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ABSTRACT  

 
The operating period of nuclear power plants can be prolonged if it can be shown that their 

safety has remained on a high level, and for this, it is necessary to estimate how the aged 

systems, structures and components (SSCs) influence the NPP reliability and safety. 

To emphasize the ageing aspects the case study presented in this paper will assess different 

time depending models for rate of occurrence of failures with the goal to obtain the best fitting 

model.  

A sensitivity analysis for the impact of burn-in failures was performed to improve the result of 

the goodness of fit test. Based on the analysis results, a conclusion about the existence or the 

absence of an ageing trend could be developed. A sensitivity analysis regarding of the 

reliability parameters was performed, and the results were used to observe the impact over the 

time-dependent rate of occurrence of failures. 
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Introduction 

 
Most of nuclear facilities were commissioned in the 70s – 80s, the extension of operating licenses over 

40 years for power reactors being a viable option for the operators of nuclear power plants to ensure the 

adequacy of future capacity of power generation, in terms of economic benefits, [1]. 

The operating period of nuclear power plants can be prolonged if it can be shown that their safety has 

remained on a high level, and for this, it is necessary to estimate how the aged systems, structures and 

components (SSCs) influence the NPP reliability and safety. 

 

Frequentist or classical estimation 
 

A very important issue of the ageing analysis and assessments is to estimate the values of the time-

dependent reliability parameters. In estimation of time-dependent parameters the frequentist, or classical, 

method can be used. 

The most commonly used frequentist estimate is the maximum likelihood estimate (MLE), [2]. The 

maximum likelihood estimate of the failure rate, λ, is: 
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The observed number of events is divided by the observed time period. The MLE is an estimate 

calculated from the data. 

It is also possible to combine, or pool, data from several independent processes, each having the same 

rate λ. In particular, suppose that the i-th Poisson process is observed for time ti, yielding the observed 

count xi. The total number of event occurrences is x =  where the sum is taken over all of the 

processes, and the exposure time is t = . The rate λ is estimated by:  

 

 

 

For example, if the counts obtained for different years are used to estimate the rate, the estimate is the 

ratio of the total count to the total exposure time during these years. 

 

Goodness-of-fit test and parameter estimation 

 

Goodness-of-fit test is used to generate a quantitative measure of how well a model of failure rate can 

replicate the observed data. 

Let the null hypothesis be, [2]: 

H0:  is the same in all the data subsets. 

The test for equality of rates considered here is based on the following calculated quantity, sometimes 

called the Pearson chi-squared statistic, after its inventor, Karl Pearson, or simply the chi-squared 

statistic:  

 

Observe that  is large if the observed counts  differ greatly from the expected values  (when H0 

is true). Conversely,  is small if the observed values are close to the expected values. This statement is 

made more precise as follows. When H0 is true and the total count is large, the distribution of  has a 

distribution that is approximately chi-squared with f-1 degrees of freedom, where f is the number of cells. 

If the calculated value of  is large compared to the chi-squared distribution, there is strong evidence 

that H0 is false; the larger the value, the stronger the evidence. 

 

The criterion for testing the null hypothesis of conformity with the proposed model is a simple 

comparison of p.value and a chosen confidence level value α. The null hypothesis is not rejected if 

p.value > α, otherwise it is rejected. If several models cannot be rejected, preference is given to the model 

with the largest p.value. 

To emphasize the ageing aspects the case study presented in this paper has assessed different time 

depending models for rate of occurrence of failures with the goal to obtain the best fitting model. 

The standard way to describe the variation in time (monotonically) for λ is: 

    (5) 

where a and b are the new parameters to be estimated, t is time, and f(λ) is a user defined function of λ 

(linear, logit, loglinear, etc). 

If b = 0, then this reduces to the constant-λ model. 

If b > 0, then λ is increasing with time. 

If b < 0, λ is decreasing with time. 

For binned data on failure rates, (see Table 1 and Table 2), the following models were considered: 

1. Constant failure rate model 

                                               (6) 
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2. Linear failure rate model 

                                                 (7) 

3. Log-linear failure rate model 

                                                       (8) 

or 

                      (9) 

4. Exponential failure rate model 

                                        (10) 

5. cloglog failure rate model 

                                  (11) 

6. logit failure rate model 

                                       (12) 

7. Power-law failure rate model  

                                                            (13) 

For models 2÷7,  > 0 implies an increasing trend in failure rate with time, i.e., component failure rate 

increases with age of the component, [3]. 

Ussually, the graphical approach is preferred due to facile and expedite estimating parameters 

approach. Calculus and graphics were developed in Microsoft Office Excel 2007. 

The trendline uses the following linear equation to calculate the least squares fit for a line, [5]: 

                                                      (14) 

where b is the slope and a is the intercept. 

The slope, b, is calculated as: 

 

or 

 

 

The equation for the intercept of the regression line, a, is:  

.                                                   (17) 

where  and  are the sample means AVERAGE(known_x's) and AVERAGE(known_y's). 

 

Results 

 

To illustrate the method application the data from [3] were used. The data were arranged by year in 

operation and then the failure rates were estimated for each operating year, assuming a constant value 

within the year. 

First of all, bins were merged in the initial data set in order to avoid having bins for which the 

estimated failure rate is zero. For this example the following bins were merged: bins 2 and 3, 4 and 5, and 

bins 18 and 19, see Table 1. 

Here, the second column (“Intervals”) shows how the initial one-year bins were merged. The third 

column (“T”) is the middle of the bin, the point in time where the failure rate  is estimated. For example, 

the first bin covers the period between 1 and 3 years of operation, so the middle point is 2.0. 
Table 1 presents the distribution of the cumulative number of failures, operating time, and number of 

failures for the base case, case_1. 

 

 



NUCLEAR – 2015  

 
████████████████████████████████████████████████████████████████████████████████████████████████████████████████████████████████████████████████████████████████████████████████████████████████████████████████████ 
   

50 

 

 

Table 1  Binned data for the base case (case_1) 

 

Nr. of 

cells 
Intervals 

T (the point in time where  

the failure rate is estimated) 

Number of failures, 

n (observed counts) 

Cumulative number of 

operating time within the bin, t 

1 2-3 2 1 54.87 

2 4-5 4 1 198.00 

3 6 5.5 2 295.43 

4 7 6.5 8 500.10 

5 8 7.5 7 585.00 

6 9 8.5 12 759.68 

7 10 9.5 15 1062.44 

8 11 10.5 15 1082.37 

9 12 11.5 10 1046.68 

10 13 12.5 21 1014.00 

11 14 13.5 25 971.88 

12 15 14.5 16 796.42 

13 16 15.5 17 591.71 

14 17 16.5 16 507.00 

15 18-19 18 5 361.38 

 

In Figure 1 are presented estimated time-dependent reliability parameters for different rate of 

occurrence of failures models. 

 

 
 

Figure 1 Estimation of time-dependent reliability parameters  

for different rate of occurrence of failures models, case_1 
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A sensitivity analysis for the impact of burn-in failures was performed to improve the result of the 

goodness of fit test. In the Table 2. the first bin (2-3) regarding to the early failures was excluded and 

calculations was performed for bins 2÷15, case_2. The obtained results of the sensitivity analysis are 

presented in Figure 2. 

 

Table 2 Binned data for the case where the early failures were excluded (case_2) 

 

Nr. of 

cells 
Intervals 

T (the point in time where  

the failure rate is estimated) 

Number of failures, 

n (observed counts) 

Cumulative number of 

operating time within the bin, t 

1 4-5 4 1 198.00 

2 6 5.5 2 295.43 

3 7 6.5 8 500.10 

4 8 7.5 7 585.00 

5 9 8.5 12 759.68 

6 10 9.5 15 1062.44 

7 11 10.5 15 1082.37 

8 12 11.5 10 1046.68 

9 13 12.5 21 1014.00 

10 14 13.5 25 971.88 

11 15 14.5 16 796.42 

12 16 15.5 17 591.71 

13 17 16.5 16 507.00 

14 18-19 18 5 361.38 

 

 
 

Figure 2 Estimation of time-dependent reliability parameters  

for different rate of occurrence of failures models, case_2 
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Based on the estimated reliability parameters, [4], the results of the chi-squared test for the both 

analyzed cases are presented below in the Figure 3. 

 

 
 

Figure 3  p.value for different time-dependent rate of occurrence of failures, 

 where reliability parameters, a and b, are cut-off to three significant digits 

 

Why the best models of failure rate, linear and exponential (case_1), had become the poorest models 

(case_2)? The reliability parameters obtained from the trendline equation, and those are used in 

calculations, are cut-off to three significant digits. 

Obtaining results using (16) and (17) calculus relations could be more laborious, but the reliability 

parameters have more significant digits and cut-off criteria have to be established by the analyst. A 

sensitivity analysis regarding of the reliability parameters will be performed, and the results will be used 

to observe the impact over the Pearson chi-squared statistics and, implicitly, the failure rates (see Figure 

4). 
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Figure 4. p.value variation with the number of the significant  

digits of the reliability parameters, i) case_1 and ii) case_2 

 

Based on the new estimated reliability parameters, presented in general format, [4], the results of the 

chi-squared test for the both analyzed cases are presented below in the Figure 5. 

 

 
 

Figure 5 p.value for different time-dependent rate of occurrence of failures, 

 where reliability parameters, a and b, are presented in general format 

 

Conclusions 
 

 The obtained results show that the constant model of failure rate does not fit the data, but the others 

time depending models for rate of occurrence of failures give a reasonable fit (p.value for almost 

all the models are quite close to each other). The best fitting model is the linear one. 
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 To improve the results of the goodness of fit test, the sensitivity analysis for the impact of burn-in 

failures has been performed. Based on the analysis results, the conclusion about the best fitting 

model has not change. 

 The best fitting model could be used to predict the rate of occurrence of failures in the next years. 

 In some cases, the reliability parameters obtained from the trendline equation are cut-off to three 

significant digits and could conduct to erroneous results; the cut-off criteria have to be established 

by the analyst to prevent roundoff errors from accumulating during the calculations. 
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