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Preface

The Helmholtz International Summer School (HISS) entitled “Quantum Field Theory at the Limits:
from Strong Fields to Heavy Quarks (SF→ HQ)”, was held in the period July 18-30, 2016 at the Bo-
goliubov Laboratory of Theoretical Physics (BLTP) of the Joint Institute for Nuclear Research (JINR)
in Dubna, Russia, as part of the activities of the Dubna International Advanced School of Theoreti-
cal Physics (DIAS-TH). It was co-organized by Ahmed Ali (DESY Hamburg), David Blaschke (JINR
Dubna, MEPhI & Univ. Wroclaw), Holger Gies (HI Jena), and Mikhail Ivanov (JINR Dubna), and was
attended by 82 participants (faculty + students), not counting the JINR physicists who attended some
lectures as non-registered participants. The school (SF→ HQ) continued the workshops and schools of
the HISS series held earlier in Dubna (1993, 1996, 2000, 2005, 2008, 2013), Bad Honnef (1994) and
Rostock (1997). The scientific program of the school consisted of five regular (one-hour long) lectures
in the morning and afternoon sessions, with typically two contributed talks given by younger partic-
ipants (students and postdocs), each half-hour long, in the late afternoons. Altogether, we had sixty
lectures by the faculty and participants. In addition, black-board exercises were held in the post-lunch
periods on selected aspects of strong fields and field theory.

The HISS series of schools has played an important role in bringing together an international faculty
and young physicists (Ph.D. and postdocs), mostly from Russia and Germany, but increasingly also from
other countries, including those affiliated to JINR Dubna. They participate in two-week long intense sci-
entific discourse, mainly dedicated lectures on selected topics covering the foundation and the frontiers
of high energy physics and cosmology. The novelty of this year’s school was its bifocal interest, which
brought together two different physical science communities - particle and laser physicists. There were
two broad areas of research covered at this school: heavy quark physics and physics of high field in-
tensities. The focus of the former was on the latest results on heavy quark physics from all four large
experimental collaborations at the LHC (ALICE, ATLAS, CMS, LHCb), at the B-factory experiments
(BaBar and Belle), and from BESIII. This was accompanied with lectures on the theoretical aspects
of heavy quark physics, Quarkonia and Quarkonia-like multiquarks states (tetra- and pentaquarks), in-
cluding various state-of-the-art calculational techniques, such as perturbative QCD, lattice-QCD, and
effective field theories. The focus on the later topic was on the high intensity frontier and extreme states
of matter as probed by current and upcoming high power laser and high-Z ion facilities all around the
world. An afternoon tour at the heavy ion collider facility NICA, the superconducting accelerator com-
plex under construction at the Veksler-Baldin Laboratory for High-Energy Physics, was also organized.

A number of experimental facilities are now operating effectively, foremost among them the LHC,
providing extremely precise measurements on a wide variety of phenomena, in particular, the top quark
- Higgs boson complex. A new force - the Higgs force - has been discovered at the LHC, which in
all likelihood will act as a portal to physics at very high energy scales, deepening our understanding
also of the early stages of the cosmic evolution. Apart from the emphasis on the high energy frontier,
which is probing new phenomena and forces in nature, also the so-called rare processes in the charm
and bottom quark physics are of great interest. They test the standard theory of particle physics at
the quantum level, and hence also probe physics beyond-the-standard model. Experimental precision
achieved on a number of observables is impressive and has to be matched by theory to have meaningful
and quantitative tests of the standard model. Consequently, the focus of the talks was on theoretical
tools and their applications, enabling the required high precision. At the same time, a second layer of
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hadrons seem to exist in nature, consisting of multiquark states, and also this emergent field was one of
the topics at this school.

The school was supported financially on the basis of the HISS Dubna collaboration agreement concluded
between a group of Helmholz Centres (DESY, Juelich, GSI, KIT, HZDR), Helmholtz Institutes (Jena,
Mainz, FAIR-Russia Research Centre) and JINR Dubna (with its Bogoliubov-Infeld and Heisenberg-
Landau Programs), as well as by the Russian Foundation for Basic Research (RFBR). The proceedings
of the 2016 HISS Dubna School on ”Quantum Field Theory at the Limits: from Strong Fields to Heavy
Quarks” are being published with the help of DESY. We thank all the funding agencies and supporting
institutes for their financial support, and the local organizing committee of the school, for its help in
running the scientific program and in taking care of the administrative aspects. We also thank the
spokespersons of all the experimental collaborations, who nominated their speakers and their respective
institutes for partially contributing to the travel costs. Finally, we thank Frau Maren Stein and Frau
Kirsten Sachs of the DESY Library and Scientific Documentation group for their help in preparing
these proceedings.

Co-editors:
Ahmed Ali, David Blaschke, Aidos Issadykov, Mikhail Ivanov

v



vi



vii



viii



Contents

Particle Production in Strong Time-dependent Fields 1
D. B. Blaschke, S. A. Smolyansky, A. Panferov, L. Juchnowski

Volkov States and Non-linear Compton Scattering in Short and Intense Laser Pulses 24
Daniel Seipt

The quantum vacuum in electromagnetic fields: From the Heisenberg-Euler effective action
to vacuum birefringence 44

Felix Karbstein

Non-linear quantum dynamics in strong and short electromagnetic fields 58
Alexander I. Titov, Burkhard Kämpfer, A Hosaka and H. Takabe
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Particle Production in Strong Time-dependent

Fields

D. B. Blaschke1,2,3, S. A. Smolyansky4, A. Panferov4, L. Juchnowski1

1Institute of Theoretical Physics, University of Wroclaw, 50-204 Wroclaw, Poland
2Bogoliubov Laboratory for Theoretical Physics, JINR, RU - 141980 Dubna, Russia
3National Research Nuclear University (MEPhI), RU - 115409 Moscow, Russia
4Saratov State University, RU - 410026 Saratov, Russia

DOI: http://dx.doi.org/10.3204/DESY-PROC-2016-04/Blaschke

In these lecture notes we give an introduction to the kinetic equation approach to pair pro-
duction form the vacuum in strong, time-dependent external fields (dynamical Schwinger
process). We first give a derivation of the kinetic equation with the source term for the
case of fermions starting from the Dirac equation and for bosons from the Klein-Gordon
equation. In a second part we discuss the application of the approach to the situation of
external field pulses as single-sheeted functions of time (like the Sauter-pulse) and as multi-
sheeted functions approximating the situation in the focal point of counter-propagating
laser beams. Special emphasis is on the discussion of the time evolution of the system
that exhibits the characteristics of a field-induced phase transition for which we discuss
the behaviour of the entropy and particle density of the system. We give an outlook to
applications of the approach in describing particle production in strong fields formed in
particle and nuclear collisions.

1 Introduction

Vacuum e+e− pair creation by a classical electric field is a longstanding prediction in QED
[1, 2, 3]. A complete theoretical description of the effect exists [4, 5, 6, 7, 8], but there is
still no experimental verification. The main obstacle is the high value of the critical electric
field strength for pair creation; viz., Ec = m2/e = 1.3 × 1016 V/cm for the electron-positron
case.According to the so-called Schwinger formula [3], the pair creation rate in a constant
electric field,

Scl =
e2 E2

4π3
exp

(
−πm

2

|eE|

)
, (1)

is suppressed exponentially when E � Ec. However, a very different situation occurs when
the field acts only in a finite time interval (dynamical Schwinger effect) [4, 9, 10, 12]. In this
case, the Schwinger formula, as well as its analog for a monochromatic field (Brezin - Itzykson
formula [13]), become inapplicable in the weak field regime.

A few examples have been discussed of physical situations where the Schwinger effect could
occur despite the high critical field strength; e.g., relativistic heavy ion collisions [14, 15, 17]
and focused laser pulses [18]. Since the Schwinger effect is non-perturbative and it requires
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an exact solution of the dynamical equations it is customary to approximate the complicated
structure of a real laser field by a spatially uniform time-dependent electric field. According
to different estimates [12, 13, 14, 18, 19, 20, 21] the effect of vacuum pair creation is unlikely
to be observable with presently available laser parameters. However, recent developments in
laser technology, in particular the invention of the chirped pulse amplification method, have
resulted in a huge increase in the light intensity at the laser focal spot [22, 23]. On this basis
the European Extreme Light Infrastructure (ELI) project will be developed in order to provide
radiation beams of femto- to atto-second duration in the deeply relativistic regime, exceeding
intensities of 1025 W/cm2 [24, 25]. On the other hand, construction of X-ray free electron lasers
XFEL [26] based on the SASE principle is underway at DESY Hamburg. Thus an experimental
verification of the Schwinger effect is coming within reach.

Under conditions of short duration pulses time-dependent effects become important. There-
fore in our works [9, 27, 28, 29, 10, 30] we have developed a kinetic equation approach, which
allows us to consider the dynamics of the vacuum pair creation process while accounting properly
for the initial conditions [9, 31]. Compared to alternative treatments, this approach is essen-
tially nonperturbative and contains new dynamical aspects, such as longitudinal momentum
dependence in the distribution functions and non-Markovian character of the time evolution
[32]. It also takes into account the effects of field switching and particle statistics [32, 33, 34].
This approach has been applied already to the periodical field case [11] with near-critical values
of the field strength and X-ray frequencies. In particular, it was shown that there is an accu-
mulation effect when the intensity of the field is about half critical: the average density of pairs
grows steadily with increasing number of field periods. The method [9] also found application in
describing the pre-equilibrium evolution of a quark-gluon plasma produced in ultrarelativistic
heavy ion collisions at RHIC and LHC [32, 33, 34].

A characteristic feature of the kinetic approach is the possibility to describe the evolution of
the particle distribution functions during all stages of the external field evolution. In the second
main part of these lectures we will investigate this aspect more in detail and elucidate that the
process of pair creation in a strong, time-dependent external field can be viewed as a field
induced phase transition (FIPT) [35, 36]. We introduce the concept of an order parameter and
describe its evolution through three stages, the initial quasiparticle (QEPP) stage, the transient
stage and the final residual (REPP) stage of the electron-positron plasma (EPP) created in the
external field. We suggest that these features are rather universal and appear qualitatively
similar in physical systems of different nature. In concluding these lectures we discuss the
question related with the observation that the spectra of hadrons in ultrarelativistic heavy-ion
collisions appear thermal despite the fact that the production mechanism by the Schwinger
process would entail non-thermal spectra and time scales between creation and freeze-out are
too short for equilibration by multiple collisions.

2 Dynamics of pair creation

2.1 Creation of fermion pairs

This section contains the derivation of a kinetic equation for the fermion-antifermion pair pro-
duction. For the description of e+e− production in an electric field we start from the QED
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Lagrangian

L = ψ̄iγµ(∂µ + ieAµ)ψ −mψ̄ψ − 1

4
FµνF

µν , (2)

where Fµν is the field strength, the metric is taken as gµν = diag(1,−1,−1,−1) and for the
γ– matrices we use the conventional definition. The equation of motion for the case of e+e−

production in an external classical electric field is given by the Dirac equation

(iγµ∂µ − eγµAµ −m)ψ(x) = 0 . (3)

where Aµ denote the vector potential in Hamiltonian gauge

Aµ = (0, 0, 0, A(t)) (4)

The resulting electric field

E(t) = −Ȧ(t) = −dA(t)/dt (5)

is homogeneous in space and time-dependent. There is no magnetic component because

B = ∇×A = 0 (6)

The scenario with purely electrical field described by (5) and (6) can be realized in laboratory
by two counter-propagating laser beams forming a standing wave. It is worth noticing that
particle production occurs only if one of two Lorentz invariants

1

4
FµνF

µν =
1

2
(E2 +B2), (7)

1

4
Fµν F̃

µν = EḂ (8)

is non-zero. For the present calculations (7) has a non-zero value.
Since the Schwinger mechanism is not perturbative one needs to find an exact solution. The

first step is the introduction of an ansatz for the spinor field

ψ
(±)
p̄r (x) =

[
iγ0∂0 + γkpk − eγ3A(t) +m

]
χ(±)(p̄, t) Rr eip̄x̄, (9)

where k = 1, 2, 3 and (±) denotes eigenstates with positiv/negative frequencies.

R1 =




0
1
0
−1


 , R2 =




1
0
−1

0


 , (10)

are eigenvectors of the matrix γ0γ3 so that R+
r Rs = 2δrs. Substitution of (9) to (3) gives the

parametric oscillator-type equation

χ̈(±)(p̄, t) = −
(
ω2(p̄, t) + ieȦ(t)

)
χ(±)(p̄, t) . (11)
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The quasi-particle energy ω(p̄, t), the transverse energy ε⊥ and the longitudinal quasi-particle
momentum are defined as

ω(p̄, t) =
√
ε2
⊥(p̄⊥) + P 2(p̄‖, t), (12)

ε⊥(p̄⊥) =
√
m2 + p̄2

⊥, (13)

P (p̄‖, t) = p̄‖ − eA(t), (14)

The system of the spinor functions (9) is complete and orthonormalized so the field operators
ψ(x), ψ̄(x) can be decomposed in the spinor functions (9) as follows:

ψ(x) =
∑

r,p̄

[
ψ

(−)
p̄r (x) bp̄r(t0) + ψ

(+)
p̄r (x) d+

−p̄r(t0)

]
, (15)

where bp̄r(t0), b+p̄r(t0), dp̄r(t0), d+
p̄r(t0) are creation and annihilation operators of electrons and

positrons. They act on the vacuum in-state |0in〉 at the initial time t = t0, and obey the
anti-commutation relations

{bp̄r(t0), b+p̄′r′(t0)} = {dp̄r(t0), d+
p̄′r′(t0)} = δrr′ δp̄p̄′ . (16)

In general the evolution of a relativistic system affects the vacuum state and mixes states with

negative ψ
(−)
p̄r (x) and positive ψ

(+)
p̄r (x) energies. As a result in the Hamiltonian appear non-

diagonal terms that are responsible for pair creation. For the Hamiltonian corresponding to
the Dirac equation (3) in a homogeneous electric field the diagonalization is achieved by a
time-dependent Bogoliubov transformation

bp̄r(t) = αp̄(t) bp̄r(t0) + βp̄(t) d
+
−p̄r(t0) , (17)

dp̄r(t) = α−p̄(t)dp̄r(t0)− β−p̄(t)b+−p̄r(t0) (18)

with the normalization condition

|αp̄(t)|2 + |βp̄(t)|2 = 1 . (19)

Thus the new operators bp̄r(t) and dp̄r(t) describe quasiparticles at the time t with the in-
stantaneous vacuum |0t〉. Clearly, the operator system b(t0), b+(t0); d(t0), d+(t0) is unitary
non-equivalent to the system b(t), b+(t); d(t), d+(t). The application of the Bogoliubov trans-
formation to Eq. (70) gives the new representation of the field operators

ψ(x) =
∑

r,p̄

[
Ψ

(−)
p̄r (x) bp̄r(t) + Ψ

(+)
p̄r (x) d+

−p̄r(t)

]
. (20)

The correspondence between the new Ψ
(±)
p̄r (x) and the former ψ

(±)
p̄r (x) spinor functions is defined

by a canonical transformation

ψ
(−)
p̄r (x) = αp̄(t) Ψ

(−)
p̄r (x)− β∗p̄(t) Ψ

(+)
p̄r (x) , (21)

ψ
(+)
p̄r (x) = α∗p̄(t) Ψ

(+)
p̄r (x) + βp̄(t) Ψ

(−)
p̄r (x) . (22)
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Therefore it is justified to assume that the functions Ψ
(±)
p̄r have a spin structure similar to that

of ψ
(+)
p̄r in Eq. (9),

Ψ
(±)
p̄r (x) =

[
iγ0∂0 + γkpk − eγ3A(t) +m

]
φ

(±)
p̄ (x) Rr e±iΘ(t)eip̄x̄, (23)

where the dynamical phase is defined as

Θ(p̄, t) =

∫ t

t0

dt′ω(p̄, t′) . (24)

and φ
(±)
p̄ are yet unknown functions. The substitution of Eq. (23) into Eqs. (21) and (22)

leads to the relations

χ(−)(p̄, t) = αp̄(t) φ
(−)
p̄ (t) e−iΘ(p̄,t) − β∗p̄(t) φ

(+)
p̄ (t) eiΘ(p̄,t) , (25)

χ(+)(p̄, t) = α∗p̄(t) φ
(+)
p̄ (t) eiΘ(p̄,t) + βp̄(t) φ

(−)
p̄ (t) e−iΘ(p̄,t) . (26)

On the other hand χ(±) are solutions of Eq. (64). Their behavior is directly related to the
asymptotics of the vector potential. At t0 = t→ −∞ we have A(t0) = 0 so that

χ(±)(p̄, t) ∼ exp
(
± iω0(p̄) t

)
. (27)

Now, according to the Lagrange method, we can use Eqs. (64) and (68) to introduce addi-
tional constraints on χ(±)

χ̇(−)(p̄, t) = −iω(p̄, t)

[
αp̄(t) φ

(−)
p̄ (t) e−iΘ(p̄,t) + β∗p̄(t) φ

(+)
p̄ (t) eiΘ(p̄,t)

]
, (28)

χ̇(+)(p̄, t) = iω(p̄, t)

[
α∗p̄(t) φ

(+)
p̄ (t) eiΘ(p̄,t) − βp̄(t) φ(−)

p̄ (t) e−iΘ(p̄,t)

]
. (29)

These new conditions together with the ansatz

φ
(±)
p̄ (t) =

√
ω(p̄, t)± P‖(t)

ω(p̄, t)
, (30)

enable us to extract the differential equation for the Bogoliubov coefficients

α̇p̄(t) =
eE(t)ε⊥
2ω2(p̄, t)

β∗p̄(t) e2iΘ(p̄,t) , (31)

β̇∗p̄(t) = − eE(t)ε⊥
2ω2(p̄, t)

αp̄(t) e−2iΘ(p̄,t) . (32)

by differentiating (28) and using (64) and (25).
After integration of above equations we get the new coefficients describing the instantaneous

state at the time t.

αp̄(t) =
1

2
√
ω(p̄, t) (ω(p̄, t)− P‖(t))

(
ω(p̄, t) χ(−)(p̄, t) + i χ̇(−)(p̄, t)

)
eiΘ(p̄,t) , (33)

β∗p̄(t) = − 1

2
√
ω(p̄, t) (ω(p̄, t)− P‖(t))

(
ω(p̄, t) χ(−)(p̄, t)− i χ̇(−)(p̄, t)

)
e−iΘ(p̄,t) . (34)
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It is convenient to redefine operators in order to absorb the dynamical phase

Bp̄r(t) = bp̄r(t) e
−iΘ(p̄,t) , (35)

Dp̄r(t) = dp̄r(t) e
−iΘ(p̄,t) (36)

while preserving the anti-commutation relations:

{Bp̄r(t), B+
p̄′r′(t)} = {Dp̄r(t), D

+
p̄′r′(t)} = δrr′ δp̄p̄′ . (37)

It is straightforward to show that these redefined operators satisfy the Heisenberg-like equations
of motion

dBp̄r(t)

dt
= − eE(t)ε⊥

2ω2(p̄, t)
D+
−p̄r(t) + i [H(t), Bp̄r(t)] , (38)

dDp̄r(t)

dt
=

eE(t)ε⊥
2ω2(p̄, t)

B+
−p̄r(t) + i [H(t), Dp̄r(t)] , (39)

where H(t) is the hamiltonian of the quasiparticle system

H(t) =
∑

r,p̄

ω(p̄, t)

(
B+
p̄r(t) Bp̄r(t)−D−p̄r(t) D+

−p̄r(t)

)
. (40)

The first term on the r.h.s. of Eqs. (38) and (39) is caused by the unitary non-equivalence of
the in-representation and the quasiparticle one.

On this stage of the calculations we can construct the distribution function of electrons
(with the momentum p̄ and spin r)

fr(p̄, t) = 〈0in|b+p̄r(t) bp̄r(t)|0in〉 = 〈0in|B+
p̄r(t) Bp̄r(t)|0in〉 (41)

and positrons

f̄r(p̄, t) = 〈0in|d+
−p̄r(t) d−p̄r(t)|0in〉 = 〈0in|D+

−p̄r(t) D−p̄r(t)|0in〉 . (42)

Charge conservation implies fr(p̄, t) = f̄r(p̄, t), so that summation over momentum and spin
gives the normalization to the total number of pairs at a given time t

∑

r,p̄

fr(p̄, t) =
∑

r,p̄

f̄r(p̄, t) = N(t) . (43)

Now the differentiation of Eq. (41) w.r.t. time and the use of the equation of motion (38)
results in

dfr(p̄, t)

dt
= −eE(t)ε⊥

ω2(p̄, t)
Re{Φr(p̄, t)} , (44)

where the function
Φr(p̄, t) = 〈0in|D−p̄r(t) Bp̄r(t)|0in〉 (45)

governs the reaction of the QED vacuum in the presence of an external electric field.
Differentiation of (45) requires again the use of the equation of motion (38) and together with
fr(p̄, t) = f̄r(p̄, t) leads to
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dΦr(p̄, t)

dt
=
eE(t)ε⊥
2ω2(p̄, t)

[
2fr(p̄, t)− 1

]
− 2iω(p̄, t) Φr(p̄, t) . (46)

The solution of Eq. (46) has the integral form

Φr(p̄, t) =
ε⊥
2

∫ t

t0

dt′
eE(t′)
ω2(p̄, t′)

[
2fr(p̄, t

′)− 1

]
e2i[Θ(p̄,t′)−Θ(p̄,t)] . (47)

It is straightforward to see that Φr(p̄, t)
∣∣
t=t0

vanishes when A(t0) = 0.

Now we are ready to write the expression (44) in the full form

dfr(p̄, t)

dt
=
eE(t)ε⊥
2ω2(p̄, t)

∫ t

t0

dt′
eE(t′)ε⊥
ω2(p̄, t′)

[
1− 2fr(p̄, t

′)

]
cos

(
2[Θ(p̄, t)−Θ(p̄, t′)]

)
, (48)

which is the wanted kinetic equation for particle production. Since the distribution function
does not depend on spin (48), we can skip the index r.

2.2 Creation of boson pairs

The derivation procedure of the kinetic equation for bosons is similar to that of fermions. The
starting point is the Klein-Gordon equation

(
(∂µ + ieAµ)(∂µ + ieAµ) +m2

)
φ(x) = 0 (49)

with the external vector potential Aµ = (0, 0, 0, A(t)). In this case the ansatz for the solution
is given in the form [37]

φ
(±)
p̄ (x) = [2ω(p)]−1/2 eix̄p̄g(±)(p̄, t) , (50)

where the functions g(±)(p̄, t) are analogues of χ(±)(p̄, t) from (64) and satisfy the oscillator-type
equation

g̈(±)(p̄, t) + ω2(p̄, t) g(±)(p̄, t) = 0 . (51)

The field operator in the in-state is defined as

φ(x) =

∫
d3p [ φ

(−)
p̄ (x) ap̄(t0) + φ

(+)
p̄ (x) b+vp(t0) ] . (52)

The diagonalization of the Hamiltonian with respect to the instantaneous states is achieved by
the transition to the quasiparticle representation. The Bogoliubov transformation for creation
and annihilation operators of quasiparticles has the form

ap̄(t) = αp̄(t) ap̄(t0) + βp̄(t) b
+
−p̄(t0) , (53)

b−p̄(t) = α−p̄(t) bp̄(t0) + β−p̄(t) a
+
−p̄(t0) (54)

with the condition

|αp̄(t)|2 − |βp̄(t)|2 = 1 . (55)
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The calculation of the coefficients α and β requires similar steps like in the fermion case. We
obtain the equations of motion for the coefficients of the canonical transformation (53) as follows

α̇p̄(t) =
ω̇(p̄, t)

2ω(p̄, t)
β∗p̄(t) e2iΘ(p̄,t) , (56)

β̇p̄(t) =
ω̇(p̄, t)

2ω(p̄, t)
α∗p̄(t) e

2iΘ(p̄,t) . (57)

Following the derivation procedure for the case of fermion production, we get

dfr(p̄, t)

dt
=

eE(t)p‖
2ω2(p̄, t)

∫ t

−∞
dt′
eE(t′)p‖
ω2(p̄, t′)

[
1 + 2fr(p̄, t

′)

]
cos

(
2[Θ(p̄, t)−Θ(p̄, t′)]

)
. (58)

3 Discussion of the source term

3.1 Properties of the source term

In the previous section the derivation of the kinetic equation has been given. We can give a
combined result for the Schwinger source term for bosons(+) and fermions(-) on the right hand
side of the kinetic equation

S± =
1

2
λ±(p̄, t)

∫ t

t0

dt′λ±(p̄, t′)

[
1± 2f(p̄, t′)

]
cos

(
2[Θ(p̄, t)−Θ(p̄, t′)]

)
, (59)

where

λ−(p̄, t) = eE(t)ε⊥/ω
2(p̄, t) , λ+(p̄, t) = eE(t)p‖/ω

2(p̄, t). (60)

This source term does not include the effects of back reaction of created pairs on the electric
field and e+e− collisions. Nevertheless it possesses interesting properties which we enumerate
in the following.

1. The source term is of non-Markovian type. This means that memory effects are present
in the pair creation process. In our case the non-Markovianity comes in via the statistical
factor 1 ± 2f(p̄, t) under time integral in (59), which makes the term dependent on the
whole pre-history of f(p̄, t). Studies done by Rau [38] also have shown the non-Markovian
character of the particle production process. They have used a projection method so one
can conclude that the memory effects in S± are not artefacts.

2. The source term is characterized by three time scales: the time scale of the external field,
the memory time

τmem ∼
ε⊥
eE

(61)

and the production interval
τprod = 1/ < S± > , (62)

where 〈S±〉 denotes the time averaged production rate. The Markovian limit (approximate
absent of statistical factor) is reached when τmem � τprod. This condition translates to
E � m2/e < ε2

⊥/e. For the low density limit and constant field the equation (58) resemble
results of Rau [38].
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3. The difference of the dynamical phases, Θ(p̄, t)−Θ(p̄, t′), under the integral in S± is the
source of the high frequency oscillations related to Zitterbewegung.

4. The source term of the form (59) causes entropy production (see also [38]) and thus is
the reason of time irreversibility. However, the increase is non-monotonic due to lack of
collision [39, 40].

5. Particles are produced with non-zero momentum in contrast to previous studies, e.g.
Ref. [41].

6. In the case of the low-density limit and a constant electric field one can reproduce
Schwinger’s formula and Rau’s results [38])

Scl = lim
t→+∞

(2π)−3g

∫
d3P S(P̄ , t) =

e2E2

4π3
exp

(
− πm2

|eE|

)
. (63)

In the next subsection we discuss the Markovian and the low-density limits more in detail.

3.2 Low-density and Markovian limit

In this section we discuss in short two related approximations which are applicable when the
external electric field is considerably smaller than the critical field E � Ec. These are the
Markovian approximation and the low-density limit.

The Markovian limit of the non-Markovian source term (59) is defined by the neglect of
memory effects, i.e. by replacing the argument of the distribution function in the source term
f(p̄, t′)→ f(p̄, t) so that it becomes independent of the prehistory of the distribution function
and the KE takes the form

d fM± (t)

dt
= [1± 2fM± (t)]S0

±(t) = SM± (t), (64)

where

S0
±(t) =

1

2
λ±(p̄, t)

∫ t

t0

dt′λ±(p̄, t′) cos

(
2[Θ(p̄, t)−Θ(p̄, t′)]

)
. (65)

is the source term in the low-density limit when f(p̄, t)� 1 for every time t so that the statistical
factor becomes trivial 1± 2f(p̄, t) ≈ 1.

Together with the initial condition f(t0) = 0 the Markovian KE (64) has the solution

fM± (t) = ∓1

2

(
1− exp

[
± 2

∫ t

t0

d t′S0
±(t′)

])
. (66)

The lowest order expansion of Eq. (66) w.r.t. the source term results in the low density solution

f0
±(t) =

∫ t

t0

d t′S0
±(t′) . (67)

Both low density approximation and Markovian limit hold only when E � Ec.
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The low density limit gives us a tool to prove the positive definiteness of the distribution
function. Using the trigonometric identity cos(α − β) = cosα · cosβ + sinα · sinβ we rewrite
(67) as

f0
±(t) =

1

2

t∫

t0

d t′g1
±(t′)

t′∫

t0

d t′′g1
±(t′′) +

1

2

t∫

t0

d t′g2
±(t′)

t′∫

t0

d t′′g2
±(t′′) , (68)

g1,2
± (τ) = λ±(τ)

{
cos[2Θ(τ)]
sin[2Θ(τ)]

}
.

The next step is done with the standard trick

t∫

t0

d t′A(t′)

t′∫

t0

d t′′B(t′′) =
1

2

t∫

t0

d t′A(t′)

t∫

t0

d t′′B(t′′) (69)

used in the derivation of the Dyson series. The application of (69) to (68) leads to the quadratic
form

f0
±(t) =

1

4

( t∫

−∞

d t′g1
±(t′)

)2

+
1

4

( t∫

−∞

d t′g2
±(t′)

)2

. (70)

Now it straightforward to see that the distribution function is positive definit as it is required
by the kinetic theory

f0
±(t) ≥ 0 . (71)

More detailed studies of the kinetic equation and its limiting cases have been presented in [32].

3.3 Entirely differential form of the kinetic equation

The numerical solution of the integro-differential equation

dfr(p̄, t)

dt
=

1

2
λ±(p̄, t)

∫ t

t0

dt′λ±(p̄, t′)

[
1± 2f(p̄, t′)

]
cos

(
2[Θ(p̄, t)−Θ(p̄, t′)]

)
(72)

although being straightforward is highly ineffective due to the double time integration. First
of all one need to deal with the fastly oscillating term cos(2[Θ(p̄, t)−Θ(p̄, t′)]). To address this
problem we can make the integration step small enough. However, due to the non-Markovian
character of the equation the storage of entire prehistory of f(t) in the computer memory
is required. Luckily one can avoid these complications by transforming (72) to the equivalent
system of time local ordinary differential equations [33]. In order to perform the transformation
we introduce two auxiliary functions

v(t) =

∫ t

t0

dt′λ±(p̄, t′)

[
1± 2f(p̄, t′)

]
sin

(
2[Θ(p̄, t)−Θ(p̄, t′)]

)
, (73)

u(t) =

∫ t

t0

dt′λ±(p̄, t′)

[
1± 2f(p̄, t′)

]
cos

(
2[Θ(p̄, t)−Θ(p̄, t′)]

)
. (74)
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The differentiation of these functions with respect to t together with

∂t

(
2[Θ(p̄, t)−Θ(p̄, t′)]

)
= ∂t

∫ t

t′
ω(p̄, t′′)dt′′ = ω(p̄, t) (75)

yields

v̇ = λ±(p̄, t)

[
1± 2f(p̄, t)

]
− 2ω(p̄, t)u(t), (76)

u̇ = 2ω(p̄, t)v(t) . (77)

Taking into account (72) results in the system of first order coupled differential equations

ḟ = λ±(p̄, t)v(t), (78)

v̇ = λ±(p̄, t)

[
1± 2f(p̄, t)

]
− 2ω(p̄, t)u(t), (79)

u̇ = 2ω(p̄, t)v(t) (80)

with the initial condition

f(t0) = u(t0) = v(t0) = 0 . (81)

The above system is much simpler to solve numerically.

4 Vacuum particle-antiparticle creation in strong fields as
a field induced phase transition

The functions u(p, t) and v(p, t) are defined by the anomalous averages

f (+)(p, t) = 〈in|B+(p, t)D+(−p, t)|in〉, (82)

f (−)(p, t) = 〈in|D(−p, t)B(p, t)|in〉 (83)

by means of the relations [9, 31]

u(p, t) = 2Ref (+)(p, t) = 2Ref (−)(p, t) (84)

v(p, t) = 2Imf (+)(p, t) = −2Imf (−)(p, t) . (85)

Hence their combination Φ(p, t) = u(p, t) + iv(p, t) fulfills the role of the order parameter for
the phase transition from the vacuum where Φ(p, t) = 0 is set as initial condition, to Φ(p, t) 6= 0
for the REPP. The appearance of a nonvanishing value for this order parameter is stipulated
by the violation of the time inversion symmetry of the Hamiltonian as induced by the time
dependent external field. The creation and annihilation operators a(±)(p, t) and b(±)(p, t) of
the electrons and positrons are used in Eqs. (82) and (83) in the quasiparticle representation,
in which the Hamiltonian of the system is diagonal.

The order parameter Φ(p, t) obeys to the equation of motion

Φ̇ = λ(1− 2f) + 2iωΦ, (86)
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which follows from the system of equations (78). For any finite field with E(t) → 0 and
A(t)→ Aout at t→∞ we have λ(t)→ 0 and

ω(t)→ ωout =
√
ε2
⊥ + (p‖ − eAout)2. (87)

The order parameter in this asymptotics oscillates with the frequency 2εout:

Φ(t)→ Φout(t) ∼ exp(2iωoutt). (88)

Thus, |Φout(t)|2 = const after switching off the external field, i.e. the long-range order is formed.
Such situation is typical for a phase transitions in systems with broken symmetry.

In the low density approximation 2f � 1, the KE (48) has a closed formal solution in the
form of a useful quadrature formula [32]

f(p, t) =
1

2

t∫

t0

dt′λ(p, t′)

t′∫

t0

dt′′λ(p, t′′) cos θ(t′, t′′) . (89)

The total number density of pairs is defined as

n(t) = 2

∫
dp

(2π)3
f(p, t) , (90)

where the factor 2 corresponds to the spin degree of freedom.
In these lectures we discuss the numerical solution of the KE (48) for two relevant models

of the electric field

(i) the Eckart-Sauter field with characteristic duration of action T (single-sheeted field)

E(t) = E0 cosh−2(t/T ), A(t) = −TE0 tanh(t/T ), and (91)

(ii) the Gaussian envelope model of the laser pulse (multi-sheeted field) [48]

E(t) = E0 cos (ωt) e−t
2/2τ2

, (92)

A(t) = −
√
π

8
E0τ exp (−σ2/2) erf

(
t√
2τ
− i σ√

2

)
+ c.c.,

where σ = ωτ is a dimensionless measure for the characteristic duration of the pulse τ
connected with the number of periods of the carrier field.

The Eckart-Sauter field (91) admits an exact solution [4, 5, 46] and is thus a benchmark case.
In order to introduce the Keldysh parameter γ = Ecω/E0m for the discussion of the field

model (91) one can use the substitution ω → 1/T and the definition of the critical value of
the electric field Ec = m2/e. In the limiting case γ � 1 the tunneling mechanism (with
participation of an infinite number of photons) dominates, whereas for γ � 1 pair creation is
driven by the absorption of few photons.

The vacuum oscillations (Zitterbewegung) play a crucial role in the mechanism of vacuum

EPP creation. The usual energy of vacuum oscillations ε0 =
√
m2 + p2 is transformed here to

the quasienergy (12) in the presence of the time dependent electric field. The memory effect
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(non-Markovian character of the KE), the fastly oscillating factor with the phase (24) and
the frequency 2ε (the dynamical energy gap) are the essential elements in the KE (48). This
equation contains two characteristic time scales: a slow one associated with the time scale of
the external field period, 2π/ω, and a fast one given by the Compton time τc = 2π/m. These
scales are usually vastly different, ω � m. The coupling of the dynamics related to these two
scales leads to a very complicated structure of the distribution function, both in the first stage
(generation of the quasiparticle EPP (QEPP)) and in the final stage (formation of the residual
EPP (REPP)) [10].

5 Field induced phase transition

In the considered situation, the FIPT appears as rearrangement of the vacuum state under
the action of a classical electromagnetic field. It leads to the t− noninvariant quasiparticle
vacuum which corresponds to a non-stationary Hamiltonian of the system (the Coleman theorem
[4, 49]). In this connection, the quasiparticle electron-positron pairs are the massive analog of
the Goldstone bosons [4, 50]. Let us consider features of the FIPT.

5.1 Transient stage

5.1.1 One-sheeted field model

The typical picture of the EPP evolution under the action of the one-sheeted pulse (91) is
presented in Fig. 1. The left panel shows that the transient process of the fast EPP oscillations
divides the evolution of the EPP into two domains, the QEPP and the REPP. After momentum
integration the fast oscillations of the transient process are smoothed out, see the right panel
of Fig. 1. The inset of that panel shows the local production rate. The results of the numerical
solutions of the KE (48) (or (78)) coincide with the exact solution [4, 5, 47]. On all figures the
time and frequency are scaled with the electron mass.

For qualitative orientation one can introduce here the time interval of the strong oscillations
limited by point t1 of the begin (that can be identified with the moment when the oscillations
of the distribution function reach for the first time the level of the REPP) and the end t2
(corresponding to the moment when the mean level of oscillations approaches that of the REPP
and the elongation of the oscillations is significantly reduced). This transient period of the
Zitterbewegung separates the smoothed QEPP stage from the REPP stage.

Under similar conditions strong oscillations are observed also in other physical models with
massive constituents. For example, they appeared in the domain of the relativistic phase transi-
tion with dynamical mass generation (the inertial mechanism of particle creation) including the
Higgs mechanism [51]. Their existence can be found also in the strong field dynamical models
of strongly correlated systems (see, e.g., Ref. [52]). Let us underline that the appearance of the
transient region with strong oscillations takes place in the considered case of a smooth impulse
(91) without a carrier wave that would possess a high frequency component.

For a better understanding of this phenomenon let us consider the mechanisms of particle
creation acting in the KE (48) or in its approximate solution (89). We will trace the evolution
of the system in the smooth field (91) for t > 0 which is accompanied by a field strength
depletion. If the electric field is rather strong, for t < t1 the acceleration mechanism represented
by the force factor eE(t) in the numerator of the amplitude (60) is dominant whereas the
fastly oscillating factor cos θ(t, t′) on the r.h.s. of the KE (48) smoothes out. The vicinity
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Figure 1: The transition from the QEPP plasma to the final state for the Eckart-Sauter pulse
type (91) with E0 = 0.2Ec and T = 8. The labels t1 and t2 denote approximately the begin
and the end of the transient stage. Left panel: Evolution of the distribution function for the
point p⊥ = p‖ = 0. Right panel: Evolution of the pair number density (90) and the local pair
production rate w(t) = ṅ(t) (inset).
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Figure 2: Time evolution of the distribution function for the Eckart-Sauter pulse (91) with
T = 8.24. Left panel: At p⊥ = p‖ = 0 for subcritical fields E0/Ec = 0.05, 0.10, 0.15 and 0.20.
Right panel: The details of phase transition at E0/Ec = 0.2 and p⊥ = 0 for different values
p‖ = −1.0,−0.5, 0.0, 0.5, 1.0.

of the moment t1 of the begin of the transient stage is characterized by a weakening of the
accelerating field action and by the growth of the role of the fast oscillations with the frequency
2ε(p, t) ≥ 2m, in which one can neglect now the influence of a weak field so that the oscillation
“beard” in the transient stage appears Fig. 1. The subsequent field depletion accompanied by
the growth of the vector potential (and the quasi-momentum P (t) (14)) in the denominator of
the amplitude (60) leads to the asymptotic extinction of the oscillations and the approach of
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the final REPP state.
Fig. 2 demonstrates the fine structure of the distribution function in the transient period for

varying field strength at fixed momentum (left panel) and for varying p‖ = p3 at p⊥ = 0 and
fixed field strength (right panel). One can see from here that the behavior of the distribution
function depends on the selection of a point p in momentum space. The maximum of the
distribution function is realised for p⊥ = 0 in different points p‖ = p3 at different time moments
because the component p‖ is contained in the amplitude (60) together with the vector potential
in the quasi-momentum P (t) (14).

The features of these oscillations are defined by the double quasienergy 2ε(p, t) and are
reproduced well also by the numerical solution of the KE.

Transient area arises also in the case of an other exact solution with the infinite field model
A(t) = −E0t [47].

5.1.2 Multi-sheeted field model

These features of the transient process are complicated in the case of a high frequency periodic
field with a Gaussian envelope (92), ω � 1/τ (multi-sheeted field model). Typical patterns are
presented in Figs. 3 and 4. In this case the neighboring intermediate smooth domains (peaks)
separate the high-frequency transient stages. They are defined by the sub-pulses with a half-
period π/ω of the external field (92). The red dashed lines in Figs. 3 and 4 show the modulus
of the external field (92) with the appropriately chosen normalization. The evolution is finished
by the final intensive transient bubble, after which the EPP goes over to the out-state REPP.
The final transient bubble is traced also on the density curve of the EPP (the right panel of
Fig. 3. Apparently, this illustrates the effect of mutual amplification of EPP production as a
result of the nonlinear interaction of the fast and slow components [53, 30, 54] of the field (92).

Fig. 4 demonstrates the evolution of the QEPP under the action of a periodical field with
Gaussian envelope (19) for another wavelength of the carrier signal, five times larger than the
one in Fig. 3. This allows to show some details of the evolution more clearly. Some features of
this type of field appear in presence of repeated passages through the zero points of the field
E(t). If such transitions occur sufficiently smoothly, then each of them has enough time to form
a transition region, similar to the single ”beard” in the left panel of Fig. 1. The reduction of
the carrier frequency allows to demonstrate in quite clear detail the repeated transient areas
(see the upper right panel of Fig. 4). With the decrease in the pulse amplitude they cease to
form a stable QEPP (see the lower right panel of Fig. 4). As a result, we are seeing a stretched
area of the transition to the REPP. In this transition region vacuum fluctuations modulated
acting field. When turning off the field by the Gaussian envelope the modulation disappears
and the transition to the REPP state is completed.

The presence of a transient region of fast oscillations in the distribution function is charac-
teristic for every field model. In this regard the discussed phase transition under the action of
a strong electric field is a universal effect for quantum field systems with an energy gap. We re-
mark that in the case of massless 2+1 dimensional QED (e.g., for graphene), the high-frequency
transient region is absent and the evolution of the particle-antiparticle plasma distribution func-
tion is smooth [55].

The left panel of Fig. 5 demonstrates the dependence of the EPP pair density (90) on the
pulse duration at fixed frequency ω in the field model (92). It exhibits a nonlinear accumulation
effect for which the slope is approximately constant for weak fields whereas for strong fields we
observe a saturation effect. Finally, the right panel of Fig. 5 shows the dependence of the EPP
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Figure 3: Transition from QEPP to REPP in the case of a harmonic field with Gaussian envelope
(92) with E0 = 0.2Ec, σ = 5.0 and wavelength 0.02 nm. Left panel: The distribution function
for the point p⊥ = p‖ = 0. The red dashed line shows the squared external electric field (92)
for orientation. Right panel: The density n(t) (90) in the region of the final transient bubble.

pair density in the out-state in comparison to the maximal value attained within the entire
period of the EPP evolution (see, e.g., Fig. 1, right).

5.2 Strong nonequilibrium

The entire process of vacuum EPP creation is a strong nonequilibrium one, including the final
out-state. In the first place, this conclusion follows from the exactly solvable models. The
distribution functions of the out-state turn out to be the same for both, the constant field
model E(t) = E0 [47, 56] and the Eckart-Sauter model (91) for T →∞ [42, 4]

fout(p) = exp

[
−πEc

E0

(ε⊥
m

)2
]
. (93)

This function is degenerate with respect to p3 = p‖ and therefore non-normalizable. This leads
to the necessity to extend the definition of macroscopic observables of the type (90). As a rule,
the substitution ∫

dp‖ → eTE0 (94)

is introduced which results in the well known Schwinger formula [3] for the EPP production
rate. The constant field model has been analyzed in detail in the recent work [57].
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Figure 4: Details of the evolution of the distribution function in the case of a harmonic field
with the Gaussian envelope (92) with E0 = 0.2Ec, σ = 5.0 and wavelength 0.1 nm. Left panel:
Evolution of the EPP over a large interval of 3000 Compton times. The red dashed line shows
the squared external electric field (92) for orientation. Upper right panel: Evolution of the
EPP under the action of a single subpulse with a half-period duration. Lower right panel:
The fine structure of the final transient bubble.

The strongly anisotropic nonequilibrium distribution (93) is defined by the symmetry of the
external field and leads to strong longitudinal flow. A detailed consideration of the nonequilib-
rium feature of this distribution can found in the work [58].

The asymptotic distribution (93) in the constant field model is a smooth function of the
transversal energy ε⊥(p⊥). In more realistic field models the structure of the distribution
function becomes very complicated. As an example, see the right panel of Fig. 6.

5.3 Non-monotonic entropy growth

The transition from the in-state to the out-state is accompanied by an non-monotonic entropy
growth. This phenomenon was marked and discussed long ego (e.g., [59, 56, 39]). For example,
the function (93) leads to the following entropy production rate:

Sout

T
=
m4

8π2

E0

Ec

(
1 +

E0

πEc

)
exp

(
−πEc

E0

)
, (95)
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Figure 5: Influence of the parameters the field pulse on REPP production. Left panel: Influ-
ence of the laser pulse (92) duration σ on the REPP density for the medium (E0/Ec = 0.1) and
high (E0/Ec = 1.0) amplitude of the electric field. For both values of the field the unit value of
density is determined as the density of the REPP produced by a pulse with a duration σ = 5.
Right panel: Comparison of the maximum density of QEPP and density of the REPP in the
range of values 0.1Ec ≤ E0 ≤ 1.0Ec for the laser pulse (92) with a wavelength 0.02426 nm
(ω = 0.1) and σ = 5. The insertion shows the transformation coefficient r(E0/Ec) = nres/nmax

for the shown values of the densities.
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Figure 6: Left panel: REPP distribution function f(p⊥, p‖) for the Eckart-Sauter pulse (91)
with T = 82.4 (bottom surface) and with T = 164.8 (top surface) at E0/Ec = 0.15 in momentum
space for 0.0 ≤ p⊥ ≤ 0.5, 0.0 ≤ p‖ ≤ 4.0. Right panel: REPP distribution functions f(p⊥ =
0, p‖) for a short pulse σ = 4 and a long pulse σ = 64 with the same amplitude of the field
E0 = 0.15Ec. The cyclic frequency ω of the oscillating field satisfies the condition 1/ω = 82.4
that corresponds to the wavelength 0.1nm.
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Figure 7: Non-monotonous growth of the entropy (left panel) and of the density (right panel)
for two values of the parameter τ .

where the pulse duration is defined by the relation (94). In Eq. (95) the definition of the
information entropy with the density

S(t) = −
∫

dp

(2π)3
f(p, t) ln f(p, t) (96)

was used. The most complete investigation was implemented in the work [40] on the basis of
the KE (48). Results from that work are shown in Fig. 7.

Let us notice that the KE (48) or the system of ODE (78) is not invariant with respect to
time inversion. Indeed, if E(t) = E(−t) and A(t) = −A(−t), one can see that replacement
f(p, t) → f(−p,−t) is not change KE, but f(p, t) 6= f(p,−t). Thus, the entropy growth
observed here is a result of transforming of the primordial vacuum fluctuations under the action
of a strong external field to the statistical ensemble of the EPP with well defined entropy.

6 Schwinger process and thermalization

As an application of the Schwinger process the particle production in heavy-ion collisions has
been considered which may proceed by the decay of color electric flux tubes [14, 16, 60]. The
flux tubes are characterized by a linear, stringlike potential between color charges, analogous
to the case of a homogeneous electric field considered by Schwinger. Using this analogy that
|eE| = σ with σ ∼ 0.19 GeV2 being the string tension, the transverse energy spectrum of
produced particles according to the Schwinger mechanism would be (1)

dNSchwinger

d2p⊥
∼ exp

(
−πε

2
⊥
σ

)
, (97)

with ε⊥ =
√
m2 + p2

⊥ being the transverse energy (13), often also denoted as ”transverse
mass” m⊥. This spectrum of produced particles is nonthermal and thus would contradict the
observation of thermal particle spectra in heavy-ion collision experiments

dNexp

d2p⊥
∼ exp

(
− ε⊥
Teff

)
, (98)
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with an effective temperature Teff ∼ 180 MeV (inverse slope parameter; see, e.g., [69]). Thus
the question for the thermalization arises. It has been suggested that it proceeds via collisions
described by a kinetic equation [15, 61]. For a most recent discussion of the issue, see [17,
62, 63, 64]. It has been questioned whether in high-energy nuclear collisions there is enough
time for the thermal equilibration of the system by collisions, after the particle production in a
Schwinger process.

As an alternative picture for the emergence of a thermal particle spectrum in ultrarelativistic
particle collisions the analogue of the Hawking-Unruh radiation has been discussed [65, 66, 67].
This reasoning predicts thermal spectra of hadrons with the Hawking-Unruh temperature

TH =

√
σ

2π
∼ 173 MeV, (99)

where for the string tension σ = 0.19 GeV2 has been used.

In this context it is interesting to note a possible synthesis of both pictures as provided by
the argument elucidated by Bialas [68]. If the string tension in the Schwinger process for flux
tube decay would fluctuate and follow, e.g., a Poissonian distribution

P (σ) = exp(−σ/σ0)/
√
πσσ0 , (100)

which is normalized
∫
dσP (σ) = 1 and has a mean value 〈σ〉 =

∫
dσσP (σ) = σ0/2, then

the initial Gaussian transverse energy spectrum (97) after averaging with the string tension
fluctuations becomes exponential, i.e. thermal with the temperature parameter T =

√
〈σ〉/(2π),

∫
dσP (σ) exp

(
−πε

2
⊥
σ

)
= exp

(
−ε⊥
T

)
. (101)

Here the integral
∫∞

0
dt exp[−t− k2/(4t)]/

√
πt = exp(−k) has been used [70].

This coincides with the Hawking-Unruh picture of thermal hadron production, where in the
case of fluctuating strings the string tension of Eq. (99) is now replaced by its mean value.
We would like to note at this point that a largely thermal spectrum would arise also from the
solution of a kinetic equation with the Schwinger source term, as has been demonstrated by
Florkowski in Ref. [71] for the case of parton creation (a more detailed calculation has recently
been done in [17]). This demonstrates the dynamical origin of thermal spectra.

In order to draw the link to the observed hadron spectra in heavy-ion collision experiments,
it remains to consider also the hadronization process when starting from the parton level of
description. For this purpose one could employ, e.g., kinetic theory approaches built on the
basis of the Nambu–Jona-Lasinio model Lagrangian, see [72, 73, 74, 75]. In this context the
dynamical chiral symmetry breaking in the quark sector plays an essential role as it triggers
the binding of quarks into hadrons (inverse Mott effect). The increase in the sigma meson mass
that accompanies the dynamical chiral symmetry breaking gives rise to additional sigma meson
production by the inertial mechanism (see [76] and references therein). By the dominant decay
σ → ππ this leads to an additional population of low-momentum pion states and can contribute
to the observed effect that s also discussed as a precursor of pion Bose condensation and may
simultaneously resolve the LHC proton puzzle [77] within a non-equilibrium model.
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7 Summary

In these lectures, we have given the derivation of the kinetic equation for pair production in a
homogeneous, time-dependent external field (dynamical Schwinger mechanism) and discussed
the Markovian as well as the low-density limiting cases. Further, we have investigated numerical
solutions of the full kinetic equation for one-sheeted and multi-sheeted external field models.
We have demonstrated that the dynamical Schwinger mechanism can be considered as a field
induced phase transition from the primordial in-state with latent vacuum fluctuations to the
final massive quantum field system of particle-antiparticle pairs under the action of a strong
external field. Thus, in the simplest situation, this process starts from the vacuum in-state (in
the considered statement of the problem the electrons and positrons are absent in the initial
state) and possesses the following characteristic features:

(i) presence of three different stages in the time evolution: smooth quasiparticle, fastly os-
cillating transient and asymptotic final stage;

(ii) strong nonequilibrium character of FIPT, including the out-state;

(iii) non-monotonic entropy growth.

The nonperturbative kinetic description is a reliable basis for the investigation of secondary
physical phenomena such as, for example, the electromagnetic radiation from the region of the
action of an external field [10]. Here one can expect that the considered stages of the FIPT will
be reflected in the time-based sweeps of these phenomena.

On the other hand, these features are rather universal and are characteristic on the quali-
tative level for physical systems of different nature.

On the formal level this universality appears because the corresponding KE’s belong to
the united class of integro-differential equations of non-Markovian type with fastly oscillating
kernel. Examples of this kind are, e.g., KE’s for description of the vacuum creation of scalar
bosons and of fermions in the FRW space-time [4], the noncontradictory KE for massive vector
bosons in the same metric space [4] and the nonperturbative KE for description of the carrier
excitations in graphene [55].

In these lectures we have restricted ourselves to the consideration of the domain of the
tunneling mechanism of particle creation, γ � 1. The first step in investigation of the few-
photon domain of EPP creation (γ � 1) has been made in the work [36].

We have discussed the application of the Schwinger process in the description of particle
production in heavy-ion collisions, mentioning the initial ideas as well as recent developments
devoted to the understanding of the apparent thermal spectra of produced hadrons as well as the
recent pion and proton puzzles observed at CERN in LHC experiments. The kinetic approach
to particle production in strong, time-dependent fields is indispensable for a microphysical
elucidation of the mechanisms at work under these extreme conditions.
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arXiv:1611.06992 [physics.plasm-ph].

[37] J. D. Bjorken and S. D. Drell, “Relativistic quantum fields,” McGraw-Hill, New York (1965).

[38] J. Rau, Phys. Rev. D 50, 6911 (1994).

[39] S. Habib, Y. Kluger, E. Mottola and J. P. Paz, Phys. Rev. Lett. 76, 4660 (1996).

[40] S. A. Smolyansky, A. D. Panferov, A. V. Prozorkevich and M. Bonitz, P-Adic Numbers, Ultrametric
Analysis, and Applications 4, 319 (2012).

[41] Y. Kluger, J. M. Eisenberg and B. Svetitsky, Int. J. Mod. Phys. E 2, 333 (1993).

[42] S. P. Gavrilov and D. M. Gitman, Phys. Rev. D 53, 7162 (1996).

[43] I. Bialynicki-Birula, P. Gornicki and J. Rafelski, Phys. Rev. D 44, 1825 (1991).

[44] H. T. Elze and U. W. Heinz, Phys. Rept. 183, 81 (1989).

[45] F. Hebenstreit, R. Alkofer and H. Gies, Phys. Rev. D 82, 105026 (2010).

[46] A. M. Fedotov, E. G. Gelfer, K. Y. Korolev and S. A. Smolyansky, Phys. Rev. D 83, 025011 (2011).

[47] F. Hebenstreit, “Schwinger effect in inhomogeneous electric fields,” arXiv:1106.5965 [hep-ph].

[48] F. Hebenstreit, R. Alkofer, G. V. Dunne and H. Gies, Phys. Rev. Lett. 102, 150404 (2009).

[49] S. Coleman. J. Math. Phys. 7, 787 (1966).

[50] S. L. Glashow and S. Weinberg, Phys. Rev. Lett. 20, 224 (1968).

[51] A. V. Filatov, A. V. Prozorkevich, S. A. Smolyansky and V. D. Toneev, Phys. Part. Nucl. 39, 886 (2008).

[52] T. Oka, Phys. Rev. B 86, 075148 (2012).
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The collision of ultra-relativistic electron beams with intense short laser pulses makes
possible to study QED in the high-intensity regime. Present day high-intensity lasers
mostly operate with short pulse durations of several tens of femtoseconds, i.e. only a few
optical cycles. A profound theoretical understanding of short pulse effects is important
not only for studying fundamental aspects of high-intensity laser matter interaction, but
also for applications as novel X- and gamma-ray radiation sources. In this article we give
a brief overview of the theory of high-intensity QED with focus on effects due to the short
pulse duration. The non-linear spectral broadening in non-linear Compton scattering due
to the short pulse duration and its compensation is discussed.

1 Introduction & High-Intensity Parameters

Rapid advances in tera- and petawatt-class laser technology allow to explore light-matter inter-
actions in the experimentally uncharted high-intensity regime. Theoretical predictions include,
for instance, intensity dependent non-linearities in high-energy photon emission and pair pro-
duction processes [1], or non-linear quantum vacuum optics effects such as vacuum birefringence
and photon splitting [2–5]. Eventually one expects the spontaneous creation of particle anti-
particle pairs from the vacuum (so-called Sauter-Schwinger effect) for field strengths on the
order of1 Es ∼ m2/e ∼ 1.3× 1018 V/m [6–9].

When an electron interacts with a high-intensity laser, the laser pulse can be described as a
plane wave. Plane waves are null-fields, i.e. both field invariants vanish: E2 −B2 = E ·B = 0,
which means no pairs can be produced from vacuum via the Sauter-Schwinger mechanism).
The majority of modern high-intensity laser systems produces laser pulses with wavelengths on
the order of 1µm, and with pulse durations on the order of tens of femtoseconds, i.e. only a few
optical cycles. We therefore shall investigate in this article the important effects of the short
pulse duration in high-intensity laser matter interactions.

Let us first recall some of the properties of (transverse) plane waves, which we assume to
propagate along the negative z axis, and with frequency ω = O(1 eV). Their wave vector is
a light-like four-vector, k2 = ω2 − k2 = 0, and the field strength is a univariate function,
Fµν = Fµν(k ·x). In this case, φ = k ·x = ωx+, which tells us that the field depends solely
on the light-front variable x+ = t + z (cf. Appendix A). In addition, Maxwells equations

1We use natural Heaviside-Lorentz units with ~ = c = 1 and fine structure constant α = e2/4π ' 1/137.
Scalar products between four-vectors are denoted as (kp) = k · p = kµpµ = k0p0 − k ·p.
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in vacuum require that Fµν is transverse, kµF
µν = 0. The field can be represented by a

transverse vector potential, Aµ = (0,A⊥(k ·x), 0), with k ·A = 0, and parametrized as A⊥ =
A0g(φ/∆φ)Re[εe−iφ] with a complex polarization vector ε, and an envelope function g with
pulse duration ∆φ. The interaction of a probe electron with four-momentum pµ with the plane
wave field can be characterized by the following dimensionless gauge and Lorentz invariant
parameters: (i) the classical nonlinearity parameter a0 = eA0/m [10], (ii) the quantum energy
parameter b0 = (kp)/m2, and (iii) the quantum efficiency parameter χe = e

√
(F · p)2/m3 =

a0 b0. For a pulsed laser field one has in addition the dephasing parameter a2
0∆φ [11], which

represents the ratio of the laser peak intensity and the laser bandwidth a2
0∆φ ∝ I/(∆ω/ω).

The classical nonlinearity parameter a0 represents the laser energy density seen by the probe
electron and can be related to the laser intensity via a2

0 = 7.309×10−19I[W/cm2]λ2[µm]. With
present laser technology one is able to reach light intensities on the order of I = 2× 1022 W/cm2,
which corresponds to a0 ∼ 100 at λ = 800 nm typical for Ti:Sa laser systems [12,13]. With the
upcoming generation of multi-petawatt lasers one expects to reach intensities up to 1023 . . . 1025

W/cm2 and even beyond 2. The parameter also a0 represents the work done by the field in one
wavelength λ̄ of the wave in units of the electron mass a0 = eE0λ̄

m . The limit a0 →∞, refers to
both the limit of infinite intensity at fixed frequency and the static limit ω → 0 (λ → ∞) at
fixed intensity. For a0 � 1 the probabilities of processes happening in the laser field approach
those in a constant crossed field [1] and are described by the quantum efficiency parameter χe
alone. The regime a0 � 1 is also referred to as “quasi-static” or “tunnelling” regime, i.e. 1/a0

serves as the Keldysh parameter of the electron laser interaction.
The quantum efficiency parameter χe is the value of the electric field experienced by the

particle in its rest frame in units of the Sauter-Schwinger field strength, χe = 2γE/Es, with
Es = m2/e. This means that χe can be large for ultra-relativistic particles with γ � 1 colliding
with a laser pulse, although the electric field in the laboratory frame is much weaker than Es
due to the Lorentz transformation of the transverse electric field.

2 Classical Dynamics of an Electron in a Laser Pulse

Before we dive into the quantum theory of the laser matter interaction let us start with a clas-
sical description. The classical picture is valid whenever both the quantum energy parameter
b0 � 1 and the quantum efficiency parameter χe � 1. According to the classical theory of
electrodynamics, the dynamics of point-like charged particles in a given external field configu-
ration, described by the field strength tensor Fµν = ∂µAν − ∂νAµ, is governed by the Lorentz
force equation [14]

m
duµ

dτ
= Fµν(x)uν , (1)

where m is the electron mass and we have conveniently absorbed the electron charge into the
background field vector potential eA → A. The electron’s four-velocity uµ = dxµ/dτ is the
tangent vector to the particle’s world line xµ(τ), parametrized by proper time τ . Due to the
anti-symmetry of the field strength tensor the four-acceleration duµ/dτ is always orthogonal to
the four-velocity, and the four-velocity is normalized as u ·u = 1.

2For instance, the Vulcan laser at RAL-CLF (UK) (http://www.clf.stfc.ac.uk/CLF/), the ELI project
(Czech Republic, Hungary, Romania) http://www.eli-beams.eu, or the OMEGA EP-OPAL project (Rochester,
USA).
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In general this is a non-linear differential equation as the field strength has to be taken
along the world line of the particle to be solved for Fµν = Fµν(x(τ)). The solution of (1) can
be quite a difficult task. For instance, the motion of an electron in standing waves can show
chaotic behaviour [15]. Luckily, the dynamics of an electron in a plane wave laser field is one
of the few exactly solvable cases.

2.1 Solution of the Lorentz Force Equation in Plane Waves

The solution of the Lorenz force equation in a plane wave field becomes particularly simple
when employing light-front coordinates (cf. Appendix A), as one can find a very simple relation
between the laser phase φ = ωx+ and the particle’s proper time τ . By dotting the laser
wave-vector into the equation of motion (1) we immediately find d

dτ (k ·u) = 0. That means
k ·u = const. is a constant of motion, i.e. the u+ component of the electron’s four-velocity is
conserved u+ = u+

0 . From this we find that the relation between the laser phase φ, light-front
time x+ and proper time τ can be expressed as

dφ

dτ
= k ·u = ωu+ ⇒ x+ = u+ τ . (2)

That means one can replace the proper time derivative by a light-front time derivative in the
equations of motion. Since the normalized laser vector potential has only transverse compo-
nents, aµ = eAµ/m = (0, 0,a⊥(x+)), the transverse components of the Lorentz force equation
can be written as

du⊥
dτ

= −(k ·u)
da⊥
dφ

,

which gives u⊥ + a⊥ = const = u⊥,0 because of (2). Because the four-velocity is normalized,
u2 = 1, the fourth component u− of the velocity can be obtained simply via

u−(φ) =
1 + u2

⊥(φ)

u+
=

1 + [u⊥,0 − a⊥(φ)]2

u+

The particle world line xµ is obtain by integrating the four-velocity again

xµ =

∫
dτ uµ =

∫
dx+

u+
uµ . (3)

For later use we here also define the kinetic four momentum of the electron as πµ = muµ.
The solution for the kinetic momentum can also be represented in a covariant way as

πµ(x+) = Λµν(x+) pν , (4)

where pν is the initial value of the momentum, and Λµν(φ) = (eX)µν with

Xµν =

∫ x+

dz+

p+
Fµν(z+) =

kµAν − kνAµ
k · p

has the form of a Lorentz transformation [16, 17]. In particular, the minus-component of the
kinetic electron momentum can be written as

π− = p− +
2 p ·A−A2

p+
. (5)
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2.2 Radiation Back-Reaction

When the electron interacts with a high-intensity laser pulse the back-reaction of the emission of
radiation on the electron motion, the so-called radiation reaction (RR), can become significant.
The radiation power is given by the Larmor formula, P = − 2α

3 u̇2. Whenever the emitted
radiation energy ∼ αγ2ωa2

0∆φ becomes comparable to the electron’s initial energy γm, the
equations of motion (1) have to be amended by a radiation force term FµR:

mu̇µ = Fµνuν + FµR . (6)

In the radiation dominated regime, characterized by the parameter RC = αχea0 & 1, the
electron loses a large fraction of it’s kinetic energy in one cycle of the background laser field,
and the RR force FµR becomes comparable to the Lorentz force. This regime could be reached,
for instance by colliding a 500 MeV electron beam with a laser pulse with a0 = 200, which
corresponds to a peak intensity of 1023W/cm2.

Many different forms for the RR force FµR have been suggested since the seminal works
of Lorenz and Abraham more than a century ago [18–21]. A particularly popular form of
the RR force (which is often used in numerical simulations of laser-matter interaction at high
intensity [22–24]) is the so-called Landau-Lifshitz force [25]. It reads

FµR,LL =
2α

3m

[
(uα∂αF

µν)uν +
1

m
FµνFναu

α +
1

m
(Fανuν)2uµ

]
. (7)

The equations of motion (6) with the LL radiation force (7) also possess closed form analytic
solutions in the presence of plane wave backgrounds [26]. By dotting again the laser wave-vector
k into the equations of motion we find

d(k ·u)

dτ
=

2α

3m
(a′ · a′) (k ·u)3

which can be integrated to find a (non-linear) relation between the laser phase φ and proper
time τ [cf. (2)] allowing to integrate (6) [26].

Finally, we note that the classical RR is a continuous process, in contrast to quantum
RR which is stochastic. Quantum RR effects are important whenever already the emission of a
single photon can alter the electron trajectory significantly due to the momentum recoil [27–29].
The transition from the classical to the quantum RR regime is characterized by χe & 1 and
RQ = αa0 & 1 [27].

3 High-intensity QED in the Furry Picture

In high-intensity QED the laser field is usually described as a background field3. This back-
ground field has to be treated to all orders, which can be achieved by going to the Furry inter-
action picture in which the background field is treated as part of the unperturbed system [34].
For this we need to know the solutions of the Dirac equation

[i/∂ − /A(φ)−m]Ψ(x) = 0 (8)

3However, the development of avalanche type QED cascades at extreme intensities could cause a depletion of
the laser, turning an initially strong field weak, and rendering the background field approximation invalid [30–33].
See also A. M. Fedotov’s contribution in this volume.
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in a given background A describing the laser field. The solutions Ψ(x) of (8) in a univariate
null-field background A = A(φ) are called Volkov wave functions [35]. We use here the Dirac
slash notation /p = pµγµ to denote scalar products between four-vectors and the Dirac matrices
γµ.

3.1 Derivation of Volkov States

Let us now explicitly calculate the Volkov wave functions. Although the derivation can be found
in textbooks (e.g. in [36]) will be present it here in some detail to work out why a null-field
background is required in order to solve Eq. (8) and indicate possible extensions to more general
backgrounds. In the first step on transforms (8) into a second order differential equation by
multiplying with the adjoint Dirac operator i/∂ − /A+m from the left [36], yielding

[
(i∂ −A)2 −m2 − 1

2
σµνFµν(x)

]
Ψ(x) = 0 , (9)

with σµν = i
2 [γµ, γν ] as the commutator of gamma matrices. The so-called Pauli interaction

term 1
2σ

µνFµν(x) describes the interaction of the half-integer electron spin with the background

field. The general idea is to seek a solution of (9) in the form Ψ(x) = e−i(px)Ω(φ)u with a
constant four-vector pµ, and where Ω is a (4 × 4) Dirac matrix depending only on the laser
phase φ = k ·x and u denotes a Dirac bi-spinor.

When switching off the background field, the quantum numbers pµ represent the four-
momentum of a free particle. With the background field present, they represent the asymptotic
electron momentum outside the laser pulse. Because three momentum operators p1 = −i∂/∂x1,
p2 = −i∂/∂x2 and p+ = 2i∂/∂x− commute with the Dirac-operator, the corresponding quan-
tum numbers are conserved. In addition, p− = (p2

⊥ +m2)/p+ is determined by the mass shell
condition p2 = m2. Similarly, the Dirac bi-spinors are the the free Dirac spinors up,r for (on-
shell) momentum p, fulfilling (/p−m)up,r = 0, and where r = 1, 2 is the spin quantum number.
We choose here and in the following the normalization ūp,rup,r′ = 2mδrr′ .

By plugging the above ansatz for the wave function into (9) one obtains an equation for the
unknown matrix function Ω. Because Eq. (9) is a second order differential equation, in general
the equation for Ω can be expected to be a second order as well. However, the coefficient of
the second order term turns out to be k2. That means for a light-like univariate background
field with wave vector k2 = 0 the equation for Ω is of first order. Note that this is not true for
space-like (k2 < 0) or time-like (k2 > 0) wave vectors. The first case, for instance, corresponds
to magnetic undulators or the wave propagation in a medium with refractive index nr > 1.
The latter case may refer to time dependent electric fields, or the propagation of waves in
a medium with refractive index nr < 1, e.g. a plasma. No general solutions of relativistic
wave equations exist in background fields with k2 6= 0. Recent attempts to find (approximate)
solutions can be found in Refs. [37–40]. The situation becomes even more complicated for bi-
variate backgrounds, for instance for the electron dynamics in two counter-propagating laser
beams [41].

For the Volkov problem, with k2 = 0, we eventually find the following first order ordinary
differential equation for the hitherto unknown matrix function Ω:

2i(kp)
dΩ

dφ
=
(

2(pA)−A2 − i/k /A′
)

Ω . (10)

HQ 2016 5

DANIEL SEIPT

28 HQ 2016



This equation can be easily integrated yielding

Ωp(φ) =

(
1 +

/k /A

2(kp)

)
e−ifp(φ) , (11)

fp(φ) =

∫
dφ

2k · p
[
2p ·A(φ)−A2(φ)

]
= −p

−x+

2
+

1

2

∫
dx+ π−(x+) (12)

where we used that /k /A is a nilpotent operator of grade 2, i.e. (/k /A)n≥2 = 0, which again holds
because the background field has a light-like wave vector with /k/k = k2 = 0 and (kA) = 0.
The non-linear phase fp can be written as an integrals of the minus component of the classical
kinetic four-momentum (5) by using that φ = ωx+. Note that the Volkov wave functions (14)
are normalized using a covariant light-front normalization,4

(Ψ̄p′,r′ |Ψp,r) =
1

2

∫
dx−dx⊥ Ψ̄p′,r′(x)γ+Ψp,r(x) = 2p+(2π)3δ(p′ − p)δr′r (13)

and where p stands for (p+,p⊥), i.e. δ(p) = δ(p+)δ(p1)δ(p2).
It is also convenient to define the so-called Ritus matrices Ep(x) = e−i(px)Ωp(φ), such that

the Volkov states can be written as

Ψp,r(x) = Ep(x)up,r . (14)

The Ritus matrices can decomposed as Ep = V (φ) e−iSHJ , where SHJ denotes the classical
Hamilton-Jacobi action of a classical particle in the background field. That means Volkov wave
function is an exact semiclassical wavefunction, i.e. while being an exact solution of the wave
equation (8) the action does not contain quantum corrections (in powers of ~). The matrix
V (φ) is the bi-spinorial representation of the Lorentz transformation Λµν(φ) that generates the
classical orbits (4), and which is defined by

V −1 γµV = Λµνγ
ν .

The Lorentz transformation V (φ) transports the spinor up,r along the classical trajectory [16,
17]. The Ritus matrices, analytically continued to off-shell momenta p2 6= m2, have the following
orthogonality and completeness properties:

∫
d4x Ēp′(x)Ep(x) = (2π)4 δ(p′ − p) ,

∫
d4p Ep(x

′)Ēp(x) = (2π)4 δ(x− x′) .

The wave functions (14) represent the positive energy solutions Ψp,r ≡ Ψ
(+)
p,r of (8), i.e. they

describe the propagation of electrons in a background field. In order to describe positrons as
well (for instance to calculate the probabilities for pair production in a laser field) we need
the negative energy solutions of (8). They can be obtained from (14) via the transformation

p → −p, i.e. Ψ
(−)
p (x) ≡ Ψ−p(x), where the notation for negative energy spinors is as usual

u−p ≡ vp [43, 44].

4 The scalar product between any two spinor wave functions is defined in a Lorentz invariant way as [42]
(Ψ̄1|Ψ2) =

∫
σ dσµΨ̄1(x)γµΨ2(x), with σ being a hypersurface in Minkowski space and dσµ the infinitesimal

normal vector thereupon. The hypersurface can be expressed in general curvilinear coordinates ξµ(x), where

ξ0 = const. defines the hypersurface and ξ1, ξ2ξ3 parametrize σ, such that dσµ =
dξ0(x)
∂xµ

√−gdξ1dξ2dξ3 with

the determinant g of the metric tensor in the coordinates ξµ. Choosing a light-front surface x+ = const. yields
(13).
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Figure 1: Contour plot of (the real part of) the scalar and tensor projections of the Ritus
matrices Ep(x) in the (z-t) plane for a circularly polarized laser pulse with a0 = 2 and pulse
duration ∆φ = 20.

3.2 Properties of Volkov States

The properties of the Volkov states can be studied by investigating the Ritus matrix function
Ep(x) as they contain all the information on the interaction with the laser field. Since the Ep(x)
are 4× 4 matrices it is reasonable to study the different projections onto the basis elements of
the Clifford algebra [45]. It turns out that only the scalar and anti-symmetric tensor projections
yield non-zero results:

S[Ep] =
1

4
trEp(x) = exp{iSp(x)} , (15)

T µν [Ep] =
1

4
trσµνEp(x) =

i

2k · p (Aµkν −Aνkµ) exp{iSp(x)} , (16)

where σµν = i
2 [γµ, γν ], and tr denotes the trace over the Dirac matrix indices.

The real parts of the scalar projection S[Ep] and the combination of tensor projections
T 13 − iT 23 are exhibited in Figure 1 for an electron with an energy of 50 GeV propagating
head-on through a strong laser pulse with a0 = 2 and a pulse duration ∆φ = 20. The two
projections are shown in the frame where the electron is initially at rest. In that frame, the free
electron wave function outside the laser pulse behaves as ∝ exp{−ip ·x} = exp{−imt}. In the
case of the scalar projection of the Ritus matrices the effect of the laser pulse is a local tilt of
the electron wave fronts, see left panel of Fig. 1. This behaviour corresponds to the build-up of
an intensity dependent ponderomotive quasi-momentum inside the laser pulse [46]. The tensor
projection of the Ritus matrices shown in the right panel of Fig. 1 are non-zero only in regions
where the laser pulse is present. They correspond to the /k /A term in the Volkov states, i.e. the
Pauli interaction term.

In the following we construct wave packets from the Volkov wave functions and show that the
motion of the centroid of the packet follows is closely related to the classical trajectory [47,48].
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Figure 2: Contour plot of a normalized scalar Volkov wave packet in the (t-z) plane. For
comparison, the classical trajectory is depicted as solid black curve. The laser pulse propagates
between the two black dotted lines.

We will restrict the discussion to the scalar part of the Volkov wave function which describes
charged spin-0 bosons. As a simple example it suffices to construct a one-dimensional wave
packet as a superposition of Volkov waves with a light-front momentum distribution h+(p+)
but all having the same transverse momenta p⊥ = 0,

χ(x) =

∫
dp+

2p+
h+(p+)S[Ep(x)] . (17)

Such a wave packet has a finite temporal duration, but remains infinitely extended in the trans-

verse coordinates. In the following we choose a Gaussian distribution h+ = N e−(p+−p+0 )2/2∆2

with Gaussian width ∆ = 0.05m and with p+
0 = m. The laser pulse parameters are the same

as for Figures 1. This construction provides a localized wave packet in the (t-z) plane with
a minimum Gaussian size at t = z = 0. This wavepacket is shown in Figure 2 in the (t-z)
plane. The centroid of the wave packet follows the classical trajectory z(t) (black curve), which
shows the close correspondence between the classical trajectory solutions and the Volkov wave
functions. In addition, the Dirac-Volkov current

jµ =
Ψ̄p,r γ

µ Ψp,r

Ψ̄p,rΨp,r
=
πµ(φ)

m
= uµ(φ) , (18)

coincides with the classical four-velocity uµ.

Let us now investigate the momentum space spectrum of the Volkov states and find rela-
tions to the classical motion. The Ritus matrices Ep(x) have a spectral representation as a
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superposition of plane waves

Ep(x) =

∫
d`

2π
e−i(p+`k) · x Ep(`) (19)

with the spectral components

Ep(`) = K0(`) +
ma0/k

2(kp)

[
/εK+(`) + /ε

∗K−(`)
]
. (20)

which are be represented by the three scalar functions

{
K0(`)
K±(`)

}
=

∫
dφ

{
1

g(φ)e∓i(φ+φ̂)

}
exp{i`φ− ifp(φ)} . (21)

The variable ` parametrizes the amount of light-front laser momentum k− which is exchanged
between the electron and the background field. It can be interpreted as some continuous
analogue to the number of exchanged laser photons.

Let us now investigate the limit of infinitely long monochromatic plane wave background
fields (IPW), formally achieved by setting g → 1. In that case the background is a periodic
function such that the Floquet theorem applies [49]: The solution of the Dirac equation (8) in
a periodic background takes the form

Ψp(φ) = e−iq · x Φ(φ) , (22)

where Φ(φ+ 2π) = Φ(φ) has the same periodicity as the background, and qµ = pµ +
m2a20
4k · p kµ is

called the quasi-momentum. The Fourier-zero mode, i.e. the non-periodic part of the non-linear
phase fp in (12), has been absorbed into the definition of the quasi-momentum.

In the limit of an IPW background the momentum distribution functions (21) degenerate
to a delta comb

Kj(`)
g→1−−−→

∞∑

n=−∞
δ(`− n− m2a2

0

4k · p )Kj(n) (23)

with support at discrete momentum values qµ + nkµ. For arbitrary polarization of the back-
ground field the coefficients Kj(n) are related to generalized Bessel functions (see e.g. [50,51]),
and they turn into ordinary Bessel functions of the first kind in the case of circular polariza-
tion. The Volkov wave function in an IPW background appears as an infinite sum over discrete
momentum states

Ep(x) =

∞∑

n=−∞
e−i(q+nk) · x E IPW

p (n) , (24)

which are also called Zel’dovich levels [52]. The level structure furnishes an easy interpretation of
strong-field phenomena. For instance, the appearance of harmonics in the non-linear Compton
spectra or the resonant singularities in second-order strong-field scattering processes can be
seen as transitions between different Zel’dovich of the incident and final state Volkov electrons.
Modifications of this level structure due to radiative corrections, i.e. the electron self-energy
have been calculated as well [53].
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Figure 3: Spectral components of the Volkov state with a small (large) range of spectral compo-
nents ` contributing in the left (right) panels. In the left panel the black vertical lines indicate

the positions of the Zel’dovich levels at ` = n +
ma20
8ωγ in the case of an infinite monochromatic

plane wave. One can make a clear connection between these Zel’dovich levels and the peaks
in the Volkov spectrum for a pulsed field. In the right panel a large number of spectral com-
ponents contribute the width of each level is larger than their separation which makes a clear
identification of individual Zel’dovich levels difficult.

If one now starts from the well known case of infinite monochromatic plane waves (with
the discrete level structure) and looks at modifications due to finite pulse duration one finds a
broadening of the Zel’dovich levels. There are two different contributions to the level broad-
ening: (i) a bandwidth broadening ∆φ−1 due to the finite laser bandwidth (ii) a non-linear,

intensity dependent broadening ∼ ma20
ωγ due to the gradual change in the laser intensity in a

pulsed field. This second mechanism is related to the ponderomotive, i.e. slowly varying, part
of the non-linear phase fp, and can be seen as a gradual build-up of an intensity-dependent
quasi-momentum as the laser intensity increases [46]. Depending on the bandwidth and the
peak intensity either of the two mechanisms can be dominating the broadening of the Zel’dovich
levels. The broadened Zel’dovich levels are shown in Fig. 3.

The scalar spectral components Kj(`) of a Volkov state also have a close relation to the
classical electron motion in a laser pulse. The effective range of values of ` is determined by
the classical dynamics [51]. To be specific, the maximum and minimum values of the minus
component of the kinetic four-momentum determine the cut-off values of ` via `max/min =

(π−max/min−p−)/k−. Beyond those cut-off values the functions Kj(`) drop to zero exponentially

fast. The reason is that only for `min < ` < `max the phase integrals in (21) posses real stationary
phase points. Also the local minima and maxima of π−, which appear during the course of
the laser pulse, lead to pronounced structures in the Volkov state spectral component K+(`).
This is caused by a sudden change in the number of stationary phase points related to fold-type
caustics. All the local extremal points of π− are indicated by red lines in Figure 1, connecting
them to pronounced structures in the spectral components Kj(`). One could possibly observe
those spectral features of the Volkov states by using laser-assisted Compton scattering of X-
rays [54].
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Figure 4: The light-front momentum component π− along the classical trajectory of an electron
in a short laser pulse as a function of the laser phase φ = ωx+ (left panel) is compared to the
spectral component K+(`) of the Volkov state in the same pulse (right panel). The electron
counterpropagates the laser pulse with initial energy of 1 GeV at an angle of θ = 2/γ. Other
parameters are as follows: (a) a0 = 1, ∆φ = 8, linear polarization; (b) a0 = 5, ∆φ = 8, linear
polarization; (c) a0 = 5, ∆φ = 8, circular polarization; (d) a0 = 5, ∆φ = 12, linear polarization.

3.3 The Dirac-Volkov Propagator

The laser-dressed Green’s function (Dirac-Volkov propagator) is the solution of an inhomoge-
neous Dirac equation in the background field with delta inhomogeneity, [i/∂ − /A−m] G(x, y) =
δ(x − y). Many different representations of this Dirac-Volkov propagator G(x, y) are known,
see e.g. [1, 55–60]. A particularly useful representation is given in terms of the Ritus matrix
functions Ep as [1]

G(x, y) =

∫
d4p

(2π)4
Ep(x)G0(p)Ēp(y) , (25)

where the free propagator in momentum space is given by G0(p) = (/p + m)/(p2 −m2 + i0+).
The Dirac-Volkov propagator is needed for the calculation of higher-order processes in laser
fields such as nonlinear Double Compton scattering [61–63], laser assisted Bremsstrahlung [64]
or laser assisted pair production in the field of a nucleus [65], as well as the calculation of
radiative corrections such as the electron mass operator [66]. It is worth noting that the
background field determines the pole structure of the propagator, with an infinite series of
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(a) (b)

p p′

k′

p p′

k1
k2

+

p p′

k2
k1

Figure 5: Strong-field Feynman diagrams in the Furry picture for Non-linear Compton scat-
tering (a) and Non-linear Double Compton scattering (b). Double lines represent laser dressed
electron wave functions and propagators for external and internal lines, respectively.

poles for infinite monochromatic plane waves and just a single pole plus finite resonances for
short pulses [62,67–69].

3.4 Strong-Field Feynman Rules

In order to calculate the S matrix elements of high-intensity QED processes one may employ
the Feynman diagram technique in coordinate space. The Feynman rules for high-intensity
QED in the Furry picture can be summarized as follows [60]:

1. External incoming or outgoing electrons with momentum p are represented by laser
dressed Volkov wave function Ψp(x) or Ψ̄p(x), respectively. For incoming and outgo-
ing positrons one uses the corresponding negative energy Volkov wave function Ψ̄−p(x)
and Ψ−p(x).

2. An internal fermion line corresponds to the Dirac-Volkov propagator G(x, y).

3. Internal and external photon lines are translated into the free photon propagator and the
free photon wave functions, respectively, see e.g. Ref. [45].

4. Each interaction vertex corresponds to a factor −ieγµ and an integral over d4x.

5. Symmetry factors for identical particles etc. are the same as in usual QED.

Let us look at few examples. Firstly, the S matrix for non-linear Compton scattering, i.e. the
emission of a high-energy photon by an electron moving in an intense laser field, given in Fig. 5
(a). This diagram is are forbidden in ordinary QED without the background field because it
is impossible to fulfil four-momentum conservation. The background field provides the missing
four-momentum to make this process possible. Diagram (a) translates into the formula

S =

∫
d4x Ψ̄p′(x)[−ieγµε∗µeik

′ · x]Ψp(x) , (26)

where the wave function of the emitted photon with momentum k′ and polarization vector ε′

is given by ε∗µe
ik′ · x. The non-linear Compton scattering is discussed in some more detail in

Section 4.
The second example is the non-linear Double Compton scattering in (b), where two photons

are emitted coherently by the same electron. Because the two emitted photons are indistinguish-
able the S matrix is represented by two diagrams with the outgoing photon lines interchanged.
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The S matrix for this process reads

S = −e2

∫
d4xd4y Ψ̄p′(x) /ε

∗
2e
ik2 · y G(y, x|A) /ε

∗
1e
ik1 · x Ψp(x)

− e2

∫
d4xd4y Ψ̄p′(x) /ε

∗
1e
ik1 · y G(y, x|A) /ε

∗
2e
ik2 · x Ψp(x) .

The pole structure of the Dirac-Volkov propagator strongly affects the spectrum of the emitted
photons [61,62,70].

4 Non-linear Compton Scattering

The process of non-linear Compton scattering in high-intensity lasers has been investigated
theoretically since the early 1960’s [71–74], but in most studies infinite monochromatic plane
wave laser fields or constant crossed fields have been assumed. But as mentioned above, modern
laser systems produce very short high-intensity pulses with only a few cycles oscillations of the
laser’s electric field. The influence of the short laser pulse duration on the non-linear Compton
process has been investigated in the recent years, see for instance Refs. [46, 75–81]. We shall
here discuss some of the short pulse effects on the non-linear Compton spectra. Similar effects
can be seen also for other processes occuring in strong and short laser pulses, for instance in
the non-linear Breit-Wheeler pair production [43,82–86].

0 10 20 30 40 50
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Figure 6: Spectra for non-linear Compton scattering in a short laser pulse. Left panel: an-
gular and energy differential spectra for linearly polarized laser light in the plane of the laser
polarization (ϕ = 0) and perpendicular to it (ϕ = π/2). Right panels: Line-outs of the on-axis
spectrum for circularly polarized laser light show the broadening of the spectral lines in short
pulses. In the case of an infinitely long laser wave the spectrum would be located just at the
red vertical line.
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The differential photon emission probability is given by dW = |S|2 dΠ/2p+, with the S
matrix element from (26), and where the Lorentz invariant phase space of the final particles is

conveniently parametrized by dΠ = dp′+d2p⊥

2(2π)3p′+
ω′dω′dΩ
2(2π)3 , yielding

dW

dω′dΩ
=

αω′ 〈|M|2〉
16π2 (kp)(kp′)

, M =

∫
dφ ūp′Γ(φ)up e

i
∫
dφ k

′ ·π
k · p′ (27)

where 〈...〉 refers to the average and summation over all initial and final particle polarization
states, respectively. In the exponent of the amplitude M we rediscover the classical kinetic
momentum π, which is now projected onto the four-momentum of the emitted photon.

When the probability (27) is analysed for an infinite monochromatic plane wave one finds a
discrete spectrum of emitted harmonics, which can be understood in terms of quasi-momentum
conservation q + nk = q′ + k′. The emitted photons are dominantly emitted into a narrow
cone with opening angle θ ∼ γ−1 for a0 . 1 and ∼ a0γ

−1 for a0 > 1, and with harmonic
frequencies ω′n ' 4nγ2ω/(1 + γ2θ2 + 2nb0 + a2

0/2). For a0 � 1 on the order of n ∼ a3
0

harmonics contribute to the spectrum. In non-linear Compton scattering with a short laser
pulse one observes a broadening of the spectral lines (see Fig. 6), similar to the broadening
to the Zel’dovich level structure of the Volkov states discussed in Section 3. First of all, in
a short laser pulse the harmonics acquire a bandwidth ∆ω′/ω′ ∼ ∆ω/ω ∼ ∆φ−1 due to the
bandwidth of the laser. But there is also a intensity dependent ponderomotive broadening effect
related to the gradual build-up of quasi-momentum as the electron enters the laser pulse. The
ponderomotively broadened spectral lines have a (relative) bandwidth ∼ (a2

0/2)/(1 + a2
0/2).

One sees in Fig. 6 that the broadened spectral lines consist of a large number of O(a2
0 ∆φ)

subsidiary peaks. This can be explained as the interference of radiation emitted at the leading
and trailing slopes of the pulse envelope [80]. It turns out that this ponderomotive broadening
effect always occurs whenever the dephasing parameter a2

0 ∆φ & 1. This is true also for quite
weak laser pulses a0 � 1 as long as the spectral bandwidth of the laser ∆φ−1 is sufficiently
small [11].

This broadening effect, while being an interesting phenomenon in the interplay between
bandwidth and intensity effects will be a severe limitation for the spectral brightness of inverse
Compton backscattering x- and gamma-ray sources. One way of dealing with the broadening
is to limit the laser intensity to an acceptable level of broadening for a specific application [87],
which limits the brightness of the source, of course. A more advanced possibility is to use
chirped laser pulses, i.e. with a time-dependent frequency. It has been shown theoretically that
with properly chirped laser pulses (which are spectrally blue-shifted at the pulse centre where
the intensity is highest) the spectral broadening can be compensated [79, 88–90], see Fig. 7.
This opens an avenue towards bright narrowband hard-gamma radiation sources operated at
large laser intensities a0 & 1.

5 Summary

In this article an overview of the theory of high-intensity QED was given with focus on effects
due to the short pulse duration. Both the solutions of the classical equations of motion, as well
as the Volkov wave functions and the Dirac-Volkov propagator in the case of high-field QED
were presented. The spectrum of non-linear Compton scattering in short intense pulses was
discussed. The intensity dependent spectral broadening can be compensated by chirping the
laser pulse.
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Figure 7: By using a chirped laser pulse with, the spectral broadening of the backscattered
light (red curve) can be compensated (blue curve) allowing to operate inverse Compton sources
at high laser intensity (a0 = 1.5) for increased brightness.

Appendix A: Light-Front Coordinates

Because the laser’s wave-vector (four-momentum vector) kµ is a light like vector with k2 = 0 it
is very convenient to use so-called light-front co-ordinates to describe the dynamics of charged
particles in laser background fields. Let us assume that the laser pulse propagates along the
negative z-axis, k = (ω, 0, 0,−ω), such that it’s phase argument k ·x = ω(t + z) = ωx+.
That means the background field depends only on the single light-front variable x+ = t+z. All
particles will enter (leave) the laser pulse at the same value of the the light-front time coordinate
x+, see Fig. 8. The light-front components of a generic four-vector with Cartesian coordinates
(bµ) = (b0, b1, b2, b3) are defined as

b− = b0 − b3 , b+ = b0 + b3 , b⊥ = (b1, b2) . (28)

The inverse coordinate transformation is given by b0 = 1
2 (b+ + b−) and b3 = 1

2 (b+ − b−). We
immediately find that the laser four-momentum has only a single non-vanishing component
in light-front coordinates: k− = 2ω The metric tensor in light-front coordinates, using the
arrangement of components (bµ) = (b+, b−,b⊥), has non-diagonal components

(gµν) =




0 1
2 0 0

1
2 0 0 0
0 0 −1 0
0 0 0 −1


 , (gµν) =




0 2 0 0
2 0 0 0
0 0 −1 0
0 0 0 −1


 . (29)

The covariant components of a four-vector are related to the contravariant components as

b− =
1

2
b+ , b+ =

1

2
b− , b⊥ = −b⊥ ,
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Figure 8: The laser pulse (red) propagates along the negative z axis. All electrons enter (leave)
the laser at the same value of the light-front variable x+ = x+

1 (x+
2 ).

and scalar products between two four-vectors read

x · y = x+y+ + x−y− + x⊥ ·y⊥ =
1

2
x+y− +

1

2
x−y+ − x⊥ ·y⊥ .

The Lorentz invariant integration measure in light-front coordinates is given by

√−g d4x =
1

2
dx+dx−d2x⊥ ,

with
√−g =

√
−det gµν = 1/2 as the determinant of the metric tensor. For a four-dimensional

delta distribution one writes in light-front form

δ4(p) =
1√−g δ(p

+)δ(p−)δ(p1)δ(p2) = 2 δ3(p)δ(p−) ,

where we introduced the short-hand notation p ≡ (p+,p⊥). The free particle dispersion rela-
tions (mass shell conditions) read in light-front coordinates

p− =
p2
⊥ +m2

p+
, k− =

k2
⊥
k+

for massive and massless particles, respectively. The Lorentz invariant on-shell phase space
element is

∫
d4p

(2π)4
(2π)δ(p2 −m2) =

d3p

(2π)32p+
,

with d3p ≡ dp+dp1dp2. Thus the Lorentz invariant on-shell delta distributions are given by
(2π)32p+δ3(p− p′).

The light-front components of the Dirac matrices γµ obey the anti-commutation relations
{γµ, γν} = 2gµν with the metric tensor (29). In particular it follows that (γ+)2 = (γ−)2 = 0.
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2Helmholtz Institut Jena, Fröbelstieg 3, D-07743 Jena, Germany

DOI: http://dx.doi.org/10.3204/DESY-PROC-2016-04/Karbstein

The focus of these lectures is on the quantum vacuum subjected to classical electromagnetic
fields. To this end we explicitly derive the renowned Heisenberg-Euler effective action in
constant electromagnetic fields in a rather pedagogical and easy to conceive way. As an
application, we use it to study vacuum birefringence constituting one of the most promising
optical signatures of quantum vacuum nonlinearity.

1 Introduction

These lecture notes are about the quantum vacuum in strong electromagnetic fields. They are
intended to provide interested students having basic knowledge in quantum field theory with an
introduction to this topic. To this end it is instructive to first recall the classical understanding
of the vacuum: In a classical field theory context, the vacuum can be defined as “the absence
of anything,” and can be considered as a kind of absolute ground state, not featuring any
excitations, etc.

When adding classical electromagnetic fields to this vacuum, we arrive at the classical field
theory of electrodynamics, which can be defined by the following Lagrangian density,

LED = −1

4
Fcl.µνF

µν
cl. − jµA

µ
cl. , (1)

where Fµνcl. = ∂µAνcl.− ∂νAµcl. is the field strength tensor, and jµ a current sourcing the electro-
magnetic four-potential Aµcl.. In these lectures, we are only interested in the vacuum subjected
to electromagnetic fields far away from any classical sources. Correspondingly, we set jµ = 0.

The equations of motion for a Lagrangian L(Aµ, Fµν) are given by the following Euler-
Lagrange equations,

∂L
∂Aν

− 2∂µ
∂L
∂Fµν

= 0 , (2)

such that for L(Aµ, Fµν)→ LED(Aµcl., F
µν
cl. )|j=0 we obtain the free Maxwell equations, ∂µF

µν
cl. =

0. Obviously, these homogeneous linear differential equations have the feature that any com-
bination Fµνcl. =

∑
i F

µν
cl.i of solutions Fµνcl.i = (∂µgνα − ∂νgµα)Aαcl.i is also a solution, which
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implies the superposition principle to hold for electromagnetic fields in the vacuum of classical
electrodynamics.

In a next step we turn to the notion of the vacuum in a quantum field theory (QFT) context,
also referred to as the quantum vacuum. The quantum vacuum is not empty, but rather
permeated by fluctuations of the particle degrees of freedom of the theory under consideration
(in quantum electrodynamics: electrons, positrons and photons) in so-called virtual processes.
In contrast to real particles, virtual particles are typically not on the mass shell, i.e., do not fulfill
the relativistic energy-momentum relation. These virtual processes can be excited by external
influences, e.g., electromagnetic fields [1], or by imposing physical boundary conditions [2].
Aiming at unveiling the quantum nature of the vacuum in an experiment (Gedankenexperiment
or actual experiment), the basic idea is to look for potential imprints of the fluctuating fields
in the measured response.

In these lectures we limit ourselves to the vacuum of quantum electrodynamics (QED),
defined by the following Lagrangian,

LQED = −1

4
FµνF

µν + ψ̄(i /D −m)ψ , (3)

with ψ̄ = ψ†γ0, /D = γµDµ, Dµ = ∂µ − ieAµ and Fµν = i
e [Dµ, Dν ], where e is the electron

charge. The latter term mediates the coupling of the four-component Dirac spinors ψ, describing
spin- 1

2 fermions of mass m to the photon field Aµ. Note that ψ accounts for both electron
and positrons degrees of freedom. The defining property of the Dirac gamma matrices γµ is
{γµ, γν} = −2gµν1, and our metric convention is gµν = diag(−1, 1, 1, 1). We use the Heaviside-
Lorentz System with c = ~ = 1. A slightly different representation of Eq. (3) is

LQED = −1

4
FµνF

µν + ψ̄(i/∂ −m)ψ + eAµψ̄γµψ , (4)

where we split LQED into three terms: The first one is the Maxwell term, describing the dy-
namics of free electromagnetic fields quantized in terms of photons. The second one represents
freely propagating electrons and positrons. Finally, the third one accounts for the interaction
between the fermions and the photons, whose coupling is parameterized by e.

In addition, we provide the graphical representation of these terms in the diagrammatic
language of Feynman diagrams. From these building blocks all possible QED processes can be
constructed, following the simple recipe that every diagram that can be constructed by assem-
bling the above elementary building blocks can happen (if it is not vanishing due to symmetries,
kinematic restrictions, etc.). Generically, this gives rise to loop diagrams. In fact, for any given
physical process specified by fixing the external legs, characterizing the incident and outgoing
real particles, there are infinitely many loop diagrams. As they do not involve any real particles
(in QED: in- and outgoing photons, electrons and positrons) pure vacuum-type diagrams corre-
spond to Feynman diagrams without external lines. Favorably for us, in the regime of validity
of perturbative QED, loop diagrams are more and more suppressed with increasing loop order,

as each additional loop results in a parametric suppression by a factor of α = e2

4π .
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2 Towards the Heisenberg-Euler effective Lagrangian

Let us now turn to QED in an external classical background field Aµcl. and for the moment
completely ignore quantized dynamical photons. This ad hoc assumption can actually be jus-
tified by the fact that for the effect we are interested in here, the leading order contribution is
insensitive to dynamical photons. Their presence only becomes important at higher loop order;
cf. also below.

Hence, from now on we focus on the Lagrangian (3) with the replacement Aµ → Acl.µ. The
Lagrangian and Feynman rules for this theory are given by

L = −1

4
Fcl.µνF

µν
cl. + ψ̄(i/∂ −m)ψ + eAcl.µψ̄γ

µψ , (5)

i.e., the only quantum degrees of freedom of this theory are electrons and positrons. In the
Feynman rules, the external character of Acl.µ is symbolized by the wiggly line ending at a
cross.

Aiming at pure vacuum phenomena, we are only interested in effective interactions among
electromagnetic fields, and do not consider situations with real electrons or positrons in the
initial and final states. However, let us emphasize once more that within a quantum field
theory we can never prevent the quantum fields constituting the theory under consideration
to occur as internal, virtual states. In turn, it is immediately clear that all possible connected
Feynman diagrams without external electron/positron lines which can be drawn for the theory
defined by the Lagrangian (5) can be represented in terms of a single one-loop diagram,

with “dressed” fermion propagator

= + + + · · · .

In order to evaluate this diagram explicitly, we turn to the partition function Z associated with
Eq. (5),

Z[Aµcl.] = N
∫
Dψ̄

∫
Dψ eiS , (6)

where S =
∫

d4xL is the corresponding action, and N denotes an overall normalization factor
to be fixed below. As the action is bilinear in the Dirac field ψ, the functional integrations can
be performed explicitly, providing us with an effective action Seff.[A

µ
cl.], which only depends on

Aµcl.. To this end, recall that
∫
Dψ̄

∫
Dψ exp

{
i
∫

d4x ψ̄Mψ
}

= detM . Introducing the classical

Maxwell action SMW =
∫

d4x
(
− 1

4Fcl.µνF
µν
cl.

)
and the definition Dcl.µ = ∂µ − ieAcl.µ, we obtain

Z[Aµcl.] = N eiSMW det(i /Dcl. −m)

= N ei[SMW−i ln det(i /Dcl.−m)]

=: eiSeff.[A
µ
cl.] . (7)
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It is convenient to demand that Z[Aµcl. = 0] = 1, or equivalently Seff.[A
µ
cl. = 0] = 0, so that the

effective action vanishes at zero field. In turn, we have N = det−1(i/∂ −m), and the effective
action can be expressed as

Seff.[A
µ
cl.] = SMW[Aµcl.] + S1[Aµcl.] , (8)

where
S1[Aµcl.] = −i ln det(i /Dcl. −m) + i ln det(i/∂ −m) (9)

−∼

is the so-called one-loop effective action. For completeness, note that this definition of Seff.

agrees with the standard definition of the effective action as a Legendre transform of the
Schwinger functional. Accounting for the fluctuations of dynamical photons, of course also ad-
ditional diagrams mediating effective interactions among classical electromagnetic fields arise.
As these diagrams have at least one internal photon line, they are of higher-loop order and thus
suppressed by additional powers of α as compared to the one-loop result.

In even space-time dimensions we can define a matrix γ5 (γ5 = iγ0γ1γ2γ3) which fulfills
{γµ, γ5} = 0 and (γ5)2 = 1. Therewith, det(i /Dcl. −m) = det[(i /Dcl. −m)γ2

5 ] = det[γ5(−i /Dcl. −
m)γ5] = det(−i /Dcl. −m), such that we can write

S1[Aµcl.] = − i

2
ln det( /D

2
cl. +m2) +

i

2
ln det(/∂

2
+m2) . (10)

Moreover, note that

/D
2
cl. = Dcl.µDcl.νγ

µγν = Dcl.µDcl.ν
1
2

(
{γµ, γν}+ [γµ, γν ]

)

= −D2
cl. − e

2σ
µνFcl.µν , (11)

where we employed {γµ, γν} = −2gµν1, Fµνcl. = i
e [Dµ

cl., D
ν
cl.] (cf. above) and the definition

σµν ≡ i
2 [γµ, γν ], fulfilling 1

2{σµν , σαβ} = gµαgνβ − gµβgνα + iγ5ε
µναβ [3, 4]. Hence, with

ln detM = Tr lnM , we have

S1[Aµcl.] = − i

2
Tr ln(−D2

cl. +m2 − e
2σ

µνFcl.µν) +
i

2
Tr ln(−∂2 +m2) . (12)

The trace Tr{. . .} = trγtrx{. . .} is over both spinor indices and coordinate space; we denote
the trace over spinor indices by trγ{. . .} and the trace over coordinate space by trx{. . .}. In
the next step we employ the proper time representation of the logarithm [3],

− lnM + lnM0 = lim
Λ→∞

∫ ∞

−i/Λ2

dT

T

(
e−iMT − e−iM0T

)
, (13)

valid for ={M,M0} < 0. Here, Λ (of dimension mass) is a regulator for potentially occurring
ultraviolet (UV) divergences. The precise form of the integral’s lower bound is chosen such that
if in addition <{M,M0} > 0 we can use a contour rotation iT → T to write − lnM + lnM0 =
limΛ→∞

∫∞
1/Λ2

dT
T

(
e−MT − e−M0T

)
. In turn, we obtain the following proper time representation

of the one-loop effective action,

S1[Aµcl.] =
i

2

∫ ∞

−i/Λ2

dT

T
e−im2T

{
Tr ei(D2

cl.+
e
2σ

µνFcl.µν)T − Tr ei∂2T
}
, (14)
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where limΛ→∞ is implicitly understood, and to be taken at the very end of the calculation.
Let us emphasize that this expression is still valid for arbitrary fields Aµcl.(x). It, or at least
the integrand of the proper time integral, i.e., Tr{. . .}, can be evaluated analytically for several
special cases:

• A parameter integral representation of S1 is known for constant electromagnetic fields,
Fµνcl. = const., of arbitrary relative orientation of ~E and ~B [1, 3]; cf. also the explicit
derivation presented below. For completeness, note that for this case also the two-loop
effective action is known explicitly in terms of a parameter integral representation [5].

• For plane wave null fields Aµcl.(x) ∼ cos(κµxµ), with κ2 = 0, ~E ⊥ ~B and | ~E| = | ~B|, the
effective action vanishes identically, i.e., S1 = 0 [3].

• Parameter integral representations of S1 are also known for specific one-dimensional field
inhomogeneities, namely E(t) ∼ cosh−2(t/τ) and B(x) ∼ cosh−2(x/λ), with reference
scales τ and λ, respectively [6].

To perform the traces in Eq. (14) for a given field configuration Aµcl.(x), we need the eigenvalues
of the exponentiated differential operators D2

cl. + e
2σ

µνFcl.µν and ∂2.

Subsequently, we stick to a constant electromagnetic fields and evaluate S1 explicitly for this
case. For Fµνcl. = const., the expressions D2

cl. and e
2σ

µνFcl.µν in the argument of the first expo-

nential in Eq. (14) of course commute, such that Tr ei(D2
cl.+

e
2σ

µνFcl.µν)T = Tr ei e2σ
µνFcl.µνT eiD2

cl.T .
It can moreover be shown that in this case the entire background field dependence can be ex-
pressed in terms of the Lorentz and gauge invariant quantities F = 1

4Fcl.µνF
µν
cl. = 1

2 ( ~B2 − ~E2)

and G = 1
4Fcl.µν

∗Fµνcl. = − ~B · ~E, with dual field strength tensor ∗Fµν = 1
2ε
µναβFαβ ; note

that in our metric convention we have Fcl.0i = −Ei and Fcl.ij = εijkBk. The reason for this
is as follows: Due to translational invariance in constant fields the effective action as well as
the corresponding Lagrangian cannot explicitly depend on any space-time coordinate xµ and
derivative ∂µ. Gauge invariance demands the field dependence to be entirely via Fµνcl. . The fact
that the effective Lagrangian is a scalar quantity and Lorentz invariance demand all Minkowski
indices to be fully contracted. Finally, all Lorentz-contracted monomials of the field strength
tensor are reducible to F and G by means of the following identities [4]

Fµαcl. F
ν
cl.α − ∗F

µα
cl.
∗F νcl.α = 2Fgµν ,

Fµαcl.
∗F νcl.α = ∗Fµαcl. F

ν
cl.α = Ggµν . (15)

More precisely, as Seff. is a scalar quantity and G transforms as a pseudoscalar under Lorentz
transformations, we actually have Seff.(F ,G2).

The trace over spinor indices is most conveniently performed by noting that ( 1
2σ

µνFcl.µν)2 =
1
8{σµν , σαβ}Fcl.µνFcl.αβ = 2(F + iγ5G) and the fact that the eigenvalues of γ5 are doubly
degenerate and given by ±1 [3]. The latter property follows straightforwardly from (γ5)2 = 1
and trγγ5 = 0. In turn, the eigenvalues of ( 1

2σ
µνFcl.µν)2 are also doubly degenerate and read

2(F ± iG). Taking into account that σµν is traceless, it is then obvious that the four eigenvalues
of 1

2σ
µνFcl.µν are given by ±

√
2(F ± iG), and correspondingly

trγ ei e2σ
µνFcl.µνT = 2 Re

∑

s=±1

e−ise
√

2(F+iG)T . (16)
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Therewith, S1 can be expressed as

S1(F ,G2) =
i

2

∫ ∞

−i/Λ2

dT

T
e−im2T

{
trx eiD2

cl.T 2 Re
∑

s=±1

e−ise
√

2(F+iG)T − 4 trx ei∂2T

}
. (17)

To determine S1 for generic constant electromagnetic fields explicitly, we make use of the
following “trick”: We perform the calculation for the special case of ~E ‖ ~B, for which both F and
G are nonzero and later express the result in terms of F and G. For the sake of definiteness we
moreover assume B > E, such that there is a one-to-one correspondence between the quantities
E, B and F , G. More specifically, we have

E ↔ a :=
(√
F2 + G2 −F

)1/2
and B ↔ b :=

(√
F2 + G2 + F

)1/2
. (18)

By means of Eq. (18), our result for S1 written in terms of E andB can then be straightforwardly
generalized to arbitrary oriented constant electric and magnetic fields of arbitrary strength.

Let us now turn to the explicit calculation. Without loss of generality we choose Aµcl.(x) =

(0, 0, Bx,−Et), so that we have ~B = B~ez, ~E = E~ez and D2
cl. = ∂2

x + (∂y − ieBx)2 − ∂2
t +

(∂z + ieEt)2. The second trace in Eq. (17) can be evaluated straightforwardly in momentum
space as ∂µ = ip̂µ, with momentum operator p̂µ fulfilling p̂µ|pµ〉 = pµ|pµ〉 (no summation
over repeated indices). Note that 〈p′|p〉 = (2π)4δ(4)(p′ − p) and 〈x′|x〉 = δ(4)(x′ − x). With
|p〉 ≡ |p0〉|p1〉|p2〉|p3〉 we obtain

trx ei∂2T =

∫
d4p

(2π)4
〈p|ei∂2T |p〉 = L4

∫
d4p

(2π)4
e−ip2T = −i

L4

16π2

1

T 2
, (19)

where we employed the identity 〈pµ|pµ〉 = L (no summation over repeated indices), with space-
time extension L. To perform the first trace in Eq. (17), we employ a mixed momentum and

position space representation, i.e., trx{. . .} =
∫

dt
∫

dx
∫ dpy

2π

∫
dpz
2π 〈t|〈x|〈py|〈pz| . . . |pz〉|py〉|x〉|t〉.

In turn, we have

trx eiD2
cl.T = L

∫
dpz

2π

∫
dt 〈t|eieE[ 1

eE (−i∂t)
2−eE(t+ pz

eE )2]T |t〉

× L
∫

dpy

2π

∫
dx 〈x| e−ieB[ 1

eB (−i∂x)2+eB(x− py
eB )2]T |x〉 , (20)

and after shifting and rescaling t→ t̃ =
√
eE(t+ pz

eE ) and x→ x̃ =
√
eB(x− py

eB ),

trx eiD2
cl.T =

LPz

2π

∫
dt̃ 〈t̃|ei2eE[ 12 (−i∂t̃)

2+ 1
2 i2 t̃2]T |t̃〉

× LPy

2π

∫
dx̃ 〈x̃| e−i2eB[ 12 (−i∂x̃)2+ 1

2 x̃2]T |x̃〉 , (21)

where we employed
∫

dpi = limPi→∞ Pi, and the limit limPi→∞ is implicitly understood.
It is now helpful to note that the expressions in the squared brackets in Eq. (21) amount

to the (position space) Hamilton operator of a quantum harmonic oscillator in one dimensions,
Ĥ = 1

2m p̂
2
x + 1

2mω
2x̂2, whose eigenvalues are given by En = ω(n + 1

2 ), with n ∈ N0. For the
expression in the lower line of Eq. (21) we have ω = 1. The expression in the upper line of
Eq. (21) is to be understood as harmonic oscillator with its frequency analytically continued to
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ω = i. This becomes obvious from the fact that as a direct consequence of S1 = S1(F ,G2), the
results for the effective action in a purely magnetic field and a purely electric field are related by
an analytical continuation from B ↔ −iE [7] (cf. also below). Note that seemingly the choice
of ω = −i would be equally justified. However, only ω = i results in a convergent result, and
thus is compatible with the limit of eE → 0 in the first line of Eq. (23) below. Correspondingly,
we have

trx eiD2
cl.T =

LPz

2π

∞∑

n′=0

ρ′(n′) e−eE(2n′+1)T LPy

2π

∞∑

n=0

ρ(n) e−ieB(2n+1)T , (22)

where ρ′(n′) and ρ(n) denote the densities of states of the discrete eigenvalues. They can be
determined by considering the limits of eE → 0 and eB → 0, respectively,

lim
eE→0

LPz

2π

∞∑

n′=0

ρ′(n′) e−eE(2n′+1)T = L2

∫
dpz

2π

∫
dpt
2π

e−(p2z+p2t )T ,

lim
eB→0

LPy

2π

∞∑

n=0

ρ(n) e−ieB(2n+1)T = L2

∫
dpx

2π

∫
dpy

2π
e−i(p2x+p2y)T . (23)

where we made use of the identity
∫

dpz
2π

∫
dpt
2π e−i(p2z−p2t )T =

∫
dpz
2π

∫
dpt
2π e−(p2z+p2t )T . The latter

line can be expressed as

lim
eB→0

∞∑

n=0

∆p2
⊥
ρ(n)

2eB
e−in∆p2⊥T =

L

Py

1

2

∫ ∞

0

dp2
⊥e−ip2⊥T , (24)

where we defined p2
⊥ ≡ p2

x +p2
y and ∆p2

⊥ = 2eB. Herefrom we infer ρ(n) = eB L
Py

. An analogous

manipulation of the expression in the first line yields ρ′(n′) = eE L
Pz

. In turn, Eq. (22) becomes

trx eiD2
cl.T =

L4

4π2

∞∑

n′=0

eE e−eE(2n′+1)T
∞∑

n=0

eB e−ieB(2n+1)T

= −i
L4

16π2

1

T 2

(eET )(eBT )

sinh(eET ) sin(eBT )
. (25)

This expression is clearly invariant under the transformation B ↔ −iE. Noting that 2(F+iG) =
(B − iE)2, it is moreover obvious that Eq. (16) can be written as

trγ ei e2σ
µνFcl.µνT = 2 Re

∑

s=±1

e−ise(B−iE)T = 4 cosh(eET ) cos(eBT ) . (26)

Putting everything together, we finally obtain

S1(F ,G2) =
L4

8π2

∫ ∞

−i/Λ2

dT

T 3
e−im2T

{
(eaT )(ebT )

tanh(eaT ) tan(ebT )
− 1

}

= − L4

8π2

∫ ∞

1/Λ2

dT

T 3
e−m

2T

{
(eaT )(ebT )

tan(eaT ) tanh(ebT )
− 1

}
. (27)

where we employed a contour rotation iT → T in the last step. Equation (27) provides us with
a compact expression of the unrenormalized on-loop effective action in constant electromagnetic
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fields. The corresponding Lagrangian density is L1(F ,G2) = S1(F ,G2)/L4. Note that

(eaT )(ebT )

tan(eaT ) tanh(ebT )
− 1 =

2

3
F(eT )2 −

( 4

45
F2 +

7

45
G2
)

(eT )4 +O(T 6) , (28)

which implies that Eq. (27) contains a log-type divergence for Λ → ∞ in the term ∼ F . All
other contributions are finite in this limit. However, let us emphasize once again that so far we
worked with unrenomalized fields and not at all bothered about renormalization.

In a next step we want go over to renormalized quantities. To this end we isolate this term.
Upon its subtraction, the expression in Eq. (27) is finite for Λ→∞ and we can explicitly take
the limit and set the lower integration bound to zero. This results in

L1(F ,G2) =−F α

3π

∫ ∞

1/Λ2

dT

T
e−m

2T

− 1

8π2

∫ ∞

1/Λ2

dT

T 3
e−m

2T

{
(eaT )(ebT )

tan(eaT ) tanh(ebT )
− 2

3
(eT )2F − 1

}
, (29)

with α = e2

4π and
∫∞

1/Λ2
dT
T e−m

2T = ln( Λ2

m2 ) − γE + O(m
2

Λ2 ), where γE denotes the Euler-

Mascheroni constant. Together with the Maxwell term LMW = −F the effective Lagrangian
can be expressed as

Leff.(F ,G2) =−F
{

1 +
α

3π

[
ln
( Λ2

m2

)
− γE

]}

− 1

8π2

∫ ∞

0

dT

T 3
e−m

2T

{
(eaT )(ebT )

tan(eaT ) tanh(ebT )
− 2

3
(eT )2F − 1

}
. (30)

Let us now impose the renormalization condition that the term ∼ F in Eq. (30) matches the
physical (measured) Maxwell term. For this purpose we introduce a wave function renormal-
ization factor

Z−1 ≡ 1 +
α

3π

[
ln
( Λ2

m2

)
− γE

]
, (31)

and define the renormalized field strength tensor by Fµνcl.,R = Z−1/2Fµνcl. , such that the renor-

malized four-potential is given by Aµcl.,R = Z−1/2Aµcl.. For the interaction vertex in the La-

grangian (5) this rescaling implies eAµcl.ψ̄γµψ → Z1/2eAµcl.,Rψ̄γµψ. Demanding it to be given

by eRA
µ
cl.,Rψ̄γµψ, i.e., to match the physical interaction, we infer eR = Z1/2e. Correspondingly,

we have

FµνR = Z−1/2Fµν = FµνR (m) ,

eR = Z1/2e = eR(m) , (32)

but eRF
µν
R = eFµν independent of the renormalization scale µ = m. Note that the choice

of µ = m is conventionally referred to as “on-shell” renormalization. For this choice we have
e2R(m)

4π = αR(m) ' 1
137 . In turn, the (on-shell) renormalized effective Lagrangian reads

LR
eff.(FR,G2

R) =−FR

− 1

8π2

∫ ∞

0

dT

T 3
e−m

2T

{
(eRaRT )(eRbRT )

tan(eRaRT ) tanh(eRbRT )
− 2

3
(eRT )2FR − 1

}
. (33)
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The expression in Eq. (33) amounts to the renowned Heisenberg-Euler effective Lagrangian
[1, 3] first derived by Werner Heisenberg and Hans Euler and published eighty years ago in
1936 [1]. The analogous result for scalar QED can be obtained along the same lines and was
first derived by Victor Weisskopf [8] and also published in 1936; see [9] for a review. All
our subsequent considerations will be based upon Eq. (33), i.e., we will exclusively work with
renormalized quantities. However, in order to keep notations compact we will suppress the label
“R” in the following.

Let us emphasize once again that the one-loop effective Lagrangian (33) accounts for all
orders in F and G2, and thus is fully nonperturbative in the combined parameter eFµνcl. . Due
to “Furry’s theorem” [10] (charge conjugation invariance of QED), the effective Lagrangian is
moreover even in the elementary charge e, and in turn even in eFµνcl. . To lowest order in a
perturbative expansion of Eq. (33) – counting O(F) = O(G) = O(F 2) – we obtain [cf. Eq. (28)]

Leff.(F ,G2) = −F +
1

8π2

∫ ∞

0

dT

T 3
e−m

2T

[
4

45
F(eT )4 +

7

45
G2(eT )4 +O

(
(eFT )6

)]

= −F +
8

45

α2

m4︸ ︷︷ ︸
=:c1

F2 +
14

45

α2

m4︸ ︷︷ ︸
=:c2

G2 +m4O
((

αF 2

m4

)3)
. (34)

= −F + + + · · ·

The expression c1F2 + c2G2 ∼ F 4 obviously corresponds to the first loop diagram exhibiting
four couplings to the electromagnetic field. For completeness, note that by means of an ex-
pansion of the integrand of the proper time integral the explicit expression of any perturbative
one-loop interaction among constant electromagnetic fields can be obtained; cf. also [9].

Even though the above results are strictly speaking only valid for constant electromagnetic
fields, they can also be adopted for slowly varying fields: Vacuum fluctuations of virtual
electrons and positrons typically probe distances of the order of the (reduced) Compton wave-
length of the electron λ̄c = 1

m ≈ 3.9 · 10−13m; the associated time scale is the Compton time
τc ≈ 1.3 · 10−21s. In turn, λ̄c provides us with a natural reference scale to classify spatial varia-
tions. Consider now a derivative expansion around the constant field result. As the derivatives
are rendered dimensionless by λ̄c, terms involving n ∈ N0 derivatives scale as (λ̄c∂x)n ∼ ( ωm )n,
where ω is the typical momentum scale of variation of the field configuration under consider-
ation. Hence, for slowly varying fields, characterized by ω

m � 1, all derivative terms can be
neglected and we can employ the substitution Fµν → Fµν(x) in the constant field result for
Leff. in Eqs. (33) and (34). This substitution amounts to a locally constant field approximation
(LCFA).

Let us emphasize that in fact most of the field configurations attainable in the laboratory
vary on scales much larger than λ̄c and thus fall into this category. Correspondingly, the LCFA
allows for reliable analytical insights into a variety of experimental relevant field configurations,
without having to determine the effective action in the dedicated inhomogeneous electromag-
netic field profile.
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3 Vacuum birefringence as an optical signature of quan-
tum vacuum nonlinearity

In the following, we adopt the LCFA and study light propagation in the quantum vacuum
subjected to classical electromagnetic fields. As Leff. = Leff.(F

µν
cl. ) = −F + L1(F ,G2), the

equations of motion (2) for the electromagnetic field in the quantum vacuum are given by

∂µ
Leff.

∂Fcl.µν
= 0 ↔ ∂µ

(
Fµνcl. −

∂L1

∂F Fµνcl. −
∂L1

∂G
∗Fµνcl.

)
= 0 . (35)

Equation (35) constitutes the “true” quantum Maxwell equations (at one-loop order) amount-
ing to the true equations of motion governing the dynamics of classical electromagnetic field
in the quantum vacuum far away from any classical sources. Note that these equations are no
longer linear in Fµνcl. and thus – at least in principle – violate the superposition principle of
classical electrodynamics; cf. below Eq. (2) above. Due to the fact that these nonlinearities are

suppressed parametrically by powers of eE
m2 = E[V/m]

1.3·1018 and eB
m2 = B[T]

4·109 , and all the macroscopic

electromagnetic fields available in the laboratory clearly fulfill { eEm2 ,
eB
m2 } � 1, these nonlineari-

ties are typically extremely tiny, preserving the applicability of the Maxwell’s classical equations
for essentially all practical purposes. As will be shown explicitly below they can give rise to
striking consequences for photon propagation in electromagnetic fields. From Eq. (34) we infer
∂L1

∂F = 2c1F
[
1 + O

(
( eFm2 )2

)]
and ∂L1

∂G = 2c2G
[
1 + O

(
( eFm2 )2

)]
, such that to cubic order in the

field strength we have
∂µ
[
(1− 2c1F)Fµνcl. − 2c2G∗Fµνcl.

]
= 0 . (36)

A generic field strength tensor Fµν fulfills the Bianchi identity ∂αF βγ + ∂βF γα + ∂γFαβ = 0
↔ ∂µ

∗Fµν = 0. With its help Eq. (36) can be written as

∂µ
[
(1− 2c1F)Fµνcl.

]
− 2c2

(
∂µG

)∗Fµνcl. = 0 . (37)

In a next step we decompose the field strength tensor as Fµνcl. → Fµνcl. + fµν(x) into a
constant background field Fµνcl. and a probe photon field fµν(x), and linearize the equations of
motion (36) in fµν [4, 11], i.e., neglect self-interactions of the probe photon field. Note that
under the above decomposition we have

F → F +
1

2
Fcl.µνf

µν(x) +O(f2) ,

G → G +
1

2
∗Fcl.µνf

µν(x) +O(f2) . (38)

Correspondingly, we obtain the following linearized equations of motion

(
1− 2c1F

)
∂µf

µν(x)− c1Fcl.αβF
µν
cl. ∂µf

αβ(x)− c2∗Fcl.αβ
∗Fµνcl. ∂µf

αβ(x) = 0 . (39)

In order to solve them, we first go to momentum space, i.e., aµ(x) =
∫

d4k
(2π)4 eikxaµ(k) ↔

fµν(x) = i
∫

d4k
(2π)4 eikx[kµaν(k)−kνaµ(k)], and work in Lorenz gauge, ∂µa

µ(x) = 0↔ kµa
µ(k) =

0. In momentum space the equations of motion can be cast into the following form,

(
1− 2c1F

)
k2aν(k)− 2c1Fcl.αβF

µν
cl. kµk

αaβ(k)− 2c2
∗Fcl.αβ

∗Fµνcl. kµk
αaβ(k) = 0 . (40)
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Let us now search for nontrivial solutions of this equation. Our strategy is to use the following
ansätze

aµ1 (k) ∼ Fµνcl. kν ≡ (Fcl.k)µ = (~k · ~E,~k × ~B + ω ~E) ,

aµ2 (k) ∼ ∗Fµνcl. kν ≡ (∗Fcl.k)µ = (~k · ~B,−~k × ~E + ω ~B) , (41)

with kµ = (ω,~k) and the contraction identities (15). These ansätze obviously fulfill kµa
µ
i (k) = 0,

i.e., are compatible with the Lorenz gauge condition. Also note that (Fcl.k)2 = ω2 ~E2 +~k2 ~B2−
(~k · ~E)2 − (~k · ~B)2 + 2ω(~k× ~B) · ~E. From Eq. (40) it is obvious that the dispersion relations for
the aµi (k) are of the form k2 = 0 + αO

(
( eFm2 )2

)
.

Let us have a closer look on the physical meaning of the above ansätze. Our main focus is
on their polarizations, defined by the directions of the associated electric field vectors. With
the classical free Maxwell equations in the vacuum, ∂µF

µν
cl. = 0, we obtain

position space:

{
~ei(x) = −~∇a0

i (x)− ∂t~ai(x)
~bi(x) = ~∇× ~ai(x)

,

→ momentum space:

{
~ei(k) ∼ −~ka0

i (k) + ω~ai(k)
~bi(k) ∼ ~k × ~ai(k)

. (42)

The use of the classical Maxwell equations neglecting quantum corrections is justified here, as
the quantum corrections only give rise to subleading corrections. The electric ~ei and magnetic
~bi fields associated with the aµi (k) in Eq. (41) read

aµ1 (k) :

{
~e1 ∼ −~k(~k · ~E) + ω(~k × ~B) + ω2 ~E
~b1 ∼ ω(~k × ~E)− ~k2 ~B + ~k(~k · ~B)

, (43)

aµ2 (k) :

{
~e2 ∼ −~k(~k · ~B)− ω(~k × ~E) + ω2 ~B
~b2 ∼ ω(~k × ~B) + ~k2 ~E − ~k(~k · ~E)

. (44)

Note that ~k ·~e1 ∼ ~k ·~e2 ∼ Gk2 and ~e1 ·~e2 ∼ k2
[
(~k · ~E)(~k · ~B) +ω2G

]
. This implies that for probe

photons propagating on the light cone, i.e., fulfilling k2 = 0, the aµi (k) span the two transverse
photon polarization modes. More specifically, they correspond to the two orthogonal linear
polarization modes ∼ ~ei in a particular basis set by the background field configuration and the
photons’ wave vector. Of course, for the case of k2 = 0 + αO

(
( eFm2 )2

)
this is still well-justified.

With the shorthand notations introduced in Eq. (41), we can express Eq. (40) as

(
1− 2c1F

)
k2aν(k) + 2c1(Fcl.k)νkαFcl.αβa

β(k) + 2c2(∗Fcl.k)νkα∗Fcl.αβa
β(k) = 0 . (45)

In a next step we plug the above ansätze into this equation. After some rearrangements and
using the contraction identities (15), the respective equations become

aµ1 (k) :
[(

1− 2c1F
)
k2 − 2c1(Fcl.k)2

]
(Fcl.k)ν + 2c2Gk2(∗Fcl.k)ν = 0 ,

aµ2 (k) :
[(

1− 2c1F + 2c2F
)
k2 − 2c2(Fcl.k)2

]
(∗Fcl.k)ν − 2c1Gk2(Fcl.k)ν = 0 . (46)

These equations can be solved with the ansatz k2 = 0 + ∆, where ∆ = αO
(
( eFm2 )2

)
(cf. also

above). Note that this solution procedure can systematically (recursively) be extended to higher
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orders. We denote the solution of the equation for aµi (k) by ∆i. In fact, it is very easy to see
that

∆i = 2ci(Fcl.k)2 + αO
(
( eFm2 )4

)
. (47)

Hence, the dispersion relations for the modes aµi (k) are given by

k2 = 2ci(Fcl.k)2 + αO
(
( eFm2 )4

)
↔ ω

(
|~k|
)

= |~k|
[
1− ci(Fcl.k)2/~k2

]
+ αO

(
( eFm2 )4

)
. (48)

Taking into account (Fcl.k)2 = (Fcl.k)2
∣∣
k2=0

+ (eF )2O
(
( eFm2 )4

)
, with (Fcl.k)2

∣∣
k2=0

= (~k× ~E)2 +

(~k × ~B)2 − 2|~k|~k · ( ~E × ~B) (cf. above), the dispersion relations (48) can finally be written as

ω
(
|~k|
)

= |~k|
{

1− ci
[
E2 sin2 ^(~k, ~E) +B2 sin2 ^(~k, ~B)− 2EB ~̂k · ~̂s

]}
+ αO

(
( eFm2 )4

)
, (49)

with ~̂k = ~k/|~k|, E = | ~E|, B = | ~B|, and unit Poynting vector ~̂s =
~E× ~B
EB .

In turn, the probe photons’ group and phase velocities derived from Eq. (49) agree with
each other, i.e., vgr,i = dω

d|~k| = vph,i = ω

|~k| =: vi, and are given by

{
v1

v2

}
= 1− α

π

1

90

{
7
4

}[( eE
m2

)2

sin2 ^(~k, ~E) +
( eB
m2

)2

sin2 ^(~k, ~B)− 2
eE

m2

eB

m2
~̂k · ~̂s

]
, (50)

where the neglected higher order corrections are ∼ αO
(
( eFm2 )4

)
. The first (second) line is the

result for probe photons polarized in mode aµ1 (aµ2 ). The associated indices of refraction are
given by ni = 1/vi. Up to corrections ∼ αO

(
( eFm2 )4

)
, their explicit expressions are

{
n1

n2

}
= 1 +

α

π

1

90

{
7
4

}[( eE
m2

)2

sin2 ^(~k, ~E) +
( eB
m2

)2

sin2 ^(~k, ~B)− 2
eE

m2

eB

m2
~̂k · ~̂s

]
. (51)

Correspondingly, in generic electromagnetic background fields (for which the expression in
the square brackets does not vanish) the two orthogonal probe photon polarization modes aµ1
and aµ2 propagate with different velocities vi ≤ 1, or equivalently, experience different indices
of refraction, implying that the quantum vacuum subjected to electromagnetic fields acts like
a birefringent medium [12,13].

Shining linearly polarized light with overlap to both polarization modes through an elec-
tromagnetic field, due to the birefringence effect an ellipticity signal is induced. The ellipticity
signal is typically specified by an angle ∆Φ = 2πLλ∆n characterizing the phase shift between
the two polarization components, with ∆n = n1−n2. Here λ is wavelength of the probe photons
and L denotes their optical path length in the electromagnetic field.

As essentially all electromagnetic fields available in the laboratory fulfill { eEm2 ,
eB
m2 } � 1 (cf.

above), the vacuum birefringence signal is extremely tiny, making its experimental detection
very challenging. It is so far searched for in experiments using macroscopic magnetic fields of
several Tesla and high-finesse cavities to increase the optical path length of the probe photons
in the magnetic field [14–16].

An alternative proposal to verify vacuum birefringence with the aid of high-intensity lasers
in an all-optical experimental setup has been put forward by [17,18], envisioning the combina-
tion of an optical high-intensity laser as pump and a linearly polarized x-ray pulse as probe;
cf. also [19, 20]. Resorting to the locally constant field approximation on the level of the effec-
tive Lagrangian (33), recently we have reanalyzed this vacuum birefringence scenario [21, 22],
rephrasing the phenomenon in terms of a vacuum emission process [23].
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4 Conclusions

In these lectures we focused on the quantum vacuum subjected to classical electromagnetic
fields. To this end we explicitly derived the renowned Heisenberg-Euler effective action in
constant electromagnetic fields. As an application, we demonstrated how the experimental
signature of vacuum birefringence can be obtained from this effective action. Let us finally
emphasize that the Heisenberg-Euler effective action of course also gives rise to many other
signatures of quantum vacuum nonlinearity; for reviews, see [4, 24–31].
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In our contribution we give a brief overview of two widely discussed quantum processes:
electron-positron pairs production off a probe photon propagating through a polarized
short-pulsed electromagnetic (e.m.) (e.g. laser) wave field or generalized Breit-Wheeler
process and a single a photon emission off an electron interacting with the laser pules,
so-called non-linear Compton scattering. We show that at small and moderate laser field
intensities the shape and duration of the pulse are very important for the probability
of considered processes. However, at high intensities the multi-photon interactions of the
fermions with laser field are decisive and completely determined all aspects of subthreshold
e+e− pairs and photon production.

1 Introduction

The rapidly progressing laser technology [1] offers unprecedented opportunities for investigations
of quantum systems with intense laser beams [2]. A laser intensity IL of ∼ 2 × 1022 W/cm2

has been already achieved [3]. Intensities of the order of IL ∼ 1023...1025 W/cm2 are envisaged
in near future, e.g. at the CLF [4], ELI [5], HiPER [6]. Further facilities are in planning on
construction stage, e.g. PEARL laser facility [7] at Sarov/Nizhny Novgorod, Russia. The
high intensities are provided in short pulses on a femtosecond pulse duration level [2, 8, 9],
with only a few oscillations of the electromagnetic (e.m.) field or even sub-cycle pulses. (The
tight connection of high intensity and short pulse duration is further emphasized in [10]. The
attosecond regime will become accessible at shorter wavelengths [11, 12]).

Quantum processes occurring in the interactions of charge fermions in very (infinitely) long
e.m. pulse were investigated in detail in the pioneering works of Reiss [13] as well as Narozhny,
Nikishov and Ritus [14, 15, 16]. We call the such approaches as an infinite pulse approximation
(IPA) since it refers to a stationary scattering process. Many simple and clear expressions for
the production probabilities and cross sections have been obtain within IPA. It was shown that
the charged fermion (electron, for instance) can interact with n ≥ 1 photon simultaneously (n
is an integer number),

However, recently it has become clear that for the photon production off an electron inter-
acting with short laser pulse (Compton scattering) and for e+e− pair production off a probe
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photon interacting with short e.m. pulses (Breit-Wheeler process) the finite pulse shape and
the pulse duration become important (see, for example [17] and reference their in). That means
the treatment of the intense and short laser field as an infinitely long wave train is no longer
adequate. The theory must operate with essentially finite pulse. We call such approaches as a
finite pulse approximation (FPA).

In this contribution we consider some particularities of generalized Breit-Wheeler and Comp-
ton processes in a short and strong laser pulses. For this purpose we use the widely employed
the four electromagnetic (e.m.) potential for a circularly polarized laser field in the axial gauge
Aµ = (0, A(φ)) with

A(φ) = f(φ)
(
a1 cos(φ+ φ̃) + a2 sin(φ+ φ̃)

)
, (1)

where φ = k · x is invariant phase with four-wave vector k = (ω,k), obeying the null field
property k2 = k · k = 0 (a dot between four-vectors indicates the Lorentz scalar product)
implying ω = |k|, a(1,2) ≡ a(x,y); |ax|2 = |ay|2 = a2, axay = 0; transversality means kax,y = 0
in the present gauge. The envelope function f(φ) with lim

φ→±∞
f(φ) = 0 accounts for the finite

pulse length. We are going to analyze dependence of observables on the shape of f(φ) in
Eq. (1) for two types of envelopes: the one-parameter hyperbolic secant (hs) shape and the
two-parameter symmetrized Fermi (sF) shape widely used for parametrization of the nuclear
density [?]: fhs(φ) = (coshφ/∆)−1 and fsF(φ) = (cosh ∆/b + 1)(cosh ∆/b + coshφ/b)−1. The
parameter ∆ characterizes the pulse duration 2∆ with ∆ = πN , where N has a meaning of a
”number of oscillations” in the pulse. The parameter b in the sF shape describes the ramping
time in the neighborhood of φ ∼ ∆. Small values of ratio b/∆ cause a flat-top shaping. At
b/∆→ 0, the sF shape becomes a rectangular pulse. In the following, we choose the ratio b/∆
as the second independent parameter for the sF envelope function. These two shapes cover a
variety of relevant envelopes discussed in literature (for details see [18]). The carrier envelope
phase φ̃ is particularly important for the short the pulse duration with N ≤ 1. Therefore we
start our presentation with case of φ̃ = 0 and discuss impact of finite carrier phase at the end.
Finally we note that, the interaction of the background field is determined by dimensionless
reduced e.m. intensity ξ2 =

√
−A2/M2

e , where Me is the electron mass (we use natural units
with c = ~ = 1, e2/4π = α ≈ 1/137.036). (for more detail see [17]).

Some important difference between IPA and FPA is that in the first case the variable
n = 1, 2, · · · is integer, it refers to the contribution of the individual harmonics. The value
nω is related to the energy of the background field involved into considered quantum process.
Obviously, this value is a multiple of ω. In FPA, the basic subprocess operate with l background
photons, where l is a continuous variable. The quantity lω can be considered as the energy
partition of the laser beam involved into considered process, and it is not a multiple ω. Mindful
of this fact, without loss of generality, we denote the processes with l > 1 as a generalized
multi-photon processes, remembering that l is a continuous quantity.

This lecture is based on the review paper [17] and is organized as follows. Sect. 2 is devoted
to the non-linear Breit-Wheeler process. In Sect. 3 we discuss several aspects of non-linear
Compton scattering for short and sub-cycle pulses. Our conclusions are presented in Sect. 5.
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2 The e+e− pair production in a finite pulse

We consider e+e− pair production in the interaction of a probe photon with a circularly polar-
ized e.m.field (1 within the Furry picture, which diagrammatically is represented by a one-vertex
graph, describing the decay of the probe photon with the four-momentum k′ into a laser dressed
e+e− pair. The presence of the background e.m. field is included in the Volkov solution of the
outgoing e+ and e−. (In the weak-field approximation this graph turns into the known two
two-vertex graphs for the perturbative Breit-Wheeler process). Contrary to the IPA, utilization
of (1) the Volkov solutions in FPA assume all fermion momenta and masses take their vacuum
values p and m, respectively, whereas the corresponding wave functions are modified in accor-
dance with the Volkov solution [19, 20] (with more complicated compare to IPA, phase factor).
The finite (in space-time) e.m. potential (1) for FPA requires the use of Fourier integrals for in-
variant amplitudes, instead of Fourier series which are employed in IPA. The partial harmonics
become thus continuously in FPA. The S matrix element is expressed generically as

Sfi =
−ie√

2p02p′02ω′

∞∫

ζ

dlMfi(l)(2π)4δ4(k′ + lk − p− p′), (2)

where k, k′, p and p′ refer to the four-momenta of the background (laser) field (1), incoming
probe photon, outgoing positron and electron, respectively, the low limit ζ is defined in Eq. (??).
The transition matrix Mfi(l) consists of four terms

Mfi(l) =

3∑

i=0

M (i) C(i)(l) , (3)

where transition matrices M i are determined by the Dirac structure in the amplitude (2)
(cf. [17]), whereas the non-linear dynamics of pair production is determined by the functions
Ci(l) expressed trough the basic functions Yl, Xl which are an analog of the Bessel functions

C(0)(l) = Ỹl(z)e
ilφ0 , Ỹl(z) =

z

2l
(Yl+1(z) + Yl−1(z))− ξ2 u

ul
Xl(z)

′ C(1)(l) = Xl(z) eilφ0 ,

C(2)(l) =
1

2

(
Yl+1ei(l+1)φ0 + Yl−1ei(l−1)φ0

)
, C(3)(l) =

1

2i

(
Yl+1ei(l+1)φ0 − Yl−1ei(l−1)φ0

)
(4)

with

Yl(z) =
1

2π
e−ilφ0

∞∫

−∞

dφ f(φ) eilφ−iP(φ) , Xl(z) =
1

2π
e−ilφ0

∞∫

−∞

dφ f2(φ) eilφ−iP(φ) , (5)

P(φ) = z

φ∫

−∞

dφ′ cos(φ′ − φ0 + φ̃)f(φ′)− ξ2ζu
φ∫

−∞

dφ′ f2(φ′) . (6)

The quantity z is related to ξ, l, and u ≡ (k′ · k)2/ (4(k · p)(k · p′)) via z = 2lξ

√
u
ul

(
1− u

ul

)
;

with ul ≡ l/ζ. The phase φ0 is equal to the azimuthal angle of the direction of flight of the
outgoing electron in the e+e− pair rest frame φ0 = φp′ ≡ φe. The quantity

ζ =
4M2

e

s
(7)
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is important variable for the generalized Breit-Wheeler process: ζ > 1 or ζ < 1 correspond to
the above- and subthreshold- pair production, respectively. The later one is mainly described
by by the multi-photon interactions.

The production probability is presented as the integral over the variables φe, u and l

W =
αmζ1/2

16πN0

2πe∫

0

dφe

l
ζ∫

1

du

u3/2
√
u− 1

∞∫

ζ

dl w(l) (8)

with N0 ' N and the partial probability

w(l) = 2Ỹ 2
l (z) + ξ2(2u− 1)

(
Y 2
l−1(z) + Y 2

l+1(z)− 2Ỹl(z)X
∗
l (z)

)
. (9)

2.1 Pair production at small field intensities (ξ2 � 1)

In case of small ξ2 � 1, implying z < 1, we decompose l = n + ε, where n is the integer part
of l, yielding

Yl '
1

2π

∞∫

−∞

dψ eilψ−iz sinψ f(ψ+φ0)f(ψ + φ0)

=
1

2π

∞∫

−∞

dψ

∞∑

m=0

(iz)m

m!
sinm ψ ei(n+ε)ψfm+1(ψ + φ0) . (10)

Similarly, for the function Xl(z) the substitution fm+1 → fm+2 applies. The dominant con-
tribution to the integral in (10) with rapidly oscillating integrand comes from the term with
m = n, which results in

Yn+ε '
zn

2nn!
e−iεφ0F (n+1)(ε) , Xn+ε '

zn

2nn!
e−iεφ0F (n+2)(ε) , (11)

where the function F (n)(ε) is the Fourier transform of the function fn(ψ).
As an example, let us analyze the e+e− production near the threshold, i.e. ζ ∼ 1. In

this case, the contribution with n = 1 is dominant and, therefore, the functions Y0+ε are
crucial, including the first term in (9). The functions X0+ε are not important because they are
multiplied by the small ξ2 and may be omitted. Negative ε = ζ − 1 and positive ε correspond
to the above- and sub-threshold pair production, respectively. The function Y0+ε reads Y0+ε =
F (1)(ε) exp[−iφ0ε], where the Fourier transforms F (1)(x) for the hs and sF envelope decrease as
a function of l in a different way Fhs(l) ∼ exp[− 1

2∆l] and FsF(l) ∼ [−πbl] which is manifested
in the spectra of e+e− pair production. The φ0 dependence of the production probability
disappears in this case because the latter one is determined by the quadratic terms of the Y
functions. As we have seen the Fourier transform of the envelope function plays important
role in shape and absolute value of the production probability. As an example, in Fig. 1 we
show the total probability W of e+e− emission as a function of the sub-threshold parameter
ζ in the vicinity ζ ∼ 1. The dashed and solid curves correspond to the hyperbolic secant and
symmetrized Fermi envelope shapes, respectively. The left and right panels correspond to the
short pulses with ∆ = πN for N = 2, and 10, respectively, at ξ2 = 10−4. For comparison, we
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Figure 1: The total probability W of the e+e− pair production as a function of ζ for short pulses
with ∆ = πN for N = 2, and 10 shown in the left and right panels, respectively; ξ2 = 10−4. The
dashed and solid curves correspond to the hyperbolic secant and symmetrized Fermi envelope shapes
with b/Delta = 0.1, respectively. The thin solid curves marked by dots depict the IPA result.

present also the IPA results. Naturally, that in the above-threshold region, results of IPA and
FPA are equal to each other. However, in the sub-threshold region, where ζ is close to integer
numbers, the probability of FPA considerably exceeds (by more than two orders of magnitude)
the corresponding IPA result. In the case of the hyperbolic secant envelope function, the
probability increases with decreasing pulse duration. The results of FPA and IPA become
comparable at N ≥ 10. Qualitatively, this result is also valid for the case of the symmetrized
Fermi distribution. However, in this case the enhancement of the probability in FPA is much
greater. Other important details may be found in [18].

2.2 Effect of the finite carrier phase

It is naturally to expect that the effect of the finite carrier phase and appears in the azimuthal
angle distribution of the outgoing electron (positron) in case of finite ξ ∼ 1 and smooth envelope
function with N < 1, because at this conditions the functions Ci are greatly enhanced [21]. As
an example, in Fig. 2 (left panels) we show the differential cross section dσ/dφe of e+e− pair
production as a function of the azimuthal angle φe for different values of the carrier envelope
phase φ̃ and for pulse durations ∆ = Nπ with N = 1, and for ξ2 = 0.5. The calculation is
done for the essentially multi-photon region with ζ = 4. The corresponding anisotropy of the
electron (positron) emission defined as

A =
dσ(φe)− dσ(φe + π)

dσ(φe) + dσ(φe + π)
, (12)

are exhibited in Fig. 2 (right panels). One can see a strong dependence of the anisotropy as a
function of CEP. The increase of the pulse duration leads to a decrease of the bump structure
inn the differential cross sections and in absolute value of A and leads to the disappearance of
the carrier phase effect.
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Figure 2: (Color online) Left column: The differential cross section as a function of the azimuthal
angle of the direction of flight of the outgoing electron φe, for different values of the carrier phase φ̃
and for N = 1. The solid, dash-dash-dotted, dashed and dash-dotted curves are for the CEP equal to
0, 90, 180 and 270 degrees, respectively. Right column: The anisotropy (12) for different values of φ̃ as
in left column. For ξ2 = 0.5 and ζ = 4.

2.3 Pair production at large field intensity (ξ2 � 1)

At large values of ξ2 � 1, the basic functions Yl and Xl in Eq. (5) can be expressed as follows

Yl =

∞∫

−∞

dq F (1)(q)G(l − q) , Xl =

∞∫

−∞

dq F (2)(q)G(l − q) , (13)

where F (1)(q) and F (2)(q) are Fourier transforms of the functions f(φ) and f2(φ), respectively,
and G(l) may be written as

G(l) =
1

2π

∞∫

−∞

dφ ei(lφ−z sinφ+ξ
2ζuφ) . (14)

In deriving this equation we have considered the following facts: (i) at large ξ2 the probability
is isotropic, therefore we put φ0 = 0, (ii) the dominant contribution to the rapidly oscillating
exponent comes from the region φ ' 0, where the difference of two large values lφ and z sinφ is
minimal, and therefore, one can decompose the last term in the function P(φ) in (??) around
φ = 0, and (iii) replace in exponent f(φ) by f(0) = 1.

Equation (14) represent an asymptotic form of the Bessel functions Jl̃(z) [22] with l̃ =

l + ξ2ζu at l̃� 1, z � 1, and therefore the following identities are valid

G(l̃ − 1)−G(l̃ + 1) = 2G′z(l̃), G(l̃ − 1) +G(l̃ + 1) = 2
l̃

z
G(l̃) , (15)

which allow to express the partial probability w(l̃) in (9) as a sum of the diagonal (relative to
l̃) terms: Y 2

l̃
, Yl̃Xl̃, X

2
l̃

and Y
′2
l̃

. The integral over l̃ from the diagonal term can be expressed
as

IY Y =

∞∫

l̃0

dl̃ Y 2
l =

∫
dq dq′F (1)(q)F (1)(q′)

∞∫

l̃0

dl̃G(l̃ − q)G(l̃ − q′) , (16)
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where l̃0 = ζ(1 + ξ2u. Taking into account that for the rapidly oscillating G functions G(l −
q)G(l − q′) ' δ(q − q′)G2(l − q) and 〈q〉 � 〈l〉 ∼ ξ2 one gets

IY Y =
1

2π

∞∫

−∞

dφf2(φ)

∞∫

l̃0

dl̃G2(l̃) = NY Y

∞∫

l̃0

dl̃G2(l̃) . (17)

Similar expressions are valid for the other diagonal terms with own normalization factors. For

the X2
l̃

term it is NXX = 1
2π

∞∫
−∞

dφf4(φ), and for Yl̃Xl̃, NY X = 1
2π

∞∫
−∞

dφf3(φ). At large

ξ2, the probability does not depend on the envelope shape, because only the central part
of the envelope is important. Therefore, for simplicity, we choose the flat-top shape with
NY Y = NY X = NXX = N0 = ∆/π which is valid for any smooth (at φ ' 0) envelopes.

Making a change of the variable l→ l̃ = l + ξ2ζu the variable z takes the following form

z2 = 4ξ2ζ2
(
uul − u2

)
=

4ξ2l20
1 + ξ2

(
uul̃ − u2

)
(18)

with l0 = ζ(1 + ξ2) and ul̃ ≡ l̃/l0, that is exactly the same as the variable z in IPA with the

substitution l → l̃. All these transformations allow to express the total probability in a form
similar to the probability in IPA for large values of ξ2 and a large number of partial harmonics
n, replacing the sum over n by an integral over n [16]

W =
1

2
αMeζ

1/2

∞∫

l0

dl̃

ul̃∫

1

du

u3/2
√
u− 1

{J2
l̃
(z)

+ ξ2(2u− 1)[(
l̃2

z2
− 1)J2

l̃
(z) + J ′

2
l̃ (z)]} . (19)

Utilizing Watson’s representation [22] for the Bessel functions at l̃, z � 1 and l̃ > z,
Jl̃(z) = (2πl̃ tanhα)−1/2 exp[−l̃(α − tanhα)] with coshα = l̃/z, and employing a saddle point
approximation in the integration in (19) we find the total probability of e+e− production as
(for details see Appendix A of [17])

W =
3

8

√
3

2

αMeξ

ζ1/2
d exp

[
−4ζ

3ξ
(1− 1

15ξ2
)

]
, d = 1 +

ξ

6ζ

(
1 +

ξ

8ζ

)
. (20)

This expression resembles the production probability in IPA which is the consequence of the
fact that, at ξ2 � 1 in a short pulse, only the central part of the envelope at φ ' 0 is important.
In case of ξ/ζ << 1, approximating d = 1 +O(ξ/ζ), the leading order term recovers the Ritus
result [16].

For completeness, in Fig. 3 (left panel) we present FPA results of a full numerical calculation
for finite values of ξ2 ≤ 10 for the hyperbolic secant envelope shape with N = 2 (curves are
marked by ”stars”) and the asymptotic probability calculated by Eq. (20) at ζ = 2, 4 and 6,
shown by solid, dashed and dot-dashed curves, respectively. The transition region between the
two regimes is in the neighborhood of ξ2 ' 10. In the right panel, we show the production
probability at asymptotically large values of ξ2 for 5 ≤ ζ ≤ 20. The exponential factor in (20)
is most important at relatively low values of ξ2 ∼ 10 (large ζ/ξ). At extremely large values of
ξ2 (small ζ/ξ ), the pre-exponential factor is dominant.
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Figure 3: The total probability W of the e+e− pair production as a function of ξ2 for various values of
ζ. Left panel: Results of full numerical calculation in FPA for finite values of ξ2 ≤ 10 (curves marked by
”stars” in ”FPA” sections) and the asymptotic probability (20) for large values of ξ2 (sections labeled
by ”asymptotic”) at ζ = 2, 4 and 6. Right panel: The asymptotic probability (20) for various values
of ζ as indicated in the legend.

3 Compton scattering in short laser pulse

The Compton scattering process, symbolically e− + L → e−′ + γ′ is considered here as the
spontaneous emission of one photon off an electron in an external e.m. field (1). Some important
aspects of generalized Compton scattering were discussed elsewhere (for references see [17]).
Being crossing to the Breit-Wheeler e+e− pair production the structure of the matrix elements
and cross sections (production rates) of the both processes are the the same. The principle
difference between them is absent the threshold behaviour of both processes. Thus, in Breit-
Wheeler γ′ + γ → e+ + e− one has a minimum value of the energy ωmin(γ′) of the probe
photon γ′ responsible for two electron mass production (at fixed ”target” photon energy ω(γ)).
The processes with subthreshold energy ω′ < ωmin or sub-threshold invariant variables ζ > 1
are determined by the multi-photon dynamics. The Compton process e− + γ → e−′ + γ′ is
always above threshold at any energy of incoming photon γ. Therefore extracting multi-photon
interactions in such process is an incredibly difficult problem.

In [23] we suggested to use so-called partially integrated cross sections determined at fixed
and large angle of outgoing photon θ′ = 1700

σ̃(ω′) =

∞∫

ω′

dω̄′
dσ(ω̄′)
dω̄′

=

∞∫

l′

dl
dσ(l)

dl
, (21)

where dσ(ω)/ω is the Compton scattering involving l photons, while the lower limit of integra-
tion l′(ωmin) ir related to the four momentum of incoming electron p(E,p) and laser frequency
ω

l′ =
ω′

ω

E + |p| cos θ′

E + |p| − ω′(1− cos θ′)
. (22)

Experimentally, this can be realized by an absorptive medium which is transparent for fre-
quencies above a certain threshold ω′. Otherwise, such a partially integrated spectrum can be
synthesized from a completely measured spectrum. Admittedly, the considered range of ener-
gies with a spectral distribution uncovering many decades is experimentally challenging. Thus
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the ratio ω′(l)/omega′(1) may be considered as a threshold parameter for the partly integrated
Compron scattering. The partially integrated cross sections of Eq. (21) are presented in Fig. 4.
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Figure 4: The partially integrated cross section (21) for ξ2 = 10−3. The thin solid curve marked
by dots depicts the IPA result. The solid, dashed, and dot-dashed curves correspond to N = 2, 5
and 10, respectively. Left and right panels are for hyperbolic secant (hs) and symmetrized Fermi (sF)
envelopes.

The thin solid curve (marked by dots) depicts results the photon emission in the infinite pulse
(IPA) (cf. [23]). In this case the partially integrated cross section becomes a step-like function,
where each new step corresponds to the contribution of a new (higher) harmonic n, which can
be interpreted as n-laser photon process. Results for the finite pulse exhibited by solid, dashed,
and dot-dashed curves correspond to N = 2, 5 and 10, respectively. In the above-threshold
region with ω′ ≤ ω′1, the cross sections do not depend on the widths and shapes of the en-
velopes, and the results of IPA and FPA coincide. The situation changes significantly in the
deep sub-threshold region, where ω′ > ω′1 (l � 1), n � 1. For short pulses with N ' 2,
the FPA results exceed that of IPA considerably, and the excess may reach several orders of
magnitude, especially for the flat-top envelope shown by the solid curve in Fig. 4 (right panel).
However, when the number of oscillation in a pulse increases (N & 10) there is a qualitative
convergence of FPA and IPA results, independently of the pulse shape. Thus, at N = 10 and
ω′ = 0.6 keV the difference between predictions for hs and sF shapes is a factor of two, as
compared with the difference of the few orders of magnitude at N = 2 for the same value of ω′.

4 Summary

In summary, we briefly discussed main aspects of multi-photon dynamics in two important
OCD processes in intensive laser field: Breit-Wheeler e+e− pair production and single photon
radiation in propagation of an electron thought the laser beam. More detailed description of
these and related topics may be found in our review paper [17].
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A survey of physical parameters and of a ladder of various regimes of laser-matter inter-
actions at extreme intensities is given. Special emphases is made on three selected topics:
(i) qualitative derivation of the scalings for probability rates of the basic processes; (ii)
self-sustained cascades (which may dominate at the intensity levels attainable with next
generation laser facilities); and (iii) possibility of breaking down the Intense Field QED
approach for ultrarelativistic electrons and high-energy photons at certain intensity level.

1 Introduction

One of the notable trends of the last decades was unprecedented growth of laser power and in-
tensity accessible for experimental research. As of now, the most striking progress was achieved
in the (near-)optical range, which corresponds to a typical wavelength λ ' 1µm, frequency
ν = c/λ ' 1015Hz and photon energy ~ω ' 1eV. For the state-of-the-art facilities, pulse energy
is typically WL ' 0.1kJ and pulse duration τL ' 100fs 1. As a consequence, the peak laser
power is huge,

PL =
WL

τL
' 102J

10−13s
= 1015W ≡ 1PW,

comparable to the net power produced by a large country. The average power, though, of course
remains low due to a small repetition rate νR ' 10−4 ÷ 10 Hz. Assuming that the pulses are
focused to diffraction limit, the expected peak intensity is estimated by (cf. [2]):

IL =
PL

R2
' PL

λ2
' 1015W

(10−4cm)2
' 1023W/cm

2
.

Furthermore, the ongoing construction or upgrade at such facilities as CLF (UK), Apollon
(France), PEARL (Russia), ELI Beamlines (Czech Republic), ELI-NP (Romania), EP-OPAL
(USA), QiangGuang (China) and alike is very promising in attaining laser intensities of the
order of 1024W/cm2 or even higher in the nearest future. Moreover, far-reaching exawatt-
class facilities such as ELI [3] and XCELS [4] aiming at achieving the intensity & 1026 W/cm2

are being also planned already. All this brings reasonable prospects on further advance of
experimental studies of a variety of yet unexplored phenomena of laser-matter interactions at
such extreme intensities.

11fs ≡ 10−15s – such small durations became attainable after invention of Chirped Pulse Amplification [1].
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2 Basic parameters and physical regimes

Let us discuss the key parameters of the theory, and the characteristic intensity levels corre-
sponding to the various non-perturbative regimes of high-intensity laser-matter interaction to
be compared to the experimentally accessed or expected values from the Introduction.

Perhaps the main element of the strong field approach is a concept of external (classical)
background field Aµ. Obviously, this implies that the number of photons in relevant field modes
is not changed essentially by absorption or scattering events, in particular is huge enough.

Assuming ω is characteristic frequency and estimating laser pulse energy as WL ' E2+H2

8π V '
E2

4π V , we arrive at N̄γ ' WL/~ω � 1, or E �
√
~ω/V � 1. This criterion is always satisfied

in cases of either ω = 0 (static field) or V = ∞ (infinitely extended field), but both are
formally unphysical. For a tightly focused laser pulse we may assume V ' λ3 which results in
E � ω2

√
~/c2. Then the limitation on corresponding intensity reads IL = c

4πE
2 & 105W/cm

2

and is almost ever satisfied with huge margins (it is perhaps enough to mention that typically
N̄γ ' 1030cm−3), hence we adopt it wherever possible.

Another important and instructive example is a strong field concept in atomic physics. The
atomic length (Bohr radius) and energy (Rydberg) are lat = ~2/Zme2 = 5.3 × 10−9cm and
Eat ' Ze2/lat = mZ2e4/~4 ' 10eV, respectively (where the particular numbers are given
for hydrogen with Z = 1). In this context the field can be considered ‘strong’ if the work it
produces across the size of an atom eElat & Eat, resulting in E & Eat ≡ Ze/l2at = m2Z3e5/~4 =

5× 109V/cm and IL & c
4πE

2
at = 3× 1016W/cm

2
. For such laser intensities material targets are

rapidly ionized, thus turning into plasma. Laser-plasma interactions are usually simulated with
Particle-In-Cell (PIC) codes.

One of the most important parameters arises in a criterion of whether free electron motion
driven by laser field is relativistic or not. Consider the classical equation of electron motion

d~p

dt
= e

(
~E +

~v

c
× ~H

)
. (1)

From Eq. (1) the momentum of laser driven electron quiver oscillation can be estimated as
p⊥ ' eE/ω, hence the motion is relativistic if a0 ≡ p⊥/mc ' eE/mωc & 1 (as in this case

γ ' a0 & 1). This corresponds to E & Erel ≡ mωc/e, or IL & c
4πE

2
rel ' 3 × 1018W/cm

2
. The

resulting dimensionless parameter a0 admits a Lorentz- and gauge-invariant2 definition for a
plane wave field, a0 = e

mc

√
−AµAµ, and a number of alternative interpretations. For example,

one point is that for a0 & 1 the equation of motion (1) also becomes essentially non-linear,
thus leading e.g. to harmonic generation. Hence a0 is often called the (dimensionless) classical
nonlinearity parameter. Due to its importance, it is also often used in laser physics community

to quantify the field strength and intensity (the latter via a0 ≈ 6× 10−10λ [µm]

√
IL[W/cm

2
]).

In these terms the currently attained intensity level corresponds to a0 ' 102.
Yet another interpretation arises in the framework of QED, where motion of an electron

in a given external field Aµ is described by a sum of diagrams shown in Fig. 1a. Here each
vertex corresponds to the factor −ieγµAµ, while each thin electron line (free propagator) to
iS0 = 1

γp−m ' 1/m. Hence, the expansion parameter of the QED perturbation theory is given

by eA/m, i.e. by the same parameter a0 as above. In this context, a0 & 1 corresponds to non-
perturbative (also often called multiphoton) with respect to Aµ interaction regime. This can

2This is indeed invariant under gauge transformations δAµ ∝ kµ of a plane wave.
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Figure 1: Exact propagator in external field (a) and a closed-form equation it obeys (b).

be understood in a pictorial way by noticing that in presence of a large number of background
photons in the relevant field mode the interaction vertex weight (∼ √α in vacuum) should

acquire an additional Bose factor
√
N̄γ(−1) ≈

√
N̄γ ,

√
α→ √α×

√
N̄γ '

√
α×

√
l2C × λ× n̄γ '

e√
~c
×
√(

~
mc

)2

× 2πc

ω
× E2

4π~ω
' a0, (2)

and hence is effectively replaced by a0. Here we assumed that the electron probes the photons
contained in an effective tubular interaction volume of Compton width ' lC = ~/mc around
the classical electron trajectory of length λ. Note that ~ totally cancels, thus assuring that a0,
even though being an expansion parameter of QED perturbation theory, is nevertheless still of
purely classical origin.

Since the focus of the rest of the paper is on laser-matter interactions at the high-power laser
facilities, we always assume below that a0 � 1. Under such condition all-orders summation
with respect to interaction with external field should be done (see Fig. 1a). This is naturally
done within the approach which I call the Intense Field QED (IFQED). Namely, it is easy
to see that the ‘exact’ (with respect to interaction with external field), or ‘dressed’, electron
propagator obeys the equation shown schematically in Fig. 1b. The rules for computation
of the QED amplitudes are then formulated as in ordinary QED, but with free fermion lines
and propagators replaced with the dressed ones. This approach was tested experimentally
many times indirectly in atomic physics as well as directly in the late 90’s famous E144 SLAC
experiment [5, 6].

When laser intensity is further increasing, novel physical regimes should show up. For
example, under the condition a0i = (Ze)E/Mωc & 1, or a0 = eE/mωc & M/Zm ' 2Mp/m ∼
4 × 103, the ions should also become relativistic. The corresponding intensity is IL & 5 ×
1025W/cm

2
and is far beyond the currently attainable level. Another complication should

show up at even lower intensities. Assuming γ ' a0 and E⊥, H ' E, the radiation reaction
force

~Frad ' −
2e4
(
~E + ~v

c × ~H
)2

⊥
γ2

3m2c5
~v, (3)

acting on electron, becomes & eE for E &
(
m4ω2c6/e5

)1/3
, or a0 &

(
mc3/e2ω

)1/3 ' 400, which

corresponds to IL & 5× 1023W/cm
2
. In this regime one should account for classical radiation

reaction in simulations of laser-matter interactions. Accounting for both effects requires just
adequate correction of the developed PIC codes, and this is now indeed a hot topic in the laser
physics community.

Self-action of an electron was at the focus of classical theory for decades and, as well known,
was one of original motivations for invention of quantum theory. Besides radiation reaction
force, it also implies existence of electromagnetic contribution into electron mass, classically of
the order of Eem(r0) ' e2/r0, where r0 is the electron radius. In the limit of a pointlike electron
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(r0 → 0) this contribution diverges, but paradoxes appear in classical theory already when the
mass correction Eem(r0) & mc2, i.e. for r0 . re ≡ e2/mc2 (re is called the ‘classical electron
radius’). The radiation reaction force (3) may produce across the distance re the work & mc2

if the field strength in a proper reference frame exceeds EP & Ecr ≡ m2c4/e3. These conditions
are considered as limits of applicability of Classical Electrodynamics.

Regime a0 � 1 a0 & 1
χ� 1 classical non-

relativistic
classical
relativistic

χ & 1 perturbative
QED

IFQED

(a)

IL[W/cm
2
] PHYSICAL REGIME

5× 1029(?) Sauter-Schwinger QED crit-
ical field

5× 1025 Relativistic ions
2.5× 1025 Massive self-sustained QED

cascades
1024 Quantum radiation reaction,

pair photoproduction (χ &
1)

5× 1023 Classical radiation reaction
5× 1022 Mid’2010s state-of-the-art
3× 1018 Relativistic electrons (a0 &

1)
3× 1016 Strong field of atomic

physics (rapid ionization
and plasma formation)

105 External (given classical
background) field concept

< 105 Week field quantum regime

(b)

Table 1: Classification of physical regimes of
laser-matter interactions according to the val-
ues of the key parameters a0 and χ (a) and
the ladder of various regimes successively at-
tainable upon increasing laser intensity (b).
Domain corresponding to quantum regime at
extreme intensity is colored in gray.

However, things are quite different in quan-
tum theory (QED), which introduces a novel
Compton scale lC = ~/mc ≈ 137re. Even
though electron still formally remains point-
like (as required by relativity), it turns out it
cannot be localized at size smaller that lC be-
cause of uncontrollable disturbance of vacuum
(pair creation). For example, the average of the
charge density operator in one-electron state is
delocalized to a size ' lC. As a consequence,
the divergency of electron self energy is par-
tially canceled by contribution of vacuum vir-
tual pairs and becomes much weaker, Eem(r0) '
(e2/lC) log (lC/r0). In this sense, a pointlike
charge is effectively replaced by a cloud of vir-
tual pairs of size ' lC = 1/m ' 4 × 10−11cm.
That is why we adopted the Compton length
as the effective width of electron ‘trajectory’
in our above estimation (2). Unlike in Classi-
cal Electrodynamics, radiation reaction in QED
can never outreach the Lorentz force (thus the
known paradoxes of the former are avoided),
however the work produced by the field across
the distance lC can still exceed the rest en-
ergy, eESlC ' mc2. The required field strength
ES ≡ m2c3/e~ = 1.3 × 1016V/cm (note that
ES ' 1

137Ecr) is called the Sauter-Schwinger,
or QED critical field, and corresponds to laser
intensity IL = c

4πE
2
S ' 5 × 1029W/cm

2
, which

is far beyond the capabilities of the existing
or prospective laser facilities. Besides laser
physics, the electric and magnetic3 fields & ES

may arise in heavy ion collisions, magnetic
fields H ' m2c3/e~ ' 4 × 1013G are also an-
ticipated around compact astrophysical objects
(magnetars).

Since the electromagnetic field strengths are
not Lorentz invariant, it may seem not obvious for which reference frame the condition E, H &
ES should be formulated. In fact this criterion should be formulated in terms of Lorentz

3Since magnetic fields do not produce work, for them the criticality condition is formulated e.g. by demanding
the principle Landau level to be relativistic.
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invariants. For example, in absence of particles (i.e. in vacuum) the only field invariants are

E2 −H2 = − 1
2FµνF

µν and ~E · ~H = 1
8εµνλκF

µνFλκ . In such a case the field strengths should
actually exceed ES in a reference frame, for which either electric or magnetic fields vanishes or
they are parallel. However, in presence of a particle with 4-momentum pµ one extra Lorentz
invariant, usually called the dynamical quantum parameter, can be defined:

χ =
e~
m3c4

√
−(Fµνpν)2 =

γ

√(
~E + ~v× ~H

c

)2

− (~v·~E)2

c2

ES
. (4)

It actually acquires several equivalent native physical meanings, e.g. in case of electron a
ratio of the electric field strength to ES in its proper (rest) frame, or proper acceleration in
Compton units. Typically, in the lab frame E‖ ∼ E⊥, where the components are denoted
according to direction of particle momentum. Hence for ultrarelativistic particle EP‖ ∼ E‖,
EP⊥ ∼ γE⊥ � EP‖ and χ = EP/ES ' γE⊥/ES. Yet another interpretation stems from the fact
that for radiating electron with χ . 1 it is also the average emitted photon energy-to-electron
energy ratio, hence the condition χ & 1 also indicates the significance of quantum recoil. The
quantum regime of laser-matter interaction is naturally discriminated by4 χ & 1.

Generally speaking, the introduced parameters a0 = eE/mωc (classical nonlinearity pa-
rameter) and χ ' γE⊥/ES (dynamical quantum parameter) are independent and allow for
classification of various regimes of laser-matter interactions, see Table 1a. For instance, in
SLAC experiment both a0, χ ∼ 1. However, if the electrons are not accelerated by exter-
nal sources but driven by the field then, assuming E⊥ ∼ E and γ ∼ a0 � 1, we arrive at
χ ' (~ω/mc2)a2

0 & 1 for a0 &
√
mc2/~ω ' 700. The required laser intensity in such case would

be IL & 1024W/cm
2
. The list of various laser-matter interaction regimes discussed above,

along with the required laser intensities, given relative to the present day state-of-the-art level,
is summarized in Table 1b. Further details can be found in the reviews [7–9].

3 Qualitative analysis of basic IFQED processes

Within the framework of IFQED approach, calculation of probabilities of a process is reduced
to calculation of diagrams with ‘exact’, or ‘dressed’ electron external lines and propagators (see
Fig. 1a), determined by equation in Fig. 1b. The latter equation can be solved exactly for just
a few particular external field backgrounds (e.g. constant field, plane wave, Coulomb field),
but even when it admits exact solution, application of the method usually results in extremely
bulky intermediate calculations [10]. But as a rule, qualitative considerations may result in
a deeper insight into the problem. Here I am going to demonstrate how at least some of the
known asymptotic expressions for probability rates of basic QED processes in strong external
field could receive a simple-man derivation, based exclusively on kinematical and dimensional
arguments together with the uncertainty principle (see [11] for a more detailed presentation).

In presence of external field the QED processes can be subdivided into field-modified (i.e.
those which occur even in absence of the field) and field-induced. Let us focus below on the field-
induced processes only. The diagrams for the basic processes of this kind, single photon emission

4It should be stressed that the quantum regime of interaction with strong external classical background
under discussion arises due to recoil in essentially multiphoton radiation processes (e.g. hard photon emission),
as opposed to the (completely different!) week field quantum regime on bottom of Table 1b, where quantum
effects arise due to absorption or emission of individual laser photons.
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Figure 2: Basic IFQED processes: photon emission (a) and pair photoproduction (b).

and pair photoproduction, are shown in Fig. 2. For such sort of processes we can introduce
the energy lack ∆ε =

∑
εf −

∑
εi > 0 (where the indices refer to final and initial particles)

and a couple of characteristic time scales, the first one (te) is the time it takes for the field to

provide the amount of work required for a process to occur (symbolically, e
∫ te

0
~E · d~s ' ∆ε),

and the second one (tq ' 1/∆ε) is the time for which according to the uncertainty principle
the final state can endure as a virtual one. As we will shortly observe, it turns out that in a
relativistically strong laser field of our interest (a0 � 1) both these timescales are much smaller
than the laser period ∼ 1/ω, hence the laser field can be considered as locally constant. In
addition, we also assume whenever possible that the particles are ultrarelativistic and moving
transversely with respect to the field, in such a case the field can be also considered crossed
( ~E ⊥ ~H and E = H), and the total probabilities depend exclusively on the quantum dynamical
parameter(s) χi. Furthermore, since any field is all the same equivalent to a constant crossed
field, we can replace it e.g. with the constant purely electric field directed orthogonally to the
momentum of the initial particle. Then, by picking up the time gauge ~A(t) = − ~Et, the energies

of the charged particles can be written as ε~p(t) = [(~p− e ~A(t))2 +m2]1/2.
Obviously, if te � tq then the process is (quasi-)classical, in particular its probability should

be exponentially suppressed. The probability of the process under such conditions can be
estimated by the quasiclassical ‘imaginary time’ technique,

Wi→f ∝
∣∣∣∣exp

{
−
∫ t∗

0

∆ε(it′) dt′
}∣∣∣∣

2

, (5)

where t∗ is determined by the conditions of energy-momentum conservation ∆ε(it∗) = 0, ∆~p =
0. It turns out that typically t∗ ' te, so that Wi→f = O(e−te/tq ). If, on the contrary, te � tq,
then the process is essentially quantum and unsuppressed.

Let us first demonstrate how the scheme works using a popular example of electron-positron
pair creation from vacuum. For this case ∆ε = 2m, te ' m/eE and tq ' 1/m. Note that for
a0 � 1 we have te = 1/ωa0 � 1/ω, thus the locally constant field approximation should work.
For E � ES = m2/e we have te � tq, so that the process should be suppressed. The expected
suppression factor is e−te/tq ' e−ES/E . More precisely, assuming5 (for the sake of simplicity
only) ~p⊥ = 0 we obtain: ∆ε(t) = 2

√
m2 + e2E2t2, ∆ε(it∗) = 0, t∗ = m/eE = te (as announced

above), and

We−e+ =

∣∣∣∣∣exp

{
−2

∫ m/eE

0

√
m2 − e2E2t′2 dt′

}∣∣∣∣∣

2

= e−πm
2/eE , (6)

5Here ~p⊥ denotes the component of the momentum which is orthogonal to the field.
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in perfect agreement with the exact result of Sauter, Heisenberg-Euler, Schwinger and others.
As a second illustration, consider pair photoproduction by a hard photon (see Fig. 2b). For

this case, the energy lack can be written as

∆ε(t) = ε~p′(t) + ε~p(t)− k ≈
√

(k − p)2 + e2E2t2 +m2 +
√
p2 + e2E2t2 +m2 − k ≈

≈ k − p+
e2E2t2 +m2

2(k − p) + p+
e2E2t2 +m2

2p
− k =

k
(
e2E2t2 +m2

)

2p(k − p) &
2
(
e2E2t2 +m2

)

k
,

(7)
where the minimum is attained for p = p′ = k/2. In the weak field limit the second term in the
numerator (m2) should dominate over the first term (e2E2t2) so that ∆ε ' m2/k. It is well
known that for ultrarelativistic kinematics θ, ϑ ' m/k � 1. Hence the characteristic scales

tq ' 1/∆ε ' k/m2 � te ' ∆ε/eEϑ ' m/eE,

if the dynamical quantum parameter of the initial hard photon κ = eEk
m3 . 1. According to the

above in such a regime we expect that We−e+ = O(e−1/κ). Indeed, looking for a stationary
point we obtain ∆ε(it∗) = 2

(
−e2E2t2∗ +m2

)
/k = 0, t∗ = m/eE = te, and

We−e+ =

∣∣∣∣∣exp

(
−
∫ m/eE

0

2
(
−e2E2t2 +m2

)

k
dt

)∣∣∣∣∣

2

=
∣∣∣e−4m3/3eEk

∣∣∣
2

= e−8/3κ . (8)

This is again in accordance with exact computations, but [unlike Eq. (6)] we are unaware of
other simple-man derivations of this result in previous literature.

In the opposite (quantum, κ � 1) strong field limit, according to Eq. (7), ∆ε(t) ' e2E2t2/k
and angular spread arises mostly due to contortion of electron and positron trajectories by the
field, θ(t), ϑ(t) ' eEt/k � 1. Hence eEϑ(t)t ' ∆ε(t) identically, i.e. te is not fixed but
arbitrary. At the same time, from its definition tq ' 1/∆ε(tq) ' k/e2E2t2q we obtain

tq '
(

k

e2E2

)1/3

≡ m

eE
κ1/3 ≡ k

m2κ2/3
. (9)

Hence, for κ � 1 having just a single time scale parameter tq, on dimensional grounds we have

We−e+(κ � 1) ' e2

tq
∼ e2m2

k
κ2/3, Wγ(χ� 1) ' e2m2

p
χ2/3, (10)

where the second formula gives the probability Wγ of hard photon emission by electron (see
Fig. 2a) for χ� 1, as ultrarelativistic kinematics for both processes is exactly the same as soon
as electron mass is neglected. These results are (up to numerical factor ∼ 1) also in perfect
agreement with exact calculations.

4 Self-sustained QED cascades

In case seed particle in a strong field has χ & 1, it can emit photons with κ ∼ 1, which
are in turn capable for pair photoproduction. In such a case these events may follow one
by one, thus forming a chain called a QED cascade. In principle, this is very similar to the
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Property
QED cascades in external field

S(hower)-type A(valanche)-type

Energy source
energy ε0 of seed

particle
external field (donates energy by

particles acceleration)

Multiplicity Ne−e+ limited by ε0
exponentially increases (∝ eΓt),

potentially up to macroscopic value

Proceeds until. . .
. . . secondary particles

lose energy and χ

• . . . particles escape (?);
• . . . field depletion (?);
• . . . thermolization (?);

Similar to: Extensive Air Showers gas or dielectric discharge

Table 2: S(hower)-type vs. A(valanche)-type QED cascades in external field.

familiar cascades generated by high energy particles in matter due to Bremsstrahlung and pair
photoproduction on nuclei (e.g., as in Extensive Air Showers). However, a novel distinctive
feature for cascades in a strong laser field is that such a field may not serve only a target, but
in general is also capable for acceleration of charged particles, thus donating them energy and
making the cascade self-sustained. The principle differences between these two types of cascades
(which we abbreviate S- and A-type [12]) are summarized in Table 2. Here our point is that
production of A-type cascades starting from a certain intensity level may dominate in laser-
matter interactions resulting in creation of macroscopic amount of pairs and hard photons,
as shown in Table 1b, thus totally changing the landscape of laser-matter interactions [13].
Moreover, since this process (at least in most probable scenarios) leads to depletion of external
field, it can also prevent practical attainability of the Sauter-Schwinger critical field with optical
lasers [14] (this point is indicated in Table 1b by a question mark).

During the process of hard photon emission or pair photoproduction the values of energy ε
and dynamical quantum parameter χ of a parental particle are partitioned among the secondary
ones. As stressed above, the main distinctive feature of a self-sustained (A-type) cascade against
the ordinary S-type cascade is the ‘acceleration stage’ where these ε and even more importantly
χ are then restored back by the field before the next QED event takes place. In contrast to
consideration of a QED process itself, at this stage the difference between the actual field and a
constant crossed one should be necessarily taken into account (that is why we call our constant
and crossed field approximation local), as otherwise χ would be conserved exactly. At the same
time, motion of ultrarelativistic particles in between the QED events may be still considered
classically6. Concerning a problem of ε and χ evolution along a particle trajectory in a generic
field configuration, a non-trivial result is that (apart from a few artificial particular cases, e.g.
linearly polarized purely electric field or a running plane wave field) for an initially slow particle
at time scales m/eE � t� 1/ω we always have

ε(t) = mγ(t) ' eEt, E⊥(t) ' Eωt, χ(t) ' E⊥(t)

ES
γ(t) ' mc2

~ω

(
E

ES

)2

(ωt)2. (11)

Hence it takes for such a particle tacc ' αES/ωE to gain χ ∼ 1, where for illustration purpose

6It turns out that motion in a constant crossed field is classical exactly. In a general setting, for a subcritical
(E � ES) electric field quasiclassical approximation breaks down only near the turning points, where particles
are slow. Ultrarelativistic motion in a subcritical magnetic field is also classical since particle occupies high
Landau levels.
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Figure 3: Simulation campaign of QED cascade generation: evolution of cascade multiplicity
(a); parameter χ of the seed electron (b); and parameter χ averaged over the cascade (c) for
three independent Monte Carlo runs @a0 = 2× 103 (from [16]).

we have skipped the accidental dimensionless factor
√
α2mc2/~ω ' 4.5 (square root of Rydberg

in eV’s).
On the other hand, by combining Eq. (10) with Eq. (11) and the definition te ' 1/Wγ(χ(te))

for a free path time (i.e. typical time between the QED events), in the same manner we obtain

te '
1

ω

(
αES

E

)1/4

, χ(te) '
(

E

αES

)3/2

. (12)

Obviously, for E & αES (or I & α2IS ∼ 2.5 × 1025W/cm
2
) the time scales hierarchy tacc �

te � 1/ω is established, meaning that (i) photons are mostly emitted when χ ∼ 1 and hence
are capable for subsequent photoproduction; and (ii) a plenty of QED events should happen on
a time scale 1/ω of the laser field. These are exactly the conditions singling out a QED cascade.
Since due to acceleration the parameters of the particles in each generation remain the same
on average, the cascade multiplicity should grow exponentially Ne−e+ ' eΓt. This qualitative
picture is fully supported by Monte Carlo simulations [15–17], see Fig. 3. In particular, one
can observe in Fig. 3c how the average parameter χ tends to a definitive value, which is in fact
in fairly good agreement with the estimate (12). The same agreement was observed for other
relevant quantities, including the increment Γ ' 1/te.

The final stage of a self-sustained (A-type) cascade still remains poorly understood. For

laser power 10PW (i.e. intensities ∼ 1024W/cm
2

and tight focusing) the duration of exponential
growth of cascade multiplicity is restricted either by driving laser pulse duration or by particles
escape from the focal region. However, for higher power (either higher intensity or weaker fo-
cusing) it was demonstrated that cascade multiplicity may rapidly become macroscopic [17,18].
When the density of created pairs exceeds the relativistic critical plasma density, the arising
electron-positron plasma starts depleting the driving laser field. However, in an alternative sce-
nario at high density the electron-positron-photon plasma may come to (quasi-)equilibrium due
to various relaxation processes. Such processes, however, as of now remain almost unexplored.

5 Radiation corrections and IFQED approach breakdown

In ordinary QED, the running coupling constant α(ε� m) ' Eem(ε)/m ' α log(ε/m) remains
small within the whole reasonable region of energy (in particular, up to the Electroweak Theory
energy scale), hence perturbation theory always works pretty well. However, as was noticed
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M
m =

︸ ︷︷ ︸
'αχ2/3 [21]

+ ︸ ︷︷ ︸
'α2χ logχ [21]

+ ︸ ︷︷ ︸
'α2χ2/3 logχ [22]

+ . . .+ ︸ ︷︷ ︸
'α3χ2/3 log2 χ [23]

+

+ ︸ ︷︷ ︸
'α3χ4/3 [23]

+ ︸ ︷︷ ︸
'α3χ log2 χ [24]

+ ︸ ︷︷ ︸
'α3χ5/3 [24]

+ . . .

Figure 4: Some 2nd and 4th order radiation corrections to electron mass operator M computed
or estimated by the Ritus group in 1972-1980. The key results are enclosed in boxes.

already soon after the very birth of IFQED approach [19, 20], the leading order contributions
to the mass and polarization operators within IFQED are growing surprisingly fast with χ or
κ (i.e. with both energy and field strength):

M (2)(χ� 1) ' αmχ2/3, P(2)(κ � 1) ' αm2κ2/3. (13)

This can be easily traced back to Eqs. (10) via the optical theorem, and implies that for
χ, κ & α−3/2 ' 1.6 × 103 the radiation corrections cease to be small, M (2) ' m, P(2) ' m2.
In addition, in a proper reference frame

te ∼W−1
γ ' tC, tγ ∼W−1

e+e− ' tC, (14)

meaning that the concept of radiation-free motion, obviously underlying the IFQED approach,
could show up only at Compton scale, where localization is all the same impossible. If so, this
should blow up the approach, thus making IFQED a truly non-perturbative theory like QCD.

Systematic analysis of the actual expansion parameter of IFQED perturbation theory was
undertaken by the Ritus group [21, 22], and especially by Narozhny [23, 24], see Fig. 4. By
comparing 2-nd and 4-th order contributions to the mass operator it was initially conjectured
that the expansion parameter is M (4)/M (2) ' αχ1/3. However, further estimation of the 6-
th order contributions identified M (6)/M (4) ' αχ2/3 as the true expansion parameter. This
conclusion is consistent with the also known data for polarization and vertex operators (not
shown here for brevity). Origination of both parameters can be easily understood in terms of
the qualitative approach of Sec. 3 [25]. Indeed, the estimations (9), (10) were based exclusively
on the uncertainty principle and thus are valid for virtual processes as well. In a proper reference
frame the characteristic longitudinal and transverse sizes of a vacuum polarization7 loop are
estimated by l‖,P ' (m/k)tq ' lCκ−2/3, l⊥,P ' ϑtq ' eEt2q/k ' lCκ−1/3. Interestingly, for
κ � 1 both sizes turn out to be smaller than lC and moreover that l‖,P ∼ re (classical electron

radius!) for ακ2/3 ∼ 1. Now the aforementioned expansion parameters can be revealed exactly
as in ordinary QED as Coulomb to rest energy ratios (e2/l)/m for transverse (l = l⊥,P) and
longitudinal (l = l‖,P) loop sizes, respectively. On the grounds of the optical theorem there
might be also a tight relation between the higher-order radiation corrections and cascades (since

7Estimations for self energy are exactly the same because ultrarelativistic kinematics is similar for both cases.
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cutting the former diagrams leads to the latter ones). However, for self-sustained cascades due
to the scaling (12) we have always αχ2/3 ' E/ES . 1 in a view of critical field unattainability
due to field depletion via cascades seeded by spontaneous pair production [14]. Still, as pointed
out above, one can attain αχ2/3 & 1 by using an external accelerator. In fact this condition is
not as exotic as one could imagine but rather is almost realizable e.g. by colliding a bunch of
TeV electrons with the presently available laser pulses.

Unfortunately, in spite of obvious urgency and importance of further development of these
considerations, I am not aware of any progress since the beginning of 80’s.
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We use gauge/gravity duality to investigate the thermalization of a strongly interacting
plasma, taken out-of-equilibrium by boundary quenching. In particular, we show how
information can be obtained from local and nonlocal observables, in particular concerning
the time scales of thermalization.

1 Introduction

There are experimental evidences that the plasma produced in ultrarelativistic heavy ion col-
lisions at RHIC and LHC is a realization of a strongly coupled deconfined phase of QCD. It
behaves as a perfect fluid, with a small viscosity to entropy density ratio η/s ∼ O(0.1), at
odds with perturbative QCD which predicts larger values for η/s. The out-of-equilibrium con-
figuration lasts for a short time, O(1 fm/c), followed by a hydrodynamic evolution [1]. The
description of the early-time out-of-equilibrium dynamics is a challenging task, which can be
faced by holographic methods. Indeed, using gauge/gravity duality [2], the equilibration prob-
lem of the 4d strongly interacting non-Abelian system can be mapped into a gravity problem
in a 5d space-time [3]. 1

In the gauge/gravity duality framework, thermalization in the boundary gauge theory occurs
in correspondence to the formation of a black brane in the higher dimensional space. The
equilibration can be monitored through the boundary stress-energy tensor Tµν . For a plasma
behaving like a perfect fluid the Tµν components obey the Bjorken relations [5]. Within the
AdS/CFT correspondence, the dual of the boundary stress-energy tensor is the bulk metric.
In particular, the dual of Tµν fulfilling Bjorken hydrodynamics is identified as a black brane
metric with time-dependent horizon [6]. In general cases, to determine Tµν one has to solve
the bulk Einstein equation, subject to appropriate initial and boundary conditions, and the
components of the boundary stress-energy tensor are obtained from of the coefficients of the
near-boundary expansion of the gravity metric, by the holographic renormalization procedure
[7]. This approach has been applied within different contexts [8].

In Refs. [9] it has been proposed to study thermalization of a strongly coupled plasma after
a distortion of the boundary metric (a ”quench”), to mimic a perturbation driving the system
out-of-equilibrium. The response depends on the profile of the quench, which is expected
also considering the nonlinear nature of the dual gravity problem: this motivated a dedicated

1Ref. [4] contains a review of applications of holographic methods to the heavy ion collision phenomenology.
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investigation of different quenches [10], to assess universal features in the time dependence of
the components of Tµν . Moreover, it was possible to establish a hierarchy of the thermalization
times at different length scales in the system [11], studying nonlocal observables and their time
evolution, as proposed in [12]. We shall describe the results from two-point correlation function
of operators defined in the boundary theory, and from the expectation values of Wilson loops
defined on the boundary. Nonlocal probes have also been scrutinized in other contexts [13].

2 Thermalization by boundary sourcing: results from lo-
cal probes

To study the thermalization of a boost-invariant non-Abelian plasma one can make use of
boundary sourcing, to mimic the way the system is driven out-of-equilibrium [9]. In [10] differ-
ent kinds of quenches in the boundary metric where scrutinized, monitoring the stress-energy

tensor of the boundary theory. The tensor is written as Tµν =
N2
c

2π2 diag(−ε, p⊥, p⊥, p‖), with
components the system energy density ε, the pressure p⊥ along one of the two transverse direc-
tions (with respect, e.g., to the heavy ion collision axis) and the pressure p‖ in the longitudinal
direction.2 The 4d boundary coordinates are denoted as xµ = (x0, x1, x2, x3), and the x3 = x‖
direction is identified with the collision axis along which the plasma is supposed to expand.
Boost-invariance along this axis, as well as translational and O(2) rotational invariances in the
transverse plane x⊥ = {x1, x2} are assumed. In terms of the proper time τ and the spacetime
rapidity y, defined through the relations x0 = τ cosh y and x‖ = τ sinh y, the 4d boundary line
element reads: ds2

4 = −dτ2 + dx2
⊥ + τ2dy2.

This line element is modified if a quench described by the profile γ(τ) is introduced in the
boundary metric, to describe the process driving the system out-of-equilibrium:

ds2
4 = −dτ2 + eγ(τ)dx2

⊥ + τ2e−2γ(τ)dy2 ; (1)

this leaves the spatial three-volume unchanged, and respects the translational and O(2) sym-
metries in the transverse plane.

The gravity dual is defined on a 5d spacetime, described adopting the Eddington-Finkelstein
coordinates with a fifth radial coordinate r and having the metric (1) as a boundary. The 5d
line element can be written as

ds2 = −A(r, τ)dτ2 + Σ(r, τ)2eB(r,τ)dx2
⊥ + Σ(r, τ)2e−2B(r,τ)dy2 + 2dτdr , (2)

with the boundary obtained for r →∞, and the metric functions A, Σ and B depending only
on r and τ , due to the symmetries imposed to the system. Such metric function are determined

2Along the paper, energy density and pressures are referred to without considering the factor
N2
c

2π2 .
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solving 5d Einstein equations with negative cosmological constant, written in the form [9]:

Σ(Σ̇)′ + 2Σ′Σ̇− 2Σ2 = 0

Σ(Ḃ)′ +
3

2

(
Σ′Ḃ +B′Σ̇

)
= 0

A′′ + 3B′Ḃ − 12
Σ′Σ̇
Σ2

+ 4 = 0 (3)

Σ̈ +
1

2

(
Ḃ2Σ−A′Σ̇

)
= 0

Σ′′ +
1

2
B′2Σ = 0 .

In (3), for a generic function ξ(r, τ), the directional derivatives along the infalling radial null
geodesics and the outgoing radial null geodesics are denoted by ξ′ = ∂rξ and ξ̇ = ∂τξ + 1

2A∂rξ,
respectively.

Two boundary conditions need to be imposed. The first one consists in the requirement
that the metric (2) reproduces the 4d metric Eq. (1) for r →∞. The second condition is that,
at the initial time slice τ = τi when the quench is switched on, one has the AdS5 bulk metric:

ds2 = r2

[
−dτ2 + dx2

⊥ +

(
τ +

1

r

)2

dy2

]
+ 2drdτ . (4)

In [10] several quench profiles were considered, to understand whether and how thermalization
depends on the specific choice of sourcing. Each profile is characterized by a function γ(τ),
representing quenches with different number, structures and intensities, parametrized as

γ(τ) = w

[
tanh

(
τ − τ0
η

)]7

+

N∑

j=1

γj(τ, τ0,j) (5)

with

γj(τ, τ0,j) = cjfj(τ, τ0,j)
6e−1/fj(τ,τ0,j)Θ

(
1− (τ − τ0,j)2

∆2
j

)
(6)

and

fj(τ, τ0,j) = 1− (τ − τ0,j)2

∆2
j

. (7)

The set of parameters w, η, τ0, τ0,j , cj and ∆j defines the various quench models: among these,
we focus on two models, denoted by A(2) and B in Ref.[10]. Model A(2) has two short pulses
in the boundary metric, obtained using the parameters w = 0, N = 2, c1 = 1, ∆1,2 = 1,
τ0,1 = 5

4∆1, c2 = 2, τ0,2 = 9
4∆2. The quench ends at τAf = 3.25. Model B represents the

superimposition of a short pulse to a slow deformation, and is obtained when the parameters
are set to w = 2

5 , η = 1.2, τ0 = 0.25, N = 1, c1 = 1, ∆1 = 1, τ0,1 = 4∆1. The pulse ends at
τBf = 5, even if the slow distortion continues with τ and approaches a constant value. In both
cases, the quench is switched on at τi = 0.25. The two profiles γ(τ) are depicted in Fig. 6.

The metric functions A(r, τ), Σ(r, τ) and B(r, τ) in Eq. (2) are calculated by solving the
Einstein equations (3) with the boundary conditions at the initial time slice and at r → ∞
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[10]. Using the solutions, several quantities of interest are determined, in particular the ther-
malization time, comparing the boundary stress-energy tensor to the same quantity computed
in the viscous hydrodynamic regime. Notice that, due to homogeneity, boost-invariance and
invariance under rotations in the transverse plane, the various components of T νµ depend only
on the proper time τ [5]. Moreover, imposing that T νµ is conserved and traceless, its components
depend on a single function f(τ), so that

T νµ = diag

(
−f(τ), f(τ) +

1

2
τf ′(τ), f(τ) +

1

2
τf ′(τ), −f(τ)− τf ′(τ)

)
. (8)

For a perfect fluid one has ε = 3p and the relation p = p‖ = p⊥: the τ dependence is hence

fixed, ε(τ) =
const

τ4/3
. This dependence includes subleading terms in 1/τ when viscous effects are

taken into account [6]. An effective temperature Teff (τ) can be defined through the relation

ε(τ) =
3

4
π4Teff (τ)4, and for Teff (τ) the subleading terms in the large-τ expansion can be

computed in N = 4 SYM [14]:

Teff (τ) =
Λ

(Λτ)1/3

[
1− 1

6π(Λτ)2/3
+
−1 + log 2

36π2(Λτ)4/3
+
−21 + 2π2 + 51 log 2− 24(log 2)2

1944π3(Λτ)2

+ O

(
1

(Λτ)8/3

)]
, (9)

with Λ a parameter. This expression corresponds to the large τ dependence for the energy
density ε, the longitudinal p‖ and transverse p⊥ pressures:

ε =
3π4Λ4

4(Λτ)4/3

[
1− 2c1

(Λτ)2/3
+

c2
(Λτ)4/3

+ O

(
1

(Λτ)2

)]
, (10)

p‖(τ) =
π4Λ4

4(Λτ)4/3

[
1− 6c1

(Λτ)2/3
+

5c2
(Λτ)4/3

+ O

(
1

(Λτ)2

)]
, (11)

p⊥(τ) =
π4Λ4

4(Λτ)4/3

[
1− c2

(Λτ)4/3
+ O

(
1

(Λτ)2

)]
, (12)

with c1 =
1

3π
and c2 =

1 + 2 log 2

18π2
. The large τ dependence of the pressure ratio

p‖
p⊥

and

anisotropy
∆p

ε
=

p⊥ − p‖
ε

can also be worked out. The differences among different quech

models are encoded in Λ. Hence, the components of T νµ , computed from the bulk geometry, can
be compared with the asymptotic expressions (10), (11) and (12).

We summarize the results for the quench models A(2) and B, although all models scrutinized
in [10] share common features concerning the horizon formation in the bulk and the evolution
towards the hydrodynamic regime of temperature and pressures. However, the equilibration
occurs with different features, depending on the observable. The effective temperature and the
energy density start to follow their hydrodynamic expressions immediately after the quench
is switched off. On other contrary, the two pressures take longer to reach the hydrodynamic
forms. This effect can be described introducing a ”thermalization time” τp, by the condition∣∣∣
p||(τp)/p⊥(τp)− (p||(τp)/p⊥(τp))H

p||(τp)/p⊥(τp)

∣∣∣ = 0.05, with (p||(τp)/p⊥(τp))H obtained from (11),(12).
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Figure 1: Metric function A(r, τ)/r2 vs τ and 1/r, obtained solving the Einstein equations in the case
of the model A(2) (left panel) and of the model B (right panel). The color bars indicate the values
of the function. The gray lines are radial null outgoing geodesics, the dashed dark blue line is the
apparent horizon, the continuous cyan line is the event horizon. The excision in the low-r region used
in the calculation is shown.

In Fig. 1 the metric function A(r, τ)/r2 is displayed for the two models; the apparent and
event horizons are depicted. Fig. 2 shows the time dependence of the temperature, the area of
the apparent horizon per unit of rapidity, Σ(rh, τ)3, and the components of Tµν . Considering
the temperature, the relaxation of the system, right after the end of the perturbation follows
the hydrodynamic expression. The same conclusion can be inferred looking at the area of the
apparent horizon per unit of rapidity, Σ(rh, τ)3, that reaches a constant value soon after the
pulses. As for the components of Tµν , their behaviour after the end of the quench is displayed
in Fig. 3, which shows that the time τ∗, at which ε(τ∗) differs from the corresponding hy-
drodynamic value εH(τ∗) in (10) by less than 5%, essentially coincides with the end of the
perturbation. On the other hand, the thermalization time τp is larger. The difference τp − τ∗
is the time elapsed after the end of the quench to restore the hydrodynamic regime. It can be
expressed in physical units introducing a scale in the system, namely imposing Teff (τ∗) = 500
MeV, with the results collected in Table 1 for various models [10]. The difference τp − τ∗ is
always found to be order (or less than) 1 fm/c, a result comparable to the values inferred from
the analyses of heavy ion collision phenomenology.

model τ∗ τp Λ ∆τ = τp − τ∗ (fm/c)
A (1) 5.25 6.8 2.25 0.60
A (2) 3.25 6.0 1.73 1.03
B 5 6.74 1.12 0.42
C 9.45 10.24 1.59 0.20

Table 1: Results from different quench models [10].
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Figure 2: For two different quench profiles, models A(2) and B, the panels show (from top to bottom)
the profile γ(τ), the temperature Teff (τ), the horizon area Σ3(rh, τ) per unit of rapidity, and the three
components ε(τ), p⊥(τ) and p‖(τ) of the stress-energy tensor Tµν .

3 Nonlocal probes of thermalization

Several nonlocal probes can be computed using the calculated metric functions A(r, τ), Σ(r, τ)
and B(r, τ) in the geometry (2). The properties of the same observables in the hydrody-
namic setup are useful for the comparison. The 5d metric reproducing, through holographic
renormalization, the results in (10)-(12) was derived for the Fefferman-Graham [6, 14, 15] and
Eddington-Finkelstein coordinates [16]. To connect it with the stress-energy tensor components,
the 5d metric dual to viscous hydrodynamics can be written as [11]

ds2 = −AH(r, τ)dτ2 + [ΣH(r, τ)]2eB
H(r,τ)dx2

⊥ + [ΣH(r, τ)]2e−2BH(r,τ)dy2 + 2drdτ , (13)
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Figure 3: For models A(2) and B the panels show (from top to bottom) the temperature Teff (τ), the
components ε(τ), p⊥(τ) and p‖(τ) of the stress-energy tensor, pressure anisotropy ∆p/ε = (p⊥ − p‖)/ε

and ratio p‖/p⊥, computed for τ > τ
A(2),B
f . The short and long dashed lines correspond to the

hydrodynamic result and to the NNLO result in the 1/τ expansion.

with the metric functions given in terms of the energy density and the pressures:

AH(r, τ) = r2

(
1− 4

3r4
ε(τ)

)
, ΣH(r, τ) = r

(
τ +

1

r

)1/3

,

BH(r, τ) =
1

3r4

(
p⊥(τ)− p‖(τ)

)
− 2

3
log

(
τ +

1

r

)
. (14)
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Among various nonlocal observable, we first consider the equal-time two-point correla-
tion functions, computed in geodesic approximation. The AdS/CFT correspondence etsb-
lishes a connection between a boundary scalar operator O(t,x) of conformal dimension ∆
in d dimensions and its dual bulk field φ(t,x, r) with mass m in (d + 1) dimensions, with
∆ = 1

2 (d+
√
d2 + 4m2). In the strong coupling regime of the boundary theory, the equal-time

two-point function 〈O(t,x)O(t,x′)〉 can be computed starting from the on-shell 5d supergravity
action. In the geometric optic limit, such two-point correlation function is given in terms of the
length L of the space-like geodesics that connect the two points on the boundary,

〈O(t,x)O(t,x′)〉 '
∑

geodesics

e−∆L , (15)

an approximation holding for large ∆. L is computed by extremizing the length of the curves
connecting the two points, given by

L =

∫ Q

P

dλ
√
±gMN ẋM ẋN , (16)

where gMN is the metric, P and Q are boundary points and the coordinates xM (λ) (M =
1, . . . , d+ 1) are functions of a parameter λ, and the derivative ẋM ≡ dxM/dλ is defined. The
integrand in (16) can be treated as a Lagrangian, from which Euler-Lagrange equations stem.
The solutions of such equations provide the geodesic that extremizes L.

Wilson loops can be treated analogusly. In the boundary theory, the loop is defined as

WC[A] =
1

Nc
Tr
(
Pe−ig

∮
C
dxµAaµT

a
)
, (17)

with C a closed contour. In the strong coupling limit, the holographic expression for the expec-
tation value of (17) is [17]:

〈WC〉 ∼ e−SNG , (18)

where SNG is the Nambu-Goto action, giving the area of the string worldsheet bounded by C:

SNG =
1

2πα′

∫
d2ξ
√
det [gMN∂αXM∂βXN ] . (19)

ξα (α, β = 1, 2) are the worldsheet coordinates, and XM (ξα) the embedding functions. The
details of the calculation of the two-point correlation function and of the vacuum expectation
values of different Wilson loops can be found in [11]. Here we only mention that the space-
like paths connecting the boundary points P = (t0,−`/2, x2, y) and Q = (t0, `/2, x2, y), and
extending in the bulk at fixed (x2, y) are described by two functions τ(x) and r(x) which depend
on the coordinate x1 ≡ x . In the middle point x = 0 they assume the values τ(0) = τ∗, r(0) =
r∗, and have a minimum: τ ′(0) = r′(0) = 0 , with the prime standing for the derivative with
respect to x. The conditions τ(−`/2) = τ(`/2) = t0, r(−`/2) = r(`/2) = r0 are satisfied, with
r0 the maximum radial coordinate used in the calculation. The geodesic length

L =

∫ `/2

−`/2
dx

Σ̃(r, τ)√
Σ̃(r∗, τ∗)

(20)
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Figure 4: Left panel: geodesics obtained in the case of the quench model B for various (r∗, τ∗). The
shaded area represents the event horizon. Middle and right panel: extremal surfaces of circular and
rectangular Wilson loops, computed for quench model B. The value of τ∗ is set to τ∗ = 3.

is given in terms of the metric functions, with Σ̃(r, τ) = Σ(r, τ)2eB(r,τ). Its expression requires
a regularization, which we implement subtracting from the lenght (20) the same quantity com-
puted in pure AdS5. The distance ` is provided by the relation r (`/2) = r0. Typically resulting
geodesics are depicted in Fig. 4, and the thermalization of the boundary theory is studied com-
puting their lengths as time proceeds. The hydrodynamic expression of the geodesic lengths
LH are determined in the geometry (13)-(14) with the same regularization prescription. This
allows to identify the difference ∆L = L− LH as an observable.

In the case of Wilson loops as nonlocal probes of the boundary theory thermalization, we
consider two shapes, circles and strips. For a Wilson loop along a circumference of radius
R = `/2 on the plane x⊥ ≡ (x1, x2) at the boundary, the space-like worldsheet of minimal
area based on the circular path and extending in the bulk at fixed y must be computed. Such
a surface has an azimuthal symmetry and a tip at (τ,x⊥, r) = (τ∗,0, r∗) with (r∗, τ∗) input
values in the calculation. The transverse section at fixed τ and r is a circumference. For each
section the worldsheet can be parameterized in polar coordinates ξα = (ρ, ϕ), so that τ = τ(ρ),
x1 = ρ cosϕ, x2 = ρ sinϕ, r = r(ρ), with y fixed. The area of the worldsheet is obtained from
the Nambu-Goto action

AC =
1

α′

∫ `/2

0

dρ ρ
(

Σ̃(r, τ)
[
−A(r, τ)τ ′(ρ)2 + Σ̃(r, τ) + 2τ ′(ρ)r′(ρ)

])1/2

, (21)

with the prime in the functions τ and r denoting a derivative with respect to ρ, and the
angle ϕ integrated out. The area of the extremal surface is regularized using the same scheme
adopted for the geodesic lengths. The corresponding quantity in the hydrodynamic geometry
is obtained using the metric functions (14), and thermalization is probed using the difference
∆AC = AC − AC,H . Examples of extremal surfaces of circular Wilson loops computed using
the bulk geometry (2) are shown in Fig. 4.

A less symmetric Wilson loop is an infinite rectangular strip, with one side length q is taken
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r

Figure 5: Two geodesics in the (τ, r) plane, in quench model B. Increasing τ∗ (after the pulse in the
quench) and for large `, the radial coordinate closely follows the event horizon.

to infinity on the other one set to `. The extremal area has the expression

AR =
q

2πα′

∫ `/2

−`/2
dx

Σ̃(r, τ)2

Σ̃ (r∗, τ∗)
, (22)

to be regularized. This is done computing ARH in the geometry (14), and considering the
difference ∆AR = (AR−ARH)/q at various τ0 and for different ` defines an observable to study
thermalization of the boundary theory. An example of rectangular Wilson loops computed in
the geometry (2) is shown in Fig. 4.

Let us now describe the results for geodesics in the quench model B. Depending on r∗ and
τ∗, two sets of geodesics r(x) are found: those reaching the AdS boundary, the class we are
interested in, and those falling into the bulk. After the quench, at a fixed τ∗, a critical value
r∗c separates the two classes of solutions, and corresponds to the position of the black brane
event horizon. The solutions at large ` approach and follow the horizon, as shown in Fig. 5. On
the other hand, during the quench, when large time gradients are present, solutions starting
from the boundary and crossing the apparent horizon are also found, a remarkable phenomenon
observed for nonlocal observables in rapidly changing time-dependent setups.

The regularized geodesic length L(t0, `), the regularized area of extremal surfaces for the
rectangular Wilson loop AR(t0, `) (divided by q) and the circular Wilson loop AC(t0, `) in model
B are shown in Fig. 6 for several values of the distance ` in the correlation function, of the side
(again denoted by `) of the rectangular Wilson loop, and of the diameter ` of the circular Wilson
loop (α′ is set to 1). The curves start at different values of the initial time t0, all corresponding
to τ∗ = 0.25. Fig. 6 shows that the observables follow the quench profile, with a delay that
increases for increasing sizes of the probes.

Let us focus on the time region that follows the end of the spike in the quench, when the
profile γ(τ) is nearly constant. We are interested in understanding if the nonlocal observables
follow the hydrodynamic behavior and, in that case, how fast such a regime is reached after
the end of the quench, in comparison with the thermalization time determined through local
observables (in particular the pressures). In Fig. 7 we display the differences ∆L, ∆AR (divided
by q) and ∆AC . Each observable thermalizes at different times, where all differences vanish.
The thermalization times are different for different sizes of the probes. This result indicates how
nonlocal observables recover the hydrodynamic regime after the end of the quench in comparison
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Figure 6: Quench models A(2) (left) and B (right). From top down: profile of the quench γ, geodesics
regularized lengths, regularized areas of the extremal surfaces for rectangular (divided by q) and circular
Wilson loops versus t0, for the sizes of the probes specified in the legendae. The regularization scheme
consists in subtracting from each observable the corresponding quantity computed in pure AdS5.

with the local observables: ∆L, ∆AR and ∆AC are smaller for low values of `: the system is
seen to thermalize faster using observables remaining as local as possible.
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Figure 7: Quench models A(2) (left) and B (right). From top down: Difference between the regularized
geodesic length ∆L (top), the regularized area (divided by q) of the extremal surface for the rectangular
Wilson loop ∆AR (middle), and the regularized area of the extremal surface for the circular Wilson
loop ∆AC (bottom) in the models with quench and using the hydrodynamic metric. The time t0 starts
after the end of the pulse in the quench.

To provide a quantitative measure of thermalization for the nonlocal probes, several criteria
can be used to determine the value of the size ` above which the observables are not thermalized,
at a fixed value t0 which corresponds to the restoration of pressure isotropy. For example, we
define t1/2(`) as the value of t0 at which |∆L| is reduced by a half with respect to the end of
the quench at fixed `, and similarly for |∆AR| and |∆AC |. The results in Fig. 8 show that
t1/2(`) exceeds the thermalization time obtained using local observables for size ` ' 1. The
rectangular Wilson loop takes more time to thermalize. Another feature emerging for t1/2 is the
linear increase against the size `. The hierarchy found between the thermalization times of the
energy density, the pressures and the large size probes indicates that the onset of thermalization
starts at short distances.

As for the quench model A(2), the results in Fig. 6 show how the nonlocal observables follow
the quench in the boundary, and how thermalization is reached with the curves approaching the
hydrodynamic behavior, as understood inspecting Fig. 7. The half thermalization time t1/2(`)
is depicted in Fig. 8, and its behavior is linear for large sizes. As in model B, the rectangular
Wilson loop thermalizes more slowly than the other two observables.

The conclusion, for both the quench models, is the emergence of time scales related to the
onset of hydrodynamics, depending on the size of the probes. The observation of a hierarchy
in thermalization among the different sizes and distances is connected to the use of space-like
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probes. Analyses based on time correlators, or on horizon-to-boundary propagators in the
same dynamical framework, are useful to show a hierarchy in thermalization among different
frequencies and modes of the boundary field theory [18].

4 Conclusions

Equilibration of a strongly interacting non-Abelian plasma can be studied in a fully dynam-
ical holographic 5d setup with boundary sourcing, using local and nonlocal observables that
provide indications on the hierarchy of thermalization times. The energy density follows the
hydrodynamic viscous behavior immediately after the end of the quenches that drive the sys-
tem out-of-equilibrium, while there is a time delay for the pressures to reach the viscous time
dependence and the isotropy condition p⊥ = p‖. For nonlocal observables, the thermalization
time changes with the size of the observable. For larger sizes, the thermalization time increases
linearly with the size of the probe. The hierarchy among the thermalization times of the energy
density, pressures and large probes indicates that short distances thermalize first.

Acknowledgments. One of us, PC, is grateful to Prof. A. Ali and Prof. M. Ivanov for the
invitation at the 2016 School ”Quantum Field Theory at the Limits” in Dubna. This lecture is
based on works carried out within the INFN project (Iniziativa Specifica) QFT-HEP.
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In these lectures we provide a basic introduction into the topic of dispersion relation and
analyticity. The properties of 2-point functions are discussed in some detail from the
viewpoint of the Källén-Lehmann and general dispersion relations. The Weinberg sum rules
figure as an application. The analytic structure of higher point functions in perturbation
theory are analysed through the Landau equations and the Cutkosky rules.

1 Prologue

Dispersion relations are a powerful non-perturbative tool which have originated in classical
electrodynamics in the theory of Kramers-Kronig dispersion relations. Analytic properties
follow from causality and the use of Cauchy’s theorem allows to obtain the real part of an
amplitude from the knowledge of the imaginary part which is often better accessible. This is
the idea of the S-matrix program from the fifties and sixties. Dispersion relations are sparsely
discussed in modern textbooks as the focus is on other aspects of Quantum Field Theory (QFT).
There are some excellent older textbooks on analyticity e.g. [1, 2, 3], some modern textbooks
devote some chapters to the topic e.g.[4, 5], as well as some lecture notes [6]. I would hope
that a student who has followed an introductory course on QFT or has read some chapters of
a QFT textbook would be able to largely follow the presentation below.

1.1 Introduction

In the fifties and sixties QFT has found a big success in describing quantum electrodynam-
ics (QED) thanks to the successful renormalisation program carried out by Dyson, Feynman,
Schwinger, Tomonaga and others [7]. The description of the strong force with QFT proved to
be difficult and there was some prejudice that a solution outside field theory had to be found.
Two such approaches are dispersion theory using analytic properties [1] (Heisenberg, Chew,
. . . ) and Wilson’s operator product expansion [8]. As Weinberg remarks in his book [5] both
of these approaches later became a part of QFT! By analytic properties we mean analyticity in
the external momenta. In QFT analytic continuation is inherent in the field description (sec-
ond quantisation). Let us remind ourselves how this is related to scattering matrix elements of
particles.

A primary goal of particle physics is to describe scattering of n-particles via the so-called
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Figure 1: Schematic diagram for 2 → 2 scattering corresponding to the matrix element in Eq. (1).
Time goes from left to right.

S-matrix. For the scattering of 2→ 2 particles this reads (cf. Fig.1)

out〈p1, p2|q1q2〉in = out〈p1, p2|S|q1q2〉out , (1)

where we have assumed the particles to be of spin 0. In the case where they are all of equal
mass this implies the following on-shell conditions: p2

1 = p2
2 = q2

1 = q2
2 = m2. Hence one might

wonder how analytic properties come into play. The answer is through the celebrated Lehman-
Symmanzik-Zimmermann (LSZ) formula whose derivation can be found in most textbooks e.g.
[4]. For our case it reads

out〈p1, p2|q1q2〉in = −(iZ−1/2)4

∫

x1,x2,y1,y2

e−i(q1·x1+q2·x2−p1·y1−p2·y2)Kx1
Kx2

Ky1Ky2 ×

〈Tφ(x1)φ(x2)φ†(y1)φ†(y1)〉+ disconnected terms , (2)

where
∫
x

=
∫
d4x hereafter, T is the time ordering, 〈. . .〉 is the vacuum expectation value

(VEV), the quanta are assumed to carry a charge (complex conjugation for outgoing particle),
K is the Klein-Gordon operator Kx1

= � + m2 → −(q2
1 −m2) and the Z factor results from

the asymptotic condition,

〈0|φ(x)|q1〉 x0→∓∞→ Z1/2〈0|φin(out)(x)|q1〉 , (3)

The asymptotic condition is the key idea of the LSZ-approach. Namely that when the
particles are well separated from each other all that remains is the self-interaction which is
parameterised by the renormalisation factor Z. The field φ is what is known as an interacting
field whereas φin(out) are free fields in which case the right-hand side of the equation above

equals
√
Z/(2π)3e−iq1·x.12 The disconnected part corresponds, for example, to the case where

1 The LSZ formalism, in its elegancy and efficiency, also allows for the description of composite particles.
For example a pion of SU(2)-isospin quantum number a may be described by φ→ ϕa = φq̄Taγ5q in the sense
that 〈0|ϕa|πb〉 = gπδab. In such a case ϕa is referred to as an interpolating field.

2It is crucial that this condition is only imposed on the matrix element (weak topology) as otherwise one
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particle q1 → p1 and q2 → p2 without any interaction which is of no interest to us. From (2)
we conclude that

a) The scattering of n-particles (n = nin +nout) is described by n-point functions (or n-point
correlators). The study of the latter is therefore of primary importance.

b) The n-point correlators are functions of the external momenta e.g. p2
1,2, q

2
1,2, p1 · p2, . . . .

First and foremost they are defined for real values or more precisely for real values with a
small imaginary part e.g. p2

1 = Re[p2
1]+i0.3 From there they can be analytically continued

into the complex plane. Hence it is the second quantisation, describing particles with
fields, that allows us to go off-shell for correlation functions.4

The course consists of three parts. Analytic properties of 2-point functions (section 2),
which comes with definite answer in terms of the non-perturbative Källén-Lehmann spectral
representation. Applications of 2-point function in section 3. Last a short discussion of the
analytic properties of higher point function in perturbation theory (PT) e.g. Landau equations
and Cutkosky rules in section 4.

2 2-point Function

2.1 Dispersion Relation from 1st-principles: Källén-Lehmann Repre-
sentation

Let us define the Fourier transform of the 2-point correlator as follows

Γ(p2) = i

∫

x

eip·x〈Tφ(x)φ†(0)〉 . (4)

What determines the analytic structure of Γ(p2)? By analytic structure we mean the singulari-
ties e.g. poles, branch points and the associated branch cuts. The Källén-Lehmann representa-
tion [10, 11] gives a very definite answer to this question. The presentation is straightforward
and can be found in most textbooks e.g. [5].

The 2-point function in the free and interacting case can be written as

Γ(p2) =





1
m2−p2−i0 = −∆F (p2,m2) free

Z(λ)
m2−p2−i0 + f(λ, p2) interacting

. (5)

The function Z(λ) and f(λ, p2), where λ is the coupling constant e.g. Lint = λφ3 + h.c., obey

Z(λ)
λ→0→ 1 , f(λ, p2)

λ→0→ 0 , (6)

runs into Haag’s theorem [9] which states that any field which is unitarity equivalent to a free field is itself a
free field.

3In perturbation theory (PT) the reality of the momenta is implicitly used when shifting momenta (e.g.
completing squares for example).

4In it’s most standard formulation string theory is first quantised and does not allow this analytic con-
tinuation. String field theory does exist but is less developed than first quantised string theory for technical
reasons.
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Figure 2: (left) analytic structure for free field theory propagator with spectral function underneath
(right) idem for an interacting theory with a stable 1-particle state and a multiparticle-threshold

in order to reproduce the free field theory limit. In what follows it is our goal to determine the
properties of f(λ, p2) in more detail. At the end of this section we are going to make remarks
about the possible ranges of the Z(λ)-function. The first lesson to be learnt from the free field
theory case is that it is the mass (i.e. the spectrum) which determines the analytic properties
cf. Fig. 2(left). As we shall see this generalises to the interacting case.

For technical reason it is advantageous to first study the positive frequency distribution

〈φ(x)φ†(0)〉 =





∆+(x2,m2) =
∫

d4p
(2π)3 e

−ip·xδ+(p2 −m2) free

(∗) interacting
(7)

where δ+(p2 −m2) ≡ δ(p2 −m2)θ(p0) assures that energies are positive and that the momenta
are on the mass-shell. It is the quantity (∗) that we intend to study. First we use the formal
decomposition of the identity into a complete set of states 1 =

∑
n |n〉〈n| which follow from

unitarity. Inserting this relation and using translation invariance one gets

(∗) =
∑

n

e−ipn·x| 〈0|φ(0)|n(pn)〉︸ ︷︷ ︸
≡fn

|2 . (8)
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Further using 1 = 1
(2π)4

∫
p
e−ip·x

∫
x
eip·x and interchanging the

∑
n and the

∫
x

5 leads to

(∗) =

∫
d4pe−ip·x≡

∑

n

δ(p− pn)|fn|2

︸ ︷︷ ︸
(2π)−3ρ(p2)θ(p0)

, (9)

where ρ(p2) is known as the spectral function, (2π)−3 a convenient normalisation factor and
θ(p0) assures positive energies which come from the positive energy condition on the exter-
nal momentum. Upon using

∫
p
F (p) =

∫
p

∫
dsδ(s − p2)F (s) and exchanging the ds and d4p

integration one finally gets

(∗) =

∫ ∞

0

dsρ(s)∆+(x2, s) , (10)

a spectral representation.

From (5) and (7) it seems plausible that this spectral representation generalises to the time
ordered 2-point function as follows

——————————————————————————————————————————

Γ(p2) =

∫ ∞

0

dsρ(s)(−∆F (s, p2)) =

∫ ∞

0

ds
ρ(s)

s− p2 − i0 . (11)

Eq. (11) is referred to as the Källén-Lehmann (spectral) representation.

——————————————————————————————————————————

At this stage we can make many relevant comments.

1. The Källén-Lehmann representation is a special case of dispersion relation. It shows that
dispersion representation follow from first principles in QFT.

2. The analytic properties of Γ(p2) are in one-to-one correspondence with the spectrum of
the theory which is the answer to the question what determines the analytic properties of
the 2-point function. Hence for the 2-point function there are no other singularities on the
first sheet (known as the physical sheet)6 other than on the positive real axis determined
by the spectrum. The analytic structure is depicted in Fig. 2(right). An example of an
unphysical singularity (not on the physical sheet) is given in section 4.2.3.

3. The spectral function ρ(s) ≥ 0 is positive definite as a direct consequence of unitarity.
[As a homework question you could try to show that for a non-unitary theory with neg-
ative normed states (i.e. 〈gh|gh〉 = −1 where “gh” stands for ghost) ρ(s) loses positive
definiteness.]

5We will come back to these interchanges which are ill-defined when there are UV-divergences.
6More precisely the 2-point function is at first defined for real p2 + i0 with p2 ∈ R. Analytic continuation

which is unique from an interval proceeds through the upper half-plane to the left and passes below zero for real
p2 below the singlarities on the positive real line.
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4. Often the spectral function is decomposed into a pole part7

ρ(s) = Zδ(s−m2) + θ(s− s0)σ(s) (12)

and continuum part σ(s). The latter is the concrete realisation of the function f(λ, s) in
(5). In many applications f0, the residue of the lowest state,

Γ(p2) =
|f0|2

m2 − p2 − i0 +

∫ ∞

s0

σ(s)

m2 − p2 − i0 , (13)

is the non-perturbative quantity that is to be extracted. The left-hand side is computed
and the σ-part is then either estimated or suppressed by applying an operation to the
equation. This technique is the basis of QCD sum rules [12] and lattice QCD [13] extrac-
tion of low-lying hadronic parameters. In the former case the σ-part is suppressed by a
Borel-transformation and in lattice QCD σ-part is exponentially suppressed in euclidian
time.

5. The Källén-Lehmann representation straightforwardly applies to the case of a non-diagonal
correlation function e.g. 〈φA(x)φ†B(0)〉 but clearly positive definiteness is, in general, lost
since |fn|2 → fAn (fBn )∗.

6. As promised we return to the issue of interchanging various sums and integrals. This is
of no consequence as long as there are no UV-divergences. As is well-known most field
theories show UV-divergences so care has to be taken. UV-divergences demand regu-
larisations and a prescription to renormalise the ambiguities which arise from removing
the infinities. There are two ways to formally handle this problem. First, assuming a
logarithmic divergence, we may amend (11) as

Γ(p2) =

∫ ΛUV

0

ds
ρ(s)

s− p2 − i0 +A , (14)

where the so-called subtraction constant is adjusted to cancel the logarithmic divergence
coming form the integral: A = A0 ln(Λ2

UV/µ
2
0)+A1 with µ0 being some arbitrary reference

scale. The constant A1 has either to be taken from experiment in the case where Γ(p2)
is physical (which implies scheme-independence) or is dependent on the scheme. The
dependence in the latter case has to disappear when physical information is extracted
from Γ(p2). A more elegant way, in my opinion, is to handle the problem with a once
subtracted dispersion

Γ(p2) = Γ(p2
0) + (p2 − p2

0)

∫ ∞

0

ds
ρ(s)

(s− p2 − i0)(s− p2
0)
. (15)

It is observed that the integral is now convergent due to the extra 1/(s− p2
0) factor. The

same remarks apply to Γ(p2
0) as for the previously discussed A1. To derive the above

expression one writes an unsubtracted dispersion relation for Γ(p2) and Γ(p2
0) separately

takes the difference and combines the fraction. They key point is that the divergent parts
are the same and cancel each other.

7When the particle becomes unstable and acquires a width then the pole wanders on the second sheet since
the principle that there are no singularities on the physical sheet holds up e.g. [1]. This would have been an
interesting additional topic which we can unfortunately not cover in these short lectures.
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Figure 3: Standard sketch of optical theorem. The right-hand side is the sum over all intermediate
states. It is a particular case of the cutting rules to be discussed in section 4.3.

7. Following the presentation in Weinberg’s book [5]: imposing the canonical commutation
relation [∂tφ

†(x), φ(0)]x0=0 = −iδ(~x) (in ~ = 1 units) leads to the sum rule

∫ ∞

0

dsρ(s) = 1 , (16)

from where one deduces that:

- Z = 1 for a free theory

- 0 ≤ Z ≤ 1 for an interacting theory

- Z = 0 if φ is a confined field

The last case does not follow directly from (16) but is an important result due to Weinberg.
An example is given by the quark propagator for which we do not expect a residue since
it is a confined (coloured) particle. The fact that Zquark 6= 0 in each order in PT is a sign
that the latter is not suited to describe the phenomenon of confinement.

8. By using causality, i.e. 〈[φ(x), φ†(0)]〉 = 0 for x2 < 0 spacelike, it follows that ρ̄(s) = ρ(s)
where ρ̄(s) is the antiparticle spectral function associated with ∆−(x2,m2) = 〈φ†(x)φ(0)〉.
This is a special case of the CPT theorem. Related to this matter it was Gell-Mann,
Goldberger and Thirring [14] in 1954 who derived analyticity properties from causality,
for γ +N → γ +N , justifying dispersion relations from a non-perturbative viewpoint.

2.2 Dispersion Relations and Cauchy’s Theorem

It is our goal to characterise the spectral function ρ(s) in other ways than through the spectrum.
In preparation to the general case we are going to recite the optical theorem for the S-matrix.
The S-matrix (1) is conveniently parameterised as

S = 1 + iT , (17)

where T is the non trivial part of the scattering operator. From the unitarity of the S-matrix
it follows that

1 = SS† = 1 + i(T − T †)︸ ︷︷ ︸
−2Im[T ]

+|T |2 , (18)

if and only if

HQ 2016 7

A BRIEF INTRODUCTION TO DISPERSION RELATIONS AND ANALYTICITY

HQ 2016 99



Figure 4: (left) Integration contour for 2-point function dispersion representation. (right) 2-point
function in φ3 theory in perturbation theory.

——————————————————————————————————————————

2Im[T ] = |T |2 = T †
∑

n

|n〉〈n|T . (19)

Eq. (19) is the celebrated the optical theorem depicted in Fig. 3.

——————————————————————————————————————————

The right-hand side of the equation above is reminiscent of the spectral function in the case
where T is associated with φ. Hence the expectation that ρ(s) is related to an imaginary part
is not unexpected from the viewpoint of the optical theorem. Below we are going to see that
this is the case on very general grounds.

To do so we first take a little detour to discuss integral representations of arbitrary analytic
functions by the use of Cauchy’s theorem. Let f(p2) be an analytic function then by Cauchy’s
theorem the following integral representation holds

f(p2) =
1

2πi

∫

γ

ds f(s)

s− p2
, (20)

provided that i) p2 is inside the contour of γ , ii) the contour of γ does not cross any singularities.

Applying this techniques to the 2-point function in QFT one makes use of the knowledge
of the analytic structure and chooses a contour γR as in Fig. 4 which does not cross any
singularities. The radius is then taken to infinity, R → ∞, which in the case where there are
UV divergences results in subtraction which we generically parameterised P (p2) by a polynomial
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function (the P = A in (14) is a constant polynomial). The integral is then written as

Γ(p2) =
1

2πi

∫

γR

dsΓ(s)

s− p2

R→∞→ 1

2πi

∫ ∞

s1

ds (Γ(s+ i0)− Γ(s− i0))

s− p2
+ P (p2)

=
1

2πi

∫ ∞

s1

dsdisc[Γ(s)]

s− p2 − i0 + P (p2) =
1

π

∫ ∞

s1

ds Im[Γ(s)]

s− p2 − i0 + P (p2) , (21)

where s1 < singularities (to the left of red part in Fig. 4(left)) and the second line is the defi-
nition of what is called the discontinuity along the branch cut. The last equality follows from
2iIm[Γ(s)] = disc[Γ(s)]. This formula can be verified in each order in PT but is also justi-
fied on general grounds by the Schwartz reflection principle (cf. appendix A). In summary we
then have that the spectral function is related to the the imaginary part and the discontinuity by

——————————————————————————————————————————

ρ(s) =
1

π
Im[Γ(s)] =

1

2πi
disc[Γ(s)] . (22)

——————————————————————————————————————————

This equation follows from equating (11) and (21) and the knowledge that the subtraction
constant are the same in both cases since they originate from UV divergences. Hence eliminat-
ing the contributions from the arc may result in UV-divergences and subtraction constants.

2.3 Dispersion Relations in Perturbation Theory

This section aims to illustrate (22) from the viewpoint of PT. In order to do PT one needs to
specify a theory for which we choose Lint = λφ3 + h.c.. The pole contribution is then just the
propagator and the first non-trivial interaction is generated by the diagram in Fig. 4(right).
The 1-loop graph is UV divergent and requires regularisation. Using dimensional regularisation
d = 4− 2ε the result reads

Γ(p2) =
Z(λ)

m2 − p2 − i0 − λ
2|A|

(
1

ε
+ 2− β ln

(
β + 1

β − 1

))
+O(λ4) , (23)

with β =
√

1− (4m2 − i0)/p2. The corresponding imaginary part divided by π must be the
spectral function

ρ(p2)
(22)
=

1

π
Im[Γ(p2)]

(23)
= Z(λ)δ(p2 −m2) + λ2|A|βθ(p2 − 4m2) +O(λ4) . (24)

The UV divergence is not important for our purposes since it does not affect the imaginary
part. Of course the UV-divergence means that the dispersion relation does not converge in the
UV. This problem can be handled either by a subtracted dispersion relation or a polynomial
counterterm and regularisation as discussed under point 6 in section 2.1.

Having resolved this technical issue we focus on the interpretation of the imaginary part.
The propagator term is a pole singularity with a delta function in the spectral function and the
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logarithm corresponds to a branch cut singularity resulting in a θ-function part. By the spectral
representation (33) this branch cut must correspond to some physical intermediate state. This
state is a 2-particle state starting at the minimum centre of mass energy 4m2 ranging all the
way up to infinity. The precise value depends on the corresponding momentum configuration.
Let the two particle momenta be parameterised by

p1,2 = (
√
m2 + x2, 0, 0,±x) , x > 0 , p2

1,2 = m2 , p2 = (p1 + p2)2 = 4m2 + 4x2 (25)

and therefore 4x2 = p2 − 4m2 which can be satisfied for any (arbitrarily large) p2 ≥ 4m2.

3 Application of 2-point Functions

There are numerous applications of 2-point functions and dispersion relations. For exam-
ple deep-inelastic scattering, QCD sum rules which we have alluded to in and below (13),
e+e− → hadrons and inclusive b → Xu,c`ν decays with the additional assumption of analytic
continuation to Minkowski-space.8 We choose to present the Weinberg sum rules (WSR).

3.1 Weinberg Sum Rules

The Weinberg sum rules are an ingenious construction involving a variety of conceptual ideas.
They were proposed in 1967 by Weinberg [15] in the pre-QCD era but we are going to present
them from the viewpoint of QCD e.g. [6, 16]. One considers the correlation function of left and
right-handed current with two massless quark flavours

i

∫
d4xeiq·x〈TJa,Lµ (x)Jb,Rν (x)〉 = (qµqν − q2gµν)Πa,b

LR(q2) , (26)

where
Ja,(L,R)
µ = q̄T aγµqL,R , (27)

with qL,R = PL,Rq, PL,R = 1/2(1 ∓ γ5), T a being an SU(2)-generator (Pauli-matrix). The
Lorentz-decomposition in (26) is valid in the limit of massless quarks. According to the previous

sections the function Πa,b
LR(−Q2), with −q2 = Q2 > 0 satisfies a dispersion relation of the form

Πa,b
LR(−Q2) =

1

π

∫ ∞

s0

ds Im[Πa,b
LR(s)]

s+Q2
+A (28)

where A is a subtraction constant due to the potential logarithmic divergence which may arise
since Πa,b

LR is of mass dimension zero.
The peculiarity of the WSR relies on the absence of lower dimension corrections in the OPE.

This can be seen in an elegant manner using SU(2) representation theory. We denote by 1, F
and A the trivial, fundamental and adjoint representation of SU(2) which are of dimension
1, 2 and 3. The correlation function is in the (A,A)-representation of the (SU(2)L, SU(2)R)
global flavour symmetry. The individual OPE-contribution must be in the same global flavour
symmetry representation or vanish otherwise.

8Without going into any details let us mention that it is in particular the inclusive decay rate and amplitudes
of exclusive decays that are amenable to a dispersive treatment. It is the amplitude and not the rate that has
the simple analytic properties. The inclusive case is special in that the rate can be written as an amplitude!
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One considers Wilson’s OPE in momentum space, valid for Q2 = −q2 � Λ2
QCD

Πa,b
LR(−Q2) = C1(Q2)〈1〉+Cq̄q(Q2)

(〈q̄aLqbR〉+ h.c.)

Q3
+CJJ(Q2)

〈JL,aµ JR,bµ 〉
Q6

+O
(

Λ8
QCD

Q8

)
. (29)

The functions C(Q2) are known as Wilson coefficients and carry logarithmic correction in QCD.
As can be seen from the formula above the condensate terms of dimension d are suppressed by
1/Qd relative to the identity term. The 〈1〉-term corresponds to PT and the condensates, i.e.
VEVs of operators, are of non-perturbative nature. The former is in (1, 1)-representation and
therefore absent.9 A quark bilinear 〈q̄aLqbR〉 is in the (F, F )-representation and absent for the
same reason. The dimension six operator is, somewhat trivially, in the (A,A)-representation
and therefore the leading term appears at O(1/Q6). The vanishing of the 1/Q2- and 1/Q4-
terms lead to constraints. The latter can be obtained by expanding the denominator in inverse
powers of Q2,

1

s+Q2
=

1

Q2

1

1 + s/Q2
=

1

Q2
− s

Q4
+
s2

Q6
+ . . . . (30)

——————————————————————————————————————————

The exact sum rules on the spectral function
∫ ∞

s0

dsΠa,b
LR(s) = 0 ,

∫ ∞

s0

dsΠa,b
LR(s)s = 0 (31)

known as the first and second Weinberg sum rule follow.

——————————————————————————————————————————

Note the absence of the perturbative term means in particular that there is no UV-divergence
and hence A = 0. Since the convergence is two powers in s higher (1st and 2nd WSR) the
dispersion relation is referred to a as superconvergent.

The WSR (31) are a powerful non-perturbative constraint. We present the original appli-
cation pursued by Weinberg. First we notice that the left-right correlator can be written as a
difference of the vector and axial correlator

Πa,b
LR(s) =

1

4

(
Πa,b

VV(s)−Πa,b
AA(s)

)
, (32)

where J
V (A),a
µ ≡ q̄T aγµ(γ5)q. Taking into account the lowest lying particles π, ρ and a1 in

the narrow width approximation and assuming isospin symmetry (i.e. global SU(2)V -flavour
symmetry) one arrives at10

ρa,bV (s) =
1

π
Im[Πa,b

VV](s) = δab(f2
ρ δ(s−m2

ρ) + θ(s− s0)σV ) ,

ρa,bA (s) =
1

π
Im[Πa,b

AA](s) = δab(f2
πδ(s) + f2

a1δ(s−m2
a1) + θ(s− s0)σA) . (33)

9The practitioner will notice the absence of from the orthogonality of the projectors PLPR = 0 which
necessarily arises in the a perturbative computation in the limit of massless quark.

10Note since we work in the massless limit the pion is massless as it is the goldstone boson of broken chiral
symmetry SU(2)L⊗SU(2)R → SU(2)V . The spin parity quantum numbers JP of the π, ρ and a1 are 0−, 1+, 1−

respectively.
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The functions σV,A contain any higher states and multiparticle states. If one assumes that
around s0 perturbation theory is valid then ρLR(s) = 0 for s > s0 which in turn implies
σV = σA.

Hence using (33) the two WSR (31) read

f2
ρ = f2

π + f2
a1 , m2

ρf
2
ρ = m2

a1f
2
a1 , (34)

where the decay constants are defined as

〈ρ[a1]b(p)|JV [A],a
µ |0〉 = δabηµ(p)mρ[a1]fρ[a1] , 〈πb(p)|JA,aµ |0〉 = δabpµfπ , (35)

with η being the polarisation vector.
In his original paper Weinberg used the experimentally motivated KSFR relation f2

ρ =

2f2
π which then leads to ma1 =

√
2mρ. This relation is reasonably satisfied by experiment:

ma1/mρ ' 1.63 ' 1.15
√

2. Let us end this section with mentioning two further applications of
this reasoning.

- Being related to chirality the WSR, or the ΠLR function, is a measure of contributions
to electroweak precision measurement in the case of physics beyond the Standard Model
coupling to new fermions. The WSR serve to estimate the contribution of strongly coupled
extensions of the standard model such as technicolor and the composite Higgs model.

- The inverse moments of the spectral function, with pion pole subtracted, are related to the
low energy constant L10 of chiral perturbation theory. Note, chiral perturbation theory is
an expansion in Q2, and not 1/Q2 as the OPE, and thus leads to inverse moments rather
than moments themselves. It is not the WSR per se which are important in this respect
but the onset of the duality threshold of PT-QCD which allows to estimate L10 in terms
of fπ,ρ,a1 . The estimate of L10 obtained is in reasonable agreement with experiment.

At this point the students were given the choice of continuing with applications (e.g. infrared
interpretation of the chiral anomaly, positivity of low energy constants . . . ) or a the more
conceptual topic of higher point functions properties. Their choice was the latter.

4 Analyticity Properties of higher point Functions

There are many motivations to study higher point functions and their analytic structure
amongst which we quote the following:

a) As seen in the introduction they describe the scattering of n-particles.

b) From the discussion in section 2.2 it is clear that to write down dispersion relations one
needs to know first and foremost the analytic structure of the amplitude in question.

b) 3-point functions are relevant for the study of form factors. Consider for example the
B → π form factor, relevant for the determination of the CKM-element |Vub|, defined by

〈π(p)|Vµ|B(pB)〉 = (pB)µf
B→π
+ (q2) + . . . , (36)

where the dots stand for the other Lorentz structure and Vµ = b̄γµu is the weak current
(the axial part does not contribute in QCD by parity conservation). Then the form factor
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can be extracted from the following 3-point function, by using a double dispersion relation
(dispersion relation in the p2

B and p2-variable)

Γ(p2, p2
B , q

2) = i2
∫

x,y

e−i(pB ·x−p·y)〈TJB(x)Jπ(y)Vµ(0)〉 ,

= (pB)µ

(
gπ fB f

B→π
+ (q2)

(p2
B −m2

B)(p2 −m2
π)

+ higher

)
+ . . . , (37)

where “higher” stands for higher contributions in the spectrum (the analogue of σ(s) in
(24)) and

JB = q̄iγ5b , 〈B|JB |0〉 = fB ,

Jπ = q̄iγ5q , 〈0|Jπ|π〉 = gπ , (38)

play the role of the interpolating operators of the LSZ-formalism cf. footnote 1. As
previously mentioned the key idea is then to compute Γ(p2, p2

B , q
2) in some formalism and

to find ways to either estimate or suppress the higher states in order to extract the form
factor where gπ and fB are assumed to be known quantities.

In fact if we were able to compute Γ(p2, p2
B , q

2) with arbitrary precision then the function
would assume the form in (37) and we could simply extract the form factor from the
limiting expression

fB→π+ (q2) =
1

gπfB
lim

p2B→m2
B ,p

2→m2
π

(p2
B −m2

B)(p2 −m2
π)Γ(p2, p2

B , q
2) , (39)

which makes the connection to the LSZ-formalism (2) apparent. Unfortunately at present
we cannot hope to do so and therefore we have to resort to the approximate techniques
as alluded to above.

We have seen that for the 2-point function the analytic structure of the first sheet (physical
sheet) is fully understood through the Källén-Lehmann representation. Moreover the singular-
ities on the physical sheet are in one-to-one correspondence with the physical spectrum. For
higher point function less is known in all generality. We refer the reader to the works of Källén-
Wightman [17] and Källén [18] for some general studies of 3- and 4-point functions using first
principles and the summary by Andrè Martin [19] for a comparatively recent survey of rigorous
results.11

Hence one has to become immediately more modest! We are going to restrain ourselves to
analysing singularities in PT for physical momenta (i.e. real momenta). This is done by the
use of two major tools:

i) Landau equations: which answer the question about the location of the singularities cf.
section 4.2. The question on which sheet the singularities are is a difficult question which
we comment on.

11Am important topic was the conjecture by Mandelstam of a double dispersion relation for 2→ 2 scattering
(i.e. 4-point function) which was consistent with known results but never proven in all generality even in
perturbation theory. From this the Froissart bound was derived which states that the cross section for the
scattering of two particles cannot grow faster than ln2 s (where s is the centre of mass energy).
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ii) Cutkosky rules: are rules for computing the discontinuity of an amplitude cf. section 4.3.

Before analysing these matters in more details let us first consider the normal-thresholds for
higher point functions.

4.1 Normal Thresholds: cutting Diagrams into two Pieces

The so-called normal thresholds are directly associated with unitarity. They originate from
cutting (to be made more precise when discussing the Cutkosky rules) the diagram into two
pieces and generalise the equal size optical theorems cuts. Cutting a diagram into two pieces
is equivalent to the combinatorial problem of grouping the external momenta into two sets.
Tab. 1 provides the overview of the number of cuts versus number of independent kinematic
variables. For the two lowest functions there are no constraints whereas for all higher point
functions there are constraints due to momentum conservation. For the 4-point functions this
constraint is known as the famous Mandelstam constraint

4∑

i=1

p2
i = s+ t+ u , s = (p1 + p2)2 , t = (p1 + p3)2 , u = (p1 + p4)2 , (40)

where we choose conventions such that all momenta are incoming (momentum conservation

reads
∑4
i=1(pi)µ = 0). The fact that the amplitudes become functions of several complex

Figure 5: Sketch of generic 2, 3, 4-point function. The number of unitarity cuts and independent
kinematic variables are listed in Tab. 1.

variables makes matters more difficult. For example:

• From the Mandelstam constraint it can be seen that the unitarity cuts from one channel
do appear on the negative real axis in the complex plane of another channel. Say the
u-channel cuts, with forward kinematics t = 0, do appear on the negative real axis in the
complex plane of s =

∑
im

2
i − u (p2

i = m2
i on shell). These u-channel cuts in the s-plane

are sometimes referred to as left-hand cuts as opposed to the proper s-channel unitarity
cuts on the right-hand side of the complex plane (cf. Fig. 4).

• Several complex variables allow for dispersion relations in multiple channels. An example
of which is the conjectured Mandelstam representation, cf. [4, 1], which is a double
dispersion relation.

• There are cuts which are not directly related to unitarity, so-called anomalous thresholds,
cutting the diagram into more than 2 pieces. We will return to the latter briefly when
discussing the Landau equations and Cutkosky rules.

14 HQ 2016

ROMAN ZWICKY

106 HQ 2016



n-point function #cuts #variables #constraints
2 1 1 0
3 3 3 0
4 7 6 1
5 15 10 5

Table 1: The number (=#) of unitarity cuts equals the number of independent variables plus the
number of constraints. Cf. Fig. 5 some diagrams. For the 2- and 3-point functions there are no
constraints whereas for the 4-point function there is the famous Mandelstam constraint (40). Generally
for n ≥ 4 the number of invariants is 4n− 10 where 4n corresponds to all the components of the four
momenta and 10 subtracts the Lorentz-symmetries. (For n ≤ 4 the formula reads n(n − 1)/2 which
gives a larger number since not all the Lorentz symmetries can be used for reduction of parameters).
For the 5-point function the reduction from 15 cuts to 10 independent variables follows from multiple
use of the Mandelstam relation (40) on subtopologies of the kinematic diagram e.g.[20].

4.2 Landau Equations

Before stating the Landau equations it is useful to look at singularities of a one-variable integral
representation where the integrand has pole singularities as a function of external parameters.
The Landau equations originate from analysing this problem for the integrals of several variables
appearing in PT. The presentation in this section closely follows the original paper [21] and the
textbook[1].

4.2.1 Singularities of one-variable Integral Representations

Consider the following integral representation of a analytic function f(z)

f(z) =

∫

γab

g(z, w)dw , (41)

where the integrand g(z, w) contains pole singularities wi(z) which depend on z. The path γab
ranges from a point a to b and does not cross any singularities for some z = z0 as shown in
Fig. 6(left). The analytic properties of f(z) depend on whether or not the path γab can be
smoothly deformed away from approaching pole singularities ω(zi).

For example, if we start from z = z0 and go to z = z1 with ω(z1) crossing the γab (cf.
Fig. 6(middle)) then the path γab can be smoothly deformed as in Fig. 6(right) and this con-
stitutes an analytic continuation of the function f(z). There are though instances when this is
not possible:

a) When a singularity wi(z) approaches one of the endpoints a or b; e.g. wi(z1) = a
Fig. 7(left). This case is known as an endpoint singularity.

b) When two singularities approach each other, w1(z1) = w2(z1) from different direction of
the integration path as depicted in Fig. 7(right). This case is known as a pinch singularity.

c) When the path needs to be deformed to infinity (can be reduced to case b).

In PT it is the pinch singularity type that gives rise to the singularities.
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Figure 6: Path γab between endpoints a and b. (left) Poles ω1,2(z0) of the integrand g(z, ω) in (41) for
z = z0 (middle) Deformation of poles ω1,2 by the parameter z0 to z1. This is not provide an analytic

continuation of the function f(z) around z0 to z1. (right) deformation of path γab to γ
(1)
ab serves as a

(legitimate) analytic continuation of the function f(z) in (41) around z0 to z1.

Figure 7: (left) endpoint singularity (right) pinch singularity
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Figure 8: (left) Generic Feynman diagram aimed to clarify notation used in text (right) bubble graph
discussed in the text

4.2.2 Landau Equations = several-variable Case

Landau [21] and others (cf. [1] for further references ) have analysed the problem of singularities,
discussed for a single integral above, for the case of several variables in the context of Feynman
graphs. A generic Feynman graph of L-loop of momenta ki (i = 1 . . . L), N -propagators,
external momenta pi (cf. Fig. 8(left) for a representative graph) can be written as follows

I =

∫
Dk

1
∏N
i=1(q2

i −m2
i + i0)

, Dk =

L∏

i=1

d4ki , (42)

where qi = qi(pj , kl) are the momenta of the propagators. By the technique of Feynman

parameters (generalisation of (AB)−1 =
∫ 1

0
dα(αA+ (1−α)B)−2) one may rewrite I as follows

I =

∫
Dk

∫ 1

0

Dα
1

(F + i0)N
, Dα =

N∏

i=1

dαiδ(1−
N∑

i=1

αi) , (43)

where the crucial denominator F reads

F =

N∑

i=1

αi(q
2
i −m2

i ) . (44)

Is seems worthwhile to emphasise that even though these formulae look rather involved they
are completely straightforward.

The key idea is that there are different types of singularities depending on how many of the
N propagators are on shell, i.e. q2

i −m2
i . It is the number of on-shell propagators which serves

as a classification of the singularities. The Landau equations in condensed form are:12

12The Landau equations enjoy an interpretation in terms of electric circuits since the equations are analoguous
to Kirchoff’s equations cf. [1] and references therein.
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——————————————————————————————————————————

Landau equations/conditions There are singularities if and only if

[i] either q2
i = m2

i or αi = 0 , (45)

[ii]
∑

i∈loop(l)

αi(qi)
µ = 0 for l = 1 . . . L. (46)

We have assumed qi = k + . . . with k being the loop momentum as otherwise one needs to
introduce spurious minus signs into the sum above.

——————————————————————————————————————————

We are not going to show a proof of the Landau equations but state the result and argue
for its plausibility below. Let us emphasise that the Landau equations neither tell us on which
sheet the singularities are (cf. section 4.2.3 for the refinement in this direction) nor how to
compute the discontinuity relevant for the dispersion relations (cf. Cutkosky rules section 4.3).
The first condition assures that F = 0 by demanding that each summand is zero in (44). The
interpretation of q2

i = m2
i is of course that the corresponding propagator is on-shell and con-

tributes to the singularity. Correspondingly αi = 0 means that the corresponding line does not
enter the singularity. In Fig. 11 we give an example of a 3-point function cut. The second con-
dition (46) has a geometric interpretation. It means that the corresponding singularity surfaces
are parallel to each other and that the hypercontour can therefore not be deformed away from
the approaching singularity surfaces. This is the analogy of the pinch singularity discussed in
section 4.2.1. Eq. (46) can be cast into a more convenient form by contracting the equation by
a vector (qj)µ which leads to the matrix equatons

[ii’] Q~α = 0 , (Q)ij = qi · qj , (~α)i = αi . (47)

For non-trivial ~α the second Landau equation is then solved by demanding that the so-called
Cayley-determinant detQ = 0 vanishes.

4.2.3 Landau Equation exemplified: 1-loop 2-point Function (bubble graph)

Consider the bubble graph depicted in Fig. 8(right) with external momenta p, loop momenta
k and momenta q1 = k and q2 = k − p. The first Landau equation (45) tells us that [As a
homework you could ask yourself why the case α1 = 0 and q2

2 = m2
2 is not an option for a

singularity] q2
1 = m2

1 and q2
2 = m2

2. The second Landau equation (47) can be cast into the form
detQ = 0

detQ = det

(
m2

1 q1 · q2

q1 · q2 m2
2

)
= 0 ⇔ q1 · q2 = ±m1m2 (48)

which we may reinsert back into p = q1+q2 which yields the two singularities p2
(+) = (m1+m2)2

and p2
(−) = (m1 −m2)2,

p2 = (q1 − q2)2 = q2
1 − 2q1 · q2 + q2

2 = (m1 ∓m2)2 . (49)
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This might surprise us at first since from unitarity we expect there to be a branch point at p2
(+)

but the point p2
(−) < p2

(+) has no place in this picture. The resolution comes upon recalling
that the Landau equations inform us about the singularities but do not tell us on which sheet
they are! In order to learn more we may solve Q~α = 0 with ~α = (α, (1− α))T which gives

α± =
m2

m2 ±m1
⇒ 0 < α+ < 1 , α− > 1 or α− < 0 , (50)

for m1,2 > 0. From this we learn that α+ is within the integration region (recall
∫ 1

0
Dα (43))

and p2
(+) is therefore on the physical sheet, wheras α− is outside the integration region neces-

sitating the deformation of the α-contour. This indicates that α− may not be on the physical
sheet as the contour may crosses singularities in the course of deformation. The singularity
p2

(−) = (m1 −m2)2 is sometimes referred to as a pseudo threshold. These findings suggest an
important refinement of the Landau conditions.

——————————————————————————————————————————

Refinement of Landau equations For physical configuration, by which we mean the real
external momenta, the Landau singularities are

- on the first (physical) sheet when αi ∈ [0, 1]

- may or may not be on the first (physicial) sheet when αi /∈ [0, 1]

——————————————————————————————————————————

For non physical configuration, complex momenta, the situation is far from straightforward
to say the least. The method of choice is often deformation to a case of a physical configuration
and then deform to complex momenta checking whether or not singularities are crossed in that
process. Crossing a singularity correspond to changing the Riemann sheet. Alternatively one
can deform the masses to complex values keeping the αi ∈ [0, 1] and then deform back.

Geometric interpretation and the forgotten second type singularity We take a detour
and give a geometrical interpretation of the singularities of the bubble graph. The first and
second Landau equations (45,46) read

(k − p)2 = m2
1 , k2 = m2

2 , αkµ + (1− α)(k − p)µ = 0 . (51)

The first Landau equation defines two hyperboloids with centres displaced by p with respect to
each other. The second Landau equation assures that p and k are parallel. First we discuss the
previously found solutions and then uncover the forgotten second type singularity.

• Normal and pseudo threshold
Equations (51) are satisfied when the two hyperboloids touch each other at the symmetric
point with displacement in the k0-direction. The displacement is given by p2

(±) = (m1 ±
m2, 0, 0, 0)2 = (m1 ±m2)2 in the case where the hyperboloids open up in opposite and
the same direction respectively. We refer the reader to Fig. 9 (left) and (middle) for an
illustration and the relevant equations in the caption.
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• Second type singularity
Fig. 9 (right) shows yet another type of singularity. For any light-like displacement p, the
two hyperboloids meet at infinity. These type of singularities were first noted by Cutkosky
[22] who named them non-Landauian singularities whereas nowadays they are known as
second type singularities [1]. The Cayley-determinant is zero since q1 and q2 are parallel
with k and p being light-like. If we parameterise p/k = ε then the second Landau equation
is satisfied when α = (1 + ε)/ε which diverges when ε → 0 and in particular outside the
[0, 1]-interval. Hence the singularity may therefore not be on the physical sheet. More
directly the singularity p2

(0) = 0 has no interpretation in terms of the spectrum. By the

one-to-one relation of the spectrum and the 2-point function singularities (cf. Källén-
Lehmann representation in section 2) it is to be concluded that this singularity is not on
the physical sheet.

More generally second type singularities are determined by the vanishing of the Gram-
determinant det pi ·pj = 0 (where the pi are the external momenta) [1]. The singularity p2

(0) = 0
for the bubble-graph is then just the solution of the one-dimensional Gram-determinant. In
summary second-type singularities are therefore independent of the masses and not on the
physical sheet.13

Discussion upon using explicit 1-loop result: After these abstract considerations we
consider it advantageous to illustrate these type of singularities explicitly. The bubble graph

B0(p2,m2
1,m

2
2) =

4π2

i

∫
d4k

(2π)4

1

(k − p)2 −m2
1 + i0)(k2 −m2

2 + i0)
, (52)

is UV-divergent. In order to avoid regularisation we may use the same trick as for the subtracted
dispersion relation and take the difference with a fixed value. The results, valid on the physical
sheet, reads (e.g. [4])

B0(p2,m2
1,m

2
2)−B0(p̄2,m2

1,m
2
2) =

1

2p2

[
X(p2,m1,m2)−X(0,m1,m2)

]
− [p2 ↔ p̄2] , (53)

where p̄2 is the arbitrary subtraction point,

X(p2,m1,m2) =
√
λ ln

(√
(m1 +m2)2 − p2 +

√
(m1 −m2)2 − p2

√
(m1 +m2)2 − p2 −

√
(m1 −m2)2 − p2

)2

(54)

and λ = (p2 − (m1 +m2)2)(p2 − (m1 −m2)2) the Källén-function and not to be confused with
a coupling constant.14 It is noted that the expression above is consistent with (23) in the limit
m = m1 = m2. We can learn three things from the representation (53). On the physical
sheet: (i) there is a branch cut starting at p2 ≥ (m1 +m2)2 (normal threshold) (ii) there is no
branch cut at p2 = (m1 −m2)2 (pseudo threshold) and (iii) there is no singularity for p2 → 0

13There also exist mixed type singularities where some loop momenta are pinched at infinity and others not.
The reader is referred to the book [1] for examples and discussion.

14From the viewpoint of the optical theorem the Källén-function arises from the phase space integration. In
the rest-frame of the particle associated with the four momentum squared p2, the absolute velocity of one of
the decaying particles |v1| = |v2| is related to the Källén-function as follows |v1,2| =

√
λ/2p2. Hence at this

singularity the velocity is infinite consistent with the hyperboloids meeting at infinity.

20 HQ 2016

ROMAN ZWICKY

112 HQ 2016



-4 -2 2 4
k3

1

2

3

4

5

k0

pH+L
2=Hm1+m2L2 - physical sheet

-4 -2 2 4
k3

3.5

4.0

4.5

5.0

5.5

6.0

k0

pH-L
2=Hm1-m2L2 - unphysical sheet

-4 -2 2 4
k3

2.5

3.0

3.5

4.0

4.5

5.0

k0

pH0L
2= 0 - unphysical sheet - 2nd type singularity

Figure 9: Choosen m1 = 3 and m2 = 2 in arbitrary units. (left) Normal threshold: k0 =
√
k23 +m2

1

and k0 = (m1 + m2) −
√
k23 +m2

2 and p+ = (m1 + m2, 0, 0, 0). (middle) Pseudo threshold: k0 =√
k23 +m2

1 and k0 = (m1−m2)+
√
k23 +m2

2 and p− = (m1−m2, 0, 0, 0). (right) Second type singularity:

k0 =
√
k23 +m2

1 and k0 =
√
k23 +m2

2 and p(0) = (0, 0, 0, 0) the two curves meet at infinity and are
independent of the masses. It is obvious that any light-like p, e.g. p(0) = (x, 0, 0, x) for x real, is also a
valid parametrisation.
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(second type singularity). To see the correctness of (ii) one has to note that
√
λ is imaginary

for (m1−m2)2 < p2 < (m1 +m2)2. In summary it is confirmed from the explicit representation
(53) that the pseudo threshold and the second type singularity are, indeed, not present on the
physical sheet.

4.3 Cutkosky rules

The question of how to compute the actual singularities for physical configurations is answered
by the cutting rules stated by Cutkosky [22] shortly after the Landau equations were formulated.
This is by no means accidental as they are closely related. The Landau equations tell us that
there is a singularity if either q2

i = m2
i or αi = 0 (45) and the Cutkosky rules state that the

corresponding singularity can be computed by replacing each on-shell (or cut propagator)

1

q2
i −m2

i − i0
→ −2πiδ(+)(q2

i −m2
i ) , (55)

with the δ(+)(p2 −m2) ≡ δ(p2 −m2)θ(p0)-distribution. Before we motivate this rather elegant
and surprisingly simple prescription let us state the result more explicitly.

——————————————————————————————————————————

The discontinuity of I (42), for real momenta, with propagators i = 1 . . . r ≤ N cut is given by

disc[I] = (−2πi)r
∫
Dk

∏r
i=1 δ

(+)(q2
i −m2

i )∏N−r
j=1 (q2

r+j −m2
r+j)

, (56)

and is known as the Cutkosky or cutting rule!

——————————————————————————————————————————

Before trying to make plausible the formula (56) let us state the obvious. The rule (55) certainly
gives the discontinuity of the propagator. The somewhat surprising fact is that this seems to
be the recipe in any diagram. In the book of Peskin and Schröder [23] one can find the bubble
graph evaluated in this way.

In order to motivate the Cutkosky rules we are going to sketch an argument given in the
original paper [22] which is also reproduced in [1]. One considers an integral representation of
the form

I(z) =

∫
dk2

1

F (k2
1, z)

k2
1 −m2

1 − i0
, (57)

where the variable z is a function of the other momenta external and internal. Let the integrand
F contain a pole w1(z) which approaches m2

1 for some z such that there is going to be a
pinch singularity as shown in Fig.10(left). One then switches to the equivalent configuration
where the contour is deformed below the mass m2

1 at the cost of encircling the singularity
m2

1. In the next step the integral is performed using Cauchy’s theorem which is equivalent to
replacing the denominator by δ(k2

1−m2
1). This argument falls short in justifying the additional

physical condition θ((k1)0). Repeated use of the argument above, for each propagator gives the
celebrated Cutkosky rules. The Cutkosky rules have recently been proven more rigorously [24]
using ideas and methods by Pham. For the case of normal thresholds (unitarity cuts only) the
method of the largest time equation [25] provides an elegant derivation of the cutting rules.
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Figure 10: (left) pinch singularity (right) equivalent path γab ∼ γ1
ab+γ

2
ab with isolated pinch singularity

4.4 Anomalous Thresholds & physical Interpretation of Landau Equa-
tions

4.4.1 Brief remarks on anomalous Thresholds

By studying the 1-loop bubble graph, in section 4.1, we have encountered singularities of the
normal & pseudo and 2nd type; cf. Tab. 2. The most important singularities for practical
purposes (e.g. dispersion relation, experiments) are the singularities which are on the physical
sheet of which the normal one is the only type so far. This poses the questions whether there
are any singularities on the physical sheet. By the work of Källén-Lehmann (11) we know that
this is not the case for 2-point function and we must therefore look at higher point functions.

There are indeed new classes of singularities for 3- and higher point functions. A 3-point
function Fig. 11(right), for example, can be cut into more than two pieces which is going beyond
the singularities discussed so far. Putting all three propagators on shell corresponds to αi 6= 0
at the level of the Landau equations. The corresponding singularities are known as anomalous
thresholds.15 It is obvious that the singularities in say p2

1 depend on the values of p2
2 and p2

3

(provided the line between the two is not contracted α1 6= 0 as otherwise one encounters the
singularities discussed so far).

Whether or not anomalous thresholds appear on the physical sheet, returning to our original
questions, depends on the external momenta p2

1,2. Below we mention examples where the
anomalous thresholds appear on the physical sheet.

(a) Consider the 1-loop version of the 3-point function with p2 ≡ p2
2 = p2

3, m ≡ m2 = m3

with masses as indicated in Fig. 11(left). For this configuration there is an anomalous
threshold in p2

1 ≥ X with X = 4m2 − (p2 − (m2 + m2
1))2/m2

1 provided the condition
p2 > m2 +m2

1 holds [4]. X is a branch point and the higher values are branch cuts. This
anomalous threshold is below the two particle threshold at 4m2 and might be regarded
as the very reason for calling these thresholds anomalous!16

15Their existence can be deduced from hermitian analyticity [1] which in our case corresponds to the property
that the imaginary part is proportional to the discontinuity.

16This is of relevance for form factors which, as we have seen, can be related to 3-point functions. The
anomalous threshold does appear for the electromagnetic form factors of the hyperons whereas for for the pion
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(b) For an example of a momentum configuration where the anomalous threshold is complex
and on the physical sheet we refer the reader to the appendix in [26]. This anomalous
threshold has to be taken into account in the dispersion relations by choosing the contour
accordingly.

The corresponding 3-point function serves as an example where the Schwartz reflection
principle (60) does not apply since the amplitude is imaginary on the entire real axis.
In some more detail: the 1-loop 3-point function evaluated in PT does obey Schwartz’s
reflection principle (60) with no anomalous threshold on the first sheet. It is though not
the correct analytic continuation into the lower half-plane. Crucially, after elimination
of an unphysical branch cut on the real line Schwartz’s reflection principle is not obeyed
anymore allowing for the anomalous threshold to appear on the physical sheet in the lower
half plane.

singularity normal pseudo 2nd type anomalous

physical sheet yes no no p2
2,3-dependent

remark unitarity mass-indep. Leading Landau

Table 2: Different type of singularities described in the text: normal-, pseudo- & anomalous thresholds
and 2nd type singularities. Whether or not the anomalous threshold is on the physical sheet depends
on the momentum configuration of the other channels. E.g. in the example the triangle graph (cf.
Fig. 11(right)) in the text the p21-channels singularities are p22,3-dependent. In addition to the sin-
gularities mentioned above there are also, the previously mentioned, mixed type singularities; mixed
between 2nd type and others for different loop momenta. Not much is known about the Riemann sheet
properties of mixed type singularities [1].

We end this section with a miscellaneous remarks on terminology and practicalities.

• Anomalous thresholds go beyond the concept of unitarity cuts in that they allow for
cutting the diagram into more than two pieces. Cutkosky [22] was well aware of this and
introduced the term generalised unitarity in the context of his equations.

• The number of propagators that are put on-shell (in a loop) give rise to a natural
classification. The singularity with the maximal number of on-shell propagators (all
αi 6= 0 ⇒ detQ = 0) is usually referred to as the leading Landau singularity. In the
case of the triangle diagram the anomalous threshold is the leading Landau singularity.

• When all but one external momenta are kept below the thresholds there are only nor-
mal thresholds on the physical sheet in the corresponding four momentum squared. For
analytic computations this constitutes a method for obtaining correlation functions in a
certain kinematic range. The remaining domain is then obtained by analytic continua-
tion.17

and kaons they do not since global quantum numbers do not allow the condition to be satisfied [4]. Appearing
and not appearing stands for being on the physical sheet or not.

17This makes use of the analyticity postulate of the S-matrix theory in the that the domain of analyticity
is the maximal one consistent with unitarity (normal thresholds) and crossing symmetry. Crossing symmetry
means that if scattering A+B → C+D and the decay A→ B̄+C+D are both possible then they are described
by the same amplitude through analytic continuation. These postulates are seen to be correct in concrete QFT
computations and believed to be true in general. Some results are known for 3- and 4-point function through
the work of Källén [17, 18] and even more generally from tools like the Edge of the Wedge theorem [4, 27].
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Figure 11: (left) normal threshold cut (non-leading singularity) (middle) the corresponding reduced
graph for which α1 = 0 in the Landau equations. From the reduced graphs all lower singularities can
be found. (right) the leading Landau singularity corresponding to a so called anomalous threshold
(non-normal threshold)

For the assessment of dispersion relation, outside the range of concrete computations, this
is not a practical method since one needs to know the location of all singularities on the
physical sheet in order to choose a path γ which does not cross any singularity.

4.4.2 Physical Interpretation of the second Landau Equations (46,47)

For physical momenta Coleman and Norton have given an interpretation of the second Landau
equation [28]. It is found that (46,47) ensures that the corresponding diagram can occur as
a real process where the Feynman-parameter αi ∼ τi/mi has the interpretation of being the
proper time τi divided by the mass of the propagating particle.

This means that αi = 0 corresponds to the case where the ith particle does not propagate
at all and gives the reduced graphs (e.g. Fig. 11(middle)) a more direct meaning. At last
we note that the Coleman-Norton interpretation is a very reassuring result in view of the
optical theorem’s (19) statemant that the discontinuity (related to singularities), of the forward
scattering amplitude, originates from physical intermediate states.

5 Outlook

Even though dispersion relations are an old subject and a pure dispersive approach to particle
physics has proven to be too complicated in practice, dispersion theory is and will remain a
powerful tool in QFT as it follows from first principles and is intrinsically non-perturbative.
This makes it particularly useful for hadronic physics which is not directly accessible by a
perturbation expansion in the strong coupling constant. Dispersion relations are the most solid
approach to quark hadron duality. Any approach to quark hadron duality should either start
from or connect to dispersion relations.
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In recent years dispersion relations and unitarity methods have also seen a major revival
in evaluating perturbative diagrams (e.g. [29, 30, 31, 32] for reviews and applications). The
bootstrapping programme has witnessed new exciting developments by limiting/fixing the tar-
get space functions of amplitudes. Old tools such as the Steinman relations, which are physical
conditions on double discontinuities, have led to promising simplifications valid beyond pertur-
bation theory [33].

Furthermore dispersion relations can serve to prove positivity, for example, when a physical
quantity can be expressed as an unsubtracted dispersion integral with positive integrand (dis-
continuity). Examples are the so-called c- and a-theorems, which characterise the irreversibility
of the renormalisation group flows in 2D and 4D. The dispersive proofs are given in [34, 35]
in two and four dimensions by looking at two and four-point functions respectively. On an-
other note, positivity of the Källén-Lehmann representation seemed to exclude the possibility
of asymptotically free gauge theories in 1970 [36]. The Faddeev-Popov ghosts (negative met-
ric) proved to be the loophole in this argument as they give rise to the negative sign of the
β-function [37, 38].

I am grateful to James Gratrex for proofreading and to Einan Gardi for discussions on
second type singularities. Apologies for all relevant references that were omitted. Last but not
least I would like to thank the organisers of the “Strong Fields and Heavy Quarks” as well as
the participants for a stimulating and pleasant atmosphere. I really did enjoy my trip to and
around Dubna!

A The Schwartz Reflection Principle

Consider an analytic function f(z) with f(z) ∈ R for z ∈ IR where IR is an interval on the real
line. Then the following relation holds

f(z) = f(z∗)∗ , (58)

which can be analytically continued to the entire plane. Note that analytic continuation is
unique from any set with an accumulation point for which an interval is a special case. Hence
Eq. (58) implies that

Re[f(z)] = Re[f(z∗)] , Im[f(z)] = −Im[f(z∗)] . (59)

Choosing z = s+ i0 with s ∈ R it then follows that

disc[Γ(s)] = 2iIm[Γ(s)] , (60)

which is a result known from experience with 2-point functions and intuitively in accordance
with the optical theorem.

B Conventions

Here we summarise a few conventions. We are using the Minkowski metric of the form

gµν = diag(1,−1,−1,−1) , (61)
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the following abbreviations for integrals over space and momentum space

∫

x

=

∫
d4x ,

∫

k

=

∫
d4k , (62)

and the relativistic state normalisation

〈p|p′〉 = 2Ep(2π)3δ(3)(~p− ~p′) , (63)

where Ep =
√
~p2 +m2 with p = (Ep, ~p).
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Introductory lectures on SCET mainly following the first chapters of [1].

1 Introduction

Soft-Collinear Effective Theory (SCET) has been first proposed as an effective field theory
describing inclusive B meson decays with an energetic light quark in the final state and exclusive
B decays with an energetic light hadron in the final state. Physics at short distances (∼ 1/Mb)
is encapsulated in matching coefficients; soft dynamics of the b quark is described by Heavy
Quark Effective Theory (HQET); soft and collinear degrees of freedom of light quarks and
gluons are described by SCET. Speaking more precisely, there are two closely related effective
theories, SCET-I and SCET-II. Later SCET was successfully applied to numerous problems in
hadron collider physics. In this area there are at least two large nearly light-like momenta, and
hence several collinear regions (jets, initial hadrons). Additional effective field theories were
proposed for various classes of such problems.

These lectures are an elementary introduction to SCET. A very nice textbook on SCET has
recently appeared [1], I follow the first chapters of this book. There are also lecture notes [2].
I don’t cite original papers here, citations can be found in [1, 2]. SCET can be formulated in
two different languages: the coordinate space Lagrangian or the label formalism. The book [1]
mostly follows the first approach, while the lectures [2] – the second one. I shall not describe
the label formalism here.

Let’s first discuss what are effective field theories. Many problems in quantum field theory
contain several widely separated energy scales. Suppose there is a high momentum scale Q (and
a short distance scale 1/Q), and we are interested in interactions of light particles (mi � Q)
having small momenta (pi � Q), or in other words, physics at large distances� 1/Q. The ratio
of the characteristic soft scale to Q is the small expansion parameter λ. One of approaches to
such problems is the method of regions for loop diagrams. A brief introduction to this method
is given in Sect. 2, see [3] for more details.

Another approach is low energy (or large distance) effective field theories. One can construct
an effective Lagrangian containing only light fields. Physics at small distances . 1/Q produces
local interactions of these fields. The Lagrangian contains all possible operators (allowed by
symmetries of the full theory). In order to find coefficients of these operators matching is
performed. We calculate some scattering amplitudes in the full theory and expands them in
λ up to some order; then we calculate the same amplitudes in the effective theory, equate the
results and find the coefficients in the effective Lagrangian. In other words, hard degrees of
freedom are integrated out from the path integral producing the soft effective action.
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Similarly, operators of the full theory can be represented as 1/Q expansions in terms of
operators of the effective theory with appropriate quantum numbers. Coefficients in such ex-
pansions are also obtained by matching: calculate some on-shell matrix elements in the full
theory, expand in λ, calculate them in the effective theory, equate the results and find matching
coefficients.

There is a close correspondence between effective theories and the method of regions. Hard
regions produce matching coefficients, while soft ones are Feynman diagrams of the effective
theory. If one wants to consider just a single process described by a small number of diagrams, it
is rather easy to find many terms of its λ expansion by the method of regions. The effective field
theory framework quickly becomes very complicated with the growth of order of this expansion;
usually, only a few first terms can be considered. On the other hand, an effective field theory
is applicable to all processes at once. It often allows one to derive various properties which are
valid to all orders of perturbation theory, such as factorization theorems and renormalization
group (RG) equations. The leading terms of an effective Lagrangian can have some symmetry
which is not obvious in the full theory.

SCET is more complicated than simple effective theories because it is anisotropic1. Charac-
teristic momentum scales (and distance scales) are different in different directions. We discuss
SCET for the scalar ϕ3 field theory in Sect. 3. This simple example shows most typical features
of SCET; however, the coupling constant g is dimensionful, and the situation with resummation
of all orders of perturbation theory radically differs fro that in QCD (ϕ3 in d = 6 dimensional
space–time has dimensionless g, and is more like QCD). QCD is a gauge theory, and additional
complications related to gauge invariance and Wilson lines appear; these topics are discussed
in Sect. 4.

2 Method of regions

M

m

Figure 1: Vacuum diagram
with two masses.

Let’s consider the vacuum integral

I =

∫
ddk

iπd/2
1

(M2 − k2 − i0)(m2 − k2 − i0)

with two masses M and m (Fig. 1) at M � m and d = 2. It
contains neither ultraviolet (UV) nor infrared (IR) divergences.
After Wick rotation to Euclidean momentum space it becomes

I =

∫
ddkE
πd/2

1

(k2
E +M2)(k2

E +m2)
. (2.1)

Of course, in this simple example it is easy to obtain the exact
solution. We use partial fraction decomposition

I =
1

M2 −m2

∫
ddkE
πd/2

[
− 1

k2
E +M2

+
1

k2
E +m2

]
,

1This is also true for NRQCD and pNRQCD.
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=
1

M2 −m2

[
− +

]
.

These two integrals, taken separately, diverge; therefore, we use dimensional regularization
(d = 2− 2ε) and obtain

I = −Γ(ε)
M−2ε −m−2ε

M2 −m2
.

This result is finite at ε→ 0:

I =
log(M2/m2)

M2 −m2
=

1

M2
log

M2

m2

[
1 +

m2

M2
+
m4

M4
+ · · ·

]
. (2.2)

It is easier to obtain this result using the prescription known as the method of regions [3].
The integral (2.1) is written at the sum of contributions of two regions, the hard one and the
soft one:

I = Ih + Is .

In the hard region kE ∼M ; in the soft one kE ∼ m. The integrand is expanded to Taylor series
in accordance to these power counting rules in each region. After that, the integral is taken
over the full (d-dimensional) space.

In the hard region (kE ∼M) we have

Ih =

∫
ddkE
πd/2

Th
1

(k2
E +M2)(k2

E +m2)
,

where the operator Th expands the integrand in small parameter(s) counting kE as a quantity
of order M :

Th
1

(k2
E +M2)(k2

E +m2)
=

1

k2
E +M2

1

k2
E

[
1− m2

k2
E

+
m4

k4
E

− · · ·
]
.

Calculating the loop integrals, we arrive at

Ih = −M
−2ε

M2
Γ(ε)

[
1 +

m2

M2
+
m4

M4
+ · · ·

]
. (2.3)

The result is a Taylor series in m. Each loop integral is IR divergent; it contains a single scale
M , and hence, by dimensions counting, is proportional to M−2ε.

In the soft region (kE ∼ m) we have

Is =

∫
ddkE
πd/2

Ts
1

(k2
E +M2)(k2

E +m2)

where Ts counts kE as a quantity of order m:

Ts
1

(k2
E +M2)(k2

E +m2)
=

1

M2

1

k2
E +m2

[
1− k2

E

M2
+
k4
E

M4
− · · ·

]
,
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and we obtain

Is =
m−2ε

M2
Γ(ε)

[
1 +

m2

M2
+
m4

M4
+ · · ·

]
. (2.4)

The result is a Taylor series in 1/M . Each loop integral is UV divergent; it contains a single
scale m, and hence, by dimensions counting, is proportional to m−2ε.

The sum of the hard contribution (2.3) and the soft one (2.4) produces the complete re-
sult (2.2). IR divergences in the hard region cancel UV divergences in the soft one.

In this simple case it is easy to prove this prescription [4]. Let’s introduce some boundary
Λ such that m� Λ�M , and write

I =

∫

kE>Λ

ddkE
πd/2

1

(k2
E +M2)(k2

E +m2)
+

∫

kE<Λ

ddkE
πd/2

1

(k2
E +M2)(k2

E +m2)
.

We may apply Th to the first integrand and Ts to the second one:

I =

∫

kE>Λ

ddkE
πd/2

Th
1

(k2
E +M2)(k2

E +m2)
+

∫

kE<Λ

ddkE
πd/2

Ts
1

(k2
E +M2)(k2

E +m2)
.

For each of these two integrals, we add and subtract the integral over the remaining part of the
kE space:

I = Ih + Is −∆I ,

where

∆I =

∫

kE<Λ

ddkE
πd/2

Th
1

(k2
E +M2)(k2

E +m2)
+

∫

kE>Λ

ddkE
πd/2

Ts
1

(k2
E +M2)(k2

E +m2)

are the integrals of the two expansions over the “wrong” parts of the kE space. In these wrong
regions, we may apply the other expansion in addition to the existing one:

∆I =

∫

kE<Λ

ddkE
πd/2

TsTh
1

(k2
E +M2)(k2

E +m2)
+

∫

kE>Λ

ddkE
πd/2

ThTs
1

(k2
E +M2)(k2

E +m2)
.

But this is the integral over the full kE space:

∆I =

∫
ddkE
πd/2

TsTh
1

(k2
E +M2)(k2

E +m2)
,

because the Taylor expansion operators commute:

TsTh
1

(k2
E +M2)(k2

E +m2)
= ThTs

1

(k2
E +M2)(k2

E +m2)

=
1

M2k2
E

[
1− m2

k2
E

+
m4

k4
E

− · · ·
] [

1− k2
E

M2
+
k4
E

M4
− · · ·

]
.

And hence
∆I = 0 ,

because each integral has no scale.
Let’s stress that the method of regions works thanks to dimensional regularization. Tay-

lor expansions in each region (i.e., for each set of power counting rules) must be performed
completely, up to the end; otherwise, integrals in the defect ∆I can contain some scale(s), and
hence not vanish.
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3 Scalar ϕ3 theory

3.1 Form factor

p p′

k + p k + p′

k

q

Figure 2: Form factor in the
scalar ϕ3 theory.

Let’s consider massless ϕ3 theory (at d = 4):

L =
1

2
(∂µϕ) (∂µϕ)− g

3!
ϕ3 . (3.1)

The dimensionality of the Lagrangian is [L] = d, and hence [ϕ] =
(d− 2)/2, [g] = (6− d)/2. We want to calculate the slightly off-
shell form factor

I =

∫
ddk

iπd/2
1

[−k2 − i0][−(k + p)2 − i0][−(k + p′)2 − i0]
(3.2)

at −p2,−p′2 � −q2.

e− e+e0

e1

x
1
2x−e+

1
2x+e−

Figure 3: Light-front components.

It is convenient to use light-front components of vec-
tors. Instead of the ordinary basis vectors e0, e1 we
shall use

e± = e0 ± e1 (e2
± = 0 , e+ · e− = 2) .

The light-front components of a vector x are

x± = x · e± = x0 ∓ x1 ; (3.3)

the vector can be written via them as

x =
1

2
(x−e+ + x+e−) + x⊥ ≡ (x+, x−, ~x⊥) .

The scalar product of two vectors is

x · y =
1

2
(x+y− + x−y+)− ~x⊥ · ~y⊥ ;

in particular, the square of a vector is

x2 = x+x− − ~x 2
⊥ .

e−

e′−

e+

e′+

e0
e′0

e1

e′1

x

Figure 4: A boost.

A boost along the e1 direction (a
Minkowski rotation in the e0, e1 plane) trans-
forms light-front components in a simple way:

x′± = x±e
±ϕ .

The d-dimensional volume element is

ddx =
1

2
dx+ dx− d

d−2~x⊥ .

HQ 2016 5

LECTURES ON SOFT-COLLINEAR EFFECTIVE THEORY

HQ 2016 125



The full differential of a function f(x) is

df(x) =
∂f

∂x0
dx0 +

∂f

∂x1
dx1 +

∂f

∂~x⊥
· d~x⊥

= ∂0f dx0 − ∂1f dx1 − ~∂⊥f · d~x⊥ ,

and hence

∂0 =
∂

∂x0
, ∂1 = − ∂

∂x1
, ~∂⊥ = − ∂

∂~x⊥
.

In light-front components,

df(x) =
∂f

∂x+
dx+ +

∂f

∂x−
dx− +

∂f

∂~x⊥
· d~x⊥ =

1

2
∂+f dx− +

1

2
∂−f dx+ − ~∂⊥ · d~x⊥ ,

and hence

∂+ = 2
∂

∂x−
, ∂− = 2

∂

∂x+
;

taking into account
dx+ = dx0 − dx1 , dx− = dx0 + dx1 ,

we obtain
∂+ = ∂0 − ∂1 , ∂− = ∂0 + ∂1 ,

in agreement with (3.3).
We choose e0, e1 (and hence e+, e−) in the p, p′ plane, then

p =
1

2

(
p−e+ −

−p2

p−
e−

)
, p′ =

1

2

(
−−p

′2

p′+
e+ + p′+e−

)
,

− q2 = p−p
′
+ − p2 − p′2 +

(−p2)(−p′2)

p−p′+
;

our small parameter is

λ2 ∼ −p
2

−q2
∼ −p

′2

−q2
� 1 .

In the Breit frame q0 = 0 (or in any frame related to it by a moderate boost) light-front
components of the external momenta are

p ∼ (λ2, 1, 0)Q , p′ ∼ (1, λ2, 0)Q , (3.4)

where Q2 = −q2 ≈ p−p′+.

3.2 Method of regions
hard h k ∼ (1, 1, 1)Q k2 ∼ Q2

collinear c+ k ∼ (1, λ2, λ)Q k2 ∼ Q2λ2

collinear c− k ∼ (λ2, 1, λ)Q k2 ∼ Q2λ2

soft s k ∼ (λ2, λ2, λ2)Q k2 ∼ Q2λ4

Table 1: Regions.

The form factor (3.2) is given by the
sum of 4 regions (Table 1):

I = Ih + Ic+ + Ic− + Is .

Hyperbolas in Fig. 5 show lines of constant virtuality k+k− (at ~k⊥ = ~0).
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k+1λ2

k−
1

λ2

hc+

c−s

Figure 5: Regions in the k space.

In the hard region k ∼ (1, 1, 1)Q; recalling p ∼ (λ2, 1, 0)Q, p′ ∼ (1, λ2, 0)Q, we found that
the three denominators are

− k2 = −k+k− + ~k 2
⊥︸ ︷︷ ︸

O(1)

,

− (k + p)2 = −(k+ + p+)(k− + p−) + ~k 2
⊥ = −k2 − p−k+︸ ︷︷ ︸

O(1)

− p+(k− + p−)︸ ︷︷ ︸
O(λ2)

,

− (k + p′)2 = −(k+ + p′+)(k− + p′−) + ~k 2
⊥ = −k2 − p′+k−︸ ︷︷ ︸

O(1)

− p′−(k+ + p′+)︸ ︷︷ ︸
O(λ2)

,

and ddk ∼ O(1). At the leading order in λ2, the hard contribution

Ih =

∫
ddk

iπd/2
1

(−k2 − i0)(−k2 − p−k+ − i0)(−k2 − p′+k− − i0)

is the form factor with on-shell external legs. This integral contains a single scale −q2 = p−p′+:
if we make the substitution

k− = p−k̃− , k+ = p′+k̃+ , ~k⊥ =
√
p−p′+

~̃
k⊥ ,

where k̃ is a dimensionless integration momentum, then

Ih = (−q2)d/2−3

∫
ddk̃

iπd/2
1

(−k̃2 − i0)(−k̃2 − k̃+ − i0)(−k̃2 − k̃− − i0)
.

We shall use Feynman parametrization. First, we use α parametrization 3 times:

1

D1D2D3
=

∫
dα1dα2dα3e

−α1D1−α2D2−α3D3 ;

then we insert dη δ(α1 + α2 + α3 − η) under the integral sign, substitute αi = ηxi:

1

D1D2D3
=

∫
dx1dx2dx3δ(x1 + x2 + x3 − 1)

∫
dη η2e−η(x1D1+x2D2+x3D3) ,
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and integrate in η:

1

D1D2D3
= Γ(3)

∫
dx1dx2dx3δ(x1 + x2 + x3 − 1)

(x1D1 + x2D2 + x3D3)3
. (3.5)

We set −q2 = 1 (its power can be reproduced from dimensions counting), and use Feynman
parametrization:

Ih = Γ(3)

∫
dx1 dx2 dx3 δ(x1 + x2 + x3 − 1)

ddk

iπd/2
1

D3
,

where the denominator is

D = −x1k
2 − x2(k2 + k+)− x3(k2 + k−)− i0 = −k2 − (x2e+ + x3e−) · k − i0 .

Shifting the integration momentum

k′ = k +
1

2
(x2e+ + x3e−) ,

we obtain
D = −k′2 + x2x3 − i0 .

Now it is easy to calculate the integral in ddk′:

Ih = Γ

(
3− d

2

)∫

x2+x3<1

dx2dx3(x2x3)d/2−3 .

Substituting x2 = zx, x3 = z(1− x), we have

Ih = Γ

(
3− d

2

)∫ 1

0

dz zd−5 ·
∫ 1

0

dx [x(1− x)]d/2−3 =
Γ
(
3− d

2

)
Γ2
(
d
2 − 2

)

Γ(d− 3)
.

Finally, restoring the power of −q2, we obtain

Ih =
Γ(1 + ε)

Γ(1− 2ε)
Γ2(−ε)(−q2)−1−ε . (3.6)

This integral contains both IR divergence (k → 0) and collinear ones (k non-zero but parallel
to e+ or e−); thus it is 1/ε2. It contains the single scale −q2.

In the c+ collinear region, k ∼ (λ2, 1, λ)Q; recalling p ∼ (λ2, 1, 0)Q, p′ ∼ (1, λ2, 0)Q, we
found that the three denominators are

− k2 = −k+k− + ~k 2
⊥︸ ︷︷ ︸

O(λ2)

,

− (k + p)2 = −(k+ + p+)(k− + p−) + ~k 2
⊥︸ ︷︷ ︸

O(λ2)

,

− (k + p′)2 = −(k+ + p′+)(k− + p′−) + ~k 2
⊥ = −p′+k−︸ ︷︷ ︸

O(1)

− (k2 + p′+p
′
−)︸ ︷︷ ︸

O(λ2)

− p′−k+︸ ︷︷ ︸
O(λ4)

,
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and ddk ∼ O(λd). At the leading order in λ2, the c+ collinear contribution is

Ic+ =
1

p′+

∫
ddk

iπd/2
1

(−k2 − i0)(−(k + p)2 − i0)(−k− − i0)
.

This integral contains a single scale −p2 = −p+p−: if we make the substitution

k+ = (−p+)k̃+ , k− = p−k̃− , ~k⊥ =
√
−p+p−

~̃
k⊥ ,

where k̃ is a dimensionless integration momentum and p̃ = (−1, 1,~0), then

Ic+ =
(−p+p−)d/2−2

p−p′+

∫
ddk̃

iπd/2
1

(−k̃2 − i0)(−(k̃ + p̃)2 − i0)(−k̃− − i0)
.

We shall use a variant of Feynman parametrization in which dη δ(α1 + α2 − η) is inserted
under the integral sign (the substitutions αi = ηxi are used for all 3 variables αi); the result
is similar to (3.5), but the δ function is now δ(x1 + x2 − 1). The Feynman parameters x1,2

correspond to the quadratic denominators; x3 (which varies from 0 to ∞) – to the linear one.
Setting the pre-integral factor (−p2)−ε/(−q2) to 1, we obtain

Ic+ = Γ(3)

∫
dx1dx2δ(x1 + x2 − 1)dx3

ddk

iπd/2
1

D3
,

where

D = −x1k
2 − x2(k + p)2 − x3k− − i0 = −k2 − (2x2p+ x3e−) · k + x2 − i0

= −k′2 + x2(1− x2 + x3)− i0 , k′ = k + x2p+
1

2
x3e− ,

and hence

Ic+ = Γ

(
3− d

2

)∫
dx1dx3[x1(1− x1 + x3)]d/2−3 .

Substituting x3 = (1− x1)z we have

Ic+ = Γ

(
3− d

2

)∫ ∞

0

dz (1 + z)d/2−3 ·
∫ 1

0

dx1 x
d/2−3
1 (1− x1)d/2−2

=
Γ
(
2− d

2

)
Γ
(
d
2 − 2

)
Γ
(
d
2 − 1

)

Γ(d− 3)
.

Finally, restoring the pre-integral factor, we arrive at

Ic+ =
Γ(1− ε)
Γ(1− 2ε)

Γ(ε)Γ(−ε) (−p2)−ε

−q2
. (3.7)

Of course,

Ic− =
Γ(1− ε)
Γ(1− 2ε)

Γ(ε)Γ(−ε) (−p′2)−ε

−q2
.
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In the soft region k ∼ (λ2, λ2, λ2)Q; recalling p ∼ (λ2, 1, 0)Q, p′ ∼ (1, λ2, 0)Q, we found that
the three denominators are

− k2 = −k+k− + ~k 2
⊥︸ ︷︷ ︸

O(λ4)

,

− (k + p)2 = −(k+ + p+)(k− + p−) + ~k 2
⊥ = −p−(k+ + p+)︸ ︷︷ ︸

O(λ2)

− (k2 + p+k−)︸ ︷︷ ︸
O(λ4)

,

− (k + p′)2 = −(k+ + p′+)(k− + p′−) + ~k 2
⊥ = −p′+(k− + p′−)︸ ︷︷ ︸

O(λ2)

− (k2 + p′−k+)︸ ︷︷ ︸
O(λ4)

,

and ddk ∼ O(λ2d). At the leading order in λ2, the soft contribution is

Is =
1

p−p′+

∫
ddk

iπd/2
1

(−k2 − i0)(−k+ − p+ − i0)(−k− − p′− − i0)
.

This integral contains a single scale

(−p2)(−p′2)

−q2
= p+p

′
−︸ ︷︷ ︸

O(λ4)

+O(λ6) :

if we make the substitution

k+ = (−p+)k̃+ , k− = (−p′−)k̃− , ~k⊥ =
√

(−p+)(−p′−)
~̃
k⊥ ,

where k̃ is a dimensionless integration momentum, then

Is =
(p+p

′
−)d/2−2

p−p′+

∫
ddk̃

iπd/2
1

(−k̃2 − i0)(−k̃+ + 1− i0)(−k̃− + 1− i0)
.

This integral is similar to off-shell HQET ones (but with light-like directions e+, e−); it is UV
divergent.

We shall use a variant of Feynman parametrization (3.5) with δ(x1−1) where x1 corresponds
to the quadratic denominator. Setting the scale factor [(−p2)(−p′2)]−ε/(−q2)1−ε to 1, we obtain

Is = Γ(3)

∫
dx2dx3

ddk

iπd/2
1

D3
,

where

D = −k2 + x2(−k+ + 1) + x3(−k− + 1)− i0 = −k2 − (x2e+ + x3e−) · k + x2 + x3 − i0

= −k′2 + x2 + x3 + x2x3 − i0 , k′ = k +
1

2
(x2e+ + x3e−) ,

and hence

Is = Γ

(
3− d

2

)∫
dx2dx3(x2 + x3 + x2x3)d/2−3 .

10 HQ 2016

ANDREY GROZIN

130 HQ 2016



Substituting x2 = yx, x3 = y(1− x), we have

Is = Γ

(
3− d

2

)∫ ∞

0

dy yd/2−2

∫ 1

0

dx [1 + yx(1− x)]d/2−3 .

Substituting yx(1− x) = z, we have

Is = Γ

(
3− d

2

)∫ ∞

0

dz zd/2−2(1 + z)d/2−3 ·
∫ 1

0

dx [x(1− x)]1−d/2 .

Substituting 1 + z = 1/u, we obtain

Is = Γ

(
3− d

2

)∫ 1

0

duu3−d(1− u)d/2−2 ·
∫ 1

0

dx [x(1− x)]1−d/2 = Γ

(
d

2
− 1

)
Γ2

(
2− d

2

)
.

Finally, restoring the pre-integral factor, we arrive at

Is = Γ(1− ε)Γ2(ε)

[
(−p2)(−p′2)

]−ε

(−q2)1−ε . (3.8)

Now we can combine Ih (3.6), Ic+ (3.7), Ic− , and Is (3.8):

I =
Γ(1 + ε)

Γ(1− 2ε)
Γ2(−ε)(−q2)−1−ε

×
[

1−
(−p2

−q2

)−ε
−
(−p′2
−q2

)−ε
+

Γ(1 + ε)Γ(1− 2ε)

Γ(1− ε)

(−p2

−q2

)−ε(−p′2
−q2

)−ε]
.

The diagram (3.2) we are calculating is finite at ε→ 0; and indeed, all divergences cancel, and
we obtain

I =
1

−q2

(
log
−p2

−q2
log
−p′2
−q2

+
π2

3

)
+O(λ2) . (3.9)

This cancellation of 1/ε2 and 1/ε divergences is a good check that we have not forgotten some
region.

What does happen if we invent some other region and calculate its contribution? For
example, consider a region k ∼ (λ, λ, λ)Q (let’s call it semihard). The denominators are

− k2 = −k+k− + ~k 2
⊥︸ ︷︷ ︸

O(λ2)

,

− (k + p)2 = −(k+ + p+)(k− + p−) + ~k 2
⊥ = −p−k+︸ ︷︷ ︸

O(λ)

+O(λ2) ,

− (k + p′)2 = −(k+ + p′+)(k− + p′−) + ~k 2
⊥ = −p′+k−︸ ︷︷ ︸

O(λ)

+O(λ2) .

The contribution of this region is

Ish =
1

p−p′+

∫
ddk

iπd/2
1

(−k2 − i0)(−k+ − i0)(−k− − i0)
= 0
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because the integral contains no scale. Similarly, with some work, one can check that there exist
no regions of the form k ∼ (λa, λb, λc)Q producing non-zero contributions to I except the ones
we have considered in this section. This is not a complete proof that there are no extra regions
if they don’t have such a form in terms of the light-front components, but their existence is
highly unlikely.

3.3 SCET Lagrangian

Instead of using the method of regions for diagrams in the full theory, we can formulate a
low-energy effective field theory. Hard contributions are integrated out; they only appear in
matching coefficients which accumulate information about physics at small distances. Processes
at larger distances, namely, collinear and soft contributions (Table 1, Fig. 5), are explicitly
considered in the effective theory. Instead of a single field ϕ in the full theory, we now have 3
fields:

ϕ→ ϕc+ + ϕc− + ϕs .

Substituting this field decomposition into the full theory Lagrangian (3.1), we obtain

L = Lc+ + Lc− + Ls + Lcs ,

where

Lc+ =
1

2
(∂µϕc+)(∂µϕc+)− g

3!
ϕ3
c+ ,

Lc− =
1

2
(∂µϕc−)(∂µϕc−)− g

3!
ϕ3
c− ,

Ls =
1

2
(∂µϕs)(∂

µϕs)−
g

3!
ϕ3
s

are 3 copies of the Lagrangian (3.1), and Lcs describes interactions of collinear and soft fields.
Our small parameter is λ; each quantity in the effective theory scales as some power of

λ. Soft field momenta scale as ks ∼ λ2; this means ∂s ∼ λ2 where ∂s acts on soft fields, and
xs ∼ λ−2 where xs is a distance at which soft fields substantially change. In order to find power
counting for the soft field ϕs, we consider the correlator

<Tϕs(xs)ϕs(0)> =

∫
ddks
(2π)d

e−iks·xs
i

k2
s + i0

∼ λ2d−4 ,

and hence
ϕs ∼ λd−2 .

Therefore, the Lagrangian is
Ls ∼ (∂µϕs)(∂

µϕs) ∼ λ2d ,

and the action for a region of size ∼ xs is

Ss =

∫
ddxLs ∼ 1 .

This is natural: the characteristic action is ∼ 1, not a small correction, and we cannot expand
in it when calculating the path integral.
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For c+ collinear fields kc+ ∼ (λ2, 1, λ) and ∂c+ ∼ (λ2, 1, λ); from k+x− ∼ 1, k−x+ ∼ 1,
k⊥x⊥ ∼ 1 we find xc+ ∼ (1, λ−2, λ−1). The correlator of collinear fields is

<Tϕc+(x)ϕc+(0)> =

∫
ddkc+
(2π)d

e−ikc+
·xc+

i

k2
c+ + i0

∼ λd−2 ,

and hence
ϕc+ ∼ λd/2−1 .

Therefore, the Lagrangian is

Lc+ ∼ (∂+ϕc+)(∂−ϕc+) ∼ λd ,

and the action for a characteristic region ∼ xc+ is

Sc+ =

∫
ddxLc+ ∼ 1 .

Similar estimates can be made for ϕc− .

a b c

Figure 6: Interactions: 3 soft fields (a); 3 c+ collinear fields (b); 2 c+ collinear fields and soft
field (c).

There is interaction of 3 soft fields (Fig. 6a) from the term − g
3!ϕ

3
s in Ls; momentum con-

servation is consistent with power counting: (λ2, λ2, λ2) + (λ2, λ2, λ2) = (λ2, λ2, λ2). There is
interaction of 3 c+ collinear fields (Fig. 6b) from the term − g

3!ϕ
3
c+ in Lc+ ; momentum conser-

vation is consistent: (λ2, 1, λ) + (λ2, 1, λ) = (λ2, 1, λ) (of course, there is also interaction of 3
c− collinear fields). There is also interaction of 2 c+ collinear fields and soft one (Fig. 6c) from
the collinear–soft Lagrangian

Lcs = −g
2
ϕ2
c+ϕs −

g

2
ϕ2
c−ϕs (3.10)

momentum conservation is consistent: (λ2, 1, λ) + (λ2, λ2, λ2) = (λ2, 1, λ) (of course, there is
also interaction of 2 c− collinear fields and soft one). Other possible interactions (ϕc+

2ϕc− ,
ϕc+ϕc−ϕs, ϕc+

2ϕs, . . . ) are not allowed because momentum conservation is not consistent
with power counting.

The action for the collinear–soft interaction is

Scs =
g

2

∫
ddxϕ2

c+(x)ϕs(x) (3.11)

(the c−–soft interaction can be considered similarly). In coordinate space the region where
ϕc+(x) lives is x ∼ (1, λ−2, λ−1)Q−1. The region where ϕs(x) lives is x ∼ (λ−2, λ−2, λ−2)Q−1.
The characteristic region of x in the integral (3.11) is therefore collinear (Fig. 7).
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Figure 7: Collinear–soft
interaction in coordinate
space.

The soft field ϕs(x) varies little in the e− direction within this
region: ϕs(x) ≈ ϕs(x̄+), where x̄+ ≡ 1

2x−e
µ
+ is the projec-

tion of x onto the e+ axis. Derivatives acting on ϕs(x) are
∂s ∼ (λ2, λ2, λ2)Q, and we can expand

ϕs(x) = ϕs(x̄+)− ~x⊥ · ~∂⊥︸ ︷︷ ︸
O(λ)

ϕs(x̄+) +
1

2
x+∂−︸ ︷︷ ︸
O(λ2)

ϕs(x̄+)

+
1

2
x⊥ix⊥j∂⊥i∂⊥j︸ ︷︷ ︸

O(λ2)

ϕs(x̄+) +O(λ3) .

This is called multipole expansion, in analogy with electrodynamics. Therefore, the action (3.11)
is

Scs =
g

2

∫
ddxϕ2

c+(x)ϕs(x̄+) +O(λ) .

We can also understand this result from a slightly different point of view. Expressing the
coordinate-space fields in the action (3.11) via the momentum-space ones we obtain

Scs =
g

2

∫
ddx

ddkc+1

(2π)d
ddkc+2

(2π)d
ddks
(2π)d

e−i(kc+1+kc+2+ks)·xϕ̃c+(kc+1)ϕ̃c+(kc+2)ϕ̃s(ks) .

Here kc+1 + kc+2 + ks ∼ (λ2, 1, λ)Q, and hence the characteristic x ∼ (1, λ−2, λ−1)Q−1; for a
soft momentum ks ∼ (λ2, λ2, λ2)Q we have

ks · x =
1

2
ks+x−︸ ︷︷ ︸
O(1)

+
1

2
ks−x+︸ ︷︷ ︸
O(λ2)

−~ks⊥ · ~x⊥︸ ︷︷ ︸
O(λ)

.

In other words, the soft field ϕs, when interacting with the collinear field ϕc+ , effectively carries

momentum ks = (ks+, 0,~0). The integral in ddks becomes

∫
ddks
(2π)d

eiks+x− ϕ̃s(ks) = ϕs(x̄+) .

Now we can write down the complete SCET Lagrangian:

L =
1

2
(∂µϕc+(x))(∂µϕc+(x))− g

3!
ϕ3
c+(x)

+
1

2
(∂µϕc−(x))(∂µϕc−(x))− g

3!
ϕ3
c−(x)

+
1

2
(∂µϕs(x))(∂µϕs(x))− g

3!
ϕ3
s(x)

− g

2
ϕ2
c+(x)ϕs(x̄+)− g

2
ϕ2
c−(x)ϕs(x̄−) +O(λ) . (3.12)

It is not exactly translation invariant; however, it is translation invariant up to O(λ). It is
possible to include O(λ), O(λ2), etc., correction terms to this Lagrangian; then it will become
translation invariant up to higher powers of λ.
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As discussed in Sect. 2, all quantities should be completely expanded in λ, i. e., each term
should be proportional to some power λn, not a nontrivial function with all powers of λ;
otherwise, the argument about the absence of double counting in dimensional regularization
will not work. Therefore we should use not the local Lagrangian (3.10) (which contains all
powers of λ) but the multipole-expanded nonlocal Lagrangian (3.12).

Generally speaking, coefficients in effective Lagrangians are obtained by matching, and can
contain radiative corrections (from hard loops). But there are no loop corrections to coefficients
in the SCET Lagrangian (3.12). For example, let’s consider the c+ collinear interaction, and
suppose that it contains an unknown matching coefficient:

Lc+ = − g
3!
Cϕ3

c+ , C = 1 + C1g
2 + · · ·

We calculate the scattering amplitude with all 3 external momenta c+ collinear both in the full
theory and in the effective one. With one-loop accuracy

+ = C + + + + .

When all 3 external momenta are exactly parallel to e+ (and hence on-shell), all loop diagrams
vanish, and we obtain

C = 1 .

Figure 8: Coordinate-space regions
where c+ and c− collinear fields live.

Let’s now consider the current J(x) = 1
2ϕ

2(x) in the
full theory in the kinematical situation when it annihi-
lates one (or more) c+ collinear particle(s) and creates
one (or more) c− collinear particle(s). In SCET it be-
comes a sum of 2-field, 3-field (and so on) operators:
J(x) = J2(x) + J3(x) + · · · , where symbolically

J2 = C2ϕc+ϕc− , J3 =
1

2
C3

[
ϕ2
c+ϕc− + ϕc+ϕ

2
c−

]
, . . .

The field ϕc+(x) lives in the region x ∼ (1, λ−2, λ−1)Q−1

while ϕc−(x) – in x ∼ (λ−2, 1, λ−1)Q−1 (Fig. 8). The
field ϕc+(x) varies quickly in the e− direction: for t ∼ 1/Q

ϕc+(x+ te−) = ϕc+(x) + t∂−︸︷︷︸
O(1)

ϕc+(x) +
1

2
t2∂2
−︸︷︷︸

O(1)

ϕc+(x) + · · · ,

cannot be expanded in t. Similarly,

ϕc−(x+ t′e+) = ϕc−(x) + t′∂+︸︷︷︸
O(1)

ϕc−(x) +
1

2
t′2∂2

+︸ ︷︷ ︸
O(1)

ϕc−(x) + · · ·

cannot be expanded in t′ ∼ 1/Q. It is natural to expect nonlocality of order Q−1 in J2 (as well
as J3, etc.). We can expand ϕc+(x) in shifts in all directions except e−, and ϕc−(x) – in all
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directions except e+:

J2(x) =

∫
dt dt′ C2(t, t′)ϕc+(x+ te−)ϕc−(x+ t′e+)

plus terms suppressed by powers of λ.

In momentum space, for on-shell momenta p = (0, p−,~0) and p′ = (p′+, 0,~0) we have the
matching condition

p p′
= C̃2(p−, p

′
+) , C̃2(p−, p

′
+) =

∫
dt dt′ eip−t−ip

′
+t
′
C2(t, t′) .

At the tree level there is no nonlocality:

C̃
(0)
2 (p−, p

′
+) = 1 , C

(0)
2 (t, t′) = δ(t)δ(t′) .

With 1-loop accuracy,

p p′
= C̃

(1)
2 (p−, p

′
+) +

The SCET loop vanishes at on-shell momenta p = (0, p−,~0), p′ = (p′+, 0,~0), and the 1-loop

correction to C̃2(p−, p′+) is given by the hard loop Ih (3.6):

C̃
(1)
2 (p−, p

′
+) =

g2

(4π)d/2
Ih(p−p

′
+) (3.13)

(note that it depends only on the product p−p′+).

Similarly, the SCET operator J3 is

J3(x) =
1

2

∫
dt1 dt2 dt

′ C3(t1, t2, t
′)ϕc+(x+ t1e−)ϕc+(x+ t2e−)ϕc−(x+ t′e+) + (+↔ −) .

The leading-order matching condition is

p1 p2 p′

+

p1 p2 p′

+ (1↔ 2)

=

p1 p2 p′

+ C̃3

p1 p2 p′
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The first diagram on the second line is identical to the first diagram on the first line, and we may
cancel them. After that, we may put the momenta on-shell, p1 = (0, p1−,~0), p2 = (0, p2−,~0),
p′ = (p′+, 0,~0), and obtain

C̃3(p1−, p2−, p
′
+) =

p1 p2 p′

+ (1↔ 2) =
g

p2−p′+ − i0
+ (1↔ 2) .

In coordinate space,

C3(t1, t2, t
′) =

∫
dp1−
2π

dp2−
2π

dp′+
2π

e−ip1−t1−ip2−t2+ip′+t
′
C̃3(p1−, p2−, p

′
+)

= gδ(t1)θ(−t2)θ(t′) + (1↔ 2) .

In other words,

J3(x) = g ϕc+(x)

∫ 0

−∞
dt ϕc+(x+ te−)

∫ ∞

0

dt′ ϕc−(x+ t′e+) .

Incoming momenta p− correspond to the operator i∂−; outgoing p′+ – to −i∂+:

J3(x) = g ϕc+(x)
1

i∂− − i0
ϕc+(x)

1

−i∂+ − i0
ϕc−(x) .

Let’s check:

∫ 0

−∞
dt ϕ(x+ te−) =

∫
ddk

(2π)d
e−ik·xϕ̃(k)

∫ 0

−∞
dt e−ik−t+0t

=

∫
ddk

(2π)d
i

k− + i0
e−ik·xϕ̃(k) =

i

i∂− + i0

∫
ddk

(2π)d
e−ik·xϕ̃(k) =

i

i∂− + i0
ϕ(x) ;

similarly, ∫ ∞

0

dt ϕ(x+ te+) =
−i

i∂+ − i0
ϕ(x) .

x
x+ αe−

Figure 9: F (x+ αe−).

We can understand this relation also in the following way. Let a
function F (x) be defined as

F (x) =

∫ 0

−∞
dt ϕ(x+ te−) .

Then, for an infinitesimal α (Fig. 9),

F (x+ αe−) = F (x) + α∂−F (x) =

∫ α

−∞
dt ϕ(x+ te−) = F (x) + αϕ(x) ,

and hence ∂−F (x) = ϕ(x) .
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Now we are ready to calculate the form factor with off-shell momenta p = (p+, p−,~0),
p′ = (p′+, p

′
−,~0) in SCET. At 1 loop

p p′
= C̃

(1)
2 + C̃

(0)
3 + C̃

(0)
3 + ,

where C̃
(1)
2 is given by the formula (3.13). The c+ collinear loop diagram (Fig. 10a) is

1

2

g2

(4π)d/2

∫
ddk

iπd/2
C̃3(k− + p−,−k−, p′+)

(−k2 − i0)(−(k + p)2 − i0)

=
g2

(4π)d/2

∫
ddk

iπd/2
1

(−k2 − i0)(−(k + p)2 − i0)(−p′+k− − i0)
=

g2

(4π)d/2
Ic+ ,

where Ic+ is given by the formula (3.7); the c− collinear loop is similar. In the soft loop diagram

(Fig. 10b), p = (p+, p−,~0), p′ = (p′+, p
′
−,~0), k = (k+, k−,~k⊥); momentum conservation holds up

to O(λ), and

g2

(4π)d/2

∫
ddk

iπd/2
1

(−k2 − i0)(−p−(k+ + p+)− i0)(−p′+(k− + p′−)− i0)
=

g2

(4π)d/2
Is ,

where Is is given by the formula (3.8). Thus we have reproduced the result of the method of
regions (Sect. 2) within SCET.

p p′

k + p

−k

a

p p′
k

(k+ + p+, p−,~0) (p′+, k− + p′−,~0)

b

Figure 10: c+ collinear (a) and soft (b) loop diagrams in SCET.

4 QCD

4.1 SQET Lagrangian

Now we consider massless QCD

L = ψ̄i /Dψ − 1

4
F aµνF aµν ,

where igFµν = [iDµ, iDν ] and flavor indices are assumed. We want to construct an effective
theory with soft (kc ∼ (λ2, 1, λ)Q) and collinear (ks ∼ (λ2, λ2, λ2)Q) modes:

ψ → ψc + ψs , Aµ → Aµc +Aµs .
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Of course, in any real physical problems there must be some other characteristic momentum
in addition to kc, otherwise we cannot say that a nearly light-like momentum kc along e+ has
high energy: either the second nearly light-like momentum along e− (kc− ∼ (q, λ2, λ)Q), or the
heavy-quark momentum Mv (v = e0), or something else. We’ll not consider c− collinear modes
explicitly; results for them can be easily obtained by interchanging +↔ −.

The correlator of soft quark fields is

<Tψs(xs)ψ̄s(0)> =

∫
d4k

(2π)4
e−ik·x

i/k

k2 + i0
∼ λ6 ,

and hence
ψs ∼ λ3 ;

the correlator of soft gluon fields is

<TAµs (xs)A
ν
s (0)> =

∫
d4k

(2π)4
e−ik·x

i

k2 + i0

[
−gµν + ξ

kµkν

k2

]
∼ λ4 ,

and hence
Aµs ∼ λ2

(note that the covariant derivative iDµ
s = i∂µs +gAµs ∼ λ2 is homogeneous). The soft Lagrangian

is

Ls = ψ̄si /Dsψs −
1

4
F aµνs F asµν ,

where igFµνs = [iDµ
s , iD

ν
s ]; it is Ls ∼ λ4.

The collinear quark field can be decomposed as

ψc = ξ + η , ξ =
γ+γ−

4
ψc , η =

γ−γ+

4
ψc . (4.1)

The correlators of these fields are

<Tξ(x)ξ(0)> =

∫
d4k

(2π)4
e−ik·x

i

k2 + i0

γ+γ−
4

/k︸︷︷︸
1
2k−γ+

γ−γ+

4
∼ λ2 ,

<Tη(x)η(0)> =

∫
d4k

(2π)4
e−ik·x

i

k2 + i0

γ−γ+

4
/k︸︷︷︸

1
2k+γ−

γ+γ−
4
∼ λ4 ,

and hence
ξ ∼ λ , η ∼ λ2 .

The correlator of collinear gluon fields is

<TAµc (x)Aνc (0)> =

∫
d4k

(2π)4
e−ik·x

i

k2 + i0

[
−gµν + ξ

kµkν

k2

]

(ξ is the gauge parameter), and hence

<Ac+Ac+> ∼ λ4 , <Ac−Ac−> ∼ 1 , <Ac⊥Ac⊥> ∼ λ2 ,
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and Ac ∼ (λ2, 1, λ) (note that the covariant derivative iDµ
c = i∂µc + gAµc ∼ (λ2, 1, λ) is homoge-

neous).
Substituting the decomposition (4.1) into the QCD Lagrangian we obtain

L = i(ξ̄ + η̄)

(
1

2
D+γ− +

1

2
D−γ+ + /D⊥

)
(ξ + η) ,

=
i

2
ξ̄D+γ−ξ +

i

2
η̄D−γ+η + iξ̄ /D⊥η + iη̄ /D⊥ξ .

The equation of motion

/Dψc =

(
1

2
D+γ− +

1

2
D−γ+ + /D⊥

)
(ξ + η) = 0

is decomposed into

γ+ /Dψc = 2D+ξ + /D⊥η = 0 , γ− /Dψc = 2D−η + /D⊥ξ = 0 .

We can express the small field η via the leading field ξ:

η = −1

2
γ−

1

iD− + i0
i /D⊥ξ , η̄ = −1

2
ξ̄i /
←−
D⊥

1

i
←−
D− + i0

γ− .

Substituting this solution into the Lagrangian (or, equivalently, integrating out η) leads to

L =
1

2
ξ̄iD+γ−ξ −

1

2
ξ̄i /D⊥

γ−
iD− + i0

i /D⊥ξ −
1

2
ξ̄i /
←−
D⊥

γ−

i
←−
D− + i0

i /D⊥ξ

+
1

8
ξ̄i /
←−
D⊥

γ−

i
←−
D− + i0

iD−γ+
γ−
D−

/D⊥ξ

=
1

2
ξ̄iD+γ−ξ +

1

2
ξ̄i /D⊥

1

iD− + i0
i /D⊥γ−ξ .

This Lagrangian contains different orders in λ. In order to obtain the leading-order La-
grangian we substitute iD− → iDc− = i∂− + gAc−, iD⊥ → iDc⊥ = i∂⊥ + gAc⊥ and arrive
at

L = ψ̄si /Dsψs −
1

4
F aµνs F asµν

+
1

2
ξ̄

[
i D+︸︷︷︸
i∂++gAc++gAs+(x̄+)

+i /Dc⊥
1

iDc− + i0
i /Dc⊥

]
γ−ξ −

1

4
F aµνc F acµν , (4.2)

where x̄+ ≡ 1
2x−e

µ
+ (multipole expansion) and igFµνc = [iDµ, iDν ], iDµ = 1

2 iD+e
µ
−+ 1

2 iDc−e
µ
++

iDµ
c⊥.
The SCET Lagrangian (4.2) is invariant with respect to soft gauge transformations

Us(x) = eif
a
s (x)ta where the characteristic scale of Us is xs ∼ (λ−2, λ−2, λ−2):

ψs(x)→ Us(x)ψs(x) , Aµs (x)→ Us(x)Aµs (x)U+
s (x)− i

g

(
∂µUs(x)

)
U−1
s (x) .
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The collinear fields transform as

ξ(x)→ Us(x̄+)ξ(x) , Aµc (x)→ Us(x̄+)Aµc (x)U−1
s (x̄−) ,

because
Us(x) = Us(x̄+)− ~x⊥ · ~∂⊥Us(x̄+)︸ ︷︷ ︸

O(λ)

+O(λ2) .

The term
(
∂µUs

)
U−1
s ∼ λ2 is not needed for Ac− and Ac⊥. The component Ac+ only appears

in D+:

Ac+(x) +As+(x̄+)→ Us(x̄+) [Ac+(x) +As+(x̄+)]U−1
s (x̄+) +

i

g
Us(x̄+)

(
∂+U

−1
s (x̄+)

)
,

and iD+ → Us(x̄+)iD+U
−1
s (x̄+).

The Lagrangian (4.2) is also invariant with respect to collinear gauge transformations
Uc(x) = eif

a
c (x)ta where the characteristic scale of Uc is xc ∼ (1, λ−2, λ−1). These fast vary-

ing transformation cannot affect smooth soft fields:

ψs(x)→ ψs(x) , Aµs (x)→ Aµs (x) .

The collinear fields transform as

ξ(x)→ Uc(x)ξ(x) ,

Aµc (x)→ Uc(x)Aµc (x)U−1
c (x) +

1

g
Uc(x)

[
i∂µ + 1

2gAs+(x̄+)eµ−, U
−1
c (x)

]
.

For components we have

Ac⊥(x)→ Uc(x)Ac⊥(x)U−1
c (x) +

i

g
Uc(x)

(
∂⊥U

−1
c (x)

)
,

Ac−(x)→ Uc(x)Ac−(x)U−1
c (x) +

i

g
Uc(x)

(
∂−U

−1
c (x)

)
,

Ac+(x)→ Uc(x)Ac+(x)U−1
c (x) +

i

g
Uc(x)

[
Ds+(x̄+), U−1

c (x)
]
,

so that iD+ → Uc(x)iD+U
−1
c (x).

The SCET Lagrangian (4.2) is not Lorentz invariant – it explicitly contains the vectors e+,
e−. However, these vectors are not uniquely defined by the physical problem. We may change
them keeping soft momenta soft, and collinear momenta – collinear. All physical predictions
remain intact (reparametrization invariance). This symmetry is generated by the following
infinitesimal transformations:

• Lorentz boost e+ → (1 + ε)e+, e− → (1 − ε)e−: collinear momenta remain collinear
(k+ → (1 + ε)k+, k− → (1− ε)k−);

• e+ → e+, e− → e− + ε⊥ (where ε⊥ is an infinitesimal transverse vector):

k− → k−︸︷︷︸
O(1)

+ k · ε⊥︸ ︷︷ ︸
O(λ)

, k⊥ = k− 1
2 (k · e+)e−− 1

2 (k · e−)e+ → k⊥︸︷︷︸
O(λ)

− 1
2k+ε⊥︸ ︷︷ ︸
O(λ2)

− 1
2 (k · ε⊥)e+︸ ︷︷ ︸
O(λ)

;

HQ 2016 21

LECTURES ON SOFT-COLLINEAR EFFECTIVE THEORY

HQ 2016 141



• e+ → e+ + λε⊥, e− → e−:

k+ → k+︸︷︷︸
O(λ2)

+λk · ε⊥︸ ︷︷ ︸
O(λ2)

, k⊥ → k⊥︸︷︷︸
O(λ)

− λ
2 (k · ε⊥)e−︸ ︷︷ ︸
O(λ2)

− λ
2 k−ε⊥︸ ︷︷ ︸
O(λ)

(this transformation mixes different orders in λ).

Of course, if there are also c− collinear modes, the second transformation also has to contain
λε⊥, to keep c− collinear momenta c− collinear.

x

x′

Figure 11: Wilson line.

Wilson lines are widely used in SCET. Therefore we make a
short digression about their properties. The Wilson line in QCD
is defined as

[x′, x] = P exp ig

∫ x′

x

dyµA
µ(y) ; (4.3)

it depends on a contour connecting x with x′. Any contour can
be represented by a sequence of infinitesimal straight segments
(Fig. 11); the path-ordered exponent in (4.3) is defined as the
product of the infinitesimal Wilson lines, corresponding to these segments (from x to x′), ar-
ranged from right to left. An infinitesimal Wilson line transforms under a gauge transformation
as

[x+ dx, x] = 1 + igAµ(x) dxµ → 1 + ig

[
U(x)Aµ(x)U−1(x)− i

g
(∂µU(x))U−1(x)

]
dxµ

= U(x+ dx)U−1(x) + igU(x)Aµ(x)U−1(x) dxµ = U(x+ dx) [1 + igAµ(x) dxµ]U−1(x) ,

x
x+ v dt

Figure 12: W (x+ v dt).

and hence for any finite Wilson line we obtain

[x′, x]→ U(x′)[x′, x]U−1(x) .

This means that, e. g., ψ̄(x′)[x′, x]ψ(x) is a gauge invariant op-
erator. Let’s define

W (x) = [x, x−∞v] = P exp ig

∫ 0

−∞
dt vµA

µ(x+ vt) .

If we consider only gauge transformations which are identical in
the infinite past (U(x − ∞v) = 1), then W (x) → U(x)W (x),
and W−1(x)ψ(x) (as well as ψ̄(x)W (x)) is a gauge invariant
operator. Let’s extend this line (Fig. 12): W (x + v dt) = [1 + igv ·A(x) dt]W (x), and hence
v · ∂W (x) = igv ·A(x)W (x), or v ·DW (x) = 0.

Collinear quarks interact with soft gluons:

Lq =
1

2
ξ̄(x)iD+γ−ξ(x) , iD+ = i∂+ + gAc+(x) + gAs+(x̄+) = iDc+ + gAs+(x̄+) .
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x

x̄+

Figure 13: Soft Wilson line.

If we introduce the soft Wilson line (Fig. 13)

S(x) = P exp ig

∫ 0

−∞
dtAs+(x+ e+t)

(where Ds+S(x) = 0) and redefine the collinear fields as

ξ(x) = S(x̄+)ξ0(x) , Aµc (x) = S(x̄+)Aµc0(x)S−1(x̄+) ,

then

iD+ξ(x)

=
[
S(x̄+)i∂+ +

((
i∂+ + gAs(x̄+)

)
S(x̄+)

)
+ gS(x̄+)Ac0+(x)

]
ξ0(x) = S(x̄+)iDc0+ξ0(x) ,

and the Lagrangian becomes

Lq =
1

2
ξ̄0(x)iDc0+ξ0(x) .

So, in terms of the new field ξ0(x) there is no interaction with soft gluons.
Similarly, collinear gluons interact with soft gluons: Fµνc in the Lagrangian (4.2) contains

not only Aµc but also Aµs (because of D+). The transformation to Aµc0 leads to

iDc− = i∂− + gS(x̄+)Ac0−(x)S−1(x̄+) = S(x̄+)iDc0−S
−1(x̄+) ,

because ∂−S(x̄+) = 2∂S(x̄+)/∂x+ = 0; iDc⊥ = S(x̄+)iDc0⊥S−1(x̄+); and

iD+ = S(x̄+)i∂+S
−1(x̄+)− S(x̄+)

(
i∂+S

−1(x̄+)
)

+ gAs+(x̄+) + gS(x̄+)Ac0+(x)S−1(x̄+)

= S(x̄+)iDc0+S
−1(x̄+)

because S(x̄+)
(
i∂+S

−1(x̄+)
)

= −
(
i∂+S(x̄+)

)
S−1(x̄+) = gAs+(x̄+), iDs+S = (i∂+ + gAs+)S = 0

(note that iDc0+ = i∂+ + gAc0+ does not contain the soft gluon field). Therefore,

Lg = −1

2
TrFc0µνF

µν
c0 ,

where Fµνc (x) = S(x̄+)Fµνc0 (x)S−1(x̄+), and Fµνc0 does not contain the soft gluon field. So, in
terms of the new field Aµc0 there is no interaction with soft gluons.

x

Figure 14: Collinear Wilson
line.

Using the collinear Wilson line (Fig. 14)

W (x) = P exp ig

∫ 0

−∞
dtAc−(x+ te−)

we can redefine the collinear fields as

ξ(x) = W (x)χ(x) , Aµ(x) = W−1(x)
(
iDµ

cW (x)
)

(note that A− = 0, A+ ∼ λ2, A⊥ ∼ λ). Defining also the
covariant derivative

iDµ = W−1(x)iDµ
cW (x) = i∂µ +Aµ,
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we can rewrite the collinear quark Lagrangian in (4.2) as

Lq =
1

2
χ̄iD+γ−χ+

1

2
χ̄i /D⊥

1

i∂− + i0
i /D⊥γ−χ =

1

2
χ̄iD+γ−χ−

i

2
χ̄γ−i /D⊥

∫ 0

−∞
dt (i /D⊥χ) x+te− ,

because W−1(x)iDc−W (x) = i∂− and hence

W−1(x)
1

iDc− + i0
W (x) =

1

i∂− + i0
.

Nonlocality in e− direction is ∼ Q−1. Similarly, the collinear gluon Lagrangian in (4.2) becomes

Lg = − 1

2g2
TrFµνFµν ,

where

W−1FcµνW = Fµν =
1

g
(∂µAν − ∂νAµ − i[Aµ,Aν ]) .

4.2 Vector quark current

Now we shall consider the quark vector current

Jµ(x) = ψ̄(x)γµψ(x)

in the kinematical situation c− → c+. Of course, we need both c+ collinear fields (discussed in
Sect. 4.1) and c− collinear ones (all formulas for them can be easily obtained by the interchange
+ ↔ −). The QCD field ψ(x) becomes S−(x̄−)χ−(x) (where x̄− = 1

2x+e−, γ−χ− = 0);

similarly, ψ̄(x) becomes χ̄+(x)S+
+(x̄+) (where x̄+ = 1

2x−e+, γ+χ+ = 0). Similarly to Sect. 3.3,

Jµ(x) =

∫
dt dt′ CV (t, t′)χ̄+(x+ te−)S+

+(x̄+)S−(x̄−)γµ⊥χ−(x+ t′e+) + · · ·

The integration region is xµ ∼ (1, 1, λ−1)Q−1 (Fig. 8), and we can use the multipole expansion
to get

Jµ(x) =

∫
dt dt′ CV (t, t′)χ̄+(x̄− + x⊥ + te−)S+

+(0)S−(0)γµ⊥χ−(x̄+ + x⊥ + t′e+) + · · ·

So, at the leading order in λ the matrix element of Jµ (the form factor) can be factorized,

p p′

= ⊗ ,
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to all orders in αs. The matrix element of S+
+(0)S−(0) is the soft factor S, the soft Wilson line

with the cusp. The matching coefficient C̃V is the hard factor, and the propagators of χ+ and
χ− produce the jet factors:

F (−q2,−p2,−p′2) = C̃V (−q2)J−(−p2)J+(−p′2)S

(
(−p2)(−p′2)

−q2

)
.

The coefficient CV is obtained by matching the on-shell matrix elements in QCD and SCET:
the quark momenta are p = (p+, 0,~0), p′ = (0, p′−,~0). At the tree level

p p′
= C̃V (p+, p

′
−) ,

and hence

C̃
(0)
V (p+, p

′
−) = 1 , C

(0)
V (t, t′) = δ(t)δ(t′) .

At 1 loop

p p′
= C̃

(1)
V (p+, p

′
−) ,

because SCET loops vanish. The calculation of this loop diagram is similar to that of Ih
(Sect. 3.2), the result is

CV (−q2) = 1− CF
g2

0(−q2)−ε

(4π)d/2
Γ(1 + ε)Γ2(1− ε)

Γ(1− 2ε)

[
2

ε2
+

3 + 2ε

ε(1− 2ε)

]

= 1− CF
g2

0(−q2)−ε

(4π)d/2
e−γε

(
2

ε2
+

3

ε
− π2

6
+ 8 +O(ε)

)
.

Re-expressing this matching coefficient via the MS coupling αs(µ), we obtain

CV (−q2) = 1− CF
αs(µ)

4π

(−q2

µ2

)−ε(
2

ε2
+

3

ε
− π2

6
+ 8

)
.

The bare matching coefficient should be equal to CV (−q2) = Z−1CV (−q2, µ), where the renor-
malized matching coefficient CV (−q2, µ) is finite at ε→ 0, and Z is a minimal renormalization
constant (containing only negative powers of ε). We arrive at

Z = 1 + CF

(
2

ε2
− 2

ε
log
−q2

µ2
+

3

ε

)
αs(µ)

4π
,

CV (−q2, µ) = 1 + CF

(
− log2 −q2

µ2
+ 3 log

−q2

µ2
+
π2

6
− 8

)
αs(µ)

4π
.

The bare matching coefficient does not depend on µ:

d logCV (−q2)

d logµ
= 0 = −d logZ

d logµ
+
d logCV (−q2, µ)

d logµ
.
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The SCET vector current anomalous dimension is defined by

d logZ

d logµ
= Γ(αs(µ)) log

−q2

µ2
+ γV (αs(µ)) ;

the renormalized matching coefficient satisfies the renormalization group (RG) equation

d logCV (−q2, µ)

d logµ
= Γ(αs(µ)) log

−q2

µ2
+ γV (αs(µ)) . (4.4)

Taking into account d logαs(µ)/d logµ = −2ε+O(αs), we obtain

Γ(αs) = 4CF
αs
4π

+O(α2
s) , γV (αs) = −6CF

αs
4π

+O(α2
s) .

Here Γ(αs) is called the light-like cusp anomalous dimension.
The solution of the RG equation (4.4) can be written as

CV (−q2, µ) = U(µ0, µ)CV (−q2, µ0) ,

where the evolution factor U(µ0, µ) satisfies the equation

d logU(µ0, µ)

d logµ
= Γ(αs(µ)) log

−q2

µ2
+ γV (αs(µ))

with the initial condition U(µ0, µ0) = 1. The anomalous dimensions have the form

Γ(αs) = Γ0
αs
4π

+ Γ1

(αs
4π

)2

+ · · · , γV (αs) = γV 0
αs
4π

+ γV 1

(αs
4π

)2

+ · · · .

Dividing this equation by the evolution equation for αs(µ),

d logαs(µ)

d logµ
= −2β(αs(µ)) , β(αs) = β0

αs
4π

+ β1

(αs
4π

)2

+ · · · ,

we obtain

d logU(µ0, µ)

d logαs
= − 1

2β(αs)

[
Γ(αs)

(
log
−q2

µ2
0

− 2 log
µ

µ0

)
+ γV (αs)

]
.

We substitute

log
µ

µ0
= −

∫ αs(µ)

αs(µ0)

dαs
αs

1

2β(αs)

and arrive at the solution

U(µ0, µ) = exp [S(µ0, µ)−AγV (µ0, µ)]

(−q2

µ2
0

)−AΓ(µ0,µ)

, (4.5)

where

Aγ(µ0, µ) =

∫ αs(µ)

αs(µ0)

dαs
αs

γ(αs)

2β(αs)
=

γ0

2β0
log r +O(αs) ,

S(µ0, µ) = −
∫ αs(µ)

αs(µ0)

dαs
αs

Γ(αs)

2β(αs)

∫ αs

αs(µ0)

dα′s
α′s

1

β(α′s)

=
Γ0

2β2
0

[
4π

αs(µ0)

(
r − 1

r
− log r

)
+

(
Γ1

Γ0
− β1

β0

)
(1− r + log r) +

β1

2β0
log2 r

]
+O(αs) ,

and r = αs(µ)/αs(µ0).
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Figure 15: Soft
function.

The soft function at 1 loop (Fig. 15) is

S(1) = −2CF
g2

0

(4π)d/2
(−q2)Is ,

see Sect. 3.2. Therefore,

S(Λ2
s) = 1− 2CF

g2
0(Λ2

s)
−ε

(4π)d/2
Γ(1− ε)Γ2(ε)

= 1− 2CF
αs(µ)

4π

(
Λ2
s

µ2

)−ε(
1

ε2
+
π2

4

)
= Z−1

S S(Λ2
s, µ) ,

where

ZS = 1 + 2CF

(
1

ε2
− 1

ε
log

Λ2
s

µ2

)
αs(µ)

4π
+O(α2

s) ,

S(Λ2
s, µ) = 1− CF

(
log2 Λ2

s

µ2
+
π2

2

)
αs(µ)

4π
+O(α2

s) .

The renormalized soft function satisfies the RG equation

d logS(Λ2
s, µ)

d logµ
= Γ(αs(µ)) log

Λ2
s

µ2
+ γS(αs(µ)) ,

where
γS(αs) = 0 +O(α2

s) .

To summarize: the quark form factor at the leading order in λ is equal to

F (−q2,−p2,−p′2) = CV (−q2, µ)J(−p2, µ)J(−p′2, µ)S(Λ2
s, µ) , (4.6)

where

Λ2
s =

(−p2)(−p′2)

−q2
.

It does not depend on µ:

d logF (−q2,−p2,−p′2)

d logµ
= 0

=
d logCV (−q2, µ)

d logµ
+
d log J(−p2, µ)

d logµ
+
d log J(−p′2, µ)

d logµ
+
d logS(Λ2

s, µ)

d logµ
.

The anomalous dimensions are

d logCV (−q2, µ)

d logµ
= Γ(αs(µ)) log

−q2

µ2
+ γV (αs(µ)) ,

d log J(−p2, µ)

d logµ
= −Γ(αs(µ)) log

−p2

µ2
− γJ(αs(µ)) ,

d logS(Λ2
s, µ)

d logµ
= Γ(αs(µ)) log

Λ2
s

µ2
+ γS(αs(µ)) ,
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where Γ(αs) is the light-like cusp anomalous dimension. Therefore, the following condition has
to be satisfied:

Γ(αs(µ))

[
log
−q2

µ2
− log

−p2

µ2
− log

−p′2

µ2
+ log

(−p2)(−p′2)

(−q2)µ2

]

+ γV (αs(µ))− 2γJ(αs(µ)) + γS(αs(µ)) = 0 .

This condition explains why the coefficient of the logarithm in each anomalous dimension is
Γ(αs).

−q2

−p2 ∼ −p′2

Λ2
s

µ2

CV (−q2, µ)

J(−p2, µ)

S(Λ2, µ)

Figure 16: Running the factors in the factorization formula.

We have to use the same normalization scale µ in all factors in the factorization formula (4.6).
However, in order to avoid large logarithms in perturbative series it is better to calculate
CV (−q2, µ) at µ2 ∼ −q2; J(−p2, µ) and J(−p′2, µ) at µ2 ∼ −p2 ∼ −p′2; and S(Λ2

s, µ) at
µ2 ∼ Λ2

s. Then we use the RG equations to run these factors to a common µ2 (Fig. 16).

5 Conclusion

In these lectures we discussed basics of SCET-I as applied to a single problem, the form factor
with large −q2 and small −p2 ∼ −p′2. For applications of SCET to numerous physical problems,
both in heavy quark physics and in high energy hadron collider physics, see [1, 2] and references
cited therein.

I am grateful to the organizers of the Helmholtz–DIAS International Summer School “Quan-
tum Field Theory at the Limits: from Strong Fields to Heavy Quarks” (Dubna, July 18–30)
for inviting me.
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The physics of heavy quarks becomes a very reach area of study thanks to an excellent
operation of hadron colliders and B-factories and exciting results from them. Experimen-
tal data obtained allows to get some information about the heavy hadron dynamics. In
this case, the models for the heavy hadron wave-functions are required to do theoretical
predictions for concrete processes under study. In many cases, the light-cone description
is enough to obtain theoretical estimates for heavy hadron decays. A discussion of the
wave-functions of the B-meson and heavy bottom baryons in terms of the light-cone dis-
tribution amplitudes is given in this paper. Simple models for the distribution amplitudes
are presented and their scale dependence is discussed. Moments of the distribution am-
plitudes which are entering the branching fractions of radiative, leptonic and semileptonic
B-mesons decays are also briefly discussed.

1 Introduction

Physics of heavy hadrons, both experimental and theoretical, still remains a hot topic at present.
From one side, the remarkable operation of the hadron collider LHC at CERN provides us
with a lot of interesting and exciting results and, from the other side, many more results can
be obtained from the B-factory at KEK which is under construction now and hopefully to
be run in a year from now. Among the excellent achievements obtained at the LHC, there
is the measurement of the rare purely leptonic decay Bs → µ+µ− by the LHCb and CMS
collaborations [1] in a nice agreement with the theoretical expectations based on the Standard
Model (SM) (see, for example, [2] and reference therein) and the evidence of the similar decay
B0 → µ+µ− seen by the same collaborations [1] is also in agreement with the SM predictions [2].
Let us note that both decays were considered as a clean candle into possible new physics at
the flavor-physics frontue, when predicted branching fractions are substantially larger the SM
expectations. At the statistics have been already collected at the LHC, it starts possible to
make a detail combine analysis of the rare B → K(∗)`+`− decays, where ` = e, µ, in the lepton-
pair invariant mass squared and spherical angles. In particular, some quantities show a sizable
deviation from theoretical predictions and these require theoretical explanation. The other
semileptonic decay B+ → π+µ+µ− have been also observed at the LHC [3] and, on the Run-II
statistics, for the first time partially integrated branching fraction over the lepton-pair invariant
mass divided into 8 bins have been experimentally obtained [4] in a good agreement with the
SM predictions. All these results need to be approved at the B-factory SuperKEKB after its
operation will start and, in addition, one should wait new exciting results as several B-meson
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decay modes, being unobservable at the LHC, can be measured by the Belle collaboration and
are of great importance to get a complete picture of B-meson physics. Among them, one can
specify the decays like B → K(∗)νν̄ and B0 → π0`+`−.

In a difference to B-meson decays, the situation with bottom baryons is a little bit worser
as the SuperKEKB machine is not designed for the Λb and heavier baryon production. So, the
LHC is the only source for the bottom-baryon study for quite some time. As the result, only
limited information about this part of the hadronic sector is available and a lot of theoretical
predictions will wait their check for future experimental facilities. Interesting processes are the
rare semileptonic decays Λb → Λ`+`− decays, where ` = e, µ, which are the baryonic realization
of the flavor-changing neutral current transition b→ s`+`−, quite sensitive to induced by loop
diagrams contributions from new physics.

Theoretical predictions for weak decays require some information about the dynamics of
light quarks in heavy hadrons — B(s)-meson and bottom baryon. Several approaches have

been already worked out and, in some cases, experimentally checked like B → K(∗)`+`− decays,
where ` = e, µ, both at B-factories at SLAC and KEK and at the hadron colliders at FNAL and
CERN. Among them, factorization approaches are of priority. In particular, the Soft-Collinear
Effective Theory (SCET) originally suggested for making prediction based on the idea of the
energy separation of light degrees of freedom in weak decays, have become a powerful tool for
other multiscale processes which are under intensive study at the LHC now. As a byproduct
of this theory, one needs to know several moments of the heavy-hadron wave-function which
are entering invariant amplitudes of decays. Moreover, even a shape of the heavy-hadron wave-
function is required to determine the momentum-squared dependence of the transition form
factors. So, a business connected with a study of the dynamical properties of the heavy-hadron
wave-functions is a useful direction in theoretical high-energy physics and its basis and some
applications, this lecture is devoted.

2 Light-Cone Distribution Amplitudes of B-Meson

The dynamics of a light quark inside a heavy meson is convenient to describe within the Heavy
Quark Effective Theory (HQET) [5, 6, 7]. In this approach, the heavy antiquark is considered
as an external source (either static or slowly moving in dependence on the frame specified)
and the light quark completely determines the meson properties. So, HQET is a useful tool
in theoretical analysis of heavy hadrons. As the heavy meson is very similar to the hydrogen
atom (see Fig. 1), one should use the effective mass of heavy meson Λ̄ = mM −mQ which is
nothing else but the difference between the meson mass mM and the heavy-quark mass mQ.
Applying the pole scheme for the heavy antiquark, one can get the estimate Λ̄ ' 0.5 GeV for the
lowest-mass D- and B-mesons [8]. The analogy between the heavy meson and hydrogen atom
can be extended even further taking into account the fact that in the limit of an infinitely large
mass of the heavy antiquark the heavy-quark spin does not influence the light-quark dynamics
and, so, decouples. Such an approximation is known as the Heavy-Quark-Symmetry (HQS)
limit in which the heavy quark can be considered as a spinless particle. In working out the
dynamical properties of the meson, one can assume the heavy quark to be a scalar particle and
study the so-called “spinor” meson [9]. The realistic quantum numbers of the meson and its
wave-function can be obtained after a contraction with the heavy-quark spin.

The bilocal operator interpolating the heavy meson in the valence quark-antiquark approx-
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Figure 1: The similarity between the hydrogen atom (left) and heavy meson (right).

imation (the lowest Fock state) in the HQS limit is as follows [9]:

Õ(z) = Q∗(0)P exp

{
−igst

∫ z

0

dz′µAaµ(z′)
λa

2

}
q(z) = Q∗(0)E(0, z) q(z). (1)

The link between the quarks is the path-ordered exponential called the Wilson line [10], where
Aaµ(z) is the gluonic field, gst is the strong coupling, and λa (a = 1, . . . , 8) are the Gell-Mann
matrices. Sometimes it is convenient to use the notation: Aµ = Aaµλ

a/2.
In many exclusive decays of the B-meson only one projection of the light-quark momentum

gives the dominant contribution into the decay amplitude. So, it is necessary to find such
a direction and study the dependence of the meson quantities on the corresponding momen-
tum projection. On this way, the light-cone representation of four-vectors appears to be very
convenient. To get a corresponding decomposition, one needs to introduce a light cone and
specify two light-like four-vectors on it, for example, nµ± = (1, 0, 0,∓1) /

√
2, where n2

± = 0 and
(n+n−) = 1. They can be related with physical vectors presented in a problem. In particular,
if one assumes that the light quark in the bilocal operator (1) is a massless particle situated
on the light cone and the gauge link is a straight line connecting its position with the origin,
the four-vector nµ+ can be directed along this link. In this case, dz′µ = dz′−n

µ
+ in (1) and

the variable z′− specifies the position of the gluon field on the line. The decomposition of an
arbitrary four-vector is as follows:

Aµ = A+n
µ
− +A−n

µ
+ +Aµ⊥, (2)

where A± = nµ±Aµ are two light-cone projections. Note that the scalar product (Aa(z′)dz′) =
Aa+(z′−)dz′− in the exponential in (1) and turns out to be zero in the Fock-Schwinger gauge
Aa+(z′−) = 0. In this gauge, adopted further in this paper, the gauge link becomes trivial,
E(0, z) = 1, and the expression for the meson bilocal current (1) simplifies.

The meson-to-vacuum transition matrix element at z2 = 0 [9] is of our interest:

〈0|Q∗(0) q(z)|M(v)〉 = fM

{
ϕ̃+(t) + [ϕ̃−(t)− ϕ̃+(t)]

ẑ

2t

}
U(v), (3)

where fM is a constant with the dimension of a mass, t = (vz) is the time in the heavy-meson
rest frame, where the meson four-velocity is vµ = (1, 0, 0, 0), the bispinor U(v) is the non-
relativistic wave-function of the “spinor-like” meson, and ϕ̃±(t) are the distribution amplitudes
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(DAs) of the heavy meson. The Fourier transforms of DAs are usually required in constructing
matrix elements of heavy meson decays:

ϕ̃±(t) =

∫ ∞

0

dω e−iωtφ±(ω). (4)

In performing calculations, it is convenient to introduce the projection operator onto the
B(∗)-meson state. Note that the heavy B- and B∗-mesons are degenerate in this approach. The
B-meson-to-vacuum transition matrix element at z2 = 0 in the real world after the heavy-quark
spin is taken into account can be written in the form [9, 11]:

〈0|q̄α(z)hv,β(0)|B̄(∗)(v)〉 = ηB(∗)
ifB(∗)mB(∗)

4

[
(1 + v̂)

{
ϕ̃B+(t)−

[
ϕ̃B+(t)− ϕ̃B−(t)

] ẑ
2t

}
γ5(ε̂)

]

βα

, (5)

where εµ is the polarization vector of the B∗-meson, ηB = −1 for the B-meson and ηB∗ = 1
for the B∗-meson. The HQS gives the relations fB∗ = fB and ϕ̃B

∗
± (t) = ϕ̃B±(t).

The projection operator onto the three-particle state can be also determined through the
B-meson-to-vacuum transition matrix element at z2 = 0 both for the “spinor-like” meson
and after the spin of the heavy quark is switched on. For this matrix element one needs to
introduce four distribution amplitudes [12]: Ψ̃B

A(t, u), Ψ̃B
V (t, u), X̃B

A (t, u), and Ỹ BA (t, u). The
corresponding projection operator 〈0|q̄α(z)Gλρ(uz)hv,β(0)|B̄(v)〉 was also worked out and can
be found in [13]: A similar projection operator for B∗-meson-to-vacuum transition matrix
element at z2 = 0 can be easily obtained from the above one after making the replacement
γ5 → ε̂∗ as in (5).

Equations of motion (EoM) for heavy and light quarks which are assumed to be on the mass
shell result into relations among the B-meson DAs [12]:

φB+(ω) + ω
dφB−(ω)

dω
= I(ω),

(
ω − 2Λ̄

)
φB+(ω) + ω φB−(ω) = J(ω), (6)

where I(ω) and J(ω) are determined by the three-particle quark-antiquark-gluon DAs [12]. The
Wandzura-Wilczek [9] relation follows from the first equation in (6) when I(ω) = 0:

φB−(ω) =

∫ ∞

ω

φB+(ω′)

ω′
dω′. (7)

The basic property of the B-meson DAs is their scale dependence and one needs to know
corresponding evolution equations. For the leading B-meson DA, this equation was worked out
by B. Lange and M. Neubert [14]:

dφB+(ω;µ)

d lnµ
= −αst(µ)CF

π

∫ ∞

0

dω′ γLN(ω, ω′;µ)φB+(ω′;µ), (8)

where CF = 4/3. The Lange-Neubert anomalous dimension is as follows [14]:

γLN(ω, ω′;µ) =

(
ln
µ

ω
− 5

4

)
δ (ω − ω′)− ΓLN(ω′, ω), (9)

ΓLN(ω′, ω) =

[
ω

ω′
Θ (ω′ − ω)

ω′ − ω +
Θ (ω − ω′)
ω − ω′

]

⊕
. (10)
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Figure 2: The B+ → `+ν`γ decay amplitudes in the leading order in perturbation theory.

Here, the ⊕-convention is introduced:

∫ ∞

0

dω′f(ω′) [γ(ω′, ω)]⊕ =

∫ ∞

0

dω′ [f(ω′)− f(ω)] γ(ω′, ω). (11)

It was also shown in [14] that the Lange-Neubert kernel factorizes in the space of moments:

Γ̃LN(N) =

∫ ∞

0

dω
( ω
ω′

)N−1

ΓLN(ω′, ω) = −Ψ(N)−Ψ(−N)− 2γE, (12)

where γE = 0.577216 is the Euler’s constant and Ψ(x) = Γ′(x)/Γ(x) is the digamma function.
The analytic solution of the evolution equation can be written in the integral form as follows:

φB+(ω;µ) =
1

2π

∫ +∞

−∞
dt ϕ0(t) f(ω, µ, µ0, it). (13)

It depends on the function f(ω, µ, µ0, it) which can be calculated in the perturbation theory.
The other function ϕ0(t) is arbitrary and fixed by the condition ϕ0(0) = λ−1

B only. The shape
of ϕ0(t) can be determined after a model for φB+(ω;µ) is specified.

3 Applications of B-meson DAs

The B-meson distribution amplitudes, usually in the form of inverse moments, are entering the
exclusive decay amplitudes of B-mesons. In this section some processes where the distribution
amplitudes are important, are presented and briefly discussed.

3.1 B+ → `+ν`γ Decay

Let us start the discussion with one of the most clean B-meson decay modes — the radia-
tive leptonic B+ → `+ν`γ decay. In the leading order in the perturbation theory, the decay
amplitude is presented by two Feynman diagrams shown in Fig. 2 and can be written as follows:

M =
4GF√

2
V ∗ub

〈
γ(p, ε)

∣∣b̄γµ (1− γ5)u
∣∣B+(v)

〉
[ū(q`)γ

µ (1− γ5)u(qν)] . (14)

The B+ → γ transition matrix element entering this amplitude can be parameterized by two
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form factors FV (Eγ) and FA(Eγ) [15]:

〈
γ(p, ε)

∣∣b̄(0)γµ (1− γ5)u(0)
∣∣B+(v)

〉
(15)

=
√

4πα {εµρστvρpσε∗τ FV (Eγ)− i [(vp)ε∗µ − (vε∗)pµ]FA(Eγ)} ,

where Eγ = (vp) = mB

(
1− q2/m2

B

)
/2 is the photon energy. The kinematical region of the

process is determined by the condition Eγ � ΛQCD, with ΛQCD being the QCD parameter,
where perturbative QCD methods for exclusive processes can be applied.

It was demonstrated that in this order the factorization approach is applicable and the most
convenient tool for the QCD factorization implementation is the Soft-Collinear Effective Theory
(SCET) [16, 17, 18]. We are not going to discuss this theory in details but give the following
references [19, 20], where a detail discussion of this theory can be found.

The differential width of the B+ → `+ν`γ decay calculated within the SCET can be written
in the form [21]:

dΓ

dEγ
=
αG2

F f
2
B |Vub|2m4

B

54π2

(
CSCET

3

)2 xγ (1− xγ)

Λ2
B(Eγ)

, (16)

where xγ = 2Eγ/mB is the reduced photon energy. The coefficient CSCET
3 results after matching

QCD and SCET operators at the hard scale µF = mB :

CSCET
3 = 1 +

αs(mB)CF
4π

[
−2 log2 xγ − 2 Li2(1− xγ) +

3xγ − 2

xγ − 1
log xγ − 6− π2

12

]
. (17)

The differential decay width (16) depends on non-perturbative parameters — the first inverse
moment of the leading DA φB+(k+;µF ) and its logarithmic extensions in the form [21]:

Λ−1
B (Eγ) = e−S(Eγ ;µF )

∫
dk+

k+
φB+(k+;µF )

{
1 +

αsCF
4π

[
log2 2Eγk+

µ2
F

− π2

12
− 1

]}
. (18)

Here, the exponential factor e−S(Eγ ;µF ) appears after resummation of large Sudakov logarithms.
It should be noted that power corrections of order of O(1/mB , 1/(2Eγ)) to the decay rate are
also calculated recently [22].

The B+ → `+ν`γ decay was a subject of intensive experimental searches on the B-factories
at SLAC and KEK. In particular, the experimental analysis for the partial branching fraction in
the photon-energy interval Esig

γ = [1 GeV,mB/2] with the full dataset of (771.6±10.6)×106 BB̄
pairs has been reported by the Belle collaboration recently [23]. The upper limits (@ 90% C. L.)
presented are as follows: B(B+ → e+νeγ) < 6.1 × 10−6, B(B+ → µ+νµγ) < 3.4 × 10−6, and
B(B+ → `+ν`γ) < 3.5 × 10−6. The last one was translated into the restriction on the first
inverse moment [23]:

λB =

[∫ ∞

0

dk+

k+
φB+(k+)

]−1

> 238 MeV. (19)

This result is in good agreement with the theoretical estimates being within the interval []:
300 MeV < λB < 600 MeV.

The related topic is the shape of the B+ → γ form factors entering the transition matrix
element (15). Both the vector and axial-vector form factors with account of the soft contribution

are known [24]. Neglecting radiative and 1/mB corrections, the form factors are equal F
(0)
V =
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F
(0)
A = F

(0)
B→γ∗ . The corresponding soft contribution is estimated by the LCSRs method [24]:

F
(0)
B→γ∗(Eγ) =

QufBmB

2EγλB(µ)
+
QufBmB

2Eγ

∫ ω0

0

dω

[
2Eγ
m2
ρ

e−(2Eγω−m2
ρ)/M2 − 1

ω

]
φB+(ω, µ), (20)

where Qu = 2/3 is the electric charge of the u-quark, M is the Borel parameter, and mρ '
775 MeV is the ρ-meson mass [8]. Note that the isospin symmetry is implicitly assumed which
means that the difference between the ρ- and ω-mesons is neglected. The soft part of the form
factor (the second term in (20)) is also dependent on the other non-perturbative parameter —
the effective threshold s0 = 1.2 GeV, where ω0 = s0/(2Eγ). It was also demonstrated that a
choice of a model for the B-meson DA influences a result for the form factor but this dependence
is not substantial.

3.2 Bq → γγ and Bq → `+`−γ Decays

The interesting problem within the SCET is the universality of non-perturbative effects in
leptonic and radiative B-meson decays. Let us start with the radiative Bq → γγ decay, where
q = d or s, the decay width of which can be written as follows [25]:

Γ =
α2G2

F f
2
Bm

5
B

144π3
|VtqV ∗tb|2

∣∣Ceff
7 CSCET

9

∣∣2 1

Λ2
B(mB/2)

. (21)

Similar processes are the ones where one of the photons is virtual and decaying into the lepton
pair. The differential decay width of Bq → `+`−γ, where ` = e, µ, has the form [25]:

dΓ

dEγ
=
α3G2

F f
2
Bm

4
B

1728π4
|VtqV ∗tb|2

xγ (1− xγ)

Λ2
B(Eγ)

[∣∣∣∣Ceff
9 CSCET

3 +
2Ceff

7

1− xγ
CSCET

9

∣∣∣∣
2

+
∣∣C10C

SCET
3

∣∣2
]
, (22)

where xγ = 2Eγ/mB . The coefficient CSCET
3 (17) determines the differential width of the

B+ → `+ν`γ decay while the decays considered above are dependent on the other coefficient
CSCET

9 which also results after perturbative matching of QCD and SCET operators at the scale
µF = mB :

CSCET
9 = 1 +

αs(mB)CF
4π

[
log

m2
B

µR
− 2 log2 xγ + 2 log xγ − 2 Li2(1− xγ)− 6− π2

12

]
. (23)

These examples explicitly show the necessity to know two coefficients CSCET
3 and CSCET

9

only for performing theoretical analysis of the radiative and leptonic radiative B-mesons decays.
As for the B-meson DAs, all three decays considered are dependent on Λ−1

B (µ) (18) and this
quantity can be independently determined from the analysis of each decay. This can be a good
universality test of the soft contribution determined by the B-meson dynamics.

3.3 B+ → π+`+`− Decays

The other good example of the B-meson decays which are sensitive to the B-meson distribution
amplitudes are rare semileptonic decays like the B+ → P `+`− decay, where P = π, K, η(′) and
` = e, µ. In this lecture some details of the B+ → π+`+`− decay are presented.
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Detailed perturbative analysis in full kinematical region of q2, the lepton-pair invariant mass
squared, was undertaken in [26]. The differential branching fraction is as follows:

dBr (B+ → π+`+`−)

dq2
=

G2
Fα

2
emτB

1024π5m3
B

|VtbV ∗td|2
√
λ(q2)

√
1− 4m2

`

q2
F (q2). (24)

This expression contains the dynamical function:

F (q2) =
2

3
λ(q2)

(
1 +

2m2
`

q2

) ∣∣∣∣Ceff
9 f+(q2) +

2mb

mB +mπ
Ceff

7 fT (q2)

∣∣∣∣
2

(25)

+
2

3
λ(q2)

(
1− 4m2

`

q2

) ∣∣Ceff
10

∣∣2 f2
+(q2) +

4m2
`

q2

(
m2
B −m2

π

)2 ∣∣Ceff
10

∣∣2 f2
0 (q2),

where Ceff
i are the effective Wilson coefficients which are specific combinations of Wilson coef-

ficients entering the effective weak b→ d Hamiltonian:

H(b→d)
eff = −4GF√

2

[
V ∗tbVtd

10∑

i=1

Ci(µ)Oi(µ) + V ∗ubVud

2∑

i=1

Ci(µ)
(
Oi(µ)−O(u)

i (µ)
)]

+ h. c. (26)

Here, GF is the Fermi constant, Ci(µ) are Wilson coefficients, Oi(µ) are the dimension-six
operators, and Vij are Cabibbo-Kobayashi-Maskawa (CKM) matrix elements. One can easily
recognize that the products V ∗tbVtd ∼ V ∗ubVud ∼ λ3 are of the same order in λ = sin θC , where
θC is the Cabibbo angle.

The dynamical function (25) is depended on three form factors f+(q2), f0(q2), and fT (q2)
which are non-perturbative scalar functions of the momentum transfered squared. They are
entering the vector and tensor B → π transition matrix elements. The Heavy-Quark Symmetry
(HQS) is applicable in the large-recoil limit (small q2-values) and relates these form factors [11]:

f0(q2) =

(
m2
B +m2

π − q2

m2
B

)[{
1 +

αs(µ)CF
4π

(
2− 2L(q2)

)}
f+(q2)

+
αs(µ)CF

4π

m2
B(q2 −m2

π)

(m2
B +m2

π − q2)2
∆Fπ

]
, (27)

fT (q2) =

(
mB +mπ

mB

)[(
1 +

αs(µ)CF
4π

(
ln
m2
b

µ2
+ 2L(q2)

))
f+(q2)

− αs(µ)CF
4π

m2
B

m2
B +m2

π − q2
∆Fπ

]
, (28)

where for simplicity the following quantities are introduced:

L(q2) =

(
1 +

m2
B

m2
π − q2

)
ln

(
1 +

m2
π − q2

m2
B

)
, ∆Fπ =

8π2fBfπ
NcmBλB

〈
ū−1

〉
π
. (29)

The last quantity ∆Fπ contains the first inverse moments of π- and B-meson:

〈
ū−1

〉
π

=

∫
du
φπ(u)

1− u , λ−1
B ≡

〈
ω̄−1

〉
+

=

∫
dω
φB+(ω)

ω
. (30)

8 HQ 2016

DISTRIBUTION AMPLITUDES OF HEAVY HADRONS: THEORY AND APPLICATIONS

HQ 2016 157



Only one form factor f+(q2) is required for getting the q2-distribution in this decay which can
be fitted from the data on the B → π`+ν` decays [26].

Within the factorization approach, it is also possible to calculate some types of power-
suppressed corrections in the B → π`+`− decay, in particular, the annihilation contributions.
This type of corrections contains the q2-dependent first inverse moment of the sub-leading
B-meson LCDA:

λ−1
B,−(q2) =

∫ ∞

0

φB−(ω) dω

ω − q2/MB − iε
. (31)

Note the specific feature of this moment: it is logarithmically divergent at q2 → 0 because
the sub-leading LCDA φB−(ω) turns out to be constant at small ω, φB−(ω)|ω→0 ∼ const. Nev-
ertheless, such a fiture does not result a problem in the numerical analysis of the differential
branching fraction as the kinematical lower cut q2 ≥ 4m2

` exists in the semileptonic B → π`+`−

decay. Annihilation contributions of a similar type enter also in decay amplitudes of similar
semileptonic B → V‖`+`− decays, where V‖ is the longitudinally polarized light vector me-
son [27]. Decays with a transversely polarized vector meson in the final state are dependent on
φB+(ω) to the leading order. In the limit q2 = 0, the corresponding branching fraction is finite
and can be related with the branching ratios of rare radiative B → V γ decays.

3.4 Models for the B-Meson Distribution Amplitudes

The distribution amplitudes are non-perturbative quantities and usual perturbative methods
of QFT [10] are inapplicable. The commonly used method of their calculation is the QCD Sum
Rules [9, 28]. To combine these distribution amplitudes with hard kernels in amplitudes of
physical processes, one needs to model them by some analytical expressions called the distri-
bution amplitude models. At present, several models for the distribution amplitudes have been
suggested. Two simplest ones are the exponential models [9]:

φ+
B(ω) =

ω

ω2
0

e−ω/ω0 , φ−B(ω) =
1

ω0
e−ω/ω0 , (32)

where ω0 = 2Λ̄/3, which appeared to be the most popular in physical applications, and the
light-meson-like models [12]:

φ+
B(ω) =

ω

2Λ̄2
θ(2Λ̄− ω), φ−B(ω) =

2Λ̄− ω
2Λ̄2

θ(2Λ̄− ω), (33)

which is also simple and explicitly based on the light-meson distribution amplitude. The energy
dependence of these distribution amplitudes is presented in Fig. 3.

More involved models are the two-parametric model by Braun, Ivanov, and Korchemsky
(BIK) [28] and improved exponential model by Lee and Neubert [29]. The later one matches
the exponential behavior at low momenta of light quark and QCD-based behavior (the radiative
tail) at large momenta. For these models the leading distribution amplitude only was studied
while the non-leading amplitude was skipped.

As mentioned above, one needs moments of these amplitudes in getting decay widths of
heavy mesons. Among moments, first inverse ones are of special interest. The uncertainty
induced by a choice of the distribution amplitude model of the heavy meson on the semileptonic
decay rates of B-mesons is also interesting to study which is not yet been worked out.
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Figure 3: The energy dependence of of both leading and non-leading distribution amplitude
models where the exponential ones are presented on the left panel and the light-meson-like
models are on the right panel.

4 Light-Cone Distribution Amplitudes of Heavy Baryons

Light-cone distribution amplitudes (LCDAs) of heavy baryons are the transition matrix ele-
ments from the baryonic state to vacuum of non-local light-ray operators built off an effective
heavy quark and two light quarks. The content of such operators supports a similarity in the
construction of the heavy-baryon LCDAs to both the B-meson (within the HQET) [9, 28] and
the nucleon (within QCD) [30, 31] LCDAs descriptions. An important simplifying feature of the
operators containing one or more heavy quarks is an existence of the Heavy Quark Symmetry
(HQS) which results into the decoupling of the heavy-quark spin from the system dynamics in
the limit mQ → ∞, where mQ is the heavy-quark mass. So, to understand the properties of
heavy baryons in this limit, it is enough to switch off the heavy-quark spin and to introduce a
total set of two-particle LCDAs corresponding to the light-quark system, called diquark, which
quantum numbers completely determine a number of LCDAs and their asymptotic behavior.

In this simplified picture, there are the SU(3)F antitriplet of “scalar baryons” with the
JP = 0+ spin-parity determined by the diquark spin-parity jp = 0+ and the SU(3)F sextet
of “axial-vector baryons” with the JP = 1+ spin-parity which follows from the diquark spin-
parity jp = 1+. It is reasonable to start with the description of the “scalar baryons” and
then to generalize the procedure on the “axial-vector baryons”. The changes originated by an
account of the heavy-quark spin can be done after the total sets of the non-local operators
and corresponding LCDAs are introduced in the decoupling limit. All these steps are discussed
briefly in this section.

4.1 “Scalar Baryons”

The “scalar baryons” are combined into the SU(3)F antitriplet with JP = 0+ in which the
light diquark states are also the scalar states with jp = 0+.

The set of the LCDAs is determined by the matrix elements between the baryonic state and
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vacuum of the four independent non-local light-ray operators [32, 33, 34]:

εabc〈0|
(
qa1 (t1n)Cγ5n̂q

b
2(t2n)

)
hcv(0)|H(v)〉 = f

(2)
H Ψ2(t1, t2), (34)

εabc〈0|
(
qa1 (t1n)Cγ5q

b
2(t2n)

)
hcv(0)|H(v)〉 = f

(1)
H Ψs

3(t1, t2),

εabc〈0|
(
qa1 (t1n)Cγ5iσn̄nq

b
2(t2n)

)
hcv(0)|H(v)〉 = 2f

(1)
H Ψσ

3 (t1, t2),

εabc〈0|
(
qa1 (t1n)Cγ5 ˆ̄nqb2(t2n)

)
hcv(0)|H(v)〉 = f

(2)
H Ψ4(t1, t2),

where qi(x) = u(x), d(x), s(x) are the light-quark fields, hv(0) is the static heavy-quark field
situated at the origin of the position-space frame, C is the charge conjugation matrix, nµ and
n̄µ are two light-like vectors normalized by the condition (nn̄) = 21, and σn̄n = i

(
ˆ̄nn̂− n̂ˆ̄n

)
/2.

In addition, the frame is adopted where the heavy-meson velocity is related to the light-like
vectors as follows: vµ = (nµ + n̄µ) /2. The light-quark fields on the light cone are assumed to
be multiplied by the Wilson lines:

q(tn) = [0, tn] q(tn) = P exp

{
−igstt

∫ 1

0

dαnµAµ(αtn)

}
q(tn) =

∞∑

N=0

tN

N !
(nµDµ)

N
q(0),

where the following definition of the covariant derivative Dµ = ∂µ − igstAµ is accepted. The
static heavy-quark field living on the light cone also includes the Wilson line but of the other
type with the time-like link [35]:

hv(0) = P exp

{
igst

∫ 0

−∞
dαvµAµ(αv)

}
φ(−∞),

with which it is connected with the sterile field φ(−∞).

The couplings f
(i)
H introduced in Eqs. (34) to make the LCDAs dimensionless are defined

by local operators [36, 37, 38, 39]:

εabc〈0|
(
qa1 (0)Cγ5q

b
2(0)

)
hcv(0)|H(v)〉 = f

(1)
H ,

εabc〈0|
(
qa1 (0)Cγ5v̂q

b
2(0)

)
hcv(0)|H(v)〉 = f

(2)
H .

The scale dependences of these couplings are governed by the anomalous dimensions γ(i) of
local operators as follows:

d ln f
(i)
H (µ)

d lnµ
≡ −γ(i) = −

∑

k

γ
(i)
k ak(µ), a(µ) ≡ αMS

s (µ)

4π
,

where the strong coupling is determined in the MS-scheme. This equation can be solved order
by order in the a(µ)-power expansion and in the NLO order, one can use the following formula:

f
(i)
H (µ) = f

(i)
H (µ0)

(
αs(µ)

αs(µ0)

)γ(i)
1 /β0

[
1− αs(µ0)− αs(µ)

4π

γ
(i)
1

β0

(
γ

(i)
2

γ
(i)
1

− β1

β0

)]
,

where β0,1 are the first two coefficient in the perturbative expansion of the β-function. As the
evolution to the required scale can be easily done now, one needs to know numerical values of

1The definitions of nµ and n̄µ differ by the factor 1/
√

2 from the ones used in the previous section.
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the couplings f
(i)
H (µ) at some representative scale µ0, say µ0 = 1 GeV. As this scale is rather

low to use the perturbation theory, non-perturbative techniques are necessary to calculate the
value. In particular, the QCD sum rules method in NLO for the Λb-baryon results [39]:

f
(1)
Λb

(µ0 = 1 GeV) ' f (2)
Λb

(µ0 = 1 GeV) ' 0.030± 0.005 GeV3.

Non-relativistic constituent-quark picture of heavy baryons H suggests that f
(2)
H ' f

(1)
H at

low scales of order 1 GeV, and this expectation is supported by numerous QCD sum rule

calculations [37, 36, 38, 39]. These couplings f
(i)
H (µ) cannot coincide at all scales because of

different anomalous dimensions γ(i) of local operators.

Similar to the couplings f
(i)
H (µ), the LCDAs Ψi(t1, t2) introduced in Eq. (34) are also scale-

dependent functions. To find their scale evolution, it is convenient to make their Fourier
transform to the momentum space:

Ψ(t1, t2) =

∫ ∞

0

dω1

∫ ∞

0

dω2 e
−it1ω1−it2ω2ψ(ω1, ω2) =

∫ ∞

0

ω dω

∫ 1

0

du e−iω(t1u+t2ū) ψ̃(ω, u),

where ū = 1− u. In the first representation ω1 = uω and ω2 = (1− u)ω = ūω are the energies
of the light quarks q1 and q2. The leading-order evolution equation for ψ2(ω1, ω2;µ) can be
derived by identifying the ultra-violet singularities of the one-gluon-exchange diagrams [32].
The evolution equation in the leading order is expressed in terms of two-particle kernels:

µ
d

dµ
ψ2(ω1, ω2;µ) = −αs(µ)

2π

4

3

{∫ ∞

0

dω′1 γ
LN(ω′1, ω1;µ)ψ2(ω′1, ω2;µ)

+

∫ ∞

0

dω′2 γ
LN(ω′2, ω2;µ)ψ2(ω1, ω

′
2;µ)−

∫ 1

0

dv V (u, v)ψ2(vω, v̄ω;µ) +
3

2
ψ2(ω1, ω2;µ)

}
,

where the kernel γLN(ω′, ω;µ) controls the evolution of the B-meson LCDA [14] and V (u, v) is
the Efremov-Radyushkin-Brodsky-Lepage (ER-BL) kernel [40, 41]. The term 3ψ2(ω1, ω2;µ)/2

results from the one-loop f
(2)
H renormalization subtraction. The evolution equation above can

be solved either numerically or semi-analytically [32, 34].
The next step in working out solutions of the heavy-baryon evolution equations analytically

was undertaken in [42]. In particular, the eigenfunctions of the Lange-Neubert evolution kernel
were found and used for a systematic implementation of the renormalization-group effects for
both the B-meson and Λb-baryon wave-function evolutions. Based on these foundations, the
new strategy to construct the LCDA models in accordance with the Wandzura-Wilczek-like
relations was presented. As a possible extension of the above analysis in application to baryons,
the classification of the non-local baryonic operators constructed from four particles (three
quarks and a gluon) is required to work out equations involving explicitly the there-particle
LCDAs and twist-four four-particle ones which should reduce to the Wandzura-Wilczek relations
after four-particle LCDAs are neglected.

4.2 “Axial-Vector Baryons”

The “axial-vector baryons” are components of the SU(3)F sextet with JP = 1+ in which the
light diquark states are the axial-vector states with jp = 1+. In a difference to the “scalar
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baryons” case, one needs to consider the baryons with the longitudinal and transverse polar-
izations separately.

The set of the longitudinal LCDAs is determined by the matrix elements between the bary-
onic state with the appropriate polarization and vacuum of the four independent non-local
light-ray operators [33, 34]:

εabc〈0|
(
qa1 (t1)C n̂qb2(t2)

)
hcv(0)|H(v, ε)〉 = (v̄ε) f

(2)
H Ψ

‖
2(t1, t2)

εabc〈0|
(
qa1 (t1)C qb2(t2)

)
hcv(0)|H(v, ε)〉 = (v̄ε) f

(1)
H Ψ

‖s
3 (t1, t2)

εabc〈0|
(
qa1 (t1)C iσn̄nq

b
2(t2)

)
hcv(0)|H(v, ε)〉 = 2 (v̄ε) f

(1)
H Ψ

‖a
3 (t1, t2)

εabc〈0|
(
qa1 (t1)C ˆ̄nqb2(t2)

)
hcv(0)|H(v, ε)〉 = − (v̄ε) f

(2)
H Ψ

‖
4(t1, t2)

where v̄µ = (n̄µ − nµ) /2 is the four-vector normalized as (v̄v̄) = −1 and orthogonal to the
four-velocity (vv̄) = 0. In the LCDA definitions above, the baryonic state is assumed to have a
pure longitudinal polarization εµ‖ = v̄µ and the prefactor on the r.h.s. is simply (v̄ε) = −1.

The similar set of the transverse LCDAs is determined as follows [33, 34]:

εabc〈0|
(
qa1 (t1)C γµ⊥n̂q

b
2(t2)

)
hcv(0)|H(v, ε)〉 = f

(2)
H Ψ⊥2 (t1, t2) εµ⊥

εabc〈0|
(
qa1 (t1)C γµ⊥q

b
2(t2)

)
hcv(0)|H(v, ε)〉 = f

(1)
H Ψ⊥s3 (t1, t2) εµ⊥

εabc〈0|
(
qa1 (t1)C γµ⊥iσn̄nq

b
2(t2)

)
hcv(0)|H(v, ε)〉 = 2f

(1)
H Ψ⊥a3 (t1, t2) εµ⊥

εabc〈0|
(
qa1 (t1)C γµ⊥ ˆ̄nqb2(t2)

)
hcv(0)|H(v, ε)〉 = f

(2)
H Ψ⊥4 (t1, t2) εµ⊥

where γµ⊥ = γµ −
(
ˆ̄nn̂+ n̂ˆ̄n

)
/2 and εµ⊥ = εµ − εµ‖ is the transverse polarization of the baryon.

4.3 Real Baryons

As far as all the sets of the LCDAs are determined, it necessary to generalize their definitions to
real baryons which simply means that the spin of the heavy quark should be included into the
baryon wave function. In other words, the r. h. s. of matrix elements of all non-local operators
must be multiplied on the Dirac spinor U(v) of the heavy quark hv, satisfying the conditions:
v̂ U(v) = U(v) and U(v)U(v) = 1. After these modifications, the “scalar baryons” transform to
the baryons with the spin-parity JP = 1/2+ and the heavy-quark Dirac spinor U(v) is nothing
else but the heavy-baryon spinor H(v), i. e. the spin of the heavy quark completely determines
the spin structure of the heavy-baryon wave function. The case of “axial-vector baryons” is a
little bit more complicated. It is well-known from quantum mechanics that the direct product
of two angular momenta j1 = 1/2 and j2 = 1 is decomposed into two irreducible representations
with the momenta J1 = 1/2 and J2 = 3/2. That is exactly the situation after the heavy-quark
spin is switched on in the heavy baryon with the diquark in the axial-vector state jp = 1+:

εµ U(v) =

[
εµ U(v)− 1

3
(γµ + vµ) ε̂ U(v)

]
+

1

3
(γµ + vµ) ε̂ U(v) ≡ R3/2

µ (v) +
1

3
(γµ + vµ)H(v).

As the result, there are two states with the spin-parities JP = 1/2+ and JP = 3/2+. The former
one is described by the Dirac spinor H(v) and for the JP = 3/2+ state the Rarita-Schwinger

vector-spinor R
3/2
µ (v), which satisfies the relations v̂ R

3/2
µ (v) = R

3/2
µ (v), vµR

3/2
µ (v) = 0, and

γµR
3/2
µ (v) = 0, is introduced.
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4.4 QCD Sum Rules

In applications to a calculation of amplitudes with heavy baryons, one needs to know realistic
models for LCDAs. Such models can be obtained by matching several few moments of LCDA
models and the corresponding ones calculated by some non-perturbative methods, say by the
QCD sum rules. The later method requires a calculation of a two-point correlator which involve
the non-local light-ray operator and a suitable local current JΓ′(x). The general structure of
the heavy-baryon local current can be chosen as follows:

J̄Γ′(x) = εabc
(
q̄a2 (x) [A+B v̂] Γ′CT q̄b1(x)

)
h̄cv(x),

where A and B are two constants satisfying the constraint A+B = 1 which accounts for an ar-
bitrariness in the choice of a local current. The variation in A ∈ [0, 1] is adopted as a systematic
error of numerical estimations. Note that the central value A = B = 1/2 corresponds to the
constituent quark model picture [32]. The Dirac matrix Γ′ is a suitable structure determined
by the spin-parity of the baryon, in particular, Γ′ = γ5 for baryons from the SU(3)F antitriplet
(jp = 0+) and Γ′ = γ‖, γ⊥ for the SU(3)F -sextet baryons with jp = 1+.

In calculations of the correlation functions, one tacitly assumes that baryons are bound
states of quarks which are not free particles inside but couple by virtue of the gluonic field. So,
light quark propagators S̃q(x), being very sensitive to the influence of the background gluonic
field, should be modified accordingly while for the heavy quark this effect is sub-dominant and
to leading order in the heavy-quark mass mQ expansion can be neglected. To take effects of the
QCD background inside baryons into account, the method of non-local condensates [43, 44, 45]
is used. In this approach the light-quark propagator can be decomposed into two parts: the
perturbative Sq(x) and non-perturbative Cq(x) ones, and the later accumulates an information
about the background inside the baryon in terms of non-local quark condensate 〈q̄(x)q(0)〉.

To obtain the QCD sum rules, it is convenient to make the double Fourier transform of the
correlation function:

ΠΓΓ′(ω1, ω2;E) = i

∫ ∞

−∞

dt1 dt2
(2π)2

ei(ω1t1+ω2t2)

∫
d4x e−iE(vx) 〈0|OΓ(t1, t2) J̄Γ′(x)|0〉

As it is well-known from the QCD-SR analysis within the HQET, the heavy-quark condensate
term is suppressed by 1/mQ and absent in the Heavy-Quark Symmetry limit. So, the QCD Sum
Rules can be read off after the phenomenological and perturbatively calculated considerations
of the correlation function are equated based on the idea of the quark-hadron duality [46]:

|fH |2 ψΓ(ω, u) e−Λ̄H/τ = B[Π](ω, u; τ, s0),

where symbol B means the Borel-transform, Λ̄H = mH −mQ is the effective baryon mass in
the HQET, and s0 is the momentum cutoff resulting from applying the quark-hadron duality.
The explicit QCD-SRs for all the baryonic non-local operators can be found in [34].

The numerical values of first several moments of the bottom-baryon LCDAs estimated by
the QCD-SRs are presented in [34]. These moments should be matched to the corresponding
moments of the model functions for the LCDAs. The general presentation of the model functions
for the b-baryon LCDAs is governed by their scale evolution and can be composed of the
exponential part corresponding to the heavy-light interaction and the Gegenbauer polynomials
to the light-light interaction. The order of the polynomials is determined by the twist of the
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Figure 4: The general representation of the model functions for the heavy-baryon LCDAs
with the ω-dependence specific for the B-meson LCDAs and the u-dependence in terms of an
expansion in the Gegenbauer polynomials similar to the ones for the light mesons.

diquark system. Motivated by the analysis done for the Λb-baryon [32], the following simple
models for the LCDAs have proposed [33, 34]:

ψ̃2(ω, u) = ω2u(1− u)

2∑

n=0

a
(2)
n

ε
(2)
n

4 C
3/2
n (2u− 1) e−ω/ε

(2)
n ,

ψ̃3s(ω, u) =
ω

2

2∑

n=0

a
(3)
n

ε
(3)
n

3 C
1/2
n (2u− 1) e−ω/ε

(3)
n ,

ψ̃3σ(ω, u) =
ω

2

3∑

n=0

b
(3)
n

η
(3)
n

3 C
1/2
n (2u− 1) e−ω/η

(3)
n ,

ψ̃4(ω, u) =

2∑

n=0

a
(4)
n

ε
(4)
n

2 C
1/2
n (2u− 1) e−ω/ε

(4)
n .

The qualitative behavior of the twist-2 LCDAs is presented in Fig. 4. The estimates of
the parameters entering the theoretical models for the heavy-baryon LCDAs at the scale
µ0 = 1 GeV can be found in [33, 34]. The SU(3)F -symmetry breaking in LCDAs based
on taking into account the s-quark difference from the u- and d-quarks is estimated to be
approximately 15% [33, 34].

5 Conclusions

A brief introduction into the heavy hadron wave-functions is given in the present lecture. The
discussion is started from the simplest hadronic system — the heavy meson which is the bound
state of the light quark and the heavy antiquark. An example of such a system are the D- and
B-mesons which are containing the heavy c- and b-antiquarks, respectively. In the HQET, the
dynamics in the heavy mesons is mainly determined by a motion of the light quark while the
heavy antiquark can be considered as a static source. In many cases, not all the light-quark
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degrees of freedom are equally important and the dominant ones can be separated from the sub-
dominant. Within this picture, it is possible to determine the so-called Light-Cone Distribution
Amplitudes (LCDAs) of the heavy meson. Analysis shows that there are only two LCDAs in
the lowest (two-particle) Fock decomposition and four more LCDAs in the three-particle heavy-
meson state. The former two are mainly discussed in this lecture as well as their importance in
calculations of branching fractions of radiative, leptonic and semileptonic B-meson decays. The
last part is devoted to the bottom baryons which are the bound states of a heavy quark and
two light ones. The total sets of the non-local light-ray operators for the ground-state heavy
baryons with JP = 1/2+ and JP = 3/2+ are constructed in QCD in the heavy-quark limit.
Matrix elements of these operators sandwiched between the heavy-baryon state and vacuum
determine the LCDAs of different twist through the diquark current. Simple theoretical models
for the LCDAs have been proposed and are briefly discussed. SU(3)F breaking effects result a
correction of order 10%. Their application, for example, to transition matrix elements of heavy
baryons is a good topic for future theoretical studies.
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In this mini review we outline the main experimental and theoretical results related with
the search for light vector boson proposed as a solution of the muon g − 2 anomaly. In
particular, we consider a model with infinite number of light vector bosons which can
escape most of current experimental bounds. We describe also the NA64 experiment at
CERN devoted to the search for light vector boson both in visible and invisible decay
modes.

1 Introduction

The search for new physics beyond the SM can be divided into two categories. The first one
is the search for new heavy particles and interactions at high energies, the so-called “energy
frontier” research. Typical examples are LEP, Tevatron and LHC. The second type of research
is the search for relatively light with masses m ≤ O(1) GeV new hypothetical particles. In
this case an experiment needs to cross the “intensity frontier”. The most famous example of
light hypothetical particle is the axion [1], invented for the solution of strong CP-problem.
Also there are models predicting the existence of light scalar, spin 1/2 and vector particles.
In particular, models with light vector bosons [2] (vector portal) become rather popular now.
Light vector boson can be mediator between our world and light dark matter particles [2]. Also
light vector boson can explain [3] - [8] muon (g − 2) anomaly [9]. Recent claim [10] of the
discovery of 17 MeV vector particle observed as a peak in e+e− invariant mass distribution
in nuclear transitions makes the question of possible existence of light vector boson extremely
interesting and important.

In this mini review we outline the main experimental and theoretical results related with
the search for light vector boson. In particular. we consider a model with infinite number of
light vector bosons which can escape most of current experimental bounds. We also describe
the NA64 experiment at CERN devoted to the search for light vector boson both in visible and
invisible decay modes.

2 Muon g − 2 anomaly and the light Z ′ boson.

Recent precise measurement of the anomalous magnetic moment of the positive muon aµ =
(g− 2)/2 from Brookhaven AGS experiment 821 [9] gives result which is about 3.6σ higher [11]
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than the Standard Model prediction

aexpµ − aSMµ = 288(80)× 10−11 (1)

This result may signal the existence of new physics beyond the Standard Model. New light
(with a mass mZ′ ≤ O(1) GeV ) vector boson (dark photon) which couples very weakly with
muon with αZ′ ∼ O(10−8) can explain (g − 2) anomaly [3]-[8]. Vectorlike interaction of Z ′

boson with muon
LZ′ = g‘µ̄γµµZ ′µ (2)

leads to additional contribution to muon anomalous magnetic moment [12]

δa =
α‘

2π
F (
mZ′

mµ
) , (3)

where

F (x) =

∫ 1

0

dz
[2z(1− z)2]

[(1− z)2 + x2z]
(4)

and α‘ = (g‘)2

4π . Equation (4) allows to determine the coupling constant α‘ which explains the
value (1) of muon anomaly. For mZ′ � mµ one can find that

α‘ = (1.8± 0.5)× 10−8. (5)

For another limiting case mZ′ � mµ the α‘ is

α‘ = (2.7± 0.7)× 10−8 × m2
Z′

m2
µ

. (6)

But the postulation of the interaction (2) of the Zµ boson with muon is not the end of
the story. The main question: what about the interaction of the Z ′ boson with other quarks
and leptons? The most general renormalizable Z ′ interaction with the SM fermions ψk (ψk =
e, νe, u, d, ...) has the form

LZ′ = g‘Z ′µJ
µ
Z′ , (7)

JµZ′ =
∑

k

[qLkψ̄Lkγ
µψLk + qRkψ̄Rkγ

µψRk], (8)

where ψLk,Rk = 1
2 (1∓ γ5)ψ and qLk, qRk are the Z ′ charges of the ψLk, ψRk fermions. The Z ′

can interact with other beyond SM particles, for instance, with dark matter fermions χ

LZ′,χ = gDZ
′
µχ̄γ

µχ. (9)

There are several models of the current JµZ′ . In a model [13, 14] Z ′ interacts with photon Aµ
due to kinetic mixing term1

Lmix =
ε

2
FµνZ ′µν . (10)

As a result of the mixing (10) the field Z ′ interacts with the SM electromagnetic field JµEM =
2
3 ūγ

µu− 1
3 d̄γ

µd− ēγµe+ ... with coupling constant g‘ = εe (α = e2

4π = 1
137 ) .

1Here Fµν = ∂µAν − ∂νAµ and Z′
µν = ∂µZ′

ν − ∂νZ′
µ.
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Other interesting scenario is the model [15] where Z ′ (the dark leptonic gauge boson) inter-
acts with the SM leptonic current, namely

LZ′ = g′[ēγνe+ ν̄eLγ
ννeL + µ̄γνµ+ ν̄µLγ

ννµL + τ̄ γντ + ν̄τLγ
νντL]Z ′ν

In Refs. [3] - [5] for an explanation of g− 2 muon anomaly a model where Z ′ interacts with
Lµ − Lτ current with an interaction

LZ′ = g′[µ̄γνµ+ ν̄µLγ
ννµL − τ̄ γντ − ν̄τLγνντL]Z ′ν (11)

has been proposed. The interaction (12) is free from γ5-anomalies, it commutes with the
SM gauge group and moreover it escapes (see next section) from the most restrictive current
experimental bounds because the interaction (12) does not contain quarks and first generation
leptons νe, e.

3 Model with infinite number of light Z ′ bosons

Here we consider model with infinite number of light vector bosons which can escape current
experimental bounds. The models with infinite number of local fields have been considered
in Refs.[16, 17, 18]. Note that notion of an unparticle, introduced by Georgi [19, 20] can be
interpreted as a particular case of such models [16, 17, 21, 22, 23]. So we consider a model with
infinite number of vector fields Z ′µn with masses mZ′

n
. We introduce the “effective” vector field

Z ′µ =
∑
n cnZ

′
µn

2 and postulate the interaction of the electromagnetic field Aµ with the the
effective field Z ′µ in the form of kinetic mixing term (10). As a result of mixing the effective field

Z ′µ will interact with the SM electromagnetic current with coupling constant g‘ = εe. The one-

loop contribution to δa is δa =
∑
n |c2n| α

‘

2πF (
mZ′

n

mµ
). The effectic field Z ′µ represents the infinite

number of vector resonances that helps to escape bounds related with the search for narrow
resonance in e+e− invariant mass distribution [18]. We can speculate that the origin of the
infinite number of local vector fields as a result of compactification of some additional dimension.
Namely, we can imagine the model with vector field Z ′µ(x, x5) living in five-dimensional world
and interacting with the four-dimensional SM fields due to kinetic mixing term

Lmix =
ε

2
Fµν(x)Z ′µν(x, x5 = 0)

After compactification of the x5 coordinate we obtain the model (10) with the interaction of
the effective field Z ′ with the SM electromagnetic current.

4 Accelerator experimental bounds

4.1 Fixed target electron experiments

Fixed target experiments, APEX [24] and MAMI(Mainz Microtron) [25] searched for Z ′ in
electron-nucleus scatterings using the Z ′ bremsstrahlung production e−Z → e−ZZ ′ and subse-
quent Z ′ decay into electron-positron pair Z ′ → e+e−. The absence of the resonant peak

2Here cn are some numbers
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in the invariant e+e− mass spectrum allows to obtain upper limits on the Z ′ boson cou-
pling constants gV e, gAe of the Z ′ with electron. The A1 collaboration excluded the masses
50 MeV < MZ′ < 300 MeV [25] for g − 2 muon anomaly explanation in the model with equal
muon and electon couplings of the Z ′ boson with a sensitivity to the mixing parameter up to
ε2 = 8× 10−7. APEX collaboration used ∼ 2 GeV electron beam at Jefferson Laboratory and
excluded masses 175 MeV < MZ′ < 250 MeV for g − 2 muon anomaly explanation in the
model with equal muon and electon couplings of the Z ′ boson.

4.2 e+e− experiments

BaBar experiment searched for both visible and invisible Z ′ decays in Υ(1S) decays [26, 27, 28].
A search for invisible Υ(1S) has been performed by reconstructing Υ(3S)→ π+π−Υ(1S). The
bound Br(Υ(1S)→ invisible) = (−1.6± 1.4± 1.6) · 10−4 was found. Here the first uncertainty
is statistical and the second systematic. In addition invisible decays can be searched for in
radiative Υ(1S) → γ + invisible decays. In particular, the decay Υ(1S) → γ + invisible could
proceed through production of a light scalar A followed the by its decay into invisible modes
Υ(1S)→ γ +A, A→ invisible. The bound on Br(Υ(1S)→ γ + invisible) was obtained at the
level (0.5− 24) · 10−5 assuming a phase-space distribution for photon energy. Visible decays of
light Z ′ bosons were searched for in the reaction e+e− → γZ ′, Z ′ → l+l−(l = e, µ) and Z ′ can
be detected as resonances in the l+l− spectrum. For the model with the Z ′ boson interaction
with the SM electomagnetic current values of the mixing strength 10−3− 10−2 are excluded for
0.212 GeV < mZ′ < 10 GeV .

Recently BaBar collaboration used the reaction e+e− → Z ′µ+µ−, Z ′ → µ+µ− to search
for Z ′ boson. The use of this process allows to restrict directly the muon coupling gV µ of Z ′

boson. The obtained results exclude the Z ′ model with the Lµ − Lτ interaction as possible
muon (g − 2) anomaly explanation for mZ′ > 212MeV [29].

The KLOE detector experiment in Fraskati, at the DAΦNE Φ-factory searched for Z ′ in
decays Φ → ηZ ′ → ηe+e− and Φ → γZ ′ → γµ+µ− [30]. Also the reaction e+e− → Z ′γ →
e+e−γ has been used for the search for Z ′. The obtained bounds are weaker than the NA48/2
[31] and MAMI [25] bounds.

4.3 Fixed target proton experiments

The most strongest bound comes from the NA-48/2 experiment [31]. The NA-48/2 experiment
used simultaneous K+ and K− seconday beams produced by 400 GeV primary CERN SPS
protons for the search for light Z ′ boson in π0 decays [31]. The decays K± → π±π0 and
K± → π0µ±ν have been used to obtain tagged π0 mesons. The decays π0 → γZ ‘, Z ′ → e+e−

have been used for the search for Z ′ boson. Z ′ boson manifests itself as a narrow peak in the
distribution of the e+e− invariant mass. spectrum. For the model when the Z ′ boson interacts
with the SM electomagnetic current as Lint,Z′ = εeZ ′µJ

µ
SM the obtained bounds exclude the

(g − 2) muon anomaly explanation for Z ′ boson masses 9MeV < mZ′ < 70 MeV [31].

It should be noted that the decay width π0 → γZ ′ is proportional to (gV uqu − gV dqd)2 =
(2gV u + gV d)

2/9 and for the models with nonuniversal Z ′-boson couplings, for instance, for the
model with Lµ − Lτ interaction current the NA-48/2 bound [31] is not applicable.
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4.4 Constraints from K → π + nothing decay

Light vector bosom Z ′ can be produced in the K → πZ ′ decay in full analogy with the SM
decay K → πγ∗ of K-meson into pion and virtual photon. For the model with the dominant Z ′

decay into invisible modes nontrivial bound on Z ′ boson mass and coupling constants arises.
Namely, the BNL E949 experiment [32] combined with E787 results measured the K+ → π+νν̄
decay and gave upper bounds on the Br(K+ → π+Z ′) decay as a function of the Z ′ mass
in the assumption that invisible Z ′ → nothing decay dominates. The E949 + E787 bound
leads to the bound on the Z ′ mass and coupling constants. For instance, in the model when
Z ′ couple with the SM electromagnetic current and decays mainly into invisible modes(light
dark matter) the muon (g − 2) anomaly explanation due to Z ′ is excluded for MZ′ > 50 MeV
except the narrow region around MZ′ = mπ [33] - [35]. Note that in the models with the
Z ′ non electromagnetic current interaction, for instance in the model where the Z ′ interacts
with the Lµ − Lτ current, the bound from K → π + nothing decay decay does not work or
it could be rather weak [34]. Recent result of NA64 collaboration [36] based on the use of the
reaction eZ → eZZ ′, Z ′ → invisible gives the most powerful bound on dark matter Z ′ boson
and excludes the region MZ′ ≤ 50 GeV for muon g − 2 anomaly explanation, see next section.

4.5 Bound from electron magnetic moment

The experimental and theoretical values for electron magnetic moment coincide at the 10−12

level of accuracy, namely [37]

∆ae ≡ aexpe − aSMe = −(1.05± 0.82)× 10−12 . (12)

The Z ′ boson contributes to the ∆ae at one loop level, see formulae (3,4). From the bound (13)
it is possible to restrict the couplng constants gV e and gAe. For the model with equal muon
and electron couplings gV e = gV µ and gAe = gAµ = 0 the (g − 2) muon anomaly explanation
due to Z ′ existence is excluded for MZ′ ≥ 15 MeV [38].

4.6 Constraints from ν − e scatterings

If the Z ′ boson couples with electron neutrino current and electron - the strongest bound arises
from Borexino experiment [40]. Borexino experiment detects the low energy solar neutrino
through elastic scattering of neutrino and electron [40]. The Z ′ exchange modifies the SM elastic
electron neutrino electron cross section that allows to obtain strong constraint on the Z ′ coupling
constants with electron neutrino and electron [41]. The obtained bound on |gV νe · gV e|1/2 is
about 10−6 for mZ′ ≤ 1 MeV and about 10−4 for mZ′ ≤ 100 MeV . Borexino data exclude the
(g − 2) muon anomaly explanation in the model with Z ′ interaction with leptonic current [15].
Also the Borexino data exclude the model with the Z ′ interaction with the B − L current.

4.7 Bound from νµN → νµNµ
+µ−

The neutrino trident νµN → νµN + µ+µ− events allow to restrict a model where Z ′ interacts
with Lµ−Lτ current using the data of the CHARM [42] and the CCFR [43] experiments. The
CCFR and CHARM data on νµN → νµN +µ+µ− production exclude the g− 2 muon anomaly
explanation for Z ′-boson mass mZ′ ≥ 400 MeV [44].
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4.8 Beam dump experiments

The results of beam dump experiments E137 [45], E141 [46] at SLAC and E774 [47] at FNAL
have been used [2] to constrain the couplings of light gauge boson Z ′. In recent paper [48]
MiniBooNE-DM collaboration have obtained bound on Y = ε2α‘(

mχ
mZ′ )4 ≤ 10−8.

5 NA64 experiment at CERN. The first results

The NA64 experiment [49] at CERN is a fixed-target experiment searching for dark sector
particles at the CERN Super Proton Synchrotron(SPS). If new light boson Z ′ exists it could be
produced in the reaction of high-energy electrons scattering off nuclei. The NA64 experiment
uses the bremsstrahlung reaction eZ → eZZ ′ for the search for Z ′ boson. Both visible Z ′ →
e+e− and invisible Z ′ → invisible decays can be used for the search for Z ′ boson. Also the use
of the secondary muon beams for the search for Z ′ boson in the reaction µZ → µZZ ′ [50] is
planned in the near future.

Figure 1: Schematic illustration of the setup to search for Z ′ → invisible decays for the
bremsstrahlung Z ′ produced in the reaction of eZ → eZZ ′ of 100 GeV e− incident on the
active ECAL target [36].

The NA64 detector has two modifications for the search for both visible and invisible Z ′

decays. Here we outline the main features of NA64 detector used for the search for invisible
Z ′ decays. The NA64 detector is schematically shown in Fig.1. The experiment employes the
optimized 100 GeV electron secondary beam from CERN SPS. The detector utilises the beam
defining scintillator (Sc) counters S1− S3 and veto V 1, and magnetic spectrometer consisting
of two successive dipole magnets and a low-material-budget tracker. The tracker is a set of two
upstream Micromegas chambers (T1, T2) and two downstream GEM stations (T3, T4) allowing
the measurements of electron momenta with the precision δp/p ≈ 0.01 [51]. The magnets also
serves as an effective filter rejecting the low energy component of beam. To enhance the
electron identification the synchrotron radiation (SR) emitted by electrons is used for their
effective tagging. A 15 m long vacuum vessel between the magnets and the electromagnetic
calorimeter (ECAL) is installed to minimize absorption of the SR photons detected immediately
at the downstream end of the vessel with a SR detector (SRD), which is eihther an array of
Bi4Ge3O12(BGO) cristals of a PbSc sandwich calorimeter of a very fine segmentation [52].
By using the SRD, the initial level of the hadron contamination in the beam π/e ≤ 10−2 is
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further suppressed by a factor ≈ 10−3. The detector is also equipped with an active target,
which is an electromagnetic calorimeter for measurement of the electron energy deposition
EECAL with the accuracy δEECAL/EECAL ≈ 0.1/

√
EECAL. The ECAL is a matrix of 6 × 6

Shashlik-type modules assembled from Pb ans Sc plates with wave length shifting fiber read-
out. Each module has ≈ 40 radiation length. Downstream of ECAL the detector is equipped
with a high-efficiency veto counter V 2 and a massive, hermetic hadronic calorimeter (HCAL)
of a ≈ 30 nuclear lengths. The HCAL serves as an effective veto to detect muons of hadronic
secondairies produced in the e−A interactions in the target. The HCAL energy resolutions is
δEHCAL/EHCAL ≈ 0.6/

√
EHCAL. Four muon plane counters MU1 - MU4, located between

the HCAL modules are used for the muon identification in the final state.

The method of the search for Z ′ is as follows [36]. As a result of the reaction e−Z → eZZ ′ of
the Z ′ electroproduction on nuclei with subsequent Z ′ decay Z ′ → χχ into dark matter particles
χ we expect events whose signature is a single electromagnetic (EM) shower in the target with
energy Ee accompanied by a significant missing energy Emiss = E0 −Ee above those expected
from backgrounds. Here we assume that dark matter particles traverse the detector without
interaction or visible decays in order to give a missing energy signature. No other assumptions
on the nature of the Z ′ → invisible decay are made. Other signature of the signal event is small
energy deposited in HCAL.

During summer 2016 run NA64 experiment collected approximately 2.75× 109 electrons on
target [36]. Candidate events were requested to have the missing energy in the range 50 <
Emiss < 100 GeV , which was selected based on the calculation of the energy spectrum of Z ′

emitted in the reaction eZ → eZZ ′ by e− from the EM shower generated by electron beam in
the target [53]. Zero events have been observed and as a consequence the 90% C.L. upper limit
for the average number of signal events NZ′ = 2.3 has been derived. The obtained results [36]
exclude the invisible Z ′ as an explanation of the muon anomaly with masses mZ′ ≤ 100 MeV
in the model with the Z ′ inreraction with the SM electromagnetic current, see Fig.2. Only
small mass region around mZ′ = mπ is still allowed. The future NA64 runs with ≥ 5 × 1010

electrons on target can test the remaining mass region around mZ′ = mπ.

5.1 Conclusions

Current experimental data restrict rather strongly the explanation of the g − 2 muon anomaly
due to existence of new light gauge boson but not completely eliminate it. The most popular
model where Z ′ interacts with the SM electromagnetic current due to mixing ε

2FµνZ
µν term

is excluded except its modification in which the invisible decay Z ′ dominates. In this case the
narrow mass region around mZ′ ∼ mπ is still allowed. The Borexino data on neutrino electron
elastic scattering exclude the models with Z ′ interaction with both leptonic current and B −L
currents. The interaction of the Z ‘ boson with Le−Lµ current is excluded for mZ′ ≥ 214 MeV
. The review of nonaccelerator bounds can be found in Ref.[54].
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Figure 2: The NA64 90 % C.L. exclusion region in the (mZ′ , ε) plane. Constraints from BaBar
and E787 + E949 experiments, as well the muon (g − 2) favoured area are also shown [36].
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A review is made of recent results on flavour physics and multiquark states by the LHCb
experiment. These cover a wide range of topics discussed at the School, which are briefly
summarized here, with reference to the relevant publications. The topics range from a
complete review of the B0

(s)− B̄0
(s) meson oscillations, with and without CP violation, with

a specific discussion of CPT non conservation, to axion and inflaton searches at a hadron
collider. Results on rare decays and weak anomalies are also summarized, and a follow-up
is made of the charmonium-pentaquark discovery and of recent findings on tetraquark-like
states.

1 B-meson mixing, CP- and CPT-violation

Only four long-lived neutral mesons exist in Nature: K0, D0, B0, and B0
s . Their particle-

antiparticle oscillations are important assets to constrain models beyond the Standard Model
of Particle Physics (SM), because they probe high masses through quantum fluctuations in
the vacuum polarization diagrams. Under CPT conservation, the mixing matrix contains 5
real observables: mH,L, ΓH,L, and the CP-violating phase φ, where ∆m ≡ mH − mL and
∆Γ ≡ ΓL − ΓH are the mass and lifetime differences between the two mass eigenstates. As
discussed at the School (see this communication on Indico), the oscillation can be observed either
in self-tagging modes (only accessible from B0 or B̄0) or in CP-eigenstates, where interference
between mixing and decay amplitudes is possible.

Using semimuonic decays and flavour tagging at production and decay times, the LHCb ex-
periment has performed a measurement of the mass difference between the B0 mass eigenstates
[1]: ∆md = (0.5050± 0.0021± 0.0010)ps−1. A much faster oscillation is observed with the B0

s

meson [2], seen by LHCb from hadron decays such as B0
s → D−s π

+, with Ds → φ(K+K−)π−.
These measurements are the most precise to date, and both agree with the SM prediction.

Concerning CP-violation in the mixing, earlier non-zero observations at the Tevatron [3]
have been reassessed recently, including LHCb results from non CP-symmetric pp collisions
at the LHC. LHCb has succeeded in separating the contributions from the B0

s [4] and B0 [5]
mesons in the semimuonic asymmetries, with the results asSL = (0.39 ± 0.25 ± 0.20)% and
adSL = (−0.02± 0.19± 0.30)%, showing consistency with the SM prediction of null asymmetry.

An important test of the Kobayashi-Maskawa theory is measuring the very small CP-
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violating phase that arises from the unitarity triangle having a very short side:

V ∗usVub(≈ 0) + V ∗csVcb + V ∗tsVtb = 0

which is given by the phase difference between the last two terms, called βs. This can
only be achieved at hadron colliders, mainly by using the golden channel B0

s → J/ψφ. The
result reported by LHCb from the above channel is further improved when adding together
the information from the B0

s → J/ψπ+π− final states [6], yielding the final measurement:
φcc̄ss = −2βs = −10± 39 mrad [7]. The time analysis of the CP-asymmetry, performed with an
average resolution of 46fs at LHCb, provides as a by-product the lifetime difference between the
mass eigenstates ∆Γs. With leading precision from LHCb, overall agreement is found among
the different collider experiments (ATLAS, CMS, D0, CDF and LHCb). World averaged values
are found: φcc̄ss = −33 ± 33 mrad and ∆Γs = 88 ± 20 ns−1, in very good agreement with the
SM predictions of: φcc̄ss = −37.6 ± 0.8 mrad and ∆Γs = 88 ± 20 ns−1. Further improvement
will require assessment of higher order corrections, related to penguin loop diagrams [8, 9].

In addition, recent major contributions have been performed to the standard unitarity tri-
angle of the CKM matrix: V ∗udVub + V ∗cdVcb + V ∗tdVtb = 0, defined by the phases β and γ, by pro-
viding direct measurements of γ from the BaBar, BELLE, and LHCb experiments [10, 11, 12].
The combined measurement of γ by LHCb from tree-level diagrams [12], that handles together
the interference parameters from all decays of the generic form B → DK, has provided the most
accurate result: γ = (70.9+7.1

−8.5)
◦
. It is worth mentioning that γ is the only CP-violating phase

that can be determined from tree-level diagrams alone, and can therefore be used as a reference
candle for the SM contribution, when compared to additional measurements to come that may
be sensitive to loop diagrams. Concerning the β phase, LHCb has recently contributed to the
already existing very precise measurements by BaBar and BELLE [13], with the new result
[14]: S = sin2(2β) = 0.731± 0.035± 0.020, and with a constraint to the cosine term of the time
dependent asymmetry: C = −0.038± 0.032± 0.005.

The level of precision attained in B−B̄ oscillations opens the possibility to explore CPT vio-
lation, which would imply Lorentz non invariance [15]. The so-called Standard Model Extension
(SME) postulates interactions that would destabilize the vacuum and spontaneously generate a
non-zero vacuum expectation value (VEV) of Lorentz tensors [16]. Should the masses (δm 6= 0)
or lifetimes (δΓ 6= 0) of B and B̄ mesons not be equal, a phase angle shift in the B − B̄
asymmetry oscillation would be observed through the complex number [17]:

z =
δm− iδΓ/2

∆m− i∆Γ/2

Given the fact that the denominator is quite small as compared with the B-meson masses
(either B0 or B0

s ), the figure of merit may become, in relative terms, comparable to the ratio
mW /MP ≈ 10−17 of Planck mass effects at the electroweak scale. Since the numerator of z

depends on the 4-velocity βµ = γ(1, ~β) of the meson as βµ∆aµ [16], the sensitivity is enhanced
by an additional factor of 20 at LHCb, once the LHC beam location is specified on the Earth’s
rotating frame. The time analysis revealed no significant periodicities, and ∆aµ was determined,
for B0 and B0

s , with precisions of order 10−15 and 10−14 GeV, respectively [17]. The following
constraints were obtained: Rez = −0.022± 0.033± 0.005 and Imz = −0.022± 0.011± 0.002.
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2 Rare b-decays and weak anomalies

Final states with dileptons are a particularly sensitive probe to search for contributions of
Wilson operators in precision tests of flavor-changing neutral currents (FCNC) in b → s and
b→ d transitions, beyond those of the Standard Model at loop level. Well known examples are
the very rare decays B0

(s) → µ+µ− and exclusive b→ sµ+µ− processes.

A joint effort has been performed by the LHCb and CMS experiments at the LHC [18] to
assess the elusive B0

(s) → µ+µ− decays, under scrutiny for many years at several accelerator
facilities. Taking into account the distinct geometrical acceptance and resolution properties
of both experiments, the combination of the data has resulted in the final discovery of the
Bs → µ+µ− mode with branching fraction B(Bs → µ+µ−) = (2.8+0.7

−0.8) × 10−9 and in a 3σ

effect for B0 → µ+µ−, with B(B0 → µ+µ−) = (3.9+1.6
−1.4) × 10−10. The fit for the ratios of the

branching fractions relative to their SM predictions yields SBs

SM = 0.76+20
−18 and SB0

SM = 3.7+1.6
−1.4.

The measurements are compatible with the respective SM predictions at the 1.2σ and 2.2σ
level, when computed from the one-dimensional hypothesis tests. Finally, the fit for the ratio
of branching fractions yields R = 0.14+0.08

−0.06, which is compatible with the SM at the 2.3σ level.
Rare b → sµ+µ− FCNC’s are only allowed in the SM by calculable electroweak penguin

and box diagrams, open to contributions of new heavy particles (extra Z ′ bosons, or new Higgs
particles, among them). The angular observables of the decay B0 → K∗0(K+π−)µ+µ− are

characterized by 6 amplitudes: AL,R0,‖,⊥, related to the three helicity states of the K∗0 and the

two chiralities (L,R) of the dimuon system. The full set of 9 (CP-averaged) observables was
analized by LHCb in 2013 as function of q2(µ+µ−), showing statistical agreement with the SM
predictions in all of them, except in the particular observable:

P ′5 =
√

2Re(AL0AL∗⊥ −AR0 AR∗⊥ )/
√
FL(1− FL) with FL = |AL0 |

2
+ |AR0 |

2

which showed a local discrepancy of 3.7σ [19]. Possible interpretations of this discrepancy
and consistency of all b → sµ+µ− transitions were widely discussed in the literature, and
LHCb has updated the above result with the full 3fb−1 data sample from the LHC Run-1, and
performed a global fit to all observables, in order to better assess the difference with respect to
the SM predictions. A discrepancy in the P ′5 observable within the interval 2 < q2 < 6 GeV2

was confirmed with the new data [20]. Such discrepancy has also been observed in a recent
measurement by the Belle experiment [21]. Various theoretical analyses [22, 23] showed that
the difference can consistently be accounted for by modifying the real part of the coefficients
C9 and C10 associated with the (V,A) Wilson operators in b→ sµ+µ− transitions:

O9 ≡ (s̄γµbL)(µ̄γµµ) O10 ≡ (s̄γµbL)(µ̄γµγ5µ)

Because C10 is already being constrained by the Bs → µ+µ− branching fraction, LHCb has
performed a global χ2-fit to all angular observables and determined the best-fit value to be
displaced from the SM prediction of 4.27 by ∆ReC9 = −1.04±0.25 (3.4σ significance) [20]. This
shift could be caused by an unexpectedly high hadronic effect that changes the SM predictions,
or by contributions to the decay from non-SM vector particles.

An additional topic that has attracted a great deal of interest from various experiments,
including LHCb, is lepton universality. It is well known that gauge interactions in the SM are
flavor-universal at tree level, and all flavor-dependent interactions originate from the Yukawa
couplings to the Higgs boson. It is actually the smallness of neutrino masses that makes lepton
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interactions go universal for e, µ, τ , and the only uncertainty in ratios of semileptonic decays
must come from the different lepton masses. Two such ratios are particularly sensitive to
physics beyond the SM, and have drawn specific recent attention from experiments. They are
defined as follows:

RK =

∫ q2max

q2min
[dΓ(B+ → K+µ+µ−/dq2)]dq2

∫ q2max

q2min
[dΓ(B+ → K+e+e−/dq2)]dq2

RD(∗) =
Γ(B → D(∗)τντ )

Γ(B → D(∗)µνµ)

The first ratio is essentially free of all hadronic uncertainties, notably form factors, and was
measured by LHCb in the interval 1 < q2 < 6 GeV 2 [24], which excludes the J/ψ region and the
region above ψ(2s), affected by broad charmonium resonances. To cope with the very different
bremsstrahlung properties of electrons and muons, LHCb takes strong advantage from the
copious J/ψ production in the control channel B+ → J/ψ(l+l−)K+, to cancel potential sources
of systematics (assuming e, µ universality in J/ψ → l+l−). The value RK = 0.745+0.090

−0.074±0.036
is obtained, which is only 2.6σ from the SM prediction of unity within O(10−3) uncertainty,
but suggestive of a possible deviation. No new measurements have been issued since then, for
this important observable.

In an influential publication made by the BaBar experiment in 2013 [25], both ratios RD and
RD∗ were reported to have anomalously high values, exceeding the SM expectation by more than
3σ. Universality breakup by the τ lepton is particularly sensitive to new physics contributions,
mainly from two Higgs doublet models (2HDM). In these models, scalar contributions SL,R
from Wilson operators (c̄PL,Rb)(τ̄PLντ ) with PL,R ≡ (1∓ γ5)/2, make the helicity amplitudes
Hs of B → D(∗)τντ receive distinct extra contributions from D and D∗ mesons (from their
different spin), such that [25]:

H2HDM
s ≈ HSM

s

(
1 + (SR ± SL)

q2

mτ (mb ∓mc)

)

In fact, the BaBar measurements appear to exclude 2HDM’s where SL = 0 (the so-called
type II model, present in minimal Supersymmetry), in the full range of the tanβ−mH± plane,
but are compatible with more general 2HDM’s having |SR + SL| < 1.4.

Reconstruction of τ leptons is challenging in pp collisions, including muonic decays, because
of the presence of three final state neutrinos, and the lack of the energy constraint that is
provided by the beam energy in e+e− machines. Yet LHCb has performed, for the first time
at a hadron collider, the reconstruction of a b → τ decay signal, leading to a measurement of
RD∗ [26]. The three-body decay D∗+ → D0(K−π−)π+ was chosen, that produces identical
reconstruction topologies in the τ and µ final states, when subject to the ratio:

RD∗ =
Γ(B̄0 → D∗+τ−(µ−ν̄µντ )ν̄τ )

Γ(B̄0 → D∗+µ−ν̄µ)

where the B0 rest-frame variables m2
miss, E

∗
µ, q2 = (pB − pD)

2
are measured from the

estimation of ~pB achieved with charged particles. Control samples of the different backgrounds
allow precise corrections to the signal yield.

The LHCb result: R(D∗) = 0.336±0.027±0.030 [26] confirms the excess to the SM value of
0.252±0.003 found by BaBar. The fit also extracts form factor parameters that appear to agree
with world averages. Two further independent measurements of R(D∗) have been issued by the
Belle experiment [27, 28], that indicate consistency with LHCb results. The world average of
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measurements in the (R(D∗),R(D)) plane [29] currently shows a 3.9σ deviation with respect
to the SM expectation. This exciting situation is clearly calling for new measurements, both
at hadron colliders and e+e− machines. Given the feasibility of τ reconstruction at LHCb, a
wealth of new measurements are forseen using other B-hadrons, such as Bs ,Bc, and Λb, that
will soon help understand the picture.

Other very rare decays, sensitive to new particles beyond the SM, have been recently ex-
amined by LHCb, in particular the three-body decay B± → π±µ+µ−. The ratio of its branch-
ing fraction to the more precisely measured kaon decay has been determined, in the regions
1.0 < q2 < 6.0 GeV2 and 15.0 < q2 < 22.0 GeV2 separately [30]. We quote the latter result:

B(B± → π±µ+µ−)

B(B± → K±µ+µ−)
= 0.037± 0.008± 0.001

which implies a total branching fraction: B(B± → π±µ+µ−) = (1.83± 0.24± 0.05)× 10−8,
with CP asymmetry: ACP (B± → π±µ+µ−) = −0.11 ± 0.12 ± 0.01 [30]. These are the most
precise measurements of these observables to date. In addition, the differential branching
fraction with respect to the dimuon invariant mass squared was measured for the first time [30],
and found to be consistent with SM theoretical predictions [31, 32, 33]. The ratio of branching
fractions above has been used for a precision determination of |Vtd/Vts| where the form factor
uncertainties are greatly reduced [34]. In fact, independent extractions of |Vtd/Vts| from different
sources, such as rare B decays, B0 and B0

s oscillation frequencies, and CKM unitarity, constitute
a sensitive test of the SM and its possible extensions, including the Minimal Flavor Violation
hypothesis (MFV) [35].

3 Hidden-sector searches

Dark matter (DM) may arise from quasi-stable particles in the Supersymmetry breaking sector
at 1-10 TeV scale, that interact feably with all known particles. On the other hand, spontaneous
breaking of the Peccei-Quinn symmetry, which is a U(1) rotation of the right-handed u,d-type
quarks, leads to a light pseudo Nambu-Goldstone boson, the axion (χ). Its observation would
provide fundamental understanding of why CP-violation is not seen in strong interactions [36].
The axion has been postulated to explain the e+ excess observed in cosmic ray experiments
[37, 38], because TeV-scale DM would decay into axions and get therefore long lived. This
axion-like particle should then be light (GeV scale), in order to couple mainly to e and µ.

A possibility to detect the axion at high energy accelerators has been put forward [39],
through its mixing with a CP-odd Higgs boson A0 (either in Supersymmetry or in 2HDM’s)
with vacuum expectation values (VEV): < H1,2 >= v1,2. The top quark can host this portal
through flavor-changing neutral current (FCNC) loop decays such b→ sχ, with amplitude [39]:

M(b→ sχ) = −sinθM(b→ sA0) tanθ = n
vEW
fχtanβ

tanβ ≡ v1

v2

where fχ is the axion decay constant and vEW =
√
v2

1 + v2
2 , where n = 2 (DFSZ axion,

[40, 41]) or n = 1 (NMSSM [42]). For large values of the axion decay constant, this particle
does not decay at its production vertex, so its detection must involve wide range vertexing,
combined with high µ+µ− mass resolution, in order to search for narrow states in b→ sµµ. To
this end, B0 → K∗0µ−µ− was chosen by LHCb.
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(a) Upper limits at 95% CL for the indicated ratios in the left and right axes. Excluding the region
near 2mµ, the relative limits for τ < 10 ps are between 0.005-0.05 and all relative limits for τ < 1000
ps are less than 1.

(b) Exclusion regions at 95% C.L: (left) constraints on the axion model of Ref. [39]; (right) constraints
on the mixing angle squared θ2 of the inflaton model of Ref. [43]. The regions excluded by the theory
[43] and by the CHARM experiment [46] are also shown.

Similar methodological principles, using the above decay, govern the search for a χ field
responsible for an inflationary period at the early Universe, that may have generated the baryon
asymmetry observed today. The portal is provided in this case by its mixing with the SM
Higgs boson, and the associated inflaton particle is expected to have a mass in the range
270 . m(χ) . 1800 MeV [43]. Above the dimuon threshold, its lifetime is a strong function of
the mass, and it rapidly falls down from being long-lived (10−6s) to the 10ps region.

The LHCb experiment has determined the product of branching fractions [44]:

B(B0 → K∗0χ(µ+µ−)) ≡ B(B0 → K∗0χ)× B(χ→ µ+µ−)

which is measured relative to B(B0 → K∗0µ+µ−), within a normalization region that is
taken from prompt decays and restricted by 1.1 < m2(µ+µ−) < 6.0 GeV 2 . Many uncertainties
cancel when doing this normalization, including some concerning hidden-sector theory.

Them(µ+µ−) distribution was scanned for an excess of χ signal candidates over the expected
background. The dimuon mass resolution is less than 8 MeV for the entire range, and it is as
small as 2 MeV below 220 MeV. The χ→ µ+µ− decay vertex is permitted, but not required, to
be displaced from the B0 → K∗0χ decay vertex. Two regions of reconstructed dimuon lifetime,
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τ(µ+µ−) are defined for each mass m(χ): a prompt region |τ(µ+µ−)| < 3σ, and a displaced
region with larger distances. The lifetime resolution σ is about 0.2 ps for m(µ+µ−) & 250 MeV
and 1ps near 2mµ. Narrow resonances are vetoed to avoid contamination from unassociated
dimuon and K∗0 resonances.

Upper limits on B(B0 → K∗0χ(µ+µ−))/B(B0 → K∗0µ+µ−) are set at 95% confidence
level for several values of τ(χ), as shown in Fig. 1a. As τ(χ) & 10 ps, the limits become less
stringent, since the probability of a χ boson decaying within the vertex detector (about 1m long)
decreases. Fig. 1a shows exclusion regions for the DFSZ [40, 41] axion model of Ref. [39], set
in the limit of large Higgs-doublet VEV’s, tanβ & 3, for charged-Higgs masses mH = 1 TeV and
mH = 10 TeV. Fig. 1b shows the results for two extreme cases: B(χ→ hadrons) = 0 and 0.99.
While B(χ→ µ+µ−) is 100 times larger when B(χ→ hadrons) = 0, τ(χ) is also larger, which
results in the model probing the region where the upper limits are weaker. The constraints are
loose for m(χ) > 2mτ , since the axion preferentially decays to τ+τ− if kinematically allowed.
Fig. 1b also shows exclusion regions for the inflaton model of Ref. [43], which only considers
mχ < 1 GeV. The branching fraction into hadrons is taken directly from Ref. [45]. Constraints
are placed on the mixing angle between the Higgs and the inflaton fields, θ, which exclude most
of the previously allowed region.

In summary, no evidence for a narrow signal is observed, and upper limits are placed on
B(B0 → K∗0χ(µ+µ−))/B(B0 → K∗0µ+µ−). This is the first dedicated search over a large mass
range for a hidden-sector boson in a decay mediated by a b→ s transition at leading order, and
the most sensitive search to date over the entire accessible mass range. Stringent constraints
are placed on theories that predict the existence of additional scalar or axial-vector fields.

4 Pentaquark states

Five-quark states of matter, beyond the simple quark model picture, have been an inspiring
case of QCD models for five decades, ever since they were first conjectured by Gell-Man and
Zweig in 1964 [47]. However no convincing findings were established at the onset of the LHC
operation [51]. After processing a total integrated luminosity of 3 fb−1 of 8 TeV pp collisions
at the LHC, the LHCb experiment collected a sample of over 26000 events of the three-body
decay Λb → J/ψ(µ+µ−)K−p. As a consequence of the triggering on displaced vertices, of the
large acceptance for low pT dimuons, and of the 2-3 MeV mass resolution in the two-particle
combinations of this final state, the background under this signal is nearly zero.

Analysis of the Dalitz plot showed that, in addition to a large number of known resonant
Λ∗ structures in the K−p mass, an unexpected feature in the J/ψp mass was present. In
order to investigate whether the above structure can be attributed to a reflection from the Λ∗

resonances or not, a full amplitude fit was performed by LHCb to the Λ0
b → J/ψK−p decay [48],

that included interference between two decay chains: the standard Λb → J/ψΛ∗, Λ∗ → K−p,
and the exotic Λb → P+

c K
−, P+

c → J/ψp, where P+
c represents a pentaquark state with given

spin-parity asignment JP . All possible known Λ∗ states were tried (up to 13 different JP

combinations, with spins ranging from 1/2 to 9/2).

A significant Λ∗ production recoiling against the J/ψ is observed, and the data cannot be sat-
isfactorily described without including two Breit-Wigner shaped resonances in the J/ψp invari-
ant mass distribution. Adding one pentaquark state improves the fit by ∆(−2lnL) = 14.72, and
the addition of a second P+

c state causes a further decrease of the likelihood of ∆(−2lnL) = 11.62.
The model with both P+

c states together has a 18.7σ significance. These structures can-
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not be accounted for by reflections from J/ψΛ∗ resonances or other known sources. In-
terpreted as resonant states they must have minimal quark content cc̄uud, and can there-
fore be called charmonium pentaquark states. The lighter state Pc(4380)+ has a mass of
4380± 8± 29 MeV and a width of 205± 18± 86 MeV, while the heavier state Pc(4450)+ has
a mass of 4449.8± 1.7± 2.5 MeV and a width of 39± 5± 19 MeV. The best-fit asignments are
JP = (3/2

−
, 5/2

+
), but the combinations (5/2

−
, 3/2

+
) and (3/2

+
, 5/2

−
) cannot be excluded.

All other JP combinations are excluded with high significance.

It is found that the interference between two opposite parity P+
c states is needed to explain

the observed asymmetric distribution of the P+
c helicity angle (angle of the J/ψ in the P+

c rest
frame), which appears to be correlated with the mass of the K−p system. As a consequene,
the opposite sign of the parity of the two states is highly significant. In addition, the analysis
of the phase of the Breit-Wigner amplitudes as function of m(Jψp) shows unambiguous coun-
terclockwise rotation, as expected for a true resonance, in the case of P+

c (4450), and it is well
compatible with such behaviour in the case of P+

c (4380).

The above analysis was later confirmed by a model independent approach to the same data,
with minimal assumptions about K−p contributions [49]. It has been demostrated with more
than 9σ significance that the Λb → J/ψK−p decays cannot be described with K−p sources
alone, and that J/ψp contributions play a dominant role in this incompatibility [49].

The above pentaquark states have been re-assessed by LHCb in the Cabibbo suppressed
channel Λb → J/ψπ−p, with measured 8.2% relative branching fraction, in a more recent
publication [50]. A full amplitude model was carried out, following the lines of the previ-
ous Λb → J/ψK−p amplitude model, and a significantly better description of the data was
achieved by either including the two P+

c observed in Λb → J/ψK−p, or the Zc(4200) state
reported by Belle and LHCb. The total significance was 3.1σ when both types of exotics were
included. Within the statistical and systematic errors, the Λb → J/ψπ−p data are consistent
with the Pc(4380)+ and Pc(4450)+ production rates expected from the previous observation
in Λb → J/ψK−p. Assuming Zc(4200) is negligible, a 3.3σ significance is found for both P+

c

states together.

5 Exotic J/ψφ states

LHCb has performed the first full amplitude analysis of a sample of 4289±151 B+ → J/ψφK+

decays, with J/ψ → µ+µ− and φ → K+K−, obtained with the 3fb−1 integrated luminosity
of the LHC Run-1 [52]. A good description of the data in the 6D phase space, composed of
invariant masses and decay angles, is obtained. The data cannot be described by a model that
contains only excited kaon states decaying into φK+, and four structures are observed [52], each
with significance over 5σ. The JPC quantum numbers of these structures and their significance
within the fit model are indicated in Table 1.

The K∗+ amplitude model extracted from the data is consistent with expectations from
the quark model and from the previous experimental results in such resonances. The model
includes signicant contributions from a number of expected kaon excitations, including the first
observation of the K∗(1680)+ → φK+ transition. The JPC quantum numbers of the X(4140)
structure have been determined to be 1++. This has a large impact on its possible interpreta-
tions, in particular ruling out 0++ or 2++ D∗+s D∗−s molecular models. The X(4140) width is
substantially larger than previously determined. As discussed in [53], the data indicate that this
structure is possibly an effect due to the below-threshold D±s D

∗∓
s cusp. The near coincidence
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Mass (MeV) Width JPC nσ

X(4140) 4146.5± 4.5+4.6
−2.8 83± 21+21

−14 1++ 8.4 / 5.7

X(4274) 4273.3± 8.3+17.2
−3.6 56± 11+8

−11 1++ 6.0 / 5.8

X(4500) 4506.0± 11+12
−15 92± 21+21

−20 0++ 6.1 / 4.0

X(4700) 4704.0± 10+14
−24 120± 31+42

−33 0++ 5.6 / 4.1

Table 1: Summary of resonance parameters and quantum numbers of the J/ψφ structures, with
their significance nσ (resonance/JPC).

of the D±s D
∗∓
s and J/ψφ mass thresholds provides suitable conditions for the rearrangement

of (cs̄)(c̄s) to (cc̄)(s̄s).
The existence of the X(4274) structure has been established with a significance of 6.0σ, and

its quantum numbers determined to be 1++. Due to interference effects, the data peak above
the pole mass, underlining the importance of proper amplitude analysis. Molecular bound
states or cusps cannot account for the observed JPC assignment. A hybrid charmonium state
would have JPC = 1−+. A discussion of its feasibility in various tetraquark models and lattice
QCD calculations can be found in Refs. [52, 53]

The high J/ψφ mass region was investigated for the first time with good sensitivity and
shows very significant structures, which can be described as two 0++ resonances: X(4500) and
X(4700). Its possible concordance with predicted virtual D∗+s D∗−s states is also discussed in
[52]. None of the observed J/ψφ states is consistent with the state seen in the two-photon
collisions by the Belle collaboration [54].
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The appearance of new resonances is a most spectacular means by which physics beyond
the standard model may be revealed at the LHC. Searches are conducted for bumps in
mass spectra exploring a multitude of final states. Results are presented spanning from
sub-GeV to multi-TeV scales.

1 Introduction

The Large Hadron Collider (LHC) is currently the world’s energy and intensity frontier hadron
accelerator, providing collisions at record center-of-mass energies and high luminosities. The
LHC along with its detectors is allowing to collect unique datasets of unprecedented size, quality,
and potential for physics discovery.

The LHC has completed in early 2013 its first running phase (Run1) and the experiments
have collected data sets of proton-proton (pp) collisions at centre-of-mass energies of 7 and
8 TeV with integrated luminosities of about 5 and 20 fb−1, respectively. After an upgrade
period for both accelerator and detectors, the second data taking period (Run2) started in mid
2015 at 13TeV, and the experiments had collected already in excess of 15 fb−1 at the time the
school took place in Dubna. In addition to its main pp programme, the LHC provides collisions
involving heavy ions. Valuable datasets of lead-lead (PbPb) and proton-lead (pPb) collisions
have been gathered, at centre-of-mass energies per nucleon pair of 2.76 and 5.02 TeV.

Analyses of the collected data have produced a rich set of physics results. These include
detailed measurements of a variety of processes, and extensive searches, both indirect and direct,
for new particles. The discoveries achieved so far include new particle states and new processes.
Among many others these count the observation of a new resonance, compatible with the Higgs
boson, and of an ultra-rare process (Bs meson decay into two muons) in pp collisions, and
of sequential meson melting of quark-antiquark bound states in PbPb collisions. The results
attained in Run1 have lead to the corroboration of the standard model of particle physics (SM)
as an extremely successful effective theory and to the exclusion of large, relevant regions of the
parameter space available for proposed scenarios extending the SM.

The exploration of the datasets being collected at the new record energy of 13TeV, as
well as the ones that will be gathered over the next decades with enhanced accelerator and
detectors (the High-Luminosity LHC phase), hold the enormous potential of detecting New
Physics, beyond the SM, thus allowing for ground-breaking advancements in our understanding
of Nature at the most fundamental level.
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2 Detection

The collisions are produced at the center of the detectors – ATLAS, CMS, ALICE and LHCb
– that register the debris of the collisions used to reconstruct and study the involved physics
processes. ATLAS and CMS are general-purpose detectors, while ALICE and LHCb are spe-
cialised in the study of collisions with heavy ions and of processes involving b and c quarks,
respectively.

Figure 1: Illustration of particle reconstruction in a
general-purpose detector (CMS).

Figure 1 illustrates the particle re-
construction process at CMS. The cen-
tral feature of the CMS apparatus is
a superconducting solenoid of 6m in-
ternal diameter, providing a magnetic
field of 3.8T. Within the solenoid vol-
ume are a silicon pixel and strip tracker,
a lead tungstate crystal electromagnetic
calorimeter (ECAL), and a brass and
scintillator hadron calorimeter (HCAL),
each composed of a barrel and two end-
cap sections. Forward calorimeters ex-
tend the pseudorapidity coverage pro-
vided by the barrel and endcap de-
tectors. Muons are measured in gas-
ionisation detectors embedded in the steel flux-return yoke outside the solenoid.

Information from the various elements of the detector is used to reconstruct and identify the
stable particles produced in the collisions, by what is dubbed a particle-flow algorithm. The en-
ergy of photons is directly obtained from the ECAL measurement, corrected for zero-suppression
effects. The energy of electrons is determined from a combination of the electron momentum
at the primary interaction vertex as determined by the tracker, the energy of the corresponding
ECAL cluster, and the energy sum of all bremsstrahlung photons spatially compatible with
originating from the electron track. The energy of muons is obtained from the curvature of the
corresponding track. The energy of charged hadrons is determined from a combination of their
momentum measured in the tracker and the matching ECAL and HCAL energy deposits, cor-
rected for zero-suppression effects and for the response function of the calorimeters to hadronic
showers. Finally, the energy of neutral hadrons is obtained from the corresponding corrected
ECAL and HCAL energies. Figure 2 displays reconstructed collision events. In addition to the
underlying event, pairs of energetic muon, electron, photon, and jet candidates are featured.

The LHC collisions (bunch crossings) occur at a rate of 40 million times per second. Only a
small fraction of which is read out and selected in real time to be recorded for later analysis. The
filtering involved is a critical step, and is implemented by a two-tiered trigger system. The first
level (L1), composed of custom hardware processors, uses information from the calorimeters and
muon detectors to select events at a rate of around 100kHz within a time interval of less than
4µs. The second level, known as the high-level trigger (HLT), consists of a farm of processors
running a version of the full event reconstruction software optimised for fast processing, and
reduces the event rate to less than 1kHz before data storage.
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Figure 2: Collision events displaying the following featured candidates (ordered left-to-right,
top-to-bottom): di-muon, di-electron, di-photon, di-jet, di-photon with the solenoid turned-off,
all in pp collisions, and di-muon in a PbPb collision.

3 Low-mass resonances

Muon signals are cleanly reconstructed, with high accuracy down to low transverse momentum
(pT), reaching precisions of 1-2% in the central CMS detector. The probability of misidentifying
other particles (hadrons) as muons is low, down to the permill level. Figure 3 displays the di-
muon mass spectrum, obtained with data collected in 2016 at 13TeV. It illustrates the ability
of the detector to precisely explore a wide-range of particle energies and masses across the
spectrum, from the light vector mesons, ω, φ, to quarkonia (J/ψ,Υ), to the Z0 vector boson
and well beyond it. Note that in order to display the precision achieved across different orders
of magnitude, the graph is constructed with a variable width binning in doubly log scales.
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Figure 3: Di-muon mass spectrum.

Multi-muon signals are explored ex-
tensively. Coupled with other particles
and vertex-displacement criteria, they
form the baseline for online selection of
heavy flavors at the general-purpose de-
tectors. In addition to generic, high-pT
double-muon trigger algorithms, shown
in light gray, Fig. 3 highlights dedicated
algorithms, with low-pT thresholds, in
specific mass windows.

Quarkonia, heavy quark-antiquark
bound states, are extensively explored,
forming a laboratory in which to study
the strong interaction and, in particu-
lar, the mechanisms of hadron produc-
tion. Precision measurements of produc-
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Figure 4: Selected hidden and open flavour resonances, from 0.1 to 10 GeV (ordered from left-
to-right, top-to-bottom): π0, K0

s, φ(1020), Λ, D0, J/ψ, ψ′ and X(3872), B+, Λ0
b , B+

c , Υ(nS),
χb.

tion cross sections and polarisations are performed, which are in turn jointly used to constrain
parameters of QCD effective models (e.g. non-relativistic QCD). The properties of hadrons
containing b-quarks, identified by their characteristic long lifetimes and corresponding measur-
able displacement in the detector, are explored in detail which result is high precision tests of
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the SM. Figure 4 shows a selection of hadronic signals.
Various final states, involving muons, photons, and light hadrons, are employed to search for

new resonant states at low mass. The outcome of these searches includes the first experimental
observation of new meson and baryon states, specifically excited states of the χb, Bc, or Ξb
hadrons, as shown in Fig. 5. These observations involve relatively complex decay topologies,
of up to six final state particles and four distinct displaced vertices, or low-energy photon
conversion to electron-positron pairs in the material of the inner detector.
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Figure 5: New low-mass resonances (anticipated) (ordered left-to-right): χb(3P); Bc(2S); Ξ∗0b ;
Ξ′−b and Ξ∗−b .

In addition to searching for structures directly in mass spectra, multi-body final-state
hadronic decays are explored to search for new resonant structures in the decay products.
For example, the decay B+ → ψφK+ is used to explore possible structures in the ψφ invariant
mass. As displayed in Fig. 6, enhancements in the J/ψφ spectrum have been identified by
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Figure 6: New low-mass resonances (unanticipated). Structures in the J/ψφ mass spectra
identified at 4.140, 4.274, 4.500, 4.700 GeV.

different experiments, between 4 and 5 GeV. These are unanticipated structures that add to
the growing list of candidates for exotic, hadronic particles, which started to be formed with
the observation of the X(3872) by Belle more than a decade ago. Further data should allow
measurements of their properties and contribute to a clarification of their nature.

The decay process Λ0
b → J/ψpK is explored to tag the J/ψp final state. A full amplitude

analysis of the process achieves a best description of the data, shown in Fig. 7, with the addition
of two new states, with masses near 4.4GeV. These new resonances decaying strongly into J/ψp
should have a minimum quark content of cc̄uud, thus being hidden-charm pentaquark candidates
(labeled P+

c ). The high-yield B0
s → J/ψφ channel is explored to search for new, prompt states.

Evidence of an excess in the B0
sπ invariant mass has been reported, which could be interpreted

as an open-beauty tetraquark candidate. However, independent confirmation of the excesses
has not been achieved.
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The complementary study of the strong sector is
achieved by exploring collisions involving heavy nuclei. Ex-
clusive measurements of a variety of particle states in heavy-
ion collisions have been or will be achieved for the first time
at the LHC, which serve as precious hard probes of the hot
and dense medium. These include heavy-flavor states, such
as b and c quark hadrons, W and Z bosons, and eventu-
ally the top quark. Among a large set of unique results
achieved, a Run1 highlight is the observation of sequential
quarkonium suppression – a spectacular indication of quark-
gluon plasma (QGP) formation at the LHC. The relative
suppression of the three Υ(nS) states offer sa rare picture of
a clear effect in a complex environment – as shown in Fig. 8,
not only is each Υ state suppressed in PbPb compared to
pp collisions, but the excited states are significantly more
suppressed.
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Figure 9: Search for pairs of res-
onances h→ 2a→ 4µ.

The exploration of low-mass spectra in pp collisions in-
volves also the search for new light elementary particles. A
search is performed for pair production of new light bosons
(a) decaying to pairs of isolated di-muons. One produc-
tion mechanism for these new bosons is in the decay chain
of a Higgs boson (h): h → 2a + X → 4µ + X, where X
denotes possible additional particles from cascade decays
of the Higgs boson. The data mass spectrum is shown in
Fig. 9 and does not feature any significant addition be-
yond the resonance states ω, ρ, φ, J/ψ that are here back-
grounds for the analysis. While the search is designed to be
model independent, a range of BSM scenarios predict this
decay topology, including the next-to-minimal supersym-
metric standard model (NMSSM) and models with hidden
or dark sectors. Production limits are placed in the context
of these benchmark BSM scenarios.

The study of electroweak decays of heavy-flavored
hadrons continues to provide stringent SM tests. A class
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of processes that is particularly sensitive to BSM effects is provided by rare decays. The study
of B → K(∗)µµ decays have resulted in deviations at the 3σ level relative to theory predictions
(which are however made challenging due to hadronic form factors). The theoretically clean,
ultra-rare processes B0

(d) → µµ are extremely suppressed in the SM and therefore particularly
sensitive to BSM effects. Their search has spanned about three decades across different exper-
iments in different colliders. SM-level sensitivity is attained only with the LHC. The separate
analyses of the Run1 datasets collected by the CMS and LHCb experiments resulted in 4.3σ
and 4.0σ evidence for the B0

s decay, respectively, while the combined fit to the two datasets,
performed by the collaborations and shown in Fig. 10, yielded a significance in excess of 6σ.
While the analysis was optimised for the B0

s search, an excess was also obtained at the 3σ-level
for the B0 decay, which is however more directly affected by the estimation of the contribution
from b-hadron two-body hadronic decays when muons are misidentified that peak in the signal
region. The analysis result is compatible with the SM, and exclude vast regions of the param-
eter space of BSM models. The result is regarded as one of the flagship discoveries of LHC
Run1.

4 Intermediate-mass resonances

Isolated leptons allow to reconstruct the SM vector bosons W and Z, across the different colli-
sions energies and systems provided by the LHC, as shown in Fig. 11. These serve as standard
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pp; Z0 → ee, in PbPb collisions; W± → µνµ, in pPb collisions.

candles for detector and simulation calibration at high pT, references for searches of heavier
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(BSM) gauge bosons, and as final-state particles in searches for heavier resonances. Precision
measurements of production and decay are carried out in pp collisions. The vector bosons have
now been observed for the first time also in collisions involving nuclei. They serve as colour-
less probes that remain unaffected by the hot and dense QCD medium produced, and thus as
control for processes expected to be heavily modified in the nuclear media.
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Figure 12: Higgs (LHC Run2) re-discovery.

One of the original goals of the LHC
physics program was the clarification
of the electroweak symmetry breaking
mechanism. The ATLAS and CMS col-
laborations first reported the discovery
of a new boson in 2012, at a mass of abut
125 GeV. The experimental evidence col-
lected since is consistent with the par-
ticle being the Higgs boson, the quan-
tum of the scalar field postulated by the
Higgs mechanism. Figure 12 shows the
2-photon and 4-muon mass spectra ob-
tained with recent data, illustrating the boson’s re-discovery in Run2. The measurement of the
particle’s properties with improving precision, also exploring rarer channels, will continue to be
pursued with priority with the increasing dataset.

The new scalar, along with the vector bosons, is explored in the search for BSM effects,
via the study of or search for rare or SM-forbidden production and decay modes. The Higgs
searches are further extended to higher mass ranges, as also illustrated in Fig. 12 (for the lepton
channel). The search for heavier di-photon resonances is similarly explored, as in Fig. 13.
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Figure 13: An excess at 750 GeV ?

Much excitement was raised by a
modest excess at a mass of about
750 GeV in the di-photon data collected
in 2015. This raised discussions about
possible explanations in terms of new
physics and the possible production of a
new, BSM particle decaying to two pho-
tons. The (local) statistical significance
of the excess was between 3σ and 4σ for
the ATLAS and CMS experiments, re-
ducing to 2σ and less once the effect of
searching under multiple signal hypothe-
ses is considered (global significance).
However, at mass and widths corresponding to the largest deviations from the background-
only hypothesis in the 2015 data, no large excess is observed in the 2016 data.

The main reason for the original 750 GeV excitement was arguably that compatible excesses
were detected by two independent experiments in the first place. However, in general, fluctua-
tions at similar level should not come as a surprise – considering the large number of searches
for new particles that are performed, we are guaranteed to occasionally see excesses in some
regions of some analyses purely from statistical fluctuations of the data.

8 HQ 2016

NUNO T. LEONARDO

194 HQ 2016



5 High-mass resonances

The search for massive resonances is pursued similarly in a multitude of ways.
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Figure 14: Di-jet spectrum.

Many BSM models require new particles that couple to
quarks and gluons and can be observed as resonances in
the di-jet mass spectrum. The spectrum arises from the
scattering of partons at high pT and is predicted by QCD
to fall smoothly with increasing di-jet mass. The search
for new resonances is pursued in a model-independent way,
by inspecting the spectrum shown in Fig. 14, here probed
up to 8 TeV, and hunting for bumps. No significant excess
is observed and predicted signals from narrow gluon-gluon,
quark-gluon, and quark-quark resonances are shown therein
with cross sections equal to the observed upper limits at 95%
CL.

The di-lepton spectra, shown in Fig. 15 for opposite-
sign muons, electrons, muon-electron, and taus, is searched
also for high-mass resonance states. No clear, significant
excesses above the SM backgrounds are found, and limits
are placed on benchmark BSM models.
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Figure 15: Searches for high-mass resonances in di-lepton spectra: µµ, ee, µe, ττ .

BSM resonances are searched for also in their decays to
di-bosons, including the new scalar (H), as shown in Fig. 16. Sufficiently massive resonances
tend to produce highly Lorentz-boosted objects, which yield collimated decay products; when
these are partially or fully merged into single jets, methods to analyse jet substructure and
suitable jet-tagging techniques are employed.

When no significant excess is observed in the data, exclusion limits on specific benchmark
models are placed. Figure 17 provides an overall summary of the exclusion limits achieved in
the context of the specified categories of BSM scenarios. The analysis of the 8TeV data and
specially of the initial 13TeV data recently collected results in exclusion limits of around several
TeV.

6 Exotic resonances

With the goal of ’leaving no stone unturned’, searches are performed exploring less conventional
signatures. These tend also to often require less orthodox analysis strategies, such as dedicated

HQ 2016 9

Search for Resonances and New Physics

HQ 2016 195



 [GeV] γZM

1000 1500 2000 2500 3000 3500

E
ve

nt
s 

/ 5
0 

G
eV

 

2−10

1−10

1

10

210

310

410
Data: antitagged
Fit model

 1 s. d.±Fit 
 2 s. d.±Fit 

 (13 TeV)-12.7 fb

CMS

 [GeV]γZM
1000 1500 2000 2500 3000 3500

st
at

σ
(d

at
a-

fit
)

5−

0

5 0 200 400 600 800 1000 1200 1400 1600
E

ve
nt

s 
/ 5

0G
eV

-110

1

10

210

310

410

510

CMS

 (8 TeV)-119.5 fb

Observed
γZZ/Z

tt
Z+Jets
WZ
W' (1.0 TeV)
W' (1.5 TeV)

 (GeV)WZM
0 200 400 600 800 1000 1200 1400 1600

σ
(o

bs
-b

kg
)

-2

0

2

Dijet Mass (GeV)
1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6

<
 E

ve
nt

s 
/ G

eV
 >

-310

-210

-110

1

10

210

Data
Background fit

 HW (1.0, 1.5 2.0 TeV)→W' 
 HZ (1.0, 1.5, 2.0 TeV)→Z' 

bbHHPV

 (8 TeV)-119.7 fb

CMS

 (TeV)jjmDijet invariant mass 
1 1.5 2 2.5

D
at

a
σ

D
at

a-
F

it

-2
0
2

 (GeV)jjm
1000120014001600180020002200

E
ve

nt
s 

/ G
eV

-310

-210

-110

1

10
HPHP category

Data

Background

 = 1 TeVRΛSignal for 

 = 1.5 TeVXM

 = 2.0 TeVXM

bbb b→ HH →X 

 (8 TeV)-119.7 fb

CMS

 (GeV)jjm
1000 1200 1400 1600 1800 2000 2200

 
S

ta
t. 

U
nc

.
D

at
a 

- 
B

kg
.

-1

0

1

Figure 16: Searches for new, massive resonances in the di-boson spectra: Zγ,WZ,HW,HH.
Specific candidate BSM states are also overlaid, for illustration purposes, which are however
not corroborated by the data.

approaches to trigger selection and event processing and reconstruction. One may opt to collect
data in a dedicated stream that reads out only selected sub-detector elements instead of the
full event (data scouting). One may select events un-asynchronously with the LHC collisions
(in between bunch-crossings, in order to collect exotic particles with highly delayed decays). Or
search for resonances that, being sufficiently long lived, would have time to travel away from
the collision point and decay at a highly displaced vertex – as BSM scenarios such as hidden
valleys and stealth or RPV or displaced SUSY among others would have it. The exclusion
limits are summarised in Fig. 17 also for some of these more exotic scenarios.

Figure 17: Summary of current 95% CL upper exclusion limits on the mass of new resonances
in various BSM scenarios.
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7 Conclusion

The LHC and its detectors have had an extremely successful first running period, and are
initiating its second data-taking period at higher collision energies. Various new resonances
– both anticipated and unexpected – have been discovered. In addition, new processes and
phenomena have been observed, and old ones probed to unprecedented precision. The standard
model has in the process been reinforced as an extremely successful effective theory. The bulk
of the LHC data that will be gathered over the coming years and decade carry the promise and
potential of detecting what physics lies beyond it – the overarching goal we pursue.
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We present the recent results on the XY Z states and B-decays measured by the Belle
detector at the KEKB e+e− collider.

1 Introduction

The Belle experiment ran at the KEKB [1] e+e− asymmetric energy collider between 1999
and 2010 and the total integrated luminosity reached 1040 fb−1. Most of the data were taken
at the energy of the Υ(4S) resonance in order to study the B physics, but other energy data
were taken as listed in Table 1. The physics events were detected by the general purpose Belle
spectrometer [2], which consists of a silicon vertex detector, a central drift chamber, an array
of aerogel Cherenkov counters, a barrel-like arrangement of time-of-flight scintillation counters
and an electromagnetic calorimeter. Arrays of resistive plate counters interspersed in the iron
yoke is used for the identification of muons and KL mesons. The physics achievements from the
Belle experiment until 2012 are reviewed in Ref. [3] and the physics results from the B-factories
until 2014 are reviewed in Ref. [4].

Concerning the XY Z states, Particle Data Group (PDG) uses the naming X for all XY Z
states. On the other hand, in the many literatures, the Y ’s are used for the states of JPC = 1−−

with the energy range of the charmonia but seem not to be considered as the charmonia. As
for the Zc’s (Zb’s), the Zc’s (Zb’s) are the meson states including cc̄ (bb̄) with electric charge,
and therefore, the minimal quark content for Z+

c is cc̄ud̄. The Zc’s and Zb’s are considered as
isospin 1 states and there exist the neutral states with same isospin multiplet. Such states are
also called Z states. We use the X for all other types of the exotic mesons. The recent status
of XY Z states is reviewed in Ref. [5].

2 Bottomonium-like hadrons

2.1 Anomalous Υ(nS)π+π− (n=1,2,3) production near Υ(5S) resonance

The Υ(10860) resonance is the JPC = 1−− state with the mass of 10876± 11 MeV/c2 and the
width of 55± 28 MeV. The main component of this resonance is considered as the 5th excited
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On-peak Off-peak Number of
Resonance luminosity (fb−1) luminosity (fb−1) resonances

Υ(1S) 5.7 1.8 102× 106

Υ(2S) 24.9 1.7 158× 106

Υ(3S) 2.9 0.25 11× 106

Υ(4S) 711.0 89.4 772× 106

Υ(5S) 121.4 1.7 7.1× 106

Scan 27.6

Table 1: Summary of the luminosity of the Belle experiment. “On-peak” means the energy is
just at the resonance points and “Off-peak” means the energy is 60 MeV below the resonance
points. “Scan” means the energy is scanned between the Υ(4S) and Υ(6S) resonances.

state (including the ground state) of the orbital angular moment L = 0 bottomonium, and
therefore, sometimes called Υ(5S). Its mass is above the open bottom threshold and the decays
to BB̄, BB̄∗, B∗B̄∗ and BsB̄s have been observed. In 2008, Belle reported the first observation
of e+e− → Υ(1S)π+π−, Υ(2S)π+π− and first evidence for e+e− → Υ(3S)π+π−, Υ(1S)K+K−

near the peak of the Υ(5S) resonance at
√
s ∼ 10.87 GeV [6]. The Υ(nS) was detected through

the Υ(nS)→ µ+µ− decay mode. Signal candidates were identified using the kinematic variable
∆M , defined as the difference between M(µ+µ−π+π−) or M(µ+µ−K+K−) and M(µ+µ−) for
pion or kaon modes. The signal events should be concentrated at ∆M =

√
s −MΥ(nS) and

results are given in Fig. 1. By analyzing the data and assuming the Υ(5S) to be the sole
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Figure 1: The ∆M distributions for (a) Υ(1S)π+π−, (b) Υ(2S)π+π−, (c) Υ(3S)π+π−, and
(d) Υ(1S)K+K− with the fit results superimposed. The dashed curves show the background
components in the fits. Figures are taken from Ref. [6]

source of the observed events, the partial decay widths have been obtained. The results are
summarized in Table 2. The measured partial widths , of order 0.6− 0.9 MeV, are more than
2 orders of magnitude larger than the corresponding partial widths for Υ(4S), Υ(3S) or Υ(2S)
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Process Ns Σ Γ(MeV)

Υ(1S)π+π− 325+20
−19 20σ 0.59± 0.04± 0.09

Υ(2S)π+π− 186± 15 14σ 0.85± 0.07± 0.16
Υ(3S)π+π− 10.5+4.0

−3.3 3.2σ 0.52+0.20
−0.17 ± 0.10

Υ(1S)K+K− 20.2+5.2
−4.5 4.9σ 0.067+0.017

−0.015 ± 0.013

Table 2: Signal yield (Ns), significance (Σ) and the partial widths (Γ) for Υ(5S)→ Υ(nS)π+π−

and Υ(1S)K+K− are also given. The first uncertainty is statistical, and the second is system-
atic.

decays. The unexpectedly large partial widths disagree with the expectation for a pure bb̄ state,
and therefore, the Υ(5S) is one of the strong candidates for the exotic hadron.

In order to understand the nature of the Υ(5S) state, Belle measured the production cross
sections for e+e− → Υ(1S)π+π−, Υ(2S)π+π− and Υ(3S)π+π− as a function of

√
s between

10.83 GeV and 11.02 GeV [7]. The enhancements of the production cross sections were observed
in all three final states. A fit using a Breit-Wigner resonance shape yields a peak mass of
[10888.4+2.7

−2.6(stat) ±1.2(syst)] MeV/c2 and a width of [30.7+8.3
−7.0(stat) ±3.1(syst)] MeV. Recently,

new measurements have been performed with including not only Υ(10860) but also Υ(11020)
[8]. The results are M10860 = (10891.1 ± 3.2+0.6

−1.7) MeV/c2, Γ10860 = (53.7+7.1 +1.3
−5.6−5.4) MeV,

M11020 = (10987.5+6.4 +9.0
−2.5−2.1) MeV/c2 and Γ11020 = (61+9 +2

−19−20) MeV.

2.2 First observation of the P -wave spin-singlet bottomonium states

The hb(nP ) states are the P -wave spin-singlet bottomonium. In 2012, Belle reported the first
observations of the hb(1P ) and hb(2P ) produced via e+e− → π+π−hb(nP ) using a 121.4 fb−1

data sample collected at energies near the Υ(5S) resonance [9]. The hb(nP ) states were observed
in the π+π− missing mass spectrum defined as M2

miss ≡ (PΥ(5S)−Pπ+π−)2, where PΥ(5S) is the
4-momentum of the Υ(5S) determined from the beam momenta and Pπ+π− is the 4-momentum
of the π+π− system. The Mmiss spectrum is divided into three adjacent regions with boundaries
at Mmiss = 9.3, 9.8, 10.1, and 10.45 GeV/c2 and fitted separately in each region. In the third
region, prior to fitting, the contribution due to the K0

S → π+π− is subtracted. In Fig. 2, the
Mmiss spectrum after subtraction of both the combinatoric and K0

S → π+π− contributions
is shown with the fitted signal functions. The measured masses of hb(1P ) and hb(2P ) are
M = (9898.2+1.1+1.0

−1.0−1.1) MeV/c2 and M = (10259.8 ± 0.6+1.4
−1.0) MeV/c2, respectively. Using the

world average masses of the χbJ(nP ) states, the P -wave hyperfine splittings are determined to
be ∆MHF = (+1.7± 1.5) and (+0.5+1.6

−1.2) MeV/c2, respectively. The significances of the hb(1P )
and hb(2P ) are 5.5 σ and 11.2 σ, respectively.

The hadronic transition Υ(4S)→ ηhb(1P ) and the radiative decay hb(1P )→ γηb(1S) have
been observed [10]. The measured branching fractions are B[Υ(4S)→ ηhb(1P )] = (2.18±0.11±
0.18)× 10−3 and B[hb(1P )→ γηb(1S)] = (56± 8± 4)%.

2.3 First observation of two charged bottomonium-like resonances;
Zb(10610)± and Zb(10650)±

In 2012, Belle reported the first observations of two narrow charged bottomonium-like res-
onances in the mass spectra of the π±Υ(nS) (n = 1, 2, 3) and π±hb(mP ) (m = 1, 2) pairs
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Figure 2: The Mmiss spectrum with the combinatoric background and K0
S contribution sub-

tracted (points with errors) and signal component of the fit function overlaid (smooth curve).
The vertical lines indicate boundaries of the fit regions. Figure is taken from Ref. [9]

that were produced in association with a single charged pion in Υ(5S) decays [11]. Ampli-
tude analyses of the three-body Υ(5S) → Υ(nS)π+π− decays were performed by means of
unbinned maximum likelihood fits to two-dimensional M2[Υ(nS)π+] vs M2[Υ(nS)π−] Dalitz
distributions. Two peaks were observed in the Υ(nS)π± system near 10.61 GeV/c2 and 10.65
GeV/c2. The statistical significance of the two peaks exceeded 10σ for all Υ(nS)π+π− chan-
nels. Similarly, two peaks were observed in the hb(mP )π± system. The significance of the
Zb(10610)± and Zb(10650)± is 16.0σ [5.6σ] for the hb(1P ) [hb(2P )]. Weighted averages of the
mass and width are M = 10607.2 ± 2.0 MeV/c2, Γ = 18.4 ± 2.4 MeV for the Zb(10610)±

and M = 10652.2 ± 1.5 MeV/c2, Γ = 11.5 ± 2.2 MeV for the Zb(10650)±, where statistical
and systematic errors are added in quadrature. Recent amplitude analysis of the three-body
Υ(nS)π+π− final states strongly favored IG(JP ) = 1+(1+) quantum-number assignments [12].
Since the minimal quark content is bb̄ud̄ [bb̄dū] for the Z+

b [Z−b ], the Zb(10610)± and Zb(10650)±

are the genuine exotic hadrons. The measured masses of two states are a few MeV/c2 above the
thresholds for the open bottom channels B∗B̄ (10604.46 MeV/c2) and B∗B̄∗ (10650.2 MeV/c2).
This suggests that these states have a hadronic molecular-type structure.

2.4 First observation of Zb(10610)0

Belle reported the first observation of the neutral partner of the Zb(10610)±, the Zb(10610)0

decaying to Υ(2, 3S)π0 with a 6.5σ significance using a Dalits analysis of Υ(5S)→ Υ(2, 3S)π0π0

decays [13]. The measured mass of the Zb(10610)0 is M = (10609 ± 4 ± 4) MeV/c2, that is
consistent with the mass of the corresponding charged state, the Zb(10610)±. This suggests that
the isospin symmetry breaking is small for Zb(10610)’s and an admixture of the bb̄ component
in Zb(10610)0 is small.
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3 Charmonium-like hadrons

3.1 Y (4260), Y (4360) and Y (4660)

The Y (4260) state was first observed by the BaBar Collaboration in the initial-state-radiation
(ISR) process e+e− → γISRπ

+π−J/ψ [14] and then confirmed by the CLEO [15] and Belle
experiments [16, 17] using the same technique. The cross section of e+e− → π+π−J/ψ are
given in Fig. 3 The quantum number of the Y (4260) resonances is JPC = 1−−. However, the
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Figure 3: The measured e+e− → π+π−J/ψ cross section for c.m. energies between 3.8 and 5.5
GeV after background subtraction. The errors are statistical only. Figure is taken from Ref.
[17]

properties of the Y (4260) resonance are rather different from those of other known JPC = 1−−

charmonium states in the same mass range. Since it is well above the DD̄ threshold, it is
expected to decay into D(∗)D̄(∗) dominantly. In fact, no significant enhancement is observed
in D(∗)D̄(∗) final states. On the other hand, Γ(Y (4260) → π+π−J/ψ) > 1.6 MeV at 90% CL,
which is much larger than the typical charmonium state, i.e., Γ(ψ(3770)→ π+π−J/ψ) = 53±8
keV.

In 2007, Belle reported the observation of two resonance structures in e+e− → π+π−ψ(2S)
via initial-state radiation [18]. The masses and widths of the two resonances (Y (4360) and
Y (4660)) are M1 = 4361 ± 9 ± 9 MeV/c2, Γ1 = 74 ± 15 ± 10 MeV and M2 = 4664 ± 11 ± 5
MeV/c2, Γ2 = 48 ± 15 ± 3 MeV, respectively, if the mass spectrum is parametrized with the
coherent sum of two Breit-Wigner functions. The statistical significance of the first peak is
more than 8σ and that of the second peak is 5.8σ. In 2015, using full data sample of the
Belle experiment, Y (4360) and Y (4660) states have been studied [19] and the measured cross
section is given in Fig. 4. Likewise Y (4260), Y (4360) and Y (4660) are not observed in D(∗)D̄(∗)

channels. Y (4260) has rather large partial decay width to the π+π−J/ψ final state, but has
quite small partial decay width to the π+π−ψ(2S) final state. Conversely, Y (4360) and Y (4660)
have large partial decay width to the π+π−ψ(2S) final state, but have small partial decay width
to the π+π−J/ψ final state. These facts suggest that Y (4260), Y (4360) and Y (4660) are not
simple charmonium states, and therefore, are the candidates for the exotic hadrons.
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Figure 4: The measured e+e− → π+π−ψ(2S) cross section for c.m. energies between 4.0 and
5.5 GeV after background subtraction. Figure is taken from Ref. [19]

3.2 Zc(3900)

The JPC = 1−− state Y (4260) has rather large decay width to the π+π−J/ψ and it is similar
to the JPC = 1−− state Υ(10860) has rather large decay width to the π+π−Υ(1S). In the
Υ(10860) decay, the charged bottomonium-like states Zb(10610) and Zb(10650) were observed
as described in Sect. 2.3. Likewise Υ(10860), whether the Y (4260) decay to the charged
charmonium-like state was the issue of the discussion. Recently, BESIII reported [20], and Belle
confirmed [17], the observation of a charged resonance-like structure in the π+J/ψ invariant
mass distribution for e+e− → π+π−J/ψ events collected at

√
s = 4.26 GeV, dubbed the

Zc(3900). The mass and width determined by BESIII are M = (3899.0 ± 3.6 ± 4.9) MeV/c2

and Γ = (46 ± 10 ± 20) MeV, respectively with more than 8σ statistical significance. Those
by Belle are M = (3894.5 ± 6.6 ± 4.5) MeV/c2 and Γ = (63 ± 24 ± 26) MeV, respectively
with 5.2σ significance. The fit results of the distribution of Mmax(πJ/ψ), the maximum of
M(π+J/ψ) and M(π−J/ψ) by Belle are given in Fig. 5. Recently, BESIII reported on a
study of the process e+e− → π±(DD̄∗)∓ at

√
s = 4.26 GeV using a 525 pb−1 data sample

collected with the BESIII detector at BEPCII storage ring. A distinct charged structure dubbed
Zc(3885) is observed with more than 18σ significance [21]. The measured mass and width are
M = (3883.9 ± 1.5 ± 4.2)MeV/c2 and Γ = (24.8 ± 3.3 ± 11.0) MeV, respectively. The fitted
Zc(3885) mass is marginally (2σ) inconsistent with that of the Zc(3900), and therefore, it is an
issue of the discussion whether the Zc(3885) structure is identical with the Zc(3900) structure.

Since the mass of Zc(3885) or Zc(3900) is close to theD0D̄∗− threshold, there are suggestions
that these states are the virtual DD̄∗ molecule-like structure, i,e., a charmed-sector analog of
the Zb(10610). However, the situation is not so simple. Because of the heavy quark symmetry,
the interaction between B(∗) and B̄(∗) is considered to be similar to that between D(∗) and
D̄(∗). On the other hand, the size of the kinetic energy term of the DD̄∗ system is about
2.7 times larger than that of the BB̄∗ system due to the reduced mass difference. Therefore,
simultaneous explanation of the Zb(10610) and Zc(3900) structures are rather difficult.
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Figure 5: Unbinned maximum likelihood fit to the distribution of the Mmax(πJ/ψ). Points
with error bars are data, the curves are the best fit, the dashed histogram is the phase space
distribution and the shaded histogram is the non-π+π−J/ψ background estimated from the
normalized J/ψ sidebands. Figure is taken from Ref. [17]

4 B decays

The B-meson properties have been studied for understanding the CP violation phenomena
and the results from the B-factories have been summarized in Ref. [4]. The energy frontier
experiment the Large Hadron Collider (LHC) at CERN started the

√
s = 7 TeV operation in

2010. Then, the observation of the boson has been reported on July 4th, 2012 and later it
was identified as the Standard Model (SM) Higgs boson. In 2015, the

√
s = 13 TeV operation

at LHC started. However, up to now, no new phenomena beyond the SM (BSM) have been
observed.

In such a situation, the intensity frontier experiments are attracting attention since such
experiments may have the possibility to access to much higher energy scale phenomena. The
deviations from the SM predictions have been measured in the semileptonic B decays to τ
leptons and the angular observables of the B → K∗`+`− decays with ` = e, µ. In order
to observe the BSM phenomena, the observables should be predicted very accurately in the
SM. Otherwise the small contributions from the BSM phenomena are easily masked by the
uncertainties of the SM predictions. The uncertainties of the SM predictions are mostly come
from the strong interaction parts. In this two B-decay modes in question, there is single hadron
in the initial and final states and therefore no initial and final state interactions by the strong
interaction exist.

4.1 R(D∗) and R(D)

The ratio R(D(∗)) = B(B̄ → D(∗)τ−ν̄τ )/B(B̄ → D(∗)`−ν̄`), with ` = e, µ has much attention
since it is sensitive to the Charged Higgs boson contributions, which is the BSM phenomena.
It is naively understood that the Charged Higgs boson coupling to the τ lepton is stronger
than that to the electron or muon because of the large mass of the τ lepton. By taking the
ratio of the branching fractions, the theoretical as well as experimental uncertainties have been
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reduced. The SM predictions are R(D∗) = 0.252 ± 0.003 [22] and R(D) = 0.300 ± 0.008
[23]. On the other hand, experimental results are as follows. BABAR reported R(D∗) =
0.332 ± 0.024 ± 0.018 and R(D) = 0.440 ± 0.058 ± 0.042 with a semileptonic tagging method
[24]. Belle used a hadronic tagging method and the results are R(D∗) = 0.293± 0.038± 0.015
and R(D) = 0.375 ± 0.064 ± 0.026 [25]. In LHCb experiment, the multidimensional fit to
kinematics distributions of the candidate B̄0 decays gave R(D∗) = 0.336 ± 0.027 ± 0.030 [26].
Recently Belle performed the measurement of R(D∗) using the semileptonic tagging method
and the result was R(D∗) = 0.302 ± 0.030 ± 0.011 [27]. In the experimental results, the first
errors are statistical ones and the second errors are systematical ones. All the experimental
results are consistent with each other.

The Heavy Flavor Averaging Group (HFAG) summarized these results and reported them
on their web page. The averages are R(D∗) = 0.316±0.016±0.010 and R(D) = 0.397±0.040±
0.028, which exceed the SM predictions by 1.9σ and 3.3σ, respectively. The combined analysis
shows that the deviation from the SM prediction is 4σ, which is summarized in Fig. 6.

Figure 6: Summary of the theoretical as well as experimental results of R(D∗) and R(D).
Figure is taken from HFAG web site http://www.slac.stanford.edu/xorg/hfag/semi/winter16/
winter16 dtaunu.html

4.2 τ lepton polarization in B̄ → D∗τ−ν̄τ decay

Although I did not mention this subject on my lecture at the summer school, in this subsection, I
would like to report Belle’s new results on the τ lepton polarization and R(D∗) in B̄ → D∗τ−ν̄τ
decay with τ → πντ and τ → ρντ using the hadronic tagging method [28]. The τ lepton
polarization is defined as Pτ (D∗) = [Γ+(D∗) − Γ−(D∗)]/[Γ+(D∗) + Γ−(D∗)], where Γ±(D∗)
denotes the decay rate of B̄ → D∗τ−ν̄τ with a τ helicity of ±1/2. The Pτ (D∗) is considered to
be sensitive to the BSM physics. The Pτ (D∗) can be measured from the angular distributions
in the two-body hadronic τ decays.

The result is Pτ (D∗) = −0.36 ± 0.51+0.21
−0.16, which is consistent with the SM prediction

Pτ (D∗) = −0.497± 0.013 [29]. This analysis gave the independent measurement of the R(D∗)
in the two-body hadronic τ decay modes. The result R(D∗) = 0.27± 0.035+0.028

−0.025 is consistent
with the SM prediction.
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4.3 Lepton-flavor-dependent angular analysis of B → K∗`+`−

The B → K∗`+`− decay involves the quark transition b → s`+`−, a flavor-changing neutral
current that is forbidden at tree level in the SM. There may be sizable contributions from
the BSM phenomena and the LHCb reported the 3.4σ deviation from the SM prediction in the
angular dependent observable P ′5 measured by the B0 → K∗0µ+µ− decay [30]. The definition of
P ′5 is given in Ref. [30]. Recently, Belle performed the measurements of these angular dependent
observables in not only the B0 → K∗0µ+µ−, but also the B± → K∗±µ+µ−, B0 → K∗0e+e−

and B± → K∗±e+e− decay modes [31]. The results are compatible with SM predictions, where
the largest discrepancy is 2.6σ in P ′5 for the muon channels as shown in Fig. 7.
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Figure 7: The theoretical as well as experimental results of P ′5. Figure is taken from Ref. [31].

5 Summary

The recent results on the hadron spectroscopy measured by the Belle detector at the KEKB
e+e− collider have been reviewed. We have focused on the bottomonium-like and charmonium-
like mesons having the unanticipated properties from the qq̄ structures.

Although the data taking of the Belle experiment was finished on June 30, 2010, there may
be rich hadron physics to be analyzed in Belle data. Quantum numbers, production rates,
decay rates, etc. have not been to be determined for many higher resonance states, which
should be measured. As discussed in this talk, many states may not have the simple quark-
gluon structures but have the rich structures. In order to clarify the structures of such exotic
hadrons, any suggestion from the theorists is very welcome.

So far, physics beyond the Standard Model has not been observed. In order to observe BSM
phenomena, the more accurate and less uncertain SM predictions of the observables as well as
the more precise experimental measurements are necessary.

The SuperKEKB/Belle II experiment will start data taking on the end of 2017. The designed
luminosity is 40 times bigger than the KEKB-factory/Belle. Please await our new data from
the SuperKEKB-/Belle II.
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Multiquark states having four and five valence quarks, called tetraquarks and pentaquarks,
respectively, are now firmly established experimentally, with the number of such indepen-
dent states increasing steadily over the years. They represent a new facet of QCD, but
the underlying dynamics is currently poorly understood. I review some selected aspects of
data and discuss several competing phenomenological models put forward to accommodate
them.

1 Introduction

Ever since the discovery of the state X(3872) by Belle in 2003 [1], a large number of multi-
quark states has been discovered in particle physics experiments, conducted at the electron-
positron and hadron colliders. They are exotic, having JPC quantum numbers not allowed
for qq̄ states, or have too small a decay width for their mass, and, in some cases, their de-
cay distributions have unfamiliar features not seen before. Most of them are quarkonium-like
states, in that they have a (cc̄) or a (bb̄) component in their Fock space. A good fraction of
them are electrically neutral but some are singly-charged. Examples are X(3872)(JPC = 1++),
Y (4260)(JPC = 1−−), Zc(3900)±(JP = 1+), Pc(4450)±(JP = 5/2+), in the hidden charm
sector, and Zb(10610)±(JP = 1+) and Zb(10650)±(JP = 1+), in the hidden bottom sector.
The numbers in the parentheses are their masses in MeV. Of these, Pc(4450)±(JP = 5/2+)
is a pentaquark state, as its discovery mode Pc(4450)+ → J/ψp [2] requires a minimal va-
lence quark content cc̄uud. The others are tetraquark states, with characteristic decays, such
as X(3872) → J/ψπ+π−, Y (4260) → J/ψπ+π−, Zc(3900)+ → J/ψπ+, and Zb(10610)+ →
hb(1P, 2P )π±,Υ(1S, 2S)π+. The charmonia sector and the observed neutral charmonium-like
exotic states are shown in Fig. 1, and the observed charged charmonium-like states are dis-
played in Fig. 2. No doubly-charged multiquark hadron has been seen so far, though some are
expected, such as [c̄ū][sd]→ D−s π

−, in the diquark scenario discussed below.

Deciphering the underlying dynamics of the multiquark states is a formidable challenge and
several models have been proposed to accommodate them. I discuss them briefly in the next
section for the tetraquark mesons, and will discuss one of them - the diquark model - in some
details in section 3. Current data and models for the observed pentaquarks are discussed briefly
in section 4, and the diquark model for pentaquarks is discussed at some length in section 5,
including a number of predictions to be tested in forthcoming experiments. A summary is given
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Figure 1: Charmonia and Charmonium-like neutral exotic sector. Black lines represent observed
charmonium levels, blue lines are predicted charmonia levels and red lines are exotic states.
Two-particle meson thresholds are indicated on the right (from [3]).

Figure 2: Observed charged exotic charmonium sector. Two-particle meson thresholds are
indicated on the right (from [3]).
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in section 6.

2 Models for Tetraquarks

Several explicit kinematic and dynamical mechanisms have been devised to accommodate the
exotic spectroscopy. They go by the names: cusps, hadroquarkonia, hybrids, hadron molecules,
and compact diquarks. They are briefly explained below.

2.1 Tetraquarks as Cusps

In the cusp interpretation of tetraquarks [4, 5], it is assumed that threshold re-scatterings are
enough to describe the data, and as such there is no need for poles in the scattering matrix.
This approach has been invoked to explain the origin of the charged states Zc(3900)[DD̄∗],
Zc(4025)[D∗D̄∗], Zb(1610)[BB̄∗], and Zb(10650)[B∗B̄∗], as they lie just above the indicated
thresholds. Discussed long ago by Wigner [6] in the context of the non-relativistic two-body
scattering theory, and stressed more recently by Törnqvist [7] in an attempt to understand the
low-lying scalar meson qq̄ nonet, and by Bugg [8], in interpreting the resonances as synchro-
nized artefacts, this effect has to do with the behavior of scattering cross-sections σ(E) near
thresholds, say E = E0. The cross-section remains finite as one approaches E0 from above or
below, but the slope dσ(E)/dE shows a discontinuity, which can result in a ”cusp”, as σ(E) is
continued below E0. It is related to the self-energy threshold singularity, in that the expression
for the imaginary part of the self-energy ImΠ(s) is zero for

√
s below the threshold and turns on

rapidly once the threshold is crossed1. Here Π(s) is the self-energy of of a particle coupled to two
intermediate states. The resulting enhancements by cusps can mimic genuine S-matrix poles
(resonances). However, they can be distinguished by studying the phase motions of the ampli-
tudes. Representing a resonance by a Breit-Wigner amplitude, f(s) = Γ/2/(M −√s − iΓ/2),
the magnitude and phase vary with

√
s, according to a circular trajectory in the Argand di-

agram. Cusps, on the other hand, have characteristically different dependence on
√
s. Using

the variable z = c(mA + mB −
√
s), where A and B are the intermediate states, and c is a

normalizing constant, one can show that the imaginary part of a cusp amplitude is zero for
positive z (i.e., below threshold) and turns on rapidly as the threshold is crossed, reflecting es-
sentially the function erfc(

√
z), which governs Im(Π(s)). This phase motion differs from that

of a genuine Breit-Wigner. We will illustrate this in the context of the pentaquark Pc(4450)+

later in section 4.

2.2 Tetraquarks as hadroquarkonia

This mechanism is motivated by analogy with the hydrogen atom. In the hadroquarkonium
model, a QQ̄ (Q = c, b) forms the hard core surrounded by light matter (light qq̄ in the case
of tetraquarks and qqq for pentaquarks), with the two systems bound by a van der Walls type
force. For example, the hadrocharmonium core may consist of the J/ψ, ψ′ or χc, and the light
qq̄ degrees of freedom can be combined to accommodate the observed hadrons [9]. A variation
on this theme is that the hard core quarkonium could be in a color-adjoint representation,
in which case the light degrees of freedom are also a color-octet to form an overall singlet.
Hadroquarkonium models have conceptual problems, in that if the binding force is weak, the

1Here E and
√
s are used interchangeably.
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question is why the system remains stable for long enough a time to be identified as a distinct
state. If the force is strong, it is not clear why the QQ̄ core and the light degrees of freedom don’t
rearrange themselves as a pair of heavy mesons (DD̄∗, BB̄∗ etc.). This would then suppress the
appearance of the states (J/ψ, hc)ππ in their decays, which, in fact, are the discovery modes of
many such exotic multiquark states.

2.3 Tetraquarks as hybrids

Next are hybrid models, the basic idea of which dates back to circa 1994 [10] based on
the QCD-inspired flux-tubes, which predict exotic JPC states of both the light and heavy
quarks. Hybrids are hadrons formed from valence quarks and gluons, for example, consisting
of QQ̄g. States dominated by gluons form glueballs, which are firm predictions of QCD, but
have proven to be elusive experimentally. What has emerged from the current lattice-QCD
computations [11] is that non-perturbative gluons, the object of interest in constructing the
hybrids, are quasiparticles having JPC = 1+− with an excitation energy of approximately
1 GeV. This would put the lightest charmonium multiplets at around 4200 MeV. Extensive
studies of such hybrids have been carried out on the lattice by the Hadron Spectrum Col-
laboration [12], though for a heavy pion mass, mπ ∼ 400 MeV and at fixed lattice spacing.
Several states in this computation are identified as charmonium hybrid multiplets, having the
quantum numbers JPC = 0−+, 1−−, 2−+, 1−+, with their masses (M) estimated to lie in the
range M − Mηc ' 1200 − 1400 MeV. Very much along the same lines, but much earlier, a
hybrid interpretation was advanced for the JPC = 1−− state Y (4260), which has a small e+e−

annihilation cross section [13, 14, 15]. In the meanwhile, hybrids have been offered as templates
for other exotic hadrons as well [16, 17]. They have been put on firmer theoretical footings
in the framework of effective field theories [18]. Despite all these theoretical advances, which
are impressive and may eventually provide reliable quantitative predictions, an unambiguous
hybrid candidate has yet to be identified in the current experiments. Advances in lattice QCD
techniques, enabling a firm phenomenological profiles of the glueballs and the QQ̄g hybrids,
and dedicated experiments, such as the GlueX [19] and P̄ANDA [20], may change this picture
dramatically.

2.4 Tetraquarks as hadron molecules

A very popular approach assumes that the tetraquark (pentaquark) states are meson-meson
(meson-baryon) bound states, with an attractive residual van der Waals force generated by
mesonic exchanges [21]. This hypothesis is in part supported by the closeness of the observed
exotic hadron masses to their respective two-particle thresholds, as can be seen in Figs. 1 and
2. In many cases, this leads to a very small binding energy, which imparts the exotic hadrons
very large hadronic radii, following from the Heisenberg uncertainty principle. This is best
illustrated by the X(3872), which has an S-wave coupling to D∗D̄ (and its conjugate) and has
a binding energy EX = MX(3872) −MD∗0 −MD̄0 = +0.01± 0.18 MeV. Such a hadron molecule

will have a large mean square separation of the constituents 〈rX〉 ∝ 1/
√EX ' 10 fm, where

the quoted radius corresponds to a binding energy EX = 0.15 MeV. This would lead to small
production cross-sections in hadronic collisions [22], contrary to what has been observed in
a number of experiments at the Tevatron and the LHC. In some theoretical constructs, this
problem is mitigated by making the hadron molecules complicated by invoking a hard (point-
like) core. In that sense, such models resemble hadroquarkonium models, discussed above. In
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yet others, rescattering effects are invoked to substantially increase the cross-sections [23]. A
crucial test is the pT -spectrum of the exotic hadrons in question in prompt production processes
at the LHC.

The hadron molecular picture is plausible in explaining some aspects of the current data,
namely the lack of experimental evidence of a quartet of exotic states, almost degenerate in
mass with the X(3872), containing a light quark-antiquark pair qq̄, q = u, d, leading to the
formation of I = 1 and I = 0 multiplets. These multiplets are anticipated in the diquark
picture, discussed below. However, in the molecular picture, due to the exchange of a pion
providing the main binding, and pion being an isospin-1 meson, not all isospin configurations
will bind. In line with this, no resonant structure is seen near the D0D̄0 threshold, consistent
with the inadmissibility of a strong interaction coupling of three pseudo-scalars D0D̄0π0 due
to parity conservation. On the other hand, the case for hadron molecules is weak for those
exotics whose masses are well above the respective thresholds. For example, the Zc(3900)+ is
a case in point in which the mass lies 20 MeV above the DD̄∗ threshold, which, incidentally,
is also its main decay mode. This is hard to accommodate in the hadron molecular picture.
Theoretical interest in hadron molecules has remained unabated, and there exists a vast and
growing literature on this topic with ever increasing sophistication, a sampling of which is
referenced here [24, 25, 26, 27, 28, 29, 30].

2.5 Tetraquarks as compact diquark-antidiquark mesons

Last, but by no means least, on this list are QCD-based interpretations in which tetraquarks
and pentaquarks are genuinely new hadron species in which a color-nonsinglet diquark is the
essential building block [31, 32, 33]. In the large Nc limit of QCD, tetraquarks, treated as
diquark-antidiquark mesons, are shown to exist [34, 35, 36] as poles in the S-matrix. They
may have narrow widths in this approximation, and hence they are reasonable candidates for
multiquark states. First attempts to study multiquark states using Lattice QCD have been
undertaken [37, 38, 39, 40, 41] in which correlations involving four-quark operators are studied
numerically. Evidence of tetraquark states in the sense of S-matrix poles using these methods
is still lacking. Establishing the signal of a resonance requires good control of the background.
In the lattice QCD simulations of multiquark states, this is currently not the case. This may
be traced back to the presence of a number of nearby hadronic thresholds and to lattice-specific
issues, such as an unrealistic pion mass. More powerful analytic and computational techniques
are needed to draw firm conclusions.

In the absence of reliable first principle calculations, approximate phenomenological meth-
ods are the way forward. In that spirit, an effective Hamiltonian approach has been often
used [31, 32, 42, 43, 44, 45], in which tetraquarks are assumed to be diquark-antidiquark ob-
jects, bound by gluonic exchanges (pentaquarks are diquark-diquark-antiquark objects). This
allows one to work out the spectroscopy and some aspects of tetraquark decays. Heavy quark
symmetry is a help in that it can be used for the heavy-light diquarks relating the charmonia-
like states to the bottomonium-like counterparts. As detailed below, diquark models anticipate
a very rich spectroscopy of tetraquarks and pentaquarks, only a small part of which has been
possibly observed experimentally. Hence, diquark models are in dire need of dynamical selection
rules to reduce the number of observable states. The underlying dynamics is complex and the
current theoretical framework, in which the parameters of the effective Hamiltonian subsume
the dynamics, is obviously inadequate. I will discuss the phenomenology of the diquark picture
in the next section to test how far such models go in describing the observed exotic hadrons
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Figure 3: One-gluon exchange diagram for diquarks.

and other properties measured in current experiments.
For recent in-depth reviews of all the models discussed above and the theoretical techniques

employed, see [3, 46, 47, 48].

3 The Diquark Model

The basic assumption of this model is that diquarks are tightly bound colored objects and
they are the building blocks for forming tetraquark mesons and pentaquark baryons. Diquarks,
for which we use the notation [qq]c, and interchangeably Q, have two possible SU(3)-color
representations. Since quarks transform as a triplet 3 of color SU(3), the diquarks resulting
from the direct product 3 ⊗ 3 = 3̄ ⊕ 6, are thus either a color anti-triplet 3̄ or a color sextet
6. The leading diagram based on one-gluon exchange is shown in Fig. 3. The product of the
SU(3)-matrices in Fig. 3 can be decomposed as

taijt
a
kl = −2

3
(δijδkl − δilδkj)/2︸ ︷︷ ︸

antisymmetric: projects 3̄

+
1

3
(δijδkl + δilδkj)/2︸ ︷︷ ︸
symmetric: projects 6

. (1)

The coefficient of the antisymmetric 3̄ representation is −2/3, reflecting that the two diquarks
bind with a strength half as strong as between a quark and an antiquark, in which case the
corresponding coefficient is −4/3. The symmetric 6 on the other hand has a positive coefficient,
+1/3, reflecting a repulsion. Thus, in working out the phenomenology, a diquark is assumed
to be an SU(3)c-antitriplet, with the antidiquark a color-triplet. With this, we have two color-
triplet fields, quark q3 and anti-diquark Q or [q̄q̄]3, and two color-antitriplet fields, antiquark q̄3̄

and diquark Q or [qq]3̄, from which the spectroscopy of the conventional and exotic hadrons is
built. However, the quarks and diquarks differ in an essential point, namely the former are point-
like objects but the latter are composite and have a hadronic size. It has crucial importance
in determining the electromagnetic and strong couplings, and hence for the production cross-
sections in leptonic and hadronic collisions.

Since quarks are spin-1/2 objects, a diquark has two possible spin-configurations, spin-0,
with the two quarks in a diquark having their spin-vectors anti-parallel, and spin-1, in which
case the two quark spins are aligned, as shown in Fig. 4. They were given the names “good
diquarks” and “bad diquarks”, respectively, by Jaffe [49], implying that in the former case,
the two quarks bind, and in the latter, the binding is not as strong. There is some support of
this pattern from lattice simulations for light diquarks [50], in which correlations are studied in
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Figure 4: Quark and diquark spins.

terms of the spatial distribution of the two quarks forming the diquark in the background of the
static quark. Phenomenological expectations that QCD dynamics favors the formation of good
(spin-0) diquarks in color anti-triplet configuration is verified. It is exceedingly important to
study on the lattice such correlations in two-point functions, involving tetraquarks, which have
been attempted but with inconclusive results so far. However, as the spin-degree of freedom
decouples in the heavy quark systems, as can be shown explicitly in heavy quark effective theory
context for heavy mesons and baryons [51], we expect that this decoupling will also hold for
heavy-light diquarks [Qiqj ]3̄ with Qi = c, b; qj = u, d, s. So, for the heavy-light diquarks, both
the spin-1 and spin-0 configurations are present. Also, the diquarks in heavy baryons (such
as Λb and Ωb), consisting of a heavy quark and a light diquark, both jp = 0+ and jp = 1+

quantum numbers of the diquark are needed to accommodate the observed baryon spectrum.

In this writeup, we will be mostly discussing heavy-light diquarks, though heavy-heavy di-
quarks [QQ]3̄ (Q = c, b), and the resulting tetraquark states [QQ]3̄[Q̄Q̄]3 are also anticipated
and discussed in the literature [52]. Following the discussion above, we construct the interpo-
lating diquark operators for the two spin-states of such diquarks (here Q = c, b) [32]:

Scalar 0+: Qiα = εαβγ(Q̄βc γ5q
γ
i − q̄βicγ5Q

γ),
α, β, γ: SU(3)C indices

Axial-Vector 1+: ~Qiα = εαβγ(Q̄βc~γq
γ
i + q̄βic~γQ

γ).

In the non-relativistic (NR) limit, these states are parametrized by Pauli matrices: Γ0 =
σ2√

2
(Scalar 0+), and ~Γ = σ2~σ√

2
(Axial-Vector 1+). We will characterize a tetraquark state

with total angular momentum J by the state vector |sQ, sQ̄; J〉 showing the diquark spin sQ
and the antidiquark spin sQ̄. There is no consensus on their names. We use the symbols XJ for
J++, Z for JPC = 1+−, and Y for JPC = 1−− states. Thus, the tetraquarks with the following
diquark-spin and angular momentum J have the Pauli forms:

|0Q, 0Q̄; 0J〉 = Γ0 ⊗ Γ0,

|1Q, 1Q̄; 0J〉 =
1√
3

Γi ⊗ Γi,

|0Q, 1Q̄; 1J〉 = Γ0 ⊗ Γi,

|1Q, 0Q̄; 1J〉 = Γi ⊗ Γ0,

|1Q, 1Q̄; 1J〉 =
1√
2
εijkΓj ⊗ Γk. (2)

Whenever necessary, we will put a subscript c or b to distinguish the cc̄ and bb̄ states.
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Figure 5: Schematic diagram of a tetraquark in the diquark-antidiquark picture.

3.1 Non-relativistic Hamiltonian for Tetraquarks with hidden charm

For the heavy quarkonium-like exotic hadrons, we work in the non-relativistic limit and use the
following effective Hamiltonian to calculate the tetraquark mass spectrum [32, 42]

Heff = 2mQ +H
(qq)
SS +H

(qq̄)
SS +HSL +HLL, (3)

where mQ is the diquark mass, the second term above is the spin-spin interaction involving
the quarks (or antiquarks) in a diquark (or anti-diquark), the third term depicts spin-spin
interactions involving a quark and an antiquark in two different shells (i.e., in the two different
diquark configurations), with the fourth and fifth terms being the spin-orbit and the orbit-orbit
interactions, involving the quantum numbers of the tetraquark, respectively. For the S-states,
these last two terms are absent. For illustration, we consider the case Q = c and display the
individual terms in Heff :

H
(qq)
SS = 2(Kcq)3̄[(Sc · Sq) + (Sc̄ · Sq̄)],
H

(qq̄)
SS = 2(Kcq̄)(Sc · Sq̄ + Sc̄ · Sq) + 2Kcc̄(Sc · Sc̄) + 2Kqq̄(Sq · Sq̄),

HSL = 2AQ(SQ · L + SQ̄ · L),

HLL = BQ
LQQ̄(LQQ̄+1)

2 . (4)

Here (Kcq)3̄ parametrizes the spin-spin interaction between the charm c and the light quark q
within a diquark in a color anti-triplet configuration, and the (Kij̄ parametrize the spin-spin
strengths between the quarks i and the antiquark j̄, in the color-singlet configuration involving
two different diquarks. The parameters AQ and BQ characterize the strength of the spin-orbit
and the orbital angular force, respectively.
The usual angular momentum algebra then yields the following form:

Heff = 2mQ +
BQ
2
〈L2〉 − 2a〈L · S〉+ 2κqc

[
〈sq · sc〉+ 〈sq̄ · sc̄〉

]

= 2mQ − aJ(J + 1) +

(
BQ
2

+ a

)
L(L+ 1) + aS(S + 1)− 3κqc

+ κqc
[
sqc(sqc + 1) + sq̄c̄(sq̄c̄ + 1)

]
. (5)

The effective Hamiltonian given above can be used for the tetraquark states involving a bb̄ pair,
with appropriate rescaling of the parameters.
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Table 1: S-wave tetraquark states involving a QQ̄ pair in the two bases and their masses in the
diquark model.

Label JPC |sqQ, sq̄Q̄;S,L〉J |sqq̄, sQQ̄;S′, L′〉J Mass

X0 0++ |0, 0; 0, 0〉0
(
|0, 0; 0, 0〉0 +

√
3|1, 1; 0, 0〉0

)
/2 M00 − 3κqQ

X ′0 0++ |1, 1; 0, 0〉0
(√

3|0, 0; 0, 0〉0 − |1, 1; 0, 0〉0
)
/2 M00 + κqQ

X1 1++
(
|1, 0; 1, 0〉1 + |0, 1; 1, 0〉1

)
/
√

2 |1, 1; 1, L′〉1 M00 − κqQ
Z 1+− (

|1, 0; 1, 0〉1 − |0, 1; 1, 0〉1
)
/
√

2
(
|1, 0; 1, L′〉1 − |0, 1; 1, L′〉1

)
/
√

2 M00 − κqQ
Z ′ 1+− |1, 1; 1, 0〉1

(
|1, 0; 1, L′〉1 + |0, 1; 1, L′〉1

)
/
√

2 M00 + κqQ
X2 2++ |1, 1; 2, 0〉2 |1, 1; 2, L′〉2 M00 + κqQ

Table 2: P -wave (JPC = 1−−) tetraquark states involving a QQ̄ pair in the two bases and their
masses in the diquark model.

Label |sqQ, sq̄Q̄;S,L〉J |sqq̄, sQQ̄;S′, L′〉J Mass

Y1 |0, 0; 0, 1〉1
(
|0, 0; 0, 1〉1 +

√
3|1, 1; 0, 1〉1

)
/2 M00 − 3κqQ +BQ

Y2

(
|1, 0; 1, 1〉1 + |0, 1; 1, 1〉1

)
/
√

2 |1, 1; 1, L′〉1 M00 − κqQ + 2a+BQ
Y3 |1, 1; 0, 1〉1

(√
3|0, 0; 0, 1〉1 − |1, 1; 0, 1〉1

)
/2 M00 + κqQ +BQ

Y4 |1, 1; 2, 1〉1 |1, 1; 2, L′〉1 M00 + κqQ + 6a+BQ
Y5 |1, 1; 2, 3〉1 |1, 1; 2, L′〉1 M00 + κqQ + 16a+ 6BQ

3.2 Low-lying S and P -wave tetraquark states in the cc̄ and bb̄ sectors

The states in the diquark-antidiquark basis |sqQ, sq̄Q̄;S,L〉J and in the QQ̄ and qq̄ basis
|sqq̄, sQQ̄;S′, L′〉J are related by Fierz transformation. The positive parity S-wave tetraquarks
are given in terms of the six states listed in Table 1 (charge conjugation is defined for neutral
states). These states are characterized by the quantum number L = 0, hence their masses
depend on just two parameters M00, the diquark mass, and κqQ, leading to several predictions
to be tested against experiments. The P -wave states are listed in Table 2. The first four of
them have L = 1, and the fifth has L = 3, and hence is expected to be significantly heavier.
The parameters appearing on the r.h. columns of Tables 1 and 2 can be determined using the
masses of some of the observed X,Y, Z states, and their numerical values are given in Table 3.
Some parameters in the cc̄ and bb̄ sectors can also be related using the heavy quark mass
scaling [53].
Typical errors on the masses due to parametric uncertainties are estimated to be about 30 MeV.
Of course, this assumes that the effective Hamiltonian framework is a good approximation,
and the error from this assumption is hard to quantify. There are several predictions in the
charmonium-like sector, which, with the values of the parameters given in the tables above, are
in the right ball-park 2. It should be remarked that these input values, in particular for the
quark-quark couplings in a diquark, κqQ, are larger than in the earlier determinations by Maiani

et al. [32].In the modified scheme [42], the parameters (κij̄ are set to zero, eliminating the H
(qq̄)
SS

term in the effective Hamiltonian. With this, better agreement is reached with experiments

2I thank Satoshi Mishima for providing these estimates.
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Table 3: Numerical values of the parameters in Heff , obtained using some of the S and P -wave
tetraquarks as input.

charmonium-like bottomonium-like
M00 [MeV] 3957 10630
κqQ [MeV] 67 23
BQ [MeV] 268 329
a [MeV] 52.5 26

Table 4: X,Y, Z hadron masses from experiments and in the diquark-model.

charmonium-like bottomonium-like
Label JPC State Mass [MeV] State Mass [MeV]
X0 0++ — 3756 — 10562
X ′0 0++ — 4024 — 10652
X1 1++ X(3872) 3890 — 10607

Z 1+− Z+
c (3900) 3890 Z+,0

b (10610) 10607
Z ′ 1+− Z+

c (4020) 4024 Z+
b (10650) 10652

X2 2++ — 4024 — 10652
Y1 1−− Y (4008) 4024 Yb(10891) 10891
Y2 1−− Y (4260) 4263 Yb(10987) 10987
Y3 1−− Y (4290) (or Y (4220)) 4292 — 10981
Y4 1−− Y (4630) 4607 — 11135
Y5 1−− — 6472 — 13036
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assuming that diquarks are more tightly bound than suggested from the analysis of the baryons
in the diquark-quark picture. Despite this success, the continued experimental absence of
the two lowest-lying 0++ states, called X0 and X ′0, is puzzling. Perhaps, they are below the
threshold for strong decays and decay weakly, and thus have not been looked for. Alternative
calculations of the tetraquark spectrum based on diquark-antidiquark model have been carried
out in other phenomenological schemes [54], and in the QCD sum rule framework [55, 56]. All of
them share the common feature with the effective Hamiltonian approach discussed here, namely
they anticipate a very rich tetraquark spectroscopy. So, if the diquark picture has come to stay,
some dynamical selection rules are required to better understand the observed spectrum.

The exotic bottomonium-like states are currently rather sparse. The reason for this is that
quite a few exotic candidates charmonium-like states were observed in the decays of B-hadrons.
This mode is obviously not available for the hidden bb̄ states. They can only be produced in
hadro- and electroweak high energy processes. Tetraquark states with a single b quark can, in
principle, also be produced in the decays of the Bc mesons, as pointed out recently [57]. As the
cc̄ and bb̄ cross-section at the LHC are very large, we anticipate that the exotic spectroscopy
involving the open and hidden heavy quarks is an area where significant new results will be
reported by all the LHC experiments. Measurements of the production and decays of exotica,
such as transverse-momentum distributions and polarization information, will go a long way in
understanding the underlying dynamics.

As a side remark, we mention that recently there has been a lot of excitement due to the
D0 observation [58] of a narrow structure X(5568), consisting of four different quark flavors
(bdus), found through the B0

sπ
± decay mode. However, this has not been confirmed by the

LHCb collaboration [59], despite the fact that LHCb has 20 times larger B0
s sample than

that of D0. This would have been the first discovery of an open b-quark tetraquark state.
They are anticipated in the compact tetraquark picture [57], and also in the hadron molecule
framework [60].

We now discuss the three observed exotic states in the bottomonium sector in detail. The
hidden bb̄ state Yb(10890) with JP = 1−− was discovered by Belle in 2007 [61] in the process
e+e− → Yb(10890)→ (Υ(1S),Υ(2S),Υ(3S))π+π− just above the Υ(5S). The branching ratios
measured are about two orders of magnitude larger than anticipated from similar dipionic
transitions in the lower Υ(nS) states and in the ψ′ (for a review and references to earlier work,
see Brambilla et al [62]). Also the dipion invariant mass distributions in the decays of Yb are
marked by the presence of the resonances f0(980) and f2(1270). This state was interpreted as
a JPC = 1−− P-wave tetraquark [43, 44]. Subsequent to this, a Van Royen-Weiskopf formalism
was used [45] in which direct electromagnetic couplings with the diquark-antidiquark pair of
the Yb was assumed. Due to the P -wave nature of the Yb(10890), with a commensurate small
overlap function, the observed small production cross-section in e+e− → bb̄ is expected. In the
tetraquark picture, the Yb(10890) is the bb̄ analogue of the cc̄ state Yc(4260), also a P -wave,
which is likewise found to have a very small production cross-section, but decays readily into
J/ψπ+π−. Hence, the two have very similar production and decay characteristics.

The current status of Yb(10890) is, however, unclear. Subsequent to its discovery, Belle
undertook high-statistics scans to measure the ratio Rbb̄ = σ(e+e− → bb̄)/σ(e+e− → µ+µ−),
and also more precisely the ratios RΥ(nS)π+π− = σ(e+e− → Υ(nS)π+π−)/σ(e+e− → µ+µ−).
They are shown in Fig. 6 and Fig. 7, respectively. The two masses, M(5S)bb̄ measured through
Rbb̄, and M(Yb), measured through RΥ(nS)π+π− , now differ by slightly more than 2σ, M(5S)bb̄−
M(Yb) = −9 ± 4 MeV. From the mass difference alone, these two could very well be just one
and the same state, namely the canonical Υ(5S) - an interpretation adopted by the Belle
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Figure 6: The ratio Rb = σ(e+e− → bb̄)/σ(e+e− → µ+µ−) in the Y (10860) and Y (11020)
region. The components of the fit are depicted in the lower part of the figure: total (solid
curve), constant |Aic|2 (thin), |Ac|2 (thick): for Υ(5S) (thin) and Υ(6S) (thick): |f |2 (dot-dot-
dash), cross terms with Ac (dashed), and two-resonance cross term (dot-dash). Here, Ac and
Aic are coherent and incoherent continuum terms, respectively (from Belle [63]).

collaboration [63]. On the other hand, it is now the bookkeeping of the branching ratios
measured at or near the Υ(5S), which is puzzling. This is reflected in the paradox that direct

production of the B(∗)B̄(∗) as well as of BsB̄
(∗)
s states have essentially no place in the Belle

accounting [63], even though these reactions have measured cross sections, first observed by
CLEO [74]. The branching ratios of the Υ(5S) measured by Belle are already saturated by
the exotic states (Υ(nS)π+π−, hb(mP )π+π−, Zb(10610)±π∓, Zb(10650)±π∓ and their isospin
partners). The reason for this mismatch is not clear, and is attributed by Belle to the inadequate
modeling of Rb due to several thresholds in this energy reason. In our opinion, an interpretation
of the Belle data based on two resonances Υ(5S) and Yb(10890) is more natural, with Υ(5S)
having the decays expected for the bottomonium S-state above the B(∗)B̄(∗) threshold, and the
decays of Yb(10890), a tetraquark, being the source of the exotic states seen. As data taking
starts in a couple of years in the form of a new and expanded collaboration, Belle-II, cleaning
up the current analysis in the Υ(5S) and Υ(6S) region should be one of their top priorities.

Thus, the hypothesis that Υ(5S) and Yb(10890), while having the same JPC = 1−− quantum
numbers and almost the same mass, are different states, is still not completely ruled out. As
already mentioned, this is hinted by the drastically different decay characteristics of the dipionic
transitions involving the lower quarkonia S-states, such as Υ(4S)→ Υ(1S)π+π−, on one hand,
and similar decays of the Yb, on the other. These anomalies are seen both in the decay rates
and in the dipion invariant mas spectra in the Υ(nS)π+π− modes. The large branching ratios
of Yb → Υ(nS)π+π−, as well as of Y (4260)→ J/ψπ+π−, are due to the Zweig-allowed nature
of these transitions, as the initial and final states have the same valence quarks. The final state
Υ(nS)π+π− in Yb decays requires the excitation of a qq̄ pair from the vacuum. Since, the light
scalars σ0, f0(980) are themselves tetraquark candidates [64, 65], they are expected to show
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Figure 7: The ratio RΥ(nS)π+π− = σ(e+e− → Υ(nS)π+π−)/σ(e+e− → µ+µ−) in the Y (10860)
and Y (11020) region (from Belle [63]).

up in the π+π− invariant mass distributions, as opposed to the corresponding spectrum in the
transition Υ(4S)→ Υ(1S)π+π− (see Fig. 8). Subsequent discoveries [66] of the charged states
Z+
b (10610) and Z+

b (10650), found in the decays Υ(5S)/Yb → Z+
b (10610)π−, Z+

b (10650)π−, lead-
ing to the final states Υ(1S)π+π−, Υ(2S)π+π−, Υ(3S)π+π−, hb(1P )π+π− and hb(2P )π+π−,
give credence to the tetraquark interpretation, as discussed below.

3.3 Heavy-Quark-Spin Flip in Υ(10890)→ hb(1P, 2P )ππ

The cross-section σ(e+e− → (hb(1P ), hb(2P )π+π−) measured by Belle [67] is shown in Fig. 9,
providing clear evidence of the production in the Υ(10860) and Υ(11020) region. We sum-
marize the relative rates and strong phases measured by Belle [66] in the process Υ(10890)→
Υ(nS)π+π−, hb(mP )π+π−, with n = 1, 2, 3 and m = 1, 2 in Table 5. For ease of writing we shall
use the notation Zb and Z ′b for the two charged Zb states. Here no assumption is made about the
nature of Υ(10890), it can be either Υ(5S) or Yb. Of these, the decay Υ(10890)→ Υ(1S)π+π−

involves both a resonant (i.e., via Z/Z ′) and a direct component, but the other four are dom-
inated by the resonant contribution. One notices that the relative normalizations are very
similar and the phases of the (Υ(2S),Υ(3S))π+π− differ by about 180◦ compared to the ones
in (hb(1P, hb(2P ))π+π−. At the first sight this seems to violate the heavy-quark-spin conserva-
tion, as in the initial state sbb̄ = 1, which remains unchanged for the Υ(nS) in the final state,
i.e., it involves an sbb̄ = 1→ sbb̄ = 1 transition, but as sbb̄ = 0 for the hb(mP ), this involves an
sbb̄ = 1→ sbb̄ = 0 transition, which should have been suppressed, but is not supported by data.
It has been shown that this contradiction is only apparent [53]. Expressing the states Zb and
Z ′b in the basis of definite bb̄ and light quark qq̄ spins, it becomes evident that both the Zb and

HQ 2016 13

AHMED ALI

220 HQ 2016



Figure 8: Dipion invariant mass distribution in Υ(10890) → Υ(1S)π0π0 (upper left frame);
the resonances indicated in the dipion spectrum correspond to the f0(980) and f2(1270);
the resonances Z(10610) and Z(10650) are indicated in the Υ(2S)π+ invariant mass distri-
bution from Υ(10890) → Υ(2S)π+π− (lower left frame). The data are from the Belle col-
laboration [66]. The upper right hand frame shows the dipion invariant mass distribution
in Υ(4S) → Υ(1S)π+π−, and the theoretical curve (with the references) is based on the
Zweig-forbidden process shown below. The measured decay widths from Υ(nS)→ Υ(1S)π+π−

nS = 2S, 3S, 4S and Υ(10890)→ Υ(1S)π+π− are also shown.

Table 5: Relative normalizations and phases for sbb̄ : 1→ 1 and 1→ 0 transitions in Υ(10890)
decays [66].

Final State Υ(1S)π+π− Υ(2S)π+π− Υ(3S)π+π− hb(1P )π+π− hb(2P )π+π−

Rel. Norm. 0.57± 0.21+0.19
−0.04 0.86± 0.11+0.04

−0.10 0.96± 0.14+0.08
−0.05 1.39± 0.37+0.05

−0.15 1.6+0.6+0.4
−0.4−0.6

Rel. Phase 58± 43+4
−9 −13± 13+17

−8 −9± 19+11
−26 187+44+3

−57−12 181+65+74
−105−109
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Figure 9: σ(e+e− → hb(1P )π+π−) and σ(e+e− → hb(2P )π+π)-in the Y (10860) and Y (11020)
region(from Belle [67]).

Z ′b have sbb̄ = 1 and sbb̄ = 0 components,

|Zb〉 =
|1qq̄, 0bb̄〉 − |0qq̄, 1bb̄〉√

2
, |Z ′b〉 =

|1qq̄, 0bb̄〉+ |0qq̄, 1bb̄〉√
2

(6)

Defining (g is the effective couplings at the vertices ΥZb π and Zb hb π)

gZ ≡ g(Υ→ Zbπ)g(Zb → hbπ) ∝ −αβ〈hb|Zb〉〈Zb|Υ〉,
gZ′ ≡ g(Υ→ Z ′bπ)g(Z ′b → hbπ) ∝ αβ〈hb|Z ′b〉〈Z ′b|Υ〉, (7)

we note that within errors, Belle data is consistent with the heavy quark spin conservation,
which requires gZ = −gZ′ . The two-component nature of the Zb and Z ′b is also the feature which
was pointed out earlier for Yb in the context of the direct transition Yb(10890)→ Υ(1S)π+π−.
To determine the coefficients α and β, one has to resort to sbb̄: 1→ 1 transitions

Υ(10890)→ Zb/Z
′
b + π → Υ(nS)ππ (n = 1, 2, 3). (8)

The analogous effective couplings are

fZ = f(Υ→ Zbπ)f(Zb → Υ(nS)π) ∝ |β|2〈Υ(nS)|0qq̄, 1bb̄〉〈0qq̄, 1bb̄|Υ〉,
fZ′ = f(Υ→ Z ′bπ)f(Z ′b → Υ(nS)π) ∝ |α|2〈Υ(nS)|0qq̄, 1bb̄〉〈0qq̄, 1bb̄|Υ〉. (9)

Dalitz analysis indicates that Υ(10890)→ Zb/Z
′
b + π → Υ(nS)ππ (n = 1, 2, 3) proceed mainly

through the resonances Zb and Z ′b, though Υ(10890)→ Υ(1S)ππ has a significant direct com-
ponent, expected in tetraquark interpretation of Υ(10890) [45]. A comprehensive analysis of
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the Belle data including the direct and resonant components is required to test the underlying
dynamics, which yet to be carried out. However, parametrizing the amplitudes in terms of two
Breit-Wigners, one can determine the ratio α/β from Υ(10890)→ Zb/Z

′
b +π → Υ(nS)ππ (n =

1, 2, 3). For the sbb̄ : 1→ 1 transition, we get for the averaged quantities:

Rel.Norm. = 0.85± 0.08 = |α|2/|β|2; Rel.Phase = (−8± 10)◦. (10)

For the sbb̄ : 1→ 0 transition, we get

Rel.Norm. = 1.4± 0.3; Rel.Phase = (185± 42)◦. (11)

Within errors, the tetraquark assignment with α = β = 1 is supported, i.e.,

|Zb〉 =
|1bq, 0b̄q̄〉 − |0bq, 1b̄q̄〉√

2
, |Z ′b〉 = |1bq, 1b̄q̄〉J=1, (12)

and

|Zb〉 =
|1qq̄, 0bb̄〉 − |0qq̄, 1bb̄〉√

2
, |Z ′b〉 =

|1qq̄, 0bb̄〉+ |0qq̄, 1bb̄〉√
2

. (13)

It is interesting that similar conclusion was drawn in the ‘molecular’ interpretation [68] of the
Zb and Z ′b.
The Fierz rearrangement used in obtaining second of the above relations would put together
the bq̄ and qb̄ fields, yielding

|Zb〉 = |1bq̄, 1b̄q〉J=1, |Z ′b〉 =
|1bq̄, 0qb̄〉+ |0bq̄, 1qb̄〉√

2
. (14)

Here, the labels 0bq̄ and 1q̄b could be viewed as indicating B and B∗ mesons, respectively,
leading to the prediction Zb → B∗B̄∗ and Z ′b → BB̄∗, which is not in agreement with the Belle
data [66]. However, this argument rests on the conservation of the light quark spin, for which
there is no theoretical foundation. Hence, this last relation is not reliable. Since Yb(10890) and
Υ(5S) are rather close in mass, and there is an issue with the unaccounted direct production
of the B∗B̄∗ and BB̄∗ states in the Belle data collected in their vicinity, we conclude that
the experimental situation is still in a state of flux and look forward to its resolution with the
consolidated Belle-II data.

The exotic hadrons having JPC = 1−− can be produced at the Tevatron and LHC via
the Drell-Yan process [69] pp(p̄) → γ∗ → V + .... The cases V = φ(2170), Y (4260), Yb(10890)
have been studied [69]. With the other two hadrons already discussed earlier, we recall that
φ(2170) was first observed in the ISR process e+e− → γISRf0(980)φ(1020) by BaBaR [70]
and later confirmed by BESII [71] and Belle [72]. Drenska et al. [73] interpreted φ(1270)
as a P-wave tetraquark [sq][s̄q̄]. Thus, all three vector exotica are assumed to be the first
orbital excitation of diquark-antidiquark states with a hidden ss̄, cc̄ and bb̄ quark content, re-
spectively. As all three have very small branching ratios in a dilepton pair, they should be
searched for in the decay modes in which they have been discovered, and these are φ(2170)→
f0(980)φ(1020) → π+π−K+K−, Y (4260) → J/ψπ+π− → µ+µ−π+π− and Yb(10890) →
Υ(nS)π+π− → µ+µ−π+π−. Thus, they involve four charged particles, which can be detected
at hadron colliders. The cross sections for the processes pp̄(p)→ φ(2170)(→ φ(1020)f0(980)→
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K+K−π+π−), pp̄(p) → Y (4260)(→ J/ψπ+π− → µ+µ−π+π−), and pp̄(p) → Yb(10890)(→
Υ(1S, 2S, 3S)π+π− → µ+µ−π+π−), at the Tevatron (

√
s = 1.96 TeV) and the LHC are com-

puted in [69]. All these processes have measurable rates, and they should be searched for at
the LHC.

Summarizing the tetraquark discussion, we note that there are several puzzles in the X,Y, Z
sector, and the underlying dynamics is not understood. Apart from the rich spectrum in the
diquark scenario and the continued absence of many predicted states, they involve the nature of
the observed states JPC = 1−−, Y (4260) and Y (10890), and whether they are related with each
other. Also, whether Y (10890) and Υ(5S) are one and the same particle is still an open issue. In
principle, both Y (4260) and Y (10890) can be produced at the LHC and measured through the
Jψπ+π− and Υ(nS)π+π− (nS = 1S, 2S, 3S) modes, respectively. Their hadroproduction cross-
sections are unfortunately uncertain, but their (normalized) transverse momentum distributions
will be quite revealing. As they are both JPC = 1−− hadrons, they can also be produced via
the Drell-Yan mechanism and detected through their signature decay modes. The tetraquark
interpretation of the charged exotics Zb and Z ′b leads to a straight forward understanding of
the relative rates and strong phases of the heavy quark spin non-flip and spin-flip transitions
in the decays Υ(10890) → Υ(nS)π+π− and Υ(10890) → hb(mP )π+π−, respectively. In the
tetraquark picture, the corresponding hadrons in the charm sector Zc and Z ′c are related to
their bb̄ counterparts.

4 Pentaquarks

Pentaquarks remained elusive for almost a decade under the shadow of the botched discoveries
of Θ(1540), Φ(1860), Θc(3100). The sentiment of the particle physics community is reflected
in the terse 2014 PDG review [75], which characterizes them as false alarms. This has definitely
changed by the observation of J/ψp resonances consistent with pentaquark states in Λ0

b →
J/ψK−p decays by the LHCb collaboration [2]:

pp→ bb̄→ ΛbX; Λb → K−J/ψp. (15)

The measured distributions in the invariant masses mKp and mJ/ψp are shown in Fig. 10
together with a model comparison with two P+

c states. A statistically good fit of the mJ/ψp

distribution is consistent with the presence of two resonant states, henceforth called Pc(4450)+

and Pc(4380)+, with the following characteristics

M = 4449.8± 1.7± 2.5 MeV; Γ = 39± 5± 19 MeV, (16)

and

M = 4380± 8± 29 MeV; Γ = 205± 18± 86 MeV. (17)

Both of these states carry a unit of baryonic number and have the valence quarks P+
c = c̄cuud.

The preferred JP assignments are 5/2+ for the Pc(4450)+ and 3/2− for the Pc(4380)+.
Doing an Argand-diagram analysis in the (Im APc - Re APc) plane, the phase change in the

amplitude is consistent with a resonance for the Pc(4450)+, but less so for the Pc(4380)+, as
shown in Fig. 11. The phase diagram for the Pc(4380)+ state needs further study with more
data, but the resonant character of the Pc(4450)+ state is established beyond doubt. This
will be contrasted with the corresponding phase diagram resulting from the assumption that
Pc(4450)+ is a kinematically-induced cusp state.
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Figure 10: Fit projections for (a) mKp and (b) mJ/ψp distributions for the reduced Λ∗ model
with two P+

c states, Pc(4450) blue (open) squares with shaded histogram and Pc(4380)+ with
(purple) filled squares. Each Λ∗ component is also shown. (from LHCb [2]).

Figure 11: Fitted values of the real and imaginary parts of the amplitudes for the (3/2−, 5/2+)
assignments for (a) the Pc(4450)+ state and (b) the Pc(4380)+ state, each divided into six
mJ/ψp bins of equal width between −Γ and +Γ shown in the Argand diagrams as connected
points with error bars. The solid (red) curves are the predictions from the Breit-Wigner formula
for the same mass range with M(Γ) of 4450(39) MeV and 4380 (205) MeV, respectively. (from
LHCb [2]).
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Figure 12: The two scattering diagrams discussed in the text [78].

Following a pattern seen for the tetraquark candidates, namely their proximity to respective
thresholds, such as DD̄∗ for the X(3872), BB̄∗ and B∗B̄∗ for the Zb(10610) and Zb(10650),
respectively, also the two pentaquark candidates Pc(4380) and Pc(4450) lie close to several
charm meson-baryon thresholds [76]. The Σ∗+c D̄0 has a threshold of 4382.3± 2.4 MeV, tanta-
lizingly close to the mass of Pc(4380)+. In the case of Pc(4450)+, there are several thresholds
within striking distance, χc1p(4448.93 ± 0.07),Λ∗+c D̄0(4457.09 ± 0.35),Σ+

c D̄
∗0(4459.9 ± 0.9),

and Σ+
c D̄

0π0(4452.7± 0.5), where the masses are in units of MeV. This has led to a number of
hypotheses to explain the two Pc states:

• Pc(4380) and Pc(4450) are baryocharmonia [77].

• Rescattering-induced kinematic effects are mimicking the resonances [78, 79, 80, 81].

• They are open charm-baryon and charm-meson bound states [82, 83, 84, 85, 86].

• They are compact diquark-diquark-antiquark states [87, 88, 89, 90, 91, 92, 93, 94], with
each component being a 3̄, yielding a color-singlet c̄[cq][qq] state. Another possibility is via
the sequential formation of compact color triplets, making up diquark-triquark systems,
yielding also color-singlet states [95, 96].

In the baryocharmonium picture, the Pc states are hadroquarkonium-type composites of J/ψ
and excited nucleon states similar to the known resonances N(1440) and N(1520). Photopro-
duction of the Pc states in γ+p collisions is advocated as sensitive probe of this mechanism [77].
We shall discuss below the interpretation of pentaquarks as scattering-induced kinematic ef-
fects, and as meson-baryon molecules, but review the compact diquark-based models in quite
some detail.

4.1 Pentaquarks as rescattering-induced kinematic effects

Kinematic effects can result in a narrow structure around the χc1p threshold. Two possible
mechanisms shown in Fig. 12 are:
(a) 2-point loop with a 3-body production Λ0

b → K− χc1 p followed by the rescattering pro-
cess χc1 p→ J/ψ p, and
(b) in whichK− p is produced from an intermediate Λ∗ and the proton rescatters with the χc1 into
a J/ψ p, as shown below.

The amplitude for Fig. (a) can be expressed as

GΛ(E) =

∫
d3q

(2π)3

~q2fΛ(~q2)

E −mp −mχc1 − ~q2/(2µ)
, (18)
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Figure 13: Fitted values of the real and imaginary parts of the amplitudes for the Pc(4450)+

using a Breit-Wigner formula with M(Γ) of 4450(39) MeV [2]. The directed curve (blue) is the
fit in the cusp model. (from [78]).

where µ is the reduced mass and fΛ(~q2) = exp(−2~q2/Λ2) is a form factor to regularize the
loop integral. Fitting the Argand diagram for the Pc(4450)+ with A(a) = N(b + GΛ(E))
determines the normalization N , the constant background b, and Λ. The integral can be solved
analytically [78]

GΛ(E) =
µΛ

(2π)3/2
(k2 + Λ2/4) +

µk3

2π
exp−2k2/Λ2

[
erfc(

√
2k

Λ
)− i

]
(19)

where k =
√

2µ(E −m1 −m2 + iε). This function has a characteristic phase motion reflecting
the error function, as shown in Fig. 13. It differs from the Breit-Wigner fit, which is in excellent
agreement with the LHCb data [2]. The cusp-based fit also shows a counter-clockwise behavior
in the Argand diagram, but not for the two data points where the imaginary part of the cusp
amplitude is zero. The absolute value of the amplitude in the cusp approach shows a resonant
behavior, which can be made to peak even more sharply at Re

√
s = 4450 MeV, if the amplitude

for Fig. 12 (b) is included and assumed dominated by the Λ∗(1890)-exchange. However, it is the
phase motion, which is decisive in distinguishing a dynamical Breit-Wigner (or, for that matter
a Flatte [97] type) resonance and a kinematic-induced cusp behavior. More data is needed to
completely settle this difference in the case of Pc(4450)+, but currently the Breit-Wigner fit is
the preferred description.

4.2 Pentaquarks as meson-baryon molecules

In the hadronic molecular interpretation, one identifies the Pc(4380)+ with Σc(2455)D̄∗ and the
Pc(4450)+ with Σc(2520)D̄∗, which are bound by a pion exchange. The underlying interaction
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Figure 14: Effective potentials, V (GeV), energy levels, thick (red) lines, and wave-functions,

ψ(r), of the Σ
(∗)
c D̄∗ system (from [85]).

can be expressed in terms of the effective Lagrangians [85]:

LP = igTr
[
H̄(Q̄)
a γµAµab γ5H

(Q̄)
b

]
,

LS = −3

2
g1ε

µλνκvκTr
[
S̄µAν Sλ

]
, (20)

which are built using the heavy quark and chiral symmetries. Here H
(Q̄)
a = [P

∗(Q̄)µ
a γµ −

P
(Q̄)
a γ5](1 − /v)/2 is a pseudoscalar and vector charmed meson multiplet (D,D∗), v being the

four-velocity vector v = (0,~1), Sµ = 1/
√

3(γµ + vµ)γ5B6 + B∗6µ stands for the charmed baryon

multiplet, with B6 and B∗6µ corresponding to the JP = 1/2+ and JP = 3/2+ in 6F flavor
representation, respectively. Aµ is an axial-vector current, containing a pion chiral multiplet,
defined as Aµ = 1/2(ξ†∂µξ − ξ∂µξ†), with ξ = exp(iP/fπ), with P an SU(2) matrix containing
the pion field, and fπ = 132 MeV. This interaction Lagrangian is used to work out effective

potentials, energy levels and wave-functions of the Σ
(∗)
c D̄∗ systems, shown in Fig. 14. In this

picture, Pc(4380)+ is a ΣcD̄
∗ (I = 1/2, J = 3/2) molecule, and Pc(4450)+ is a Σ∗cD̄

∗ (I =
1/2, J = 5/2) molecule.

Apart from accommodating the two observed pentaquarks, this framework predicts two ad-
ditional hidden-charm molecular pentaquark states, ΣcD̄

∗ (I = 3/2, J = 1/2) and Σ∗cD̄
∗ (I =

3/2, J = 1/2), which are isospin partners of Pc(4380)+ and Pc(4450)+, respectively, de-
caying into ∆(1232)J/ψ and ∆(1232)ηc. In addition, a rich pentaquark spectrum of states
for the hidden-bottom (ΣbB

∗,Σ∗bB
∗) , Bc-like (ΣcB

∗,Σ∗cB
∗) and (ΣbD̄

∗,Σ∗bD̄
∗) with well-

defined (I, J) is predicted.

5 Pentaquarks in the compact diquark models

In the pioneering work by Maiani et al. [87] on the pentaquark interpretation of the LHCb data
on Λ0

b → J/ψ p K− decay, which is mainly discussed here, the assigned internal quantum num-

bers are: P+
c (4450) = {c̄[cu]s=1[ud]s=0;LP = 1, JP = 5

2

+} and P+
c (4380) = {c̄[cu]s=1[ud]s=1;LP =
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Figure 15: Two mechanisms for the decays Λ0
b → J/ψK−p in the pentaquark picture (from [87].

0, JP = 3
2

−}. Taking into account the mass differences due to the orbital angular momen-
tum and the light diquark spins, the observed mass difference between the two P+

c states of
about 70 MeV is reproduced. The crucial assumption is that the two diagrams for the decay
Λ0
b → J/ψ p K− in which the ud-spin in Λ0

b goes over to the [ud]-diquark spin in the pentaquark,
Fig. 15(A), and the one in which the ud-spin is shared among the final state pentaquark and a
meson, generating a light diquark [ud] having spin-0 and spin-1, Fig. 15(B), are treated at par.
This is a dynamical assumption, and remains to be tested.

5.1 SU(3)F structure of pentaquarks

Concentrating on the quark flavor of the pentaquarks P+
c = c̄cuud, they are of two different

types [87]:

Pu = εαβγ c̄α [cu]β,s=0,1 [ud]γ,s=0,1, (21)

Pd = εαβγ c̄α [cd]β,s=0,1 [uu]γ,s=1, (22)

the difference being that the Pd involves a [uu] diquark, and the Pauli exclusion principle implies
that this diquark has to be in an SU(3)F -symmetric representation. This leads to two distinct
SU(3)F series of pentaquarks

PA = εαβγ {c̄α [cq]β,s=0,1 [q′q′′]γ,s=0, L} = 3⊗ 3̄ = 1⊕ 8,

PS = εαβγ {c̄α [cq]β,s=0,1 [q′q′′]γ,s=1, L} = 3⊗ 6 = 8⊕ 10. (23)

For S waves, the first and the second series have the angular momenta

PA(L = 0) : J = 1/2(2), 3/2(1), (24)

PS(L = 0) : J = 1/2(3), 3/2(3), 5/2(1), (25)

where the multiplicities are given in parentheses. One assigns P(3/2−) to the PA and P(5/2+)
to the PS series of pentaquarks [87].

The decay amplitudes of interest can be generically written as

A =
〈
PM

∣∣HW
eff

∣∣B
〉
, (26)
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where, HW
eff is the effective weak Hamiltonian inducing the Cabibbo-allowed ∆I = 0,∆S =

−1 transition b → cc̄s, and the Cabibbo-suppressed ∆S = 0 transition b → cc̄d. The
SU(3)F based analysis of the decays Λb → P+K− → (J/ψ p)K− goes as follows. With re-
spect to SU(3)F , Λb(bud) ∼ 3̄ and it is an isosinglet I = 0. Thus, the weak non-leptonic
Hamiltonian for b→ cc̄q (q = s, d) decays is:

HW
eff =

4GF√
2

[
VcbV

∗
cq(c1O

(q)
1 + c2O

(q)
2 )
]
. (27)

Here, GF is the Fermi coupling constant, Vij are the CKM matrix elements, and ci are the

Wilson coefficients of the operators O
(q)
1 (q = d, s), defined as

O
(q)
1 = (q̄αcβ)V−A(c̄αbβ)V−A; O

(q)
2 = (q̄αcα)V−A(c̄βbβ)V−A, (28)

where α and β are SU(3) color indices, and V −A = 1−γ5 reflects that the charged currents are
left-handed, and the penguin amplitudes are ignored. With M a nonet of SU(3) light mesons
(π,K, η, η′), the weak transitions 〈P,M |HW|Λb〉 requires P +M to be in 8⊕ 1 representation.
Recalling the SU(3) group multiplication rule

8⊗ 8 = 1⊕ 8⊕ 8⊕ 10⊕ 1̄0⊕ 27,

8⊗ 10 = 8⊕ 10⊕ 27⊕ 35, (29)

the decay 〈P,M |HW|Λb〉 can be realized with P in either an octet 8 or a decuplet 10. The
discovery channel Λb → P+K− → J/ψpK− corresponds to P in an octet 8.

5.2 An effective Hamiltonian for the hidden charm pentaquarks

Keeping the basic building blocks of the pentaquarks to be quarks and diquarks, we follow here
the template in which the two Pc states are assumed to be made from four quarks, consisting
of two highly correlated diquark pairs, and an antiquark. For the present discussion, it is an
anti-charm quark c̄ which is correlated with the two diquarks [cq] and [q′q′′], where q, q′, q′′

can be u or d. The tetraquark formed by the diquark-diquark ([cq]3̄[q
′q′′]3̄) is a color-triplet

object, following from 3̄× 3̄ = 6̄ + 3, with orbital and spin quantum numbers, denoted by LQQ
and SQQ, which combines with the color-anti-triplet 3̄ of the c̄ to form an overall color-singlet
pentaquark, with the corresponding quantum numbers LP and SP . This is shown schematically
in Fig. 16.

An effective Hamiltonian based on this picture is constructed [94], extending the underly-
ing tetraquark Hamiltonian developed for the X,Y, Z states [32]. It involves the constituent
diquarks masses, m[cq], m[q′q′′], the spin-spin interactions between the quarks in each diquark
shell, and the spin-orbit and orbital angular momentum of the tetraquarks. To this are added
the charm quark mass mc, the spin-orbit and the orbital terms of the pentaquarks.

H = H[QQ′] +Hc̄[QQ′] +HSPLP +HLPLP , (30)

where the diquarks [cq] and [q′q′′] are denoted by Q and Q′ having masses mQ and mQ′ ,
respectively. LP and SP are the orbital angular momentum and the spin of the pentaquark
state, and the quantities AP and BP parametrize the strength of their spin-orbit and orbital
angular momentum couplings, respectively. The individual terms in the Hamiltonian (30) are
given in [94].
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Figure 16: SU(3)-color quantum numbers of the diquarks, tetraquark and antiquark are in-
dicated, together with the orbital and spin quantum numbers of the tetraquark and pen-
taquark [94]
.

The mass formula for the pentaquark state with the ground state tetraquark (LQQ′ = 0)
can be written as

M = M0 +
BP
2
LP(LP + 1) + 2AP

JP(JP + 1)− LP(LP + 1)− SP(SP + 1)

2
+ ∆M (31)

where M0 = mQ + mQ′ + mc and ∆M is the mass term that arises from different spin-spin
interactions. With the tetraquark in LQQ′ = 1, one has to add the two terms given above with
their coefficients AQQ′ and BQQ′ . In this work, we restrict ourselves to the S-wave tetraquarks.

For LP = 0, the pentaquark states are classified in terms of the diquarks spins, SQ and
SQ′ ; the spin of anti-charm quark is Sc̄ = 1/2. There are four S-wave pentaquark states for

JP = 3
2

−
and a single state with JP = 5

2

−
. For JP = 3

2

−
, we have the following states3:

|0Q, 1Q′ ,
1

2 c̄
;

3

2
〉1 =

1√
2

[(↑)c (↓)q − (↓)c (↑)q] (↑)q′ (↑)q′′ (↑)c̄

|1Q, 0Q′ ,
1

2 c̄
;

3

2
〉2 =

1√
2

[(↑)q′ (↓)q′′ − (↓)q′ (↑)q′′ ] (↑)c (↑)q (↑)c̄

|1Q, 1Q′ ,
1

2 c̄
;

3

2
〉3 =

1√
6

(↑)c (↑)q {2 (↑)q′ (↑)q′′ (↓)c̄ − [(↑)q′ (↓)q′′ + (↓)q′ (↑)q′′ ] (↑)c̄}

|1Q, 1Q′ ,
1

2 c̄
;

3

2
〉4 =

√
3

10
[(↑)c (↓)q + (↓)c (↑)q] (↑)q′ (↑)q′′ (↑)c̄ −

√
2

15
(↑)c (↑)q {(↑)q′ (↑)q′′ (↓)c̄

+[(↑)q′ (↓)q′′ + (↓)q′ (↑)q′′ ] (↑)c̄}, (32)

and the spin representation corresponding to JP = 5
2

−
state is:

|1Q, 1Q′ ,
1

2 c̄
;

5

2
〉 = (↑)c (↑)q (↑)q′ (↑)q′′ (↑)c̄ . (33)

3For a similar classification in the diquark-triquark picture, see[96].
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Table 6: S (P )- wave pentaquark states PXi (PYi) and their spin- and orbital angular momentum
quantum numbers. The subscripts Q and Q′ represent the heavy [cq] and light [q′q′′] diquarks,
respectively. In the expressions for the masses of the PYi states, the terms MPXi = M0 + ∆Mi

with i = 1, ..., 5.

Label |SQ, SQ′ ;LP , JP 〉i Mass Label |SQ, SQ′ ;LP , JP 〉i Mass

PX1
|0Q, 1Q′ , 0; 3

2

−〉1 M0 + ∆M1 PY1
|0Q, 1Q′ , 1; 5

2

+〉1 MPX1
+ 3AP +BP

PX2
|1Q, 0Q′ , 0; 3

2

−〉2 M0 + ∆M2 PY2
|1Q, 0Q′ , 1; 5

2

+〉2 MPX2
+ 3AP +BP

PX3
|1Q, 1Q′ , 0; 3

2

−〉3 M0 + ∆M3 PY3
|1Q, 1Q′ , 1; 5

2

+〉3 MPX3
+ 3AP +BP

PX4
|1Q, 1Q′ , 0; 3

2

−〉4 M0 + ∆M4 PY4
|1Q, 1Q′ , 1; 5

2

+〉4 MPX4
+ 3AP +BP

PX5 |1Q, 1Q′ , 0; 5
2

−〉5 M0 + ∆M5 PY5 |1Q, 1Q′ , 1
2 c̄
, 1; 5

2

+〉5 MPX5
− 2AP +BP

(a) (b) (c)

Figure 17: Mass Spectrum (in MeV) of the lowest S- and P -wave pentaquark states in the
diquark-diquark-antiquark picture for the charmonium sector for the flavor content (a) c̄[cq][qq],
(b) c̄[cq][sq], and (c) c̄[cs][qq]. (from [94])

The masses for the four S-wave pentaquark states with JP = 3
2

−
and a single state with

JP = 5
2

−
are given in Table 6, where we label the states as PXi . The corresponding five P -

wave pentaquark states with LP = 1 and JP = 5
2

+
are labeled as PYi in Table 6. ∆Mi are

defined in [94], where also the various input parameters are given. The resulting mass spectrum
with the quark flavor content c̄[cq][qq], c̄[cq][sq], and c̄[cs][qq], characterized by ci(i = 1, 2, 3),
respectively, is shown in Fig. 17. The above figure shows that the spectrum of pentaquark states
in the compact diquark model is very rich. For comparison with the current LHC data, only the
left frame in Fig. 17 is relevant. Apart from the other predicted states, there is a state, PX4

,

which is predicted to have a mass 4385 MeV, having the quantum numbers |1Q, 1Q′ , 0; 3
2

−〉.
This agrees with the mass of the observed state P+

c (4380). Likewise, the state P+
c (4550),

having JP = 5
2

+
can be identified with the state PY2

in the firs t row of Table 6, having

the quantum numbers |1Q, 0Q′ , 1; 5
2

+〉. We recall that these two states have the same internal
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quantum numbers as assumed by Maiani et al. [87]:

Pc(4380)+ = P+(3/2−) = {c̄ [cq]s=1[q′q′′]s=1, L = 0} ,
Pc(4450)+ = P+(5/2+) = {c̄ [cq]s=1[q′q′′]s=0, L = 1} . (34)

5.3 b-baryonn decays to pentaquarks and heavy quark symmetry

The pentaquark states reported by the LHCb are produced in Λ0
b decays, Λ0

b → P+ K−, where
P denotes a generic pentaquark state. QCD has a symmetry in the heavy quark limit, i.e.,
for mb � ΛQCD, b-quark becomes a static quark and the light diquark spin becomes a good
quantum number, constraining the states which can otherwise be produced. The b-baryon
decays to pentaquarks having a cc̄ component are also presumably subject to the selection rules
following from the heavy quark symmetry. Thus, the state PX4 (identified with Pc(4380)+ in
[87]) is unlikely to be produced in Λb decays, as it has the “wrong” light-diquark spin number.
On the other hand, there is a lower mass state PX2

present in the spectrum, having the correct

flavor and spin quantum numbers |1Q, 0Q′ , 0; 3
2

−〉, with a mass of about 4130 MeV, which we
expect to be produced in Λb decays. One could argue that the mass estimates following from
the assumed effective Hamiltonian are in error by a larger amount than quoted in [94]. However,

as already stated, the mass difference between the JP = 5
2

+
and JP = 3

2

−
pentaquarks, having

the right quantum numbers |1Q, 0Q′ , 1; 5
2

+〉 and |1Q, 0Q′ , 0; 3
2

−〉 is expected to be around 340

MeV, yielding a mass for the lower-mass JP = 3
2

−
pentaquark state of about 4110 MeV. The

two estimates are compatible with each other, and we advocate to search for this state in the
LHCb data. Among the ten states listed in Table 6, only the ones called PX2

and PY2
are

allowed as the Λb decay products.

5.4 Weak decays with P in Decuplet representation

Decays involving the decuplet 10 pentaquarks may also occur, if the light diquark pair having
spin-0 [ud]s=0 in Λb gets broken to produce a spin-1 light diquark [ud]s=1. In this case, one
would also observe the decays of Λb, such as

Λb → πP(S=−1)
10 → π(J/ψΣ(1385)),

Λb → K+P(S=−2)
10 → K+(J/ψΞ−(1530)).

These decays are, however, disfavored by the heavy-quark-spin-conservation selection rules.
The extent to which this rule is compatible with the existing data on B-meson and Λb decays
can be seen in the PDG entries. Whether the decays of the pentaquarks are also subject to the
same selection rules is yet to be checked, but on symmetry grounds, we do expect it to hold.
Hence, the observation (or not) of these decays will be quite instructive.

Apart from Λb(bud), several other b-baryons, such as Ξ0
b(usb), Ξ−b (dsb) and Ω−b (ssb) undergo

weak decays. These b-baryons are characterized by the spin of the light diquark, as shown below,
making their isospin (I) and strangeness (S) quantum numbers explicit as well as their light
diquark jP quantum numbers. The c-baryons are likewise characterized similarly.
Examples of bottom-strange b-baryon in various charge combinations, respecting ∆I = 0, ∆S =
−1 are:

Ξ0
b(5794)→ K(J/ψΣ(1385)),
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Figure 18: b-baryons with the light diquark spins jp = 0+ (left) and jp = 1+ (right).

which corresponds to the formation of the pentaquarks with the spin configuration
P10(c̄ [cq]s=0,1 [q′s]s=0,1) with (q, q′ = u, d).
Above considerations have been extended involving the entire SU(3)F multiplets entering the
generic decay amplitude 〈PM|Heff |B〉, where B is the SU(3)F antitriplet b-baryon, shown in
the left frame of Fig. 18, M is the 3× 3 pseudoscalar meson matrix

Mj
i =




π0
√

2
+ η8√

6
π+ K+

π− − π0
√

2
+ η8√

6
K0

K− K̄0 − 2η8√
6


,

and P is a pentaquark state belonging to an octet with definite JP , denoted as a 3× 3 matrix
JP , Pij(JP),

Pji
(
JP
)

=




PΣ0√
2

+ PΛ√
6

PΣ+ Pp

PΣ− −PΣ0√
2

+ PΛ√
6

Pn

PΞ− PΞ0 −PΛ√
6


 ,

or a decuplet Pijk (symmetric in the indices), with P111 = ∆++
10 , ...,P333 = Ω−10. (see Guan-Nan

Li et al. [88] for a detailed list of the component fields and SU(3)F -based relations among decay
widths). The two observed pentaquarks are denoted as Pp(3/2

−) and Pp(5/2
+).

Estimates of the SU(3) amplitudes require a dynamical model, which will be lot more
complex to develop than the factorization-based models for the two-body B-meson decays, but,
as argued in the literature, SU(3) symmetry can be used to relate different decay modes. Using
heavy quark symmetry, which reduces the number of Feynman diagrams to be calculated,
they are worked out in [94]. Thus, the decay Λ0

b → J/ψpK− and Λ0
b → J/ψpπ− have just

one dominant Feynman diagram each, the one in which the [ud] diquark in Λ0
b retains its

spin. The ratio of the branching fraction B(Λ0
b → J/ψpπ)/B(Λ0

b → J/ψpK−) = 0.0824 ±
0.0024 ± 0.0042 [98] is consistent with the expectations from Cabibbo suppression. This ratio
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should also hold for the resonating part of the amplitudes, namely if one replaces the J/ψp by
Pc(4450)+, and like wise for the JP = 3/2− P+

c state. This is hinted by the current LHCb
measurements [99].

Examples of the weak decays in which the initial b-baryon has a spin-1 light diquark, i.e.
jP = 1+, which is retained in the transition, are provided by the Ωb decays. The ss̄ pair in Ωb
is in the symmetric 6 representation of SU(3)F with spin 1 and is expected to produce decuplet
pentaquarks in association with a φ or a kaon [87]

Ωb(6049)→ φ(J/ψΩ−(1672)),K(J/ψ Ξ(1387)).

These correspond, respectively, to the formation of the following pentaquarks (q = u, d)

P−10(c̄ [cs]s=0,1 [ss]s=1),P10(c̄ [cq]s=0,1 [ss]s=1).

These transitions are expected on firmer theoretical footings, as the initial [ss] diquark in Ωb is
left unbroken. Again, a lot more transitions can be found relaxing this condition, which would
involve a jP = 1+ → 0+ light diquark, but they are anticipated to be suppressed.

6 Summary

In summary, with the discoveries of the X,Y, Z and Pc states a new era of hadron spectroscopy is
upon us. In addition to the well-known qq̄ mesons and qqq baryons, there is increasing evidence
that the hadronic world is multi-layered, in the form of tetraquark mesons, pentaquark baryons,
and likely also the hexaquarks (or H dibaryons) [100]. However, the underlying dynamics is
far from being understood, and the real issue is how the various constituents of an exotic
multiquark state rearrange themselves. The two competing pictures are hadron molecules and
compact diquak models, with QQ̄g hybrids and glueballs also anticipated. Thresholds near
the resonances do play a role in the phenomenology, and in some cases kinematic-induced
cusp effects may also be a viable template. It is plausible, perhaps rather likely, that no
single mechanism fits all the observable states, and the exotic hadrons may find their abode in
competing theoretical frameworks. The case of diquark models in this context was reviewed
here in more detail. Existence proof on the lattice of diquark correlations in some of the
tetra- and pentaquark states discussed here would be a breakthrough and keenly awaited. In
the meanwhile, phenomenological models built within constrained theoretical frameworks are
unavoidable. They and experiments will guide us how to navigate through this uncharted
territory.
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We report on the role of the heavy quark symmetry (HQS) in understanding the hidden
charm pentaquarks, P+

c (4380) and P+
c (4450), observed by LHCb in Λ0

b → J/ψ p K−

decays, in the compact diquark-diquark-antiquark picture. In the HQS-limit, only the state
P+
c (4450) is expected to be produced. Within this picture, we employ SU(3)F symmetry

to discuss the mass spectrum and decays of the related pentaquark states c̄[cq][q′q′′] with
q, q′, q′′ ∈ [u, d, s]. Some of these pentaquarks are expected to be produced in b-baryon
decays and we work out their relative decay widths.

1 Introduction

The states P+
c (4380)(JP = 3

2

−
) and P+

c (4450)(JP = 5
2

+
) are recently observed by the LHCb

collaboration [1] with the possible quark contents cc̄uud in the decay mode Λ0
b → J/ψ p K−,

having the masses 4380±8±29 MeV and 4449.8±1.7±2.5 MeV and decay widths 205±18±86
MeV and 39 ± 5 ± 19 MeV, respectively. Their dynamics is far from being understood, and
a number of theoretical models has been put forward in the literature to accommodate them,
summarized briefly in [2]. We concentrate here on the compact pentaquark picture with the
structure diquark-diquark-anti-charm quark [3, 4]. To be specific, we follow here the framework
by Maiani et al. [3]. Their assigned spin and angular quantum numbers are: P+

c (4450) =

{c̄[cu]s=1[ud]s=0;LP = 1, JP = 5
2

+} and P+
c (4380) = {c̄[cu]s=1[ud]s=1;LP = 0, JP = 3

2

−}.
We have argued in [5] that the lower-mass state P+

c (4380), which has the light diquark with
spin-1, i.e., [ud]s=1, is unlikely to be produced in Λb decays due to the heavy quark symmetry
(HQS). The point is that in the HQS-limit, the spin-degree of freedom of the light diquark
in Λb becomes a good quantum number. Hence, the state P+

c (4380), with the above quantum
numbers, can only be produced if the spin-0 diquark in Λ0

b is broken. Current data on Λ0
b decays

suggest HQS as a diagnostic tool: the decays preserving this symmetry have significantly large
branching ratios compared to the ones that violate it [6]. Therefore, this allows only the higher
mass sate P+

c (4450) to be produced in Λ0
b decays.

We calculate the mass spectrum of the pentaquarks, c̄[cq][q′q′′] with q, q′, q′′ ∈ [u, d, s] in
an effective Hamiltonian approach proposed by Maiani et al. for the interpretation of exotic
states in the meson sectors [7, 8], extending it to the pentaquark sector. Making use of the

∗Speaker. This proceeding is based on Ref. [5].
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Table 1: S (P )- wave pentaquark states PXi (PYi) and their spin- and orbital angular momentum
quantum numbers. The subscripts Q and Q′ represent the heavy [cq] and light [q′q′′] diquarks,
respectively. In the expressions for the masses of the PYi

states, the terms MPXi
= M0 + ∆Mi

with i = 1, ..., 5.

Label |SQ, SQ′ ;LP , JP 〉i Mass Label |SQ, SQ′ ;LP , JP 〉i Mass

PX1
|0Q, 1Q′ , 0; 3

2

−〉1 M0 + ∆M1 PY1
|0Q, 1Q′ , 1; 5

2

+〉1 MPX1
+ 3AP +BP

PX2
|1Q, 0Q′ , 0; 3

2

−〉2 M0 + ∆M2 PY2
|1Q, 0Q′ , 1; 5

2

+〉2 MPX2
+ 3AP +BP

PX3
|1Q, 1Q′ , 0; 3

2

−〉3 M0 + ∆M3 PY3
|1Q, 1Q′ , 1; 5

2

+〉3 MPX3
+ 3AP +BP

PX4
|1Q, 1Q′ , 0; 3

2

−〉4 M0 + ∆M4 PY4
|1Q, 1Q′ , 1; 5

2

+〉4 MPX4
+ 3AP +BP

PX5 |1Q, 1Q′ , 0; 5
2

−〉5 M0 + ∆M5 PY5 |1Q, 1Q′ , 1
2 c̄
, 1; 5

2

+〉5 MPX5
− 2AP +BP

HQS, one can accommodate the {c̄[cu]s=1[ud]s=0;LP = 1, JP = 5
2

+} state Pc(4450) but not the

state Pc(4380), that has {c̄[cu]s=1[ud]s=1;LP = 0, JP = 3
2

−}. Thus, if confirmed by independent
analysis and more data, one has to find a different interpretation of the state Pc(4380). However,

the pentaquark spectrum is rich enough to accommodate a JP = 3
2

−
state, which can be reached

in the decays Λ0
b → J/ψ p K− consistent with the HQS-based selection rules, albeit with a lower

mass. Using the mass difference m[Λ+
c (2625); JP = 3

2

−
]−m[Λ+

c (2286); JP = 1
2

+
] ' 341 MeV,

the mass of this JP = 3/2− state is estimated by us to be in the range 4110-4130 MeV. We
work out the mass spectrum of the pentaquarks related by SU(3)F . Some of these pentaquarks
will be produced in weak decays of b-baryons. Combining HQS and the SU(3)F symmetry
results in strikingly simple relations among these decay amplitudes, and the resulting relative
decay widths are presented here.

This report is organized as follows: In section II, we provide mass formula for the pentaquark
states having the quark flavors c̄[cq][q′q′′], with q, q′, q′′ = u, d, s, assuming isospin symmetry
within diquark model. In section III, the amplitude and the effective Hamiltonian for the b-
baryon decays into pentaquarks, obeying the HQS and SU(3)F symmetry are provided. In the
last section, we conclude our work.

2 Spectrum of the c̄[cq][q′q′′] pentaquarks, with
q, q′, q′′ = u, d, s

The mass formula for the pentaquark state with the ground state tetraquark (LQQ′ = 0) can
be written as [5]

M = M0 +
BP
2
LP(LP + 1) + 2AP

JP(JP + 1)− LP(LP + 1)− SP(SP + 1)

2
+ ∆M (1)

where M0 = mQ + mQ′ + mc, and ∆M is a mass term which arises from different spin-spin
interactions. For the tetraquark in LQQ′ = 1, one has to add two more terms in Eq. (1) with
their coefficients AQQ′ and BQQ′ (see Eq. (5) of ref. [5]). In this work, we restrict ourselves to
the S-wave tetraquarks while for the pentaquarks the S (P )- wave states, called PXi (PYi), are
listed in Table 1. In the caption of Table 1, ∆Mi (i runs from 1 to 4) are the mass splitting
terms that arise after diagonalizing the 4× 4 matrix, whereas ∆M5 is given in Eq.(12) of Ref.
[5].
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Table 2: Masses of the PXi and PYi states (in MeV) formed through different diquark-diquark-
anti-charm quark combinations in type-I model of tetraquarks. The quoted errors are obtained from
the uncertainties in the input parameters in the effective Hamiltonian. Flavor labels ci (i = 1, ..., 5)
correspond to quark contents given below (with q = u or d). (From [5]).

PXi
PX1

PX2
PX3

PX4
PX5

c1 : c̄[cq][qq] 4133± 55 4133± 55 4197± 55 4385± 55 4534± 55
c2 : c̄[cq][sq] 4115± 58 4138± 47 4191± 53 4324± 47 4478± 47
c3 : c̄[cs][qq] 4365± 55 4390± 42 4443± 49 4578± 43 4727± 42
c4 : c̄[cs][sq] 4313± 47 4382± 45 4434± 51 4568± 46 4721± 45
c5 : c̄[cq][ss] 4596± 47 4664± 46 4721± 51 4853± 46 5006± 45

PYi
PY1

PY2
PY3

PY4
PY5

c1 : c̄[cq][qq] 4450± 57 4450± 57 4515± 57 4702± 58 4589± 56
c2 : c̄[cq][sq] 4432± 61 4456± 50 4508± 56 4642± 50 4532± 48
c3 : c̄[cs][qq] 4682± 57 4708± 46 4760± 52 4895± 47 4782± 44
c4 : c̄[cs][sq] 4603± 51 4699± 49 4752± 54 4885± 49 4776± 47
c5 : c̄[cq][ss] 4913± 51 4981± 49 5038± 54 5170± 49 5061± 47

In our predictions for the pentaquark masses, some common parameters are fixed from the
XY Z states, under the assumption that they are diquark-antidiquark states for both type-I [8]
and type-II models [7]. To fix the unknown parameter BP , involving the pentaquark orbital

angular momentum, we identify the state |1Q, 0Q′ , 1; 5
2

+〉2 with the pentaquark state 5
2

+
having

a mass 4450 MeV and LP = 1 which yields 160 MeV and 220 MeV for BP in the type-I and
type-II models, respectively. However, in Table 2, we present only the results of type-I model
as they have been used in the forthcoming discussions. We note that the states PX4

and PY2

have the spin- and angular momentum quantum numbers, which correspond to the assignments
for P+

c (4380) and P+
c (4450), respectively, in the paper by Maiani et al. [3].

3 Estimate of the ratios of weak b-baryon decays into pen-
taquarks

The general amplitude for the decay under consideration can be written as

A =
〈
PM

∣∣HW
eff

∣∣B
〉
, (2)

where B is a flavor anti-triplet b-baryon with the light quark spin jP = 0+ (the flavor sextet b-
baryons with jP = 0+ are denoted by C). M is a light pseudoscalar meson in the SU(3)F octet,
and P is the final state pentaquark, while, HW

eff is the effective weak Hamiltonian inducing the
Cabibbo-allowed ∆I = 0,∆S = −1 transition b → cc̄s, and the Cabibbo-suppressed ∆S = 0
transition b→ cc̄d,
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HW
eff =

4GF√
2

[
VcbV

∗
cq(c1O

(q)
1 + c2O

(q)
2 )
]
. (3)

Here, GF is the Fermi coupling constant, VcbV
∗
cq are the CKM matrix elements, and c1(c2)

are the Wilson coefficients of the operators O
(q)
1 (O

(q)
2 ) (q = d, s), defined as

O
(q)
1 = (q̄αcβ)V−A(c̄αbβ)V−A; O

(q)
2 = (q̄αcα)V−A(c̄βbβ)V−A, (4)

where α and β are SU(3) color indices, and V − A = γµ(1 − γ5) reflects that the charged
currents are left-handed.

While calculating the absolute decay rates is a formidable challenge, estimates of the ratios
of the decay widths can be obtained using SU(3)F symmetry. They were worked out in [5],
and are given in Tables 3 and 4. We note that the ∆S = 0 transitions are suppressed by
a factor |V ∗cd/V ∗cs|2 ' 0.05 compared to ∆S = 1 transitions. In the HQS-limit, the decays
Λ0
b → J/ψ p K− and Λ0

b → J/ψ p π− have just one Feynman diagram each, as this is the only
diagram in which the [ud] diquark in Λb retains its spin. The one, in which the [ud] diquark is
split, giving rise to the interference term discussed in [9], is suppressed by 1/mb. The relative
branching fractions B(Λ0

b → J/ψ p π−)/B(Λ0
b → J/ψ p K−) = 0.0824± 0.0024± 0.0042 [10] is

consistent with the expectation from Cabibbo suppression. Whether this ratio also holds for the
pentaquark states is being studied by the LHCb. Curent measurements, while still preliminary,
suggest that this is the case.
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Table 3: Estimate of the ratios of the decay widths Γ(B(C) → P5/2M)/Γ(Λ0
b → P

5/2
p K−)

(from [5]).

∆S = 1

Decay Process Γ/Γ(Λ0
b → P

5/2
p K−) Decay Process Γ/Γ(Λ0

b → P
5/2
p K−)

Λb → P
{Y2}c1
p K− 1 Ξ−b → P

{Y2}c2
Σ− K̄0 2.07

Λb → P
{(Y2}c1
n K̄0 1 Ξ0

b → P
{Y2}c2
Σ+ K− 2.07

Λb → P
{Y2}c3
Λ0 η′ 0.03 Λb → P

{Y2}c3
Λ0 η 0.19

Ξ−b → P
{Y2}c2
Σ0 K− 1.04 Ξ−b → P

{Y2}c2
Λ0 K− 0.34

Ω−b → P
{Y3}c5
Ξ−10

K̄0 0.14 Ω−b → P
{Y3}c5
Ξ0

10
K− 0.14

∆S = 0

Decay Process Γ/Γ(Λ0
b → P

5/2
p K−) Decay Process Γ/Γ(Λ0

b → P
5/2
p K−)

Λb → P
{Y2}c1
p π− 0.08 Λb → P

{Y2}c1
n π0 0.04

Λb → P
{Y2}c1
n η 0.01 Λb → P

{Y2}c1
n η′ 0

Ξ−b → P
{Y2}c4
Ξ− K0 0.02 Ξ−b → P

{Y2}c2
Σ0 π− 0.08

Ξ−b → P
{Y2}c2
Σ− η 0.02 Ξ−b → P

{Y2}c2
Σ− η′ 0.01

Ξ−b → P
{Y2}c2
Σ− π0 0.08 Ξ0

b → P
{Y2}c2
Σ0 π0 0.04

Ξ0
b → P

{X2 (Y2)}c2
Λ0 η 0.01 Ξ0

b → P
{Y2}c2
Λ0 η′ 0.01

Ξ0
b → P

{Y2}c2
Λ0 π0 0.01 Ω−b → P

{Y3}c5
Ξ−10

π0 0.01

Ω−b → P
{Y3}c5
Ξ0

10
π− 0.02
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Table 4: Estimate of the ratios of the decay widths Γ(B(C) → P3/2M)/Γ(Λ0
b → P

{X2}c1
p K−)

transitions (from [5]).

∆S = 1

Decay Process Γ/Γ(Λ0
b → P

{X2}c1K
−

p ) Decay Process Γ/Γ(Λ0
b → P

{X2}c1
p K−)

Λb → P
{X2}c1
p K− 1 Ξ−b → P

{X2}c2
Σ− K̄0 1.38

Λb → P
{X2}c1
n K̄0 1 Ξ0

b → P
{X2}c2
Σ+ K− 1.38

Λb → P
{X2}c3
Λ0 η′ 0.17 Λb → P

{X2}c3
Λ0 η 0.22

Ξ−b → P
{X2}c2
Σ0 K− 0.69 Ξ−b → P

{X2}c2
Λ0 K− 0.23

Ω−b → P
{X3}c5
Ξ−10

K̄0 0.24 Ω−b → P
{X3}c5
Ξ0

10
K− 0.24

∆S = 0

Decay Process Γ/Γ(Λ0
b → P

{X2}c1K
−

p ) Decay Process Γ/Γ(Λ0
b → P

{X2}c1
p K−)

Λb → P
{X2}c1
p π− 0.06 Λb → P

{X2}c1
n π0 0.03

Λb → P
{X2}c1
n η 0.01 Λb → P

{X2}c1
n η′ 0.01

Ξ−b → P
{X2}c4
Ξ− K0 0.02 Ξ−b → P

{X2}c2
Σ0 π− 0.03

Ξ−b → P
{X2}c2
Σ− η 0.02 Ξ−b → P

{X2}c2
Σ− η′ 0.01

Ξ−b → P
{X2}c2
Σ− π0 0.04 Ξ0

b → P
{X2}c2
Σ0 π0 0.02

Ξ0
b → P

{X2}c2
Λ0 η 0 Ξ0

b → P
{X2}c2
Λ0 η′ 0

Ξ0
b → P

{X2}c2
Λ0 π0 0.01 Ω−b → P

{X3}c5
Ξ−10

π0 0.01

Ω−b → P
{X3}c5
Ξ0

10
π− 0.02
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4 Conclusion

The decay Λ0
b → PX4K

− is suppressed due to the HQS selection rules. Therefore, the state PX4 ,

having the quantum numbers {c̄[cu]s=1[ud]s=1;LP = 0, JP = 3
2

−}, identified as P+
c (4380) in

the compact diquark picture, is unlikely to be produced. Instead, we identify PX2 as the HQS-
favored state in the mass range 4110-4130 MeV and look forward to the forthcoming data and
analysis. Combining the SU(3)F -symmetry with HQS provides simplified predictive relations,
which will be helpful in the future searches of the hidden charm pentaquarks in b-baryon decays.
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XYZ mesons and Glueballs: effects of the quark-

gluon mixing

Nikolai Kochelev

Institute of Modern Physics, Chinese Academy of Science, Lanzhou 730000, China and
Bogoliubov Laboratory of Theoretical Physics, Joint Institute for Nuclear Research,
Dubna, Moscow Region, 141980, Russia

DOI: http://dx.doi.org/10.3204/DESY-PROC-2016-04/Kochelev

We present the new developments in the physics of XYZ mesons and glueballs and discuss
the connection between properties of the XY Z mesons and glueballs, and the structure of
the QCD vacuum. It is shown that the mixing between quark and gluon degree of freedoms
induced by the nontrivial topological structure of the QCD vacuum might affect strongly
the properties of the exotic hadrons. A new interpretation of the XY Z mesons as the
mixing between radial excitations of light quark-antiquark systems and states with heavy
quark content is suggested. We introduce also a new mechanism of quarkonia production
in hadron-hadron collisions coming from the mixing of light and heavy quark sectors of
QCD. This mechanism is based on the nontrivial topological structure of the QCD vacuum
and might explain the polarization puzzle in inclusive J/Ψ production in high energy
reactions. The possibility of big changes of the scalar and pseudoscalar glueball masses
in the hot gluonic plasma is established and their consequences in the phase structure of
QCD analyzed.

1 Introduction

Nowadays the study of the exotic hadrons is one of the hottest topics of hadron physics. Within
the quark model the ordinary mesons are considered as bound states of quark-antiquark pairs
and baryons are three-quark bound states. However, more complicated states which include
additional quarks and/or valence gluons are not forbidden by QCD. There were three big waves
in the history of the exotic hadrons. The first wave was created by the pioneering papers by
Jaffe [1, 2] on spectroscopy of the four quark q2q̄2 states within MIT bag model with light
u, d, s quarks. These states we call now light tetraquarks. The second wave was created by the
prediction of the ududs̄ strange pentaquark state with very small width within the chiral soliton
model [3]. The third and last wave was generated by the Belle Collaboration discovery of the
X(3872) meson with very small width and the mass near DD∗ threshold [4]. Now we have
many candidates for exotic tetraquark states with heavy quark content which are called the
XY Z mesons. There are also several candidates for the heavy pentaquarks (see, for example,
the recent reviews [5, 6]). A lot of the different microscopical models have been suggested to
explain their unusual properties. We discuss a new approach to the XY Z mesons based on the
possibility of a large mixing between radial excitations in the light quark and antiquark system
and states with heavy quark content. Such mixing might be induced by the nonperturbative
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quark-gluon interaction related to the nontrivial topological structure of the QCD vacuum.
The second part of this review is devoted to the modern status of glueballs which are the
bound states of the gluons. We discuss the properties of these exotic hadrons including the
possibility of the existence of the three-gluon bound states. And finally, we show that glueballs
can influence strongly the properties of Quark-Gluon Plasma.

2 The exotic XYZ mesons

One of the main problems of the exotic hadron spectroscopy is the possibility of large mixings
between exotic and nonexotic hadrons with the same quantum numbers. This mixing does not
allow, in the most cases, to separate exotic states from the ordinary hadrons. The instantons,
the strong fluctuations of the vacuum gluon fields, induce t’Hooft’s multiquark interaction
which can lead to the strong mixing of the different quark flavors (see review [15]). Due to
the specific structure of t’Hooft’s interaction it can violate the OZI rule in the channels with
the quantum numbers 0−+ and 0++ as shown in Fig.1a. Since the instanton corresponds to a
subbarrier transition between vacua with the different topological charge, the natural energy
scale of this violation is related to the height of the potential barrier between these vacua.
This height is given by the energy of the so-called sphaleron Esph = 3π/4αs(ρc)ρc ≈ 2.8
GeV with ρc ≈ 0.3 fm being the average instanton size in the QCD vacuum [16]. For higher
mass excitations one can expect that the instanton-anti-instanton molecules give an important
contribution to the mixing between states with different quark flavors. Examples of such mixing
between light quark-antiquark states and states with heavy quarks are shown in the Figs.1b,
c and Fig.2. The nonperturbative interaction which governs that mixing is the quark-gluon
effective interaction induced by instantons [17, 18]

LI = −igsµa
4Mq

q̄σµνtaq Gaµν (1)

where Gaµν is the gluon field strength, Mq is the effective mass of the light u−, d− quarks in
the vacuum and µa is the anomalous quark chromomagnetic moment (AQCM). An extension

I

u, d

ū, d̄

d, u

d̄, ū

a)

u, d

ū, d̄

u, d

ū, d̄

Q̄ Q

Q Q̄

b) c)

I

Ī

I

Ī

u, d

ū, d̄

u, d

ū, d̄

π

Figure 1: a) low energy mixing between light quarks induced by single instanton or anti-
instanton , b) high energy mixing between light quarks and heavy quarks Q induced by the
instanton-anti-instanton molecules and c) additional mixing induced by an additional pion
exchange which is shown by the dashed line.

of Eq.1 which preserves the chiral symmetry was suggested by Polyakov and has the following
form [9]

LI = −igsµa
4Mq

q̄σµνtaeiγ5~τ ·
~φπ/FπqGaµν , (2)
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Q

Q̄

ū, d̄

u, d

I

Ī

Q

Q̄

Q Q

Q̄ Q̄

u, d

ū, d̄

I

Ī

π

Figure 2: Additional mixing between heavy and light quarks in the I = 0 channel.

where Fπ = 93 MeV is the pion decay constant 1. Within the instanton model, the value of
AQCM is [18]

µa = −3π(Mqρc)
2

4αs(ρc)
≈ −0.38 (3)

for Mq ≈ 170 MeV in mean field approximation.

c

c̄

D

D̄∗

qi

q̄j

D

D̄∗

X(3872)
Z(3900)

a) b)

X(3872)

q

q̄

c̄

c

I

Ī

I

Ī

Figure 3: a) Mixing cc̄ core with DD̄∗ state, b) mixing the light radial excited state with DD̄∗

In general, a high radially excited state of a light quark-antiquark system can mix easily
with states which have a heavy quark content, if they have the same quantum numbers and
approximately the same mass. It might be that the X(3872) and the Zc(3900) are result of the
mixing of molecular states and/or tetraquark charmed hidden states with high radial excitations
of a light quark system, by the mechanism shown in Fig.1b, c and Fig.3b. A recent paper in the
spirit of this idea was presented by Coito [13]. In the case of such mixing one should observe
the decays of the XYZ mesons to final states without heavy quarks. The absence of these decay
modes in present experiments might be related to the existence of many nodes in the wave
function of the light quark system. One can estimate, for example, that light quark qq̄ systems
with radial numbers nr ∼ 7 − 8 have approximately the same mass as the X(3872) and the
Zc(3900). The many node structure of the wave function might lead to a very small overlap
of the initial and final wave functions in the decay. These strong effect of the many nodes in
wave function in decays is well known phenomenon. In particular, Brodsky and Karliner in [14]
used it to explain the small rate of Ψ(2S)→ ρπ in comparison with J/Ψ→ ρπ. Therefore, the

1For simplicity we consider only the NF = 2 case.
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mixing of high excited states in light quark-antiquark systems with heavy quark states might
be behind of the unusual properties of XYZ mesons.

3 The J/Ψ polarization puzzle

There is a longstanding problem to explain the absence of transverse polarization of J/Ψ in the
inclusive production at high energy. The transverse polarization was predicted by perturbative
QCD and it comes from the fragmentation of on-shell gluon to charm-anticharm pair (see review
[19]). Such polarization is in disagreement with the measurement at TEVATRON [20] and at
LHC [21, 22]. In a recent paper the polarization of gluons in the constituent quark induced

I(Ī)
L(R) R(L)

λ = 0

a)

I(Ī)
L(R) R(L)

λ = ∓

b)

π

Figure 4: Diagram a) shows the quark-gluon vertex generated by the instanton, and diagram
b) describes the quark-gluon-pion vertex induced by the instanton.

by instantons was calculated [23]. The diagram without pion, Fig.4a, produces no polarization
of the gluons [9]. However, the diagram with an additional pion, Fig.4b, leads to polarization
of the gluons. In this case the instanton and anti-instanton provide a polarization of opposite
sign. The contribution of the instantons to the J/Ψ polarization in proton-proton collisions is
presented in Fig.5. It is evident, that such mechanism leads to a longitudinal polarization of
the J/Ψ because the perturbative vertex with a hard gluon does not change the helicity of the
charm quark. From the another side, one can consider this new mechanism as the contribution

I

Ī

J/Ψ

u

u

d

P

P
c

c̄
λ = 0

λ = 0

a)

p⊥

λ = 0

(hard exchange)

I

Ī

J/Ψ

u

u

d

P

P
c

c̄

b)

π

λ = +1

λ = −1

p⊥

λ = 0

(hard exchange)

Figure 5: Example of diagrams which lead to the longitudinal polarization of J/Ψ induced by
instanton-anti-instanton pair a) without pion exchange and b) with pion exchange.

to the inclusive production of the quarkonia coming from the mixing of light quarks with a
state having heavy quark content.
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4 Glueballs

The glueballs, the bound states of the gluons, are now widely under discussion (see the reviews
[24, 25]). Different approaches including MIT bag model, several types of the constituent
models, holographic QCD, QCD sum rule methods and the lattice simulation were used to
extract the information on the spectrum and quantum numbers of the glueballs. One direct way
based on the first principals of QCD to calculate the glueball spectrum are lattice calculations.
At the present, the old [26] and more recent lattice calculations [27] in quenched QCD, i.e. the
theory without quarks, are in the agreement and the result for the low mass of the glueballs in
pure SU(3)c is

M(0++) ≈ 1.7 GeV,M(2++) ≈ 2.4 GeV,M(0−+) ≈ 2.6 GeV

One of the interesting features of lattice calculations is that in the unquenched QCD with light
quarks the result for the lowest mass of glueballs practically does not change [28]

M(0++) = 1.795(60) GeV, M(2++) = 2.620(50) GeV,

for 2+1 flavor and mπ = 360 MeV. A more recent result for Nf = 2 and mπ ≈ 580 MeV is [29]

M(0++) = 1.624(141)GeV,M(0−+) = 2.738(153)GeV, M(2++) = 2.516(95)GeV.

There are many candidates for the glueball states. For the scalar glueballs we have the following
mesons

f0(600), f0(980), f0(1370), f0(1500), f0(1710), f0(1790),

For pseudoscalar glueball the candidates are

η(1405), X(1835), X(2120), X(2370), X(2500)

In the case of the tensor glueballs there are two candidates

fJ(2220), f2(2340).

One of the main problems of the glueball spectroscopy is the possible large mixings of the
glueballs with ordinary and exotic quark states which leads to the difficulties in disentangling
the glueballs in the experiments (see recent discussion in [30]). The example of such mixing
is presented in Fig.6. The contribution of the mixing presented in Fig.6a was considered in
[31] within the QCD sum rule method, and it was shown to be very important. One of the
suitable ways to avoid this problem and obtain a clear prediction for the glueballs is to study the
glueballs with exotic quantum numbers. JPC = 0−−, 0+−, 1−+, 2+−, etc . . . which cannot mix
with ordinary quark-antiquark states. However, the calculation of the masses and decay modes
of these exotic glueballs is very difficult because one should consider states with a large number
of gluons. For example, Lattice calculations give a very large mass MG = 5.17 GeV with a large
uncertainty for the 0−− exotic three-gluon glueball. The first attempt to calculate the masses
of the glueballs with exotic quantum number was done in ref. [32, 33] within the QCD sum
rule approach and a rather small mass for 0−− glueball was found. However in a recent paper
[34], it was shown that the interpolation current for the gluonic state used in [32, 33] has an
anomaly and cannot be applied for the glueball calculations. In ref. [34] a new interpolating
current for the 0−− glueball has been suggested. The derived QCD sum rules are consistent
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Figure 6: a) Mixing 0++ glueball with a quark-antiquark state, b) mixing of this glueball with
a tetraquark, and c) mixing of the exotic three gluon 0−− state with an exotic tetraquark.

and stable. The resulting value for the mass of the 0−− glueball state is MG = 6.3+0.8
−1.1 GeV

and an upper limit for the total width ΓG ≤ 235 MeV has been obtained. It has been also
argued that the mixing of this glueball state with 0−− tetraquark is expected to be very small.
Therefore, the exotic 0−− glueball can be considered a pure gluon state. At the present, the
Belle Collaboration is searching for this state [35].

5 Glueballs in Quark-Gluon Plasma

In experiments at RHIC and LHC a new type of nuclear matter the so-called strongly interacted
quark-gluon plasma has been discovered (see review [38]). It behaves as a liquid and does not
have the expected gas-like behavior. There are many experiments planned at the running and
future facilities to investigate the properties of such new matter. It is very important from the
point of view of theory of the strong interactions to find the fundamental reason which leads to
such behavior of quark-gluon matter. One possible way is to investigatethe simpler case of pure
Gluodynamics, the theory without quarks. Recently very precise lattice results for the Equation
of State (EoS) of this theory at finite T below and above the deconfinement temperature Tc
were presented [39]. They challenge our understanding of QCD dynamics at finite temperatures.
One of the puzzles is a very spectacular behavior of the trace anomaly, I/T 4 = (ε − 3p)/T 4,
as a function of T . In particular, just above Tc it rapidly grows untill TG ≈ 1.1Tc and then
it decays as I/T 4 ∼ 1/T 2 untill T ≈ 5Tc. A mechanism which can explain such anomalous
behavior has been suggested in ref. [40]. The mechanism is based on the possibility of a large
change of the glueball masses above the Tc. The starting point is the relation between the
lowest scalar glueball mass, mG, and the gluon condensate, G2 =< 0| αsπ GaµνGaµν |0 > at T = 0,
which appears naturally in the dilaton approach [41]

m2
Gf

2
G =

11Nc
6

< 0|αs
π
GaµνG

a
µν |0 >, (4)

where fG is the glueball coupling constant to gluons. Lattice calculations show that the gluon
condensate decreases roughly by a factor two at T = Tc due to the strong suppression of its
electric component, while slightly above Tc the condensate vanishes very rapidly due to the
cancellation between its magnetic and electric components [42]. The temperature behavior of
the condensate at TG ≥ T ≥ Tc can be described by the equation [43]
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G2(T ) = G2

[
1−

(
T

TG

)n]

and the mass of scalar and pseudoscalar glueballs for TG ≥ T ≥ Tc are given by

m(T ) = m0

√
1−

(
T

TG

)4

.

The possible dynamical reason for the decrease of scalar and pseudoscalar glueball masses
above Tc is the strong attraction between gluons induced by instanton-antiinstanton molecules
shown in Fig.7. Such a molecular structure of the instanton vacuum is expected above Tc For
the quark-antiquark channel the effect of the instanton-antiinstanton induced interaction was
discussed in [45] and it was shown to be strong. For the gluon-gluon interaction the effect
should be even stronger because it is enhanced by factor S2

0 ≈ 102, where S0 ≈ 10 is the
instanton action. The rapid decrease of the scalar and preudoscalar glueball masses above

Ī

I

Ī

II

Figure 7: Gluon-gluon interaction induced by instanton-antiinstanton molecules.

Figure 8: The pressure p/T 4 as the function of T/Tc in comparison with the lattice data [39].

Tc leads to a large contribution of these glueballs to the pressure of the gluon plasma and the
sum of the glueball and free gluon contributions describe the lattice data very well as shown
in Fig.8. Given these results we can describe three different phases of gluon matter [40]. The
first phase is the confinement regime at T < Tc and is described by a gas of massive glueballs.
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The second phase appears just above Tc at TG ≥ T ≥ Tc, where TG ≈ 1.1Tc. In this phase the
main contribution to the EoS is coming from the very light scalar and pseudoscalar glueballs.
Above the TG ≈ 1.1Tc the third phase appears, a mixed phase of massless gluons and point-
like scalar-pseudoscalar massless glueballs. The existence of such phases can be checked in
high multiplicity events in relativistic heavy ion collisions where an abundant production of
glueballs is expected [36, 37]. The most simple way is to look for the change of the scalar and
pseudoscalar glueball masses in the two pion and three pion channels, correspondingly, as a
function of multiplicity. Finally it should be also mentioned that the mixing between quark
and gluon states can change strongly above Tc due to the transition between single instanton
induced mixing to the mixing produced by instanton-antiinstanton molecules.

6 Conclusion

The exotic hadrons carry a very important information on the structure of the strong inter-
actions and the properties of the exotic hadrons are very sensitive to the nonperturbative
structure of QCD. We have shown that the XYZ mesons can arise as the result of a nonper-
turbative mixing between different configurations with and without heavy quark content. We
have furthermore suggested a new mechanism for heavy quarkonia production at high energy
which can be related to such mixing. We have also discussed the modern status of the glueballs
and their mixing with quarkonia. Finally, we have predicted a drastic change of the scalar
and pseudoscalar glueball masses above the deconfinement temperature in the gluonic plasma
which has very exciting consequences at the level of the possible phase transitions at very high
temperatures.
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We discuss hadrons and multiquark states in holographic QCD. This approach is based on
an action which describes hadron structure with broken conformal and chiral invariance and
incorporates confinement through the presence of a background dilaton field. According
to the gauge/gravity duality the five-dimensional boson and fermion fields propagating in
AdS space are dual to four-dimensional fields leaving on the surface of AdS sphere, which
correspond to hadrons. In this picture hadronic wave functions — basics blocks of hadronic
properties — are dual to the profiles of AdS fields in the fifth (holographic) dimension,
which is identified with scale variable. As applications we consider properties of hadrons
and multiquark states from unified point of view: mass spectrum, form factors, parton,
transverse momentum, Wigner and Husimi distributions.

1 Introduction

Recent decades have been marked by significant progress in derivation and application of holo-
graphic QCD approaches based on the gauge/gravity duality [1]. The duality has several man-
ifistations. Two most important of them are: 1) matching between partion functions in two
approaches gives relation between parameters of string and SU(N) Yang-Mills (YM) theories;
2) conformal group acting in the boundary theory is isomorphic to SO(4, 2) group, which is
the isometry group of the AdS5 space. In particular, the string parameters gs - coupling, ls
- length, and R - the AdS radius are related to the YM theory parameters gYM - coupling,

’t Hooft coupling λ = g2
YMN as 2πgs = g2

Y M
and R4

l4s
= 2 g2

Y M
N . There are two imporant

limits in case of dual theories: 1) ’t Hooft limit (large N at λ fixed) gYM = λ
N � 1, which

corresponds to gs � 1 (tree-level perturbative string theory). In this case we say that the
“Conformal Field side” of duality works; 2) Strong coupling limit λ � 1, which means
ls � R. In this case we say that “String Theory side” of the duality works. AdS/QCD ap-
proaches are derived from AdS/CFT ones upon breaking of conformal invariance. According
to the dictionary, the AdS/QCD or holographic QCD (HQCD) is an approximation to QCD
attempting to model hadronic physics in terms of fields/strings living in extra dimensions -
AdS space. HQCD models reproduce main features of QCD at low and high energies: chiral
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symmetry, confinement, power scaling of hadron form factors. One should stress that the extra
5th dimension has clear physical interpretation as the scale. AdS/QCD approaches are divided
on two types: 1) top-down approaches – low-energy approximation of string theory trying to
find a gravitational background with features similar to QCD (e.g. Sakai-Sugimoto model); 2)
bottom-up approaches – more phenomenological ones, using the features of QCD to construct
5d dual theory including gravity on AdS space. In order to go towards to QCD one should: i)
break conformal invariance and generate mass gap, ii) via Kaluza-Klein decomposition of the
five-dimensional AdS fields introduce a tower of normalized bulk fields (Kaluza-Klein modes)
dual to hadronic wave functions. Bottom-up AdS/QCD approaches have two main realizations
of breaking of conformal invariance and introducing confinement — hard-wall and soft-wall ver-
sions. In the hard-wall approach the AdS geometry is cutted by two branes — ultraviolet (UV)
(z = ε→ 0) and infrared (IR) (z = zIR). Hard-wall model gives incorrect linear dependence of
hadron masses on angular momentum. This approach is analogue of the quark bag model [2]
and similar to the covariant constituent quark model with infrared confinement developed in
Ref. [3]. In the soft-wall model the soft cutoff of the AdS space is introduced via background
dilaton field [4]-[10]. The advantage of this approach is that it gives analytical solution of
equation of motion for the bulk profiles of AdS fields and produces Regge behavior of hadronic
masses: M2

H ∼ J(L).

In this paper we consider holographic approach based on soft-wall approach developed by
us in Refs. [5]-[10]. We report the applications of our approach to the properties of hadrons
and multiquark states. In particular, we present results for hadronic mass spectra, form factors
and parton, transverse momentum, Wigner and Husimi distributions [5]-[10].

2 Approach

Here we briefly review our approach. First, we specify the five-dimensional AdS metric:

ds2 = gMNdx
MdxN = ηab e

2A(z) dxadxb = e2A(z) (ηµνdx
µdxν − dz2) ,

ηµν = diag(1,−1,−1,−1,−1) , (1)

where M and N = 0, 1, · · · , 4 are the space-time (base manifold) indices, a = (µ, z) and
b = (ν, z) are the local Lorentz (tangent) indices, and gMN and ηab are curved and flat metric
tensors, respectively, which are related by the vielbein εaM (z) = eA(z) δaM as gMN = εaM ε

b
Nηab.

Here z is the holographic coordinate, R is the AdS radius, and g = |detgMN |. In the following
we restrict ourselves to a conformal-invariant metric with A(z) = log(R/z).

The relevant AdS/QCD actions for the boson and fermion field of spin J are [5]-[7]

SB =

∫
d4xdz

√
g e−ϕ(z)

[
DMΦM1···MJ

(x, z)DMΦM1···MJ (x, z)

−
(

(µBJ )2 + UBJ (z)
)

ΦM1···MJ
(x, z)ΦM1···MJ (x, z)

]
, (2)

SF = S+
F + S−F , S±F =

∫
d4xdz

√
g e−ϕ(z)

∑

i=+,−

[
Ψ̄±M1···MJ

(x, z)iD±MΨ±M1···MJ (x, z)

∓ Ψ̄±M1···MJ
(x, z)

(
(µFJ )2 + UFJ (z)

)
Ψ±M1···MJ (x, z) (3)
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where DM and D±M are the covariant derivative (including external vector and axial fields)
acting on boson ΦM1···MJ

and fermion Ψ±M1···MJ
fields, respectively. Ψ±M1···MJ

is the pair of
bulk fermion fields, which are the holographic analogues of the left- and right-chirality fermion
operators in the 4D theory. ϕ(z) = κ2z2 is the dilaton field with κ being a free scale parameter.
The quantities µBJ and µFJ are the bulk boson and fermion masses related to the conformal
dimensions (∆B

J , ∆F
J ) of the spin-J AdS boson and fermion fields, respectively

(µBJ R)2 = ∆B
J (∆B

J − 4) , µFJR = ∆F
J − 2 (4)

As was shown in Refs. [11] and [6] the field dimensions ∆B
J and ∆F

J are related to twist-dimension
τB/F of hadronic operators as

∆B
J = τB = 2 + L , ∆F

J = τF +
1

2
=

7

2
+ L . (5)

where L = max |Lz| is the maximal value of the z component of the quark orbital angular mo-
mentum in hadron [11]: UBJ (z) = 4ϕ(z)(J−1)/R2 and UFJ (z) = ϕ(z)/R are the effective dilaton
potentials. Note the choice of quadratic dilaton profile and potentials UBJ (z) and UFJ (z) is nec-
essary in order to guarantee correct Regge behavior of hadronic mass spectra and asymptotic
power scaling of hadronic factors at large momenta transfer in agreement with quark counting
rules [5]-[10].

Notice that the fermion masses and the effective potentials corresponding to the fields Ψ+

and Ψ− have opposite signs according to the P -parity transformation. The absolute sign of the
fermion mass is related to the chirality of the boundary operator. According to our conventions
the QCD operators OR and OL have positive and negative chirality, and therefore the mass
terms of the bulk fields Ψ+ and Ψ− have absolute signs “plus” and “minus”, respectively.

One of the main advantages of the soft-wall AdS/QCD model is that the most of the
calculations can be done analytically. In a first step, we show how in this approach the hadron
wave functions and spectrum are generated. We follow the procedure pursued in Refs. [5]-[7].
We drop the external vector and axial fields in covariant derivatives, turn to the tangent space
with Lorentz signature, where the AdS fields are rescaled as

Φµ1···µJ
= eϕ(z)/2+A(z)Jφµ1···µJ

, Ψ±µ1···µJ
= eϕ(z)/2+A(z)(J−1/2)ψ±µ1···µJ

. (6)

Next we split the fermion field into left- and right-chirality components

ψ±µ1···µJ
(x, z) = ψ±Lµ1···µJ

(x, z) + ψ±Rµ1···µJ
(x, z) (7)

and perform Kaluza-Klein (KK) expansion for φµ1···µJ
(x, z) and ψ

±L/R
µ1···µJ (x, z)

φµ1···µJ
(x, z) =

∑

n

φnµ1···µJ
(x)Fnτ (z) ,

ψ
±L/R
µ1···µJ (x, z) =

1√
2

∑

n

ψ
L/R
nµ1···µJ (x)G±L/Rnτ (z) , (8)

where the tower of the KK fields φnµ1···µJ
(x) is dual to four-dimensional fields describing mesons

with spin J , while KK fields ψ
L/R
nµ1···µJ (x) are dual left/right-chirality fermion fields describing

baryons with spin J . The number n corresponds to the radial quantum number. The set of
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functions Fnτ (z) are the profiles of boson AdS fields in holographic direction, which are dual to
the mesonic wave functions with twist τ and radial quantum number n. In case of baryon we
have four sets of such profiles dual to baryonic wave functions, which satisfy to the following
relation (due P - and C-invariance) G±Rnτ (z) = ∓G∓Lnτ (z). Then it is convenient to rescale the
boson and fermion profiles as

Fnτ (z) = e−3/2A(z) fnτ (z) , G±R/Lnτ (z) = e−2A(z) g±R/Lnτ (z) (9)

in order derive the Schrödinger-type equation of motions (EOMs) for the wave functions fnτ
and g

±L/R
nτ (z)

[
− ∂2

z +
4L2 − 1

4z2
+ κ4z2 + 2κ2(J − 1)

]
fnτ (z) = M2

B,nτJ fnτ (z) (10)

and
[
−∂2

z + κ4z2 + 2κ2
(
m∓ 1

2

)
+
m(m± 1)

z2

]
gL/Rnτ (z) = M2

F,nτ g
L/R
nτ (z) , (11)

where m = τ − 3/2; MB,nτJ and MF,nτ are the masses of bosons and fermions dual to corre-
sponding hadrons (mesons and baryons) with specific values of quantum numbers.

Above EOMs have analytical solutions for both wave functions

fnτ (z) =

√
2Γ(n+ 1)

Γ(n+ τ − 1)
κτ−1 zτ−3/2 e−κ

2z2/2 Lτ−2
n (κ2z2) ,

gLnτ (z) =

√
2Γ(n+ 1)

Γ(n+ τ)
κτ zτ−1/2 e−κ

2z2/2 Lτ−1
n (κ2z2) , (12)

gRnτ (z) =

√
2Γ(n+ 1)

Γ(n+ τ − 1)
κτ−1 zτ−3/2 e−κ

2z2/2 Lτ−2
n (κ2z2)

and mass spectrum M2
B,nτJ = 4κ2

(
n + τ+J

2 − 1
)

and M2
F,nτ = 4κ2

(
n + τ − 1

)
. Therefore,

our main idea is to find the solutions for the bulk profiles of the AdS field in the z–direction,
and then calculate the physical properties of hadrons in terms of the bulk profiles of AdS fields
dual to hadronic wave functions. In this way both mass spectrum and dynamical hadronic
properties like form factors and parton distributions will be calculated from a unified point
of view based on the solutions of the Schrödinger-type EOMs (12). One can see that the
bulk profiles of AdS fields have the correct scaling behavior for small z, which leads to correct
power behavior of calculated hadronic form factors at large Q2. Another important property
of the bulk profiles is that they vanish at large z (confinement). Up to now we discussed
the solutions of EOMs for the bulk profiles on its mass shell p2 = M2. In case when we
go beyond mass shell, we can calculate so-called bulk-to-boundary propagators describing the
behavior of bulk profiles at arbitrary p2, which are necessary for calculation of momentum
dependence of matrix elements in our approach. In particular, the bulk-to-boundary propagator
for the vector AdS field dual to electromagnetic field is given in analytical form in terms of the

Gamma Γ(n) and Tricomi U(a, b, z) functions: V (Q, z) = Γ

(
1 + Q2

4κ2

)
U

(
Q2

4κ2 , 0, κ
2z2

)
. The
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bulk-to-boundary propagator V (Q, z) obeys the normalization condition V (0, z) = 1 consistent
with gauge invariance and fulfils the following ultraviolet (UV) and infrared (IR) boundary
conditions: V (Q, 0) = 1 , V (Q,∞) = 0. The UV boundary condition corresponds to the local
(structureless) coupling of the electromagnetic field to matter fields, while the IR boundary
condition implies that the vector field vanishes at z = ∞. E.g. a generic expression for the
meson form factor is given in the form integral over z variable of the product of V (Q, z) and
bulk profiles corresponding to the wave functions of initial (in) and final (fin) meson

FM (Q2) =

∞∫

0

dzV (Q, z)fin(z)ffin(z) . (13)

Another advantage of our approach is a possibility to constraint the form of light-front wave
functions (see detailed discussion in Refs. [5]-[10]) from matching of matrix elements of physical
processes in AdS/QCD and Light-Front QCD. The idea of such matching was proposed in
Ref. [11]. Next step is inclusion of effects of quark masses in agreement with constraints imposed
by chiral symmetry and heavy quark effective theory.

3 Applications

One of the nice features of our approach is that we can derive effective light-front wave functions
(LFWFs) using matrix elements for physical processes calculated in AdS/QCD. In particular,
the nucleon LFWFs are set up as

ψ+
+q(x,k⊥) = ϕ(1)

q (x,k⊥) , ψ+
−q(x,k⊥) = −k

1 + ik2

xMN
ϕ(2)
q (x,k⊥) ,

ψ−+q(x,k⊥) =
k1 − ik2

xMN
ϕ(2)
q (x,k⊥) , ψ−−q(x,k⊥) = ϕ(1)

q (x,k⊥) ,

ϕ(1)
q (x,k⊥) =

4π

MN

√
qv(x) + δqv(x)

2

√
D

(1)
q (x) exp

[
− k2

⊥
2M2

N

D(1)
q (x)

]
,

ϕ(2)
q (x,k⊥) =

4π

MN

√
qv(x)− δqv(x)

2
D(2)
q (x) exp

[
− k2

⊥
2M2

N

D(2)
q (x)

]
. (14)

Here MN is the nucleon mass.
Our functions ϕ

(1)
q and ϕ

(2)
q are normalized as
∫
d2k⊥
16π3

[
ϕ(1)
q (x,k⊥)

]2
=

qv(x) + δqv(x)

2
,

∫
d2k⊥
16π3

k2
⊥

M2
N

[
ϕ(2)
q (x,k⊥)

]2
=

qv(x)− δqv(x)

2
,

1∫

0

dx

∫
d2k⊥
16π3

[
ϕ(1)
q (x,k⊥)

]2
=

nq + gqA
2

,

1∫

0

dx

∫
d2k⊥
16π3

k2
⊥

M2
N

[
ϕ(2)
q (x,k⊥)

]2
=

nq − gqA
2

, (15)
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where nq is the number of u or d valence quarks in the proton and gqA is the axial charge of a
quark with flavor q = u or d.

Using these LFWFs one can calculate electromagnetic form factors, transverse momentum,
Wigner and Husimi distributions, etc. Analytic experessions for these quantities can be found in
Ref. [10]. In Figs. 1-4 we plot the results for the x-dependence of the unpolarized and polarized
PDFs, TMDs, Wigner and Husimi distributions, and indicate selected results for the quark and
nucleon electromagnetic form factors. We use the results for the NLO helicity-independent and
helicity-dependent parton distributions at µ2

NLO = 0.40 GeV2 from Refs. [12] as input. Next
in Figs. 5-7 we show our prediction for the deuteron electromagnetic form factors and structure
functions.
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Figure 3: Wigner distributions.

Figure 4: Husimi distributions.
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We present the general introduction to the Parton Reggeization Approach and discuss some
new results on large-pT production for heavy quarks at the LHC. We concentrate here on
study of different correlation spectra for bb̄−jet pairs, DD̄−meson pairs and DD−meson
pairs.

1 Introduction

Study of the production of mesons, containing c and b quarks in hadronic collisions, persists as
a topic of considerable interest both in theoretical and experimental communities of high energy
physics. Production of the heavy-quark jets and D or B mesons is a good testing ground for
the advanced computational techniques in perturbative Quantum Chromodynamics (pQCD),
because the mass of the heavy quark provides a lower bound for the hard scale of the process,
µ > 2mc/b � ΛQCD. Therefore, one can expect that higher-order perturbative corrections
in αs(µ) can be taken under control. On the other hand, due to the large center-of-mass
energy of the modern hadron colliders, most notably the LHC, c and b quarks are produced
copiously. Huge statistics allows experimental collaborations to perform the measurements of
a large variety of correlation observables. These observables are differential in such variables as
invariant mass of a pair of reconstructed hadrons (M), azimuthal angle between their transverse
momenta (∆φ) or distance in rapidity between the reconstructed hadrons (∆y).

Due to the nontrivial kinematical cuts on the phase-space of reconstructed hadrons, these
correlation observables become multi-scale quantities. The conventional formalism of the Collinear
Parton Model (CPM) is most suitable for the calculation of single-scale observables, and there-
fore leads to a significant radiative corrections for the above mentioned correlation spectra.
The aim of Parton Reggeization Approach (PRA), which will be described below, is to intro-
duce the gauge-invariant scheme of QCD-factorization, which will take into account the leading
part of higher-order corrections, which are needed to describe the above mentioned correlation
observables, already in the leading order (LO), and to improve, in such a way, order-by-order
stability of the predictions.

Moreover, in many measurements, the heavy hadrons are produced with significant trans-
verse momentum pT � mc/b. In this kinematics, the higher-order corrections are enhanced
by the ”fragmentation” logarithms log(pT /mc/b), which should be resummed into the scale-
dependent parton to hadron Fragmentation Functions (FF) Fi→H(z, µ2), where z is the frac-
tion of the momentum of the parent parton i, which is carried by the hadron H. Not only
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the c/b → Hc/b fragmentation function become enhanced, but also a sizable g → Hc/b frag-
mentation function is generated by the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP)
evolution of fragmentation functions. The gluon channel has to be taken into account due to
the huge cross-section of the production of gluons at hadron colliders.

The outline of the current contribution is the following: in the Sec. 2 the general scheme of
LO PRA calculations is described, in the Sec. 3 some new results on the heavy-flavor production,
obtained in the LO of PRA are outlined.

2 Parton Reggeization Approach at the Leading Order

The standard alternative to the exact order-by-order treatment of the additional radiation
within the CPM is the method of QCD Monte-Carlo (MC) generators, such as PYTHIA or
HERWIG. The latter is based on the MC-simulation of DGLAP evolution and the property of
collinear factorization of matrix elements in QCD, which allows one to take into account the
radiation of additional partons with pT � µ within the Leading Logarithmic Approximation
(LLA). Strictly speaking, this method is inapplicable for the simulation of radiation of additional
partons with pT ∼ µ, since collinear factorization of QCD matrix elements is not valid in
this region. Above-mentioned correlation observables are strongly sensitive to the radiation of
additional hard partons, and description of this observables therefore depends on the ad-hoc
scheme of treatment of the hard radiation,1 which is implemented in particular MC generator.

To improve the collinear approximation in the region of pT ∼ µ, PRA relies on another fac-
torization theorem for QCD matrix elements, namely, factorization in the Multi-Regge Kine-
matics (MRK), see Ref. [1] for the review. In the MRK, the final state partons may be
grouped into clusters, which are highly separated in rapidity, but the transverse momenta of
partons in this clusters may be arbitrarily high. The scheme of LO calculations in the PRA is
based on the certain approximate expression for QCD matrix element with the emission of two
partons additionally to ones, required by the LO hard subprocess. This approximate expres-
sion smoothly interpolates between collinear and Regge limits for the emission of additional
partons, and allows us to improve the description of radiations of additional hard partons on
the solid theoretical grounds. Below, we will briefly outline the main steps of derivation of the
factorization formula of the PRA for gluon-initiated processes.

To derive the factorization formula of the LO PRA, let’s consider the following auxiliary
hard subprocess:

g(p1) + g(p2)→ g(k1) + qq̄(PA) + g(k2), (1)

where the pair of heavy quarks q = c/b with the four-momentum PA and two additional gluons
has been produced in the collision of two on-shell gluons p2

1,2 = 0. In the Multi-Regge limit,

when k2
T1, k2

T2 and P2
AT are� ŝ = (p1+p2)2, and the rapidity gaps between produced particles

∆y(k1, PA)� 1 and ∆y(PA, k2)� 1, amplitude of the subprocess (1) is known to exhibit the
t-channel factorization, presented diagrammatically in the Fig. 1 (left panel). This factorized
form of the MRK amplitude is usually represented in terms of effective, gauge-invariant degrees
of freedom of high energy QCD, Reggeized gluons (R±) and Reggeized quarks (Q±), which
can be collectively denoted as Reggeized partons. Reggeized partons propagate in the t-channel
between the effective vertices of the production of particles or clusters of particles, which are

1Such scheme usually includes boosts and rotations of the matrix element with on-shell initial-state partons
and the so-called recoiling scheme. The latter restores overall momentum conservation in the event.
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highly separated in rapidity. The MRK amplitude of the process (1) can be written as:

M = g2
s

(
Γµν−(p1,−k1)fa1b1c1ε

a1
µ (p1)εb1?µ (k1)

)
× 1

2q2
1

Ac1c2 1

2q2
2

×
(
Γµν+(p2,−k2)fa2b2c2ε

a2
µ (p2)εb2?µ (k2)

)
(2)

where g2
s = 4παs is the squared coupling constant of QCD, q1,2 = p1,2 − k1,2, Ac1c2 is the

effective vertex of the process R+R− → qq̄, and the effective R∓gg-vertex reads [1, 2, 3]:

Γµν∓(k1, k2) = 2gµνk
±
1 + (2k2 + k1)µn

±
ν − (2k1 + k2)νn

±
µ −

(k1 + k2)2

k±1
n±µ n

±
ν , (3)

where k1,2 are (incoming) four-momenta of gluons. The vectors nµ+ = Pµ2 /
√
S and nµ− = Pµ1 /

√
S

are related with the four-momenta of colliding protons Pµ1,2: P 2
1,2 = 0, S = 2P1P2. These vectors

allows one to define the Sudakov (or light-cone) decomposition of the arbitrary four-vector:
kµ =

(
nµ+k

− + nµ−k
+
)
/2 + kµT , where n±kT = 0, k± = n±k, n+n− = 2 and k± = k±.

Effective vertex (3) describes the interaction of a gluon, with large k+ or k− light-cone
momentum component with the Reggeized gluon R∓. The latter carries only one light-cone
component of momentum q+ for R+ and q− for R−, and therefore, the other light-cone com-
ponents of momenta of the gluons is conserved: k±1 + k±2 = 0 for the interaction with R∓

respectively. Taking this conditions into account, it is easy to see, that for the on-shell exter-
nal gluons k2

1,2 = 0 the vertex (3) satisfies Slavnov-Taylor identities kµ1 ε
ν(k2)Γµν∓(k1, k2) = 0

and εµ(k1)kν2 Γµν∓(k1, k2) = 0, which guarantees the gauge invariance of the R±gg-scattering
amplitude.

The effective production vertex Ac1c2 is the Green’s function of interaction of Reggeized
gluons with ordinary QCD gluons and quarks, with amputated propagators of Reggeons. The
effective vertex for the hard subprocess with the arbitrary number of quarks and gluons in the
final state can be constructed, using the formalism of the Lipatov’s effective action for Multi-
Regge processes in QCD [2, 3], and it will be gauge invariant for arbitrary values of virtualities
of incoming Reggeons q2

1,2, provided that the above-mentioned constraints on the light-cone
components of momenta of the Reggeons R± and Q± are fulfilled.

Contracting the vertex (3) with polarization vectors of on-shell gluons, squaring it and
summing over the helicities, one obtains the following simple result:

∑

λ,λ′

∣∣Γµν±(k1,−k2)εµ(k1, λ)ε?µ(k2, λ
′)
∣∣2 = 8(k∓1 )2, (4)

which allows one to rewrite the squared amplitude (2) summed (averaged) over the spin and
color quantum numbers of the final-state (initial-state) particles in the following form:

|M|2 =
4g4
s

q2
1q

2
2

P̃gg(z1)P̃gg(z2)
|APRA|2
z1z2

, (5)

where the squared PRA amplitude is defined as:

|APRA|2 =

(
q+
1 q
−
2

4(N2
c − 1)

√
t1t2

)2 [
A?c1c2Ac1c2

]
. (6)
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In the Eqns. (5) and (6) we denote t1,2 = q2
T1,2, also we have introduced the light-cone

momentum fractions z1 = q+
1 /p

+
1 , z2 = q−2 /p

−
2 and the PRA gluon-gluon splitting function

P̃gg(z) = 2CA(1 − z)/z. To derive these expressions one has to take into account, that
q2
1,2 = −q2

T1,2/(1− z1,2).

Kinematically, the MRK limit |∆y(k1,2, PA)| � 1 corresponds to the situation when z1,2 �
1, while the transverse momenta t1 ∼ t2 ∼ p2

TA can be non-negligible, and the effective pro-
duction amplitude (6) explicitly and non-trivially depends on t1,2 in this limit.

The opposite limit t1,2 → 0 in the Eq. (5), corresponds to the traditional collinear factoriza-
tion of QCD amplitudes. The known properties of collinear factorization for the squared QCD
amplitude of the subprocess (1) are correctly reproduced by the Eq. (5) in the region z1,2 � 1,

since the PRA splitting function P̃gg(z) correctly reproduces the small-z asymptotic of the full
DGLAP splitting function Pgg(z) = 2CA ((1− z)/z + z/(1− z) + z(1− z)), and the following
relation holds for the squared PRA amplitude (6):

2π∫

0

dφ1dφ2

(2π)2
lim

t1,2→0
|APRA|2 = |MCPM |2, (7)

where |MCPM |2 is the squared amplitude of the corresponding subprocess with on-shell partons
in the initial state (e. g. gg → qq̄ in the case at hand). One can observe, that to reproduce
the collinear limit for any z1,2, it is enough just to substitute the PRA splitting function in the
Eq. (5) by the exact expression.

Finally, we define the modified MRK (mMRK) approximation for the squared matrix element
of the subprocess (1) by the Eq. (5) with the substitution P̃gg(z)→ Pgg(z), and we apply this
approximation to all values of t1,2 and z1,2. Numerical evidence (see Ref. [4] for the case of
Reggeized gluons and the Refs. [5, 6] for the case of Reggeized quarks) suggests, that such
approximation for matrix element is very good for the simulation of additional hard radiation
outside of the final-state collinear region.

To derive the factorization formula for the cross-section, we substitute the mMRK approxi-
mation for the matrix element (5) to the standard formula of collinear factorization, integrated
over the phase-space of additional partons:

dσ =

∫
dk+

1 d
2kT1

2k+
1

∫
dk−2 d

2kT2

2k−2

1∫

0

dx̃1dx̃2 fg(x̃1, µ
2)fg(x̃2, µ

2) · |M|
2

2Sx̃1x̃2
dΦA,

where fg(x, µ
2) are the standard Parton Distribution Functions of CPM, x̃1 = p+

1 /P
+
1 , x̃2 =

p−1 /P
−
1 , and dΦA is the element of Lorentz-invariant phase space for the partons in the final

state of the hard subprocess. Finally, one can change the variables of integration in the last
expression as follows: (x̃1, k

+
1 ,kT1)→ (x1, z1,qT1) and (x̃2, k

−
2 ,kT2)→ (x2, z2,qT2), where the

variables x1,2 are defined as x1 = q+
1 /P

+
1 , x2 = q−2 /P

−
2 , and rewrite it in a following form:

dσ =

1∫

0

dx1

x1

∫
d2qT1

π
Φ̃g(x1, t1, µ

2)

1∫

0

dx2

x2

∫
d2qT2

π
Φ̃g(x2, t2, µ

2) · |APRA|
2

2Sx1x2
dΦA, (8)
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where the “tree-level” unintegrated PDF (unPDF) has the form:

Φ̃g(x, t, µ
2) =

αs
(2π)

1∫

x

dz

t
Pgg(z) ·

x

z
fg

(x
z
, µ2
)
. (9)

The Eq. (8) is nothing but the well-known formula of the kT -factorization of the cross-
section [7], but integrals over t1,2 and z in the Eqns. (8) and (9) are logarithmically divergent
for t → 0 and z → 1. This divergence can be regulated if one properly takes into account
the leading doubly-logarithmic corrections ∼

(
αs log2(t/µ2)

)n
from all orders of perturbation

theory [8]. Here we follow the approach of Kimber, Martin and Ryskin (KMR) [9], where the

unPDF is constructed to satisfy the normalization condition:
µ2∫
0

dt Φi(x, t, µ
2) = xfi(x, µ

2),

which ensures approximate normalization of the results for single-scale observables, obtained
in kT -factorization, on the corresponding LO CPM results. In the KMR approach, the z → 1-
singularity is regulated by the condition of rapidity ordering of the last emitted parton with
the particles, produced in the hard subprocess. The last condition is natural from the point
of view of our mMRK approximation, since only in this kinematic region it provides good
approximation for the exact QCD matrix element.

The last important conceptual point is related with the Eq. (8). As a result of the derivation,
presented above, the flux factor for the off-shell initial-state partons with virtualities t1,2 is
shown to coincide with the flux factor, which one has in CPM: 2Sx1x2 = (2Sx̃1x̃2) · z1z2. This
result holds both in the collinear and in the Regge limits. Also this flux factor is shown to
be compatible with the KMR unPDFs, since the Eq. (9) reproduces the “tree-level” structure
of the KMR unPDFs (without Sudakov formfactor), and the flux factor is purely kinematical
quantity, which could be determined on a basis of consideration of tree-level amplitudes only,
without any need to take into account the loop corrections.

3 Heavy quark production at the LHC

3.1 Production of bb̄−jet pairs in the LO PRA

To describe inclusive bb̄-jet cross section in the LO approximation of the PRA, we need to
consider gluon fusion subprocesses of bb̄-quark pair production, which is dominating at high
energies, i.e. R+ +R− → b+ b̄. The amplitude of this process is obtained accordingly Feynman
rules of Lipatov’s effective theory [3] and the squared amplitude can be taken in analytical form
from Ref. [10]. In the Figs. 2 and 3, we demonstrate a good agreement between LO PRA
and data from ATLAS Collaboration [11] for invariant mass, azimuthal angle difference and
χ = exp |y1− y2| spectra of bb̄−dijets. Here and in the following, all calculations has been done
with the use of the LO KMR model for unPDFs [9], and the LO MSTW-2008 PDF set [12] is
used as the collinear input for the KMR formula.

3.2 Production of DD̄(DD)−meson pairs in the LO PRA

To describe the hadronization stage we should use the fragmentation model, in which transition
from the parton i, which was produced in hard interaction, to the D(D̄) meson is described by
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corresponding fragmentation functions Fi→D(D̄)(z, µ
2) at the scale µ2. In the case of DD̄(DD)-

meson pair production the fragmentation formula has the following form:

dσ(p+ p→ D +D +X)

dpDT dyDdpDT dyD
=
∑

ij

∫ 1

0

dz1

z1

∫ 1

0

dz2

z2
Fi→D(z1, µ

2)Fj→D(z2, µ
2)×

×
dσ(p+ p→ i(ki = pD/z1) + j(kj = pD(D)/z2) +X)

dkiT dyidkjT dyj
, (10)

where subprocesses R+ + R− → c + c̄ and R+ + R− → g + g contribute in DD̄-production,
and subprocess R+ + R− → g + g contributes in DD-production. In our calculations we use
the LO FFs from Ref. [14]. These FFs satisfy two desirable properties: at first, their µ2-scaling
violation is governed by DGLAP evolution equations; and secondly – they are universal.

In Fig. 4, the predicted in the LO PRA spectra of D0D− pairs differential in azimuthal
angle difference, transverse momentum, rapidity distance and invariant mass of the pair are
shown in comparison with the data [15], obtained by LHCb Collaboration. One can observe,
that description of these two-particle spectra in PRA match experimental data better than in
the NLO calculations of CPM in all kinematical regions (see the comparison between theory
and data in [15]). The similar result is obtained in case of BB̄−meson pair production at the
LHC, as it is shown in the right panel of Fig. 1. In case of production of two identical D mesons,
we also obtain good agreement with the data (see Fig. 5), taking into account only gluon to
D−meson fragmentation mechanism. Let us note that DD−meson pair production can not
be described at all in the LO single-parton-scattering approximation of CPM (which is usually
taken to be gg → cc̄ + cc̄) and the double-parton-scattering (DPS) production mechanism
has been suggested to describe these data [19]. However, the kinematical region where DPS
dominates coincides with the domain where the PRA gives large additional contribution to the
CPM. As we have obtained, there is no place for DPS contribution if we are working already
in the LO of PRA.
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Figure 2: The bb̄-dijet cross-section as a function of dijet invariant mass M and as a function
of the azimuthal angle difference between the two jets for b-jets with pT > 40 GeV, |y| < 2.1.
The data are from ATLAS Collaboration [11], the solid line corresponds to KMR unPDF, the
shaded bands indicate the theoretical uncertainties.
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Figure 3: The bb̄-dijet cross-section as a function of χ for b-jets with pT > 40 GeV, |y| < 2.1
and |yboost| = 1

2 |y1 + y2| < 1.1, for dijet invariant mass range 110 < M < 370 GeV and
370 < M < 850 GeV. The data are from ATLAS Collaboration [11].
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Figure 4: The spectra of D0D− pairs differential in azimuthal angle difference (left, top),
transverse momentum (right, top), rapidity distance (left, bottom) and invariant mass of the
pair (right, bottom) at the 2 < y < 4 and

√
S = 7 TeV. The LHCb data at LHC are from the

Ref. [15]. Dashed line represents the contribution of gluon fragmentation in gluon-gluon fusion,
dash-dotted line – the c-quark fragmentation contribution in gluon-gluon fusion, solid line is
their sum.
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Figure 5: The spectra of D0D0 pairs differential in azimuthal angle difference (left, top), trans-
verse momentum (right, top), rapidity distance (left, bottom) and invariant mass of the pair
(right, bottom) at the 2 < y < 4 and

√
S = 7 TeV. The LHCb data at LHC are from the

Ref. [15]. Solid line represents the leading contribution of gluon fragmentation in gluon-gluon
fusion.
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We consider an observable very sensitive to the non-zero intrinsic charm (IC) contribution
to the proton density. It is the ratio between the differential cross sections of the photon
or Z-boson and c-jet production in the pp collision, γ(Z) + c, and the γ(Z) and the b-jet
production. It is shown that this ratio can be approximately flat or increasing at large γ(Z)
transverse momenta pT and their pseudo-rapidities 1.5 < η < 2.4 if the IC contribution is
taken into account. On the contrary, in the absence of the IC this ratio decreases as pT
grows. We also present the ratios of the cross sections integrated over pT as a function
of the IC probability w. It is shown that these ratios are mostly independent on the
theoretical uncertainties, and such predictions could therefore be much more promising
for the search for the intrinsic charm signal at the LHC compared to the predictions for
pT -spectra, which significantly depend on these uncertainties.

1 Introduction

The hypothesis of the intrinsic (or valence-like) heavy quark component, the quark Fock
state |uudQQ̄〉[1, 2, 3, 4] in a proton suggested by Brodsky with coauthors[1, 2] (BHPS model)
is intensively discussed in connection with an opportunity to verify it experimentally[5, 6, 7, 8,
9, 10, 11, 12, 13]. Up to now, there is a long-standing debate about the possible existence of
the intrinsic charm (IC) and intrinsic strange (IS) quarks in a proton[7]. Thorough theoretical
and experimental studies of these intrinsic heavy quark components would be very important
for the experiments performed at the LHC.

Recently it was shown that the possible existence of the intrinsic heavy quark components
in the proton can be seen not only in the inclusive heavy flavor production at high energies[8],
but also in the semi-inclusive production of prompt photons or vector bosons accompanied by
heavy quark jets[9, 11]. An experimental hint on possible existence of the IC contribution was
observed in the Tevatron experiment on the prompt photon production in the association of the
c and b jets in the pp̄ annihilation at

√
s = 1.98 TeV[14, 15]. It was shown that the description

of the Tevatron data within the perturbative QCD (pQCD) could be significantly improved if
the IC contributions were taken into account The photon transverse momentum (pT ) spectrum
in the γ+ c production and the ratio of the spectra in the γ+ c and γ+ b production measured
at the Tevatron[16] are better described within the BHPS model[1, 2], which includes the IC
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contributions. According to the pQCD calculations[17], in the absence of the IC contribution
this ratio decreases, when pT grows, while the Tevatron data show its flat behavior at large
pT ≥ 100 GeV[16].

The possible IC signal can also be observed in the hard pp production of the gauge bosons
Z or W accompanied by heavy flavors. As it was shown[11], the ratio of the Z + c and W
+ heavy jet production cross sections maximizes the sensitivity to the IC component of the
proton. Our early predictions about a possible intrinsic charm signal in the production of
prompt photons or gauge bosons accompanied by heavy flavor jets concerned their transverse
momenta distributions in the mid-rapidity region of pp collisions at the LHC energies[9, 11]. It
was obtained with the IC probability about w = 3.5%, which is the upper limit being due to
constraints from the HERA data on the deep inelastic scattering. However, the upper limit of
the IC probability in a proton is still very actively debated[7]. Therefore, in the present paper
we focus mainly on the predictions for searching at any w for the IC signal in the observables,
which are very little sensitive to the theoretical uncertainties, namely, the ratios between the
γ(Z) + c and γ(Z) + b cross sections in pp collisions at the LHC energies. An important
advantage of these observables is that many theoretical uncertainties, for example, heavy quark
masses, the factorization and/or renormalization scales, are canceled, as will be demonstrated
below. We show that the measure of these ratios is much more promising for the search for the
IC signal.

Below we perform the calculations in two ways. First, we use the parton-level Monte Carlo
event generator mcfm[18], which implements the NLO pQCD calculations of associated Z boson
and heavy flavor jet production. The detailed description of the mcfm routine is available[18].
To generate the prompt photon and heavy jet production cross sections, we apply the kT -
factorization approach[19, 20], which becomes a commonly recognized tool in the high energy
phenomenology. Our main motivation is that it gives a better description of the Tevatron
data compared to the NLO pQCD calculations[17], as it was claimed[14, 15]. We apply this
approach to the associated Z and heavy jet production to perform an independent cross-check
of our results1.

The outline of our paper is the following. In Sections 2 and 3 we recall basic ideas with a brief
review of calculation steps. In Section 4 we present the numerical results of our calculations
and a discussion. Finally, Section 5 contains our conclusions.

2 Intrinsic charm density in a proton as a function of IC
probability w

According to[6, 10, 21], the intrinsic charm distribution at the starting scale µ2
0 as a function

of x can be presented in the following approximated form:

cint(x, µ
2
0) = c0wx

2
[
(1− x)(1 + 10x+ x2) + 6x(1 + x) ln(x)

]
, (1)

where w is the probability to find the Fock state |uudcc̄〉 in the proton, c0 is the normalization
constant and the masses of the light quarks and the nucleon are neglectedable compared to the
charm quark mass. The inclusion of the non-zero nucleon mass leads to a more complicated

1Unfortunately, the mcfm routine does not produce the prompt photon and heavy jet production cross
sections.
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analytic form[23]. According to the BHPS model[1, 2], the charm density in a proton is the
sum of the extrinsic and intrinsic charm densities,

xc(x, µ2
0) = xcext(x, µ

2
0) + xcint(x, µ

2
0). (2)

The extrinsic, or ordinary quarks and gluons are generated on a short-time scale associated with
the large-transverse-momentum processes. Their distribution functions satisfy the standard
QCD evolution equations. Contrariwise, the intrinsic quarks and gluons can be associated with
a bound-state hadron dynamics and one believes that they have a non-perturbative origin. It
was argued [2] that existence, for example, of intrinsic heavy quark pairs cc̄ and bb̄ within the
proton state can be due to the gluon-exchange and vacuum-polarization graphs.

The charm density xc(x, µ2) at an arbitrary scale µ2 is calculated using the Dokshitzer-
Gribov-Lipatov-Altarelli-Parisi (DGLAP) equations[22]. Let us stress that both the intrinsic
part xcint and extrinsic one xcext depend on µ2. In the general case, there is some mixing
between two parts of Eq.(2) during the DGLAP evolution. However, such mixing is negligible
[10, 33], especially at large µ2 and x. It can be seen from comparison of our calculations
of charmed quark denspiies presented in Fig. (1), where this mixing was included within the
CTEQ [24] set, and Fig.(2) of [10], when the mixing between two parts of the charm density
was neglected. Our results on the total charm density xc(x, µ2) are in good agreement with the
calculations of [10] at the whole kinematical region of x because at x < 0.1 the IC contribution
xcint is much smaller than the extrinsic one xcext . Therefore, one can apply the DGLAP
evolution separately to the first part xcext(x, µ

2
0) and the second part xcint(x, µ

2
0) of (2), as it

was done in [10]. Such calculations were done by the CTEQ[24] and CT14[25] groups at some
fixed values of the IC probability w. Namely, the CTEQ group used w = 1% and w = 3.5%,
and CT14 used w = 1% and w = 2%. Note that, according to the recent paper [23], the lifetime

10
-4

10
-3

10
-2

10
-1

10
0

10
-3

10
-2

10
-1

10
0

x
c
(x

, 
µ

2
)

x

µ2
 = 10 GeV

2

w = 0.0%

w = 1.0%

w = 2.0%

w = 3.0%

w = 3.5%

10
-4

10
-3

10
-2

10
-1

10
0

10
1

10
-3

10
-2

10
-1

10
0

x
c
(x

, 
µ

2
)

x

µ2
 = 10

4
 GeV

2

w = 0.0%

w = 1.0%

w = 2.0%

w = 3.0%

w = 3.5%

Figure 1: The charmed quark densities as a function of x and w at µ2 = 10 GeV2 (top) and
µ2 = 104 GeV2 (bottom). The triple dashed line is the IC contriubion at w = 1%, dash-double-
dotted line corresponds to w = 2%, dosh-dotted curve corresponds to w = 3% and double
dashed corresponds to w = 3.5 %.

of the intrinsic charm should be more than the interaction time, at least, by a factor 5, when
the quark Fock-state can be observed with the satisfactory accuracy. The ratio of these times is
proprtional to Q2 or p2T [23]. We will analyze the hard processes of γ(Z) production associated
with heavy jets at LHC energies and kinematics, when the life time of the intrinsic charm is
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much larger than the interaction time, at p2T ≥ 104 GeV2, where the intrinsic charm could be
resolved.

Taking into account that the IC probability w enters into (2) as a constant in front of the
function dependent on x and µ2, one can suggest a simple relation at any w ≤ wmax:

xcint(x, µ
2) =

w

wmax
xcint(x, µ

2)|w=wmax . (3)

Actually, that is the linear interpolation between two charm densities at the scale µ2, obtained
at w = wmax and w = 0. Later we adopt the charm distribution function from the CTEQ66M
set[24]. We assume wmax = 3.5% everywhere, which corresponds to the CTEQ66c1 set[24].
Additionally, we performed the three-point interpolation of the charmed quark distributions
(over w = 0, w = 1% and w = 3.5%, which correspond to the CTEQ66M, CTEQ66c0 and
CTEQ66c1 sets, respectively). These results differ from the ones based on (3) by no more than
0.5%, thus giving us the confidence in our starting point.

Below we apply the charmed quark density obtained by (2) and (3) to calculate the total
and differential cross sections of associated prompt photon or Z boson and heavy flavor jet pro-
duction, γ(Z)+Q, at the LHC conditions. The suggested procedure to calculate xcint(x, µ

2) at
any w ≤ wmax allows us to reduce significantly the time for the calculation of these observables.

3 Theoretical approaches to the associated γ(Z) +Q pro-
duction

As was mentioned above, we perform the numerical calculations of the associated γ(Z) +Q
production cross sections using the parton-level Monte Carlo event generator mcfm within the
NLO pQCD as well as the kT -factorization QCD approach. The mcfm is able to calculate the
processes, that involve the gauge bosons Z or W (see[18] for more information). In contrast to
our early study of these processes[11] within the mcfm, we use this generator to calculate the
differential and total cross sections of the Z + c and Z + b production in the pp collision and
their ratio as a function w.

The kT -factorization approach[19, 20] is based on the small-x Balitsky-Fadin-Kuraev-Lipatov
(BFKL)[26] gluon dynamics and provides solid theoretical grounds for the effects of the initial
gluon radiation and the intrinsic parton transverse momentum2. Our main motivation to use
here the kT -factorization formalism is that its predictions for the associated γ +Q production
better agree with the Tevatron data compared to the NLO pQCD (see[14, 15]). The consider-
ation is mainly based on the O(ααs) off-shell (depending on the transverse momenta of initial
quarks and gluons) quark-gluon Compton-like scattering subprocess, see Fig. 2(a). Within this
approach the transverse momentum dependent (TMD) parton densities include many high order
corrections, while the partonic amplitudes are calculated within the leading order (LO) of QCD.
The off-shell quark-gluon Compton scattering amplitude is calculated within the reggeized par-
ton approach[27, 28, 29] based on the effective action formalism[31], which ensures the gauge
invariance of the obtained amplitudes despite the off-shell initial quarks and gluons3. The TMD
parton densities are calculated using the Kimber-Martin-Ryskin (KMR) approach, currently de-
veloped within the NLO[30]. This approach is the formalism to construct the TMD quark and

2A detailed description of the kT -factorization approach can be found, for example, in reviews[30].
3Here we use the expressions derived earlier[32].
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gluon densities from the known conventional parton distributions. The key assumption is that
the kT dependence appears at the last evolution step, so that the DGLAP evolution can be used
up to this step. Numerically, for the input we used parton densities derived in Section 2. Other
details of these calculations are explained in[32]. To improve the kT -factorization predictions at

Figure 2: The O(ααs) (a) and O(αα2
s) (b) — (e) contributions to the γ(Z) + Q production

taken into account in the kT -factorization calculations.

high transverse momenta, we take into account some O(αα2
s) contributions, namely qq̄ → V QQ̄

and qQ→ V qQ ones, where V denotes the photon or the Z boson, see Fig. 2(b) — (e). These
contributions are significant at large x and therefore can be calculated in the usual collinear
QCD factorization scheme. Thus, we rely on the combination of two techniques that is most
suitable.

4 Results and discussion

In our calculations we follow the conclusion obtained in our papers[9, 11] that the IC signal
in the hard processes discussed here can be detected at ATLAS or CMS of the LHC in the
forward rapidity region 1.5 < |η| < 2.4 and pT > 50 GeV. Additionally, we require |η(Q)| < 2.4
and pT (Q) > 25 GeV, where η(Q) and pT (Q) are the pseudo-rapidity and transverse momentum
of the heavy quark jet in a final state, as was done in[9, 11].

The pT -spectrum ratios σ(γ + c)/σ(γ + b) and σ(Z + c)/σ(Z + b) versus pT at different w
are presented in [33, 13]. It was shown that in the absence of the IC contribution the ratio
σ(γ + c)/σ(γ + b) is about 3 at pT ∼ 100 GeV and decreases down to 2 at pT ∼ 500 GeV.
This behavior is the same for both energies

√
s = 8 TeV and

√
s = 13 TeV. If one takes

into account the IC contributions, this ratio becomes approximately flat at w = 2% or even
increasing up to about 4 at w = 3.5%. It is very close to the Tevatron data[16]: the constant
ratio σ(γ + c)/σ(γ + b) ∼ 3.5 − 4.5 measured in the pp̄ collisions at 110 < pT < 300 GeV
and

√
s = 1.96 TeV. However, this agreement cannot be treated as the IC indication due to

huge experimental uncertainties (about 50%) and rather different kinematical conditions. If
the IC contribution is included, the ratio σ(Z + c)/σ(Z + b) also increases by a factor about 2
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at w = 3.5%, when the Z boson transverse momentum grows from 100 GeV to 500 GeV (see
Fig. 4). In the absence of the IC terms this ratio slowly decreases.
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Figure 3: The cross section ratio of the γ + c production to the γ + b one in the pp collision
calculated as a function of the photon transverse momentum pT at

√
s = 8 TeV (left) and√

s = 13 TeV (right) within the kT -factorization approach. The kinematical conditions are
described in the text
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Figure 4: The cross section ratio of the Z + c production to the Z + b one in the pp collision
calculated as a function of the Z boson transverse momentum pT at

√
s = 8 TeV (top) and√

s = 13 TeV (bottom) within the kT -factorization approach. The kinematical conditions are
described in the text.

In [33, 13] other observables were presented, where was shown that i t could be useful
to detect the IC signal were analyzed, namely, the cross sections and their ratios integrated
over pT > pmin

T , where pmin
T = 100, 200 and 300 GeV for

√
s = 8 TeV and pmin

T = 200, 300
and 400 GeV for

√
s = 13 TeV. All the pT -spectra have a significant scale uncertainty as is

shown in[11]. According to[11], the ratio between the cross sections for the Z +Q and W +Q
production in the pp collision is less sensitive to the scale variation calculated within the mcfm.
Nevertheless, the uncertainty in this ratio at large pT > 250 GeV is about 40 — 50%. In the
present paper we check these results for the ratios σ(γ + c)/σ(γ + b) and σ(Z + c)/σ(Z + b).
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In Figs. 5 and 6 we present these ratios versus the IC probability w calculated at different
scales, when the cross sections of γ(Z) + Q production are integrated within the different
intervals of transverse momentum. One can see a very small QCD scale uncertainty, especially
at
√
s = 13 TeV (bottom right), which is less than 1%. In contrast, the scale uncertainty for

the integrated γ(Z) + Q cross sections (see Figs. 5 and 6, top) is significant and amounts to
about 30 — 40%.
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Figure 5: The cross section ratio of the associated γ+ c and γ+ b production in the pp collision
as a function of w integrated over the photon transverse momenta pT > pmin

T for different pmin
T

at
√
s = 8 TeV (top) and

√
s = 13 TeV (bottom). The calculations were done using the kT -

factorization approach. The bands correspond to the usual scale variation as it is described in
the text.

The sizable difference between the scale uncertainties for the ratios σ(Z+Q)/σ(W +Q) and
σ(Z + c)/σ(Z + b) is due to the different matrix elements for the Z +Q and W +Q production
in pp collisions, while the matrix elements for the Z + c and Z + b production are the same. It
is important that the calculated ratios σ(γ+ c)/σ(γ+ b) and σ(Z + c)/σ(Z + b) can be used to
determine the IC probability w from the future LHC data. Moreover, these ratios are practically
independent of the uncertainties of our calculations: actually, the curves corresponding to the
usual scale variations as described above coincide with each other (see Figs. 5 and 6, bottom).
Therefore, we can recommend these observables as a test for the hypothesis of the IC component
inside the proton.

5 Conclusion

The transverse momentum spectra of the prompt photons and Z bosons produced in as-
sociation with the c or b jets in pp collisions are calculated using the mcfm (NLO pQCD)
and the kT -factorization approach at the LHC energies and pseudo-rapidites 1.5 < η < 2.4
using PDFs with and without the IC contribution. It is shown that these two approaches give
similar results. We found that the contribution of the intrinsic charm can give a significant
signal in the ratios σ(γ + c)/σ(γ + b) and σ(Z + c)/σ(Z + b) at forward pseudo-rapidities
(1.5 < η < 2.4) corresponding to the ATLAS and CMS facilities. If the IC contributions are
taken into account, the ratio σ(γ+c)/σ(γ+b) as a function of the photon transverse momentum
is approximately flat or increases at pT > 100 GeV. The similar flat behavior of this ratio was
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observed in the pp̄ annihilation at the Tevatron. In the absence of the IC contributions this
ratio decreases. Similarly, the ratio σ(Z + c)/σ(Z + b) increases when the Z boson transverse
momentum grows if the IC contribution is included and slowly decreases in the absence of the
IC terms. We argued that the ratio of the cross sections γ(Z) + c and γ(Z) + b integrated over
pT > pmin

T with pmin
T ≥ 100 GeV can be used to determine the IC probability from the future

LHC data. The advantage of the proposed ratios is that the theoretical uncertainties are very
small, while the uncertainties for the pT -spectra of photons or Z bosons produced in association
with the c or b jets are large. Therefore, the search for the IC signal by analyzing the ratio
σ(γ/Z + c)/σ(γ/Z + b) can be more promising.
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Figure 6: The cross section ratio of the associated Z+c and Z+b production in the pp collision
as a function of w integrated over the Z boson transverse momenta pT > pmin

T for different
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T at

√
s = 8 TeV (top) and

√
s = 13 TeV (bottom). The calculations were done using the

kT -factorization approach. The bands correspond to the usual scale variation as it is described
in the text.
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There is presented a unified analysis of all available data on the decays Υ(mS)→ Υ(nS)ππ
(m > n, m = 2, 3, 4, 5, n = 1, 2, 3), J/ψ → φ(ππ,KK), and ψ(2S) → J/ψππ and the
data on isoscalar S-wave processes ππ → ππ,KK, ηη. The multi-channel ππ scattering is
described in our model-independent approach based on analyticity and unitarity and using
an uniformization procedure. It is shown that the basic shape of dipion mass distributions
in the two-pion transitions of both charmonia and bottomonia states are explained by an
unified mechanism based on the contribution of the ππ, KK and ηη coupled channels
including their interference.

1 Introduction

The extensive study of the properties of scalar mesons is important for the most profound topics
concerning the QCD vacuum, because both sectors affect each other due to possible “direct”
transitions between them. Obviously, those transitions influence the f0-meson parameters,
enlarging, in first turn, a total width of the f0(500) in comparison with its decay widths, i.e.
the former contains some information on the QCD vacuum. The problem of a unique structure
interpretation of the scalar mesons is far away from being solved completely [1].

In the 3-channel analysis of data on the isoscalar S-wave multi-channel ππ scattering (ππ →
ππ,KK, ηη), which was performed in our model-independent approach based on analyticity,
unitarity and on the use of the uniformization procedure [2], we obtained two solutions for
resonance parameters, which distinguish themselves mainly in the f0(500) width. Expansion of
the analysis via the inclusion of the decays J/ψ → φ(ππ,KK) with data from the Mark III and
DM2 Collaborations has changed a little the parameters of some resonances but two solutions
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remained [3]. The further expansion of the above combined analysis with adding the data on
J/ψ → φππ from the BES II Collaboration, which are given in the wider region of the ππ mass
spectrum, helped to narrow down the f0(500) solution to the one with the larger width; other
resonance parameters were practically not changed [4]. In Ref.[4] the data on J/ψ → φππ from
the BES II are described to about 1.2 GeV. For expanding the description to higher energies,
the amplitude for ππ → ηη should be taken into account. From experiment only the modulus
of this amplitude is known. It is needed to know the phase shift of ηη scattering amplitude. We
hope to obtain this description under reasonable assumptions. This is worth to pursue because
this will give additional information on the f0(1370) (there are doubts whether it exists or not)
and on the interesting 1500-MeV region.

Generally, a possibility of combined analysis of the isoscalar S-wave multi-channel ππ scat-
tering and the decays J/ψ → φ(ππ,KK) and also the two-pion transitions among bottomonia
is related to the expected fact that the is related to the expected fact that pairs of pseudo-scalar
mesons are produced in S wave and only they undergo final state interactions, whereas the final
quarkonium remains a spectator [4, 5, 6].

The above expansion of the combined analysis, in first turn, aimed at the further study of
properties of scalar mesons. On the other hand, it was interesting to explain the unexpected
(and even enigmatic) behavior of the dipion spectra in the decays Υ(mS) → Υ(nS)ππ (m >
n,m = 3, 4, 5, n = 1, 2, 3) — a bell-shaped form in the near-ππ-threshold region [especially
for the Υ(3S) → Υ(1S)π+π− and Υ(4S) → Υ(2S)π+π−], smooth dips near a dipion mass
of 0.7 GeV in Υ(3S) → Υ(1S)(π+π−, π0π0), of 0.6 GeV in Υ(4S, 5S) → Υ(1S)π+π− and
of about 0.44 GeV in Υ(4S) → Υ(2S)π+π−, and also sharp dips of about 1 GeV in the
Υ(4S, 5S)→ Υ(1S)π+π− transitions.

We considered practically all available data on the two-pion transitions of Υ mesons from the
ARGUS, CLEO, CUSB, Crystal Ball, Belle, and BaBar Collaborations – Υ(mS) → Υ(nS)ππ
(m > n, m = 2, 3, 4, 5, n = 1, 2, 3) – and also the data on decays J/ψ → φ(ππ,KK) and
ψ(2S) → J/ψππ from the Mark III, DM2 and BES II Collaborations to analyze contribu-
tions of multi-channel ππ scattering in the final-state interactions. We have shown that all
peculiarities of the ππ mass spectra are explained by the unified way via the interference of
contributions of the ππ-scattering amplitude and the analytically-continued ππ → KK and
ππ → ηη amplitudes.

These results are based on our previous conclusions on wide resonances [4, 7, 8]: If a wide
resonance cannot decay into a channel which opens above its mass, but the resonance is strongly
coupled to this channel, then one should consider this resonance as a multi-channel state.

2 The amplitudes for multi-channel ππ scattering

When analysing the 3-channel ππ scattering, we considered the reactions ππ → ππ,KK, ηη,
because it was shown [7] that namely these coupled channels needed for obtaining correct values
of f0-resonance parameters.

The 3-channel S-matrix is determined on the 8-sheeted Riemann surface. The matrix el-
ements Sij , where i, j = 1, 2, 3 denote channels, have the right-hand cuts along the real axis
of the s complex plane (s is the invariant total energy squared), starting with the channel
thresholds si (i = 1, 2, 3), and the left-hand cuts related to the crossed channels.

Resonances are described on the Riemann surface using the formulas of analytic continua-
tions of the S-matrix elements to all sheets. The formulas allow to express the matrix elements
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on the unphysical sheets by means of the matrix elements on the physical sheet that have only
the resonance zeros (aside the real axis), at least, around the physical region [2]. Using these
formulas and assuming the resonance zeros on sheet I, we can obtain an arrangement of poles
and zeros of the resonance on the whole Riemann surface ( pole cluster of resonance).

Let us explain in the 2-channel example how pole cluster describing resonance arises. In
the 1-channel consideration of the scattering 1 → 1 the main model-independent contribution
of resonance is given by a pair of conjugate poles on sheet II and by a pair of conjugate zeros
on sheet I at the same points of complex energy in S11. (Conjugate poles and zeros are needed
for real analyticity.) In the 2-channel consideration of the processes 1 → 1, 1 → 2 and 2 → 2,
we have

SII
11 =

1

SI
11

, SIII
11 =

SI
22

SI
11S

I
22 − (SI

12)2
, SIV

11 =
SI
11S

I
22 − (SI

12)2

SI22
,

SII
22 =

SI
11S

I
22 − (SI

12)2

SI
11

, SIII
22 =

SI
11

SI
11S

I
22 − (SI

12)2
, SIV

22 =
1

SI
22

,

SII
12 =

iSI
12

SI
11

, SIII
12 =

−SI
12

SI
11S

I
22 − (SI

12)2
, SIV

12 =
iSI

12

SI
22

.

In S11 a resonance is represented by a pair of conjugate poles on sheet II and by a pair of
conjugate zeros on sheet I and also by a pair of conjugate poles on sheet III and by a pair of
conjugate zeros on sheet IV at the same points of complex energy if a coupling of channels is
absent (S12 = 0). If the resonance decays into both channels and/or takes part in exchanges
in crossing channels, the coupling of channels arises (S12 6= 0). Then positions of the poles
on sheet III (and of corresponding zeros on sheet IV) turn out to be shifted with respect to
positions of zeros on sheet I. Thus we obtain the pole cluster in the 2-channel case.

In the 3-channel case, there are 7 types of resonances corresponding to 7 possible situations
when there are resonance zeros on sheet I only in S11 – (a); S22 – (b); S33 – (c); S11 and
S22 – (d); S22 and S33 – (e); S11 and S33 – (f); S11, S22 and S33 – (g).
The resonance of every type which is related to its nature is represented by the pair of complex-
conjugate pole clusters.

In order to allow for the Riemann surface structure and the representation of resonances by
the pole clusters, we make a conformal map of the 8-sheeted Riemann surface, on which the
three-channel S matrix is determined, onto the plane of uniformization of the ππ-scattering
S-matrix element S11. This is made using the uniformizing variable [8]: w = (

√
(s− s2)s3 +√

(s− s3)s2)/
√
s(s3 − s2) (s2 = 4m2

K and s3 = 4m2
η), in which we have neglected the ππ-

threshold branch point and allowed for the KK- and ηη-threshold branch points and left-hand
branch point at s = 0 related to the crossed channels.

The S-matrix elements are taken as the products S = SBSres where Sres represents the main
(model-independent) contribution of resonances, given by the pole clusters; SB is the background
part which contains possible remaining small (model-dependent) contributions of resonances and
allows for influence of channels not taken explicitly into account in the uniformizing variable.

To obtain the pole clusters describing resonances, it is convenient to use the Le Couteur –
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Newton relations [9] which have the following form on the w-plane:

S11 =
d∗(−w∗)
d(w)

, S22 =
d(−w−1)

d(w)
, S33 =

d(w−1)

d(w)
, (1)

S11S22 − S2
12 =

d∗(w∗−1)

d(w)
, S11S33 − S2

13 =
d∗(−w∗−1)

d(w)
, S22S33 − S2

23 =
d(−w)

d(w)
.

The d(w) function for the resonance part in these relations is dres(w) = w−
M
2

∏M
r=1(w + w∗r)

with M a number of resonance zeros. For the background part SB , the d-function has the form

dB = exp[−i
3∑

n=1

√
s− sn
2mn

(αn + iβnθ(s− sn))] (2)

αn = an1 + anσ
s− sσ
sσ

θ(s− sσ) + anv
s− sv
sv

θ(s− sv),

βn = bn1 + bnσ
s− sσ
sσ

θ(s− sσ) + bnv
s− sv
sv

θ(s− sv)

with sσ the σσ threshold and sv the effective threshold of three cannels ηη′, ρρ, ωω. These
thresholds are determined in the analysis.

When performing our combined analysis, data for the multi-channel ππ scattering were
taken from many papers (see Refs. in our paper [4]). Satisfactory description of the multi-
channel ππ scattering is obtained with the total χ2/ndf ≈ 1.16. The preferred scenario found
is when the f0(500) is described by the cluster of type (a); the f0(1370), f0(1500) and f0(1710)
with type (c); and f ′0(1500) by type (g); the f0(980) is represented only by the pole on sheet II
and a shifted pole on sheet III. The obtained pole-clusters for the resonances are shown in
Table 1. Generally, the wide multi-channel states are most adequately represented by poles,

Table 1: The pole clusters for resonances on the
√
s-plane.

√
sr=Er−iΓr/2.

Sheet f0(500) f0(980) f0(1370) f0(1500) f ′
0(1500) f0(1710)

II Er 521.6±12.4 1008.4±3.1 1512.4±4.9
Γr/2 467.3±5.9 33.5±1.5 287.2±12.9

III Er 552.5±17.7 976.7±5.8 1387.2±24.4 1506.1±9.0
Γr/2 467.3±5.9 53.2±2.6 167.2±41.8 127.8±10.6

IV Er 1387.2±24.4 1512.4±4.9
Γr/2 178.2±37.2 215.0±17.6

V Er 1387.2±24.4 1493.9±3.1 1498.8±7.2 1732.8±43.2
Γr/2 261.0±73.7 72.8±3.9 142.3±6.0 114.8±61.5

VI Er 573.4±29.1 1387.2±24.4 1493.9±5.6 1511.5±4.3 1732.8±43.2
Γr/2 467.3±5.9 250.0±83.1 58.4±2.8 179.3±4.0 111.2±8.8

VII Er 542.5±25.5 1493.9±5.0 1500.4±9.3 1732.8±43.2
Γr/2 467.3±5.9 47.8±9.3 99.9±18.0 55.2±38.0

VIII Er 1493.9±3.2 1512.4±4.9 1732.8±43.2
Γr/2 62.2±9.2 298.4±14.5 58.8±16.4

because the poles give the main model-independent effect of resonances and are rather stable
characteristics for various models, whereas masses and total widths are very model-dependent
for wide resonances [10]. The masses, widths, and the coupling constants of resonances should
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be calculated using the poles on sheets II, IV and VIII, because only on these sheets the analytic
continuations have the forms [2]: ∝ 1/SI

11, ∝ 1/SI
22 and ∝ 1/SI

33, respectively, i.e., the pole
positions of resonances are at the same points of the complex-energy plane, as the resonance
zeros on the physical sheet, and are not shifted due to the coupling of channels.

The obtained background parameters are: a11 = 0.0, a1σ = 0.0199, a1v = 0.0, b11 = b1σ =
0.0, b1v = 0.0338, a21 = −2.4649, a2σ = −2.3222, a2v = −6.611, b21 = b2σ = 0.0, b2v = 7.073;
b31 = 0.6421, b3σ = 0.4851; b3v = 0; sσ = 1.6338 GeV2, sv = 2.0857 GeV2.

The small (zero for the elastic region) values of the ππ scattering background parameters
(obtained after allowing for the left-hand branch-point at s = 0) confirms our assumption
S = SBSres and also that the representation of multi-channel resonances by the pole clusters on
the uniformization plane is good and quite sufficient. This also shows that the consideration of
the left-hand branch-point at s = 0 in the uniformizing variable partly solves a problem of some
approaches (see, e.g., Ref. [11]) where the wide-resonance parameters are strongly controlled
by the non-resonant background. Another important conclusion related to a practically zero
background in ππ scattering and to the fact that the contribution to the ππ scattering amplitude
from the crossed channels is given by allowing for the left-hand branch-point at s = 0 in the
uniformizing variable and the meson-exchange contributions in the left-hand cuts: The zero
background in the elastic-scattering region is obtained only when taking into account the left-
hand branch-point in the uniformizing variables (both in the 2-channel analysis of processes
ππ → ππ,KK [10] and in the 3-channel analysis of processes ππ→ππ,KK, ηη). This indicates
that the ρ- and f0(500)-meson exchange contributions in the left-hand cut practically cancel
each other due to gauge invariance.

Let us explain how this is related to the gauge invariance. The propagator of vector particle
is Dµν = −(gµν − kµkν/m2

v)/(k
2 − m2

v), of scalar particle D = 1/(k2 − m2
s). In the particle

exchange processes k2 < 0. Therefore, the scalar-particle exchange leads to an attraction. In
the case of the vector exchanged particle one can choose that gauge when in the numerator
of propagator ”works” only g00. This leads to an repulsion of the scattering particles in the
given gauge. Due to gauge invariance this effect extends to arbitrary gauges. To the point,
the fact, that the mass terms in the corresponding Hamiltonians are − 1

2m
2
vV

2 for the vector
meson and 1

2m
2
sS

2 for the scalar one, is a reflection of opposite nature of interactions due to
the vector- and scalar-meson exchanges. One can show allowing for gauge invariance that the
vector- and scalar-meson exchanges contribute with opposite signs. Therefore, the practically
zero background in ππ scattering is an additional confirmation that the f0(500), observed in
the analysis as the pole cluster of type (a), is indeed a particle (though very wide), not some
dynamically formed resonance. Therefore, one must consider at least in the background the
coupled σσ channel which is not taken into account explicitly in the uniformizing variable w. In
this connection it is reasonable to interpret the effective threshold at sσ = 1.6338 GeV2 in the
background phase-shift of the ππ scattering amplitude as related to the σσ channel. Only in this
channel we have obtained a non-zero background phase-shift in ππ scattering (a1σ = 0.0199).

Further, since studying the decays of charmonia and bottomonia, we investigated the role
of the individual f0 resonances in contributing to the shape of the di-pion mass distributions in
these decays, firstly we studied their role in forming the energy dependence of amplitudes of re-
actions ππ → ππ,KK, ηη. In this case we switched off only those resonances [f0(500), f0(1370),
f0(1500) and f0(1710)], removal of which can be somehow compensated by correcting the back-
ground (maybe, with elements of the pseudo-background) to have the more-or-less acceptable
description of the multi-channel ππ scattering. Below we therefore considered description of
the multi-channel ππ scattering for two more cases: 1) first, when leaving out a minimal set of
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the f0 mesons consisting of the f0(500), f0(980), and f ′0(1500), which is sufficient to achieve a
description of the processes ππ → ππ,KK, ηη with a total χ2/ndf ≈ 1.20. 2) Second, from the
above-indicated three mesons only the f0(500) can be omitted while still obtaining a reasonable
description of multi-channel ππ scattering (though with appearance of a pseudo-background)
with the total χ2/ndf ≈ 1.43. In Fig. 1 the obtained description of processes ππ→ππ,KK, ηη
is shown. The solid lines correspond to contribution of all relevant f0-resonances; the dotted,
of the f0(500), f0(980), and f ′0(1500); the dashed, of the f0(980) and f ′0(1500). One can see
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Figure 1: The phase shifts and moduli of the S-matrix element in the S-wave ππ-scattering
(upper panel), in ππ → KK (middle panel), and the squared modulus of the ππ → ηη S-matrix
element (lower figure).

that the curves are quite similar in all three cases.

3 The contribution of multi-channel ππ scattering in the
final states of decays of Ψ- and Υ-meson families

In the combined analysis, for the decay J/ψ → φπ+π− the data were taken from Mark III,
DM2 and BES II Collaborations; for ψ(2S) → J/ψ(π+π− and π0π0) — from Mark II and
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Crystal Ball(80) (see Refs. in [4]). For Υ(2S)→ Υ(1S)(π+π− and π0π0) data were used from
ARGUS, CLEO, CUSB and Crystal Ball Collaborations; for Υ(3S)→ Υ(1S)(π+π−, π0π0) and
Υ(3S)→ Υ(2S)(π+π−, π0π0) — from CLEO; for Υ(4S)→ Υ(1S, 2S)π+π− — from BaBar and
Belle; for Υ(5S)→ Υ(1S, 2S, 3S)π+π− — from Belle Collaboration [12].

The di-meson mass distributions in the quarkonia decays are calculated using a formalism
analogous to that proposed in Ref. [5] for the decays J/ψ → φ(ππ,KK) and V ′ → V ππ
(V = ψ,Υ) which is extended with allowing for amplitudes of transitions between the ππ,
KK and ηη channels in decay formulas. The decay amplitudes are related with the scattering
amplitudes Tij (i, j = 1− ππ, 2−KK, 3− ηη) as follows

F
(
J/ψ → φππ

)
= c1(s)T11 +

( α2

s− β2
+ c2(s)

)
T21 + c3(s)T31, (3)

F
(
ψ(2S)→ ψ(1S)ππ

)
= d1(s)T11 + d2(s)T21 + d3(s)T31, (4)

F
(
Υ(mS)→ Υ(nS)ππ

)
= e

(mn)
1 T11 + e

(mn)
2 T21 + e

(mn)
3 T31, (5)

m > n, m = 2, 3, 4, 5, n = 1, 2, 3

where ci = γi0 + γi1s, di = δi0 + δi1s and e
(mn)
i = ρ

(mn)
i0 + ρ

(mn)
i1 s; indices m and n correspond

to Υ(mS) and Υ(nS), respectively. The free parameters α2, β2, γi0, γi1, δi0, δi1, ρ
(mn)
i0 and

ρ
(mn)
i1 depend on the couplings of J/ψ, ψ(2S), and Υ(mS) to the channels ππ, KK and ηη.

The pole term in the first equation in front of T21 is an approximation of possible φK states,
not forbidden by OZI rules. The amplitudes Tij are expressed through the S-matrix elements

Sij = δij + 2i
√
ρiρjTij where ρi =

√
1− si/s and si is the reaction threshold.

The di-meson mass distributions in the decay analysis were calculated using the relation

N |F |2
√

(s− s1)[m2
ψ − (

√
s−mφ)2][m2

ψ − (
√
s+mφ)2] for the decay J/ψ → φππ and with

analogous relations for ψ(2S) → ψ(1S)ππ and Υ(mS) → Υ(nS)ππ. The normalization to
the experiment, N , is determined in the analysis.

A satisfactory description of all considered processes (including ππ → ππ,KK, ηη) was
obtained with the total χ2/ndf ≈ 1.24; for the ππ scattering, χ2/ndf ≈ 1.15.

Results for the distributions are shown in Figs. 2-4 with the same notation as in Fig. 1.
Here the effects of omitting some resonance are more apparent than in Fig. 1.

4 Conclusions and Discussion

The combined analysis was performed for the data on isoscalar S-wave processes ππ → ππ,KK, ηη
and on the decays of the charmonia — J/ψ → φππ, ψ(2S)→ J/ψ ππ — and of the bottomonia
— Υ(mS) → Υ(nS)ππ (m > n, m = 2, 3, 4, 5, n = 1, 2, 3) from the ARGUS, Crystal Ball,
CLEO, CUSB, DM2, Mark II, Mark III, BES II, BaBar, and Belle Collaborations.

It is shown that the di-pion mass spectra in the above-indicated decays of charmonia and
bottomonia are explained by the unified mechanism which is based on our previous conclusions
on wide resonances [4, 7] and is related to contributions of the ππ, KK and ηη coupled channels
including their interference. It is shown that in the final states of these decays (except ππ
scattering) the contribution of coupled processes, e.g., KK, ηη → ππ, is important even if these
processes are energetically forbidden.

It was also very useful to consider the role of individual f0 resonances in contributions to the
di-pion mass distributions in the indicated decays. For example, it is seen that the sharp dips

HQ 2016 7
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Figure 2: The decays J/ψ → φππ and ψ(2S) → J/ψππ. The solid lines correspond to con-
tribution of all relevant f0-resonances; the dotted, of the f0(500), f0(980), and f ′0(1500); the
dashed, of the f0(980) and f ′0(1500).

near 1 GeV in the Υ(4S, 5S)→ Υ(1S)π+π− decays are related with the f0(500) contribution to
the interfering amplitudes of ππ scattering and KK, ηη → ππ processes. Namely consideration
of this role of the f0(500) allows us to make a conclusion on existence of the sharp dip at
about 1 GeV in the di-pion mass spectrum of the Υ(4S) → Υ(1S)π+π− decay where, unlike
Υ(5S)→ Υ(1S)π+π−, the scarce data do not permit to draw such conclusions yet.

Also, a manifestation of the f0(1370) turned out to be interesting and unexpected. First,
in the satisfactory description of the ππ spectrum of decay J/ψ → φππ, the second large peak
in the 1.4-GeV region can be naively explained as the contribution of the f0(1370). We have
shown that this is not right – the constructive interference between the contributions of the ηη
and ππ and KK channels plays the main role in formation of the 1.4-GeV peak. This is quite
in agreement with our earlier conclusion that the f0(1370) has a dominant ss̄ component [7].

On the other hand, it turned out that the f0(1370) contributes considerably in the near-ππ-
threshold region of many di-pion mass distributions, especially making the threshold bell-shaped
form of the di-pion spectra in the decays Υ(mS) → Υ(nS)ππ (m > n,m = 3, 4, 5, n = 1, 2, 3).
This fact confirms, first, the existence of the f0(1370) (up to now there is no firm conviction if it
exists or not). Second, that the exciting role of this meson in making the threshold bell-shaped
form of the di-pion spectra can be explained as follows: the f0(1370), being predominantly the ss̄
state [4] and practically not contributing to the ππ-scattering amplitude, influences noticeably
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Figure 3: The decays Υ(2S)→ Υ(1S)ππ (two upper panels), Υ(3S)→ Υ(1S)ππ (middle panel)
and Υ(3S)→ Υ(2S)ππ (lower panel).
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Figure 4: The decays Υ(4S) → Υ(1S, 2S)π+π− (left-hand) and Υ(5S) → Υ(ns)π+π− (n =
1, 2, 3) (right-hand).

the KK scattering; e.g., it was shown that the KK-scattering length is very sensitive to whether
this state does exist or not [10]. The interference of contributions of the ππ-scattering amplitude
and the analytically-continued ππ → KK and ππ → ηη amplitudes lead to the observed results.

It is important that we have performed a combined analysis of available data on the processes
ππ → ππ,KK, ηη, on decays of charmonia and of bottomonia. The convincing description of
practically all available data on two-pion transitions of the Ψ and the Υ mesons confirmed all
our previous conclusions on the scalar mesons [4].
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Properties of heavy and strange baryons are investigated in the framework of the relativistic
quark-diquark picture. It is assumed that two quarks in a baryon form a diquark and
baryon is considered as the bound quark-diquark system. The relativistic effects and
diquark internal structure are consistently taken into account. Calculations are performed
up to rather high orbital and radial excitations of heavy and strange baryons. On this
basis the Regge trajectories are constructed. The rates of semileptonic decays of heavy
baryons are calculated. The obtained results agree well with available experimental data.

The convincing evidence of the existence of diquark correlations in hadrons has been col-
lected. Thus recently several charged charmonium- and bottomonium-like states were discov-
ered. They should be inevitably multiquark, at least four quark — tetraquark, states. One
of the most successful pictures of such tetraquark states is the diquark-antidiquark model [1].
In the light meson sector it has been argued for a long time that mesons forming the inverted
lightest scalar nonet can be well described as tetraquarks treated as diquark-antidiquark bound
states [2]. In the baryon sector it is well known that the number of observed excited states both
in the light and heavy sectors is considerably lower than the number of excited states predicted
in the three-quark picture [3]. The introduction of diquarks significantly reduces this number
since in such a picture some of degrees of freedom are frozen and thus the number of possible
excitations is substantially smaller.

Here we study spectroscopy and weak decays of heavy and strange baryons in the relativistic
quark-diquark picture in the framework of the quasipotential approach. The interaction of two
quarks in a diquark and the quark-diquark interaction in a baryon are described by the diquark
wave function Ψd of the bound quark-quark state and by the baryon wave function ΨB of the
bound quark-diquark state respectively, which satisfy the relativistic quasipotential equation of
the Schrödinger type [4]

(
b2(M)

2µR
− p2

2µR

)
Ψd,B(p) =

∫
d3q

(2π)3
V (p,q;M)Ψd,B(q), (1)

where the relativistic reduced mass and the center-of-mass system relative momentum squared
on mass shell are

µR =
M4 − (m2

1 −m2
2)2

4M3
, b2(M) =

[M2 − (m1 +m2)2][M2 − (m1 −m2)2]

4M2
,

and M is the bound state mass (diquark or baryon), m1,2 are the masses of quarks (q1 and q2)
which form the diquark or of the diquark (d) and quark (q) which form the baryon (B), and p
is their relative momentum.
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The quasipotentials V (p,q;M) of the quark-quark or quark-diquark interaction are con-
structed with the help of the QCD-motivated off-mass-shell scattering amplitude, projected
onto the positive energy states. The effective quark interaction is taken to be the sum of the
usual one-gluon exchange term and the mixture of long-range vector and scalar linear confining
potentials with the mixing coefficient ε. It is also assumed that the vector confining potential
contains not only the Dirac term but the Pauli term, thus introducing the anomalous chro-
momagnetic quark moment κ. The explicit expressions for the quasipotentials are given in
Ref. [5].

In the nonrelativistic limit the usual Cornell-like potential is reproduced

V (r) = −4

3

αs
r

+Ar +B, (2)

where αs is the QCD coupling constant with freezing [2].
All parameters of the model such as quark masses, parameters of the linear confining poten-

tial A and B, the mixing coefficient ε and anomalous chromomagnetic quark moment κ were
fixed previously from calculations of meson and baryon properties [4, 5]. The constituent quark
masses mu = md = 0.33 GeV, ms = 0.5 GeV, mc = 1.55 GeV, mb = 4.88 GeV and the param-
eters of the linear potential A = 0.18 GeV2 and B = −0.3 GeV have the usual values of quark
models. The value of the mixing coefficient of vector and scalar confining potentials ε = −1
has been determined from the consideration of the heavy quark expansion for the semileptonic
heavy meson decays and charmonium radiative decays [4]. The universal Pauli interaction con-
stant κ = −1 has been fixed from the analysis of the fine splitting of heavy quarkonia 3PJ -
states [4]. Note that the long-range chromomagnetic contribution to the potential, which is
proportional to (1 + κ), vanishes for the chosen value of κ = −1.

First we calculate masses and form factors of the diquarks and the vertex 〈d(P )|Jµ|d(Q)〉
of the diquark-gluon interaction which is parameterized by the form factor

F (r) = 1− e−ξr−ζr2 , (3)

that takes the internal diquark structure into account. The values of diquark masses and
parameters ξ and ζ are given in Refs. [5, 6]

Next we calculate the masses of heavy and strange baryons as the bound states of a quark
and diquark. The results of calculations can be found in Refs. [5, 6]. Here, as an example,
we give in Tables 1,2 the comparison of our predictions for the mass spectra of the Λc and
Λ with other theoretical estimates and available experimental data. From these tables we see
that our diquark model predicts appreciably less states than the three-quark approaches. The
differences become apparent with the growth of the orbital and radial excitations in the baryon.
Our model reproduces correctly all masses of the well established 4- and 3-star resonances and

most of the 2- and 1-star states. Let us emphasize that the experimental mass of the 1
2

−
4-star

Λ(1405) is naturally reproduced if this state is considered as the first orbital excitation 1P in
the strange quark-light scalar diquark picture of Λ baryons. The rather low mass of this state
represents difficulties for most of the three-quark models [7, 8, 9], which predict its mass about
100 MeV higher than experimental value.

We calculated masses of both orbitally and radially excited heavy and strange baryons up
to rather high excitation numbers. This makes it possible to construct the heavy baryon Regge
trajectories both in the (J,M2) and in the (nr,M

2) planes: (a) The (J,M2) Regge trajectory:
J = αM2 + α0; (b) The (nr,M

2) Regge trajectory: nr = βM2 + β0, where α, β are the slopes
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Experiment [10] Theory
JP State Status Mass our [11] [3] [7]
1
2

+
Λc *** 2286.46 2286 2286 2286 2265

Λc(2765) * 2766.6 2769 2766 2791 2775
3130 3112 3154 3170
3437 3397

1
2

−
Λc(2595) *** 2592.3 2598 2591 2625 2630
Λc(2940) *** 2939.3 2983 2989 2780

3303 3296 2830
3
2

−
Λc(2625) *** 2628.1 2627 2629 2636 2640

3005 3000 2840
3322 3301 2885

3
2

+
2874 2857 2887 2910
3189 3188 3120 3035

5
2

+
Λc(2880) *** 2881.53 2880 2879 2887 2910

3209 3198 3125 3140
5
2

−
3097 3075 2872 2900

7
2

−
3078 3092 3125

7
2

+
3270 3267 3175

9
2

+
3284 3280

9
2

−
3444

11
2

−
3460

Table 1: Comparison of theoretical predictions for masses of the Λc baryons (in MeV).

and α0, β0 are intercepts. In Figs. 1,2 we plot the Regge trajectories in the (J,M2) plane for
charmed and strange baryons. Straight lines were obtained by the χ2 fit of calculated values.
The fitted slopes and intercepts of the Regge trajectories can be found in Refs [5, 6]. We see
that the calculated heavy and strange baryon masses lie on the linear trajectories, which are
parallel and equidistant.

Let us consider weak decays of baryons. The simplest case is the semileptonic decay of the
bottom baryon to the charmed baryon, since in this case the model independent considerations
based on heavy quark effective theory (HQET) can be applied. To calculate the heavy baryon
decay rate it is necessary to determine the corresponding matrix element of the weak current
between baryon states, which in the quasipotential approach is given by [14]

〈ΛQ′(pQ′)|JWµ |ΛQ(pQ)〉 =

∫
d3p d3q

(2π)6
Ψ̄ΛQ′ pQ′ (p)Γµ(p,q)ΨΛQ pQ(q), (4)

where Γµ(p,q) is the two-particle vertex function and ΨΛ pQ are the baryon (Λ = ΛQ,ΛQ′)
wave functions projected onto the positive energy states of quarks and boosted to the moving
reference frame with momentum pQ. The wave function of the moving baryon ΨΛQ pQ is
connected with the wave function in the rest frame ΨΛQ 0 by the transformation [14]

ΨΛQ pQ(p) = D
1/2
Q (RWLpQ

)DId (RWLpQ
)ΨΛQ 0(p), I = 0, 1, (5)

HQ 2016 3

RELATIVISTIC DESCRIPTION OF BARYON PROPERTIES

HQ 2016 299



Experiment [10] Theory
JP State Status Mass Our [7] [8] [9] [12] [13]
1
2

+
Λ **** 1115.683± 0.006 1115 1115 1108 1136 1116 1149± 18

Λ(1600) *** 1560− 1600 1615 1680 1677 1625 1518 1807± 94
Λ(1710) * 1713± 13
Λ(1810) *** 1750− 1810 1901 1830 1747 1799 1666 2112± 54

1972 1910 1898 1955 2137± 69
1986 2010 2077 1960
2042 2105 2099
2099 2120 2132

3
2

+
Λ(1890) **** 1850− 1890 1854 1900 1823 1896 1991± 103

1976 1960 1952 2058± 139
2130 1995 2045 2481± 111
2184 2050 2087
2202 2080 2133

5
2

+
Λ(1820) **** 1815− 1820 1825 1890 1834 1896
Λ(2110) *** 2090− 2110 2098 2035 1999

2221 2115 2078
2255 2115 2127
2258 2180 2150

7
2

+
Λ(2020) * ≈ 2020 2251 2120 2130

2471 2331
9
2

+
Λ(2350) *** 2340− 2350 2360 2340

1
2

−
Λ(1405) **** 1405.1+1.3

−1.0 1406 1550 1524 1556 1431 1416± 81
Λ(1670) **** 1660− 1670 1667 1615 1630 1682 1443 1546± 110
Λ(1800) *** 1720− 1800 1733 1675 1816 1778 1650 1713± 116

1927 2015 2011 1732 2075± 249
2197 2095 2076 1785
2218 2160 2117 1854

3
2

−
Λ(1520) **** 1519.5± 1.0 1549 1545 1508 1556 1431 1751± 40
Λ(1690) **** 1685− 1690 1693 1645 1662 1682 1443 2203± 106

1812 1770 1775 1650 2381± 87
Λ(2050) * 2056± 22 2035 2030 1987 1732

2319 2110 2090 1785
Λ(2325) * ≈ 2325 2322 2185 2147 1854

2392 2230 2259 1928
2454 2290 2275 1969

5
2

−
Λ(1830) **** 1810− 1830 1861 1775 1828 1778 1785

2136 2180 2080
2350 2250 2179

7
2

−
Λ(2100) **** 2090− 2100 2097 2150 2090

2583 2230 2227
9
2

−
2665 2370

Table 2: Comparison of theoretical predictions and experimental data for the masses of the Λ
states (in MeV).
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M2

J

M2

J(a) (b)

Figure 1: Parent and daughter (J,M2) Regge trajectories for the Λc baryons with natural
(P = (−1)J−1/2) (a) and unnatural (P = (−1)J+1/2) (b) parities. Diamonds are predicted
masses. Available experimental data are given by dots with particle names; M2 is in GeV2.

where RW is the Wigner rotation, Lp is the Lorentz boost from the baryon rest frame to a
moving one, and D1/2(R), DI(R) are rotation matrices of the quark and diquark spins.

The hadronic matrix elements for the semileptonic decay ΛQ → ΛQ′ are parameterized in
terms of six invariant form factors:

〈ΛQ′(v′)|V µ|ΛQ(v)〉 = ūΛQ′ (v
′)
[
F1(w)γµ + F2(w)vµ + F3(w)v′µ

]
uΛQ(v),

〈ΛQ′(v′)|Aµ|ΛQ(v)〉 = ūΛQ′ (v
′)
[
G1(w)γµ +G2(w)vµ +G3(w)v′µ

]
γ5uΛQ(v), (6)

where uΛQ(v) and uΛQ′ (v
′) are Dirac spinors of the initial and final baryon with four-velocities

v and v′, respectively; w = v · v′ = (M2
ΛQ

+ M2
ΛQ′ − q2)/(2MΛQMΛQ′ ). In the heavy quark

limit mQ → ∞ (Q = b, c) the form factors (6) can be expressed through the single Isgur-Wise
function ζ(w)

F1(w) = G1(w) = ζ(w), F2(w) = F3(w) = G2(w) = G3(w) = 0. (7)

At subleading order of the heavy quark expansion the form factors are given by [14]

F1(w) = ζ(w) +

(
Λ̄

2mQ
+

Λ̄

2mQ′

)[
2χ(w) + ζ(w)

]
, Λ̄ = MΛQ −mQ,

G1(w) = ζ(w) +

(
Λ̄

2mQ
+

Λ̄

2mQ′

)[
2χ(w) +

w − 1

w + 1
ζ(w)

]
,

F2(w) = G2(w) = − Λ̄

2mQ′

2

w + 1
ζ(w), F3(w) = −G3(w) = − Λ̄

2mQ

2

w + 1
ζ(w). (8)

The resulting expressions for the semileptonic decay ΛQ → ΛQ′ form factors up to subleading
order in 1/mQ in our model are the following [14]

F1(w) = ζ(w) +

(
Λ̄

2mQ
+

Λ̄

2mQ′

)
[2χ(w) + ζ(w)]

+4(1− ε)(1 + κ)

[
Λ̄

2mQ′

1

w − 1
− Λ̄

2mQ
(w + 1)

]
χ(w),
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M2

J

M2

J
M2

J

M2

J(a) (b)

Figure 2: Same as in Fig. 1 but for the Λ and Σ baryons.

G1(w) = ζ(w) +

(
Λ̄

2mQ
+

Λ̄

2mQ′

)[
2χ(w) +

w − 1

w + 1
ζ(w)

]
− 4(1− ε)(1 + κ)

Λ̄

2mQ
wχ(w),

F2(w) = − Λ̄

2mQ′

2

w + 1
ζ(w)− 4(1− ε)(1 + κ)

[
Λ̄

2mQ′

1

w − 1
+

Λ̄

2mQ
w

]
χ(w),

G2(w) = − Λ̄

2mQ′

2

w + 1
ζ(w)− 4(1− ε)(1 + κ)

Λ̄

2mQ′

1

w − 1
χ(w),

F3(w) = −G3(w) = − Λ̄

2mQ

2

w + 1
ζ(w) + 4(1− ε)(1 + κ)

Λ̄

2mQ
χ(w), (9)

where the leading order Isgur-Wise function of heavy baryons

ζ(w) = lim
mQ→∞

∫
d3p

(2π)3
ΨΛQ′

(
p + 2εd(p)

√
w − 1

w + 1
e∆

)
ΨΛQ(p), (10)

e∆ = ∆/
√

∆2, ∆ = MΛQ′ v
′ −MΛQv, εd(p) =

√
p2 +M2

d and the subleading function

χ(w) = −w − 1

w + 1
lim

mQ→∞

∫
d3p

(2π)3

Λ̄− εd(p)
2Λ̄

ΨΛQ′

(
p + 2εd(p)

√
w − 1

w + 1
e∆

)
ΨΛQ(p). (11)

These functions were calculated using our model wave functions of the Λb and Λc baryons
obtained in their mass spectrum calculations.

6 HQ 2016

D. EBERT, R. N. FAUSTOV, V. O. GALKIN

302 HQ 2016



For (1 − ε)(1 + κ) = 0 the HQET results (8) are reproduced. This can be achieved either
setting ε = 1 (pure scalar confinement) or κ = −1. In our model we need vector confining
contribution and therefore use the latter option. This consideration gives us additional, based
on the HQET, justification for fixing one of the main parameters of the model κ.

The 1/mQ corrections turn out to be rather large, significantly larger than for the heavy-
to-heavy mesons transitions. This is the consequence of the larger value of the expansion
parameter Λ̄. Indeed in the case of baryon decays the parameter Λ̄ is determined by the light
diquark energies, while for meson decays it is determined by light quark energies. Therefore
consideration of such decays without the heavy quark expansion can significantly improve the
precision of predictions. Also such an expansion cannot be applied for the heavy-to-light Λb → p
weak transitions, since the final baryon contains only light u and d quarks.

It is important to note that both Λb → Λclνl and Λb → plνl decays have a broad kinematical
range. The square of the momentum transfer to the lepton pair q2 varies from 0 to q2

max ≈
12 GeV2 for decays to Λc and from 0 to q2

max ≈ 22 GeV2 for decays to p. As a result the recoil
momentum of the final baryon |∆| is almost always significantly larger than the relative quark
momentum in the baryon. Thus one can neglect small relative momentum |p| with respect to the
recoil momentum |∆| in the energies of quarks in energetic final baryons and replace εq(p+∆) ≡√
m2
q + (p + ∆)2 by εq(∆) ≡

√
m2
q + ∆2. It is important to point out that we keep the quark

mass in the energies εq(∆). Thus the resulting expressions are valid both for the heavy-to-light
and heavy-to-heavy Λb baryon decays. Such replacement is made only in the subleading vertex

function Γ
(2)
µ (p,q), which takes into account contributions of the intermediate negative-energy

states [15], and permits us to perform one of the integrations using the quasipotential equation.
As a result, the weak decay matrix elements are expressed through the usual overlap integral
of initial and final baryon wave functions. The subleading contributions are proportional to the
ratios of baryon binding energies, which are small, to the quark energies and thus turn out to
be also small numerically. Therefore we obtain reliable expressions for the form factors in the
whole accessible kinematical range [15]. The largest uncertainty, which turns out to be small
numerically, occurs for the heavy-to-light transitions in the narrow region near zero recoil of
the final light baryon, where the above discussed replacement is less justified. Let us emphasize
that we consistently take into account all relativistic corrections including boosts of the baryon
wave functions from the rest frame to the moving one. For numerical calculations of the form
factors we use the quasipotential wave functions of the Λb, Λc and p baryons obtained in their
mass spectra calculations. We plot the baryon decay form factors in Figs. 3 and 4.

The total decay rates and branching ratios are given in Table 3 in comparison with the results
of other theoretical approaches [16, 17, 18, 19, 20, 21, 22] and available experimental data [10].
For absolute values we use the following CKM values |Vcb| = (3.90 ± 0.15) × 10−2, |Vub| =
(4.05± 0.20)× 10−3 extracted from our previous analysis of the heavy B and Bs meson decays
[23]. In this table we also give our predictions for the average values of the forward-backward
asymmetry of the charged lepton 〈AFB〉, the convexity parameter 〈CF 〉 and the longitudinal
polarization of the final baryon 〈PL〉. Note that lattice calculations [22] give somewhat lower
predictions for the branching ratios normalized by the square of the corresponding CKM matrix
element for Λb → Λc transitions but give higher results for Λb → p transitions than other
approaches. The lattice determination of form factors is done in the region of small recoils of
the final baryon q2 ∼ q2

max and then their values are extrapolated to the whole kinematical
region, which is broad especially for the heavy-to-light Λb → plνl decay. In our model we
explicitly determine the form factor q2 dependence in the whole kinematical range without

HQ 2016 7

RELATIVISTIC DESCRIPTION OF BARYON PROPERTIES

HQ 2016 303



F1

-F2

-F3

0 2 4 6 8 10
0.0

0.5

1.0

1.5

q2 (GeV2)

G1

-G2

G3

0 2 4 6 8 10
0.0

0.2

0.4

0.6

0.8

1.0

1.2

q2 (GeV2)

Figure 3: Form factors of the weak Λb → Λc transition.
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Figure 4: Form factors of the weak Λb → p transition.

extrapolations.

Recently the LHCb collaboration [24] measured the ratio of the heavy-to-heavy and heavy-
to-light semileptonic Λb decays in the limited interval of q2

RΛcp =

∫ q2max
15 GeV2

dΓ(Λb→pµνµ)
dq2 dq2

∫ q2max
7 GeV2

dΓ(Λb→Λcµνµ)
dq2 dq2

. (12)

Such a measurement is very important since it allows us for the first time to extract the
ratio of CKM matrix elements |Vub|/|Vcb| from the Λb baryon decays and compare it to the
corresponding ratio determined from B and Bs meson decays. Our prediction for the ratio
RΛcp in comparison with the lattice result [22] and experimental value is given in Table 4.
From this table we see that our value of the coefficient in front of |Vub|2/|Vcb|2 is significantly
lower than the lattice one. This is the result of the deviation of our calculation (and other
quark model calculations) from lattice predictions for normalized by the square of CKM matrix
element value for heavy-to-heavy and heavy-to-light semileptonic Λb decays (see Table 3). This
deviation even increases in the ratio.

Comparing our result for RΛcp with experimental data [24] we can extract the ratio of the
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Parameter our [16, 17] [18] [19] [20] [21] [22] Exp. [10]
Λb → Λclνl

Γ (ns−1) 44.2 53.9
Γ/|Vcb|2 (ps−1) 29.1 21.5± 0.8± 1.1

Br (%) 6.48 6.9 4.83 6.3 6.2+1.4
−1.2

〈AFB〉 0.195 0.18
〈CF 〉 −0.57 −0.63
〈PL〉 −0.80 −0.82

Λb → Λcτντ
Γ (ns−1) 13.9 20.9

Γ/|Vcb|2 (ps−1) 9.11 7.15± 0.15± 0.27
Br (%) 2.03 2.0 1.63
〈AFB〉 −0.021 −0.0385
〈CF 〉 −0.09 −0.10
〈PL〉 −0.71 −0.72

Λb → plνl
Γ/|Vub|2 (ps−1) 18.7 13.3 7.55 25.7± 2.6± 4.6
Br (10−4) 4.5 2.9 3.89 2.54 4.0+2.3

−2.0

〈AFB〉 0.346 0.388
Λb → pτντ

Γ/|Vub|2 (ps−1) 12.1 9.6 6.55 17.7± 1.3± 1.6
Br (10−4) 2.9 2.1 2.75
〈AFB〉 0.185 0.220

Table 3: Comparison of theoretical predictions for the Λb semileptonic decay parameters with
available experimental data.

Ratio our [19] [22] Experiment (LHCb) [24]

RΛcp (0.78± 0.08) |Vub|
2

|Vcb|2 0.0101 (1.471± 0.095± 0.109) |Vub|
2

|Vcb|2 (1.00± 0.04± 0.08)× 10−2

Table 4: Predictions for the ratio of baryon decay rates.

CKM matrix elements. Using our model value we find

|Vub|
|Vcb|

= 0.113± 0.011|theor ± 0.006|exp, (13)

which is in good agreement with the experimental ratio of these matrix elements extracted from
inclusive decays [10]

|Vub|incl

|Vcb|incl
= 0.105± 0.006, (14)

and with the corresponding ratio found in our previous analysis of exclusive semileptonic B and
Bs meson decays [|Vcb| = (3.90± 0.15)× 10−2, |Vub| = (4.05± 0.20)× 10−3] [23]

|Vub|
|Vcb|

= 0.104± 0.012. (15)
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On the other hand, the lattice value for the ratio RΛcp gives

|Vub|
|Vcb|

= 0.083± 0.004± 0.004, (16)

which is in agreement with the corresponding CKM matrix element ratio extracted from the
comparison of lattice predictions with data on exclusive B meson decays, but more than 3σ
lower than the ratio extracted from inclusive B meson decays (14).

In summary, we demonstrated that spectroscopy and weak decays of heavy and strange
baryons can be well described in the relativistic quark model based on the quark-diquark picture
of baryons.

The authors are grateful to A. Ali, M. Ivanov, J. Körner V. Lyubovitskij and V. Matveev
for valuable discussions and support. We thank the organizers of the Helmholtz International
Summer School “Quantum Field Theory at the Limits: from Strong Fields to Heavy Quarks”
for the invitation to participate in such a pleasant and productive meeting.
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Masses of light tetraquarks are obtained in the diquark-antidiquark picture. Such exotic
states can be identified with the known light scalar mesons forming an SU(3) nonet (σ me-
son f0(600), κ meson K∗

0 (800), f0(980) and a0(980)). Mass spectra of light (u, d, s) quark-
antiquark mesons are calculated within the QCD-motivated relativistic quark model.The
relativistic treatment of the light quark dynamics results in mass spectra which agree well
with available experimental data for the masses of the most well-established states. Their
Regge trajectories exhibit linearity and equidistance.

The consistent theoretical understanding of the light meson sector remains an important
problem already for many years [1]. An extensive analysis of the data on highly excited light
non-strange meson states up to a mass of 2400 MeV collected by Crystal Barrel experiment at
LEAR (CERN) has been published. Classification of these new data requires better theoretical
description of light meson mass spectra. This is especially important, since light exotic states
(such as tetraquarks, glueballs, hybrids) within quantum chromodynamics (QCD) are expected
to have masses in this range. Particular interest is focused on scalar mesons, their properties
and abundance. A generally accepted consistent picture has not yet emerged. Experimental and
theoretical evidence for the existence of f0(600)(σ), K∗0 (800)(κ), f0(980) and a0(980) indicates
that lightest scalars form a complete SU(3) flavour nonet. A peculiar feature of their mass
spectrum is the inversion of the mass ordering, which cannot be naturally understood in the qq̄
picture. This fact stimulated various alternative interpretations of light scalars as four quark
states (tetraquarks) in particular diquark-antidiquark bound states. The proximity of f0/a0 to
the KK̄ threshold led to the KK̄ molecular picture.

In the quasipotential approach and diquark-antidiquark picture of tetraquarks the inter-
action of two quarks in a diquark and the diquark-antidiquark interaction in a tetraquark
are described by the diquark wave function (Ψd) of the bound quark-quark state and by the
tetraquark wave function (ΨT ) of the bound diquark-antidiquark state, respectively. These
wave functions satisfy the quasipotential equation of the Schrödinger type [2]

(
b2(M)

2µR
− p2

2µR

)
Ψd,T (p) =

∫
d3q

(2π)3
V (p,q;M)Ψd,T (q), (1)

where the relativistic reduced mass is

µR =
E1E2

E1 + E2
=
M4 − (m2

1 −m2
2)2

4M3
, (2)
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State Diquark Theory Experiment
JPC content mass I = 0 mass I = 1 mass

(qq)(q̄q̄)
0++ SS̄ 596 f0(600) (σ) 400-1200 -

1+± (SĀ± S̄A)/
√

2 672
0++ AĀ 1179 f0(1370) 1200-1500
1+− AĀ 1773

2++ AĀ 1915

{
f2(1910)
f2(1950)

1903(9)
1944(12)

(qs)(q̄s̄)
0++ SS̄ 992 f0(980) 980(10) a0(980) 984.7(12)

1++ (SĀ+ S̄A)/
√

2 1201 f1(1285) 1281.8(6) a1(1260) 1230(40)

1+− (SĀ− S̄A)/
√

2 1201 h1(1170) 1170(20) b1(1235) 1229.5(32)
0++ AĀ 1480 f0(1500) 1505(6) a0(1450) 1474(19)
1+− AĀ 1942 h1(1965) 1965(45) b1(1960) 1960(35)

2++ AĀ 2097

{
f2(2010)
f2(2140)

2011(70)
2141(12)

{
a2(1990)
a2(2080)

2050(45)
2100(20)

(ss)(s̄s̄)
0++ AĀ 2203 f0(2200) 2189(13) -
1+− AĀ 2267 h1(2215) 2215(40) -
2++ AĀ 2357 f2(2340) 2339(60) -

Table 1: Masses of light unflavored diquark-antidiquark ground state (〈L2〉=0) tetraquarks (in
MeV) and possible experimental candidates. S and A denote scalar and axial vector diquarks.

and E1, E2 are given by

E1 =
M2 −m2

2 +m2
1

2M
, E2 =

M2 −m2
1 +m2

2

2M
. (3)

Here, M = E1 + E2 is the bound-state mass (diquark or tetraquark), m1,2 are the masses of
quarks (q = u, d and s) which form the diquark or of the diquark (d) and antidiquark (d̄′) which
form the light tetraquark (T ), and p is their relative momentum. In the center-of-mass system
the relative momentum squared on mass shell reads

b2(M) =
[M2 − (m1 +m2)2][M2 − (m1 −m2)2]

4M2
. (4)

The kernel V (p,q;M) in Eq. (1) is the quasipotential operator of the quark-quark or
diquark-antidiquark interaction. It is constructed with the help of the off-mass-shell scat-
tering amplitude, projected onto the positive-energy states. For the quark-quark interaction in
a diquark we use the relation Vqq = Vqq̄/2 arising under the assumption of an octet structure
of the interaction from the difference in the qq and qq̄ colour states. An important role in this
construction is played by the Lorentz structure of the confining interaction. In our analysis of
mesons, while constructing the quasipotential of the quark-antiquark interaction, we assumed
that the effective interaction is the sum of the usual one-gluon exchange term and a mixture
of long-range vector and scalar linear confining potentials, where the vector confining potential
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State Diquark Theory Experiment
JP content mass I = 1

2 mass
(qq)(s̄q̄) or (sq)(q̄q̄)

0+ SS̄ 730 K∗0 (800) (κ) 672(40)

1+ (SĀ± S̄A)/
√

2 1057
0+ AĀ 1332 K∗0 (1430) 1425(50)
1+ AĀ 1855
2+ AĀ 2001 K∗2 (1980) 1973(26)

Table 2: Masses of strange diquark-antidiquark ground state (〈L2〉=0) tetraquarks (in MeV)
and possible experimental candidates. S and A denote scalar and axial vector diquarks.

contains the Pauli term. We use the same conventions for the construction of the quark-quark
and diquark-antidiquark interactions in the tetraquark.

At the first step, we take the masses and form factors of the light diquarks from the previous
consideration of light diquarks in heavy baryons. At the second step, we calculate the masses
of light tetraquarks considered as the bound states of a light diquark and antidiquark.

The obtained mass spectra of ground state light tetraquarks are presented in Tables 1 and
2. We see that the diquark-antidiquark picture can provide a natural explanation for the
inversion of masses of light scalar 0+ mesons. Indeed all lightest experimentally observed scalar
mesons f0(600) (σ), K∗0 (800) (κ), f0(980) and a0(980) can be interpreted in our model as light
tetraquarks composed from a scalar diquark and antidiquark (SS̄). Therefore, the f0(980)
and a0(980) tetraquarks contain, in comparison to the qq̄ picture, an additional pair of strange
quarks which gives a natural explanation why their masses are heavier than the strange K∗0 (800)
(κ).

The other scalar tetraquark states can be composed from an axial vector diquark and an-
tidiquark (AĀ). Their masses are predicted to be approximately 600 MeV heavier than the
SS̄ tetraquarks (S is a scalar diquark). The diquark-antidiquark composition also naturally
explains the experimentally observed proximity of masses of the unflavored a0(1450), f0(1500)
and strange K∗0 (1430) scalars.

The calculated masses of light unflavoured and strange (qq̄) mesons are given in Tables 3
and 4 taken form Ref. [3]. As already discussed above, the scalar sector presents a special
interest due to its complexity and the abundance of experimentally observed light states. We
see from Table 3 that the masses of the lightest qq̄ scalar mesons have values about 1200 MeV.
This confirms our conclusion [2] that light scalar mesons, f0(600) (σ), K∗0 (800) (κ), f0(980)
and a0(980), with masses below 1 GeV should be described as light tetraquarks consisting
from scalar diquark and antidiquark. Moreover the predicted masses of the scalar tetraquarks
composed from axial-vector diquark and antidiquark [2] have masses in the same range as the
lowest qq̄ scalar mesons. The obtained results for the masses indicate that a0(1450) should be
predominantly a tetraquark state which predicted [2] mass 1480 MeV is within experimental
error bars of Ma0(1450) = 1474 ± 19 MeV. The exotic scalar state X(1420) from the “Further
States” Section [4] could be its isotensor partner. On the other hand sq̄(13P0) interpretation is
favored for K∗0 (1430) (see Table 4). This picture naturally explains the experimentally observed
proximity of masses of the unflavoured a0(1450) and f0(1500) with the strange K∗0 (1430).
Therefore one could expect an additional predominantly qq̄ isovector state a0 with the mass
about 1200 MeV, though it was not observed in several experiments.
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Some of the Regge trajectories both in (M2,J) and (M2, nr) planes (M is the mass, J is
the spin and nr is the radial quantum number of the meson state) are shown in Figs. 1-7.

Theory Experiment Theory Experiment
n2S+1LJ JPC qq̄ I = 1 mass I = 0 mass ss̄ I = 0 mass

11S0 0−+ 154 π 139.57 743
13S1 1−− 776 ρ 775.49(34) ω 782.65(12) 1038 ϕ 1019.455(20)
13P0 0++ 1176 a0 1474(19) f0 1200-1500 1420 f0 1505(6)
13P1 1++ 1254 a1 1230(40) f1 1281.8(6) 1464 f1 1426.4(9)
13P2 2++ 1317 a2 1318.3(6) f2 1275.1(12) 1529 f ′2 1525(5)
11P1 1+− 1258 b1 1229.5(32) h1 1170(20) 1485 h1 1386(19)
21S0 0−+ 1292 π 1300(100) η 1294(4) 1536 η 1476(4)
23S1 1−− 1486 ρ 1465(25) ω 1400-1450 1698 ϕ 1680(20)
13D1 1−− 1557 ρ 1570(70) ω 1670(30) 1845
13D2 2−− 1661 1908
13D3 3−− 1714 ρ3 1688.8(21) ω3 1667(4) 1950 ϕ3 1854(7)
11D2 2−+ 1643 π2 1672.4(32) η2 1617(5) 1909 η2 1842(8)
23P0 0++ 1679 f0 1724(7) 1969
23P1 1++ 1742 a1 1647(22) 2016 f1 1971(15)
23P2 2++ 1779 a2 1732(16) f2 1755(10) 2030 f2 2010(70)
21P1 1+− 1721 2024
31S0 0−+ 1788 π 1816(14) η 1756(9) 2085 η 2103(50)
33S1 1−− 1921 ρ 1909(31) ω 1960(25) 2119 ϕ 2175(15)
13F2 2++ 1797 f2 1815(12) 2143 f2 2156(11)
13F3 3++ 1910 a3 1874(105) 2215 f3 2334(25)
13F4 4++ 2018 a4 2001(10) f4 2018(11) 2286
11F3 3+− 1884 2209 h3 2275(25)
23D1 1−− 1895 ρ 1909(31) 2258 ω 2290(20)
23D2 2−− 1983 ρ2 1940(40) ω2 1975(20) 2323
23D3 3−− 2066 2338
21D2 2−+ 1960 π2 1974(84) η2 2030(20) 2321
33P0 0++ 1993 a0 2025(30) f0 1992(16) 2364 f0 2314(25)
33P1 1++ 2039 a1 2096(123) 2403
33P2 2++ 2048 a2 2050(42) f2 2001(10) 2412 f2 2339(60)
31P1 1+− 2007 b1 1960(35) h1 1965(45) 2398
41S0 0−+ 2073 π 2070(35) η 2010(50) 2439
43S1 1−− 2195 ρ 2265(40) ω 2205(30) 2472
13G3 3−− 2002 ρ3 1982(14) ω3 1945(20) 2403
13G4 4−− 2122 ρ4 2230(25) ω4 2250(30) 2481
13G5 5−− 2264 ρ5 2300(45) ω5 2250(70) 2559
11G4 4−+ 2092 2469
33D1 1−− 2168 ρ 2149(17) 2607
33D2 2−− 2241 ρ2 2225(35) ω2 2195(30) 2667
33D3 3−− 2309 ρ3 2300(60) ω3 2278(28) 2727
31D2 2−+ 2216 π2 2245(60) η2 2248(20) 2662
23F2 2++ 2091 a2 2100(20) f2 2141(12) 2514

Table 3: Masses of excited light unflavored mesons (in MeV).
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Theory Experiment Theory Experiment
n2S+1LJ JPC qq̄ I = 1 mass I = 0 mass ss̄ I = 0 mass

23F3 3++ 2191 a3 2070(20) 2585
23F4 4++ 2284 f4 2320(60) 2657
21F3 3+− 2164 b3 2245(50) 2577
43P0 0++ 2250 f0 2189(13) 2699
43P1 1++ 2286 a1 2270(50) f1 2310(60) 2729
43P2 2++ 2297 a2 2280(30) f2 2297(28) 2734
41P1 1+− 2264 b1 2240(35) h1 2215(40) 2717
23G3 3−− 2267 ρ3 2260(20) ω3 2255(15) 2743
23G4 4−− 2375 2819
23G5 5−− 2472 2894
21G4 4−+ 2344 π4 2250(15) η4 2328(30) 2806
51S0 0−+ 2385 π 2360(25) η 2320(15) 2749
53S1 1−− 2491 2782
13H4 4++ 2234 a4 2237(5) fJ 2231.1(35) 2634
13H5 5++ 2359 2720
13H6 6++ 2475 a6 2450(130) f6 2465(50) 2809
11H5 5+− 2328 2706

Table 3: Masses of excited light unflavored mesons (in MeV)(continued).
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Figure 1: Parent and daughter (J,M2) Regge trajectories for isovector light mesons with natural
parity (ρ). Diamonds are predicted masses. Available experimental data are given by dots with
error bars and particle names. M2 is in GeV2.

We see that the calculated light meson masses fit nicely to the linear trajectories. These
trajectories are almost parallel and equidistant. It is important to note that the quality of fitting
the π meson Regge trajectories is significantly improved if the ground state π is excluded from
the fit. In the kaon case omitting the ground state also improves the fit but not so dramatically
as for the pion. The corresponding trajectories are shown in Figs. 4 and 5 by dashed lines. This
indicates the special role of the pion originating from the chiral symmetry breaking. The fitted
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Figure 2: Same as in Fig. 1 for isoscalar light qq̄ mesons with natural parity (ω).
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Figure 3: Same as in Fig. 1 for isovector light qq̄ mesons with natural parity (a0).
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Figure 4: Same as in Fig. 1 for isovector light mesons with unnatural parity (π). Dashed line
corresponds to the Regge trajectory, fitted without π.
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Figure 5: Same as in Fig. 1 for isodublet light mesons with unnatural parity (K). Dashed line
corresponds to the Regge trajectory, fitted without K.
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Figure 6: The (nr,M
2) Regge trajectories for spin-singlet isovector mesons π, b1, π2 and b3

(from bottom to top). Notations are the same as in Fig. 1. The dashed line corresponds to the
Regge trajectory, fitted without π.
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Theory Experiment Theory Experiment
n2S+1LJ JP qs̄ I = 1/2 mass n2S+1Lj JP qs̄ I = 1/2 mass

11S0 0− 482 K 493.677(16) 31S0 0− 2065
13S1 1− 897 K∗ 891.66(26) 33S1 1− 2156
13P0 0+ 1362 K0 1425(50) 23D1 1− 2063
13P2 2+ 1424 K∗2 1425.6(15) 23D3 3− 2182
1P1 1+ 1412 K1 1403(7) 2D2 2− 2163 K2 2247(17)
1P1 1+ 1294 K1 1272(7) 2D2 2− 2066
21S0 0− 1538 33P0 0+ 2160
23S1 1− 1675 K∗ 33P2 2+ 2206
13D1 1− 1699 K∗ 1717(27) 3P1 1+ 2200
13D3 3− 1789 K∗3 1776(7) 3P1 1+ 2164
1D2 2− 1824 K2 1816(13) 13G3 3− 2207
1D2 2− 1709 K2 1773(8) 13G5 5− 2356 K∗5 2382(24)
23P0 0+ 1791 1G4 4− 2285
23P2 2+ 1896 1G4 4− 2255
2P1 1+ 1893 23F4 4+ 2436
2P1 1+ 1757 K1 1650(50) 2F3 3+ 2348 K3 2324(24)
13F2 2+ 1964 K∗2 1973(26) 23G5 5− 2656
13F4 4+ 2096 K∗4 2045(9) 2G4 4− 2575 K4 2490(20)
1F3 3+ 2080
1F3 3+ 2009

Table 4: Masses of excited strange mesons (in MeV).

slopes and intercepts of the Regge trajectories are given in Tables 5 and 6.

It can be seen in Figs. 1 and 3 that ρ(1700) and a0(1450) do not lie on the corresponding
Regge trajectories. This further confirms our previous conclusion that a0(1450) should be
predominantly a tetraquark state and suggests the possible exotic nature of ρ(1700).

From the comparison of the slopes in Tables 5, 6 we see that the α values are systematically
larger than the β ones. The ratio of their mean values is about 1.3 both for the light qq̄ isovector
and ss̄ mesons. Such ratio is lower than predictions of the QCD string model α/β = 2 and
massless Salpeter equation α/β = π/2 [3]. The mean value of the slope β ∼ 0.85 GeV−2 for
isovector mesons is about two times larger than the result of the above mentioned models,
namely, β = 1/(4πA) ≈ 0.44 GeV−2, for A = 0.18 GeV2 used in our approach.

The assignment of the experimentally observed states to the corresponding Regge trajecto-
ries in our model based on their masses and JPC values (see Figs. 1-7) is slightly different from
the previous phenomenological analysis [5, 6] based on the equal values for the slopes α and β.
However the number of states, for which such correspondence is found, is approximately the
same. Future experimental data will shed further light on this issue.

In summary, we presented the masses of the ground state light tetraquarks in the diquark-
antidiquark picture, the mass spectra and Regge trajectories of light qq̄ mesons. In distinction
with previous phenomenological treatments, we used the dynamical approach based on the
relativistic quark model. Both diquark and tetraquark masses were obtained by numerical
solution of the quasipotential wave equations. The diquark structure was taken into account
by using diquark-gluon form factors in terms of diquark wave functions. It is important to
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Figure 7: The (nr,M
2) Regge trajectories for spin-triplet isovector mesons ρ(3S1), ρ(3D1),

ρ3(3D3) and ρ3(3G3) (from bottom to top). Notations are the same as in Fig. 1.

Trajectory natural parity unnatural parity
α (GeV−2) α0 α (GeV−2) α0

qq̄ ρ π
parent 0.887± 0.008 0.456± 0.018 0.828± 0.057∗ −0.025± 0.034∗

daughter 1 1.009± 0.019 −1.232± 0.074 1.031± 0.063 −1.846± 0.217
daughter 2 1.144± 0.113 −3.092± 0.540 1.171± 0.009 −3.737± 0.042

qq̄ a0 a1

parent 1.125± 0.035 −1.607± 0.104 1.014± 0.036 −0.658± 0.120
daughter 1 1.291± 0.003 −3.640± 0.011 1.148± 0.012 −2.497± 0.050
daughter 2 1.336± 0.022 −5.300± 0.102 1.154± 0.014 −3.798± 0.007

qs̄ K∗ K
parent 0.839± 0.004 0.318± 0.012 0.780± 0.022† −0.197± 0.036†

daughter 0.942± 0.046 −1.532± 0.209 0.964± 0.072 −2.240± 0.296
ss̄ ϕ ηss̄

parent 0.728± 0.011 0.234± 0.034 0.715± 0.023 −0.444± 0.068
daughter 1 0.721± 0.089 −1.072± 0.047 0.718± 0.032 −1.786± 0.157
daughter 2 0.684± 0.039 −2.047± 0.226 0.729± 0.010 −3.174± 0.057
∗ fit without π: α = (1.053± 0.059) GeV−2 , α0 = −0.725± 0.170
† fit without K: α = (0.846± 0.013) GeV−2 , α0 = −0.431± 0.042

Table 5: Fitted parameters of the (J,M2) parent and daughter Regge trajectories for light
mesons with natural and unnatural parity (q = u, d).
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Meson β (GeV−2) β0 Meson β (GeV−2) β0

qq̄ ss̄
π 0.679± 0.023∗ −0.018± 0.014∗ ηss̄ 0.559± 0.009 −0.315± 0.026

ρ(3S1) 0.700± 0.023 −0.451± 0.060 ϕ 0.597± 0.009 −0.662± 0.031
a0 0.830± 0.032 −1.214± 0.109 f0 0.566± 0.009 −1.156± 0.039
a1 0.840± 0.037 −1.401± 0.134 f1 0.561± 0.013 −1.224± 0.058
b1 0.863± 0.030 −1.431± 0.106 h1 0.575± 0.015 −1.292± 0.066

a2(3P2) 0.867± 0.036 −1.585± 0.134 f2 0.581± 0.007 −1.370± 0.031
ρ(3D1) 0.894± 0.013 −2.182± 0.050
π2 0.916± 0.032 −2.514± 0.134

ρ3(3D3) 0.874± 0.041 −2.623± 0.189
a2(3F2) 0.891± 0.010 −2.881± 0.043
a3 0.890± 0.014 −3.254± 0.066
b3 0.906± 0.015 −3.225± 0.071
a4 0.899± 0.016 −3.672± 0.084

∗ fit without π: β = (0.750± 0.032) GeV−2, β0 = −0.287± 0.109

Table 6: Fitted parameters of the (nr,M
2) Regge trajectories for light mesons.

emphasize that, in our analysis, we did not introduce any free adjustable parameters but used
their values fixed from our previous considerations of hadron properties. It was found that the
lightest scalar mesons f0(600) (σ), K∗0 (800) (κ), f0(980) and a0(980) can be naturally described
in our model as diquark-antidiquark bound systems, while the lightest scalar (13P0) qq̄ states
have masses above 1 GeV.
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The nonleptonic two body decays of the D and Ds mesons represent a key subject to study
possible effects of CP violation. The attention for these decay modes was triggered four
years ago by the results of measurements of the difference between CP asymmetries in
charged KK and ππ final state, ∆aCP. Although the measured ∆aCP is now compatible
with zero the nonleptonic decays of charmed mesons into a pair of light mesons is an
interesting subject for many reasons. Here we discuss phenomenological models to study
the decays into two pseudoscalar mesons.

1 Introduction

The study of nonleptonic decays of charmed mesons is particularly interesting for many reasons.

• These decays give us the possibility to study the CP violation effects in the case of a
quark of up-type. In fact the Singly Cabibbo Suppressed (SCS) decay amplitudes receive
contribution from current-current operators and from penguin operators with different
weak phases. This is the necessary condition to reveal CP violating effects. In fact it is
possible to show that the amplitudes for SCS decay modes can be written as

ASCS =
1

2
(V ∗csVus − V ∗cdVud)A(1,2) eıδ − 1

2
V ∗cbVubA

(P ) eıδ
′
, (1)

where the A(1,2) and A(P ) are the tree and the penguin amplitudes, respectively. While
δ and δ′ are strong phases. The related CP direct asymmetry is

aCP =
|A|2 − |Ā|2
|A|2 + |Ā|2 =ηA2 λ4 sin(δ − δ′)

[
A(P )

A(1,2)

]
≈ (6× 10−4) sin(δ − δ′)

[
A(P )

A(1,2)

]
. (2)

The estimation of aCP requires the calculation of the strong phases, which are expected
to be large due to the presence of resonances with masses near to the mass of D mesons,
and hadronic amplitudes, A(P ) and A(1,2).

• The calculation of the hadronic amplitudes represents a very challenging goal. The mass
of the charm quark is not enough large to benefit from the powerful approach of Heavy
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Quark Effective Theory [1]. Neither it is possible to use the Chiral Perturbation Theory
because the charm mass it too large respect the scale of the strong interactions. The
only available first principle calculational method remains the lattice, but for now this
approach is not reliable for the charmed mesons. Meanwhile, these processes are studied
by phenomenological models.

In the following we will consider the decays of D and Ds mesons in two pseudoscalar mesons in
the framework of the Standard Model and in particular we will focus our attention on the use
of SU(3)F symmetry. This approach dates back to the discovery of the J/ψ meson [2, 3, 4, 5].
However, we limit ourself to review literature on the subject after 2012, the year of the first
experimental measurements of ∆aCP = aCP(D0 → K+K−) − aCP(D0 → π+π−) [6, 7] 1. The
first large measured value of ∆aCP triggered a lot of research devoted to understand this result.
There was two different and well motivated positions respect to the compatibility of the data
with the Standard Model. Many authors supported the idea that direct CP violation of the
order of 1% in the charm sector is a clear sign of New Physics effects [13]. Many others [14] have
arguments in favor of the possibility to account for large CP violation effects in the Standard
Model as a consequence of large phases coming from Final State interaction (FSI).

2 The D → PP decay modes and SU(3)F symmetry

The decays of D and Ds mesons into two light ones can, in principle, be studied by assuming
SU(3)F flavour symmetry. In the case of two pseudoscalar mesons the idea is to classify the
final states as the symmetric part of product of the two octets2, which classifies the pions, kaons
and the η8

PP ∼ (8⊗ 8)S = 1⊕ 8⊕ 27 . (3)

The D mesons can be regarded as members of a anti-triplet of SU(3)F , (D0, D+, Ds) ∼ 3;
while, being the effective hamiltonian responsible of charm decays made of three light quark
fields and one charm field, it is given by the tensor product

H ∼ 3⊗ 3⊗ 3 ∼ 3⊕ 3′ ⊕ 6⊕ 15 . (4)

The physical amplitudes in this approach are given by

〈PP |H |D〉 ∼ 〈1⊕ 8⊕ 27|
(
3⊕ 6⊕ 15

) ∣∣3
〉
. (5)

The Wigner-Eckart theorem allow us to write all the amplitudes (corresponding to well defined
initial and final state, they are fixed by their values of the isospin, and hypercharge operators)
in terms of three unknown Reduced Matrix Elements (RME)3

〈8| |15
∣∣∣∣3
〉
, 〈27| |15

∣∣∣∣3
〉
, 〈8| |6

∣∣∣∣3
〉
. (6)

Therefore, in the limit of symmetry, the theoretical description of all these decay modes requires
to fix 5 unknown parameters (they became 9 if we include the contribution of the 3 representa-
tion). Anyway, by looking at the experimental data it is easy to understand that the SU(3)F

1See also [8, 9] and the more recent LHCb measurements [10, 11, 12]
2We are considering just the octect, if we want to consider also the η and η′ we should take into account

another singlet, in our approximation we should assume η = η8.
3We are neglecting the part of the Hamiltonian transforming as 3 because it is proportional to the Cabibbo-

Kobayashy-Maskawa terms V ∗cbVub. The inclusion of this term add two new RME.
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flavour symmety is strongly violated. In fact, for example, the relations [15, 16]

A(D0 → K+K−) = −A(D0 → π+ π−) , (7)

adirCP (K+K−) = −adirCP (π+ π−) , (8)

tan θC A(D+ → K̄0π+) =
√

2A(D+ → π0π+) , (9)

Br(D0 → K+π−) = tan4(θC)Br(D0 → K−π+) , (10)

A(D0 → K0K
0
) = 0 , (11)

dictated by the SU(3)F symmetry are at odds with data [17]. The linear breaking of the
symmetry has been discussed in [18, 19], where the authors wrote the new operators appearing
in the analysis for ms 6= mu,d and identify 15 new RMEs. At the end if we take into account
also the linear breaking of SU(3)F , the description of the D → PP modes needs 18 RME
(neglecting the contribution of the penguin operators, 3), while the decay channels are 17.
In [18] the authors show that only 13 RMEs are independent and so the (real) free parameters
in this approach (they are 25) can be fixed by a fit to the 17 experimental branching ratios,
8 CP direct asymmetries and the data on the strong phase, δKπ. In this framework, all the
available experimental data have been used to fix the free parameters and one cannot give
any prediction. However, the compatibility with the experimental data is useful to assess the
validity of the theoretical approach.

3 The topological amplitudes approach and SU(3)F

As we have seen in the previous section, the linear breaking of SU(3)F can be consistently
included into the analysis of the amplitudes at the cost of a number of real parameters larger
than the number of the branching ratios. An alternative way to study these decay modes
involves topological amplitudes which are characterized by the flavour flow in the decays [20,
21, 22, 23]. In [24] theD → PP modes are studied by combining topological amplitude approach
and SU(3)F assumptions. It is shown that a map can be constructed between the topological
amplitudes and the reduced amplitudes characterized by SU(3)F representation. This map can
accommodate also the linear corrections to SU(3)F symmetry due to ms 6= mu,d. Moreover,
to reduce the number of free parameters, the Tree (T ) and Annihilation (A) amplitudes are
evaluated in the factorization assumption by considering and fitting 1/N2

c corrections to them.
Here the constraints on the strength of 1/Nc corrections and on the maximal size of linear
SU(3)F breaking allow to fix the 27 free parameters by fitting 16 measured branching ratios
and one strong phase.

Concerning the calculation and the capability to predict CP asymmetries in this approach,
we should remember that the CP violating part of the decay amplitudes are suppressed and so
any procedure which consists in fitting branching ratios cannot determine them. Furthermore,
once identified the topological amplitudes contributing to the decay amplitudes, one can con-
struct sum rules of direct CP asymmetries in such a way a cancellation between the unknown
amplitudes occurs. In [25] the unknown penguin (P ) and penguin annihilation (PA) topological
amplitudes disappear by conveniently combine the following CP asymmetries

sum rule 1: aCP(D0 → π+π−), aCP(D0 → π0π0) and aCP(D0 → K+K−),

sum rule 2: aCP(D+ → K+K̄0), aCP(Ds → K0π+) and aCP(Ds → K+π0),
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Figure 1: All the possible, non negligible, flavor diagrams: (a) color allowed tree, T ; (b) color-
suppressed tree C; (c) QCD-penguin P ; (d) QCD-penguin singlet S; (e) Exchange E; (f)
Annihilation A; (g) QCD-penguin exchange PE; (h) QCD-penguin annihilation PA.

a numerical analysis of the correlation between two asymmetries starting from the experimental
data on the last one is done in [25].

4 A pure topological approach to the D → PP modes

In ref. [26] the analisys of the SCS decay modes and the corresponding CP direct asymme-
tries are studied by the use of the topological amplitudes approach [20, 21, 22, 23]. Possible
contributing diagrams can be found in Fig. 1.

The SU(3)F symmetry breaking effects has been considered by introducing five parameters
depending on the final state. Amplitudes and SU(3) breaking parameters are fixed by fitting
SCS decay modes of D and Ds mesons and the related CP asymmetries. The final states with
η and η′ has been taken into account. We refer to the article for a detailed discussion on the fit
procedure. However, by putting some constraints on the parameters as suggested by the result
of the analysis on the CF in Ref. [27], in their fit case II [26] they have a smaller number of
free parameters (respect to the experimental data) and so they are able to give predictions for
direct CP asymmetries

aCP (D0 → π+π−) = +3.3× 10−4,

aCP (D0 → K+K−) = −7.3× 10−4,

aCP (D0 → K̄0K0) = −5.8× 10−4,

aCP (D0 → π0η) = −4.7× 10−4,

aCP (D0 → π0η′) = −3.3× 10−4, (12)

which are compatible with the most recent experimental data [17, 28]
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5 Factorization and Final state interactions

The naive factorization has been shown that is unable to reproduce the experimental data on
the decays of D and Ds mesons into final states with two mesons. Moreover, an important
role in this kind of processes is played by the FSI. In the paper [29] the FSI in the decay of D
mesons into two pseudoscalar mesons have been studied by assuming, as in [15], that FSI effects
are dominated by resonances close to the mass of D mesons. Resonances with isospin 0, 1 and
1/2 near the D mass exist and them may contribute to rescatterings among different channels
in these respective isospin states and enhance/suppress some of the decay rates. A modified
factorization approximation is assumed which is similar to the QCD-factorization in two body
decays of B meson [1]. In this case the non factorizable terms are parameterized in the Wilson
coefficient and are considered free parameters and fixed by a fit to experimental branching
ratios. In [29] the W-exchange and W-annihilation contributions are taken into account and
their strengths are obtained from phenomenological fits to the data. The agreement with the
available experimental data is quite good (cfr Tables IV, V and VI in ref [29]) but the data
on the branching ratios cannot constraint the penguin operators contributions and so it is not
possible to give predictions on the direct CP asymmetries in these channels.

However, it is interesting to test the validity of this approach by considering a more general
treatment based on SU(3)F . In [30, 31, 32], by taking into account high-order perturbation
expansion in SU(3)F breaking has been shown by Gronau that some relations between am-
plitudes receive contributions which are suppressed by powers of U-spin and Isospin breaking
parameters. In particular, a class of D0 decays related by U-spin symmetry has been identified
and relations between their amplitudes are constructed in such a way symmetry breaking terms
modify them at fourth order in U-spin and at first order in isospin breaking and second order
in U-spin breaking. In fact, if we consider the ratios

R1 ≡ |A(D0 → K+π−)|
|A(D0 → π+K−)| tan2 θC

,

R2 ≡ |A(D0 → K+K−)|
|A(D0 → π+π−)| ,

R3 ≡ |A(D0 → K+K−)|+ |A(D0 → π+π−)|
|A(D0 → π+K−)| tan θC + |A(D0 → K+π−)| tan−1 θC

,

R4 ≡
√
|A(D0 → K+K−)||A(D0 → π+π−)|
|A(D0 → π+K−)||A(D0 → K+π−)| , (13)

it is possible to show that the Ri are not mutually independent and that they obey the following
identity

R4 = R3

√
1− [(R2 − 1)/(R2 + 1)]2

1− [(R1 − 1)/(R1 + 1)]2
. (14)

In the limit of SU(3)F Ri = 1 and ∆R defined by

∆R ≡ R3−R4 +
1

8

[(√
2R1 − 1− 1

)2
−
(√

2R2 − 1− 1
)2]

= O(ε41, ε
4
2)+O(δ1ε

2
1, δ2ε

2
2) , (15)

is different from zero by terms of the order O(ε41, ε
4
2) and O(δ1ε

2
1, δ2ε

2
2), where εi and δi are

U-spin and Isospin breaking terms, respectively. In the case of the results obtained in [29] they
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have
∆R = −0.000013± 0.006 . (16)

6 FSI phases as main sources of SU(3)F breaking

In ref [15, 33] large phase differences are obtained by fitting experimental data in the factoriza-
tion improved approximation for the D meson decays into PS, PP and PV final state. In this
approach the large SU(3)F violation are essentially consequences of the large phases. Following
the same line of thinking, in [34] we have studied the SCS decays of D mesons into a pair of
pseudoscalar mesons by assuming an exact SU(3)F symmetry for the decay amplitudes. The
effective hamiltonian for |∆C| = 1 and ∆S = 0 transforms as a triplet and so is responsible
of the transition of the D0 (which is an U-spin singlet) into two different U-spin triplets. The
first one is part of the octet representation of SU(3)F the second is in the 27 representation.
Thus there are two free parameters to be fixed. Concerning the phases, they are related with
the Isospin of the final state, and so we have δ1 which is related to the state with I = 1 in
the octet, and δ0, δ′0 and φ which are related to the I = 0 in the octet and in the singlet
representations; φ represents the mixing angle. In conclusion, in this approach there are six
different free parameters to describe the D0 SCS decays and we have shown that a good fit to
the data can be obtained [34].

In ref. [35] we are extending the previous approach by considering also the D+ and Ds SCS
modes and all the Cabibbo Favoured (CF) and the Double Cabibbo Suppressed (DCS) decay
modes. The SU(3)F violation in the CF and DCS decay modes of D0 cannot be ascribed only
to the strong phase which, in analogy to the previous ones, we called δ1/2. Thus, we have
introduced a free parameter, K, taking into account, in the amplitudes, the non-conservation
of the strangeness violating SU(3)F currents. Moreover, the SU(3)F symmetry require the
introduction of two new parameters. At the end this approach contains eleven free parameters
to describe D meson decays into two pseudoscalar mesons without the η and η′ in the final
state. Preliminary result of the fit to the experimental branching ratios can be found in the
Table 1.
The test suggested by Gronau [32] gives, for this model, ∆R = 0.0030 ± 0.0004 (cfr. eq. (15)).

The CP violating part of the amplitudes, in this approach, depend essentially on two un-
known parameters that cannot be determined by the branching ratios. However, they can be
extracted from the experimental data on ∆aCP and so predictions of CP asymmetries for final
state with kaons and pions can be done [35].

7 aCP(D
0 → KSKS)

The decay mode D0 → K0 K̄0 is interesting because, as was pointed out many years ago
in [15], the tree level amplitude A(D0 → K0 K̄0) vanish in the limit of SU(3)F but this is
not true if we look at the penguin contributions. The fact that the ratio of the penguin to the
tree amplitude could be large implies that the CP asymmetry (cfr eq. (2)) may be enhanced at
observable level [36]. The penguin annihilation term and the exchange contribution (relevant
for the calculation) are estimated by a perturbative approach and by using the results of a fit
to all D decays in two pseudoscalar mesons, respectively. They give [36]

∣∣aCP(D0 → KS KS)
∣∣ 6 1.1% (95% C.L.) . (17)

6 HQ 2016

PIETRO SANTORELLI

322 HQ 2016



Channel Fit (×10−3) Exp. (×10−3)
CF
BR(D+ → π+KS) 15.72 ± 0.41 15.3 ± 0.6
BR(D+ → π+KL) 14.34 ± 0.37 14.6 ± 0.5
BR(D0 → π+K−) 39.31 ± 0.40 39.3 ± 0.4
BR(D0 → π0KS) 11.9 ± 0.33 12.0 ± 0.4
BR(D0 → π0KL) 9.39 ± 0.27 10.0 ± 0.7
BR(D+

s → K+KS) 15.0 ± 0.5 15.0 ± 0.5
SCS
BR(D0 → π+π−) 1.42 ± 0.03 1.421 ± 0.025
BR(D+

0 → π0π0) 0.83 ± 0.04 0.826 ± 0.035
BR(D+ → π+π0) 1.22 ± 0.06 1.24 ± 0.06
BR(D0 → K+K−) 4.02 ± 0.06 4.01 ± 0.07
BR(D0 → KSKS) 0.17 ± 0.04 0.18 ± 0.04
BR(D+ → K+KS) 2.89 ± 0.12 2.95 ± 0.15
BR(D+

s → π0K+) 1.03 ± 0.04 0.63 ± 0.21
BR(D+

s → π+KS) 1.24 ± 0.06 1.22 ± 0.06
DCS
BR(D+ → π0K+) 0.155 ± 0.005 0.189 ± 0.025
BR(D0 → π−K+) 0.140 ± 0.003 0.1399 ± 0.0027

Table 1: In the second column the branching ratios used in the fit, in the last column the
predictions for the values obtained for the fitted values of the parameters.

In a previous analysis [37] the upper bound

∣∣aCP(D0 → KS KS)
∣∣ . 2|VcbVub|

ε|VcsVus|
∼ 0.6% , (18)

is obtained which is in fairly good agreement with eq. (17). Here, ε is a measure of the SU(3)F
breaking. Finally, by assuming similar magnitude for two different matrix elements in [18] the
relation

∣∣aCP(D0 → KS KS)
∣∣ . 3

2
∆aCP (19)

has been given. However, this prediction cannot be considered reliable because, as stressed
in [36], aCP(D0 → KS KS) and ∆aCP involve different topological amplitudes.

From the experimental point of view, we have the following measurements

aCP(D0 → KSKS) = (−23± 19)%, CLEO (2001)[38]

aCP(D0 → KSKS) = (−2.9± 5.2± 2.2)%, LHCb (2015)[39]

aCP(D0 → KSKS) = (−0.2± 1.53± 0.17)% Belle (2016)[40] (20)

and so the asymmetry is compatible with zero.
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8 Summary

We have reviewed approaches to study the nonleptonic decays of D and Ds mesons into two
pseudoscalar mesons. We have seen that the use of the SU(3)F symmetry alone, even if it allows
a consistent description of the branching ratios when symmetry breaking is considered, cannot
give predictions on the CP asymmetries, due to the large number of RME. However, physical
considerations and/or some other approximations (like, for example, improved factorization)
can, together with a model to take into account FSI, give not only a good description of the
measured branching fractions but also reliable predictions on CP asymmetries.
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We discuss possible new physics (NP) effects beyond the standard model (SM) in the
exclusive decays B̄0 → D(∗)τ−ν̄τ . Starting with a model-independent effective Hamiltonian
including non-SM four-Fermi operators, we show how to obtain experimental constraints
on different NP scenarios and investigate their effects on a large set of physical observables.
The B̄0 → D(∗) transition form factors are calculated in the full kinematic q2 range by
employing the covariant confined quark model developed by our group.

1 Introduction

The exclusive semileptonic decays B̄0 → D(∗)τ−ν̄τ have been measured by the BABAR [1],
Belle [2], and LHCb [3] collaborations in an effort to unravel the well-known RD(∗) puzzle
which has persisted for several years (see [4, 5, 6] and references therein). The current world
averages of the ratios are RD = 0.406± 0.050 and RD∗ = 0.311± 0.016, which exceed the SM
predictions of RD = 0.300±0.008 [7] and RD∗ = 0.252±0.003 [8] by 2.1σ and 3.6σ, respectively.

The excess of R(D(∗)) over SM predictions has attracted a great deal of attention in the
particle physics community and has led to many theoretical studies looking for NP explanations.
Some studies focus on specific NP models including two-Higgs-doublet models [9], leptoquark
models [10], and other extensions of the SM. Other studies adopt a model-independent approach,
in which a general effective Hamiltonian for the b → c`ν transition in the presence of NP is
imposed to investigate the impact of various NP operators on different physical observables [11].
Most of the theoretical studies rely on the heavy quark effective theory (HQET) [12] to evaluate
the hadronic form factors, which are expressed through a few universal functions in the heavy
quark limit (HQL). In the present analysis, we employ an alternative approach to calculate the
NP-induced hadronic transitions based on the covariant confined quark model (CCQM), which
has been developed in some earlier papers by us (see [13] and references therein).

Here we follow the authors of [11] to include NP operators in the effective Hamiltonian and
investigate their effects on physical observables of the decays B̄0 → D(∗)`−ν̄`. We define a
full set of form factors corresponding to SM+NP operators and calculate them by employing
the CCQM. In the CCQM the transition form factors can be determined in the full range
of momentum transfer, making the calculations straightforward without any extrapolation.
This provides an opportunity to investigate NP operators in a self-consistent manner, and
independently from the HQET. We first constrain the NP operators using experimental data
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on the ratios of branching fractions, then analyze their effects on various observables. We also
derive the fourfold angular distribution for the cascade decay B̄0 → D∗+(→ D0π+)τ−ν̄τ to
analyze the polarization of the D∗ meson in the presence of NP.

2 Effective operators and helicity amplitudes

Assuming that all neutrinos are left-handed and that NP effects only influence leptons of the
third generation, the effective Hamiltonian for the quark-level transition b→ cτ−ν̄τ is given by

Heff =
4GF√

2
Vcb


OVL

+
∑

X=SL,SR,VL,VR,TL

XOX


 ,

where the four-Fermi operators OX are defined as (i = L,R)

OVi
= (c̄γµPib) (τ̄ γµPLντ ) ,

OSi
= (c̄Pib) (τ̄PLντ ) ,

OTL
= (c̄σµνPLb) (τ̄σµνPLντ ) .

Here, σµν = i [γµ, γν ] /2, PL,R = (1∓ γ5)/2 are the left and right projection operators, and X’s
are the complex Wilson coefficients governing the NP contributions, which are equal to zero in
the SM.

The invariant form factors describing the hadronic transitions B̄0 → D and B̄0 → D∗ are
defined as follows:

〈D(p2)|c̄γµb|B̄0(p1)〉 = F+(q2)Pµ + F−(q2)qµ,

〈D(p2)|c̄b|B̄0(p1)〉 = (m1 +m2)FS(q2),

〈D(p2)|c̄σµν(1− γ5)b|B̄0(p1)〉 =
iFT (q2)

m1 +m2

(
Pµqν − P νqµ + iεµνPq

)
,

〈D∗(p2)|c̄γµ(1∓ γ5)b|B̄0(p1)〉 =
ε†2α

m1 +m2

[
∓ gµαPqA0(q2)± PµPαA+(q2)

±qµPαA−(q2) + iεµαPqV (q2)
]
,

〈D∗(p2)|c̄γ5b|B̄0(p1)〉 = ε†2αP
αGS(q2),

〈D∗(p2)|c̄σµν(1− γ5)b|B̄0(p1)〉 = −iε†2α
[ (
Pµgνα − P νgµα + iεPµνα

)
GT1 (q2)

+ (qµgνα − qνgµα + iεqµνα)GT2 (q2)

+
(
Pµqν − P νqµ + iεPqµν

)
Pα

GT0 (q2)

(m1 +m2)2

]
,

where P = p1 + p2, q = p1 − p2, and ε2 is the polarization vector of the D∗ meson which
satisfies the condition ε†2 · p2 = 0. The particles are on their mass shells: p2

1 = m2
1 = m2

B̄0 and
p2

2 = m2
2 = m2

D(∗) .
Using the helicity technique first described in [14] and further discussed in our recent pa-

pers [4, 5], one obtains the ratio of branching fractions RD(∗)(q2) as follows:

RD(∗)(q2) =

(
q2 −m2

τ

q2 −m2
µ

)2 HD(∗)
tot∑

n
|Hn|2 + δµ

(∑
n
|Hn|2 + 3|Ht|2

) ,
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HDtot = |1 + gV |2
[
|H0|2 + δτ (|H0|2 + 3|Ht|2)

]
+

3

2
|gS |2|HS

P |2

+3
√

2δτRegSH
S
PHt + 8|TL|2(1 + 4δτ )|HT |2 + 12

√
2δτReTLH0HT ,

HD∗
tot = (|1 + VL|2 + |VR|2)

[∑

n

|Hn|2 + δτ

(∑

n

|Hn|2 + 3|Ht|2
)]

+
3

2
|gP |2|HS

V |2

−2ReVR
[
(1 + δτ )(|H0|2 + 2H+H−) + 3δτ |Ht|2

]
− 3
√

2δτRegPH
S
VHt

+8|TL|2(1 + 4δτ )
∑

n

|Hn
T |2 − 12

√
2δτReTL

∑

n

HnH
n
T .

Here, δ` = m2
`/2q

2 is the helicity flip factor, gV ≡ VL + VR, gS ≡ SL + SR, gP ≡ SL − SR,
and the index n runs through (0,+,−). The definition of the hadronic helicity amplitudes H
in terms of the invariant form factors is presented in the Appendix of [6]. Note that we do not
consider interference terms between different NP operators since we assume the dominance of
only one NP operator besides the SM contribution.

3 Form factors in the CCQM

As has been discussed in detail in [5] we calculate the current-induced B → D(∗) transitions
from their one-loop quark diagrams. As a result the various form factors in our model are
represented by threefold integrals which are calculated by using fortran codes in the full
kinematical momentum transfer region 0 ≤ q2 ≤ q2

max = (mB̄0 − mD(∗))2. Our numerical
results for the form factors are well represented by a double-pole parametrization

F (q2) =
F (0)

1− as+ bs2
, s =

q2

m2
1

.

The parameters of the form factors for the B̄0 → D and B̄0 → D∗ transitions are listed
in Table 1. We also list the zero-recoil values of the form factors for comparison with the

B̄0 → D∗ B̄0 → D
A0 A+ A− V GS GT0 GT1 GT2 F+ F− FS FT

F (0) 1.62 0.67 −0.77 0.77 −0.50 −0.073 0.73 −0.37 0.79 −0.36 0.80 0.77
a 0.34 0.87 0.89 0.90 0.87 1.23 0.90 0.88 0.75 0.77 0.22 0.76
b −0.16 0.057 0.070 0.075 0.060 0.33 0.074 0.065 0.039 0.046 −0.098 0.043
F (q2

max) 1.91 0.99 −1.15 1.15 −0.74 −0.13 1.10 −0.55 1.14 −0.53 0.89 1.11
FHQL(q2

max) 1.99 1.12 −1.12 1.12 −0.62 0 1.12 −0.50 1.14 −0.54 0.88 1.14

Table 1: Parameters of the dipole approximation for B̄0 → D(∗) form factors. Zero-recoil values
of the form factors are also listed for comparison with the HQET.

corresponding HQET results which can e.g. be found in [5]. The agreement between the two
sets of zero-recoil values is within 10%. It is worth mentioning that we obtain a nonzero result
for the form factor GT0 at zero recoil, which is predicted to vanish in the HQET.

We note that in [4] the HQL in our approach was explored in great detail for the heavy-to-
heavy B̄0 → D(∗) transitions. In [4] we also calculated the Isgur-Wise function and considered
the near-recoil behavior of the form factors. A brief discussion of the subleading corrections to
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the HQL arising from finite quark masses can be found in Appendix B of [5]. Finally, we briefly
discuss some error estimates within our model. We fix our model parameters (the constituent
quark masses, the infrared cutoff, and the hadron size parameters) by minimizing the functional

χ2 =
∑
i

(yexpti −ytheori )2

σ2
i

where σi is the experimental uncertainty. If σ is too small then we take

its value of 10%. Moreover, we observed that the errors of the fitted parameters are of the order
of 10%. Thus we estimate the model uncertainties to lie within 10%.

4 Experimental constraints
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Figure 1: Constraints on the Wilson coefficients VL, VR, SL,
and TL within 1σ (green, dark) and 2σ (yellow, light). No
value of SR is allowed within 2σ. The best-fit value in each
case is denoted with the symbol ∗.

Within the SM (without any
NP operators) our model calcu-
lation yields R(D) = 0.267 and
R(D∗) = 0.238, which are con-
sistent with other SM predic-
tions given in [7, 8] within 10%.

Assuming the dominance of
only one NP operator at a time
(besides the SM one), we com-
pare the calculated ratios RD(∗)

with the current experimental
data RD = 0.406 ± 0.050 and
RD∗ = 0.311±0.016 and obtain
the allowed regions for the NP
couplings as shown in Fig. 1.

It is important to note that
while determining these regions,
we also take into account a the-
oretical error of 10% for the ra-
tios R(D(∗)). The vector oper-
ators OVL,R

and the left scalar
operator OSL

are favored while
there is no allowed region for
the right scalar operator OSR

within 2σ. Therefore we will not
consider OSR

in what follows.
The tensor operator OTL

is less favored, but it can still well explain the current experimental
results. In each allowed region at 2σ we find the best-fit value for each NP coupling. The best-fit
couplings read VL = −1.33 + i1.11, VR = 0.03− i0.60, SL = −1.79− i0.22, TL = 0.38− i0.06,
and are marked with an asterisk.
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5 The cascade decay B̄0 → D∗+(→ D0π+)τ−ν̄τ and the
angular observables

5.1 The fourfold distribution

B̄ 0

D �+
�

D 0

+

W ��

�

¯�

χ

x

Figure 2: Definition of the angles θ, θ∗ and χ in the
cascade decay B̄0 → D∗+(→ D0π+)τ−ν̄τ .

In order to analyze NP effects on
the polarization of the D∗ meson one
uses the cascade decay B̄0 → D∗+(→
D0π+)τ−ν̄τ . A detailed derivation of
the fourfold angular distribution (with-
out NP) can be found in our paper [15].
The three angles θ, θ∗, and χ in the dis-
tribution are defined in Fig. 2 One has

d4Γ(B̄0 → D∗+(→ D0π+)τ−ν̄τ )

dq2d cos θdχd cos θ∗

=
9

8π
|N |2J(θ, θ∗, χ),

where

|N |2 =
G2
F |Vcb|2|p2|q2v2

(2π)312m2
1

B(D∗ → Dπ).

The full angular distribution J(θ, θ∗, χ)
is written as

J(θ, θ∗, χ)

= J1s sin2 θ∗ + J1c cos2 θ∗ + (J2s sin2 θ∗ + J2c cos2 θ∗) cos 2θ

+J3 sin2 θ∗ sin2 θ cos 2χ+ J4 sin 2θ∗ sin 2θ cosχ

+J5 sin 2θ∗ sin θ cosχ+ (J6s sin2 θ∗ + J6c cos2 θ∗) cos θ

+J7 sin 2θ∗ sin θ sinχ+ J8 sin 2θ∗ sin 2θ sinχ+ J9 sin2 θ∗ sin2 θ sin 2χ,

where Ji(a) (i = 1, . . . , 9; a = s, c) are the angular observables. Their explicit expressions in
terms of helicity amplitudes and Wilson coefficients can be found in our paper [5]. The fourfold
distribution allows one to define a large set of observables which can help probe NP in the
decay. First, by integrating the angular decay distribution over all angles one obtains

dΓ(B̄0 → D∗τ−ν̄τ )

dq2
= |N |2Jtot = |N |2(JL + JT ),

where JL = 3J1c − J2c and JT = 2(3J1s − J2s) are the longitudinal and transverse polarization
amplitudes of the D∗ meson. In Fig. 3 we present the q2 dependence of the rate ratios RD(∗)(q2)
in different NP scenarios. It is interesting to note that unlike the vector and scalar operators,
which tend to increase both ratios, the tensor operator can lead to a decrease of the ratio
R(D∗) for q2 & 8 GeV2. Moreover, while the ratio R(D∗) is minimally sensitive to the scalar
coupling SL (in comparison with other couplings, i.e. VL,R, TL), the ratio R(D) shows maxi-
mal sensitivity to SL. These behaviors can help discriminate between different NP operators.
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5.2 The cos θ distribution, the forward-backward asymmetry, and the
lepton-side convexity parameter
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Figure 3: RD(q2) (left) and RD∗(q2) (right). The thick
black dashed lines are the SM prediction; the gray bands
include NP effects corresponding to the 2σ allowed regions
in Fig. 1; the red dotted lines represent the best-fit values.

We define a normalized angular de-
cay distribution J̃(θ∗, θ, χ) through

J̃(θ∗, θ, χ) =
9

8π

J(θ∗, θ, χ)

Jtot
,

where Jtot = 3J1c + 6J1s −
J2c − 2J2s. The normalized an-
gular decay distribution J̃(θ∗, θ, χ)
obviously integrates to 1 after
cos θ∗, cos θ, and χ integration. By
integrating the fourfold distribu-
tion over cos θ∗ and χ one ob-
tains the differential cos θ distribu-
tion which is described by a tilted
parabola. The normalized form of
the parabola reads

J̃(θ) =
a+ b cos θ + c cos2 θ

2(a+ c/3)
.

The linear coefficient b/2(a + c/3)
can be projected out by defin-
ing a forward-backward asymme-
try given by

AFB(q2)

=
[
∫ 1

0
−
∫ 0

−1
]d cos θ dΓ/d cos θ

[
∫ 1

0
+
∫ 0

−1
]d cos θ dΓ/d cos θ

=
b

2(a+ c/3)
=

3

2

J6c + 2J6s

Jtot
.

The coefficient c/2(a + c/3) of the
quadratic contribution is obtained
by taking the second derivative of
J̃(θ). Accordingly, we define a con-
vexity parameter by writing

CτF (q2) =
d2J̃(θ)

d(cos θ)2
=

c

a+ c/3
=

6(J2c + 2J2s)

Jtot
.

The q2 dependence of AFB is shown in Fig. 4. The coupling VL does not effect AFB in both
decays. In the case of the B̄0 → D∗ transition, the operators OVR

, OSL
, and OTL

behave
mostly similarly: they tend to decrease AFB and shift the zero-crossing point to greater values
than the SM one. However, the tensor operator can also increase AFB in the high-q2 region. In
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the case of the B̄0 → D transition, the operator OVR
does not affect AFB , the tensor operator

OTL
tends to lower AFB , and the scalar operator OSL

thoroughly changes AFB : it can increase
AFB by up to 200% and implies a zero-crossing point, which is impossible in the SM. This
unique effect of OSL

would clearly distinguish it from the other NP operators.

4 6 8 10

-0.4

-0.2

0.0

0.2

0.4

q2 HGeV2
L

VR

AFBHB®DΤΝL

4 6 8 10

-0.4

-0.2

0.0

0.2

0.4

q2 HGeV2
L

SL

AFBHB®DΤΝL

4 6 8 10

-0.4

-0.2

0.0

0.2

0.4

q2 HGeV2
L

TL

AFBHB®DΤΝL

3 4 5 6 7 8 9 10

-0.3

-0.2

-0.1

0.0

0.1

q2 HGeV2
L

VR

AFBHB®D*ΤΝL

3 4 5 6 7 8 9 10

-0.3

-0.2

-0.1

0.0

0.1

q2 HGeV2
L

SL

AFBHB®D*ΤΝL

3 4 5 6 7 8 9 10

-0.3

-0.2

-0.1

0.0

0.1

0.2

q2 HGeV2
L

TL

AFBHB®D*ΤΝL

Figure 4: Forward-backward asymmetry AFB for B̄0 → Dτ−ν̄τ (upper) and B̄0 → D∗τ−ν̄τ
(lower). Notations are the same as in Fig. 3.

In Fig. 5 we present the lepton-side convexity parameter CτF (q2).
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Figure 5: Lepton-side convexity parameter CτF (q2).

While CτF (D) is only sensitive to OTL
,

CτF (D∗) is sensitive to OSL
, OVR

, and
OTL

. Unlike OSL
, which can only in-

crease CτF (D∗), the operator OTL
can

only lower the parameter. It is worth
mentioning that CτF (D) and CτF (D∗)
are extremely sensitive to OTL

: it can
change CτF (D(∗)) by a factor of 4 at
q2 ≈ 7 GeV2.

5.3 The cos θ∗ distribution
and the hadron-side convex-
ity parameter

By integrating the fourfold distribu-
tion over cos θ and χ one obtains
the hadron-side cos θ∗ distribution de-
scribed by an untilted parabola (with-
out a linear term). The normalized

form of the cos θ∗ distribution reads J̃(θ∗) = (a′ + c′ cos2 θ∗)/2(a′ + c′/3), which can again be
characterized by its convexity parameter given by

ChF (q2) =
d2J̃(θ∗)
d(cos θ∗)2

=
c′

a′ + c′/3
=

3J1c − J2c − 3J1s + J2s

Jtot/3
.
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The cos θ∗ distribution can be written as

J̃(θ∗) = 3/4 ·
(
2FL(q2) cos2 θ∗ + FT (q2) sin2 θ∗

)
,

where FL(q2) and FT (q2) are the polarization fractions of the D∗ meson and are defined as

FL(q2) = JL/(JL + JT ), FT (q2) = JT /(JL + JT ), FL(q2) + FT (q2) = 1.

The hadron-side convexity parameter and the polarization fractions of the D∗ are related by

ChF (q2) = 3/2 ·
(
2FL(q2)− FT (q2)

)
= 3/2 ·

(
3FL(q2)− 1

)
.

The effects of NP operators on the hadron-side convexity parameter ChF (q2) are shown in
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Figure 6: Hadron-side convexity parameter ChF (q2). Notations are the same as in Fig. 3.

Fig. 6. Each NP operator can change ChF (q2) in a unique way: the vector operator OVR
almost

does nothing to the parameter; the scalar operator OSL
increases the parameter by about 50%

nearly in the whole range of q2; the tensor operator OTL
lowers the parameter (by up to 200%

at low q2), and it also allows negative values of ChF (q2), which are impossible in the SM.

5.4 The χ distribution and the trigonometric moments

By integrating the fourfold distribution over cos θ and cos θ∗, one obtains the χ distribution
whose normalized form reads

J̃ (I)(χ) =
[
1 +A

(1)
C (q2) cos 2χ+A

(1)
T (q2) sin 2χ

]
/(2π),

where A
(1)
C (q2) = 4J3/Jtot and A

(1)
T (q2) = 4J9/Jtot. Besides, one can also define other angular

distributions in the angular variable χ as follows:

J (II)(χ) =
[ ∫ 1

0

−
∫ 0

−1

]
d cos θ∗

∫ 1

−1

d cos θ
d4Γ

dq2d cos θdχd cos θ∗
,

J (III)(χ) =
[ ∫ 1

0

−
∫ 0

−1

]
d cos θ∗

[ ∫ 1

0

−
∫ 0

−1

]
d cos θ

d4Γ

dq2d cos θdχd cos θ∗
.

The normalized forms of these distributions read

J̃ (II)(χ) =
1

4

[
A

(2)
C (q2) cosχ+A

(2)
T (q2) sinχ

]
,

J̃ (III)(χ) =
2

3π

[
A

(3)
C (q2) cosχ+A

(3)
T (q2) sinχ

]
,
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whereA
(2)
C (q2) = 3J5/Jtot, A

(2)
T (q2) = 3J7/Jtot, A

(3)
C (q2) = 3J4/Jtot, A

(3)
T (q2) = 3J8/Jtot.

Another method to project the coefficient functions Ji (i = 3, 4, 5, 7, 8, 9) out from the
fourfold angular decay distribution is to take the appropriate trigonometric moments of the
normalized decay distribution J̃(θ∗, θ, χ) [4]. The trigonometric moments are defined by

Wi =

∫
d cos θd cos θ∗dχMi(θ

∗, θ, χ)J̃(θ∗, θ, χ) ≡ 〈Mi(θ
∗, θ, χ)〉 ,

where Mi(θ
∗, θ, χ) defines the trigonometric moment that is being taken. One finds

WT (q2) ≡ 〈cos 2χ〉 = 2 · (J3/Jtot) = (1/2) ·A(1)
C (q2),

WIT (q2) ≡ 〈sin 2χ〉 = 2 · (J9/Jtot) = (1/2) ·A(1)
T (q2),

WA(q2) ≡ 〈sin θ cos θ∗ cosχ〉 = (3π/8) · (J5/Jtot) = (π/8) ·A(2)
C (q2),

WIA(q2) ≡ 〈sin θ cos θ∗ sinχ〉 = (3π/8) · (J7/Jtot) = (π/8) ·A(2)
T (q2),

WI(q
2) ≡ 〈cos θ cos θ∗ cosχ〉 = (9π2/128) · (J4/Jtot) = (3π2/128) ·A(3)

C (q2),

WII(q
2) ≡ 〈cos θ cos θ∗ sinχ〉 = (9π2/128) · (J8/Jtot) = (3π2/128) ·A(3)

T (q2).

In Fig. 7 we show the q2 dependence of the trigonometric moments WT (q2), WI(q
2), WA(q2),
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Figure 7: Trigonometric moments WT (q2), WI(q
2), WA(q2), and WIA(q2). Notations are the

same as in Fig. 3.
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and WIA(q2). The moments WT (q2) and WI(q
2) are almost insensitive to OVR

but highly
sensitive to OTL

. The scalar and tensor operators are likely to raise WT (q2) and to lower
WI(q

2) in general. The moment WA(q2) shows great sensitivity to OVR
, OSL

, and OTL
. Both

OVR
and OTL

tend to decrease WA(q2) while OSL
tries to do the opposite. It is worth noting

that all three moments WT (q2), WI(q
2), and WA(q2) are extremely sensitive to OTL

and their
sign can change in the presence of OTL

. Regarding the moment WIA(q2), the three operators
act in the same manner: they can change WIA(q2) in both directions, and the sensitivity is
maximal in the case of OVR

. The trigonometric moments WII(q
2) and WIT (q2) are equal to
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Figure 8: Trigonometric moments WII(q
2) (left) and WIT (q2) (center), and the optimal angular

observable H
(1)
T (q2) (right). The black dashed lines are the SM prediction. The red dotted lines

represent the best-fit values. The blue dot-dashed line and the pink solid line in the right plot
are the predictions for TL = 0.04− 0.17i and TL = 0.18 + 0.23i, respectively.

zero in the SM and obtain a nonzero contribution only from the right-chiral vector operator
OVR

, as depicted in Fig. 8. Both moments are proportional to the imaginary part of VR and
the effect of OVR

cancels in their ratio.
One can also consider certain combinations of angular observables where the form factor

dependence drops out (at least in most NP scenarios) [16]. As a demonstration, we consider
the optimized observable

H
(1)
T =

√
2J4/

√
−J2c(2J2s − J3),

which is equal to one not only in the SM but also in all NP scenarios except the tensor one, as

shown in the right plot of Fig. 8. Therefore H
(1)
T (q2) plays a prominent role in confirming the

appearance of the tensor operator OTL
in the decay B̄0 → D∗τ−ν̄τ .

6 Tau polarization as probe for NP

Recently, the Belle collaboration has reported on the first measurement of the longitudinal
polarization of the tau lepton in the decay B̄0 → D∗τ−ν̄τ with the result P τL = −0.38 ±
0.51(stat.)+0.21

−0.16(syst.) [2]. The errors are quite large but this pioneering measurement has

opened a new window on the analysis of the dynamics of the semileptonic B → D(∗) transitions.
The hope is that, with the Belle II super-B factory nearing completion, more precise values of
the polarization can be achieved in the future, which would shed more light on the search for
possible NP in these decays.

In a recent paper [6] we have studied the longitudinal (PL), transverse (PT ), and normal
(PN ) polarization components of the τ− in B̄0 → D(∗)τ−ν̄τ and clarified their roles in the search
for NP. In [6] one can find the q2 dependence of the τ− polarizations in the presence of NP
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operators, which bears powerful information for discriminating between different NP scenarios.
For example, it can be used to perform a bin-by-bin analysis to probe NP in different q2 regions.
One can also calculate the average polarizations over the whole q2 region. The predictions
for the mean polarizations are summarized in Table 2. One sees that the τ− polarization

B̄0 → D

< PDL > < PDT > < PDN > < |~PD| >
SM (CCQM) 0.33 0.84 0 0.91
SL (0.36, 0.67) (−0.68, 0.33) (−0.76, 0.76) (0.89, 0.96)
TL (0.13, 0.31) (0.78, 0.83) (−0.17, 0.17) (0.79, 0.90)

B̄0 → D∗

< PD
∗

L > < PD
∗

T > < PD
∗

N > < |~PD∗ | >
SM (CCQM) -0.50 0.46 0 0.71
SL (−0.40,−0.14) (0.47, 0.62) (−0.20, 0.20) (0.69, 0.70)
TL (−0.36, 0.24) (−0.61, 0.26) (−0.17, 0.17) (0.23, 0.69)
VR −0.50 (0.32, 0.43) 0 (0.48, 0.67)

Table 2: q2 averages of the polarization components and the total polarization. The two rows
labeled by SM (CCQM) contain our predictions within the SM with form factors calculated
in the CCQM. The predicted intervals for the observables in the presence of NP are given in
correspondence with the 2σ allowed regions of the NP couplings depicted in Fig. 1.

components in B̄0 → Dτ−ν̄τ are extremely sensitive to SL. When SL is present, 〈PDL 〉 can
be as large as 0.67, 〈PDT 〉 can reach −0.68, and 〈PDN 〉 can even reach ±0.76. It is interesting
to note that if one measures 〈PDL 〉 and finds any excess over the SM value, it would be a
clear sign of SL. Meanwhile, the τ− longitudinal and transverse polarization components in
B̄0 → D∗τ−ν̄τ are more sensitive to TL. The coupling TL can enhance 〈PD∗

L 〉 from the SM
value of −0.50 up to 0.24, or lower 〈PD∗

T 〉 from 0.46 down to −0.61. Notably, the average
transverse polarization 〈PDT 〉 is almost insensitive to TL in comparison with SL. When TL is
present, one finds 0.78 ≤ 〈PDT 〉 ≤ 0.83, which is almost the same as the SM value 〈PDT 〉 = 0.84.
In contrast, if SL is present, one has −0.68 ≤ 〈PDT 〉 ≤ 0.33, which is much lower than the SM
prediction. This unique property of 〈PDT 〉 may play a very important role in probing the scalar

coupling SL. It is also interesting to note that the average total polarization < |~PD∗ | > is
almost insensitive to SL.

7 Summary and discussion

We have provided a thorough analysis of possible NP in the decays B̄0 → D(∗)τ−ν̄τ using
the form factors obtained from our covariant quark model. Starting with a general effective
Hamiltonian including NP operators, we have derived the full angular distribution and defined a
large set of physical observables. Assuming NP only affects leptons of the third generation and
only one NP operator appears at a time, we have gained the allowed regions of NP couplings
based on recent measurements at B factories, and studied their effects on the observables. It
has turned out that the current experimental data of R(D) and R(D∗) prefer the operators
OSL

and OVL,R
, the operator OTL

is less favored, and the operator OSR
is disfavored at 2σ.
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336 HQ 2016



Our analysis has been done under the assumption of one-operator dominance. However, the
large observable set has revealed unique behaviors of several observables and provided many
correlations between them, which allows one to distinguish between NP operators. Our analysis
can serve as a map for setting up various strategies to identify the origins of NP, one of which

is as follows: first, one uses the null tests WIT (q2) = 0 and H
(1)
T (q2) − 1 = 0 to probe the

operators OVR
and OTL

, respectively. Second, one measures the forward-backward asymmetry
in B̄0 → Dτ−ν̄τ . If ADFB(q2) has a zero-crossing point, then it is a clear sign of OSL

. The
coupling VL is more difficult to test because it is just a multiplier of the SM operator. However,
if the tests above disconfirm OVR

, OTL
, and OSL

at the same time, then the modification of
VL to R(D) and R(D∗) is a must. In the future when more precise data will be collected, one
can adopt the strategies described here as a useful tool to discover NP in these decays if the
deviation from the SM still remains.
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The decay B → K∗`+`− is regarded as one of the most important modes to search for
physics beyond the standard model as the angular distribution enables the independent
measurement of a plethora of observables. To disentangle new physics from the standard
model effect an “exact” test of standard model is needed. This drive us to derive a rela-
tion including all short-distance and long-distance effects, factorizable and non-factorizable
contributions, complete electromagnetic corrections to hadronic operators up to all orders,
resonance contributions and the finite lepton masses in a complete model independent ap-
proach. The violation of this relation will provide a smoking gun signal of new physics.
The model independent framework has also been implemented in the maximum q2 limit
to highlight strong evidence of right-handed currents, which are absent in the SM. The
conclusions derived are free from hadronic corrections. Our approach differs from other
approaches that probe new physics at low q2 as it does not require estimates of hadronic
parameters but relies instead on heavy quark symmetries that are reliable at the maximum
q2 kinematic endpoint.

The mode B → K∗`+`−

The Standard Model(SM) is a gauge theory capable of explaining interactions between the
observed particles. Most ingredients completed by 1974 and with the discovery of the Higgs,
the SM is complete. Though this gauge theory has been remarkably successful in explaining a
whole lot of physical phenomenons, it also fails to answer various others( e.g. the origin of its
parameters, Naturalness problem, dark matter, dark energy etc.). Hence a lot of attempts have
been made to extend this highly successful theory, which we call the Physics beyond SM or
New Physics(NP). However, no conclusive NP signal has been seen till now. Which brings us to
the question that how does one search for NP. It can be discovered either by direct production
of new particles which are not accommodated in SM or by indirect searches at high luminosity
facilities where NP can contribute virtually through loop processes.

A lot of effort has been put in observation of new particles through direct production. But
if we were to follow the later approach, then we should focus on modes that are potentially
sensitive to NP. One such mode is the mode B → K∗`+`−. The underlying process is a Flavor
Changing Neutral Current (FCNC) decay which happens through a penguin process. It has a
large number of related observables. In addition, this mode can get contribution from variety of
operators through the loop. Hence, this is very good candidate in probing NP. But this being a
hadronic decay mode, we have to be careful in dealing with the hadronic uncertainties. In this
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work we show that the hadronic uncertainties can be eliminated by carefully taking relation
between observables. Then we use these relations to probe for NP.

Model independent framework

The decays B → K∗`+`− occurs at the quark level via a b → s`+`− flavor changing neutral
current transition. The short-distance effective Hamiltonian for the inclusive process b→ s`+`−

is given in the SM by [1, 2, 3],

Heff =− 4
GF√

2

[
VtbV

∗
ts

(
C1Oc1 + C2Oc2 +

10∑

i=3

CiOi
)

+ VubV
∗
us

(
C1(Oc1 −Ou1 ) + C2(Oc2 −Ou2 )

)]
.

(1)

The local operators Oi are as given in Ref. [2], however, for completeness we present the
relevant operators that are dominant:

O7 =
e

g2

[
s̄σµν(mbPR +msPL)b

]
Fµν ,

O9 =
e2

g2
(s̄γµPLb) ¯̀γµ`,

O10 =
e2

g2
(s̄γµPLb) ¯̀γµγ5`,

where g (e) is the strong(electromagnetic) coupling constant, PL,R = (1 ∓ γ5)/2 are the left
and right chiral projection operators and mb (ms) are the running b (s) quark mass in the MS
scheme. The Wilson coefficients Ci encode all the short-distance effects and are calculated in
perturbation theory at a matching scale µ = MW up to desired order in the strong coupling
constant αs before being evolved down to the scale µ = mb ≈ 4.8GeV. All NP contributions to
B → K∗`+`− contribute exclusively to Ci; this includes new Wilson coefficients corresponding
to new operators that arise from NP.

The decay amplitude in terms of hadronic matrix elements must therefore include direct con-
tributions proportional to C7, C9 and C10 multiplied by B → K∗ form factors and contributions
from non local hadronic matrix elements Hi such that [4, 5],

A(B(p)→ K∗(k)`+`−) =
GFα√

2π
VtbV

∗
ts

[{
Ĉ9〈K∗|s̄γµPLb|B̄〉

− 2Ĉ7

q2
〈K∗|s̄iσµνqν(mbPR +msPL)b|B̄〉

− 16π2

q2

∑

i={1−6,8}
ĈiHµi

}
¯̀γµ`

+ Ĉ10〈K∗|s̄γµPLb|B̄〉 ¯̀γµγ5`

]
, (2)
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where, p = q + k with q being the dilepton invariant momentum and the non local hadron
matrix element Hµi is given by

Hµi = 〈K∗(k)|i
∫
d4x eiq·xT{jµem(x),Oi(0)}|B̄(p)〉.

In Eq. (2), we have introduced new notional theoretical parameters Ĉ7, Ĉ9 and Ĉ10 to indicate
the true values of Wilson coefficients, which are by definition not dependent on the order of
the perturbative calculation to which they are evaluated. Our definition is explicit and should
not be confused with those defined earlier in literature. The amplitude expressed in Eq. (2)
is notionally complete and free from any approximations. In this paper we do not attempt
to estimate the hadronic matrix element involved in Eq. (2), instead we use Lorentz invari-
ance to write out the most general form of the hadron matrix elements 〈K∗|s̄γµPLb|B̄(p)〉 and
〈K∗|s̄iσµνqνPR,Lb|B̄(p)〉 which may be defined as

〈K∗(ε∗, k))|s̄γµPLb|B(p)〉 = ε∗ν
(
X0 q

µqν +X1 (gµν−q
µqν

q2
) +X2 (kµ−k.q

q2
qµ)qν + iX3 ε

µνρσ kρqσ

)
,

(3)

〈K∗(ε∗, k))|is̄σµνqνPR,Lb|B(p)〉 = ε∗ν
(
± Y1 (gµν− q

µqν

q2
)± Y2 (kµ− k.q

q2
qµ)qν + iY3 ε

µνρσ kρqσ

)
.

(4)
We have written Eq. (3) such that the vector part of the current in 〈K∗(ε∗, k))|s̄γµPLb|B(p)〉
is conserved and only the X0 term in the divergence of the axial part survives. Equation (4)
is also written so as to ensure that 〈K∗|is̄σµνqνPR,Lb|B〉qµ = 0. The relations between X0,1,2,3

and Y1,2,3 and the form factors conventionally defined for on-shell K∗ are discussed in [6].
It should be noted that form factors X0,1,2,3 and Y1,2,3 are functions of q2 and k2, but we
suppress the explicit dependence for simplicity of notation. The subsequent decay of the K∗,
i.e., K∗(k)→ K(k1)π(k2) can be easily taken into account [7, 2] resulting in the hadronic matrix
element 〈[K(k1)π(k2)]K∗ |s̄γµPLb|B(p)〉 being written as

〈[K(k1)π(k2)]K∗ |s̄γµPLb|B(p)〉 = DK∗(k
2)Wν

(
X0 q

µqν + X1(g
µν− q

µqν

q2
)

+ X2 (kµ− k.q
q2
qµ)qν + iX3 ε

µνρσ kρqσ

)
, (5)

〈[K(k1)π(k2)]K∗ |is̄σµνqνPR,Lb|B(p)〉 = DK∗(k
2)Wν

(
± Y1 (gµν− q

µqν

q2
)

± Y2 (kµ− k.q
q2
qµ)qν + iY3 ε

µνρσ kρqσ

)
,

(6)

where, the subscript K∗ in [K(k1)π(k2)]K∗ indicates that the final sate is produced by the
decay of a K∗. DK∗(k2) is the K∗ propagator, so that

|DK∗(k2)|2 =
g2
K∗Kπ

(k2 −m2
K∗)

2 + (mK∗ΓK∗)2
, (7)
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with gK∗Kπ being the K∗Kπ coupling and the other parameters introduced are

Wν = Kν − ξkν , K =k1 − k2, k =k1 + k2, ξ =
k2

1 − k2
2

k2
.

The most general expression for the hadronic matrix element Hµi can also be written using
Lorentz invariance. Since this hadronic matrix element arises from non local contributions
at the quark level, it involves introducing “new” form factors Zi1, Zi2 and Zi3 corresponding
to nonfactorizable contribution from each Hµi in analogy with those introduced in Eq. (3) as
follows:

Hµi = 〈K∗(ε∗, k)|i
∫
d4x eiq·xT{jµem(x),Oi(0)}|B̄(p)〉

= ε∗ν
(
Zi1 (gµν − qµqν

q2
) + Zi2 (kµ − k.q

q2
qµ)qν + iZi3 εµνρσ kρqσ

)
. (8)

Our definition follows Ref. [8] of “nonfactorizable ” and includes those corrections that are
not contained in the definition of form factors introduced in Eqs. (3) and (4). Here the most
general form of Hµi is written to ensure the conservation of EM current i.e, qµHµi = 0.

The non local effects represented byHµi can be taken into account by absorbing the contribu-

tions into redefined Ĉ9 and modifying the contribution from the electromagnetic dipole operator
O7. The electromagnetic corrections to operators O1−6,8 can also contribute to B → K∗γ at

q2 = 0. Since only the Wilson coefficient Ĉ7 contributes to B → K∗γ, the charm loops at q2 = 0
must contribute to Ĉ7 in order for the Wilson coefficient to be process independent. It is easily
seen that the effect of this is to modify the Ĉ7〈Kπ|s̄iσµνqν(mbPR+msPL)b|B̄〉 terms such that
the form factors and Wilson coefficients mix in an essentially inseparable fashion. This holds
true even for the leading logarithmic contributions [8, 9]. Both factorizable and nonfactorizable
contributions arising from electromagnetic corrections to hadronic operators up to all orders can
in principle be included in this approach. The remaining contributions can easily be absorbed
into a redefined “effective” Wilson coefficient Ĉ9 defined such that

Ĉ9 → C̃
(j)
9 = Ĉ9 + ∆C

(fac)
9 (q2) + ∆C

(j),(non-fac)
9 (q2) (9)

where, j = 1, 2, 3 and ∆C
(fac)
9 (q2), ∆C

(non-fac)
9 (q2) correspond to factorizable and soft gluon

nonfactorizable contributions respectively. Note that the nonfactorizable contributions necessi-
tates the introduction of new form factors Zj and the explicit dependence on Zj/Xj is absorbed
in defining

∆C
(fac)
9 + ∆C

(j),(non-fac)
9 = −16π2

q2

∑

i={1−6,8}
Ĉi
Zij
Xj
, (10)

resulting in the j dependence of the term as indicated. We also mention that there is no nonfac-
torizable correction term in Eq. (8) analogous to X0 (in Eq. (3)) due EM current conservation
as discussed above.

The corresponding corrections to Ĉ7 are taken into by the replacement,

2(mb+ms)

q2
Ĉ7 Yj → Ỹj =

2(mb +ms)

q2
Ĉ7 Yj + · · · , (11)
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where the dots indicate other factorizable and nonfactorizable contributions and the factor
2(mb + ms)/q

2 has been absorbed in the form factors Ỹj . Note that the Ỹj ’s are in general

complex because of the nonfactorizable contributions to the Wilson coefficient Ĉ7, but on-

shell quarks and resonances do not contribute to them. It should be noted that C̃
(j)
9 includes

contributions from both factorizable and nonfactorizable effects, whereas Ĉ10 is unaffected by
strong interaction effects coming from electromagnetic corrections to hadronic operators. The
use of a ‘widetilde’ versus ‘widehat’ throughout the paper is also meant as a notation to indicate

this fact. It should be noted that Ĉ10 is real in the SM, whereas, C̃
(j)
9 and Ỹj are in general

complex within the SM. The amplitude in Eq. (2) can therefore be written as

AL,Rλ = Cλ

L,R Fλ − G̃λ =
(
C̃λ

9 ∓ Ĉ10)Fλ − G̃λ = (∓Ĉ10 − rλ)Fλ + iελ, (12)

rλ and ελ are defined as,

rλ =
Re(G̃λ)

Fλ
− Re(C̃λ

9 ), ελ ≡ Im(C̃λ

9 )Fλ − Im(G̃λ). (13)

Observables and relations

With these amplitudes we can construct several observables. For us the relevant observables
are the three helicity fractions and six asymmetries. The helicity fractions are defined as

FL =
|AL0 |2 + |AR0 |2

Γf
, (14a)

F‖ =
|AL‖ |2 + |AR‖ |2

Γf
, (14b)

F⊥ =
|AL⊥|2 + |AR⊥|2

Γf
, (14c)

where Γf ≡
∑
λ(|ALλ |2 + |ARλ |2) such that FL + F‖ + F⊥ = 1. The rest six asymmetries are

defined below.

AFB =
3

2

Re(AL‖AL
∗
⊥ −AR‖ AR

∗
⊥ )

Γf
, (15)

A4 =

√
2

π

Re(AL0AL
∗
‖ +AR0 AR

∗
‖ )

Γf
, (16)

A5 =
3

2
√

2

Re(AL0AL
∗
⊥ −AR0 AR

∗
⊥ )

Γf
, (17)

A7 =
3

2
√

2

Im(AL0 AL‖
∗ −AR0 AR‖

∗
)

Γf
, (18)

A8 =

√
2

π

Im(AL0 AL⊥
∗

+AR0 AR⊥
∗
)

Γf
, (19)

A9 =
3

2π

Im(AL‖
∗AL⊥ +AR‖

∗AR⊥)

Γf
. (20)
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Using Eq. (12) and (13) we express the observables in terms of Ĉ10, rλ, Fλ and ελ as follows:

FLΓf = 2F2
0

(
r2
0 + Ĉ2

10

)
+ 2ε2

0, (21)

F‖Γf = 2F2
‖
(
r2
‖ + Ĉ2

10

)
+ 2ε2

‖, (22)

F⊥Γf = 2F2
⊥
(
r2
⊥ + Ĉ2

10

)
+ 2ε2

⊥, (23)
√

2πA4Γf = 4F0F‖
(
r0r‖+ Ĉ2

10

)
+4ε0ε‖, (24)

√
2A5Γf = 3F0F⊥Ĉ10

(
r0 + r⊥

)
, (25)

AFBΓf = 3F‖F⊥Ĉ10

(
r‖ + r⊥

)
, (26)

√
2A7Γf = 3Ĉ10

(
F0ε‖ −F‖ε0

)
, (27)

πA8Γf = 2
√

2
(
F0r0ε⊥ −F⊥r⊥ε0

)
, (28)

πA9Γf = 3
(
F⊥r⊥ε‖ −F‖r‖ε⊥

)
. (29)

The ελ’s can be solved using A7, A8 and A9 from Eqs. (27)–(29) to give

ε⊥ =

√
2πΓf

(r0−r‖)F⊥

[
A9P1

3
√

2
+
A8P2

4
− A7P1P2r⊥

3πĈ10

]
, (30)

ε‖ =

√
2πΓf

(r0−r‖)F⊥

[
A9r0

3
√

2r⊥
+
A8P2r‖
4P1r⊥

− A7P2r‖

3πĈ10

]
, (31)

ε0 =

√
2πΓf

(r0−r‖)F⊥

[
A9P1r0

3
√

2P2r⊥
+
A8r‖
4r⊥

− A7P1r0

3πĈ10

]
. (32)

Where,

P1 =
F⊥
F‖

, P2 =
F⊥
F0

. (33)

As expected, we also get some relations between observables as there are only 6 amplitudes
but several observables. Implying, all the observables are not independent. These relations
are obtained by interplaying with the Eqs. (21)-(26). One such relation, with the imaginary
contribution to the amplitudes, is given below

A4 =
2
√

2ε‖ε0

πΓf
+

8A5AFB

9π
(
F⊥ −

2ε2
⊥

Γf

)

+
√

2

√(
FL −

2ε2
0

Γf

)(
F⊥ −

2ε2
⊥

Γf

)
− 8

9
A2

5

√(
F‖ −

2ε2
‖

Γf

)(
F⊥ −

2ε2
⊥

Γf

)
− 4

9
A2

FB

π
(
F⊥ −

2ε2
⊥

Γf

) . (34)

In real limit(i.e. ελ → 0 ), the asymmetries A7,8,9 → 0 from Eq.(27)-(29). Whereas the rest of
the asymmetries are related to other observables through the following relations,
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A4 =
8A5AFB

9πF⊥
+

√
4F‖F⊥− 16

9 A
2
FB

√
4FLF⊥− 32

9 A
2
5

2
√

2πF⊥
, (35)

A5 =
πA4AFB

2F‖
±

3
√

4F‖F⊥− 16
9 A

2
FB

√
2F‖FL−π2A2

4

8F‖
, (36)

AFB =
πA4A5

FL
±

3
√

4FLF⊥− 32
9 A

2
5

√
2F‖FL−π2A2

4

4
√

2FL
. (37)

The detailed derivations of the above relations are given in [6, 10]. We note that these
relations do not depend on any hadronic parameters except the observables. Hence these
relations should hold true unless some new operators, or New Physics operators to be precise,
end up altering the whole angular distribution such that the above mentioned relations will
no longer hold. So we emphasize that these relations can be used as a very clean and indirect
probe for New Physics. However in the presence of right-handed currents and any extra vector
current such as Z ′ which does not change the angular distributions, the relations will remain
valid. At this point we’d also like to mention that the kind of New Physics contributing to
this mode are not that arbitrary as there will be several constraints, on several kinds of New
Physics, coming from several other hadronic as well as non-hadronic decay modes.

In Fig.1, we test the validity of Eq.(35)-(37). We get the values of the observable on LHS
by putting experimentally observed observable values on the RHS in each q2 bin. Then we plot
this result against the experimentally observed values of the corresponding observables. The
mean values and ±1σ uncertainty bands for asymmetries AFB, A4, A5 and P ′5 calculated using
Eqs. (35)-(37), are shown in yellow, gray, green and brown bands, respectively. The error bars in
red (dark) correspond to the LHCb measured [11] central values and errors for each observable
for the respective q2 bins. Sizable discrepancies are found for AFB in 11.0 ≤ q2 ≤ 12.5 GeV2

and 15 ≤ q2 ≤ 17 GeV2 bins and for A4 in the range 0.1 ≤ q2 ≤ 0.98 GeV2.

Looking for New Physics

The rare decay B → K∗`+`−, which involves a b → s flavor changing loop induced quark
transition at the quark level, provides an indirect but very sensitive probe of new physics (NP)
beyond the standard model (SM). The angular distribution of the decay products provides a
large number of observables [7] and thus can be used to reduce hadronic uncertainties making
the mode a very special tool to probe for NP. We have already indicated some irregularities
between the SM and the data in the previous discussion. While it implies the presence of
NP, it says very little about the exact nature of the possible New Physics. In the following
work we discover a specific kind of NP(i.e. Right-Handed Currents) at the kinematic endpoint
of B → K∗`+`−. We emphasize that even with these RH-currents, which does not alter the
angular distribution, the relations in Eq. (35)-(37) would still hold and some other kind of NP
would be required to explain the discrepancies found in Fig.1.

Significant work has been done to probe NP in this mode. Most previous attempts have
focused [12] on the low dilepton invariant mass squared region q2 = 1− 6 GeV2. An alternative
approach that probes the maximum q2 limit has also been studied in literature [5, 13]. We show
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Figure 1: (color online) The mean values and ±1σ uncertainty bands for asymmetries AFB, A4,
A5 and P ′5 calculated using Eqs. (35) – (37) are shown in yellow, gray, green and brown bands,
respectively. The error bars in red (dark) correspond to the LHCb measured [11] central values
and errors for each observable for the respective q2 bins. The predictions for the asymmetries
are obtained using the relations among observables which are independent of any hadronic
parameters and depend on experimental measurements of the other observables remaining in
the corresponding relations. Sizable discrepancies are shown for AFB in 11.0 ≤ q2 ≤ 12.5 GeV2

and 15 ≤ q2 ≤ 17 GeV2 bins and for A4 in the range 0.1 ≤ q2 ≤ 0.98 GeV2. We note that
the relations (Eqs. (35) – (37)) remain valid except in the presence of NP operators that result
in modified angular distribution. Hence the presence of right-handed currents and any extra
vector current such as Z ′ the relations will remain valid.

that this limit holds significant promise for clean probes of NP. A previous study suggested a
possible signal of NP in the large q2 region [10]. In this work we show that LHCb data implies
a 5σ signal for the existence of NP. While the evidence for right handed currents is clear, other
NP contributions are also possible. Our conclusions are derived in the maximum q2 limit (q2

max)
and are free from hadronic corrections. Our approach differs from other approaches that probe
NP at low q2 by not requiring estimates of hadronic parameters but relying instead on heavy
quark symmetries that are completely reliable at the kinematic endpoint q2

max [5, 14]. While
the observables themselves remain unaltered from their SM values, their derivatives and second
derivatives at the endpoint are sensitive to NP effects.

Right-Handed currents

As mentioned previously the Right-Handed currents do not alter the angular distributions.
However, they introduce two new operators namely O′9 and O′10. These operators O′9 and O′10,
with respective couplings C ′9 and C ′10, modify the amplitudes in Eq. (12) as follows

AL,R⊥ =
(
(C̃⊥9 + C ′9)∓ (C10 + C ′10)

)
F⊥ − G̃⊥,

AL,R‖,0 =
(
(C̃‖,09 − C ′9)∓ (C10 − C ′10)

)
F‖,0 − G̃‖,0 (38)
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We define two new variables

ξ =
C ′10

C10
and ξ′ =

C ′9
C10

. (39)

Ignoring the imaginary contributions for the time being, the observables in Eq.(21)-(26) can be
rewritten as,

F⊥ = 2ζ (1 + ξ)2(1 +R2
⊥) (40)

F‖P
2
1 = 2ζ (1− ξ)2(1 +R2

‖) (41)

FLP
2
2 = 2ζ (1− ξ)2(1 +R2

0) (42)

AFBP1 = 3ζ (1− ξ2)
(
R‖ +R⊥

)
(43)

√
2A5P2 = 3ζ (1− ξ2)

(
R0 +R⊥

)
(44)

where P1 =
F⊥
F‖

, P2 =
F⊥
F0

, ζ =
F2
⊥C

2
10

Γf
,

R⊥ =

r⊥
C10
− ξ′

1 + ξ
, R‖ =

r‖
C10

+ ξ′

1− ξ , R0 =

r0

C10
+ ξ′

1− ξ . (45)

We consider the observables FL, F‖, F⊥, AFB and A5, with the constraint FL+F‖+F⊥ = 1.
Using Eq. (40)–(44), we obtain expressions for R⊥, R‖, R0 and P2 in terms of the observables
and P1:

R⊥ = ±3

2

(
1−ξ
1+ξ

)
F⊥ + 1

2P1Z1

P1AFB
(46)

R‖ = ±3

2

(
1+ξ
1−ξ

)
P1F‖ + 1

2Z1

AFB
(47)

R0 = ± 3

2
√

2

(
1+ξ
1−ξ

)
P2FL + 1

2Z2

A5
(48)

P2 =

(
1−ξ
1+ξ

)
2P1AFBF⊥

√
2A5

((
1−ξ
1+ξ

)
2F⊥ + Z1P1

)
− Z2P1AFB

(49)

where Z1 = (4F‖F⊥− 16
9 A

2
FB)

1
2 and Z2 = (4FLF⊥− 32

9 A
2
5)

1
2 . Since we have one extra parameter

compared to observables, all of the above expressions depend on P1. Fortunately in the large
q2 limit, the relations between form factors enable us to eliminate one parameter.

At the kinematic limit q2 = q2
max = (mB − mK∗)

2 the K∗ meson is at rest and the two
leptons travel back to back in the B meson rest frame. There is no preferred direction in the
decay kinematics. Hence, the differential decay distribution in this kinematic limit must be
independent of the angles θ` and φ, which can be integrated out. This imposes constraints on
the amplitude AL,Rλ and hence the observables. The entire decay, including the decay K∗ → Kπ
takes place in a single plane, resulting in a vanishing contribution to the ‘⊥’ helicity, or F⊥ = 0.
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Since the K∗ decays at rest, the distribution of Kπ is isotropic and cannot depend on θK . It
can easily be seen that this is only possible if F‖ = 2FL [14].

At q2 =q2
max, Γf → 0 as all the transversity amplitudes vanish in this limit. The constraints

on the amplitudes described above result in unique values of the helicity fractions and the
asymmetries at this kinematical endpoint. The values of the helicity fractions and asymmetries
were derived in Ref. [14, 6] where it is explicitly shown that

FL(q2
max) =

1

3
, F‖(q2

max) =
2

3
, A4(q2

max) =
2

3π
,

F⊥(q2
max) = 0, AFB(q2

max) = 0, A5,7,8,9(q2
max) = 0. (50)

At low recoil energy of K∗ meson, only three independent form factors describe the whole
B → K∗`+`− decay and there exist a relation among the form factors at leading order in 1/mB

expansion given by [5, 15],

G̃‖
F‖

=
G̃⊥
F⊥

=
G̃0

F0
= −κ2mbmBC7

q2
, (51)

where κ ≈ 1. The helicity independence of the ratios G̃λ/Fλ at q2
max is easy to understand,

since both the B and K∗ mesons are at rest, resulting in a complete overlap of the wave
functions of these two mesons and the absence of any preferred direction in the Kπ distribution.
Hence at the maximum point in q2, i.e. the kinematic endpoint q2

max, one gets from Eq.(13)
r0 = r‖ = r⊥ ≡ r. Therefore Eq. (45) implies that in the presence of RH currents one should
expect R0 = R‖ 6= R⊥ at q2 = q2

max without any approximation. Interestingly, this relation is
unaltered by non-factorizable and resonance contributions [14] at this kinematic endpoint.

To test the relation among Rλ’s in light of LHCb data, first defining δ ≡ q2
max − q2, we

expand the observables FL, F⊥, AFB and A5 around q2
max as follows:

FL =
1

3
+ F

(1)
L δ + F

(2)
L δ2 + F

(3)
L δ3, (52)

F⊥ = F
(1)
⊥ δ + F

(2)
⊥ δ2 + F

(3)
⊥ δ3, (53)

AFB = A
(1)
FBδ

1
2 +A

(2)
FBδ

3
2 +A

(3)
FBδ

5
2 , (54)

A5 = A
(1)
5 δ

1
2 +A

(2)
5 δ

3
2 +A

(3)
5 δ

5
2 . (55)

where for each observable O, O(n) is the coefficient of the nth term in the expansion. The
polynomial fit to data is not based on Heavy Quark Effective Theory (HQET) or any other
theoretical assumption. A parametric fit to data is performed, so as to obtain the limiting
values of the coefficients to determine the slope and second derivative of the observables at
q2
max. It should be noted that the polynomial parameterizations are inadequate to describe the
q2 dependent behavior of resonances. However, a very thorough discussion on the systematics
of the resonance effects can be found in [16].

The relation in Eq. (51) between form factors is expected to be satisfied in the large q2

region. Eq. (51) is naturally satisfied if it is valid at each order in the Taylor expansion of the
form factors:

q2 G̃λ
Fλ

= q2
max

G̃(1)
λ + δ (G̃(2)

λ −
G̃(1)
λ

q2
max

) +O(δ2)

F (1)
λ + δF (2)

λ +O(δ2)
. (56)
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We require only that the relation be valid up to order δ. In order for Eq. (56) to have

a constant value in the neighborhood of q2
max up to O(δ), we must have F (2)

λ = cF (1)
λ and

(q2
max G̃(2)

λ −G̃
(1)
λ ) = c q2

max G̃(1)
λ where c is any constant. As discussed earlier, P2 =

√
2P1 at q2

max,

hence, we must have P
(1)
2 =

√
2P

(1)
1 , where P

(1)
1,2 are the coefficients of the leading O(

√
δ) term

in the expansion. However, the above argument implies that at the next order, we must also

have P
(2)
2 =

√
2P

(2)
1 , since F (2)

λ = cF (1)
λ . This provides the needed input that together with

Eq. (49) determines P
(1)
1 purely in terms of observables.

The zeroth order coefficients of the observable expansions are assumed from the constraints
arising from Lorentz invariance and decay kinematics derived in Ref. [14], whereas all the higher
order coefficients are extracted by fitting the polynomials with 14 bin LHCb data as shown in
Fig. 2.

Figure 2: An analytic fit to 14-bin LHCb data using Taylor expansion at q2
max for the observables

FL, F⊥, AFB and A5 are shown as the brown curves. The ±1σ error bands are indicated by the
light brown shaded regions, derived including correlation among all observables. The points
with the black error bars are LHCb 14-bin measurements [11].

The limiting analytic expressions for Rλ at q2 = q2
max are

R⊥(q2
max) =

8A
(1)
FB(−2A

(2)
5 +A

(2)
FB) + 9(3F

(1)
L + F

(1)
⊥ )F

(1)
⊥

8 (2A
(2)
5 −A

(2)
FB)

√
3
2F

(1)
⊥ −A

(1) 2
FB

=
ω2 − ω1

ω2

√
ω1 − 1

, (57)

R‖(q
2
max) =

3(3F
(1)
L + F

(1)
⊥ )

√
3
2F

(1)
⊥ −A

(1) 2
FB

−8A
(2)
5 + 4A

(1)
FB + 3A

(1)
FB(3F

(1)
L + F

(1)
⊥ )

=

√
ω1 − 1

ω2 − 1
= R0(q2

max) (58)

where

ω1 =
3

2

F
(1)
⊥

A
(1) 2
FB

and ω2 =
4 (2A

(2)
5 −A

(2)
FB)

3A
(1)
FB(3F

(1)
L + F

(1)
⊥ )

. (59)

It should be noted that Eqs. (57)–(59) are derived only at q2
max. However, even at the endpoint,

the expressions depend on polynomial coefficients: F
(1)
L and F

(1)
⊥ as well as A

(2)
FB and A

(2)
5 which
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are not related by HQET. Hence, in our approach, corrections beyond HQET are automatically
incorporated through fits to data.

In the absence of RH currents or other NP that treats the “⊥” amplitude differently one
would expect R⊥(q2

max) = R‖(q2
max) = R0(q2

max). It is easily seen that the LHS of Eq. (43)
is positive around q2

max and since ζ > 0, we must have R⊥ = R‖ = R0 > 0. Since very
large contributions from RH currents are not possible, as they would have been seen elsewhere,
Rλ(q2

max) > 0 still holds and restricts ξ and ξ′ to reasonably small values.

It can be seen that ω1, ω2 contain coefficients which are extracted completely from data
and their estimates using LHCb measurements are: ω1 = 1.10 ± 0.30 (1.03 ± 0.34) and ω2 =

−4.19± 10.48 (−4.04± 10.12), where the first values are determined using A
(1)
FB and the values

in the round brackets use 2A
(1)
5 . The variables Rλ’s can be estimated using data only and

the allowed region is shown in gray bands in Fig. 3 left panel. A significant deviation is seen
from a slope of 45o line (red line) which denotes R⊥ = R‖ = R0 and thus hints toward the
presence of RH currents without using any estimate of hadronic contributions. To quantify the
RH couplings, we use Eq. (45) and the results are shown in the last two panels of Fig. 3. The
middle panel uses the SM estimate of parameter r/C10 [15] and the SM prediction for C ′10/C10

and C ′9/C10 (the origin) is at more than 5σ confidence level. We have performed another
analysis where the input r/C10 is considered as nuisance parameter and the result is shown
in the right most panel of Fig. 3. It can be seen that the uncertainties in fitted parameters
C ′10/C10 and C ′9/C10 have increased due to the variation of r/C10 and the SM prediction still
remains on a 3σ level contour providing evidence of RH currents.

Figure 3: (left panel) Allowed regions in R⊥ – R‖,0 plane are shown in light and dark gray
bands at 1σ and 5σ confidence level, respectively. The red straight line corresponds to the
case R⊥ = R‖,0 i.e. the absence of RH couplings. (middle panel) In C ′10/C10 – C ′9/C10 plane,
the yellow, orange and red regions correspond to 1σ, 3σ and 5σ significance level, respectively,
where SM input for r/C10 [15] is used. The best fit values of C ′10/C10 and C ′9/C10, with ±1σ
errors are −0.63 ± 0.43 and −0.92 ± 0.10, respectively. (right panel) Same color code as the
middle panel figure. The input r/C10 is varied as a nuisance parameter and hence the obtained
uncertainties in C ′10/C10 and C ′9/C10 are increased. The SM predictions for all the three plots
are indicated by the stars. Strong evidence of RH current is pronounced from the plots.
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Conclusions

• The B → K∗`+`− mode is an excellent mode to study. It is sensitive to NP and indirect
evidences have been found.

• Theoretical issues are well understood. However, the resonance effects are very important
to be studied thoroughly.

• Non-local contributions are difficult to estimate but can be handled by eliminating them
in terms of observables.

• More efforts should be put to estimate them. One should look for experimental hints to
estimate how large they are.

• Observable relations, which are free from hadronic uncertainties, can be used as a probe
for New Physics. Discrepancies are found with SM.

• A strong evidence of Right-Handed currents is also found.

• The possibility of some other kinds of NP are also suggested.
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In this study, we analyze the implications of the non-universal Z′ model to the lepton
polarization asymmetries and the cp violation for the decay channel B → K∗`+`− where
` = µ+µ−. To study the influence of the Z′ on the mentioned observables we used the
UTFit constraints for the parameters of Z′. We have found that these observables are
sensitive to the coupling of the Z′ boson with the fermions. Therefore, the accurant
measurements of these observables could provide help to extract accurate values of Z′

couplings.

1 Introduction

The study of rare B-meson decays which are induced by the flavor changing neutral currents
(FCNC) is highly interesting research area in flavor physics because these transitions provide a
fertile ground to check the SM and to probe new physics (NP) i.e. the physics beyond the SM.
Among the many new physics models, the non universal Z ′ model looks an attractive extension
of the SM (for a detailed review see Ref. [2]). As the behavior of the off diagonal couplings of
the non-universal Z ′ boson with the fermions, the FCNC transitions can occur at tree level as
well as this model is help out to resolve the puzzles in the data of rare B-meson decays such as
anomaly in the Bs − B̄s mixing phase [3, 4] and π −K puzzle [5], etc.

Further to this, the investigation of non universal family coupling of Z ′ boson leading to
FCNC transitions have also been studied by considering different observables such as branching
ratio and forward backward asymmetry [6, 7]. In this context, the behavior of the other ob-
servables in the presence of Z ′ boson may play a crucial role to refine our knowledge about the
family of non universal Z ′ model. With this motivation we have studied single lepton polar-
ization asymmetries, polarized and unpolarized CP violation asymmetries within the SM and
in the Z ′ model. In the context of CP asymmetry, it is important to emphasis here that the
FCNC transitions are proportional to three CKM matrix elements, namely, VtbV

∗
ts, VcbV

∗
cs and

VubV
∗
us but due to the unitarity condition and neglecting VubV

∗
us in comparison of VcbV

∗
cs and

VtbV
∗
ts, the CP asymmetry is highly suppressed in the SM. Therefore, the measurement of CP

violation asymmetries in FCNC processes could provide a key evidence for new physics.

The scheme of this report is as follows. The section 2 contains the basic formulation with
Z ′ contribution, the matrix elements and the amplitude for B → K∗`+`−. In section 3, we
give the analytical expressions of lepton polarization and cp violation. In sec 4 we present the
analysis summary and in the last section, we give conclusions.

∗Speaker. This proceeding is based on Ref. [1].
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2 Theoretical formulation

The Effective Hamiltonian in the SM for the b→ s`+`− transition is as follows

Heff =
GF√

2

∑

i

VCKMCi(µ)Qi, (1)

where GF is the Fermi coupling constant, Qi are the four-quark operators, VCKM are the CKM
matrix elements and Ci(µ) are the corresponding Wilson coefficients.

In the presence of Z ′, the FCNC transitions could occur at tree level and can be described
by the following effective Hamiltonian

HZ′eff = −4GF√
2
VtbV

∗
ts

[
ΛsbC

Z′
9 Q9 + ΛsbC

Z′
10Q10

]
+ h.c., (2)

where Λsb = 4πe−iφsb
αV ∗tsVtb

, CZ
′

9 = Re(Bsb)SLL;CZ
′

10 = Re(Bsb)DLL and SLL = SL`` + SR``;DLL =

SL``−SR``. Bsb is the Z ′ coupling with the b and s quarks and SL``, SR`` are the left and right handed
coupling of Z ′ with the leptons. The required matrix elements for the channel B → K∗`+`−

are as follows

〈K∗(k, ε)|sγµ(1± γ5)b|B(p)〉 = ∓iqµ
2mK∗

s
ε∗ · q

[
A3(s)−A0(s)

]
− εµνλσpλqσ

2V (s)

(mB +mK∗)

± iε∗µ(mB +mK∗)A1(s)∓ i(p+ k)µε
∗ · q A2(s)

(mB +mK∗)
,

〈K∗(k, ε)|siσµνqν(1± γ5)b|B(p)〉 = 2εµνλσp
λqσF1(s)± iε∗ · q

{
qµ −

(p+ k)µ
(m2

B −m2
K∗)

}
F3(s)

± i
{
ε∗µ(m2

B −m2
K∗)− (p+ k)µε

∗ · q
}
F2(s),

A3(s) =
mB +mK∗

2mK∗
A1(s)− mB −mK∗

2mK∗
A2(s). (3)

These seven independent form factors V (s), A1(s), A2(s), A0(s), F1(s), F2(s) and F3(s) are
calculated by different non perturbative schemes such as lattice QCD, Quark model (QM) [9] ,
perturbative QCD (PQCD) and light cone-QCD sum rules (LCSR) [13, 11], etc. By using Eqs.
(1)-(3), the total amplitude for the process under consideration can be written in the following
way.

Mtot =
αGF

4
√

2π
V ∗tbVts

[
lγµ(1− γ5)l ×

(
− 2Aεµνλσε∗kλqσ − iB1ε

∗
µ + iB2ε

∗ · q(p+ k)µ +

(4)

+iB0ε
∗ · qqµ

)
+ lγµ(1 + γ5)l ×

(
− 2Cεµνλσε∗kλqσ − iD1ε

∗
µ + iD2ε

∗ · q(p+ k)µ + iD0ε
∗ · qqµ

)]
.

where A, C, B1, D1, B2 D2, B0 and D0 are the auxiliary functionsand can be written in the
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following form.

A = 2CLLH1 + 4mbC
eff
7

F1(s)

s
, B1 = 2CLLH3 +

4mb

s
Ceff7 H4,

B2 = 2CLLH6 + 4
mbC

eff
7

s
H5,

B0 =
2mk∗

s
H7 −

4mb

s
Ceff7 F3(s), C = A(CLL → CLR), D1 = B1(CLL → CLR),

D2 = B2(CLL → CLR) D0 = B0(CLL → CLR),

H1 =
V (s)

(mB +mK∗)
, H3 = (mB +mK∗)A1(s), H4 = (m2

B −m2
K∗)F2(s),

H6 =
A2(s)

(mB +mK∗)
, H5 =

[
F2(s) +

s

(m2
B −m2

K∗)
F3(s)

]
, H7 = (A3 −A0),

CLL = Ctot9 − Ctot10 , CLR = Ctot9 + Ctot10 , Ctot9 = Ceff9 + ΛsbC
Z′
9 ,

Ctot10 = C10 + ΛsbC
Z′
10 . (5)

3 Formulas and analytical analysis of the physical observ-
ables

From the total amplitude in E. (4), we can write the decay rate of B → K∗`+`−

d2Γ(B → K∗l+l−)

d cos θds
=

1

2m3
B

2β
√
λ

(8π)3
|M|2, (6)

where β ≡
√

1− 4m2
l

s and λ ≡ m4
B + m4

k∗ + s − 2m2
Bm

2
k∗ − 2m2

Bs − 2m2
k∗s. By using the

decay rate, we can find out the single lepton polarization asymmetries and the unpolarized and
polarized cp violation asymmetries in B → K∗`+`− through the follwoing formulae

P±i =

dΓ(S±=e±i )

ds − dΓ(S±=−e±i )

ds

dΓ(S±=e±i )

ds +
dΓ(S±=−e±i )

ds

, ACP (S± = e±i ) =
dΓ(S−)
ds − dΓ̄(S+)

ds
dΓ
ds − Γ̄

ds

,

ACP (S± = e±i ) =
1

2

[(dΓ
ds

)
−
(
dΓ̄
ds

)

(
dΓ
ds

)
+
(
dΓ̄
ds

) ±
(
dΓ
ds

)
Pi − {

(
dΓ
ds

)
Pi}Λsb→Λ∗sb(

dΓ
ds

)
+
(
dΓ̄
ds

)
]
,

dΓ

ds
=

dΓ(B → K∗`+`−(S−))

ds
,

dΓ̄

ds
=
dΓ̄(B → K∗`+(S+))`−

ds
, (7)

where i denotes the longitudinal ( L),normal ( N) and transverse (T) and S± is the spin direction
of l±. The relation between the polarized and unpolarized invariant dilepton mass spectrum
for the B → K∗l+l− read as

dΓ(S±)

ds
=

1

2

(
dΓ

ds

)[
1 + (PLe

±
L + PNe±N + PTe

±
T ) · S±

]
. (8)
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Table 1: Numerical values of 〈PL〉 in Z ′ model for scenario-I

〈PL〉 at DLL = 0 〈PL〉 at SLL = 0
φsb

Decay Channel
SLL SLL DLL DLL

in Degree
−6.7 1.1 −9.3 −4.1

Bsb = 0.87 1.31 0.87 1.31 0.87 1.31 0.87 1.31

−65◦
B → K∗µ+µ− -0.785 -0.715 -0.774 -0.757 -0.597 -0.485 -0.731 -0.679
B → K∗τ+τ− -0.423 -0.347 -0.526 -0.519 -0.515 -0.476 -0.538 -0.532

−79◦
B → K∗µ+µ− -0.741 -0.651 -0.782 -0.772 -0.573 -0.442 -0.728 -0.669
B → K∗τ+τ− -0.443 -0.354 -0.517 -0.506 -0.454 -0.394 -0.509 -0.490

For the numerical analysis, we used the values of different input parameters and Wilson co-
efficients from [12, 13] while for Z ′ parameters we used the UTFit collaboration results [14].

To see the NP, we have plotted single lepton polarization asymmetries as a function of the
momentum square s. ( see Figs. 1-5 of ref. [1]). From these figures one can extract that the
longitudinal and normal polarization asymmetries are sensitive to the Z ′ parameters at low s
region for the case of muons while the transverse asymmetry is tiny, both, in the SM and in
the Z ′ model. Some numerical values of the PL are listed in Table 1 by using S1 scenario of Z ′

model (see ref. [1] for details).
To see the variation in the average values of single lepton polarization asymmetries 〈Pi〉,

where i = L,N or T , due to the influence of Z ′ boson effect see Figs. ( 6)-(11) of ref. [1] where
we have plotted these asymmetries against the different coupling parameters of Z ′ models.
From these graphs we have found that 〈PL〉 sensitive to SLL i.e. the NP contribution coming
from Wilson coefficient C9 while the values of 〈PN 〉 significantly effected by DLL i.e. the NP
contribution coming from Wilson coefficient C10. Moreover, 〈PN 〉 value is influenced by the
new weak phase φsb when tauons are the final state leptons.

Now we turn our attention to analysis of another interesting observable i.e. CP violation.
As we have mentioned earlier in the introduction that for b→ s`+`− transition the value of CP
violation is negligible and any measurement of this observable is a clear sign of new physics.
However, we have found that both the polarized and unpolarized CP violation asymmetries for
B → K∗µ+µ− are suppressed in the SM and in the Z ′ model. Similarly, CP violation when one
of the final state tauon is transversely polarized is also found to be suppressed and therefore,
we do not include these asymmetries in our numerical discussion. The other CP asymmetries
ACP and AiCP (where i = L,N) for B → K∗τ+τ− are displayed in Figs. (12)-(15).From
these figures, we have found that the values of direct unpolarized CP violation asymmetry ACP
is not significantly changed when we change the values of new weak phase φsb and DLL but
strongly depend on the value of SLL. In contrast to the ACP it is found that the ALCP is almost
insensitive to the value of SLL but sensitive to the values of DLL . However, ANCP is sensitive
for both SLL and DLL.
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4 Conclusion

As the CP violation asymmetries are negligible in the SM and in this analysis it is found that
ACP , ALCP and ANCP are considerably enhanced in the presence of Z ′ when tauons are the
final state leptons. Similarly, the lepton polarization asymmetries are also significantly change
their values from the SM values when we incorporate the effects of Z ′. Therefore, the accurate
measurements of these observables could be depict the precise values of the new weak phase
φsb and coupling of Z ′ boson with the leptons and quarks.
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The work is devoted to the study of b-s anomaly decays. We compute the relevant
form factors in the framework of the covariant quark model with infrared confinement
in the full kinematical momentum transfer region. The calculated form factors are used
to evaluate branching fractions and polarization observables in the B → Kπ + µ+µ−

decay caused by the presence of the intermediate scalar K∗
0 and in the cascade decay

B → φ(→ K+K−)`+`−. We compare the obtained results with available experimental
data and the results from other theoretical approaches.

1 Introduction

The main aim of particle physics is to determine the fundamental principles that govern matter,
energy, space and time. Standard Model (SM) in particle physics provides a thoroughly tested
basis for describing the matter particles (quarks and leptons), together with bosons of strong
and electroweak interactions (gluons,photons, W and Z bosons). However, historical data
suggests that Standard model is not complete and that it is just a low-energy limit of a more
fundamental theory. One has to admit very impressive progress achieved in the last decade in
the electroweak and quantum chromodynamics perturbative calculations. This became possible
due to the development of new techniques and computer codes for multi- loop and multi-leg
calculations. Today the accuracy of theoretical calculations competes with that of experimental
data and further progress is on the way in both the cases. Worth noting that Standard model
has been extremely successful in explaining the results of experiments for particle physics.
The outstanding success of SM in the description of almost all experimental data in particle
physics is manifested in the electroweak pool for different observables. Nevertheless, in recent
years observed discrepancies in B-meson rare decays with the predictions of SM. Flavour-
changing neutral currents have been prominent tools in high-energy physics in the search for
new degrees of freedom, due to their quantum sensitivity to energies much higher than the
external particles involved and can be instrumental in order to determine where to look for new
physics. During the last decade a lot of observables, including the branching ratios, CP and
the angular asymmetry in inclusive and exclusive decay modes of B-meson were measured by
B-factories and at LHC experiments. These data allow to explore the spiral structure in the
interactions with the flavour-changing and a possible existence of new sources of CP violation.

The transition b → s`+`− mediated by Flavor-Changing Neutral Current (FCNC) is one
of the key point in the SM which allows one to look for the possible manifestation of New
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Physics. The physical processes induced by this transition are currently studied in great details
at the LHC. The most popular and well–analyzed among them are the rare B-meson decays
B → K∗(→ Kπ)µ+µ− and Bs → φ(→ K+K−)µ+µ−. The decay Λb → Λ(→ pπ) `+`−

can be considered to be a welcome complement to the above decay channels. The LHCb
Collaboration [1] reported a measurement of form-factor independent angular observables in
the decay B → K∗µ+µ−. One observable was found to be in disagreement with the SM on the
level of 3.7 σ. The improved measurements of the isospin asymmetries and branching fractions
for B → Kµ+µ− and B → K∗µ+µ− decays were reported in [2]. The isospin asymmetries
were consistent with the SM, whereas some branching fractions were found to be slightly lower
than the theoretical predictions. An angular analysis and a measurement of the differential
branching fraction of the decay B0

s → φµ+µ− were presented in [3]. The results of the angular
analysis are consistent with the SM. However, the differential branching fraction in one bin was
found to be more than 3 σ below the SM predictions. The observed discrepancies (sometimes
called ”b → s``”) have generated a plenty of theoretical studies [4]-[15] involving the various
scenarios of NP and analysis of the uncertainties from hadronic contributions.

2 The b− s transition form factors in the covariant quark
model

We define dimensionless form factors for scalar mesons by

< H2(p2) | s̄ Oµ b |H1(p1) > = F+(q2)Pµ + F−(q2) qµ ,

< H2(p2) | s̄ iσµνqν(1 + γ5) b |H1(p1) > = − 1

m1 +m2

(
Pµ q

2 − qµ Pq
)
FT (q2) , (1)

and for vector mesons as:

〈φ(p2, ε2) | s̄ O µ b |Bs(p1)〉 =

= Nc gBs gφ

∫
d4k

(2π)4i
Φ̃Bs

(
− (k + w13p1)2

)
Φ̃φ

(
− (k + w23p2)2

)

× tr

[
O µ Sb(k + p1) γ5 Ss(k) 6ε †2 Ss(k + p2)

]

=
ε †ν

m1 +m2

(
− gµν P · q A0(q2) + P µ P ν A+(q2) + q µ P ν A−(q2)

+i εµναβ Pα qβ V (q2)
)
, (2)

〈φ(p2, ε2) | s̄ (σ µνqν(1 + γ5)) b |Bs(p1)〉 =

= Nc gBs
gφ

∫
d4k

(2π)4i
Φ̃Bs

(
− (k + w13p1)2

)
Φ̃φ

(
− (k + w23p2)2

)

× tr

[
(σ µνqν(1 + γ5))Sb(k + p1) γ5 Ss(k) 6ε †2 Ss(k + p2)

]

= ε †ν
(
− (gµν − q µq ν/q2)P · q a0(q2) + (P µ P ν − q µ P ν P · q/q2) a+(q2)

+i εµναβ Pα qβ g(q2)
)
. (3)
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where P = p1 + p2 and q = p1 − p2, ε†2 · p2 = 0, p2
1 = m2

1 ≡ m2
Bs

, p2
2 = m2

2 ≡ m2
φ and the weak

matrix O µ = γ µ(1−γ5). Since there are three quarks involved in these processes, we introduce
the notation with two subscripts wij = mqj/(mqi + mqj ) (i, j = 1, 2, 3) so that wij + wji = 1.
The form factors are calculated in the full kinematical region of momentum transfer squared.

The results of our numerical calculations are with high accuracy approximated by the
parametrization

F (q2) =
F (0)

1− as+ bs2
, s =

q2

m2
1

, (4)

the relative error is less than 1%. In our work we evaluate the b-s transition form factors
assuming that mesons are ordinary two-quark states.

3 The B → K∗(→ Kπ)µ+µ− decay

Recently, it has been paid much attention to the rare flavor-changing neutral current decay
B → K∗(→ Kπ)µ+µ−. One of the reason was the first measurement of form-factor independent
angular observables performed by LHCb-collaborationn [1, 16]. It has been claimed that there
is a 3.7σ deviation from the Standard Model (SM) prediction for one of the angular observables.
Much effort has been spent to explain this deviation by invoking the effects of new physics (NP)
(see Refs. [17]-[23]). The main emphasis of the above mentioned papers was focusing on the
search of the physical observables which have low sensitivity to the form factors. In addition
to the NP effects, the uncertainties related to the presence of the intermediate scalar resonance
K∗0 decaying also into Kπ are intensively discussed in the literature Refs. [24]-[28]. In many
papers, the Breit-Wigner form for the Kπ-mass spectra is used. However, this assumption can
not be justified for the broad scalar resonances like the K∗0 (800) meson. The improvement
of the description was done in the paper [29] by invoking the chiral perturabation theory for
Kπ-interaction. This issue was also generalized to Bs → Kπ`ν̄ in Ref. [30]. As well-known,
short-distance physics is under control in the description of the rare B-decays whereas the effects
of long-distance physics described by the hadronic form factors lead to large uncertainties since
it involves nonperturbative QCD.

Some remarks should be done before the calculations. The internal structure of the light
scalar mesons is not yet well established, see for review [31] and [32]. Since they have large
decay widths it is difficult to distinguish them from background. There are interpretations of
these objects as four-quarks states and/or gluballs. Here, we describe the scalar mesons as
two-quark states and evaluate the B-S form factors within our approach but when we use the
calculated form factors in the matrix element of the cascade decay B → K∗0 (→ Kπ)`+`− we
take into account the line shape of the K∗0 which reflect the broad width of this resonance. We
will use the notation from PDG’14 [33] for the scalar mesons below 1 GeV.

We are going to explore the influence of the intermediate scalar K∗0 meson on the angular
decay distribution of the cascade decay B → Kπ + µ+µ−. Therefore, we give the maximum
values of the form factors in Table 3 and branching ratios in Table 3 obtained for size parameter
ΛS = 1.5 GeV. The results for the e-mode are almost identical to those of the µ-mode and will
not be shown separately. We compare the obtained results with those from other approaches.
One can see that our values for branching ratios are less almost twice compare with those from
other approaches.

Let us briefly discuss the impact of scalar resonance K∗0 on B → K∗(→ Kπ)`+`− decay. As
well known, the narrow K∗(892) vector resonance is described by a Breit-Wigner parametriza-
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Table 1: The values of the form factors at q2 = 0 in the covariant quark model (ΛS = 1.5 GeV)
and other approaches

B − S F (0) Our work [34] [35] [36] [37] [38] [39]

B0
d − a+

0 (980) F+(0) 0.192 0.58 0.56

FT (0) 0.182 0.78

B0
s −K∗+

0 (800) F+(0) 0.274 0.44 0.53

FT (0) 0.292 0.60

B0
s − f0(980) F+(0) 0.254 0.45 0.44 0.19 0.35 0.12

FT (0) 0.285 0.60 0.58 0.23 0.40 -0.08

B0
d −K∗ 0

0 (800) F+(0) 0.306 0.50 0.46

FT (0) 0.306 0.67 0.58

B0
d − f0(500) F+(0) 0.210

FT (0) 0.203

Table 2: The branching fractions for the semileptonic and rare B-decays into light scalar mesons
and lepton pairs

Decay modes Branching fractions

Our work [34] [40] [37] [38]

(ΛS = 1.5 GeV)

B0
d → a+

0 (980)µ−ν̄µ 0.52× 10−4 (2.74± 0.40)× 10−4 1.84× 10−4

B0
d → a+

0 (980)τ−ν̄τ 0.11× 10−4 (1.31± 0.23)× 10−4 1.01× 10−4

B0
s → K∗+

0 (800)µ−ν̄µ 1.23× 10−4 (2.06± 0.31)× 10−4 1.42× 10−4

B0
s → K∗+

0 (800)τ−ν̄τ 0.25× 10−4 (1.07± 0.19)× 10−4 0.88× 10−4

B0
d → K∗ 0

0 (800)µ+µ− 3.47× 10−7 (7.31± 1.21)× 10−7

B0
d → K∗ 0

0 (800)τ+τ− 0.61× 10−7 (1.33± 0.36)× 10−7

B0
s → f0(980)µ+µ− 2.45× 10−7 (5.14± 0.78)× 10−7 0.95× 10−7 5.21× 10−7

B0
s → f0(980)τ+τ− 0.42× 10−7 (0.74± 0.17)× 10−7 1.1× 10−7 0.38× 10−7

B0
d → K∗ 0

0 (800)ν̄ν 2.53× 10−6 (6.30± 0.97)× 10−6

B0
s → f0(980)ν̄ν 1.79× 10−6 (4.39± 0.63)× 10−6 0.87× 10−6
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tion and the given cascade B-decay can be calculated by using the narrow width approximation.
But it is not true in the case of the broad scalar K∗0 (800) meson. There are several parametriza-
tions of the K − π line shapes in the literature, see, for instance, their discussion in Ref. [29].
We will use for the time being the parametrization accepted in Ref. [30] which integrated value
in the K∗-resonance region is equal to

∫ (mK∗+δm)2

(mK∗−δm)2
dm2

Kπ|LS(m2
Kπ)|2 = 0.17, where δm = 100 MeV. (5)

Then we scale the calculated value for the differential decay rate dΓ(B → K∗0 (800)µ+µ−) by
this factor and compare with those for B → K(892)µ+µ−) decay. We display the behavior of
the ratio

R(q2) =
2/3 dΓ(B → K∗(892)µ+µ−)

2/3 dΓ(B → K∗(892)µ+µ−) + 0.17dΓ(B → K∗0 (800)µ+µ−)
(6)

in Fig.1 which may be compared with the finding of Ref. [25]. The integrated ratio (numerator
and denominator are integrated separately in the full kinematical region of q2 ) gives the size
of the S-wave pollution to the branching ratio of the B → K∗`+`− decay about 6%.

0 2 4 6 8 10 12 14

0.75

0.80

0.85

0.90

0.95

1.00

q
2
HGeV

2
L

Figure 1: The ratio of the differential decay rate dΓ(B → K∗(892)(→ K0π+)µ+µ−)) to the full
differential decay rate dΓ(B → K∗(892)(→ K+π−)µ+µ−) + dΓ(B → K∗0 (→ K+π−)µ+µ−).

4 The B0
s → φ(→ K+K−)`+`− decay

This decay channel was first discovered and studied by CDF collaboration [41, 42], later been
studied by LHCB collaboration [22, 43]. Despite the fact that the angular distributions are in
good agreement with the SM expectations, branching ratio of decay had a 3.1σ disagreement
with the prediction of the SM [12, 22].
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Table 3: The form factors at maximum recoil q2 = 0.

V c(0) Ac0(0) Ac1(0) T c1 (0) T c3 (0)
Our work [45] 0.31± 0.03 0.28± 0.03 0.27± 0.03 0.27± 0.03 0.18± 0.02

Ref. [46] 0.32 0.29 0.28
Ref. [47] 0.434±0.035 0.474± 0.037 0.311±0.029 0.349±0.033 0.175± 0.018
Ref. [48] 0.406± 0.020 0.322± 0.016 0.320± 0.016 0.275± 0.014 0.133± 0.006
Ref. [49] 0.43 0.38 0.30 0.35 0.25
Ref. [50] 0.25± 0.05 0.30± 0.05 0.19± 0.04
Ref. [51] 0.44 0.42 0.34 0.38 0.26
Ref. [52] 0.26± 0.07 0.31± 0.07 0.18+0.06

−0.05 0.23+0.06
−0.05 0.19± 0.05

Ref. [53] 0.329 0.279 0.232 0.276 0.170
Ref. [54] 0.339± 0.017 0.271± 0.014 0.299± 0.016 0.191± 0.010

The B0
s → φ`+`− decay is similar to the B → K∗`+`− decay. The Bs meson production is

suppressed compared to the B0 meson by the relation fs/fd ' 1/4, but the narrow resonance
φ provides a clean set of data with low background. The main difference between B0

s → φ`+`−

and B → K∗`+`− decays is that the final state do not contain information about the initial
state of the meson, whether it was Bs or B̄s. Experimentally procurable angular observables
in the B0

s → φ`+`− decay are CP-averaged Fl, S3,4,7 and CP-asymmetries A5,6,8,9[3, 44].
We display in Table 3 the form factors obtained in our model and compare them with those

from other approaches.
The rare decay b→ s`+`− is described in terms of the effective Hamiltonian [55]:

Heff = −4GF√
2
λt

10∑

i=1

Ci(µ)Oi(µ), (7)

where Ci(µ) andOi(µ) are the Wilson coefficients and local operators, respectively. λt = |VtbV ∗ts|
is the product of CKM matrix elements. Note that we drop small corrections proportional to
λu = |VubV ∗us|. By using the effective Hamiltonian defined by Eq. (7) one can write the matrix
element of the exclusive transition Bs → φ`+`− as

M =
GF√

2
· αλt
π
·
{
Ceff

9 < φ | s̄ γµ PL b |Bs >
(
¯̀γµ`

)

− 2m̄b

q2
Ceff

7 < φ | s̄ iσµνqν PR b |Bs >
(
¯̀γµ`

)

+ C10 < φ | s̄ γµPL b |Bs >
(
¯̀γµγ5`

)}
, (8)

where Ceff
7 = C7−C5/3−C6. One has to note that matrix element in Eq.(8) contains both a free

quark decay amplitude coming from the operators O7, O9 and O10 (gluon magnetic penquin
O8 does not contribute) and, in addition, certain long-distance effects from the matrix elements
of four-quark operators Oi (i = 1, . . . , 6) which usually are absorbed into a redefinition of the
short-distance Wilson-coefficients. The Wilson coefficient Ceff

9 effectively takes into account,
first, the contributions from the four-quark operators Oi (i = 1, ..., 6) and, second, the nonper-
turbative effects coming from the cc̄-resonance contributions which are as usual parametrized
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by the Breit-Wigner ansatz [56]:

Ceff
9 = C9 + C0



h(m̂c, s) +

3π

α2
κ

∑

Vi=ψ(1s),ψ(2s)

Γ(Vi → l+l−)mVi

mVi
2 − q2 − imVi

ΓVi





− 1

2
h(1, s) (4C3 + 4C4 + 3C5 + C6)

− 1

2
h(0, s) (C3 + 3C4) +

2

9
(3C3 + C4 + 3C5 + C6) , (9)

where C0 ≡ 3C1 + C2 + 3C3 + C4 + 3C5 + C6. Here the charm-loop function is written as

h(m̂c, s) = −8

9
ln
m̄b

µ
− 8

9
ln m̂c +

8

27
+

4

9
x

− 2

9
(2 + x)|1− x|1/2





(
ln
∣∣∣
√

1−x+1√
1−x−1

∣∣∣− iπ
)
, for x ≡ 4m̂2

c

s < 1,

2 arctan 1√
x−1

, for x ≡ 4m̂2
c

s > 1,

h(0, s) =
8

27
− 8

9
ln
m̄b

µ
− 4

9
ln s+

4

9
iπ,

where m̂c = m̄c/m1, s = q2/m2
1 and κ = 1/C0. In what follows we drop the charm resonance

contributions by putting κ = 0. We will use the value of µ = m̄b pole for the renormalization
scale. Besides the charm-loop perturbative contribution, two loop contributions have been
calculated in [57, 58]. They effectively modify the Wilson coefficients as

Ceff
7 → Ceff

7 −
αS
4π

(
C1F

(7)
1 + C2F

(7)
2

)
,

Ceff
9 → Ceff

9 −
αS
4π

(
C1F

(9)
1 + C2F

(9)
2

)
(10)

where the two-loop form factors F
(7,9)
1,2 are available in Ref. [58]. A global analysis of b → s``

anomalies has been performed in Ref. [4] with the NNLL corrections included. It was shown
that they amount up to 15%. The discussion of the non-local cc̄ contributions maybe also found
in Ref. [11].

We are aiming to compare our results for the branching fractions and angular observables
with the experimental data recently reported by the LHCb Collaboration [3] and the results
of global analyses performed in Ref. [4]. A set of so-called optimized observables Pi have been
constructed (see [18] and references therein) by taking appropriate ratios of the form factors
in such a way to minimize the hadronic uncertainties. It seems however more difficult to give
them a clean physical interpretation, as it was the case for AFB and FL.

The optimized observables have not been given explicitly in [3]. Their numerical values
were obtained in [4] by converting the results for the CP averages S3,4,7 into the optimized
observables.

Finally, we present our results for the binned observables in Tables 4-7. Here, we take into
account the NNLL corrections for the Wilson coefficients which have been calculated in [57, 58].
The NNLL corrections contribute up to 20% in the region of small transferred momentum
squared q2 ≤ 6 GeV2 but their influence in the region of large q2 is really negligible. Using

HQ 2016 7

AIDOS ISSADYKOV, MIKHAIL A. IVANOV

364 HQ 2016



this optics one can address the 3.3σ deviation seen by [3] for branching fraction in the 1 − 6
GeV range. In the covariant quark model this discrepancy is much reduced. The remaining
deviation (1.4σ) shrinks is even further if the two-loop corrections for the Wilson coefficients are
taken into account, down to 1.1σ. With such error reduction one cannot claim a discrepancy
with the SM any longer.

Overall one observes a good description of the data by the covariant quark model and the
agreement becomes even better if the two-loop corrections are taken into account. The biggest
discrepancy of 2.5σ observed for FL in the lowest bin 0.1 ≤ q2 ≤ 2 GeV is reduced to 1.7σ when
these corrections are taken into account.

The remaining deviations do not exceed 2.0σ and only two of them are greater than 1.5σ
if the two loops corrections are neglected (branching fraction and S4, both for 15 ≤ q2 ≤ 17
GeV). When they are taken into account most measurements lie within one standard deviation,
the only two exceeding 1.5σ are S4 for 15 ≤ q2 ≤ 17 and the above mentioned measurement of
FL.
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Table 4: Binned observables for B(Bs → φµ+µ−).

107B(Bs → φµ+µ−) 2 loop 1 loop [4] Expt. [3]
[0.1, 2] 0.99± 0.2 0.86± 0.17 1.81± 0.36 1.11± 0.16
[2, 5] 0.90± 0.18 0.95± 0.19 1.88± 0.31 0.77± 0.14
[5, 8] −− 1.25± 0.25 2.25± 0.41 0.96± 0.15

[11, 12.5] 0.84± 0.17 0.88± 0.18 −− 0.71± 0.12
[15, 17] 1.15± 0.23 1.19± 0.24 −− 0.90± 0.13
[17, 19] 0.75± 0.15 0.77± 0.15 −− 0.75± 0.13
[1., 6.] 1.56± 0.31 1.64± 0.33 −− 1.29± 0.19
[15, 19] 1.89± 0.28 1.95± 0.29 2.20± 0.16 1.62± 0.20

Table 5: Binned observables for FL(Bs → φµ+µ−).

FL(Bs → φµ+µ−) 2 loop 1 loop [4] Expt. [3]
[0.1, 2] 0.37± 0.07 0.46± 0.09 0.46± 0.09 0.20± 0.09
[2, 5] 0.72± 0.14 0.74± 0.15 0.79± 0.03 0.68± 0.15
[5, 8] −− 0.57± 0.11 0.65± 0.05 0.54± 0.10

[11, 12.5] 0.40± 0.08 0.40± 0.08 −− 0.29± 0.11
[15, 17] 0.34± 0.07 0.34± 0.07 −− 0.23± 0.09
[17, 19] 0.33± 0.06 0.33± 0.06 −− 0.4± 0.14
[1, 6] 0.69± 0.14 0.71± 0.14 −− 0.63± 0.09

[15, 19] 0.34± 0.07 0.34± 0.07 0.36± 0.02 0.29± 0.07
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In this article, we present the derivation of Landau-Khalatnikov-Fradkin (LKF) transfor-
mation for the quark propagator in an arbitrary SU(N) gauge theory. Working in the
system of covariant gauges, we derive transformation law by making perturbative expan-
sions till O(g6s) and, for some terms, till O(g8s). The corresponding transformation for the
abelian case of quantum electrodynamics is trivially recovered by setting the color factors
CF = 1 and CA = 0. Finally, we study the implications of this QCD transformation for the
quark-antiquark condensate, multiplicative renormalizability of mass less quark propagator
and its relation with the quark-gluon vertex at one loop order.

1 Introduction

In gauge field theories, Green functions transform in a specific manner under a variation of
gauge. In quantum electrodynamics (QED) these transformations carry the name of Landau-
Khalatnikov-Fradkin transformations (LKFT), derived by these authors in 1965 using canonical
formulation [1]. Later, these were also derived through functional method by Johnson and
Zumino [2]. Just like the Ward-Fradkin-Green-Takahashi identities (WFGTI) identities, the
LKFT are also non perturbative in nature [3]. WGTI relate the behviour of different Green
functions under the local gauge transformations, whereas, the LKFT take care of the behaviour
of single Green function under the variation of covariant gauge parameter. It can be shown
that if a given WFGTI holds in one gauge, then if the Green functions involved are transformed
to another gauge under LKFT, the WFGTI in that other gauge will be satisfied automatically.
The utility of LFKT, as compared to WFGTI is less appreciated, because of the fact that they
are written in coordinate space and this adds complexity in the calculation.

Both the WFGTI and the LKFT are satisfied at every order of approximation in QED. The
only gauge theory whose non perturbative understanding is relevant to fundamental interactions
within the standard model is quantum chromodynamics (QCD). In line with the WFGTI,
the gauge identities which relate Green functions in QCD are called Slavnov-Tayolr identities
(STI), [4] and they play a key role in the proof of gauge-invariant renormalizability of QCD.
The purpose here is to present the derivation of generalized LKFT for in an arbitrary SU(N)

∗Speaker. This proceeding is based on Ref. [5].
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gauge theory bearing in mind that the mathematical structure of QCD is not too different from
any other SU(N) theory.

Our study is organised as follows: In Sec. 2, we give the derivation the local gauge transfor-
mation relation for the quark propagator in the coordinate space by making expansion till O(g6

s)
and for some terms till O(g8

s). Sec. 3 details the role of the quark-gluon vertex in ensuring the
multiplicative renormalizability of the quark propagator and also provides the conclusions.

2 Quark Propagator Under Local SU(N) Gauge Transfor-
mations

Local SU(N) gauge transformation for the quark field is defined as :

ψi(x) → ψ′i(x)=ei[gsϕa(x)Ta] ψi(x) , (1)

where ϕa(x) is an arbitrary free scalar field operator carrying color quantum number a (a =
1, 2, · · · , N2 − 1), gs is the strong coupling constant and Ta = λa/2, λa being the well-known
Gell-Mann matrices for N = 3. The quark Green function (propagator in coordinate space) is
defined as :

iSFij(x, x
′) ≡ iSFij = 〈T{ψi(x)ψ̄j(x

′)}〉 , (2)

where the angle brackets stand for the vacuum expectation value. Under SU(N) local gauge
transformation of Eq. (1), we have

iSFij(x, x
′)→〈T{ei[gsϕa(x)Ta]ψi(x)ψ̄j(x

′)e−i[gsϕb(x′)Tb]〉. (3)

Since there are two fermion and two scalar fields, the only surviving contractions yield :

iSFij(x, x
′)→ iS0F

ij (x, x′)〈T{ei[gsϕa(x)Ta] e−i[gsϕb(x′)Tb]〉, (4)

where S0F
ij (x, x′) stands for the Green function for quarks in the Landau gauge. In QCD, the

color factor CA enters only at O(g4
s) in the quark propagator expansion which is inherent to its

non-commutative nature. In the abelian approximation of QCD, i.e., CA = 0, the final result
resembles that of QED with CF sitting as an overall multiplication factor:

iSFij(x, x
′) = iS0F

ij (x, x′) e g
2
s CF [i∆F (x−x′)−i∆F (0)]. (5)

Let us calculate the term involving the exponentials :

〈0|T{ei[gsϕa(x)Ta] e−i[gsϕb(x′)Tb]}|0〉

= 〈0|T
{[

1 + igsϕa(x)Ta +
(igs)

2

2!
(ϕa(x)Ta)2 +

(igs)
3

3!
(ϕa(x)Ta)3 +

(igs)
4

4!
(ϕa(x)Ta)4 + · · ·

]
(6)

×
[
1− igsϕb(x′)Tb +

(−igs)2

2!
(ϕb(x

′)Tb)
2 +

(−igs)3

3!
(ϕb(x

′)Tb)
3 +

(−igs)4

4!
(ϕb(x

′)Tb)
4 + · · ·

]}
|0〉 .

By employing the following notation for the Green functions associated with the scalar
fields :

i∆F (x− x′)δab = 〈0|T{ϕa(x)ϕb(x
′)}|0〉 . (7)
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We can now simplify the O(g4
s) terms in expression (6) that leads to :

iSFij(x, x
′) = iS0F

ij (x, x′)
[
e g

2
s CF [i∆F (x−x′)−i∆F (0)]

− g4
s CA CF

24
{(i∆F (x− x′)− i∆F (0)) (3i∆F (x− x′)− i∆F (0))}+O(g6

s)
]
.(8)

Note that at O(g4
s), we have a factors of CA in the quark propagator that leads to self interaction

of gluons. Note that the quark gluon vertex will contribute factors of CF −CA/2 for the abelian
diagram and CA for the non-abelian diagram including 3-point self gluon interactions. The ghost
and gluon loop will also contribute a factor of CA. By employing the same method, the quark
propagator till O(g8

s) for certain terms could be written as

iSFij(x, x
′) = iS0F

ij (x, x′)
[
eg

2
s CF [i∆F (x−x′)−i∆F (0)]

− g4
s CA CF

(2!)(3!2!1!)
{[i∆F (x− x′)− i∆F (0)] [3i∆F (x− x′)− i∆F (0)]} eg

2
s CF [i∆F (x−x′)−i∆F (0)]

+
g6
s CFC

2
A

(1!)(4!3!2!1!)
[i∆F (x− x′)− i∆F (0)]×

[
8(i∆F (x− x′))2 − 7(i∆F (x− x′))(i∆F (0)) + (i∆F (0))2

]
+O(g8

s)
]
. (9)

One can note some key points regarding this transformation: Subsitituting CF = 1, gs = e,
CA = 0, one can get back the LKFT for the electron propagator in QED [1]. In the color
factor in the fundamental representation, i.e., CnF , we find a closed expression in perturbative
series. However, a closed expression for the perturbative series in CnA (color factor in adjoint
representation), was not achieved as it has several sources. Finally in the definition the chiral
quark condensate

〈ψ̄ψ〉ξ = −Tr
[
SF (x, x′)

]
x′=x

= −Tr
[
S0F (x, x′)

]
x′=x

= 〈ψ̄ψ〉0 (10)

making use of and the final expression for the quark propagator in an arbitrary covariant gauge,
Eq. (9), we can see that the chiral quark condensate is manifestly a gauge invariant quantity in
any SU(N) theory.

3 Quark-Gluon Vertex and LKF Transformations
We know form our knowledge of QED that the structure of the quark gluon vertex dictates
multiplicative renormalizability (discussed in length in section 2 of reference [5]) of the charged
fermion and hence ensures LKFT for the 2-point function are satisfied. One can note that the
quark propagator beyond O(g2

s) involves gluon self interactions and hence introduces a color
factor CA in the adjoint representation. Just to give an example, the one-loop calculation of the
transverse quark-gluon vertex, defined by (k − p)µΓµ(k, p)=0, where k and p are the incoming
and outgoing fermion momenta, respectively, for k2 >> p2, gives:
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ΓT (a)
µ (k, p) =

(
CF −

1

2
CA

)
αsξ

8πk2
log

(
p2

k2

)
Tµ(k, p) ,

ΓT (n)
µ (k, p) = CA

αs(3ξ − 1)

64πk2
log

(
p2

k2

)
Tµ(k, p) , (11)

where the subscripts a and n correspond to the abelian and non-abelian diagram, respectively
and the vector Tµ(k, p) is defined as Tµ(k, p) = k2γµ − kµk · p. In the wave function renor-
malization, the gauge parameter dependent piece of the quark gluon vertex would result in the
following type of O(g4

s) terms :

F (p2/µ2; ξ) = 1 + αs f0 CF ln

(
p2

µ2

)

+α2
s

[
f2

0C
2
F

2
ln2

(
p2

µ2

)
+ CF (fa1CF + f b1CA) ln

(
p2

µ2

)]
.

Note that to this order, the CA terms would also be contributed by the gluon and ghost loop
correction to the gluon propagator in the quark gap equation.

Recall that the gap equation for QCD is

S(p; ξ)−1 = [S0(p; ξ)]−1 + g2CF

∫
d4k

(2π)4
Dµν(p− k; ξ)γµS(k; ξ)Γν(k, p) ,

where Dµν(q; ξ) is the gluon propagator:

Dµν(q; ξ) =

[
δµν −

qµqν
q2

]
1

q2[1 + Π(q2)]
+ ξ

qµqν
q4

.
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Vertex Structure a2, a3, a6, a8 MR ν
Bare γµ – No
BC ΓBCµ =

∑4
i=1 λi Lµ – No

CP ΓCPµ = ΓBCµ + τ6T
6
µ a6 = 1

2 Yes CFαξ/(4π)
B ΓBµ = ΓBCµ +

∑
i=2,3,6,8 τi T

i
µ a6 = − 1

2 , a2 + 2(a3 + a8) = −2 Yes Numerical
QC ΓQCµ = ΓBCµ +

∑
i=2,3,6,8 τi T

i
µ a2 = a6 = 0, a3 = 1/2, a8 = −1 Yes Numerical

Our Γµ = ΓBCµ +
∑
i=2,3,6,8 τi T

i
µ a6 = + 1

2 , a2 + 2(a3 + a8) = 0 Yes CFαξ/(4π)

Table 1: Different vertex ansätze as regards the LKFT for the massless quark propagator are
compared. The first three columns define the vertex considered (see details in Ref. [5]). The
fourth column shows whether the quark propagator is Multiplicatively Renormalizable (MR)
or not. The last column states the exact exponent of the quark propagator to determine if
the vertex complies with the exact prediction of the LKFT for the leading log series, namely
ν = CFαξ/(4π).

We take the liberty to work with the quenched theory, i.e., Π(q2) = 0 in order to see the
role of LKFT for different choices of quark-gluon vertex Γν(k, p).

In Table (1), we provide an explicit comparison of different vertex ansätze as tested against
the constraints of LKFT. Obviously, the bare and the Ball-Chiu vertices do not support an MR
solution but the ansätze given in [6, 7] do exhibit an MR solution due to the condition given
by Eq. (39) of ref. [5]. However, they fail to produce exact analytical value of ν = CFαξ/(4π)
and hence deny the predictions of the LKFT for the leading logs. The proposal given in ref.
[5], does satisfy all these features.

To conclude: The generalized LKFT for the quark propagator in an SU(N) gauge field
theory are derived where perturbative expansion under the local gauge(c.f. Eq. (4)) to O(g6

s)
and, for some terms, to O(g8

s) is made. A close perturbative series is obtained for CnFC
0
A and

Cn−1
F CA but not in the color factor for the adjoint representation CA. We have seen that due

to the explicit presence of the overall factor of (i∆F (x− x′)− i∆F (0)), the gauge invariance of
the chiral quark condensate is guaranteed just as in QED [8].

Using the most common truncations employed by the scientific community to represent the
quark-gluon vertex we have deduced that only CP vertex and the vertex proposed in our work
in ref. [5] are the ones which comply with all the requirements of LKFT and MR. The bare and
BC vertices do not even yield an MR quark propagator.

Acknowledgments: J. A. would like to thank the organisers of Quantum Field Theory at the
Limits: from Strong Fields to Heavy Quarks for providing local hospitality and partial grant
towards air fare.
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We present recently obtained results for dynamical chiral symmetry breaking studied within
(2+1)-dimensional QED withN four-component fermions. The leading and next-to-leading
orders of the 1/N expansion are computed exactly in an arbitrary non-local gauge.

1 Introduction

In these Proceedings we present the results of our recent papers [1, 2], where the critical behavior
of Quantum Electrodynamics in 2+1 dimensions (QED3) has been studied. QED3 is described
by the Lagrangian:

L = Ψ(i∂̂ − eÂ)Ψ− 1

4
F 2
µν , (1)

where Ψ is taken to be a four component complex spinor. In the presence of N fermion flavours,
the model has a U(2N) symmetry. A (parity-invariant) fermion mass term, mΨΨ, breaks this
symmetry to U(N) × U(N). In the massless case, loop expansions are plagued by infrared
divergences. The latter soften upon analysing the model in a 1/N expansion [3, 4]. Since
the theory is super-renormalizable, the mass scale is then given by the dimensionful coupling
constant: a = Ne2/8, which is kept fixed as N → ∞. Early studies of this model [5, 6]
suggested that the physics is rapidly damped at momentum scales p � a and that a fermion
mass term breaking the flavour symmetry is dynamically generated at scales which are orders of
magnitude smaller than the intrinsic scale a. Since then, dynamical chiral symmetry breaking
(DχSB) in QED3 and the dependence of the dynamical fermion mass on N have been the
subject of extensive studies, see, e.g., [1]-[20].

One of the central issue is related to the value of the critical fermion number, Nc, which is
such that DχSB takes place only for N < Nc. An accurate determination of Nc is of crucial
importance to understand the phase structure of QED3 with far reaching implications from
particle physics to planar condensed matter physics systems having relativistic-like low-energy
excitations [21, 22]. It turns out that the values that can be found in the literature vary from
Nc → ∞ [5, 7, 8, 9] corresponding to DχSB for all values of N , all the way to Nc → 0 in the
case where no sign of DχSB is found [10, 11].

Of importance to us in the following, is the approach of Appelquist et al. [6] who found that
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Nc = 32/π2 ≈ 3.24 by solving the Schwinger-Dyson (SD) gap equation using a leading order
(LO) 1/N -expansion. Lattice simulations in agreement with a finite non-zero value of Nc can be
found in [15]. Soon after the analysis of [6], Nash approximately included next-to-leading order
(NLO) corrections and performed a partial resummation of the wave-function renormalization
constant at the level of the gap equation; he found [16]: Nc ≈ 3.28.

Recently in [1], the NLO corrections could be computed exactly in the Landau gauge yielding
Nc ≈ 3.29, a value which is suprisingly close to the one of Nash in Ref. [16]. More recently, in [2],
the results of [1] were generalized to an arbitrary non-local gauge [23]. Moreover, it was shown
in [2] that a resummation of the wave-function renormalization yields a strong suppression
of the gauge dependence of the critical fermion flavour number, Nc(ξ) where ξ is the gauge
fixing parameter, which is such that DχSB takes place for N < Nc(ξ). Neglecting the gauge-
dependent terms yields Nc = 2.8469, that coincides with results in [18]. In the general case,
it is found that: Nc(1) = 3.0084 in the Feynman gauge, Nc(0) = 3.0844 in the Landau gauge
and Nc(2/3) = 3.0377 in the ξ = 2/3 gauge where the leading order fermion wave function is
finite. These results suggest that DχSB should take place for integer values N ≤ 3. Using a
very different method, Herbut obtained [19] a close value: Nc ≈ 2.89.

The purpose of the present work is to demonstrate the basic steps of the papers [1, 2] leading
to the exact results for DχSB in an arbitrary non-local gauge [23]. Such an achievement
represents an essential improvement with respect to Nash’s approximate NLO results which
were carried out in the Feynman gauge. In this respect, there is presently a strong ongoing
interest in the study of the gauge dependence of DχSB in several models, see [24, 20]. The
choice of the Landau gauge in [1] was motivated by recent results on QED3 [20] showing the
gauge invariance of Nc in this gauge when using the Ball-Chiu vertex [25]. Actually, after
resumming the wave-function renormalization constant, we find that the LO term in the gap
equation becomes gauge-invariant, in agreement with Nash, but also that NLO terms become
only weakly gauge-variant. As will be shown in the following, this leads to a very stable value
of Nc upon varying the gauge-fixing parameter.

2 Schwinger-Dyson equations

With the conventions of Ref. [1], the inverse fermion propagator is defined as: S−1(p) = [1 +
A(p)] (ip̂+ Σ(p)) where A(p) is the fermion wave function and Σ(p) is the dynamically generated
parity-conserving mass which is taken to be the same for all the fermions. The SD equation for
the fermion propagator may be decomposed into scalar and vector components as follows:

Σ̃(p) =
2a

N
Tr

∫
d3k

(2π)3
γµDµν(p− k)Σ(k)Γν(p, k)

[1 +A(k)] (k2 + Σ2(k))
, (2a)

A(p)p2 = −2a

N
Tr

∫
d3k

(2π)3
Dµν(p− k)p̂γµk̂Γν(p, k)

[1 +A(k)] (k2 + Σ2(k))
, (2b)

where Σ̃(p) = Σ(p)[1 +A(p)], Dµν(p) is the photon propagator in the non-local ξ-gauge:

Dµν(p) =
P ξµν(p)

p2 [1 + Π(p)]
, P ξµν(p) = gµν − (1− ξ)pµpν

p2
, (3)

Π(p) is the polarization operator and Γν(p, k) is the vertex function. In the following, Eqs. (2)
will be studied for an arbitrary value of the gauge-fixing parameter ξ. All calculations will be
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�
k

p− k

Figure 1: LO diagram to the dynamically generated mass Σ(p). The crossed line denotes mass
insertion.

performed with the help of the standard rules of perturbation theory for massless Feynman
diagrams as in [26], see also the recent short review [27]. For the most complicated diagrams,
the Gegenbauer polynomial technique will be used following [28].

3 Gap equation at leading order

The LO approximations in the 1/N expansion are given by: A(p) = 0, Π(p) = a/|p| and
Γν(p, k) = γν , where the fermion mass has been neglected in the calculation of Π(p). A single
diagram contributes to the gap equation (2a) at LO, see Fig. 1, and the latter reads:

Σ(p) =
8(2 + ξ)a

N

∫
d3k

(2π)3
Σ(k)

(k2 + Σ2(k))
[
(p− k)2 + a |p− k|

] . (4)

Following [6], we consider the limit of large a and linearize Eq. (4) which yields:

Σ(p) =
8(2 + ξ)

N

∫
d3k

(2π)3
Σ(k)

k2 |p− k| . (5)

The mass function may then be parametrized as [6]:

Σ(k) = B (k2)−α , (6)

where B is arbitrary and the index α has to be self-consistently determined. Using this ansatz,
Eq. (5) reads:

Σ(LO)(p) =
4(2 + ξ)B

N

(p2)−α

(4π)3/2
2β

π1/2
, (7)

from which the LO gap equation is obtained:

1 =
(2 + ξ)β

L
, where β =

1

α (1/2− α)
and L ≡ π2N . (8)

Solving this gap equation, yields:

α± =
1

4

(
1±

√
1− 16(2 + ξ)

L

)
, (9)

which reproduces the solution given by Appelquist et al. [6]. The gauge-dependent critical
number of fermions: Nc ≡ Nc(ξ) = 16(2 + ξ)/π2, is such that Σ(p) = 0 for N > Nc and
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Figure 2: NLO diagrams to the dynamically generated mass Σ(p). The shaded blob contains
the sum of diagrams shown in Fig.3

Σ(0) ' exp
[
−2π/(Nc/N − 1)1/2

]
, for N < Nc. Thus, DχSB occurs when α becomes complex,

that is for N < Nc.
The gauge-dependent fermion wave function may be computed in a similar way. At LO,

Eq. (2b) simplifies as:

A(p)p2 = −2a

N
Tr

∫
dDk

(2π)D
P ξµν(p− k)p̂γµk̂γν

k2|p− k| , (10)

where the integral has been dimensionally regularized with D = 3 − 2ε. Taking the trace and
computing the integral on the r.h.s. yields:

A(p) =
µ2ε

p2ε
C1(ξ) + O(ε) , C1(ξ) = +

2

3π2N

(
(2− 3ξ)

[
1

ε
− 2 ln 2

]
+

14

3
− 6ξ

)
. (11)

where the MS parameter µ has the standard form µ2 = 4πe−γEµ2 with the Euler constant γE .
We note that in the ξ = 2/3-gauge, the value of A(p) is finite and C1(ξ = 2/3) = +4/(9π2N).
¿From Eq. (11), the LO wave-function renormalization constant may be extracted: λA =
µ(d/dµ)A(p) = 4(2− 3ξ)/(3π2N) a result which coincides with the one of [38].

4 Next-to-leading order

We now consider the NLO contributions and parametrize them as:

Σ(NLO)(p) =

(
8

N

)2

B
(p2)−α

(4π)3
(ΣA + Σ1 + 2 Σ2 + Σ3) , (12)

where each contribution to the linearized gap equation is represented graphically in Fig. 2.
Adding these contributions to the LO result, Eq. (7), the gap equation has the following general
form:

1 =
(2 + ξ)β

L
+

ΣA(ξ) + Σ1(ξ) + 2 Σ2(ξ) + Σ3(ξ)

L2
, (13)

where Σi = πΣi, (i = 1, 2, 3.A).
The contribution ΣA, see Fig. 2 A), originates from the LO value of A(p) and is singular.

Using dimensional regularization, and for an arbitrary parameter ξ, it reads:

ΣA(ξ) = 4
µ2ε

p2ε
β

[(
4

3
(1− ξ)− ξ2

)[
1

ε
+ Ψ1 −

β

4

]
+

(
16

9
− 4

9
ξ − 2ξ2

)]
, (14)
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Figure 3: Diagrams contributing to the shaded blob shown in Fig.2

where

Ψ1 = Ψ(α) + Ψ(1/2− α)− 2Ψ(1) +
3

1/2− α − 2 ln 2 , (15)

and Ψ is the digamma function.

The contribution of diagram 1) in Fig. 2 is finite and reads:

Σ1(ξ) = −2(2 + ξ)β Π̂, Π̂ =
92

9
− π2 , (16)

where the gauge dependence comes from the fact that we work in a non-local gauge and Π̂
arises from the two-loop polarization operator in dimension D = 3 [40, 39, 29, 30].

The contribution of diagram 2) in Fig. 2 is again singular. Dimensionally regularizing it
yields:

Σ2(ξ) = −2
µ2ε

p2ε
β

[
(2 + ξ)(2− 3ξ)

3

(
1

ε
+ Ψ1 −

β

4

)
+
β

4

(
14

3
(1− ξ) + ξ2

)

+
28

9
+

8

9
ξ − 4ξ2

]
+ (1− ξ) Σ̂2 ,

Σ̂2(α) = (4α− 1)β
[
Ψ′(α)−Ψ′(1/2− α)

]
+
π

2α
Ĩ1(α) +

π

2(1/2− α)
Ĩ1(α+ 1) , (17)

where Ψ′ is the trigamma function and Ĩ1(α) is a dimensionless integral that was defined in [1].

The singularities in ΣA(ξ) and Σ2(ξ) cancel each other and their sum is therefore finite.
Defining: Σ2A(ξ) = ΣA(ξ) + 2Σ2(ξ), the latter reads:

Σ2A(ξ) = 2(1− ξ)Σ̂2(α)−
(

14

3
(1− ξ) + ξ2

)
β2 − 8β

(
2

3
(1 + ξ)− ξ2

)
. (18)

Finally, the contribution of diagram 3) in Fig. 2 is finite and reads:

Σ3(ξ) = Σ̂3(α, ξ) +
(

3 + 4ξ − 2ξ2)β2, Σ̂3(α, ξ) =
1

4

(
1 + 8ξ + ξ2 + 2α(1− ξ2)

)
πĨ2(α)

+
1

2

(
1 + 4ξ − α(1− ξ2)

)
πĨ2(1 + α) +

1

4

(
−7− 16ξ + 3ξ2

)
πĨ3(α) , (19)

where the dimensionless integrals Ĩ2(α) and Ĩ3(α) were defined in [1].
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4.1 Gap equation

Combining all of the above results, the gap equation (13) may be written in an explicit form
as:

1 =
(2 + ξ)β

L
+

1

L2

[
8S(α, ξ)−2(2+ξ)Π̂β+

(
−5

3
+

26

3
ξ − 3ξ2

)
β2−8β

(
2

3
(1− ξ)− ξ2

)]
, (20)

where S(α, ξ) =
(

Σ̂3(α, ξ) + 2(1− ξ)Σ̂2(α)
)
/8.

At this point, we consider Eq. (20) directly at the critical point α = 1/4, i.e., at β = 16.
This yields:

L2
c − 16(2 + ξ)Lc − 8

[
S(ξ)− 4(2 + ξ)Π̂− 16

(
4− 50ξ/3 + 5ξ2

)]
= 0 , (21)

where S(ξ) = S(α = 1/4, ξ) = (Σ̂3(ξ) + 2(1 − ξ)Σ̂2)/8 with Σ̂2 = Σ̂2(α = 1/4) and Σ̂3(ξ) =
Σ̂3(α = 1/4, ξ). Solving Eq. (21), we have two standard solutions:

Lc,± = 8(2 + ξ)±
√
d1(ξ) , d1(ξ) = 8

[
S(ξ)− 8

(
4− 112

3
ξ + 9ξ2 +

2 + ξ

2
Π̂

)]
. (22)

In order to provide a numerical estimate for Nc, we have used the series representations (see Ref.
[1]) to evaluate the integrals: πĨ1(α = 1/4) ≡ R1 and πĨ2(α = 1/4 + iδ) ≡ R2 − iP2δ + O(δ2)
where δ → 0 regulates an artificial singularity in πĨ3(α = 1/4) = R2 + P2/4. With 10000
iterations for each series, the following numerical estimates are obtained [1]: R1 = 163.7428,
R2 = 209.175, P2 = 1260.720, from which the complicated part of the self-energies can be
evaluated:

Σ̂2 = 4R1, Σ̂3(ξ) = (ξ2 − 1)R2 − (7 + 16ξ − 3ξ2)P2/16 . (23)

Combining these values with the one of Π̂, yields:

Nc(ξ = 0) = 3.29, Nc(ξ = 2/3) = 3.09 , (24)

where “−” solutions are unphysical and there is no solution in the Feynman gauge. The range
of ξ-values for which there is a solution corresponds to ξ− ≤ ξ ≤ ξ+, where ξ+ = 0.88 and
ξ− = −2.36.

4.2 Extraction of the most “important” terms at NLO

Following Ref. [16], we would like to resum the LO term together with part of the NLO correc-
tions containing terms ∼ β2. In order to do so, we will now rewrite the gap equation (20) in a
form which is suitable for resummation. This amounts to extract the terms ∼ β and ∼ β2 from
the complicated parts of the fermion self-energy, Eqs. (17) and (19). All calculations done this
yields:

Σ̂2(α) = β
(
3β − 8

)
+ Σ̃2(α) , Σ̃2 = Σ̃2(α = 1/4) = 4R̃1, R̃1 = 3.7428 , (25)

where the rest, Σ̃2 = Σ̃2(α = 1/4), was determined by imposing Eq. (23). Similarly:

Σ3(ξ) = −4ξ(4 + ξ)β + Σ̃3(α, ξ) , Σ̃3(ξ) =
(
ξ2 − 1

)
R̃2 −

(
7 + 16ξ − 3ξ2

) P̃2

16
, (26)
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where R̃2 = 1.175, P̃2 = −19.28 and the form Σ̃3(ξ) = Σ̃3(α = 1/4, ξ), is imposed by Eq. (23).
With the help of the results (25) and (26), the gap equation (20) may be written as:

1 =
(2 + ξ)β

L
+

1

L2

[
8S̃(α, ξ)−2(2+ξ)Π̂β+

(
2

3
− ξ
)(

2+ξ
)
β2 +4β

(
ξ2 − 4

3
ξ − 16

3

)]
, (27)

where S̃(α, ξ) =
(

Σ̃3(α, ξ) + 2(1 − ξ)Σ̃2(α)
)
/8. At this point Eqs. (20) and (27) are strictly

equivalent to each other and yield the same values for Nc(ξ).

4.3 Resummation

Eq. (27) is the convenient starting point to perform a resummation of the wave function renor-
malization constant. Up to second order, the expansion of the latter reads [40]:

λA =
λ(1)

L
+
λ(2)

L2
+ · · · , λ(1) = 4

(
2

3
− ξ
)
, λ(2) = −8

(
8

27
+

(
2

3
− ξ
)

Π̂

)
. (28)

As can be seen from Eq. (27), the NLO term ∼ β2 is proportional to the LO wave function
renormalization constant. This term, together with the LO term in the gap equation, can be
thought of the first and zeroth order terms, respectively, of an expansion in λA. Following Nash,
it is possible to resum the full expansion of λA at the level of the gap equation (see Ref. [2])
leading to:

1 =
8β

3L
+

β

4L2

(
λ(2) − 4λ(1)

(
14

3
+ ξ

))
+

∆(α, ξ)

L2
, (29)

where ∆(α, ξ) = 8S̃(α, ξ) − 4β (ξ2 + 4ξ + 8/3) + 2β (2 + ξ) Π̂. Interestingly, the LO term in
Eq. (29) is now gauge independent. With the help of Eq. (28), Eq. (29) can now be explicited
as:

1 =
8β

3L
+

1

L2

[
8S̃(α, ξ)− 16

3
β

(
40

9
+ Π̂

)]
, (30)

which displays a strong suppression of the gauge dependence even at NLO as ξ-dependent
terms do exist but they enter the gap equation only through the rest, S̃, which is very small
numerically.

We now consider Eq. (30) at the critical point, α = 1/4 (β = 16), which yields:

L2
c −

128

3
Lc −

[
8S̃(ξ)− 256

3

(
40

9
+ Π̂

)]
= 0 . (31)

Solving Eq. (31), we have two standard solutions:

Lc,± =
64

3
±
√
d2(ξ) , d2(ξ) =

(
64

3

)2

+
[
8S̃(ξ)− 256

3

(
40

9
+ Π̂

)]
. (32)

In order to provide a numerical estimate for Nc, we have used the values of R̃1, R̃2 and P̃2.
Combining these values with: S̃(ξ = 0) = R̃1 − R̃2/8 − 7P̃2/128, S̃(ξ = 1) = −5P̃2/32 and
S̃(ξ = 2/3) = R̃1/3 − 5R̃2/72 − 49P̃2/384, together with the value of Π̂, yields, for Lc(ξ) and
Nc(ξ) (“−” solutions being unphysical):

Nc(0) = 3.08, Nc(2/3) = 3.04, Nc(1) = 3.01 . (33)
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Actually, solutions exist for a broad range of values of ξ: ξ̃− ≤ ξ ≤ ξ̃+, where ξ̃+ = 4.042 and
ξ̃− = −8.412; this is consistent with the weak ξ-dependence of the gap equation. Moreover,
following [31], we think that the “right(est)” gauge choice is one close to ξ = 2/3 where the LO
fermion wave function is finite. Indeed, as can be seen by comparing Eqs. (24) and (33), upon
resumming the theory, the value of Nc(ξ) increases (decreases) for small (large) values of ξ. For
ξ = 2/3, the value of Nc is very stable, decreasing only by 1-2% during resummation. Finally,
if we neglect the rest, i.e., S̃(ξ) = 0 in Eq. (31), the gap equation becomes ξ-independent and
we have: Lc = 28.0981 and therefore: N c = 2.85, a value that coincides with the one in [18].

5 Conclusion

We have presented the studies [1, 2] of DχSB in QED3 where 1/N2 corrections to the SD
equation were included exactly and the full ξ-dependence of the gap equation was taken into
account. Following Nash, the wave function renormalization constant has been resummed at the
level of the gap equation leading to a very weak gauge-variance of the critical fermion number
Nc. The value obtained for the latter, Eq. (33), suggests that DχSB takes place for integer
values N ≤ 3 in QED3.

As noticed in [30, 33], the large-N limit of the photon propagator in QED3 has precisely the
same momentum dependence as the one in the so-called reduced QED [31, 32]. One difference
is that the gauge fixing parameter in reduced QED is twice less than the one in QED3. Such
a difference can be taken into account with the help of our present results for QED3 together
with the multi-loop results obtained in [29, 30, 33]. The case of reduced QED, and its relation
with dynamical gap generation in graphene which is the subject of active ongoing research, see,
e.g., the reviews [34, 35], was considered in our paper [36].
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QCD Vacuum as Domain Wall Network

Sergei N. Nedelko1, Vladimir E. Voronin1

1Bogoliubov Laboratory of Theoretical Physics, JINR, 141980 Dubna, Russia

DOI: http://dx.doi.org/10.3204/DESY-PROC-2016-04/Voronin

Domain model of confinement, chiral symmetry breaking and hadronization is based on
description of QCD vacuum gluon configurations as an ensemble of almost everywhere
homogeneous Abelian (anti-)self-dual fields. The ensemble can be explicitly constructed
as domain wall network. We shortly overview this approach and within this framework
discuss the effects of QCD vacuum polarization by strong electromagnetic fields. It is
stressed that such polarization effects can play the role of trigger for deconfinement.

1 Domain wall network

The following effective Lagrangian for gluon field and its motivation were discussed in [1]:

Leff = − 1

4Λ2

(
Dab
ν F

b
ρµD

ac
ν F

c
ρµ +Dab

µ F
b
µνD

ac
ρ F

c
ρν

)
− Ueff

Ueff =
Λ4

12
Tr

(
C1f̆

2 +
4

3
C2f̆

4 − 16

9
C3f̆

6

)
. (1)

Here Λ is a scale of QCD related to gluon condensate, f̆ = F̆ /Λ2, and

Dab
µ = δab∂µ − iĂabµ = ∂µ − iAcµ(T c)ab,

F aµν = ∂µA
a
ν − ∂νAaµ − ifabcAbµAcν , F̆µν = F aµνT

a, T abc = −ifabc

Tr
(
F̆ 2
)

= F̆ abµν F̆
ba
νµ = −3F aµνF

a
µν ≤ 0, C1 > 0, C2 > 0, C3 > 0.

The minima of the effective potential are achieved for covariantly constant Abelian (anti-)self-
dual fields

Ăµ = −1

2
n̆kFµνxν , F̃µν = ±Fµν , FµνFµν = b2vacΛ4

where the matrix n̆k belongs to the Cartan subalgebra of su(3)

n̆k = T 3 cos (ξk) + T 8 sin (ξk) , ξk =
2k + 1

6
π, k = 0, 1, . . . , 5.

The minima are connected by discrete parity and Weyl transformations, which indicates that the
system is prone to existence of solitons in real space-time and kink configurations in Euclidean
space. Group-theoretical analysis of symmetry breaking and domain wall formation was done
in [2].
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Let us consider the simplest kink configuration – kink interpolating between self-dual and
anti-self-dual Abelian vacua. If the angle ω between chromoelectric and chromomagnetic fields
is allowed to deviate from the constant vacuum value and all other parameters are fixed to the
vacuum values, then the Lagrangian reads

Leff = −1

2
Λ2b2vac∂µω∂µω − b4vacΛ4

(
C2 + 3C3b

2
vac

)
sin2 ω.

The corresponding equation of motion is sine-Gordon equation

∂2ω = m2
ω sin 2ω, m2

ω = b2vacΛ2
(
C2 + 3C3b

2
vac

)
,

which have the following kink solution:

ω(xν) = 2 arctg (exp(µxν)) .

The angle ω interpolates between 0 and π. xµ stays for one of the four Euclidean coordinates.
The kink describes a planar domain wall between the regions with almost homogeneous Abelian
self-dual and anti-self-dual gluon fields. Chromomagnetic and chromoelectric fields are orthog-
onal to each other on the wall. Far away from the wall the field is self-dual or anti-self-dual, and
absolute value of the topological charge density is equal to the value of the gluon condensate.
The topological charge density vanishes on the wall.

We may now construct kink superposition with the standard methods. Let us denote the
general kink configuration as

ζ(µi, η
i
νxν − qi) =

2

π
arctan exp(µi(η

i
νxν − qi)),

where µi is the inverse width of the kink, ηiν is a normal vector to the plane of the wall. The
general kink network is then given by

ω = π

∞∑

j=1

k∏

i=1

ζ(µij , η
ij
ν xν − qij). (2)

Now we consider more general kink-like solution: three parameters bvac, ω and ξ deviate
from their vacuum values near the center of the kink (Fig. 1). One may see that the value of
scalar condensate FµνFµν = b2vacΛ4 decreases in the center of the kink which may increase size
of stable chromomagnetic flux tube.

2 Chromomagnetic trap

Calculation of one-loop quark contribution to the QCD effective potential demonstrated that
strong electromagnetic fields can play the role of a trigger for deconfinement [3]. The catalyzing
role of strong magnetic fields was also observed in Lattice QCD simulations [4, 5, 6]. During
heavy ion collisions, the electric Eel and magnetic Hel fields are almost orthogonal to each
other [7, 8]: EelHel ≈ 0. For this configuration of the external electromagnetic field, the
one-loop quark contribution to the QCD effective potential for the homogeneous Abelian gluon
fields is minimal for the chromoelectric and chromomagnetic fields directed along the electric and
magnetic fields respectively [3, 9]. The orthogonal chromo-fields are not confining: color charged
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Figure 1: Kink connecting distinct vacua. An-
gle ω varies from 0 to π, angle ξ varies from
π/6 to π/2. Global minima of effective po-
tential (1) are degenerate in the value of field
strength b = bvac, so its magnitude is the same
for all vacua. Dimensionless variable x ≡ Λx
is used.

quasiparticles can move along the chromomagnetic field. Deconfined quarks as well as gluons
can move preferably along the direction of the magnetic field even after the electromagnetic
field turns off. This means that a defect in domain wall network may be formed during heavy
ion collision (see Fig. 2).

Let us consider eigenvalue problem for vector field

[
−D̆2δµν + 2in̆Bµν

]
Qν = λ2Qµ (3)

with the boundary conditions

n̆Qµ(x) = 0, x ∈ ∂T , ∂T =
{
x2

1 + x2
2 = R2, (x3, x4) ∈ R2

}
.

The corresponding eigenvalues are

λ2
alkν = p2

4 + p2
3 + µ2

alk + 2sνκav, k = 0, 1, . . . ,∞, l ∈ Z,
s1 = 1, s2 = −1, s3 = s4 = 0, κa = ±1.

In the finite trap the lowest eigenvalue is

λ2
a00ν = p2

4 + p2
3 + µ2

a00 − 2v, sνκa = −1.

Few lowest eigenvalues µ2
akl as functions of

√
HR are shown in Fig. 2. One concludes that if

the dimensionless size
√
HR of the trap is sufficiently small

√
HR <

√
HRc ≈ 1.91, (4)

then there are no unstable tachyonic modes in the spectrum of color charged vector fields.
To estimate the critical size one may use the mean phenomenological value of the gluon

condensate (gauge coupling constant g is included into the field strength tensor)

〈F aµνF aµν〉 = 2H2 ≈ 0.5GeV4.

Equation (4) leads to the critical radius

Rc ≈ 0.51 fm (2Rc ≈ 1 fm).
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Figure 2: Example of two-dimensional slice
of the cylindrical thick domain wall junc-
tion. Self-dual and anti-self-dual fields are
indicated by blue and red colors respec-
tively. The topological charge densityvan-
ishes inside the junction (green color).

Figure 3: The lowest eigenvalues corre-
sponding to positive color orientation κa =
1 as functions of

√
HR. The critical ra-

dius Rc corresponds to µ2
a00 = 2v =

√
3.

For large
√
HR eigenvalues approach cor-

rect Landau levels, the degeneracy in l is
restored.

However, as it follows from Fig. 1, scalar condensate become smaller at the domain wall and
may increase the value of critical radius.

In Minkowski space-time the eigenvalue problem turns to the wave equation:
[
−D̆2δµν + 2in̆Bµν

]
Qν = 0.

Solution for this equation can be found as a linear combination of eigenmodes (3) with λ = 0.

p2
0 = p2

3 + µ2
alk + 2sνκav, (5)

p0 = ±ωalkν(p3), ωalkν =
√
p2

3 + µ2
alkν + 2sν , κav.

Equation (5) can be treated as the dispersion relation between energy p0 and momentum p3

for the quasiparticles. Unlike the chromomagnetic field, the (anti-)self-dual fields characteristic
for the bulk of domain network configuration lead to purely discrete spectrum of eigenmodes in
Euclidean space and do not possess any quasiparticle treatment in terms of dispersion relation
between energy and momentum for elementary color charged excitations.

3 Discussion

Even though a single chromomagnetic trap has critical size, overall volume of deconfinement
transition in hadronic matter is not restricted by Lc. Numerous traps may be formed, for
instance, due to the influence of strong electromagnetic fields in the whole region of relativistic
heavy ion collision [3]. The traps may merge into a large chromomagnetic lump developing
the flux tube structure inside the lump. Equivalently, one may also think about formation of
the flux tubes inside the traps with overcritical size emerging under conditions of high energy
or/and baryon number density, strong electromagnetic fields.
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In the absence of any external impact one expects that the fraction of the deconfinement
phase is statistically negligible as it occupies an essentially three-dimensional sub-manifold in the
four-dimensional space R4. The influence of external conditions like the high energy density,
high baryon density and strong electromagnetic fields can trigger the growth of the relative
fraction of the deconfined phase. Under certain conditions high energy density accumulated
by colorless collective excitations can be converted into the thermodynamics of color charged
quasiparticles. The growth of the deconfinement phase fraction may be described in terms of
creation of either numerous stable chromomagnetic traps or/and the trap with overcritical size,
populated by the polarized chromomagnetic tubes [10].

In the confinement regime (color charge quasiparticles are completely suppressed) one may
expect

q(x) = 〈|g2F̃ (x)F (x)|〉B = 〈g2F (x)F (x)〉B = B2
vac,

while the deconfinement regime (color charged quasiparticles are fully activated) occurs if

q(x)� 〈g2F (x)F (x)〉B = B2
vac.

The scalar gluon condensate may stay practically unchanged during the phase transfor-
mation. The regime of dilute plasma can not be reached unless the scalar gluon condensate
density vanishes, which would require complete rearrangement of the quantum effective action.
However, as soon as the color charged quasiparticles are activated the structure of the effective
action itself in principle becomes dependent on their temperature and density, and it cannot be
excluded that the scalar condensate vanishes at certain critical values of the temperature and
density.

In summary, the domain wall network representation of QCD vacuum is suggestive of a
two-stage deconfinement transition. At the first stage topological charge density vanishes, but
the scalar condensate stays almost unchanged, color charged quasiparticles are activated at
this stage while the colorless collective excitations can decay into the color charged ones. The
system is far from being a dilute gas. At the second stage the scalar gluon condensate vanishes,
and the system turns into dilute quark-gluon plasma.

References
[1] B. V. Galilo and S. N. Nedelko, Phys. Part. Nucl. Lett. 8, 67 (2011) [arXiv:1006.0248 [hep-ph]].

[2] D. P. George, A. Ram, J. E. Thompson and R. R. Volkas, Phys. Rev. D 87, 105009 (2013) [arXiv:1203.1048
[hep-th]].

[3] B. V. Galilo and S. N. Nedelko, Phys. Rev. D84 (2011) 094017.

[4] C. Bonati, M. D’Elia, M. Mariti, M. Mesiti, F. Negro, A. Rucci and F. Sanfilippo, Phys. Rev. D 94, no. 9,
094007 (2016) [arXiv:1607.08160 [hep-lat]].

[5] G. S. Bali, F. Bruckmann, G. Endrodi and A. Schafer, Phys. Rev. Lett. 112, 042301 (2014) [arXiv:1311.2559
[hep-lat]].
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