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ABSTRACT

This paper aims to analyze transient heat conduction in a nuclear fuel rod by an improved lumped
parameter approach. One-dimensional transient heat conduction is considered, with the circumferential
symmetry assumed and the axial conduction neglected. The thermal conductivity and specific heat in the
fuel pellet are considered temperature dependent, while the thermophysical properties of the cladding are
considered constant. Hermite approximation for integration is used to obtain the average temperature and
heat flux in the radial direction. Significant improvement over the classical lumped parameter formulation
has been achieved. The proposed model can be also used in dynamic analysis of PWR and nuclear power
plant simulators.

1. INTRODUCTION

The lumped parameter approach has been widely used in the thermohydraulic analysis
of nuclear reactors. As in the analysis of other complex thermal systems , this classical
approach is extremely useful and sometimes even mandatory when a simplified formulation
of the transient heat conduction is sought. Together with the neutron point kinetics model,
the lumped parameter approach for fuel rod heat conduction is essential in the simplified
models of pressurized water reactors (PWR) and in real-time simulators of nuclear power
plants [1]

The classical lumped parameter analysis (CLSA) is usually used for solving conduction
problems involving lower Biot numbers (less than 0.1) [2, 3]. But, most of nuclear reac-
tor engineering problems involve higher Biot numbers, limiting the usage of the classical



lumped models due to unsatisfactory results. So, efforts have been made to improve the
lumped model in order to predict the transient temperature at higher Biot numbers. Cotta
and Mikhailov [4] proposed a systematic formalism to provide improved lumped param-
eter formulations for steady and transient heat conduction problems based on Hermite
approximation for integrals that define averaged temperatures and heat fluxes.

Previous works in the literature demonstrate that Hermite approximation gives a better
approximation of the analytical or numerical solutions than the lumped models. Earlier,
Su [5] studied the radiative cooling of a spherical body applying the improved lumped
parameter formulation obtained through two point Hermite approximations for integrals
yielding significant improvement of the average temperature prediction over the classical
model. In 2007, Su et al [6] used the same technique for a class of one-dimensional
nonlinear heat conduction problems in different geometries with linearly temperature-
dependent thermal conductivity and also achieved significant improvement of average
temperature predictions over the classical lumped mode.

Pontedeiro et al [7] used the improved lumped-differential formulation for one-dimensional
transient heat conduction in a heat generating cylinder with temperature-dependent ther-
mophysical properties typical of high burn-up nuclear fuel rods, obtaining the average
temperature and heat flux in the radial direction by two points Hermite approximations
for integrals and the results were validated by comparing with numerical solutions of the
original distributed parameter formulation of the transient heat conduction problem, as
well as by comparing with simulation results of a cold leg SBLOCA with RELAP5/MOD3.

An and Su [8] applied the improved lumped parameter model obtained through a two-
point Hermite approximations for integrals for the transient heat conduction in multi-
layer composite slabs subjected to combined convective and radiative cooling. Later,
in 2013, they [9] modeled the one-dimensional heat conduction with melting of a phase
change material (PCM) slab with volumetric heat generation to be solved by a lumped
parameter model obtained through two-point Hermite approximations for integrals. Both
works showed excellent agreement with available analytical or numerical solutions.

In this work, we present an improved lumped parameter model and a higher improved
lumped parameter model for the transient heat conduction in a nuclear fuel rod with the
heat transfer modeled by temperature dependent thermal conductivity and specific heat
capacity. These thermal properties present in [7] and the improved lumped parameter
formulations proposed by [2] and [3] are used to model the fuel dynamics.

2. ANALYSIS

2.1. Mathematical Formulation

The physical problem presented here involves one-dimensional transient heat conduction
in a nuclear fuel rod, such as those present in PWR, with temperature dependent thermal
conductivity, kf (T ). To simplify the problem, not only axisymmetry of the temperature
distribution was assumed but also the axial heat conduction term, the spatial variation
of the heat generation across the fuel rod and heat generation across the cladding were
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neglected. In order to demonstrate the lumping procedure at the fuel rod, we start from
the mathematical formulation governing the physical problem in the fuel (f):

ρfCpf
∂Tf (r, t)

∂t
=
kf
r

∂

∂r

(
∂Tf (r, t)

∂r

)
+ q′′′, 0 < r < rfo (1)

Tf (r, 0) = Tf0(r) (2)

∂Tf (r, t)

∂t
|r=0 = 0 (3)

−2πrfokf
∂Tf (r, t)

∂t
|r=rfo = 2πrg(Tf (rfo, t)− Tc(rci, t)) (4)

and for the cladding (c):

ρcCpc
∂Tc(r, t)

∂t
=
kc
r

∂

∂r

(
∂Tc(r, t)

∂r

)
, rci < r < rco (5)

Tc(r, 0) = Tc0(r) (6)

−2πrcikc
∂Tc(r, t)

∂t
|r=rci = 2πrg(Tf (rfo, t)− Tc(rci, t)) (7)

−kc
∂Tc(r, t)

∂t
|r=rco = h(Tc(rco, t)− Tm)) (8)

where Tf and Tc are temperatures in fuel and cladding; ρf and ρc, their densities; Cpf
and Cpc the specific heats; kf and kc, their thermal conductivities; q′′′ the volumetric heat
generation in fuel; hg, the heat transfer coefficient for the gap and h the heat transfer
coefficient between the cladding and the coolant. rfo, rci and rco are respectively the outer
radius of the fuel rod, inner radius of the cladding and outer radius of the cladding.

Introducing the following dimensionless variables:

θf (R, τ) =
Tf (r,t)−Tm
Tref−Tm

; θc(R, τ) = Tc(r,t)−Tm
Tref−Tm

; R = r
rco

;

τ =
kf0t

(ρfCpf )0rfo
2 ; K =

kf0ρcCpc
kc(ρfCpf )0

; G = rco2q′′′

kf0(Tref−Tm)
;

Bi = hrco
kc

; Bigf = hgrco
kf0

; Bigc = hgrco
kc

;

βf (θ) =
kf (T )

kf0
; kf0 = k(Tfs,av); λf =

ρfCpf (T )

(ρfCpf )0

we get the following dimensionless equations for the fuel (f):

λf (θf (R, τ))
∂θf (R, τ)

∂τ
=

1

R

∂

∂R

(
βf (θf (R, τ))R

∂(θf (R, τ))

∂R

)
+G, 0 < R < Rfo (9)

θf (R, 0) = θf0(R) (10)

∂θf (R, τ)

∂τ
|R=0 = 0 (11)
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−βf (θf (R, τ))Rfo
∂θf (R, τ)

∂τ
|R=Rfo

= RgBigf (θf (Rfo, τ)− θc(Rci, τ)) (12)

and for the cladding (c):

∂θc(R, τ)

∂tτ
=
K

R

∂

∂R

(
R
∂θc(R, τ)

∂R

)
, Rci < R < Rco (13)

θc(R, 0) = θc0(R) (14)

−Rci
∂θc(R, τ)

∂τ
|R=Rci

= RgBigc(θf (Rfo, τ)− θc(Rci, τ)) (15)

−∂θc(R, τ)

∂τ
|R=1 = Bi(θc(1, τ) (16)

The corresponding spatially averaged dimensionless temperatures are defined by

θf,av =

∫ Rfo

0 2πθf (R, τ)RdR

πR2
fo

=
2

R2
fo

∫ Rfo

0
θf (R, τ)RdR (17)

θc,av =

∫ 1
Rci

2πθc(R, τ)RdR

π(1−R2
ci)

=
2

1−R2
ci

∫ 1

Rci

θc(R, τ)RdR (18)

We operate Eq.(9) by ( 2
R2

fo

∫ Rfo

0 RdR), using the definition of average temperature, Eq.(17),

we get:

λf (θf,av(τ))
dθf,av(τ)

dτ
=

2

Rfo

βf (θf (R, τ))
∂θf (R, τ)

∂R
|R=Rfo

+G (19)

Similarly, operating Eq.(13) by ( 2
1−R2

ci

∫ 1
Rci

RdR), using the definition of average tempera-

ture, Eq.(18), we get:

dθc,av(τ)

dτ
=

2K

1−R2
ci

(
Rci

∂θc(R, τ)

∂R
|R=Rci

− ∂θc(R, τ)

∂R
|R=1

)
(20)

Now, the boundary conditions, Eqs.(12), (15) and (16) are used which yields:

λf (θf,av(τ))
dθf,av(τ)

dτ
= − 2

R2
fo

RgBigf (θf (Rfo, τ)− θc(Rci, τ)) +G (21)

dθc,av(τ)

dτ
=

2K

1−R2
ci

[−Biθc(1, τ) +RgBigc(θf (Rfo, τ)− θc(Rci, τ)] (22)

The Eqs.(21) and (22) are equivalent integro-differential formulation of the mathematical
model, with no approximation involved. Supposing that the temperature gradients are
sufficiently smooth over the whole spatial solution domain, the classical lumped system
analysis (CLSA) is based assuming that the boundary can be reasonably well approxi-
mated by the averaged potentials, as
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θf (Rfo, τ) ' θf,av(τ)

θc(Rci, τ) ' θc,av(τ)

θc(1, τ) ' θc,av(τ)

which leads to the simplified lumped formulation,

λf (θf,av(τ))
dθf,av(τ)

dτ
= − 2

R2
fo

RgBigf (θf,av(τ)− θc,av, τ)) +G (23)

dθc,av(τ)

dτ
=

2K

1−R2
ci

[−Biθc,av(τ) +RgBigc(θf,av(τ)− θc,av(τ)] (24)

to be solved with the inicial conditions for the averaged temperatures:

θf,av(0) = θf,av0 (25)

θc,av(0) = θcf,av0 (26)

We now seek improved lumped-differential formulations, in an attempt to offer enhanced
characteristic to the path previously proposed. The basic idea is to provide a better
relation between the boundary potentials end the averaged potentials, which are to be
developed from Hermite-type approximations of the integrals that define the average
temperatures and heat fluxes.

In this formulation, the one-sided corrected trapezoidal rule (H1,0 approximation) is em-
ployed in the averaged temperature integrals for both fuel and cladding and plain trape-
zoidal rule (H0,0 approximation) is used in the averaged heat fluxes, in the following
form:

θf,av(τ) =
2

R2
fo

(
1

3
R2
foθf (Rfo, τ) +

1

6
θf (0, τ)R2

fo

)
(27)

∫ Rfo

0

∂θf (R, τ)

∂R
dR = θf (Rfo, τ)− θf (0, τ) =

1

2

(
∂θf (R, τ)

∂R
|R=0 +

∂θf (R, τ)

∂R
|R=Rfo

)
(28)

θc,av(τ) =
2

1−R2
ci

(
1

2
Rciθc(Rci, τ) + θc(1, τ)(1−Rci)

)
(29)

∫ 1

Rci

∂θc(R, τ)

∂R
dR = θc(1, τ)− θc(Rci, τ) =

1

2

(
∂θc(R, τ)

∂R
|R=Rci

+
∂θc(R, τ)

∂R
|R=1

)
(30)

Using boundary conditions Eqs.(12), (15) and (16), the eqs.(28) and (28) become

θf (Rfo, τ)− θf (0, τ) = −BigfRfo

2
(θf (R, τ)− θc(R, τ)) (31)

θc(1, τ)− θc(Rci, τ) = −1

2
(Biθc(1, τ)) +Bigc(θf (Rfo,τ )− θc(Rci, τ))(1−Rci) (32)

The Eqs.(27), (29), (31) and (32) form a system of four linear algebraic equations for four
unknowns, θf (0, τ), θf (Rfo, τ), θc(Rci, τ) and θc(1, τ) that is solved to provide the seeked
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relations between boundary potentials and averaged potentials, besides an approximate
relation for the central temperature, θf (0, τ). These relations are then used in the Eqs.(21)
and (22) to close the two ordinary differential equations for the averaged temperatures,
to be solved with the inicial conditions Eqs.(25) and (26).

In the same manner, we also compared the H1,0/H0,0 model to a higher order Hermite
approximation: the two-sided corrected trapezoidal rule (H1,1 approximation) applied in
the averaged temperature integrals for both fuel and cladding and plain trapezoidal rule
(H0,0 approximation) applied in the averaged heat fluxes, as to see the improvement of
the results.

θf,av(τ) =
2

R2
fo

[
Rfo

2
(Rθf )|R=0 +

Rfo

2
(Rθf )|R=Rfo

+
R2
fo

12

∂(Rθf )

∂R
|R=0 −

R2
fo

12

∂(Rθf )

∂R
|R=Rfo

]
(33)

θc,av(τ) =
2

1−R2
ci

[
1

2
(Rθc)|R=Rci

+
1

2
(Rθc)|R=1 +

1

12

∂(Rθc)

∂R
|R=Rci

− 1

12

∂(Rθc)

∂R
|R=1

]
(34)

The boundary conditions Eqs.(12), (15) and (16), have to be replaced in Eqs.(33) and
(34) to build another system to provide the seeked relations between boundary potentials
and averaged potentials and then solve the two ordinary differential equations for the
averaged temperatures.

2.2. Thermal Properties

The temperature-dependent properties (thermal conductivity, density and specific heat)
of UO2 ceramic material given by the correlations from MATPRO (Library of Materials
Properties for Light Water Reactor Accident Analysis) can be found in [7] and are as
follows:

K(T (r, t)) =
1

0, 0375 + 2, 165 · 10−4T (r, t)
+ 4, 75 · 109 e

− 16361
T (r,t)

T (r, t)2
(35)

ρf (T (r, t)) = 10980(1− 3(10−5(T (r, t)− 3 · 10−3 + 4 · 10−2e
− 6,9·10−20

1,38·10−23T (r,t) )) (36)

Cpf (T (r, t)) =
296, 7× (535, 285)2e

535,285
T (r,t)

T 2(r, t)(e
535,285
T (r,t) − 1)2

+2, 43·102T (r, t)+
8, 745 · 107 × 1, 577 · 105

8, 3143T 2(r, t)
e−

1,577·105
8,3143T (r,t)

(37)
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Figure 1: The temperature dependence of the thermal conductivity (kf) of
the UO2 ceramic material [7].

Figure 2: The temperature dependence of the specific heat capacity (ρfCpf)
of the UO2 ceramic material [7].

Figures 1 and 2 represent respectively the thermal conductivity (kf ) and the specific
heat capacity (ρfCpf ) of the UO2 ceramic material as a function of temperature. Figure
1 shows the behavior of the thermal conductivity between 500 K and 3500 K given by
eq.(35). Notice that it has a parabolic behavior in the interval. So as to simplify the
calculations Eq.(35) was fitted to a second order polynomial.

As shown in Fig. 2 the product (ρf (T )CpF (T )) has a rather small variation in the temper-
ature range between 500 K and 2000 K. Here another approximation is possible by using
the average temperature in the fuel (Tf,av), instead of a temperature function, leading to
a constant product of (ρf (Tf,av)CpF (Tf,av)) [7].

3. RESULTS AND DISCUSSION

Classical and improved lumped parameters (H1,0/H0,0 and H1,1/H0,0) for one-dimensional
transient heat conduction in a nuclear fuel rod are solved using the built-in functions of
Wolfram Mathematica 9.0 [10]. Numerical results were obtained for typical parameter
values for a PWR reactor [11]. The parameters used are given in Table 1.

Figures 3 and 4 show the average dimensionless temperatures of the fuel and the cladding
obtained by the classical lumped and improved lumped models H1,0/H0,0 and H1,1/H0,0,
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Table 1: Typical parameters of a PWR [11]

rfo (m) 4, 1× 10−3

rg (m) 4.14× 10−3

rci (m) 4.18× 10−3

rco (m) 4.75× 10−3

kc (W/m ·◦ C) 13, 85

h (W/m2 ·◦ C) 34× 103

hg (W/m2 ·◦ C) 5.7× 103

ρc (kg/m3) 6.5× 103

q′′′ (W/m3) 95.85× 106

Tm (◦C) 320

Cpc (J/kg ·◦ C) 330

for Bi = 11.7. We can observe that the improved lumped models gives the same result
for both fuel and cladding and probably, these solution are very close to the numerical
solution, as observed by [2]-[9]. On the other hand, the classical lumped model did not
offer a good estimative for both dimensionless temperatures as it differ almost 50% . As
noticed by [3], the improved and classical formulations predicted quite different behaviors
for the fuel and cladding dimensionless temperatures. The CLSA model approached
steady state quite rapidly, while the improved formulations gived stedaly rising fuel and
cladding dimensionless temperatures.
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Figure 3: Comparison solution of θf (τ).
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Figure 4: Comparison solution of θc(τ).

4. CONCLUSIONS

The improved lumped parameter models (H1,0/H0,0 and H1,1/H0,0) for transient heat
conduction modeled by non-constants thermal conductivity and specific heat capacity are
applied to provide a simplified formulation for different applications such as simplified
models of PWR or real-time simulators of nuclear power plants.

Based on comparison with the classical lumped parameter analysis (CLSA) the improved
lumped parameter models improved significantly although it was not compared to the
numerical solution of the problem. We identified that the (H1,0/H0,0) model and the
(H1,1/H0,0) resulted on estimations of very close values.
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