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We present the first threshold and jet radius jointly resummed cross section for single-inclusive
hadronic jet production. We work at next-to-leading logarithmic accuracy and our framework allows
for a systematic extension beyond the currently achieved precision. Longstanding numerical issues
are overcome by performing the resummation directly in momentum space within Soft Collinear
Effective Theory. We present the first numerical results for the LHC and observe an improved
description of the available data. Our results are of immediate relevance for LHC precision phe-
nomenology including the extraction of parton distribution functions and the QCD strong coupling
constant.

Introduction. The inclusive production of jets plays
a crucial role at the LHC and the corresponding cross
section has been measured with great accuracy by AL-
ICE, ATLAS and CMS [1–6]. From the theoretical point
of view, inclusive jet production constitutes a bench-
mark process that is used to determine universal non-
perturbative quantities like parton distribution functions
(PDFs) and the QCD strong coupling constant αs. In
this sense, a very good understanding of the relevant
QCD dynamics for inclusive jet production at the LHC is
crucial as it will impact the comparisons between theory
and data for other processes as well. Furthermore, high
transverse momentum jets are promising observables for
the search of physics beyond the standard model.

In order to match the achieved experimental preci-
sion for the process pp → jet + X, ongoing theory ef-
forts have recently succeeded in calculating the fully dif-
ferential cross section at next-to-next-to leading order
(NNLO) [7, 8]. The results were presented for all par-
tonic processes in the leading-color approximation for the
α2
s coefficient. While the completion of the NNLO re-

sults marks a new milestone for high precision QCD cal-
culations, there are, nevertheless, remaining theoretical
uncertainties. Recent comparisons of the NNLO predic-
tions with the ATLAS measurements suggest that even at
NNLO the results still heavily rely on the scale choice [6].
Slightly different scale choices can lead to quite different
NNLO predictions which indicates large higher-order per-
turbative corrections as well as an underestimation of the
QCD scale dependence as pointed out in [9, 10]. From
a practical point of view, any information beyond fixed
NNLO accuracy can only be accessed by using resum-
mation techniques, where dominant classes of logarithms
are summed up to all orders in the strong coupling con-
stant. In this work, we focus specifically on the joint
resummation of the following two numerically important

classes relevant for the current experimental kinematics:
threshold logarithms and logarithms in the jet-size pa-
rameter R.

The importance of resumming single logarithms in the
jet-size parameter αns lnnR was addressed in [10–13].
The so-called threshold logarithms arise near the exclu-
sive phase space boundary, where the production of the
signal-jet just becomes possible. At threshold, the invari-
ant mass

√
s4 of the unobserved partonic system recoiling

against the signal-jet vanishes. Note that the signal-jet
retains a finite invariant mass at threshold allowing for
radiation inside the jet cone [14, 15]. The cancelation
of infrared divergences leaves behind logarithms of the
form αns (lnk(z)/z)+, with k ≤ 2n − 1, and z = s4/s,
where s is the partonic center-of-mass (CM) energy. In
the threshold limit as z → 0, these terms become large
and need to be resummed to all orders so as to obtain
reliable perturbative results. In [15], it was shown that
threshold logarithms dominate indeed over a wide range
of the jet-pT even far away from the hadronic threshold
due to the steeply falling parton luminosity functions.

Even though the threshold resummed cross section for
hadronically produced jets was addressed before [16, 17],
it has so far eluded a numerical evaluation. Tradition-
ally, threshold resummation is derived in Mellin moment
space [18–20] and was applied to the rapidity integrated
inclusive jet cross section in [21] at next-to-leading log-
arithmic (NLL) accuracy. However, in order to allow
for a meaningful comparison to the available data, the
complete kinematics of the jet have to be taken into ac-
count. The traditional methods failed to apply in this
case so far. The reasons are twofold and can be traced
back to the factorization structure of the resummed cross
section and the specific properties of the Mellin transfor-
mation. Instead, only fixed-order (FO) expansions of the
threshold resummed cross section are currently available
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in the literature [15, 22, 23]. Note that these problems
do not necessarily occur for observables with identified
final state hadrons [24–27].

In this work, we present for the first time the results
for the threshold and small-R jointly resummed inclu-
sive jet cross section in proton-proton collisions. The
shortcomings of the traditional approaches to threshold
resummation are overcome by making use of techniques
developed in the context of Soft Collinear Effective The-
ory (SCET) [28–32], which allows for the resummation
to be carried out directly in momentum space [33]. Since
there are no numerical results available for the thresh-
old resummed inclusive jet cross section using traditional
methods, it is here, where the SCET approach exhibits
its full potential. In addition, our framework allows
for a systematic extension to next-to-next-to-leading-
logarithmic (NNLL) accuracy or beyond for the resum-
mation of both threshold and the small-R logarithms,
which we briefly discuss below and address in detail in a
future publication.

Theoretical framework. The double differential cross
section for the process pp→ jet +X can be written as

p2
Td2σ

dp2
Tdη

=
∑
i1i2

∫ V (1−W )

0

dz

∫ 1− 1−V
1−z

V W
1−z

dv x2
1 fi1(x1)x2

2 fi2(x2)

× d2σ̂i1i2
dv dz

(v, z, pT , R) , (1)

where pT and η are the transverse momentum and ra-
pidity of the signal-jet, respectively, and we have V =
1 − pT e−η/

√
S, VW = pT e

η/
√
S and the hadronic CM

energy is denoted by
√
S. The sum runs over all partonic

channels initiating the process whose cross sections are
given by σ̂i1i2 . Besides depending on pT , the partonic
cross sections σ̂i1i2 are functions of the partonic kine-
matic variables s = x1x2S, v = u/(u + t) and z. Here
we have introduced t = (p1 − p3)2 and u = (p2 − p3)2,
where p1,2 are the momenta of the two incoming par-
tons and p3 is the momentum of the parton initiating
the signal-jet. The PDFs are denoted by fi evaluated
at the momentum fractions x1 = VW/v/(1 − z) and
x2 = (1− V )/(1− v)/(1− z).

In the small-R and z → 0 threshold limit, the partonic
cross sections can be further factorized as

d2σ̂i1i2
dv dz

= s

∫
dsX dscdsG δ(zs− sX − sG − sc)

× Tr [Hi1i2(v, pT , µh , µ)SG(sG , µsG , µ)] JX(sX , µX , µ)

×
∑
m

Tr [Jm(pTR ,µJ , µ)⊗Ω Sc,m(scR ,µsc , µ)] , (2)

where the traces are taken in color space. The sum runs
over all collinear splittings and ‘⊗Ω’ denotes the associ-
ated angular integrals [36]. Here we have assumed that
the jet is constructed using the anti-kT algorithm [39],
z ∼ R, and we allow for a finite mass of the signal-jet.

The factorization formula is established within the frame-
work of SCET, where Hi1i2 are the hard functions for
2 → 2 scattering, which are known to 2-loops [40]. The
inclusive jet function JX(sX) depends on the invariant
mass sX of the recoiling collimated radiation, and it is
also known to order α2

s [41, 42]. The global soft function
SG takes into account wide-angle soft radiation which
cannot resolve the small jet radius R. At NLO, the bare
global soft function SG is found to be

S
(1)
G =

αs
π ε

eεγE

Γ(1− ε)
∑
i 6=j 6=4

Ti ·Tj
nij
µsG

(
sGnij
µsG

)−1−2ε

, (3)

with nij =
√
sij/si4/sj4 and sij = 2pi · pj . After per-

forming the renormalization in the MS scheme, the NLO
global soft function can be obtained as well as the anoma-
lous dimension governing its renormalization group (RG)
evolution. The signal-jet function J(pT R) and the soft-
collinear (“coft”) function Sc(scR) [36, 43] account for
the energetic radiation inside the jet and the soft radia-
tion near the jet boundary, respectively. Due to the fact
that the soft-collinear radiation can resolve the splitting
details of the collinear radiation inside the signal-jet, one
has to perform an infinite sum over the collinear split-
ting history inside the jet and keep the angular correla-
tions between the jet and soft-collinear radiation which
account for the non-global logarithms (NGLs) [44], as
addressed in [34–37]. We note that the signal-jet and
the soft-collinear functions can be viewed as the thresh-
old limit of the semi-inclusive jet function [10, 13]. If
we ignore the NGLs, which usually show their major ef-
fects in the deep-resummation region [13, 38] and have a
relatively small phenomenological impact for more inclu-
sive cross sections [13, 38, 45], the infinite sum and the
angular correlation structure can be approximated by a
product of the jet and soft-collinear functions. The NLO
jet function can be extracted from [45] and for the NLO
bare soft-collinear function, we find (see also [13])

S(1)
c = T2

3

αs
π ε

eεγE

Γ(1− ε)
pTR

sµsc

(
sc pTR

sµsc

)−1−2ε

, (4)

from which the renormalized soft-collinear function and
its anomalous dimension can be readily obtained.

In order to evaluate the cross section in Eq. (2), all
functions are evolved from their natural scales µi to the
scale µ according their RG equations which leads to the
resummation of the large logarithms. Here, we do not
elaborate on the solution of the various RG equations as
this has been studied extensively in the literature, see
for instance [33]. With all currently available ingredi-
ents, Eq. (2) allows us to achieve the NLL resummation
for hadronic single-inclusive jet production. In order to
go beyond NLL accuracy, the relevant anomalous dimen-
sions need to be extracted from explicit 2-loop calcula-
tions which are in principle within reach. The 2-loop hard
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FIG. 1. Ratios KR of the NLOsin result which is obtained by
expanding Eq. (2) and the full NLO QCD result for different
values of R as a function of the jet-pT , for 1.5 < |η| < 2 at√
S = 13 TeV. The error bars show the numerical uncertainty.

and inclusive jet functions are both known and the 2-loop
global soft and the soft-collinear functions can be ob-
tained following [46] and [47, 48]. The angular correlation
between the jet and soft-collinear function arises from in-
tegrating over the single soft limit of the 1→ 3 splitting
functions [36] with appropriate phase space restrictions.
The 2-loop signal jet function can be calculated at least
numerically following the strategies of [48, 49]. Alterna-
tively, the anomalous dimensions, hence all lnR terms
of the signal jet function, can be extracted at 2-loop us-
ing consistency relations. The remaining constant terms
of the signal jet function can be determined numerically
using EVENT2 [50]. Here we are utilizing the fact that
the same jet function will appear for jet production at
threshold in e+e− annihilation where a similar joint re-
summation formalism applies.

Phenomenology. To proceed, we first validate the fac-
torization formalism by comparing the predictions of
Eq. (2) expanded to NLO, denoted by NLOsin in the
following, with the full NLO QCD calculation in the
threshold region. Since Eq. (2) is derived in the strict
threshold limit, the scale choice related to the jet-pT can
only be the leading-jet transverse momentum pmax

T , since
no jets in the event can be harder than the signal-jet
in this limit. Therefore, when comparing the two re-
sults, we choose the renormalization and factorization
scales as µ = µF = µR = pmax

T for the full NLO
QCD calculation instead of using the so-called individ-
ual jet-pT which probes a softer scale than pmax

T . We
use the MMHT2014nlo PDF set of [51] and focus on√
S = 13 TeV. To enforce the threshold limit, we demand

that pT > 700 GeV and 1.5 < |η| < 2. Fig. 1 displays the
ratios KR of the NLOsin result to the full NLO QCD cal-
culation [52] for R = 0.2, 0.4 and 0.6. We find very good
agreement between these two calculations for all choices
of R which validates our factorization theorem.

We further separate the NLOsin result into a “virtual”
δ(z) term and the logarithmic terms (lnk(z)/z)+ with
k = 0, 1. We observe that the “virtual” term gives a large
positive correction. The net logarithmic contribution de-
creases the cross section, where the (ln(z)/z)+ term is
positive whereas the (1/z)+ term is negative and large
due to its coefficient in the kinematic regime under study.

Now we turn to the phenomenology at the LHC. We

match the NLL resummed results with the full NLO cal-
culation using

dσ = dσNLL − dσNLOsin
+ dσNLO , (5)

and we set µ = pmax
T for the reasons discussed above. We

make the central scale choices µh = pT and µJ = pTR
for the hard and the signal-jet functions, respectively.
The naive scale for the recoiling jet function is of or-

der µX ∼ κ
√
s
(

1− 2pT√
S

)
with κ ∼ 1. However, due

to the steeply falling shape of the luminosity function,
κ can deviate from 1 and approach a smaller value.
We determine κ dynamically following [53] and we set

µX = κ × 2pT

(
1− 2pT√

S

)
with κ = 1/2. The other

scales are determined in the seesaw way: µsG = µ2
X/µh

and µsc = µJ × µsG/µh. Our uncertainty estimates are
obtained by varying µ, µh and µJ independently while
keeping the seesaw relations for µX , µsG and µsc. For all
scales we consider variations by a factor of 2 around their
central values and the final scale uncertainty is obtained
by taking the envelope.

We first present the results for the single-inclusive jet
cross sections at

√
S = 2.76 TeV which was measured

by the CMS Collaboration for different jet radii [3]. In
Fig. 2, we show the resummed calculations using the
CT10nlo PDFs [54] for |η| < 2 along with the experimen-
tal data both normalized to the full NLO results. The
error bars include both the experimental and the NLO
scale uncertainties added in quadrature as provided in [3].
The dashed orange lines represent the PDF uncertainty
and the dashed blue lines show the PDF uncertainty for
the ratio σ/σNLO which is obtained by keeping the cor-
relations. We observe a significant improvement of the
description of the data for all values R once the joint
resummation is taken into account.

Next, we turn to the single-inclusive jet production at√
S = 13 TeV. The cross section was measured by AT-

LAS with a jet radius of R = 0.4 for various bins of the
jet-rapidity η [6]. For the scale choice µ = pmax

T , the
NLO predictions slightly overshoot the data by about
7% to 10% using the MMHT2014nlo PDF set for |η| > 1.
Nevertheless, the NLO calculation is still within the ex-
perimental errors bars. The NNLO corrections further
enhance the cross section leading to a more significant
disagreement with the data [6]. In Fig. 3, we show the
results for the pT spectrum of our jointly resummed cal-
culation. As an example, we consider the rapidity region
1.5 < |η| < 2 and we plot the ratio of the NLL improved
result to the NLO prediction. Here the error bars show
both the NLO and PDF uncertainties [6]. We find that
the joint resummation decreases the cross section relative
to the NLO result and thus improves the agreement with
the data. A similar trend can be observed when compar-
ing to other single-inclusive jet analyses [2, 4, 5]. More
detailed and systematic studies along those lines will be
presented elsewhere [58].
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FIG. 2. The resummed calculation for inclusive jet production for |η| < 2 at
√
S = 2.76 TeV for different values of R and the

CMS data (black dots) of [3] both normalized to the NLO results.
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FIG. 3. The resummed calculation for inclusive jet production
with R = 0.4 at

√
S = 13 TeV and the preliminary ATLAS

data (black dots) extracted from [6] both normalized to the
NLO result.

Conclusions. In this work, we presented for the first
time a joint resummation framework for single-inclusive
jet production in the threshold and small-R limit using
SCET. Due to the small jet-size parameter used in the
experimental analyses and the shape of the steeply falling
luminosity functions, the threshold and the small-R log-
arithmic terms make up the dominant bulk of the FO
contributions in the kinematic range from moderate to
large jet-pT . Therefore, in order to provide reliable the-
oretical calculations, these classes of logarithmic correc-
tions have to be resummed to all orders in perturbation
theory. The fact that the full NNLO calculation depends
significantly on the scale choice [6] makes the importance
of including higher-order corrections beyond NNLO even
more evident.

Using our framework, we obtained the resummed re-
sults for single-inclusive jet production at the LHC dif-
ferential in both the jet-pT and the rapidity η. The scales
in our framework are naturally chosen to minimize the
logarithmic contributions arising due to the small values
of R and z. Instead, for the FO calculations there are no
preferable scale choices that can avoid the occurrence of
the large logarithms, although a lower scale choice may
capture part of the resummation effects, similar to the
choice µF = µR = mH/2 in the case of Higgs-boson
production in the gluon-gluon fusion channel [59, 60].
We demonstrated the validity of our framework by find-
ing very good agreement with the full NLO results for
various values of R and cuts on pT and η. We calcu-
lated all the necessary ingredients for the resummation
to NLL accuracy and we presented phenomenological re-

sults for LHC kinematics at CM energies of
√
S = 2.76

and 13 TeV. In both cases, we found improved agree-
ments of the theoretical calculations with the LHC data
after complementing the NLO calculations with the NLL
resummation. We would like to stress again that the ob-
served improvements are not limited to the exemplary
data sets presented in this letter. Similar improvements
are observed when comparing with other experimental
analyses [2, 4, 5] at various machine energies covering
a wide range of jet transverse momentum and rapidity,
which will be presented in a forthcoming publication [58].

The results presented in this work will have direct im-
pacts on various aspects of QCD precision studies. On
the phenomenology side, this includes the precise extrac-
tion of PDFs [55] and the QCD strong coupling con-
stant [56] as well as the improvement of parton shower
Monte Carlo event generators [57]. The joint resumma-
tion for single-inclusive jet production supports ongoing
efforts to include threshold resummation for the hard ma-
trix elements in PDF fits and demonstrates the stability
of the perturbative expansion. On the theory side, our
framework allows for realizing the joint resummation at
NNLL accuracy in a straightforward manner as we have
sketched in the text. Subsequently, this can be matched
with the known NNLO calculations for further improve-
ment of the precision. The full NNLO threshold expan-
sion also captures all the leading contributions down to
the δ(z) term. These can be obtained within our frame-
work and provide a partial cross check of the NNLO re-
sults [7, 8] which have not been checked independently
by a second calculation thus far.
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[56] S. Alekhin, J. Blümlein, and S.-O. Moch, Mod. Phys.

Lett. A31, 1630023 (2016).
[57] Z. Nagy and D. E. Soper, JHEP 10, 019 (2016),

1605.05845.
[58] X. Liu, S. Moch and F. Ringer, to appear soon.
[59] D. de Florian, J. Mazzitelli, S. Moch and A. Vogt, JHEP

1410, 176 (2014).
[60] C. Anastasiou, C. Duhr, F. Dulat, E. Furlan,

T. Gehrmann, F. Herzog, A. Lazopoulos and B. Mistl-
berger, JHEP 1605, 058 (2016).

mailto:xiliu@bnu.edu.cn
mailto:sven-olaf.moch@desy.de
mailto:fmringer@lbl.gov

	Threshold and jet radius joint resummation for single-inclusive jet production
	Abstract
	 References


