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ABSTRACT 

 

The increase in energy demand in Brazil and in the world is a real problem and several 

solutions are being considered to mitigate it. Maximization of energy generation, within the 

safety standards of fuel resources already known, is one of them. In this respect, nuclear 

energy is a crucial technology to sustain energy demand on several countries. Performances 

of a solid cylindrical and an annular rod have been verified and compared; where it has been 

proven that the annular rod can reach a higher nominal power in relation to the solid one. In 

this paper, the temperature profiles of two distinct nuclear fuel pellets, one of them annular 

and the other in the shape of a hollow biconcave disc (like the cross section of a red blood 

cell), were compared to analyze the efficiency and safety of both. The finite differences 

method allowed the evaluation of the thermal behavior of these pellets, where one specific 

physical condition was analyzed, regarding convection and conduction at the lateral edges. 

The results show that the temperature profile of the hollow biconcave disc pellet is lower, 

about 70ºC below, when compared to the temperature profile of the annular pellet, 

considering the same simulation parameters for both pellets. 

 

 

1. INTRODUCTION 

 

With the increase in energy demand in Brazil and in the world, it is necessary to develop new 

technologies for energy generation and to improve existing technologies, in order to generate 

the maximum energy possible from an already known source. 

Several types of power plants are used and new sources are constantly being discovered and 

studied. The most common are: solar, wind, hydroelectric and thermal plants (among them, 

nuclear). 

 

Thermonuclear has advantages that make its generation one of the most economically 

competitive, when compared with other thermoelectric plants. Thermonuclear plants, besides 

not being dependent on climatic factors, such as rainfall and river flows, wind and sunlight, 
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have one of the cheapest fuels (usually uranium) when compared to other thermal plants such 

as coal and oil. 

 

Because of the advantages of nuclear power plants, some studies are being carried out in 

order to optimize the burning of the fuel rods, in order to boost the power generation of a 

power plant, within the established safety standards. 

Fuel rods in the annular format for pressurized water reactors (PWR) were designed to 

increase the volumetric power density of these reactors. A preliminary study was carried out 

addressing a comparison between the heat generation of a solid annular fuel rod and a hollow 

annular fuel rod [1]. The results of this study indicated that the fuel had a considerably lower 

temperature profile than solid fuel, thus showing that this type of fuel presents a higher safety 

performance for the verified transient, ejection of a control rod from the core. 

The present paper aims to verify the steady temperature profiles of two different geometries 

for the same type of fuel pellet, establishing, among them, which would present better 

performance regarding the generation of energy without compromising the safety functions, 

in order to superficially evaluate the feasibility of the use of this new fuel in a PWR. It is 

possible to see the form of pellets which are compared in the figure below. 

 

Figure 1: Top view of fuel pellets. (a) Annular; (b) Hollow biconcave disc. 

A fuel rod of similar shape, but not hollow, was proposed by Tu [2] in 1975. 

 

 

2. METHOD  

 

This paper presents the development of a finite difference model capable of evaluating the 

stationary thermal behavior of hollow fuel pellets with different geometries. 

 

2.1. Finite Differences 

 

Traditional finite difference methods are computationally simple when applied in the search 

for solutions of problems involving regular geometries with uniformly distributed grids 

(meshes) over the region. 

 

However, one of its major disadvantages is its inability to deal effectively with the solution of 

problems that present irregular and complex geometries. 
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When the geometry is irregular, some difficulties arise from the boundary conditions, since it 

is necessary to use interpolation between the edges and the internal points, so that expressions 

of finite differences can be developed for points near the edges. However, these 

interpolations produce errors, so that to solve problems of irregular geometry with the 

traditional methods of finite differences, besides difficult, is imprecise [3].  

 

To solve the problem, it is necessary to use a coordinate transformation and the mapping of 

the irregular region in the physical domain in a regular region in the computational domain. 

Finding the right coordinate transformation is very laborious, and often impossible. 

 

However, in the mid-1970s, Thompson developed an advanced method of coordinate 

transformation capable of alleviating or mitigating some of the difficulties encountered so far. 

This scheme combines the simplicity of the conventional finite difference technique with the 

geometric flexibility derived from the finite element method. 

 

To understand the basic concepts of this method, we will consider a two-dimensional plane in 

the physical domain with x and y coordinates, which will be transformed to the 

computational domain, whose coordinates are ξ and η. 

 

The transformation relations for mapping the coordinates of the physical plane to the 

computational plane are automatically determined from the numerical solution of two elliptic 

partial differential equations. 

 

Below we can see the representation of an elliptic equation in second order partial 

derivatives: 

 

              
2 2 2

2 2

( , ) ( , ) ( , ) ( , ) ( , )
( , ) ( , )

u x y u x y u x y u x y u x y
A B C D E Fu x y G x y

x x y y x y

    
     

     
           (1) 

 

Where A, B, C, D, E, F, and G are functions of x and y. When the values of the coefficients 

of the second-order terms are related to B²-4AC <0, we have an elliptic partial differential 

equation.  

 

The elliptic equations used are those of Laplace or Poisson, which can be seen below. 

 

Laplace:  
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Poisson:  
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   (3) 

 

The partial differential equations that govern the physical phenomenon are transformed from 

(x, y) (variables independent of the physical domain) to (ξ, η) (independent variables of the 

computational domain), since the equations are solved in the computational domain. Once the 

equations are solved in the computational domain, the solution is transformed again, from the 

computational plane to the physical plane. 
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The transformation of coordinates from the physical domain to the computational domain can 

be expressed through: 

 

                                                              , ,    ,x y x y                                                (4) 

 

and the inverse transformation is given by 

 

                                                      x   x ξ,  η ,  y   y ξ,  η                                          (5) 

 

Figure 2 shows how the semi-elliptical physical domain is mapped in the rectangular region 

in the computational domain. 

 
Figure 2: (a) Physical domain (x,y); (b) Computational domain (ξ,η) [3].  

 
 

2.2. Cassini Ovals 

 

The modeling of the biconcave disc-shaped fuel pellet was based on the Cassini Ovals [4]. 

These curves were investigated by Giovanni Domenico Cassini, an Italian astronomer and 

mathematician from the 17th century, when he was studying the relative motions of the Earth 

and the Sun. Cassini believed that the Sun travelled round the Earth on one of these ovals, 

with the Earth at one focus of the oval [5].  

 

The Cassini Ovals form a family of quartic plane curves that represent the locus of points in 

the plane where the product of the fixed two-point distances is constant [6]. 

In Cartesian form they are represented as follows: 

 

                           (6) 

 

Or in equivalent form 

 

 
                     (7) 

They can also be represented in polar form 

 

http://www-history.mcs.st-andrews.ac.uk/Mathematicians/Cassini.html
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We can observe in figure 3 one of the Cassini Ovals where F1 and F2 are the focal points of 

the curve on the x-axis. 

 
Figure 3: Cassini Oval [4]. 

 
 

2.3. Gauss-Seidel Method 

 

The Gauss-Seidel method is an iterative method used to solve a linear system of equations. 

For reactor physics problems, the Gauss-Seidel process is, in general, faster than the Jacobi 

method to converge to an approximation of the solution vector. The schemes below will 

facilitate the understanding of the methods. Figure 4 shows the Jacobi method. 

 
Figure 4: Jacobi method scheme [7]. 

 

In the point scheme, after calculating Ti,j
(t)

, from the neighboring temperatures in the iteration 

(t-1), we do not use it to calculate the temperature Ti+1,j
(t)

. Thus, in the calculation of Ti+1,j
(t)

 

we use Ti,j
(t-1)

, i.e., the value of the previous iteration. 

In the line scheme, after calculating for the iteration (t) the values of the temperatures in a 

given line j, we do not use them in the evaluation of the temperatures in the neighboring 

rows, since we only use the in temperature values in the previous iteration (t-1). 
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Figure 5: Gauss-Seidel method scheme [7].  

 

The Gauss-Seidel methods make use of the already available values of the iteration (t) to 

compute the temperatures at a given point (i, j) (point scheme) or in a line j (line scheme), in 

that same iteration. The figure 5 clarifies the above. 

The use of the latest values, when already available, leads to a saving of computational 

memory space. Thus, while Jacobi methods require storage of the previous temperatures (i.e., 

in iteration (t-1)) and new ones (in iteration (t)), Gauss-Seidel methods need to store only one 

set of temperatures. 

 

 

3. DATA 

 

Table 1 shows the parameters used for simulation of annular fuel pellet and figure 6 shows 

the dimensions of the pellet. 

 

 

Table 1: Annular fuel pellet simulation parameters. 

Annular Fuel Pellet (UO2) 

Conductivity (UO2)  [W/(m.ºC)] 3.19 

Heat transfer coefficient [ W/(m².ºC)] 25400 

Density power [W] 165674 

Internal radius (cm) 1.0 

External radius (cm) 1.6 

 

 
Figure 6: Annular fuel pellet. 
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Table 2 shows the parameters used for simulation of the hollow biconcave disc fuel pellet and 

figure 7 shows the dimensions of the pellet. 

 
 

Table 2: Hollow biconcave disc fuel pellet simulation parameters.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Hollow Biconcave Disc Fuel Pellet (UO2) 

Conductivity (UO2)  [W/(m.ºC)] 3.19 

Heat transfer coefficient [ W/(m².ºC)] 25400 

Density power [W] 165674 

Internal Curve 

a (mm) 5.7 

b/a  1.1363 

External Curve 

a (mm) 6.6 

b/a  1.1862 

Figure 7: Hollow biconcave disc fuel pellet. 
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4. RESULTS 

 

Figures 8 and 9 shows the temperature profiles for the fuel pellets in different views. 

 
 

 
Figure 8: Temperature profiles of the fuel pellets. 

 

 
Figure 9: Comparison of the temperature profile of the fuel pellets.  
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5. CONCLUSIONS 

 

As we can see the maximum temperature of the annular fuel pellet is below 1000°C, more 

precisely 971.70ºC, while the maximum temperature of the biconcave pellet is 900.43ºC, 

about 70°C below, a difference of more than 7.3%. 

 

These results show that, for the same power level and considering the same parameters, as 

shown in the tables 1 and 2, the hollow biconcave disc fuel pellet has superior 

performance in relation to safety since the temperatures reached are lower than those 

presented by the annular fuel pellet. 
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