
INTRA-BUNCH-TRAIN TRANSVERSE
DYNAMICS IN THE SUPERCONDUCTING

ACCELERATORS FLASH AND EUROPEAN XFEL

Dissertation
zur Erlangung des Doktorgrades

an der Fakultät für Mathematik, Informatik und
Naturwissenschaften
Fachbereich Physik

der Universität Hamburg

submitted by

Thorsten Hellert

2017 in Hamburg



Gutachter der Dissertation: Prof. Dr. Jörg Roßbach
Prof. Dr. Andrzej Wolski
Dr. Winfried Decking

Gutachter*innen der Disputation: Prof. Dr. Caren Hagner
Prof. Dr. Peter Hauschildt
Prof. Dr. Jörg Roßbach
Dr. Winfried Decking
Dr. Julien Branlard

Datum der Disputation: 08.06.2017

Vorsitzende des Prüfungsausschusses: Prof. Dr. Caren Hagner

Vorsitzender des Promotionsausschusses: Prof. Dr. Wolfgang Hansen

Dekan der Fakultät für Mathematik,
Informatik und Naturwissenschaften: Prof. Dr. Heinrich Graener



Abstract
FLASH and the European XFEL are linear accelerator driven SASE-FELs, operat-
ing in a pulsed mode with long bunch-trains. Multi-bunch FEL operation requires
longitudinal and transverse stability within the bunch-train. The purpose of this
work is to investigate the intra-bunch-train transverse dynamics at FLASH and
XFEL. Key relationships of superconducting RF cavity operation, their misalign-
ments and the resulting impact on the intra-bunch-train trajectory variation are de-
scribed. In this thesis a numerical model is developed and simulations for different
accelerating sections at FLASH and XFEL are performed. With the current oper-
ational setup significant intra-bunch-train trajectory variation must be considered,
hence approaches for their reduction are discussed. The theoretical studies are com-
pared to experimental results at FLASH. The observed trajectory variation during
multi-bunch user runs is analyzed and related to causal intra-bunch-train variations
of the RF and the following impact on the multi-bunch SASE performance. Fur-
thermore, HOM-based cavity misalignment measurements are performed and the
deduction of misalignments from multi-bunch data is considered.

Zusammenfassung
FLASH und der European XFEL sind Linearbeschleuniger betriebene SASE-FELs,
die im gepulsten Modus mit langen Elektronenpaketzügen operieren. Der FEL-
Betrieb im multi-Paket-Modus erfordert longitudinale und transversale Stabilität
entlang des Paketzuges. Das Ziel dieser Arbeit ist es, die transversale Strahldynamik
innerhalb eines Pulszuges für FLASH und XFEL zu untersuchen. Grundlegende
Zusammenhänge zwischen dem Betrieb supraleitender hochfrequenz Resonatoren,
deren Fehlaufstellung und die daraus folgende Variation der Strahltrajektorien in-
nerhalb eines Paketzuges werden herausgearbeitet. Ein numerisches Modell wird en-
twickelt und für Simulationen verschiedener Beschleunigungssektionen von FLASH
und XFEL verwendet. Da für den aktuellen Betrieb deutliche Trajektorienabwe-
ichungen erwartet werden müssen, werden Ansätze für deren Verminderung disku-
tiert. Die theoretischen Überlegungen werden mit experimentellen Ergebnissen von
FLASH verglichen. Die gemessenen Trajektorienabweichungen während des Nutzer-
betriebes mit langen Paketzügen werden analysiert und sowohl zu den ursächlichen
Hochfrequenzschwanklungen als auch den resultierenden Einfluss auf den SASE
Prozesses eines Pulszuges in Beziehung gesetzt. Darüber hinaus werden HOM-
basierte Messungen der Fehlaufstellung von Resonatoren durchgeführt und die
Möglichkeit, Fehlaufstellungen aus den Daten eines Paketzuges abzuleiten wird be-
trachtet.
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Section 1

Introduction

Single pass free electron lasers (FEL) are a promising technology to generate high
brilliance1 synchrotron radiation, which is a powerful diagnostic tool used for funda-
mental and applied research in many different fields of science. At the FEL user facil-
ities Free-Electron Laser in Hamburg (FLASH) and European X-Ray Free-Electron
Laser (XFEL), acceleration of the driving electron bunches is achieved by utiliza-
tion of superconducting radio-frequency (SRF) resonators based on the TeV-Energy
Superconducting Linear Accelerator (TESLA) technology. Their main advantage
over normal conducting cavities are the low ohmic losses resulting in the possibility
for high accelerating gradients, combined with a long pulse structure and high duty
cycles. The acceleration of long bunch-trains allows for high bunch repetition rates
and individual bunch patterns, adapted to the needs of the experiments. However,
multi-bunch operation places additional demands on the machine, regarding the
beam stability within one bunch-train.

The principle objective of this work is to give an analysis of the intra-bunch-
train transverse dynamics at FLASH and XFEL. For this purpose, it is crucial to
understand the characteristics and constraints of superconducting cavity operation
and their impact on the intra-bunch-train trajectory variation. Key relations are
presented qualitatively in the following Section 2. In Section 3, an introduction
of particle beam dynamics is provided. Based on the outlined mathematical con-
cepts, the development of a numerical model for an accurate description of the
beam transport in a TESLA cavity at low beam energy follows in Section 4. The
model is compared to start-to-end tracking and dedicated experiments at the in-

1The brilliance of a source is defined as the number of emitted photons per unit of time into
a unit of solid angle, per unit of surface of the source, and into a unit bandwidth of frequencies
([photons/(sec rad2 mm20.1%bandwidth)]).

1



2 INTRODUCTION

jector module at FLASH. The impact of correlations between RF parameters and
misaligned accelerating structures on the intra-bunch-train trajectory variations is
studied quantitatively in Section 5. The previously developed model is used for
simulations. Different machine sections, such as the injector module and the L3
linac at XFEL are focussed on, and approaches for reducing the intra-bunch-train
trajectory variations are discussed.

Section 6 is focussed on experimental results at FLASH and is divided into three
parts. In the first two parts, the actual misalignment of the injector module is
investigated. The procedure of higher order mode based cavity misalignment mea-
surements are described and results are discussed in Section 6.1. In Section 6.2 the
deduction of misalignments from multi-bunch RF- and beam offset data is discussed.

In the third part of Section 6, the measured intra-bunch-train trajectory vari-
ations at FLASH are studied. Different fundamental patterns are identified and
related to its sources in the gun and the RF modules. Their impact on the multi-
bunch SASE performance is investigated. In the subsequent parts of this section, a
brief introduction to the FEL theory is given as well as an outline of the accelerator
facilities FLASH and XFEL.

1.1 Free-Electron Laser

Synchrotron radiation is a powerful scientific tool applied in disciplines ranging from
physics, chemistry, and biology to material sciences, geophysics, and medicine [1].
Since the first indirect observation in 1946 [2], there has been a steady growth in
its scientific use. After two decades of parasitic use of synchrotron radiation at
storage rings built for high energy physics (such as the DESY accelerator [3]), the
Synchrotron Radiation Source (SRS) [4] was the first accelerator designed for and
dedicated to the production of synchrotron radiation. This is nowadays marked
as the beginning of the second-generation light sources [5]. In the 1990’s, third-
generation light sources started to operate. In addition to a significantly reduced
emittance, their characterization is the extensive use of insertion devices such as
wigglers and undulators. The following section describes briefly the properties of the
undulator radiation. Detailed discussion can be found in Refs. [6, 7]. A schematic
drawing of different types of synchrotron radiation as generated in different magnetic
configurations is shown in Figure 1.1.
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Generation of Synchrotron Radiation

Figure 1.1: Schematic drawing of synchrotron radiation generated in (from top to
bottom): a bending magnet, a wiggler, an undulator, and a free electron laser [8].

An undulator is an array of magnets which produces a transverse magnetic field
with an approximately sinusoidal dependence along the electron trajectory. The
induced Lorentz-force constrains the propagation of the electrons on a sinuous line.
The fundamental wavelength λph of the thereby emitted spontaneous radiation is
given as

λph = λu

2γ2

(
1 + K2

2

)
. (1.1)

The length of one magnetic period of the undulator is defined as λu, γ is the Lorentz
factor and K is the undulator parameter, given by

K = eB0 λu

2πmc
, (1.2)

where B0 is the peak magnetic field, m and e are the mass and charge of the
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Schematic Drawing of a Planar High Gain FEL

Figure 1.2: Schematic drawing of a high gain FEL [8]. At the beginning of the
undulator (left), a bunch of electrons with random phases radiates incoherently. The
micro-bunched beam at the end of the undulator (right) emits coherent radiation.

electron, respectively, and c is the speed of light. The periodicity of the system
results in a continuous exchange of energy between the electrons and the initially
spontaneously emitted photon beam. In the undulator, the electrons slip by one
radiation wavelength λph with respect to the copropagating radiation. Depending
on the particular phase of the electrons in respect to the plane wave of the photons,
electrons experience either a deceleration or acceleration. As a consequence, the
momentum within one bunch is periodically modulated with λph.

The concept of free electron lasing was proposed in 1971 [9], and free electron
lasers (FEL) are now considered as the fourth-generation light source. In a high
gain FEL, the interaction between the electron and the photon beam is enhanced
by an increased total undulator length. While traveling through the undulator,
the momentum modulation leads to a path length difference, resulting in a density
modulation of the electron bunch, the so called micro-bunching. The longitudinal
extent of these electron micro-bunches thereby becomes smaller than the radiation
wavelength. This results in coherent emission, thus increasing the dependence of
the output power P on the number of electrons from P ∝ Ne to P ∝ N2

e , with
Ne being the number of electrons per micro-bunch. Figure 1.2 shows a sketch of
this self-amplified-spontaneous-emission (SASE) [10] process. An illustration of the
increase of brilliance in FELs with respect to third generation light sources can be
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Peak Brilliance of 3rd and 4th Generation Light Sources

Figure 1.3: Peak brilliance of different third and fourth generation light sources as
a function of photon energy [11]. Light sources operated at DESY are colored red.

found in Figure 1.3. At a certain point in the undulator the radiation power P (z)
increases exponentially with

P (z) ∝ exp
(
z

Lg0

)
for z � Lg0 . (1.3)

The (one-dimensional) gain length Lg0 is the length in which the radiation power is
increased by a factor of e. In case of a mono-energetic beam matching the resonance
energy and neglecting three-dimensional effects, the gain length can be expressed as

Lg0 = 1
4π

√
3

· λu

ρFEL
(1.4)

with the FEL- or Pierce parameter :

ρFEL =
[
λ2

u · I ·K2 · [JJ ]2

64π2 · IA · γ3 · σ2
t

]1/3

∝ I1/3

γ · σ2/3
t

(1.5)

where [JJ ] is the Bessel function factor (a constant value for a given undulator),
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IA ≈ 17 kA the Alfvén current, I the peak current of the electron beam and the
transverse beam size σt = √

σxσy. From Equations (1.4) and (1.5) directly follows
that the gain length

Lg0 ∝
(
σ2

t

I

)1/3

. (1.6)

High peak current and small transverse emittance are therefore needed to achieve a
short gain length. The exponential growth stops when the micro-bunching is fully
developed. The photon beam starts to reabsorb energy from the electrons. The
saturation length Lsat describes the undulator length at which the photon beam
reaches the maximum intensity. It can be approximated as [12]:

Lsat ≈ λu

ρFEL
= 4π

√
3Lg0 = 21.8Lg0 . (1.7)

The amplification process in the high-gain FEL depends critically on a good trans-
verse overlap between electron and photon beam [6]. The natural focussing of the
undulator magnets in the vertical plane is not sufficient for short wavelength FELs.
Usually a FODO-lattice is realized in the undulator section in order to guide the
electron beam along the undulator axis. The consequential betatron motion results
in a change of the beam trajectory throughout the undulator. Trajectory variations
from the design axis of the undulator therefore limit the amplification process and
increase the saturation length.

1.2 FLASH

The Free-Electron Laser in Hamburg (FLASH) is a high-gain FEL user facility op-
erating in the soft x-ray regime [13]. Its conceptual design and a science case were
developed in 1995 [14]. It was the first facility to achieve single-pass soft x-ray lasing
at 109 nm in 2000 [15]. The current layout of FLASH is shown in Figure 1.4. A
selection of first scientific results obtained at FLASH can be found in Ref. [16].

The injector [17] generates the electrons and provides first acceleration to the
bunches. A photocathode, impinged by an UV-laser system, is located inside a
normal conducting 1.5-cell RF cavity. A solenoid magnet focusses and matches the
beam into the injector module. Eight superconducting, TESLA-based, RF cavities
powered by one RF klystron accelerate the electron beam off-crest in order to im-
pose an energy chirp along the bunch for the needs of further longitudinal bunch
compression. The RF-frequency is 1.3 GHz. A third-harmonic module, operating at
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Schematic Drawing of FLASH

Figure 1.4: Schematic layout of the FLASH facility [20] (not to scale).

3.9 GHz, decelerates the beam and thereby linearizes the longitudinal phase space
of the bunches. The high peak current required for FEL operation can not be gen-
erated directly at the gun, since the resulting intense space charge effects could not
be compensated at low beam energy. Therefore, longitudinal bunch compression is
achieved in two stages [18, 19]. The first bunch compressor downstream the injector
section consists of four magnetic dipoles forming a C-shaped magnetic chicane. A
second accelerating stage consists out of two TESLA modules powered by one RF
klystron, followed by a second S-shape bunch compressor. The initial peak current
at the gun of about 70 A is thereby increased to 2 kA. Final acceleration provided
by four modules, each two powered by one RF klystron, increases the electron beam
energy up to 1.25 GeV.

FLASH is operated in a pulsed mode. Up to 800 bunches are accelerated within
one RF pulse with a bunch spacing down to 1µs, respectively a bunch repetition
rate of 1 MHz. The pulse repetition rate is 10 Hz. Since the recent extension [21], a
fast electron beam switch distributes two sub-bunch-trains within one RF pulse to
different undulator beam lines, FLASH1 and FLASH2. A collimator in the magnetic
chicane provides energy collimation. Both undulator beam lines can be operated si-
multaneously at full repetition rate [22].

FLASH1 is equipped with six fixed-gap planar undulator modules with a length
of 4.5 m each. The undulator parameters are listed in Table 1.1. Depending on the
final beam energy, FLASH1 covers the wavelength range of 52 nm to 4.2 nm in terms
of FEL radiation. FLASH2 is equipped with variable gap undulators. Therefore the
FEL radiation wavelength can be varied by a factor of three at a fixed beam energy.
The design wavelength range of FLASH2 is from 5 nm to 90 nm.
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1.3 The European XFEL

The European X-Ray Free-Electron Laser (XFEL) Facility [23, 24, 25] is built in
Hamburg and is currently under commissioning [26]. With its overall length of about
3.4 km it extends from the DESY campus to the adjacent federal state of Schleswig-
Holstein in northern Germany. It will provide FEL radiation with wavelengths from
0.05 nm to 5 nm. It is generated in a total amount of five undulator beamlines which
can be operated simultaneously. A schematic drawing of the XFEL layout can be
found in Figure 1.5.

The XFEL operates in a pulsed mode, meaning that up to 2700 bunches are
accelerated within one RF pulse with a pulse repetition rate of 10 Hz and a bunch
spacing down to 222 ns which corresponds to a bunch repetition rate of 4.5 MHz.
The injector section of the XFEL [27, 28] is similar to the injector section at FLASH.
A photocathode, located inside a normal conducting 1.5-cell RF cavity creates and
pre-accelerates an electron bunch. The injector- and third-harmonic module are
followed by a diagnostic section, which allows to study the electron beam quality of
individual bunches within one bunch-train [29].

The bunch compression is done in three stages, providing an overall compres-
sion of the longitudinal beam size by a factor of 100-2000, depending on the bunch
charge. The final peak current is up to 5 kA. The XFEL linear accelerator increases
the electron beam energy up to 17.5 GeV and consists of three separate sections: L1,
L2 and L3. L1 consists out of four accelerating modules powered by one RF station.
The energy gain is 450 MeV. In L2 the beam energy is increased by 1.8 GeV in 12
accelerating modules powered by three RF stations. L3 consists of 84 modules and
21 RF stations and provides an energy gain of about 15 GeV.

After a post-linac collimation section [31], a transverse intra-bunch-train feed-
back system [32] corrects intra-bunch-train trajectory variations and allows for the
required beam stability in the undulators. During one RF pulse, the beam is
switched once between the two undulator beamlines SASE1 and SASE2 (see Ta-
ble 1.1 for listed parameters). During ramp up of the flat-top kicker, a fast single
bunch kicker deflects the beam into the beam dump. The bunch pattern can be
adapted further to the needs of the user by deflecting individual bunches within the
desired bunch-trains. A third undulator, SASE3, is located downstream SASE1 and
operates at a higher photon wavelength. All beamlines are equipped with variable
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Schematic Drawing of the European XFEL

Figure 1.5: Schematic layout of the XFEL (not to scale). The elements shown
include 1.3 GHz RF sections (yellow), the 3.9 GHz acceleration structure (red), un-
dulators (green/red), main dipole magnets (blue), beam distribution systems (green)
and beam dumps (black).

gap undulators and generate linear polarized FEL radiation. Possible future up-
grades include two additional undulator beamlines (U1&U2) and circular polarized
FEL radiation in SASE3 [33].

FLASH XFEL
Electron Beam
Final Energy [GeV] E0 < 1.25 < 17.5
Peak Current [kA] I0 < 2.5 < 5
Bunches per Train nbunch < 800 < 2700
Bunch Spacing [µs] tbunch > 1 > 0.222
Pulse Rep. Rate [Hz] fpulse 10 10
Undulator
Beamline FLASH1 FLASH2 SASE1 & 2 SASE3
Type planar planar
Gap fixed variable variable
Period [mm] λu 27.3 31.4 40 68
Beta-Function [m] 〈βx,y〉 10 6 15-50
Und. Parameter K 1.23 0.5 - 2 2.8 - 6.1 3.3 - 6.8
Total Length [m] Lund 27 30 175 105
Photon Beam
Wavelength [nm] λph 4.2 - 52 5 - 90 0.05 - 0.4 0.3 - 4.8

Table 1.1: FLASH [30] and XFEL [23, 25] parameters.





Section 2

Principles of SRF Cavity
Operation at FLASH and XFEL

Todays particle accelerators would be inconceivable without the extensive use of
resonating radio frequency (RF) cavities. At FLASH and the European XFEL,
superconducting cavities provide high accelerating gradients for long bunch-trains
within one RF pulse. This section investigates the factors that determine the trans-
verse intra-bunch-train beam stability.

TESLA Cavity: At FLASH and XFEL, TeV-Energy Superconducting Linear Ac-
celerator (TESLA) type cavities [34] are used for accelerating the electron bunches.
The TESLA cavity is a 9-cell standing wave structure of about 1 m length whose
lowest TM mode resonates at 1.3 GHz. The cavity is built from solid niobium and is
cooled by superfluid helium at 2 K. The fundamental advantage of superconducting
cavities as compared to normal conducting cavities is the low surface resistance of
about 10 nΩ at 2 K. This allows for high wall currents with little heat losses. The
quality factor Q0 of a cavity is defined as the ratio of the resonance frequency to

Figure 2.1: Schematic drawing of the 9-cell TESLA cavity [34]. The front view in
the right picture shows the orientation of the HOM and power coupler.

11
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Power Input Coupler

Figure 2.2: Schematic drawing of the power input coupler of the TESLA cavity. The
waveguide (lower left end) connects the cavity with the RF power source and is at
room temperature. A remote controlled stepper motor allows to move the position
of the coaxial antenna in the cavity beam pipe (right end).

the width of the resonance curve. The typical quality factors of normal conducting
cavities are in the range of 104 - 105 while for TESLA cavities Q0 > 5 · 109. A
schematic drawing of a TESLA cavity is shown in Figure 2.1.

Power Coupler: The power input coupler has to carry out the transition of the
200 kW RF power from a warm, air-filled waveguide system through a coaxial con-
nection into the cold cavity. By moving the inner conductor of the coaxial line, the
loaded quality factor QL can be varied in the nominal range 106 − 107 to allow not
only for different beam loading conditions [35], but also to facilitate an in-situ high
power processing of the cavities [34]. The cavity bandwidth at the typical value of
QL = 3 · 106 is about 430 Hz. Figure 2.2 shows a schematic drawing of the power
coupler.

Higher Order Mode Coupler: The bunched electron beam excites eigenmodes
of a variety of frequencies in the cavity. If the frequency of the regarded mode
exceeds the resonance frequency of the fundamental mode, it is called higher order
mode (HOM). Because of the resonator’s high quality factor, the damping time
constants of these modes are large compared to the bunch spacing. In order to
prevent multi-bunch instabilities and beam breakup [36], additional measures to
dampen HOMs have to be taken. In the case of the TESLA cavity, two HOM-
couplers at both ends of the cavity and oriented at 115 ◦ in respect to each other
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Cavity Alignment Measurements at FLASH

Figure 2.3: Horizontal cavity alignment measurements using a stretched wire system
at FLASH as presented 2004 in Ref. [39]. Four different measurement results are
shown. The measurement was done before cool down (red squares), after first cool
down (blue triangles), after warm up (orange circles) and after the final cool down
(blue circles). The dashed line indicates the designated module axes at 2 K.

extract undesired field excitation and ensure damping of dipole modes of either
orientation. A 1.3 GHz notch filter is incorporated to prevent energy extraction
from the fundamental mode.

Cryomodule: The cooling system required for the accelerating cavities cannot be
assembled for each cavity individually at acceptable costs. Therefore, eight cavities
along with various measurement and supply equipment such as field probes, piezo
actuators and sensors and motor tuners are housed inside one 12 m long cryomodule
[37]. During cool down from room temperature to 2 K the cold part shrinks in
longitudinal size by approx. 3 cm. Cool down procedures have been developed [38]
in order to predict this thermal contraction correctly when assembling the cavities
at room temperature.

Cavity Alignment: The design tolerances for the transverse offset and tilt an-
gle of the individual cavities are 500µm and 500µrad at FLASH [34], respectively,
and 500µm and 250µrad for XFEL [23]. Until 2004, a stretched wire system was
installed in two accelerating modules at FLASH in order to validate the predictions
for cooling down the cryomodule from room temperature to 2 K [40].

Measurement results before and after two consecutive cool down procedures are
shown in Figure 2.3. These results suggest that the design tolerances are met. It can
also be seen that changing the thermal status of a module from room temperature to
2 K and vise versa leads to non-reproducible changes for the cavity misalignments.
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Pulsed RF Operation Mode

Figure 2.4: Schematic drawing of pulsed RF operation with typical numbers at
FLASH. The pulse-to-pulse repetition rate is usually 10 Hz, the filling duration
500µs and the flattop 800µs. The bunch spacing and the total number of elec-
tron bunches per RF pulse are adapted to the needs of the photon user. Typical
values of bunches per bunch-train are between 1 and 400 (up to 2700 at XFEL).

The stretched wire system was removed after 2004 and the thermal condition of the
equipped modules was changed. There is no plan for installing a comparable system
at XFEL. Therefore no actual data on the misalignment of the cavities is available.

Pulsed Operation Mode: In contrast to the DC case, superconductors are not
free from energy dissipation in RF fields. Electrons which are not bound in Cooper
pairs can be excited by RF magnetic fields which penetrate into a thin surface layer.
In addition to the resistance related to impurities of the cavity, it leads to non-
negligible power dissipation which depends on the acceleration gradient1 and the
quality factor of the cavity.

The power dissipation has to be removed by the cryogenic cooling system. Its
main limitation is the diameter of the gas return pipe which puts a boundary on the
helium flow, hence an upper threshold of 20 W of total heat loss per cryomodule.
Since this value is exceeded in continuous wave (CW) operation at the required
accelerating gradient at FLASH and XFEL, the accelerator has to be operated in a
pulsed mode. The RF is switched off periodically, leading to a non-uniform bunch
spacing. A schematic drawing of the pulsed operation mode is shown in Figure 2.4.

1The accelerating gradient Eacc is defined as the maximum voltage a relativistic on-axis particle
can possibly experience during the transit of the cavity divided by the active length of the cavity,
such that Eacc = 1/L <

[∫ L

0 Ez(z, t) eiωz/cdz
]
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Individual Cavity Operational Limits
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Figure 2.5: Maximum operational gradient for 32 cavities installed in the L1 linac
at XFEL. The power of one klystron is distributed onto four accelerating modules,
XM5, XM1, XM2 and XM-1, each containing 8 TESLA cavities. The maximum
gradient is limited by the waveguide capacity to 31.5 MV/m.

Operational Gradient Limits: The maximum achievable accelerating gradient
in a superconducting cavity is determined by various effects. The quench limit, the
quality factor and the field emission of the cavity are the most important factors and
will be described briefly. When exposed to an intense, properly oriented electric field,
a conducting surface can emit electrons [41]. This process is called field emission. In
a TESLA cavity the emitted electrons dissipate RF power, lower the quality factor
and usually hit the cavity wall with an energy of several keV. This energy is deposed
in the cavity wall and heats the superconducting surface locally.

A quench denotes the transition of a conductor from superconducting to a nor-
mal conducting state, which happens in the case of the TESLA cavity fundamentally
at an accelerating gradient of about 50 MV/m [34]. At this gradient, the microwave
magnetic field at the cavity surface exceeds its critical value. Practically however,
the quench limit is reached at a gradient at which excessive heating at impurities
on the inner surface exceeds the capability of the cooling system to ensure super-
conductivity.

In principle the quality factor Q0 of a cavity should not depend on the accelerat-
ing gradient Eacc below the fundamental quench limit. Due to impurities, however,
the excitation curve Q0 = Q0(Eacc) decreases for higher gradients and therefore
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additionally limits the operational gradient [42]. Due to disparate imperfections of
the cavities, the operational limits of the accelerating gradient differ from cavity to
cavity, for example in the range from 18 MV/m to 35 MV/m at FLASH [43]. In
Figure 2.5 the maximum operational accelerating gradient is plotted exemplarily for
32 individual cavities located in RF station A1, which powers the L1 linac at XFEL.
The design average operational gradient at XFEL is 23.4 MV/m [44].

RF Power Supply: At FLASH and XFEL several cavities are supplied by one
high-power klystron. The output power is distributed in waveguides and then cou-
pled into the cavities [45]. A disadvantage of this setup is that the RF power control
of each cavity can not be done independently, but only within one RF station.
A conservative approach in dealing with individual operational limits under these
circumstances would be to set the accelerating gradient for all cavities within one
RF station to the gradient limit of the poorest performing one. This would, how-
ever, reduce the efficiency of FLASH and XFEL by about 50 %, given the above
stated spread of operational gradient limits. There are different power distribution
techniques available for optimizing the efficiency. The realization at FLASH and
XFEL fixes the waveguide distribution system through circulators, phase shifters and
(a-)symmetric shunt tees [43, 46] so that the spread in power distribution matches
the spread among cavity gradients within one RF station.

Low Level RF: The primary role of the low level RF (LLRF) control system
is to stabilize the amplitude and phase of the accelerating field2 of the individual
cavities within one RF station in order to assure a constant vector sum [47, 48]. A
schematic drawing of the LLRF control system can be found in Figure 2.6. The
cavity probe signal is taken at an antenna in each cavity. After downsampling
and digitalization, the vector sum of all cavities within the regarded RF station is
calculated. An algorithm calculates corrections to the driving signal of the klystron
and applies piezo-based cavity tuning [49]. In addition to the feedback control loop
which suppresses stochastic errors, adaptive feedforward correction is applied in
order to compensate for repetitive perturbations [50]. As a result, the amplitude
and phase stability of the vector sum of the accelerating field at FLASH are measured
below 0.01 % and 0.01 ◦ [51], respectively.

2The accelerating field Ecav is defined as the mean voltage experienced by a relativistic on-axis
particle with phase φ in respect to the maximum electric field during the transit of the cavity,
divided by its length, such that Ecav = 1/L <

[∫ L

0 Ez(z, t) eiωz/c+φdz
]

= V0 cos(φ)
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Low Level RF Control

Figure 2.6: Schematic drawing of low level RF control. The accelerating field of each
cavity is measured and the calculated vector sum is compared to the set point. A
control algorithm is used in order to calculate feedback and feedforward corrections
to the driving signal of the klystron.

Beam Loading: A voltage counteracting the accelerating gradient is induced
when a bunch of charged particles passes an accelerating cavity. This beam induced
voltage drop is called beam loading [53] and is in good approximation proportional
to the beam current. In order to assure a constant accelerating field for subsequent
bunches, the beam loading has to be compensated by the RF power source. At
FLASH and XFEL the particular voltage drop is derived using real time informa-
tion obtained from a beam charge monitor [54]. Since the cavity bandwidth is finite,
an instantaneous change of beam loading at the beginning and the end of the bunch-
train can not be compensated immediately. The inherent time delay is about 10µs,
depending on the beam current.

Gradient Slope due to Beam Loading: The loaded quality factor QL of a cav-
ity characterizes the amount of power coupled from the waveguide into the cavity.
Choosing a QL-setting for a given distribution of operational limits and a vector
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Gradient Slope due to Beam Loading
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Figure 2.7: Simulated accelerating gradients in ACC6 for a 650µs flattop with
current FLASH QL-setup for different beam currents Ib. The vector sum is constant
during the flattop. Feedback is switched on and there is no detuning considered.
The different colored lines correspond to eight individual cavities.

sum based LLRF control system is a non-trivial matter. It is possible to find one
optimal QL-value [55] for all cavities that provides the highest possible vector sum
gradient. At the same time, it guarantees that the vector sum will remain flat un-
der any beam or no beam condition, and that no cavity will quench during operation.

However, if the power is distributed differently between individual cavities, the
accelerating gradient of individual cavities will remain flat only for one particular
beam current. The effect will be exemplified for the given waveguide distribution
of ACC6 at FLASH and the standard QL = 3 · 106 for all cavities, using a cavity
simulator [56]. The accelerating gradients of the cavities are calculated for different
beam currents during the flattop. Feedback is on, the vector sum is constant in all
cases and there is no detuning considered.

The results are shown in Figures 2.7 and 2.8. The spread of gradients in Figure
2.7 during the flattop apparent without beam (left) reflects the spread in operational
gradients. For high beam current the individual cavity gradients show a significant
slope during the flattop. The amplitudes of these gradient slopes as shown in Figure
2.8 are proportional to the beam current (left plot). The right plot in Figure 2.8 re-
veals that this gradient slope moreover is proportional to the gradient spread, which
is determined by the spread in operational gradients, thus the waveguide setup.
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Gradient Slope due to Beam Loading
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Figure 2.8: Simulated accelerating gradient slopes in ACC6 for a 650µs flattop with
current FLASH QL setup as a function of beam current (left). The right plot shows
the gradient slopes for maximum beam current as a function of the gradient spread
between the cavities in respect to the mean vector sum. Both relationships are
proportional to a very good approximation.

This relationship is due to the fact that the beam loading is the same for all cav-
ities, while the additional klystron power is distributed differently to the cavities
but coupled by the same ratio into the cavities. The spread of gradients therefore
increases during the flattop.

In the case of a fixed power distribution, the beam loading induced gradient
slopes can be compensated for by adjusting the QL-setup. In the scope of high
beam current studies, QL-correction was successfully demonstrated at FLASH [57].
Implementation of an automated QL-correction, however, requires a careful balanc-
ing with other LLRF-feedback loops and until now there was no focus on this topic.
As a result, the phase and amplitude of the accelerating field varies within one RF
pulse, both at FLASH and XFEL, depending on the beam current. QL-correction
will be reviewed in Section 5.6.1.

Lorentz Force Detuning: High electromagnetic fields in resonators lead to strong
Lorentz forces on the walls of these structures. In order to ensure the cooling, the
thickness and therefore rigidness of the walls cannot be chosen freely. As a conse-
quence and regarding a pulsed operation mode, the cavities are deformed dynami-
cally in the range of µm [47] at FLASH and XFEL. This results in a dynamic be-
havior of the resonance frequency, a Lorentz force detuning (LFD). Due to the high
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Lorentz Force Detuning
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Figure 2.9: Measured effect of Lorentz force detuning for individual cavities in the
injector module at FLASH. The left plot shows the detuning for individual cavities.
The RF flattop is from 600µs to 1400µs, the range between the dashed lines indicates
the typical beam timing. The accelerating gradient is 16 MV/m. The right plot
illustrates the effect of Lorentz force detuning compensation with piezo-tuners during
the flattop at the third accelerating module at FLASH. Switching on the piezo-tuners
significantly decreases the range of dynamic detuning of the individual cavities.

quality factor, the detuning within one bunch-train is in the order of the bandwidth
of the cavity of about 300 Hz and scales quadratically with the accelerating field [58].

As the resonance frequency of the cavity changes, the amount of power coupled
into or reflected from the cavity varies. This affects the transverse forces induced
by the power coupler on the beam [59]. It additionally increases the RF power
required to control the cavity fields of about 25 % for typical operational conditions
at FLASH [60]. The left plot in Figure 2.9 shows exemplarily the measured detuning
of individual cavities at the injector module at FLASH.

Piezo-Tuner: Coarse cavity tuning is performed using the cavity motorized step
tuner. The Lorentz force detuning varies too fast to be compensated by conventional
mechanical tuners [61]. At XFEL fine tuning for each cavity will be handled by
double piezoelectric elements installed inside a single mechanical support, providing
actuator and sensor functionality or redundancy [62]. The expected maximum cavity
detuning at XFEL is ∆f = 20 Hz. At FLASH, the modules ACC1, ACC3, ACC5,
ACC6 and ACC7 are equipped with piezo-tuners. Due to technical issues, however,
the piezo-tuners are switched off since 2015. The right plot in Figure 2.9 exemplarily
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Gradient Slope due to Detuning
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Figure 2.10: Simulated accelerating gradient slopes in ACC6 for a 650µs flattop
for different mean cavity detuning ∆f . The vector sum is constant during the
flattop and there is no beam loading. The different colored lines correspond to eight
individual cavities.

shows the measured effect of Lorentz force detuning compensation achieved with
piezo-tuners during the flattop at ACC3 at FLASH [63].

Gradient Slope due to Detuning: The power of the klystron is distributed to
the individual cavities according to the waveguide setup. The Lorentz force detun-
ing therefore differs for individual cavities. If the detuning changes, the amount
of power coupled into the cavity changes. The dynamic behavior of the coupling
between the cavities and the power source can not be compensated for individual
cavities by a vector sum RF control. As a result, the accelerating fields of individual
cavities have a slope during the flat top. The effect will be shown qualitatively for
ACC6 at FLASH using the cavity simulator [56]. The accelerating gradients of the
cavities are calculated for different coupling factors for the simulated Lorentz force,
resulting in different amounts of cavity detuning within the flattop. In the simula-
tion feedback is on, the vector sum is constant in all cases, QL = 3 · 106, and there
is no beam loading considered.

The results are shown in Figure 2.10. The plotted values of the detuning ∆f
are averaged over all cavities. For small detuning the effect of gradient slopes is
negligible. For a mean cavity detuning of 200 Hz, on the other hand, a significant
gradient slope is notable.
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Figure 2.11: Measured intra-bunch-train trajectory variation for the horizontal (up-
per row) and vertical (lower row) plane at two BPMs at FLASH. BPM3GUN (left)
is located upstream of the first accelerating module and BPM9ACC1 (right) at its
end. The mean offset is subtracted and 300 consecutive bunch-trains are used for
averaging. The increase of offset variation in the module is significant in both planes.
The data were taken during a user run on November 18th, 2015.

As the detuning scales with the accelerating field, cavities with higher operational
gradient limits will be detuned more than cavities with lower limits. This results in a
further reduction of the coupling between the cavity and the RF power source. The
additional power provided by the LLRF in order to assure a constant vector sum
will be coupled less effectively into cavities with high accelerating gradient than into
cavities with lower gradients. The spread of gradients therefore decreases during
the flattop. Comparison with Figure 2.9 shows that the Lorentz force detuning
compensation leads to a significant reduction of the slope of the accelerating gradient
of individual cavities. The actual impact of LFD-induced gradient slopes at FLASH
will be discussed in Section 6.3.3.

Intra-Bunch-Train Trajectory Variation: As will be discussed in detail in
Section 3.2, accelerating cavities not only change the longitudinal momentum of
the beam, but have an impact on its transverse motion, too. The effect depends
particularly on the transverse misalignment of the beam trajectory with respect
to the cavity axis and the RF parameters. If these parameters vary within one
bunch-train, the transverse dynamics of subsequent bunches will differ from each
other. The lower the beam rigidity, thus the initial longitudinal momentum of the
electrons, the larger this effect is expected to be.
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Intra-Bunch-Train Trajectory Variation at FLASH
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Figure 2.12: Intra-bunch-train trajectory variation for the horizontal (upper row)
and vertical (mid row) plane as measured at each BPM at FLASH. The red line
corresponds to the offset of the first bunch, the blue line to the offset of the 400th
bunch within one bunch-train. Mean offsets are subtracted for each BPM. 300
consecutive bunch-trains are used for averaging.

As explained in this section, at FLASH and XFEL the amplitude and phase of
the accelerating field have an intrinsic variation at the level of individual cavities
within one RF pulse. Figure 2.11 points out the resulting impact on the intra-
bunch-train transverse dynamics. The horizontal and vertical offset of each bunch
in respect to the mean offset of the bunch-train are plotted at two BPMs, upstream
and downstream from the injector module at FLASH. The bunch-train contains 400
bunches. The intra-bunch-train trajectory variation upstream the injector module
is very small compared to the trajectory variation downstream the module. It is
worth noting that between the BPMs the beam energy is increased from 5 MeV to
150 MeV. Therefore, the adiabatic damping effect is expected to be significant.

This intra-bunch-train trajectory variation is not decreased during further accel-
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eration, as can be seen in Figure 2.12. It shows the trajectory variation as measured
at all BPMs at FLASH during a user run with 400 bunches. The red line corre-
sponds to the offset of the first bunch, the blue line to the offset of the 400th bunch
within one bunch-train. The final energy is about 960 MeV. All accelerating modules
are powered. The amplitude of the trajectory variation of up to 600µm is significant.

The fact that the trajectory variation shows well-defined zero crossings indicates
a principal mode, dominated by a linear slope. The lack of amplitude reduction
due to further acceleration, which one might expect due to the adiabatic damping
effect, implies multiple sources. This argues in favor of a coherent involvement of all
accelerating structures in the creation of the intra-bunch-train trajectory variation.
This issue will be reviewed in Section 5.5 and Section 6.3.

Trajectory Stability Requirements: Beam losses due to intra-bunch-train tra-
jectory variations are of minor concern. The typical mean offset of one bunch-train
is much larger than its intrinsic variability.

Start-to-end simulations for the European XFEL indicate that transverse beam
motions in the order of a few tenths of the rms beam size seem to be acceptable for
stable SASE operation. Moreover, the pointing stability of the photon beam leads
to a stability requirement of one tenths for the electron beam [23]. Therefore the
maximum trajectory spread must be limited to 3µm within one bunch-train in the
undulator section.

No consistent definition of a general design goal for the intra-bunch-train trajec-
tory variation has been declared at FLASH. The reason for this is its subsequent
development from a TESLA-test facility to a FEL user facility. However, a trans-
verse stability of one tenths of the size of the single bunch is a reasonable assumption.
This leads to a trajectory stability requirement of less than 10µm.

XFEL will have a transverse intra-bunch-train feedback system [32] that is capa-
ble of correcting the beam position of individual bunches upstream from the undu-
lator section. A conservative estimate predicts worst case beam trajectory pertur-
bations of about ±100µm assuming a beta function of 20 m [64]. According to the
design specification, the IBFB will therefore provide a maximum intra-bunch-train
kick of ±4µrad at a beam energy of 17.5 GeV.
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Figure 2.13: Photon pulse intensity (right) and offset (upper left) and transverse
angle (lower left) of the photon beam as measured at the a GMD-system at FLASH
during a user run with 400 bunches. 300 consecutive bunch-trains are used for
averaging. In the left plots the horizontal plane is coloured blue and the vertical
plane red, respectively. The intensity variation is significant. Note that the accuracy
of the GMDs decreases with lower photon intensity.

Intra-Bunch-Train SASE Performance: The properties of the FEL radiation
are measured in a photon diagnostic section [65]. The total photon flux and the po-
sition of the photon pulse is measured with a gas monitor detection system (GMD)
between the undulator section and the experiments [66]. Two subsequent GMDs
provide information of the position and angle of the photons.

The GMD signal for the previously described user run with 400 bunches and a
final beam energy of about 960 MeV is shown in Figure 2.13. The total photon flux
per electron bunch and the offset and angle of the photon pulse are plotted for both
transverse planes. 300 consecutive bunch-trains are used for averaging.

The variation of the intensity within one bunch-train is with more than 80 %
significant. The mean intensity of the bunch-train is 71 % in respect to the maxi-
mum value. Both values are typical for FLASH when operating at a beam energy
of about 1 GeV. The intra-bunch-train variation of the offset of the photon pulse is
about 500µm for the horizontal plane and 800µm for the vertical plane, drawn in
blue and red, respectively. Note that the spatial resolution of the GMD decreases
with lower photon intensity.
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The impact of electron beam trajectory variations on the SASE performance
will be discussed in Section 6.3.8. It will be shown that intra-bunch-train trajectory
variations are most likely the dominant reason in order to explain the insufficient
multi-bunch SASE performance at FLASH and that significant performance im-
provements are possible if trajectory variations are reduced.



Section 3

Fundamentals of Particle Beam
Dynamics

This section provides fundamental mathematical concepts of particle beam dynamics
as used in accelerator physics. Starting with a definition of the coordinate system,
an introduction to linear beam dynamics is given and the concept of emittance and
matrix formalism is explained. In Section 3.2, concepts of describing the motion of
a charged particle in a RF cavity are presented.

Coordinate System: In particle accelerators there usually exists a reference tra-
jectory on which the individual particles are supposed to move through the machine.
Therefore, the laboratory frame is less convenient in describing the particle dynamics
than a coordinate system which moves along the trajectory of the reference particle.
Figure 3.1 shows a sketch of the coordinate system. It is orthogonal and right-
handed (x, y, s).

The motion of a particle in this coordinate system can be characterized in a
canonical phase space by a six-dimensional vector X̃ = [x,p] with the spatial co-
ordinates x = [x, y, s] and its corresponding canonical momenta p = [px, py, ps]. In
accelerator physics it is common to describe the transverse motion using a geomet-
rical phase space u = [x, x′, y, y′] with x′ = dx/ds and y′ = dy/ds describing the
transverse slope in respect to the reference trajectory.

27
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3.1 Introduction to Linear Beam Dynamics

In this section an introduction to the concept of linear beam dynamics is given,
which allows the description of the motion of a particle along the beam line in a
simple way. See Refs. [67, 68] for more detailed discussions.

Hill’s Equation: The general equation of motion for a particle with mass m,
charge q and a velocity v under the the influence of an electric E and a magnetic
field B can be written as:

q (E + v × B) = d
dtmv . (3.1)

The general solution of the equation of motion can not be written explicitly for an
arbitrary distribution of electromagnetic fields. However, considering only magnetic
fields with linear dependence on the transverse coordinates, as from dipole and
quadrupole magnets, the motion in the transverse planes x(s) and y(s) can often be
considered as decoupled, so that the solution for one of the planes can be described
by the 1D Hill’s equation:

1
γs

d

ds

(
γs
du

ds

)
+Ku(s)u(s) = 1

ρ(s)
∆p(s)
p(s) . (3.2)

u stands for x or y, respectively and is the offset of the particle from the design
trajectory at the longitudinal position s. p(s) is the particle momentum and ∆p(s)
its deviation from the reference momentum, γs = E0(s)/m0c

2 its relativistic factor,
E0(s) the particle energy and ρ(s) the bending radius of the magnetic field. The
function Ku(s) describes the focussing strength of the magnets at position s. In
the absence of acceleration and neglecting momentum deviation, the solution of
Equation (3.2) can be written as

u(s) =
√
a2

uβu(s) · cos (ψu(s) − δu) ,

u′(s) = −

√√√√ a2
u

βu(s) · [αu(s)cos (ψu(s) − δu) + sin (ψu(s) − δu)] ,
(3.3)

with an arbitrary phase δu and using the relations

αu(s) := −1
2
dβu(s)
ds

, ψu(s) :=
∫ s

s0

ds̃

βu(s̃) . (3.4)

The optical parameter β(s) is called beta function. Together with α(s) and γ(s) =
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Figure 3.1: Schematic drawing of the coordinate system used in this work.

(1+α2(s))/β(s) they are called the Courant-Snyder parameters and are determined
by the optics of the machine. ψ(s) describes the phase advance of the betatron
motion of the particle. From Equations (3.3) and trigonometric identities follows
that

a2
u = γu(s)u2(s) + 2αu(s)u(s)u′(s) + βu(s)u′2(s) (3.5)

is a constant of the motion for a given particle. a2
u is called the Courant-Snyder

invariant and describes the amplitude of the particle oscillations around the design
trajectory. It is determined by the initial conditions u0 and u′

0 of the particle.

The solution of the equation of motion can be written in terms of a matrix
formalism. The position u and slope u′ of a particle at position s1 are obtained from
the initial values [u0, u

′
0] at position s0 < s1 by a linear transformation

 u

u′

 = M

 u0

u′
0

 =
 R11 R12

R21 R22

 ·

 u0

u′
0

 (3.6)

with the transfer matrix M . Its elements Rij hold the information of the beam
line elements between s1 and s0, in particular the sine- and cosine like functions in
Equations (3.3).

Equation (3.5) is the function of an ellipse in the [u, u′]-plane. A particle, whose
motion is described by Equations (3.3) moves along the contour of this ellipse while
moving along the accelerator. Although the shape of this ellipse changes while
the particle passes different elements of the beam line, its enclosed area Au = πa2

u
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stays constant. Consider a second particle, whose betatron amplitude au is smaller.
Both ellipses transform in the same way, determined by the optics of the machine.
Consequentially the transverse coordinates of the second particles always stay within
the ellipse of the first particle.

Single-Bunch Emittance: In accelerator physics it is common to give a statis-
tical measure of the area enclosed by the particles within one bunch, the transverse
emittance. Consider an ensemble of N particles whose motion is described by Equa-
tions (3.3). The second order moments

〈
u2
〉

= 1
N

∑
i

(ui − 〈u〉)2

〈
u

′2
〉

= 1
N

∑
i

(u′
i − 〈u′〉)2

〈uu′〉 = 1
N

∑
i

(ui − 〈u〉) (u′
i − 〈u′〉)

(3.7)

describe the variance of the ensemble distribution. The square root of the vari-
ance determines the rms ensemble size in the corresponding plane, e.g. σu = urms

=
√

〈u2〉. The rms emittance εu is defined as the area which encloses one stan-
dard deviation of the particles, divided by π. Using Equations (3.3) and (3.7), the
relations 〈

u2
〉

= σ2
u = εu βu〈

u
′2
〉

= σ2
u′ = εu γu

〈uu′〉 = σuσu′ = −εu αu

(3.8)

follow and with the definition of γu = (1 + α2
u)/βu the emittance can be written as:

εu =
√

〈u2〉 〈u′2〉 − 〈uu′〉 . (3.9)

The left graph in Figure 3.2 shows an illustration of the emittance of a single bunch
and its relations with the single-bunch Courant-Snyder parameters.

Multi-Bunch Emittance: The previous concept of the statistical emittance does
not include any pre-assumptions about the type of the particles. It is transferable
to an arbitrary particle distribution. In pulsed radio frequency particle accelerators,
however, different time domains exist. Usually 1-1000 bunches, each containing
1010 particles, are grouped within one RF pulse in a bunch-train. The intra-bunch-
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Figure 3.2: Illustration of the statistical definition of the transverse emittance of
an ensemble of particles. The blue dots in the left plot represent electrons within
one bunch. The red line indicates the single-bunch emittance εSB. The right graph
shows the emittance of several bunches within one bunch train (red curves) whose
centroids have different coordinates. The green curve indicates the multi-bunch
emittance εMB and encloses the rms area occupied by all particles of all bunches.

train transverse dynamics is dominated by different effects than the dynamics within
one bunch. Furthermore, for example, the FEL process depends differently on the
transverse emittance of the individual bunches than on their spread in centroid tra-
jectories. This makes the definition of different ensembles, and therefore emittances
necessary. Let µj be the mean of the coordinate u of ensemble j, from now on con-
sidered to be a bunch. A straight-forward multi-bunch emittance could be defined
as

ε =
√

〈µ2〉 〈µ′2〉 − 〈µµ′〉 (3.10)

with the above given definitions of the second order moments. However, this defini-
tion would ignore the fact that each bunch has a finite single bunch emittance εSB.
Furthermore, a generic correlation of the type µ′ = C · µn gives

ε = C
√

〈µ2〉 〈µ2n〉 − 〈µn+1〉2 (3.11)

and would result in a zero multi-bunch emittance if the centroids of the individual
bunches are spread on a line in the corresponding u-u′-plane. Obviously, a better
description of the multi-bunch emittance is the rms area which is filled by all the
particles of all the bunches. This is similar to the problem of deriving the projected
emittance of a single bunch from the emittance of its individual slices. Therefore, a
decompositional approach of slice emittances is being followed, where the projected
emittance is represented as a composition of independent contributions. A detailed



32 FUNDAMENTALS OF PARTICLE BEAM DYNAMICS

derivation and corresponding mathematical theorems can be found in Ref. [69].
Consider n bunches within one bunch-train, each having individual single bunch
parameters

εi, βi, αi, γi, µi, µ
′
i i = 1, ..., n

where αi, βi, γi are the Courant-Snyder parameters, εi the emittance of the bunch i

and µi and µ′
i its centroid position and angle, respectively. Let wi ≥ 0 be a weight

describing the contribution of the individual bunches, for example the ratio of the
individual single bunch charge to the total amount of charge within one bunch-train,
so ∑i wi = 1. If all bunches are aligned so that µi = µ and µ′

i = µ′, the projected
aligned multi-bunch emittance is

ε2
a =

∑
k,l

mkl (wkεk) (wlεl)

=
[∑

k

(wkεk)
]2

+
∑
k,l

[mkl − 1] (wkεk) (wlεl) , (3.12)

where k, l were summed over all bunches. mij is the mismatch parameter which is
defined as

mij = βiγj − 2αiαj + γiβj

2 . (3.13)

The quantity εSB can be described as the mean single bunch emittance. It vanishes
only if all bunches have zero emittance. The quantity εmiss can be described as
the single bunch mismatch emittance and represents the amount of multi-bunch
emittance dilution caused by the mismatch of aligned single bunches. It vanishes
only if the Courant-Snyder parameters of the individual bunches are identical. The
corresponding aligned Courant-Snyder parameters are defined as

αa = 1
εa

∑
k

wkεkαk , βa = 1
εa

∑
k wkεkβk , γa = 1

εa

∑
k

wkεkγk . (3.14)

Consider now that all charge within each bunch is concentrated at the corresponding
bunch centroid. The weighted second-order moments are calculated as

〈
µ2
〉

w
=
∑

k

wkµ
2
k −

(∑
k

wkµk

)2

〈
µ′2
〉

w
=
∑

k

wkµ
′2
k −

(∑
k

wkµ
′
k

)2

〈µ′µ〉w =
∑

k

wkµkµ
′
k −

(∑
k

wkµk

)(∑
k

wkµ
′
k

)
,

(3.15)
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giving the corresponding emittance:

ε2
c =

〈
µ2
〉

w

〈
µ′2
〉

w
− 〈µµ′〉2

w . (3.16)

The quantity εc can be described as the non-linear multi-bunch emittance. It van-
ishes if all bunches are aligned or if the bunch centroids have a linear correlation of
the type µ′ = C · µ.

In the general case, the possibility that bunches have a finite single bunch emit-
tance and their centroids are not aligned must be taken into account. The quantity

ε2
lin = εa

[
γa

〈
µ2
〉

+ 2αa 〈µµ′〉 + βa

〈
µ′2
〉]

(3.17)

can be introduced as linear misaligned multi-bunch emittance. Its value is deter-
mined by the amount of variation of the bunch centroids, and the “cross talk” be-
tween the bunch centroids variation and the individual single bunch Courant-Snyder
parameters. The projected multi-bunch emittance can then be calculated as

ε2
MB = ε2

SB + ε2
miss + ε2

c + ε2
lin (3.18)

and it has been shown that each εSB, εmiss, εc, εlin is nonnegative [69]. When assum-
ing that all bunches within one bunch-train have identical charge, so that wi = 1/n
and assuming further that all bunches have identical single bunch Courant-Snyder
parameters, so that [αi, βi, γi] → [αSB, βSB, γSB], the quantity εmiss vanishes and
Equation (3.18) simplifies to

ε2
MB = ε2

SB + ε2
c + εSB

[
γSB µµ+ 2αSB µµ′2 + βSB µ′µ′

]
= [µµ+ εSBβSB] ·

[
µ′µ′ + εSBγSB

]
−
[
µµ′ − εSBαSB

]2
=
[
σ2

µ + σ2
u

]
·
[
σ2

µ′ + σ2
u′

]
−
[
µµ′ − εSBαSB

]2
, (3.19)

where [σµ, σµ′ ] and [σu, σu′ ] are the rms spread of the bunch centroid trajectories and
the rms beam size of the single bunches, respectively. In the scope of this thesis the
multi-bunch emittance as defined in Equation (3.19) will be used. The right graphic
in Figure 3.2 shows an illustration. It is reasonable to introduce the multi-bunch
emittance blow-up

τ = εMB

εSB

(3.20)
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in order to describe the ratio of the multi-bunch emittance in respect to the emittance
of a single bunch.

Normalized Coordinates: It is possible to perform a coordinate system trans-
formation [u, u′] → [ν, ν ′] as

 ν

ν ′

 =
 1/

√
βu 0

αu/
√
βu

√
βu

 ·

 u

u′

 . (3.21)

Whereas the particle trajectory describes an ellipse in the [u, u′]-plane while moving
along the accelerator, it describes a circle in the corresponding [ν, ν ′]-plane. ν and
ν can be considered as normalized coordinates of the betatron motion. Let, for
example, ∆u0 and ∆u′

0 describe offset and angle variations, respectively, between
different particles at z0. The corresponding normalized trajectory variation can be
calculated as

δ̃0 =
√

∆ν2
0 + ∆ν ′2

0 . (3.22)

The advantage of δ̃0 in describing trajectory deviation in respect to using the non-
normalized coordinates is that it implicitly takes the local optical functions into
account. If there is no acceleration between z0 and z ≥ z0, the normalized offset-
and kick spread at z can be calculated as

∆ũ = δ̃0

√
βz

∆ũ′ = δ̃0 1/
√
βz

(3.23)

when performing the inverse of Equation (3.21). [∆ũ,∆ũ′] describes the maximum
occurring spread in offset and kick, respectively, at z. Equation (3.23) will be used
for the analysis of the results of simulations in Section 5.

3.2 Beam Dynamics in RF Cavities

In this section formulas are defined in order to describe the longitudinal and trans-
verse motion of a charged particle in a RF cavity. At first, the longitudinal momen-
tum change will be discussed, followed by the derivation of the transfer matrix of
an axial symmetric cavity. Thereafter a formalism in order to describe the impact
of field disturbances caused by couplers is presented.
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Energy Gain: Accelerating RF cavities are designed to increase the longitudinal
momentum of the beam. The energy gain ∆E of an electron in an axial symmetric
cavity, assuming a constant velocity βz, can be calculated as [67]

∆E =
∫
eEz(s) · cosφ(s)ds = eV0 · T · cosφp , (3.24)

where Ez is the amplitude of the longitudinal component of the electric field, the
accelerating cavity voltage V0 =

∫
|Ez(s)|ds and φp the relative phase between the

particle and the RF-field. The transit-time factor

T = 1
V0

∫
Ez(s)cos [φ(s) − φp] ds (3.25)

provides the correction on the particle acceleration due to the time variation of the
field while the particles traverse the cavity and 0 < T < 1 for accelerating cavities.

If the energy of the particle is increased, the transverse coordinates u and u′ are
no longer canonically conjugated variables. The above given definition of geometric
emittance is no longer a constant of the motion. According to Liouville’s theorem
the phase space density in the canonical coordinates u and pu has to be preserved
under the influence of conservative forces. By the definition of u′ = pu/ps, where ps is
the longitudinal momentum of the particle, it follows that the normalized emittance

εN =
(

p

m0c

)
ε (3.26)

stays constant also during acceleration, with p being the total particle momentum.
The decrease of the geometric emittance with increasing particle energy is called
adiabatic damping.

Transverse Dynamics in Axial Symmetric Cavities: The transverse beam
dynamics in axial symmetric RF cavities can be described by means of a matrix
formalism. The transfer matrix of a cavity was derived by Chambers [70] and later
generalized to accelerating fields with spatial harmonics [71, 72]. The fundamental
concept is described briefly in the following.
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Consider a standing wave π-mode RF resonator with a pure cosine like on-axis
longitudinal electric field. From Maxwell’s equations it follows that [73]

Ez(z, t) = E0 cos(kz) · sin(ωt+ φ)

Er(r, z, t) = r

2E0 k sin(kz) · sin(ωt+ φ)

BΘ(r, z, t) = r

2
E0

c
k cos(kz) · cos(ωt+ φ),

(3.27)

where c is the speed of light, k the wave number, and ω and φ are the angular
frequency and the phase of the resonating field, respectively, which provides an
average accelerating gradient E0. The radial electromagnetic force on a charged,
ultra-relativistic particle which travels parallel to the z axis is then given by

Fr = q (Er − cBΘ) ≈ q r
δ

δz
Ez . (3.28)

with r being the trajectory distance of the particle from the z axis and q its charge. It
was shown [72] that in the first order of perturbation theory the transverse equation
of motion averaged over one RF period can be written as

u
′′ +

(
γ

′

γ

)
u

′ +Kr

(
γ

′

γ

)2

u = 0 , (3.29)

with the focussing strength
Kr = − (qE0)2

8(γm)2 . (3.30)

m is the mass of the particle, γ the Lorentz factor and γ′ = dγ/ds = qE0 cosφ/m0c
2

the normalized energy gain of the particle over one period of the structure. The
solution of Equation (3.29) is of the form u = MRZ · u0 with u = [u, u′] and the
transfer matrix of an axial symmetric cavity is given by Ref. [70] as

MRZ =
 cosα−

√
2 cosφ sinα

√
8γ0

γ′ cosφ sinα
−γ

′

γ

(
cos φ√

2 + 1√
8 cos φ

)
sinα γ0

γ

(
cosα +

√
2 cosφ sinα

)
 , (3.31)

where
α = 1√

8 cosφ
· ln

(
γ

γ0

)
(3.32)

and γ0 and γ = γ0+γ′ are the initial and final Lorentz factors, respectively. The fun-
damental applicability of the transfer matrix of Equation (3.31) has been confirmed
experimentally for TESLA cavities [74, 75].
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Discrete Coupler Kicks: So far only rotationally symmetric fields are consid-
ered. As described in Section 2, the TESLA cavity is equipped with HOM and
power couplers at both ends which induce field asymmetries. The previously de-
rived analytic relations have to be supplemented in order to get a proper description
of the transverse beam dynamics. In this section the approach of discrete coupler
kicks [76] is presented.

The time harmonic field in a perfect electric conducting cavity that is equipped
with couplers can be written as:

E(r, t) = <
{
E(r) · expiωt

}
B(r, t) = <

{
B(r) · expiωt

}
E(r) = aE0(r) + bE0(r)

B(r) = aB0(r) − bB0(r).

(3.33)

a and b are the amplitude of the forward and backward wave in the input coupler,
respectively, ω the frequency of excitation and E0, B0 the forward solution for the
electric and magnetic field component of the excited mode. The transverse RF kick is
the total beam transverse momentum change along the trajectory normalized by the
longitudinal momentum of the beam. The integrated transverse force experienced
by an ultra-relativistic paraxial particle

V⊥(x, y) =
∫
dz [E(x, y, z) + c ez B(x, y, z)] expi ωz

c , (3.34)

does not only depend on the absolute distance from axis, r, but also from x and
y independently if the rotational symmetry is broken by couplers. The integrated
transverse field induced by the couplers

Vcoupler(x, y) = V⊥(x, y) − VRZ(r) (3.35)

can be separated from the axially symmetric RF focussing part of the field, VRZ, us-
ing a 3D field map of the TESLA cavity [77] and extracting the monopole part. The
real part of Vcoupler corresponds to a net deflection of the bunch centroid, whereas
the imaginary part represents a kick which depends on the phase between the os-
cillating field and each particle. This time-dependent kick induced by the couplers
distorts the longitudinal slices of the beam by a different amount, which results in
an increase of the projected emittance [78]. The normalized kick k = [x′, y′] on a
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bunch centroid induced by a coupler can be calculated as

k(x, y) = ∆E
E0

<
{
Ṽ⊥(x, y) · expiφ

}
(3.36)

with E0 being the initial energy, ∆E the energy gain within one cavity. Ṽ⊥ is the
normalized complex kick factor, defined as

Ṽ⊥(x, y) = Vcoupler(x, y)
V0

(3.37)

with the amplitude of the accelerating gradient V0. Ṽ⊥ holds the information of the
axial symmetric field disturbances induced by the couplers and can be linearized
around the axis:

Ṽ⊥(x, y) ≈

Ṽ0x

Ṽ0y

+
Ṽxx Ṽxy

Ṽyx Ṽyy

 ·

x
y

 (3.38)

This approach is widely used to estimate the impact of coupler fields on emittance
and beam stability in long linacs [79, 80]. Note that Ṽ0j and Ṽij have different
physical units.



Section 4

Model Development

In this section a description of the numerical model used for this work is given.
There are several possibilities to describe the transverse beam dynamics in a radio
frequency accelerating structure, e.g. using tracking algorithms [81] or simplified an-
alytic models [72, 80]. Assuming knowledge of the electromagnetic field distribution
and the initial conditions of the particles, start-to-end tracking provides accurate
solutions, even for very low particle energies. A typical calculation time for tracking
400 bunches through one accelerating module is in the order of seconds. As will be
described later in Section 5, statistically meaningful predictions require about 105

evaluations. Thus tracking algorithms can not be used.

Existing analytic models calculate the beam transport by multiple matrix mul-
tiplications. All of these models include numerous assumptions, most importantly
ultra-relativistic beams, which do not apply for most particle injectors. Thus, the
challenge is to set up a model for low particle energies γe < 100, which is simple
enough in order to calculate its output in the order of Milliseconds, yet still able
to reproduce key features of RF dynamics such as RF focussing and coupler kicks.
The approach taken uses a combination of numerically calculated axially symmetric
beam transport matrices and discretized coupler kicks. Its coefficients are derived
via a Runge-Kutta tracking algorithm using a 3D field map of the TESLA cavity.

The following section provides a description of the model development. Bunches
are described as single particles, hence only referring to their centroid dynamics.
Space charge effects and intra bunch wakefields are not considered. The final model
function will be compared to start-to-end tracking and to experimentally derived
data at FLASH.

39
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4.1 Beam Transport in Axial Symmetric Cavities

As described in Section 3.2, the transverse motion of a particle induced by an axially
symmetric accelerating cavity can be written as

u = MRZ · u0 (4.1)

with u and u0 holding the particle transverse input and output coordinates u =
[x, x′, y, y′], respectively, and MRZ being the beam transport matrix of the cavity.

Analytic Transfer Matrix: The derivation of the analytic beam transport ma-
trix in Equation (3.31) assumes the ultra relativistic limit. The typical initial beam
energy in the injector module is about 5 MeV. At this beam energy the solution
of the beam transport Equation (4.1) using the analytical matrix shows significant
disagreement with tracking.

The left hand side of Figure 4.1 shows the difference of horizontal offset ∆x in
respect to an ASTRA tracking for different initial beam energies. The accelerating
gradient is 20 MV/m. For each energy 5000 randomly distributed beam initial tra-
jectories in the range x0 = ± [4 mm, 4 mrad] are evaluated.

In the energy range of the injector module the disagreement is of up to almost
500µm at the end of one cavity. Taking into account the beam size of about 1 mm
this is not acceptable for modeling the data. In order to rely on the matrix formalism
for describing the beam transport, numerical adjustments on the transfer matrix
have to be made.

Numerical Transfer Matrix: The cavity TM010−π mode is nominally described
by its axial electric field, Ez(z) = Ez(r = 0, z). The corresponding field map is
obtained from a 2D [r, z] simulation of the TESLA cavity and can be found in Ref.
[82]. Using the Maxwell equations, a quasi-3D field map can be calculated. A
Runge-Kutta algorithm is used to solve the equation of motion for one cavity for an
ensemble of initial particles, entering the cavity at different offsets and angles and
at a certain set of RF parameters. The calculation of the beam transport matrix
then becomes a linear regression problem of the form

arg min
MRZ

(∑
i

|MRZ · u0,i − u1,i|
)

(4.2)
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Figure 4.1: Comparison between the beam transport calculated with analytically
(left) and numerically (right) derived transfer matrices with ASTRA tracking. The
difference of horizontal offset ∆x in respect to an ASTRA reference is plotted as a
function of initial beam energy. The range between the dashed lines indicates the
range of the typical beam energy in the injector module at both, FLASH and XFEL.

where u0/1,i are the transverse coordinates of the beam at the entrance and at the
end of the cavity. However, explicit information of the dependencies of the matrix
elements on the initial beam energy E0, the amplitude V0 and phase φ of the accel-
erating field is lost in the numerical process. It is therefore necessary to calculate
the numerical beam transport matrix at a sufficiently fine grid of model parameters.
A cubic spline interpolation of each matrix element is used to obtain the transfer
matrix at each point in the parameter space [E0 × V0 × φ].

The variation of the matrix elements with respect to the model parameters is
moderate and smooth. The interpolated solution converges reasonably fast with
increased grid points. The drawback of a large number of grid points is not the
calculation of the matrix elements in the first place, since this has to be done just
once. Increased grid points blow up the complexity of the interpolating function,
which in turn slows down the model evaluation afterwards. Finally, it is a matter of
balance between computational time and accuracy. For this work 14×7×11 = 1309
grid points are chosen.

The right hand side of Figure 4.1 shows the difference between the solution of
the beam transport Equation (4.1) using the numerical transfer matrix and the
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previously described ASTRA reference. The agreement in the energy range of the
injector module is in the order of 0.1µm. It is well below the required accuracy,
considering the beam size at the injector module of about 1 mm. Therefore, the
transverse dynamics related to axial symmetric RF fields can reasonably well be
described by the numerically derived beam transport matrix.

Energy Gain: The energy gain ∆E of a particle in the TESLA cavity is to a good
approximation independent of the coupler fields and is determined by the fundamen-
tal mode. For the above given interpolation range an analytical approximation could
be found. With the initial beam energy E0 (in MeV), amplitude V0 (in MV/m) and
phase φ (in ◦) of the accelerating field the coefficients are fitted to

∆E(E0, φ, V0) =
(

1.25 m C − 0.16 · sin (φ+ 1.7)
E0 − 3.45

)
· V0 · cos (φ) . (4.3)

The rms relative difference to an ASTRA tracking is as small as 10−5 and satisfactory
for the scope of this work.

4.2 Coupler Kicks

As described in Section 3.2, main and HOM couplers break the cavity axial symmetry
and therefore the symmetry of the transverse RF kick. For the TESLA cavity two
types of field maps are available. The axial symmetric (RZ) one as used above
describes the main accelerating TM010−π mode without geometric disturbances. A
3D field map [77] describes the π-mode including both HOM and power couplers
for the decay mode of cavity operation. In the scope of this thesis the field map for
a coupler penetration depth of 8 mm is used, reflecting the standard QL setting at
FLASH. The field map can be found in Ref. [83].

Figure 4.2 exemplarily shows two particle trajectories through the injector mod-
ule, where for both trajectories the equation of motion is solved independently for
each field map. The difference between the trajectories obtained with different field
maps sums up significantly, especially on the horizontal plane. An appropriate de-
scription of the transverse motion has to incorporate the field disturbances caused
by the couplers. The transfer matrix approach used for the axial-symmetric case
and simply replacing the field map is not available, since a zeroth order kick can not
be described by a first order matrix multiplication. However, if Ms2s0 is the beam
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Figure 4.2: Influence of the coupler fields on the transverse beam dynamics in the
injector module. The particle trajectories for two different initial conditions are
plotted for the horizontal (left) and vertical (right) plane. The red lines show the
solution of the equation of motion using the 3D field map, the black lines correspond
to the solution obtained via the axially symmetric (RZ) field map. The initial beam
energy is E0 = 5 MeV. Note the strong cavity focussing in the first cavity. Note also
that coupler kicks prevent undisturbed on-axis trajectories.

transport matrix between the points s2 and s0, due to linearity follows that

u2 = Ms2s0 · u0 = Ms2s1 ·Ms1s0 · u0 (4.4)

with s0 ≤ s1 ≤ s2. It is therefore possible to approximate the beam transport
through one cavity by using transfer matrices obtained via the axial-symmetric field
map and insert discrete kicks at a certain location. As described in Section 3.2,
the transverse effect of the coupler fields on the beam can be approximated by the
normalized discrete coupler kick

k(x, y) = ∆E
E0

<
{
Ṽ⊥(x, y) · expiφ

}
(4.5)

with ∆E being the longitudinal momentum change, E0 the initial beam energy,
Ṽ⊥ the normalized complex kick factor, φ the phase of the RF field in respect to
the beam and x and y the beam transverse coordinates. The full beam transport
equation of one cavity becomes

u1 = MRZ
down · kdown

(
MRZ

center · kup
(
MRZ

up · u0
))

(4.6)
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where MRZ
i are the axial symmetric beam transport matrices calculated according

to Equation (4.2) between the corresponding reference planes. MRZ
up describes the

beam transport between the entrance of the cavity and the first coupler, MRZ
center

between the upstream and downstream coupler and MRZ
down between the downstream

coupler and the exit of the cavity. kup(u) and kdown(u) evaluate the normalized
upstream and downstream coupler kick, respectively, at the transverse coordinate
u = [x, x′, y, y′], such that k(u) = [x, x′ + kx(x, y), y, y′ + ky(x, y)].

At high initial beam energies the model described by means of Equations (4.6)
and (3.34) gives a good approximation to the actual beam dynamics. Compar-
ison to tracking using the 3D field map shows rms-differences for one cavity of
∆u3D-Model = [0.8µm, 0.5µrad] for the offset and tilt angle, respectively, for an en-
ergy of 100 MeV. However, at an initial beam energy of 5 MeV the difference is
∆u3D-Model = [16µm, 34µrad], which is in the order of the difference between the
tracking result using the RZ- and the 3D field map, ∆u3D-RZ = [76µm, 48µrad].
These inaccuracies sum up so that the overall error at the end of the module is
comparable to that shown Figure 4.2, not including coupler kicks in the regarded
field configuration.

The reason for this is the assumption made in Equation (3.34), which is the
ultra relativistic limit: the particle’s transverse position and direction does not
change while passing the coupler regions. This approximation is poorly satisfied at
low beam energy. As a consequence, the transverse kick experienced by a particle
depends on its actual trajectory and therefore on its initial energy and the setting
of the RF-parameters. In order to still rely on the, computationally speaking, cheap
beam transport of Equation (4.6), a proper description of the normalized complex
kick factor for low particle energy has to be found.

The transverse fields induced by the couplers are a superposition of the fields
of the incoming and the outgoing traveling wave. Where the transverse field of the
HOM coupler is related to the standing wave part, the field of the power coupler
depends on the incoming and outgoing traveling wave independently. The related
kick of the power coupler therefore depends on the mode of cavity operation. The
3D field map provided by Ref. [77] describes the pure decay mode, thus no incoming
wave. An equation providing the field components for the general case has to be
derived first.



4.2. COUPLER KICKS 45

Let E[sin/cos]
[f/r] be the sine and cosine like parts of the resonating electric field as

introduced in Section 3.2 for the forwarded and reflected wave, respectively, and
A[f/r] and φ[f/r] their amplitude and phase in respect to the maximum accelerating
field. In the stationary case of a standing wave operation, the forward and reflected
waves are fully determined by the running conditions and the cavity parameters [59]:

Af e
iφf = Ib

√
2QLk‖

ω
+ V0 e

iφ

√
ω

2QLk‖

(
1
2 − i

∆fQL

ω

)

Ar e
iφr = − Ib

√
2QLk‖

ω
+ V0 e

iφ

√
ω

2QLk‖

(
1
2 + i

∆fQL

ω

) (4.7)

with V0 being the amplitude of the accelerating field, φ its phase with respect to
the beam, Ib the beam current, ω the resonance frequency, ∆f the detuning, QL

the loaded quality factor and k‖ the longitudinal loss parameter of the cavity. The
overall electric field for the general case can then be calculated with

E(t) = <
[
Af ·

(
Ecos

f − iEsin
f

)
ei
(

ωt+φf

)
+ Ar ·

(
Ecos

r − iEsin
r

)
ei(ωt+φr)

]
= <

[
Af e

iφf ·
(
Ecos

r + iEsin
r

)
eiωt + Ar e

iφr ·
(
Ecos

r − iEsin
r

)
eiωt

]
= <

[(
Af e

iφf + Are
iφr

)
· Ecos

r eiωt − i
(
Ar e

iφr − Af e
iφf

)
· Esin

r eiωt
]

= <
[
V0

V r

ei(ωt+φ) ·
(

Ecos
r − i

Ar e
iφr − Af e

iφf

Ar eiφr + Af eiφf
· Esin

r

)]
(4.8)

from the 3D field map provided by Ref. [77] for the pure decay mode, thus no
incoming wave. A[f/r] are normalized by V r, the amplitude of the Eigenmode-
solution of the field map which is scaled to a total amount of stored field energy of
1 J. The magnetic component goes analogously, using similar symmetry properties
of the field components. The voltage standing wave ratio

Γ = Are
iφr − Afe

iφf

Areiφr + Afeiφf
(4.9)

describes the relation between the forwarded and reflected wave in respect to the
accelerating field. In Figure 4.3 the real part of the normalized complex kick factor
calculated accordingly to Equation (3.34) is plotted for both, the upstream and the
downstream coupler. Different Γ are evaluated. The kick induced by the upstream
HOM coupler does not depend on Γ. The static part of the downstream kick in
respect to different Γ relates to the downstream HOM coupler. The Γ-dependent
part relates to the power coupler. The power coupler primarily acts horizontally.
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It is expected that the normalized complex coefficients Ṽij in Equation (3.38)
depend on the mode of cavity operation, thus the real and imaginary part of the
voltage standing wave ratio Γ, but also implicitly on the particle’s initial energy
E0 and on both amplitude V0 and phase φ of the accelerating field, spanning a
parameter space E0 × V0 × φ × < [Γ] × = [Γ]. This work only considers centroid
motion. By expressing the phase-dependency in the Ṽij implicitly, Equation (4.5)
can be reduced to its real part, leading to

k(x, y) = γ′

γi

·

Ṽ0x

Ṽ0y

+
Ṽxx Ṽxy

Ṽyx Ṽyy

 ·

x
y

 (4.10)

with each

Ṽij = fun (E0, V0, φ,< [Γ] ,= [Γ]) .

Fitting the Normalized Kick Coefficients: Studies are made in order to find
a parametrization of the so far unknown dependencies of the normalized kick co-
efficients Ṽij. The parameter fit is done as follows: at every evaluation point in
the above mentioned parameter space a reference particle’s centroid distribution is
created at the entrance of the cavity. The particle distribution at the exit of the
cavity is obtained via tracking using the 3D field map. In addition, the particle
distribution in the center of the cavity is recorded.

This gives two reference distributions, before and after each coupler region. The
tracking is redone with the same parameters using the RZ field map for the equation
of motion. This time, the particle distribution is recorded additionally at the cou-
pler positions. Between each of these 5 reference points the axial symmetric beam
transport matrices are calculated according to Equation (4.2). For both couplers
the reference distributions are compared with the output calculated with the linear
beam transport using Equation (4.6). A fitting routine is used to then find the Vij

which best describe the coupler kick of Equation (4.10) by solving

arg min
Vij

[∑
i

∣∣∣(MRZ
down · k

(
MRZ

up · uup, i
))

− udown, i

∣∣∣] (4.11)

with MRZ
up/down being the axial symmetric transfer matrices upstream and down-

stream the considered coupler to the corresponding reference position. uup/down, i

holds the transverse position and angle of particle i at that position. The one di-
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Figure 4.3: Normalized complex kick factor for the upstream (left) and downstream
coupler (right) as a function of the transverse coordinates x and y, using the field
integral of Equation (3.34). All vectors are scaled by the same amount in order to
assure a quantitative comparison. The three colors in the right correspond to the
case of pure filling (blue) of the cavity, e.g. no reflected wave and Γ = −1, standing-
wave operation (red, Γ = 0) and pure decay mode (yellow, Γ = 1), where there is
no incoming wave. Note that the mainly vertical kick induced by the downstream
HOM coupler does not change for different Γ. The net effect of the power coupler
is primarily horizontal.

mensional dependencies of the normalized kick coefficients Ṽij are found to be:

Ṽij(E0) = f1 − f2

E0 − f3
fi = fun(V0, φ,< [Γ] ,= [Γ]) (4.12)

Ṽij(V0) = g1 · V0 + g2 gi = fun(E0, φ,< [Γ] ,= [Γ]) (4.13)

Ṽij(φ) = h1 · cos (φ+ h2) + h3 hi = fun(E0, V0,< [Γ] ,= [Γ]) (4.14)

Ṽij(< [Γ]) = l1 · < [Γ] + l2 li = fun(E0, V0, φ,= [Γ]) (4.15)

Ṽij(= [Γ]) = k1 · = [Γ] + k2 ki = fun(E0, V0, φ,< [Γ]) (4.16)

It follows that the global variation of the normalized kick coefficients Ṽij can then
be described via

Ṽij(E0, V0, φ,< [Γ] ,= [Γ]) = a1V0< [Γ] = [Γ] + a2V0< [Γ] + a3V0= [Γ]

+ a4< [Γ] = [Γ] + a5V0 + a6< [Γ]

+ a7= [Γ] + a8

(4.17)
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with

an(E0, φ) = An(E0) · cosφ+Bn(E0) · sinφ+ Cn(E0)

and

An(E0) = υA
nE0 + κA

n

E0 − ζ
, Bn(E0) = υB

n E0 + κB
n

E0 − ζ
, Cn(E0) = υC

nE0 + κC
n

E0 − ζ

The
[
ζ, υA

n , κ
A
n , υ

B
n , κ

B
n , υ

C
n , κ

C
n

]
ij

are 49 constants for each coefficient Ṽij and found
by fitting the numerical data.

Figure 4.4 shows exemplarily the Ṽij as a function of energy with V0 = 23 MV/m,
φ = −30 ◦ and Γ = 0. Comparison between the values which describe the beam
transport through the cavity best, obtained via Equation (4.11) and the parameter-
ized solution of Equation (4.17) shows a satisfactory agreement at low beam energy.
However, the deviation of the boundary values for lim

E0→∞
Ṽij(E0) from the ones ob-

tained by Equation (3.34) using the ultra-relativistic limit is significant.

The reason for this is that the fit algorithm using Equation (4.11) does not dis-
tinguish appropriately between the coupler kick and the RF-focussing of the cavity
half involved in the procedure. In addition, the fitting routine takes into account
both displacement and kick equally at the reference planes. For beam energies above
60 MeV the induced coupler kick and its variation on the input parameter becomes
so small that the figure of merit is not able to identify uniquely the impact of the
individual Vij. The fitting routine gets unstable and gives unreasonable results. Fur-
thermore it is not possible to derive an analytical solution which converges for high
beam energies to the ultra-relativistic limit of Equation (4.17). However, it turned
out that for low beam energies this approach is much more capable of describing the
beam dynamics than the one derived from the ultra relativistic limit.

4.3 Model Validation

In the previous sections the output of the developed beam transport equation is com-
pared to a self-implemented Matlab [84] based tracking algorithm and the results are
evaluated for one cavity. The results presented in Figures 4.1 and 4.4 suggest that
the linearized model is able to reproduce the dynamics within one cavity reasonably
well. As a cross-check, the output of the model function is now compared to the
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Figure 4.4: Normalized kick coefficients according to Equation (4.10) for upstream
(left) and downstream coupler (right). Shown are fitted values (dots, see Equation
(4.11)) best describing the beam transport through the cavity, the reference values
(dashed lines, see Equation (3.34)) as derived from the ultra-relativistic limit and
the parameterized solution (solid lines, see Equation (4.17)).

results of a start-to-end tracking using ASTRA [81] and with dedicated experiments
at the injector section at FLASH.

In principle the derived dependencies and equations are valid for any acceler-
ating module based on TESLA cavities with the actual coupler orientation. The
discretization of coupler kicks and the use of transfer matrices, however, requires
that the beam- and RF parameter are within the specific parameter range:

E0 ∈ [5 MeV, 150 MeV]

V0 ∈ [13 MV/m, 30 MV/m]

φ0 ∈ [−30 ◦, 30 ◦]

Γ<,= ∈ [−3, 3]

u0 ∈ [−6 mm, 6 mm]

u′
0 ∈ [−6 mrad, 6 mrad]

At initial beam energies above the parametrization limit of 150 MeV, the analytic
solution of transfer matrices (see Equation (3.31)) and coupler kicks (see Equation
(3.34)) can be used. Misalignments of involved structures are modeled by coordinate
system transformations [67].
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4.3.1 Comparison with ASTRA

The centroid motion of a single bunch as calculated by the model function will be
compared to a reference obtained with ASTRA for a single cavity. RF- and beam in-
put parameters are randomly created within the above mentioned range. The initial
beam energy E0 is incrementally increased. The figure of merit is the rms-difference
of transverse position 〈∆urms〉 averaged over both planes at the end of the cavity.

The same ASTRA data is compared to different models for calculating the beam
transport matrices and coupler kick coefficients. The result is shown in Figure 4.5.
The analytic approach uses the ultra-relativistic limit both for transfer matrices (Eq.
(3.31)) and coupler kick coefficients (Eq. (3.34)) and is plotted in purple. The low
energy approach, presented in blue, utilizes numerically derived transfer matrices
(Eq. (4.2)) and coupler kick coefficients (Eq. (4.12)). A mixed approach takes
numerically derived transfer matrices and ultra-relativistic coupler kick coefficients
to calculate the beam transport and is plotted in red.

At initial beam energies above 100 MeV the ultra-relativistic limit is a good ap-
proximation and the beam transport can be calculated accordingly. Especially in
the first cavities, however, it is important to use the fitted solutions for both the
transfer matrices and the coupler kick coefficients in order to not sum up significant
errors after eight cavities.

Finally the beam transport through the whole injector module including eight
cavities is studied. The initial beam energy is set to E0 = 5.6 MeV. RF- and the
beam input parameter are randomly created within the range of modeling as defined
above. The rms difference of the output of the model function using the previously
mentioned high energy approach is 〈∆urms〉 = 3 mm, the mixed approach results
in 〈∆urms〉 = 1.3 mm. The difference of the low energy approach to the ASTRA
reference is 〈∆urms〉 = 56µm. Taking the beam size of about 1 mm into account
this is a satisfactory result.

4.3.2 Comparison with Experiments

This section gives a comparison of the model function with dedicated experiments
at the injector section at FLASH. The experimental setup is illustrated in Figure
4.6. Two beam position monitors are located in the drift space between the solenoid
magnet of the gun and the injector module. Therefore, the beam input parameter
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Figure 4.5: Rms difference between the output of the model function and an ASTRA
tracking 〈∆urms〉 as a function of initial beam energy E0, evaluated for one cavity and
averaged over both transverse planes. The beam transport matrices are calculated
with different models. The derived solutions (blue, see Eqs. (4.3), (4.2), (4.12)),
ultra-relativistic coupler kicks (red, see Equation (3.34)) and the ultra-relativistic
limit (purple, see Eqs. (3.24), (3.31), (3.34)) are plotted.

u0 = [x0, x
′
0, y0, y

′
0] at z0 = 1.31 m can be calculated. The RF signals of the forward

and reflected traveling wave are measured inside the waveguides at the circulators.
The measured position at the BPM downstream the last cavity gives the reference
uref = [xref, yref] at zref = 13.43 m.

The model function is evaluated for each bunch independently. The RF param-
eters required for the model in order to calculate the beam transport matrices and
coupler kick coefficients are [Vrefl, φrefl, Vforw, φforw], with Vrefl/forw being the amplitude
and φrefl/forw the phase of the reflected and forward traveling wave, respectively. The
RF data recorded in the data acquisition system (DAQ) [85] is manually recalibrated
according to Ref. [86] in order to remove cross-coupling effects between the forward
and reflected signals. The energy at the entrance of the module is calculated with
phase and amplitude of the gun RF, [Vgun, φgun], assuming the gun calibration to
accelerate the electrons to 5.6 MeV at Vgun = 54 MV/m and φgun = −1.85 ◦.

In order to verify the model function, an experimental setup is designed in which
the impact of unknown parameters is supposed to cancel out. Each measurement of
BPM- and RF data is an average over approximately 300 consecutive bunch-trains.
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Experimental Setup - FLASH Injector

Figure 4.6: Schematic drawing of the experimental setup at the injector section at
FLASH. Two BPMs are located in the drift space between the gun and the first
cavity. The last BPM is located inside the cryogenic vessel and gives the reference
offset. The Klystron power is distributed in waveguides (white), circulators (blue)
and dumped in loads (red). Amplitudes and phases of the forward and reflected
waves are measured for all cavities at the circulators.

Response to the Fundamental Mode: If the accelerating gradient is changed,
the transverse off-axis fields change as well as the on-axis accelerating field of the
cavity. The cavity might be misaligned. The on-axis accelerating field of the cavity
might therefore also have transverse components. If the variation of the klystron
power is slow enough to ensure a steady-state condition, coupler kicks should vary
only in strength, not in direction and in inferior order.

A reference is measured. The klystron power is modulated with fmod = 3 kHz,
assuring the accelerating field to be in resonance. The difference of BPM readouts in
respect to the reference measurement for the horizontal and vertical plane, ∆x and
∆y, respectively, is plotted in Figure 4.7 in black. The output of the model function
is calculated correspondingly. This, so to speak, partial derivative of the offset on
the vector sum of the accelerating field shows a reasonable agreement, considering
that misalignments are not considered in the calculation.

Response to Coupler Kicks: As a second step, the implementation of coupler
kicks is focussed on. Caused by the limited bandwidth of the cavity, an increase of
the modulation frequency of the klystron power will lead to a smaller amplitude of
the modulation of the accelerating field, thus a higher reflected power. The ratio of
the forward and reflected wave should vary and therefore, as pointed out in Figure
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Figure 4.7: Difference between the reference offset and the offset while a modulation
is applied on the forward power with fmod = 3 kHz. The BPM readout differences
(black) and the corresponding model evaluations (coloured) are plotted for the hor-
izontal (left) and vertical (right) plane.

4.3, the transverse fields induced by the power input coupler. The impact of couplers
compared to the overall transverse dynamics should therefore increase with higher
modulation frequencies. Especially misalignments should, for the most part, cancel
out.

Figure 4.8 shows the results of four measurements. The modulation frequency
of the klystron power is increased subsequently from 3 kHz to 5 kHz, 50 kHz and
100 kHz. Shown are the differences of the horizontal BPM readout between the
modulated setup and the reference setup and the difference of the corresponding
output of the model function in black and blue, respectively. The left column is
calculated without coupler kicks, the right column shows the calculation including
coupler kicks. Comparison between the columns in the last two rows points out that
the beam dynamics above a modulation frequency of several 10 kHz is dominated by
coupler kicks. These transverse dynamics are well described by the developed model.

It can be concluded that the implemented model function is both qualitatively
and quantitatively able to reproduce the experimentally generated transverse tra-
jectory features at the injector module.
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Figure 4.8: Difference between the reference trajectory and the trajectory while
applying modulations with different frequencies on the klystron power (from top to
bottom: 3 kHz, 5 kHz, 50 kHz and 100 kHz). The BPM readout differences (black)
and the corresponding model evaluations (blue) are plotted for the horizontal plane
downstream the injector module at FLASH. The beam transport calculations are
done both excluding (left) and including (right) coupler kicks. The limited cavity
bandwidth causes the accelerating field to poorly respond to the modulation of the
forward power at high modulation frequencies. Coupler related field disturbances are
sensitive to the ratio of forward and reflected power. Coupler kicks can therefore
respond independently from the resonating accelerating field to variations of the
forward and reflected traveling wave. At high modulation frequencies the transverse
dynamic is dominated by coupler kicks.



Section 5

Numerical Simulations

In this section the intra-bunch-train transverse dynamics of accelerating structures
are investigated. The complexity of the investigated system is subsequently in-
creased. Starting with particle tracking results of a single TESLA cavity, the pre-
viously developed numerical model will be used to analyze the interactions of intra-
bunch-train RF variations and misalignments in strings of cavities. Different setups,
for example the injector module and the main linac of the XFEL, are considered.

The nomenclature used in this thesis is as follows: the beam parameters are ∆u
for the trajectory offset and ∆u′ for trajectory tilt angle with respect to the design
axis, where u stands for the transverse planes x and y. The offset of a structure,
for example the cavity or the module, is defined at its longitudinal center. The
misalignments of cavities and modules are ∆ucav/mod and ∆u′

cav/mod for the offset
and tilt angle, respectively, in respect to the design axis of the accelerator. A
schematic drawing of a misaligned cavity is shown in Figure 5.1.

Nomenclature of Misalignments

Figure 5.1: Schematic drawing of a misaligned cavity. The misalignments of cavities
and modules are ∆ucav/mod and ∆u′

cav/mod for the offset and tilt angle, respectively,
where u stands for the transverse planes x and y. The beam parameters are ∆u for
the trajectory offset and ∆u′ for trajectory angle in respect to the design axis.
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5.1 Generation of RF Properties

It will be shown later that the impact of a particular set of misalignments depends
on the particular set of RF parameters of the accelerating structures. It follows
that for a general discussion, a generalized description of RF parameters has to be
found. As described in Section 4, the model requires the voltage standing wave ra-
tio Γ as input, which is not straightforwardly accessible experimentally. Moreover,
its variability within one bunch-train is not a common specification. The following
workflow was developed in order to create artificial data sets, while obeying the
limitations set by the actual low level RF setup.

The amplitude V0 and phase φ of the vector sum of the accelerating field have to
be chosen as well as the maximum slope of the amplitude ∆V0 and phase ∆φ of the
accelerating field of the individual cavities and their maximum detuning ∆f within
one bunch-train.

For simulations on the injector module, the mean accelerating fields of the indi-
vidual cavities are derived according to the waveguide-setup on ACC1 at FLASH.
The difference of the individual mean amplitude to the one eighth of the vector
sum is calculated. The appropriate individual cavity accelerating field slope is then
applied. The vector sum is kept constant.

In strings of modules, like in the main linac of the XFEL for example, a spread
on the mean accelerating field amplitudes appropriate to the maximum individual
slope of the accelerating field is applied, using a latin hypercube sampling strategy.
The final waveguide-setup was not used for the simulation. Besides, the previously
mentioned workflow is applied. Note that in the case of module strings one RF
station includes four accelerating modules, thus 32 cavities. The vector sum of each
RF station is kept constant.

For each cavity, the signals of the forward and reflected wave have to be calcu-
lated. A detailed discussion on RF cavities including derivation of numerous cavity
equations can be found in Ref. [47]. For this work only the special case of a su-
perconducting cavity operating close to the steady state condition, nearly on crest,
with beam loading and a detuning small compared to the resonance frequency is
considered (see Section 3.3.2 in Ref. [47]). These assumptions are well fulfilled at
typical machine setups of FLASH and XFEL.
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The cavity voltage Vcav, the forward- and reflected wave Vfor and Vref and the
beam current Ib are then related according to

Vcav = 1 + i tanψ
1 + tan2 ψ

·
[
2Vfor + 1

2

(
R

Q0

)
QL · Ib

]
Vcav = Vfor + Vref ,

(5.1)

where the bold letters indicate complex numbers, for example Vref = Vref ·eiφref . The
ratio of the shunt impedance R and the unloaded quality factor Q0 depends only
on the geometry of a cavity, where the loaded quality factor QL in this special case
depends only on the coupling between the cavity and the waveguide system. The
detuning angle ψ is defined as

tanψ = 2QL
f0 − f

f0
= 2QL

∆f
f0

(5.2)

with f0 being the resonance frequency of the cavity and f the operating frequency,
leading to the detuning ∆f = f0 −f . Using Equations (5.2) and (5.1) and assuming
a constant charge q and repetition rate fb of the bunches, the forward and reflected
wave can be expressed as a function of the phase difference φn

cav between bunch n

and the cavity voltage with an amplitude of V n
cav and the detuning ∆fn

Vn
for = 1

2
1 + tan2 ψ(∆fn)
1 + i tanψ(∆fn) · V n

cav e
iφn

cav − 1
4

(
R

Q0

)
QLfbq (5.3)

Vn
ref =

[
1 − 1

2
1 + tan2 ψ(∆fn)
1 + i tanψ(∆fn)

]
· V n

cav e
iφn

cav + 1
4

(
R

Q0

)
QLfbq (5.4)

The voltage standing wave ratio Γ follows as

Γn = Vref − Vfor

Vref + Vfor
= 1 − 1 + tan2 ψ(∆fn)

1 + i tanψ(∆fn) +

(
R
Q0

)
QLfbq

2V n
cav e

iφn
cav

(5.5)

With these RF parameters the transfer matrices and coupler kick coefficients of the
model function are calculated for each bunch and each cavity individually.
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5.2 Single TESLA-Cavity

Before the complex interactions between beam- and cavity parameters within a
string of cavities as aligned in the accelerating modules are studied, the transverse
multi-bunch dynamics of a single TESLA cavity are discussed.

The sensitivity of the transverse coordinates [∆x,∆x′,∆y,∆y′] in respect to a
variation of a single RF- or beam input parameter is analyzed. The RF parame-
ters are the detuning ∆f and the variation of the amplitude ∆V0 and phase ∆φ
of the accelerating field. Beam input parameters are the variation of horizontal
offset ∆x0 and tilt angle ∆x′

0. The mean amplitude and phase of the accelerating
field is V0 = 20 MV/m and φ = 0 ◦, respectively. The used field map reflects a
standing-wave cavity operation, thus Γ = 1. The calculations are done at initial
beam energies of E0 = 5 MeV, E0 = 150 MeV and E0 = 5 GeV.

The results can be found in Table 5.1. The first column shows the final trajectory
variation caused by a change of the detuning ∆f . The upper row of column one, for
example, shows the change of horizontal offset ∆x in µm/ Hz, whereas the second
row shows the change of horizontal tilt angle ∆x′ in µrad/ Hz and so on. Other RF
parameter stay constant. The second column shows the final trajectory variations
as a function of the change of the amplitude of the accelerating field, for example
in the upper row ∆x in µm/( MV/m).

The transverse field induced by the power coupler is sensitive to the ratio of the
forward and reflected wave and consequentially on the detuning of the cavity. If only
the detuning changes while the amplitude and phase of the accelerating field stay
constant, the axial symmetric part of the field does not change. The first column
therefore shows the influence of coupler kicks related to the power input coupler.
The transverse field induced by the power coupler mainly acts in the horizontal
plane. The impact of the detuning on the transverse dynamic is therefore much
stronger in the horizontal than in the vertical plane.

The second and third column show the impact of the variation of the accelerating
field. The effect can be seen at particles entering the cavity on axis because coupler
kicks disturb the initial on-axis trajectory (see Figure 4.2). Both, coupler kicks and
the axial symmetric RF focussing are sensitive to a variation of the accelerating
field. Their impact can’t be separated.
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Beam Trajectory Sensitivity in a Single TESLA-Cavity

Output
Input ∆f ∆V0 ∆φ ∆x0 ∆x′

0

[Hz] [ MV/m] [ ◦] [µm] [µrad]

E
0

=
5M

eV ∆x [µm] 1.2 · 10−2 1.4 3.4 · 10−1 1.2 · 10−1 5.1 · 10−1

∆x′ [µrad] 1.1 · 10−1 8.1 · 10−1 3.7 · 10−1 3.8 · 10−1 3.1 · 10−1

∆y [µm] 2.4 · 10−4 9.5 · 10−1 2.2 · 10−3 5.8 · 10−3 7.9 · 10−4

∆y′ [µrad] 9.6 · 10−4 2.8 · 10−1 1.3 · 10−1 4.4 · 10−3 1.4 · 10−3

E
0

=
15

0M
eV ∆x [µm] 1.5 · 10−3 2.4 · 10−1 2.6 · 10−2 9.5 · 10−1 1.3

∆x′ [µrad] 1.4 · 10−2 2.6 · 10−1 3.8 · 10−2 3.9 · 10−3 9.5 · 10−1

∆y [µm] 1.8 · 10−5 1.5 · 10−1 2.1 · 10−3 4.2 · 10−4 7.9 · 10−5

∆y′ [µrad] 7.7 · 10−5 2.6 · 10−2 1.3 · 10−2 5.6 · 10−4 3.4 · 10−4

E
0

=
5G

eV ∆x [µm] 4.8 · 10−5 8.0 · 10−3 8.3 · 10−4 1.0 1.3
∆x′ [µrad] 4.8 · 10−4 8.9 · 10−3 1.2 · 10−3 1.2 · 10−5 1.0
∆y [µm] 5.6 · 10−7 5.1 · 10−3 7.2 · 10−5 1.4 · 10−5 2.8 · 10−6

∆y′ [µrad] 2.4 · 10−6 4.8 · 10−4 4.3 · 10−4 2.1 · 10−5 1.4 · 10−5

Table 5.1: Variation of the transverse coordinate [∆x,∆x′,∆y,∆y′] at the end of
one cavity with respect to a variation of an RF parameter or initial beam trajectory.
The RF parameters are the detuning ∆f and the amplitude ∆V0 and phase ∆φ of
the accelerating field. ∆x0 and ∆x′

0 are the initial horizontal beam offset and tilt
angle, respectively. The evaluation is done for different initial beam energy E0.

Columns four and five are dominated by RF-focusing and indicate the adiabatic
damping effect due to acceleration. At low initial beam energy of E0 = 5 MeV, the
decrease of horizontal offset ∆x/∆x0 = 0.12 and tilt angle ∆x′/∆x′

0 = 0.31 in one
cavity is significant. The small coupling between the horizontal and vertical plane
is caused by the spatial variability of coupler kicks (see Figure 4.3). An initial tra-
jectory variation in the horizontal plane will therefore slightly change the trajectory
in the vertical plane. Columns four and five are to a good approximation symmetric
in x and y regarding the beam input parameters.

It can be concluded that coupler kicks differ in all cases due to their dependen-
cies on both, RF- and beam input parameters. An intra-bunch-train variation, for
example of the accelerating field, will therefore have a stronger impact on the hor-
izontal intra-bunch-train dynamics. For low beam energies this effect is significant
and the different effects of coupler kicks and RF-focussing can’t be separated.
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5.3 Injector Module

The trajectory variation induced by variations of RF- and beam input parameters of
a single cavity was shown. Its effect in combination with transverse misalignements
within one string of cavities in the injector module will be studied next. In the sub-
sequent section the first order sensitivity of the multi-bunch emittance on individual
misalignments of cavities will be analyzed. Thereafter a general sensitivity analysis
in terms of RF parameters and misalignments at the injector module is performed.

At first a general remark on the misalignment of the entire module is given. In
the first cavity of the injector module, the beam energy is significantly increased, for
example from 5 MeV to 25 MeV. Off-axis fields of the first cavity and their variation
are expected to be key in determining the trajectory throughout the module. The
consequential importance of the offset of the injector module with respect to the
gun section will be illustrated.

Consider the variation of the amplitude of the accelerating field of the first cav-
ity to be ∆V0 = 1 MV/m between the first and the last bunch of a bunch-train
and consider the phase of the accelerating field to be constant. The RF parameters
of the other cavities are calculated in order to assure a constant vector sum. The
initial beam energy is 5 MeV. No initial intra-bunch-train trajectory variations or
structure misalignments are considered.

Figure 5.2 shows tracking results for the first (black) and the last bunch (red)
of two different bunch-trains. Mean beam input trajectories of the two bunch-
trains are u0,1 = [x0,1, x

′
0,1, y0,1, y

′
0,1] = [4 mm, 0 mrad, 0 mm, 0 mrad] and u0,2 =

[0 mm,−4 mrad, 0 mm, 0 mrad]. The two initial beam trajectories reflect the case
of a module offset or tilt angle with respect to the gun section, respectively.

The horizontal displacement between the first and the last bunch at the end of
the module, ∆x, determines the accumulated intra-bunch-train offset variation. In
this example ∆x1 = 188µm and ∆x2 = 42µm, as can be seen in the magnifica-
tion on the right hand side of Figure 5.2. For rms initial beam trajectory offset
u0,rms = [x0, x

′
0, y0, y

′
0] = [1 mm, 0 mrad, 1 mm, 0 mrad] the final intra-bunch-train

trajectory variation is ∆urms = [50µm, 6.6µrad, 52µm, 6.7µrad]. For rms initial
beam trajectory tilt u0,rms = [0 mm, 1 mrad, 0 mm, 1 mrad] the final intra-bunch-
train trajectory variation is ∆urms = [16µm, 3.5µrad, 7.4µm, 2.1µrad].
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Particle Trajectories in the Injector Module
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Figure 5.2: Tracking result of the horizontal offset x of the first (black) and last (red)
bunch within one bunch-train in the injector module, calculated for two different
initial beam trajectories. The upper trajectory corresponds to an initial beam offset
of x0 = 4 mm whereas the lower trajectories correspond to a tilt angle of x′

0 =
−4 mrad. The displacement between the two bunches at the end of the module
determines the accumulated intra-bunch-train offset variation. Initial beam energy
is 5 MeV. The mean accelerating field of each cavity is 20 MV/m. The field of the
first cavity varies by 1 MV/m within the bunch-train. The vector sum is constant.

The impact of the initial beam offset in respect to the module on the intra-bunch-
train trajectory variation is much bigger than the impact of the initial trajectory
tilt angle. It is therefore expected that the RF stability in the first cavity and the
offset between the gun and the injector module are important parameters in the
determination of the transverse intra-bunch-train dynamics in the injector module.

5.3.1 First Order Sensitivity of Misaligned Cavities

In this section misalignments of individual cavities are studied, while the injector
module is considered to be aligned. Figure 5.3 shows the partial derivatives of the
multi-bunch emittance blowup τ (see Equation (3.20)) with respect to misalignments
of the cavities of the injector module. Input for the calculation of the beam transport
matrices and coupler kick coefficients are two different sets of RF- and beam input
parameters, each measured at an ordinary user run with 400 bunches. The impact
of a particular misalignment differs significantly for different machine settings. It
can be concluded that the influence of a misaligned cavity on the intra-bunch-train
transverse dynamics can’t be derived from the analysis of a single set of data without
limiting the generality of the procedure. A statistical approach will therefore follow.
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Figure 5.3: Single-parameter sensitivity δτ of the multi-bunch emittance blowup
τ on cavity misalignments in the injector module. The partial derivatives of the
horizontal (blue) and vertical (red) multi-bunch emittance blowup δτ are plotted
for different misalignements of individual structures. For example in the bottom
section δτ is calculated for offsets ∆x and ∆y and tilts ∆x′ and ∆y′ of the first
cavity in %/mm and %/mrad units, respectively. Transfer matrices and coupler kick
coefficients are calculated with two different sets of RF- and beam input parameters,
each measured at an user run (left and right) with 400 bunches at FLASH. Strength
and sign of partial derivatives can vary between two ordinary data sets.
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Figure 5.4: Single-parameter sensitivity δτ of the multi-bunch emittance blowup
τ on cavity misalignments in the injector module. The rms values of the partial
derivatives of the horizontal (blue) and vertical (red) multi-bunch emittance blowup
δτrms are plotted for different misalignements of individual structures. For example
in the bottom section δτrms is calculated for offsets ∆x and ∆y and tilts ∆x′ and
∆y′ of the first cavity in %/mm and %/mrad units, respectively. Transfer matrices
and coupler kick coefficients are calculated with RF parameters randomly created
within the range listed in Table 2 in Appendix C. The calculations are done both
with pure RF-focussing (left) and including coupler kicks (right).
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The parameter range set up for the following investigation is based on various
sets of experimental data and is representative for multi-bunch user runs at FLASH
and XFEL. They agree with the LLRF specification. The parameters related to the
cavity misalignment are chosen accordingly to the specification limits. At first no
misalignments of the injector module are considered. All parameters are listed in
Table 2 in Appendix C.

Figure 5.5 shows the probability density function1 of the multi-bunch emittance
blowup factor τ and its first order sensitivity on the horizontal tilt of cavity one,
each evaluated at 105 sample points within the mentioned parameter range. A multi-
bunch emittance blowup of 10 % reflects intra-bunch-train trajectory variations of
about 100µm. Both the range of τ and the range of its derivative on the tilt of
the first cavity is significant for the horizontal plane. The sensitivity of the vertical
dynamics on the horizontal tilt of cavity one is negligible.

The orientation of the couplers is the only source for violating the symmetry
between the two transverse planes. Its influence and therefore the importance of the
detuning can already be defined qualitatively. Within the evaluation limits, differ-
ent machine settings can have different impact on the intra-bunch-train transverse
dynamics. The particular strength of the first-order effect of a misaligned cavity
depends on various beam-cavity interactions along the module and is therefore not
distinctly defined.

For a more generalized description of the first-order effects of the individual cav-
ities in the injector module, the rms-value of the partial derivatives of τ with respect
to the individual misalignments is analyzed. The results are shown in Figure 5.4.
As expected from the geometry of the couplers, horizontal misalignments can have
bigger impact on the multi-bunch emittance than vertical ones. The dominance of
the first cavity is due to the fact that the beam with relatively low initial energy of
E0 = 5.6 MeV interacts with an accelerating field of about 20 MV/m. As the beam
energy increases, its sensitivity to off-axis fields decreases. Cavity tilts then domi-
nate over offsets since the tilted longitudinal cavity fields dominate the dynamics.

1Consider a real-valued variable f(x) evaluated at point x. The probability density function
(PDF) of f(x) is a non-negative function which describes the relative likelihood that f(x) will take
on a specific value.
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Figure 5.5: Probability density function (PDF) of the multi-bunch emittance blowup
factor τ (left) and its partial derivative on the horizontal rotation of the first cavity
∆x′

cav (right). The horizontal (blue) and vertical plane (red) are plotted. 105 samples
are evaluated within the parameter range listed in Table 2 in Appendix C.
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5.3.2 Regional Sensitivity Analysis

The effect of one individual misalignment on the multi-bunch emittance has been
discussed. The question of which factor or group of factors in terms of misalignments
and RF-stabilities drive τ into specific ranges should be studied next. In order to
avoid the loss of generality by analyzing only a coincidental case of parameters, a
Monte Carlo filtering based method, also referred to as regional sensitivity analysis
[87], is being followed. The goal is to analyze a multi-dimensional stochastic output
statistically by conditioning the input space.

The fundamental idea should be outlined on the basis of a simple example first.
Consider the value of interest τ is a function of several parameters x, y. Consider
the projection of τ on the τ -x-plane to be distributed as shown in Figure 5.6 in the
upper row on the left. In the upper right its correspondent cumulative distribution
function (CDF) of τ(x) is drawn. The CDF accumulates the probability that the
related variable takes values less than or equal to the evaluation point of the CDF.
The interpretation of CDF(τ(x) = 2) = 0.5 is therefore, that half of the evaluations
of τ(x) have a value smaller than or equal to 2.

For the upcoming analysis a critical value τc will be defined, so that CDF(τc) =
pc. A reasonable value is pc = 0.9. Hence 90 % of the evaluations of τ have values
smaller than or equal to τc. Note that in the first example of Figure 5.6 the partic-
ular value of x at which τ(x) is evaluated has no impact on the distribution of τ .
Thus τc is not sensitive to the range of x.

Now consider the projection of τ on the τ -y-plane to be distributed as shown in
the mid row of Figure 5.6. Obviously the distribution of τ depends on the range of
y. In this example the corresponding CDF is calculated unconditionally, meaning
that the whole parameter range of y is considered. The resulting CDF is identical to
the one shown in the upper example. In the third example in the lower row, condi-
tions on the input space are applied. The range of y is binned into two sub-ranges,
y1 and y2, as highlighted with different colors in the lower row. The conditional
CDF of τ(y) depends on the range of the yi. Therefore the critical values of the
two conditional CDFs, τc,1 and τc,2, differ from each other. The variation between
unconditional and conditional distributions of τ can be quantified in the variance
of the critical values var(τc,i). It indicates if a model parameter, in this example
y, is influential in determining the distribution of the model output τ . Note that
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Illustration of Conditional CDFs
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Figure 5.6: Qualitative illustration of the difference between a conditional and un-
conditional cumulative distribution function (CDF). The upper row shows the CDF
(left) of a normally distributed variable τ(x). The value of x has no impact on the
distribution of τ . The distribution of τ(y) (mid row) differs from τ(x), while the
unconditional CDF remains unchanged. The lower row shows two conditional CDFs
(blue and red) of τ(y) with the correspondingly colored input samples of y.

the particular distribution of τc,i depends on the parameter limits, the sizes of the
sub-samples and on the definition of pc.

The previous idea will be applied on the analysis of the intra-bunch-train trans-
verse dynamics in the injector module. In this case the different parameters are: the
maximum values of the intra-bunch-train variation of the amplitude ∆V0 and phase
∆φ of the accelerating field, respectively, and the variation of the detuning ∆f . In
addition, cavity offsets ∆ucav and -tilts ∆u′

cav in respect to the module design axis
as well as the offset of the module ∆umod and its tilt ∆u′

mod in respect to the design
axis of the gun section are studied. In the following, ∆V0 and ∆φ will be referred
to as amplitude slope and phase slope, respectively.
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The parameters are varied randomly within the range shown in Table 2 in Ap-
pendix C. This gives a seven-dimensional distribution of τ -values, of which a one-
dimensional projection to each parameter is plotted in Figure 5.7 as a scatter plot.
The total number of evaluations is 106. Only a subsample of 104 points is shown for
better visibility.

The distribution of τ with respect to different model parameters varies signifi-
cantly. It can already be estimated that the detuning (for the horizontal plane) and
the slope of the amplitude of the accelerating field impact the mean and variance
of τ , whereas the magnitude of variation of accelerating phase ∆φ0 seems to be
non-influential. Thus in both of these cases quantitative predictions can’t be made
easily. Figure 5.7 points out that for the majority of cases fixing an individual pa-
rameter would still leave the range of τ unchanged, changing primarily its particular
probability density function.

As mentioned previously, for a more quantitative statement the CDF and its de-
pendency on the simulation parameters has to be analyzed. The process of binning
the input parameter space is shown in detail for the detuning ∆f in Figure 5.8. The
input space is divided into 5 subsamples, for example the conditional limits on the
detuning is from ∆f1 = 10 Hz ± 10 Hz, ∆f2 = 30 Hz ± 10 Hz and so on. For each
subsample ∆fi the related CDF and its critical value τc,i is being evaluated. This
conditional CDF can be used in order to quantify the effect of limitation of a single
model parameter without leaving the statistical approach.

Consider, for example, the value of interest is the maximum amount of detuning
at which τ = 1.15 is not exceeded by more than 90 % of all evaluations. Other
parameters vary randomly within the given parameter range. The conditional CDF
on ∆f reaching pc = 0.9 gives this value. The mentioned numbers correspond to
the yellow color in Figure 5.8. Note that there must exist a sufficient amount of
model evaluations within the tightly chosen condition limits in order to assure a
statistically meaningful value.

Figure 5.9 shows the conditional CDF for several model parameters, where for
each parameter the sample size is divided into 5 subsamples. For example, the
conditional limits on the detuning is as mentioned above, while the offset of the
injector module varies between ∆umod,1 = 0.5 mm ± 0.5 mm, ∆umod,2 = 1.5 mm ±
0.5 mm, and so on.
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Figure 5.7: Distribution of the multi-bunch emittance blowup τ for the horizontal
(left) and vertical (right) plane, as evaluated as a function of the maximum values of
the slope of the amplitude ∆V0 and phase ∆φ of the accelerating field, respectively,
detuning ∆f , cavity offset ∆ucav, cavity tilt ∆u′

cav as well as the offset of the injector
module ∆umod and its tilt ∆u′

mod in respect to the gun section. Note that the
highlighted dot (black circles) corresponds to the same evaluation of τ , thus one
machine realization.
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Conditional CDF - Showcase
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Figure 5.8: Scatter plot of the horizontal multi-bunch emittance blowup τ (upper
left), its CDF (right) and the corresponding critical value τc (lower left) for the
horizontal plane. The scatter plot shows exemplarily the one-dimensional projection
of τ on the detuning ∆f . The different colors indicate the subsample which is used
for the calculation of the corresponding CDF and τc. For example, the yellow CDF
describes the distribution of the yellow points and therefore taking only evaluations
into account, which have a detuning of ∆f3 = 50 ± 10 Hz. Other model parameters
vary within their evaluation range. Thus, for this detuning range, 90 % of the
machine realizations result in a τ -value below 1.15. The black color represent the
unconditional CDF of τ (right) and the corresponding τc (lower left), taking all
evaluations of τ into account.

The dissimilar influence of different model parameters on the CDF of τ is ob-
vious. For the vertical plane, for example, the variation of the conditional CDFs
on the slope of the amplitude of the accelerating field indicates, that limiting the
amplitude would decrease the expected value of τ significantly without restrictions
to other model parameters.

When conditions are applied subsequently to each parameter, the variation of
τc provides information about the distribution of τ in respect to that parameter.
Moreover, as described previously in the introducing example (see Figure 5.8), the
variance of the τc,i calculated for different single-parameter sub-samples can be used
to quantify the influence of a single parameter on the model.
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Figure 5.9: Conditional cumulative distribution function (CDF) of the multi-bunch
emittance blowup τ for the horizontal (left) and vertical plane (right). Conditions
are applied on the input space of a single model parameter. For example, the yellow
line in the upper row shows the CDF(τ) for the evaluation limits of the amplitude
slope of the accelerating field ∆V0 = 1 ± 0.2 MV/m, while other model parameters
vary unconditionally within their evaluation limits.



72 NUMERICAL SIMULATIONS

Figure 5.10 points out this one dimensional relationship for the previously men-
tioned parameter limits and pc = 0.9. The determination of the multi-bunch emit-
tance blowup clearly is dominated by the slope of the amplitude of the accelerating
field, the detuning (for the horizontal plane) and the offset of the injector module
with respect to the gun section, whereas other parameters are not significant in de-
termining the distribution of τ .

Results in Figure 5.10 have to be taken cautiously. The range of each parame-
ter is binned into relatively large sub-ranges and single-parameter analysis does not
reveal parameter correlations. Note also that the parameter limit for the module
offset is ten times larger than the limit of individual cavity offsets. However, since
the individual parameter range was set according to reasonable tolerance limits, this
approach clearly indicates the dissimilar influence of parameters and assists in find-
ing key parameters for the upcoming analysis. For a more precise prediction the size
of the sub-samples has to be decreased. Conditions can be applied on multiple pa-
rameters simultaneously. Thus, analysis of τc can be used to point out n-dimensional
correlations.

At first a parameter prioritization follows. As pointed out previously, the phase
slopes of the accelerating field of individual cavities ∆φ as well as their offsets ∆ucav

and tilts ∆u′
cav are secondary in limiting the multi-bunch emittance for the current

parameter range. Higher order mode based cavity misalignment measurements (see
Section 6.1) indicate, that the intended misalignment tolerances for individual cav-
ities have been met throughout the modules, thus providing fixed evaluation limits
of ∆ucav = 0.5 mm and ∆u′

cav = 0.5 mrad. The maximum module tilt angle will be
set to ∆u′

mod = 0.5 mrad. The maximum slope of the phase of the accelerating filed
will be set to ∆φ = 1 ◦. Experimental observations show that this value is hardly
exceeded during a typical user run with long bunch-trains. Fixing the above men-
tioned values remains a three-dimensional parametrization of τc(∆V0,∆f,∆umod),
representing most of the variance of the multi-bunch emittance for a realistic sce-
nario at FLASH and XFEL.

This representation allows to study the three-parameter-CDF on τ , of which a
two-dimensional projection is plotted in Figure 5.11 as a contour plot of τc(∆V0,∆f)
for different offset limits of the injector module. The number of sub-samples for each
parameter is ten, splitting the total amount of 106 evaluations for each module offset
∆umod into 10 × 10 = 100 sub-samples, each containing about 104 data points. The
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Single Parameter Variance of τc
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Figure 5.10: Single-parameter variance of τc, calculated for 5 subsamples as shown
and described in Figure 5.8, for the horizontal (blue) and vertical plane (red). Am-
plitude slope of the accelerating field and the offset of the module clearly dominate
the variation of τc. The detuning only impacts the horizontal plane. Note that the
plotted results strongly depend on the defined parameter limits.

superior influence of the amplitude slope compared to the detuning for the verti-
cal plane is obvious. However, a critical amount of multi-bunch emittance is only
exceeded when both amplitude slope and the module offset reach large values si-
multaneously. It is reasonable to assume that the evaluation limits are chosen large
enough to include all possible machine realizations. The results can therefore be
used in order to quantify the achievable performance improvement when reducing
one of the parameter limits.

If the goal, for instance, is to assure by a likeliness of 90 %, that the horizontal
multi-bunch emittance blowup is below 30 %, one has to limit either the amplitude
slope of the accelerating field to 0.7 MV/m or fix the module offset in respect to
the gun section to better than 2 mm. Limiting the detuning, on the other hand,
for example by means of a piezo-tuner to 5 Hz, would decrease τc by about 15 %,
depending on the remaining module offset and amplitude slope.

Comparison with experimental data at FLASH shows intra-bunch-train trajec-
tory variations up to 200µm to occur in both planes (see Figures 2.11 and 6.17).
This reflects a multi-bunch emittance blowup of about 20 %. The rms-value of
the amplitude slope of the accelerating field is 250 kV/m with a detuning of about
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100 Hz, see Figures 6.18 and 2.9, respectively. The presented simulations are there-
fore interpreted as a clear indicator for a significant offset of the injector module
with respect to the gun section, especially in the vertical plane.

At this point it is worth noting that τ is scaled on a design single-bunch emit-
tance of 1 mm mrad. At XFEL, the achieved single-bunch emittance for 250 pC is
0.4 mm mrad, meaning that for the same optics the values of τc in Figure 5.11 have
to be multiplied by a factor of 2.5. This gives much tighter parameter limits for the
same relative multi-bunch emittance blowup.

Note also that all parameter values are evaluation limits. For example,
τc(1MV/m, 50Hz) implies that for the regarding simulations the detuning varies
randomly between 0 Hz and 50 Hz, while the value of the amplitude slope varies
between 0 MV/m and 1 MV/m. For a particular evaluation with, for example,
∆V0 = 0.5 MV/m, the value of amplitude slopes of the individual cavities is be-
tween 0 MV/m and 0.5 MV/m, according to their spread in operational gradients.
This conservative approach of setting only upper limits for the parameters in the
simulation setup might therefore underestimate the actual multi-bunch emittance
blowup for one particular machine realization. Nevertheless, it gives accurate bounds
for the performance study.

Summarizing the results, it can be concluded that piezo-tuner would decrease
the multi-bunch emittance by 15 % only by limiting the variation of coupler kicks.
Limiting the amplitude slope of the accelerating field is crucial for an improvement
of the multi-bunch performance. Lorentz force detuning compensation and QL-
correction (see Section 5.6.1) should be applied and prioritized on the first cavity.
The suboptimal performance of the injector module at FLASH (see Section 6) is
explainable by a significant offset of the injector module in respect to the gun section.
Investigations on procedures to reduce the misalignment are advised.
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Figure 5.11: Analysis of the two-dimensional conditional CDF of the multi-bunch
emittance blowup τ as a function of detuning, ∆f , and amplitude slope of the
accelerating field, ∆V0, for different offsets of the injector module in respect to the
gun section, ∆umod. The contour lines of the critical value τc are plotted in % for
the horizontal (left column) and vertical (right column) plane. Each plot contains
106 evaluations which are binned into 10 × 10 = 100 sub-samples for the calculation
of the τc,i.
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5.4 Strings of Modules at High Beam Energy

Misaligned accelerating structures act on the transverse motion of a perfectly aligned
beam mainly through three effects: the geometrically tilted on-axis accelerating field,
the off-axes cavity fields and the coupler kicks.

For ultra relativistic beams transverse motion due to cavity off-axis fields is neg-
ligible. Regarding axial symmetric fields, transverse magnetic and electric forces
compensate each other. As described in Section 5.2, the impact of coupler kicks
also decreases at high beam energy. In fact Table 5.1 indicates that for the same
amount of detuning the difference of the expected trajectory variation after the first
and second accelerating module, corresponding to initial beam energies of 5 MeV
and 150 MeV, respectively, is of one order of magnitude. Furthermore the speci-
fication of the individual cavity detuning at XFEL is ∆f ≤ 5 Hz. Its important
role in describing the intra-bunch-train transverse dynamics as well as the disparity
between the horizontal and the vertical plane is therefore expected to vanish when
accelerating modules downstream the injector module are concerned.

At high beam energy the tilted on-axis accelerating field therefore dominates the
transverse dynamics. Ultra-relativistic beams pass an accelerating module trans-
versely quasi undisturbed. Consider one RF station to power 2 cavities. The LLRF
assures the vector sum of the accelerating field of the cavities to be constant. If the
amplitude of the accelerating field of the first cavity increases during the flattop, the
amplitude from the second one decreases. For simplicity consider a constant and
equal phase for all cavities and a paraxial passing bunch-train.

Figure 5.12 shows an illustration. Drawn are the amplitude of the accelerating
field V0 for both cavities during the flattop and the resulting vector sum V 0 in the
upper third. In the example drawn in the mid row, the cavities have tilt angles
with different signs. The cavities on-axis accelerating fields have a transverse com-
ponent Vx in the direction of x. The mean of the vector sum of V x experienced by
the bunch-train cancels. However, its intra-bunch-train variation adds up construc-
tively, resulting in an intra-bunch-train variation of the transverse kick induced by
the cavities. This example reflects random misalignments of individual cavities.

In the example drawn in the lower row, the tilt angles of the cavities are equal.
The time dependence of the experienced vector sum V x cancels, resulting in an
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Figure 5.12: Qualitative illustration of an RF station containing two cavities. Drawn
are the amplitude of the accelerating field V0 (top) for each cavity and their resulting
vector sum V 0 (right column) as a function of time. The mid row shows a setup
with random cavity tilts and the corresponding transverse voltage Vx, which results
from the misaligned accelerating field. The bottom row shows identical cavity tilts.

equal kick within the bunch-train. This example reflects the misalignment of the
entire module. Depending on the beam energy and the extent of the RF station,
the impact of tilted cavities should therefore exceed the impact of tilted modules on
the intra-bunch-train transverse dynamics.

At XFEL one klystron powers 32 cavities, thus four modules are combined by
one LLRF control. The assumption of the particle trajectory to be a straight line
can not be transferred necessarily to a string of four modules with a longitudinal
extent of about 50 m. The general concept, however, can be applied.
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5.5 Accelerating Sections at XFEL

In this section the intra-bunch-train transverse dynamics for the design parameters
and the machine layout of the XFEL are studied. As described in Section 1.3, ac-
celeration at XFEL is achieved in three separate sections. L1 consists out of four
accelerating modules, whereas L2 and L3 contain 12 and 84 modules, respectively.
According to the XFEL design, each module is equipped with a quadrupole magnet
providing a FODO lattice in the accelerating sections. Before conducting a statis-
tical analysis of each accelerating section, tracking results of one random machine
realization are presented.

Figure 5.13 shows the intra-bunch-train trajectory variation for the horizontal
and vertical plane as it could be recorded at the beam position monitors at each
module at XFEL. Each line in the upper two rows corresponds to the intra-bunch-
train trajectory of one bunch, for example the red and blue lines represent the first
and the 2700th bunch, respectively. See Figure 2.12 in Section 2 for an analog plot
of experimental data recorded at FLASH. The lower row of Figure 5.13 additionally
shows the normalized trajectory variation ∆ũ as defined in Equation (3.23) for a
beta function at the observation point of βx = βy = 20 m. After 100 accelerating
modules, a FODO section containing 20 modules is appended for visualization pur-
poses.

The fact that the intra-bunch-train trajectory pattern shows well-defined zero
crossings indicates a linear trajectory variation. The reason for this is that only
linear intra-bunch-train variations of RF parameters are considered in the simula-
tion. The intra-bunch-train kick variations induced by the structures are therefore
linear (see Figure 5.12). In the first modules the induced intra-bunch-train kicks
are comparable to the initial trajectory variation of the bunch-train. The period
of the betatron motion is disturbed significantly by the induced kicks. In contrast
to, for example, kicks induced by misaligned quadrupoles, the strength of the kicks
induced by cavities decreases with higher beam energy. At a certain point in the
accelerator, the amplitude of the trajectory variations is large with respect to the
induced kicks and a relatively undisturbed betatron motion is notable.

The normalized trajectory variation evolves non-monotonically throughout the
machine. The correlation of particular misalignments of cavities and their corre-
sponding RF-parameters can affect the initial trajectory variation at the entrance
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Evolution of Intra-Bunch-Train Trajectory Variations at XFEL
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Figure 5.13: Simulated intra-bunch-train trajectory variation at XFEL. Tracking
results of the horizontal (upper row) and vertical (mid row) intra-bunch-train offsets
are plotted, evaluated at each BPM. The red line corresponds to the first bunch,
the blue line to the 2700th bunch of one bunch-train. Mean bunch-train offsets
are subtracted. A random machine realization according to the specification of
XFEL is evaluated. After module 100, a FODO section is appended for visualization
purposes.

of the cavity constructively or destructively. The possible amplitude of the addi-
tional intra-bunch-train kick decreases with higher beam energy. However, Figure
5.13 points out, that a particular machine realization could induce relatively large
changes in the intra-bunch-train trajectory even at the end of the linac at high beam
energy. An accurate consideration must therefore involve statistical methods.
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∆ũ [ µm]

PD
F(

∆
ũ
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Figure 5.14: Histogram of the normalized intra-bunch-train trajectory variation ∆ũ
for βx = βy = 20 m at the end of L1 (left), L2 (mid) and L3 (right). The horizontal
(blue) and vertical (red) plane are plotted. 105 machine realizations are evaluated
for each linac. The decreasing difference between the transverse planes from L1 to
L3 points out the decreasing impact of coupler kicks at higher beam energy.

The accumulated normalized trajectory variation is calculated for each acceler-
ating section L1, L2 and L3 independently. The parameter range is set up according
to the design values as listed in Table 3 in Appendix C. 105 random sets of misalign-
ments and RF parameters are created for tracking. Initial beam energy is 150 MeV
for L1, 600 MeV for L2 and 2.4 GeV for L3.

Figure 5.14 shows a histogram of the normalized intra-bunch-train trajectory
variation ∆ũ as defined in Equation (3.23) for a beta function at the observation
point of βx = βy = 20 m at the end of the linac. Critical trajectory variation2 is
∆x̃c = 52µm and ∆ỹc = 34µm for the horizontal and vertical plane, respectively, in
L1. The values at the end of L2 are ∆x̃c = 27µm and ∆ỹc = 16µm and ∆x̃c = 11µm
and ∆ỹc = 7µm for L3. The difference of the intra-bunch-train trajectory variation
between the horizontal and vertical plane are caused by coupler kicks.

2see discussion in Section 5.3.2 on critical values, CDF(∆ũc) = 90 %
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5.6 Means of Reducing the Intra-Bunch-Train Tra-
jectory Variation

In this section possibilities of reducing the accumulated intra-bunch-train trajectory
variation are discussed. As described above, the slope of the amplitude of the accel-
erating field is key in the creation of trajectory variations. As pointed out in Section
2, during typical machine operation at FLASH and XFEL, the amplitude slope is
determined mainly by the Lorentz force detuning and the interaction of a common
loaded quality factor QL with dissimilar operational gradients of the cavities. For
XFEL, cavity detuning is limited by piezo-tuners and therefore expected to be a mi-
nor concern. However, the design beam current up to 4.5 mA at XFEL is much larger
than the typical beam current at FLASH and significant gradient slopes due to beam
loading are expected. Consequentially the variation of the designated QL-setting is
analyzed. The discussion applies for FLASH and XFEL similarly. It is followed by a
description of a general method for the minimization of the accumulated trajectory
variation at XFEL.

5.6.1 QL-Correction

At FLASH and XFEL the position of the coaxial antenna of the power input coupler
can be changed with a remote controlled stepper motor. Changing the position of
the antenna will change the loaded quality factor QL of the cavity. It is therefore
possible to adjust QL for individual cavities for any given beam current remotely. In
the scope of high beam current studies, QL-correction was successfully demonstrated
[57]. The intra-bunch-train variation of the accelerating field was thereby reduced
significantly. Implementation of an automated QL-correction of all modules would
theoretically be possible. However, major obstacles have to be overcome:

Phase Shifter: At FLASH the phase between individual cavities within one RF
station is determined by the waveguide setup. In contrast to XFEL, there are no
tunable phase shifter installed. If the QL is changed, the phases of the individual
cavity accelerating fields will change. The actual impact, for example on the bunch
compression, has to be investigated.

Coupler Specification: Depending on the designated sensitivity of aQL-correction
algorithm, the position of the antenna has to be changed frequently. Mechanical
hysteresis of the tuner system further complicates the procedure. This leads to
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the question of mechanical robustness and technical specifications of the coupler
system. Moving the antenna frequently was not an optimization goal during the
design process. The consequences, for example on the expected lifetime, have to be
discussed.

Beam Currents: A fundamental limitation of the QL-correction occurs when dif-
ferent beam lines are operated simultaneously. As mentioned above, the required QL

depends on the beam current. Both FLASH and XFEL are designed in a way that
allows operation of different undulator beam lines with different sub-bunch-trains
within one RF pulse. Usually different sub-trains have different beam intensities.
The position of the coupler antenna can’t be changed between the sub-trains within
several 10µs. It is therefore fundamentally impossible to have an adjusted QL for
all sub-bunch-trains simultaneously. For small differences in beam current of the
sub-trains of less than 100µA this effect is small. For differences in the order of
500µA, however, significant amplitude slopes can’t be avoided.

The technical clarification of these issues was beyond the scope of this thesis.
Since significant gradient slopes due to beam loading are expected at XFEL, further
studies on this topic are advised.

5.6.2 Variation of the Optical Functions at XFEL

In this section a general method for minimizing the intra-bunch-train trajectory
variation by changing the optical functions of a given machine realization at XFEL
is discussed.

The effect of a misaligned structure on the intra bunch-train trajectory variation
depends on the beta function at the position of the structure. For one particular
machine realization, a variation of the optical functions should therefore have an im-
pact on the amount of trajectory variation at the end of the accelerator. This can be
achieved by changing the strength of the quadrupole magnets of the FODO lattice
in the linac. The strength of the horizontally focussing and horizontally defocusing
quadrupole, kF and kD, can be set independently from each other. It is therefore
possible to vary the horizontal and vertical phase advance in the accelerating sec-
tions independently. For reasons of simplicity only periodic solutions are assumed,
meaning that all kF and kD, respectively, located in the cryo modules have the same
strength.
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Figure 5.15: Impact of the phase advance in the FODO-lattice of the accelerat-
ing modules on the accumulated trajectory variation. The upper plots illustrate
qualitatively the horizontal (left) and vertical (right) normalized intra-bunch-train
trajectory variation, ∆x̃ and ∆ỹ, respectively, at the end of L3 as a function of
the horizontal and vertical phase advance, µx and µy, respectively. Bright yellow
corresponds to 110µm and dark blue to 0µm. The lower plot shows the trajectory
variation evaluated at phase-advances according to the dashed line in the upper
plots.

Figure 5.15 shows exemplarily tracking results at the end of a string containing
100 modules (cf. Fig. 5.14) for one machine realization. The accumulated normal-
ized trajectory variation is plotted for both transverse planes, ∆x̃ and ∆ỹ, assuming
a beta function at the observation point of βu = 20 m. The upper two plots show a
contour of ∆x̃ (left) and ∆ỹ (right) as a function of the horizontal and vertical phase
advance, µx and µy, respectively. The lower plot shows the normalized horizontal
and vertical trajectory variation, evaluated at phase advances which correspond to
the dashed line in the upper plots.
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The impact of the horizontal and vertical phase advance on the accumulated
intra-bunch-train trajectory variation is significant. In this particular machine real-
ization the range of the normalized horizontal trajectory variation is between 6µm
and 246µm, while the range in the vertical plane is between 1µm and 112µm. Ob-
viously individual perturbations cancel remarkably at a certain phase advance while
they add up in other cases. This result can be used to improve the multi-bunch
performance of the XFEL.

During setup of the machine the dependence of the intra-bunch-train trajectory
variation on the phase advance can be scanned. Figure 5.15 illustrates that the
motion is to a good approximation decoupled. Changing the quadrupole magnets
linearly in a way that kF + kD = const, the whole range of phase advance in both
planes can be covered (cf. the dashed line in Figure 5.15) and an optimal working
point can be chosen.

In order to quantify the reduction for any given realization of misalignments
and RF-parameters, 104 machine realizations are randomly created. The parame-
ter range is set up according to the specifications listed in Table 3 in Appendix C.
The strength of the quadrupoles is varied for each machine realization. The pair of
phase advances is found in which the mean trajectory variation, averaged over both
transverse planes, is minimized.

Figure 5.16 illustrate the results. The blue histogram in the left plot shows
the distribution of the mean normalized trajectory variation 〈∆ũ〉 as calculated for
kF = kD = 0.065 m−2. This corresponds to a phase advance of approximately 45 ◦

in both planes and reflects the design lattice. The red line corresponds to the distri-
bution of tracking results with a phase advance that minimizes the mean trajectory
variation. The right histogram shows the relative amount of trajectory variation
reduction. For most machine realizations the intra-bunch-train trajectory variation
can be decreased significantly. In average, a reduction of 73 % is possible. In 90 %
of the cases the achievable reduction is larger than 49 %. Note that a reduction of
66 % reflects a final trajectory variation three times smaller than its initial value.
This is a promising result.

Note that a small phase advance will result in a large β-function and a large
beam size. In this simplified example its effect on the performance of XFEL was not
considered. Note also that only periodic solutions are considered, meaning that all
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Figure 5.16: Absolute (left) and relative (right) reduction of intra-bunch-train tra-
jectory variation after changing the phase advance in the accelerating sections. The
blue histogram in the left plot reflects the distribution of the initial normalized tra-
jectory variation 〈∆ũ〉, averaged over both transverse planes as calculated for the
design values µx = µy = 45 ◦. The red curve corresponds to the remaining trajec-
tory variation after choosing an optimal tune. The right plot shows the relative
trajectory variation reduction. 105 machine realizations are evaluated. A significant
reduction is possible in most cases.

focusing or defocussing quadrupoles are changed simultaneously and by the same
magnitude. At XFEL it is technically possible to drive each quadrupole indepen-
dently. Localized beta bumps could be created in order to search certain locations for
the impact of misaligned structures. However, this requires a lot of time. Changing
the phase advance coherently is more efficient and should be considered in dealing
with transverse intra-bunch-train trajectory variations.

In previous calculations, the bunch-train entered the first accelerating module
on axis. In contrast to a variation of the optical functions, the impact of a varia-
tion of the initial beam trajectory on the accumulated intra-bunch-train trajectory
variation is considered in the following. This scenario reflects steering the beam at
the entrance of L1. Note that no initial intra-bunch-train trajectory variation is
considered.

In order to quantify the reduction for any given realization, 104 machine real-
izations are randomly created. For a given machine realization the beam trajectory
angle at the entrance of the first module is changed and the accumulated trajectory
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Figure 5.17: Absolute (left) and relative (right) reduction of intra-bunch-train tra-
jectory variation after changing the beam trajectory angle at the entrance of the
accelerating section. The blue histogram in the left plot reflects the distribution
of the initial normalized trajectory variation 〈∆ũ〉, averaged over both transverse
planes as calculated for a beam which enters the accelerating section on axis. The
red curve corresponds to the remaining trajectory variation after choosing an opti-
mal trajectory angle at the entrance of the first module. The right plot shows the
relative trajectory variation reduction. 105 machine realizations are evaluated.

variation at the exit of the last module is analyzed. The pair of horizontal and ver-
tical trajectory angle is found in which the mean accumulated trajectory variation,
averaged over both transverse planes, is minimized. The range of initial trajectory
angle is u′

0 = ±1 mrad.

Figure 5.17 illustrate the results. Analog ti Figure 5.16, the blue histogram in the
left plot shows the distribution of the mean normalized trajectory variation 〈∆ũ〉 as
calculated for a beam wich enters the first module on axis. The red line corresponds
to the distribution of tracking results with an optimal initial trajectory. The right
histogram shows the relative amount of trajectory variation reduction. In average, a
reduction of 44 % is possible. In 90 % of the cases the achievable reduction is larger
than 11 %. The reduction is less noticeable than by changing the optical functions.
However, steering the beam is significantly less time-consuming. Note that in this
simplified example only one pair of steerer at the entrance of the first module was
considered. An automated optimizer including several steerer throughout the accel-
erator should be implemented and run by default when setting up the machine.



Section 6

Measurement Results at FLASH

In this section experimental results obtained at FLASH are presented. The section
is divided into three parts. The first two parts are dedicated to experimental ap-
proaches on the determination of misalignments in operational accelerating modules,
whereas the third part describes its impact on the multi-bunch operation.

In the first part in Section 6.1, higher order mode (HOM) based cavity misalign-
ment measurements are presented. An introduction to the characteristics of dipole
HOMs is given. The measurement and signal processing procedure is described.
The results of two independent misalignment measurements at the injector module
at FLASH are discussed.

In Section 6.2, the possibility of the deduction of structure misalignments from
multi-bunch RF and BPM data is analyzed. The developed model as described in
Section 4 is used. An implemented fitting algorithm is applied to data from dedi-
cated experiments at the injector module at FLASH.

In the third part in Section 6.3, the analysis of multi-bunch beam operation at
FLASH based on data obtained from different user runs is presented. Characteristic
intra-bunch-train patterns, such as charge-, energy- and trajectory variations, are
studied and related to its sources in the gun and the RF modules. The impact of
trajectory variations on the SASE process is considered and comparison between
the experimental data and GENESIS simulations is made. It will be shown that
intra-bunch-train trajectory variations can be considered to be the dominant source
of intra-bunch-train SASE variations and that significant improvement of the multi-
bunch SASE performance can be achieved.

87
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6.1 Higher Order Mode Based Cavity Misalign-
ment Measurements

When a bunch of electrons traverses a cavity, wakefields covering a wide range in fre-
quency domain are excited. If the frequency of the excitation is above the frequency
of the fundamental mode used for acceleration, it is called higher order mode (HOM).
Superconducting cavities support a broad spectrum of HOMs, which are damped by
two HOM-couplers in the case of the TESLA cavity. It has been shown experimen-
tally [88], that the beam excited TE111-6 dipole modes, extracted by HOM-couplers,
can be used to study the misalignment of the cavities in an installed cryomodule.
In the following, a brief summary of the theoretical fundamentals of dipole HOMs is
given. A description of the signal processing and measurement procedures and the
extraction of the cavity misalignment follows. Finally, a discussion on the misalign-
ment of the injector module at FLASH is made.

6.1.1 Principles of Higher Order Modes

This section provides an introduction to the basics of dipole HOMs and its relations
needed for the HOM-based cavity misalignment measurements and its data analysis.
A detailed discussion on wake fields and HOMs in general can be found in Ref. [89].

Figure 6.1 shows a schematic drawing of the electric and magnetic fields of a
monopole and dipole a mode in an axial symmetric cavity. Considering beam excited
TM111 dipole modes, it has been shown [90] that its electric field amplitude V is a
superposition of three components. Vx is related to the bunch’s trajectory offset x,
Vα corresponds to the tilt angle α between the bunch trajectory and the cavity axis,
and VΘ, which is induced by the bunch tilt angle Θ in respect to the cavity axis and

Vx(t) ∝ x · q · e− t
2τ sin(ωt)

Vα(t) ∝ α · q · e− t
2τ cos(ωt)

VΘ(t) ∝ Θ · q · e− t
2τ cos(ωt),

(6.1)

with q being the bunch charge and the frequency ω and decay time τ of the consid-
ered dipole mode.

At the short bunch lengths of FLASH and XFEL the detectable signal excited
by the tilt of the bunch VΘ(t) can be neglected [88]. It is worth noting that due
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Figure 6.1: Schematic drawing of the magnetic and electric field of monopole (left)
and dipole modes (right) in a cylinder symmetric cavity [91]. Note that dipole modes
have two transverse degrees of freedom, thus occurring in orthogonally polarized
doublets.

to structure imperfections and field disturbances caused by the couplers, the geo-
metrical axis of the cavity can deviate slightly from its electrical axis. This effect is
hardly quantifiable and eventually the electrical axis of the strongest HOMs affects
the beam much more than the axis defined by the geometry. The following analysis
will therefore not distinguish between these two and refer to it as ’cavity axis’.

Dipole modes occur in orthogonally polarized doublets, following from the two
transverse degrees of freedom in an axial symmetric cavity. Due to minor asymme-
tries and imperfections of the cavity their frequencies can be split and the angle of
their polarization axes can deviate slightly from 90 ◦. As described in Section 2, the
cavities installed in the accelerating modules at FLASH and XFEL are equipped
with two HOM-couplers which spawn an angle of about 115 ◦. Hence, depending on
the particular imperfections of one cavity, the two couplers are expected to have a
dissimilar sensitivity to the two parts of the dipole doublet.

6.1.2 Signal Processing

An example spectrum from a HOM coupler of ACC4 at FLASH is shown in Figure
6.2. Several bands are noticeable, e.g. between 1600 MHz and 1800 MHz, between
1800 MHz and 1900 MHz and above 2400 MHz. The TE111-6 mode around 1680 MHz
is highlighted. A bandpass filter and downmix digitizing electronics [92] have been
installed at the first 5 accelerating modules at FLASH to monitor the TE111-6 mode
at each cavity. In the following this mode will be referred to as HOM signal.
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Figure 6.2: Normalized beam excited spectrum as recorded from a HOM coupler at
ACC4 at FLASH [93]. The left plot covers a wide frequency range including several
monopole and dipole bands. The highlighted peak in the left and its magnifica-
tion in the right plot shows the TE111-6 dipole mode used for diagnostic. Note its
double-peak character, indicating a frequency deviation between the two parts of
the orthogonally polarized doublet.

Before the signal can be analyzed quantitatively, digital filtering is applied. The
sinusoidal calibration signal of the electronics has to be isolated and removed. This
can be done in time domain by fitting a sinusoidal function to the signal prior to
the time at which the beam has entered the cavity. The transient of the beam itself
also induces a signal which has to be removed. Another distorting effect can be the
saturation of the digitizer, which occurs in case of a strong signal amplitude. In order
to quantitatively compare HOM signals excited by different beam trajectories one
has to ensure that the saturated part of the signal is removed in all samples. Figure
6.3 shows an example of a raw signal in time domain and the resulting normalized
processed signal as used for the analysis.

6.1.3 Measurement Procedure

Absolute calibration of the HOM signal is rather difficult and thus deduction of the
particular beam trajectory. When the transverse beam position and angle is varied
systematically within a defined grid, however, the relative strength of the modes
can be compared quantitatively. It is therefore convenient to normalize the signal
for each coupler, in that way the different trajectories correspond to HOM signal
amplitudes between zero and one.
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Figure 6.3: Beam excited TE111-6 HOM signal in time domain as recorded with
a sampling rate of 108 MHz. The measured raw (left) and the processed signal
(right) are plotted. The oscillation of the raw signal in the first 100 samples is the
calibration signal of the readout electronics. For this particular beam trajectory the
digitizer is in saturation till sample 180.

Figure 6.4 shows a schematic drawing of the experimental setup used for the
HOM-based cavity misalignment measurements. The trajectory of the beam is var-
ied with two pairs of steerer. The beam’s transverse position is measured by two
BPMs upstream and downstream of the considered module. In order to relate the
measured signal from a HOM coupler with the beam position in that cavity, the
beam trajectory has to be known.

For high initial beam energy the transfer matrices of the cavities can be esti-
mated from the RF parameters, and the difference between the actual trajectory
and that of a drift space is small. For the injector module, however, the difference is
significant and its particular value depends strongly on the beam input parameters
(see discussions in Section 5). A precise knowledge of the beam position and angle in
each cavity therefore requires the RF to be switched off. In addition all quadrupole
magnets between the BPMs were cycled to zero field.

If a drift space can be considered between the upstream and downstream BPM,
the beam position and angle at the center of each cavity can be calculated from the
BPM readings. The reference axis is defined by these two BPMs. The downstream
BPM is located inside the accelerating module. As a consequence, the measurable
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Experimental Setup

Figure 6.4: Schematic drawing of the experimental setup used for HOM-based cav-
ity misalignment measurement. Eight cavities are located inside one accelerating
module, followed by a BPM. The RF is switched off, assuring a drift space between
the upstream and downstream BPM. The beam position and angle at each cavity
is calculated from the BPM readings. For each dimension two steerers are needed
in order to get any combination of beam offset and angle at a cavity. Each cavity is
equipped with an upstream and a downstream HOM-coupler.

offset of the downstream cavities in respect to the design axis of the accelerator
may be underestimated. This issue and the impact of BPM calibration errors will
be reviewed later in Section 6.1.5. As illustrated in Figure 6.4, for each dimension
two steerers are required in order to change the trajectory offset and angle at each
cavity in a sufficient range, while observing machine constraints. The phase space
coverage is shown exemplarily for the first cavity of ACC2 in Figure 6.5.

Finally the signal has to be normalized with the bunch charge. Its measurement,
however, is not possible at each cavity but only at the cavity-type BPM at the end
of the module. Steering the beam in a wide range can cause partial beam losses
which may occur between the cavities. Normalization to the measured charge can
therefore overestimate the signal in the first cavities at certain beam positions. It
was therefore assured that beam losses were below 10 %.

6.1.4 Data Analysis

As described in Section 6.1.1 the field amplitude of the excited dipole mode can be
described as a sum of contributions from the beam trajectory offset and angle, see
Equation (6.1). Restoring each part of the signal individually is hardly possible.
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Figure 6.5: Beam position and angle as calculated for the first cavity of ACC2 at
FLASH during a HOM-based cavity misalignment measurement. The x-y-plane
(left) and the x-x′-plane (right) for 3300 trajectories are plotted. For each plane two
steerers are driven randomly within a defined range, giving, e.g. in the x-x′-plane a
tilted rectangular shape. Its inhomogeneous filling is caused by beam losses.

Only the vector sum is accessible. If a sufficient amount of data points is available,
theoretically the linear correlation between each of the beam coordinates [x, x′, y, y′]
and the signal amplitude at each cavity can be resolved. However, as will be de-
scribed in the following, this requires a high resolution of the involved devices and
is experimentally difficult to achieve.

The scaling factor between the HOM signal amplitude excited by the bunch
trajectory offset and the amplitude from the trajectory tilt angle depends on the
mode phase change per cell and the geometry of the cavity. Previous estimations
for the TESLA cavity imply that the amount of amplitude induced by an offset of
100µm is equivalent to an amplitude excited by a tilt angle of 1 mrad [94]. More
recent estimations based on eigenmode-calculations of a TESLA cavity suggest that
an amplitude related to 1 mrad is comparable to the amplitude for 200µm [95].

The proper ratio for the TESLA cavity has not been measured yet. Typical
ranges for the trajectories during a HOM-based cavity misalignment measurement
are xmax ≈ ±10 mm and x′

max ≈ ±1 mrad. Based on the referenced estimations it
is expected that the signal amplitude related to trajectory offsets is 50-100 times
stronger than the signal related to tilts.
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V-Shape Response to Offset
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Figure 6.6: Normalized amplitude of the HOM signal at the downstream coupler of
cavity 8 in ACC2 as a function of beam offset x and y. The dots in the left plot
show qualitatively the offset-dependency and are color-coded by the relative signal
strength, giving a bright yellow point at one and a dark blue point at zero. The
normalized amplitude of the highlighted points is plotted in the right graph as a
function of the vertical offset y, including a linear fit with a slope of 8.3 %/mm.
This pattern is often referred to as ’V-shape’ response.

Figure 6.6 illustrates an example of the normalized HOM signal amplitude ver-
sus beam offset. In the left plot the amplitude is color-coded, showing qualitatively
the dependency. The right graph shows the amplitude of the highlighted points
around x = 0 mm as a function of vertical offset, including a linear fit. One notices
the V-shape, typical for dipole modes. The HOM signal has a well defined minimum.

In this particular example the offset dependency of the normalized amplitude of
the excited mode is about 8 %/mm. The phase space coverage is xmax ≈ ±12 mm
and x′

max ≈ ±1.2 mrad. This leads to a maximum amount of less than 2 % of the
signal amplitude excited by the trajectory angle. Figure 6.7 shows the residuals of
the previously shown linear fit. On the left hand side the absolute difference between
the normalized amplitude and the linear fit is plotted as a function of the vertical
trajectory angle y′. The right plot shows the same residuals as a function of its
horizontal offset x.

Besides the rather noisy character of the data, the right plot indicates a slight
systematic on the offset, while there is no such systematic identifiable in the left
graph. These results suggest that the residuals are dominated by the remaining
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Figure 6.7: HOM signal residuals of the linear fit presented in Figure 6.6 as a
function of beam’s vertical trajectory angle y′ (left) and horizontal trajectory offset
x (right). The right plot indicates a slight systematic on the offset, while there is
no such systematic identifiable in the left graph.

offset in x and not in tilt angle y′. Considering the available range of x and y′, this
agrees with the previous considerations on the offset- and tilt-dependency. Differ-
ent mathematical methods have been applied unsuccessfully in order to extract the
tilt-dependence of the signal. The implication is that for a convincing measurement
the number of points which are both, close to the cavity translational center and
which cover a wide range in tilt angles, has to be increased.

Within the scope of this thesis it was not possible to resolve the angular depen-
dency of the dipole mode. As a result, the cavity tilt can not be determined. Future
studies may focus on this issue. In the following discussion the contribution of the
beam trajectory angle to the HOM signal is assumed to be negligible.

A positive side effect of this result, however, is the fact that a linear correlation
between the trajectory offset and tilt, for example between x and x′, does not disturb
the data analysis substantially. Regarding offset measurements, the experimentally
challenging phase space coverage as shown in Figure 6.5 is of minor importance.
Especially for the injector module this is a fortunate situation. Machine restrictions
such as few available steerers with limited range and the small aperture thus far
prevented a relatively uncorrelated phase space coverage.
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Figure 6.8: Qualitative illustration of the offset-dependency of the HOM signal.
The normalized amplitude of the HOM signal measured at the upstream (left) and
downstream (right) coupler at cavity 6 in ACC1 at FLASH is plotted as a function of
beam offset x and y. The dots are color-coded by the relative signal strength, giving
a bright yellow point at one and a dark blue point at zero. The different sensitivity
of the couplers to the transverse dimensions is attributed to their different coupling
to the orthogonally polarized dipole mode doublets.

6.1.5 Cavity Misalignment Measurement

As described in Section 6.1.1, dipole modes occur in orthogonally polarized doublets.
The two HOM-couplers installed at each cavity span an angle of 115 ◦. Depending
on the orientation of the polarization axes and their particular angle it is therefore
likely that the coupler sensitivity to each HOM dipole doublet is different.

Figure 6.8 illustrates such a case. The HOM signal amplitudes from the upstream
and downstream coupler of cavity six at the injector module at FLASH are plotted
for different beam positions x and y. The amplitude is normalized for each coupler,
giving a bright yellow point at one and a dark blue point at zero. Apparently the
signal of the upstream coupler is rather insensitive to the beam horizontal offset x,
and the downstream coupler to y. Both parts of the doublet, however, are related
to the same cavity’s electrical axis and should therefore be minimum at the same
beam position.

As a relatively wide range of [x, y] is covered at each cavity, a 2D-fit of the
signal can reveal the beam transverse position, [x0, y0], at which the signal has its
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minimum. According to Section 6.1.1 this point coincidences with the transverse
position of the cavity’s electrical center.

In order to deal with large amounts of experimental data with unequally filled
phase spaces for different couplers, a reliable fit algorithm was established. The
power of the signal is proportional to the square of its amplitude. A parabolic fit
to the signal power is equivalent to a linear fit to its amplitude. The implemented
algorithm fits a 2D-parabola of the form

f(x̃, ỹ) = Ax̃ (x̃− x̃0)2 + Aỹ (ỹ − ỹ0)2 (6.2)

to the power. The rotational transformation

x̃ = x cosφ+ y sinφ

ỹ = y cosφ− x sinφ

of the beam positions x and y takes into account, that the polarization axes of the
dipole doublet may vary from the machine transverse axes. The amplitudes Ax̃/ỹ,
offsets [x̃0, ỹ0], and the skew angle φ are fit parameters. The fit is done for each
coupler individually. A back-transformation [x̃0, ỹ0] → [x0, y0] provides the position
of the minimum in the reference frame. A weighted mean of the individual coupler
minima is then used to identify the transverse position of the cavity center.

Figure 6.9 shows a qualitative illustration of the measured HOM signal for each
coupler at the injector module at FLASH. The missing points at cavity three are
caused by momentary problems of the readout electronics. The fitted cavity centers
are highlighted in red. Note the unequal axes limits for the first four and the last
four cavities.

It was not possible to fill the [x, y]-phase space at the first cavities in a wider
range. The fact that the rising edge of the HOM signal in positive vertical direction
could not be reached in the first cavities clearly indicates a significant vertical mis-
alignment of the injector module with respect to the gun section. In addition, it was
not possible to switch off the third horizontal gun steerer, located 30 cm downstream
the upstream BPM and still get sufficient transmission through the module. This
points to a significant horizontal misalignment of the injector module in respect to
the gun section.
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Figure 6.9: Normalized amplitude of the HOM signal as measured at each coupler
at the injector module at FLASH as a function of beam offset x and y. The upper
left plot shows the upstream coupler of the first cavity, ’Cav: 1/u’, for example, and
the lower right plot the downstream coupler of the eighth cavity, ’Cav: 8/d’. The
dots are color-coded by the relative signal strength, giving a bright yellow point at
one and a dark blue point at zero. The red dots indicate the fitted cavity centers.
Note the unequal axes limits for cavities 1-4 and 5-8. The missing points at cavity
three are caused by momentary problems of the readout electronics.

Before the fit results are discussed quantitatively, the subject of reference axis
should be reviewed. As mentioned before, the used reference axis is defined by the
zero readings of the BPMs. Due to experimental constraints, the required down-
stream BPM available for HOM-measurements is located behind the last cavity, still
inside the accelerating module. Figure 6.10 illustrates the thereby arising difficul-
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Indistinguishable Misalignment Scenarios

Figure 6.10: Schematic drawing of the HOM based cavity misalignment measure-
ment setup as described in Figure 6.4. The drawing illustrates exemplarily four
module alignment scenarios (left) for the horizontal plane. The right hand side
shows the corresponding measurement result. The cavity offsets xcav and tilts x′

cav
are measured with respect to the axis which is defined by the upstream and down-
stream BPM (red line). The latter BPM is located inside the cryomodule. The
upper two and the lower two cases, respectively, are indistinguishable.

ties. Even if both offset and angle of each cavity would be measurable, it is not
possible to distinguish, for example, between a perfectly aligned module and a mod-
ule which is rotated around the upstream BPM. As the lower two examples point
out, the same is true for any setup rotated around the upstream BPM. Moreover,
the measurable offset of cavity n with respect to the design axis of the machine will
decrease linearly with n. Nevertheless a quantitative analysis of the cavity misalign-
ment measurement for the injector module at FLASH follows.

Figure 6.11 shows the transverse electrical cavity centers as obtained from two
data sets, taken on different dates (see measurement protocol in Appendix A for
details). The fit results in the reference frame are plotted as discussed above. The
upstream BPM was calibrated in the scope of the HOM measurements (see Ap-
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pendix B). The error of the downstream BPM is neglected. It is reasonable to
define the module axis by the individual cavity centers. A linear fit therefore reveals
the module axis with respect to the reference frame. The mid row shows the cavity
misalignment with respect to the module axis. The lower plot shows a histogram
of the residuals, combining both planes. A fit of a Gaussian distribution gives a
standard deviation of σcav = 240µm. This value agrees with the design tolerance of
the maximum cavity offset of ∆ucav = 500µm [34] and previous measurements of
the cavity misalignment in ACC4 and ACC5 [88].

The agreement between the two individual measurements is satisfactory. Com-
bining both measurements the fitted module axis can be described to have an offset
and tilt in respect to the gun section of:

[∆xmod,∆ymod] = [(−0.65 ± 0.21) mm, (0.03 ± 0.2) mm]

[∆x′
mod,∆y′

mod] = [(22 ± 12)µrad, (−229 ± 6)µrad]

Quantitative interpretation of these values is rather difficult. Results shown in Fig-
ures 6.9 must be taken into account as well as the above mentioned problems of
transmission through the module, when operating gun steerers below their max-
imum value. The fact that all horizontal steerers had to be running near their
maximum value suggests that the relatively small fitted values [∆xmod,∆x′

mod] are
underestimating the actual misalignment. See, for example, the second row in Figure
6.10 for an illustration. Additional source of error is provided by the downstream
BPM. Recall the insensitivity of measurable offset of downstream cavities caused
by the used reference axis. The fitted values of vertical offsets don’t reflect that
prediction. Considering the large errors of the upstream BPMs found in scope of
this measurement, a likely explanation is that the involved downstream BPM shows
significant error.

In order to undeniably determine the actual misalignment of the injector module
with respect to the gun section, additional measurement efforts have to be made.
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Figure 6.11: HOM-based cavity misalignment measurements for the horizontal (left)
and vertical (right) plane. The results of two independent measurement shifts are
plotted in red and blue, respectively. The upper plot shows the calculated cavity
center ucav (dots) and the deduced module axis (lines) with respect to the BPM
reference axis. The mid row illustrates the residual cavity offset ∆ucav with respect
to the calculated module axis. The histogram of the residuals of both planes in the
lower plot gives a fitted standard deviation of σcav = 240µm.
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6.2 Determination of Misalignments from Multi-
Bunch Data

In this section the deduction of misalignments from multi-bunch RF and BPM data
is considered. It will be shown that the numbers of degrees of freedom, the limited
amount of available data and the considered errors of the BPMs prevent reasonable
fitting of the cavity and module misalignments.

As outlined in Section 4, the model function describes the effect of transverse
misalignments of involved structures, such as cavities, BPMs and the module. An
algorithm was implemented, that allows simultaneous fitting of these parameters to
an arbitrary amount of experimental data sets. This allows to increase the amount
of experimental data, including the possibility that a certain set of RF and beam
input parameters is insensitive to a particular misalignment. See Figure 5.3 for an
example of variable sensitivities of different data sets.

Dedicated experiments at the injector module at FLASH are made to increase
the sensitivity of individual data sets to misalignments (the experimental setup is
described in Section 4). The detuning of individual cavities and their QL-value was
subsequently changed. This results in a distinct change of RF parameters. Addi-
tionally, the beam input trajectory was changed. A total amount of 28 data sets are
used for fitting. Each data set is averaged over 300 consecutive pulses. Despite the
variation of RF parameters it was not possible to change the sensitivity of the model
function with respect to misalignments of downstream cavities significantly. Apart
from this, the amount of fit parameters, thus degrees of freedom, is large compared
to the observable parameters.

The consequential under-determination and the limitation of the fitting algo-
rithm is evaluated. RF and beam input parameters from the above described data
sets are used as input of the model function. Random misalignments are created.
The output of the model function at the end of the module reflects a pseudo BPM
reading and is used as reference for the fitting routine. Thus, it can be tested if the
fit algorithm is able to identify the correct values of the misalignments.

In a first simplified example only cavity misalignments are studied. BPMs are
supposed to work accurately. A total set of 104 random misalignements according
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Figure 6.12: Rms error between the fitted and the simulated misalignments of 8
cavities in the injector module. 28 experimentally derived data sets were used.
No module misalignments or BPM errors were considered. The parameter range
of the misalignments is set accordingly to the design values ∆ucav = 0.5 mm and
∆u′

cav = 0.5 mrad.

to the specification limits of ∆ucav = 0.5 mm and ∆u′
cav = 0.5 mrad are evaluated.

The upper and lower bounds for the fitting routine are set to ∆ubound = ±0.5 mm
and ∆u′

bound = ±0.5 mrad, respectively.

The rms difference between the simulated misalignments and the fitted misalign-
ments is shown in Figure 6.12 exemplarily for the horizontal plane. The difference is
significant. Note that the rms value of a real number which is randomly distributed
between ±0.5 is about 0.3. It can therefore be concluded that based on the experi-
mental data available it is not possible to fit the misalignments of individual cavities
to a reasonable accuracy.

As a second step the prediction accuracy of the fitted module misalignment is
estimated. A total set of 104 random misalignements accordingly to the uncer-
tainties of ∆umod = 5 mm and ∆u′

mod = 0.5 mrad are evaluated. Analog to the
above mentioned simulation- and fit-procedure, the rms difference between the fit-
ted and the simulated misalignments is calculated. Cavity misalignments and BPM
errors are not considered. The rms error is found to be ∆umod,rms = 0.51 mm and
∆u′

mod,rms = 0.29 mrad.
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However, errors of the calibration factor δuBPM and the offset ∆uBPM of the in-
volved BPMs can not be neglected. The prediction accuracy of the fit algorithm
is expected to depend significantly on the accuracy of the BPMs. Its particular
value is estimated as follows. The misalignment of the module is fitted for differ-
ent bounds of the BPM error factor Σ. It incorporates the error of the calibration
factor and the offset of each BPM and will be defined such that Σ = n corresponds
to δuBPM = n · 30 % and ∆uBPM = n · 0.5 mm. For example, Σ = 1 reflects the
possibility that all involved BPMs have a maximum calibration error of ±30 % and
maximum offset error of ±0.5 mm. The ratio between these values is reasonable for
FLASH [96]. At each step Σi, the prediction accuracy of the fitted module misalign-
ment is estimated analog to the above described method and used for classification
of the upcoming fit.

Finally the unmodified recorded data sets are used for fitting. Fit parameters
are the misalignment of cavities, the misalignment of the module in respect to the
gun section and the calibration factors and offset errors of the BPMs. The boundary
values for the misalignments are set accordingly to the previously mentioned limits.
The boundary values for the BPM calibration and offset error are incrementally
increased accordingly to the previously described ratio Σ. At each step Σi, 500 dif-
ferent sets of randomly created starting points for the fit algorithm are created and
independently evaluated. Solutions with a chi-square goodness of χ2

i < 2 · χ2
best are

accounted.

The results are shown in Figure 6.13. The left hand side shows the fitted module
offset ∆umod in respect to the gun section as a function of the BPM error factor
Σ. The horizontal and vertical plane are plotted in blue and red, respectively. The
right hand side shows the fitted values for the module tilt angle ∆u′

mod. In the lower
row χ2

i is plotted for each solution. The initial χ2
0 is in the order of 105. The dashed

lines indicate the estimated prediction accuracy of the fit algorithm based on the
previously described simulations.

For perfectly calibrated BPMs, thus Σ = 0, the fitted offset spans a range of
about 2 mm, whereas the range of the fitted tilt angle is 800µrad. Note that the
longitudinal size of the module is 12 m. A tilt angle of 800µrad therefore corresponds
to an offset of about 5 mm on both ends in respect to the design axis of the acceler-
ator. The range of the fitted values is unreasonably large. Studies during the scope
of HOM-based cavity misalignment measurements (see Section 6.1) on the BPMs
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Figure 6.13: Fitted offset (left) and tilt angle (right) of the injector module at
FLASH for the horizontal (blue) and vertical (red) plane. The fit results (top) and
the corresponding χ2 (bottom) are plotted as a function of the BPM error factor Σ.
Σ includes the calibration factor δuBPM and the error of the offset value ∆uBPM in a
fixed ratio. Σ = n corresponds to both, δuBPM = n · 30 % and δuBPM = n · 0.5 mm.
The dashed lines indicate the prediction accuracy based on simulations.

located in the gun-section indicate that Σ > 5. It can therefore be concluded, that
the recorded data sets are not distinct and comprehensive enough to deal with the
large amount of degrees of freedom and the parameter limits of the regarded system.

If the module misalignment should be determined by multi-bunch-based mis-
alignment measurements, several tasks would have to be accomplished. At FLASH,
a quadrupole-triplet is located between the first and the second BPM downstream
from the injector module. The difference between the theoretical and actual transfer
matrix of this magnet is known to be significant [97]. If this problem is solved, both
downstream BPMs could be used for the analysis. This results in full phase space
information at the reference plane. In addition, dedicated studies on the calibration
of the involved BPMs have to be carried out. Errors of Σ > 1 are not acceptable for
accurate studies on the beam dynamics in the injector section.
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6.3 Intra-Bunch-Train Variations at FLASH

This section provides an evaluation of multi-bunch operation at FLASH. A total
amount of 19 user runs with 400 bunches, spanning two years of operation have
been systematically investigated. Although each machine setup is unique in its de-
tails, common features have been identified. Key aspects of the relation between
intra-bunch-train trajectory variations and RF parameters and their impact on the
SASE process are presented exemplarily on the basis of one set of data acquisition
system (DAQ) [85] data, taken at July, 29th 2015 (see measurement protocol in
Appendix A for details). All presented signals have been averaged over about 300
consecutive bunch-trains with 10 Hz repetition rate. The bunch spacing is 1µs.

The discussion begins with a qualitative investigation, the Model-Independent
Analysis, on the observed intra-bunch-train trajectory variation. Afterwards, spe-
cific trajectory patterns are studied quantitatively and related to its sources.

6.3.1 Model-Independent Analysis

Model-Independent Analysis (MIA) [98] is a powerful tool for finding an a priori
unknown correlation in large sets of data. It is used in the analysis of beam centroid
dynamics in accelerators [99, 100]. In this section the results of MIA of intra-bunch-
train trajectory variations are presented.

First, the numerical procedure will be explained. Let bk = [∆u1, ...,∆un]k be
the intra-bunch-train offset for n bunches as measured at BPM k = [1, ...,m], where
u stands for x or y. An m × n data matrix B is constructed from the individual
BPM readings. Singular value decomposition (SVD) [101] of B gives

B = ASV T . (6.3)

A is an m×m matrix, S is a rectangular m× n matrix with nonnegative elements
si along the upper diagonal in non-increasing order. V T is an n × n matrix. The
columns of A, ai, form an orthonormal basis of the rows of B so that uiuj = δij.
The rows of V T , vT

i , form an orthonormal basis of the columns of B. The si are
called singular values of B and one important result of the SVD of B is that

B(l) =
l∑

k=1
akskvT

k (6.4)
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is the closest rank-l matrix to B by means of minimizing the sum of differences of
the elements of B(l) and B. The square of each singular value is proportional to the
amount of variance of B which is expressed by the product aisivT

i .

The figurative sense of this result is that the SVD performs a coordinate system
transformation along axes, in whose direction the variance of the input matrix B

is maxima. The ai and vT
i can be considered as a spectral decomposition of B. If

the rows and columns of the input matrix B are constructed as described above,
the vT

i describe linear independent intra-bunch-train trajectory patterns that occur
throughout the accelerator. The ai, on the other hand, reflect the amplitude of these
patterns at different BPMs. The corresponding singular values si indicate the rel-
ative strength of the patterns in respect to the overall observed patterns at all BPMs.

It is important to note, that this spectral decomposition is not sensitive to rea-
sons of a specific pattern, but only on the linear independence of the individual
patterns itself. When dealing with singular value decomposition in data analysis
therefore the singular vectors often are a superposition of various physical sources.

Figures 6.14 and 6.15 show the absolute values of the first five ai and the cor-
responding vT

i . The results for the horizontal (blue) and vertical (red) plane are
plotted. The first row of Figure 6.15 illustrates that 95.5 % of the variance of the
horizontal and vertical intra-bunch-train trajectory variation at FLASH can be de-
scribed with a rather linear slope along the bunch-train. The first row of Figure
6.14 indicates that the amplitude of this pattern as it appears at different BPMs
rather increases along the accelerator. Note that the amplitude is not scaled to the
β-function and the beam energy as they vary along the machine.

The subsequent singular vectors are of minor importance in explaining the intra-
bunch-train trajectory variation. Nevertheless, clear patterns can be identified. For
example, the fourth pattern in the vertical plain shows a modulation at about 40 kHz,
which has a strong amplitude in the gun section and which decreases significantly
after acceleration. A likely explanation of this result is that this trajectory pattern
is generated in the gun. Whereas, on the other hand, the third pattern of the
horizontal plane with a distinct modulation frequency of about 10 kHz suggests that
it is caused by various sources along the machine. The following quantitative analysis
of intra-bunch-train trajectory variations relates the different trajectory patterns to
their sources and investigates additionally on the frequency domain.
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Figure 6.14: Absolute values of the elements of the first five ai (from top to bottom)
for the horizontal (blue) and vertical (red) plane as a function of the position s of the
corresponding BPM. In a figurative sense, the height of the bars reveal the relative
amplitude a of the corresponding trajectory mode shown on the right hand side of
this page for each BPM. Together they describe σi = (σi,x +σi,y)/2 of the measured
intra-bunch-train trajectory variance.
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the vT

i reflect the intra-bunch-train trajectory ∆u, decomposed in its fundamental
modes. Each mode appears at different BPMs with an amplitude shown in the
corresponding plot on the left hand side of this page. Together they describe σi =
(σi,x + σi,y)/2 of the measured intra-bunch-train trajectory variance.
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6.3.2 Trajectory Variations Originating in the RF Gun

Recall the fourth singular value and the corresponding BPM- and intra-bunch-train
trajectory pattern of Figures 6.14 and 6.15, respectively, for the vertical plane. A
modulation of the trajectory pattern can be identified, clearly distinguishable from
the background. The corresponding BPM pattern shows that the amplitude of this
trajectory pattern has its maximum in the gun section and decreases after accelera-
tion. This development is characteristic for a pattern which has its origin in the gun.

Figure 6.16 shows the intra-bunch-train charge variation in time- and frequency
domain. The measurement includes five different toroid-based charge detectors from
different sections of the machine. The mean charge of the bunch-train was subtracted
from each toroid signal individually. The relative agreement between the different
toroids from the gun up to the beam dump section indicates that beam losses, if
any, are homogeneous within the bunch-train. A distinct intra-bunch-train charge
modulation is apparent. Note that the plotted signals are averaged over approxi-
mately 300 consecutive bunch-trains.

Figure 6.17 shows the intra-bunch-train trajectory measured at the first three
BPMs at FLASH. BPM1GUN and BPM3GUN are located upstream from the injec-
tor module in the gun section and BPM9ACC1 is located downstream the injector
module, thus after acceleration from 5 MeV to 150 MeV. The intra-bunch-train
charge pattern and the intra-bunch-train trajectory pattern in the gun section show
considerable similarities. Note that there is a drift space between BPM1GUN and
BPM3GUN, thus information of the entire phase-space can be obtained.

Possible explanations of the observed charge- and trajectory modulation are
spatial- or intensity variations of the UV-laser on the photocathode. FLASH is
equipped with two alternative laser-systems. Laser-2 is known for showing intra-
bunch-train intensity modulations at frequencies around 40 kHz [102, 103]. The
reason for this modulation remains unknown and is under further investigation [104].

A sensitivity of the beam trajectory in the gun section on the bunch charge, es-
pecially in the vertical plane, has been observed at FLASH [105] and at PITZ [106].
The exact reason is still under investigation. Back-tracking of experimental data
from PITZ indicates that the charge-dependent kick is created at the position of
the power input coupler of the gun RF cavity. Thus far, the most reasonable expla-
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Figure 6.16: Intra-bunch-train charge measurement at FLASH. The relative signals
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Figure 6.17: Intra-bunch-train trajectory variation for the horizontal (∆x, top)
and vertical (∆y, bottom) plane at three BPMs at FLASH. BPM1GUN (left) and
BPM3GUN (mid) are located between the gun and the first accelerating module.
BPM9ACC1 (right) is located directly downstream the module. The mean offset is
subtracted. Significant trajectory variations in the vertical plane are created in the
gun.
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nation are space-charge effects in combination with a misalignment of the solenoid
magnet. In combination with the strong local dependence of the coupler kick, it
could qualitatively explain the observations. Regarding the described intra-bunch-
train measurements at FLASH, however, the observed charge variation is one order
of magnitude too low in order to explain the observed trajectory variation [106].

A spatial variation of the laser on the photocathode, however, explains quali-
tatively the measurement results, both the trajectory and the charge variation and
their correlation. Mechanical vibrations of several 10 kHz in the involved optical
components are possible. Spatially resolved measurements of the quantum efficiency
(QE) [107] of the photocathode in the corresponding time frame [108] clearly show a
local dependent QE-map. A variation of the laser position in respect to the cathode
will therefore result in a charge variation. Comparison to another QE map which was
recorded two months later [109] shows a slightly different local dependency, which
is expected due to abrasion. The particular dependency of the beam trajectory on
the laser position was not measured in the corresponding time frame and for the
particular solenoid current. It is therefore not possible to reconstruct the impact of
a change in the laser position on the trajectory and beam charge quantitatively for
the analyzed user run. Further investigation on this issue will be made [104].

6.3.3 Slow Intra-Bunch-Train RF Variations

Figure 6.17 shows that the notable trajectory variation at about 40 kHz apparent
in the gun section in the vertical plane decreases significantly after the accelerating
module. The phase advance between the BPMs in the gun section and BPM9ACC1
is about 225 ◦. It is therefore unlikely that the observed decrease of the betatron
amplitude can be explained by the insensitivity of the downstream BPM. It can be
concluded from Figures 6.14 and 6.17, that adiabatic damping smooths out most
of the intra-bunch-train trajectory variations created in the gun. This result is ex-
pected. The significant trajectory variation downstream the injector module must
therefore have its origin in the module itself.

The left hand side of Figure 6.18 shows the intra-bunch-train variation of the
amplitude of the accelerating field ∆V0 for individual cavities in the injector mod-
ule. The mean amplitude is 19.5 MV/m. In addition to the slow variation, small RF
modulations with higher frequencies are noticeable. The intra-bunch-train variation
of the accelerating fields of cavities located in other modules show similar patterns.
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Figure 6.18: Measured intra-bunch-train variation of the amplitude ∆V0 of the ac-
celerating field at FLASH. The left plot shows the amplitude variation as a function
of bunch index for eight cavities located in the injector module. The right plot shows
a histogram of the maximum intra-bunch-train amplitude variation of all 56 cavities
at FLASH. The rms value is 245 kV/m.

The amplitude variation of several 100 kV/m within on bunch-train is typical at
FLASH, as can be seen in the histogram on the right hand side of Figure 6.18.
The rms value of the intra-bunch-train amplitude variation is 245 kV/m. The mean
amplitude of all 56 cavities is 17.5 MV/m, providing a final beam energy of 960 MeV.

As described in Section 2, the slow variation of the accelerating field is consid-
ered to be dominated by the consequences resulting from Lorentz force detuning
and beam loading. The beam current is about 260µA. The detuning of individual
cavities can be measured indirectly by the ratio of the forward and reflected wave.
The limited directivity of the bi-directional coupler induces cross-coupling between
the cavity forward and reflected signals. This has an negative impact on the resolu-
tion of the detuning computation. There are techniques [86] to cross-calibrate the
forward and reflected signals, hence improving the precision of the detuning compu-
tation. However, this cross-calibration is not yet routinely performed at FLASH. A
mean cavity detuning of 100 Hz during beam duration is reasonable for ACC1 and
the actual mean accelerating gradient of the cavities (see Figure 2.9 or Ref. [60]).

Simulations for ACC1 using a cavity simulator [56] are performed. The varia-
tion of the amplitude of the accelerating field within one bunch-train is calculated
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and averaged over all cavities. If only Lorentz force detuning of maximal 100 Hz is
considered, the mean variation is 65 kV/m. If only beam loading is considered, the
mean variation is 16 kV/m. Considering both effects, the calculated mean variation
is 52 kV/m. The value is lower due to the fact, that both effects counteract each
other for one particular cavity (see Figures 2.7 and 2.10). Both effects are appre-
ciable in determining the slow variation of the accelerating field. However, Lorentz
force detuning can be considered to be the dominating source.

It is worth noting that the particular amplitude and shape of the slow RF vari-
ation critically depends on the interaction of the LLRF parameters and the coarse
tuning of all cavities within one RF station and can not be described generally at
FLASH. In order to give a demonstration of this effect, RF data taken at five differ-
ent user runs within one week of machine operation is compared. Beam current and
the vector sum set point of the injector module differ by less than 1 h within the
data sets. However, the amount of intra-bunch-train amplitude variation of the ac-
celerating field of the first cavity of the injector module, for example, varies between
200 kV/m and 400 kV/m. The amplitude variation of the second cavity ranges from
70-210 kV/m. The variability is reproduced using the cavity simulator and changing
the coarse tuning of individual cavities by several 10 Hz.

Small temperature drifts of the cavities are considered to dominate this variabil-
ity, since the coarse tuning of individual cavities is not adjusted frequently during
ordinary machine operation. However, the rms value of intra-bunch-train amplitude
variation of about 200-300 kV/m at FLASH as illustrated on the right hand side in
Figure 6.18 is found throughout the data sets.

6.3.4 Slow Intra-Bunch-Train Trajectory Variations

It is expected that the intra-bunch-train trajectory variation is dominated by the
previously described RF variations. The RF modulation pattern apparent in Figure
6.18 will be mapped in some way on the trajectories, depending on the particular
misalignments of the accelerating structures.

As a first step, the slow variation of the intra-bunch-train trajectory is studied
(see first singular vector in Figure 6.15). In order to quantify the slow trajectory vari-
ation ∆û, dominating frequencies below 10 kHz are isolated at each BPM. The range
∆ûmax = max(∆û) − min(∆û) is used as a measure of the amplitude of slow trajec-
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Figure 6.19: Amplitude of intra-bunch-train trajectory variation with frequencies
below 10 kHz, ∆ûmax (mid row), and the corresponding coefficient of determination
R2 (top row) for the horizontal (blue) and vertical (red) plane at each BPM.

tory variation. The coefficient of determination R2 = 1 − var(∆u − ∆û)/var(∆u)
indicates the amount of trajectory variation which is expressed by the slow variation.
For example, R2 = 0.9 reveals that 90 % of the apparent variance is covered by the
low frequency signal.

Figure 6.19 shows the results. The range ∆ûmax for the horizontal and vertical
plane and the corresponding R2 value are plotted for each BPM. A subsequent in-
crease of the amplitude along the accelerating sections is noticeable. It is interpreted
as a clear indication that the trajectory variations induced by the accelerating struc-
tures exceed the reducing effect of adiabatic damping (see also Figure 2.12). At a
certain amount of misalignments and slope of the accelerating field, the induced
trajectory variation of a cavity is larger than the reduction of the initial trajectory
variation. More involved accelerating modules will therefore result in larger intra-
bunch-train trajectory variations.

The large R2 at most BPMs indicates that the low frequency signal covers most of
the intra-bunch-train trajectory variation. This confirms the previous considerations
regarding the dominant singular vector of Figure 6.15. However, Figures 6.17 and
6.18 clearly indicate that variations at high modulation frequencies are apparent
within the bunch-train, both on the trajectory and on the RF signals.
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6.3.5 Fast Intra-Bunch-Train RF Variations

In order to analyze small modulations of the RF signals, dominating frequencies
below 10 kHz are removed from each cavity. Figure 6.20 shows the remaining intra-
bunch-train variation of the amplitudes of the accelerating field of eight cavities of
the injector module at FLASH. The time and frequency domain is plotted.

The cavities share similar features. In time domain, a voltage drop can be iden-
tified both at the beginning and at the end of the beam duration. In addition, the
accelerating field shows different well defined modulation frequencies for different
cavities. The different intra-bunch-train RF variation patterns are discussed subse-
quently and related to its sources. The discussion can be applied similarly to every
cavity and RF station at FLASH.

Beam-Loading Compensation: The voltage drop at the beginning of the bunch-
train is caused by the low-level RF (LLRF) beam loading compensation [54]. The
klystron has limited power and the bandwidth of the cavities is finite. An instanta-
neous increase of beam loading can not be compensated immediately. An adaptive
feed forward algorithm [50] prevents an overshoot of the accelerating field after beam
duration. The voltage drop at the end of the bunch-train is therefore caused by the
same mechanism.

The possibility of RF modulations caused by intra-bunch-train charge variations
(see Figure 6.16) is considered. The beam induced voltage drop Vb of a single bunch
with charge qb passing a TESLA cavity can be approximated as [110]

Vb = −
(
R

Q0

)
· π · f0 · qb ≈ 4.2 kV

nC , (6.5)

where R/Q0 is the shunt impedance and f0 the resonance frequency. A charge
fluctuation of ∆qb ≈ 3 pC as apparent in the measurements would therefore explain
a voltage modulation of about 10 V. The observed oscillations of the accelerating
field are in the order of several kV/m and can therefore not be explained by a
beam-driven voltage drop.

Fundamental Modes: In addition to the LLRF-induced and therefore common
features, the amplitudes of the accelerating field of individual cavities show modu-
lations with distinct frequencies, which differ from cavity to cavity.
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Figure 6.20: Fast intra-bunch-train variation of the amplitude ∆V0 of the acceler-
ating field in time (left) and in frequency domain (right). Dominating frequencies
below 10 kHz are removed. The signals of eight cavities located in the injector
module at FLASH are plotted.

Higher order modes are damped efficiently and are not expected to be seen in
this magnitude at the field-probe signal. However, related to the 9-cell-geometry,
the TESLA cavity supports nine different fundamental TM010 modes, with electri-
cal field vectors parallel to the cavity axis [34]. They are called n

9π-modes where
n = 1...9. The π-mode is used for acceleration and has a frequency of fπ = 1.3 GHz.
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The excitation of other fundamental modes is discussed in the following. A schematic
drawing of the electric field vectors of fundamental modes is shown in Figure 6.21.

The resonance frequency of the 8
9π-mode for TESLA cavities was measured as

f8/9π = fπ − (785 ± 51) kHz [111]. The sampling frequency of the DAQ data is
identical with the bunch repetition rate of 1 MHz. As a consequence, the Nyquist-
frequency [112] is 500 kHz and the 8

9π-mode appears at an alias frequency of 225 kHz
in the recorded data. The amplitude spectrum of cavity two in Figure 6.20 shows
a distinct peak around that frequency. The amplitude spectrum of cavity four, on
the other hand, shows no clear peak. However, excitation in this frequency range
is observed with different magnitude at several cavities throughout the accelerating
modules at FLASH.

The resonance frequency of the 7
9π-mode for TESLA cavities was measured as

f7/9π = fπ − (3053 ± 94) kHz [111]. The frequency spectra of the amplitude of the
accelerating field show distinct peaks around the corresponding alias frequency of
53 kHz (see, for example, cavity two, four and six in Figure 6.20). The frequency of
the 7

9π-mode for each cavity in the injector module at FLASH was measured with
a 9 MHz-sampling rate [113]. Comparison between the alias frequency of the mode
and the identified peak in the frequency spectrum of the amplitude of the acceler-
ating field is shown in Table 6.1.

The agreement is decent. It is reasonable to assume that the observed oscillations
of the amplitude of the accelerating field relate to 7

9π-modes. Analysis of the cavity
signals in single-bunch operation and without beam shows the same frequency peaks.
The amplitudes of these oscillations decrease slowly during the RF flattop with a

Frequencies of 7
9π-modes in the Injector Module

cavity 1 2 3 4 5 6 7 8
∆f 7

9 π 3095 3050 3002 2974 2992 2995 3078 3006
falias 95 50 2 26 8 5 78 6
f0 85 ± 6 39 ± 6 n.a. 33 ± 6 16 ± 6 13 ± 6 68 ± 6 n.a.

Table 6.1: Frequencies of the 7
9π-mode of eight cavities in the injector module at

FLASH. The difference of the frequency in respect to the π-mode, ∆f 7
9 π [113], its

alias-frequency at a sampling rate of 1 MHz, falias , and the identified frequency
peaks in the DAQ-data during a user run, f0, each in kHz are shown.
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Fundamental Modes in a TESLA cavity

Figure 6.21: Schematic drawing of the electric field of fundamental modes of the
TESLA cavity [111]. The π-mode is used for acceleration.

maximum peak-to-peak value of about 2 kV/m. This result clearly indicates the
excitations to be driven by external fields and not by the electron beam.

A reasonable explanation for the excitation is the rectangular step function ap-
plied on the klystron power while transitioning from filling the cavity to the flattop
operation. This kind of modulation contains a wide band of frequencies, including
the frequencies of the 7

9π-modes. One possibility to limit the excitation of these
modes would be a “smooth” transition. Another solution would be to develop a
transition signal in which the concerned frequencies are removed.

The alias frequencies of other fundamental modes and the corresponding coupling
factors [111] impede their observation in the analyzed data.
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6.3.6 Fast Intra-Bunch-Train Trajectory Variations

As the singular value decomposition illustrated (see Figure 6.15), trajectory varia-
tions with higher oscillation frequency are noticeable throughout the machine. In
order to study these fast intra-bunch-train trajectory variations, slow trajectory
variations with dominating frequencies below 10 kHz are isolated and removed from
each BPM signal. The frequency domain of the remaining trajectory variation is an-
alyzed using a discrete Fourier transformation. The amplitude spectrum, averaged
over all BPMs, is plotted in Figure 6.22 for both transverse planes. The resolution
is limited by the beam duration. However, several features can be identified.

Frequencies above 350 kHz can be considered to be dominated by bunch-to-bunch
fluctuations (noise). Several peaks between 10 kHz and 100 kHz are apparent in both
planes. In addition, a broad band with frequencies around 220 kHz is distinguishable
from the background.

Apart from the intra-bunch-train trajectory patterns originated in the RF gun
(compare frequency domain in Figure 6.16), three possible explanations can be taken
into account. Intra-bunch-train wakefields could cause trajectory variations at these
time scales. However, calculations on long-range wakefields [89] indicate that their
amplitudes are too low in order to give a reasonable explanation for the observed
trajectory variation. The possibility that BPMs throughout the accelerator map
artifacts of their readout electronics onto the recorded signal can not be excluded.
Therefore different BPM signals are compared in detail. The type of the BPMs and
the built-in components are given particular attention. No reasonable correlations
are found.

Finally, it must be concluded that the previously described excitations of the
accelerating fields are most likely the dominant source of fast intra-bunch-train tra-
jectory variations between 10 kHz and 350 kHz.

As described, the alias frequencies of the 8
9π-mode are (225±51) kHz. The mode

is not expected to couple onto the beam, since its integrated field vectors cancel
within one accelerating module. However, the frequency spectrum of the intra-
bunch-train trajectory variation in Figure 6.22 indicates, that frequencies related
to the 8

9π-modes are apparent in the trajectory pattern. One explanation for this
discrepancy is the misalignment of cavities which prevent the canceling. Another
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Frequencies of Fast Intra-Bunch-Train Trajectory Variations
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Figure 6.22: Fast intra-bunch-train trajectory variations for the horizontal (blue)
and vertical plane (red) in frequency domain. The plots show the mean amplitude
spectrum of all BPMs. Several features are distinguishable in both planes, as for
example several peaks between 10 kHz and 100 kHz, and a band around 220 kHz.

possibility could be an unequal excitation of the mode throughout the cavities, as
supported by the frequency spectrum of the accelerating fields shown in Figure 6.20.

The frequencies of the 7
9π-modes of different cavities shown in Table 6.1 are be-

tween 2 kHz and 95 kHz. The frequency peaks below 100 kHz apparent on the mean
amplitude spectrum of the intra-bunch-train trajectory variation in Figure 6.22 can
therefore be explained by taking several accelerating modules into account. How-
ever, frequencies below 10 kHz can be considered to be dominated by Lorentz-force
detuning (LFD). Its effect is seen similarly on all cavity signals and therefore exceeds
the impact of individual 7

9π-modes. The fast leaps of the RF fields at the beginning
and the end of the bunch-train, which are caused by the beam loading compensation
(BLC), induce trajectory variations with frequencies between 10 kHz and 80 kHz.

A quantitative comparison of the fast intra-bunch-train trajectory variations fol-
lows. At first, frequencies below 10 kHz are isolated and removed from the signal.
The remaining trajectory variation is filtered in frequency domain, according to the
previously described frequency bands. In order to distinguish between the transient
effect created by BLC and other effects, the remaining signal is split in time do-
main. Thus, if BLC is considered, only the first ten and last ten bunches are used
for calculation, whereas bunches ten to 390 are taken into account for calculations
regarding other effects (see time domain in Figure 6.20).
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The rms intra-bunch-train offset variation ∆urms is plotted for each BPM and each
frequency band in Figure 6.23. Note that the trajectory variations originated in
the gun as described in Section 6.3.2 appear in the first two bands (see frequency
domain in Figure 6.16). The rms offset variation, averaged over all BPMs in the
undulator section for each band can be found in Table 6.2 for the horizontal and
vertical plane, ∆xrms and ∆yrms, respectively. In addition, the corresponding mean
peak-to-peak variation ∆xPP and ∆yPP is calculated.

The results in Table 6.2 confirm quantitatively the previous considerations. The
intra-bunch-train trajectory variation in the undulator section is dominated by a
slow variation. It is related to the slopes of the accelerating fields of individual
cavities and caused primarily by the effect of Lorentz force detuning. The effect of
beam loading compensation and the excitation of 7

9π-modes are both considerable.
8
9π-modes are a minor concern in determining trajectory variations. A detailed
discussion on the impact of trajectory variations on the intra-bunch-train SASE
performance can be found in Section 6.3.8.

Intra-Bunch-Train Trajectory Variations in the Undulator Section

∆xrms [ µm] ∆yrms [ µm] ∆xPP [ µm] ∆yPP [ µm]

Original Signal 62 33.2 229 137

0-10kHz (LFD) 60.8 32 204 115
10-80kHz (BLC) 9.5 7.4 28 21.2

10-100kHz (7
9π) 5.1 4.1 23.5 18.3

150-250kHz (8
9π) 2 2.1 11.4 11.2

350-500kHz (noise) 3.3 3 n.a. n.a.

Table 6.2: Contribution to the mean rms offset variation in the undulator section
at FLASH for the horizontal and vertical plane, ∆xrms and ∆yrms, respectively, and
the corresponding mean peak-to-peak variation, ∆xPP and ∆yPP, each averaged
over all BPMs in the undulator section. Different frequency bands are filtered (from
top to bottom): frequencies below 10 kHz are related to Lorentz-force detuning
(LFD), frequencies from 10-80 kHz are related to beam loading compensation (BLC),
10-100 kHz to 7

9π-modes, 150-250 kHz to 8
9π-modes, and frequencies above 350 kHz

are related to bunch-to-bunch noise. Regarding BLC only the edges of the bunch-
train are considered, whereas the edges are excluded for other frequency bands.
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Amplitudes of Intra-Bunch-Train Trajectory Variations
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Figure 6.23: Rms values of the intra-bunch-train offset variation ∆urms for the hor-
izontal (blue) and vertical (red) plane at each BPM at FLASH. Different frequency
bands are filtered (from top to bottom): frequencies below 10 kHz are related to
Lorentz-force detuning (LFD), frequencies between 10 kHz and 80 kHz are related
to beam loading compensation (BLC), 10-100 kHz to 7

9π-modes, 150-250 kHz to 8
9π-

modes, and frequencies above 350 kHz are related to bunch-to-bunch noise. Regard-
ing BLC only the edges of the bunch-train are considered, whereas the edges are
excluded for other frequency bands.
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6.3.7 Intra-Bunch-Train Energy Variation

In this section the energy1 variation within one bunch-train is studied. The mean
energy is E = 960 MeV. The relative intra-bunch-train energy variation is plotted in
Figure 6.24 in the upper left graph. The linear slope within the bunch-train is most
likely caused by poorly adjusted vector sum control parameters. A linear fit (dashed
line) is subtracted. The remaining signal is plotted in the lower left frame. The rms
value of the remaining energy variation is δErms = 0.4 h, with a peak-to-peak value
of about 2 h. It meets the specification for the intra-bunch-train energy varia-
tion of δErms < 2 h at FLASH. The frequency spectrum of the remaining energy
variation is plotted in the right frame. Dominating frequencies occur at several kHz.

The most likely reason for the intra-bunch-train energy variation are fundamen-
tal, thus longitudinal modes in the accelerating cavities. The frequency spectrum
of the energy variation suggest 7

9π-modes to be the dominating source. As pointed
out in Figure 6.20, their amplitudes are in the order of kV/m. The mean ampli-
tude of the accelerating field is several 10 MV/m. The amplitudes of the 7

9π-modes
are therefore ten times too low in order to explain the measured energy variation
directly. However, the machine operation needed for the bunch compression can
amplify energy modulations which are generated in the injector module by a factor
of 10. A rough estimation will illustrate the effect.

The mean accelerating field in the cavities of the injector module is about
20 MV/m. Its maximum peak-to-peak modulation due to 7

9π-modes is about 2 kV/m,
resulting in a relative intra-bunch-train energy variation of 10−4 after passing the
module. This energy variation leads to different path lengths for individual bunches
in the first magnetic chicane. The expected time-of-flight-difference downstream
the first bunch compressor is 0.07 ps. The signal of the beam arrival time monitor
downstream the first chicane shows a variation at frequencies related to 7

9π-modes.
Their amplitude is about 0.02 ps. The lower value is reasonable, since not all cavities
show equally strong amplitudes of the 7

9π-modes and their excitation is not coherent.

For the purpose of further compression in the second chicane, the second and
third accelerating module (ACC2/3) are operated off-crest at about 20 ◦. An arrival
time modulation will therefore result in a significant modulation of the experienced
accelerating field. Operating at 1.3 GHz, a time variation of 0.02 ps corresponds to

1as measured with BPMs in a magnetic chicane and recorded in the energy server.
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Figure 6.24: Relative energy variation δE within 400 bunches, measured with the
energy server during a user run at FLASH. The upper left plot shows the original
data. The linear slope (dashed line) is subtracted in the lower left plot. The right
plot shows the frequency spectrum of the remaining signal. The mean energy is
E0 = 960 MeV. Note that an average over 300 consecutive bunch-trains is shown.

a phase variation of about 1 ◦. Assuming an energy gain of 300 MeV in ACC2/3, the
arrival time modulation will result in an energy modulation of about 1 MeV, which
is comparable to the measured energy variation. It can therefore be concluded that
the dominant source of intra-bunch-train energy variation is related to the excitation
of 7

9π-modes in the cavities of the injector module.

The specification for the intra-bunch-train energy variation at XFEL is δERMS <

0.1 h. The previously described amplification process of an energy variation cre-
ated in the injector module is comparable. Assuming a peak-to-peak variation of
∆Epp = 1 MeV after the first accelerating modules, the relative energy variation at
a final energy of Ef = 17.5 GeV is δEf = 0.06 h. Based on the measurements at
FLASH, the energy stability within one bunch-train at XFEL should therefore meet
the requirements.

6.3.8 Intra-Bunch-Train SASE Performance

At FLASH the absolute number of photons is measured with two gas monitor detec-
tors (GMD) [65, 66]. The system is able to detect single photon pulses and resolves
the transverse position of the pulse. The calibration of the GMD is difficult und
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absolute values are less reliable, especially when comparing different machine setups
with different radiation wavelengths. However, when relative variations within one
bunch-train are concerned the GMD is a reliable source of information.

Figure 6.25 shows the relative variation of the radiation energy within one bunch-
train, ∆Φ, as recorded at the tunnel-GMD during user runs with 400 bunches be-
tween August 2015 and November 2016. The colored dots represent data available
in the DAQ-system, the black crosses correspond to evaluated logbook [114] entries.

In the left graph, ∆Φ is plotted as a function of the beam energy E. The right
hand side of Figure 6.25 relates the radiation energy variation to the correspond-
ing horizontal intra-bunch-train offset variation at the entrance of the undulator.
Note the implicit relation of both graphs, which reveals that the intra-bunch-train
trajectory variation generally increases with higher beam energy. This could be a
coincidence due to the relative low number of analyzed user runs. If, on the other
hand, it reflects a general aspect at FLASH, it confirms qualitatively the previous
considerations of Section 6.3.4.

The amount of intra-bunch-train radiation energy variation is significant through-
out the evaluated data. The lowest value, ∆Φ = 14 %, is reached for E = 500 MeV,
while the mean variation at beam energies around 690 MeV is ∆Φ = 48 %. At
beam energies above 950 MeV the radiation energy varies by more than 80 % within
one bunch-train. From FEL theory it is expected that the sensitivity of the SASE
process to small variations of beam parameters, for example the peak current or
the initial beam trajectory offset, increases with higher beam energy. Additionally,
the saturation length is reached later in the undulator. The observed increase of
the variability of the intra-bunch-train radiation energy with higher beam energy is
therefore expected.

A qualitative analysis on the intra-bunch-train radiation properties on the basis
of the previously described data set is presented, followed by a quantitative com-
parison with simulations. In the scope of this work the only source of information is
the GMD, thus the energy of the photon pulse. The spectral property of the photon
pulse can not be accessed directly. However, statistical properties of the measured
energy can be used for further analysis. In the exponential gain regime, the distri-
bution of the pulse-to-pulse fluctuation of the radiation energy Φ is described by the
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Figure 6.25: Analysis of the intra-bunch-train variation of the radiation energy, ∆Φ,
recorded at FLASH during user runs with 400 bunches. The right plot shows ∆Φ
as a function of the horizontal intra-bunch-train offset variation ∆xund, measured at
the entrance of the undulator section. In the left graph, ∆Φ is plotted as a function
of beam energy E. The colored dots represent data available in the DAQ-system,
the black crosses correspond to logbook entries.

gamma probability density function [7]

pM(Φ) = MM

Γ(M)

(
Φ

〈Φ〉

)M−1

· exp
(

−M Φ
〈Φ〉

)
(6.6)

where Γ(M) is the gamma function with argument M . The parameter M can be
interpreted as the average number of modes in the radiation pulse. When satura-
tion is reached, all excited modes reach a plateau and thus the energy variation of
the FEL pulse will be reduced [6]. The underlying linear theory, hence the gamma
function describing the distribution, is no longer applicable.

In the saturation regime, the energy variation is no longer dominated by the
shot noise fluctuations, but rather by the shot-to-shot fluctuations in the saturation
length. Many machine parameters are involved. It is reasonable to assume that
the multiple noise sources are uncorrelated and the resulting energy fluctuation is
reflected in a Gaussian distribution:

p(Φ) = A · exp
(Φ − 〈Φ〉

σΦ

)2
 (6.7)
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This result can be used for a discussion on the intra-bunch-train saturation qualities
of the FEL radiation. The radiation energy profile of 104 subsequent bunch-trains
(about 30 min), each containing 400 bunches, is evaluated as follows. The probabil-
ity distribution of the radiation energy of each bunch is analyzed. A fit of both, a
gamma and a gaussian distribution function is applied to each energy distribution.
The remaining variance between the data and the fitted gaussian- and gamma func-
tion, respectively, is compared and used as an indicator for saturation.

The results are shown in Figure 6.26. The mean radiation energy Φ as a function
of the bunch index is plotted in the top row. The dotted lines indicate the standard
deviation considering all bunch-trains. The energy variation within one bunch-train
is about 80 % and repetitive. The lower row shows the energy distribution of the
highlighted bunches with index 20 and 320 and the corresponding fitted gaussian
distributions (red) and a gamma probability density functions (blue). The mid row
shows the remaining χ2 between the data and the two model functions. It is possible
that the measurement is influenced by the lack of adequate data filtering, for exam-
ple by small fluctuations of the beam charge or trajectory variations. The standard
deviation of the radiation energy is relatively large and shows no major dependency
along the bunch-train.

However, the distribution of the energy variation of the first 40 bunches is well
described by the gamma probability density function. Together with the significant
drop in overall radiation energy at the beginning of the bunch-train this result sug-
gests that saturation is not reached. The energy distribution of the last 200 bunches,
on the other hand, is well described by a Gaussian distribution. The energy vari-
ation of about 50 % within the second half of the bunch-train is not reflected in a
different energy distribution. A possible explanation for these results is that the
latter variation is not related to a lack of saturation.

A quantitative discussion on the intra-bunch-train variation of the radiation en-
ergy follows. Before its variability within the bunch-train is related to trajectory
variations, other effects are considered. As described in Section 6.3.2, the charge can
be assumed to be known throughout the machine. Its variation within one bunch-
train is about 1 % and is not a reasonable explanation of the observed radiation
variability. However, the SASE process critically depends on the peak current of
the electron bunch. Due to saturation effects, the bunch compression monitor at
FLASH is not able to resolve the compression on a bunch-to-bunch scale at 1 MHz
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Figure 6.26: Analysis of the fluctuation of the radiation energy Φ. The upper plot
shows the mean energy of 104 bunch-trains Φ (solid line) and its standard deviation
(dotted line) as a function of bunch index. The lower plot shows the number of
samples for each energy for the highlighted bunches with index 20 and 320. A
Gaussian- (red, cf. Equation (6.7)) and a gamma-distribution function (blue, cf.
Equation (6.6)) is fitted to the energy distribution of each bunch. The remaining
χ2 between the data and the two model functions if plotted in the mid row.

bunch repetition rate. The intra-bunch-train variation of the peak current remains
unknown. Furthermore, in contrast to XFEL it is not possible to measure the emit-
tance of single bunches within one bunch-train.

Based on the Ming-Xie model [115], a rough estimation is made. The nominal
values for the beam line at FLASH (see Table 1.1) are assumed for the calculation
and: beam energy 960 MeV, charge 260 pC, single-bunch emittance 1.4 mm mrad
and a peak current of 1.5 kA. The calculated radiation energy per bunch is 218µJ.
Changing the peak current to 2.2 kA corresponds to a radiation energy of Φ = 263µJ,
thus an increase of 21 %. Changing the emittance to 1 mm mrad, on the other hand,
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leads to very similar values for the radiation energy. Increasing the peak current
and decreasing the emittance simultaneously gives Φ = 296µJ, which is an increase
of 36 %. All of the used values have been measured at FLASH during ordinary
machine operation and reflect reasonable limits for the regarded measurement.

However, the observed intra-bunch-train variation of the radiation energy of more
than 80 % is unlikely to be explainable by a variation of the emittance and the peak
current within the bunch-train. In the unlikely case that both vary about 40 %,
the estimated variation of the radiation energy would be less than 40 %. A more
reasonable explanation for the observed intra-bunch-train variation of the radiation
energy is the intra-bunch-train trajectory variation of several 100µm, as will be
demonstrated in the following.

Different user runs with similar beam parameters and comparable machine se-
tups are identified. Six data sets with mean beam energy of about 965 MeV, which
corresponds to a radiation wavelength of 6.5 nm, and four sets of data with a beam
energy of about 680 MeV (13.5 nm) are analyzed. For each user run, the bunch with
the highest radiation energy is found. Its radiation energy and trajectory are set to
be the reference. The deviation of the radiation energy of other bunches is related
to the deviation of their horizontal offset at the entrance of the undulator in respect
to the reference bunch.

Time dependent GENESIS [116] simulations based on the recorded machine and
beam parameters are performed. Only trajectory variations are considered. Emit-
tance and peak current, for example, are assumed to be constant throughout the
simulations. The total amount of radiation energy at the exit of the undulator is cal-
culated for different horizontal beam offsets at the entrance of the undulator section.

Comparison between the experimental data and the simulations is shown in Fig-
ure 6.27. At a beam energy of about 965 MeV, the average full-width-half-maximum
value of the experimental data is 186µm and 151µm for the GENESIS results. At
680 MeV, the full width at 60 % of radiation energy is 317µm and 311µm for the
data and simulation, respectively. The agreement is decent. For more detailed in-
vestigations on the multi-bunch SASE performance, important beam parameters
and their variation within the bunch-train remain unknown. However, it can be
concluded that intra-bunch-train trajectory variations can qualitatively and quanti-
tatively explain the variation of radiation energy within one bunch-train.
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Comparison with GENESIS
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Figure 6.27: Relative intra-bunch-train variation of the radiation energy Φ as a
function of the horizontal intra-bunch-train offset ∆xund at the entrance of the un-
dulator at FLASH. The black dots represent data from user runs with similar beam
parameters at a mean beam energy of about 680 MeV (top) and 965 MeV (bottom).
The red triangles are results of GENESIS simulations. For each user run the bunch
with maximum radiation energy is used for reference by means of Φ and ∆xund.

Based on the investigated experimental data at E = 965 MeV, the intra-bunch-train
offset variation must be limited to less than 60µm to achieve an intra-bunch-train
radiation energy variation of less than 10 %. At the concerned energy, the mean
radiation energy of the bunch-trains in the analyzed data is between 56 % and 71 %.
Limiting the offset variation would therefore result in a significant increase of radi-
ation energy of 20-40 % per bunch-train. At 680 MeV, the mean radiation energy of
the bunch-trains is between 79 % and 92 %. Limiting the offset variation by a similar
amount would result in an increase of radiation energy of 10-20 % per bunch-train.

As discussed in this thesis, the observed intra-bunch-train trajectory variation
at FLASH with low beam current is caused primarily by the effect of Lorentz force
detuning. It must be concluded that a limitation of the intra-bunch-train trajec-
tory variation by means of piezo-tuners should have top priority for improving the
suboptimal multi-bunch SASE performance.





Section 7

Summary and Conclusion

The utilization of superconducting cavities at the SASE-FEL user facilities FLASH
and the European XFEL allows for operating with long bunch-trains. Intra-bunch-
train trajectory variations, resulting from misaligned accelerating structures and
intra-bunch-train variations of RF parameters were studied. Fundamental relations
between them were identified.

At FLASH and XFEL, each RF power station drives several cavities. A low-
level-RF vector sum control is implemented, constraining the RF parameters of
individual cavities. Individual operational gradients, Lorentz-Force detuning and a
fixed loaded quality factor setup result in significant intra-bunch-train variations of
RF parameters on the level of individual cavities: a slope of the accelerating field
during the beam duration. In correlation with misalignments of accelerating struc-
tures, an intra-bunch-train trajectory variation is induced.

In order to simulate the effect, a numerical model for describing the beam trans-
port of a long bunch-train through a string of cavities was developed. A description
in terms of beam transport matrices of TESLA cavities, including coupler kicks
for different modes of cavity operation, was implemented for low and high beam
energies. Comparison with the particle tracking code ASTRA and dedicated exper-
iments at the injector module at FLASH show satisfactory agreement.

Comprehensive simulations for different accelerating sections at FLASH and
XFEL were carried out. It was shown that the impact of cavity misalignments
and its correlation with the corresponding RF parameters on the intra-bunch-train
transverse dynamics must be described statistically. Results indicate that the ob-
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served intra-bunch-train trajectory variation at the injector section at FLASH is
caused by significant misalignments of the injector module with respect to the gun
section. Simulations regarding the L3 at XFEL showed that accumulation of signifi-
cant intra-bunch-train trajectory variation is possible. High design beam currents at
XFEL will induce significant RF slopes with the current low-level RF setup. Thus,
approaches for reducing the trajectory variation were discussed. Implementation of
an automated correction of the loaded quality factor is advised.

Methods for measuring the misalignment of accelerating structures were dis-
cussed. The procedure of higher order mode based cavity misalignment measure-
ments was described and applied on the injector module at FLASH. In combination
with the previous simulations, the suboptimal multi-bunch performance of the in-
jector module at FLASH is likely caused by a significant offset in respect to the
gun section. The deduction of misalignments from multi-bunch RF- and BPM data
was considered and a fit algorithm was implemented. Thus far experimental con-
straints prevented reasonable fitting of the misalignments of cavities and the module.

Intra-bunch-train trajectory variations at FLASH were investigated. Data from
different user runs was analyzed systematically. Fundamental patterns were identi-
fied and ascribed to their primary sources in the gun and in the accelerating mod-
ules. The induced trajectory variation is dominated by a linear slope, caused by
the above described correlation of misalignments and the slow variation of RF pa-
rameters. This slow variation of the accelerating field is dominated by the effect of
Lorentz force detuning. In addition, detailed analysis of RF data revealed the ex-
citation of fundamental modes besides the π-mode. Their characteristic frequencies
were identified in the intra-bunch-train trajectory pattern and the intra-bunch-train
energy deviation.

Analysis of the SASE performance of different user runs showed a significant
intra-bunch-train variation of the SASE energy throughout operations. Compari-
son with GENESIS simulations clearly suggested that intra-bunch-train trajectory
variations are their dominant source. A significant improvement of the multi-bunch
SASE performance at FLASH of about 30 % at 1 GeV beam energy is possible.
Intra-bunch-train trajectory variations must be limited. Therefore, reducing the
detuning of the cavities by means of piezo tuners should have top priority. Further-
more, implementation of an automated correction of the loaded quality factor and
recommissioning of the intra-bunch-train feedback system at FLASH are advised.
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A Measurement Protocol
Following measurements at FLASH have been realized during the scope of this thesis:

HOM-Based Misalignment Measurements

• 10.10.16, FLASH logbook (shift summary): http://ttfinfo.desy.de/TTFelog/
show.jsp?dir=/2016/41/10.10_n&pos=2016-10-11T06:59:26

• 18.10.16, FLASH logbook (shift summary): http://ttfinfo.desy.de/TTFelog/
show.jsp?dir=/2016/42/17.10_n&pos=2016-10-18T06:30:17

• 03.08.16, FLASH logbook (shift summary): http://ttfinfo.desy.de/TTFelog/
show.jsp?dir=/2016/31/03.08_n&pos=2016-08-04T07:00:00

Multi-Bunch Measurements at the Injector Module

Dedicated multi-bunch experiments were made during the following shifts:

• 04.02.16, FLASH logbook entry from shift beginning: http://ttfinfo.desy.de/
TTFelog/show.jsp?dir=/2016/05/03.02_n&pos=2016-02-04T00:27:02

• 19.11.15, FLASH logbook entry from shift beginning: http://ttfinfo.desy.de/
TTFelog/show.jsp?dir=/2015/47/18.11_n&pos=2015-11-19T01:16:34

Multi-Bunch User Run

The data of the analyzed multi-bunch user run in section 6.3 was taken at:

• 27.07.15, 21:03h, FLASH logbook entry: http://ttfinfo.desy.de/TTFelog/show.
jsp?dir=/2015/31/27.07_a&pos=2015-07-27T21:38:22

http://ttfinfo.desy.de/TTFelog/show.jsp?dir=/2016/41/10.10_n&pos=2016-10-11T06:59:26
http://ttfinfo.desy.de/TTFelog/show.jsp?dir=/2016/41/10.10_n&pos=2016-10-11T06:59:26
http://ttfinfo.desy.de/TTFelog/show.jsp?dir=/2016/42/17.10_n&pos=2016-10-18T06:30:17
http://ttfinfo.desy.de/TTFelog/show.jsp?dir=/2016/42/17.10_n&pos=2016-10-18T06:30:17
http://ttfinfo.desy.de/TTFelog/show.jsp?dir=/2016/31/03.08_n&pos=2016-08-04T07:00:00
http://ttfinfo.desy.de/TTFelog/show.jsp?dir=/2016/31/03.08_n&pos=2016-08-04T07:00:00
http://ttfinfo.desy.de/TTFelog/show.jsp?dir=/2016/05/03.02_n&pos=2016-02-04T00:27:02
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http://ttfinfo.desy.de/TTFelog/show.jsp?dir=/2015/47/18.11_n&pos=2015-11-19T01:16:34
http://ttfinfo.desy.de/TTFelog/show.jsp?dir=/2015/47/18.11_n&pos=2015-11-19T01:16:34
http://ttfinfo.desy.de/TTFelog/show.jsp?dir=/2015/31/27.07_a&pos=2015-07-27T21:38:22
http://ttfinfo.desy.de/TTFelog/show.jsp?dir=/2015/31/27.07_a&pos=2015-07-27T21:38:22
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B BPM Calibration
In the scope of HOM-based misalignment measurements an accurate calibration procedure
on BPM1GUN and BPM3GUN is applied. The steerers H1GUN and V1GUN are used
for changing the beam trajectory. A CCD-based screen is used as a reference. A proper
conversion from pixel to mm is assumed. The design steerer calibration, where a current
of 1 A corresponds to a deflection angle of 0.49 mrad at a beam energy of E0 = 5.6 MeV is
confirmed to an uncertainty of 1.4% for the H1GUN and 1.5% for V1GUN. Validation of
the GUN-steerer calibration is supported by their design as air coils.

The calculated calibration factors and offsets of BPM1GUN and BPM3GUN can be
found in table 1. The discrepancy between the measurement and the values implemented
in the DOOCS-based conversion procedure are uncharacteristically large.

During the last years issues in the readout electronics were solved subsequently. The
calibration procedure of the gun BPMs was never redone since the beginning of these fixes.
Therefore the calculated calibration and offset values are reasonable [96].

BPM1GUN BPM3GUN

Horizontal Vertical Horizontal Vertical
Calibration δuBPM [ %] 273 207 252 233

Offset ∆uBPM [ mm] −1.2 0.47 −2.8 2.1

Table 1: Calibration factors δBPM and offsets ∆uBPM of beam position monitors
located inside the gun section at FLASH as measured with a CCD screen
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C Simulation Parameters

Parameter Range for Simulations on the Injector Module

Parameter Value Description
nbunch 400 Number of Bunches per Bunch-Train

E0 5.6 MeV Initial Beam Energy
u0 0 mm Mean Initial Offset
u′

0 0 mrad Mean Initial Angle
∆u0 0 mm Variation of Initial Offset
∆u′

0 0 mrad Variation of Initial Angle

V0 155 MV/m Vector Sum of Acc. Field Amplitude
φ 5 ◦ Vector Sum of Acc. Field Phase

∆V0 2 MV/m Variation of Individual Cavity Acc. Field Amplitude
∆φ 4 ◦ Variation of Individual Cavity Acc. Field Phase
∆f 100 Hz Variation of Individual Cavity Detuning

∆ucav 0.5 mm Offset of Cavities (w.r.t. Module Axis)
∆u′

cav 0.5 mrad Tilt of Cavities (w.r.t. Module Axis)
∆umod 5 mm Offset of Module (w.r.t. Design Axis)
∆u′

mod 0.5 mrad Tilt of Module (w.r.t. Design Axis)

Table 2: Parameter range for simulations at the injector module. Listed are the
maximum values. Variations are considered to be within one bunch-train.

Parameter Range for Simulations on the XFEL

Parameter Value Description
nbunch 2700 Number of Bunches per Bunch-Train

u0 0 mm Mean Initial Offset
u′

0 0 mrad Mean Initial Angle
∆u0 0 mm Variation of Initial Offset
∆u′

0 0 mrad Variation of Initial Angle

V0 155 MV/m Vector Sum of Acc. Field Amplitude
φ 0 ◦ Vector Sum of Acc. Field Phase

∆V0 2 MV/m Variation of Individual Cavity Acc. Field Amplitude
∆φ 4 ◦ Variation of Individual Cavity Acc. Field Phase
∆f 20 Hz Variation of Individual Cavity Detuning

∆ucav 0.5 mm Offset of Cavities (w.r.t. Module Axis)
∆u′

cav 0.25 mrad Tilt of Cavities (w.r.t. Module Axis)
∆umod 0.5 mm Offset of Module (w.r.t. Design Axis)
∆u′

mod 0.2 mrad Tilt of Module (w.r.t. Design Axis)

Table 3: Parameter range for simulations at the XFEL. Listed are the maximum
values. Variations are considered to be within one bunch-train.
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