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ABSTRACT

In this work, we used a modified Picards method to solve the Multigroup Neutron Space Kinetics Equa-
tions (MNSKE) in Cartesian geometry. The method consists in assuming an initial guess for the neutron
flux and using it to calculate a fictitious source term in the MNSKE. A new source term is calculated
applying its solution, and so on, iteratively, until a stop criterion is satisfied. For the solution of the fast
and thermal neutron fluxes equations, the Laplace Transform technique is used in time variable resulting
in a first order linear differential matrix equation, which are solved by classical methods in the litera-
ture. After each iteration, the scalar neutron flux and the delayed neutron precursors are reconstructed
by polynomial interpolation. We obtain the fluxes and precursors throught Numerical Inverse Laplace
Transform using the Stehfest method. We present numerical simulations and comparisons with available
results in literature.

1. INTRODUCTION

The iterative source method has been applied with great success in the solution of transport equations
[5] [6] [7] and in the solution of the steady-state diffusion equation by [8]. In the last years many works
have been developed in the search for solutions to the problem of kinetic neutron diffusion equation
among them it is possible to emphasize [1] [2] [3]. In this context the iterative source method has been



used to solve the diffusion kinetic equation. The method consists in estimating an initial distribution
for the source term of the fast flux equation desacopling the system and getting it possible to solve the
equations separately. It should be noted that this occurs only in systems without upscattering. To solve
the MNSKE, the authors apply the Laplace Transform, which transformed the set of partial differential
equations into a set of ordinary differential equations (ODE’s). These ODE’s are solved from classical
methods present in the literature. To return the functions to the frequency domain for the time domain
a numeric inversion of the Laplace was used. After each iterative process the term source is updated with
the previous expressions of neutron fluxes and delayed neutron precursors. Due to the use of the numerical
inverse transform it is necessary to reconstruct the fluxes and concentrations through interpolation. The
authors prefer to use a polynomial interpolation in order to always mantain a standar structure through
the iterations. This iterative process continues until a stop criterion is established.

2. SPATIAL KINETICS EQUATIONS OF THE MULTIGROUP NEUTRON
DIFFUSION THEORY

Starting from the Neutron Diffusion Spatial Kinetics equation for two energy groups, six groups of
delayed neutron precursors nuclear parameters not dependent on time and space without external source
and one-dimensional Cartesian geometry means we have:

1

v1

∂φ1(x, t)

∂t
−∇2D1φ1(x, t) + ΣR1φ1(x, t) =

(1− β)[ν1Σf1φ1(x, t)] + (1− β)[ν2Σf2φ2(x, t)] +

6∑
i=1

λiCi(x, t)︸ ︷︷ ︸
W

,

(1)

1

v2

∂φ2(x, t)

∂t
= ∇2D2φ2(x, t)− Σa2φ2(x, t) + Σs12φ1(x, t),

∂Ci(x, t)

∂t
= βi[ν1Σf1φ1(x, t) + ν2Σf2φ2(x, t)]− λiCi(x, t),

with i = 1, ..., 6., subject to the following boundary conditions:

α1φ(0, t) + β1
∂φ(0, t)

∂x
= 0, (2)

α2φ(L, t) + β2
∂φ(L, t)

∂x
= 0,

where W represents the source term of the fast flux equation. This system of equations is solved through
an Iterative Source Method (ISM). The method is to provide an initial distribution for the source term
W of the fast flux equation becoming the equation system to become decoupled. Applying the Laplace
Transform (LT) in the first equation of (1) we have the fast-flux equation transformed below:

sφ̂1(x, s)− φ1(x, 0) =

[
D1

d2

dx2
v1 − v1Σr1 + (1− β)ν1Σf1v1

]
φ̂1(x, s) + Ŵ (x, s), (3)

in which φ1(x, 0) is the solution of the stationary diffusion problem solved by [8] interpolated in a third-
degree polynomial as follows:

φ1(x, 0) = k3x
3 + k2x

2 + k1x+ k0, (4)

where k3, k2, k1 e k0 are the coefficients of the interpolated polynomial of the stationary problem.

Solving the differential equation (3) we have:

φ̂1(x, s) = Ch1e
√
γ1x + Ch2e

−√γ1x + F1x
3 +G1x

2 +H1x+ I1, (5)
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where γ1 is given by:
γ1 = [a1s+ b1 − hd1] , (6)

in which, a1 = 1
D1v1

, b1 = Σr1

D1
and hd1 =

(1−β)(ν1Σf1)
D1

.

The constants Ch1 and Ch2 are obtained by replacing the boundary conditions given in (2).

Therefore, we have Ch1 e Ch2 equal to:

Ch1 =

[
F1e
−√γ1L − I1L3 −H1L

2 −G1L− F1

e
√
γ1L − e−

√
γ1L

]
e Ch2 = [−Ch1 − F1]. (7)

Substituting the constants in the fast flux equation has the transformed equation written as:

φ̂1(x, s) =

[
F1e
−√γ1L − I1L3 −H1L

2 −G1L− F1

e
√
γ1L − e−

√
γ1L

]
e
√
γ1x+[

−
(
F1e
−√γ1L − I1L3 −H1L

2 −G1L− F1

e
√
γ1L − e−

√
γ1L

)
− F1

]
e−
√
γ1x + F1x

3 +G1x
2 +H1x+ I1. (8)

To solve (8) a numerical inversion has been used through the Stehfest algorithm [4]. After the numerical
inversion a polynomial interpolation of the form:

φj(x, t) = y1 + y2x+ y3x
2 + y4t+ y5xt+ y6x

2t, (9)

where y1, ..., y6 are the coefficients of the interpolated polynomial.

Substituting φ1(x, t) and applying the Laplace Transform technique in the second equation of (1) we can
solve the thermal flux equation given by

d2

dx2
φ̂2(x, s)− φ̂2(x, s)

[
s

D2v2
+

Σa2

D2

]
+
φ2(x, 0)

D2v2
+

Σs12φ̂1(x, s)

D2
= 0. (10)

Therefore, φ2 has solution given as follows:

φ2(x, s) = Ch3e
√
γ2x + Ch4e

−√γ2x + I2x
3 +H2x

2 +G2x+ F2, (11)

where γ2 is given by:
γ2 = [a2s+ b2] , (12)

in which, a2 = 1
D2v2

and b2 = Σa2

D2
.

The constants Ch3 and Ch4 are determined in a manner analogous to the constants Ch1 and Ch2. Thus
the transformed thermal flux can be written as:

φ̂2(x, s) =

[
F2e
−√γ2L − I2L3 −H2L

2 −G2L− F2

e
√
γ1L − e−

√
γ2L

]
e
√
γ2x+[

−
(
F2e
−√γ2L − I2L3 −H2L

2 −G2L− F2

e
√
γ2L − e−

√
γ2L

)
− F2

]
e−
√
γ2x + F2x

3 +G2x
2 +H2x+ I2. (13)

By applying the Laplace Numerical Inverse Transform in (13) and interpolating in a polynomial with the
same format of (9) we can solve the equations of the concentrations given by (1). Substituting φ1 and φ2

into the equations of concentration and applying the Laplace Transform technique we have:

sĈi(x, s) + λiĈi(x, s) = Ci(x, 0) + [βiν1Σf1]φ̂1(x, s) + [βiν2Σf2]φ̂2(x, s). (14)
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Being Ci(x, 0) obtained as follows:

Ci(x, 0) =
βi(ν1Σf1φ1(x, 0) + ν2Σf2φ2(x, 0))

λi
, (15)

where i = 1, ..., 6.

Similarly the methodology used for the fast and thermal fluxes can be solved (14) by applying the
Numerical Inverse Laplace Transform and interpolating the solutions of the concentrations in the same
form polynomial like (9).

Then the source term W of the fast flux equation is updated (1) with the fluxes [φ
[k]
1 ,φ

[k]
2 and C

[k]
1 ...C

[k]
6 ]

being k the index representing the iteration number.

Therefore we can solve the system of equations of (1) through an iterative process described as follows:

1 Estimate of φ
[k]
1 , φ

[k]
2 e C

[k]
i ;

2 The fast-flux equation is solved;

• Apply to LT in the fast flux equation;

• Apply to Numerical Inverse Laplace Transform;

• The flux is interpolate.

3 The thermal flux equation is solved;

• Replaces φ1 Interpolated in the thermal flux equation;

• Apply to LT in the thermal flux equation;

• Apply to Numerical Inverse Laplace Transform;

• The flux is interpolate.

4 Solve the equations of the concentrations;

• Replaces φ1 e φ2 Interpolated in the concentration equations;

• Apply to LT in the equations of concentrations;

• Apply to Numerical Inverse Laplace Transform;

• The concentrations are interpolate.

5 Stop criterion test
|φ[k+1]

j −φ[k]
j |

|φ[k+1]
j |

< ε;

6 If the stop criterion is satisfied the process is terminated otherwise the index k is updated and it
is returned to item 1.

3. RESULTS

To validate the methodology proposed in this work we were used an algorithm implemented in the scilab
platform applied to a problem with two groups of energy and six groups of delayed neutron precursors
with domain 0 ≤ x ≤ 160 cm keff = 0, 8520306528 and nuclear parameters given by the tables 1, 2.
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Table 1: Nuclear Parameters

Parameter Group 1 Group 2
D[cm] 1, 0 0, 5
v[cm/s] 1, 0x107 3, 0x105

Σa[cm
−1] 0, 02 0, 08

νΣf [cm−1] 0, 005 0, 099
Σ1→2[cm

−1] 0, 01 0

Table 2: Parameters related to delayed neutrons

i βi λ1[s
−1]

1 0, 00025 0, 0124
2 0, 00164 0, 0305
3 0, 00147 0, 1110
4 0, 00296 0, 3010
5 0, 00086 1, 1400
6 0, 00032 3, 0100

As the initial condition the solution was used for the steady-state diffusion equation solved by [8]. In the
Table 3 we have the values of the rapid and thermal fluxes for various times. As the stopping criterion
of the algorithm ε = 10−8 was used for both the fast flux and the thermal flux.

Table 3: Fluxes of group 1 and group 2 for x = 80 cm and ε = 10−8

tempo (s) φ1[cm
−2s−1] φ2[cm

−2s−1]
1 0, 4518721 0, 0558476
2 0, 4353871 0, 0538103
3 0, 4189022 0, 0517731
4 0, 4024172 0, 0497359
5 0, 3859321 0, 0476987
6 0, 3694473 0, 0456615
7 0, 3529622 0, 0436242
8 0, 3364771 0, 0415870
9 0, 3199923 0, 0395498
10 0, 3035072 0, 0375126

In the Figures 1 and 2 we have the graph of the fast and thermal flow respectively as a function of the
spatial variable.
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Figure 1: Fast neutron flux

Figure 2: Thermal neutron flux

4. CONCLUSIONS

Analyzing the previous results it can be observed that the methodology proposed in this article is promis-
ing and important in the solution of the problem of neutron space kinetics. Through the source iterative
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method of the system equations becomes decoupled which allows the solution of the equations separately
becoming the solution of the problem simpler. Another important feature of the methodology proposed
in this research is that the problem is solved semi-analytically at each iteration. As future perspectives
for the work it is intended to apply the same methodology to the multi-region problem and to analyze
the convergence of the method.
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