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ASSOCIAÇÃO BRASILEIRA DE ENERGIA NUCLEAR - ABEN

Generalization of Spectral Green’s Function nodal method for slab–geometry
fixed–source adjoint transport problems in SN formulation
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ABSTRACT

Presented here is the application of the adjoint technique for solving source–detector discrete ordinates
(SN ) transport problems by using a spectral nodal method. For slab–geometry adjoint SN model, the ad-
joint spectral Green’s function method (SGF†) is extended to multigroup problems considering arbitrary
L′th–order of scattering anisotropy, and the possibility of non–zero prescribed boundary conditions for
the forward SN transport problems. The SGF† method converges numerical solutions that are completely
free from spatial truncation errors. In order to generate numerical solutions of the SGF† equations, we
use the partial adjoint one–node block inversion (NBI) iterative scheme. Partial adjoint NBI scheme
uses the most recent estimates for the node–edge adjoint angular fluxes in the outgoing directions of
a given discretization node, to solve the resulting adjoint SN problem in that node for all the adjoint
angular fluxes in the incoming directions, which constitute the outgoing adjoint angular fluxes for the
adjacent node in the sweeping directions. Numerical results are given to illustrate the present spectral
nodal method features and some advantages of using the adjoint technique in source–detector problems.

1 INTRODUCTION

It is well known that the adjoint function, i.e., the solution of the equation which is adjoint
to the Boltzmann transport equation, can be viewed as a measure of the importance
of a particle to the objective function, e.g., a detector response [3] [13]. This physical
interpretation makes the adjoint angular flux well suited for use as an importance function
in source–detector problems and shielding calculations [12] [15] [16] [14].

Reference [11] describes and tests a spectral nodal method for monoenergetic slab–geometry
adjoint problems in the discrete ordinates (SN) formulation with isotropic scattering and
a prescribed interior adjoint source. That method is based on the standard spatially
discretized adjoint SN balance equations and a nonstandard adjoint auxiliary equation
expressing the adjoint average angular flux within each discretization node, as a weighted



combination of the outgoing adjoint node–edge fluxes. The weights in the auxiliary equa-
tion act as Green’s functions for the adjoint node–average angular fluxes and they are de-
termined by a spectral analysis to yield the local general solution of the adjoint source–free
SN equations within each node of the discretization grid; therefore, the offered method,
that we refer to as the adjoint spectral Green’s function (SGF†) method, converges nu-
merical solutions that are completely free from spatial truncation errors.

In this paper, a generalization of the SGF† method is described. The method is extended
to multigroup SN problems considering arbitrary L′th—order of scattering anisotropy,
provided L < N , and non–zero prescribed boundary conditions for the forward SN trans-
port problem.

In the next section we describe the mathematical model we use for adjoint transport
calculations and present an expression for the detector response using the adjoint solution.
In Section 3 we present a spectral analysis we perform in the multigroup adjoint SN
equations. The SGF† method is described in Section 4 and a sweeping algorithm for
iteratively solving the SGF† equations is described in Section 5. Numerical results to
two test problems are given in Section 6 and we conclude, in Section 7, by giving a brief
discussion and suggestions for future work.

2 THE ADJOINT SN PROBLEM

Let us consider a multilayer slab of thickness H, as represented in Fig. 1. Each region
Υj has width hj and constant material parameters. Now we write the multigroup, slab–
geometry adjoint SN equations in Υj

−µm
d

dx
ψ†mg(x) + σjTg ψ

†
mg(x) =

L∑

l=0

2l + 1

2
Pl(µm)

G∑

g′=1

σ
(l) j
Sg→g′

N∑

n=1

Pl(µn)ωn ψ
†
ng′(x) +Q† jg ,

xj−1/2 < x < xj+1/2 , m = 1 : N , g = 1 : G , (1)

with boundary conditions

ψ†mg(0) = αψ†ng(0) , µm < 0 , µm = −µn , g = 1 : G

and

ψ†mg(H) = αψ†ng(H) , µm > 0 , µm = −µn , g = 1 : G ,

where α = 1 indicates that reflective boundary condition is considered and α = 0 for zero
adjoint flux in the exiting directions.

Υ1 Υj ΥJ

. . . . . .

hj

0 = x1/2 xj−1/2 xj+1/2 H = xJ+1/2

Figure 1: Spatial grid on slab D : 0 ≤ x ≤ H.
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In Eq. (1) the angular quadrature is defined by the set {µm, ωm, m = 1 : N}. The values
of µm represent the discrete directions and ωm are the weights associated to each angular
direction. We use here standard notation [9], ψ†mg(x) is the adjoint angular flux in the
discrete ordinate direction µm in energy group g. The adjoint angular flux ψ†mg(x) can be
viewed as the importance of the neutral particles travelling in direction µm with kinetic
energy in group g to an underlying reaction rate estimate, such as absorption rate within
a detector, located in region Υj. The group adjoint source Q† jg is perfectly arbitrary and
for the purpose of detector response estimate, as it is the case in this paper, it is defined
as the group macroscopic absorption cross section of the material the detector is made of
[13] [6].

Equation (1) represents the equations which are adjoint to the SN transport equations,
wherein the quantity σjTg is the group total macroscopic cross section of region Υj and

σ
(l) j
Sg′→g is the l′th–order component of the macroscopic differential scattering cross section

from energy group g′ to the energy group g, which appears transposed in the adjoint SN
equations. The quantity Pl is the l′th–degree Legendre polynomial.

In this context we remark that the minus sign in the streaming term is an indicator that
importance transfer is considered along a reversed direction of the physical streaming.
Also, in the forward SN transport equations, the scattering occurs from energy groups g′

to a given energy group g. Conversely, in the adjoint SN transport equations the energy
group g happens to contribute to energy groups g′ [15].

Furthermore, the detector response for energy dependent problems [9] can be obtained by

R = 〈ψ†, Q〉 −
∫

Γ
dΓ
∫

4π
dΩ

∫ ∞

0
dE n̂ · Ω̂ ψ† ψ , (2)

where Γ is the contour surface of volume V , dΩ is the differential surface element of the
unit sphere and 〈·, ·〉 represents the integration over all independent variables.

For multigroup adjoint SN problems in slab geometry, Eq. (2) for energy group g appears
as

Rg =
∫ H

0
Qg(x)

N∑

n=1

ωn ψ
†
ng(x) dx +

∑

µn>0

µn ψ
†
ng(0) f1 g +

∑

µn<0

|µn|ψ†ng(H) f2 g . (3)

Here, the quantities f1 g and f2 g are the forward fluxes considering prescribed isotropic
boundary conditions at x = 0 and x = H, respectively.

3 SPECTRAL ANALYSIS

The general solution of the system of N × G ordinary differential equations represented
in Eq. (1) can be written as

ψ†mg(x) = ψ†Pg (x) + ψ†Hmg(x) , x ∈ Υj ,

where ψ†Pg (x) is a particular solution which is isotropic for each energy group, provided
the adjoint interior source Q† jg is independent of the angular directions, and ψ†Hmg(x) is
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the homogeneous component of the local general solution of Eq. (1) in Υj. For constant
adjoint source in region Υj, we obtain the spatially constant particular solution which is
determined by solving the linear system

G∑

g′=1

{
δg,g′ σ

j
Tg − σ

(0)j
Sg→g′

}
ψ†P, jg′ = Q† jg , g = 1 : G , (4)

where δg,g′ is the Kronecker delta.

Furthermore, to determine the homogeneous component, we consider the expression

ψ†Hmg(x) = a†mg(ξ) e

−(x− λj)
ξ , λj =





xj+1/2 , ξ < 0

xj−1/2 , ξ > 0
, x ∈ Υj . (5)

Here we note that the shifting strategy used in the exponential term of Eq. (5) bounds
the exponential function in the interval (0, 1) [5] [4].

Substituting Eq. (5) into the homogeneous equation corresponding to Eq. (1), i.e.,
Q† jg = 0, after some algebraic manipulations, we obtain

G∑

g′=1

N∑

n=1

σjTg
µm

{
− δm,n δg,g′ +

L∑

l=0

2l + 1

2
c

(l)j
g→g′ Pl(µm)Pl(µn)ωn

}
a†ng′(ξ) =

1

ξ
a†mg(ξ) , (6)

where c
(l)j
g→g′ ≡ σ

(l)j
S g→g′/σ

j
Tg is the anisotropic scattering ratio of order l. For m = 1 : N

and g = 1 : G, Eq. (6) represents an eigenvalue problem of order N ×G.

At this point we remark that we write Eq. (6) by fixing the value of g, and letting
the values of m vary from 1 through N . For g = 1 : G, the N × G eigenvectors are
N ×G–dimensional vectors, corresponding to the N ×G eigenvalues ξ−1

k , defined as

a†(ξk) ≡
[
a†1(ξk) , a

†
2(ξk) , . . . , a

†
i (ξk) , . . . , a

†
N×G(ξk)

]T
,

i = m+ (g − 1)N , m = 1 : N , g = 1 : G , k = 1 : N ×G .

Therefore, for x ∈ Υj we obtain a linearly independent set of N×G eigenfunctions defined
in Eq. (5) and we write the general solution for Eq. (1) in region Υj as

ψ†mg(x) =
N×G∑

k=1

βk a
†
mg(ξk) e

−(x− λj)
ξk + ψ†Pg (x) (7)

where βk are arbitrary constants and ψ†Pg (x) is calculated by Eq. (4).

The N × G eigenvalues ξ−1
k may appear in real ± pairs or in complex conjugate pairs.

We note that the coefficient matrix in Eq. (6) is real and, thus, the real eigenvalues are
associated with real eigenvectors and the complex eigenvalues are associated with complex
eigenvectors. In this paper, we consider fixed–source problems with no upscattering in the
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forward problem. For these problems, we only found real eigenvalues and eigenvectors.
Moreover, these eigenvalues are exactly the same as the eigenvalues for the corresponding
forward SN equations in node Υj [10] [1]. On the other hand, the corresponding eigen-
vectors are all different, but they may have the same entries located in different positions
within the column matrix, as represented in Fig. 2. We remark that for multilayer slabs
with different material zones, it is necessary to find such a general solution, as in Eq. (7),
for each material zone of the domain.

a(ξk) =

Forward problem

a†(ξk) =

Adjoint problem

Figure 2: N–dimensional eigenvectors corresponding to the same simple
eigenvalue ξ−1

k for the monoenergetic forward and adjoint SN models within
node Υj, cf. Eq. (6).

Figure 2 illustrates that, for the monoenergetic problem (G = 1), if we obtain the N–
dimensional eigenvectors a(ξk) corresponding to the simple eigenvalue ξ−1

k , by following a
spectral analysis of the forward SN nodal equations [1], then the eigenvectors a†(ξk) cor-
responding to the same simple eigenvalue ξ−1

k for the adjoint SN equations (1) interchange
the first and second N/2–dimensional arrays. This result is due to the change of signs of
the streaming term from the forward to the adjoint problem, which leads to the change of
the sign of the matrix in Eq. (6). On the other hand, for the multigroup problems, this
matrix for the adjoint problems, besides changing the sign of the corresponding entries, it
becomes the transpose matrix to the corresponding one of the forward problems. Thus,
for cases where the scattering matrix is not symmetric, the eigenvectors a(ξk) and a†(ξk)
are different and do not present a pattern in the permutations of their entries.

4 THE ADJOINT SPECTRAL GREEN’S FUNCTION METHOD (SGF†)

Integrating Eq. (1) within an arbitrary region Υj, by using the operator

1

hj

∫ xj+1/2

xj−1/2

(·) dx ,

we obtain the discretized spatial balance adjoint SN equations

− µm

σjTg hj

(
ψ†mg,j+1/2 − ψ

†
mg,j−1/2

)
+ ψ

†
mg,j = S† jmg +

Q† jg

σjTg
, m = 1 : N , g = 1 : G , (8)
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where we have defined the region–average adjoint angular flux

ψ
†
mg,j ≡

1

hj

∫ xj+1/2

xj−1/2

ψ†mg(x)dx ,

the region–edge adjoint angular flux

ψ†mg,j±1/2 ≡ ψ†mg(xj±1/2)

and the term which is adjoint to the anisotropic scattering source

S† jmg ≡
G∑

g′=1

N∑

n=1

ωn ψ
†
ng′,j

{
L∑

l=0

2l + 1

2
c

(l)j
g→g′ Pl(µm)Pl(µn)

}
.

Equation (8), within an arbitrary region Υj, represents a system of N×G algebraic linear
equations into 3×N ×G unknowns. In order to guarantee uniqueness of the solution, we
need to use auxiliary equations. In the SGF† method we use an auxiliary equation, which
relates the group region–average adjoint angular flux in direction µm to the region–edge
adjoint fluxes in all exiting directions and energy groups. This auxiliary equation has the
form

ψ
†
mg,j =

G∑

g′=1

∑

µn<0

Λj
ng′→mgψ

†
ng′,j−1/2 +

G∑

g′=1

∑

µn>0

Λj
ng′→mgψ

†
ng′,j+1/2 + Bmg(Q

† j
g ) , (9)

where Λj
ng′→mg plays the role of the Green’s function of the adjoint SN operator discretized

in space, and Bmg(Q
† j
g ) is a function of the interior adjoint source to be determined such

that the particular solution is automatically preserved. The quantities involved in the
auxiliary equation (9) are illustrated in Fig. 3 for an arbitrary region Υj and G = 2.

xj−1/2 xj+1/2

ψ†
ng′,j−1/2 ψ†

ng′,j+1/2
ψ

†
mg,j

Q† j
g

Υj

µn < 0 µn > 0

g1

g1 g1

g1

g2

g2 g2

g2

Figure 3: Arbitrary region (Υj) with region–edge adjoint fluxes (ψ†ng′,j±1/2),

region–average adjoint angular flux (ψ
†
mg,j) in direction µm and energy group

g and interior adjoint source (Q† jg ) .

In order to determine the term Bmg(Q
† j
g ), we substitute the solution of Eq. (4) into Eq.

(9) and the result appears as

Bmg(Q
† j
1 , . . . , Q

† j
G ) =

G∑

g′=1

N∑

n=1

(
δm,n δg,g′ − Λj

ng′→mg

)
ψ†Pg′ .
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To proceed further, we determine the parameters Λj
ng′→mg, by requiring that the homo-

geneous component of the general solution be preserved by using Eq. (5) in Eq. (9) and,
after some algebraic manipulations, we obtain the following linear systems:

ξk a
†
mg

hj

(
1− e−

hj
ξk

)
=

G∑

g′=1

∑

µn<0

a†ng′Λ
j
ng′→mg + e

−
hj
ξk ×

G∑

g′=1

∑

µn>0

a†ng′Λ
j
ng′→mg , (ξk > 0)

(10a)
and

|ξk| a†mg
hj

(
1− e−

hj
|ξk|

)
= e

−
hj
|ξk| ×

G∑

g′=1

∑

µn<0

a†ng′Λ
j
ng′→mg +

G∑

g′=1

∑

µn>0

a†ng′Λ
j
ng′→mg , (ξk < 0).

(10b)

Requiring this to hold for g = 1 : G and m = 1 : N , we obtain a linear system of (N×G)2

equations in the (N ×G)2 unknowns Λj
ng′→mg. The parameters Λj

ng′→mg can be viewed as
the weights of the contributions of the outgoing particles through the node–edges travelling
in direction µn and energy group g′, which have importances given by ψ†ng′,j±1/2 to the
node–average importance of particles travelling in direction µm and energy group g, given

by ψ
†
mg,j, for the detector response, which depends on the numerical value attributed

to the adjoint source Q† jg , normally equal to the macroscopic absorption cross section.
Clearly the outgoing particles have non–zero importance to the detector response, since
they might come back to node Υj, except if they leave the domain. It should be noted
that in heterogeneous domains, one must have a Λj matrix for each region with uniform
spatial grid.

In the next section we describe a sweeping algorithm for iteratively solving the SGF†

equations, which consists of three steps: first a sweep from left to right to calculate
estimates for the adjoint angular fluxes in directions µm < 0, then a sweep from right to
left to calculate estimates for the adjoint angular fluxes in directions µm > 0 and finally
a check to see if the stopping criterion is satisfied.

5 THE PARTIAL ONE–NODE BLOCK INVERSION ITERATIVE
SCHEME

The iteration procedure for solving the SGF† equations can be described as an adjoint one–
node block inversion (NBI) scheme. Partial NBI scheme uses the most recent estimates
for the node–edge adjoint angular fluxes outgoing a given discretization node (dashed
arrows in Fig. 4), to solve the resulting adjoint SN problem in that node for all the
incoming adjoint angular fluxes, which constitute the outgoing adjoint angular fluxes for
the adjacent node in the sweeping direction (solid arrows in Fig. 4).

In order to determine the sweeping equations, we first substitute the adjoint auxiliary
Eq. (9) into the terms which contain the average adjoint angular fluxes in the spatially
discretized adjoint SN balance equations (8). Then, we manipulate the scattering source
terms so we obtain terms involving outgoing adjoint fluxes from the two node edges,
and we group the terms containing the node–interior adjoint source. At this point, we
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xj+1/2

ψ
† out

ng′,j−1/2
ψ

† in

mg,j+1/2
ψ

† out

ng′,j+1/2

µm < 0

Υj Υj+1
xj−1/2 xj+3/2

g1

g1 g1 g1

g1 g1

g2

g2 g2

g2 g2

g2

Q† j
g

xj+1/2

µm > 0

Υj Υj+1

xj−1/2 xj+3/2

ψ
† out

ng′,j−1/2
ψ

† in

mg,j+1/2
ψ

† out

ng′,j+1/2

g1

g1

g2

g2

Q† j
g

g2 g2

g2g2

g1 g1

g1g1

Figure 4: Sweeping scheme for adjoint partial NBI algorithm.

sweep from left to right and from right to left directions to estimate the incoming adjoint
fluxes on the node–edges due to all outgoing adjoint fluxes and the interior adjoint source.
Following this procedure, we obtain

Ψ
† in
j±1/2 = G†±j Ψ† outj∓1/2 + G†∓j Ψ† outj±1/2 + F†j ,

which are the sweeping equations for the partial adjoint NBI scheme, in matrix form.

As the present SGF† method is free from spatial truncation error, it is possible to set up a
coarse spatial grid on the domain, wherein each discretization node is coincident with one
region of the multilayer slab, and then perform spatial reconstructions inside the coarse
nodes to obtain detailed profile of the group adjoint angular fluxes. In this work we use
the same methodology as presented in [10] for the forward problem.

Furthermore, if it is required the detector response for each energy group g, it is necessary
to run as many distinct adjoint problems as energy groups. This is equivalent to saying
that the adjoint source for each energy group transfers importance to the other groups.
Thus, it is possible to determine the importance of the neutral particles of all energy
groups to detecting particles only in the energy group g. This calculation must be done
considering the adjoint source numerically equal to the detector absorption macroscopic
cross section for energy group g and equal to zero for all the other energy groups. In this
case, matrices G†+

j and G†−j , involved in the partial NBI iterative scheme, are the same

for all calculations (g = 1 : G) and we only have to recalculate F†j, which depends on the
adjoint source.

6 NUMERICAL RESULTS

In this section we consider two model problems. The first model problem is adapted from
[7] and consists of an iron slab, 10 cm thick and with a unit isotropic source of incident
gamma rays at the left boundary (x = 0) only for the first of 19 energy groups that span
the energy interval 50KeV to 1MeV . The second model problem is a typical multilayer
moderation problem with twenty energy groups (G = 20), scattering anisotropy of order
L = 10 and interior sources of particles [8].

In the two model problems we compared the results by solving the corresponding forward
problems and using the adjoint technique described in Section 2. The stopping criterion
for each run required that the discrete maximum norm of the relative deviation between
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two consecutive estimates for the node–average scalar fluxes (forward and adjoint) did
not exceed 10−6. Here we remark that we have considered non–outgoing adjoint flux for
the adjoint problem boundary conditions. All numerical results were obtained by using
a computer code developed with the programming language C++ (Embarcadero R© C++
Builder XE2).

6.1 Model Problem No 1

Let us first consider a homogeneous slab, as illustrated in Fig. 5. We consider a multigroup
model with G = 19 and a unit isotropic incident flux of gamma rays at x = 0 only for
the fastest energy group (g = 1). Total (σTg), absorption (σAg) and isotropic scattering

(σ
(0)
Sg′→g) macroscopic cross sections for the slab can be found in reference [7].

This model problem simulates the response of a detector Dg (g = 1 : 19), located in
4 ≤ x ≤ 6 cm, due to an incident flux of gamma rays at the left boundary (x = 0). To
solve the adjoint problem, we set the adjoint source numerically equal to the detector
absorption macroscopic cross section, i.e., Q†g = σAg (g = 1 : 19). To model the forward
(represented in Fig. 5) and adjoint transport problems, we used the S32, S64 and S128

Gauss–Legendre angular quadrature sets [9].

0 4 6 10

Dg

ψmg(10) = 0

µm < 0 g = 1 : G

ψmg(0) = δ1,g

µm > 0 g = 1 : Gµm > 0 g = 1 : G

︸ ︷︷ ︸

Figure 5: Slab for Model Problem No 1.

Table 1 displays the absorption rate density (absorption rate per unit cross section area) in
all energy groups. To generate these results, we solved the forward fixed–source problems
using the coarse–mesh SGF method and the fine–mesh Diamond Difference (DD) method
[9]. We also use the adjoint technique to calculate the detector response with both SGF†

and DD† methods. Absorption rate densities, as estimated by the adjoint technique, are
obtained, as defined in equation (3), by considering the adjoint problem with Q†g = σAg.
In both cases (forward and adjoint problems) two spatial discretizations are used for the
DD method: h1 = 0.1 cm (100 nodes) and h2 = 0.02 cm (500 nodes). We note that
greater refinement than 500 nodes did not imply any change of the result up to the fifth
decimal place.

Table 1: Detector response for Model Problem No 1 (cm−2 s−1).

Forward problem Adjoint problem
DD SGF DD† SGF†

100 nodes 500 nodes 1 node 100 nodes 500 nodes 1 node
(×10−1) (×10−1) (×10−1) (×10−1) (×10−1) (×10−1)

S32 0.40326 0.40332 0.40332 0.40326 0.40332 0.40332
S64 0.40322 0.40328 0.40328 0.40322 0.40328 0.40328
S128 0.40321 0.40327 0.40327 0.40321 0.40327 0.40327

In this model problem, the detector response obtained by using the SGF method agrees
with the one obtained by using the DD method, at least, up to the fifth decimal place,
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when a spatial grid with h2 = 0.02 cm was used. When the problem is solved by using
the DD method with a discretization node width h1 = 0.1 cm, the results agree with
the SGF method up to the fourth decimal place. This behaviour is well known, since the
conventional DD method is a fine mesh numerical method based on a linear approximation
inside the discretization node. Here, we use the results generated by the DD and DD†

methods to verify that the SGF and SGF† methods provide numerical solutions that
are completely free from spatial truncation errors. We note, that the SGF and SGF†

methods generated the same results on a spatial discretization grid consisting of one
node per region. As we see, in all cases, the results generated with forward and adjoint
techniques do agree, at least, up to the fifth decimal place.

In the next subsection we solve a model problem which represents a more severe test
with 20 energy groups, scattering anisotropy of order L = 10 and two interior sources of
particles.

6.2 Model Problem No 2

For the second test problem we consider a 5–region slab with different material properties,
20 energy groups and anisotropic scattering of order L = 10, adapted from [8]. It is
considered an isotropic distribution of incident radiation only in the fastest energy group
(g = 1) on the left boundary of the multilayer slab (x = 0). The thickness of each region
is specified by hj = (j + 1) , j = 1 : 5. A fictitious macroscopic cross section set is used
to facilitate the data handling. We define the group total macroscopic cross sections as

σjTg =

(
j + 20

21

)5 (
g

10
− 0.15 δ5,g − 0.15 δ10,g

)
, g = 1 : G (11)

and the scattering cross sections are generated by

σ
(l)
Sg→g′ =

(
j + 20

21

)[
g′

100 (g − g′ + 1)

](
0.7− g + g′

200

)l
,

g = 1 : G , g′ = 1 : g , l = 0 : L . (12)

This model problem simulates the response by a detector Dg located in the third region
(5 ≤ x ≤ 9 cm), due to two radiation sources Q1

g = δ1,g and Q2
g = 2 δ1,g located in the

second region (2 ≤ x ≤ 3 cm) and in the fifth region (14 ≤ x ≤ 20 cm), respectively, as
illustrated in Fig. 6. To solve the adjoint problem, we set the adjoint source numerically
equal to the detector absorption macroscopic cross section, i.e., Q†g = σAg.

0 2 5 9 14 20 cm

Q1
g = δ1,g

Z1 Z2 Z3 Z4 Z5

ψmg(0) = δ1,g

µm > 0

g = 1 : G

ψmg(20) = 0

µm < 0

g = 1 : G

Q2
g = 2 δ1,gDg

Figure 6: Slab for Model Problem No 2.

The detector response, as displayed in Table 2, represents the absorption rate per unit
cross section area calculated using the SGF and SGF† methods. The response is obtained
considering the two radiation sources Q1

g and Q2
g and the isotropic unit incident flux on
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the left boundary. Columns 3, 4 and 5 displays the results considering only the absorption
rate densities for the energy groups 1, 10 and 20, respectively. The sixth column displays
the response considering all energy groups. In all cases, the results generated with forward
and adjoint techniques do agree, up to the fifth decimal place.

Table 2: Detector response for Model Problem No 2 (cm−2 s−1).

Problem Group 1 Group 10 Group 20 Total response (g = 1 : 20)
(×101) (×10−1) (×10−1) (×101)

S32
Forward 0.15053 0.16735 0.11082 0.19217
Adjoint 0.15053 0.16735 0.11082 0.19217

S64
Forward 0.15036 0.16728 0.11076 0.19199
Adjoint 0.15036 0.16728 0.11076 0.19199

S128
Forward 0.15032 0.16727 0.11075 0.19194
Adjoint 0.15032 0.16727 0.11075 0.19194

The use of the adjoint technique to calculate the detector response due to several sources
is very convenient as it is possible to run the adjoint problem just once, provided we do
not move the detector or replace it by a different one. Thus, for Model Problem No 2 it
is possible to determine the detector response due to the interior sources Q1

g and Q2
g and

the boundary conditions individually, solving the problem just once. On the other hand,
the forward problem must be run three times to obtain such results. Table 3 shows the
results for both the forward and adjoint problems.

Table 3: Splitted detector response for Model Problem No 2 (cm−2 s−1) using
the S128 quadrature set.

Q1
g Q2

g Boundary source Total
(×101) (×100) (×100) (×101)

Forward – – – 0.19194
Adjoint 0.12944 0.50151 0.12347 0.19194

As we noted in section 5, if it is required the detector response for several different energy
groups g, it is necessary to run as many distinct adjoint problems as energy groups
were chosen. All the steps must not be repeated since matrices G†+

j and G†−j are the
same regardless of the adjoint source. Thus, the computational calculations may be
optimized avoiding to recalculate matrices Λj, G†+

j and G†−j , whose calculations consume
substantial computational time.

The problem presented here was solved by defining the adjoint source as the absorption
macroscopic cross section for each individual energy group g and, at last, using all adjoint
sources together. Figure 7 shows the results for the case wherein it is required the detector
response only for the energy group g = 10. The value of the importance function is
considerably higher in the energy group g = 10, as expected. This high difference hinders
observation of the correct values of the other energy groups, as shown in Fig. 7.

Figure 8 shows the results removing the curve corresponding to energy group g = 10. It is
possible to observe that a transfer of importance occurs to the energy groups g′ < 10 and
that the importance is null for the energy groups g′ > 10. This fact is due to the absence
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of upscattering in the forward problem, i.e, there is no transfer of neutral particles from
the lower energies to the higher energies. Thus, the importance function chart represents
that neutral particles with energy values higher than g = 10 are important to the detector
response in energy group g = 10, while particles with energy values lower than g = 10 are
not.
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Figure 7: Importance function distribution per group for an expected
response only in energy group 10.
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Figure 8: Importance function distribution per group for an expected
response only in energy group 10 (group 10 profile has been removed).

It is important to emphasize that transfer of importance is not necessarily between con-
tiguous groups, and depends on the values of σTg and σ

(l)
Sg→g′ . For example, in Fig. 8 we

observe that the neutral particles traveling in the energy group g = 5 are more important
for the detector response in the group g = 10 than those traveling in the group g = 6.
This is due to the fact that the macroscopic absorption cross section is lower for the group
g = 5 (see Eqs. (11) and (12)).
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7 DISCUSSION

In this paper we have applied the SGF† method to adjoint multigroup, slab–geometry
SN problems considering arbitrary L′th–order of scattering anisotropy and non–zero pre-
scribed boundary conditions for the forward problem.

According to the model problems considered in this paper, the numerical results for the
detector response, as generated by the forward and the adjoint techniques, were identical
up to the fifth decimal place. We note that the use of the adjoint technique to calculate
the detector response is convenient as it is possible to run the adjoint problem just once for
various interior source distributions and/or prescribed incident flux of particles, provided
we do not change the location or the type of the detector.

It is possible to determine the importance of the neutral particles of all energy groups to
a detector by reading only particles in a specific energy group. Matrices G†+

j and G†−j ,
involved in the partial NBI iterative scheme, are the same for all calculations (g = 1 : G)
and we only have to recalculate F†j, which depends on the adjoint source.

A negative feature of the SGF† method is that it requires more storage than standard
discretization methods. The SGF† requires the storage of as many matrices Λj as sub–
domains, and the iteration scheme requires the storage of the adjoint node–edge angular
fluxes in all discrete ordinates directions. This extra storage requirement is compensated
by the possibility to use coarse spatial meshes.

The present SGF† method can be used to improve the accuracy of multidimensional
adjoint SN nodal methods, similarly to the steps followed previously for forward SN
problems [2]. However, this must await future work.

ACKNOWLEDGMENTS

The authors acknowledge the partial financial support of Conselho Nacional de Desen-
volvimento Cient́ıfico e Tecnológico (CNPq – Brazil) and Fundação Carlos Chagas Filho
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