (2.26)

with the matrix element εk,α,β between electron with momentum k and spin-
polarizations α, β and µ the electrochemical potential (Sommerfeld, 1956). How-
ever, let us for a moment neglect the spin-dependence of the fermionic operators
ck;α such that the matrix elements εk,α,β → εk become energy eigenvalues εk. We
next introduce electron operators ak and hole operators bk according to (Fetter
and Walecka, 2003, chapter 3, §7)

ck =

{
ak |k| > kF ,

b†−k |k| < kF .
(2.27)

We see that the quantum numbers of the hole operator are related to the quan-
tum numbers of the electron operator through time-reversal. In terms of these

1The transformation behaviour is easy to understand by noting that 〈Ω|c(r1)c(r2)|Ω〉 =

〈Ω′|Uc(r1)c(r2)U†|Ω′〉 = e−iχ(r1)−iχ(r2)〈Ω′|c(r1)c(r2)|Ω′〉.

15



µ

k

E(k)

E(e)(k) E(h)(k)

ka

kb

Figure 2.1: In a free electron gas with quadratic energy dispersion E(e)(k)
(blue solid line) with respect to the electron momentum k, all states with
energies E(e)(k) below the Fermi level µ (horizontal black dashed line) are
occupied at zero temperature. Here, we show an excited state resulting
from (a) removing an electron with momentum ka from the occupied
states (black dots), leaving behind a hole (white dot) and (b) adding an
electron above the Fermi level with momentum kb. The energies required
for creating the excitations (a) and (b) are −[E(e)(ka) − µ] > 0 and
+[E(e)(kb)−µ] > 0. We can describe those excitations with respect to the
filled Fermi sea by introducing a hole band as a copy of the electron band
flipped vertically around the Fermi level such that E(h)(k) = 2µ−E(e)(k).
In this picture, the excitations (a) and (b) both correspond to occupying
states with positive excitation energies E(h)(ka) − µ and E(e)(kb) − µ.
In fact, there is a one-to-one correspondence between the conventional
description of an electronic state and a description in terms of excitations
in the electron and hole bands with energies E > µ.
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operators, we can rewrite the energy expression as∑
k

(εk − µ)c†kck =
∑
|k|>kF

(εk − µ)a†kak +
∑
|k|<kF

[(µ− εk)b†kbk + (εk − µ)], (2.28)

where we used εk = ε−k. Eq. (2.28) gives a different perspective on the non-
interacting Fermi gas: instead of considering electrons at all energies that are
added to the vacuum, we may equally well consider electron excitations (electrons
added above the Fermi level) and hole excitations (electrons removed below the
Fermi level) with positive excitations energies on top of the filled Fermi sea,
c.f. Fig. 2.1.

Rather than thinking about the removal of two electrons, we may thus prefer
to think about the removal of an electron and the creation of a hole excitation.
As before, the quantum numbers of the the hole excitation are related to the
quantum numbers of the electron excitation through time reversal. For a spin-
1/2 particle, the antiunitary time-reversal operator reads T = −iσyK. Here,
σy is a Pauli matrix acting on the spin degrees of freedom and the antiunitary
operator of complex conjugation K is defined through its action K|r, α〉 = |r, α〉
on the state |r, α〉 of a particle with spin α at position r (Messiah, 1958, chapter
15.5). Using the notation ck = (ck;↑, ck;↓)T , we combine the electron and hole
operators into the Nambu spinor (Nambu, 1960; Tsuneto and Nakahara, 2005)

Ψk =

(
ck

iσyc
†
−k

)
. (2.29)

In line with our previous discussion, we refer to the upper part as the electron
or particle part and to the lower part as the hole part of the spinor. Interpreting
the matrix elements 〈k, α|ĥ|k, β〉 = hαβ(k) of the non-interacting Hamiltonian ĥ
as a matrix h(k) in spin space, we express H in the form

H =
1

2

∑
k′,k

|k′−k|�kF

Ψ†k′H
BdG
k′,k Ψk +

1

2

∑
k

Trh(k)− 1

2

∑
k,q
q�kF

Tr
[
Φ∗(k, q)∆̃(k, q)

]
, (2.30)

where we have introduced the Bogoliubov-de-Gennes (BdG) Hamiltonian

HBdG
k′,k =

(
h(k)δ(k′ − k) ∆(k

′+k
2
,k′ − k)

∆†(k
′+k
2
,k − k′) −σyh∗(−k)σyδ(k

′ − k)

)
, (2.31)

with (σyh
∗(−k)σy)αβ = 〈k, α|T ĥT †|k, β〉. The use of the Nambu spinors removes

the unconventional terms from the Bogoliubov-de-Gennes Hamiltonian and we
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can therefore diagonalize it by standard methods through a unitary transforma-
tion. Despite this similarity to conventional single-particle quantum mechan-
ics, in general we cannot interpret Eq. (2.31) as a single-particle wave equation
(Datta, 1999). The reason is that we have not made the distinction whether
the momentum k is above or below the Fermi surface in the introduction of the
Nambu spinor. This means that unlike the electron and hole operators a and b,
the particle-hole components of the Nambu spinor are not independent. This is
reflected in a particle-hole symmetry of the BdG Hamiltonian. Note that under
time-reversal T , the pair potential transforms as2

T ∆(k, q)T † = σy∆
∗(−[k′ + k]/2,k − k′

)
σy = ∆†

(
[k′ + k]/2,k − k′

)
. (2.32)

In the last step we used the relation σy∆(k, q)σy = ∆T (−k, q) which follows from
the matrix form (2.23) and the transformation behaviour (2.24) under k → −k
of the pair potential ∆(k, q). Using this, it is easy to see that the Bogoliubov-
de-Gennes Hamiltonian (2.31) anticommutes with the particle-hole symmetry

C = T iτy, (2.33)

where τy is a Pauli matrix acting on the particle-hole structure of the BdG Hamil-
tonian (see Hell et al. (2016); Pientka et al. (2016) for some recent work using
our Nambu spinor convention). This means that if (uk, v−k) are the momentum-
space components of an eigenstate to energy E,

∑
k

HBdG
k′,k

(
uk
v−k

)
= E

(
uk′

v−k′

)
, (2.34)

then (−iσyv∗k, iσyu∗−k) are the components of an eigenstate to energy −E. On
the level of the creation and annihilation operators, this gives

γE =
∑
k

[u†kck + v†−kiσyc
†
−k], γ−E =

∑
k

[vTk iσyck + uT−kc
†
−k]. (2.35)

It is easy to see that this implies γ†−E = γE, showing that the excitations at
negative energies (with respect to the chemical potential of the superconduc-
tor) are not independent from the excitations at positive energy. Since the

2Note that we interpret the BdG Hamiltonian as an operator with matrix elements given
by Eq. (2.31). This means that Eq. (2.32) must correctly be interpreted as a statement about
the matrix elements of the time-reversed operator corresponding to the pair potential.
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Nambu representation (2.30) is an exact representation of the original mean-
field Hamiltonian, this does not pose a problem as long as we work with the
(second-quantized) Hamiltonian (2.30). On the contrary, if we work with the
BdG Hamiltonian (2.31), we should only take the solutions at energies E > 0

into account in order to avoid a double counting of the degrees of freedom.
Finally, for comparison with the literature, a final comment: the particle-hole

symmetry C as defined in Eq. (2.33), consisting of a “full” time-reserval combined
with the exchange of the role of creation and annihilation operators, should be
considered to be the fundamental symmetry that is always present in the mean-
field treatment of superconductivity. Note that this particle-hole symmetry obeys
C2 = 1 which is referred to as symmetry class D in the Altland-Zirnbauer classi-
fication in absence of other symmetries (Altland and Zirnbauer, 1997; Schnyder
et al., 2008, 2009). The presence of additional symmetries, however, may al-
low us to modify the definition of the particle-hole operator C. For example, in
the case of additional spin-rotational symmetry (this is symmetry class C in the
Altland-Zirnbauer classification (Altland and Zirnbauer, 1997)), we may work
with a reduced Nambu spinor consisting of only one spin-component and its
time-reversed version, say, (ck,↑, c−k,↓). Then we may as well forget about the
swap of the spin-component in the definition of the time-reversal operator, and
arrive at a particle-hole operator of the form C ′ = iτyK obeying C ′2 = −1 (Vish-
wanath, 2005).

With those comments, we have understood the conceptual basics of the mean-
field theory of superconductivity. In a nutshell, solving the mean-field problem
amounts to diagonalizing the Hamiltonian (2.30) or (2.31) and self-consistently
determining the pair amplitudes (2.16). The simplest case of pure s-wave pairing
can be found in many textbooks and we refer the interested reader to the litera-
ture (de Gennes, 1989; Rickayzen, 1965). For s-wave pairing, the important result
is that a self-consistent k-independent mean-field ∆S=0,mS=0(k, q = 0) = ∆0,0

solution can be found for vanishing center-of-mass momentum q = 0 of a Cooper
pair, which leads to an excitation gap of 2∆0,0.

We want to make a final comment about the regime of applicability of the
mean-field treatment. The scale on which the pair correlations decay is called the
superconducting coherence length ξ. For the s-wave case in the clean limit, it can
be expressed as ξ = ~vF/π∆0,0 (Rickayzen, 1965, Section 4.8). The analysis of
the Ginzburg criterion for the validity of the mean-field approximation (Chaikin
and Lubensky, 1995, chapter 5.1) shows that the BCS mean-field treatment is
a high-density approximation justified when ξn1/3 � 1, where n is the density
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of superconducting electrons which at T = 0 equals the electron density.3 Using
the s-wave expression for ξ and assuming a spherical Fermi surface with Fermi
energy EF = ~2k2

F/2m, this expression can also be written as EF/∆0,0 � 1 up
to numerical prefactors. In typical metals, we have EF/∆0,0 ' 104 (Ashcroft
and Mermin, 1976, chapter 34, p. 742) such that the mean-field approximation
is extremely well satifisfied.

Although we have now discussed the Cooper pairing in some detail, it may
not yet be apparent how the pairing explains the electromagnetic properties such
as the Meissner-Ochsenfeld effect and the flux quantization. This is what we shall
discuss in the next section.

2.1.3 Transverse response

In order to show that BCS theory gives indeed a reasonable account of supercon-
ductivity, we have to show that it reproduces the Meissner-Ochsenfeld effect as
expressed by Eq. (2.9) in a suitable limit. Noting that the current decomposes
into a paramagnetic and a diamagnetic term, we define a response function χscr

⊥
in the form

〈j⊥ind〉 = −e2

(
χscr
⊥ +

n

m

)
A⊥, (2.36)

where the second term n/m is just the lowest order diamagnetic response. We use
the superscript “scr” to indicate that we are considering the (screened) response
to the total vector potential A⊥. For the Meissner-Ochsenfeld effect, we want
to study the response to a finite magnetic field (B = iq ×A⊥) in absence of an
electric field (E = iωA/c) in the long wavelength limit (Rickayzen, 1965, chapter
2.6). Reproducing the London equation (2.9) in that limit requires that4

lim
q→0

lim
ω→0

χscr
⊥ (ω, q) = 0. (2.37)

3The Ginzburg criterion in three dimensions gives that fluctuations become relevant for
when the reduced temperature t = (T − Tc)/Tc is below tG = k2B/[32π2(∆cV )2ξ6] (Chaikin
and Lubensky, 1995, chapter 5.1). The BCS result for the specific heat jump when the sample
becomes normal conducting at temperature Tc is ∆cV ≈ 9.4ρ(0)k2BTc (Tinkham, 1996, chapter
3.6.3), where ρ(0) is the normal-conducting density of states at the Fermi energy. Using that
∆0,0 ≈ 1.76kBTc and assuming a spherical Fermi surface with Fermi wave number kF and
electron density n = k3F /3π

2, we find that tG ∝ (ξn1/3)−4. Since Tc ' 1 K and ξn1/3 '
103 − 104, mean-field theory stays essentially valid up to the critical temperature Tc.

4Note that the order of the limits is important. Reversing the order would describe the
response to a quasi-static electric field in absence of magnetic fields!
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Since in quantum mechanics we typically consider the coupling to an exter-
nal vector potential A⊥ext, rather than the coupling to the self-consistent vector
potential A⊥ including the response of the system, we briefly want to comment
on the connection between the two approaches. In analogy to Eq. (2.36), the
response χex

⊥ of the induced current j⊥ind to an external field A⊥ex is defined by

〈j⊥ind〉 = −e2

(
χext
⊥ +

n

m

)
A⊥ext. (2.38)

In order to relate χext
⊥ and χscr

⊥ , we have to establish a relation between A⊥ext and
A⊥. The dynamics of A⊥ is determined Maxwell’s equations. In Fourier compo-
nents of eiq·r−iωt, Maxwell’s equations for the vector potential A⊥ read (Jackson,
1999, chapter 6.2), (Nozieres and Pines, 1999, chapter 4.7)

(ω2 − c2q2)A⊥ = −j⊥/ε0, (2.39)

where we used the permittivity of free space ε0 = 1/µ0c
2. The external field A⊥ext

is defined to be generated by the external current j⊥ext,

(ω2 − c2q2)A⊥ext = −j⊥ext/ε0, (2.40)

which contributes to the total current according to

j⊥ = j⊥ind + j⊥ext. (2.41)

Inserting the current decomposition (2.41) into the equation of motion (2.39) for
the total vector potential A⊥ and making use of Eq. (2.36) leads to the relation

A⊥ =
A⊥ext

1− e2(χscr
⊥ + n/m)/[ε0(ω2 − c2q2)]

. (2.42)

Relation (2.42) shows from another perspective that the limiting behavior (2.37)
of the response χscr

⊥ implies perfect diamagnetism, limq→0A
⊥(ω = 0, q) = 0.

Inserting Eq. (2.42) into Eq. (2.36) and comparing with the definition (2.38) of
χext
⊥ , we find the relation

χext
⊥ + n/m =

χscr
⊥ + n/m

1− e2(χscr
⊥ + n/m)/[ε0(ω2 − c2q2)]

(2.43)

between the two response functions.
Diagrammatic perturbation theory yields a convenient way to calculate the

response functions χscr
⊥ and χext

⊥ appearing in Eq. (2.43). To linear order in A⊥ext,
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the external vector potential couples to the fermions through a term of the form
j⊥ind ·A⊥ext. In order to obtain the linear response χext

⊥ +n/m of j⊥ind to the pertur-
bation A⊥ext, we have to evaluate the current-current correlation function (Bruus
and Flensberg, 2004, chapter 6.2). We can essentially think of the current-current
correlation function as a four fermion correlation function ∼ 〈j⊥indj⊥ind〉. Calcu-
lation of χext + n/m then corresponds to summing all connected diagrams with
four external fermion lines. The vertices in those diagrams can come from inter-
actions within the fermionic theory or interactions of the fermions with photons,
i.e., interactions with the vector potential A⊥. Focusing on the latter, we define
an irreducible kernel obtained from the sum of one-photon-irreducible diagrams.
One-photon-irreducible diagrams are diagrams which cannot be cut into two
halves by removal of a single photon line, c.f. Fig. 2.2(b). The total response
χext
⊥ + n/m then decomposes into insertions of the irreducible kernel which are

connected by photon lines with the associated propagator 1/(ω2−c2q2) in Fourier
space, c.f. Fig. 2.2(a). Noting that Eq. (2.43) can be written as

χext
⊥ + n/m = (χscr

⊥ + n/m) + (χscr
⊥ + n/m)

e2

ε0(ω2 − c2q2)
(χext
⊥ + n/m) (2.44)

shows that we can identify the irreducible kernel with the screened response
function χscr

⊥ + n/m.

Figure 2.2: In (a), we show a diagrammatic interpretation of the rela-
tion (2.44). The white bubble correspond to the current-current response
function, the external vertices are indicated as dots and the external legs
are not shown. The striped bubble is the irreducible polarization bub-
ble given by the sum of diagrams which cannot be cut into two halves
by removing a single photon line. Two diagrams contributing to the ir-
reducible polarization bubble are shown in (b), where the double lines
represent the propagation of Nambu spinors.

Since the total vector potentialA⊥ is reduced compared toA⊥ext due to screen-
ing, we expect that the interaction with the screened vector potential A⊥ is only
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a weak effect. This motivates the random phase approximation (RPA) (Nozieres
and Pines, 1999, chapter 5.2) which completely neglects the interaction with the
electric field for the calculation of χscr

⊥ . This corresponds to taking only the first
diagram of Fig. 2.2(b) into account. For the case of s-wave pairing and vanishing
Cooper-pair center-of-mass momentum (∆(k, q) ∝ δ(q)), the calculation of the
corresponding diagram can be found in many textbooks, c.f., e.g., de Gennes
(1989, chapter 5.3) and Rickayzen (1965, chapter 6.3), and we only quote the
result

lim
q→0

lim
ω→0

χscr
⊥ (ω, q) = lim

ω→0

2~2

3m2

∫
d3k

(2π)3
k2∂f(E)

∂Ek
=

n

m

ρs(0)

ρ(0)
. (2.45)

In the last step, we have rewritten the result using the superconducting density
of states ρs(E) =

∑
k δ(E − Ek), where Ek are the excitation energies of the

Bogoliubov quasiparticles (2.35) and ρ(E) =
∑
k δ(E−εk) is the density of states

in absence of superconductivity. Since the superconducting density of states is
gapped, we reproduce the Meissner-Ochsenfeld result (2.37). Eq. (2.45) shows
that the superconducting diamagnetic response can be explained by the absence
of single particle density of states in the vicinity of the Fermi energy due to the
Cooper-pairing mediated energy gap. Having understood that Cooper-pairing
indeed leads to the expected diamagnetic response, it remains to show that it
also gives the right prediction for flux quantization.

2.1.4 Longitudinal response

In the previous section, we have described the response of the superconductor
to transverse fields. For a full characterization of the superconducting response,
it remains to establish the longitudinal response. Instead of doing a new cal-
culation, we can simply exploit the gauge-invariance of the theory. As in the
previous section, we start in a frame S with wave function |Ω〉, vanishing electric
potential and a purely transverse vector potential A⊥(r). We can go over to a
frame S ′ with a wave function |Ω′〉 = U |Ω〉 related to |Ω〉 by a unitary transfor-
mation U = exp[iχ(r̂, t)]. Here, χ(r̂, t) is a possibly time-dependent function of
the position operator r̂. As discussed previously, gauge invariance means that
for every operator A in frame S and the corresponding operator A′ in frame S ′

we have the equality 〈Ω|A|Ω〉 = 〈Ω′|A′|Ω′〉, which obviously holds when A and
A′ are related as A′ = UAU † (Berche et al., 2016). The gauge transformation U
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induces the usual changes

A′(r, t) = A⊥(r)− ~
e
∇χ(r, t), (2.46)

V ′(r, t) =
~
e

∂

∂t
χ(r, t), (2.47)

of the vector potential A and the scalar potential V . The current operator
transforms as

̂′(r) = ̂(r) +
en(r)

m
∇χ(r, t). (2.48)

Letting |Ω〉 and |Ω′〉 denote the BCS ground states in the respective frames, the
gauge-invariance condition reads

〈Ω′|̂′(r)|Ω′〉 !
= 〈Ω|̂(r)|Ω〉 = −n(r)e2

m
A⊥(r), (2.49)

where the last result is just the London result (2.9) derived previously. Using
Eq. (2.48) and the gauge-invariance condition (2.49), we obtain

〈Ω′|̂′(r)|Ω′〉 = −en
m

(
~∇χ(r, t) + eA′(r, t)

)
. (2.50)

As we have already discussed, under the gauge transformation the pair potential
transforms as

∆′(r1, r2) = ei[χ(r1,t)+χ(r2,t)]∆(r1, r2) = eiφ
′([r1+r2]/2,t)∆(r1, r2). (2.51)

We highlight that since we have used the London result (2.9), we restrict ourselves
to gauge functions χ(r, t) varying slowly in time compared to to ~/∆, where
∆ is the bulk superconducting gap, and slowly in space on the scale of the
superconducting coherence length ξ (van Otterlo et al., 1999, section 4.1). In the
last step, we have defined the superconducting phase φ′(r, t) in S ′. Since the pair
correlations decay on the scale of the superconducting coherence length ξ, this
gives an unambiguous definition of the superconducting phase. In particular, we
note that we have χ(r1) + χ(r2) ≈ 2χ([r1 + r2]/2) = φ([r1 + r2]/2). We can
therefore write the current in the form (Tinkham, 1996, chapter 4.1)

〈Ω′|̂′(r)|Ω′〉 = − ne
2m

(
~∇φ′(r, t) + 2eA′(r, t)

)
. (2.52)
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Taking into account that the gauge transformation leads to the presence of an
additional scalar potential V ′ in S ′, we find the Josephson relation (Josephson,
1974)5

~
d

dt
φ′(r, t) = 2eV ′(r, t). (2.53)

Equations (2.53) and (2.52) are the fundamental equations governing the elec-
tromagnetic response of the superconductor. Notably, Eq. (2.52) is manifestly
gauge-invariant. This can be easily seen from the transformation behaviour
φ′(r, t) = φ(r, t)+2χ(r, t) of the superconducting phase of the pair potential (as
implied by Eq. (2.51)) and the transformation (2.46) of the vector potential.

With the full response characterization of the response, we can finally deal
with the question of flux quantization raised in Sec. 2.1.1. We consider the
case of a homogeneous superconducting ring with periodic boundary conditions
and integrate Eq. (2.52) over the interior of the annulus where j = 0. Since
instead of the electron charge −e we now find the Cooper-pair charge −2e in the
current expression (2.52), demanding single-valuedness of the superconducting
phase gives the correct flux quantization in units of ΦQ = h/2e. To see that
it is indeed φ and not χ that needs to be single-valued, we must recall that
∇χ(r) does not correspond to the total wavenumber of an electron. Instead,
for every value of ∇χ(r), we have a Cooper pair composed out of two electrons
with wave numbers ±k + ∇χ. If we have

∮
ds ·∇χ = (2n + 1)π, n ∈ N0, the

total electron wave number still obeys periodic boundary conditions provided we
choose

∮
ds · k = (2n′ + 1)π with n′ ∈ N0.

2.1.5 Superconducting hydrodynamics

In the previous sections, we have described microscopic aspects of BCS mean-
field theory of superconductivity. We have found that for long wavelengths and
low frequencies, the electromagnetic properties are described by the Josephson
relation (2.53) and the gauge-invariant current expression (2.52). Since both

5Note that in many references, e does not denote the elementary charge but the (negative)
electron charge. Consequently, care should be used when comparing with results in the litera-
ture. Our result is consistent with the results of Josephson (1974) and Feynman et al. (2010b).
Schön and Zaikin (1990) find ∂φ̃/∂τ = 2qV/~ (see Eq. (3.33)) with q = −e the electron charge
(see the form of the coupling to the vector potential in Eq. (3.18)). Continuation to real time
maps τ → it and V → −iV (Altland and Simons, 2010, p. 276). Taking into account that
φ̃ = −φ (see their equation (3.24)), we recover our result.
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expressions only involve the superconducting phase φ, this indicates that the
low-energy properties of superconducting systems are entirely determined by the
superconducting phase φ as a single collective degree of freedom.

Indeed, the above relations can be derived using a path integral treatment
involving explicitly the quantum dynamics of the scalar potential V and the
vector potential A of electromagnetism (subject to a certain choice of gauge)
and the fermionic degrees of freedom. Introducing the pair potential ∆ through a
Hubbard-Stratonovich transformation of the Cooper-pair interaction, integrating
out the fermions and performing a gradient expansion to second order in the
superconducting phase φ, both the Josephson relation and the Josephson current
follow from the classical saddle-point equations for the scalar potential V and
the vector potential A, c.f. Schön and Zaikin (1990, Sec. 3.2.1) and van Otterlo
et al. (1999). As lucidly discussed by Altland and Simons (2010, Sec. 6.4, p. 291),
the validity of the gradient expansion requires a large dimensionless parameter
multiplying the action and consideration of scales which are large with respect
to the microscopic length scale. In the present case, the relevant length scale
is the superconducting coherence length ξ. From our discussion at the end of
section 2.1.2, it should not come as a surprise that the large parameter justifying
the expansion is n1/3ξ ' EF/∆ (Emery and Kivelson, 1995).

Considering φ as a broken-symmetry variable originating from the breaking
of the global U(1) symmetry by the Cooper-pair condensation, we refer to the re-
sulting theory focusing on the long-wavelength dynamics of the superconducting
phase φ as a single relevant degree of freedom as superconducting hydrodynam-
ics (Chaikin and Lubensky, 1995). We will see in the next chapter how this allows
an extremely efficient modeling of the behavior of superconducting circuits.

2.2 Circuit quantum electrodynamics

In the previous section, we have seen that superconducting systems at frequen-
cies below the superconducting gap ∆/~ can be described with the help of the
superconducting phase φ as a single collective degree of freedom. The absence
of dissipation below the superconducting gap and the coupling of the supercon-
ducting phase φ to electromagnetic fields makes it possible to employ supercon-
ducting circuits as artificial atoms. The interaction of real atoms with light has
traditionally been studied in the framework of cavity quantum electrodynamics
(cavity QED), where atoms are placed into optical cavities which amplified the
weak interaction with the photons (Walther et al., 2006). By analogy, the study
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of the interaction of superconductors with light has been referred to as circuit
quantum electrodynamics (Blais et al., 2004). Compared to conventional cavity
QED, circuit QED has the distinct advantage that the properties of the artificial
atoms under study can be engineered by suitable changes in circuit design. Con-
ventional capacitances and inductances, however, have the problem that they
lead to harmonic spectra. Superconducting circuitry remedies this problem by
bringing Josephson junctions to the table, which behave as nonlinear inductors.
Due to the absence of dissipation, the resulting circuits can be described using
Hamiltonian dynamics. The circuits are typically idealized using the lumped ele-
ment approximation. Finding the Hamiltonian of a given lumped element circuit
is the task of circuit quantization.

In this chapter, we first describe the Josephson effect in Sec. 2.2.1. We then
recapitulate the lumped element approximation to electronic circuits in Sec. 2.2.2
and finally explain the node flux approach to circuit quantization in Sec. 2.2.3.

2.2.1 Josephson effect

The Josephson effect describes an equilibrium current flow between two super-
conductors A and B that are separated by a small tunneling barrier. Instead of a
using a microscopic calculation (see, e.g. Ambegaokar et al. (1982); Eckern et al.
(1984); Schön and Zaikin (1990)), we will introduce the effect using a somewhat
phenomenological argument following Ferrell and Prange (1963) and de Gennes
(1989, chapter 4.3). We believe that it illustrates the essential features without
making the exposition overly complicated.

We consider two superconductors A and B that are separated by a small tun-
neling barrier and are biased at voltages VA and VB. If the barrier is sufficiently
thick such that tunneling of Cooper pairs is negligible, the wave function is a
product state,

|n〉 = |ψ(A)
2n 〉 ⊗ |ψ(B)

2(N−n)〉. (2.54)

Here, |ψ(A)/(B)
n 〉 denotes the ground state of superconductor A or B with n elec-

trons for VA = VB = 0. We assume that the total electron number 2N is fixed.
We now add a Hamiltonian HT describing the hopping of electrons between the
two superconductors. To second order in HT and including the effect of the finite
voltages, the effective Hamiltonian reads

H = −J0

∑
n

(|n〉〈n+ 1|+ |n+ 1〉〈n|)− 2e(VA − VB)
∑
n

|n〉〈n|, (2.55)
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where we have used that the matrix element for hopping in tight-binding calcu-
lations is typically negative.

We first consider the case VA = VB = 0. Since the Hamiltonian H is of the
tight-binding form, it can be diagonalized by a Bloch state

|ψk〉 =
∑
n

e−ikn|n〉 (2.56)

with energies given by

Ek = −2J0 cos(k). (2.57)

From the above we see that k is conjugate to n in the usual sense of Fourier
duality and we can write the Hamiltonian H in the form

H = −2J0 cos(k)− 2e(VA − VB)n, (2.58)

where we can consider k and n = −i∂k as operators. If we now construct a
wave packet |ψ〉 =

∑
k ck|ψk〉 with a function ck strongly peaked around some

value k0 and evolve it in time with the time evolution operator e−iHt/~ (still with
VA = VB = 0), we find that the wave packet moves with a group velocity6

~d〈n〉
dt

= −∂Ek
∂k

= −2J0 sin(k). (2.59)

This corresponds to flow of current directed from B towards A of

IB→A = (−2e)
d〈n〉
dt

=
4eJ0

~
sin(k). (2.60)

On the other hand, we find

~
d〈k〉
dt

=
∂H

∂n
= 2e(VB − VA), (2.61)

suggesting that we can relate k to the superconducting phase difference as

k = φB − φA + const., (2.62)

where φB and φA are the phases of superconductor A or B, respectively. The
identification (2.62) suffers from the fact that it is not invariant under a transfor-
mation |ψ′〉 = eiχ|ψ〉 with a smooth function χ(r) equal to χA at superconductor

6Note that the minus sign in front of the derivative of the dispersion relation Ek reflects
the fact that n plays the role of momentum according to our Fourier convention (2.56).
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A and equal to χB at superconductor B. Remembering from our discussion in
Sec. 2.1.4 that this maps the superconducting phases as φA/B → φA/B + 2χA/B
while the vector potential A maps to A − ~c∇χ/e, we find that the gauge-
invariant current expression must be of the form

IB→A = Ic sin
(
φB − φA +

2e

~

∫ B

A

ds ·A
)
, (2.63)

with the critical current Ic = 4eJ0/~. For completeness, we note that the mi-
croscopic calculation of the critical current for s-wave pairing results in Ic =

π|∆|/2eRn, where Rn is the normal state resistance of the junction (Ambegaokar
and Baratoff, 1963a,b).

2.2.2 Lumped elements

The microscopic equations governing the electrodynamics of conductors are Max-
well’s equations. Since Maxwell’s equations are a set of complicated partial dif-
ferential equations, it is desirable to devise suitable approximation schemes which
capture the essential physics. The lumped element approximation simplifies the
solution of the electrical network problem by separating the problem into the
solution of a topological and a geometric part. To that end, we assume that
the electrical network can be decomposed into so-called lumped elements such
that the electromagnetic fields outside of the lumped element that are gener-
ated by the charges and currents within the lumped elements do not interact
strongly with with rest of the circuit (Feynman et al., 2010a, chapter 22.1).7

We also assume that the lumped element are connected by perfectly conducting
wires. These assumption allows us to solve for each lumped element separately
the geometrical problem how charges and currents within the lumped element
respond to electric fields within the elements. The linear relation between the
sources and the electric fields in Maxwell’s equations allows capturing the ge-
ometric information in coefficients like the capacitance C of a capacitor or the
inductance L of an inductor which essentially specify the response of the electric
fields per unit source. For a given set of response coefficients, the solution of
the electrical network problem then depends only on the topological information

7Note that due to the fact that magnetic flux lines are closed, ∇ ·B = 0, we cannot assume
that the field is completely confined to the lumped elements. However, we may still assume
that the flux density penetrating other parts of the circuit is negligibly small compared to the
flux penetrating the lumped element.
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how the different lumped elements are interconnected. The equations governing
the resulting dynamics are the Kirchhoff laws. Since they will play a crucial
role in what follows, we will derive them here directly from Maxwell’s equations,
following Devoret (1996).

To derive the Kirchhoff current law, we consider a node where several wires
interconnecting several lumped elements come together. We consider a volume
V around the node whose surface ∂V intersects all of the lumped element blobs
connected to the node. Let (∂V )i be the intersection of the surface of the volume
with element i. We define the current passing through each segment by

Ii =
1

µ0

∮
∂(∂Vi)

ds ·B, (2.64)

where ∂(∂V )i is the boundary of the intersection surface. With the help of Stokes’
theorem and Ampère’s law, we obtain

Ii =
1

µ0

∫
(∂V )i

dF · (∇×B) =

∫
(∂V )i

dF · j + ε0
∂

∂t

∫
(∂V )i

dF ·E, (2.65)

showing that the current definition (2.64) encompasses both the contributions
from the particle currents and the displacement currents. Since we assumed
that the electric field outside of the lumped element is negligible, the current is
independent of the specific path chosen for the integration in Eq. (2.65). Since
Gauss’ divergence theorem gives∫

∂V

dF ·∇×B =

∫
V

dV ∇ · (∇×B) = 0, (2.66)

we obtain from Eq. (2.66) the current Kirchoff law∑
i

Ii = 0. (2.67)

Similarly, we decompose a closed loop ∂F passing through the lumped ele-
ments which bounds some area F into segments (∂F )i associated with the ele-
ments. We define the voltage drop along the element as

Vi =

∫
(∂F )i

ds ·E. (2.68)

For inductors, we demand that the integration in Eq. (2.68) does not pass through
the inductive wires. With this agreement, as we will show below, Maxwell’s law
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Figure 2.3: Example circuit illustrating how the action of the electromo-
tive forces can be represented as an effective voltage drop, although the
electric field is no longer conservative.

of induction leads to Kirchhoff voltage law∑
i

Vi = 0 (2.69)

for the sum of the voltage drops in an arbitrary loop of the network.
The definition of the voltages (2.68) and currents (2.64) depends on the choice

of orientation of the underlying integrals. In order to help us with the bookkeep-
ing, we will in the following describe a lumped element circuit as a directed graph
where each branch b represents a specific lumped element. Note that here we
follow conventions from electrical engineering and use the term branches when
referring to the edges of the circuit and the word node when referring to the ver-
tices. The orientation of a branch will serve to remind us of the direction along
which the electric field is integrated in the definition (2.68) of the voltage drop
V br
b along the branch. Similarly, it specifies the orientation of the integral over

the magnetic field in the current definition (2.64) according to the right-hand
rule. Positive V br

b therefore corresponds to a voltage drop in the direction of the
branch b and positive current Ibrb means a positive current flow along the branch
direction. Note that this is called the passive convention (Nilsson and Riedel,
2015, chapter 1.5).

For the consideration of the constitutive laws of different lumped elements,
it will prove convenient to introduce branch fluxes φbr and branch charges qbr

defined as

φbr(t) =

∫ t

−∞
dt′ V br(t), (2.70)

qbr(t) =

∫ t

−∞
dt′ Ibr(t), (2.71)
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where V br and Ibr are the vectors of branch voltages and currents, respectively.
We demand that the elements are uncharged at t = −∞ such that we can
interpret qbr(t) and φbr(t) as the physical charge or flux on a branch.

As a first element, let us consider a capacitor on a branch b directed from
terminal 1 to terminal 2. The current q̇brb flowing from terminal 1 to terminal
2 equals the change Q̇ = q̇brb of the charge Q on the capacitor plate at terminal
1. Due to our convention that the elements are uncharged at t = −∞, we can
identity Q = qbrb . Overall charge neutrality requires that the charge at terminal
2 is −Q. As a consequence, there is an electric field directed from terminal 1 to
2, corresponding to a voltage drop V = V br

b in that direction. For a conventional
capacitor, the constitutive relationQ = CV relates the voltage drop to the charge
on the capacitive plates through the capacitance C. More generally, we write
the constitutive relation of a capacitive element in the form

V br
b = fV,b(q

br
b ), (2.72)

where the voltage is given by fV (q) = q/C for an ideal capacitor C. For a phase-
slip junction, on the other hand, the function fV (q) is periodic with period 2e.
In the simplest model, we obtain the expression fV (q) = Vc sin(πq/e), with Vc
the critical voltage.

Next, we consider inductors. Specifically, following Feynman et al. (2010a,
chapter 22.1), let us take a look at the one loop inductance depicted in Fig 2.3.
On branch b, a current I = q̇brb flows from terminal 1 to terminal 2. According
to our convention, we define the voltage (2.68) by integration along γair which
does not pass through the wires. This is necessary because

∫
γcoil

ds · E = 0 for
an ideal conductor. Clearly, we have to take into account that for an inductor,
the voltage drop does not come from electric fields but from the electromotive
forces. For the path along γair, Maxwell’s law of induction gives

V br
b =

∫
γair

ds ·E = −
(∫

γcoil

ds ·E −
∫
γair

ds ·E
)

=
∂

∂t
Φ, (2.73)

where we introduced the flux Φ =
∫

dF ·B threading the loop. For a conventional
inductor, the constitutive relation Φ = LI relates the flux threading the loop to
the current through the inductance L > 0. Note that this is consistent with
the definition of the flux: dF points out of the page and according to the right-
hand rule, a current flow I > 0 leads to a magnetic field pointing into the same
direction such that Φ > 0. We thus find that the voltage drop from terminal 1 to
terminal 2 is related to the change of current in the same direction as V = Lİ.
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As we show in Fig. 2.3(b), the induced voltage generates a current that opposes
the change of flux, in agreement with Lenz’s law. Eq. (2.73) together with out
definition that φbrb (−∞) = 0 shows that we can identify the branch flux with
the external flux Φ threading the loop. For a generic inductive element, the
constitutive law assumes the form

Ibrb = fI,b(φ
br
b ), (2.74)

with fI(φ) = φ/L for an ideal inductor L. In particular, our discussion of
the Josephson junction shows that Josephson junctions behave just as nonlinear
inductances. Specifically, integrating the electric field in the insulating area of a
Josephson junction between terminals 1 and 2 gives

V br
b =

∫ 2

1

ds ·E = − ∂

∂t

(
~
2e

(φ2 − φ1) +

∫ 2

1

ds ·A
)

=
ΦQ

2π

∂

∂t

(
φ1 − φ2 +

2e

~

∫ 1

2

ds ·A
)
, (2.75)

where ΦQ = h/2e is the superconducting flux quantum. This shows that φbrb
can be identified with ΦQ/2π times the gauge-invariant superconducting phase
difference such that the Josephson current assumes the form

Ibrb = Ic sin

(
2π

ΦQ

φbrb

)
. (2.76)

2.2.3 Node flux quantization

We have seen above that within the lumped element approximation, the circuit is
completely characterized by the voltage drops across and the currents along each
element of the network. The equations governing the behavior of the voltages and
the currents are the Kirchhoff circuit laws and the element-dependent constitutive
laws. Quantizing a circuit amounts to (a) choosing dynamical degrees of freedom
which determine all the voltage drops and current flows within the circuit and
(b) constructing a Lagrangian for the degrees of freedom such that its equations
of motion enforce the Kirchhoff circuit laws.

Different approaches to circuit quantization differ in their choice of degrees
of freedom. The node flux quantization approach popularized by Yurke and
Denker (1984); Devoret (1996) employs so-called node fluxes. It is based on the
observation that the Kirchhoff voltage law states that the “vector field” φbr is
conservative. Therefore the Kirchhoff voltage law can automatically be satisfied
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provided the fluxes φbr are represented via the “gradient” of a potential. In the
discrete graph setting, the potential is given by the node fluxes φn that are placed
on each node n of the circuit. For a branch b directed from node n to node n′,
the branch flux φbrb is obtained as the discrete gradient φbrb = φn − φn′ of the
node fluxes (along b). In this way, the node fluxes determine all the voltage
drops over the branches of the circuit. Since the physical voltages depend only
on differences of node fluxes, we may arbitrarily set the flux of one of the nodes
(called the ground node) to zero. The voltage φ̇n associated with a node flux can
then be interpreted as a voltage relative to ground.

The Kirchhoff current law is implemented through the equations of motion
of a Lagrangian L(φ, φ̇) which is constructed as follows. Each inductive element
at a branch b adds the term −U(φbrb ) to the Lagrangian, where

U(φbrb ) =

∫ φbr
b (t)

0

dφ fI,b(φ) (2.77)

is simply the magnetic field energy as can be easily verified by integrating the
power V br

b (t)Ibrb (t) over time and using the relation (2.74). For a Josephson
junction, we obtain in this way

U(φ) =

∫ t

−∞
dt′ V (t′)I(t′) = Ic

∫ t

−∞
dt′ sin

(
2π

ΦQ

φ(t′)

)
φ̇′(t′)

= Ic

∫ φ(t)

0

dφ′ sin

(
2π

ΦQ

φ′
)

= EJ

[
1− cos

(
2π

ΦQ

φ(t)

)]
, (2.78)

with the Josephson energy EJ = IcΦQ/2π. Similarly, each capacitive element
with capacitance C adds a term

T (φ̇brb ) =

∫ t

−∞
dt′V (t′)I(t′) =

C

2
(φ̇brb )2, (2.79)

which is just the electric field energy.
The equations of motion with respect to a node flux φn are given by the

Euler-Lagrange equations

d

dt

∂L
∂φ̇n
− ∂L
∂φn

= 0. (2.80)

Let us consider a branch directed from a node n′ towards a node n such that
φbrb = φn′ − φn. For inductive branches, we obtain a term −Ibrb = −fI,b(φbrb ) to
the current balance while for capacitive branches, we obtain a term −Cφ̈brb . In
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Figure 2.4: Circuit of the Cooper-pair box, consisting of a supercon-
ducting island with associated node flux φ that is connected to a ground
superconductor (with node flux φ0 = 0) by a capacitor C. A capacitance
Cg couples the island to a gate electrode biased at voltage V . We repre-
sent the circuit as a directed graph with arrows giving the direction of a
positive current flow Ibrb and a positive voltage drop qbrb along a branch
b. As discussed in the main text, in terms of node fluxes, the voltage
drop VC across the capacitance C in the specified direction is given by
VC = φ̇− φ̇0.

both cases, this is just the current flowing away from node n through branch b.
For the opposite orientation φbrb′ = φn−φn′ , we would obtain Ibrb′ = fI,b′(φ

br
b′ ) and

Cφ̈brb′ . In both cases, we therefore obtain the current flowing away from node
n. We conclude that the equations of motion for the node flux φn reproduce
the Kirchhoff current law at node n. The formalism can straightforwardly be
extended to include electromotive forces due to external magnetic fields, see
Devoret (1996).

From the Lagrangian, we proceed to the Hamiltonian as usual through a
Legendre transformation. The node flux formalism makes it straightforward to
quantize electrical networks of arbitrary topology and has been the basis of nearly
all work on superconducting circuits.

We finally have all the necessary tools in our hands to derive the Hamiltonian
of the prototypical artificial atom in superconducting circuits, the Cooper-pair
box depicted in Fig. 2.4 (Bouchiat et al., 1998). The Lagrangian reads

L =
1

2
Cg(V − φ̇)2 +

1

2
Cφ̇2 + EJ cos(2πφ/ΦQ), (2.81)

where we dropped a constant term in the Josephson energy (2.78) and we used
that φ̇′ is held at φ̇′ = V by the voltage source. From the definition of the
conjugate momentum q = ∂L/∂φ̇, we obtain φ̇ = (q + CgV )/(C + Cg). The
charges qg = Cg(φ̇−V ) and qC = Cφ̇ on the capacitances C and Cg are obtained
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as

qC =
C(q + CgV )

C + Cg
, qg =

Cg(q − CV )

C + Cg
. (2.82)

This shows that the conjugate momentum q = qC + qg is indeed the total charge
on the island. We also find qg → −CgV as the central capacitor is removed,
C → ∞, as expected from the polarity of the voltage source. Performing the
Legendre transformation to the Hamiltonian, we obtain

H =
1

2

(q + CgV )2

(C + Cg)
− 1

2
CgV

2 − EJ cos(2πφ/ΦQ). (2.83)

The first two terms can be rewritten in the form

1

2

(q + CgV )2

(C + Cg)
− 1

2
CgV

2 =
q2
C

2C
+

q2
g

2Cg
+ qgV, (2.84)

with qC and qg given by Eq. (2.82), showing that they simply account for the
electrostatic energy of the capacitors plus the work qgV done by the voltage
source. In case of a constant voltage V , the term −CgV 2/2 can be dropped,
leaving us with the conventional form of the Cooper-pair box (CPB) Hamiltonian

H =
1

2

(q + CgV )2

(C + Cg)
− EJ cos(2πφ/ΦQ). (2.85)

To analyze the spectrum of the CPB, we need to fix boundary conditions.
Since the potential of the CPB is ΦQ-periodic, we are free to choose periodic
boundary conditions for φ in the interval [0,ΦQ]. In that case, the eigenstates
of the Hamiltonian (2.85) can be regarded as Bloch wave function u(φ) with the
same periodicity as the underlying potential, with qg = CgV playing the role of
the Bloch momentum.8 For dominating charging energy EC = e2/2(C + Cg) �
EJ , the effect of the Josephson junction is perturbative and we obtain a nonlinear
spectrum dominated by the quadratic charging energy as depicted in Fig. 2.5(a).
In contrast, in the so-called transmon regime of dominating Josephson coupling,
we must understand the spectrum semi-classically (Koch et al., 2007). Neglecting

8Alternatively, we could also regard the Hamiltonian to be defined on the entire real axis
and introduce Bloch states ψ(φ) = eiq̃Bφ/~u(φ) which would lead to Hamiltonian for ΦQ
periodic wave-functions u(φ) similar to (2.85), but with Bloch momentum CgV → CgV + qB .
This corresponds to total charge q + CgV + qB on the capacitor plates. Since we demand all
capacitors to be uncharged at t→ −∞, we must have qB = 0, recovering the same result.
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Figure 2.5: (a) Spectrum of the Cooper-pair box in the charging limit
for EC = 5EJ (solid lines) and EJ = 0 (dashed lines) as a function of
the offset charge qg = CgV . The splitting at qg = e is proportional
to EJ since the states at the crossing differ in charge by one Cooper
pair. (b) Numerically calculated wave functions of the Cooper-pair box
for EJ = 10EC and qg = 0, centered vertically at their corresponding
energies. Note that at qg = 0, the wave functions can be chosen real due
to parity symmetry.

tunneling effects, states are localized in φ space in the deep potential wells due
to the Josephson junction with approximately harmonic energy spacing En =√

8EJEC(n + 1/2), c.f. Fig. 2.5(b). Semiclassical tunneling with exponentially
suppressed amplitude ∆ ∝ e−

√
8EJ/EC connects states localized in different wells,

leading to a tight-binding like spectrum Ẽn = En + ∆ cos(πqg/e), with qg = CgV

the Bloch momentum as before.

2.3 Decoupling charges from the environment

2.3.1 The pursuit of large impedances

Above we have discussed the Cooper-pair box as one of the simplest types of
artificial atoms in superconducting circuits. The nonlinearity of the Josephson
inductance on the scale ΦQ renders the spectrum nonlinear and a pronounced
nonlinearity requires flux fluctuations ∆φ larger than the flux quantum ΦQ. In
line with that observation we have seen the nonlinearity vanishes in the trans-
mon regime. Assuming that similar to the case of a harmonic oscillator the
ground state minimizes the Heisenberg uncertainty, large flux fluctuations im-
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ply ∆φ∆q = ~/2 or ∆q/2e ∼ ΦQ/∆φ < 1, i.e., charge fluctuations below the
single Cooper-pair limit. This is indeed what we found for the charging energy
dominated regime of the Cooper-pair box.

This leads to problem that (a) the Cooper-pair box in the charging regime
is strongly susceptible fluctuations of the offset charge qg and (b) external cir-
cuitry can destroy the desired localization of charge. In the current section we
want to show that large “superinductances” with small parasitic capacitance C
such that the characteristic impedance ZLC =

√
L/C is much larger than the

superconducting resistance quantum RQ = h/4e2 can provide a solution to both
problems.

To understand the effects of the external circuitry, let us for a moment con-
sider transport through a Cooper-pair box in the charging regime EC � EJ that
is biased by a voltage source in series with a resistor R, c.f. Fig. 2.6(a). In
our exposition, we follow (Grabert and Devoret, 1992, chapter 1 and 2). The
voltage source drives a current through the system that increases the capacitor
charge q. We expect that a tunneling process from charge q to charge q − 2e

on the junction is only possible when the difference of the charging energies
∆E = q2/2C − (q − 2e)2/2C is positive. This is only possible for q > e or a
voltage across the junction VC > e/C. Now, starting at a charge |q| < e, the ex-
ternal current increases the charge on the junction until eventually with a charge
q > e tunneling of an electron decreases the charge on the junction again be-
low the threshold charge e. This gives rise to oscillations with a frequency I/2e
which are known as Bloch oscillations in the superconducting context or single-
electron tunneling (SET) oscillations in the normal conducting case (Likharev
and Zorin, 1985; Averin and Likharev, 1986). However, whether or not it is pos-
sible to observe Coulomb blockade phenomena in this setup depends on the size
of the resistor R. For low resistances R, the voltage bias acts as a perfect voltage
source that instantly removes any charge that has tunneled from the capacitor
plates such that no Coulomb blockade is observed. Demanding that the decay
time RC exceeds the time scale ~/EC ∝ RQC associated with the energy cost
4EC = 2e2/C for charging C with a single Cooper-pair, we obtain the condition
that R� RQ for observation of Coulomb-blockade phenomena (Grabert and De-
voret, 1992, chapter 1).9 The realization of large impedances R � RQ presents
an experimental challenge since at micron wavelengths the vacuum with its small

9Note that this argument is hand-waving at best. However, the condition R � RQ can
be put on solid grounds using P (E) theory, see Grabert and Devoret (1992, chapter 2) and
Nazarov and Blanter (2009, chapter 6).
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Figure 2.6: (a) Cooper-pair box consisting of a tunnel junction with
Josephson energy EJ and associated capacitance C that is biased by a
voltage source V in series with a resistor R. (b) RLC circuit with a
resistance R, an inductance L and a capacitor C. A purely classical
analysis gives a charge decay Q ∝ e−Rt/2L for high quality factors where
R/L� 1/

√
LC.

impedance Z0 =
√
µ0/ε0 ∼ 377 Ω tends to shunt large impedances (Grabert and

Devoret, 1992, chapter 1). Nevertheless, Coulomb-blockade phenomena have
been observed using large impedances realized from chains of DC SQUIDs tuned
to the insulating regime (Watanabe and Haviland, 2001; Corlevi et al., 2006)
(see also Choi et al. (1998); Rastelli et al. (2013) for theoretical analysis of the
chains).

The argument made above for the observation of Coulomb-blockade physics
was in essence a time-scale argument which does not depend crucially on the
realization of the impedance through a resistorR. As a motivation, let us consider
the RLC circuit depicted in Fig. 2.6(b). For R/L � 1/

√
LC and in particular,

for L = 0, we find that the decay time of the charge on the capacitor Q ∝ e−t/RC

is set by the RC time, leading to the condition RC � RQC for the observation
of Coulomb blockade that we found before. If on the other hand R/L� 1/

√
LC,

we find that the charge decay Q ∝ e−Rt/2L is determined by the L/R time. In
this way, slow charge decay can also be achieved with small resistances R as long
as the inductance L remains large (Guichard and Hekking, 2010; Weißl et al.,
2015). Indeed, it can be shown rigorously (Grabert and Devoret, 1992, chapter
2.4.1) that Coulomb blockade becomes visible also for R = 0 with characteristic
impedances

√
L/C � RQ.

Let us now return to the case V = 0. The above findings indicate that
large inductances can also be used to suppress charge fluctuations and observe
Coulomb-blockade behaviour. However, a comment is due because at first sight,
the above findings seem to be at odds with the Schmid-Bulgadaev transition oc-
curring at zero temperature T = 0. For a general impedance Z(ω) as seen from
the junction that is Ohmic at low frequencies such that it possesses an expansion

39



ReZ(ω) = R + O(ω2), Schmid (1983) and Bulgadaev (1984) showed that the
environment does not destroy coherent charge tunneling in the unbiased Cooper-
pair box as long as α = R/RQ < 1. A quantum phase transition occurs only at
α = 1 with coherent charge tunneling being completely suppressed by dissipation
for α > 1 (Schön and Zaikin, 1990). This was later confirmed by the seminal
work of Leggett et al. (1987) on the general classification of environments. For
an impedance resulting from a capacitance C parallel to an inductance L with
resistance R, the full impedance reads ReZ(ω) = RΩ4/[(ω2 − Ω2)2 + 4Γ2ω2] =

R + O(ω2) with Ω = 1/
√
LC and Γ = R/2L. Since it is Ohmic at low ener-

gies, we would expect Coulomb-blockade to be absent due to coherent charge
tunneling for R < RQ even when

√
L/C � RQ. However, it is important to

understand that the underlying renormalization group analysis of the Schmid-
Bulgadaev transition considers the system at low frequencies ω → 0. In par-
ticular, ω must be smaller than the cut-off frequency Γ limiting the validity of
the expansion of ReZ(ω) which in our case is given by the LC time 1/Ω. This
means that we should consider the system on time scales much larger than the
inverse cutoff

√
LC to see the desired behavior. Clearly, this time scale becomes

very large when L becomes large. It is interesting to note the results of Wilhelm
et al. (2004) who have considered the effects of environments with structured
impedances of the form just discussed. Their results show that the coherent
tunneling rate of Cooper-pairs, although indeed finite for α = R/RQ < 1, is ex-
ponentially suppressed with

√
L/C/RQ.10 This means that although Coulomb

blockade is absent as an equilibrium effect, in line with the findings of the Schmid-
Bulgadaev transition, it can still be present as a nonequilibrium effect (see also
Schön and Zaikin (1990, section 6.2) for an interesting related discussion regard-
ing the absence of superconductivity due to quantum fluctuations of the flux in
a Josephson junction).

The suppression of Cooper-pair tunneling with
√
L/C/RQ can also be un-

derstood by considering a pure LC circuit with Hamiltonian

H =
q2

2C
+

1

2L
φ2, (2.86)

where q is the charge canonically conjugate to the branch flux φ, [φ, q] = i~. The
10Wilhelm et al. (2004) consider a spin-boson model where the spin σz should be interpreted

as the charge, ε plays the role of the voltage bias and the tunnel matrix element ∆ is related
to the Josephson energy EJ and α = R/RQ, c.f., e.g., also Nazarov and Blanter (2009, section
6.3.2.).
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Figure 2.7: Simplified fluxonium model circuit consisting of a Josephson
junction with Josephson energy EJ and associated capacitance C and a
shunt inductance L. We also include an additional capacitor Cg driven
by a fluctuating voltage source V which models the effect of interactions
with other charges in the circuit. The effect of the shunt inductance
can be understood using a purely classical analysis where the Josephson
inductance can be ignored. In that case, the charge QC on the capacitor
C is given by QC ∝ (ω2/ω2

LC)CgV , where ωLC = 1/
√
LC is the resonant

frequency of the LC circuit, showing that the effect of fluctuations of the
offset charge CgV are suppressed at low frequencies.

zero-point fluctuations of q and φ in the ground state are given by

〈q2〉
(2e)2

=
1

4π

RQ

ZLC
,

〈Φ2〉
(ΦQ)2

=
1

4π

ZLC

RQ

. (2.87)

Eq. (2.87) shows that inductances with ZLC > RQ indeed localize charges below
the single Cooper-pair limit (Masluk et al., 2012). Let |n〉 denote the eigenstates
to energies ~ωLC(n + 1/2). In line with the previous observation, we find that
the effects of a coherent Josephson coupling EJ , which according to the golden
rule is governed by the matrix elements |〈n′|ei2πφ/ΦQ |n〉|2 ∝ e−π

√
L/C/RQ between

states |n〉, |n′〉, are exponentially suppressed.
Motivated by these observations, the pursuit of “superinductances” with small

parasitic capacitance C such that the characteristic impedance ZLC =
√
L/C is

much larger than the superconducting resistance quantum RQ = h/4e2 has at-
tracted much interest in recent years (Masluk et al., 2012; Bell et al., 2012). One
reason is that superinductances can also be integrated into the qubit design with-
out destroying coherence, which has led to proposals of qubit designs such as the
0-π qubit (Kitaev, 2006; Douçot and Ioffe, 2012) or the fluxonium (Manucharyan
et al., 2009) with strongly reduced sensitivity to external charge fluctuations com-
pared to, e.g., standard charge qubits. To understand the effects, let us consider
the fluxonium which can be modeled as a Cooper-pair box with an additional
inductive shunt, c.f. Fig. 2.7. The effect of the shunt can be understood in a
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purely classical way, where the Josephson junction can be ignored. Using the AC
impedances Z = 1/(−iωC) and Z = −iωL of capacitors and inductors, we find
that the charge QC on the central capacitor C (in the limit Cg � C) is given by

QC =
IC

(−iω)
=

ω2/ω2
LC

−1 + ω2/ω2
LC

CgV, (2.88)

where ωLC = 1/
√
LC is the resonance frequency of the LC circuit. This shows

that the effects fluctuations of the offset charge CgV are suppressed by ω2/ω2
LC .

The result is easy to understand by noting that in the limit Cg → 0, the series
combination of gate capacitor Cg and the voltage source act as an effective current
source −iωCgV . For frequencies ω � ωLC , the impedance of the inductance
is much smaller than the capacitor impedance such that most of the current
goes through the inductor without charging the central capacitor. For inductors
with characteristic impedance

√
L/C larger than the resistance quantum, the

nonlinearity of the Josephson inductance remains relevant, producing a qubit
having at the same time a good nonlinearity of the energy spectrum and reduced
sensitivity to offset charge fluctuations with frequencies ω < ωLC .

Another field where large inductances appear rather naturally are phase slip
junctions. Considering the transport of quantized fluxoids as duals of the quan-
tized electron charge (Tinkham, 1996), phase-slip junctions can be understood as
electric duals of conventional Josephson junctions with a nonlinear, 2e-periodic
voltage-charge relation V (q) (Mooij and Nazarov, 2006). In the simplest case,
we write it it the form

V (q) = Vc sin(πq/e), (2.89)

with a critical voltage Vc. In fact, we have already seen one example of a phase-
slip junction at the end of section 2.2.3: there we have seen that a Cooper-pair
box in the regime EJ/EC � 1 has a spectrum ∆ cos(πq/e)+const. with an expo-
nentially suppressed phase-slip rate ∆ ∝ e−

√
8EJ/EC . The corresponding voltage

is of the form (2.89). However, Josephson junction realizations of phase-slip
junctions are not ideal since the behaviour 2.89 is only valid at low frequencies
ω <

√
8EJEC/~ and the exponentially suppressed phase-slip rates become very

small. As an alternative, it has been proposed that superconducting nanowires
behave as effective phase-slip junctions. Recently, there has been much progress
both in the experimental realization (Astafiev et al., 2012; Peltonen et al., 2013;
Belkin et al., 2011, 2015) of such phase slip junctions. The microscopic analysis
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of the phase-slip dynamics in such wires is a challenging task, see, e.g., Aru-
tyunov et al. (2008) for a review. It is very interesting to note that in those
systems,

√
L/C/RQ, where L is the wire kinetic inductance and C the parasis-

tic capacitance to ground, is the control parameter for a BKT transition, with
insulating behaviour for

√
L/C/RQ � 1 and superconducting behaviour for√

L/C/RQ � 1 (Arutyunov et al., 2008; Zaikin et al., 1997, section 5.C).
Finally, we note that there are a couple of further applications of large char-

acteristic impedances that we have not covered in detail: large characteristic
impedances are also useful for impedance matching (Altimiras et al., 2013) and
imply strongly enhanced electric fields in waveguides which allows an enhanced
coupling to qubits like the transmon or efficient nano-mechanical coupling to
nanostructures (Fink et al., 2016; Samkharadze et al., 2016).

2.3.2 Fractionalizing electrons into Majorana bound states

So far we have focused on superconducting artificial atoms originating from the
bosonic Cooper-pair condensate. It is natural to wonder whether it is also possi-
ble to use fermionic Bogoliubov quasi-particles to encode the state of an artificial
atom. A generic fermionic Bogoliubov quasi-particle γE as defined in Eq. (2.35)
will carry a finite amount of charge q < 2e, however, which leaves us with the
problem of decoupling that charge from the environment as discussed previ-
ously.11 There is one exception though: if we manage to construct a Bogoliubov
quasiparticle γE ∼ c+ c† as an equal weight superposition of electrons and holes,
the charge carried in such a state cleary vanishes. Such a quasiparticle obeys
γE = γ†E, which is the defining property of so-called Majorana fermions. As we
discussed in section 2.1.2 below Eq. (2.35) particle-hole symmetry in a supercon-
ductor gives γE = γ†−E, we may hope to realize Majorana fermions as midgap
states at E = 0 in superconductors. Since the property γE = γ†−E only implies
Majorana properties for a nondenerate fermionic state at E = 0, in general we
have to get rid of all additional degeneracies such as spin and Kramers degener-
acy. For example, for s-wave pairing, we obtain superpositions of time-reversed

11In fact, we must be a bit careful in the definition of the charge of the quasiparticle since the
ground state and the excited state including a quasiparticle have different number of electrons
due to the BCS mean-field approximation, so that a priori it is not clear which part of the charge
must be attributed to the Cooper-pair condensate and which part to the quasiparticle. This
issue can be resolved by calculating the charge within a localized quasiparticle wavepacket. For
wavepacket extents much larger than the coherence lengths ξ = ~vF /|∆|, the resulting charge
is indepedent of the specific form of the wave packet (Rickayzen, 1965, section 4.7).
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partners, γE = uck,↑ + vc†k,↓, which do not obey γE = γ†E due to the presence
of the spin-degree of freedom. According to our discussion in section 2.1.2, this
means that the gap function should be odd under time-reversal which requires
spin-triplet pairing such as p-wave pairing and the system belongs to symmetry
class D in the Altland-Zirnbauer classification. Since p-wave pairing is much more
easily destroyed by disorder than s-wave pairing, p-wave pairing and Majorana
fermions are challenging to realize.12

Even with p-wave superconductors at hand, naively it seems hopeless to re-
alize Majorana fermions since any perturbation should shift the states to finite
energies. However, for an isolated bound state, any shift to finite energy E would
require a partner state at energy −E by particle-hole symmetry. In this sense,
the state at zero energy is topologically protected since it cannot be removed
by a continuous rearrangement of the energy spectrum (Brouwer, 2012). This
implies that superconductors hosting Majorana fermions are in general topologi-
cal superconductors characterized by a nontrivial value of a topological quantum
number (Sato and Ando, 2016) and the Majorana fermions are in fact Majo-
rana bound states exponentially localized on the scale of the superconducting
coherence length ξ at the interface to non-topological regions.

Since p-wave pairing is hard to come by, it triggered a lot of excitement when
Fu and Kane (2008) found that effective p-wave pairing results from a combina-
tion of s-wave pairing and strong spin-orbit coupling in topological insulators.
Later, it was found that Majorana bound states also can appear by bringing
nanowires with strong spin-orbit coupling in proximity with s-wave supercon-
ductors (Oreg et al., 2010; Lutchyn et al., 2010). First experimental results by
Mourik et al. (2012) showing signatures of bound states in such system trig-
gered a lot of excitement and there is ongoing experimental and theoretical work
to conclusively demonstrate MBS (Albrecht et al., 2016; van Heck et al., 2016;
Lutchyn et al., 2016; Chen et al., 2016) in such systems. On the other hand, peo-
ple continue to think about different setups hosting MBS, see, e.g, Pientka et al.
(2016); Hell et al. (2016) for some recent examples. However, this is certainly
not the place to discuss the wealth of literature about Majorana physics and we
refer the interested reader to the reviews by Sato and Ando (2016); Beenakker
(2013); Alicea (2012). For the remainder of this thesis, it is sufficient to think
of the Majorana bound states as Bogoliubov quasiparticles exponentially local-
ized at point defects. This is motivated by the model by Kitaev (2001) for a

12For completeness, we note that it is also possible to realize Majorana bound states in
certain cases in presence of time-reversal symmetry, see Sato and Ando (2016) for a review.
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Figure 2.8: Two pairs of MBS encoding a qubit.

one-dimensional spinless p-wave superconductor hosting MBS at its ends and
the proposals to realize Majorana bound states from nanowire-superconductor
heterostructures (Oreg et al., 2010; Lutchyn et al., 2010).

Following Hassler (2014), let us explain how such a system hosting MBS at
its ends can be treated as an artificial atom. We consider the setup depicted in
Fig 2.8, showing two pairs of Majorana bound states γ1, γ2 and γ3, γ4 hosting two
fermionic state cL = (γ1 +iγ2)/

√
2, cR = (γ3 +γ4)/

√
2 with parities PL = −iγ1γ2,

PR = −iγ3γ4. In the subspace of even total parity PLPR = 1 we have the logical
qubit states |0̄〉 = |00〉, |1̄〉 = |11〉 and the logical operators σ̄z = −iγ1γ2 =

−iγ3γ4, σ̄x = −iγ2γ3 = −iγ1γ4. Since both operators act nonlocally on spatially
separated MBS, interactions with the environment on length scales small against
the MBS separation cannot lead to bit flip and sign flip errors.
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Chapter 3

Circuit quantization in the
large-impedance setting

This chapter contains work by the author which has been published under
the title “A dual approach to circuit quantization using loop charges” in
Phys. Rev. B 94, 094505 (2016).

3.1 Introduction

In the previous chapter, we have introduced the basic phenomenology of su-
perconductivity and we have discussed how superconducting circuits offer the
opportunity to study quantum mechanics on mesoscopic scales unimpeded by
dissipation. The great flexibility in design of the superconducting circuits has
created the field of circuit quantum electrodynamics where superconducting cir-
cuits are used as artificial atoms featuring strongly enhanced light-matter cou-
pling compared to standard cavity QED. Due to weak dissipation, such systems
can be described quantum-mechanically with an appropriate Hamiltonian. Find-
ing such a Hamiltonian is the task of circuit quantization. We have described
the popular approach by Yurke and Denker (1984); Devoret (1996) in terms of
node fluxes.

We have talked about the relevance of large impedances for various applica-
tions and how superinductances lead to a localization of charge below the single
Cooper-pair limit. The localization of charge in circuits with large impedances
suggests a description in terms of the polarization charges on the circuit elements
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which remain close to being good quantum variables due to their slow dynamics.
As we have seen, the conventional approach to circuit quantization in terms of
node fluxes, however, works with the charges on the islands, which are related
to the polarization charge in a highly nonlocal way (Yurke and Denker, 1984;
Devoret, 1996). While the node-flux formalism is well-suited for the description
of the fast charge transport in superconducting devices with low impedances and
localized fluxes, it must be considered ill-suited for the description of fast flux
transport with localized charges in large-impedance environments. In particular,
the nonlinear capacitive behavior of phase-slip junctions cannot be modeled in a
straightforward way using node fluxes.

In view of the growing interest in superinductances and phase-slip junctions
in the large-impedance setting, we provide here a dual approach to circuit quanti-
zation in terms of loop charges. As we will show, it yields a simple description of
planar circuits involving phase-slip junctions in the same way as the use of node
fluxes yields a simple description of circuits involving Josephson junctions. Loop
charges are the time-integrated currents circulating in the loops of a planar cir-
cuit and their canonical momenta are the physical fluxes within the loops. While
in the node flux formulation terms in the Hamiltonian relate to the transport
of the physical charges on the islands, the loop charge formulation describes the
transport of the physical fluxes within the loops (Ivanov et al., 2001; Friedman
and Averin, 2002). Therefore, the formalism presented here will be most useful
for problems for which it is more natural to think about the transport of fluxes
rather than about the transport of Cooper pairs.

Loop currents as independent current degrees of freedom were already con-
sidered by Maxwell (Maxwell, 1892) and are frequently used in mesh analysis
of electrical engineering. However, due to the typically large number of dissipa-
tive components in electrical network, systematic Lagrangian formulations have
received only limited attention (Shragowitz and Gerlovin, 1988; Kwatny et al.,
1982; Chua and McPherson, 1974; MacFarlane, 1969; Weiss and Mathis, 1997;
Massimo and Bahar, 1980) and are not tailored specifically to the problem of
circuit quantization. On the other hand, in the superconducting community,
the loop charge formulation appears to be largely unknown. Charge degrees of
freedom akin to loop charges have previously been introduced through explicit
analysis of the Kirchhoff current law (Bakhvalov et al., 1989; Hermon et al., 1996;
Haviland and Delsing, 1996; Homfeld et al., 2011; Vogt et al., 2015). An explicit
analysis of the Kirchhoff current law can be avoided by using matrix representa-
tions of the circuit topology (Burkard et al., 2004; Burkard, 2005) at the expense
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that the Lagrangian cannot be read off straightforwardly from the circuit graph.
In contrast, here we are interested in presenting a formulation that makes

circuit quantization straightforward in the sense that the Lagrangian can be
obtained immediately from the circuit graph using a set of simple rules. In
Sec. 3.2.1, we discuss the problems of the node flux approach with phase-slip
junctions. In Sec. 3.2.2, we introduce the new loop charge formulation. We
provide simple rules for the construction of the Lagrangian of a lumped element
circuit and discuss the Legendre transform to the Hamiltonian formulation. We
also discuss how to handle offset charges, external fluxes, and voltage or current
sources. In Sec. 3.3, we discuss the duality between the node flux and the loop
charge formulation. In Sec. 3.3.1, we consider passive duality transformations
where the same system is described using different variables and explicitly con-
struct the transformation from the node flux to the loop charge representation of
a given circuit. This section may be skipped on first reading since in practice it is
sufficient and much easier to use the rules given in Sec. 3.2.2 for the construction
of the loop charge Lagrangian. In Sec. 3.3.2, we consider active duality trans-
formations which yield new circuits electromagnetically dual to a given circuit.
We show how to construct electromagnetic duals of arbitrary circuits using the
loop charge formulation. In Sec. 3.4, we discuss how to introduce dissipation
in circuits described by loop charges. In Sec. 3.5, we extend the formalism to
mixed circuit descriptions where part of the circuit is described in terms of node
fluxes and some other part in terms of loop charges. This leads to additional
insights regarding the flux decompactification of inductively shunted Josephson
junctions (Koch et al., 2009) Finally, in Sec. 3.6, we discuss examples of the loop
charge description for the fluxonium and the 0-π qubit. We show that for large
inductances the fluxonium qubit can be well approximated as a nonlinear ca-
pacitor and the 0-π qubit effectively becomes the dual of a Majorana Josephson
junction. We finish with a short discussion of our results.

Note that throughout this chapter, φ will denote fluxes in terms of which the
superconducting phase differences are given by 2πφ/ΦQ with the superconducting
flux quantum ΦQ = h/2e.
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φ2, q2

Q1Q1,Φ1 Q2Q2,Φ2

qbr

Figure 3.1: Example network with the loop charges Q1 and Q2, which
are the time-integrated currents circulating in the loops in the specified
orientation, and their conjugate momenta Φ1 and Φ2, which are the fluxes
in the respective loops. For comparison, we also indicate node fluxes φ1

and φ2 at two nodes (shown as dots) of the network together with their
conjugate momenta q1 and q2 which are the charges on the islands. For
general networks the physical charge across a branch is related to the
charges on the islands in a highly nonlocal way. In contrast, it is easy to
see that using the loop charges Q1 and Q2, we obtain the local expression
qbrb = Q1 −Q2 for the polarization charge across the phase-slip junction
(diamond) taking their respective orientations into account. We have also
indicated the transverse flux flow through the phase-slip junction (gray
double-headed arrow). In contrast to a normal capacitor, in a phase-slip
junction, the flow of flux is quantized in units of the superconducting flux
quantum ΦQ. This expresses the duality to a Josephson junction which
features longitudinal charge-transport in the direction of the element
which is quantized in units of the Cooper-pair charge 2e.

3.2 Circuit quantization using loop charges

3.2.1 Shortcomings of the node flux representation

We have discussed in Sec. 2.2.3 that quantizing a circuit amounts to (a) choos-
ing dynamical degrees of freedom which determine all the voltage drops and
current flows within the circuit and (b) constructing a Lagrangian for the de-
grees of freedom such that its equations of motion enforce the Kirchhoff circuit
laws. In order for quantization to be straightforward, we also require the circuit
Lagrangian L(x, ẋ) for the degrees of freedom xi to be of the standard form
L = T (ẋ)− U(x) known from classical mechanics, where T is a quadratic form
corresponding to a kinetic energy term and U is a potential energy term.
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As long as the constitutive laws remain linear, the node flux prescription
fulfills both demands. However, the situation changes as soon as we face nonlinear
constitutive relations. The form of the constitutive relation (2.74) for inductors
shows that the flux φbrb is an appropriate degree of freedom for an inductor
since it determines both the voltage V br

b = φ̇brb and the current through its
constitutive relation (2.74). Moreover, the terms (2.77) added to the Lagrangian
can simply be interpreted as (possibly nonlinear) potential energy terms which
pose no problem for circuit quantization.

In contrast, the node flux formulation cannot be used for the description of
nonlinear capacitors. The constitutive relation (2.72) shows that the natural
variable for a capacitor is the branch charge qbrb rather than the branch flux φbrb .
While the Legendre transformation to the Hamiltonian introduces node charges
as charged degrees of freedom conjugate to the node fluxes, it is important to
realize that these node charges are the charges on the circuit islands. As we
illustrate in Fig. 3.1, the node charges are in general related in a highly nonlocal
way to the branch charges qbrb and therefore do not yield a charge-local Hamilto-
nian description. On the other hand, if instead of working with charges we insist
on working with fluxes, we face the problem that determining the current flow
through the capacitor solely from the knowledge of φbrb is generally impossible.
Although for invertible fV,b, we may in principle obtain Ibrb = φ̈brb /f

′
V,b[f

−1
V,b(φ̇

br
b )],

generating this term through the equations of motion requires adding a term of
the form

∫ φ̇br
b

0
dV f−1

V,b(V ) to the Lagrangian. This will only lead to a quadratic
kinetic energy term Cφ̇2

b/2 when considering a linear capacitor C. This means
that a circuit containing a nonlinear capacitor cannot readily be quantized when
described in terms of node fluxes φn. To that end, we need a truly charge-based
description which we will describe in details in the next section.

3.2.2 Loop charge representation

While the idea of representing the ‘vector field’ φbr by a ‘scalar potential’ φ in
order to guarantee the Kirchhoff voltage law is rather natural, it may be less
obvious how to define charge degrees of freedom which automatically guarantee
current conservation. For a planar graph that is effectively two-dimensional such
that it can be drawn on a sheet of paper without crossing lines, the correct
degrees of freedom for that purpose are the loop charges Ql. They are the
time-integrated loop currents circulating within every loop l of the network that
does not have any inner loops, c.f. Fig. 3.1. We give an orientation to the loop
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charges by specifying the orientation of a positive current flow. This orientation
is in principle arbitrary but the simplest rules emerge for a consistent choice of
orientation. Here, we choose the orientation of all loop currents to be counter-
clockwise.

Similar to the node fluxes, the loop charges are unphysical degrees of freedom
in the sense that they generally do not correspond directly to a physical charge
on a branch of the network. For example, by simple inspection of Fig. 3.1, we
observe that the polarization charge qbrb of the phase-slip junction (diamond) on
the branch b in the specified direction is given by the difference qbrb = Q1−Q2 of
the loop charges with their indicated orientations; here, the loop charge Q1 (Q2)
enters with a plus (minus) sign as its orientation is along (opposite) to that of
qbrb . While in the node flux formulation, we obtain the physical flux across every
branch as the difference of node fluxes on neighboring nodes, in the loop charge
formulation, we obtain in this way the physical (polarization) charge across every
branch as the difference of loop charges in neighboring loops. By formally placing
a loop charge Q0 = 0 at the exterior of the circuit, this statement also remains
correct for finite circuits with a boundary.

The loop charge construction can also be justified directly from Maxwell’s
equations. As we have discussed in Sec. 2.2.2, current conservation is guaranteed
when the current I flowing through some area bounded by a contour γ is obtained
from the circulation of the magnetic field according to I ∝

∮
γ
ds ·B. For each

branch b of the network, we can decompose the current Ib into a sum of currents
Il ∝

∫
γl
ds ·B, where each part γl of the contour is associated with a specific face

of the circuit that is pierced by the contour, see Fig. 3.2(a). The current Il can
be interpreted as the loop current within the pierced loop l, see Fig. 3.2(b). The
loop charge Ql is then simply related to the current Il as Q̇l = Il. The above
considerations also show that we will generally only obtain the current from the
difference of precisely two loop charges when the circuit is planar, i.e., effectively
two-dimensional (Thulasiraman and Swamy, 1992). We show in App. A.1 that
the loop charge description is indeed limited to planar circuits.

Having identified the loop charges Q as variables guaranteeing current con-
servation, we are left with the task of defining a Lagrangian whose equations of
motion guarantee the Kirchhoff voltage law. The construction of this Lagrangian
is analogous to the construction of the Lagrangian for the node fluxes. Specifi-
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Figure 3.2: Motivation of loop currents from Maxwell’s equations for
a lumped element circuit, represented in terms of its nodes (dots) and
faces (light filled rectangles). In (a) a general network is shown with
a current I (dark arrow) along a directed branch of the circuit. The
contour γ (light arrows) encircles the current I. According to Maxwell’s
equations, current conservation is guaranteed when the current I running
through the branch is obtained from the circulation of the magnetic field
around it, I ∝

∮
γ
ds · B. The total current I can be decomposed into

a sum of currents Il ∝
∫
γi
ds · B, where each part γl of the contour is

associated with a specific face of the circuit graph that is pierced by the
contour. The currents Il have a direct interpretation in terms of the
currents circulating around the pierced loops. This is particularly easy
to see for a planar circuit depicted in (b) as we may close the contour
integral at infinity. As a result, we obtain I = (−I1)−I2, in line with the
interpretation of the currents Il as currents circulating in loop l. Viewing
the circuit from above, we recover Fig. 3.1.

cally, each capacitive element adds a term −U(qbrb ) to the Lagrangian, where

U(qbrb ) =

∫ qbr
b (t)

0

dq fV,b(q) (3.1)

is just the electric energy stored in the capacitor. Specifically, for the simplest
model fV (Q) = Vc sin(πQ/e) of a phase-slip junction, we obtain the term (up to
a constant)

U(qbrb ) = −ES cos(πqbrb /e) (3.2)

with the characteristic energy ES = eVc/π. For each linear inductor L, we add
a kinetic term of the form L(q̇brb )2/2. In this way, the equations of motion with
respect to a loop charge Ql yield the balance of voltage drops obtained from a
counter-clockwise traversal of the loop l. The relevant terms that have to be
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Circuit element Lagrangian expression

Q1 Q2 L(Q̇1 − Q̇2)2/2

Q1 Q2 −MQ̇1Q̇2

Q1 Q2 −(Q1 −Q2)2/2C

Q1 Q2 −
∫ Q1−Q2

0
fV (Q)dQ

Q1 Q2

+− −(Q1 −Q2)V

Q Φex
Q̇Φex

Figure 3.3: The left column depicts various circuit elements [inductor
L, capacitor C, mutual inductance M , general capacitance with voltage-
charge relation V = fV (Q), voltage source V , and external flux Φex]
with their corresponding expression in the Lagrangian (right column).
In a planar graph, each of the circuit elements is part of two loops with
loop charges Q1 and Q2 which are indicated along with their respective
orientation for completeness. The simplest representation of a phase-slip
junction amounts to choosing fV (Q) = (πES/e) sin(πQ/e), where ES/~
is the phase-slip rate. This corresponds to a term ES cos[π(Q1 −Q2)/e]
in the Lagrangian.
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added to the Lagrangian are summarized for different components in Fig. 3.3.
Since Josephson junctions are nonlinear inductors, they cannot be directly de-
scribed using the loop charge formulation. We will introduce a way to obtain a
charge-based descriptions of Josephson junctions in Sec. 3.6 (see also the com-
ments in Sec. 3.3.1).

A Hamiltonian description requires the introduction of canonical momenta

Φl = ∂L/∂Q̇l. (3.3)

Each Φl can be interpreted as the loop flux in the loop l of the circuit. If the
relation (3.3) between the loop fluxes Φ and the loop charges Q is invertible, we
can perform the Legendre transformation

H = Φ · Q̇− L(Q, Q̇) (3.4)

and obtain the circuit Hamiltonian which can be readily quantized through the
introduction of canonical commutation relations [Φj, Qk] = δjki~.

It may happen that the relation (3.3) between the loop charges Q and the
conjugate momenta Φ is not invertible. This indicates that not all loop currents
are dynamical degrees of freedom. A simple example for this is an inductor L
with two parallel capacitances C1 and C2 to the left and the right. Denoting
the loop charges in the two loops by Q1 and Q2, the corresponding Lagrangian
reads L = L(Q̇1 − Q̇2)2/2 − Q2

1/2C1 − Q2
2/2C2. Introducing Q = Q1 − Q2

and Q′ = (Q1 + Q2)/2, it is obvious that the state of the system depends only
on the current Q̇ through the inductor and not on the currents through the
capacitive branches. As a consequence, the Lagrangian does not depend on Q̇′

which gives the constraint ∂L/∂Q̇′ = 0 = Φ′ for the momentum Φ′ conjugate to
Q′ which cannot be solved for Q̇′. However, the fact that the Lagrangian does not
depend on Q̇′ also means that the Euler-Lagrange equations for Q′ are purely
algebraic equations (constraints) which can be solved immediately. Resolving
the constraint for Q′ and reinserting the solution into the Lagrangian yields the
regular Lagrangian L = LQ̇2/2 − Q2/2(C1 + C2). Resolving all constraints in
such a way in general leads to a reduced Lagrangian involving only dynamical
degrees of freedom such that the Legendre transformation (3.4) and quantization
can be performed.

Superconducting circuits with Josephson junctions or phase-slip junctions
may involve transport of strictly quantized charges or fluxes through the circuit.
The former situation occurs when a superconducting island is connected to the
rest of the network only by capacitors and Josephson junctions. The isolation of
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the island demands that the node charge qn of the island is quantized in units
of 2e which corresponds to a ΦQ-periodicity of the wavefunction in terms of the
node flux φn. The latter situation occurs if a loop l involves only inductors and
phase-slip junctions. In this case the flux Φl in the loop is quantized in units
of ΦQ corresponding to a 2e-periodicity of the wavefunction with respect to the
corresponding loop charge Ql.

Instead of focusing on the circuit to identify islands with integer node charges
(in units of 2e) or loops with integer loop fluxes (in units of ΦQ) to determine the
appropriate boundary conditions for the quantization of the fluxes or charges,
we may also determine the appropriate choice of boundary conditions by looking
at the symmetries of the Hamiltonian. The quantization of fluxes or charges is
due to the periodicity of the underlying potentials. If one ignores the periodicity
considerations of the wavefunction as described above and works with node fluxes
φ or loop charges Q defined on the entire real axis, the periodicity leads to
the existence of conserved quantities which correspond to Bloch quasi-momenta.
A specific choice of Bloch momentum then corresponds to a choice of initial
condition. Due to the relations (2.70) and (2.71), our inital condition for t→ −∞
corresponds to a charge- and flux-less state and thus all the Bloch momenta
vanish (implying periodic wave-functions). The two approaches are therefore
equivalent and one may choose whatever method seems more convenient. The
symmetry-based perspective will be particularly useful in the mixed formulation
to be discussed in Sec. 3.5.

A typical lumped element circuit does not just involve passive elements like
capacitors and inductors, but also involves active elements like voltage and cur-
rent sources. It will also feature electromotive forces due to time-varying fluxes or
offset charges on some island of the network. Voltage sources generating a voltage
drop V ex

i are easily described by adding a term −qbri V ex
i to the Lagrangian, where

qbri is the corresponding branch charge expressed in terms of the loop charges.
Similarly, for a loop l with loop charge Ql and external flux Φex

l which generates a
positive voltage drop V = Φ̇ex

l in the loop current direction, a term Q̇lΦ
ex
l should

be added to the Lagrangian.
Offset charges are slightly more difficult to handle since they modify the

current balance rather than the voltage balance. This means that they cannot be
described in terms of loop charges with the simple rules given in Sec. 3.2.2 since no
term added to the equations of motion can modify the current balance. Instead,
one must represent them through additional branches which are described in
terms of node fluxes. This requires a mixed loop charge/node flux formulation
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Figure 3.4: Example network consisting of 6 branches b1, . . . , b6 and 5
nodes 0, . . . , 4. If the branches b4 and b6 (thin lines) are removed from
the graph, the branches b1, b2, b3, b5 (thick lines) still connect all nodes
and therefore form a spanning tree of the graph. Choosing the node 0
as the ground node, we can only specify the offset charges qex1 , . . . , q

ex
4

on the remaining nodes since the ground node must carry the charge
qex0 = −∑4

i=1 q
ex
i to guarantee overall charge neutrality. As explained in

the main text, in order to accommodate the offset charges in our circuit
description, we have to determine which offset charges are transported
through which tree branches on their way from the ground to their re-
spective node. For example, the offset charge qex2 has to be transported
along the tree branches b1, b2 and b5 in order to arrive at node 2.

that we will describe in detail in Sec. 3.5. In the end, however, we obtain a simple
rule that we will state now for convenience and whose proof we defer to Sec. 3.5.
To understand the rule, we first note that the lumped element description requires
overall charge neutrality since otherwise there is a net electric field that extends
through the circuit and is not confined to the lumped elements. This means
that we can only specify n − 1 offset charges qexi with i 6= 0 on the n islands of
the circuit since overall neutrality implies that the offset charges leave behind a
charge qex0 = −∑i 6=0 q

ex
i on the ground node with i = 0.

In order to handle the offset charges qexi , one must consistently keep track of
the paths through which the polarization charge propagates on its way from the
ground node to node i. To that end, we use the concept of a spanning tree. For
a graph, a spanning tree is defined as a subgraph which does not have any loops
and connects all nodes. The branches of the graph that belong to the spanning
tree are called tree branches. Since a spanning tree of a connected graph with n
nodes has n− 1 tree branches, we obtain a one-to-one relation between the n− 1

tree branches and the n− 1 offset charges.
The offset charges can now be included following a number of simple steps.
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We first choose a ground node and construct a spanning tree of the circuit. In a
second step, we express the branch charges qbr of the circuit as differences of loop
charges, following the same reasoning that we apply in absence of offset charges.
As a last step, for all tree branches b, we shift the resulting charge expression qbrb
by replacing qbrb 7→ qbrb ±Σex

b . We use the plus sign if the branch b is directed away
from the ground node and the minus sign otherwise. The sum Σex

b is the sum of
all the external offset charges qexi that have passed through the tree branch b on
their unique way from the ground node to node i (within the tree). Note that
the specific choice of spanning tree is a gauge in the sense that it has no physical
consequences. It only amounts to a redefinition of the meaning of the charges
qbrb that no longer give the physical charge on the respective tree element.

As an example, consider the capacitive network depicted in Fig. 3.4 consist-
ing of six branches b1, . . . , b6 and 5 nodes 0, . . . , 4 with respective offset charges
qex1 , . . . , q

ex
4 . As a first step, we choose the node 0 as the ground node and use a

spanning tree consisting of the branches b1, b2, b3, and b5 (thick lines). For the
next steps, let us explicitly consider the branch b1. In absence of offset charges,
the branch charge qbr1 can be expressed as qbr1 = −Q1 in terms of loop charges.
Next we determine Σex

1 . Since the offset charges qex1 , qex2 , qex3 , and qex4 all have
to pass through the branch b1 in order to reach their respective nodes while
traversing only tree branches, we find Σex

1 =
∑4

i=1 q
ex
i . Since b1 is directed away

from the ground node, including the offset charges amounts to the replacement
qbr1 = −Q1 7→ −Q1 + Σex

1 . Proceeding in a similar way with the other branches,
we obtain the Lagrangian

L = −(qex1 +qex2 +qex3 +qex4 −Q1)2

2C1

− (Q1−qex2 −qex3 −qex4 )2

2C2

− (qex4 −Q2)2

2C3

− Q2
2

2C4

− (qex2 +Q2−Q1)2

2C5

− Q2
1

2C6

. (3.5)

We note that in line with our previous discussion, the charge expressions of the
branches b4 and b6 which do not belong to the tree have not been modified by
the offset charges.

With the offset charge description, we can simply represent a current source,
which injects a current Iex into the circuit and points from node n to node n′ by
adding the offset charge

∫ t
dt′Iex(t′) at node n′ and the offset charge−

∫ t
dt′Iex(t′)

at node n.
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3.3 Duality between node fluxes and loop charges

In the previous section, we have discussed two representations of the Lagrangian
of a circuit, one in terms of node fluxes and the other in terms of loop charges.
In the following, we will call such a change in description of the same system
from node fluxes to loop charges a passive duality transformation. Besides those
passive duality transformations of the same circuit, one can also consider active
duality transformations which yield a different, electromagnetically dual circuit
whose charge dynamics is identical to the flux dynamics of the original circuit or
vice-versa. Electromagnetic circuit dualities have been discussed on a per-case
basis in the mesoscopic physics literature (Mooij and Nazarov, 2006; Guichard
and Hekking, 2010; Kerman, 2013) but, to our knowledge, a general construction
scheme has not been spelled out so far.

In this section, we will explain how to explicitly construct both passive and
active duality transformations with the help of loop charges. We will start by dis-
cussing the explicit construction of passive duality transformations. Previously,
we have focused on the question on how to read off the appropriate Lagrangian
in either representation directly from a given circuit graph. We now show how
one can transform one representation into the other. While this is of technical in-
terest, we want to highlight that this subsection may be skipped on first reading
since in practice it is sufficient and much easier to use the rules given in Sec. 3.2.2
for the construction of the loop charge Lagrangian. We proceed by outlining in
Sec. 3.3.2 a straightforward way of constructing electromagnetic circuit dualities
using loop charges.

3.3.1 Passive duality transformations

The transformation from the node flux to a loop charge representation is particu-
larly easy to perform in the path integral picture (Feynman and Hibbs, 1965). In
this case, the unitary time-evolution operator e−iHt/~ is represented in the form

e−iHt/~ →
∫
D[φ(t)] e(i/~)

∫ tdt′ L(φbr), (3.6)

where the path-integration is performed over the n− 1 node fluxes of the circuit
graph with n nodes. Note that we have also suppressed the dependence of the
Lagrangian on φ̇br for brevity. The description in terms of branch fluxes φbr

is linked to a description in terms of branch charges qbrb = ∂L(φbr, φ̇br)/∂φ̇brb
through the Legendre transformation. For the following, it will be convenient to
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perform this Legendre transformation in a slightly more general form through
the Fourier transformation

e(i/~)
∫ tdt′ L(φbr) =

∫
D[qbr(t)]e(i/~)

∫ tdt′[L̃(qbr)−qbr·φ̇br], (3.7)

where the Lagrangian L̃(qbr, q̇br) is defined implicitly such that Eq. (3.7) holds.
At the saddle-point level or for a Lagrangian L̃(qbr, q̇br) that is quadratic in its
arguments, performing the qbr integration shows that L(φbr, φ̇br) is simply the
Legendre transformation of L̃(qbr, q̇br).

To proceed further, we need to relate the node fluxes φ to the branch fluxes
φbr. For this, we make use of the basis node-edge incidence matrix A which
is a R(n−1)×b matrix for the n − 1 nodes fluxes and the b branches. Its entries
Aij ∈ {1,−1} indicate whether the branch j enters (−1) or leaves (+1) node i.
It allows us to express the Kirchhoff current law in the form Aq̇br = 0 and it
relates the branch and node fluxes via φbr = ATφ.

Performing a partial integration on the term −qbr · φ̇br = −qbr · AT φ̇ in the
exponent of expression (3.7), inserting the resulting expression into Eq. (3.6),
and performing the integration over φ results in a constraint:

e−iHt/~ →
∫
D[qbr(t)]e(i/~)

∫ tdt′ L̃(qbr)δ[Aq̇br(t)], (3.8)

where the δ function has to be understood in such a way that it demands the
vanishing of its argument at each point in time. The constraint Aq̇br = 0 is of
course nothing but the Kirchhoff current law. As we have discussed in details
in Sec. 3.2.2, we can guarantee the Kirchhoff current law for a planar circuit by
considering loop charges. This resolves the constraint and we obtain the dual
representation

e−iHt/~ →
∫
D[Q(t)]e(i/~)

∫ tdt′ L̃[qbr(Q)] (3.9)

in terms of loop charges. For the convenience of the reader, we repeat this
derivation in a slightly more rigorous way in App. A.2.

We have thus explicitly constructed the passive duality transformation linking
a representation in terms of node fluxes to a representation in terms of loop
charges. We want to stress once again that in practice it is much easier and
much less error-prone to perform the construction of the circuit Lagrangian using
the rules explained in details in Sec. 3.2.2, rather than starting with a node-flux
representation and repeating the calculation outlined above.
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It is interesting to note that the duality transformation used here is essentially
the same as the one used in the analysis of the classical two-dimensional XY-
model (Savit, 1980) or the Schmid-Bulgadaev transition. In fact, the analogy to
the XY-model suggests that Josephson junctions can be described in the loop
charge formulation by making the Villain approximation for the cosine dispersion
EJ cos(2πφbr/ΦQ) of a Josephson junction with branch flux φbr. There, one
replaces the cosine dispersion by the function −minm∈Z EJ(2πφbr/ΦQ−2πm)2/2

which retains the ΦQ periodicity while being quadratic in φbr. This allows to
perform the path integration over φ and construct a charge-based description
of a Josephson junction in the Villain approximation. We will not pursue this
idea further since we will introduce in Sec. 3.6 an alternative way to describe a
Josephson junction (using loop charges) that is based on the adiabatic separation
of the (fast) Cooper-pair transport through the junction and the (slow) transport
of polarization charge through the rest of the circuit.

3.3.2 Active duality transformations: electromagnetic cir-
cuit duality

In the previous section, we have explained the representations of circuits in terms
of node fluxes or loop charges which are related by a passive duality transfor-
mation. We now want to show that loop charges are also useful for constructing
active duality transformations. Specifically, given a graph g of a circuit that is
described in terms of node fluxes and has a corresponding Lagrangian L(φ, φ̇),
we define its electromagnetically dual circuit with graph G as the circuit whose
description in terms of loop charges yields a Lagrangian that is of the same form
as L(φ, φ̇) with φ replaced by a vector of loop charges Q. We will see below
that a dual circuit exists for planar circuits which are effectively two-dimensional
such that the closure of flux lines in the third dimension can be ignored; this
is in contrast to classical electromagnetism where electromagnetic dualities only
exist in vacuum due to the absence of magnetic monopoles (Jackson, 1999).

In order to construct the dual circuit G, we first need the notion of a dual
graph g′. In the node flux formulation, each branch flux φbrb is obtained as the
difference of precisely two node fluxes. We have seen previously that for a planar
circuit described in terms of loop charges, we can similarly describe each branch
charge qbrb as the difference of two loop charges, provided we also place a loop
charge Q0 = 0 at the exterior of the circuit. For this reason, we construct the
dual graph g′ by placing one node into each loop of the original graph g, includ-
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Figure 3.5: In (a), we illustrate the construction of the graph g′ dual to
a graph g. As explained in the main text, we construct g′ by placing
one node into each loop of g. We connect two nodes in the dual graph
g′ whenever there is a circuit element on branch b in g that separates
the corresponding loops l0 and l1. The orientation on the branch in g′

is chosen such that the branch points towards l1 if the orientation of the
loop charge Ql1 is consistent with the orientation of the original branch in
g and away from l1 otherwise. In (b), we show the electromagnetic dual
graph G that is obtained from g′ by replacing the elements according to
the rules given in Fig. 3.1.

ing the “loop” at the exterior.1 For each branch b representing a circuit element
that is common to the loops l0 and l1, we add a branch b′ in the dual graph
representing the same circuit element that joins the dual nodes at l0 and l1. We
choose the orientation of the dual branch such that it points towards l1 if the ori-
entation of the original branch is consistent with the loop charge orientation Ql1

and away from l1 otherwise. This gives a consistent scheme provided we choose
a counter-clockwise orientation for all loop charges as described in Sec. 3.2.2.
The construction scheme is illustrated in Fig. 3.5(a) for a simple circuit. Asso-
ciating the loop charges of the original circuit with the nodes of the dual graph,
the charge on branch b of the original circuit can be obtained as the negative
(discrete) gradient of the loop charges along the branch b′ of the dual graph. Up
to a sign, we thus obtain the branch charge qb of the original graph g from the
dual graph g′ in a way that is completely analogous to the node flux formulation.
Note that the dual graph does not represent a lumped element representation of

1The presence of this loop can be rationalized by imagining an embedding of the circuit on
the surface of a sphere.
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Original Dual
Capacitance C Inductance L

Josephson junction EJ Phase-slip junction ES
Flux φex through loop n Offset charge qex at node n

Voltage source V Current source I
Admittance Yω Impedance Zω

Table 3.1: Circuit elements and their corresponding elements in the elec-
tromagnetically dual circuit.

a physical circuit but it should rather be considered a handy mnemonic for the
loop charge representation of the original circuit. We highlight that iterating this
procedure twice gives back the original graph with the orientation of all branches
reversed.

To construct the dual circuit G, we start by considering the dual graph g′

of g as a lumped element representation of an actual circuit different from the
original circuit. As we have explained before, we can understand the loop charge
formulation of g′ by thinking about the loop charges of g′ sitting on the nodes
of (g′)′. Now, since (g′)′ is just the original graph g with all branch orientations
reversed, we effectively obtain the branch charges of g′ as the gradient of the
loop charges positioned on the nodes of the original graph g. Thus, we obtain
the result that the node fluxes of g are in one to one relation with the loop charges
of g′. From g′, we obtain the dual circuit G by replacing circuit elements of g′

in such a way that the loop charges of G have the same dynamics as the node
fluxes of g. In order to have the same dynamics, the terms in the Lagrangian
corresponding to the circuit elements have to be equal (up to interchanging ϕ
with Q). For example, a capacitive element in g corresponds to a (kinetic) term
of the form Cφ̇2/2 and its dual is thus given by an inductor LQ̇2/2 (which leads
to a kinetic term in the loop charge description). More generally, we obtain
the electromagnetically dual circuit G from the dual graph g′ of g by replacing
all elements in g′ according to the rules given in Table 3.1. This procedure is
illustrated in Fig. 3.5(b) for a simple circuit.

3.4 Dissipation and environments

So far, we have analyzed closed systems where the energy is conserved. We
have given a recipe to calculate the Lagrangian L(Q, Q̇) that corresponds to
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a specific lumped-element circuit. In a typical application, we would then go
on by introducing the Hamiltonian and canonically quantizing position Q and
momentum Φ = ∂Q̇L. Given an initial configuration Ψt0(Q), we obtain a wave-
function Ψt(Q) that describes the evolution of the probabilities |Ψt(Q)|2 to find
the system in a specific state Q at time t.

An altogether different but equivalent approach is the path integral method (Feyn-
man and Hibbs, 1965), which we already briefly discussed in Sec. 3.3.1. There
the wavefunction is obtained by the expression

Ψt(Q) =

∫
D[Q(t)]e

(i/~)
∫ t
t0
dt′ L

Ψt0(Q′) (3.10)

that sums over all paths Q(t) fulfilling the boundary conditions Q(t0) = Q′ and
Q(t) = Q. Note that in this approach there is neither a need to go over to a
Hamiltonian nor to postulate canonical quantization rules.

In conventional electronics, there are elements called resistors that do not
conserve energy. In a quantum setting, this corresponds to open systems, i.e.,
a system coupled to an environment; an example is an electronic circuit which
is coupled to the outside via a electromagnetic transmission line. We note that
recently there has been a lot of progress in quantizing general linear environments
in terms of a few relevant degrees of freedom (Nigg et al., 2012; Bourassa et al.,
2012; Leib et al., 2012; Solgun et al., 2014; Solgun and DiVincenzo, 2015). Here,
we will describe the environment as an effective action on the system degrees of
freedom.

In the theory of open systems, the interest is in characterizing the system in
questions without having to specify the full wavefunction of the system together
with its environment. As in this case the system does not stay in a pure state,
it necessarily has to be characterized by its density matrix ρt(Q

+,Q−) whose
diagonal elements give the probability to observe the system in a particular state
Q− = Q+ and the off-diagonal terms characterize the coherences. We see that
the fact that the system is open requires to double the degrees of freedom, i.e.,
going from Q to Q±. The dynamics of the system is simply given by

ρt(Q
+,Q−) =

∫
D[Q+(t),Q−(t)]eiS/~ ρt0(Q′+,Q′−) (3.11)

where S = SS + SE has a contribution due to the system (without the environ-
ment)

SS =

∫ t

t0

dt′[L(Q+, Q̇+, t)− L(Q−, Q̇−, t)]. (3.12)
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The influence of the environment can be captured by the so-called influence
functional SE (Feynman and Vernon, 1963).

If the environment is a linear system in equilibrium characterized by the
impedance Zω, the influence functional can be calculated explicitly (Caldeira
and Leggett, 1983; Schön and Zaikin, 1990). If the branch b (between the two
loops l0 and l1) with branch charge qbrb = Ql1 −Ql0 is shunted by the impedance
Zω, we obtain the additional action SE = SR + SD with a reactive part

SR =

∫
dω

4π
Im(Zω)ω

(
|Q̃−ω |2 − |Q̃+

ω |2
)

(3.13)

where the Fourier-transform Q̃±ω =
∫ t
t0
dt′ qbr,±b (t′)eiωt

′ enters. Note that in the
reactive part, similar to the system, the variables Q̃+ and Q̃− are not coupled
which corresponds to the fact that the evolution of the ket and bra in a pure state
ρt = Ψt(Q

+)Ψ∗t (Q
−) are independent of each other. In particular, for a simple

inductance L with impedance Zω = −iωL or a capacitance C with impedance
Zω = i/ωC, the expression (3.13) reproduces the results of Fig. 3.3.

The dissipation destroys this factorization and makes the doubling of the
degrees of freedom inevitable. In fact, it is useful to introduce new variables
Q̃cl
ω = 1

2
(Q̃+

ω + Q̃−ω ) and Q̃q
ω = Q̃+

ω − Q̃−ω in terms of which the dissipative part of
the action reads

SD =

∫
dω

2π
Re(Zω)ω

[
Im(Q̃cl

−ωQ̃
q
ω) + i(2nω + 1)|Q̃q

ω|2
]
; (3.14)

here, nω denotes the occupation probability of the mode at frequency ω in the
environment. In particular, in equilibrium, we have the Bose-Einstein distribu-
tion nω = (e~ω/kBT − 1)

−1. The two terms in (3.14) have different tasks: the first
term introduces dissipation in the equation of motion and the last term leads to
fluctuations, see also below.

As an example, we would like to analyze a setup where a phase-slip junction
in series with an inductor and a resistance is voltage biased at voltage V0, which
is illustrated in Fig. 3.5(b). The circuit consists of a single loop with loop charge
Q. This system is the dual of the resistively-shunted Josephson junction shown
in Fig. 3.5(a) (Tinkham, 1996). The Lagrangian assumes the form

L =
LQ̇2

2
+ ES cos(πQ/e) + V0Q (3.15)

involving both the phase-slip junction as well as the voltage bias. The action of
the system is obtained via (3.12). The Ohmic resistance is modelled by dissipative
action (3.14) with Re(Zω) = R.
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How the system dynamics is modified by dissipation depends on temperature.
Let us first consider the case T = 0, which can be analyzed using the well-known
results for the dual problem of the resistively-shunted Josephson junction. For
the following, we consider the case V0 = 0. It is then advantageous to decompose
the total flux within the loop in the form φ+ Φ with φ ∈ [0,ΦQ] and Φ/ΦQ ∈ Z.
The former flux can be interpreted as the Bloch momentum associated with the
dynamics of Q in the 2e-periodic potential due to the phase-slip junction, while
the latter is connected to the dynamics within a single unit cell of size 2e. For
zero shunt resistance, R = 0, the flux φ (Bloch momentum) is conserved, corre-
sponding to a complete delocalization of Q over the valleys of the cosine poten-
tial. Localizing the charge Q in a single valley of the periodic potential requires
a superposition of all Bloch momenta φ. The fluctuation-dissipation theorem,
Sφ(ω) ∝ Re(Zω), shows that increasing Re(Zω) will increase the fluctuations of
φ at frequency ω as described by the spectral density Sφ(ω) =

∫
dt eiωt〈φ(t)φ(0)〉.

This suggests that for R sufficiently large such that the fluctuations of φ exceed
ΦQ, Q will eventually localize within a single valley of the periodic potential. The
transition from a state delocalized over different valleys of the periodic potential
to a localized state is known as the Schmid-Bulgadaev quantum phase transition
that was mainly studied in the dual problem of the resistively shunted Josephson
junction (for zero current bias) (Schmid, 1983; Bulgadaev, 1984; Guinea et al.,
1985; Schön and Zaikin, 1990). Translated to our problem, the results imply that
Q is localized for R > RQ and remains delocalized for R < RQ.

For finite temperature T , the Schmid-Bulgadaev transition is formally absent
because thermal activation will always lead to a finite probability for the charge
Q to transition between different valleys of the potential (Schön and Zaikin,
1990). However, as long as we are on the insulating side of the Schmid transition
with R > RQ where quantum tunneling of Q is absent, we can describe the
dynamics of Q semi-classically. This corresponds to expanding the action around
Qq = 0 (Kamenev, 2011), which leads to

S =

∫ t

t0

dt′[V0 −LQ̈cl −RQ̇cl − Vc sin(πQcl/e)]Qq + iR

∫
dω

2π
ω(2nω + 1)|Qq

ω|2,

(3.16)

with Vc = πES/e. Next, we introduce the fluctuation ξ of the voltage over the
resistor via a Hubbard-Stratonovich transformation. In fact, we have that

eiSD =

∫
D[ξ(t)] exp

[
−
∫
dω

2π

(
iξ∗ωQ

q
ω +

|ξω|2
4Rω(2nω + 1)

)]
. (3.17)

66



After this transformation, the action is linear in Qq which allows for performing
the path-integral over Qq. The result is the Langevin equation

V0 − LQ̈cl −RQ̇cl − Vc sin(πQcl/e) = ξ(t) (3.18)

for Qcl(t). In the end, as Qq = Q+ − Q− is small, we obtain a result for the
time-evolution of the probability distribution Pt(Q) = ρt(Q,Q); with Q = Qcl ≈
Q+ ≈ Q−. It is given by

Pt(Q) =

∫
D[ξ(t)] exp

[
−
∫

dω |ξω|2
8πRω(2nω + 1)

]
Pt0(Q′) (3.19)

where Qcl(t) fulfills the Langevin equation with Qcl(t0) = Q′ and Qcl(t) = Q. In
particular, the fluctuating part of the voltage ξ(t) is Gaussian with mean 〈ξ〉 = 0

and variance
〈ξω′ξω〉 = 4πRω coth(~ω/2kBT )δ(ω′ + ω) (3.20)

where we used the fact that 2nω + 1 = coth(~ω/2kBT ) in equilibrium.

3.5 Mixed circuit quantization

In the previous section, we have reviewed the node flux description and explained
in some detail the loop charge description of circuits. We now want to show that
one can also combine both descriptions such that part of the circuit is described
in terms of node fluxes while the other is described in terms of loop charges. As
an example, we will use this approach to prove the rules for the inclusion of offset
charges given above.

Let us assume that we decide to describe a only a certain subset of the
branches of the graph in terms of loop charges. In the following, we will refer to
the part of the graph spanned by the corresponding branches as the subgraph,
while the remaining branches belong to what we will call the subgraph comple-
ment. The boundary nodes of the subgraph are the nodes that possess both
incident branches that belong to the subgraph as well as incident branches that
belong to its complement. We denote the vector of node fluxes at the boundary
nodes by φ∂. Similarly, the boundary loops of the subgraph with loop charges
denoted by Q∂ are the loops with branches that partly belong to the subgraph
and partly belong to its complement. Since the voltage drops over the branches
to which the boundary loops belong as well as the currents in the branches in-
cident on the boundary nodes are partly described in terms of node fluxes and
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φn φn′q′trqtr qtr

qtr − q′tr

Figure 3.6: In order to describe the presence of offset charges, a virtual
branch (solid black line) representing the effect of the displacement cur-
rents is added in parallel to each tree branch of the original circuit (solid
gray line). As a consequence, the charge qtr entering the tree branch
splits into the charge q′tr on the tree element and the charge qtr− q′tr on
the virtual branch. The current flowing away from node n and n′ into
the subgraph (gray) is given by ±(q′tr−qtr). Ensuring the Kirchhoff laws
therefore requires adding the terms−(φn−φn′)(q̇′tr−q̇tr) = −φtr(q̇′tr−q̇tr)
with the tree branch flux φtr = φn − φn′ to the Lagrangian.

partly in terms of loop charges, the Kirchhoff voltage law at the boundary loops
and the Kirchhoff current law at the boundary nodes is no longer automatically
fulfilled. We therefore have to ensure it manually by adding appropriate terms
to the Lagrangian. Let us denote the current flowing from a boundary node i to
a neighboring node j within the subgraph by q̇ij. Since the Euler-Lagrange equa-
tions with respect to the node flux φi yield the currents flowing away from node
i, we can ensure the Kirchhoff current law by adding the term −∑i φ

∂
i

∑
j q̇ij

to the Lagrangian. Similarly, for the boundary loops with charges Q∂
i , we can

guarantee the Kirchhoff voltage law by adding a term −∑iQ
∂
i

∑
j φ̇ij, where φ̇ij

are the voltage drops (in the loop current direction) over the parts of the loop
that are in the subgraph complement.

The first of the terms just described manifestly guarantees current conser-
vation while the second manifestly guarantees the Kirchhoff voltage law. Im-
portantly, both terms are identical up to a total time derivative, as we show
in App. A.3. As a consequence, if one wants to guarantee both the Kirchhoff
current law as well as the Kirchhoff voltage law, we have to add one (and only
one) of them to the circuit Lagrangian.

Let us now use these results to prove the rules for the inclusion of offset
charges described in Sec. 3.2.2. As we have discussed there, offset charges must
be modeled through the inclusion of additional lumped elements in the circuit.
These elements are naturally described in terms of node fluxes since they modify
the current balance. Therefore, in order to describe the presence of offset charges
qex on the nodes of the circuit, we add to each of the tree branches with charges qtr
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another virtual parallel branch which will represent the action of the displacement
currents and will be described in terms of node fluxes. As a consequence, only
a fraction q′tr of the total charge qtr entering the branches will remain on the
original tree element, while the charge qtr−q′tr will reside on the virtual branch.
Since the equations of motion with respect to φ yield the currents flowing away
from the respective nodes, offset charges qex on the nodes of the circuit correspond
to a term φ̇ · qex in the Lagrangian. In order to ensure the Kirchhoff laws, we
also have to add the terms −φtr · (q̇′tr − q̇tr), c.f. Fig. 3.6.

We have already discussed in in Sec. 3.3.1 that the node-edge incidence matrix
A relates the branch fluxes and the node fluxes as φbr = ATφ. A decomposition
of qbr = (qch, qtr) into the vector of chord charges qch and tree charges qbr gives
rise to a corresponding decomposition of A = (Ach, Atr) with Atr a square matrix.
Since there are no loops in a tree, we have the result Atrv 6= 0 for every vector
v ∈ Rb, implying that Atr has full rank and the inverse A−1

tr is well-defined (Chen,
1997, Theorem 2.2). With the help of the matrix A, we can write the expression
added to the Lagrangian in the form φ̇ · qex − φ · Atr(q̇

′tr − q̇tr). Since Atr

is invertible, the equations of motion with respect to φ yield the constraint
q̇′tr = q̇tr − A−1

tr q̇
ex. As a result, we can simply ignore the virtual branches

just introduced and continue working with the original circuit graph, provided
we simply replace each expression in the Lagrangian involving the tree charge
qtr by q′tr. It can be shown that for all nodes j that are connected to ground
through branch i, the entries of (A−1

tr )ij are given by ±1 depending on whether
branch i points towards or away from ground, while they are zero for all other
nodes (Chen, 1997). Using this, we reproduce the rules given previously. We
show in the App. A.3 that proceeding similarly for a circuit with external fluxes
that is described in terms of node fluxes recovers the rules given in Devoret
(1996).

For completeness, we note that no such simple rule emerges if one intends a
mixed description of the circuit. In that case, one does not get around represent-
ing external fluxes and offset charges explicitly through virtual additional circuit
elements. For an external flux Φex

l in some loop l with loop charge Ql which
is part of the subgraph or an offset charge qexn at some node n which is either
part of the subgraph complement or a boundary node, those virtual elements
are easy to handle. In that case, they simply add the terms Q̇lΦ

ex
l , φ̇nqexn to the

Lagrangian without requiring additional terms to guarantee the Kirchhoff laws.
For external fluxes in loops that lie completely within the subgraph complement
or offset charges at the nodes of the subgraph (without the boundary nodes),
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Figure 3.7: In (a), we show the idealized exact fluxonium circuit and in
(b), we show the approximate fluxonium representation obtained after
exploiting the passive duality transformation explained in Sec. 3.6.1. The
gray part of the circuit denotes the subgraph described by loop charges.

however, the additional terms guaranteeing the Kirchoff laws have to be added
by hand.

As an example, we consider the fluxonium circuit depicted in Fig. 3.7. We
describe the inductive shunt in terms of loop charges and the rest of the circuit
in terms of node fluxes. Using the rules given above, we obtain the Lagrangian

L =
C

2
φ̇2 + EJ cos

(
2πφ

ΦQ

)
+
L

2
Q̇2 −Qφ̇+ Q̇Φex (3.21)

with EJ = ΦQIc/2π. Here, the first two terms are due to the Josephson junction
and its associated capacitance, which are described in terms of node fluxes, while
the term LQ̇2/2 is due to the inductive shunt within the subgraph which is
described in terms of loop charges. The voltage drop φ̇ in the direction of the
loop chargeQ gives the term−Qφ̇ guaranteeing the Kirchhoff voltage and current
law. The external flux Φex within the boundary loop adds the term Q̇Φex. Since
we describe the inductive shunt in terms of the polarization charge Q, we have to
take φ to be ΦQ-periodic since only integer number of Cooper-pairs can flow from
the ground to the node with flux φ in absence of the inductive shunt. Performing
the Legendre transformation, we obtain the Hamiltonian (Apenko, 1989; Zaikin,
1990)

Hflux =
(q +Q)2

2C
− EJ cos

(
2πφ

ΦQ

)
+

(Φ− Φex)2

2L
, (3.22)

where q = ∂L/∂φ̇ and the total flux Φ = ∂L/∂Q̇ are canonically conjugate to φ
and Q. The Hamiltonian acts on wavefunction of the form ψ(φ,Φ), where φ is
periodic (with period ΦQ).
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The capacitive term of the Hamiltonian (3.22) reveals that the physical charge
q̃ = q+Q on the capacitor plate is the sum of the charge q ∈ 2eZ (flowing through
the Josephson junction) and Q (flowing through the inductor). As the charges do
not enter individually, the operator ei(φ−Φ)/ΦQ commutes with the Hamiltonian.
As a result, we obtain that the fluxes are equal with φ̃ = Φ = φ, where the last
equality holds modulo ΦQ.2 We introduce the new wavefunction

ψ̃(φ̃) = ψ(φ̃, φ̃) (3.23)

with −i~∂φ̃ψ̃(φ̃) = (q+Q)ψ(φ,Φ) such that the charge q̃ on the capacitor plate is
the conjugate variable to φ̃. With that, we have decompactified the phase φ (de-
fined on the interval [0,ΦQ]) to φ̃ (defined on the complete real line). This gives
the conventional form of the fluxonium Hamiltonian (acting on the wavefunction
ψ̃)

H̃flux =
q̃2

2C
− EJ cos

(
2πφ̃

ΦQ

)
+

1

2L
(φ̃− Φex)2, (3.24)

with q̃ the conjugate variable to φ̃. Alternatively, in the path integral formulation,
one can start with (3.22) and integrate out the harmonic mode Q in order to
arrive at (3.24) (Apenko, 1989; Zaikin, 1990).

It has previously been shown that in the limit L→∞, selection rules emerge
from the Hamiltonian (3.24) which limit the dynamics of the decompactified
variable φ̃ to the dynamics of a compact variable φ corresponding to the system
without a shunt (Koch et al., 2009). The origin of the selection rules is made
transparent by the Hamiltonian (3.22) which shows that polarization charge Q
becomes conserved in the limit L→∞. The explicit separation of the transport
of q over the Josephson junction and the flow of polarization charge Q through
the shunt in the Hamiltonian (3.22) clearly brings out the different time scales as-
sociated with the two processes. This fact makes it very useful for the derivation
of an effective fluxonium Hamiltonian as we will discuss in Sec. 3.6.1.

As another example of the mixed formulation, we discuss in the App. A.5 the
derivation of a Hamiltonian for the experimental setup of Vogt et al. (2015).

2In principle, we could have Φ = φ + Φ0 but Φ0 just corresponds to a redefinition of the
external flux Φex.
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3.6 Applications

As we have discussed in the previous sections, Josephson junctions cannot be
handled directly using loop charges. On the other hand, it is well-known that
Josephson junctions are approximately self-dual (Mooij and Nazarov, 2006) and
can behave as nonlinear capacitors at low energies. As we now want to show,
this yields an approximate way of incorporating Josephson junctions in the loop
charge description.

In particular, we discuss the example of a single Josephson junction: the ef-
fective nonlinear capacitor is given by the 2e-periodic ground-state energy ε0(Q),
where Q is the polarization charge. An instructive way to understand the 2e pe-
riodicity is provided by writing the total charge on capacitor plate as the sum
q + Q of the integer charge n = q/2e and the continuous polarization charge Q,
cf. Eq. (3.24) (Schön and Zaikin, 1990). While the former corresponds to (ex-
cess) Cooper-pairs on the island, the latter models the polarization charge, i.e.,
continuous displacements of negative and positive charges on the island against
each other due to polarizing electric fields. The unusual aspect of the Josephson
junction is the fact that it allows exchange of individual Cooper-pairs through
tunneling, whereas the polarization charge remains fixed due to the insulating
layer of the Josephson junction. As a result, a Josephson junction is only able to
screen the charges in units of 2e yielding the periodic ground state energy ε0(Q).

The separation of the charge q+Q remains useful when shunting the Joseph-
son junction by a large (complex) impedance Zω that allows the exchange of the
polarization charge between the capacitor plates. As long as the impedance is
large, there will be an adiabatic separation of the fast flow of integer charges
n through the Josephson junction and the polarization charge flow through the
shunt. We will make this idea in two examples more explicit.

3.6.1 Fluxonium

We now want to apply this idea in the description of the fluxonium circuit of
Fig. 3.7 (Manucharyan et al., 2009). In the limit of large inductance L, the
shunt impedance Zω = −iωL becomes large and we can perform the adiabatic
decoupling of the polarization charge Q and the phase φ in the fluxonium Hamil-
tonian (3.22). To that end, we introduce the (instantaneous) eigenstates uQ,s(φ)
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of the Cooper-pair box Hamiltonian

Hcpb =
1

2C

(
−i~ ∂

∂φ
+Q

)2

− EJ cos

(
2πφ

ΦQ

)
, (3.25)

such that Hcpb uQ,s(φ) = εs(Q)uQ,s(φ) holds, where εs(Q) is the 2e-periodic in-
stantaneous eigenenergy to the (constant) polarization chargeQ. In the adiabatic
approximation, we make the ansatz ψ(φ,Q) = uQ,s(φ)χs(Q) for the total wave-
function of Hflux in Eq. (3.22). Inserting this ansatz and neglecting derivatives
of uQ,s with respect to Q, we arrive at the lowest-order adiabatic approxima-
tion (Böhm et al., 2003; Zorin, 2006; Koch et al., 2009)

Hs =
1

2L

(
i~

∂

∂Q
− Φex

)2

+ εs(Q) (3.26)

for the Hamiltonian of the wavefunction χs(Q) which is 2e periodic. The Hamil-
tonian (3.26) is the (passive) dual description a Josephson junction shunted by
a large impedance as alluded to in the introduction and depicted in Fig. 3.7.

We want to comment on the connection of the wavefunctions χs,n(Q) for
the n-th eigenstate obtained in this manner to the wavefunction ψ̃(φ̃) of the
(conventional) fluxonium Hamiltonian H̃flux of Eq. (3.24). Using the relation
(3.23) as well as the adiabatic ansatz, we obtain

ψ̃s,n(φ̃) =

∫ 2e

0

dQ

2π~
uQ,s(φ̃)χs,n(Q)eiQφ̃/~, (3.27)

as an approximate expression of the exact eigenstates.
To highlight the accuracy of the approximate expression (3.27), we have nu-

merically calculated the eigenstates ψ̃m(φ̃) of the Hamiltonian (3.24), as ex-
plained in App. A.6, and the eigenstates χs,n(Q) and uQ,s(φ) of the Hamil-
tonians (3.26) and (3.25). In Fig. 3.8, we show the comparison of the exact
eigenstates to the approximate eigenstates (3.27) for Φex = ΦQ/2. Note that
the wave functions can be chosen real due to the symmetry under φ̃ 7→ ΦQ − φ̃
(or, (φ,Φ) 7→ (−φ,ΦQ − Φ), respectively) and are centered vertically at their
corresponding energy value. Especially for the low-lying states, one sees good
agreement between the exact eigenstates and the approximate states (3.27). In
particular, for the exact lowest energy states ψ̃g, ψ̃e of the fluxonium Hamilto-
nian (3.24), we find the correspondence(

ψ̃g, ψ̃e
)
7→ (ψ̃0,0, ψ̃0,1), (3.28)
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Figure 3.8: Exact (φ̃ < ΦQ/2) and approximate (φ̃ > ΦQ/2) fluxo-
nium wave functions for Φex = ΦQ/2. The exact wave functions are
computed by exact diagonalization of the full Hamiltonian (3.24) and
the approximate wave functions are obtained by computing eigenstates
χs,n(Q) of the adiabatic Hamiltonian (3.26) and using formula (3.27).
The states live in a potential (solid black line) composed of a harmonic
contribution (dashed black line) due to the inducance with an induc-
tive energy EL = (ΦQ/2π)2/L and the superposed cosine potential due
to the Josephson junction with the Josephson energy EJ . The param-
eters EJ/4EC = 0.9 and EL/4EC = 0.052 (with the capacitive energy
EC = e2/2C) correspond to the qubit discussed by Manucharyan et al.
(2009). The wave functions of both Hamiltonians can be chosen real due
to the symmetry under (φ,Φ) 7→ (−φ,ΦQ−Φ) and are centered vertically
at their corresponding energy eigenvalue.
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i.e., the states ψ̃g, ψ̃e are all associated with the lowest s = 0 band of the Cooper-
pair box. As we show in Fig. 3.9, this property persists for the entire range of
external flux Φex. In particular around the experimentally relevant flux bias of
half a flux quantum, Φex = ΦQ/2, we find overlaps |〈ψ̃g|ψ̃0,0〉|, |〈ψ̃e|ψ̃0,1〉| well
above 0.95. We thus arrive at the conclusion that the fluxonium can effectively
be understood as a phase-slip junction with a constitutive relation V = fV (Q) =

ε′0(Q). Instead of using the original fluxonium circuit from Fig. 3.7(a), we may
therefore obtain an accurate description in terms of the simpler circuit depicted
in Fig. 3.7(b), which follows from the first circuit by replacing the Josephson
junction and its associated capacitance by a phase slip junction.

The circuit from Fig. 3.7(b) yields a simplified fluxonium description which
may, e.g., be convenient in order to understand the effects of environmental
noise. As an example, we consider the case of a noisy inductor which we model
by an additional resistor R in series with the inductance L. The flux φ over the
resistor couples linearly to the current Q̇ and we can therefore apply the results
of Sec. 3.4. Using standard results for qubits (Makhlin et al., 2001; Schoelkopf
et al., 2003), one arrives at a relaxation rate

Γ1 =
|〈χ0,0|∂Q|χ0,1〉|2

L2
Sφ(E01/~), (3.29)

where E01 > 0 denotes the energy difference between the states χ0,1 and χ0,0

and Sφ(ω) =
∫
dt eiωt〈φ(t)φ(0)〉 = 2~R(nω + 1)/ω is the spectral density of flux

fluctuations over the resistor. In units of the RL-time τRL = L/R, the result reads
Γ1τRL = (nB + 1)Φ2

01/LE01 with nB the photon number at frequency ω = E01/~.
As a result, the decay Γ1 is proportional to the ratio of the magnitude of energy
fluctuations Φ2

01/L due to the (quantum) fluctuations of Φ to the energy difference
of the transition.

3.6.2 0-π qubit

As another example, we consider the 0-π qubit, which is based on a special type
of Josephson inductance that is ΦQ/2-periodic in the phase φ. This has to be
contrasted with the ΦQ-periodicity found in conventional Josephson junctions.
There exist two different proposals for its realizations. The first proposal, the
superconducting current mirror, is based on an energetic suppression of single
Cooper-pair tunneling (Kitaev, 2006), whereas the second proposal, the Joseph-
son rhombus, is based on destructive interference of single Cooper-pair tunneling
guaranteed through symmetry (Douçot and Vidal, 2002; Douçot and Ioffe, 2012).
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Figure 3.9: Approximate fluxonium eigenstates ψ̃s,n which have the maxi-
mum overlap with either of the three lowest energy states ψ̃g, ψ̃e, ψ̃f of the
exact fluxonium Hamiltonian (3.24). The approximate eigenstates are
calculated via Eq. (3.27), using the eigenstates of the Hamiltonian (3.26)
which arises from projection on band s of the Cooper-pair box Hamilto-
nian (3.25).
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Independent of the specific way the ΦQ/2-periodic junction is realized, its effec-
tive Hamiltonian can be written as

H = 4EC(q +Q)2 − EJ2 cos(4πφ/ΦQ), (3.30)

where q = −i~∂/∂φ is conjugate to φ, EJ2 gives the strength of the ΦQ/2-periodic
junction and we have included a charging energy with polarization charge Q.

There exist two possible choices of qubit states. When the junction strength
is much larger than the charging energy, EJ2/EC � 1, the states can be ap-
proximated as states localized at the potential minima φ = 0 or φ = ΦQ/2 of
the junction term. On the other hand, it is clear that the correct eigenstates of
the Hamiltonian (3.30) are characterized by Cooper-pair parity as a good quan-
tum number, since the EJ2 term only connects charge states differing by 4e.
Indeed, tunneling between the minima of the junction leads to a hybridization
of the states localized at φ = 0 or φ = ΦQ/2 into odd and even superposi-
tions ψo, ψe which are in direct correspondence to states characterized by odd
or even Cooper-pair parity (Bell et al., 2014). This is illustrated in Fig. 3.10(a)
for EJ2 = 20EC and Q = 0. Going over to a Bloch band description with the
choice of a ΦQ/2-periodic unit cell allows mapping the Hamiltonian (3.30) to the
Hamiltonian of the conventional Cooper-pair box. One can then use the semi-
classical results for the 2e-periodic charge dispersion of the lowest band of the
conventional Cooper-pair box (Koch et al., 2007). After the appropriate scaling,
it maps to the 4e-periodic charge dispersion ε0 = −A cos(πQ/2e) + const. with
bandwidth 2A, where A is given by

A = 26

√
2

π

(
EJ2

8EC

)3
4

ECe
−
√

2EJ2/EC . (3.31)

For the lowest band, the exact charge dispersion (solid line) and its asymptotic
expression (3.31) (dashed line) is illustrated in Fig. 3.10(b) for the same param-
eters EJ2 = 20EC as in (a). Going back to a ΦQ-periodic unit cell corresponds
to folding the Bloch-bands for Q > 2e back to the origin. The resulting band
structure is displayed in Fig. 3.10(c). The states from the lowest two bands are
the qubit states ψe, ψo corresponding to even or odd Cooper-pair parity. In
the regime EJ2 � EC , the gap Eeo between the two states roughly scales as
Eeo = 2A ∝ e−

√
2EJ2/EC .

The question of which choice of states adequately describes the qubit depends
on the size of perturbations that yield transitions between states of different
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Cooper-pair parity. Such a perturbation is, e.g., a finite amplitude EJ1 for tun-
neling of conventional Cooper-pairs. An amplitude EJ1 that is much larger than
the gap Eeo will lead to a rapid dephasing of the superpositions in the states ψe,
ψo and effectively project back to the states localized at the potential minima.

For the following, we are interested in the regime where EJ1 is smaller than
Eeo. Note that this is, e.g., the regime of the experiments discussed by Bell
et al. (2014). In this case, the Cooper-pair parity and the offset charge Q in the
interval (0, 2e) remain good quantum numbers and the level structure can be
represented as indicated in Fig. 3.10(c). Note that the crossing of the two level
curves is protected as long as Cooper-pair parity is conserved.

It is intriguing to note that there is an obvious duality between the charge
dispersion of the 0-π qubit shown in Fig. 3.10(c) and the flux dispersion of a junc-
tion connecting two Majorana bound states with energy (fractional Josephson
effect) (Kitaev, 2001)

H = ± cos(πφ/ΦQ), (3.32)

where the choice of the plus or minus sign is related to the occupation parity of the
nonlocal fermion hosted by the Majorana bound states. Dual to the treatment
of the 0-π qubit, one can describe the 2ΦQ-periodic Majorana junction in terms
of a folded zone-scheme in a ΦQ-periodic unit cell, leading to a similar picture
as in Fig. 3.10(c) but with Q/2e replaced by φ/ΦQ. Now the two bands differ
in superconducting flux quantum parity and the crossing at ΦQ/2 is protected
as long as flux quantum parity is preserved. This corresponds to an absence of
conventional Josephson junctions in a loop with the Majorana junction through
which conventional ΦQ phase-slips may occur (van Heck et al., 2011).

Embedding the 0-π circuit in a large-impedance environment as discussed
in Sec. 3.6 leads to a low-energy description by states living in the charge-
dispersion bands from Fig. 3.10(c). With this starting point, one may consider
more complex circuits. We thus arrive at there intriguing conclusion that the 0-π
qubit may allow us to explore the plethora of proposals existing for Majorana
qubits (Beenakker, 2013; Stanescu and Tewari, 2013) from a dual perspective.

3.7 Conclusions

In this chapter, we have discussed a charge-based approach to circuit quantization
using loop charges which are the time-integrated currents circulating in the loops
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Figure 3.10: In (a), we show the two lowest-energy wave functions of the
0-π Hamiltonian (3.30) for EJ2 = 20EC and Q = 0. The wave functions
can be chosen real and are centered vertically at their corresponding
energy. One observes the even or odd character of the eigenstates under
translations by ΦQ/2 which reflects the Cooper-pair parity of the states.
In (b), we illustrate the Bloch bands originating from the choice of a
ΦQ/2-periodic unit cell, resulting in Bloch-band periodicity of 4e. The
asympotic estimate (3.31) valid for EJ2 � EC is shown as a blue dashed
line. In (c), we illustrate the folded zone scheme corresponding to the
choice of a ΦQ-periodic unit cell which arises from (b) by folding the part
of the Bloch bands for Q > 2e back. The two resulting bands differ in
Cooper-pair parity. The band crossings at Q = e are protected as long
as Cooper-pair parity is conserved.

of a planar circuit. We have shown that the appropriate circuit Lagrangian can
be read off the electrical network using a set of simple rules. In this approach,
we obtain a local Hamiltonian description in terms of charges in a planar circuits
of arbitrary topology. We have discussed how to handle dissipative elements by
going over from closed systems to open systems.

We have shown explicitly that a passive duality transformation relates the
charge-based circuit description in terms of loop charges to the flux-based descrip-
tion in terms of node fluxes which is conventionally employed for the quantization
of superconducting circuits. While the flux-based formulation is convenient for
the description of charge currents, the charge-based formulation yields a simple
description whenever the dynamics is characterized by flux currents. In particu-
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lar, we have argued that passive duality transformations are useful for Josephson
junctions in large-impedance environments, which behave as nonlinear capacitors
supporting a quantized flux flow at low energies.

We have shown that the loop charge formulation can be used more generally
for the description of arbitrary circuits involving phase-slip junctions which are
nonlinear capacitors electromagnetically dual to Josephson junctions. We have
explained that electromagnetic duality can be used as an active transformation
yielding new circuits whose charge dynamics is identical to the flux dynamics of
the original circuit. We have shown how the loop charge formalism allows the
straightforward construction of such active duality transformations. In particu-
lar, Josephson junctions have to be replaced by phase-slip junctions. The duality
between the node fluxes and the loop charges guarantees that the loop charges
are useful for the description of latter circuits in the same way that node fluxes
are useful for Josephson junction circuits.

We have introduced a mixed circuit description in terms of loop charges and
node fluxes. We have shown that the mixed formulation gives additional insights
into the decompactification of the flux φ over a Josephson junction that is shunted
by an inductor.

We have explicitly illustrated how passive duality transformations yield sim-
plified circuit descriptions for Josephson junctions shunted by large impedances
using the fluxonium qubit and the 0-π qubit as an example. We have shown that
regarding the fluxonium as a nonlinear capacitor yields an approximate though
accurate description of the qubit states for relevant qubit parameters. We have
illustrated how this may be used, e.g., for a simplified description of relaxation
caused by environmental noise. As another example, we have considered the 0-π
qubit. We have shown that in the absence of conventional Cooper-pair tunnel-
ing, the junction dynamics becomes electromagnetically dual to the dynamics of
a Majorana Josephson junction.

From this work, several interesting routes arise that could be explored in
the future. It will be highly interesting to use the loop charge formalism for
quantitative analysis of recent experiments involving phase-slip junctions. It will
also be interesting to exploit the duality of the 0-π qubit to a Majorana junction
and explore existing proposals for Majorana physics from a dual perspective.

80



Chapter 4

Nonlocal coupling of Majorana
bound states in a floating
topological superconductor

This chapter contains work by the author which has been published under
the title “Majorana-assisted nonlocal electron transport through a float-
ing topological superconductor” in Phys. Rev. B 92, 075443 (2015).

In the previous chapter, we have discussed the large impedance approach to
decoupling charges from the environment. We now turn to the complementary
approach of decoupling charge by fractionalizing an electron into two spatially
separated chargeless Majorana bound states γ1, γ2. As we have discussed in
Sec. 2.3.2, the bound states decouple in the limit of large separation due to
the exponential localization. This allows us to formally construct a nonlocal
fermionic mode c ∝ γ1 + iγ2. Previous work has shown that this remains a
purely formal manipulation such that all physics remains local unless the bound
states are coupled by a large global perturbation like a charging energy. Here we
show that a more subtle nonlocal coupling of the bound states already arises as
soon as the superconductor is decoupled from the ground plane.

4.1 Introduction

A pair of Majorana bound states at the ends of one-dimensional p-wave supercon-
ductors hosts a nonlocal fermionic mode at an energy close to the middle of the
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energy gap (Kitaev, 2001). The nonlocality of the fermionic mode has inspired
proposals to observe nonlocal current correlations which arise when electrons are
transported through the mode from a lead contacting the left bound state to a
lead contacting the right (Semenoff and Sodano, 2007). Unfortunately, nonlocal
transport is completely suppressed in favor of local Andreev reflection for ideal
Majorana bound states at zero energy and the currents through the left and
right lead are uncorrelated with characteristic peak conductances 2e2/h (Bolech
and Demler, 2007). Later, it has been pointed out that a coupling t between
the Majorana end states that is larger then the lead-induced level broadening Γ

is required for a recovery of nonlocal current correlations (Nilsson et al., 2008;
Tewari et al., 2008; Liu et al., 2013; Zocher and Rosenow, 2013). By increasing
the length of the superconductor L the coupling constant t decays exponentially
such that for sufficiently long topological superconductors the transport remains
local despite the nonlocal nature of the fermionic zero mode.

It was first shown by Fu (2010) that to observe nonlocal current cross-
correlations for ideal Majorana zero modes with t = 0, it is important that
the superconductor carrying the Majorana zero modes is disconnected from the
ground plate, resulting in a finite charging energy. In the Coulomb blockade
regime, local Andreev reflection is blocked energetically and nonlocal transport
with a system size independent level broadening Γ and a peak conductance of
e2/h at zero temperature is obtained. Due to the suppression of local Andreev
reflection, the analysis can be carried out in the usual mean-field setup of su-
perconductivity without violating current conservation (Anantram and Datta,
1996). Subsequent studies have considered the behavior of the peak conductance
as the charging energy is lowered away from the Coulomb blockade regime, find-
ing a smooth increase from the peak conductance e2/h in the Coulomb blockade
regime to 2e2/h in the absence of charging energy (Hützen et al., 2012; Zazunov
et al., 2011).

It is important to realize that the nonlocal current correlations are a con-
sequence of charge conservation and as such are not specific to the presence of
Majorana bound states (Sau et al., 2015). Nevertheless, the system size inde-
pendence of Γ found by Fu (2010) must be contrasted with the transmission of
spinless electrons through a double barrier, where the level broadening Γ scales
with system size as L−1 such that the conductance quantization at a value e2/h is
lost for any finite temperature in the infinite system limit (Nazarov and Blanter,
2009). In contrast, the peak conductance e2/h survives at finite temperatures in
the Majorana case, justifying the terminology of calling it ‘nonlocal transport ’.
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Figure 4.1: (a) Setup consisting of a one-dimensional topological su-
perconductor (TS) that is floating and hosts ideal zero-energy Majorana
bound states γ1, γ2 contacted by two normal-conducting, non-interacting
leads (N). The superconductor is subject to a charging energy EC such
that a preferred number of charges is controllable through a gate voltage
Vg. We study the system in the case EC = 0 and compare it to known
results for large EC . (b) In absence of charging energy, EC = 0, the
conductance and shot noise of the system can be understood in terms
of an equivalent circuit consisting of (noiseless) conductances Gi which
are associated with local Andreev reflection off the bound state γi and
current sources generating noise currents δIi.

However, since the large global charging energy it itself a strong, nonlocal per-
turbation at the level of the Hamiltonian, it is natural to ask whether a global
charging energy is indeed indispensable for probing the Majorana-induced non-
locality.

In this chapter, we consider a floating superconductor where the charging
energy EC vanishes. We will contrast the results to the well-studied limit of
Coulomb-blockade EC →∞ where the model maps onto a resonant-level model (Fu,
2010). We show that consideration of a floating topological superconductor in a
setup as depicted in Fig. 4.1(a) allows to observe nonlocal current correlations
in the absence of charging effects. Similar to the case of a NS junction with
a grounded superconductor, a specific but not unique signature of ideal Majo-
rana bound states at zero energy is a resonant conductance peak at zero bias.
Interestingly, we find that the peak conductance is given by e2/h both in the
non-interacting and in the Coulomb blockade limit. The contradiction to the
results of Hützen et al. (2012); Zazunov et al. (2011) can be resolved by noting
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that away from the Coulomb blockade regime, transport into the Cooper pair
condensate is no longer blocked energetically and current conservation has to
be enforced self-consistently (Anantram and Datta, 1996). This appears to be
technically demanding in the interacting setup of finite charging energy. Even
though the peak conductances do not distinguish the two regimes, the transport
mechanisms differ strongly. In the Coulomb-blockade regime, the Cooper-pair
condensate is irrelevant and transport proceeds by sequential tunneling which
can be modeled as coherent transport through a double barrier (Blanter and
Büttiker, 2000; Chen and Ting, 1992; Davies et al., 1992). In contrast, in the
non-interacting case, transport is incoherent due to the presence of the Cooper-
pair condensate which acts as a phase-breaking scatterer (Datta, 1995). We will
show that while the difference between the two transport regimes is not captured
by the peak conductance, it is reflected in the shot noise properties.

The effective phase-breaking in electron transport due to the Cooper-pair
condensate allows to understand the transport in terms of an equivalent, classical
circuit depicted in Fig. 4.1(b). In this circuit, Andreev reflection events at the left
and the right terminal are modeled by noiseless conductances G1, G2 and their
corresponding noise currents δIi are generated by current sources in parallel to
the conductances. Straightforward application of Kirchhoff rules yields the total
conductance G = 〈I〉/V = G1G2/(G1 +G2) since the resistances G−1

i simply add
up. In presence of ideal Majorana bound states, each of the two conductances
G1 and G2 in series peak at a value equal to the conductance quantum 2e2/h.
Accordingly, the total conductance G has a peak value of half a conductance
quantum e2/h. Similarly, assuming uncorrelated noise currents 〈δI1(t)δI2(t′)〉 =

0, one obtains the total current noise-power S =
∫
dt 〈δI(0)δI(t)〉 = (G2

2S
(0)
1 +

G2
1S

(0)
2 )/(G1 + G2)2 with S(0)

j =
∫
dt 〈δIj(0)δIj(t)〉; here, the prefactors in front

of the factors S(0)
i originate from current division and give the (squared) fraction

of the noise currents δIi contributing to the total current I. The above results
correspond directly to our results Eqs. (4.7) and (4.9), yielding an appealingly
simple picture of transport through the system. By analyzing the interplay
between the bias dependencies of the conductances and the noise currents, we
will show that the shot noise in the non-interacting limit EC = 0 generically
becomes Poissonian in the large-bias limit. In contrast, the shot noise is sub-
Poissonian in the Coulomb-blockade regime with EC →∞.

The outline of this chapter is as follows. We use Sec. 4.2 to fix our notation
and give a brief review of results obtained in previous studies for the grounded
case. We discuss the conductance and shot noise obtained in the floating case
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for EC = 0 in Sec. 4.3. We will compare the results to the well-studied case of
a superconducting island in the Coulomb-blockade regime in Sec. 4.4 and finish
with a discussion of our results.

4.2 Review of the grounded case

Our system of interest is a one-dimensional p-wave spinless superconductor that
hosts a pair of Majorana bound states γi, i = 1, 2, each of them in tunnel con-
tact with a single normal-conducting lead i as depicted in Fig. 4.1(a). Before
discussing the case of a floating superconductor that is disconnected from the
ground, we start with a review of the grounded case. For the grounded case, we
describe the system using a mean-field Bogoliubov-de-Gennes (BdG) Hamilto-
nian and calculate the transport properties using a scattering approach. The en-
tries sαβij of the scattering matrix describe the transport of particle of type β from
contact j to contact i as a particle of type α, where i, j ∈ {1, 2, S} can be either
of the normal-conducting terminals or the superconductor (S) and α, β ∈ {e, h}
denote electrons and holes. With the transfer probabilities Tαβij = |sαβij |2, the
steady-state current at the normal-conducting terminal i into the system can be
written as (Lambert et al., 1993; Anantram and Datta, 1996)

Ii =
e

h

∫
dE
∑
j 6=S

(
δij − T eeij + T heij

)(
fj,E − fS,E

)
. (4.1)

Here, fj,E = Θ(µj − E) is the Fermi distribution of contact j at an electro-
chemical potential µj at zero temperatures with Θ(x) the unit step function. For
the convenience of the reader, we rederive that expression in appendix B.2. In
the following, we choose a gauge where the energy E is measured with respect
to the chemical potential µS of the superconductor such that µj = eVj with Vj
denoting the voltage difference between the lead j and the superconductor. The
transport properties are described by the differential conductances Gij = ∂Ii/∂Vj
which have the form

Gij =
∂Ii
∂Vj

=
e2

h

[
δij − T eeij (eVj) + T heij (eVj)

]
(4.2)

at zero temperature; here, Tαβij (eV ) denotes the transmission probability at en-
ergy eV . For ideal Majorana bound states and low voltages with energy below the
gap of the superconductor, contributions from crossed Andreev reflection (T he12 ),
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normal transmission (T ee12 ), and quasiparticle transport into the supercondutor
(TαβjS ) vanish (Flensberg, 2010). Consequently, the only processes which are pos-
sible are normal- (T eejj ) and Andreev-reflection (T hejj ) such that the quasiparticle
conservation leads to the sum rule T eejj + T hejj = 1. As a result, the conductance
matrix becomes local, Gij = δijGj, with

Gj =
2e2

h
T hejj (eVj). (4.3)

As shown in App. B.1, explicit calculations of the scattering matrix for ideal
Majorana bound states yield T hejj (0) = 1, implying resonant Andreev reflection
with a peak conductance of 2e2/h at zero bias Vj = 0 (Flensberg, 2010).

The nonlocal current correlations can be investigated through the zero-frequency
shot noise

Sij =

∫
dt
[
〈Îi(0)Îj(t)〉 − 〈Î〉2

]
, (4.4)

defined in terms of the current operator Îi(t) at terminal i. For ideal Majo-
rana bound states in a three-terminal NSN setup where the superconductor is
grounded, the shot noise at each terminal takes the same form as in a conven-
tional NS junction S(0)

ij = δijS
(0)
j with (de Jong and Beenakker, 1994)

S
(0)
j =

4e2

h

∫
dE T hejj (1− T hejj )(fj,E − fS,E)2, (4.5)

and no current cross-correlation is present (Bolech and Demler, 2007). For the
convenience of the reader, we rederive that expression in appendix B.3.

4.3 Floating case without interactions

In the case of the floating superconductor without interactions EC = 0, the
mean-field BdG formalism which neglects the Cooper-pair condensate dynamics
cannot be applied naively since electron pairs can be converted into Cooper
pairs, resulting in a net current IS = −(I1 + I2) out of the superconducting
reservoir. For a floating superconductor in the stationary regime, no net current
IS can be drawn from the reservoir (Lambert et al., 1993; Anantram and Datta,
1996). The condition IS = 0 can always be fulfilled by varying the sum of the
voltage V1 + V2 (which corresponds to changing the chemical potential of the
superconductors with respect to the leads) while keeping the voltage difference
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V = V1 − V2 between the two terminals fixed. The superconducting reservoir
then serves as a voltage probe breaking the phase coherence of the quasiparticles
without affecting the current balance.

For a general floating NSN setup, one obtains the conductance (Lambert
et al., 1993; Anantram and Datta, 1996)

G =
∂I1

∂V

∣∣∣
IS=0

=
G11G22 −G12G21

G11 +G12 +G21 +G22

, (4.6)

where all the conductances Gij have to be evaluated at the voltages Vi corre-
sponding to IS = 0. For ideal Majorana bound states, we have G12 = G21 = 0

and the formula simplifies to

G =
G1G2

G1 +G2

, (4.7)

which corresponds directly to the conductance that we have derived in the in-
troduction for the equivalent circuit Fig. 4.1(b). As previously explained, the
total resistance G−1 is simply determined by the sum of the resistances G−1

1 ,
G−1

2 associated with Andreev reflection processes at the left and right terminal
and the total conductance G peaks when the conductances G1, G2 attain their
maximum values at V1 = V2 = 0. At this point, current conservation follows
trivially from I1 = I2 = 0 and one obtains a peak conductance of e2/h at zero
bias V = 0. The peak conductance in the floating case is thus precisely one half
of the peak conductance expected for a grounded superconductor.

For the calculation of the noise in the floating case, we follow the approach
of Ref. (Anantram and Datta, 1996) which assumes that the current fluctua-
tions can be modeled as Langevin forces δÎj that drive the fluctuations −eδV
in the chemical potential of the superconductor which in our gauge corresponds
to modifying the voltages according to δV1/2 = δV . Although Ref. (Anantram
and Datta, 1996) presents the results in linear response in the voltages Vj where
they can be rigorously justified through fluctuation-dissipation relations,(Landau
and Lifshitz, 1980) the treatment formally only requires linear response in the
fluctuations δV of the voltages Vj. This can be seen by expanding the current
operator Îi of lead i in the form

Îi = Ii +
∑
j 6=S

Gij δV + δÎi, (4.8)

where the first term is just the average current Eq. (4.1) and δÎi are the Langevin
forces defined by 〈δÎi(t)〉 = 0,

∫
dt 〈δÎi(0)δÎj(t)〉 = S

(0)
ij with the shot noise S(0)

ij
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of the grounded case. In equation (4.8), the expressions Ii, Gij and S
(0)
ij all have

to be evaluated at the voltages corresponding to IS = 0. For long measurement
times which corresponds to low frequencies, current conservation has to hold not
only on average but as an operator identity

∑
i Îi = 0 (Anantram and Datta,

1996).
Using the current conservation, the result of Ref. (Anantram and Datta, 1996)

for the shot noise in a floating two-terminal setup is recovered. The shot noise
is maximally cross-correlated with S11 = S22 = −S21 = −S12 = S where

S =
G2

2S
(0)
1 +G2

1S
(0)
2

(G1 +G2)2
. (4.9)

Note that the expression of the shot noise (4.9) can directly be understood in
terms of the equivalent circuit Fig. 4.1(b) that was discussed in the introduction.
However, in order to determine the concrete bias dependence of the noise (4.9),
we need to solve the self-consistency equation IS = 0 determining the voltages Vi
given the bias V . We determine this relation using a microscopic model of two
ideal Majorana bound states γ1, γ2 that are each connected to a lead. Because
there is no coupling between the ideal Majorana modes, the transport is local
and we can use the results of App. B.1 in the expressions Eqs. (4.1), (4.3) and
(4.5) for Ij, Gj, and S

(0)
j . We obtain

Gj =
2e2

h
(1 + v2

j )
−1, Ij =

4e

h
Γj arctan(vj), (4.10)

S
(0)
j =

4e2

h
Γj
(
arctan |vj| − |vj|/(1 + v2

j )
)
, (4.11)

with vj = eVj/2Γj where we have introduced the coupling strength Γj of the
Majorana fermion γj to the nearby lead.

For the following, a possible asymmetry between the lead couplings Γj will
be important. Thus, we will label the leads by the indices j ∈ {min,max} such
that Γmin ≤ Γmax. Note, however, that for the voltage drop Vmin, the label
‘min’ merely means that the voltage drops at the terminal with the smaller lead
coupling Γmin which implies that Vmin ≥ Vmax as we will show below.

Solving the constraint IS = 0 valid for a floating superconducting in terms of
vmax yields

vmax = − tan
[
Γmin arctan(vmin)/Γmax

]
. (4.12)

The physics behind the transport can be entirely understood through the voltage
relation (4.12), which is illustrated in Fig. 4.2 for different ratios Γmin/Γmax. We
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Figure 4.2: Relation between the voltage drop Vmin at the terminal with
the smaller lead coupling Γmin and the voltage drop Vmax at the terminal
with the larger lead coupling Γmax for a floating superconductor.

find that for small applied bias voltages V � V− = 2Γmin/e the voltage drop is
symmetric with |Vmax| = |Vmin| = 1

2
V . This results corresponds to the linearized

regime in Fig. 4.2. Note that for the special case of symmetric couplings this
relation holds exactly for arbitrary voltages. At larger voltage bias, the voltage
|Vmax| saturates at a value

eVsat = 2Γmax tan(πΓmin/2Γmax).

The origin of the saturation is the effect that a single Andreev level can carry at
most a current 2πeΓ/h. The total current through the device is thus limited by
2πeΓmin/h. In order for IS = 0 to hold, the current through the junction with
the coupling Γmax must not exceed this value. Consequently, using the current
expression (4.10), we obtain that the voltage |Vmax| has to saturate at the value
Vsat. If the bias voltage exceeds this saturation value almost all the voltage drop
will be across the junction with the smaller coupling, i.e., we have V = Vmin for
V � Vsat. We highlight that the existence of this regime is a consequence of the
resonant structure of Andreev reflection at the NS interfaces.

From the behavior of the voltages, all the other transport characteristics
follow. In the regime of low bias V � V−, the relation Vmin = −Vmax leads
to a nontrivial relation between the conductances Gmin/Gmax = 1 − (Γ2

max −
Γ2
min)e2V 2/16Γ2

minΓ2
max and the behavior of the shot noise in the floating case
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Figure 4.3: Fano factor F = S/eI in the floating system as a function of
the voltage V/Vsat, where eVsat = 2Γmax tan(Γminπ/2Γmax) is the largest
voltage |Vmax| that can drop at the terminal with the larger lead coupling
Γmax. For voltages V � Vsat, nearly all the voltage drops at the terminal
with the smaller lead coupling Γmin and both the shot noise S/e and
the current I tend to the maximal current 2πeΓmin/h that can be driven
through the system. Consequently, for voltages V � Vsat, the Fano
factor reaches one.

is determined both by the bias dependence of the conductances and the shot
noises S(0)

min, S
(0)
max. For V � V−, we obtain a Fano factor F = S/eI = (1 +

Γ2
min/Γ

2
max)V

2/24V 2
− � 1 which indicates sub-Poissonian noise. For V → 0, we

obtain the result F = 0 consistent with the fact that the local transport is carried
by a resonant level with unit transmission probability implying a vanishing Fano
factor due to the Pauli exclusion principle (Blanter and Büttiker, 2000).

Since for V � Vsat, the voltage drop Vmin at the terminal with the smaller
coupling Γmin is much larger than the voltage drop Vmax at the other terminal,
the conductances in that regime obey Gmin � Gmax. Consequently, we find
S = S

(0)
min which reflects the fact that according to the circuit Fig. 4.1(b), it is the

noise current generated at the terminal associated with Γmin which flows through
the larger conductance and thus dominates the shot noise for V � Vsat. Using
the explicit form of the noise (4.11) and the current (4.10), one finds that the
Fano factor F = S/eI tends to one for V � Vsat. This behavior is illustrated in
Fig. 4.3 for different ratios Γmin/Γmax close to one.
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4.4 Comparison to the Coulomb-blockade case

The behavior of the shot noise power (4.9) in the non-interacting case EC = 0

must be contrasted with the shot noise power obtained for the Coulomb-blockade
regime EC → ∞ of Ref. (Fu, 2010). In the case where only two charge states
are important, transport proceeds by sequential tunneling and can be mapped
onto transport though a double barrier where tunneling through the barriers oc-
curs at a rate Γmin/~, Γmax/~ (Davies et al., 1992). Current and shot noise in
that case can be obtained using the classical circuit Fig. 4.1(b) and its corre-
sponding shot noise expression (4.9) if the conductances Gmin, Gmax model the
transmission through a single barrier (Blanter and Büttiker, 2000). In this case,
the conductances Gmin, Gmax are simply proportional to the couplings Γmin, Γmax

which are energy-independent for wide leads, showing that the voltage drops
Vmin, Vmax at the left and the right barrier must be distributed according to
|Vmin/Vmax| = Γmax/Γmin. Since neither of the voltage drops saturates, both
the Fano factors associated with transmission through the left and right barrier
S

(0)
1 /eI, S(0)

2 /eI will tend to one in the large bias regime eV � Γmin,Γmax and
one obtains the limiting expression Fdb = (Γ2

min + Γ2
max)/(Γmin + Γmax)

2 < 1 for
the Fano factor of the double barrier in the large bias limit (Chen and Ting, 1992;
Davies et al., 1992; Blanter and Büttiker, 2000). This shows that the Fano factor
is suppressed as compared to the single barrier case with a maximal suppression
of 1/2 obtained for symmetric coupling Γmin = Γmax.

In the following, we want to give an intuitive picture for the reduction of the
Fano factor in the Coulomb-blockade regime with respect to the case of a non-
interacting floating superconductor with EC = 0. In the former case, the Fano
factor is given by the generic result Fdb for an asymmetric double barrier which is
smaller than one. In the latter case, for large bias, the voltage generically drops
solely over the junction with coupling Γmin and the shot noise as well as the cur-
rent can be evaluated in an NS-setup involving only this junction. The transport
through the NS junction involves Andreev reflections. It is a well-known fact that
the Andreev reflection processes in an NS-junction can also be mapped onto the
problem of transmission of electrons through a symmetric double barrier with
the identification explained in Fig. 4.4. It is however important to realize that
the elementary processes in the transport involve Cooper pairs with charge 2e

such that the Fano factor is twice as large as the one for the symmetric double
barrier. Given the expression Fdb above, we thus obtain the result that the Fano
factor of the noninteracting setup tends to one for large bias.
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Figure 4.4: This plot shows the equivalence of the tunneling through a
symmetric double barrier to the Andreev reflection off a NS interface. (a)
The tunneling amplitudes for a double barrier t =

∑∞
m=0 Am is a sum of

the amplitudes Am = tLe
iϕ(rRe

2iϕrL)mtR for m round trips between the
barriers with the amplitudes rL/R and tL/R of reflection and transmis-
sion at the left/right barrier and the phase eiϕ accumulated during one
traversal of the barrier region. (b) The tunneling amplitude for Andreev
reflection teh at a NS interface is similarly given by the sum of the am-
plitude Am = tee

iχ(rhe
iχ̃rhe

iχ)mth for m round trips with the amplitudes
re/h and te/h for reflection and transmission of an electron/hole at the
tunneling barrier and the amplitudes eiχ, eiχ̃ for Andreev reflection as a
hole or electron at the superconductor. For energies much smaller than
the gap, the particle-hole symmetry dictates that χ+ χ̃ = −π. Thus, we
obtain the result (Nazarov and Blanter, 2009) that Andreev reflection
can be understood as transmission through a symmetric double barrier
with TL = |tL|2 = TR = |tR|2 if we identify ϕ = −π/2 and te/h = tL/R,
re/h = rL/R.

4.5 Conclusions

In this work, we have studied two-terminal transport between two normal-conducting
metallic leads contacting the Majorana bound states of a floating topological
superconductor in absence of charging energy. The nonlocal current correla-
tions reflecting Majorana-assisted nonlocal electron transport that were previ-
ously shown for the Coulomb-blockade regime (Fu, 2010) are also obtained in
the non-interacting case. The presence of the phase-breaking Cooper-pair con-
densate allows modeling the transport processes as an incoherent combination
of Andreev reflection events at the left and the right NS junction. Using this

92



model, we have shown that the peak conductance e2/h previously obtained for
the Coulomb-blockade regime also follows in the non-interacting case as a simple
consequence of current division. We have shown that the difference between the
non-interacting case and the Coulomb-blockade regime is reflected in the shot
noise power, which generically becomes Poissonian in the high bias limit of the
non-interacting case, whereas it stays sub-Poissonian in the Coulomb-blockade
regime with EC →∞. We thus find that the two transport regimes can be dis-
tinguished by their shot noise properties. It would be interesting to investigate
how our results change in the case of a finite charging energy. While current
correlations will remain present also in this case due to charge conservation, in-
teractions can strongly affect the specific form of the noise and can, e.g., lead
to a super-Poissonian enhancement of the noise for certain double barrier se-
tups (Blanter and Büttiker, 2000). Our findings for the peak conductance also
make it tempting to speculate that the peak conductance will actually remain
at value e2/h for any finite value of the charging energy. Those questions how-
ever are beyond the scope of the present work and remain a problem for future
studies.

93



94



Chapter 5

Supersymmetric quantum
mechanics in Cooper-pair boxes

This chapter contains work by the author which has been published under
the titles “Supersymmetry in the Majorana Cooper-Pair Box” in Phys.
Rev. B 90, 075408 (2014) and “Simulation of supersymmetric quantum
mechanics in a Cooper-pair box shunted by a Josephson rhombus” in
Phys. Rev. B 92, 245444 (2015).

The macroscopic quantum mechanics of superconducting circuits has allowed
the experimental simulation of many complex quantum phenomena such as phase
transitions (van Oudenaarden and Mooij, 1996), quantum spins (Neeley et al.,
2009), or dynamics in open systems (Li et al., 2013). Theoretically, the quantum
simulation of intricate subjects such as Hawking radiation (Nation et al., 2009)
and lattice gauge theories (Douçot et al., 2004; Marcos et al., 2013; van Heck
et al., 2014) has been proposed. In the plethora of phenomena that can be simu-
lated with the help of superconducting circuits (Georgescu et al., 2014; Paraoanu,
2014), degeneracies due to quantum-mechanical supersymmetries have notably
been absent. Typically, degeneracies in the spectrum arise when the Hamiltonian
commutes with all group elements of a non-Abelian symmetry which translates
into selection rules demanding vanishing off-diagonal and equal diagonal matrix
elements of the Hamiltonian within the same irreducible representation (Messiah,
1958). The degeneracy of the states thus always follows from the dimension of
the representation. Supersymmetry on the other hand does not simply forbid
different states to couple but it makes sure that in each order of perturbation
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theory there is always a pair of terms canceling each other (Witten, 1981; Ulrich
et al., 2014).

It is intriguing that the degeneracies of supersymmetric quantum mechanics
occur by the same mechanism (Witten, 1981) that leads to a miraculous cancella-
tion of divergences in supersymmetric field theories and makes supersymmetries
an important tool of particle physics (Aitchison, 2007). In the condensed matter
context, however, the main focus has been on a technical usage of supersymmet-
ric quantum mechanics allowing, for example, the algebraic construction of the
spectra of non-supersymmetric Hamiltonians (Cooper et al., 1995) or partially
analytic approaches to (supersymmetric) lattice models like the ferromagnetic
t−J model (Fendley et al., 2003a), the XXZ chain (Fendley et al., 2003b; Becca-
ria et al., 2006) or quantum-critical systems (Huijse et al., 2008). The supersym-
metries discussed in these works do not necessarily involve a degeneracy of the
eigenstates on a physical level as the authors invoke supersymmetry for provid-
ing an additional structure which helps in understanding the (exact) solution of
the problem. In the few systems which are intrisincally supersymmetric and ex-
perimentally relevant like the free particle (Rau, 2004) or the Jaynes-Cummings
model (Andreev and Lerner, 1989), however, the supersymmetric structure is
irrelevant since the spectrum is exactly solvable. In order to deepen the connec-
tion to the ideas in the high-energy context, it is of vital importance to propose
a non-integrable system where the level degeneracy can be solely understood by
its supersymmetric structure.

In this chapter, we will discuss two superconducting approaches to supersym-
metric quantum mechanics in setups derived from Cooper-pair boxes. We start
by discussing in section 5.1 a supersymmetry that arises in a Majorana Cooper-
pair box, a Cooper-pair box hosting a pair of Majorana bound states one of
which is coupled to a bound state on the ground superconductor. Since Majo-
rana bound states remain challenging to realize in experiment, we consider in
5.2 a setup employing conventional superconducting circuitry in which a similar
supersymmetry occurs.

5.1 The Majorana Cooper-pair box

At first sight, superconducting systems hosting Majorana fermions appear to be
prime candidates for the realization of supersymmetry since they involve both
bosonic (Cooper-pair condensate) and fermionic (Majorana fermions) degrees of
freedom. Indeed, a supersymmetry in space-time has recently been shown to arise
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Figure 5.1: Setup corresponding to the model Hamiltonian Eq. (5.1), de-
scribing a superconducting island with charge n, superconducting phase
φ1 and Majorana bound states γ1,A/B coupled to a ground superconduc-
tor with charge n0, superconducting phase φ0 and Majorana bound states
γ0,A/B. The coupling is realized through a Josephson junction (depicted
by a boxed cross) with Josephson energy EJ and a Majorana-Josephson
junction (depicted as a half-cross) between bound states γ0,B and γ1,A

with coupling strength EM . The island is coupled via a capacitance Cg
to a gate voltage Vg. The tunnel Hamiltonian HT denotes the possibility
to couple the bound state γ1,B to a normalconducting tunneling tip.

at an interface of two topological superconductors in two dimensions (Tsvelik,
2012) as well as at the quantum phase transition between a trivial and a topo-
logical superconductor in arbitrary dimensions (Grover et al., 2014). In contrast,
here we want to focus on a realization of supersymmetric quantum mechanics and
its associated level degeneracies with the help of Majorana fermions that does
not rely on their fermionic properties, but only on the simultaneous presence of
an anomalous 4π-periodic Josephson coupling and a normal one. Specifically,
we will show that adding a Majorana-Josephson junction of the right coupling
strength to a Cooper-pair box leads to a degeneracy of all excited energy lev-
els due to supersymmetry. The supersymmetry we find is a “hidden” minimally
bosonized supersymmetry (Plyushchay, 1996) and realizes a non-trivial general-
ization of the supersymmetry of the free particle in one dimension (Rau, 2004)
to the presence of a potential. Moreover, we show that the supersymmetry can
be directly probed in a tunneling experiment giving access to spectral properties
of the system.

In Sec. 5.1.1, we introduce our system of interest, the Majorana Cooper-pair
box. In Sec. 5.1.2, we give a short outline of supersymmetric quantum mechanics
and show that the Majorana Cooper-pair box is supersymmetric for a certain
ratio of Josephson to Majorana-Josephson coupling strength. In Sec. 5.1.3, we
discuss a tunneling experiment for a direct probe of the level degeneracy predicted
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by the supersymmetry before we conclude by summarizing our main findings and
discussing possible experimental realizations.

5.1.1 Majorana Cooper-pair box

The system of interest is depicted in Fig. 5.1. It is based on the well-known
Cooper-pair box, which consists of a superconducting island (with phase φ1)
that is coupled to a ground superconductor (with phase φ0) via a gate voltage Vg
with capacitance Cg and a Josephson junction with Josephson energy EJ . The
Cooper-pair box is extended by a 4π-periodic Josephson junction with coupling
strength EM which is characteristic for topological superconductors. The 4π-
periodic Josephson effect comes along with one Majorana zero mode denoted
by γ0,B and γ1,A on either side of the junction. Exchange of single electrons
leads to the hybridization energy iEMγ0,Bγ1,A cos(φ/2) where φ = φ1 − φ0 is
the superconducting phase difference. Due to topological constraints, there are
always an even number of Majorana zero modes on each superconducting island.
Thus, we have to take into account two additional Majorana bound states γ0,A

and γ1,B. We assume that the Majorana modes on the same superconductor are
sufficiently separated such that we can neglect the exponentially small energy
splitting. In a specific realization of our proposed system, the Majorana bound
states could be hosted, for example, at the ends of semiconductor nanowires
placed on top of a conventional s-wave superconductor (Oreg et al., 2010; Lutchyn
et al., 2010). However, our discussion is independent from the specific way the
Majorana bound states are realized.

The total Hamiltonian of the system reads

Hγ = EC(n− ng)2 + EJ
(
1− cosφ) + iEMγ0,Bγ1,A cos(φ/2); (5.1)

the last term is the Majorana Josephson coupling explained in details above.
The first term is associated with the electrostatic charging energy EC = e2/2CΣ

of having n electrons on the superconducting island, with the total capacitance
CΣ given by the sum of the capacitances of the Majorana and the Josephson
junction and the gate capacitance Cg. The preferred electron number on the
island is set by the offset charge ng = CgVg/e (with e > 0 the elementary charge)
controlled by the gate voltage. The second term proportional to EJ = ~Ic/2e
arises due to the conventional Josephson coupling exchanging Cooper-pairs with
a critical current Ic. In deriving the Hamiltonian, we have assumed a large
ground superconductor such that there is no charging energy associated with it.

98



As a result, the superconducting phase φ0 of the ground superconductor has no
dynamics and we can choose a gauge with φ0 = 0. The number of electrons n ∈ Z
and the phase φ1 = φ of the superconducting island are conjugate variables and
obey the angular-momentum algebra

[n, e±iφ/2] = ±e±iφ/2, (5.2)

such that e±iφ/2 corresponds to addition/removal of a single electron. The Ma-
jorana operators obey the Clifford algebra

{γk, γl} = γkγl + γlγk = 2δkl. (5.3)

Assuming that the temperature is below the superconducting gap and that
apart from the Majorana modes there are no additional Andreev states, an occu-
pation of the (non-local) fermionic mode spanned by the Majorana bound states
γ1,A, γ1,B must correspond to the presence of an odd number of electrons on the
superconducting island. Consequently, we have the fermion parity constraint
(Fu, 2010)

iγ1,Aγ1,B = (−1)n (5.4)

for the island and an analogous constraint for the ground superconductor. For
each superconductor with a pair of Majorana bound states, the fermion parity
constraint reduces the Hilbert space dimension by a factor of two, and conse-
quently, the Hilbert space of the system (5.1) is four times smaller than one
would naively expect. Since the Majorana degrees of freedom are slaved to the
number operator n, they can be explicitly removed via a unitary transformation
U , see App. C.1 for details (van Heck et al., 2011; Zazunov et al., 2011). We
obtain

H = EC(n− ng)2 + EJ(1− cosφ) + EM cos(φ/2), (5.5)

where H is the projection of the transformed Hamiltonian UHγU
† onto the con-

straint surface. As the Hamiltonian is 4π-periodic in φ, the charge offsets ng are
only defined modulo 1. Thus, we restrict ourselves to ng ∈ [−1

2
, 1

2
] and adjust n

accordingly. For the important situation with ng = 0, n simply counts the num-
ber of excess charges. We will show that at this particular point the Hamiltonian
(5.5) is supersymmetric with a level degeneracy due to the symmetry provided
that EM =

√
2EJEC .
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Figure 5.2: Numerically calculated wave functions ψn,±(φ) of the Hamil-
tonian Eq. (5.5) for n = 0, 1, 2 at the supersymmetric point ng = 0,
EM =

√
2EJEC for different values of EJ/EC (and thus α =

√
2EJ/EC).

The wave functions are chosen real and are aligned at their corresponding
eigenenergies. States ψn,+(φ) in the even parity sector of the supercon-
ducting phase are plotted in dark gray while the states ψn,−(φ) in the
odd parity sector are plotted in light gray. The black line represents the
underlying potential. Both the potential and the states are 4π periodic.
We note that due to the supersymmetry, all levels with n > 0 are doubly
degenerate.
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5.1.2 Supersymmetry

A supersymmetric Hamiltonian HQ decomposes into a direct sum of two terms
that share the same spectrum up to a possibly missing ground state. The struc-
ture behind the N = 1 supersymmetry in quantum mechanics is generated by
a Hermitian supercharge Q and Hermitian operator K squaring to 1 which dis-
tinguishes the “bosonic” and “fermionic” sectors (Combescure et al., 2004). In
particular, these operators implement the algebra

{Q,Q} = 2HQ, {Q,K} = 0, (5.6)

which implies the conservation of K, [HQ, K] = 0. The Hamiltonian decomposes
into the eigenspaces of K according to

HQ = P+HQP+ + P−HQP−, P± = 1
2
(1±K). (5.7)

Since the Hamiltonian is given by the square of a Hermitian operator, the eigenen-
ergies are positive En ≥ 0. Given an eigenstate |n,+〉 from the “bosonic” sector
with eigenvalue En > 0, the state |n,−〉 = Q|n,+〉/√En is an eigenvector of the
“fermionic” sector with the same eigenvalue En.1

Showing that our system (5.5) is supersymmetric amounts to finding a super-
charge Q and an involution K realizing the algebra Eq. (5.6). The first hunch
that a potential supersymmetry might be related to the parity of the actual num-
ber of electrons on the superconducting island does not work due to the parity
constraint (5.4), see App. C.2. However, the Majorana Cooper-pair box has a
“hidden” supersymmetry as we will show in the following.

In order to show the supersymmetry of the Hamiltonian H in the sense of
Eq. (5.6), we have to define an operator K characterizing the sectors which
commutes with the Hamiltonian. For the special case ng = 0, such an operator
is given by the parity K : φ 7→ −φ of the superconducting phase difference. We

1Note that only when the sign of K corresponds to the parity of physical fermions in the
system, the resulting structure is a true supersymmetry between bosons and fermions. In
general, the symmetry of the Hamiltonian is not in any way related to actual fermions or
bosons present in the system.
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define the supercharge2

Q =
√
EC
[
n− iα sin(φ/2)

]
(−1)n (5.8)

=
√
EC{n(−1)n + iα

2
[(−1)n sin(1

2
φ)− sin(1

2
φ)(−1)n]},

where α is a free parameter and (−1)n is the fermion parity on the super-
conducting island. It is straightforward to check that [(−1)n, K] = 0 and
{n− iα sin(φ/2), K} = 0 such that Q anticommutes with K.

Using the trigonometric relation 2 sin2(φ/2) = 1 − cosφ, one obtains the
supersymmetric Hamiltonian

HQ = EC{n2 + α cos(φ/2) + 1
2
α2[1− cos(φ)]} (5.9)

which for α =
√

2EJ/EC is equal to the Hamiltonian (5.5) at the point

EM =
√

2EJEC , ng = 0. (5.10)

The supersymmetry leads to a degeneracy of the spectrum (apart from the ground
state) which holds even in the nonperturbative regime of arbitrary EJ/EC . While
the supersymmetry presented here does not depend on the presence of fermionic
degrees of freedom in the system, it relies crucially on the presence of an anoma-
lous Josephson junction in addition to a conventional Josephson junction. In this
sense it provides a clear signature of the Majorana-induced 4π-periodic Josephson
relation.

The supersymmetric structure of the Hamiltonian allows us to obtain the
ground state(s) to the energy eigenvalue zero by solving the first-order differential
equation QP±ψ0(φ) = 0 in the two sectors. In the present case, there is no
solution to QP−ψ0(φ) = 0 since solutions to Qψ(φ) = 0 are always even with
respect to the parity K of the superconducting phase difference. We obtain that
the non-degenerate ground state at the supersymmetric point Eq. (5.10) is given
by the function

ψ0(φ) = [4πI0(2α)]−1/2 exp[−α cos(φ/2)] (5.11)

in the “bosonic” sector with the modified Bessel function I0(x) =
∫ 2π

0
dt exp(x cos t)/2π.

All the excited states are doubly degenerate due to the supersymmetry. The al-
gebraic construction of the higher energy levels and states is unfortunately not

2Note that only when the sign of K corresponds to the parity of physical fermions in the
system, the resulting structure is a true supersymmetry between bosons and fermions. In
general, the symmetry of the Hamiltonian is not in any way related to actual fermions or
bosons present in the system.
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possible, since the potential is self-isospectral, that is identical in both sectors of
the Hamiltonian, and the algebraic construction works only for potentials that
differ in at least one parameter in the two sectors (Cooper et al., 2001).

Despite the lack of a general analytic solution for the degenerate excited
states, we can still understand the degeneracy in the perturbative regimes. In
particular, in the limit α→ 0 we recover the supersymmetry of the free particle
in one dimension as discussed by Rau (2004). In this case the spectrum is given
by En = ECn

2 with the excess number of electrons n ∈ Z; the ground state
corresponds to n = 0, and the level degeneracies are due to the two states n and
−n at the same energy for n ≥ 1.3 It is an instructive exercise to check that the
level degeneracies persist when performing perturbation theory in α. What can
be observed is that each term in order N involving EJ cancels against a term
in order 2N in EM appearing with opposite sign. Thus, the level degeneracy
between n and−n persists to arbitrary order in α, see Fig. 5.2. It is this particular
cancellation of terms in the perturbation theory for which supersymmetry as a
non-perturbative structure has been initially designed in the high-energy context
(Weinberg, 2000).

In the semiclassical regime with α→∞, the states are well localized close to
the minima at φ ∈ 2πZ where the potential V = EM cos(φ/2) + EJ(1 − cosφ)

can be expanded in quadratic order, see Fig. 5.2(c). Close to φ = 2π, we have
V2π ≈ −EM+ 1

2
EJ(φ−2π)2 with the spectrum E2π,n = −EM+

√
8ECEJ(n+ 1

2
). In

the second mimimum, at φ close to zero, we have V0 ≈ EM+ 1
2
EJφ

2 which leads to
the approximate spectrum E0,n = EM +

√
8ECEJ(n+ 1

2
). At the supersymmetric

point (5.10), we observe the degeneracy E2π,n+1 = E0,n valid for n ≥ 0. So the
structure is again a single ground state E2π,0 with degenerate levels above it. It
is a highly nontrivial fact that the degeneracy found in the analysis above valid
for α → ∞ remains intact for finite α where next order terms in the expansion
of V as well as tunneling events described by instantons have to been taken into
account.

In the following, we will show that the degeneracies of the whole spectrum
(except for the ground state) arising in the model (5.5) at the supersymmetric
point can be directly probed by a tunneling experiment.

3Note that only when the sign of K corresponds to the parity of physical fermions in the
system, the resulting structure is a true supersymmetry between bosons and fermions. In
general, the symmetry of the Hamiltonian is not in any way related to actual fermions or
bosons present in the system.
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5.1.3 Tunneling current

To model the tunneling experiment depicted in Fig. 5.1, we assume that the
system is coupled via the Hamiltonian

HT =
∑
p

w∗c†pe
−iφ/2γ1,B + H.c., (5.12)

to an effective noninteracting lead of spinless electrons described by the Hamil-
tonian HL =

∑
p εpc

†
pcp with the fermionic annihilation operators cp;4 here, w is

the tunneling matrix element and the presence of the operators e±iφ/2 account
for the transfer of charge to the superconductor. For this setup, we derive in the
App. C.3 the exact expression

I =
eΓ

h

∫
dε (− ImGR

ε ) (2fε−eV − 1) (5.13)

for the tunneling current, see also Hützen et al. (2012); here, fε = [1+exp(ε/kBT )]−1

is the Fermi distribution with respect to the chemical potential of the supercon-
ducting island and, consequently, fε−eV is the distribution of the electrons in the
lead. The tunnel coupling Γ = 2π|w|2ρ0 is given in the wide-band limit where
the electrons in the lead have the constant density of state ρ0. The Majorana
Green’s function in the presence of the leads is defined as

GR
ε = −i

∫ ∞
0

dt eiεt
〈{
γ̃(t), γ̃†

}〉
, (5.14)

with γ̃ = γ1,Be
−iφ/2 evolving with respect to the full Hamiltonian Htot = Hγ +

HL + HT . From Eq. (5.13), the differential conductance G(V ) = dI/dV is ob-
tained in the limit of low temperatures (T → 0) where we can approximate
dfε/dε ≈ −δ(ε) as

G(V ) =
dI

dV
= −2e2Γ

h
ImGR

eV . (5.15)

Our goal is to evaluate the differential conductances in the tunneling limitEJ , EC �
Γ. To this end, we need to relate the Majorana Green’s function GR

ε in presence
4Note that only when the sign of K corresponds to the parity of physical fermions in the

system, the resulting structure is a true supersymmetry between bosons and fermions. In
general, the symmetry of the Hamiltonian is not in any way related to actual fermions or
bosons present in the system.
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Figure 5.3: Left column: for EJ = 0.1EC , EJ = EC and EJ = 5EC
(from top to bottom) we show the differential tunneling conductance G
Eq. (5.15) at zero temperature at the special point EM =

√
2EJEC where

the Hamiltonian of the system is supersymmetric for ng = 0. The con-
ductances are plotted as a function of bias voltage V and offset charge
ng. It is calculated from the exact bare Green’s function GR

0,ε of the sys-
tem computed by exact diagonalization and incorporating the leads via
the Dyson equation (5.19) with a tunnel coupling Γ = 0.2EC . The con-
ductance G(V ) clearly discriminates between electron and hole processes
and the strong bias asymmetry at low EJ/EC reflects the transition from
the charge basis to the phase basis as elaborated in the main text. Right
column: here we show the symmetrized conductance 1

2
[G(V ) + G(−V )]

for the same values of EJ/EC as in the left column. In the symmetrized
conductance, the crossing of all the levels at ng = 0 is clearly visible.
The white horizontal line in the middle left panel between eV/EC = 1.2
and eV/EC = 3.5 at ng = −0.3 indicates the position of the line cut
shown in Fig. 5.4.
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of the leads to the Majorana Green’s function GR
0,ε without the leads (w = 0)

which can be evaluated by exact diagonalization.
In the non-interacting case (EC = 0), the retarded Majorana Green’s function

obeys a Dyson equation in Nambu space (Flensberg, 2010), which can be written
as

ǦR
ε = ǦR

0,ε + ǦR
0,εΣ̌

R
ε Ǧ

R
ε , (5.16)

and where Ǧε is given by

ǦR
ε = −i

∫ ∞
0

dt eiεt
〈( {γ̃(t), γ̃†} {γ̃(t), γ̃}
{γ̃†(t), γ̃†} {γ̃†(t), γ̃}

)〉
, (5.17)

and

Σ̌R
ε = |w|2

∑
p

(
(ε− εp + i0+)−1 0

0 (ε+ εp + i0+)−1

)

= −iΓ
2

(
1 0

0 1

)
(5.18)

is the self energy due to the lead. In the non-interacting limit (EC = 0), the
superconducting phase φ is constant, φ(t) = φ(0), and thus all the four entries
of the Green’s function ǦR

ε are equal. As a consequence, the Dyson equation
becomes the scalar equation

GR
ε = GR

0,ε +GR
0,εΣ

R
ε G

R
ε , (5.19)

with the self energy ΣR
ε given by the sum of two processes corresponding to

transitions of electron and holes to the lead,

ΣR
ε = tr(Σ̌R

ε ) = −iΓ. (5.20)

In the following, we assume that the scalar Dyson equation (5.19) remains
applicable also in the interacting case. This corresponds to a decoupling at the
sequential tunneling level and an inclusion of the leads through the self-energy
(5.20). We thus neglect a potential difference in the dynamics between electrons
and holes when tunneling to the lead.5 As explained in the App. C.4, the Green’s

5Alternatively, one could work with the Nambu-Dyson equation (5.16), which contains the
different dynamics through the anomalous Green’s functions of type 〈γ̃γ̃〉, 〈γ̃†γ̃†〉. We have
checked that this does not qualitatively alter the results and thus we proceed with the simpler
approach, i.e., the decoupling given in the main text.
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function GR
0,ε at w = 0 can be expressed in the Lehmann representation as

GR
0,ε =

∑
k,σ

aσk
ε− σEk0 + i0+

(5.21)

with the transition probabilities aσk = |〈k|eiσφ/2|0〉|2 to the exact eigenstate |k〉
of the Hamiltonian H by adding (σ = +) or removing (σ = −) a single electron,
where Ekl = Ek −El are differences of the corresponding eigenenergies. The full
retarded Green’s function GR

ε is obtained via the Dyson equation (5.19). The
effect of the leads incorporated via the Dyson equation (5.19) is to provide a
state-dependent broadening of the levels of the isolated system.

To get a feeling for the formulas, we first consider the simple situation where
due to a large level separation only a single level |k〉 is close to resonance eV ≈
Ek0 > 0. In this case, we can approximate GR

0,ε ≈ a+
k /(ε−Ek0 + i0+). Resolving

the Dyson equation and plugging the resulting expresssion for GR
ε into (5.15)

yields

G(V ) ≈ 2e2

h

(a+
k Γ)2

(eV − Ek0)2 + (a+
k Γ)2

, (5.22)

which describes a Lorentzian peak around the resonance energy Ek0 with level-
dependent broadening a+

k Γ proportional to the probability of injecting an electron
from the lead.

As a peak in the conductance is associated with the resonance condition eV =

Ek0, we expect that the level degeneracy due to the supersymmetry is visible as a
merging of two peaks when approaching the supersymmetric point. To test this
hypothesis, we have numerically calculated the conductance by determining GR

0,ε

via exact diagonalization of H and subsequently resolving the Dyson equation
(5.19). The resulting differential conductance Eq. (5.15) is displayed in Fig. 5.3 as
a function of bias voltage and offset charge ng. As was to be expected from the
approximate expression Eq. (5.22), the conductance peaks with a value equal
to the conductance quantum 2e2/h when the bias voltage is tuned such that
the chemical potential of the lead is in resonance with the eigenstates of the
isolated system and resonant Andreev reflection occurs. The conductance plots
exhibit the symmetry G(V, ng) = G(−V,−ng) which is exact to our level of
approximation. For the Hamiltonian H, a sign flip of the offset charge ng is
equivalent to a sign flip of the superconducting phase under action of the parity
operator K : φ 7→ −φ. It is easily checked from the Lehmann representation
Eq. (5.21) thatGR

0,ε 7→ −GA
0,−ε under the operation ofK which due to the strucure
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of the Dyson equation (5.19) translates into G(V ) 7→ G(−V ). An intuitive reason
for the symmetry G(V, ng) = G(−V,−ng) is that the sign of ng favors an excess
or defect number of electrons whereas the sign of V corresponds to the lead
preferably adding or removing electrons. As we have shown in Sec. 5.1.2, the
supersymmetry at small EJ/EC corresponds to a different sign of excess electrons.
Thus the two levels that cross appear in the tunneling conductance at opposite
bias. In order to remedy the problem that the crossing is not directly visible in the
conductance as it appears at different bias, we plot the symmetrized conductance
1
2
[G(V )+G(−V )] in the lower panel of Fig. 5.3 where the crossing of the levels at
ng = 0 is visible for all ratios of EJ to EC . Due to the symmetry mentioned above,
the plots of the symmetrized conductances are symmetric under ng ↔ −ng.

A striking feature which is especially visible in the unsymmetrized conduc-
tance plots is the coincidence of peaks in the conductances with regions of sup-
pressed conductance. In Fig. 5.4, we have shown a linecut of the conductance as a
function bias voltage V at the point EJ/EC = 1, EM =

√
2EJEC and ng = −0.3

for Γ = 0.2EC . It shows a sequence of two conductance peaks with their associ-
ated minima to the left of them. Each of the conductance maxima-minima pair
has been fitted to a Fano resonances of the form

GFano(V ) =
2e2

h

(βγ/2 + ε− ε0)2

(1 + β2)[(ε− ε0)2 + γ2/4]
(5.23)

indicated by the dashed lines; here, β ∈ R is the asymmetry parameter, γ is the
line-width of the resonance, and ε0 the position of the resonance. In the limit
|β| → ∞, the Fano resonance approaches the usual Breit-Wigner resonance. It
is clear from Fig. 5.4 that the Fano-resonance behavior captures the behavior of
the conductance close to the maximum.

In order to understand the microscopic origin of the Fano-like resonances, we
study a simplified model with EM = 0 in the regime EC � EJ � Γ. In this case,
we can evaluate the Hamiltonian Eq. (5.5) in the charge basis and truncate to
charge states |n = 0〉, |n = ±1〉 which yields the effective three-level Hamiltonian

H ≈ EJ +

EC(1 + ng)
2 0 −EJ/2

0 ECn
2
g 0

−EJ/2 0 EC(1− ng)2

 (5.24)

with ground state |0〉 = |n = 0〉 at eigenenergy E0 = EJ +ECn
2
g (which is exact

for all EJ/EC and ng due to the fact that we have set EM = 0) and excited states
|1, 2〉 with eigenenergies E1,2.
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Figure 5.4: Solid line: Line cut through the tunneling conductance G(V )

shown in Fig. 5.3 for EJ/EC = 1, EM =
√

2EJEC , Γ = 0.2EC and
ng = −0.3 as a function of bias voltage V . Dashed lines: fits of Fano
peaks of the form Eq. (5.23) with parameters β = 7.5, γ/EC ≈ 0.04,
ε0/EC ≈ 1.91 for the resonance on the left and β = 6, γ/EC ≈ 0.11,
ω0/EC ≈ 2.81 for the resonance on the right.

.

Due to the algebra Eq. (5.2), we find aσ0 = |〈0|eσiφ/2|0〉|2 = 0. The complete-
ness relation leads to aσ1 + aσ2 = 1. At the particle-hole symmetric point ng = 0,
we have that aσ1 = aσ2 = 1

2
. For ng 6= 0, the particle-hole symmetry is broken

and thus aσ1 6= aσ2 . The bare Green’s function GR
0,ε of the effective three-level

system follows from the Lehmann representation Eq. (5.21). We consider the
case of V > 0 such that the main contribution arises from the terms with σ = +.
Solving the Dyson equation for GR

ω , we obtain the expression

G(V ) ≈ 2e2

h

(x− a+
1 )2

(x− a+
1 )2 + E2

21x
2(1− x)2/Γ2

(5.25)

for the conductance, where we have replaced the voltage by the dimensionless
variable x = (eV −E10)/E21 that is centered around the resonance at eV = E10.6

Note that in the limit of large level-separation x→ 0, we recover the single-level
conductance Eq. (5.22).

The new feature brought by the inclusion of the second level is a zero in the
6Alternatively, one could work with the Nambu-Dyson equation (5.16), which contains the

different dynamics through the anomalous Green’s functions of type 〈γ̃γ̃〉, 〈γ̃†γ̃†〉. We have
checked that this does not qualitatively alter the results and thus we proceed with the simpler
approach, i.e., the decoupling given in the main text.
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Figure 5.5: Differential tunneling conductance Eq. (5.25) into the effec-
tive three-level system Eq. (5.24) for E21/Γ = 10 and different values
of the transition probability a+

1 into the state |1〉. Dotted lines in the
vicinity to the actual curves show the approximate Fano-resonance form
Eq. (5.23) valid for x = (ε − E10)/E21 � 1 that is parametrized by
β = −E21/Γ, ε0 = E10 + a+

1 E21/(1 + β2) and γ = 2a+
1 Γβ2/(1 + β2).

conductance for ε between E10 and E20 at the position x = a+
1 .7 The zero in

the conductance arises due to the competition of the processes of tunneling an
electron into level |1〉 and level |2〉 leading to an interference. The interference
can be traced back to the fact that the process happens at an energy eV > E10

which is above the resonance at E10 and thus is approximately phase shifted by
π with respect to the second level where eV < E20. To see that the expression
(5.25) of the differential conductance is of the Fano form close to the resonance at
x = 0, we expand x to second order in the denominator and obtain GFano(V ) for
the conductance around the resonance E10, where −β = E21/Γ� 1, γ ≈ 2a+

1 Γ,
and ω0 ≈ Ek0. Note that the asymmetry parameter β is negative in accord with
the fact that the root in the conductance occurs to the right of the resonance
position E10 and that γ and ω0 fit the single level result (5.22). Since β � 1 in
the tunneling regime, the zero is at a position where the conductance is already
polynomially suppressed, but the dip in the conductance still clearly shows up
in a logarithmic scale, cf. Fig. 5.4. For EC � EJ , we have a+

2 → 0 and we find a
very sharp resonance at E20 with dip in the conductance in close vicinity to E20

7Alternatively, one could work with the Nambu-Dyson equation (5.16), which contains the
different dynamics through the anomalous Green’s functions of type 〈γ̃γ̃〉, 〈γ̃†γ̃†〉. We have
checked that this does not qualitatively alter the results and thus we proceed with the simpler
approach, i.e., the decoupling given in the main text.
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(as compared to the peak separation E21) whereas the resonance at E10 assumes
its usual Breit-Wigner form, see Fig. 5.5. It is interesting to note that similar
interference effects are known from transport through molecules when multiple
transport channels are available (Guédon et al., 2012; Géranton et al., 2013).

5.1.4 Conclusions

We have shown that the extension of the usual Cooper-pair box by a Majorana-
Josephson junction features a degeneracy in its spectrum for ng = 0 and EM =√

2EJEC that is due to a “hidden” bosonic supersymmetry generalizing the su-
persymmetry of the free particle. The supersymmetry crucially relies on the
presence of the anomalous Josephson junction and an observation of the pre-
dicted level crossings of all excited states at the supersymmetric point provides
a clear indication of the presence of a Majorana-induced anomalous Josephson
junction.

We have shown that the supersymmetry can be probed directly in a tunnel-
ing experiment by varying the bias voltage V and the offset charge ng. In the
tunneling regime, when the bias voltage is tuned such that the Fermi level of the
lead coincides with the eigenenergies of the isolated system, resonant Andreev
reflection with a peak conductance equal to the conductance quantum 2e2/h

occurs for the whole range of EJ/EC values. The crossing of all excited eigen-
states of the system as the supersymmetric point is approached can thus clearly
be observed in conductance maps obtained by varying the offset charge ng and
gate voltage V . The conductance features suppressed conductance close to the
resonances that are due to interference. We have explained that the interference
is due the presence of several channels for single-electron tunneling which exist
since the island charge is not a sharp observable by considering a simple analytic
model in the regime EJ/EC � 1.

5.2 A Cooper-pair box shunted by a Josephson
rhombus

In the previous work, we have studied a possible realization of supersymmetric
quantum mechanics in a superconducting island hosting Majorana bound states.
Despite intense efforts, MBS are still difficult to realize. In view of this, we now
want to study a supersymmetry very similar to the one studied in the previous
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chapter that occurs in a setup which can be realized with today’s Josephson
junction technology.

In the previous case the crucial element for the supersymmtry was the simul-
taneous presence of a Josephson junction and a Majorana junction with reduced
periodicity in the superconducting phase difference. We will show that instead
of a Majorana junction and a Josephson junction, we can also use a Josephson
junction together with a junction having a doubled periodicity compared to a
usual Josephson junction. Such a device is realized by the Josephson rhombus.
The Josephson rhombus is a junction between two superconductors that allows
only tunneling of pairs of Cooper pairs. Consequently, its current-phase rela-
tion is π-periodic (Douçot and Vidal, 2002). Josehson rhombi have previously
been proposed as building blocks for topologically protected qubits (Ioffe et al.,
2002; Douçot and Ioffe, 2012) that have been shown to be experimentally fea-
sible (Gladchenko et al., 2009). Additionally, they have been employed for the
experimental realization of qubits based on the Cooper-pair parity (Bell et al.,
2014). Up to now, theoretical studies on the Josephson rhombi have mainly been
focused on the semi-classical regime (Ioffe and Feigel’man, 2002; Protopopov and
Feigel’man, 2004). For our setup, we study a Josephson rhombus in the charging
limit where it is adiabatically coupled to the superconducting island and gener-
ates a π-periodic Josephson coupling of a specific cos(2φ) form. By shunting a
Cooper-pair box with a Josephson junction rhombus, we obtain in this way a su-
persymmetry for a characteristic ratio between the strength of the conventional
and the π-periodic Josephson junction, see below.

Our system of interest is depicted in Fig. 5.6. It is an extension of the con-
ventional Cooper-pair box (Bouchiat et al., 1998; Nakamura et al., 1999), which
consists of a superconducting island with superconducting phase φ and a ground
superconductor with phase φ0 = 0 which are coupled by a Josephson junction
with Josephson energy EJ1 and capacitance C1. A capacitance Cg couples the
system to a transmission line biased at a DC voltage V (t) = Vg. We add an ad-
ditional shunt to the ground through a Josephson rhombus with capacitance C�,
which, as we will discuss in more detail below, generates a π-periodic Josephson
energy −EJ2 cos(2φ) when threaded by a flux ΦR = ΦQ/2, where ΦQ = h/2e is
the superconducting flux quantum and EJ2 the effective junction energy. Taking
into account an additional flux ΦJR = −ΦR/2 in the loop between the conven-
tional junction and the rhombus, we obtain the effective low-energy Hamiltonian

Heff = 4ECΣ
(n− ng)2 − EJ1 cosφ− EJ2 cos(2φ), (5.26)
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Figure 5.6: Setup simulating the Hamiltonian Eq. (5.26). A Josephson
junction (crossed box) with Josephson energy EJ1 and capacitance C1

couples the Cooper-pair box, a superconducting island with supercon-
ducting phase φ, to a ground superconductor (diagonally striped) with
phase φ0 = 0. A Josephson rhombus (depicted as a rhombus) provides
an additional shunt to the ground which generates a cos(2φ) Joseph-
son coupling of strength EJ2 when the rhombus is threaded by a flux
ΦR = ΦQ/2. We assume that an additional flux ΦJR = −ΦR/2 threads
the loop between the standard junction and the rhombus, which requires
a second flux line that can be controlled separately. A capacitance Cg
couples the system to a transmission line at the voltage V (t).
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where n = −i∂/∂φ is the number of Cooper pairs on the island, ECΣ
= e2/2CΣ

with CΣ = C1 + Cg + C� is the total charging energy of the island, and ng =

CgVg/2e is the induced offset charge in units of 2e. The Hamiltonian (5.26) does
not admit an analytic solution. Its only symmetry is the operationK : φ 7→ −φ at
the point ng = 0 which due to its Abelian nature does not lead to any degeneracy.
However, as we will show below, for a specific ratio of the energy scales all excited
levels are degenerate due to a supersymmetry.

In the simplest setting, a Hamiltonian HQ is called supersymmetric when
there exists a Hermitian involution K with K2 = 1 that commutes with HQ

and a Hermitian supercharge Q which anticommutes with K and factorizes the
HamiltonianHQ = Q2 (Cooper et al., 2001; Combescure et al., 2004). The sectors
of HQ are then characterized by K according to HQ = P+HQP+ +P−HQP− with
P± = (1 ± K)/2 and are intertwined through the relation P±Q = QP∓ which
guarantees that to each eigenstate |a〉 to energy Ea > 0 in one sector there is a
partner state (Q/

√
Ea)|a〉 to the same energy in the other sector. To see how

this relates to our system, let us introduce the supercharge Q and the involution
K according to (Ulrich et al., 2014)

Q = 2
√
ECΣ

(
n+ iα sinφ

)
(−1)n, KφK = −φ, (5.27)

where α is a free parameter. Note that the supercharge Q is Hermitian since
the addition/removal e±iφ of a Cooper-pair anticommutes with the Cooper-pair
parity (−1)n of the island. We then find that with α =

√
EJ2/2ECΣ

and up to
irrelevant constants, the supercharge Q squares to the Hamiltonian Eq. (5.26) at
the point ng = 0 and

EJ1 =
√

8EJ2ECΣ
, (5.28)

where the system Eq. (5.26) is supersymmetric. The exotic feature of the super-
symmetry to note here is the preservation of the degeneracy of the energy levels
all the way from the charge qubit regime with α � 1 to the transmon regime
α� 1 as long as (5.28) is fulfilled. The “hidden” character of this degeneracy is
underlined by the highly nonlocal form of the supercharge (5.27).

From the above, we see that an (effective) Josephson junction with a π-
periodic Josephson energy of the form −EJ2 cos(2φ) is crucial for supersymmetry.
Such a circuit element is provided by the Josephson rhombus shown in Fig. 5.7(a)
(Douçot and Vidal, 2002). It is a two arm Cooper-pair interferometer connecting
the superconducting island to the ground in which single Cooper-pairs tunneling
through the left and right arm of the rhombus interfere destructively due to a
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Figure 5.7: (a) Circuit of the Josephson rhombus consisting of a loop in-
terrupted by four Josephson junctions with Josephson energies EJ� and
capacitances C�. When the loop is threaded by a flux of ΦR = ΦQ/2,
the transport of single Cooper-pairs through the device is suppressed by
destructive interference between the tunneling events through the left
and the right arm of the rhombus, rendering the rhombus eigenenergies
π-periodic in the fixed phase difference φ between the top island and the
ground superconductor. (b) Choice of the gauge-invariant phase differ-
ences across the links with the arrows indicating their orientation. The
phases θj are conjugate to the charges nj = −i∂/∂θj of the supercon-
ducting islands (gray squares) in the two arms of the rhombus. The
phases add up to the reduced flux φR = 2πΦR/ΦQ.
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magnetic flux ΦR = ΦQ/2. Each arm contains two Josephson junctions connected
in series with Josephson energy EC� and capacitance C�. We show that in the
charging regime η = EJ�/2EC� . 1, the ground state energy of the rhombus
is well approximated by ε0(φ) ≈ −EJ2 cos(2φ), where φ is the (fixed) phase
difference between island and ground. Furthermore, we argue that the weak
coupling to the island permits an adiabatic decoupling leading to the effective
Hamiltonian (5.26). To this end, let us denote the Cooper-pair number of the
superconducting islands in the left and right arm by n1, n2 and choose the gauge-
invariant phase differences across the junctions as indicated in Fig. 5.7(b). Taking
into account the additional flux ΦJR = −ΦQ/4 from Fig. 5.6, the Hamiltonian of
the full system assumes the form

H = 4ECΣ
(n− ng)2 − EJ1 cosφ+H�, (5.29)

which corresponds to the effective model Eq. (5.26) with −EJ2 cos(2φ) replaced
by the rhombus Hamiltonian

H� = 2EC�(n
2
1 + n2

2) + V�(θ1, θ2, φ). (5.30)

Here, EC� = e2/2C� is a charging energy, the phases θ1, θ2 are conjugate to
n1 = −i∂/∂θ1, n2 = −i∂/∂θ2, and the potential V� reads

V� = −EJ�
∑
j=1,2

[
cos(φ

2
+ θj) + cos

(
φ
2

+ (−1)j φR
2
− θj

)]
,

where φR = 2πΦR/ΦQ is the reduced flux. For fixed φ, the Hamiltonian H� pos-
sesses instantaneous eigenstates |n;φ〉 with eigenvalues εn(φ). The destructive
interference of single Cooper-pair tunneling is expressed by the fact that exchang-
ing the two tunneling paths and advancing φ by π is a symmetry of the system 8,
demanding π-periodicity of εn(φ). At half a flux quantum, time-reversal is an
additional symmetry demanding an even εn(φ). Consequently, the ground state
energy ε0(φ) must be of the form ε0(φ) = −∑nEJ2n cos(2nφ). By perturbation
theory in η, we find that the desired π-periodic component EJ2/EC� = 7η4/4

dominates, with EJ4/EC� = −68687η8/36864 and EJ2m/EC� ∝ η4m. In the fol-
lowing, we are interested in the regime η . 1 and thus we determine EJ2, EJ4 nu-
merically from ε0(φ) whenever needed. We find that EJ2 stays at least an order of
magnitude larger than EJ4 up to η ≈ 1. Since the above form of the rhombus en-
ergies is due to symmetry, differing Josephson couplings EJ�,L/R = EJ�(1±δ/2) in

8This corresponds to the transformation θ1 7→→ θ2−π/2, θ2 7→→ θ1−π/2, and φ 7→→ φ+π.
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the left and right rhombus arm will in general induce a finite 2π-periodic Joseph-
son coupling whose strength scales perturbatively as 4η2δ EC�. Comparison with
EJ2 yields that the effects of asymmetry are negligible for η2 � δ.

Projecting the Hamiltonian Eq. (5.29) onto the instantaneous rhombus ground
state |0;φ〉 and using ε0(φ) ≈ −EJ2 cos(2φ) leads by standard methods (Böhm
et al., 2003) to the effective Hamiltonian Had = Heff + 4ECΣ

∑
n>0 |An0|2, where

Anm = i〈n;φ|∂φ|m;φ〉 is the induced vector potential describing the nonadia-
batic corrections. In deriving Had, we have used that the term A00 vanishes since
the states |m;φ〉 can be chosen real. Due to time-reversal and rhombus symme-
try, |An0| is even in φ and thus does not couple the supersymmetric partners at
ng = 0. Since the gap to the next pair of supersymmetric states is at least of
order ECΣ

, the effects of |An0|2 = |〈n;φ|∂φH�|0;φ〉|2/[εn(φ) − ε0(φ)]2 ∝ η2 are
negligible for η � 1. The coupling to the excited rhombus levels that we do not
take into account in the projected Hamiltonian Had is suppressed by even higher
orders in η.

The supersymmetry becomes trivial for α → 0 where one recovers the su-
persymmetry of the free particle (Rau, 2004). We therefore aim for the most
interesting regime of α ≈ 1, where all the terms in the Hamiltonian (5.26) are of
the same order. While the adiabatic decoupling of the rhombus is most robust
for large scale separation η � 1 between the rhombus and the island, our pertur-
bative results for EJ2 show that this also implies α ∝ η2 � 1. The regime α ≈ 1

thus requires moderately large η for which we numerically show that the adia-
batic decoupling still works. Figure 5.8(a) shows the numerical results for the
spectrum of the full Hamiltonian as a function of the offset charge ng for α = 2

and η = 0.7. We highlight that all excited levels, including the levels higher
in energy not visible in Fig. 5.8(a), become doubly degenerate as ng approaches
zero. This degeneracy of all excited states in complete absence of selection rules
gives a clear signature of supersymmetry. Figure 5.8(b) shows the high sensitivity
of the supersymmetry to the choice of η. For α = 1 and η = 1, supersymmetry
at ng = 0 is clearly destroyed by non-adiabatic corrections in the Hamiltonian
Had. Moreover, the first excited level of the rhombus showing up as a horizontal
line in the upper region of Fig. 5.8(b) is visible.

The spectrum of the system can be read out with the help of the transmission
line coupled to the island by injecting a voltage V (t) = Vg + Vω cos(ωt) with the
AC amplitude Vω at the frequency ω. For a transmission line characterized by the
admittance Ytl, this corresponds to an average injected intensity P0 = 1

2
YtlV

2
ω .

According to the Hamiltonian (5.29), the AC voltage drives transitions in the
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Figure 5.8: Energy spectra of the full Hamiltonian Eq. (5.29) as a func-
tion of the dimensionless offset charge ng = CgVg/2e for α = 2, η = 0.7
in (a) and α = 1, η = 1 in (b). For a given η = EJ�/2EC�, we numer-
ically determine the strength EJ2 of the π-periodic component of the
ground state energy ε0(φ) of the rhombus. The value of the charging
energy is then obtained from the relation ECΣ

= EJ2/2α
2. The strength

of the Josephson coupling EJ1 is fixed at a value 4ECΣ
α which corre-

sponds to the supersymmetric point, cf. (5.28). It can be seen in (a)
that all the excited levels cross at ng = 0, confirming the validity of the
effective supersymmetric model (5.26) beyond the perturbative regime
η � 1. As shown in (b) the former supersymmetric level crossings at
ng = 0 turn into avoided crossings at a slightly elevated η. This signals
the breakdown of the rhombus/island decoupling and thus restricts the
mapping of the full Hamiltonian to the supersymmetric model. Addi-
tionally, the first excited rhombus level can be seen as a horizontal line
around E/EC� = 0.
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Figure 5.9: (a) Energy spectrum of the full Hamiltonian Eq. (5.29) as a
function of the dimensionless offset charge ng = CgVg/2e for α = 2, η =
0.7. Note that we show the same spectrum as in Fig. 5.8(a) in order to
allow a direct comparison with (b): Plot of the power loss Psc at frequency
ω of the transmission line coupled to the system with parameters given in
(a) which corresponds to the experimental parameters (C1 + Cg)/C� =
80, EJ1 = 0.1EC�, and EC� = 500µeV, cf. (5.31). The power loss
is measured in units of the injected intensity P0 and a dimensionless
coupling constant αC . Here, we assume that the system once exited
relaxes fast with a rate Γ = 0.5µeV/~ into degrees of freedom different
from the transmission line such that the resonance condition is indicated
by a dip of size Psc in the transmitted intensity. Since the ground state
is nearly insensitive to changes in ng, the power loss can be directly
compared to the spectrum shown in (a).
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system through the coupling HC = gCV (t)n with gC = 2eCg/CΣ. Due to the
coupling to the charge n, the driving is most effective for α & 1. We assume that
the system relaxes dominantly into channels different from the transmission line
with a rate Γ� Γabs, where Γabs is the rate of photon absorption. Measuring in
transmission, the absorption of photons is then signaled by a reduced transmitted
intensity Pt with respect to the incoming intensity P0. With Γ� Γabs, photons
of energy ~ω exclusively drive transitions from the ground state to excited states
and the scattered intensity Psc = P0 − Pt follows as Psc = ~ωΓabs. For the
calculation of Γabs, we employ Fermi’s golden rule. We find

Psc = 4αCP0

∑
n>0

~2ωΓ|〈n|i∂φ|0〉|2
(En − E0 − ~ω)2 + ~2Γ2

, (5.31)

denoting the eigenstates to energy En of the full Hamiltonian (5.29) by |n〉; here,
the dimensionless constant αC is given by αC = g2

C/~Ytl = 2πC2
g/C

2
ΣZ0Ytl with

the superconducting impedance quantum Z0 = h/4e2 ≈ 1 kΩ. The condition
Γabs � Γ translates into gCVω � ~ω. The validity of Fermi’s golden rule for the
rate calculation on the other hand demands αCω � Γ.

The system with α = 2 presented in Fig. 5.9(a) corresponds to the experi-
mental parameters η = 0.7, (C1 +Cg)/C� = 80 and EJ1 = 0.1EC�. In Fig. 5.9(b),
we show the numerical results for the scattered intensity Psc as a function of
the offset charge ng and the radiation frequency ω with the system parameters
stated above. We assume the experimental scale EC� = 500µeV. As visible from
Fig. 5.8(a), the ground state is almost insensitive to changes of ng at α = 2 such
that the scattered intensity corresponds directly to the energy spectrum of the
system. The scattered intensity is strongest for the first degenerate pair of levels
which reflects the fact that states higher in energy show a behavior closer to the
charging regime than the low-energy states. Note that the whole spectrum and
the level crossings of all excited states at the supersymmetric point (5.28) with
ng = 0 can be clearly observed.

As a last point, let us comment on the susceptibility to imperfections in de-
sign. The above analysis was based on the rhombus symmetry which is violated
both by stray offset charges or parameter variations within the offset arms as
parametrized by δ. As we explain in more detail in the Appendix, the suscep-
tibility to stray offset charges can in practice be reduced by adding inductive
shunts to the ground within the rhombus arms (Bell et al., 2014; Douçot and
Ioffe, 2012). For the system parameters chosen above, numerical checks show
that symmetry violations δ are tolerable up to a few percent. The most de-
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manding experimental requirements are thus the reproducible parameter of the
rhombus junctions. In contrast, deviations in C1/C� can be accounted for by the
Josephson coupling EJ1 which can be tuned easily.

To conclude, we have shown that a quantum-mechanical supersymmetry
arises in a Cooper-pair box when it is shunted by a Josephson rhombus op-
erated in the charging regime, where it is weakly coupled to the Cooper-pair box
and generates an effective π-periodic Josephson coupling of the form cos(2φ).
The supersymmetry is nontrivial since there are no selection rules and an an-
alytic solution is impossible, but yet, it guarantees an exact degeneracy of all
excited levels. We have shown that the supersymmetry can be detected through
microwave spectroscopy and tuning in and out of the supersymmetric point is
easily possible by tuning the gate voltage. We have proposed realistic device pa-
rameters, showing that our setup could indeed be realized with today’s Josephson
junction technology.
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Chapter 6

Conclusions and outlook

In this thesis, we have dealt with superconducting circuits in circuit quantum
electrodynamics where superconductors are used as artificial atoms. The deci-
sive element added to the toolbox of circuitry by superconductivity are Joseph-
son junctions which behave as nonlinear inductors and lead to nonlinear energy
spectra, giving the possibility to selectively address and control the states of the
circuits. We have argued that a pronounced nonlinearity requires charge fluctu-
ations below the single Cooper-pair limit which leads to a strong influence of the
environment unless those systems are suitably decoupled. In this thesis we have
explored theoretical challenges of decoupling schemes related to large impedances
and electron fractionalization by Majorana bound states.

In the first part of the thesis (chapter 3), we have shown that large impedances
pose a problem for the conventional circuit quantization formalism based on node
fluxes. We have argued that in large-impedance environments, the appropriate
low-energy degrees of freedom are charges rather than fluxes due to their slow
dynamics. We have shown that this fact makes it cumbersome if not impossi-
ble to describe the nonlinear capacitive behavior of phase-slip junctions using
node fluxes. Motivated by these observations, we have developed a charge-based
formalism for quantization of planar circuits that is based on loop charges. Loop-
charges are the time-integrated currents circulating in the loops of a planar cir-
cuit. We have shown that similar to the node flux approach, the appropriate
circuit Lagrangian in the loop charge formulation can be read off the circuit
graph using a set of simple rules. In this way, loop charges yield a charge-local
Hamiltonian for planar circuits of arbitrary topology. We have described how
the formalism can be extended to include dissipation.

We have shown that when describing the same circuit, the loop charge and
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the node flux formulation are related by a passive duality transformation. As
a consequence, the loop charge description is advantageous whenever the sys-
tem under study is characterized by localized charges and flux currents. We
have shown that loop charges are also useful for the construction of active dual-
ity transformations which yield new circuits with loop charges having the same
dynamics as the node fluxes in the original circuit. This allows, in particular,
the consideration of arbitrary circuits involving phase-slip junctions with physics
dual to known Josephson junction circuits.

We have described a mixed formulation where part of the circuit is described
in terms of loop charges and another part of the circuit is described in terms
of node fluxes. This allows a very fine-grained control of the circuit description
which is particularly well-suited for Josephson junctions due to the conceptual
separation between Cooper-pair transport through the junction and offset charge
transport through the rest of the circuit. We have shown that this approach
allows to understand the flux decompactification in a Josephson junction shunted
by an inductor in a straightforward way. We have shown that an adiabatic
decoupling of the Cooper-pair transport through the Josephson junction and the
offset charge transport through the shunt leads to an accurate description of
the fluxonium. Similarly, we have shown that a 0-π qubit shunted by a large
impedance becomes dual to a Majorana Josephson junction.

In the second part of the thesis (chapter 4) we have turned to the decoupling
of charges by fractionalizing electron into two spatially separated chargeless Ma-
jorana bound states (MBS). Although the two MBS together form a nonlocal
fermionic mode, previous work has showed that electron transport through the
nonlocal mode is only possible when the superconductor is decoupled from the
ground and the MBS are coupled by a global nonlocal perturbation in form of
a charging energy EC . Motivated by these findings, we have considered the
question whether a global charging energy is indeed indispensable for probing
the Majorana-induced nonlocality. We have shown that consideration of a su-
perconductor decoupled from ground in absence of charging energy is sufficient
to obtain nonlocal transport through the mode. We have shown that the non-
interacting and the Coulomb-blockade regime have the same peak conductance
e2/h but different shot-noise power. While the shot noise power generically is
Poissonian in the noninteracting case at high-bias, it remains sub-Poissonian in
the Coulomb blockade regime with EC →∞.

In the last part of the thesis (chapter 5), we have considered the possibility of
realizing supersymmetric quantum mechanics in setups derived from the Cooper-
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pair box. In chapter 5.1, we have started by considering a Majorana Cooper-pair
box. Compared to the conventional Cooper-pair box with charging energy EC
and Josephson coupling to ground EJ , it additionally hosts two MBS one of
which is coupled to a MBS at the ground superconductor through a Majorana
Josephson junction of strength EM . We have shown that for EM =

√
2EJEC

and offset charge ng = 0, a Majorana Cooper-pair box features a degeneracy
in its spectrum that is due to a “hidden” bosonic supersymmetry generalizing
the supersymmetry of the free particle. We have shown that the crossing of the
energy levels as the supersymmetric point is reached can be directly observed
in tunneling spectroscopy by varying the bias voltage and the offset charge ng.
Since MBS remaing challenging to realize experimentally, in chapter 5.2, we
have devised a setup that is realized with conventional superconducting circuitry
and shows a similar supersymmetry. Instead of relying on an unconventional
Majorana-Josephson coupling, the design is based on a Josephson rhombus which
is effectively ΦQ/2 periodic in the flux across it (π-periodic in the superconducting
phase difference). This means that it only allows transport of pairs of Cooper-
pairs. Instead of the tunneling spectroscopy used in the Majorana case, here we
propose microwave spectroscopy as a suitable tool to observe the crossing of the
levels as the microwave frequency ω and the offset charge ng are varied. We have
proposed realistic device parameters showing that the setup could be realized
using current experimental techniques.

There are several interesting routes to explore based on this work. Clearly,
it would be interesting to use the developed formalism to analyze recent work
on high-inductance nanowires and phase-slip phenomena (Rotzinger et al., 2014;
Belkin et al., 2015). The duality between phase-slip junctions and Josephson
junctions and 0-π qubits and Majorana junctions makes it easy to translate
known Josephson junction or Majorana junction physics to dual circuits. The
formalism developed here might also be useful to describe nonlinear capacitive
behavior not related to phase-slip junctions. One example is the quantum capac-
itance (Büttiker et al., 1993) which can, e.g., become relevant in graphene (Fang
et al., 2007).

Another very interesting idea would be to apply our circuit quantization ideas
to setups involving Majorana bound states. In chapter 5.1, we have used the
fermion parity constraint (−1)q/e = iγ1γ2 for a superconducting island host-
ing Majorana bound states γ1, γ2 which couples the bosonic charge q and the
fermionic parity γ1γ2 through a hard constraint. The fermion parity constraint is
motivated by the idea that the total charge on an island must be quantized. It is
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interesting to note that Pekker et al. (2013b,a) study a setup similar to the one
studied in chapter 5.1, consisting of two superconducting islands hosting a pair of
MBS each, with one MBS on each island coupled to one MBS on the other island
by a Majorana-Josephson junction. In contrast to our setup, there is an addi-
tional inductance L shunting the islands. Since no island is present, the fermion
parity constraint in their setup is not required. It is intriguing to speculate that
the transition from one system to the other is similar to the case of the tran-
sition from an inductively shunted Josephson junction (with flux φ ∈ (−∞,∞)

and non-conserved charge Q that has flown through the shunt) to a Cooper-
pair box (with φ ∈ (0,ΦQ) and Q conserved). In that case, the conservation
of Q makes it possible to project the dynamics in the larger Hilbert space with
φ ∈ (−∞,∞) onto a reduced Hilbert space with φ ∈ (0,ΦQ) and conserved Q.
It would be interesting to see whether the fermion parity constraint is enforced
in this system in a similar way by the loss of dynamics of Q as L→∞.

Since the fermion parity constraint has been introduced by Fu (2010) on a
rather phenomenological basis, it might also interesting to derive it from a micro-
scopic model. This requires a microscopic model of the interaction of Bogoliubov
quasiparticles with the superconducting phase φ, which e.g., has been considered
by Parameswaran et al. (2012). To that end, we might consider a path integral
formulation of the Kitaev wire in which the fermions are coupled to a fluctuating
superconducting phase and the wire is subject to a charging energy EC leading to
an interaction term ECn

2, with n the fermionic density. A Hubbard-Stratonovich
decoupling of the charging energy introduces the scalar potential V . Expressing
the fermions in terms of the Bogoliubov quasiparticles diagonalizing the wire for
V = φ = 0 and integrating out all quasiparticles but the zero mode should lead
to an effective action for the zero mode coupled to φ and V . Although inter-
actions in the Kitaev wire have been considered before (Gangadharaiah et al.,
2011; Stoudenmire et al., 2011), an effective action for the zero-mode coupled to
electromagnetic fields has not been derived, to our knowledge.

To summarize, we have analyzed mesoscopic setups derived from Cooper-pair
boxes realizing supersymmetric quantum mechanics. We have proposed realistic
device parameters which hopefully pave the way for an experimental exploration
of the exotic degeneracies brought by supersymmetries in the near future. Fur-
thermore, we have presented a new circuit quantization formalism based on loop
charges which provides an accessible and convenient theoretical basis for future
explorations of the exciting physics in the large-impedance setting.
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Appendix A

Circuit quantization in the
large-impedance setting

A.1 Review of graph theory

For the convenience of the reader, we here want to rederive the standard result of
circuit analysis (Chen, 1997; Thulasiraman and Swamy, 1992) that in a planar
circuit, loop charges Q determine all the branch currents q̇br in such a way
that the Kirchhoff current law is fulfilled. Along the way, we will recall a few
standard mathematical results about graphs that will be used in the remainder
of the appendix. More information can be found in the literature (Chen, 1997;
Thulasiraman and Swamy, 1992).

We first need to show that there is an independent current for each of the
m chords of the spanning tree. To see that the Kirchhoff current law implies
precisely m independent currents, we make use of the basis node-edge incidence
matrix A which is a R(n−1)×b matrix for the n − 1 nodes without the ground
node and the b branches. Its entries Aij ∈ {1,−1} indicate whether branch
j enters (−1) or leaves (+1) node i. Given a vector qbr of branch charges,
the Kirchhoff current law can be expressed as Aq̇br = 0. A decomposition of
qbr = (qch, qtr) into the vector of chord charges qch and tree charges qbr gives
rise to a corresponding decomposition of A = (Ach, Atr). Since there are no loops
in a tree, we have the result Atrv 6= 0 for every vector v ∈ Rb, implying that
Atr has full rank and the inverse of A−1

tr is well-defined (Chen, 1997). One can
also show the result |detAtr| = 1. Using that A−1

tr is invertible, we obtain the
relation q̇tr = −A−1

tr Achq̇
ch, showing that the m chord charges qch fully specify

129



all currents in the circuit.
Our intuitive notion that the loop currents give the correct number of inde-

pendent currents in a planar graph is confirmed by Euler’s theorem for connected
planar graphs which is the relation n− b+ f = 2, where f is the number of faces
of a graph. Using b = m+n− 1, we obtain f = m+ 1, where the +1 arises since
f also counts the exterior of the planar graph as a face. This shows that the loop
charges in the faces of the graph indeed give the correct number of independent
currents for a planar circuit. More generally, one can show (Thulasiraman and
Swamy, 1992) that this is no longer case for a nonplanar graph.

It remains to relate the chord charges qch more explicitly to the loop charges
Q. To characterize the change of variables from qch to Q, we note that we may
characterize the loops of a circuit in terms of the fundamental circuit matrix
B ∈ Rm×b, where each entry Bij ∈ {1,−1} indicates that the branch j is oriented
in the same direction (1) or opposite (−1) to the arbitrarily chosen orientation
of the loop i formed by the i-th chord and the branches of the spanning tree.
The matrix B obeys the important relation ABT = 0 which expresses the fact
that for each node that is part of some loop, branches having the same incidence
orientation with respect to the node will necessarily have opposite orientations
with respect to the loop. From the relation ABT = 0 and the decomposition A =

(Ach, Atr), we obtain the expression B′ = (1,−ATch(A−1
tr )T ) for the fundamental

circuit matrix corresponding to the loop basis induced by the chords. For the
loop basis corresponding to the loop charges we have the more general form
B = (Bch, Btr) where Bch is invertible since it is related to the identity matrix via
a basis transformation in loop space. This finally gives the relation qch = BT

chQ.
By definition of the matrices A and B, we obtain the results q̇br = BT Q̇ and

φ̇br = AT φ̇. Making use of the relation ABT = 0 shows that the branch fluxes
and branch charges defined in this way automatically fulfill the Kirchhoff voltage
law Bφ̇br = 0 and the Kirchhoff current law Aq̇br = 0.

A.2 Duality from the path integral

Our starting point is expression (3.7),

e(i/~)
∫ tdt′ L(φbr) =

∫
D[qbr(t)]e(i/~)

∫ tdt′[L̃(qbr)−qbr·φ̇br]. (A.1)

For the decomposition qbr = (qch, qtr) of the branch charges, we have found in
App. A.1 the relation q̇tr = −A−1

tr Achq̇
ch which shows that the chord charges qch
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determine the tree charges qch up to constant offset charges λ. We can make
this explicit by introducing the factor

1 =

∫
D[λ(t)] δ[(qtr + A−1

tr Achq
ch − λ)(t)] (A.2)

into the integral (A.1). Using the relation φbr = ATφ for the vector of node
fluxes θ and performing the integration over the tree charges qtr yields

e(i/~)
∫ tdt′ L(φbr) =

∫
D[λ(t)]

∫
D[qch(t)]

× e(i/~)
∫ tdt′[L̃(qch,−A−1

tr Achq
ch+λ)−λATtrφ̇] (A.3)

Performing a partial integration on the term −iλATtrφ̇/~ in the exponent, insert-
ing the resulting expression in Eq. (3.6) and performing the integration over the
node fluxes φ, we obtain a constraint at each point in time in terms of the delta
function δ[Atrλ̇(t)]. Since Atr has full rank and obeys | detAtr| = 1, this is equiv-
alent to demanding λ̇ = 0 for all times. We resolve this constraint by demanding
that offset charges are constant, λ(t) ≡ λ. In fact the value of λ = 0 is fixed by
the boundary condition that all the elements are uncharged for t → −∞. We
thus obtain the representation

e−iHt/~ →
∫
D[qch(t)]e(i/~)

∫ tdt′ L̃[qch,−A−1
tr Achq

ch], (A.4)

for the time-evolution operator. In a planar circuit, we may finally exploit the
relation qch = BT

chQ and replace the integration over qch by an integration over
the loop charges Q. We then recover expression (3.9) from the main text.

A.3 Equivalence of terms manifestly guarantee-
ing the Kirchhoff current law or the voltage
law in the mixed formulation

We want to prove the equality (up to a total time-derivative) of the term−∑i φ
∂
i

∑
j q̇ij

manifestly guaranteeing the Kirchhoff current law and the term −∑iQ
∂
i

∑
j φ̇ij

manifestly guaranteeing the Kirchhoff voltage law.
Let P ∈ Rb×b be the matrix projecting on the branches (the subgraph) that

shall be described in terms of loop charges. We note that we have the identity

−
∑
i

φ∂i
∑
j

q̇ij = −φAPBT Q̇, (A.5)
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φ′ch φch − φ′ch

Qn

Qn′

Figure A.1: In order to describe the presence of external fluxes, each
chord branch of the circuit (solid lines) is split into two branches, one
representing the original element (black solid line), the other representing
the electromotive force (solid gray line). As a consequence, the total
flux φch along the elements splits into the flux φ′ch along the original
element and the flux φch − φ′ch along the virtual branch. Ensuring the
Kirchhoff laws therefore requires adding the terms −(Qn − Qn′)(φ̇

ch −
φ̇′ch) = −qch(φ̇ch − φ̇′ch) with the chord charge qch = Qn − Qn′ to the
Lagrangian.

where B is the fundamental circuit matrix introduced in App. A.1 corresponding
to the loop charges Q. This identity can be understood by noting that PBT Q̇ is
the projection of the vector of branch currents onto the branches of the subgraph.
The expression (APBT Q̇)i gives the current balance for each node i of the sub-
graph. According to the definition of the basis node-edge incidence matrix A,
positive currents flowing away from node i come with a plus sign, while positive
currents flowing into node i come with a minus sign. In line with the definition
of the q̇ij, one thus obtains in both cases the current flowing away from node
i. Crucially, due to the usage of the loop charge, the current balance is nonzero
only for the boundary nodes i with corresponding node flux φ∂i , which proves the
equality. Using the orthogonality ABT = 0 and performing a partial integration,
we can rewrite the expression (A.5) as

−φAPBT Q̇ = −QB(1− P )AT φ̇+ (ttd.) = −
∑
i

Q∂
i

∑
j

φ̇ij + (ttd.), (A.6)

where (ttd.) stands for a total time-derivative. Here, (1 − P )AT φ̇ is the vector
of voltage drops over the branches of the subgraph complement. The expression
[B(1 − P )AT φ̇]i gives the voltage balance for each loop i of the subgraph com-
plement, which is nonzero only for the boundary loops i with corresponding loop
charges Q∂

i . This proves the last equality sign.
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A.4 Proof of the rules for the inclusion of external
fluxes using the mixed formulation

In this section, we want to show that the mixed formulation allows to understand
the origin of the rules for the inclusion of external fluxes into the node flux
formulation that were given in Devoret (1996).

To that end, let us assume the presence of fluxes Φex in the loops corre-
sponding to the loop charges Q. We split each chord of the circuit graph into
two branches, one which represents the original chord element and a second vir-
tual branch which represents the electromotive force due to the external flux.
As a consequence of the splitting, the total flux φch over the chord and the
virtual branch will split up into a flux φ′ch over the chord element and a flux
φch − φ′ch over the virtual branch. Describing the virtual element in terms of
charges requires adding the terms Q̇ ·Φex − qch · (φ̇ch − φ̇′ch) to the Lagrangian,
c.f. Fig. A.1. As discussed in App. A.1, the chord charges qch are related to the
loop charges Q according to qch = BT

chQ with the invertible matrix Bch. Since
the loop charges Q are not dynamic, their equations of motion yield a constraint
φ̇′ch = φ̇ch +B−1

ch φ̇
ex.

For a chord b with an orientation that is consistent (inconsistent) with the
counter-clockwise orientation of its corresponding chord loop, the entries (B−1

ch )bl
are given by +1 (−1) for all loops that lie within the face having the chord loop
as its boundary and zero for all other loops. That means that all the non-zero
entries in the rows of B−1

ch are of absolute value 1 and have the same sign. To
see that this description of the entries yields indeed the inverse of Bch, let us
consider the expression

Mbb′ =
∑
l

(B−1
ch )bl(Bch)lb′ . (A.7)

We need to show that Mbb′ = δbb′ . When b 6= b′, the chord b′ lies either outside
or inside the face having the chord loop corresponding to b as its boundary. It
cannot lie on the boundary of the face, i.e., it cannot be a part of the chord loop
corresponding to b, since the chords uniquely specify a loop in the graph. If it lies
outside the face, we obtain Mbb′ = 0 by our characterization of the matrix B−1

ch .
If it lies inside the face, it forms part of two neighboring loops l, l′ whose entries
(Bch)lb′ , (Bch)l′b′ differ in sign. Since the rows of B−1

ch all have the same sign we
also obtain Mbb′ = 0 upon summing over l. For b = b′, there is only one loop l
which lies in the face having the chord loop corresponding to b as its boundary,
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φ1 φ′
1 φ2 φ′

2 φ3 φ′
3 φN+1φ′

N
Q′

1 Q′
2 Q′

3

Q1 Q2 Q3 QN

L0 L0

C0 C0

CJ CJ

...

Figure A.2: Circuit corresponding to the setup in Vogt et al. (2015). We
only want to describe the Josephson junction (the subgraph complement
depicted in black) in terms of node fluxes, whereas we describe the rest
of the circuit (the subgraph depicted in gray) in terms of loop charges.

and the entries (B−1
ch )bl, (Bch)bl are both either plus or minus one, givingMbb = 1.

Therefore, Mbb′ = δbb′ . This shows that we may simply work with the original
circuit graph without the virtual branches, provided we add to each expression
involving the flux in a chord the external flux in its corresponding loop (Devoret,
1996).

A.5 Additional example for the mixed formula-
tion

As an example, consider the circuit depicted in Fig. A.2 which corresponds to
the setup studied in Vogt et al. (2015). According to the rules discussed in the
main text, its Lagrangian reads

L =
N∑
i=1

[ 1

2L0

Q̇2
i −

1

2CJ
Q′2i −

1

2C0

(Qi −Qi+1)2

+EJ cos(2πϕi/ΦQ)− (Q′i −Qi)ϕ̇i

]
, (A.8)

where we have defined QN+1 = 0 and ϕi = φi − φi′ . Note that the last term
−(Q′i − Qi)ϕ̇i just corresponds to the term −∑iQ

∂
i

∑
j φ̇ij that appears in the

mixed formulation as discussed in the main text. Note that the term ϕ̇iQi enters
with an overall plus sign since the voltage drop ϕ̇i is measured in the direction
opposite to the anticlockwise orientation of the loop current Qi. There is no
kinetic term for the coordinates Q′i such that their Euler-Lagrange equations are
algebraic with the solution Q′i = −CJ ϕ̇i. Inserting this solution back into the
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Lagrangian and performing the Legendre transformation with respect to ϕ̇i and
Q̇i yields the Hamiltonian

H =
N∑
i=1

[(qi −Qi)
2

2CJ
− EJ cos(2πϕi/ΦQ) +

(Qi −Qi+1)2

2C0

+
1

2L0

Φ2
i

]
, (A.9)

where (qi, ϕi) and (Φi, Qi) are canonically conjugate pairs. Eq. (A.9) reproduces
the result derived in Vogt et al. (2015).

A.6 Higher-order matrix Numerov method for flux-
onium

An efficient way of diagonalizing the fluxonium Hamiltonian consists in projecting
the Hamiltonian onto the eigenstates of the harmonic part due to charging energy
and inductive shunt, and diagonalizing the resulting matrix. The disadvantage of
this method is the fact that it requires calculating explicitly all matrix elements
of the cosine potential using the harmonic oscillator eigenstates. This can be
done analytically but the resulting expressions are quite involved. A more direct
approach which is simpler in practice consists in diagonalizing the Hamiltonian
in real space. This requires discretizing the second-order derivative operator.
For this, one usually employs the lowest-order Numerov approximation of order
O(a4), where a is the lattice spacing. The resulting discretized Schroedinger
equation can be recast in matrix form (Pillai et al., 2012) such that it can be
conveniently solved by standard (sparse) matrix methods. It would seem nat-
ural to consider also higher-order Numerov representations of the second-order
derivative of order O(a2r+2), where r ∈ N, but they are normally avoided due to
stability issues (Blatt, 1967). Interestingly, we have found that stability is not
a problem when solving the resulting eigenvalue problem by standard (sparse)
matrix methods instead of the conventional shooting method; a method which
will be described in the following.

We consider at time-independent Schroedinger equation of the form

D2ψ(x) =
[
−i∂x + A(x)

]2
ψ(x) = −f(x)ψ(x), (A.10)

where D = −i∂x + A(x) is the covariant derivative operator and f(x) equals
f(x) = 2m[V (x)−E] for a Hamiltonian of the standard form H = (p+A)2/2m+

V (x). For a wave function ψ̃(x) defined as

ψ̃(x) = ei
∫ x dx′ A(x′)ψ(x), (A.11)
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we find the relation

e−i
∫ x dx′ A(x′)(−i∂x)nψ̃(x) = Dnψ(x), (A.12)

which gives a convenient way of evaluating the higher orders of the covari-
ant derivative acting on ψ(x) through conventional derivatives of ψ̃(x). Using
Eq. (A.12), we obtain through Taylor expansion with respect to λ the result

e−i
∫ x dx′ A(x′)

[
ψ̃(x+ λ) + ψ̃(x− λ)

]
= ψ(x+ λ)ei

∫ x+λ
x dx′A(x′) + ψ(x− λ)e−i

∫ x
x−λ dx

′A(x′)

=
∞∑
n=0

2(−1)n

(2n)!
D2nψ(x)λ2n, (A.13)

which gives a relation between the values of the covariant derivatives D2jψ(x),
j ∈ N0, and the value of the wave function ψ(x) at positions x ± λ. Following
ideas of Tang (2014), we stop the expansion (A.13) at n = r and evaluate (A.13)
for values λ = ja, j ∈ {−r, . . . , r} \ {0}, where a is the lattice constant, which
gives 2r equations for the covariant derivative D2jψ(x) and the wave function
values at points ψ(x + ja). Solving these equations for D2ψ(x) and D2rψ(x)

yields expansions of the form

D2ψ(x) =
1

a2

j=r∑
j=−r

cjψj +O(a2r) (A.14)

D2rψ(x) =
1

a2r

j=r∑
j=−r

djψj +O(a2), (A.15)

where we introduced the abbreviated notation ψj = ψ(x + ja). The expansion
coefficients cj and dj read

cj =
r∑

k=1

2r2((r − 1)!)2

(r − k)!(r + k)!

(−1)k

k2

(
−2δj,0 + δk,|j|e

i
∫ x+ja
x dx′A(x′)

)
, (A.16)

dj =
(−1)|j|(2r)!

(r − |j|)!(r + |j|)!e
i
∫ x+ja
x dx′A(x′). (A.17)

Numerov’s idea is to improve the accuracy of the expansion by a factor of a2 by
exploiting the structure of the differential equation (A.10). Including the term
of order λ2n+2 in Eq. (A.13) (that we previously dropped in order to arrive at
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Eq. (A.14)) and solving for the unknowns D2jψ(x) with j ∈ {1, . . . , r} while
keeping D2r+2ψ(x) as a free parameter yields

D2ψ(x) =
1

a2

r∑
j=−r

cjψj +
(r!)2a2rD2r+2ψ(x)

(2r + 1)!(r + 1)
+O(a2r+2). (A.18)

Acting on both sides of Eq. (A.10) with D2r gives the expression

D2r+2ψ(x) = −D2r
[
f(x)ψ(x)

]
(A.19)

for D2r+2ψ(x). Since we only need D2r[f(x)ψ(x)] to accuracy O(a2) in the ex-
pansion (A.18) of order O(a2r+2), we can use the previously derived expres-
sion (A.15). We then obtain the Numerov’s expression for the second-order
covariant derivative

D2ψ(x) =
1

a2

r∑
j=−r

cjψj −
(r!)2

(2r + 1)!(r + 1)

r∑
j=−r

djfjψj +O(a2r+2), (A.20)

which is better by a factor of a2 in accuracy compared to the naive form (A.14).
Extending ideas of Pillai et al. (2012), we can convert this system of equations

into a generalized eigenvalue problem. We introduce a matrix A having cj/a2 on
the j-th diagonal, where j > 0 refers to the upper diagonals and j < 0 refers to
the lower diagonals, a diagonal matrix V = diag(Vj) representing the potential,
and a matrix B having −(r!)2dj/(2r + 1)!(r + 1) on the j-th diagonal. All of
these matrices are sparse and allow writing Eq. (A.10) as the sparse generalized
eigenvalue problem [

1

2m
A+ (B + 1)V

]
ψ = EBψ, (A.21)

where ψ is the discretized wave function vector. This Hermitian generalized
eigenvalue problem can be solved efficiently by standard methods.
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Appendix B

Nonlocal coupling of Majorana
bound states in a floating
topological superconductor

B.1 S-matrix for ideal Majorana bound states

The scattering matrix for an ideal Majorana bound state at a NS-interface can
be straight-forwardly computed through the Weidenmüller formula for the scat-
tering matrix at energy ω (Nilsson et al., 2008)

s(ω) = 1− 2πiW † 1

ω/2 + iπWW †W, (B.1)

where the vector W = (w,w∗) describes the coupling of the Majorana bound
state to the electron and hole degrees in the lead which is assumed to have unit
density of states. The scattering matrix can be written as

s =

(
see she

seh shh

)
=

(
1 + A A

A 1 + A

)
, (B.2)

with A = (iω/2Γ− 1)−1 where we have introduced the Fermi’s golden rule cou-
pling strength Γ = 2π|w|2 to the lead. From this one obtains the Andreev
reflection probability T he = (1 + ω2/4Γ2)−1.
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B.2 Explicit expressions for the current

Usage of the Bogoliubov-de-Gennes equation for superconductor necessitates
choosing a gauge such that energy is measured with respect to the chemical poten-
tial of the superconductor if the equations are supposed to be time-independent.
An electron state in the lead with respect to the chemical potential of the super-
conductor is occupied with distribution function

fie(E) =
[
1 + exp

(
β(E + µS − µi)

)]−1

. (B.3)

A hole with respect to the chemical potential of the superconductor of energy
E is occupied if an electron below the Fermi-energy with energy −E is missing,
and consequently we have the distribution function

fih(E) = 1− fie(−E) =
[
1 + exp

(
β(E − µS + µi)

)]−1

. (B.4)

The Bogoliubov-de-Gennes Hamiltonian is particle-number conserving and con-
sequently, the S-matrix is unitary

ss† = s†s = 1, (B.5)

which in components reads∑
kγ

sαγik s
∗βγ
jk =

∑
kγ

s∗γαki s
γβ
kj = δijδαβ (B.6)

where α, β are electron or hole indices and latin indices i, j denote contacts
(either superconducting or normal conducting). Introducing the transmission
function Tαβij = |sαβij |2, unitarity implies the sum rule∑

jβ

Tαβij =
∑
jβ

T βαji = 1. (B.7)

With just one superconducting contact, this implies∑
β

TαβiS = 1−
∑
β;j 6=S

Tαβij . (B.8)

The generic current expression reads

Ii =
e

h

∫ ∞
0

dE
∑
αβj

sgn(α)
[
δijδαβ − Tαβij (E)

]
fjβ(E), (B.9)
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where in line with our discussion in Sec. 2.1.2 we only integrate over positive
energies to avoid a double counting due to the doubling of the degrees of freedom
in the Bogoliubov-de-Gennes formalism. Splitting off the superconducting part
and using the expression (B.8) gives

Ii =
e

h

∫ ∞
0

dE
∑

αβ;j 6=S

{
sgn(α)δijδαβ − sgn(α)Tαβij (E)

[
fjβ(E)− f0(E)

]}
=
e

h

∫ ∞
0

dE
∑
j 6=S

{[
δij − T eeij (E) + T heij (E)

][
fje(E)− f0(E)

]
−
[
δij − T hhij (E) + T ehij (E)

]
(fjh(E)− f0(E))

]}
. (B.10)

Particle-hole symmetry gives

seeij (E) = shhij (−E) sehij (E) =
[
− sheij (−E)

]∗ (B.11)

and consequently, T hhij (−E) = T eeij (E), T ehij (−E) = T heij (E). The substitution
E → −E and the relation (B.4) allows us to combine the two summands within
the integral and we obtain the final result

Ii =
e

h

∫ ∞
−∞

dE
∑
j 6=S

[
δij − T eeij (E) + T heij (E)

][
fje(E)− f0(E)

]
. (B.12)

Expanding fje(E) = f0(E + µS − µj) for small bias eVj = µj − µS, one obtains

Ii =
∑
j 6=S

gij(µj − µS) (B.13)

where the linear-response coefficients gij read

gij =
e

h

∫
dE
[
δij − T eeij (E) + T heij (E)

](
−∂f0(E)

∂E

)
. (B.14)

For a resonant zero-energy level with T heij (E) = δij, 1 = T heij (E)+T eeij , one obtains

gij =
2e

h
δij. (B.15)

B.3 Explicit expressions for the zero-frequency noise

The zero-frequency noise is defined in Eq. (4.9) of the main text. Note that
some references (de Jong and Beenakker, 1994; Anantram and Datta, 1996) use
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a symmetric definition of the noise with respect to terminals i, j,

S
(S)
ij =

∫ ∞
−∞

dt

[
〈Îi(0)Îj(t)〉+ 〈Îj(0)Îi(t)〉 − 〈Îj(0)〉〈Îi(t)〉 − 〈Îi(0)〉〈Îj(t)〉

]
(B.16)

whereas our convention is, e.g., used by Nilsson et al. (2008). The fact that the
expressions in Nilsson et al. (2008) are still symmetric with respect to i, j is due
to the fact that the contributions from the two current correlators in Eq. (4.9) are
equal, see the appendix of Anantram and Datta (1996) and also Büttiker (1992,
end of section F). In terms of scattering matrices, the noise can be expressed in
the form (de Jong and Beenakker, 1994; Anantram and Datta, 1996)

Sij =
e2

h

∑
kl,αβ,γδ

sgn(α) sgn(β)

∫ ∞
0

dE Akγ;lδ(iα, E)Alδ;kγ(jβ, E)fkγ(E)
[
1− flδ(E)

]
,

(B.17)

where the latin indices k, l run over normal and superconducting terminals and
Akγ;lδ(iα, E) is given by

Akγ;lδ(iα, E) = δikδilδαγδαδ − sαγ∗ik (E)sαδil (E). (B.18)

Note that the energy integral in the noise expression (B.17) given by Anantram
and Datta (1996) actually extends from −∞ to∞, but they use different scheme
explained in Datta (1999) in order to avoid an overcounting of degrees of freedom
in the BdG formalism. As discussed in the introduction (Sec. 2.1.2), we only
consider positive energies which is also consistent with the energy integration in
de Jong and Beenakker (1994). The noise can be split in the form

Sij =
e2

h

∑
kl,αβ,γδ

sng(α)sgn(β)

∫ ∞
0

dE
(
sT>0
ij,αβ + sT=0

ij,αβ

)
. (B.19)

The noise

sT>0
ij,αβ = δijδαβ

[
fjα(1− fjα) + f0(1− f0)

]
− Tαβij fjα(1− fjα)− T βαji fiα(1− fiα)

(B.20)

only yields a contribution at finite temperature. In contrast, the noise

sT=0
ij,αβ = δijδαβA

αα
jj (1− 2f0)− Aαβij Aβαji , (B.21)
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with Aαβij defined as

Aαβij =
∑
k 6=S;γ

sαγ∗ik sβγjk (fkγ(E)− f0(E)), (B.22)

contributes also at zero temperature. The noise sT=0
ij,αβ can be further rewritten

as

ST=0
ij =

e2

h

∑
αβ,kl

sgn(α)sgn(β)

∫ ∞
−∞

dE
{
δαβij δklT

αe
jk (fke − f0)(1− 2f0)

−Re
[
sαe∗ik sβejks

βe∗
jl s

αe
il

]
(fke − f0)(fle − f0)

−Re
[
sαe∗ik sβejks

βh∗
jl s

αh
il

]
(fke − f0)(flh − f0)

}
. (B.23)

Performing the sum over α, β, one finally obtains

ST=0
ij =

e2

h

∑
k,l 6=S

∫ ∞
−∞

dE
{
δijδkl(T

ee
ik + T heik )(fke − f0)(1− 2f0)

−Re
[
(see∗ik s

ee
il − she∗ik sheil )(see∗jl s

ee
jk − she∗jl shejk)

]
(fke − f0)(fle − f0)

−Re
[
(see∗ik s

eh
il − she∗ik shhil )(seh∗jl s

ee
jk − shh∗jl s

he
jk)
]
(fke − f0)(flh − f0)

}
. (B.24)

As indicated by the Fermi functions, the second line describes processes where
electrons coming from terminal k and l are transferred to lead i or j either as
an electron or a hole. In order for those processes to be possible, terminal k and
l must both have positive or negative bias. The third line describes processes
where one electron from terminal k and a hole from terminal l are transmitted
to terminal i or j as either electron or hole. Such processes require different bias
signs in terminal k and l.

Let us focus now on zero temperature, T = 0, subgap transport through a
single metal-superconductor junction where sαβij = 0 when either of i or j refer to
the superconductor. We then only have to consider scattering matrix elements of
the metal contact and thus omit the terminal indices i, j. At zero temperature,
the product of Fermi functions (fe − f0)(fh − f0) in the last line of Eq. (B.24)
vanishes. At zero temperature, we can have (fe − f0)(1 − 2f0) = (fe − f0)2.
Using the sum rule 1 = T he + T ee stemming from the unitary condition (B.8),
we recover expression (4.5) from the main text.
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Appendix C

Supersymmetric quantum
mechanics in Cooper-pair boxes

C.1 Bosonization of the Hamiltonian

Bosonizing the Majorana operators of the Hamiltonian Eq. (5.1) via a Jordan-
Wigner transformation as

γk,A =
(∏
l<k

σzl

)
σxk γk,B = −

(∏
l<k

σzl

)
σyk , (C.1)

where σx,y,zk are independent sets of Pauli-matrices for each index k, brings the
Majorana tunneling term to the form

EMσ
x
0σ

x
1 cos(φ/2) = EM cos((φ+ πσx0 − πσx1 )/2). (C.2)

Performing a unitary transformation U =
∏

k=0,1 Uk with

Uk = e−iπσ
x
knk/2 = cos(πnk/2)− iσxk sin(πnk/2), (C.3)

which links the transfer of one electron to a flip of the fermion parity and where
we use the notation n1 = n, the transformed Hamiltonian assumes the form

UHγU
† =

{
EC(n− ng)2 + EJ(1− cosφ)

+EM cos(φ/2)
}
I, (C.4)

while the fermion parity constraint Eq. (5.4) is transformed into

cos(πnk)σ
z
k − sin(πnk)σ

y
k = (−1)nk . (C.5)
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In Eq. (C.4), we have made explicit the trivial remaining spin-structure of the
Hamiltonian. On the other hand, the transformed constraint fixes integer charges
nk ∈ Z and enforces spin-up eigenstates of σzk. The fermion-parity constraint is
thus resolved in the transformed Hamiltonian Eq. (C.4) by considering just one
spin-component and demanding a 4π periodicity of the eigenstates, leading to
the Hamiltonian Eq. (5.5) given in the main text.

C.2 Supersymmetry without the fermion parity
constraint

In a theory not bound by the fermion parity constraint Eq. (5.4), the fermion
parity K ′ = iγ0,Bγ1,A across the Majorana junction is easily seen to be con-
served in the original Hamiltonian Hγ from Eq. (5.1). The natural choice for the
supercharge Q′ is then given by

Q′ =
√
EC
[
(n− ng) γ0,B − α′ sin(φ/2)γ1,A

]
, (C.6)

where α′ is a free parameter. The charge Q′ anticommutes with the fermion
parity K ′ across the junction. One verifies that Q′2 = Hγ for the parameters
Eq. (5.28) given in the main text and α′ = α =

√
2EJ/EC . The supersymmetry

described above corresponds to a supersymmetry between bosonic and fermionic
sectors, which cannot be realized in our system since the Majoranas are no longer
an independent degree of freedom due to the fermion parity constraint Eq. (5.4)
and only the bosonized “hidden” supersymmetry given in the main text remains.

C.3 Derivation of the current

Let us define a generic tunneling Hamiltonian

HT =
∑
ilp

w∗lpic
†
lpe
−iφi/2γk + wlpiγie

iφi/2clp, (C.7)

describing the tunneling with tunneling matrix elements wlpi between electrons
of momentum p in lead l with creation/annihilation operators c†lp, clp into Ma-
jorana bound states γi with associated superconducting phases φi (φi = φj for
Majoranas on the same superconductor). The leads are free with Hamiltonian

HL =
∑
l

∑
p

εlpc
†
lpclp. (C.8)
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Defining operators γ̃i = e−iφi/2γi, the tunneling Hamiltonian has the appearance
of a standard fermionic tunneling Hamiltonian. It is well-known Haug and Jauho
(2007); Datta (1995) that the expression for the steady-state current Il through
lead l, given a system with a tunneling Hamiltonian of the form Eq. (5.12) and
non-interacting leads, can always be cast in the form

Il =
e

~

∫
dε

2π
tr
[
(iG>

ε )Γlεf
l
ε − (−iG<

ε )Γlε(1− f lε)
]
, (C.9)

where only the non-interaction of the leads has been exploited and

(G<
ε )ij = i

∫
dt eiεt

〈
γ̃†j γ̃i(t)

〉
(C.10)

(G>
ε )ij = −i

∫
dt eiεt

〈
γ̃i(t)γ̃

†
j

〉
(C.11)

are the lesser/greater Majorana Green’s functions in presence of the leads in the
steady state limit, f lε is the equilibrium Fermi distribution of lead l and (Γlε)ij =

2π
∑

pwlpiw
∗
lpjδ(ε − εlp) is the lead coupling matrix. The current expression

Eq. (C.9) has a straight-forward interpretation: the contribution to the current
through lead l at energy ε is given by the rate Γlεf

l
ε of electron tunneling into

the system through lead l at energy ε times the number iG>
ε of available states

at this energy minus the rate Γlε(1− f lε) of electrons tunneling out of the system
into lead l times the number −iG<

ε of occupied states (Datta, 1995). With the
Keldysh Green’s function GK = G> +G< and the relation GR−GA = G>−G<,
one can rewrite the expression Eq. (C.9) in the form

Il =
e

~

∫
dε

2π
tr
{[
i(GR

ε −GA
ε ) + iGK

ε

]
Γlεf

l
ε

−
[
i(GR

ε −GA
ε )− iGK

ε

]
Γlε(1− f lε)

}
(C.12)

=
e

~

∫
dε

2π
tr
{
i(GR

ε −GA
ε )Γlε(2f

l
ε − 1) +

i

2
GK
ε Γlε

}
. (C.13)

The key observation by Hützen et al. (2012) is that the GK
ε expression vanishes

when working with a wide band, Γlε = Γl, and assuming coupling to just one
Majorana γk, (Γl)ij = (Γl)kkδikδjk, i.e.,

0 =

∫
dε

2π
tr[GK

ε Γlε] = (Γl)kkG
K(t = 0)kk (C.14)
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since GK(t = 0)kk = −i
〈
[γ̃k, γ̃

†
k]
〉

= 0. Thus, in the wide-band limit with coupling
to just one Majorana γk, one obtains the expression

Il =
e

~

∫
dε

2π

(
− ImGR

ε

)
kk

(Γl)kk(2f
l
ε − 1), (C.15)

valid both in non-interacting and interacting setups. The very cumbersome fea-
ture brought by the Majoranas is that even in the interacting case the current
expression remains completely independent from the occupation state of the sys-
tem and depends only on spectral properties. This can be seen as yet another
reflection of the fact that a single Majorana mode does not have a well-defined
occupation number.

C.4 Evaluation of transition probabilities

The eigenstates |kγ〉 of the Hamiltonian Hγ from Eq. (5.1) are related to the
eigenstates |k〉 of the bosonized Hamiltonian H from Eq. (5.5) via the unitary
transformation Eq. (C.3) as |n〉 = U |nγ〉. The Majorana γ1,B is in the bosonized
form expressed as γ1,B = −σz0σy1 . Using UσykU

† = (−1)nkσyk , Uσ
z
kU
† = (−1)nkσzk

and Ue±iφk/2U † = ∓iσxke±iσ
x
k/2, where we again identify n1 = n, one finds

Uγ1,Be
±iφ/2U † = ∓σz0σz1e±iφ/2(−1)n0+n. (C.16)

Since n0 + n and σzk are conserved quantities of the Hamiltonian Eq. (C.4), one
obtains for the transition probabilites |〈kγ|γ1,Be

±iφ/2|lγ〉|2 the result

|〈kγ|γ1,Be
±iφ/2|lγ〉|2 = |〈k|e±iφ/2|l〉|2 (C.17)

employed in the main text.

C.5 Device with inductive shunts

The simple rhombus design that we have presented in the main text for clarity of
the discussion suffers from the fact that the charge configuration on the capaci-
tors of the central islands in the rhombus is strongly susceptible to fluctuations
of stray offset charges that couple capacitively to the islands. They can be mod-
eled, e.g., through voltage sources V (1)/(2)

s that charge capacitors Cs coupled to
the rhombus islands, yielding n(1)/(2)

s = CsV
(1)/(2)
s /2e for the stray offset charge

n
(1)/(2)
s ; see Fig. C.1. These stray offset charges are not controlled and fluctuate
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Figure C.1: Rhombus design as proposed theoretically in Douçot and
Ioffe (2012) which includes inductances L that shunt the islands in the
rhombus arms and reduce the susceptibility to stray offset charges cou-
pling capacitively to the islands. Modeling the offset charges through
fluctuating voltage sources that charge capacitors Cs coupled to the is-
lands yields the relation n(j)

s = CsV
(j)
s /2e for the stray offset charge n(j)

s .
Apart from the change in rhombus design, the proposed setup remains
the same as in Fig. 5.6. Importantly, it is sufficient to add inductive
shunts only to the lower part of the rhombus arms such that no induc-
tive coupling to the main island is generated.

in general independently, destroying the symmetry of the rhombus arms and lift-
ing the π-periodicity of the rhombus. As was argued theoretically (Douçot and
Ioffe, 2012) and tested experimentally (Bell et al., 2014), this can be remedied by
adding inductive shunts of strength L to the lower parts of the rhombus arms. In
the classical case and ignoring the Josephson junctions, adding inductive shunts
to the ground in the central islands of the rhombus reduces this susceptibility
by a factor of ω2/ω2

LC , where ω is the frequency of offset charge fluctuations and
ωLC = 1/

√
2LC� =

√
4EC�EL/~ is the plasma frequency of charge oscillations in

the resulting LC resonator with the inductive energy EL = (Φ0/2π)2/L. As was
shown by Koch et al. (2009), this property carries over to the quantum case. As
a consequence of the inductive shunts, the rhombus does not couple any more
directly to n(1)/(2)

s but only to ṅ(1)/(2)
s . The associated noise power changes from

the 1/ω form typical for fluctuations of n(1)/(2)
s (Astafiev et al., 2004) to a much

more benign noise power proportional to ω.
As we have discussed above, the inclusion of inductive shunts reduces the

sensitivity to offset charge fluctuations, but it should of course also preserve
the behavior of the rhombus as an effective cos(2φ) element. This means that in
our setup, we cannot make EL arbitrarily large since our treatment required that
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both the band indices and the Bloch momenta qi associated with the translational
symmetry in the variables θi in absence of inductive shunts remain good variables.
This means that EL should be a weak perturbation with EL � EJ�, EC�. We
can therefore follow the ideas of Koch et al. (2009); Schön and Zaikin (1990) and
transform to a basis of Bloch waves. Solving the 2π-periodic part of the rhombus
perturbatively in η and projecting on the lowest band of the rhombus yields a
Hamiltonian of the form

H ′� =
∑
j=1,2

{
EL
2

(
i
d

dqj

)2

+ f(qj) + g(qj) cos(2φ) + (−1)jh(qj) sin(φ)

}
, (C.18)

with periodic functions f , g, h with period 1. The absence of a coupling between
q1 and q2 reflects the fact that the phases θj are not coupled by the rhombus
Hamiltonian. The presence of a coupling to cos(2φ) [sin(φ)] that is even [odd]
under the exchange q1 ↔ q2 reflects the symmetry under exchange of the rhombus
arms and simultaneous advance of φ by π that we discussed in the main text.
The additional time-reversal symmetry at half a flux quantum forbids a coupling
to cos(φ) or sin(2φ) and requires that the functions f , g, h possess quadratic
expansions around q = 0 which we find to be of the form

f(q)/EC� = 2q2
(

1 +O
(
η2, q2

))
+O

(
η4
)
,

g(q)/EC� = −7

8
η4
(

1 +
111

7
q2 +O

(
η2, q4

))
, (C.19)

h(q)/EC� = −8η2q2
(

1 +O
(
η2, q2

))
.

Obviously, for q1 = q2 = 0 and EL = 0, the Hamiltonian H ′� reproduces
the ground state energy ε0(φ) that was given in the main text. For finite
EL, the former rhombus eigenstates with sharp Bloch momenta q1, q2 are re-
placed by eigenstates of the Hamiltonian (C.18). Assuming a symmetric state
of the rhombus arms, the ground state energy ε′0(φ) of H ′� can still be expanded
in the form ε′0(φ) = −∑nE

′
J2n cos(2nφ). Importantly, EL � EC� implies

q2 ∼
√
EL/4EC� � 1 which guarantees that the term E ′J2 remains dominant

in the expansion of ε′0(φ). Numerical checks show that this property persists
beyond the perturbative regime in η and remains valid also for η = 0.7. The in-
ductive shunts thus manage to reduce the susceptibility to charge noise without
spoiling the generation of an effective cos(2φ) potential by the rhombus.

Finally, let us comment on the adiabatic decoupling of the island and the
rhombus for finite EL. The level spacing of the eigenstates of the Hamilto-
nian (C.18) is of the order of the plasma energy ~ωLC . In view of the adiabatic
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decoupling, it is desirable to have ~ωLC & ESUSY, i.e., EL & E2
SUSY/EC�, where

ESUSY is the energy scale of the rhombus. We note that for α = 2 and η = 0.7, we
have ESUSY ≈ EJ1 = EC�/10 such that choosing EL & E2

SUSY/EC� = EC�/100

and EL � EC�, EJ� is easily possible. Following Bell et al. (2014), such an induc-
tance can in practice be implemented through a chain of Josephson junctions.
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