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Abstract

This thesis considers aspects of the operation of electric power sys-
tems. In particular the focus is on the operation in systems where
multiple operators are jointly responsible for the operation of an inter-
connected system, but where each operator is solely responsible for a
sub-system. Due the the manner in which the operation is separated,
the operators have detailed information about the subsystem they con-
trol, but only limited information about the rest of the system.

The market liberalization, and an interest in an integrated pan-
European energy market, are leading to increased cross-border power
flows. These increased cross-border flows increase the interdependencies
between the areas. With increasing interdependencies the problems as-
sociated with operators only having limited knowledge about the entire
system increase.

In order to reduce these issues, which include an inability to properly
dispatch generation and being able to perform security analysis, this
thesis presents methods which can be used to perform data-exchange
without requiring that all information needs to be exchanged.

By using repeated exchange of the price and amount of energy traded
together with an iterative solution of the local generation dispatch prob-
lem, a multi-lateral solution for the interconnected system is achieved.
The method is evaluated with respect to how close its solution is to
the central one, both for the non-security constrained and the secu-
rity constrained case. This method is then extended to include HVDC
transmission systems.

In order to allow the operators to evaluate the effect of contingencies
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viii Abstract

which occur in other areas, the operators must exchange the contingen-
cies which they consider with each other. In order to reduce the amount
of data which must be transmitted this thesis proposes a method which
summarizes contingencies which are similar into a common one. Thus
allowing for a smaller number of contingencies to be considered, without
reducing the coverage. This method is compared to a reduction method
which is based on the effect of the contingency.



Kurzfassung

Diese Doktorarbeit untersucht Aspekte des Betriebs von Übertra-
gungsnetzen für elektrische Energie. Insbesondere liegt der Schwerpunkt
auf dem Betrieb von Netzen in deren mehrere Betreiber gemeinsam für
den Betrieb des Gesamtsystemes verantwortlich sind, aber jeder Be-
treiber alleine für sein jeweiliges Subsystem verantwortlich ist. Durch
die Aufteilung des Gesamtsystemes hat jeder Betreiber detaillierte Ken-
ntnisse über sein Teilgebiet, aber nur beschränkte Kenntnisse über die
restlichen Teile.

Die Marktliberaliserung, und das Interesse an einem integrierten
pan-Europäischen Energiemarkt, führen zu erhöhten Stromflüssen über
die Gebietsgrenzen. Die erhöhten Grenzflüsse führen zu einer erhöhten
Abhängigkeit zwischen den Netzbetreibern. Die erhöhte Abhängigkeit
zwischen den Netzbetreibern vergrössert die Probleme, welche durch die
beschränkte Datenverfügbarkeit erzeugt werden.

Um diese Problem, welche unter anderem die Unmöglichkeit eine
korrekte Kraftwerkseinsatzplanung durchzuführen, und Schwierigkeiten
in der Beurteilung der Sicherheit des Systemes beinhalten, präsentiert
diese Doktorarbeit Methoden welche einen partiellen Datenaustausch
benutzen um die benötigten Informationen auszutauschen ohne dass
die gesamte Daten übertragen werden müssen.

Durch wiederholtem Austausch von Preis- und Mengeninformatio-
nen an den Grenzknoten, und zusammen mit einer wiederholten Lö-
sung des lokalen Kraftwerkseinsatzplanes, wird eine multilaterale Lö-
sung des Problemes für das Gesamtsystem gefunden. Diese Methode
wird bezüglich ihrer Güte in Bezug auf die Gleichheit mit einer zentralen

ix



x Kurzfassung

Lösung untersucht, sowohl für den Fall in dem die Systemsicherheit be-
trachtet wird, wie auch ohne. Diese Methode wird dann ausgebaut, um
den Einsatz von HGÜ-Systemen zu ermöglichen.

Damit die Betreiber den Einfluss von Ausfällen in anderen Teilgebi-
eten auswerten können, müssen Informationen über diese Ausfälle über-
tragen werden. Um die Anzahl und Menge an Daten, welche übertragen
und untersucht werden müssen, zu reduzieren, schlägt diese Arbeit eine
Methode vor welche die Ähnlichkeit zwischen den Ausfällen benutzt
um die Ausfälle um die Ausfälle zu sammeln. Durch die Sammlung
kann die Anzahl Untersuchungen welche durchgeführt werden müssen
verringert werden, ohne dass das evaluierte Spektrum verkleinert wird.
Diese Methode wird mit einer anderen Reduzierungsmethode, welche
auf einem Vergleich des maximalen Einflusses der Ausfälle beruht, ver-
glichen.
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Chapter 1

Introduction

1.1 Background and Motivation

Modern society has become hugely dependent on electricity, with 22% of
energy consumption in OECD countries coming from electricity [31]. In
order to transport the electricity from the generators to the consumers,
the electrical power grid is crucial. While many portions have a stake in
the electrical power system, perhaps none more so than the customers
which depend on it for their supply, they do not directly influence the
actual operation of the system.

The system operator is responsible for the operation of the power
system. However, they are not responsible for the generation of the
power which is transported. This is an aspect which has changed dur-
ing the 1990s and early 2000s in Europe. Driven by a demand for higher
efficiency, including lower costs of operation, the previous structures, of-
ten state-owned vertically-integrated power companies, were separated
into smaller entities, each with a distinctive task. This separation lead
to the creation of a new entity, the system operator, which, in the case
of the Independent System Operator (ISO), operates or, in the case of
the Transmission System Operator (TSO), operates and owns the power
grid. In its role, the modern system operator acts a service provider to
the generators, which provide the electrical power, and the loads, which

1



2 Chapter 1. Introduction

consume it.

The classical power networks have grown over time, beginning as lo-
cal point-to-point connections, growing to form country-wide grids, and
subsequently, via interconnections, grew to continent-wide interconnec-
tions. These interconnected grids were created primarily to improve
the system security by sharing resources, but are often used to improve
system economics, ie. allow trading.

A system which grows over time evolves, not only on the physical
level, but also operationally. The rules which govern both the safe op-
eration, but also the manner in which supporting actions are performed
are thus dependent on both the current demands, but also on the his-
tory, of the system under consideration. This growth, together with
different demands in different parts of the world lead to different opera-
tion paradigms. The operators in the systems concerned all want their
systems to be secure, but not all define security in the same manner, nor
do they achieve it in the same way. The primary focus of the project
which sponsored the work presented here was on the European Network
of Transmission System Operators for Electricity (ENTSO-E) system,
as such much of the paradigms are from this setting. The operation of
other large interconnected systems, such as those in North America, are
governed by different rules, which are not always comparable, as such,
the assumptions made here may not be valid for those grids.

With the changes currently occurring in the power system, includ-
ing increased penetration of renewable energy sources and cross-border
energy trading, the rules governing the operation continue to change.
The particular case studies considered in this work concern the opera-
tion of multi-area power systems. Multi-area power systems have the
distinction of being interconnections of multiple independently operated
grids to a large common grid. This situation reflects the current state in
the ENTSO-E grid. While there are political tendencies towards a fully
integrated power market, the introduction of a single pan-European sys-
tem operator seems far away. In order to bridge the time until such a
pan-continental operator is reality, and as a possible alternative to the
central operator, this work considers how system operator interaction
can be automated and improved. The improvements concern how gen-
eration dispatch and security assessment can be made better and give
an improved view of the interconnected system.
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The first question addressed is one of the central operation paradigms
of the system, namely what is an acceptable operating point. This op-
erating point is one that can be considered to be secure. While such
points are well-defined in the context of N-1 secure systems, other def-
initions of security are considered as alternatives. The particular case
considered is a redispatch-based approach which weights the required
post-contingency corrective actions to gain a risk-aware operators.

The second question addressed is how individual system operators,
who lack knowledge of all factors affecting them, can solve the gen-
eration dispatch problem. The problem considered is an extension of
previous methods with the targets of (a) simplifying the formulation of
the problem, while providing an intuitive view of it. Further the possible
inclusion of alternatives to the current HVAC interconnections is tar-
geted. With a view to the practical implementation, the requirements on
all participating entities are considered. The third question addressed
is that of how security awareness of non-observed system parts can be
achieved. This awareness consists of knowledge of the effect of the own
system on the systems of others, but also of the effect of other systems
on the own. While trivially solvable with complete data exchange, ap-
proaches which maintain data confidentiality and require only a subset
of the information to be retained are considered. Here methods inspired
by filtering and compression are proposed and compared.

1.2 Contributions

Concerning the improvement of the operation of and security assessment
in multi-area power systems, the main contributions of the work can be
identified as follows:

• Development of a method for increased risk-aware redispatching
by the system operator. The method takes into account the prob-
ability of the contingencies considered and the cost of alleviating
the effect of the contingencies.

• Development of an iterative method for multi-lateral solution of
the generation dispatch problem under limited information using
an intuitive formulation.
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• Extension of the multi-lateral generation dispatch problem to in-
clude other transmission types, in particular HVDC.

• Evaluation of solution for multi-lateral generation dispatch with
respect to their starting point, evaluating which values can be
used to seed the iterative process.

• Evaluation of solution for multi-lateral generation dispatch with
respect to the behavior of the participants. Particularly the de-
tection and identification of participants that transmit different
values than they calculated.

• Development of a process with which an operator can determine
the security of the interconnected system. The process uses ex-
change of equivalent scenarios. The method includes a reduction
of the amount of required scenarios using a clustering approach.

1.3 Structure of Thesis

The work is structured as follows:

• Chapter 2 presents a background to the problems considered, out-
lining some of the issues which will be addressed later.

• Chapter 3 presents a formulation of a risk-aware redispatching
process, which allows the operator to consider both the probability
of an event happening, and the costs of mitigating the influence
of an event, when selecting the suitable operating point.

• Chapter 4 outlines the differences between multi-area and single-
area operation, as well as positives and negatives of these types of
operation.

• Chapter 5 describes a method with which the generation dispatch
problem can be solved by a group of interconnected operators,
without any single operator having all the knowledge. This for-
mulation is then extended to include HVDC interconnections as
well.



1.4. Publications 5

• Chapter 6 presents a method with which the amount of contin-
gency scenarios which must be considered in order to evaluate the
behavior of the own system when confronted by disturbances in
the other areas can be reduced. This method is based on fuzzy
clustering, and uses similarity as the primary measure to deter-
mine which contingencies to retain.

1.4 Publications

The following papers have been published in the course of the work on
this thesis:

1. E. Iggland and G. Andersson, "On using reduced networks for
distributed DC power flow" in Proc. of. Power and Energy Society
General Meeting 2012, San Diego (USA), 2012

2. M. Scherer, E. Iggland, A. Ritter, and G. Andersson. "Improved
frequency bias factor sizing for non-interactive control." in Proc.
of CIGRE General Session 2012 Paris(FR), 2012

3. E. Iggland and G. Andersson, "Evaluation of a risk-based crite-
rion for secure system operation," in Proc. of PowerTech 2013,
Grenoble (FR), 2013

4. A. Ratha, E. Iggland, G. Andersson, "Value of Lost Load: How
much is supply security worth?" in Proc. of Power and Energy
Society General Meeting 2013, Vancouver (CAN), 2013

5. M. Vrakopoulou, S. Chatzivasileiadis, E. Iggland, M. Imhof, T.
Krause, O. Mäkelä, J.L. Mathieu, L. Roald, R. Wiget and G.
Andersson, "A unified analysis of security-constrained OPF for-
mulations considering uncertainty, risk, and controllability in sin-
gle and multi-area systems," in Proceedings of Bulk Power System
Dynamics and Control - IX Optimization, Security and Control of
the Emerging Power Grid (IREP) 2013, Rethymnon (GR), 2013

The following papers have been submitted, but not yet published,
during the course of the work on this thesis:
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1. R. Wiget, E. Iggland and G. Andersson. "Security Constrained
OPF for HVAC and HVDC Grids", submitted to Power Systems
Computation Conference 2014, Wroclaw (PL), 2014

2. E. Iggland, R. Wiget, S.Chatzivasileiadis and G. Andersson. "Multi-
Area DC-OPF for HVAC and HVDC Grids", submitted to IEEE
Transactions on Power Systems



Chapter 2

Security Assessment in

Single Area Systems

In the current structure of the European power system multiple actors
participate in the grid. these include the system operator, the genera-
tors and consumers, as well as regulators and other stake-holders. The
system operator, which may be either a TSO or an ISO1, is tasked with
secure, stable and economical operation of the electric power system un-
der their control. The distinction between the TSO and the ISO is that
the TSO has an ownership interest in the grid, which the ISO does not
have. This chapter outlines the definitions of security and associated
terms.

2.1 Power System Security - A Collection of

Definitions

For a long time the grid was under the conrol of a single utility which
had complete control, operating as a vertically integrated company. The
last two decades have seen the dissolution of this structure in favor
of a market-based one with the single grid operator remaining. Both

1ISO will be used to mean both types of operators from now on

7
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situations are shown schematically in figure 2.1. As a result of this
change, the provision of power generation is no longer part of the tasks
of the system operator. However, the secure and efficient operation of
the grid remains.

GenBGenA GenC

Grid Operator

LoadBLoadA LoadC

GenBGenA GenC

Grid Operator

LoadBLoadA LoadC

Figure 2.1: Schematic depiction of responsibilities in system operation.
The vertically integrated structure on the left, and the liberalized struc-
ture on the right. The dotted lines denote participants which form a
common entity

The secure and stable operation of the system can colloquially be
explained as maintaining the ability of the system to perform its in-
tended task, namely the transport of electrical power from its point of
generation to its point of consumption. While increased generation by
distributed sources, such as photo-voltaic, may decrease the distances
over which power must be transported, this does not influence the basic
task which the grid should fulfill. In a more formal manner, these term
of power system security is defined as:

"Security refers to the degree of risk in a power system’s abil-
ity to survive imminent disturbances (contingencies) with-
out interruption to customer service." [50, p. 31]

The stability of a system reflects the ability to return to a satisfactory
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operating point. In 2004 a joint IEEE/CIGRE task force proposed that:

"Power system stability is the ability of an electric power sys-
tem, for a given initial operating condition, to regain a state
of operating equilibrium after being subjected to a physical
disturbance, with most system variables bounded so that
practically the entire system remains intact." [43, p. 1388]

The same task force denotes the security as

"robustness of the power system relative to imminent dis-
turbances [43, p.1393]

Using these two definitions, stability refers to the dynamic ability
of the system to remain within the bounds. Security more generally
describes survival. As such stability is a sub-set of security, meaning
that a system must be stable in order to be considered secure. When
the dynamics of the system are not considered, as is often the case
for grid analysis, the stability of the system can be undetermined. In
this case the stability of the system is equivalent to the security of the
system. Both terms describe, using the quotes above, the ability of the
system to regain a state of operating equilibrium without interruption
to customer service.

In addition to the security and stability of the system, the concepts
of reliability and adequacy are often used.

The concept of adequacy, also used in [10], is described by the North
American Electric Reliability Corporation2 as:

"The ability of the electric system to supply the aggre-
gate electrical demand and energy requirements of the end-
use customers at all times, taking into account scheduled
and reasonably expected unscheduled outages of system el-
ements. " [52, Glossary of Terms, page 1 of 21]

In the same document the stability of a system is defined as:

2NERC, www.nerc.com
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Power System Security

Long-Term Security Short-Term Security

Operational
Security

System
Adequacy

Market
Adequacy

Long-Term
Fuel

Supply

Figure 2.2: Schematic Division of Power System Security

"The ability of an electric system to maintain a state of
equilibrium during normal and abnormal conditions or dis-
turbances." [52, Glossary of Terms, page 18 of 21]

Reference [54] divides the power system security consideration into
the points outlined in figure 2.2. The long-term security of the system
involves things such as supply of fuel and network expansion planning.
With the advent of the liberalized market, the fuel supply and mar-
ket adequacy move closer to each other, as the supply of generation is
governed primarily by sufficient participation in the market. The idea
that pure network expansion is not sufficient for short-term security, but
must be complemented by operational solutions as well, is explained in
[41]. The consideration in this thesis is placed on the operational secu-
rity portion of the figure, in particular the analysis of the steady-state
analysis. The dynamics of the system, which arise between changes in
operating points are not considered.

2.2 The Cost and Value of Security

Providing security to the power system comes at a cost. The ability
to supply customers requires the system to have a sufficient security
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margin. The increased cost of maintaining this margin can be calculated
relatively easily: generally it is given by the difference in cost between
the cheapest operating point and the cheapest secure operating point,
however the value of security is much more difficult to estimate.

Generally speaking, the higher the security of the system, the higher
the costs for maintaining the security. The costs of damages caused, for
example due to outages, tend to decrease with increased security. While
not considering the costs associated with other aspects of system opera-
tion, the total system costs become the sum of the costs for maintaining
security, and the damage costs, as shown schematically in figure 2.3. An
ideal level of security would be achieved at the point where the total
system costs are minimal. Generally this point can be described as

" [· · · ] net social benefits would be maximized if [· · · ] the
marginal system costs of improving reliability were equal to
the averted marginal outage costs." [51, page 140]

In 1975 the authors of [59] propose that probabilities as low as ’1-day-
in-10-years’, or roughly 1 in 4000, may be unnecessarily high , with a
higher fault frequency being more economical.

As outlined above, calculating the actual value of the cost of damages
is a difficult task. Taking into account only the non-provision of power
as an example. While a large amount of theoretical work has been done
on how to measure the value of lost load, with an overview provided in
[3] and [15], the answer is not fully available. The methods employed
include Willingness-to-Pay studies, such as in [1], [35], [34], or the cost
of mitigating measures, such as [46] and [7]. In common to all these
reports is the fact that they are applicable primarily to specific cases,
and are not readily expandable to the general case. In order to cover
all possible damages, much more work is required.

2.3 Shortcoming of Classical N-1 Security

Analysis

The classical deterministic security criterion, commonly known as the
N-1 criterion, which specified that a system is secure if it can withstand
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System Security

Costs

System Operation Costs

Cost of Damages

Total Cost

Figure 2.3: Schematic depiction of total system costs, system operation
costs, and costs of loss of functionality.

the outage of any single network element, generally a line or a generator,
has shown its good performance, signified by a well-functioning grid with
low outage rates, for over 50 years. As such, its general suitability can
not be questioned. However, there are a number of imperfections. These
imperfections generally encompass unnecessarily high costs, insufficient,
or overly simplistic, consideration of the contingency probabilities and
effects. The applicability of the classical N-1 criterion is outlined by

"The wisdom of this approach is clear in a system whose
operation is limited primarily by the thermal capacity of
the branches. If a line is taken out of service because of a
fault, the power it carried before the fault re-routes itself
through parallel paths" [42, page 1650]

Contingencies which are covered by this type of outages are typically
line, or generator, outages. However, as described by:

"On the other hand, unpredictable combinations of unusual
and undesired N − k, (k > 1) events (for example, multiple
lightning strikes during severe weather combined with relay
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hidden failures and/or human error) can stress even the best-
planned system beyond the acceptable limits." [57, Page 32]

there are a number of contingencies which are not considered under this
criterion. Thus the first point is outlined as the problems with selecting
the list of contingencies to consider, the so-called credible contingencies.

Reference[47] discusses the issue that deterministic security criteria
provide

"costly operating restrictions not justified by the correspond-
ing low level of risk" [47, page 1210]

in order to counter this problem they propose a risk-measure based on
the energy not supplied to the customer. Substantial research interest
has been placed on risk-based measures, with [28], [44] and [53] being
only a minute subset. Probabilistic-security-analysis was used in [56]
and [30] to give a more detailed evaluation of the reliability of the grid.

A cursory summary of criticisms offered in the references above gives
the demands of an ideal security criterion as the ability to:

• Consider the proper credible contingency set, which need not be
limited to single component outages.

• Determine the effects, and the impact, of the the contingencies
considered.

• Consider the likelihood of these contingencies occurring, thus ad-
dressing low-probability, high-impact and high-probability, low-
impact contingencies and

• Being simple enough to be used in daily operation

Of the points above, determining the credible contingency set is
strongly dependent on the grid in question, and due to its specificity,
it will not be considered further. Rather the assumption will be that it
consists of all single element outages. The remaining three points will be
considered in the formulation of the redispatching based consideration
in chapter 3.





Chapter 3

Towards a Risk-Based

Redispatching Strategy

3.1 Introduction

As outlined in section 2.3 a number of shortcomings and imperfections
of the classical deterministic N-1 criterion have been identified in lit-
erature. One of these limitation is that the N-1 criterion does not re-
alistically portray the system operating state. In order to reduce this
problem, risk-based criteria have been proposed in a number of papers.
In [61] the risk of transient instability which leads to customer outages is
considered. A risk-based metric to how transformer life-time is affected
by overloads caused by contingencies is investigated in [28], while [64]
considers how HVDC converters might be affected. In [62] the treat-
ment of voltage deviations, and the damages they might cause, in a
risk-measure is considered. A risk-based alternative to the traditional
OPF methods is formulated in [70], while [44] applies a risk-metric to
the unit commitment problem. An overview of the problems which have
been considered is provided by [40]. The common theme between them
is their shared risk-definition. The risk-based criteria consider the prob-
ability of an event occurring, and the amount of damage which such an
event would cause. Proposals for risk-based evaluation of system secu-

15



16 Chapter 3. Risk-Based Redispatching

rity specify that the effect of each contingency must be considered, but
vary greatly by how to measure this effect. The complete evaluation
of all possible faults, considering all possible effects, is not reasonably
possible for anything other than the simplest systems. A more detailed
look at the definition of risk is performed in [33], where an extended
consideration of what risk implies is performed. The proposal there is
to combine the three questions: what can happen, how likely is it to
happen and what the consequences are. Building on these questions,
[33] suggest that the effects of the entire set of possible event must be
considered, rather than only the expected value.

In addition to gaining information regarding the feasibility of the
state in which the system is, that is a yes-or-no answer, it is desirable
to have a systematic manner in which different operating points can
be compared to each other, and proper metrics can be applied. This
chapter presents an initial formulation of such a process. Based on
the classical generation dispatch problem, a redispatch is formulated
and evaluated according to a risk-based criterion. The risk definition
used here, as given by (3.1), is the classical one of risk R being the
product of probability p and effect d, summed over the possible events
Ω. Compared to the definition in [33] this one is simpler, but also more
intuitive. In order to remove the issue of high-impact low-probability
events, limits on the post-contingency state are introduced.

R =

∫

Ω

p× d

R =
∑

i∈Ω

pi × di (3.1)

Due to the difficulties in assessing the damages of a complete outage,
as outlined by section 2.2, or even getting reliable values for damages
caused by line overloads, a more intuitive function is sought. The sim-
plification that is made, is that the cost of damages which a contingency
causes is the cost of alleviating those damages. In this case, the cost
of redispatching caused by that contingency. In general, using the cost
of alleviation maintains the N-1 criterion of not allowing a contingency
event to cause further elements to fail, and thus containing the contin-
gency, while introducing risk-awareness.
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In the formulation proposed here, the redispatch is used as opposed
to the dispatch in order to reflect the operating situation of the ISO.
However, the redispatch problem is just a special case of dispatching.
Following the liberalization of the electric power system in Europe dur-
ing the last two decades, there is no longer a single entity responsible for
all portions of the system, as shown in figure 2.1. In the proposed envi-
ronment, which reflects the current state in the ENTSO-E system, two
parties influence the chosen operating state. A market process deter-
mines an initial dispatch, which under the assumption that the market
is ideal, is the same as the classical Optimal Power Flow (OPF) dis-
patch. As the market operator generally does not take into account the
grid limitations, this initial dispatch does not necessarily conform to the
security demands on the ISO. The task of the ISO is the secure, and
efficient, system operation, but not efficient power generation as this is
assumed to have been performed by a market process. Thus the clas-
sical Security Constrained Optimal Power Flow (SCOPF) is not fully
applicable in the future. This problem has not fully lost importance, as
the redispatching task is a very similar one. In the ideal case, the prob-
lem of optimal cost generation planning and optimal cost redispatching
are solved by the market generating a secure dispatch, thus allowing the
ISO to have zero redispatch.

The general optimization problem is given by the minimization of
a cost function F subject to equality and inequality constraints. The
classical optimization problem for cost-optimal generation dispatch is
given by (3.2), as the cost (3.2a) with the inequality constraints (3.2b)
and (3.2c), with the equality constraints given by the power balance
equations. To simplify the calculation the DC-power flow simplifica-
tions, [68], are used. Using the DC approximation, the line flow Fi,j

between nodes i and j is a function of the nodal angle difference θi− θj
and the line inductance xi,j , as given by equation (3.2d). In order to be
able to include redispatch this formulation must be extended.
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minF

F =P ⊺

GC
2PG + C

1PG (3.2a)

F ≤ F ≤ F (3.2b)

PG ≤ PG ≤ PG (3.2c)

Fi,j =
1

xi,j

(θi − θj) (3.2d)

The optimization problem which is to be solved consists of the fol-
lowing:

(a) The cost function: Which, in the presented case, is considered to
be the cost of redispatch, as given by the market bids of the par-
ticipating generators, is contrasted with the cost of necessary post-
contingency corrective actions.

(b) The limits on actions which can be performed are the limits on
available short-term generation shift.

(c) Further the system limits apply. Thus there are limits on the trans-
mission capacities of the lines.

Similar formulations have been used in order to determine reserve
resources in [2], where Bender’s decomposition was used to solve the
problem. As such a redispatching formulation must include those points
which were not considered by the initial market dispatch.

The points of criticism from 2.3 which are addressed by the formu-
lated redispatch proposal are primarily the three points: the effect of
the contingencies, the probability of the contingencies occurring, and
the simplicity of the method. Due to the open formulation, any contin-
gency can be considered. However, only single-component outages are
considered here.

While the classical N-1 criterion does not explicitly include post-
contingency corrective actions, these actions are sometimes implied in
the use of time-limited ratings, such as 15-minute over-load rating. Mis-
treatment of such limits was a contributing factor to the outage in Italy



3.2. Model and Description 19

in 2003, as described in [5]. In this particular case the lines were over-
loaded according to the long-term limits, but not to the short-term
causes. Coupled with other phenomena, particularly a large angle de-
viation, a state which could have been contained was not. In cases
where corrective actions are implied, they should be fairly evaluated
on their ability to rectify any problems. Clearly the amount of time
which is available for redispatching is limited to the amount that can
be redispatched in the time until the system suffers additional failures.

The use of corrective actions is made possible by the improvements
in calculation abilities, and communication technologies which enable
a faster reaction. The approach formulated determines the necessary
corrective actions ahead of time, thereby reducing the time until which
the action can be performed. In a sense, the formulation here is remedial
action scheme, in the sense that it is an automatic response to an event.

3.2 Model and Description

The redispatch process which is modeled is shown schematically in figure
3.1, and consists of the following: the ISO receives a suggested dispatch
PG,M from an external process, typically a market process. The ISO
may then need to perform a redispatch, ∆PG, in cases where the ini-
tial dispatch does not fulfill the security criteria defined by the ISO.
The redispatch is based on this initial dispatch and the possible set of
futures in the scenario set Ω. Each such future i has a resulting final
post-contingency corrected redispatch PG,i, and associated probabilities
pi. After the initial pre-contingency redispatch, PG,0 is selected as the
system operating point.

The task of finding a suitable redispatch, ∆PG, is given by the desire
to minimize the sum of pre-contingency redispatch costs cpre and ex-
pected post-contingency redispatch costs E(cpost), as given in (3.3). The
pre-contingency redispatch costs are given by the bids for redispatching
proposed by the participating generators. The expected redispatch cost
is given by equation (3.4), where E signifies the expected value of redis-
patch cost over scenario set Ω, or the risk R associated with selecting
an initial operating point PG,0 which is not preventively secure.
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Ω

Figure 3.1: Schematic depiction of the redispatch process

F =cpre(PR,0) +Ei∈Ωcpost(PR,i) (3.3)

Ei∈Ωcpost(PR,i) =
∑

i∈Ω

picpost,i(PR,i) (3.4)

cpre(PR,0) =P ⊺

R,0C
2
RPR,0 + C1

RPR,0 (3.5)

cpost,i(PR,i) =P ⊺

R,iC
2
RPR,i + C

1
RPR,i (3.6)

As each particular post-contingency redispatch is dependent on the
initial state and the contingency which is being considered, a set of ad-
ditional optimization problems is needed. The solution of the redispatch
optimization becomes a multi-level optimization. In order to allow the
allocation of post-contingency actions in a cost-optimal manner, the
post-contingency redispatch is selected so that (3.6) is minimal.

The constraints which have to be considered in this case are the
amounts of redispatch which are available, so that PR ≤ PR,i ≤ PR,
and the post contingency line flows Fi such that F ≤ Fi ≤ F . Under
the assumption that the initial solution supplies sufficient load, the total
redispatch for each scenario must be zero,

∑

PR,i = 0.
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As the costs for redispatch are generally different in upward and
downward direction, the redispatch is split into two parts, so that PR =
PR,u + PR,d. Not wanting to force participants into the redispatching
scheme, those which can be modified must submit a bid in terms of
amount they are willing to contribute, and the associated costs bd and
bu for downward and upward redispatch respectively. The limits for
the redispatch is given by these bids, as PR,u and PR,d respectively. By
design the lower limits are zero. These limits implicitly include both the
amount of redispatching a generator is willing to do, but also the ramp-
rates which are available. For a real-life implementation of this proposal,
these limits would have to be part of the technical pre-qualification
process of any generator taking part in the corrective actions.

Using the DC-approximation of the load flow, this problem can eas-
ily be formulated as a Quadratic Program (QP)-problem, as outlined in
[58]. The general OPF problem contains both the generation dispatch
and auxiliary variables for the nodal angle differences in the decision
variable, with the corrective actions these must be included addition-
ally. This class of problems can generally be solved efficiently. As such
the multi-level problem can be included in the solution of a single big-
ger problem. The cross-dependencies between the scenarios can thus
also be properly accounted for without resorting to more complicated
calculation tools. The optimization problem which must then be solved
is given by (3.7).

minF

F =cpre(PR,0) + πREi∈Ωcpost(PR,i) (3.7a)

PR ≤PR,i ≤ PR (3.7b)

F ≤Fi ≤ F (3.7c)

The considered contingency set Ω generally does not cover all pos-
sible contingencies, the classical approach in N-1 consideration is to
neglect those contingencies which have sufficiently low occurrence prob-
ability. As such, it is certain that an event will occur, but not that it is
in Ω, and thus not that

∑

i∈Ω pi = 1. On one hand the pre-contingency
case, which also acts as the no-contingency case, must be included, on
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the other hand the inclusion of less credible contingencies, such as mul-
tiple simultaneous line outages will generally not be included either.

3.3 Case Studies

3.3.1 Case Study - IEEE 14

In order to have a quick evaluation of the method, the IEEE 14 bus test
system (IEEE 14), [18], is used. This test system is outlined in more
detail in A.1. The results are not ground-breaking, and are aimed at
showing the feasibility of the method rather than the effects of using
redispatching. It is intuitively clear that the postponement of expensive
actions to the future, where they might not be incurred, will reduce the
cost.
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Figure 3.2: Comparison between the N-1 secure redispatch and the risk-
based redispatch.
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Figure 3.2 shows the comparison between the redispatching for both
risk-based redispatching, and N-1 secure redispatching. The x-axis plots
a linear index of the generators and contingencies. The amount of re-
dispatching performed is in per-unit. The clear result is that there are a
number of contingencies which do not require any redispatching, while
others are responsible for the majority of the redispatching. Compared
to the N-1 secure redispatch, where all the redispatching is performed
before operation, the risk-aware approach allows a substantial amount
to be shifted into the future, where it will only need to be performed if
a particular contingency occurs.
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Figure 3.3: Maximum post-contingency line flows for all lines.

Figure 3.3 shows the post-contingency line flows for the redispatched
case. To reduce cluttering, only the maximum and minimum flows for
all lines are shown. All the flows are within the limits, as indicated by
the dashed lines. It can be clearly seen that there are a number of lines
which are at their limits, thus requiring the redispatch.

Shown in figure 3.4 is the relationship between the cost of the two
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Figure 3.4: Comparison of cost of redispatch between the N-1 secure
redispatch and the risk-based redispatch

redispatches for different system loadings. These loading are linear in-
creases of the loads at all nodes. From the perspective of the ISO, the
amount of risk taken is the difference between these two curves. While
the risk is the expected value of the payment, these curves can not be
used to make a statement about the worst-case payments. In the con-
sidered case they are substantially higher, reaching 15.5 times the the
cost of the N-1 secure redispatching for 170% system loading. The cor-
rect handling of the worst-case payments, for example by not having
sufficient financial reserves to perform them, may cause immense prob-
lems for the ISO, thus requiring such problems to be considered before
a real-life implementation can be made.
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Replication of N-1 results

Depending on the selection of the penalization factor πR of the risk R,
the risk-adversity of the operator can be replicated. Under the formula-
tion presented, the most risk-averse operator will select the N-1 secure
redispatch, as no costs will be incurred then. In the case-study per-
formed, the required πR was 1 · 1016. The selection of this parameter
allows the operator to select different operating strategies at different
times.

3.3.2 Case Study - RTS 96

For bigger systems, such as the RTS 96, as described in [29], the method
is applicable as well. This test system is outlined in more detail in A.3.
Figure 3.5 is the analogous figure to 3.3. In the case of the RTS 96,
the system is generation limited by a 20% increase in the system load,
rather than being limited by the security constraints in the grid. For
the case of this particular system loading, the results are that much
more of the redispatching is performed in the pre-contingency case than
compared to the IEEE 14 case. This can be seen in figure 3.6, where
the sum of absolute redispatching is plotted.

The primary aim of this case-study was to consider how the behavior
of the computation is affected by larger systems. With its 73 nodes the
RTS 96 is of approximately the same size as the smaller grids within the
ENTSO-E. Without the use of further knowledge or improved solvers1,
less than 30 seconds are required to solve the problem for this case using
a standard desktop computer.

The matrices used in this method have the potential to become large.
A redeeming fact is that they are very sparse. With the formulation
that was used, which is based on the QP formulated in [58] and includes
explicit variables for both the redispatch and the node angles in all post-
contingency cases, the decision vector is of size Ñ + (K − 1) + 2N(C +
1)+ (C +1)(K − 1), where Ñ is the number of generators participating
in the market dispatch, K is the number of nodes in the system, C is the
number of contingencies and N is the number of generators participating
in redispatching. Ñ variables arise from the initial market dispatch,

1quadprog() from Matlab was used
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Figure 3.5: Post-Contingency Line Flows for System Load of 110%, and
post-contingency corrective actions

(K − 1) variables are assigned to the nodal angle differences, C + 1
separate cases have to be considered for the pre-contingency redispatch
and the post-contingency cases. 2N actions are available, N in positive
direction and N in negative direction. For the IEEE 14 test system,
considering all 20 line contingencies and using only the 5 generators
originally included the number of decision variables is 501, while for the
RTS 96 test system with all 99 generators participating, this rises to
32841.

The number of equality conditions is given by the number of nodes
in the system, and is determined by Ñ + (C + 1) ∗ K giving 299 in
the IEEE 14 case, and 8932 for the RTS 96 system. The number of
inequalities is given by C ∗ (2L + 2N) where L is the number of lines,
giving 1260 for the IEEE 14 system and 76956 for the RTS 96 system.
In the considered case only the line contingencies were used, meaning
that C = 120.
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Figure 3.6: Sum of absolute amount of redispatching over contingencies
in RTS 96

Potential scaling problems can occur when real systems are used, if
the entire ENTSO-E system is considered, which has slightly more than
4000 Nodes and 6000 Lines. As a back-of-the-envelope calculation, the
number of decision variables in such a case can quickly reach into the
millions (2000 generators, 8000 contingencies = 16 million decision vari-
ables). While there may be cases when this problem can no longer be
solved, such a system may either be decomposed using suitable tech-
niques, or simplified using expert knowledge available to the operator.
This is supported by the fact that only a few contingencies have signif-
icant redispatch associated with them, as can be seen in figures 3.2 and
3.6, which would allow the ISO to select a sub-set of these contingencies
for consideration.
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3.4 Conclusion

This chapter considers a risk-aware redispatching approach, where the
ISO is only willing to accept a specified type of risk. The risk which
the ISO is subject to is the cost of post-contingency corrective actions.
With rising risk-adversity of the ISO the resulting set of redispatches
shifts towards that achieved when using the N-1 criterion. Compared
to the N-1 criterion, this method explicitly takes into account the prob-
abilities of events occurring. While the probabilities used in the two
case-studies performed were randomly selected, the actual implemen-
tation may include statistical measures, such as line length, and other
effects, such as exposed lines, may be included to gather a more realistic
set of probabilities. Further the method takes into account the effect of
each contingency, allowing for those with a higher-impact to be given a
higher importance. The problem of low-probability event, such as mul-
tiple simultaneous line outages was not considered, but the formulation
can easily be extended to include these.



Chapter 4

Multi-Area Systems

As outlined previously, the modern European power system consists
of multiple systems operated, in essence, independently of each other.
For the individual ISO the approach of considering the system under
sturdy as a bounded entity, which is the most common approach, is
fully applicable only when there are no other influences on the system.
This chapter considers the extension of this bounded form to one where
the neighboring countries are taken into account. The differences are
considered on a theoretical level, with these differences being described
and discussed.

The current power systems, have grown, almost organically, from
single generation-load couple via small grids to the inter-connected,
meshed grid in action today. As a result of the manner in which the
systems developed, much of the previous research into electric power
systems has been performed on the basis of a single operator being re-
sponsible for the operation of the entire system. The interconnections
which were originally for system security, have grown to become an in-
tegral part of the power-supply of many European countries. Thereby
causing a strong interdependence between the systems, meaning that
the treatment of them as a single, independent system is not valid.

29
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4.1 The Difference between Single-Area Sys-

tems and Multi-Area Systems

In order to investigate the properties which differentiate these new sys-
tems from the classical ones, the concepts of Single-Area Systems (SAS)
and Multi-Area Systems (MAS) will be introduced. The distinction be-
tween SAS and MAS is made on the basis of the interaction of the two
systems. The interaction is split onto two levels, the physical level -
including line flows, voltage angles, and actual line parameters - and
the operational level - where decisions are made. The operational level
describes the actions taken by a system operator.

Dependence on the physical level implies the connection of one sys-
tem to the other, so that the physical state of one system is affected
by a change in the physical state of the other system. There exist sys-
tem components which dampen, or completely filter, these effects, in-
cluding back-to-back HVDC terminals between asynchronous areas or
sub-marine HVDC cables. Systems where the only interconnection is of
such a type, especially if it is operated with a constant set-point, can be
considered as SAS systems, while systems with many interconnections
operated with varying set-points are closer to MAS systems.

Dependence on the operative side is given when the operator of one
system has an influence on the other system. This can either be achieved
by having the same operator for both systems, or by partially delegating
tasks. It can not readily be expected that two system operators will
simultaneously be operating the same portion of the grid - as this would
imply loss of accountability, and an unclear situation regarding which
operator has the final say, should the two decisions conflict, or otherwise
not be compatible.

Four types of system can be differentiated between, as shown in ta-
ble 4.1. Systems which are independently operated and are physically
independent, that is they have no connection, are typical single area sys-
tems. Systems which are dependent in their operation, yet independent
on the physical level, are not thought to exist in practice. An example
of such a system would be the sharing of a control center. Out of the
four possible classifications, only a single one operates as a MAS.

Hybrids of these forms exist, but are not of primary importance. An
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Operation
Independent Dependent

Physically
Independent SAS -NA-

Dependent MAS SAS

Table 4.1: Classification of System Types

example of such a hybrid is the connection of ENTSO-E Regional Group
Continental Europe (RGCE) and ENTSO-E to the British islands via
a submarine HVDC cable. Given the fact that such a connection is
controllable, its behavior is more similar to a load or generator than to
a line. This weak dependence places such systems in the SAS category.

4.2 The Choice of Calculation Framework

In order to be able to operate their system, the operators must have
knowledge about what is going on in the system. A central solution
to this problem can be achieved by all affected operators sending their
information to a service-provider who then has all the information, and
then returns a recommended course of action to the operators. This ap-
proach leaves operators in charge of their systems and maintains data
confidentiality, but requires an entity which is all-knowing. Opposite
to this central solution, the operators could communicate all their in-
formation to all other operators, enabling all participants to perform
the calculations. Just as the determination of system states can be
performed either centrally or in a coordinated manner, the operation
of the system may be shifted as well. The following section will be
a short discussion on positive and negative aspects of SAS and MAS
operations, without any deeper theoretical consideration of the details.
The points are summarized in table 4.2, and outlined in more detail in
sections 4.2.1 to 4.2.4. It is assumed that the current state of operation
consists of independent operators of the interconnected system, as such
the argument if systems should be interconnected is moot. The point
of discussion which remains, is if there should be a single operator or
multiple operators of the interconnected systems.
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Table 4.2: Summary of the positive and negative aspects of SAS and
MAS systems

SAS MAS

Definition System with no physical
or operational dependence
on other systems

System with physical
dependence on other
systems.

Positive • Operators retain control
of their area

• Single entity with total
control

• No single point-of-failure • Single entity with full
knowledge

• Smaller areas possible • Consistent control of the
entire system

• Diverse operating
paradigms possible

Negative • Decreased knowledge of
entire system

• Potentially very large
area to control and
monitor

• Lack of direct
controllability of all
devices
• Dependency on other
operators
• Additional
communication necessary
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4.2.1 Positive Aspects of Operating as a MAS

The operation of MAS performs favorably when considering the fact
that it does not require any transfer of control to an external party,
thus the current operating rules can be generally be maintained, need-
ing only to be updated to account for the other areas. As there are
multiple operators, there is no single point-of-failure which affect the
entire system. Provided the systems allows it, a fault in one control
center will not lead to a complete shut-down of the entire grid. Due
to their greater number, the operators have control over smaller areas,
reducing the amount of data each one must handle. When operators are
smaller, they can independently apply evaluation criteria to their gird,
without affecting the whole. This, for instance, allows for the easier
introduction of novel security criteria. Or, the operator of a grid with
different demands, such as an HVDC transport grid, could be more
easily accommodated.

4.2.2 Negative Aspects of Operating as a MAS

The strongest negative aspect of MAS is the lack of knowledge and
controllability over portions of the system. As such, the operation must
be considered as being performed under partial blindness, increasing
the uncertainty which each operator is subject to.

In addition to the lack of observability, there is the dependence on
external operators. Operation of the area requires the cooperation of
the other areas, who may have other, possibly conflicting, targets. An
example of this could be to rerouting of flows in order to reduce losses
in one system at the expense of the other.

Due to the distributed nature of such a system, any loss of commu-
nication between the involved parties can have a strong negative effect.
However, as the current system, where only little communication is used,
operates acceptable, the system operation could be performed so that
the loss of communication can be handled. Further, the communication
channels can be constructed so that sufficient redundancy is available,
increasing the availability.
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4.2.3 Positive Aspects of Operating as a SAS

A clear benefit of having only a single area is the complete knowledge
and control of the system. This view will be the most complete view,
theoretically allowing the most secure and most economical operation.
Any operating scheme designed for decentralized operation could be
replicated in a centralized manner.

Further the consistent application of a single security criterion is
beneficial from a fairness perspective, as all member are treated equally.
This point is in contrast to that mentioned in section 4.2.1, however it
is not necessary contradictory. While the introduction of new operating
rules in portions of the system may be desirable, the non-discrimination
of customers is as desirable.

4.2.4 Negative Aspects of Operating as a SAS

The strongest point against SAS is the requirement of transfer of oper-
ative control to another entity. Due to the different requirements and
environmental influences operators have different priorities. The ho-
mogenization of these will likely be a highly emotional, and strongly
political discussion.

Several interest groups considering a pseudo-centralized operation
exist today. The remainder of this thesis will be based on the premise
of MAS operation, and attempting to reduce the negative aspects of
limited observability. The clear target is to reduce the amount of data
which must be exchanged, so that the exchange of the entire model is
note required. MAS operation with the improvements is an incremental
change rather than a fundamental one which would be required by a
switch to SAS operation.

4.3 Modeling of the Neighboring System

Unless the system operator has sufficient knowledge of the things af-
fecting them and the system they are responsible for, the operator can
not properly evaluate the operation of their system, be this in terms
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of efficiency or security. For portions of the system which are under
direct control, suitable models can be constructed. The remainder of
the physical system also needs to be modeled, but the choice of model
is less clear. Generally three classes of models can be described. The
current modeling of the neighboring systems consists of three different
main types of models.

The simplest model is the single-bus model. In this model the con-
nection to, and the influence of, the external area is represented by a
single-bus per interconnection. The negative aspects of this considera-
tion is the lack of detail in the model, as only a single point, and no
inter-connection can be represented. When based on day-ahead values,
these buses often act as static generation, or loads, thereby completely
decoupling the systems from each other. This simple model is often
used in the operational time-frame, the calculations of the applicable
values being performed day-ahead.

An intermediate solution is the use of equivalent networks. These
equivalent network are a compacted representation of the external por-
tion. Benefits include a more detailed perspective compared to the
single-bus model, and a smaller model than that of the full system.

The most complicated modeling is based on the full model of the
neighboring system. The benefit of such a model is the ease with which
the operator can perform various considerations. Each operator has the
ability to evaluate suitable actions in the grid without the inaccuracies
introduced by the lack of data. Such data modeling is often used with
longer time frames, such as weekly planning.

In addition to the pure modeling aspect of the external neighbor,
there is the added complication of the so-called ’area of observability’,
which is defined by the ENTSO-E as the portion of an interconnected
system which affects the system of a given operator, and as such must
be monitored by that operator. This area is generally bigger than that
which is under the direct control of the operator.

The remainder of the work will consider how the amount of mod-
eling which must be performed can be reduced, possibly at the cost of
additional computation. The aim is to be able to operate and evaluate
the system without needing to have full knowledge of all parts of the
system.





Chapter 5

Distributed Calculations in

Electric Power Systems

When multiple participants take part in the operation of the intercon-
nected system, it cannot be assumed that they all have all the infor-
mation about the entire system topology and state. In the case of the
ENTSO-E system, this means that not all operators know all informa-
tion about the entire grid topology and power flows, rather they have
detailed knowledge only about their own sub-system.

In order to remedy the issue of lack of knowledge, two different
approaches to this problem can be formulated: (a) a central exchange
of data, so that any entity, a third-party such as a service provider or
all the ISOs, can calculate and determine all the information of interest
and (b) a decentral solution case, where data exchange is used instead.

Under full knowledge of the system, the calculation becomes very
similar to the single-area operation, essentially only needing to account
any difference between the operation in the different areas. When the
parties involved are ISOs, their behavior is described by their operating
rules, and are therefore well-defined. Such differences may consists of
the procedure for switching lines, or the manner in which system security
is determined.

37
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While the operation of MAS with co-operative neighbors will entail
an exchange of data, this is not a requirement. There may be cases
where for reasons of confidentiality, or lack of ability, data can, or may,
not be exchanged. Current approaches within the ENTSO-E are more
towards a central data-exchange type of solution. The aim of this chap-
ter is to show the feasibility of decentral solutions in all realms of power
system operation and planning, in particular expansion planning and
generation scheduling.

In particular, data which may be subject to confidentiality require-
ments include grid topology information and cost-structures for the gen-
eration portfolio in a particular area; information which is necessary to
determine the solution of the OPF problem.

5.1 Previous Formulation and Their Limi-

tations

The idea of a distributed solution to the OPF problem has been pre-
viously explored in a number of publications. One of the earliest is
presented in [66]. Lagrangian relaxation is used to couple the systems
in [37], [19], [38], [6], [21], [20]. Reference [36] considers mathemati-
cal methods for the solution of the optimization problem. The secure
dispatch problem is considered in [39].

While a number of different approaches are used in the references
above, they are all based on Lagrangian relaxation of the coupling con-
straints. In common to these formulation is that they achieve agreement
between a central and a distributed solution, with good performance.
However, there remains a number of slight improvements which can be
made to simplify the formulations and the calculations. Furthermore
a complete formulation of SCOPF under consideration of single local
element outage contingencies and tie-line outages will be developed and
evaluated. The previous distributed SCOPF presented in [11] and [39]
are thus complemented.

The splitting of the systems is performed along the tie-lines. Each
tie-line is split in the middle, with the remaining half being replaced
by a, so-called, virtual node, as shown in figure 5.1. Each tie-line is
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N N

(a) Original line consisting of two
nodes and a single line

N NVN VN

(b) Split line consisting of two virtual
nodes and two line parts

Figure 5.1: Schematic description of splitting lines into pairs of virtual
nodes. The country border is indicated by the dashed vertical line, and
the coupling between the virtual nodes is indicated by the dashed lines.

replaced by one virtual node. There is no grouping of virtual nodes,
even if multiple tie-lines are incident to the same external node, each
tie-line is represented by a pair of virtual nodes. This approach has
been used in the references above as well.

The previous formulations of the decentral optimal power flow prob-
lem depended on the agreement between the angles at the border and
the power flow factors of the tie lines. This means that there has to be a
single reference area, which contains the reference bus for the entire in-
terconnected system. The selection of reference bus, and thus reference
area, is essentially a variant of the leader election problem known from
computer science, where it is discussed in, for example, [4]. While not
problematic from an algorithmic point of view, practical issues arise. In
a first instance, the change of reference, or slack, bus requires a change
of calculation parameters. In a second, probably more important, in-
stance the use of a single reference node requires that all areas, except
one, give up their selection of reference bus, thereby forcing themselves
into a dependence on other areas.

In addition to the problem of leader selection created by the use of a
single common reference bus, the use of node angles as the calculation
variable restricts the type of connections which can be used as inter-
connections to synchronous HVAC links. The removal of this variable,
as performed here, allows the extension to include other interconnec-
tions, such as HVDC, as well as single external points of in-feed, such
as off-shore wind farms.
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In the formulation presented here, the issues outlined above are re-
moved by suitable augmentation of previously presented algorithms.
The primary focus is on the expansion to multiple interconnection tech-
nologies, in particular HVDC, and the equality of participating areas.

Apart from the improvements already mentioned, the modified al-
gorithm reduces the amount of data points which must be exchanged.

The remainder of the chapter will be structured as follows: first
the general distributed algorithm will be outlined shortly. Secondly the
novel formulation will be presented in 5.2, first with respect to the OPF
and secondly with respect to the SCOPF. After the formulation has
been completed the method will be shown on a case-study in 5.3. A
further proposal for the improvement of the algorithm will be outlined
in 5.4, where approximate models of the neighboring areas are used. 5.5
considers how the erroneous behavior of one area affects the solution.
Finally 5.6 extends to formulation to include HVDC lines.

The problem formulated in [12] gives the cost function of each area
as :

min
∑

i∈A

Ci(P
A
i )−

∑

ij∈TA

α̂AA
ji

xij

θAi (5.1)

, where θ denotes the angles of the border nodes, and Ci(·) denotes the
generator cost functions for internal areas. The superscript AA denotes
variables from an external source, in this case the neighboring area,
while superscript A denotes variables from internal sources. Here the
import of power is achieved via the angle difference to the border angle,
and an associated price variable.

In order to simplify the formulation, a formulation where there is
no exchange of the border angles is proposed. This removes the need
for agreement on the values of the voltage angles of the border nodes,
meaning that each area can determine its own reference node.

In order to remove the border angle, the tie-line flow is modeled as
virtual generation capacity. This is similar to the "Dummy Generator
- Dummy Generator" proposal made by [37].
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The adherence of the angle is replaced two-fold in the cost-function.
In the first step the cost of importing energy is penalized linearly with
the amount. Secondly a penalization term is introduced to drive the
deviation between the value calculated in the own area and the value
calculated in the external area to zero.

With the use of the power import as a virtual generation source a
wider variety of interconnections can be modeled. This becomes espe-
cially important when one considers the possible construction of HVDC
inter-connections, and in a further step, HVDC grids.

5.2 Formulation

As with previous formulations, an iterative scheme is considered here.
The general procedure is an iterative scheme where the best current
solution υ(κ−1), and information provided by neighboring systems, is
used to determine the next solution υ̂κ. For iteration step κ, this is
shown in (5.2). Internal variables are denoted by a sub-script I, while
a sub-script E denotes external variables. Internal variables are such
variables that are calculated by the own process, while external variables
are received from the neighboring systems.

υ̂κ = argmin
υκ
I

F(υ
(κ−1)
I

, υ
(κ−1)
E

) (5.2)

In order to stabilize the iteration, thereby preventing oscillations, a
damping factor γ is sometimes used. In this case the updated iteration
value is determined by

υκ
I = γ · υ

(κ−1)
I

+ (1− γ) · υ̂κ
I (5.3)

In the problem considered here the following can be said about the
respective variables. υI consists of the generation profile PG, the nodal
angles θ for all modeled nodes, and the amount of power imported, or
exported, PI . The external variable υE consists only of the amount of
power exported PN .
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For each iteration step κ the same cost function F is used. In the
formulation used here F is given by:

min
υ̂k
I

F(υ̂κ
I , υ

(κ−1)
E

) (5.4)

F = P ⊺

GC
2PG + C1PG + αPI + · · ·

π∆‖PI − PN‖+ θ⊺Wrrθ (5.5)

υ̂k
I = (PG, PI , θ) (5.6)

υ
(κ−1)
E

= PN (5.7)

(5.8)

The term P ⊺

GC
2PG + C1PG denotes the cost of internal generation,

the term αPI denotes the cost of imports, and π∆‖PI − PN‖ is a term
penalizing the difference between external and internal states. The ad-
ditional term θ⊺Wrrθ is a proxy for the losses in the system. Their
inclusion does not modify the power balance of the system, but ensures
that there are not unnecessary flows within the network.

Cost Function

The basis of the cost-function for both the OPF and the SCOPF are
the allocation of generators such that the total cost is minimal, based
on the assumption that the cost of generation are a quadratic function
of the amounts generated.

Single Area Basis The cost of generation in a single area is taken to
be a quadratic function of the amount generated, PG, given as P ⊺

GC
2P 2

G+
C1PG. In order to account for the losses occurring when power flows
over the lines of the system a loss proxy term is employed. This loss
proxy term weights the angle differences between connected nodes. For
the single area the cost function is thus given as

P ⊺

GC
2P 2

G + C1PG + θ⊺Wrrθ (5.9)
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Multi Area Basis The import of power from an external area is
modeled as a constant marginal cost generation unit per border node.
The cost component for each node i is given as αiPI,i, with the total
being αPI . This is in contrast to the modeling of internal generation
capacity with a quadratic cost term. As the marginal cost α of imported
power is updated on each iteration the problem of operating outside the
linear region does not arise.

In order to gain convergence between the areas, a difference penaliza-
tion term, essentially a power mismatch term, is added in π∆‖PI−PN‖.
This term ensures that two neighboring areas agree on the amount of
power which should be exchanged. Due to the construction of the model,
there can be no load or generation at boundary node. As such the power
balance for this node must be zero, and thus PI and PN must be equal.
A strict equality constraint for this condition does not allow any cross-
border exchange, thus requiring a penalty term.

The combination of these two portions gives the full formulation as

F =P ⊺

GC
2PG + C

1PG + αPI + · · ·

+ θ⊺Wrrθ + π∆‖(PI − PN )‖ (5.10)

As all the components of the cost terms can be formulated as quadratic
equations, the optimization takes on the form of a QP, as in chapter
3. Having the problem formulated as a QP means that efficient and
powerful solvers are available, leaving the focus on the modeling of the
problem rather than on solving the optimization problem.

Formulation of Constraints

In both the OPF and SCOPF formulations this problem is constrained
by the nodal power balance in each area, as shown in (5.11), and the
appropriate line, generator, and import limits.

PG+PI −
∑

F = PL

ΠGPG+ΠIPI −Bθ −ΠLPL = 0 (5.11)
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The solution of the minimal-cost generation allocation is limited by
the capacity of the transmission system and the requirements of the
generating units.

In simple terms the equality constraints are given by (5.11) and the
inequality constraints are given by (5.12), (5.13) and (5.14).

PG ≤PG ≤ PG (5.12)

F ≤F ≤ F (5.13)

PI ≤PI ≤ PI (5.14)

Under the formulation presented, these terms can all be formed as
linear requirements on the decision variables. Thus allowing the prob-
lem to remain as a QP. In order to allow this formulation the nodal
voltage angles must be explicitly calculated and linked to the nodal
power balance.

Calculation of Export Price

As each tie-line is explicitly modeled as a virtual node the calculation of
export prices can be simplified. The marginal cost of exporting power
is the same as the marginal cost of power at the border node. Previous
formulations of the distributed algorithm have used elaborate combina-
tions of the Lagrange multipliers of active constraints to determine this
marginal cost. This is due to the lack of explicit calculation of the nodal
power balance equations. When using this constraint, the marginal cost
can be determined in a more direct manner.

Equation (5.11) gives the power balance for each node. For virtual
nodes the actual load is zero, and there is only a single line connecting
it to the remainder of the grid. The entire power flowing into this
node is exported. As such the Lagrange multiplier associated with this
constraint is the price of marginal export.
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5.2.1 Treatment of Internal Contingencies

In single area calculation all contingencies are internal to the area ob-
served. In contrast multi-area systems have three types of contingencies
which must be considered. There are contingencies which happen within
an area, there are contingencies which happen between two areas, and
there are contingencies which happen outside the current area. These
three types of contingencies behave differently, and require different
treatment. First the classical internal contingencies will be considered,
followed by the contingencies which are common to all areas, and finally
those which are external to the current area.

Internal Line Outage Contingencies

Based on the linearization of the network, the choice is made to use
linear sensitivity factors in the consideration of the outage scenarios.
These linear sensitivity factors are well known for single line and gen-
eration outages.

Internal line outages are considered by means of Line Outage Dis-
tribution Factors (LODF), as used in [68]. These LODFs are calculated
based on the internal network model of the area.

The LODF LODFi,j describes the change in flow on line i as a factor
of the flow on the failed line j. As such, the post contingency flow F̃i,j

on line i after the outage of line j is given as

F̃i,j = Fi + LODFi,jFj (5.15)

LODFi, j =
xj

xi

(X∨i,∨j −X∨i,∧j −X∨i,∧j −X∧i,∧j)

(xj − [X∨j,∨j +X∧j,∧j − 2X∨j,∧j])
(5.16)

Where ∨i indicates the node which line i starts at, with the line end-
ing at node ∧i. X is the network susceptance matrix, and x the line
impedance.

The calculation of the LODFs only takes into account those lines
which are available, taken to be those lines which are in the area un-
der control. Those lines which are not within the area, but sufficiently
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close to affect the power flow will thus not be considered by the LODF.
This effect is particularly large when there is a large number of inter-
connections and the connections in other areas is very good. However,
from a contingency consideration stand-point the calculation LODFs
will present a tighter bound than the physical system. As the bound
is tighter, the selected solution will be less economical, but will not en-
danger the system, thus providing a conservative approximation, as the
actually realized flows will be spread over a greater number of lines than
calculated with.

Internal Generator Outage Contingencies

Internal generator outages are considered by means of Generalized Gen-
erator Distribution Factors (GGDF), also used in [68]. These GGDFs
are calculated based on the internal generation portfolio. This provides
adherence to the secondary-control structure of the ENTSO-E. The in-
clusion of multiple compensation schemes for a single generator outage
allows checking of both primary-control and secondary-control schemes.

The GGDF GGDFi,k describes the change in flow over line i as a
result of the loss of generation in generator k.

In a first step, the outage of generator k causes a loss of generation
given by PG,k, which must be compensated for via a redistribution factor
r. The resulting redispatch P̃ k

G,i is given by

P̃ k
G,i = PG,i + rk[i]PG,k (5.17)

This change in generation dispatch leads to new line flows, given by
(5.18). The GGDFs are a function of the network susceptance matrix
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B and the line inductances xi

F̃i,k =Bf (1 +GGDFi,k)PG (5.18)

GGDFi,k =
1

xi

1
⊺

i [B]−1rk (5.19)

rk[i] =

{

ρ i 6= k

−1 i = k
(5.20)

ρ =
PG,i

∑

j 6=k PG,j

(5.21)

Here it is assumed that generators compensate the loss of a generator
pro-rata to the relationship between their own maximum generation to
the total system generation capacity, as given by (5.21).

As was the case with the calculation of the LODFs, the GGDFs are
affected by the lack of external modeling. In the case of the GGDF
this is only relevant in the time until secondary control has been acti-
vated. In the current control scheme in ENTSO-E, the interconnected
system is responsible for the initial stabilization of the generation loss,
with responsibility returning to the offending area after a short time.
Currently the secondary control power becomes active between 30 sec-
onds and 15 minutes after the outage. Thus the GGDFs calculated here
represent the situation after secondary control has been activated. As
a consequence the flows on the tie-lines are not affected by generation
outages.

5.2.2 Treatment of Common Contingencies

The second type of contingency are those which directly affect multiple
areas, namely tie-line outages. Tie-line outages are not considered in
[6]. A two-step approach to the inclusion of security factors is used in
[37], while the approach developed here used only a single integrated
calculation.

When the tie-lines are modeled as virtual generation units, which
is the approach used here, their outage can be treated using the same
methods as the outage of a generator. Thus, using the approach for-
mulated previously, the consideration of such outages is thus based on
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the use of GGDF as in 5.2.1. The set of generators which are available
to the distributed system are real generation units internal to the area,
denoted by the set GI, and virtual generation capacity external to the
area, denoted by the set GE.

Contrary to the handling of generation loss there is no standardized
way of handling the loss of a tie-line, meaning that it is unclear how
this loss of generation should be compensated.

Two considerations can be made. The first is that tie-line losses
should be treated as the loss of generation capacity, in which case these
decay into a generation outage contingency, which has been discussed
previously. Here all internal generators participate, but there is no
change over the remaining importing lines, ρ is given by (5.21).

rk[i] =











−1 i = k

ρ i 6= k

0 i ∈ GE

(5.22)

The second consideration is that the loss should not be compensated
by internal generators, rather the other tie-lines should adjust their flows
to achieve zero net change. fThe difficulty with this consideration is the
calculation of the redistribution factors, as they are dependent on the
topology of the external grid. A first order approximation can be made
by evenly distributing the flow over one tie-line onto the other lines
occupying the same connection corridor. Thus the net flow between the
two areas is not changed, only the allocation to the different virtual
generators. Using this approximation the formulation in (5.23) can be
written. Here Nl is the number of lines available on the specified border.
As an example, the loss of one lines on a three tie-line border would lead
to redistribution factors of +0.5 for the two remaining lines.

rk[i] =











0 i ∈ GI

−1 i = k
1
Nl

i 6= k

(5.23)

In the case where there is only one tie-line, and this tie-line is lost,
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there is no manner to compensate for this. In this case the lost genera-
tion must be compensated by internal generators. This case is treated
as the loss of an internal generator, with all remaining generators com-
pensating pro-rata. This inclusion allows us to model the outage of
tie-lines and their effects, albeit with some strong assumptions being
made about the redistribution of the flows. Full-system models can be
used to determine the actual parameters which should be used for a
more realistic model.

5.3 Case Study - RTS 96

The RTS 96, which is elaborated on in appendix A.3, test system will be
used to show the performance of this algorithm. This test-system was
selected as it is the only widely available test-system which has three
areas which are sufficiently interconnected.

5.3.1 Correctness

The first priority of any algorithm is that it should deliver correct re-
sults. Previous methods have been shown to be accurate, but due to
the modeling changes made, in particular the simplifications of the cal-
culation of the export cost, the statements of the referenced work can
not be extrapolated to this method. The convergence can not readily
be proven theoretically, therefore an empirical verification of the data
is performed. Initially the results for the OPF without the security
constraints are compared, and then the results for an SCOPF are com-
pared.

OPF

The correct solution is calculated using the standard tool MatPower [71].
The correctness of the solution is evaluated in terms of total system cost,
given by P ⊺

GC
2P 2

G + C1PG, and of the generation profile PG.

In order to evaluate a number of cases the loading in the respective
areas is linearly scaled. The linear scaling is performed independently
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Table 5.1: Comparison of cost difference for cases (i)-(v)

Case Area Multiplier Total Generation Cost Difference
A1 A2 A3 Central Distributed ∆rel

(i) 1 1 1 133734 133734 1.4e-6
(ii) 0.75 1.25 1.25 176117 176518 -0.0023
(iii) 1 0.8 1.3 146208 146465 -0.0016
(iv) 1 1 1.4 190232 190609 -0.0020
(v) 1.5 1 1 192645 192825 -0.0009

for each area.

The percentage difference is calculated by (5.24), where Cd is the
cost calculated by the distributed algorithm, and Cc is the cost calcu-
lated by the centralized solution.

∆rel =
Cd − Cc

Cc

(5.24)

As can be seen in table 5.1 the solution provided by the distributed
algorithm outlined here gives approximately the same results as the
central solution, with differences being less than 0.5%.

The difference in dispatch is calculated in terms of the difference
between the distributed and the central solution, given by (5.25), where
PG,d is the distributed solution and PG,c the central one. The relative
difference is given by (5.26). Table 5.2 describes the 2-norm of the error,
and table 5.3 shows the ∞-norm of the errors. The load cases (i) to (v)
are the same as those used in table 5.1.

ǫabs = PG,d − PG,c (5.25)

ǫrel = (PG,d − PG,c)/(PG,c) (5.26)

Tables 5.2 and 5.3 show that the model formulated works well for the
considered load cases. The maximum relative generation difference is
less than 2%. The generators hich are affected by the difference have the
same marginal cost of generation. From this perspective both results
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Table 5.2: Comparison of 2-norm for cases (i)-(v)

Case ‖ǫabs‖2 ‖ǫrel‖2
A1 A2 A3 A1 A2 A3

(i) 01.3281 00.3750 00.3749 0.0005 0.0001 0.0001
(ii) 98.6091 70.0526 46.2072 0.0327 0.0232 0.0153
(iii) 32.4775 01.2387 49.0463 0.0116 0.0004 0.0170
(iv) 93.7645 80.8933 84.2113 0.0302 0.0260 0.0270
(v) 30.4490 71.3680 33.4959 0.0097 0.0228 0.0107

Table 5.3: Comparison of ∞-norm for cases (i)-(v)

Case ‖ǫabs‖∞ ‖ǫrel‖∞
A1 A2 A3 A1 A2 A3

(i) 00.9240 00.1875 00.1875 0.0003 6.9e-5 6.9e-5
(ii) 56.3562 35.9997 26.3121 0.0187 0.0119 0.0087
(iii) 18.7509 00.7152 26.8951 0.0067 0.0003 0.0093
(iv) 53.7363 41.9564 36.4887 0.0173 0.0135 0.0117
(v) 17.3348 34.8540 14.4196 0.0055 0.0111 0.0046
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can be considered to be correct, which the difference probably arising
from manner in which the loss proxy is handled. The results for the
unitary load case, case (i), are substantially better than the others. In
all considered cases the cost difference is sufficiently small to make the
statement that the formulation of the distributed OPF problem with
virtual generation nodes, without agreement on the border angles, and
with a single Lagrangian multiplier to determine the export price works.

SCOPF

For the calculation of the SCOPF solution Matpower cannot be used
directly, as there is no built-in solution. As a consequence the solution of
the central SCOPF was performed with an own implementation based
on LODFs and GGDFs. The difference in the two SCOPF formulations
is only that one of them is distributed and the other is not. When
comparing the two systems a number of discrepancies arise. The first
such is the use of tie-line outages. Their consideration in the distributed
solution is by proxy-generation unit, while in the central solution they
can be explicitly considered. Furthermore the generator outages are
compensated by the full generation park, rather than locally in each
area. For this reason there will obviously be a difference between the
central solution and the distributed one. In order to account for this,
two sets of comparisons will be made: one where the distributed solution
is compared to the central one, and one where the distributed solution
is compared to the centralized calculation of the outage factor taking
into account the area limitations.

The cost for the base load case is 156’580, compared to the 133’730
slightly more than a 17% increase. This case considers the outage of sin-
gle lines and single generators for all lines which do not lead to islanding
of nodes, or splitting of the system. Only two lines are affected by the
islanding problem, namely those connecting nodes A2.7 and A2.8, and
A3.7 and A3.8, respectively. In both these cases the outage of these
lines is partially considered by the outage of the generator at nodes
A2.7, and A3.7. Due to the restrictions on information sharing, this
solution cannot be calculated with the distributed solution directly. As
comparison the local compensation of generation outages, and the out-
age of local lines is given a cost of 152’980 for the distributed solution.
In this case it must be considered that there are a number of lines which
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are modeled differently, and that generators do not need to compensate
for the same amount of outages, as such the results are not directly
comparable.

Internal Line Outages In order to have a comparable solution only
the line outages are considered. Here only lines which are internal to the
areas are considered, and in addition those lines whose outage causes
nodes to be islanded. This means that in addition to the tie-lines, and
the lines between A2.7-A2.8 and A3.7-A3.8, the connection A1.7-A1.8
is not considered.

In this case the cost for the central solution of the SCOPF is 149’020,
while the distributed solution is 152’440. The additional costs for the
distributed SCOPF can be explained by the manner in which the LODF
are calculated. In the distributed case there are fewer lines over which
to distribute the power which was flowing over a given line, as such there
will be more power flowing across each line in the post contingency case.

Sources of Deviation In [6] the authors achieve a distributed solu-
tion which is super-optimal compared to the centralized one. Contrary
to this observation, the results here indicate that the distributed so-
lution is sub-optimal. The source of this difference is most likely in
the formulation of the boundary prices, which in previous work are an
influence-weighted combination of several Lagrangian multipliers, while
the much simpler boundary power equality constraints are used here.
It is, however, very possible that the parameter selection between πAC

and π∆ leads to a different solution, as suitable selection of these pa-
rameters can be used to drive the system into other stable convergence
points.

5.3.2 Convergence

Figure 5.2 shows the convergence of the first of the OPF cases, as was
already discussed this case has especially good results. Figure 5.3 shows
the convergence for the example (v). In both figures the maximum and
minimum values of υκ

d−υκ−1
d are shown. The areas do not have different

properties for the convergence, as such all the lines are approximately
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Figure 5.2: Convergence pattern for load case (i) and OPF without
security constraints

in the same location. Convergence is achieved reasonably quickly, with
the total solution taking roughly 23 seconds for the sequential solution
of all three areas. The code used to achieve this speed was in no way
optimized, and used the built-in quadprog solver in Matlab. The purely
local solution is still substantially faster, with a solution time of under
1 second. At this point it should be stressed that the main purpose of
the proposed solution is not the speed-up of the solution process, but
to allow the cooperative solution of the OPF problem.

5.3.3 Parameter Influence

A number of parameters influence the manner in which the solution
converges. Different load levels have already been shown, this section
discusses additional parameters and their influence.
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Figure 5.3: Convergence pattern for load case (v) and OPF without
security constraints

Starting Point on Convergence

Until now all the starting points were at the origin, meaning zero initial
import cost and zero import power. In order to reduce the time required
to solve the problem, an improved starting point could be used, with the
ideal starting point begin equal to the final point. However, as this point
is not known, only an estimate can be used. The important question
is which starting points are acceptable. An empirical consideration of
this problem is shown in figure 5.4. Three different starting points are
compared: a zero start, where all initial values are zero, a good estimate
where the values are approximately equal to the final result, and an over
estimated case, where the initial import price in area A1 is too high.
In each of the three cases the starting point is indicated by the circle.
Both the zero start and the good estimate converge to the same point,
while the over estimated result has a different final point. Empirically
the point where behavior shifts from one type to the other very close to
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Figure 5.4: Polar plot of convergence for different starting points

the correct final marginal price, but there is no one-to-one relationship
between the two. The maximum initial value where convergence can be
achieved will be termed α from now on, even if it is not strictly known.

The same behavior is not seen for the initial estimate of transferred
power, here arbitrary values can be chosen, and the convergence re-
mains. The initial price estimate is thus much more important for the
convergence.

P
(κ=0)
I ∈ [−∞,∞]

α(κ=0) ∈ [−∞, α] (5.27)

From these considerations the following image of the region of con-
vergence, meaning the region where the starting points can be chosen
as shown in figure 5.5, with the limits given by (5.27), where α is the
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Figure 5.5: Region of Convergence - Schematic Representation

empirically determined maximum initial price. While the starting point
can be chosen at any point within the region of attraction, there is little
benefit in terms of reduced iteration count until convergence for starting
points close to the final solution. For values which are close to the bor-
der, the time until convergence is achieved is greatly increased compared
to a zero start. As the starting point can not realistically determined
without extra knowledge, and the performance is greatly reduced with
bad starting points, a zero-initial start is recommended.

Impact of π∆

The deviation penalty parameter π∆ primarily influences the oscilla-
tion of the solution. If this parameter is omitted no stable solution is
achieved at all, on the other hand if the value is set to high there is no
possibility for mismatch, and the iterations will remain at the starting
point. In cases with less extreme choices there is little influence on the
solution. With values between 0.5 and 100’000, there is no difference
in the generation profile PG, however there is a significant change in
the distribution of exports over the border lines. Generally π∆ should
be chosen sufficiently large. Between values of 100 and 100’000 there is
only a minor change in the border flows.
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Computational Time

In many cases distributed systems are used to split the system into
smaller, more manageable, portions which can be solved in shorter time
than the original overall problem. In this case, the said aspect was not
a design parameter.

In this case, solution times between 5 and 60 seconds were achieved
for the various parameters. This time was needed to solve all three areas
on a single computer. The actual time needed to solve the problem in a
distributed manner is greatly dependent on the amount of time which
must be spent on data exchange. When being performed on a single
computer, the three areas are solved in sequence, and data exchange
takes place in negligible time. An implementation on a real system
will perform the calculations in parallel, and spend more time on data
exchange. In general the overall speed of any process is limited by the
slowest subprocess.

5.4 Relaxed Data Separation - Including Ex-

ternal Network Equivalents

The lack of consideration of the external network limits the solution of
the distributed optimization problem. In order to improve on this situa-
tion, the concept of virtual lines is used. Virtual lines act as connections
between virtual nodes. Virtual lines are generated from network equiv-
alents, such as Ward equivalents, which are also used in chapter 6. In
this case only the network portion of the equivalents are used. Just as
virtual nodes represent injections from the external network, the virtual
lines act as connections between the nodes in the external network. As
the influence of the external network has already been fully considered
in the OPF portion of the problem, the virtual lines are only used in the
SCOPF formulation. The current practices, in the ENTSO-E, involve
an exchange of network models on a relatively slow time-scale. As the
network does not change rapidly, the information which becomes avail-
able in this manner is sufficient to calculate these virtual lines. This
calculation method is the same as used for the calculation of network
equivalents. Following the addition of these virtual lines the LODF
factors can be recalculated.
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Table 5.4: Case Study: Comparison of Operating Costs under SCOPF
- with and without external network model

Scheme Operating Costs Change [%]

Full Topology Knowledge 139160 +0%
With External Network - A 143260 +2.9%
With External Network - B 143380 +3.0%
Without External Network 145960 +4.9%

5.4.1 Case Study - RTS 96

A small case study compares the cost of SCOPF when considering only
the internal network, and then when considering the external network
using the Ward equivalent ([63]) of area A2. The results are shown in
table 5.4.

As it can be seen from the table there is a substantial reduction
in the difference relative to the calculation with full knowledge of the
topology. The calculation without consideration of the external network
leads to costs which are almost 5% higher, while the calculation with
consideration of the external network has costs about 3% higher. Of
the areas in the RTS 96 only two, namely A1 and A2, are sufficiently
strongly interconnected to be able to determine equivalent network for
each other. Area A3 was thus still modeled as a single virtual generator.

As can be seen from the comparison between external network mod-
els A and B, there is a slight dependence on the level of reduction
performed. In case A the Ward equivalent of the external network is
calculated relative to the tie-line with area A1, while case B calculates
them relative to all external connections of area A2. The gives a dif-
ference in the line impedances, however, as can be seen in table 5.4
the influence on the operating costs is not substantial. As such it is
sufficient to supply the model relative to the neighboring area.

5.5 Misbehaving Areas

In the distributed formulation developed in this work, there is an im-
plicit assumption of honesty. It is expected that all participants state
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υ ῠ

Figure 5.6: Schematic depiction of fault transmission

their intentions truthfully. However, in reality this assumption does
not always hold. The participating parties may voluntarily, in order to
gain some benefit, or involuntarily, due to an error in their calculations,
transmit information which does not faithfully depict the system. The
following section considers what happens when such incorrect transmis-
sion takes place.

The error considered here are only those where one party purpose-
fully misstates its information to the others. Error which also affect the
sending area are not considered. For an error to be applicable in this
context, it must be applied after the solution of the local optimization
problem. This error may be applied either only to the data transmitted
to the other areas, or additionally also used in the next iteration step.
This is outlined in figure 5.6 and (5.28). Here ῠ indicates an incorrectly
transmitted copy of υ, and the error is introduced in the grey square. In
the case outlined the area denoted A determines the internal value υκ

I

in iteration step κ using the available information, which is assumed to
be correct. It then transmits this information to B, but adds an error.
In the next iteration-step κ + 1 the problem solved by B contains the
error-affected value ῠκ
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Pure transmission errors, such as dropped or changed messages, can
be avoided by proper design of the transmission protocols. Such a sys-
tem may entail checksums, message numbering and retransmission. Fur-
ther it is likely that such errors are transient, and resolve themselves.
As such this problem will not be considered any further. This restric-
tion implies that the offending area must be malevolent, meaning that
is is purposefully misstating its information.

Two questions should be considered: (a) if the incorrect data affect
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the solution of the distributed problem, either in terms of achieving a
solution or the correctness of the solution and (b) if the offending area
can gain any benefit from actively misstating its information.

In order to evaluate the potential benefit only simple errors will be
considered, in particular errors of the form given in (5.29) are consid-
ered. Here ϑ is a linear scaling of all the value transmitted. More
intelligent choices of how to misstate the information are likely to have
a greater impact on the results.

ῠ = ϑυ (5.29)

5.5.1 Theoretical Considerations of Profit Potential

The following four cases are considered:

• Situation 1 - An exporting area overstating its costs, in hope of
being paid more than required

• Situation 2 - An exporting area understating its costs, in hope of
being favorably dispatched

• Situation 3 - An importing area overstating its willingness to pay,
in hope of importing more

• Situation 4 - An importing area understating its willingness to
pay, in hope of getting cheaper imports

From a theoretical nature, the following estimates are made:

• Situation 1 - This case will result in the area receiving more money
than it spends on generation. There is a possible profit.

• Situation 2 - This case will result in the area receiving less money
than it spends on generation. There is no possible profit.

• Situation 3 - This case will result in the area spending more money
than necessary on imports. There is no possible profit.
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Table 5.5: Calculated line flows when the system is affected by an error
of 11% (ϑ = 0.99) in a single area

Area Affected by Error
Line Base Case A1 A2 A3

A1.1 - A2.1 -0.2610 -0.2155 -0.2260 -0.2732
A1.2 - A2.2 -0.3956 -0.4528 -0.4809 -0.4616
A1.3 - A2.3 2.2577 2.2630 2.2680 2.2686
A1.4 - A3.1 1.9464 1.9527 1.9143 1.9410
A2.1 - A1.1 0.2611 0.3028 0.3136 0.2733
A2.2 - A1.2 0.3957 0.5284 0.5569 0.4616
A2.3 - A1.3 -2.2577 -2.1920 -2.1966 -2.2685
A2.4 - A3.2 -0.7664 -0.7727 -0.7343 -0.7610
A3.1 - A1.4 -1.9464 -1.8833 -1.9143 -1.8705
A3.2 - A2.4 0.7664 0.7728 0.8064 0.8338

• Situation 4 - This case will cause the area to spend less money on
import. There is a possible profit.

It can be seen that there are only a portion of states which can
potentially be abused. In both the cases where a profit is possible, the
sending area must be careful that the amount by which the costs are
misstated are not so great that they grossly affect the amount of power
which is traded, as this may lead to an unfavorable situation.

5.5.2 Erroneous Data - Effects

In order to evaluate the effect of errors, represented by ϑ = {0.99, 1.01}
in (5.29) are considered for all participating areas. Errors are assumed
to equally affect all border nodes at the same time. Further it is assumed
that there is only a single area affected by errors at any given time. The
results are shown in tables 5.5 and 5.6 respectively.

The first thing that should be noted is that even a +1% error in the
communicated prices strongly affects the system, leading to a solution
which does not produce the required amount of power, and as such does
not represent a valid solution from the point of view of the intercon-
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Table 5.6: Calculated line flows when the system is affected by an error
+1% (ϑ = 1.01) in a single area

Area Affected by Error
Line Base Case A1 A2 A3

A1.1 - A2.1 -0.2610 -0.4639 -0.4491 -0.2111
A1.2 - A2.2 -0.3956 -0.7651 -0.6916 -0.3276
A1.3 - A2.3 2.2577 2.3118 2.3005 2.2438
A1.4 - A3.1 1.9464 1.7238 1.8297 1.9500
A2.1 - A1.1 0.2611 0.2616 0.2463 0.2745
A2.2 - A1.2 0.3957 0.5746 0.5007 0.3911
A2.3 - A1.3 -2.2577 -2.4981 -2.4872 -2.1803
A2.4 - A3.2 -0.7664 -0.5563 -0.7056 -0.7700
A3.1 - A1.4 -1.9464 -1.9082 -1.8297 -2.0553
A3.2 - A2.4 0.7664 0.5563 0.5186 0.6623

nected system. If the system was operated in the manner dictated by
this point, control power would be required to produce the short-fall,
causing unnecessary and unwanted costs. In each of the cases the net
power generation, as determined by the solution of the local optimiza-
tion problem, satisfies the power balance for the local system, meaning
that all operators believe everything is ok.

From the perspective of obtaining a profit from this manipulation,
the net amount of money exchanged on the borders can be considered,
with the results shown in tables 5.7 and 5.8. Area A1 acts as a net
importer, and according to the theoretical consideration in 5.5.1 may
be tempted to understate its interest. Table 5.7 shows that they could
slightly reduce the amount of money being paid to areas A2 and A30 in
this case, with a net reduction of the generation cost occurring as well.
From this information it can be seen that there is an actual incentive to
manipulate the information in order to attempt to gain financial profit.

These data clearly show that there must be a method for detecting
and preventing the transmission of erroneous data. The detection of
this is not possible purely from the inspection of the local results of
the optimization problem, however, this detection would be trivial if
a central clearing house were able to inspect the data, as the clear
mismatch between the amounts traded over the interconnections would
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Table 5.7: Net financial exchange on borders when affected by an -1%
error (ϑ = 0.99) in a single area

Area Affected by Error
Border Base Case A1 A2 A3

A1->A2 22.00 21.31 21.00 20.71
A1->A3 27.59 26.83 26.58 27.22
A2->A1 -22.00 -17.76 -17.23 -20.71
A2->A3 -11.22 -11.03 -10.48 -11.03
A3->A1 -27.59 -26.01 -26.58 -26.10
A3->A2 11.22 11.04 11.57 12.02

Table 5.8: Net financial exchange on borders when affected by an +1%
error (ϑ = 1.01) in a single area

Area Affected by Error
Border Base Case A1 A2 A3

A1->A2 22.00 38.59 41.48 57.38
A1->A3 27.59 64.23 67.98 66.19
A2->A1 -22.00 -60.90 -64.40 -50.60
A2->A3 -11.22 -20.85 -26.66 -26.50
A3->A1 -27.59 -70.75 -67.98 -70.11
A3->A2 11.22 20.85 19.50 22.91
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be identified immediately. As such, the presence of a malevolent entity
can be detected. Ideally this would be possible without the use of a
central clearing house, and this will be considered in section 5.5.3.

5.5.3 Erroneous Data - Detection

As identified in the previous section the presence of an error cannot be
determined locally by inspection of the final results, however this can
be done by a central clearing house. In order to maintain the paradigm
of distributed calculation, a distributed identification of erroneous data
is desirable.

Number of Iterations until Convergence The number of itera-
tions until convergence can be used as an indicator of erroneous data.
However, this is only sufficient, not necessary. As shown in figure 5.7a
and 5.7b there are cases where the number of steps until convergence is
not affected. The data plotted in the figures is the mean marginal cost
in area A1 under the presence of an error in area A3. In the case of
an error ϑ = 1.01 the maximum number of iterations has been reached
before there is any kind of convergence. As can be clearly seen from
these two plots, the strong increase in iterations required indicates the
presence of an error, but the lack of this increase does not indicate that
no error is present. As such this is not a reliable indicator, as it is prone
to false negatives.

Mismatch Metric The mismatch metric, given by ‖PI−PN‖, is well
suited to detect this type of error. It can be used to detect the presence
of erroneous data in all cases, as the mismatch metric ‖PI − PN‖ will
not approach zero for those cases when there is a mismatch between PI

and PN . Tables 5.9 and 5.10 show this metric for the cases considered.
It can be clearly seen that in the error-affected case it is substantially
greater than in the base case, where there is no error. If a large mismatch
metric is considered as a positive test for the presence of an error, it
shows no false positives or false negatives for the cases considered. As
the data is transmitted as part of the solution algorithm, there are no
additional requirements introduced.
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Figure 5.7: Comparison of the number of iterations required for conver-
gence in the presence of an error.

Identifying the transmitter of false data Following the detection
of an error, the next desirable step would be the correction of this
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Table 5.9: Mismatch Metric with ϑ = 0.99

Area Affected by Error
‖PI − PN‖ Base Case A1 A2 A3

A1 0.0002 0.3033 0.2350 0.0707
A2 0.0002 2.1867 2.2214 2.014
A3 0 0.0695 0.0721 0.1433

Table 5.10: Mismatch Metric with ϑ = 1.01

Area Affected by Error
‖PI − PN‖ Base Case A1 A2 A3

A1 0.0002 -0.7635 -0.5804 0.0851
A2 0.0002 1.1447 1.0623 2.0327
A3 0 -0.1844 -0.1870 -0.2130

error. In order to correct the error, the offending area must first be
identified. In a subset of the cases this is possible without further data
being available. Following the successful detection of the error using
the mismatch metric, the comparison of results achieved between the
participating areas can be used to detect the offender. For the case
when area A1 is sending incorrect data, areas A2 and A3 achieve a
consistent solution on their connection, but an inconsistent solution on
their connection with area A1. The same is the case for areas A1 and A3
when area A2 is offending. This relationship no longer holds when area
A3 is offending, in which case the offending area cannot be detected.
Using the available data, a central clearing house would not be able
to perform this identification either. Inspection of the marginal cost
information, as well as the net amount of money transferred across a
border does not identify any additional information which can be used
to further this cause.

Conclusions and Possible Solutions From the considerations per-
formed in this section it can clearly be seen that it is crucial that the
participating areas do not manipulate the border information. Using
incorrect border information can lead to possible profits for the offend-
ing area, but causes the process to converge to a solution which is not
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correct. Using the methods outlined here it is possible for the partic-
ipating areas to detect the presence of an offending area, and in some
cases to identify which area is offending. After identifying the presence
of an offending area, the other areas are likely to stop participating in
the multi-area power exchange, in the end causing higher costs for all
the areas involved. For such a reason it is conceivable that there will not
be any long-term interest in misrepresenting the border information.

A central court of arbitration, which receives data directly from the
local optimization process of the areas, is conceivable. This data would
be confidential, only being handed out in case of a complaint. Using
the information from the internal process, the arbitration entity could
identify the offending area, and suitably penalize them, thus further
reducing the incentives to cheat.

5.6 HVAC and HVDC Interconnections

The objective of this work is to develop a distributed OPF for both
HVAC and HVDC networks. The approach is based on a linearized
solution of the OPF problem for mixed HVAC-HVDC presented in [67].

5.6.1 Why mixed HVAC and HVDC OPF?

In the last few years HVDC lines have been suggested as a solution
to large-scale long-distance transport of electrical energy. They are to
be used as a means of connecting distant sources of renewable energy
to the main grid. Following sufficient penetration of HVDC lines, and
the introduction of the HVDC breaker, these lines can be interconnected
with each other. With the addition of HVDC lines to the system, leading
to a meshed HVDC grid.

The HVDC grid is connected to the HVAC grid via controllable
terminals. While a certain amount of autonomy is available, the op-
eration of the HVDC grid must be coordinated with the operation of
the HVAC grid. The integrated treatment of the two should allow an
efficient operation of the entire system.
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5.6.2 Why decentral calculation and operation?

The reasoning for multi-area calculations in pure HVAC has been ex-
plained in section 5.2. In addition to the points outlined, mixed HVAC-
HVDC interconnections have the additional restrictions imposed on
them by the differences in the connection type. When considering only
a single HVDC line, the formulation proposed here can easily accommo-
date this without any changes. However, this changes when a HVDC
grid comes into play.

Two separations arise when splitting mixed HVAC-HVDC grids into
areas suitable for distributed calculations. This split can be made along
the border between the geographical areas, meaning that an intercon-
nected mixed HVAC-HVDC systems is split into mixed HVAC-HVDC
grids, in the other case the split occurs along the technological border,
giving separate HVAC and HVDC grids, which gives "pure" systems.
A clear benefit of having these "pure" grids is that, from an analytical
point of view, different solution methods can be used for the different
grids, so that the HVAC grid problem can be solved using the classical
methods, while the HVDC grid problem can be solved using their own
appropriate methods. An ISO can add HVDC grids and their calcula-
tion without modifying their HVAC grid-model.

To date the decentralized calculation of power flow has only been
discussed with equal parties. The evaluation is performed on inter-
connected HVAC grids. In the case of operation of the system under
multiple ISOs it is possible that not all ISOs will have the same de-
mands, incentives, targets and operating schemes. This is exemplified
in the use of both HVAC and HVDC grids. By the use of distributed
methods, the information filter can be very strong.

The HVAC-HVDC interconnection can either be operated by a single
ISO, as shown in figure 5.8, can be split along both technology borders
and geographical borders, as shown in 5.9, or only along geographical
borders as shown in figure 5.10. In the remainder of this chapter these
splits will be known as operating schemes 1, 2 and 3 respectively.
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Figure 5.8: Schematic depiction of operating scheme 1 - ”the Super ISO”.
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Figure 5.9: Schematic depiction of operating scheme 2 - ”the HVDC
ISO”.

5.6.3 Formulation of Optimization Functions

Under the linearized HVDC formulation, the node angle does not exist.
As such the previous formulations of the distributed power flow could
not have been used.
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Figure 5.10: Schematic depiction of operating scheme 3 - ”the HVDC-
HVAC ISO”.

Formulation in Single-Area Case

The basic cost function of the mixed HVAC-HVDC grid OPF is the
same as for the single area case. Using the linearized formulation for
the HVDC grid, as formulated in [67], uses, in analogy to the HVAC
grid, the voltage difference to calculate the line flow in the HVDC system
to give the relationship shown in (5.30). The flow Fi,j on a line between
nodes i and j is a function of the line resistance ri,j and the nodal
voltage difference Ui − Uj.

Fi,j =
1

ri,j
(Ui − Uj) (5.30)

The cost function for the combined optimization problem is given
by (5.31), where PG is the vector of generation, C2 is the quadratic cost
vector for generation, and C1 is the linear cost vector for generation, θ is
the vector of nodal angle differences and U the vector of nodal voltage
differences. WAC

rr and WDC
rr are flow penalty terms for HVAC and

HVDC portions respectively, while πAC and πDC are tuning parameters
for the flow-penalty HVAC and HVDC grids respectively.

P ⊺

GC
2PG + C1PG + πACθ

⊺WAC
rr θ + πDCU

⊺WDC
rr U (5.31)
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As the losses are not explicitly calculated, there is no explicit pe-
nalization, or compensation, of the losses. In order to approximate the
losses, the terms πAC and πDC are used. WAC

rr and WDC
rr are used to

approximate the square flows, and thus the losses. The relative values
of πAC and πDC determine how much the losses are penalized in each
system. The most common case would be that the losses should be
penalized with the same amount in per-MWh terms. However, there
may be cases where the ISO would like to give precedence to flows in
one grid or the other, for example to reduce the utilization of the HVAC
grid to free up capacity. This becomes even more apparent when there
are different operators in the different grids, as they may have different
valuations of the losses depending on how they are compensated.

In addition to the cost function extensions, the equality constraints
are extended to include the effects of the HVDC terminals, to give (5.32)
and (5.33), where ΠAC

G and ΠDC
G describe the incidence of generators to

nodes in HVAC and HVDC grids respectively. ΠAC
T and ΠDC

T describe
the incidence of terminals to the HVAC and HVDC grids respectively.
BAC and BDC are the network susceptance matrices for the HVAC and
HVDC grids respectively. ΠAC

L and ΠDC
L are the load to node incidence

matrices, and PL is the vector of loads. For each node in the system,
the amount of power generated minus the amount of power flowing out
of the node, by terminal transfers, lines or load consumption, must be
equal to zero. For each terminal the power being fed into it must be
consumed at the other end. In the system considered here the terminals
act as load units in the HVAC system, but as generation units in the
HVDC system.

ΠAC
G PG −ΠAC

T PT −BACθ −ΠAC
L PL = 0 (5.32)

ΠDC
G PG +ΠDC

T PT −BDCU −ΠDC
L PL = 0 (5.33)

The inequality constraints are given by:

FAC ≤FAC ≤ F
AC

(5.34)

FDC ≤FDC ≤ F
DC

(5.35)

PG ≤PG ≤ PG (5.36)

PT ≤PT ≤ PT (5.37)
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Here the flow F is given as BAC
f θ and BDC

f U , with F and F denoting
minimum and maximum values. The same notation of minimum and
maximum values is used for the generator and terminal injections.

Formulation in Multi-Area Case

Multi-area HVAC-HVDC systems can generally be made up by arbitrary
connections. In the space of current transmission types the choices
are HVAC and HVDC lines in various configurations. From these two
technologies, and depending on where the system is split, three types of
interconnections can be defined: HVAC tie-lines, HVDC tie-lines and
HVAC-HVDC terminals.

The classical method for modeling an HVDC line in power flow cal-
culations is to use two coupled generators, as explained in [55], the
same approach can be used for HVDC terminals. HVDC tie-lines, as
HVAC tie-lines previously, are modeled as a generation-generation cou-
ple connected to a pair of virtual nodes. The terminals are modeled as
a generation-generation pair connected directly to a pair of nodes. The
terminals can be thought of as being connected to a virtual node with a
zero-impedance connection to the neighboring real node. In this man-
ner all tie-line components can be modeled within the same modeling
approach.

Single-Technology Systems When the interconnection is split along
the technology borders, the individual systems only contain a single
transmission type. In the "pure" HVAC system there is no change to
the formulation presented in section 5.2. In the HVDC system the cost-
function is formulated as in (5.38). Here the tie-line flows PI consist
both of power flowing across terminals, and power flowing across HVDC
tie-lines.

P ⊺

GC
2PG + C1PG + αPI + πDCU⊺WDC

rr U + π∆‖PI − PN‖ (5.38)

Mixed HVAC-HVDC Systems When the interconnection is split
along geographic borders, the resulting systems are again mixed-technology
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systems. Here the cost function is given by (5.39). The tie-line flows
PI can be either HVAC cross-border flows, terminal flows, or HVDC
cross-border flows.

P ⊺

GC
2PG + C1PG + αPI + · · ·

+ πACθ⊺WAC
rr θ + πDCU⊺WDC

rr U + · · ·

+ π∆‖PI − PN‖ (5.39)

Following the conventions defined in 5.2, the HVAC tie-lines were
coupled by a pair (θ, α), this coupling is then replaced by the cou-
pling (PI , α). Using the linear approximation of HVDC power-flow, the
HVDC tie-lines are coupled by a pair (U, α), which is then analogously
replaced by (PI , α). The coupling of the terminals is dependent on their
location relative to the system borders. Terminals internal to a system
are explicitly linked by constraints, while terminals acting as gateways
are linked by a couple (PT , α) which is replaced by (PI , α). Now all types
of interconnections are represented by the same formulation, and there
is no longer any dependence on the type of interconnection used, en-
abling the distributed solution of diverse interconnection systems, such
as HVAC connections between synchronous areas, HVDC back-to-back
connections between asynchronous systems, or the interconnection be-
tween mixed HVAC and HVDC systems.

In order to show the applicability of the formulation, two cases of
interconnections are considered. The first case is the connection of syn-
chronous HVAC areas to an independent HVDC grid, which can be
thought of as an overlay transport grid. The second is the connection
of three mixed HVAC-HVDC grids.

5.6.4 Case Study - IEEE 14 with HVDC

The first case to be considered is an HVAC-HVDC grid contained within
one geographical area. This system is based on the IEEE 14 test system
with an additional HVDC grid, as is outlined in A.2. It is assumed to
be contained within a single area, and can thus only be split between
the boundaries of the technologies.



5.6. HVAC and HVDC Interconnections 75

Figure 5.11 shows the evolution of the total system costs as a func-
tion of the number of iteration. The cost-reducing influence of the
HVDC grid is clearly shown in the difference between the total system
cost, shown by the dotted line, and the costs incurred in the HVAC
system. In this case the generation and load are located in the HVAC
system, and the HVDC system is a pure transport system.
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Figure 5.11: Convergence pattern for system cost for IEEE14 grid with
additional HVDC grid.

In analogy to the figures in 5.3, the convergence pattern of the border
variables in the IEEE 14 case is shown in figure 5.12.

Here it should be noted that in the particular case of a transport grid,
as the HVDC grid is in this case, the operating costs are represented
by the losses in the system. The operator does not need to provide any
power to loads. The minimum total system cost will be achieved when
the cost of the losses in the transport grid are equal to the cost of the
losses averted in the other grid. This point it therefore very sensitive to
the relative values of πAC and πDC . More detailed loss modeling, which



76 Chapter 5. Distributed Calculations

0 10 20 30 40 50 60
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

 

 
Convergence of υd

D
iff

er
en

ce
-
υ
κ d
−
υ
κ
−
1

d

Iteration Counter - κ

HVAC

HVDC

Figure 5.12: State convergence patter for IEEE14 grid with additional
HVDC grid.

can be achieved by a more detailed study of the loss-proxy matrix Wrr

would reduce this effect.

5.6.5 Case Study - RTS 96 with HVDC

As was the case for the IEEE 14 bus system, an HVDC system was
added to the base system, as outlined in A.4. The RTS 96 system with
an overlay grid can be split in a number of ways. This system can be
split according to both geographical and technological boundaries.

Table 5.12 shows this comparison for three different system loadings:
the base case, high load in area A1 with simultaneously low load in areas
A2 and A3, and for low load in area A2 with nominal load in areas A1
and A3. In each case high load is given by a linear increase of loading
to 160% of nominal load, and the low load situation is characterized
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Table 5.11: Load cases for the case study

Load Multiplier

Base Case 1 1 1
Load Case 1 1.6 0.75 0.75
Load Case 2 1 0.75 1

Table 5.12: Table of Operating Costs under Different Operating
Schemes

Base Case Absolute Cost Relative Difference

Operating Scheme 1 133734.58 -NA-

Operating Scheme 2 133734.58 −3.45 · 10−6

Operating Scheme 3 133734.58 −9.71 · 10−7

Load Case 1 Absolute Cost Relative Difference

Operating Scheme 1 133197.02 -NA-

Operating Scheme 2 133200.54 2.65 · 10−5

Operating Scheme 3 133200.54 2.65 · 10−5

Load Case 2 Absolute Cost Relative Difference

Operating Scheme 1 120880.04 -NA-

Operating Scheme 2 121219.85 7.29 · 10−3

Operating Scheme 3 121762.39 4.22 · 10−2

by a linear reduction to 75% of nominal load. These load cases are
summarized in table 5.11.

From the comparison of these cases it can be seen that there is
little difference in the total operating costs for the different operating
schemes. In particular for the nominal load case, there is almost no
difference. In load case 2 there is little difference, even though the
difference is bigger than in the nominal load case. In load case 3 there
is a 0.5% difference between operating schemes 2 and 3, and a larger
error relative to the nominal load case.
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Case Study - Convergence

Figures 5.13 and 5.14show the convergence of the states of the partic-
ipating areas, in particular the convergence of the difference between
two iteration steps approaches zero. As in the case without a HVDC
grid, the lines denote the envelope of changes in system state between
two consecutive iterations. All system states: PG, PI and the nodal
angles, are considered.

It can be seen that the convergence is faster in operating scheme 3.
In this case sufficient convergence is achieved using between 10 and 15
iterations. In operating scheme 2 this convergence requires between 20
and 25 iterations.
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Figure 5.13: State Convergence of Iterations for RTS 96 with additional
HVDC grid under Operating Scheme 2

The convergence of the price, as shown in figures 5.16 and 5.15, shows
similar behavior. For the sake of clarity, the prices are normalized to
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Figure 5.14: State Convergence of Iterations for RTS 96 with additional
HVDC grid under Operating Scheme 3

their final value. In the case of the operating scheme 3 convergence
happens by iteration 15, while under operating scheme 2 this process
takes longer. It can clearly be seen that the HVDC ISO is the slowest to
converge, with the HVAC areas requiring the same number of iterations
before convergence in both cases. Under operating scheme 2, the prices
do not show this clear three-step approach, rather each area has its own
convergence shape, with in particular the HVDC area being different.

The reason for the greater number of iterations being required is not
clear. It may be due to the fact that there is no generation capacity in
the HVDC grid, meaning that it is totally dependent on the other grids.

In comparison to the case without the HVDC grid, convergence re-
quires less iterations, and does not require the use of a damping factor.
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Figure 5.15: Price Convergence of Iterations for RTS 96 with additional
HVDC grid under Operating Scheme 2

Case Study - Data Exchange

Table 5.13 shows the number of variables which are exchanged for each
ISO and operating scheme. As the number of interconnections between
the HVDC and HVAC grids is smaller than the interconnection within
the HVDC grid the number of variables used in operating scheme 3 is
higher. On the other hand the ISOs in this scheme have fewer partners
to co-ordinate with.

Case Study - Parameter Influence

In both decentral cases the problem was solved using the quadprog()

function in Matlab with the ’interior-point-convex’ algorithm.
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Sensitivity to Starting Points In general the solution to an itera-
tive problem will be dependent on the starting point. For any iterative
solution, it is crucial to know if the process will converge or not. For
the previous section a flat start for both the exchange variables PN and
the associated Lagrangian multipliers was used. In this section some
observations on the dependence of the solution on the starting point
will be presented.

Similar to the case without HVDC grid, the initial value of the La-
grangian multipliers can be chosen freely, without affecting the result,
as long as they are lower than the final values for the Lagrangian mul-
tipliers for the correct solution. While the problem converges in all
cases, it does not converge to the same solution. Contrary to the case
without HVDC grid, this relationship is independent of the sign of the
multipliers, only the magnitude is important.
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Table 5.13: Comparison of the number of variables exchanged for the
different operating schemes

ISO Operating Scheme 2 Operating Scheme 3
Variables Partners Variables Partners

Area A1 6 3 9 2
Area A2 6 3 12 2
Area A3 4 3 7 2
HVDC 6 3 - NA -

Total 22 28

For the initial infeed the problem has less influence. A large number
of random trials with initial starting points between -1 and +1 were per-
formed, and no difference in the solution could be found. In summary,
for random starting points made up of combinations of initial marginal
costs α(κ=1) ∈ (−20, 20) and initial power imports P (κ=1)

N ∈ (−1, 1) sat-
isfactory convergence was achieved. These tests were performed primar-
ily for the base load case, where the final Lagrangian multipliers α(κ→∞)

were slightly larger than 20. There was not a strong dependence of the
rate of convergence on the starting point. While a good initial starting-
point is beneficial, as convergence is generally fast, there is little benefit
added, and the possibility of choosing an unsuitable starting point is
quite large. As outlined for the case without the HVDC grid, there are
starting points which lead to a solution, albeit not a solution which is
correct. Without the use of a central entity to verify the solution, there
is no possibility of determining the correctness of the solution, as it is
indistinguishable from an incorrect one. While the solutions may be
feasible from an operative point of view, they will lead to the unnec-
essary activation of, relatively expensive, control power to compensate
for any mismatch in the amount of power generated.

Variable Tolerance In order to achieve a speed-up of the calculation
a method inspired by variable step-width approaches was considered.
Here the assumption was that as the solution of the initial iteration will
be updated, it does not need to be perfectly exact from the start. This
notion would allow a higher-error tolerance in the initial iterations. A
variable tolerance approach was implemented, and tested on the test
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Figure 5.17: Region of attraction for solution.

system. In the case of this test system no change in the number of
solver iterations 1 could be seen. For a system with the size outlined the
additional effort introduced by the use of a variable tolerance approach
is not rewarded by an decrease in solution time. However, there may
very well be an advantage in the case of much larger systems.

5.7 The Use of Decentral Calculations in

Planning

As mentioned in chapter 2, the operation of a power system includes
many steps beginning with planning and ending with daily operation,
possibly followed by ex-post review.

As shown in chapter 5 the operational portion, the solution of OPF
and SCOPF, can be solved in a distributed manner. Ex-post review
is likely to be solved in a centralized manner, as it would need to con-
sider the possibility of faulty data exchange. While some such errors
can be detected, as discussed in section 5.5, not all can. Autonomous
distributed planning, the state where each area plans for itself, has al-
ready been known to function as can be seen by the current state of the
network.

Outlined below is a simple combinatorial manner in which the coor-

1Solver iterations are iterations internal to the optimization problem, not the
number of external iterations (κ)
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dinated and distributed selection between a number of expansion sce-
narios is shown. This demonstrates the feasibility of using distributed
calculations in all stages of power system operation.

Each area has generated a set of possible expansions which it would
like to evaluate. This set is known as SA for area A and SB for area
B. The possible expansion routines which an area might take consists
of S′

A = 0 ∪ SA and S′
B = 0 ∪ SB respectively, where 0 signifies no

expansion. The total combination of all possible expansion plans in
such a case consists of SS = S′

A × S′
B.

The distributed OPF calculation is performed, and savings calcu-
lated in comparison to the state without expansion. For each pair of
expansion scenarios, the relative gains are additionally calculated. In
the case when a tie-breaker is needed, which is the case in scenario
(a),(c) and (d) where the HVDC grid has the same cost, a financial ex-
change between the two areas will decide which choice is made. In this
case the HVAC operator would be willing to pay the HVDC operator
to shift their chose from (b) to (a), meaning that either (a) or (e) would
be selected.

5.7.1 Case Study - Expansion in IEEE 14

The feasibility of this method is shown for the case of the evaluation
of the possible expansion in either the IEEE 14 test system or in the
HVDC overlay grid. For the purpose of this discussion three lines have
been identified as possible expansion candidates. These are a new line
HVAC1 from HVAC node 1 to HVAC node 3, a new line HVAC2 from
HVAC node 2 to HVAC node 10 or a new line HVDC1 from HVDC
node 1 to HVDC node 2.

In order to obtain reasonable values for the choice, the load in the
HVAC system has been doubled compared to the base case. For this
hypothetical case, the results are shown in table 5.14.

A special phenomenon in this situation is the fact that there is no
generation in the HVDC area, as such the cost can be negative, implying
that the HVDC system is being paid for the transmission by the HVAC
system. Any gain made by the HVDC system will reflect a limitation
on transmission in the HVAC system.
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Table 5.14: Collaborative Expansion Planning - System Costs (rounded)

Area
Expansion Case Lines Extended HVAC HVDC Total

none 128.50 -1.05 127.46
(a) HVAC1 113.68 -0.02 113.66
(b) HVAC2 132.83 -5.03 127.80
(c) HVDC1 124.85 -0.02 124.83
(d) HVAC1 & HVDC1 113.68 -0.02 113.66
(e) HVAC2 & HVDC1 127.67 -0.23 127.43

In the case study considered, the chosen scenario will be scenario
(a) the expansion option HVAC1. The initial choice for an expansion
plan chosen by the HVAC system is this one, while the HVDC system
would prefer expansion option (b). As the HVAC system would save
19.15 units by implementing (a) over (b), this amount could be used to
compensate, meaning give the same effective cost for, the HVDC system
in both cases. As the amount required to persuade the HVDC system
is only 5 units, an agreement will be reached. This agreement will see
the HVAC area pay the HVDC system 5 units, retaining 14.15 units.
It should be noted that this scenario does not take into account any
implementation costs, as such the use of two lines in scenario (d) has
the same cost as the chosen scenario. In practice the choice of expansion
plan will be heavily influenced by the construction costs.

The method presented here allows for the cooperative evaluation of
expansion scenarios without the knowledge of which expansion scenarios
will be employed. As the planning problem is one which can not gen-
erally be solved purely by artificial intelligence, this method can only
be employed as a decision support tool, the actual choice of suitable
expansion plans must then be made by expert knowledge, legal con-
straints and politics. This choice will depend not only on the change in
operating costs of the power system, but on a number of other issues
as-well.
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5.8 Conclusion

The use of distributed calculation for the solution of the OPF and
SCOPF problems has been demonstrated on interconnections with a
variety of HVAC and HVDC configurations.

Distributed OPF shows great promise, with results very closely repli-
cating those of the central solution. This is true for both pure HVAC
grids, as well as mixed HVAC-HVDC interconnections.

The distributed SCOPF is more problematic, with several issues
remaining. While the solution is approximately, to within a few percent,
the same as the centralized one, they are not sufficiently close to be used
in operation. It is likely that an improved formulation of the outage
distribution factors, in particular the LODF, using an initial centralized
solution would improve this. While improvements to the modeling,
using network equivalents, have been proposed and implemented, they
are not sufficient to remedy the problem entirely.

From this perspective, the use of distributed calculations for the
OPF problem can be recommended, for future implementation in real-
istic systems, meaning that need for a centralized solution to the OPF
problem is greatly reduced. In the case of the SCOPF problem the same
can not be said without restriction, however it is likely that a suitable
solution could be found in the future.



Chapter 6

Security Screening in

Multi-Area Systems

In contrast to the SAS, as discussed in chapters 2 and 3, MAS have a
few other characteristics. The primary difference between the single-
area operation, and multi-area operation is that there is not a single set
of contingencies which have to be considered. In the security analysis
of a MAS, the effects of contingencies occurring within the own area on
the own area, which is currently done using the N-1 criterion, the effect
of contingencies occurring in other areas on the own area, and the effect
of contingencies occurring in the own area on other areas needs to be
considered. Contingencies which occur within the same area where they
are evaluated will be called internal contingencies, while contingencies
which occur outside the area where they are evaluated will be called
external contingencies.

6.1 Requirements for an ideal security cri-

terion for multi-area system

In addition to the classical N-1 criterion, which states that the outage of
any single system component should not lead to the overloading of other

87
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components, the following additional requirements can be formulated to
given an extended multi-area criterion:

• Component outages, either line or generation, in the own area
should not cause further outages in other areas.

• Component outages, either line or generation, in other areas should
not cause further outages in the own area.

These criteria are already contained in the operating regulations,
[25], but their evaluation is not formalized as to the manner in which
they should be performed.

It should be noted that the criteria above only concern the opera-
tion of the interconnected system, and do not involve the possible failure
modes of the interconnection. The possible breakdown of the intercon-
nection, which should theoretically be avoided when adhering to all the
principles above, places demands on the amount of local generation
available, as well as the dynamics of the split. Under the consideration
of a complete split of the system, the individual operator is capable of
determining the level of generation adequacy in their internal system,
while the particularities of the splitting are strongly dependent on the
particular system topology and the fault location, as such a much more
complex problem which requires situation dependent consideration.

As was the case for the generation dispatch problem formulated in
chapter 5 the primary consideration here is the consideration of these
requirements under strongly limited information sharing. This will be
primarily done by using an exchange scheme based on equivalent net-
works, a topic which was touched on in section 5.4.

The construction of the credible contingency set, a fully internal
problem in SAS, can not be solved in a de-central manner. In a multi-
area system the operators do not have the full knowledge of the neigh-
boring system. Due to the limited information, they are not able to
compute a set of credible contingencies, nor the impact of these con-
tingencies. The following chapter will present a method by which con-
nected areas can exchange information about the contingencies which
they consider credible and determine the effect of these contingencies
on the other areas. Figure 6.1 outlines this process schematically. In
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the classical N-1 process, which is denoted by the dashed lines, the op-
erator must directly evaluates the set of credible contingencies Ω, and
then determines if the system is secure.

Considered Scenarios - Ω

Equivalent Scenarios

Screened Scenarios

External Scenarios

Evaluation

YES / NO

Calculation of Network Equivalents

Reduction of Equivalent Scenarios

Exchange of Equivalent Scenarios

Evaluation of Scenarios

Determination of Security

’N-1’

Figure 6.1: Schematic Description of Equivalence and Clustering Ap-
proach

The passing of scenario sets between operators enables the sharing
of information without sharing the entire data set. Here each scenario
consists of one contingency. The assumption for the proposed method
is that the scenario set for an interconnected area consists of both an
internal scenario set ΩI and an external scenario set ΩE. The total
scenario set which is to be considered thus consists of the union of
these two sets, that is Ω = ΩI ∪ ΩE. This relationship is outlined in
figure 6.2. For areas with multiple neighbors, the external scenario set
consists of the union of the individual scenario sets. The use of the term
scenarios rather than contingencies is due to the fact that the receiving
area does not need to consider the manner in which the particular case
was generated, rather only that the other ISO considers it sufficiently
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important to be evaluated.

ΩI ΩE

Ω

Figure 6.2: Scenario Sets Considered

In [26] the equivalent models used in the information sharing are
based on sensitivity factors, while [65] considers the creation of an ef-
ficient bound as an alternative to the shared evaluation of the contin-
gencies.

The creation of the complete scenario set can be achieved using com-
plete network knowledge, but as already stated, this is not the approach
followed here.

6.2 The Choice of Network Equivalent

As in chapter 5, the underlying aim is to be able to perform the contin-
gency evaluation without requiring the operators to exchange their full
network models. Transmitting a limited amount of information about
the network requires the use of some form of network equivalents, which
may be as simple as using a generation equivalent on the tie-lines, or
as complex as the full network. As the number of potential additional
scenarios, dim(ΩE), is potentially large, the equivalent networks should
ideally be as small as possible, without removing essential information.

Two classical methods are the REI and Ward [63] equivalents. Both
these equivalents are shown schematically in figure 6.3, where nodes
are indicated by circle, and the connection to the external system by
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G

G

G
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(b) REI equivalent

Figure 6.3: Schematic depiction of network equivalents

dashed lines. The REI equivalent network, also known as a REI-DIMO
network, aggregates the nodes into a radially connected bus, where all
the generation is placed. The Ward network model provides a network
model with meshed connections and multiple injection sites, with gen-
eration located at each of the border nodes. Critical reviews of external
network models have been performed in [22] and [69], while there are
limitations defined, the general suitability of the network equivalents is
not doubted. As contingencies in the external network may affect either
the distribution of the flow on the cross-border lines, or the topology
of the network, the Ward equivalent seems to be more suitable. This
separation of the operating point from the network data is a point out-
lined as beneficial in [69]. Equivalents have been used in contingency
analysis in the late 1970s in [32] and [48]. In [13] both REI and Ward
equivalents are considered for the use in security analysis.

A point which must be considered is with respect to which intercon-
nections the equivalents are calculated. Due to the meshed connections,
most areas have multiple neighbors, which are in turn neighbors to each
other, meaning that there are loops which are formed. Depending on
the selection for the border nodes a closed, with respect to the consid-
ered border, or an open system can be calculated. The distinction here
is the question if the second-level neighbors have a significant influence.
This questions depends on the grid under consideration, and does not
strongly affect the solution methodology.

Shown schematically, from the perspective of area A, in figure 6.4,
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the question which must be answered is if the connection between areas
B, C and D affect area A. Depending on which of the connections
have an effect, the topology of the resulting equivalent network will
be chosen from 6.4b - 6.4e. The further considerations will be based
on single-level neighbors, but appendix B discusses the aggregation of
multiple neighbors.

A

B

C

D

(a) Actual network
topology

A

Beq

Ceq

(b) with only direct
neighbors

A

Beq

Ceq

Deq

(c) with the connec-
tions between all areas

A

Beq

Ceq

(d) with the connection
between areas B and C

A

Beq

Ceq

Deq

(e) with the connection
between areas B and D

Figure 6.4: Schematic depiction of equivalent network with different
schemes for neighboring connections

6.3 Calculation of Equivalent Scenarios

In order to be able to communicate the contingency scenarios which
an operator believes their neighbors should evaluate, the contingency
scenario set must be constructed, and then transformed to a set of
equivalent scenarios. As the set of contingencies which an operator will
evaluate in their own area is well known, the set of contingencies for
equivalent networks that must be generated is also known. Based on
the choice of using Ward equivalents, for each contingency scenario ω
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from the internal contingency set ΩI the operator calculates the Ward
equivalent of their own system.

In the same manner as the classical power flow equations for a re-
sistive network, which can be formulated as in (6.1), where P is the net
generation at each node, B is the network susceptance matrix, and θ are
the nodal angles, the Ward equivalent can be formulated as (6.2), where
Peq is the equivalent generation at the border nodes, Beq is the equiv-
alent network susceptance matrix and θeq describes the nodal angles
for the equivalent system. As each contingency will lead to a different
topology of system, a separate equivalent network must be calculated
for each line contingency, the same is true for the equivalent genera-
tion. The formulation in (6.3) can thus be written. Each scenario ω
is described by its equivalent values [Pω

eq , B
ω
eq, θ

ω
eq]. However θωeq can be

calculated from the other two, and need therefore not be considered
further.

P = Bθ (6.1)

Peq = Beqθeq (6.2)

Pω
eq = Bω

eqθ
ω
eq (6.3)

For each contingency ω the equivalent scenario ωeq consists of a
portion Bω

eq describing the change to the external network, and a portion
Pω
eq describing the change in the equivalent generation. The entire set of

equivalent contingency scenarios is Ωeq = {ωeq}. For the interconnected
area, the number of contingencies to consider quickly grows. The general
formulation of the number of contingencies to consider is given by (6.4),
with the sum being calculated over all other areas i being considered.

dim(Ω) = dim(ΩI) +
∑

i

dim(Ωeq,i) (6.4)

In particular for small areas with large neighbors, this quickly leads
to a strong imbalance between the number of contingencies which are
evaluated for the internal area and those which are evaluated for ex-
ternal areas. In order to solve this issue, techniques which can be used
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to reduce the number of contingencies which must be considered are
evaluated.

6.4 Screening of External Contingencies us-

ing the NDC criterion

As mentioned above, the number of contingencies to evaluate can grow
quickly when the neighboring systems are either large, many or both.
However, it seems reasonable that a number of the contingencies which
are located in the external areas do not have a significant effect on the
internal area. This is particularly the case when the contingencies hap-
pen far away. As an example, an outage in north-western France is
unlikely to have a strong influence on the Italian system. In order to
reduce the number of contingencies which needs to be evaluated, contin-
gency screening can be employed. The original set Ω to be considered
is given as Ω = (ΩI∪Ωeq,E). By the use of screening techniques this set
is reduced so Ω̃ = (ΩI ∪ Ω̃eq,E), which is then evaluated.

This screening process can be performed either by the sending area,
or by the receiving area. Letting the sending area compute the reduction
is important from a data containment stand-point, and for reducing
communication network utilization. However, irrespective of this choice,
which is likely to be a political one, the methods considered can be
applied. For the future consideration, the discussion will be based on
the view of the internal operator, with all notation reflecting this. This
is not meant to support the view that the internal area should be the
one performing the reduction.

A large body of research on contingency screening exists, using tech-
niques such as filtering, [16], ranking, for example [17] and [27], or
neural-network, for example [60] and fuzzy inference [49]. Most of these
methods were developed for the use in dynamic systems, and as such
had other targets than considered here.

One form of screening is presented in [14]. This screening method,
termed Non-Dominated Contingency (NDC) is based on the notion that
a contingency which has effects that are strictly smaller than another
contingency does not need to be considered further as it is fully covered
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c2

c3

c4

c1

Figure 6.5: Schematic depiction of the NDC criterion. Case c1 is dom-
inated by case c4, thus c2, c3 and c4 are non-dominated

by the bigger scenario. A contingency is said to be non-dominated if
there does not exist any other contingency which has equally big, or
bigger, effects. Conversely a scenario is said to be dominated if there
exists a scenario which is strictly bigger. In the form presented in [14],
the NDC approach removes such scenarios which are dominated, leaving
the non-dominated scenarios for further consideration. A contingency
ωj is said to be non-dominated if (6.5) is fulfilled. Geometrically the
concept of NDC can be interpreted as the polygon spanned by the points
of a dominated contingency lying within the polygon spanned by the
dominating contingency, as shown schematically in figure 6.5. When
more inputs are considered, the polygon becomes more complicated. In
the example outlined in figure 6.5, c1 is strictly smaller than the other
scenarios, and the reduced set Ω̃ would consists of {c2, c3, c4}.

ωj � ωi ∀ωi ∈ Ω \ ωj (6.5)

A problem when applying the NDC approach on network equivalents
is that the notion of being more or less influential is difficult to defined.
In single operator systems the influence of each contingency can be
determined, this is however not possible without the full-network model
in the multi-operator case.

The Ward equivalent consists of both a network equivalent Beq and
a power injection equivalent Peq . While a comparison of the numbers
can be performed Beq, it does not have practical importance. A branch
which has a larger impedance does not necessarily have a larger influ-
ence. As such the remaining portion which can be considered is Peq. As
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the power injections occur at the borders, it can reasonably be argued
that a contingencies influence can be determined by its power injection
on the border lines. If the magnitude of the equivalent power injections
is considered, (6.5) is replaced by (6.6), where ’bigger’ is clearly defined.

Peq,j ≥ Peq,i ∀ωi ∈ Ω \ ωj (6.6)

The input contingency set Ω = {ω} is replaced by Ω̃ = {ω̃} where ω̃
are non-dominated according to (6.6).

Employed on the border between areas A1 and A2 in the RTS 96,
as described in A.3, and considering only Peq for all single line contin-
gencies in A2, a reduction factor of 65% can be achieved, meaning that
approximately two-thirds of the contingencies are strictly smaller than
all others. The reduction achieved using the NDC criterion is clearly
very strong, but at the same time it completely removes the network
portion of the dominated contingencies as well.

Figures 6.6 and 6.7 shows the envelope of post-contingency line flow
changes using the scenarios which remain using the NDC approach as
well as the values calculated using the full network model. When used as
a screening method, the behavior is generally satisfactory, there are only
a few lines for which the NDC approach does not resemble the actual line
flow envelope. Figure 6.6 only considers the injection portion, while 6.7
additionally includes the network portion of those contingencies which
are non-dominated regarding the injection.

6.5 Screening of External Contingencies us-

ing Clustering

While the number of scenarios which must be considered can be sub-
stantially reduced by using the NDC approach, this approach does not
allow the consideration of the network portion Beq as defined in (6.2). In
order to remedy this problem another method is considered. Instead of
filtering the contingencies under the NDC approach, compression can
be used. Compression, and the proposed method, work by removing
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Figure 6.6: Envelope of post-contingency line flows using the NDC ap-
proach, with an external network consisting only of Peq

data-points which contain redundant information. The main object of
both approaches is the desire to fully cover the space of information
about the contingencies, using the minimum amount of representative
points.

While not strictly a compression method, clustering is considered
as an alternative to the NDC approach. Line compression, clustering
depends on the presence of sufficient similarity within the system. In
order to evaluate this the border flows on the A1-A2 border are shown
in figure 6.8 for all line contingencies in the entire RTS 96 system. This
figure shows that there are a large number of contingencies which pro-
duce a similar change, many with little change, and then a number
of contingencies which produce a large change. This similarity is even
more pronounced when the Ward equivalent of the contingency systems
is considered. Figure 6.9 shows the network portion Peq of the Ward
equivalents of area A2 for all single line contingencies in this area. The
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Figure 6.7: Envelope of post-contingency line flows using the NDC ap-
proach, with an external network consisting of Peq and Beq

first 5 contingencies vary greatly, with further variability between con-
tingencies 25 to 35. The remainder of the contingencies do not show as
much variability. This similarity between the contingencies may be due
partly to the filtering and damping which is performed by the passive
network as the distance from the contingency increases. The process of
calculation for the Ward equivalents further increases this effect. Using
the Ward equivalent as the basis for the clustering allows the inclusion
of both the network and generation portion of the contingency scenario
to be kept.

In the design of a cluster, it is desirable to cluster elements which are
similar to each other, yet far away from each other. In [24] this is termed
as being "compact well-separated clusters", the method was originally
created in [23] and also in [9]. In order to employ such clustering, the
right index must be selected. The choice of the clustering algorithm is
important.
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Figure 6.8: Flows on Border Lines Between A1 and A2

Clustering is generally a function which takes the input points and
assigns them a membership function χ to all output points. A cluster is
represented by its cluster center ζ. Two types of clustering are generally
considered, strict clustering which assigns a point to exactly one cluster,
and fuzzy clustering which may assign a point to multiple clusters.

6.5.1 Strict Clustering

Strict clustering can written be as in (6.7). For a given point ωi, the
membership function χi,j to cluster j is 1 if point ωi belongs to cluster j,
and 0 otherwise. A point ωi belongs to a cluster if the distance |ωi− ζj |
between the point ωi and the center ζj of the cluster is minimal over
the considered clusters.
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Figure 6.9: Representation of the Equivalent Networks for Selected Con-
tingencies

χi,j =

{

1 if argminj∈Z |ωi − ζj |
0 else

(6.7)

With this formulation of clustering it is clear that each point must
belong to exactly one cluster. Strict clustering does not allow a point to
belong to more, or less, than one cluster. While this is suitable when the
aim is to find the group which is most similar to the point in question,
and it is certain that the point belongs to one group, it is not well suited
when the point may not belong to any group. An analogy can be made
when sorting fruit. Strict clustering is well-suited when there are only
apples and pears, however, if the fruit could also be another fruit, strict
clustering is no longer suitable.
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6.5.2 Fuzzy Clustering

In contrast the concept of fuzzy clustering, as presented in [23] and [8],
describes the membership function χi,j of a point ωi to a cluster j as a
natural number. The naïve description of this relationship is given in
(6.8). The membership value χi,j represents a distance measure |ωi−ζj |,
which increases with increasing distance, between the location of the
point xi and the center ζj of all clusters Z. It should be noted that χi,j

exists for all points i and all clusters j.

χi,j = 1− |ωi − ζj | ∈ [0, 1]∀j ∈ Z (6.8)

The more detailed formulation of the typical membership function
is given in (6.9), where the geometric average distance is considered.

χi,j =
1

∑

k∈Z
(
|ωi−ζj |
|ωi−ζk|

)2
(6.9)

The difference between fuzzy clustering and strict clustering can be
exemplified with the analogy of rounding. In the case of the number
0.49, which is almost exactly half-way between 0 and 1, the rounded
value would be 0. This would also be the case for the strict clustering.
In the case of fuzzy clustering, the membership function would represent
the almost-equality of the distances. In the case of the number 0.5, strict
clustering would assign it to either 0 or 1, while fuzzy clustering would
assign it to both.

Figure 6.10 shows the fuzzy clustering approach schematically. The
grey points are sufficiently close to the cluster centers, denoted by black
dots, to be considered as inside a cluster, with the border denoted by
the dotted lines. The unfilled circles are points which are not included
in any clusters fuzzy clusters as their membership is too small.

When clustering is used for the simplification of the contingency
scenarios the main desire when using the clustering process is not the
separation of the space into distinct clusters, but rather the faithful
representation of the space; it is then necessary that the distinction
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Figure 6.10: Schematic Depiction of Clustering

between good clustering and poor clustering can be made. A scenario
which cannot be placed into a cluster is one which is different from all
the others, and as such must be considered. The most important feature
of the clustering is the complete covering of the scenario space. For this
reason, the fuzzy clustering is more suitable, as it does not force points
which are far away from a cluster center to be part of one.

6.5.3 Clustering Process

When the clustering is performed on the Ward equivalent, it is per-
formed simultaneously on both the equivalent network and the equiva-
lent power injections. While the schematic representation of clustering,
as shown in figure 6.10, was based had a two-dimensional basis, the ac-
tual clustering is performed on a higher dimensional basis. The center
ζi of a cluster i is defined as a network portion Beq,i and a generation
portion Peq,i , as shown in (6.10), with the network and generation
portion being defined as in (6.2).
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ζi =

[

Beq,i

Peq,i

]

(6.10)

For each input ωi, the membership vector χ is calculated and com-
pared to a break-off point χ. Contingencies which are not sufficiently
in the cluster, where χ ≤ χ, meaning that they are far away from the
cluster, are kept in their original form, as they are not sufficiently rep-
resented by the cluster center ζ. Contingencies which are sufficiently
strongly in a cluster, where χ ≥ χ, or ideally fully in the cluster, mean-
ing χ = 1, are replaced by the center of the cluster.

The set of input scenarios Ω thus becomes the set of output scenarios
Ω̃, with ω̃ defined in (6.11). The output set does not contain multiple
copies of those centers which represent multiple input scenarios. It is
therefore smaller, or at worst the same size, as the input set, meaning
that dim(Ω̃) ≤ dim(Ω).

ω̃i =

{

ζj if χi,j > χ

ωi else
(6.11)

6.5.4 Efficiency of Clustering

It is intuitively clear that the number of clusters used would influence
the performance, measured as the achieved reduction, of the cluster-
ing method. As the scenarios which are not considered as members of
the clusters, as outlined in (6.11), remain in the considered scenario
set, reducing the number of clusters may increase the number of re-
maining scenarios. The achievable reduction is therefor a function of
the minimum number of clusters which is specified, and the minimum
membership which must be achieved for to be replaceable.

For a given system is it neither clear how many clusters should be
used, nor at which level the membership function is sufficient. Fig-
ure 6.11 shows the relationship between the reduction factor, given by

η = dim(Ω̃)
dim(Ω) , the number of cluster centers used as well as χ. It can

be seen that the choice of χ has a strong influence on the amount of
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clustering performed. The minimal number of contingencies which must
be retained, defined by the flat valley, indicated that there is a distinct
group of scenarios which are sufficiently different, and must always con-
sidered. The flat maximum at 90% reflects the influence of a number of
contingencies which have identical influence. The general notion is that
the increase of χ gives a more specific value for the number of clusters
which should be considered.
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Figure 6.11: Influence of the choice of minimum membership degree on
the amount of clustering. Considering single line faults in area A2.

Compared to the NDC approach with a reduction to 15%, the clus-
tering approach performs a weaker reduction. However this is under
the assumption that only the equivalent power injections are consid-
ered. When both the equivalent network and the equivalent injections
are considered, the performance of the NDC is greatly decreased. As
such the clustering approach provides a valuable tool with which the
number of external contingencies which are to considered be can be
greatly reduced without losing the information contained in them.
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When considering more complicated outage scenarios, such as double
line outages, the clustering becomes even more useful. Shown in figure
6.12 is the reduction factor for single and double line faults in area
A2. Using a break-off value of 95% there is an 80% reduction in the
number of contingency scenarios which must be considered. This strong
reduction makes it feasible for full external network contingencies to be
considered.
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Figure 6.12: Reduction of the set of considered contingencies under full
knowledge. Considering single, and double line faults in area A2.

6.5.5 Clustering with Generation Outages

The outage of a line in a neighboring area causes a change in both the
network portion Beq and the generation portion Peq of the equivalent
network, the outage of a generator does the same. Figure 6.13 shows
that the grouping, which could be seen for only line outages in figure 6.9,
can also be seen when generator outages in area A2 are considered. The
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loss of generation compensation chosen here was that the geneartors in
area A2 were responsible for the compensation, meaning that there was
no net change in the cross-border flow. As the behavior of the system
for the two type of outages is the same, the clustering method could be
applied to this type of outage as well.
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Figure 6.13: Evolution of the equivalent values across the contingencies.
Each line represents one parameter

6.6 Inclusion of External Equivalents in Con-

tingency Analysis

In order to be used to evaluate the effect of the contingencies, the clus-
ter needs to be included in the system model. The equivalent system
consists of two portions, a power injection portion which accounts for
the exchange between the systems, and a network portion. These two
portions can be included either individually or in combination.
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6.6.1 Inclusion of Power Injection Portion

When the power injection portion of the power equivalent is included,
the generation of the virtual nodes is modified.

P ′
G =

{

PG I

Peq,ζ E
(6.12)

Figure 6.14 shows the envelope of the post-contingency changes in
line flows in area A1. The solid line denotes flows calculated with the
full system model, while the dashed lines are the values as calculated
with the inclusion of equivalent injections. From the figure it can be seen
that in most cases, the changes as calculated by the clustered model are
outside the boundaries created by the full model. Of the lines for which
this is not the case, there are the border tie-lines, which are not included
in the calculation of the local LODF, and lines which are very close to
the border. Here primarily the line between A1.13 and A1.23 should be
mentioned. These overly high estimates cause false positives for security
violations, leading to a pessimistic view on the system security. This
would lead to unnecessarily high cost, but generally be acceptable from
a security assessment point of view.

In this example five clusters are mandated, and χ = 0.95. As there
is only a singe connection point between A1 and A3, the entire model
of A3 consists of a single outage point. As such the influence of this
area is not further considered.

6.6.2 Inclusion of Power Injection and Network Por-

tions

While false positives are not a severe problem when screening contin-
gencies, they become problematic when one wants to select an economic
operating point. Until now the setup for modeling the faults in neigh-
boring systems was variable generation units. In a more detailed model
these units are connected by lines. These lines form a complete mesh
between the border nodes. The impedance of the lines is given by the
elements of the cluster. The susceptance matrix of the network B is
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Figure 6.14: Envelope of post-contingency line flows for lines in area
A1, and faults caused by lines in area A2

given for all node pairs (i, j). Hence the impedance xζ
i,j of a cluster line

between nodes i and j is given by (6.13).

B(i, j) =

{

∑

1
xi,j

i = j

− 1
xi,j

i 6= j
⇒ xω̃

i,j = −
1

Bω̃
i,j

(6.13)

In this case the change in line flows is calculated in the same way,
but all portions of the calculation are affected. The comparison for this
case is shown in figure 6.15. While the zero-change elements given by
the tie-lines are still present, the gross over-estimation has been greatly
reduced.

The use of clustered equivalent models is an efficient method for the
screening of contingencies for their effect on the internal network. The



6.6. Inclusion of External Equivalents 109

5 10 15 20 25 30 35 40
−4

−3

−2

−1

0

1

2

3

Line Number

P
o

s
t 

C
o

n
ti
n

g
e

n
c
y
 F

lo
w

Envelope of Post Contingency Line Flows

 

 

Cluster

Full Model

Figure 6.15: Envelope of post-contingency line flows for lines in Area
A1 and faults caused by lines in area A2

required inputs are the internal network model and an initial internal
dispatch. Furthermore a set of contingency clusters for the external area
is required. The sending area does not need to transmit the full network
model nor specify which contingencies are included in the calculation.
As such a multitude of contingencies, ranging from single line outages to
multiple line outages, as well as internally compensated generation out-
ages can be considered with this method. While the distributed solution
of the SCOPF problem was considered in chapter 5 the current trend
of moving away from a central dispatch, and towards a market may
likely drive the needs of operators towards screening methods rather
than dispatch methods.
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6.7 Comparison of the NDC and Clustering

Approaches

As can be seen from the comparison between the results in figures 6.6,
6.7, 6.14 and 6.15 there is little difference with respect to the ability
of the two methods to determine the maximum post-contingency line
flows. In both cases there are points which are good and those which are
less satisfactory. This is a theme which is replicated for different load
levels, for some lines the NDC approach gives a better prediction, while
for others the clustering approach is more suitable. This is also shown
in figure 6.16, where a subset of the lines are chosen as an example.
These lines are particularly badly represented by both the NDC and the
clustering approach. For the lines numbered 36 and 37, the clustering
approach performs better than the NDC approach, for liens 38 and
39 the maximum positive change is better represented by the NDC
approach, while the maximum negative change is better represented by
the clustering approach.

Following the lack of clear differentiation with this primary criterion,
the decision whether to use clustering or the NDC approach must be
based on other criteria. The clustering method does not remove those
scenarios which are assumed in advance to have little effect, but rather
removes those which are similar, as such no assumption about how the
system will respond is made. When considering risk-based system oper-
ation, with a possible formulation outlined in chapter 3, this becomes an
added benefit, as the probability distribution of the remaining clusters
better represents the probability distribution of the initial contingencies.

From a practical standpoint, the clustering approach has a clear
benefit in that the number of scenarios which it produces does not vary
greatly. There are load cases where the NDC approach performs very
badly, leaving approximately 98% of the contingencies to be consid-
ered, while the clustering approach performs as usual. While the best-
case performance of the NDC approach is substantially better than the
clustering approach, the worst-case performance is worse for the cases
considered. This relationship is shown in table 6.1 for a number of load

cases, where the size of the equivalent scenarios is defined as η = dim(Ω̃)
dim(Ω) .

From a modeling standpoint the clustering method considered both
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Figure 6.16: Comparison between the NDC and clustering approaches
for selected lines.

the network data and the power data when determining the scenarios to
be considered further. This allows the clustering approach to consider
contingency cases where the network portion Beq has a greater influence
than the generation portion Peq , which can not be achieved with the
NDC approach. The clustering approach also does not assume that
the contingency with the greatest equivalent generation will have the
greatest effect on the system.

However, the clustering method is a more complicated method, as it
is not based on a simple comparison between all the scenarios. On the
other hand the comparison between all scenarios is in essence a combi-
natorial problem, and thus quickly becomes very big. As a summary,
the clustering method presents an alternative method to the scenario
reduction compared to the NDC approach. The clustering approach
is based on similarity rather than on the comparison of the effect of a
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Table 6.1: Comparison of size of equivalent scenario set between the
NDC approach and the clustering approach for selected system loadings

System Load Multiplier Size of Equivalent Scenarios - η
Case A1 A2 A3 NDC Clustering

(i) 1 1 1 35.00 27.50
(ii) 1.2 1 1 12.50 27.50
(iii) 1 1.2 1 97.50 27.50
(iv) 1.6 1.2 1 15.00 27.50
(v) 1.2 1.6 1 100.00 32.50

contingency.

6.8 Proposal for Values to be Returned to

Sender

The security evaluation process, as outlined in figure 6.1, involves the
detection and identification of outages which violate the security limits
of the system. In the MAS case an area where a contingency which leads
to outages in an external areas must be notified of this fact. As such
the first piece of information which must be returned is the presence of
a contingency which leads to the violation of system limits, and thus
possibly to the outage of further components.

After an area has collected all contingencies which violate any lim-
its in the interconnected system the decision of where to take remedial
actions should be considered. Two different paradigms can be consid-
ered here: either the offending area should take remedial action, or the
remedial action should be taken by the actor most willing. This choice
affects remedial actions for both internal and external violations.

In the context of cross-border trading, the remedial actions for a fault
becomes the selection of a new generating point PN

G . This permutation
must maintain the power balance of the system, and satisfy all the
network constraints. When such a point has been found, the process
of scenario exchange and evaluation must be performed. The following
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conceptual outline for such a process is therefore defined:

Step I Determine an initial generation dispatch. Either using the
distributed calculation in chapter 5, or via a market-based
process

Step II Create and transmit the scenario cluster equivalents, as de-
fined in section 6.5

Step III Perform and evaluate the security screening of the system in-
cluding the external contingencies.

Step IV If the result of Step III indicates a violation, search for a
permutation which can mitigate the problem.

Step V Create new cluster equivalents, and transmit them to the
other parties. Then reevaluate. This process is performed
until there are no violations left

Clearly this process is not optimal, furthermore there is no guar-
antee of termination, as it can not be guaranteed that the solutions
will converge. The process further does not provide any incentive for
reducing the number of contingencies which cause violations in other
areas. As such some form of cost should be considered, with the cost of
performing the local permutation as an initial candidate.

Using a combination of the distributed calculation and the risk-based
process outlined in chapter 3 the process can be made more fair. The
distributed calculation method defines marginal cost of generation at
each border node. This marginal cost of generation is also the marginal
cost of redispatch for the said node. This factor can be included as a bid
bu, bd in the cost function. The amount of redispatch which is offered
here is given by the limitations of the tie-line flows.

The calculation of the probability of an external contingency occur-
ring is contained in the clustering, with each cluster being weighted with
the sum of the probabilities of its constituent scenarios.

As a result of the combination of the distributed calculation, a
scenario-based redispatching formulation and an efficient representation
of external scenarios, it is possible to calculate a suitable redispatch
without having intimate knowledge of the external system.





Chapter 7

Closure

Developments in the electrical power system have lead to a situation
where multiple operators affect the sub-system which make up the
whole. This state means that, contrary to the current view of the op-
erators, who consider themselves as the sole operator, do not have a
fully accurate picture of the system. This thesis presents methods and
approaches which can be used to improve the view the operators have.
The methods are based on the assumption that the operators do not
have the ability to exchange their full grid information with each other.

The particular problem tackled by this thesis are three-fold. First,
how an operator can choose which operating point to operate at based
on the cost of redispatching and the probability of the redispatching
being needed. The second problem is how multiple operators can co-
operatively determine the generation schedule without knowing how the
generation portfolio, load profile or network topology of the neighbors
look. The third issue, which is considered, is how the effects of the
contingencies occurring in one area can be evaluated in a second area
without transmitting the entire set of contingencies.

Regarding the redispathing, a formulation by which a defined set
of actions can be coordinated under consideration of the costs of these
action and the probability of the events driving the need for these actions
taking place is developed. As the method only performs redispatching
when it becomes necessary, the proposed method has the potential to

115
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reduce the costs of system operation, by increasing the flexibility of
the operator and by reducing the amount of resources which must be
employed to achieve a satisfactory operating point. At the same time it
gives the operator a better overview of which actions may be required of
them in the future, also implying an increased awareness of the system.

The solution presented for the multi-lateral solution of the genera-
tion dispatch problem, where repeated partial information sharing and
iterative solutions are used to achieve the information exchange, per-
forms well. It gives good solutions in acceptable time. Due to modelling
improvements presented here, non-traditional interconnections can be
included. The inclusion of multiple types of connections is demonstrated
on an two HVDC grids, with different connection topologies being con-
sidered. The feasibility of mixed HVAC-HVDC grids operated cooper-
atively is clearly demonstrated.

In addition to the new formulation the thesis considers how the
presence of an incorrectly behaving operator may affect the system.
Detection and identification measures are proposed an tested, showing
that such an operator can sometimes be detected and identified in a
fully decentral manner, the identification is greatly simplified with a
central entity with the power of ex-post regulation.

In order to be able to determine if the own system is secure against
contingencies in neighboring areas, these contingencies must be eval-
uated. Due to the possibly large number of contingencies, a reduces
set would be preferable. The reduction of the size of the contingency
set required to evaluate the influence using the clustering approach is
demonstrated and shown to perform well. Approximately two-thirds of
the contingencies do not need to be considered further, meaning that
substantially less calculations need to be done. It is shown that the
use of clustering does not negatively affect the screening of the system.
Comparison between the clustering algorithm proposed and another cri-
teria shows that while both are equally good at detecting problem, the
clustering method provides a more consistent reduction of the size of
the required contingency set.

The work in this thesis provides methods which can be used to sup-
port the decentral operation of the electric power system. In contrast to
a centralized operation, the decentral operation allows the sub-systems
to maintain their autonomy. Using the methods and algorithms de-
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veloped here, this is possible without sacrificing system security. The
practical implementation of the methods presented does not require vast
changes to the current way in the the system is operated. This opens
for the possible use in industry.

Future Work

While this thesis presents methods which can be used in the operation of
electric power grids with multiple participating operators, a fully inte-
grated solution still remains a target. In order to be able to have a fully
automatic, automated and decentral operation, the methods presents
need to be both extended, complemented and unified. For each of the
main contributions suitable future research directions can be identified.

With regards to the risk-based redispatching, more detailed con-
sideration of the different time-scales available for corrective actions,
meaning that both fast and slow resources could be included, allow-
ing for replacement of fast, but energy limited, resources with slower
sources. While partial consideration of the ramp-rate capabilities can
be performed during pre-qualification of the bids, a more dynamic view
with multiple time-scales would better represent the demands and pos-
sibilities of the system.

For the multi-participant solution, the development of suitable re-
search into the practical implementation, particularly issues of synchro-
nization fault tolerance and the difference in solution time introduces by
the communication systems is of importance. Further, a more detailed
study of the failure modes introduces by the misrepresentation of data
needs to be performed. Primarily to determine the requirement which
must be set up to ensure proper behavior of the participants.

For the clustering approach the integration of the resulting informa-
tion into the solution of the generation dispatch problem is of primary
interest. The current approach allows screening of an operating point,
but does not give information about how to find one which is satisfac-
tory.

Additionally, there are legal and regulatory issues, such as how the
participants should be compensated for limitations introduced by oth-
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ers, or how data exchanges should be structured, which need to be
addressed before a real-life implementation can be achieved.
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Appendix A

Benchmark System Data

This appendix describes the data used in the case studies. The test
systems were chosen to be publicly available. The RTS 96 was chosen
because it is the only freely available test system which consists of, at
least, three areas where each area is connected to all other areas.

A.1 IEEE14

The well-known IEEE 14-bus test system was used in its original form.
5 of the nodes have generation capacity available, the remaining 9 have
none. The generation nodes have no load. The maximum line flows are
non-directional, meaning that they are the same in both directions, as
such only the maximum absolute flow is given. The node parameters
are listed in table A.1, and the line parameters are listed in A.2

129



130 Appendix A. Benchmark System Data

Table A.1: Nominal node parameters for HVAC portion of IEEE 14 bus
test system

Generation Costs Load Generation Maximum
Number Quadratic Linear [pu] [pu]

1 0.0430 20.0000 0 3.324
2 0.2500 20.0000 0.217 1.4
3 0.0100 40.0000 0.942 1
4 -NA- 0.478 0
5 -NA- 0.076 0
6 0.0100 40.0000 0.112 1
7 -NA- 0 0
8 0.0100 40.0000 0 1
9 -NA- 0.295 0
10 -NA- 0.09 0
11 -NA- 0.035 0
12 -NA- 0.061 0
13 -NA- 0.135 0
14 -NA- 0.149 0
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Table A.2: Nominal line parameters for HVAC portion of IEEE 14 bus
test system

Incident Nodes Reactance Maximum Flow
Number From To x [pu] [pu]

1 1 2 0.005917 1
2 1 5 0.022304 1
3 2 3 0.01979 1
4 2 4 0.017632 1
5 2 5 0.017388 1
6 3 4 0.017103 1
7 4 5 0.004211 1
8 4 7 0.020912 0.5
9 4 9 0.055618 0.5
10 5 6 0.025202 0.5
11 6 11 0.01989 0.5
12 6 12 0.025581 0.5
13 6 13 0.013027 0.5
14 7 8 0.017615 0.5
15 7 9 0.011001 0.5
16 9 10 0.00845 0.5
17 9 14 0.027038 0.5
18 10 11 0.019207 0.5
19 12 13 0.019988 0.5
20 13 14 0.034802 0.5
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Table A.3: Failure probabilities for risk based assessment

Line Failure Probability

1 0.0052
2 0.0032
3 0.0098
4 0.0056
5 0.0037
6 0.0041
7 0.0049
8 0.0002
9 0.0021
10 0.0090
11 0.0024
12 0.0010
13 0.0020
14 0.0085
15 0.0079
16 0.0073
17 0.0017
18 0.0025
19 0.0027
20 0.0027
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Table A.4: Nominal line parameters for HVDC portion of IEEE 14 bus
test system

Incident Nodes Resistance Maximum Flow
Number From To r [pu] [pu]

1 1 4 0.027436 0.5
2 1 5 0.027436 0.5
3 2 3 0.027436 0.5
4 2 5 0.027436 0.5
5 3 4 0.027436 0.5
6 3 5 0.027436 0.5
7 4 5 0.027436 0.5

A.2 IEEE14 with HVDC

The IEEE 14 bus system with HVDC extension has the same HVAC
portion as described in A.1. The HVDC portion consists of 5 nodes,
with 7 lines connecting them. 4 of the nodes are connected to HVDC
terminals which link the HVDC system to the HVAC system. As there
is no generation or load in the HVDC system, only the line parameters
are given in table A.4. The terminals are all considered to be loss-less,
and with a 1 per-unit maximum transmission capacity. The terminals
are connected to HVDC nodes 1,2,3 and 4, located at HVAC nodes 1,
3,9 and 13. The topology of the system is shown in figure A.1

A.3 RTS96

The RTS 96 test system consists of three identical systems which are
connected to each other via a total of 5 tie-lines. Each area has 33
generators available, with several generators being connected at the
generation nodes. The load in the three systems is different in the
nominal case, and is given in table A.5. The generation parameters are
given in table A.6.

The lines for the test system are outlined in table A.7. Line 1 to 38
are in all areas, line 39 is only present in area A3. The tie-lines connect
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Table A.5: Nominal node parameters for HVAC portion of RTS96 test
system

Net Load in Area
Node Number A1 A2 A3

1 108 135 108
2 97 121.25 97
3 180 225 180
4 74 92.5 74
5 71 88.75 71
6 136 170 136
7 125 156.25 125
8 46 213.75 171
9 175 62.5 175
10 195 243.75 195
11 0 0 0
12 0 0 0
13 90 -106.25 265
14 194 242.5 194
15 142 396.25 317
16 100 125 100
17 0 0 0
18 333 416.25 333
19 181 226.25 181
20 128 160 128
21 0 0 0
22 0 0 0
23 0 0 0
24 0 0 0
25 -NA- -NA- 0
∑

2375 2968.75 2850
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Table A.6: Nominal generator parameters for HVAC portion of RTS96
test system

Generator Connection Generation Generation Cost
Number Node max min Quadratic Linear

1 1 20 16 0 130
2 1 20 16 0 130
3 1 76 15.2 0.0141 16.0811
4 1 76 15.2 0.0141 16.0811
5 2 20 16 0 130
6 2 20 16 0 130
7 2 76 15.2 0.0141 16.0811
8 2 76 15.2 0.0141 16.0811
9 7 100 25 0.0527 43.6615
10 7 100 25 0.0527 43.6615
11 7 100 25 0.0527 43.6615
12 13 197 69 0.0072 48.5804
13 13 197 69 0.0072 48.5804
14 13 197 69 0.0072 48.5804
15 14 0 0 0 0
16 15 12 2.4 0.3284 56.564
17 15 12 2.4 0.3284 56.564
18 15 12 2.4 0.3284 56.564
19 15 12 2.4 0.3284 56.564
20 15 12 2.4 0.3284 56.564
21 15 155 54.3 0.0083 12.3883
22 16 155 54.3 0.0083 12.3883
23 18 400 100 0.0002 4.4231
24 21 400 100 0.0002 4.4231
25 22 50 10 0 0.001
26 22 50 10 0 0.001
27 22 50 10 0 0.001
28 22 50 10 0 0.001
29 22 50 10 0 0.001
30 22 50 10 0 0.001
31 23 155 54.3 0.0083 12.3883
32 23 155 54.3 0.0083 12.3883
33 23 350 140 0.0049 11.8495
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two areas. There are a total of 5 tie-lines in the RTS 96 test system
used. Incident nodes are denoted by the both the area they are in, and
the node number in the respective area. For example A1.7 denotes node
7 in area A1.

Table A.7: Nominal line parameters for HVAC portion of RTS96 test
system

Incident Nodes Inductance Maximum Flow
Number From To x [pu] [pu]

Area A1
1 1 2 0.0139 1.75
2 1 3 0.2112 1.75
3 1 5 0.0845 1.75
4 2 4 0.1267 1.75
5 2 6 0.1920 1.75
6 3 9 0.1190 1.75
7 3 24 0.0839 4
8 4 9 0.1037 1.75
9 5 10 0.0883 1.75
10 6 10 0.0605 1.75
11 7 8 0.0614 1.75
12 8 9 0.1651 1.75
13 8 10 0.1651 1.75
14 9 11 0.0839 4
15 9 12 0.0839 4
16 10 11 0.0839 4
17 10 12 0.0839 4
18 11 13 0.0476 5
19 11 14 0.0418 5
20 12 13 0.0476 5
21 12 23 0.0966 5
22 13 23 0.0865 5
23 14 16 0.0389 5
24 15 16 0.0173 5
25 15 21 0.0490 5
26 15 21 0.0490 5
27 15 24 0.0519 5
28 16 17 0.0259 5
29 16 19 0.0231 5
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Table A.7: Nominal line parameters for HVAC portion of RTS96 test
system

Incident Nodes Inductance Maximum Flow
Number From To x [pu] [pu]

30 17 18 0.0144 5
31 17 22 0.1053 5
32 18 21 0.0259 5
33 18 21 0.0259 5
34 19 20 0.0396 5
35 19 20 0.0396 5
36 20 23 0.0216 5
37 20 23 0.0216 5
38 21 22 0.0678 5

Area A2
1 1 2 0.0139 1.75
2 1 3 0.2112 1.75
3 1 5 0.0845 1.75
4 2 4 0.1267 1.75
5 2 6 0.1920 1.75
6 3 9 0.1190 1.75
7 3 24 0.0839 4
8 4 9 0.1037 1.75
9 5 10 0.0883 1.75
10 6 10 0.0605 1.75
11 7 8 0.0614 1.75
12 8 9 0.1651 1.75
13 8 10 0.1651 1.75
14 9 11 0.0839 4
15 9 12 0.0839 4
16 10 11 0.0839 4
17 10 12 0.0839 4
18 11 13 0.0476 5
19 11 14 0.0418 5
20 12 13 0.0476 5
21 12 23 0.0966 5
22 13 23 0.0865 5
23 14 16 0.0389 5
24 15 16 0.0173 5
25 15 21 0.0490 5
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Table A.7: Nominal line parameters for HVAC portion of RTS96 test
system

Incident Nodes Inductance Maximum Flow
Number From To x [pu] [pu]

26 15 21 0.0490 5
27 15 24 0.0519 5
28 16 17 0.0259 5
29 16 19 0.0231 5
30 17 18 0.0144 5
31 17 22 0.1053 5
32 18 21 0.0259 5
33 18 21 0.0259 5
34 19 20 0.0396 5
35 19 20 0.0396 5
36 20 23 0.0216 5
37 20 23 0.0216 5
38 21 22 0.0678 5

Area A3
1 1 2 0.0139 1.75
2 1 3 0.2112 1.75
3 1 5 0.0845 1.75
4 2 4 0.1267 1.75
5 2 6 0.1920 1.75
6 3 9 0.1190 1.75
7 3 24 0.0839 4
8 4 9 0.1037 1.75
9 5 10 0.0883 1.75
10 6 10 0.0605 1.75
11 7 8 0.0614 1.75
12 8 9 0.1651 1.75
13 8 10 0.1651 1.75
14 9 11 0.0839 4
15 9 12 0.0839 4
16 10 11 0.0839 4
17 10 12 0.0839 4
18 11 13 0.0476 5
19 11 14 0.0418 5
20 12 13 0.0476 5
21 12 23 0.0966 5
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Table A.7: Nominal line parameters for HVAC portion of RTS96 test
system

Incident Nodes Inductance Maximum Flow
Number From To x [pu] [pu]

22 13 23 0.0865 5
23 14 16 0.0389 5
24 15 16 0.0173 5
25 15 21 0.0490 5
26 15 21 0.0490 5
27 15 24 0.0519 5
28 16 17 0.0259 5
29 16 19 0.0231 5
30 17 18 0.0144 5
31 17 22 0.1053 5
32 18 21 0.0259 5
33 18 21 0.0259 5
34 19 20 0.0396 5
35 19 20 0.0396 5
36 20 23 0.0216 5
37 20 23 0.0216 5
38 21 22 0.0678 5
39 23 25 0.0090 7.22

Tie-Lines
1 A1.7 A2.3 0.1610 1.75
2 A1.13 A2.15 0.0750 5
3 A1.23 A2.17 0.0740 5
4 A3.25 A1.21 0.0970 5
5 A3.18 A2.23 0.1040 5

A.4 RTS96 with HVDC

The HVAC portion of the HVAC-HVDC RTS 96 test system is the same
as outlined in A.3. The HVDC portion consists of 8 nodes with 16 lines
connecting them, described in table A.8. The per-unit impedances for



A.4. RTS96 with HVDC 141

Table A.8: Nominal line parameters for HVDC portion of RTS96 test
system

Incident Nodes Resistance Maximum Flow
Number From To r [pu] [pu]

1 1 2 1.3908 3
2 1 3 2.3424 3
3 1 5 4.3920 3
4 1 7 3.2208 3
5 2 4 1.3762 3
6 2 7 3.2794 3
7 3 4 1.5398 3
8 3 5 3.9821 3
9 3 8 1.6397 3
10 4 6 1.3762 3
11 4 8 1.1712 3
12 5 6 1.3908 3
13 7 3 1.1712 3
14 7 4 3.1622 3
15 8 5 1.4640 3
16 8 6 0.8784 3

the HVDC and HVAC lines are not comparable. As for the IEEE 14
bus test system, outlined in A.2, the terminals are assumed to be loss-
less and ideal. The terminal connection points are shown in table A.9.
There is no generation or load in the HVDC grid.
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Figure A.2: The RTS 96 HVAC-HVDC system used. Figure drawn by
Roger Wiget.
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Table A.9: Nominal terminal parameters for HVDC portion of RTS96
test system

Connection Point Maximum Flow
Number HVAC HVDC [pu]

1 A1.15 1 5
2 A1.9 2 5
3 A2.16 3 5
4 A2.10 4 5
5 A3.16 5 5
6 A3.9 6 5





Appendix B

Dynamic Combination of

Neighbors

As described in the original formulation, the Ward equivalent admit-
tance matrix is determined by (B.1)

[

Bi,i Bi,e

Be,i Be,e

]

(B.1)

In [45] this approach is extended to include a boundary area, as
shown in (B.2). Here all connections between the internal area and
the external area are included in the boundary area, hence the 0 in
the respective positions. Based on this notion, the extension to multi-
area systems is proposed. Each neighboring system can act as both an
external area and a boundary system.





Bi,i Bi,b 0
Bb,i Bb,b Bb,e

0 Be,b Be,e



 (B.2)

The general formulation of the multi-area admittance matrix is given

145
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by (B.3). Here each system is directly connected to each and every other
system.





Ba,a Ba,b Ba,c

Bb,a Bb,b Bb,c

Bc,a Bc,b Bc,c



 (B.3)

Compared to the formulation with a single external area, or the for-
mulation with boundary areas, the connections between external areas
are explicitly included. From the perspective of the operator in area A,
the connections within a given area, Ba,a are known, as are the con-
nections to directly neighboring areas, Ba,b,Ba,c respectively. What is
unknown is the connections within neighboring areas, Bb,b and Bc,c, as
well as the connections between these areas Bb,c. As the exact state of
these systems are not of interest, the equivalent network is sufficient.

In order to determine the equivalent formulation (B.1) for the total
system without full knowledge, all participants must exchange their
models with all other participants.

For a two-area system the addition of an external system is per-
formed by addition.

To outline the working of the generation method, the case of a fully
connected, three node system with two external connections is used.
Nodes 1, 2, 3 are internal nodes, and nodes 4, 5 represent the connections
to external areas. In this simple case, all external interconnections will
be represented as additional connections between nodes 4 and 5. This
system is graphically outlined in figure B.1, where the unknown external
connection is represented by the dashed line.

1 2

3

4

5

Figure B.1: Example System to Outline Inclusion of External Systems
is Equivalent Systems
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The internal area includes the connection to the external system,
given by single line-bus combinations. The corresponding rows of the
susceptance matrix have two non-zero entries. The diagonal element,
and the opposite node. This is shown in (B.5)













B11 B12 B13 0 0
B21 B22 B23 B24 0
B31 B32 B33 0 B35

0 B42 0 B44 0
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= (B.4)
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(B.5)

Correspondingly the equivalent network for the external grid con-
tains only connection between nodes 4 and 5, as shown in (B.5). Fol-
lowing the linear nature of the susceptance matrices, the formulation of
the total system is performed by the addition of the two, as shown in .

Compared to (B.3) all values apart from Bb,c and Bc,b are now
known.

Conceptually the connection which affect a system can be extended
to those which are strictly internal to the system, those which are strictly
external to the system, and those which are both boundary connections.
The interconnections between external areas

In order to allow for the inclusion of the connections between the
external areas, additional calculation-nodes must be included. This
additional node is a node on the border between the two external areas.

The following algorithm is proposed for the dynamic generation of
equivalent circuits:

[1] Collect all the equivalent networks from all participants

[2] Collect a list of interconnections, noting start and end nodes
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[3] For each element in the list of interconnections do:

(a) ⊕[B(From,From), B(To,To)]

(b) ⊕[B(From, :), B(To, :)]

(c) ⊕[B(:,From), B(:,To)]

Where ⊕[·, ·] is a place holder for (B.6)

[4] Remove the columns and rows for To

[5] Reduce external nodes

The operation ⊕(·, ·) denotes an move of the associated matrix ele-
ments to a new position. Thus all the elements which were previously
associated with a To-Node are shifted to the associated From-node. In
order to avoid the need for renumbering, the size is maintained. This
is shown in (B.6), where I and O denote input and output variables
respectively.

⊕[α, β] =

{

αO = αI + βI

βO = 0
(B.6)

In order to further reduce the size of the system, additional reduc-
tion steps can be performed on the nodes which are strictly external to
the system. This is a classical gaussian reduction step as was already
performed for the equivalent network.

The system can be further reduced by removing nodes which are
in-line connections between areas. Thus the number of nodes in the
interconnected model is the same as in the original system with tie-lines
represented as virtual nodes. The external systems are represented by
equivalent lines.



Appendix C

Loss Proxy

The power losses of a line are quadratic in the current flowing across the
line, as given by (C.1). The amount of power which is transported across
a line is given by (C.2), where Unom is the nominal system voltage. Using
this relationship, (C.3) can be formulated. As such the power losses are
approximately quadratic in the amount of power flowing across the line.
With the use of flat voltages and under the assumption of all lines having
similar length, the relationship simplified further, as given by (C.4).

Ploss = I2R (C.1)

Ptransport ≈ UnomI (C.2)

Ploss ≈ (
Ptransport

Unom

)2R (C.3)

Ploss ≈ P 2
transport (C.4)

The active power transported over a line is given by (C.5), which is
approximated by (C.6). In matrix form, this can be written as (C.8),
which is approximately (C.9)
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Ptransport =
Ui − Uj

xi,j

sin(θi − θj) (C.5)

Ptransport ≈
1

xi,j

(θi − θj) (C.6)

P 2
transport ≈ (θi − θj)

1

xi,j

1

xi,j

(θi − θj) (C.7)

P 2
transport ≈ θT

1

x

T 1

x
θ (C.8)

P 2
transport ≈ θTWrrθ (C.9)
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