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Abstract

In this thesis we investigate various aspects of flux compactifications in six-dimensional

quantum field theories. After introducing the internal geometries, i.e. the two-dimen-

sional torus T 2 and one of its orbifolds T 2/Z2, we classify possible gauge backgrounds

including continuous and discrete Wilson lines with emphasis on a non-vanishing flux

density. An operator analogy with the quantum harmonic oscillator allows for an explicit

derivation of the mode functions of charged fields and demonstrates the advantage of our

interpretation of discrete Wilson lines in terms of localized fractional gauge fluxes. We

then derive a globally supersymmetric action which captures the D-term supersymmetry

breaking induced by the internal magnetic field and reproduces the Landau level mass

spectrum of the charged four-dimensional degrees of freedom. In this context we show

that, even though supersymmetry is broken at the compactification scale, the inclusion of

the whole tower of charged states leads to vanishing quantum corrections for the Wilson

line effective potential on T 2. This result is supported by a symmetry breaking argu-

ment in which the Wilson line appears as a Goldstone boson. After that, we additionally

include gravitational effects within a supergravity effective action of the lightest modes

in four dimensions. The dynamics of the moduli fields arising after compactification can

be encoded in the setup of N = 1 supergravity augmented with anomaly cancellation

by the Green-Schwarz mechanism. This leads to a non-trivial transformation behavior

for two axion fields under gauge variations in the low-energy effective action. As an

application, we discuss an SO(10) × U(1) grand unified theory which uses the multi-

plicity of fermionic zero modes in the flux background to induce the number of matter

generations. Finally, we investigate a novel mechanism for generating de Sitter vacua

in N = 1 supergravity based on a flux-induced positive definite D-term potential. The

inclusion of a superpotential, leading to negative contributions in the energy density,

allows a successful stabilization of all fields. Employing a general approach to decouple

the Goldstino from the rest of the fermions, we evaluate the masses of all light degrees

of freedom explicitly.



Zusammenfassung

In der vorliegenden Doktorarbeit untersuchen wir verschiedene Aspekte von Flusskom-

paktifizierungen in sechsdimensionalen Quantenfeldtheorien. Nach der Einführung der

internen Geometrien, nämlich des zweidimensionalen Torus T 2 und einer von diesem

stammenden Orbifold T 2/Z2, klassifizieren wir mögliche Eichfeldhintergründe unter Be-

rücksichtigung kontinuierlicher und diskreter Wilson Linien mit Schwerpunkt auf nicht

verschwindender Flussdichte. Eine Operatoranalogie mit dem quantenharmonischen Os-

zillator erlaubt eine explizite Herleitung der Wellenfunktionen geladener Teilchen und

demonstriert die Nützlichkeit unserer Interpretation der diskreten Wilson Linien in Form

von lokalisiertem, rationalem Eichfluss. Danach leiten wir eine global supersymmetrische

Wirkung her, welche die durch das interne magnetische Feld verursachte D-Term Super-

symmetriebrechung beinhaltet und das an Landau Niveaus erinnernde Massenspektrum

geladener Teilchen reproduziert. Trotz der Supersymmetriebrechung von der Größe der

Kompaktifizierungsskala zeigen wir in diesem Zusammenhang, dass Quantenkorrekturen

für das effektive Potential der Wilson Linie auf dem Torus verschwinden, nachdem alle

Moden der geladenen Teilchen miteinbezogen wurden. Diese Ergebnisse werden durch

eine Interpretation als Symmetriebrechung untermauert, wobei die Wilson Linie als

Goldstone Boson auftritt. Anschließend beziehen wir mittels einer effektiven Super-

gravitationswirkung der leichtesten Freiheitsgrade auch Gravitationseffekte mit ein. Die

Dynamik der Modulifelder und eine Aufhebung der Anomalien, mit Hilfe des Green-

Schwarz-Mechanismus, wird durch die N = 1 Supergravitation beschrieben. Diese führt

zu einer nicht-trivialen Transformation von zwei Axionen unter Eichvariation in der

Niederenergietheorie. Als Anwendung diskutieren wir eine SO(10)×U(1) vereinheitlichte

Theorie, welche die Multiplizität fermionischer Nullmoden ausnutzt um die Anzahl an

Materiegenerationen zu erzeugen. Abschließend untersuchen wir einen neuartigen Mech-

anismus, welcher zu de Sitter Vakua in N = 1 Supergravitation führt und auf dem

flussinduzierten strikt positiven D-Term Potential beruht. Unter Einbeziehung eines

Superpotentials, welches negativ zur Energiedichte beiträgt, können alle Modulifelder

erfolgreich stabilisiert werden. Unter Verwendung einer allgemeingültigen Herange-

hensweise zum Entkoppeln des Goldstinos von den restlichen Fermionen bestimmen wir

die Massen aller leichten Freiheitsgrade explizit.
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Chapter 1

Introduction

Theoretical and experimental physics have celebrated two outstanding successes in recent

years. With the help of experiments of an unprecedented precision two theoretically

predicted phenomena have been observed, which in turn strengthened our confidence in

the existing theories. On the one hand, the Higgs boson has been discovered at the Large

Hadron Collider (LHC) by the ATLAS and CMS experiments [1, 2]. This observation

concludes the search for particles within the current standard model of particle physics

and confirms the understanding of the origin of electro-weak symmetry breaking. On

the other hand, gravitational waves have been detected at the Laser Interferometer

Gravitation Wave Observatory [3]. These excitations of the gravitational field itself

are inherently connected with Einstein’s theory of general relativity and, until their

detection, have presented one of the last missing pieces in this classical formulation of

gravity.

Both discoveries, however, have been strongly anticipated from a theoretical point of

view. Instead of pointing in new directions they rather confirm our present theories of

elementary particle physics as well as gravity. In fact, experimental results seem to be

rather inconclusive in regard to offering hints of “new” physics. The hope that the LHC

detects particles other than the ones predicted by the standard model has unfortunately

so far not been fulfilled. Moreover, rumors of an indirect detection of primordial gravi-

tational waves by means of the polarization of the cosmic microwave background, which

might have shed light on the very early universe, could not be confirmed and dynam-

ics of a potential inflationary stage remain undetected. In both regards the available

parameter space for new physics gets more and more constrained [4, 5]. Consequently,

it is very challenging to come up with new models for a high-energy theory while only

relying on the presently available experimental data, even though there are certainly

several unsolved problems, most prominently the specific nature of dark matter and

1



2 Chapter 1. Introduction

dark energy [6]. Hence, it is necessary to base the theoretical models on some guiding

principles that guarantee interesting phenomenological applications but still allow for

the necessary flexibility of the model. In this thesis these principles are supersymmetry,

the presence of extra dimensions, and the unification of the electro-weak and strong

interactions into a larger grand unified gauge group. The success of our models is to

trace back several open problems to a common origin. Even though we do not work

out the full low energy phenomenology, we test our simplified models for viability. As a

result we derive various new phenomena and interesting possibilities for applications in

various fields of theoretical physics, which were published in [7–11].

The main topics of this thesis are the consequences of magnetic flux in additional

compact dimensions in supersymmetric field theories, see e.g. [12–17]. For that, we work

with a supersymmetric Abelian gauge theory in six dimensions, which corresponds to the

minimal number of extra dimensions required for an internal flux and have proved useful

as an intermediate step in the compactification of string and F-theory, see e.g. [18–26].

The two extra dimensions are subsequently compactified on a two-dimensional compact

space. In this work we restrict the attention to compactifications on the 2-torus T 2

and one of its orbifolds T 2/Z2. Depending on our focus, we work with local or global

supersymmetry and add further (non-)Abelian gauge groups to the six-dimensional the-

ory. Moreover, we explicitly derive effective actions in terms of N = 1 supersymme-

try/supergravity in four dimensions that account for the effects of the internal flux.

The presence of the magnetic field has direct consequences for the four-dimensional

effective field theory, see e.g. [13]. Due to its non-vanishing energy density it unavoidably

induces supersymmetry breaking at a scale related to the size of the extra dimensions.

This is in contrast to the usual flux compactifications in string theory that preserve

(part of) the supersymmetry [27, 28], see however [29, 30]. Moreover, the energy levels

of higher excited states differ significantly form the standard Kaluza-Klein spectrum

of compactified field theories without flux. It is similar to Landau levels in condensed

matter systems [31]. The level-dependence of masses and couplings in the flux back-

ground can be captured by a supersymmetric effective action where supersymmetry is

broken due to a flux-induced Fayet-Iliopoulos (FI) term [32]. In the supergravity case,

this FI-term is field-dependent and leads to an appearance of geometric moduli fields

in the D-term potential. Contrary to magnetic flux in non-Abelian gauge groups, the

magnetic field in an Abelian gauge component is perturbatively stable and hence suit-

able for an expansion in terms of quantum corrections. Calculations suggest that the

radiative corrections in the flux background are surprisingly well-behaved irrespective

of the scale of supersymmetry breaking, which leads to the protection of scalar masses
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and higher potential terms for the continuous Wilson lines on T 2, c.f. [33–35] for similar

discussions without flux. This cancellations appear for an inclusion of the whole tower of

charged states, which is realized in our effective action. This offers a direct perspective

for applications in particle phenomenology, [36–39].

Moreover, for non-vanishing flux the index theorem [40] guarantees the appearance of

fermion zero modes of charged matter fields and offers an interesting framework to embed

the multiplicity of generations in the four-dimensional compactified theory, see e.g. [41].

The scalar partners of the charged fields, on the other hand, are rendered massive due to

the interaction with the flux background. We present a six-dimensional model for a grand

unified theory (GUT) based on an SO(10) gauge group on the orbifold T 2/Z2, [42–44],

where all anomalies can be successfully cancelled by a generalized version of the Green-

Schwarz mechanism, [45–47]. The magnetic flux is contained in an additional Abelian

gauge group factor in order to avoid non-Abelian instabilities. Charging a single 16-plet

matter representation of the SO(10) GUT group under the additional Abelian group,

the multiplicity of generations is connected to the number of flux quanta in the extra

dimensions. The field profiles of fermion zero modes in the internal dimensions, which are

explicitly derived, further depend on the realization of discrete non-Abelian Wilson lines

on the orbifold, [16,48]. For the SO(10) model we investigate [43,49,50] the low energy

gauge group is SU(3) × SU(2) × U(1)Y × U(1) and thus contains the standard model

gauge group. The matter fields are localized in different regions of the internal space

according to their boundary conditions, which depend on their representations under

the standard model gauge group [48, 51]. This boundary conditions can be efficiently

encoded in terms of localized gauge fluxes at the orbifold fixed points.

Furthermore, starting from the flux-induced D-term supersymmetry breaking in the

derived four-dimensional effective supergravity we obtain perturbatively stable de Sitter

vacua via the additional effects of string-inspired non-perturbative superpotential terms,

e.g. [52]. Hence, in the presented six-dimensional flux compactifications we can obtain

metastable de Sitter vacua with tunable cosmological constant and all moduli fields

explicitly stabilized, a task that is considerably more complicated in full string theory

embeddings, see e.g. [53] for a comprehensive review. The corresponding mechanism

of moduli stabilization and positive energy density can be traced back to an interplay

between the modification of the gauge kinetic function and the specific implementation

of non-perturbative corrections and is interesting also from a more general point of view.

We see that the consequences of Abelian magnetic flux in the internal dimensions

have various interesting applications whose combination might lead to a model that

accounts for the number of generations and supersymmetry breaking generating a viable
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low-energy particle spectrum while being well-behaved under the inclusion of quantum

corrections. Furthermore, the positive energy density induced by the flux can be partially

compensated by F -terms and in turn leads to metastable de Sitter vacua.

The thesis is organized as follows. In Chapter 2 we explain and motivate our guiding

principles, i.e. supersymmetry, extra dimensions and grand unification. We especially

emphasize the connection between these concepts and the challenges connected with

their implementation. In Chapter 3 we introduce the geometrical and topological prop-

erties of the two compact spaces T 2 and T 2/Z2 in connection with the possible boundary

conditions for six-dimensional fields. Furthermore, we classify the possible Abelian gauge

backgrounds and explicitly derive the mode functions of charged fields in the flux back-

ground. At the end of the Chapter we present a full set of boundary conditions for

representations appearing in SO(10) grand unified theories. Chapter 4 is devoted to

the derivation of a globally supersymmetric effective action in the flux background on

T 2 encoding the peculiar properties of masses and interactions. With this effective de-

scription of the six-dimensional gauge theory with gauge group U(1) we can calculate

quantum corrections to the Wilson line effective potential, which vanish identically for

bosons and fermions. This also has an interpretation in terms of symmetry breaking with

the Wilson lines as Goldstone bosons. We include gravitational effects in the N = 1

supergravity effective action for the lightest degrees of freedom in Chapter 5. We further

incorporate anomalies and their cancellation in terms of a generalized Green-Schwarz

mechanism for the Abelian gauge theory as well as the SO(10) GUT, which we discuss

as an application. In Chapter 6 we describe a general mechanism to generate de Sitter

vacua in supergravity theories and explain its relevance in the case of six-dimensional

flux compactifications for U(1) gauge theories. Chapter 7 contains our conclusions and

presents some possible extensions of our results. In Appendix A we fix our notational

conventions. Appendices B, C, and D contain supplementary material to the main text.

Despite having been published independently in [7–11] we aim for a self-consistent

and complete treatment of our results with emphasis on the aspects that represent the

personal contribution of the author. Therefore, we approach some of the topics partially

different as compared to the publications above and include some additional results.



Chapter 2

Guiding principles

As mentioned in the Introduction, we rely on several guiding principles that on the one

hand provide us with a controllable framework for our six-dimensional models and on

the other hand still preserve the necessary amount of flexibility to obtain interesting

phenomenological consequences. These principles are supersymmetry, extra dimensions,

and grand unification. All of them appear in the usual string theory models applied

to particle physics, see e.g. [54]. However, also disconnected from string theory they

are very interesting and promising concepts in their own right. Furthermore, they have

intriguing relations amongst each other and hence can be nicely combined into a single

framework. Nevertheless, each of these principles comes with its own complications and

problems, which have to be solved in a viable model. In the following, we want to explain

and motivate the individual concepts as well as point out their mutual relations and re-

spective shortcomings. As a final, perhaps slightly less conventional addition, we include

magnetic flux as a possibly important contribution to their successful implementation.

For references to the general ideas we refer to [53–56].

Supersymmetry

Symmetries are without a doubt the most important principle in theoretical physics. One

instance are the symmetries of the underlying spacetime, which, for Minkowski space,

can be combined into the Poincaré group. It is a non-trivial task to further extend this

group of spacetime symmetries while preserving a consistent and interacting quantum

field theory [57]. The key idea is to introduce additional fermionic rather than bosonic

symmetry generators [58]. The resulting symmetry is called supersymmetry and due to

the nature of its generators connects fields of different spin statistics.

This relation between bosons and fermions poses a severe restriction on the possible

dynamics and interactions of the underlying Lagrangian. Consequently, supersymmetric

5
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theories depend in general on far less parameters than non-supersymmetric models with

the same field content and are therefore more predictive. Furthermore, several quan-

tities appearing in supersymmetric descriptions are subject to functional constraints,

e.g. the superpotential and gauge kinetic function have to be holomorphic expressions

in chiral superfields. These constraints lead to several protections against quantum cor-

rections and hence improve the theoretical control tremendously. In this way, various

remarkable results could be obtained in mathematical physics and string theory that

partially even go beyond perturbation theory and would have been out of reach without

the implications of supersymmetry; for some specific examples see [59–62].

Once this symmetry is promoted from a global to a local symmetry, the intimate

relation to the Poincaré group enforces the inclusion of gravity. The resulting theory

is called supergravity and is the leading framework for the investigation of high energy

physics and cosmological models inspired by string theory. Supergravity also allows to

quantify the influence of gravitational effects in processes at high energy. This computa-

tional power, the predictivity, as well as the protection of certain quantities with respect

to quantum corrections has qualified supersymmetry as one of the most promising can-

didates for extended models in particle phenomenology.

However, the non-observation of fermionic or bosonic superpartners of the standard

model fields shows that supersymmetry cannot be linearly realized in nature. Instead, for

viable supersymmetric models it has to be broken spontaneously. This breaking can be

achieved by D- and F -terms, which are related to gauge interactions and matter fields,

respectively. The scale at which the symmetry is broken is in general a free parameter,

but the hope to utilize the protection against radiative corrections as an explanation

for the small mass of the Higgs boson demands the supersymmetry breaking scale to

be close to the electro-weak scale, i.e. of order TeV. This range is already experimen-

tally disfavored, which opens the question for another natural scale of supersymmetry

breaking and an alternative solution to the hierarchy problem. Moreover, the success-

ful implementation of a phenomenologically viable supersymmetry breaking mechanism

is rather non-trivial and often involves the addition of several new fields, see e.g. [63].

These compose an (almost) decoupled sector in which supersymmetry is broken which in

turn is communicated to the visible sector. This artificial extension of the field content

for the sole purpose of supersymmetry breaking is theoretically rather unsatisfying and

it would be desirable to combine it with further beneficial effects.

Due to the above challenges it is hard to construct supersymmetric models that

contain vacua with positive energy density, i.e. de Sitter vacua [64–66], which are strongly

favored by current observational data [67]. In these, supersymmetry is necessarily broken
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and the fields contained in supergravity theories tend to destabilize the vacuum in order

to restore a vanishing or even negative cosmological constant.

It is clearly a non-trivial task to find an efficient supersymmetry breaking mechanism

that allows for de Sitter vacua and has additional interesting implications. Nevertheless,

the predictive and computational power of supersymmetry, especially at high energies,

is an almost unavoidable, necessary feature of high energy models.

Extra dimensions

The next principle we discuss is one of the most natural as well as abstract concepts. The

extension of the number of spatial dimensions beyond the three we can observe in nature.

In contrast to critical string theory, field theories do not impose consistency constraints

on the number of dimensions which therefore can be chosen freely. Nevertheless, one

has to argue why only four dimensions are detectable. There are two main approaches.

Either the fields describing the particles observed in nature are localized on a four-

dimensional subspace in a higher-dimensional spacetime, so-called braneworld models,

or only three spatial dimensions are large enough to be detected, whereas the remaining

ones are compact and small. In the following, we will concentrate on the latter, which

corresponds to compactifications of higher-dimensional field theories.

The specific realization of the internal space enriches the flexibility of these models

and has several interesting consequences. For instance, the presence of compact di-

mensions is unavoidably connected with an energy scale corresponding to the inverse

of their physical size. At this scale, called compactification or Kaluza-Klein scale, new

fields will appear which correspond to excited states. Therefore, for observational via-

bility the compactification scale cannot be too small, i.e. the extra dimensions cannot

be too large.

Another effect of the presence of extra dimensions has direct consequences for super-

symmetry. Whereas bosonic degrees of freedom are similar in all number of spacetime

dimensions, the specific realization of fermionic fields crucially depends on them. Since

supersymmetry has fermionic generators it is similarly affected. As a result, many su-

persymmetric theories in higher dimensions possess an extended supersymmetry in the

four-dimensional effective action. This poses a problem for phenomenological applica-

tions since extended supersymmetry leads to too stringent constraints on the effective

action. More specifically, extended supersymmetry forbids the appearance of a super-

potential, which is crucial for successful models, and further does not allow a chiral field

spectrum. However, certain geometrical modifications of the internal space can solve

this issue and lead to theories with minimal supersymmetry in four dimensions. These
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types of geometries often contain singular points, that is instead of smooth manifolds

they are so-called orbifolds. These singular points can host additional localized degrees

of freedom which can have interesting and important consequences for the low energy

theory. Moreover, orbifolds are not only suitable to partially break supersymmetry but

also serve as backgrounds for spontaneous breaking of gauge symmetries, see e.g. [36,68].

Therefore, orbifold models are widely used in theories with extra dimensions.

Another important aspect of the existence of additional spatial dimensions comes

into play as soon as gravity is included. Since gravity accounts for the dynamics of

spacetime itself, the geometrical realization of the internal space becomes dynamic as

well. This is reflected in the presence of additional effective degrees of freedom in the low

energy theory. For a successful model these so-called moduli fields have to be stabilized,

which turns out to be a highly non-trivial task in field and string theories, especially in

the context of four-dimensional de Sitter vacua [64–66].

In this thesis we will restrict the attention to theories with a six-dimensional space-

time. This number has another important consequence. Due to the realization of the

fermions with fixed chirality and the appearance of (anti-)selfdual 2-form fields pure

gravitational anomalies exist in contrast to the usual four-dimensional theories [69].

These anomalies have to be cancelled in order to avoid intrinsic inconsistencies and

hence impact the allowed field spectrum.

Therefore we see that the increased flexibility of models with extra dimensions comes

at a prize and a careful analysis of the consistency and dynamical realization of the

internal space has to be performed.

Grand Unification

The last principle we introduce is based on two observations. First, by running the gauge

couplings of the standard model to high energies one finds that they nearly coincide at

a certain energy scale of the order of 1016 GeV. After the inclusion of a supersymmetric

particle spectrum this unification of gauge couplings becomes nearly perfect, see e.g.

[70]. Second, the appearance of matter fields in three (besides their masses) identical

generations regardless of the nature of their charges suggests an intimate relation between

quarks and leptons, which is not accounted for in the standard model. Both of these

observations can be beautifully combined when one assumes that the electro-weak and

strong interactions are aspects of a single gauge group. Theories which rely on this

assertion are called grand unified theories.

The most common candidates for this larger gauge groups are SU(5) and SO(10),

and in this work we concentrate on the latter. One of the most satisfying features
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of the SO(10) GUTs is that a full matter generation, i.e. left-handed quark doublets1

(3,2)1, right-handed quarks (3,1)−2 and (3,1)4, left-handed leptons (1,2)−3, and the

right-handed electron (1,1)−6 can be supplemented by a right-handed neutrino (1,1)0 in

order to make up a single SO(10) representation, specifically the spinor representation

16. In this way, the coinciding multiplicity of generations in the quark and lepton sector

can be traced back to the multiplicity of 16-plets. The total number of generations,

however, is in general not fixed by the theory. The Higgs field on the other hand is con-

tained in another representation 10 of SO(10) in order to allow for Yukawa interactions

of the type 16×16×10. This raises the question about the fate of the remaining fields

in the 10-plet, which have to be heavy in order to allow for a sensible phenomenology.

A very elegant solution for this so-called doublet triplet splitting is offered by the use of

extra-dimensional field theories, see e.g. [36, 71]. As mentioned above, the background

value of the gauge field in the internal space can break the gauge group. Additionally,

the background value leads to the necessary split in the matter representations that

renders part of the multiplets massive with a mass of the order of the compactification

scale. However, this split in general also affects the 16-plets whose intriguing contribu-

tion of a full generation would be destroyed. Therefore, it would be exciting to employ

a mechanism that solves the doublet triplet splitting problem while preserving the full

matter multiplets and ideally asserts the number of generations with a physical meaning.

The above explanations have shown that supersymmetry, extra dimensions, and grand

unification are very interesting and promising guiding principles in the quest for models

that go beyond the standard model. Moreover, all of these aspects can be nicely com-

bined into supersymmetric extra-dimensional grand unified field theories. As explained

the simultaneous realization of the above concepts offers very efficient solutions to some

of the problems. Nevertheless, several open questions do remain. Among them are

the value of the specific scale of supersymmetry breaking, which is potentially rather

large but should not spoil the protection against radiative corrections, the successful

stabilization of geometric moduli fields in vacua with positive energy density, and the

unsatisfying split in the matter multiplets needed to solve the doublet triplet problem.

Magnetic flux

The main motivation of this thesis is to show that the presence of magnetic flux in the

internal space has an influence on all of the above issues and might lead to a very elegant

1The numbers in brackets refer to the representations under SU(3) and SU(2) of the standard model,

respectively, and the lower case number indicates the charge under U(1)Y in an appropriate normalization.
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Supersymmetry

Extra dimensions Grand unification

FLUX

SUSY Breaking

Stabilization Generations

Figure 2.1: Schematic presentation of the guiding principles in connection with internal magnetic flux.

solution for some of them.

First of all, the flux in the internal dimensions induces a positive energy density and

consequently breaks supersymmetry, see e.g. [13, 15]. This leads to a direct relation

between the compactification scale and the scale of supersymmetry breaking. Since we

consider models in which the grand unified gauge group is broken due to the background

configuration in the compact directions, all scales are connected and it is natural to

consider GUT size extra dimensions. This large supersymmetry breaking scale bears

the risk of losing the protective effects against quantum corrections. However, at least

in a globally supersymmetric setup we show that the inclusion of higher excitations of

charged states in the flux background still protects various quantities against radiative

effects regardless of the scale of supersymmetry breaking. Hence, there is a reason for

hope that models of high scale supersymmetry breaking based on flux compactifications

still allow for naturally small scalar masses as an effect of the peculiar Landau level mass

spectrum of the charged states.

Moreover, the flux-induced D-term potential can be augmented with a superpotential

generated at the singular points of the internal orbifold to allow for metastable de Sitter

vacua. In these vacua all moduli fields are explicitly stabilized at values that lead to
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an interesting mass spectrum of the involved fields. Another crucial ingredient for this

mechanism to work is the consistent cancellation of anomalies by the Green-Schwarz

mechanism, which in turn imposes a modification of the gauge kinetic function that

depends on the moduli. In this way, two necessary features of the model can be combined

to achieve new interesting possibilities for the positivity of the cosmological constant.

Finally, by charging only the 16-plet matter representation under the gauge group

that contains the flux, the index theorem [40] demands the presence of a full generation

of massless fermions in the low energy effective action. The splitting mechanism only

affects the uncharged sector containing the Higgs 10-plets and still allows for a solution of

the doublet triplet problem. Additionally, the bosonic superpartners of the matter fields

become very heavy which would explain why they have not been detected in accelerator

experiments so far. In general, the resulting mass spectra in the flux background are

phenomenologically very appealing. Furthermore, the index theorem accounts for the

multiplicity of chiral generations in terms of the number of flux quanta, which become

a physically meaningful quantity, see e.g. [41].

In summary, the guiding principles of supersymmetry, extra dimensions and grand

unification can all be connected to the consequences of internal magnetic flux, see Figure

2.1. The flux further offers various possibilities in relevant applications to supersymmetry

breaking, quantum corrections, moduli stabilization, and grand unification. It is thus a

promising perspective for investigation, some aspects of which will be explored in the

following.
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Chapter 3

Geometry and background fields

Throughout this thesis we work with quantum field theories in six dimensions. Therefore,

two of the dimensions have to be compactified in order to lead to a phenomenologically

viable model at low energies. Since four-dimensional Poincaré invariance should be

preserved, we restrict the discussion to product spaces of the form

M6 = M4 ×X , (3.1)

where the six-dimensional spacetime M6 is decomposed into a four-dimensional non-

compact spacetime M4 and a compact internal space X accounting for the remaining

two dimensions.

The specific realization of the compact space X influences the four-dimensional effec-

tive theory. This is due to the geometric and topological properties of X that determine

part of the effective low energy degrees of freedom as well as the possible field back-

grounds on the internal space. As soon as gravity is included the parameters describing

the compact geometry become dynamical and appear in the effective actions. Of great

physical importance in the compactification procedure is the size of the internal space,

which corresponds to an energy scale that also presents a cutoff for the effective 4d

theory,

Mcomp = vol(X)−1/2 . (3.2)

Above this energy new states appear as higher excitations of the 6d degrees of freedom.

The details of this tower of massive states depend non-trivially on the background ge-

ometry and fields. Moreover, considering the 6d Einstein-Hilbert action the size of the

extra dimensions imposes a direct relation between the 6d and 4d gravitational coupling

and hence the Planck scale,

M2
P = M4

6 vol(X) =
M4

6

M2
comp

, (3.3)

13
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where MP and M6 refer to the 4d and 6d Planck scale, respectively.

In this thesis, the internal spaces are chosen to be either a two-dimensional torus T 2

or its orbifold T 2/Z2. In the following, we summarize their geometrical properties and

classify the possible gauge field background configurations. Furthermore, we discuss

the consequences of the specific backgrounds for the 6d and 4d fields. Even though

some parts of the material discussed in this Chapter can be found in the literature, see

e.g. [13,16,43,48,68], we present a novel and very efficient description, especially for the

gauge backgrounds on the orbifold. Moreover, the basics explained here are crucial for

the understanding of the more involved topics of later Chapters and it is thus important

to discuss them thoroughly, especially in connection with non-vanishing background

magnetic flux. The results presented here were partially published in [7,8,11]. Here, we

further include some additional work and focus on the main contributions of the author.

3.1 Geometrical background

In this Section we describe the geometrical properties of the internal spaces T 2 and T 2/Z2

used in later Chapters. We emphasize the parameters corresponding to geometric moduli

fields after the inclusion of gravity and some topological properties important for the

classification of allowed gauge field configurations.

The 2-torus T 2 can be obtained from the two-dimensional real plane R2 by modding

out a Z2 lattice. In this context the real plane is called the universal covering space.

For a lattice which is generated by the two linearly independent vectors λ1 and λ2 this

amounts to an identification of points on R2 that differ by an arbitrary lattice vector

x ∼ x+ nλ1 +mλ2 , n,m ∈ Z , (3.4)

where x = (x5, x6) ∈ R2. The set of inequivalent points is called the fundamental domain

of the torus. By an SO(2) rotation in R2 one of the vectors, λ1, can be aligned with an

axis without loss of generality, see Figure 3.1. The remaining parameters of the torus

are then contained in the two real components of λ2 as well as the overall volume, which

appear as dynamical moduli fields upon inclusion of gravity. This means that there

are three real parameters describing the torus: R1 = |λ1|, R2 = |λ2|, and θ the angle

between λ1 and λ2.

Performing a general coordinate transformation we can go to a coordinate system

which parametrizes the fundamental domain of the torus by (y1, y2) ∈ [0, L) × [0, L),

where L is a fixed physical length scale. The size and shape of T 2 is then encoded in

a dimensionless parameter r and a complex parameter τ = τ1 + iτ2, respectively. The
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x5, y1

x6 y2

λ1

λ2

θ

Figure 3.1: Schematic presentation of the torus lattice and its fundamental domain.

relation to the parameters of the torus lattice is given by the equations

cos(θ) =
τ1

|τ |
, R1 =

1
√
τ2

rL , R2 =
1
√
τ2

|τ |rL . (3.5)

In this coordinates the flat 2d metric on the torus reads

(g2)mn =
1

τ2

(
1 τ1

τ1 τ 2
1 + τ 2

2

)
, (3.6)

and the full six-dimensional metric takes the form

(g6)MN =

(
(g̃4)µν 0

0 (g̃2)mn

)
=

(
r−2(g4)µν 0

0 r2(g2)mn

)
, (3.7)

where the rescaling of the 4d metric by the dimensionless parameter r is introduced for

later convenience. Physical quantities, however, such as particle masses, are measured

in terms of the metric (g̃4)µν . With this notation, the physical volume of the torus is

vol(T 2) = 〈r〉2L2 , (3.8)

where 〈r〉 is the vacuum expectation value of the so-called radion field r. In this set of

coordinates the Z2 action of translations generating the T 2 is given in the particularly

simple form

t1 : (y1, y2)→ (y1 + L, y2) , t2 : (y1, y2)→ (y1, y2 + L) , (3.9)

which we call the two torus translations.

Now, we turn to the topological properties of the torus. Of special interest is a

basis of 1-cycles, these are one-dimensional subspaces without boundary which are not

a boundary themselves. The universal covering space does not contain any non-trivial
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T1

T2

Figure 3.2: Schematic presentation of the torus and its two generating 1-cycles in blue.

1-cycles, since each closed path on R2 is trivial in homology and therefore a boundary.

Consequently, the non-trivial 1-cycles on T 2 have to be related to curves on R2 whose

beginning and end point differ by an arbitrary lattice vector λ. These curves are closed

on T 2 but not on its universal covering. This set of 1-cycles is generated by the two non-

contractible loops T1 and T2, depicted in Figure 3.2, which correspond to the two linearly

independent vectors generating the lattice. Hence, we find H1(T 2,Z) = Z2. Moreover,

the set of 2-cycles is generated by a single representative which is the whole torus whereas

the 0-cycles are generated by a point which shows that H2(T 2,Z) = H0(T 2,Z) = Z.

The orbifold T 2/Z2 is obtained by further modding out a discrete rotational symme-

try around the origin, which acts as

p : (y1, y2)→ (−y1,−y2) . (3.10)

In doing so, the fundamental domain is reduced to one half of the corresponding domain

of the torus and the physical volume is modified accordingly,

vol(T 2/Z2) = 1
2
〈r〉2L2 . (3.11)

The moduli which determine the shape of the internal space are unaffected by the rota-

tion1 and are still described by τ = τ1 + iτ2 and r. Nevertheless, the topological prop-

erties are altered and the orbifold can be pictured as the pillow-shaped space depicted

schematically in Figure 3.3. Therefore, the orbifold is obtained from R2 by modding out

a group generated by the two torus translations t1/2 and the rotation p. This group is

called the space group. In the present case it is the semi-direct product Z2 o Z2.

Studying the action of the space group on R2, one finds four fixed points in the

fundamental domain, i.e. points that are mapped to themselves after rotation up to a

1For all other torus orbifolds, e.g. T 2/Z3, the rotation fixes the shape modulus τ .
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ζ1 ζ2

ζ3 ζ4C3

C1

C4

C2

T2

T1

Figure 3.3: Schematic picture of the T 2/Z2 orbifold with its 1-cycles and the projected torus 1-cycles.

lattice translation. In the y coordinates introduced above, these fixed points are located

at

ζ1 = (0, 0) , ζ2 =
(
L
2
, 0
)
, ζ3 =

(
0, L

2

)
, ζ4 =

(
L
2
, L

2

)
. (3.12)

At the fixed points there is a conical singularity with deficit angle π, which can be

interpreted as localized and singular curvature. Away from the singularities the orbifold

remains flat and inherits the metric (3.6) of the torus.

Instead of descending stepwise form the universal covering space over the torus to

the orbifold, we can go directly from R2 to T 2/Z2. This is done by modding out the

action of three different discrete rotations acting as

p1 : (y1, y2)→ (−y1,−y2) ,

p2 : (y1, y2)→
(
−(y1 − L

2
) + L

2
,−y2

)
= (−y1 + L,−y2) ,

p3 : (y1, y2)→
(
−y1,−(y2 − L

2
) + L

2

)
= (−y1,−y2 + L) .

(3.13)

These are rotations by π around the fixed points ζ1, ζ2 and ζ3, respectively, and conse-

quently directly encode the conical singularities. Moreover, every rotation pi generates

a Z2 subgroup, because (pi)
2 = 1. Therefore, the space group can be brought to the

form of three Z2 rotations. Note, however, that it is not a direct product since the
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elements do not commute among each other. In order to demonstrate the equivalence

to the description in terms of torus translations above we have to show that the three

rotations can be combined to form the rotation around the fourth fixed point. This

directly induces the fourth conical singularity needed for a compact space. Further we

have to check that the torus translations can be expressed in terms of the three rotations

pi. For the rotation p4 around the fixed point ζ4 consider the combination2

p3p1p2 : (y1, y2)→ (−y1 + L,−y2 + L) =
(
−(y1 − L

2
) + L

2
,−(y2 − L

2
) + L

2

)
, (3.14)

which exactly reproduces the desired rotation. The translations along the generating

lattice vectors t1, t2 can be expressed in terms of two consecutive rotations, specifically

p2p1 : (y1, y2)→ (y1 + L, y2) ,

p3p1 : (y1, y2)→ (y1, y2 + L) ,
(3.15)

which establishes the equivalence of the two descriptions.

Analogously to the analysis on the torus, the 1-cycles are generated by curves that

are open in R2 but closed after the space group is modded out. In terms of the three

discrete rotations pi a basis of 1-cycles is generated by C1, C2, and C3 which correspond

to loops that wind once around the fixed points ζ1, ζ2, and ζ3, respectively (see Figure

3.3). As expected form (3.14) the loop around the fourth fixed point, C4, is linearly

dependent and satisfies the relation

C4 = −(C1 + C2 + C3) , (3.16)

where the minus sign corresponds to our choice of orientation. As suggested by (3.15) it

is further possible to project the torus 1-cycles down to the orbifold and express them

in terms of the orbifold basis. This leads to the identities

T1 = C3 + C4 = −(C1 + C2) , T2 = C1 + C3 , (3.17)

as is depicted in Figure 3.3. The description in terms of 1-cycles around the fixed points

proves to be very efficient as soon as one considers background fields on the compact

geometry.

3.2 Fields on compact spaces

Before we go on to the classification of gauge backgrounds, we review the implications

of compact dimensions for an arbitrary field Q. On the universal covering space R2 the

2We work in terms of a left action which means that pipj(y) = pi(pj(y)).
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field values of Q at different points are unconstrained. As soon as one mods out discrete

subgroups of the Poincaré group, however, points related via the action of the space

group are identified. Clearly, well-defined fields on the compact spaces have to respect

this identification.

Kaluza-Klein decomposition

On the torus the space group is isomorphic to Z2 and is generated by the two translations

t1 and t2, leading to the condition

Q(xµ, tm y) = Q(xµ, y) , (3.18)

where we denoted y = (y1, y2) ∈ R2. This leads to the standard Kaluza-Klein (KK)

decomposition involving components of fixed momentum along the extra dimensions.

This field decomposition takes the form

Q(xM) =
∑
n,m

Qn,m(xµ) ξn,m(y) , (3.19)

with KK mode functions

ξn,m(y) =
1

L
exp

(
2πi

L
(ny1 +my2)

)
. (3.20)

These mode function satisfy the orthonormality condition∫
T 2

dy2 ξn,m ξk,l = δn,kδm,l . (3.21)

Using (3.6), the compact part of the Laplace operator can be written as

∆2 = −H2 = gmn2 ∂m∂n =
1

τ2

(
|τ |2 ∂2

1 − 2τ1 ∂1∂2 + ∂2
2

)
, (3.22)

which, acting on the mode functions (3.20), leads to the 4d mass of the corresponding

KK state of level (n,m)

H2 ξn,m =
4π2

L2τ2

(τn−m)(τ n−m) ξn,m ≡
1

τ2

|Mn,m|2ξn,m , (3.23)

where we defined the complex mass parameter

Mn,m = 2π
L

(τn−m) . (3.24)



20 Chapter 3. Geometry and background fields

After appropriate rescaling of the fields in order to obtain canonically normalized kinetic

terms, the physical mass of the KK level (n,m) reads [35]

m2
n,m =

4π2

τ2 r2L2
|τn−m|2 =

4π2

τ2 vol(T 2)
|τn−m|2 . (3.25)

In many compactifications bosons and fermions decompose with respect to the same

mode functions. In this case it is often convenient to expand the complete superfields

after rewriting them in N = 1 language, as discussed in Appendix A. For instance, a

complex chiral superfield can be expanded as

Q
(
xM , θ, θ

)
=
∑
n,m

Qn,m

(
xµ, θ, θ

)
ξn,m(y) , (3.26)

with four-dimensional chiral superfields Qn,m. Similarly, a real vector superfield can be

expanded as

V
(
xM , θ, θ

)
=
∑
n,m

Vn,m
(
xµ, θ, θ

)
ξn,m(y) , (3.27)

with the reality constraint V n,m = V−n,−m descending from V = V in six dimensions.

On the orbifold T 2/Z2 the fields further have to transform appropriately under the

discrete rotation generated by p

Q(xµ, p y) = Q(xµ,−y) = Q(xµ, y) . (3.28)

We can use the torus mode functions (3.20) to construct a basis of field profiles with the

correct transformations behavior, see e.g. [43],

ξ+
n,m(y) = Cn,m

(
ξn,m(y) + ξn,m(−y)

)
= Cn,m

(
ξn,m(y) + ξ−n,−m(y)

)
(3.29)

=
2

L
Cn,m cos

(
2π

L
(ny1 +my2)

)
, (3.30)

with normalization constant Cn,m = 1 for (n,m) 6= (0, 0) and C0,0 = 1/
√

2. They satisfy

the orthonormality condition on the orbifold (n,m ≥ 0)∫
T 2/Z2

d2y ξ+
n,mξ

+

k,l = δn,kδm,l . (3.31)

The linearly independent combination

ξ−n,m(y) =
(
ξn,m(y)− ξ−n,−m(y)

)
=

2i

L
sin

(
2π

L
(ny1 +my2)

)
, (3.32)

transforms odd under p and is projected out. The decomposition of complete multiplets

is equivalent to the case on the torus.
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Twisted mode functions

In general, the fields Q transform under a symmetry group G, which allows twisted

boundary conditions involving elements of G,

Q(xµ, tm y) = TmQ(xµ, y) ,

Q(xµ, p y) = P Q(xµ, y) ,
(3.33)

with Tm, P ∈ G. These twists can be understood as a group homomorphism from the

space group into the symmetry group G. This group homomorphism imposes several

consistency constraints on the twist elements Tm and P . Generically, every combination

of space group elements that correspond to a closed path in the universal covering space

R2 induces such a relation. On the torus a closed path is generated by the combination

(t2)−1 (t1)−1 t2 t1 and the conservation of the group structure under the homomorphism

implies

T2 T1 = T1 T2 , (3.34)

i.e. the two twists have to commute. On the orbifold, which includes the additional

operator P the relations are

P 2 = I ,

PTmP = (Tm)−1 .
(3.35)

For Abelian groups G the second relation implies (Tm)2 = I. This algebra represents the

Z2 o Z2 space group of the orbifold.

Equivalently, we can perform an analysis using the space group composed of the three

Z2 rotations p1, p2, and p3 and corresponding twist operators

Q(xµ, pi y) = PiQ(xµ, y) . (3.36)

The Z2 structure of the operators is realized as

(Pi)
2 = I . (3.37)

For one-dimensional representations of G this means Pi = ±1. Since both descriptions

of the space group have to lead to the same physical implications, there has to be a

matching between the twist operators. This follows form the relations of the space

group elements (3.15) and the group homomorphism

P Q(xµ, y) = Q(xµ, p y) = Q(xµ, p1 y) = P1Q(xµ, y) ,

T1Q(xµ, y) = Q(xµ, t1 y) = Q(xµ, p2p1 y) = P2P1Q(xµ, y) ,

T2Q(xµ, y) = Q(xµ, t2 y) = Q(xµ, p3p1 y) = P3P1Q(xµ, y) .

(3.38)
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(P, T1, T2) (+,+,+) (+,+,−) (+,−,+) (−,+,+)

(P1, P2, P3) (+,+,+) (+,+,−) (+,−,+) (−,−,−)

(P, T1, T2) (+,−,−) (−,+,−) (−,−,+) (−,−,−)

(P1, P2, P3) (+,−,−) (−,−,+) (−,+,−) (−,+,+)

Table 3.1: Matching of Abelian twist operators on T 2/Z2 for both space group descriptions.

Similarly, the twist operator for rotations around ζ4 is fixed by the other operators

P4 = P3P1P2 by (3.14).

For the special case G = U(1), which is important for the description of Abelian

gauge field backgrounds, which we discuss in the next Section, the possibilities are given

by Tm, P ∈ {+1,−1}. The matching between the two different space group descriptions

is given in Table 3.1.

Depending on the parities around the fixed points, the twisted boundary condition

allow for more mode functions as described by (3.30) and (3.32). However, similarly to

the treatment there, they can be classified according to their transformation behavior

under elements of the space group. This leads to an orthonormal set of field profiles

ξP1,P2,P3
n,m , see e.g. [72]. A discussion of the standard KK masses linked to the mode

functions respecting the various boundary conditions reveals that the only boundary

condition leading to a 4d massless field is associated to (P1, P2, P3) = (+,+,+).

For a non-Abelian symmetry group G the possible twists are less constrained and

can act differently within representations of G. This can be used in order to break the

symmetry group to a subgroup, see [36,71,73]. Furthermore, one has to incorporate the

Lorentz representation with respect to the Lorentz subgroup of the internal geometry

into the discussion of twists. The conical singularities at the fixed points, in particular,

lead to a non-trivial parallel transport of non-trivial Lorentz representations along the

closed curves corresponding to Ci. Specifically, for fields that transform as vectors on

the compact space the curvature at the fixed point leads to a sign change in the vector

field components upon parallel transport. This leads to a severe restriction of the gauge

field backgrounds on T 2/Z2.

Moreover, supersymmetric theories in higher dimensions often posses a non-Abelian

R-symmetry group, which is SU(2) in the case of minimally supersymmetric six-dimen-

sional models [74]. In these theories it is possible to use twists in the global R-symmetry

group, which leads to modified boundary conditions within a single 6d supermultiplet.

In this way, the discrete twist operators correspond to a partial supersymmetry breaking

at the fixed points. For instance, we often use chiral boundary conditions for 6d fermions
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for which the 4d constituent of positive chirality is projected out and only a single Weyl

fermion appears as zero mode in the effective action. For a specific realization of these

boundary conditions see e.g. [75].

In general, it is a subtle issue to arrange the global twists in order to obtain a consis-

tent spectrum in the 4d effective theory, [15,76]. However, the individual components of

the non-trivial representations can always be associated to the mode functions ξ±,±,±n,m ,

where the parities are a collective effect of (non-)Abelian twists and the transformation

behavior under Lorentz transformations on the internal space.

3.3 Gauge background

After specifying the geometrical properties of the internal dimensions and the behavior

of arbitrary fields on these compact spaces, we can classify the allowed background

configurations for gauge fields. We start with an Abelian gauge field A whose components

can be conveniently combined into a 1-form that decomposes into a 4d and 2d part,

A = AM dxM = Aµ dx
µ + Am dy

m . (3.39)

The gauge field A transforms under 0-form gauge transformations Λ in the following

way

A→ A+ dΛ . (3.40)

The gauge invariant field strength 2-form is defined as

F = dA = 1
2
FMN dx

M ∧ dxN . (3.41)

The 4d part of the gauge field behaves as a real scalar with respect to the internal

space indices and for appropriate boundary conditions leads to standard gauge field

dynamics in the non-compact space. The internal components transform as a vector on

the compact space and are affected by the presence of conical singularities. This can

be easily seen by considering the transformation behavior of the internal 1-forms under

elements of the space group. While for the torus translations they remain unchanged,

d(tm y) = dy , (3.42)

the rotation on the orbifold leads to a sign flip

d(p y) = −dy . (3.43)
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As a well-defined 1-form on the internal geometry has to be invariant with respect

to the space group, we deduce the transformation behavior of the internal gauge field

components to be

Am(xµ, p y) = −Am(xµ, y) . (3.44)

This is in agreement with the effect of parallel transport of non-trivial Lorentz repre-

sentations around conical singularities discussed above. This means that without the

addition of further twists the degrees of freedom contained in the internal gauge field

components are massive on the orbifold.

On the flat torus, however, the internal components of the gauge field on T 2 allow for

a massless degree of freedom in the 4d effective action. It is contained in a 6d complex

scalar field defined as

φ(xM) = 1√
2

(
A2(xM) + iA1(xM)

)
, (3.45)

whose massless excitation in the compactification are independent of the coordinates ym.

Abelian twists and Wilson lines

We have seen above that via a group homomorphism from the space group to the sym-

metry group G the boundary conditions can be modified to include twists by elements

of G. If part of the symmetry group G is gauged, we can translate the twists into a

non-trivial gauge field configuration, as explained in the following.

Consider (3.33), or equivalently (3.36), with the twist operator being an element of

the Abelian group U(1), i.e. a complex phase. In general, we find

Q(xµ, g y)−Q(xµ, y) = (G− 1)Q(xµ, y) , (3.46)

where g denotes an arbitrary element of the space group and G = eiα its image in U(1)

under the group homomorphism. If the symmetry group U(1) is gauged we can perform

a gauge transformation (3.40) on the universal covering space with gauge parameter

Λ(y). The field Q of charge q transforms as

Q → e−ieqΛQ , (3.47)

with U(1) gauge coupling e. Hence, after the gauge transformation the periodicity

conditions (3.46) read

e−ieqΛ(g y)Q(xµ, g y)− e−ieqΛ(y)Q(xµ, y) =
(
e−ieqΛ(g y)eiα − e−ieqΛ(y)

)
Q(xµ, y) , (3.48)
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and the gauge transformed field has trivial periodic boundary conditions for a gauge

transformation of the form

−eqΛ(g y) + eqΛ(y) + α = 2πk , k ∈ Z . (3.49)

However the gauge transformation necessitates a change in the gauge connection. As-

suming a vanishing gauge connection before the transformation, we can evaluate the line

integral using (3.49),

0 =

g y∫
y

A→
g y∫
y

(A+ dΛ) = Λ(g y)− Λ(y) =
1

eq
(α− 2πk) . (3.50)

Consequently, the twisted boundary condition on the universal covering space can be

equivalently described by a non-trivial gauge field configuration.

For the torus T 2, with its space group generated by two translations, the correspond-

ing gauge field background can be described by

A = 1
eqL

(αm − 2πkm) dym , (3.51)

which is independent of the internal coordinates ym.

Even though this configuration is pure gauge on the universal covering space, this is

not the case on T 2, because the allowed gauge transformations on the torus themselves

are restricted. This can be seen by considering the gauge invariant Wilson line operator

W = exp

(
ieq

∮
A

)
, (3.52)

which describes the integral of the gauge field along a closed path. For the universal

covering space the Wilson line is trivial for vanishing flux, because there are no non-

contractable closed paths. On T 2, however, there are non-contractable closed paths

described by the 1-cycles. Thus, only gauge transformations that leave (3.52) invariant

are valid on the compact space. The gauge variation of a Wilson line associated to the

1-cycle basis Tm is

Wm = exp

(
ieq

∮
Tm

A

)
→ eieqΛ(tm y)−ieqΛ(y) exp

(
ieq

∮
Tm

A

)
, (3.53)

leading to a constraint on the globally defined and torus compatible gauge transforma-

tions:

Λ(tm y)− Λ(y) =
2πkm
eq

, km ∈ Z . (3.54)



26 Chapter 3. Geometry and background fields

Combined with (3.50) we see that gauge field configurations with different km are gauge

equivalent and consequently the physically distinct constant gauge backgrounds on the

torus are

A =
αm
eqL

dym , αm ∈ [0, 2π) . (3.55)

This continuous family of configurations are called continuous Wilson lines and encode

two real and periodic degrees of freedom. They can be used in order to absorb twisted

boundary conditions with respect to a gauged symmetry into the gauge field. We denote

the Wilson line configuration as amdy
m and define the zero mode of the internal gauge

components accordingly, see (3.45), as a 4d complex degree of freedom,

ϕ(xµ) = 1√
2

(
a2(xµ) + ia1(xµ)

)
, (3.56)

which plays an important role in Chapter 4.

On T 2/Z2 this degree of freedom is generically projected out due to the presence of

the points of singular curvature. Nevertheless, there are non-trivial gauge field back-

grounds on the orbifold. Similar to the torus, these can be interpreted as an alternative

description of twisted boundary conditions in gauged symmetry groups. For an Abelian

symmetry the possible non-trivial twist operators (3.36) are

Pi = −1 , (3.57)

with the consistency constraint P3P1P2 = P4. In analogy to the analysis above, we want

to construct a gauge field background with

Wi = exp

(
ieq

∮
Ci

A

)
= eiπ , (3.58)

which, in order to be a consistent configuration on the orbifold, has to satisfy (3.44).

Since the Ci are closed on T 2/Z2 we can use Stokes’ theorem3 and transform the line

integral into a surface integral over the surface Σi containing the fixed point ζi,

Wi = exp

(
ieq

∫
Σi

F

)
= eiπ , (3.59)

which shows the presence of a non-vanishing field strength in Σi, see also [77]. However,

we do not want F 6= 0 for the regular points in the bulk of the orbifold. This suggests

3Since the space is singular the application of Stokes’ theorem is not straightforward and our discussion

should rather be viewed as a qualitative argument.
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to concentrate the complete field strength at the singular orbifold fixed points, similar

to the curvature,

F =
π

eq
δ(y − ζi) v2 , (3.60)

where we defined the δ-function and the volume form v2 = dy1∧dy2 on the orbifold such

that ∫
T 2/Z2

δ(y) v2 = 1 . (3.61)

In order to derive the gauge field configuration that possesses this behavior we go back

to the universal covering space R2. A gauge field configuration that induces singular

curvature at the origin is given by a vortex configuration, which in polar coordinates

reads

Avort(ϕ, r; c) = c dϕ . (3.62)

Furthermore, we can evaluate the line integral over the path equivalent to C1 in R2 to

find ∫
C1

Avort = πc , (3.63)

which demands the appropriate values of the constant c to be ±(1/eq). In the y-basis

this vortex configuration for the internal gauge field components can be written as

Avort
m (y; c) =

c

|y|2
∑
n

εnm yn , (3.64)

and the constant c = ±(1/eq) parametrizes the singular field strength at the orbifold

fixed point. Note that the values of c are such that the vortices are canonical in the

universal covering space, i.e. the phases created for a charged particle surrounding a

vortex are trivial. Consequently, the fractional singular flux is associated to the order

of the corresponding fixed point. This generalizes to other torus orbifolds of the form

T 2/ZN and conical singularities in general.

This configuration is invariant with respect to the discrete rotation P but is not

invariant under the torus translations. One can construct an invariant gauge field con-

figuration by including an equivalent vortex around every point of the torus lattice

Alatt(y; c) =
∑
n,m

(
Avort(y1 − nL, y2 −mL; c)

)
. (3.65)
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ζ1

ζ3

ζ2

ζ4

Figure 3.4: Qualitative illustration of the gauge field configuration in the discrete Wilson line background

with c1 = 1/eq and c4 = −1/eq, i.e. vortices around ζ1 and ζ4 of opposite orientation.

In order to include possible twists around the other fixed points one further has to add

vortex configurations in a lattice displaced by ζi. The complete configurations then reads

Aorb(y) =
4∑
i=1

Alatt(y − ζi; ci) , (3.66)

where the consistency condition P3P1P2 = P4 is translated into

4∑
i=1

ci = 0 . (3.67)

These gauge backgrounds, allowed after the orbifold projection, are usually referred to

as discrete Wilson lines and encode the possible twists described in Table 3.1. One such

configuration is depicted schematically for P1 = P4 = −1 and P2 = P3 = 1 in Figure 3.4.

Even though the discrete Wilson lines do not lead to massless degrees of freedom in

the compactified theories they can have important effects on the realization of the low

energy dynamics.

Non-Abelian Wilson lines

Similar to the Abelian case, also non-Abelian groups G can be gauged and lead to non-

trivial gauge field configurations. Once more the description in terms of line operators

is very useful. Since the gauge field A is an element of the gauge algebra, the Wilson
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line W as a path-ordered exponential of A describes a group element of the non-Abelian

symmetry group. These group elements have to satisfy the consistency conditions (3.34)

on the torus and (3.35) on the orbifold. For non-trivial group elements the non-Abelian

gauge group is generically broken down to a subgroup, since some of the gauge fields

are rendered massive [36]. The action of the Wilson lines on the fields transforming

under the non-Abelian symmetry is defined according to their representations. While

the Wilson lines can vary continuously on T 2 they are discrete on T 2/Z2, in accordance

with the Z2 behavior of the space group.

Since in later Sections we use non-trivial Wilson line gauge backgrounds in order

to break an SO(10) grand unified gauge group down to the standard model group on

the orbifold T 2/Z2 [43, 72], we briefly describe the involved group elements and check

the consistency conditions explicitly. As explained above, for the SO(10) gauge back-

ground, encoded in the non-Abelian gauge connection Ã, we need to define the four

group elements

Wi = exp

(
ie

∮
Ci

A

)
∈ SO(10) . (3.68)

We choose W1 to be trivial, i.e. W1 = I10 in the vector representation, where In denotes

the n × n unit matrix. This leaves the whole gauge group unbroken at the fixed point

ζ1. At the fixed point ζ2 we incorporate the Wilson line

W2 =

(
−I6 0

0 I4

)
. (3.69)

This choice breaks SO(10) to SO(6) × SO(4) which on the level of the algebra is iso-

morphic to SU(4) × SU(2) × SU(2), i.e. the Pati-Salam group [78]. Clearly, we find

(W2)2 = I10 as necessary. At the fixed point ζ3 we include the Wilson line corresponding

to the SO(10) element

W3 = I5 ⊗

(
1 0

0 −1

)
, (3.70)

which also satisfies the constraint (W3)2 = I10. This breaks the SO(10) group to SU(5)×
U(1) similar to the Georgi-Glashow model [42]. With these two group elements we can

evaluate the group element associated to the Wilson line around ζ4 according to (3.14),

i.e.

W4 = W3W1W2 =

(
−I3 0

0 I2

)
⊗

(
1 0

0 −1

)
, (3.71)
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SO(10)

SU(5)× U(1)

SU(4)× SU(2)× SU(2)

SU(5)′ × U(1)

Figure 3.5: Pattern of SO(10) gauge symmetry breaking by discrete non-Abelian Wilson lines on T 2/Z2.

which describes a breaking to SU(5)× U(1) as well, but with a different embedding of

the SU(5) × U(1) subgroup. This model is often called flipped SU(5), [79, 80]. Since

(W4)2 = I10 all consistency conditions are satisfied and the group elements represent

a valid gauge field background of discrete Wilson lines. The pattern of the SO(10)

breaking on T 2/Z2 is depicted in Figure 3.5. The overall unbroken subgroup of SO(10)

in this setup is SU(3) × SU(2) × U(1)2 and hence contains the standard model gauge

group [43].

After we have analyzed and classified the possible twists and their relation to con-

tinuous and discrete Wilson lines for vanishing background flux we turn to a non-trivial

magnetic background in the following. All the field configurations we discussed so far

are globally defined on T 2 or T 2/Z2, excluding the singular fixed points, and therefore

do not need the definition of patches and gauge transformations between them.

Internal magnetic flux

So far we have only considered configurations with F = 0 in the smooth region of the

internal space. We now turn to backgrounds with a constant flux density in the internal

dimension. This implies a non-vanishing component F56 6= 0. Since the volume form

dy1 ∧ dy2 is invariant with respect to the torus translations and the discrete rotation on

the orbifold, we can directly consider the flux background described by

F = f v2 , (3.72)

where f describes the constant flux density.

Although the field strength F is easily defined on the compact geometries, the iden-

tification of a corresponding gauge field configuration is more complicated. On the
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Λ(2)

Λ(1)

Figure 3.6: Qualitative illustration of the flux background on the torus (3.73) with necessary gauge

transformations Λ(m) depicted in red and blue.

universal covering space R2 one can choose

A = f
2
y1dy

2 − f
2
y2dy

1 , (3.73)

which leads to the constant field strength (3.72). Clearly, the gauge field configuration

depends linearly on the internal coordinates and hence does not respect the periodicity

condition on the torus. However, the gauge field itself is only defined modulo gauge

transformations, which allows for modified periodicity conditions,

A(tmy) = A(y) + Λ(m)(y) . (3.74)

Note that these gauge transformations do not act globally on the torus as in the previous

Section, but are part of the boundary conditions and act only patch-wise, which is why

they do not have to satisfy the periodicity constraints introduced above, see e.g. [48].

For a projection of the background configuration described in (3.73) to the torus we find

Λ(1) = f
2
Ly2 , Λ(2) = −f

2
Ly1 , (3.75)

where in both cases we have omitted an irrelevant additional constant. The correspond-

ing gauge field configuration is depicted in Figure 3.6, where for illustration purposes the

gauge transformations are performed within the bulk of the torus. As visualized by the

picture, the configuration satisfies the periodicity conditions on T 2. Moreover, the gauge

field (3.73) is invariant under the discrete rotation p and hence can be equivalently used

on the orbifold. In both cases we can add a globally defined background gauge field with
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Σ1

C

Σ2

Figure 3.7: Trivial loop C bounded by two surfaces Σ1,2 (red and blue) that cover the whole torus.

vanishing flux density within the smooth region without altering the necessary gauge

transformations. This leads to superpositions of magnetic flux and continuous/discrete

Wilson lines, which will be used frequently in later Sections.

Since the gauge transformations, as part of the boundary conditions, also act on

charged fields, there are consistency constraints for the values of f on compact spaces,

which lead to a quantization condition.

Flux quantization

In the presence of charged fields magnetic fluxes have to be quantized on compact spaces.

This can be shown in a simple way by considering the Wilson line on a contractable path

C in the internal space

W = exp

(
ieq

∮
C

A

)
. (3.76)

Via Stokes’ theorem we can relate this to a surface integral of a surface Σ with boundary

C, i.e. ∂Σ = C. For T 2 and T 2/Z2 there are two possible choices for the surface bounded

by C, which we denote by Σ1,2. This leads to the equation

exp

(
ieq

∫
Σ1

F

)
= exp

(
ieq

∮
C

A

)
= exp

(
ieq

∫
Σ2

F

)
. (3.77)

Moreover, the two surfaces cover the whole torus or orbifold, i.e. Σ1 − Σ2 = T 2(/Z2),

where the minus sign is necessary to match the orientation of their boundaries, see

Figure 3.7 for the torus. With this, Equation (3.77) can be rewritten as

exp

(
ieq

∫
Σ1

F − ieq
∫
Σ2

F

)
= exp

(
ieq

∫
Σ1−Σ2

F

)
= exp

(
ieq

∫
T 2(/Z2)

F

)
= 1 . (3.78)
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For the constant flux background F = f v2 (3.72) this implies the quantization of the

magnetic flux on the torus

f =
2πN

eqL2
, N ∈ Z , (3.79)

and similarly on the orbifold, whose volume is reduced by a factor of 1
2
,

f =
4πN

eqL2
, N ∈ Z . (3.80)

Note that due to the consistency condition (3.67) on the singular fluxes on the orbifold

fixed points the quantization condition remains unchanged after the inclusion of discrete

Wilson lines.

3.4 Charged fields with magnetic flux

Next, we discuss charged fields in the magnetic flux and Wilson line backgrounds dis-

cussed above. We derive their mass spectra after compactification, as well as their field

profiles in the internal space using a harmonic oscillator analogy [13,15,17,81].

Charged bosonic fields

The gauge covariant kinetic term for a 6d boson Q of charge q reads

S6 =

∫
d6x
√
|g6|(−gMN

6 DMQDNQ) , (3.81)

with g6 the determinant of the 6d metric. The gauge covariant derivative acts as

DMQ = (∂M + ieqAM)Q . (3.82)

Decomposing the action in terms of 4d and 2d contributions using the metrics (3.7) we

find

S6 =

∫
d6x
√
|g4|

{
−gµν4 DµQDνQ−

1

r4
gmn2 DmQDnQ

}
→
∫
d6x
√
|g̃4|

{
−g̃µν4 DµQDνQ+

1

r2
Q(gmn2 DmDn)Q

}
,

(3.83)

where we have performed a redefinition of the complex scalar field to obtain canonically

normalized kinetic terms in the non-compact dimensions with the physical metric g̃4 and

integrated the compact part by parts. We can define the gauge covariant analogue of

the internal Laplace operator, see Section 3.2, in terms of

H2 = −gmn2 DmDn = − 1

τ2

(
(τ2D1)2 + (D2 − τ1D1)2

)
, (3.84)
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whose eigenvalues, as in the Kaluza-Klein case above, determine the masses of the 4d

fields after compactification. In the flux background (3.73) we find as commutator for

the internal components of the internal derivatives appearing in H2

[iτ2D1, i(D2 − τ1D1)] = −ieqτ2f , (3.85)

which is analogous to the harmonic oscillator algebra with the standard Hamiltonian

given by Hho = 1
2m
p2 + 1

2
mω2x2 under the identification [15]

m = 1
2
, ω = 2 , p = i(D2 − τ1D1) , x = iτ2D1 , ~ = −eqτ2f . (3.86)

For a positive value of the analogue of ~ for positively charged particles we set f < 0

in the following4. As in the analysis for the quantum harmonic oscillator it is useful to

define ladder operators as combinations of x and p

a =

√
1

−2eqτ2f
(τD1 −D2)

a† =

√
1

−2eqτ2f
(−τD1 +D2) ,

(3.87)

that satisfy the canonical commutation relation
[
a, a†

]
= 1. The internal Hamiltonian

(3.84) can be rewritten as

H2 = −eqf
(
a†a+ aa†

)
= −2eqf

(
a†a+ 1

2

)
. (3.88)

The 4d masses are hence given by the harmonic oscillator spectrum. From the index

theorem we know that furthermore each level has to be degenerate with a multiplicity

given by the number of flux quanta |N | in the compact space similar to Landau levels.

With (3.83) we can read off the physical masses of charged scalar fields of level n in the

flux background on T 2,

m2
n =
−2eqf

r2

(
n+ 1

2

)
=

2π|N |
r2L2

(2n+ 1) , (3.89)

which will be reproduced in a supersymmetric effective action in Chapter 4.

Charged fermionic fields

The 6d gauge covariant kinetic action for fermions can again be split into a 4d and 2d

part,

S6 =

∫
d6x
√
|g6|

(
iΨΓMDMΨ

)
=

∫
d6x
√
|g4|r−2

(
iΨΓµDµΨ + iΨΓmDmΨ

)
. (3.90)

4For f > 0 one can derive the same algebra by switching the roles of x and p.
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Once more, we want to evaluate the internal part in order to obtain the 4d masses. For

that we can define the fermionic Hamiltonian, see [82],

Hf
2 = (iΓmDm)2 = −1

2
({Γm,Γn}+ [Γm,Γn])DmDn

= −r−2gmn2 DmDn − 1
2
ΓmΓn[Dm, Dn] = r−2H2 − ieqf Γ5Γ6 .

(3.91)

Hence, there is a shift in the fermionic mass eigenvalues, which corresponds to the

transformation behavior under rotations in the internal dimensions parametrized by the

eigenvalue of Γ̃ = −iΓ5Γ6. In order to evaluate the helicity structure we split the 6d

chirality operator into a 4d and a 2d part, see Appendix A,

Γ7 = Γ0Γ1Γ2Γ3Γ5Γ6 = Γ5Γ̃ , (3.92)

with Γ5 = iΓ0Γ1Γ2Γ3. For 6d fermions of negative chirality, which satisfy Γ7Ψ− = −Ψ−,

one deduces that the eigenvalues of Ψ− with respect to Γ5 and Γ̃ have to be opposite5.

This fixes the physical fermion masses after rescaling the fields in dependence of their

4d chirality,

m2
n,1/2 = m2

n ±
eqf

r2
=

2π|N |
r2L2

(2n+ 1± 1) , (3.93)

where the minus sign is for Γ̃Ψ− = Ψ−, i.e. Γ5Ψ− = −Ψ−. For qf < 0, this is related

to fermion zero modes of negative 4d chirality. In the remaining part we are mainly

considering positively charged fields in the background of (−N) flux quanta on the

compact space, leading to a multiplicity of fermion zero modes of negative chirality

according to the analysis above. This is in agreement with the index theorems, see

e.g. [41], and due to its topological origin is stable under perturbations.

Charged fields of other Lorentz representation

Similar to charged 6d fermions, fields of other Lorentz representations can be decomposed

with respect to their representations under the 4d Lorentz symmetry and their internal

transformation behavior. The masses are shifted, similar to a coupling of the magnetic

field to the spin in atomic models, according to their internal helicity Σ. The general

mass formula is given by [13]

m2
n,Σ =

2π|N |
r2L2

(2n+ 1± 2Σ) . (3.94)

Especially for charged gauge fields in six dimensions, which contain fields of internal

helicity Σ = 1, the lowest mass squared is negative, indicating a tachyonic instability

5The eigenvalues of Γ5 and Γ̃ are ±1, since (Γ5)2 = (Γ̃)2 = I8.
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and posing a problem for the embedding of flux backgrounds in non-Abelian gauge

groups. This can be reproduced in our analysis of a non-Abelian flux background in

Section 4.3.

Field profiles

Knowing the mass spectrum of charged fields in the flux background, we explicitly derive

their field profiles on T 2 and T 2/Z2 with Wilson lines [16, 48]. Note, that it is enough

to calculate the mode functions for the lowest Landau level. The excited levels can be

consecutively constructed by application of the ladder operators. Specifically, denoting

the lowest level n = 0 by ψ0,j, where the j-index accounts for the |N |-fold degeneracy,

we find

ψn,j =
1√
n!

(
a†
)n
ψ0,j , ψn,j =

1√
n!

(a)n ψ0,j . (3.95)

Since for non-vanishing flux there is the necessity of gauge transformations associated

to torus translations (3.74), the boundary conditions of charged fields are affected ac-

cordingly. In the background (3.73), after absorbing Wilson lines into twisted boundary

conditions as discussed in the previous Section, the boundary conditions for fields of

charge q are

ψ0,j(t1 y) = exp
(
iα1 − i

2
eqfLy2

)
ψ0,j(y) ,

ψ0.j(t2 y) = exp
(
iα2 + i

2
eqfLy1

)
ψ0,j(y) .

(3.96)

Moreover, we know that the lowest state has to be annihilated by a and consequently

by (τD1 −D2), which leads to

(τ∂1 − ∂2)ψ0,j(y) = ieq f
2
(τy2 + y1)ψ0,j(y) . (3.97)

This can be solved by the ansatz

ψ0,j(y) = C exp
(
−ieq f

2
(y1y2 + τy2

2)
)
ψ̃j(y1 + τy2) , (3.98)

where ψ̃j is a function of the combination y1+τy2 ≡ z and C is a normalization constant.

The remaining functions ψ̃j satisfy the boundary conditions

ψ̃j (t1 z) = eiα1ψ̃j(z) ,

ψ̃j (t2 z) = exp
(
iα2 + ieqfLz + i

2
eqfτL2

)
ψ̃j(z)

= exp
(
iα2 + 2πiN z

L
+ iπNτ

)
ψ̃j(z) ,

(3.99)
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where we used the quantization condition on the torus (3.79). This periodic behavior is

familiar from the Jacobi theta functions defined as [48]

Θ

[
a

b

]
(x, y) =

∑
n∈Z

eiπy(n+a)2e2πi(n+a)(x+b) , (3.100)

which have the following transformation behavior for k ∈ Z :

Θ

[
a

b

]
(x+ k, y) = e2πiak Θ

[
a

b

]
(x, y) ,

Θ

[
a

b

]
(x+ k y, y) = e−iπyk

2−2πik(x+b) Θ

[
a

b

]
(x, y) .

(3.101)

Thus, with the identification x = N
L

(y1 + τy2) = zN
L

we find that

ψ̃j(z) = Θ

[
α1

2πN
+ j

N
α2

2π

] (
zN
L
,−Nτ

)
(3.102)

reproduces the desired transformation under torus translations (3.99). Additionally, this

leads to |N | linearly independent solutions enumerated by j ∈ {0, . . . , |N | − 1}. Note,

however, that the Θ-function only converges for N < 0, since we define Im(τ) = τ2 > 0.

This corresponds to the fact that a acts as an annihilation operator for charge q > 0

fields; for fields of negative charge one has to use the complex conjugate mode functions.

In summary, the mode functions describing the |N |-fold degenerate lowest Landau

level for fields of positive charge q are

ψ0,j(y) = C exp
(
−iπ N

L2y2z
)

Θ

[
α1

2πN
+ j

N
α2

2π

] (
zN
L
,−Nτ

)
. (3.103)

Demanding the normalization condition∫
T 2

d2y |ψ0,j(y)|2 = 1 (3.104)

fixes the normalization constant [48]

C =
(2|N |)1/4

L
. (3.105)

Moreover, the mode functions are orthogonal and we find∫
T 2

d2y ψn,jψm,k = δn,mδj,k . (3.106)
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Figure 3.8: Contour plot of the two degenerate lowest Landau levels |ψ0,j |2 on T 2 (τ = i) with N = −2.

For an illustration of the shape of the ground state and first excited mode function for

N = −2 on the rectangular torus with τ = i see Figures 3.8 and 3.9.

For the Landau level field profiles on the orbifold T 2/Z2 we can proceed similarly

to Section 3.2. Specifically, we form the even and odd combinations with respect to a

discrete rotation around the origin,

ψ+
n,j(y) = 1√

2
C (ψn,j(y) + ψn,j(−y)) ,

ψ−n,j(y) = 1√
2
C (ψn,j(y)− ψn,j(−y)) ,

(3.107)

where C is a normalization constant with C ∈ {1, 2} depending on the Wilson line

background and index j. Furthermore, one has to account for the modified quantization

condition of the magnetic flux due to the reduced size of the internal space and the

restriction to discrete Wilson lines. This means that only N ∈ 2Z are allowed in (3.103)

and αm ∈ {0, π}. These constraints lead to an identification of some of the degenerate

states [7, 16] and modifies the multiplicity of linearly independent field profiles in the

various backgrounds.

In fact, for trivial Wilson lines, i.e. αm = 0, the profiles ψ+
n,j and ψ+

n,2N−j are identical.

One is therefore left with |N |+ 1 even field profiles with positive parity around all four

fixed points, which are labeled by j ∈ {0, . . . , |N |}. Accordingly, there are |N | − 1

odd field profiles. For non-vanishing Wilson line backgrounds the multiplicity is |N |
for even and odd field profiles and the vanishing behavior at the fixed points is nicely

captured by the orbifold parities and the associated vortex solutions described in Section

3.3. Specifically, the presence of vortices changes the parity at the corresponding fixed

points. This means that the even wavefunctions with parity (P1, P2, P3) = (+,+,+) for
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Figure 3.9: Contour plot of the two degenerate first Landau levels |ψ1,j |2 on T 2 (τ = i) with N = −2.

trivial Wilson line have parity (+,+,−) for (α1, α2) = (0, π) and similarly for other non-

trivial backgrounds listed in Table 3.1. For an illustration, see Figure 3.10 and Figure

3.11, which depict all linearly independent mode functions on the orbifold with N = −1

and all possible Wilson line backgrounds.

Decomposition of SO(10) representations

As an explicit example we discuss the decomposition of various SO(10) × U(1) repre-

sentations for the non-Abelian Wilson line background in Section 3.3. We furthermore

assume chiral boundary conditions and a non-vanishing magnetic flux in the additional

U(1) gauge group on the orbifold T 2/Z2. The relevant representations for a discussion

of SO(10) grand unified theories are the adjoint representation 45, the spinor represen-

tation 16 and the vector representation 10, see e.g. [43].

The adjoint representation contains all the gauge fields and gauginos of the grand

unified group SO(10). It is uncharged with respect to U(1) and consequently has the

usual KK decomposition, see Section 3.2. The internal gauge field components are

odd under the discrete rotation p and hence are massive in the 4d effective theory.

Similarly, one 4d constituent of the 6d gaugino is rendered massive by the chiral boundary

conditions. Thus, the only candidates for massless four-dimensional fields for this choice

of parities are the non-compact gauge field components in connection with their 4d

N = 1 superpartners, which obey identical boundary conditions. The non-Abelian

Wilson lines, described in Section 3.3, allow an even parity around all four fixed points
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Figure 3.10: Even field profiles of the lowest Landau level on the orbifold with −1 flux quantum without

Wilson lines (α1, α2) = (0, 0); the odd field profile vanishes.

only for gauge components that transform in the unbroken subgroup of SO(10), which

is SU(3) × SU(2) × U(1)2. The massless fields originating from a 6d vector multiplet

transforming in the adjoint representation of SO(10) hence are

450 → (8,1)0,0,0 ⊕ (1,3)0,0,0 ⊕ (1,1)0,0,0 ⊕ (1,1)0,0,0 (3.108)

N = 1 vector multiplets. The notation indicates the representations under the unbroken

SU(3)× SU(2) in brackets and the charges under U(1)3 as subscripts. The last charge

corresponds to the additional U(1) which contains the magnetic flux. The zero-modes

of the adjoint representation hence give rise to four 4d vector multiplets that contain

the standard model gauge fields and an additional gauge field, which can be used to

describe a gauged B − L-symmetry in phenomenological models.

The real vector representation 10 is also assumed to be uncharged under the ad-

ditional U(1) and the only zero modes are those that transform even under rotations

around all four fixed points. However, for the hypermultiplets we allow additional twists

with respect to the R-symmetry which can be chosen independently for separate 6d

10-plets. In this way, one has more possibilities for the representations of the 4d zero

modes. The reasoning for the fermion fields is identical to the discussion above and

the massless bosonic fields are supplemented by their fermionic counterparts to form

chiral N = 1 multiplets. The possible zero modes in terms of the unbroken gauge group
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Figure 3.11: Field profiles of the lowest Landau level in the fundamental domain of T 2/Z2 with −1 flux

quantum with Wilson lines; (α1, α2) = (π, 0) (top left), (α1, α2) = (0, π) (top right), and (α1, α2) =

(π, π) (bottom). The vanishing of the mode functions at a fixed point is indicated by a black circle.

are [49,50]

100 → (1,2)3,2,0 ∼ Hu ,

100 → (1,2)−3,−2,0 ∼ Hd ,

100 → (3,1)−2,2,0 ∼ d

100 → (3,1)2,−2,0 ∼ dc ,

(3.109)

which corresponds to the quantum numbers of two Higgs doublets Hu and Hd which

are needed for a description of the standard model dynamics in supersymmetric setups,

e.g. [83], and right-handed down-type quarks d and their complex conjugates dc.

Similarly, we can analyze the decomposition of hypermultiplets with q = 0 transform-
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ing in the 16 and 16 representations of SO(10) for different choices of the additional

twists [49,50],

160 → (1,2)−3,3,0 ∼ L ,

160 → (3,1)2,3,0 ⊕ (1,1)0,−5,0 ∼ dc, nc ,

160 → (3,1)−4,−1,0 ⊕ (1,1)6,−5,0 ∼ uc, ec ,

160 → (3,2)1,−1,0 ∼ Q ,

(3.110)

and the complex conjugate representations for 160.

We see that for U(1)-neutral SO(10) representations only a fraction of the standard

model components is massless in the effective four-dimensional theory, whereas the others

are rendered massive by the non-Abelian Wilson line breaking with KK masses of the

order of the compactification scale. This is desirable for the 10-plets containing the

Higgs field, since it solves the doublet triplet splitting, e.g. [84]. For the 16-plets it is

rather unsatisfying, because one has to add a full SO(10) representation in order to

generate a 4d zero mode with one of the quantum numbers in (3.110).

For a 16-plet of charge q under the additional U(1) gauge group with flux, the

situation is different, see [8]. The full set of fields contained in the spinor representation

has a number of fermion zero modes given by the index theorem. Additionally, there is

one more fermionic state of zero mass for the components with even parities around all

four fixed points. The different standard model representations are localized in different

regions of the bulk, according to their boundary conditions, see the previous Section. For

N = −3 we hence find three full generations of fermion zero modes, all originating from

a single 16-plet with U(1) charge q. The mode functions of the different components

with respect to the standard model gauge group are summarized in Appendix C. For

our choice of parity for the charged 16-plet one has

16q → N ×G ⊕ (1,2)−3,3,q ∼ N ×G,L (3.111)

where G denotes a full generation plus a right-handed neutrino, i.e.

G = (3,2)1,−1,q ⊕ (3,1)−4,−1,q ⊕ (3,1)2,3,q ⊕ (1,2)−3,3,q ⊕ (1,1)6,−5,q

⊕ (1,1)0,−5,q ∼ {Q, uc, dc, L, ec, nc}q .
(3.112)

As we will see later, anomaly conditions suggest the presence of six 10-plets and four

16- or 16-plets. In our model we chose the boundary conditions for the six uncharged

10-plets in such a way that the massless 4d fields are described by

6× 100 → Hu, Hd, D1, D2, D
c
1, D

c
2 , (3.113)
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i.e. two complex conjugate Higgs fields and two vector like down-type quarks. For one

uncharged 16 in combination with two uncharged 16-plets the 4d fields are chosen to

be

160, 2× 160 → Dc
3, N

c, Lc, D3, N (3.114)

containing a third vector-like down-type quark, right-handed neutrinos, and a complex

conjugate lepton doublet. The last field transforming as 16 of SO(10) has U(1) charge

q and hence leads to fermionic zero modes transforming as three full generations plus

right-handed neutrinos as well as a lepton doublet L. Assuming, that the vector like

combinations Di and L receive large masses via superpotential terms at the fixed points

and N and N c play the role of the Higgs fields for the B − L-symmetry, the massless

degrees of freedom are three full generations of fermion zero modes and the two chiral

superfields containing Hu and Hd. This is the field content of interest in phenomenolog-

ical applications discussed later. For different parity assignments see [85]. For a closer

analysis of the model see the end of Chapter 5.

Therefore, the presence of flux in the internal space strongly influences the realiza-

tion of the compactified theory. The supersymmetry breaking induced by the positive

energy density due to the non-vanishing flux density modifies the mass spectrum of the

charged fields in analogy to Landau levels with a shift depending on the internal helic-

ity. Nevertheless, the index theorem demands the presence of chiral fermion zero modes

independent of the boundary conditions imposed by (non-)Abelian Wilson lines and one

can solve the doublet triplet splitting for uncharged 10-plet while preserving the multi-

plicity of fermion generations for a single charged 16-plet. Moreover, the appearance of

an effective harmonic oscillator algebra allows for an explicit derivation of the ground

state and excited mode functions of the charged fields, where the boundary conditions

induce a localization in different regions of the internal dimensions. All these properties

point towards various interesting possibilities in the construction of phenomenologically

viable models.
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Chapter 4

Supersymmetric effective action

In this Chapter we derive a globally supersymmetric effective action for six-dimensional

Abelian gauge theories with charged matter on the magnetized torus T 2. Moreover, we

briefly discuss a non-Abelian generalization with its classical instability. Interestingly,

the inclusion of the complete tower of charged states in the flux background leads to

a cancellation of quantum corrections for the Wilson line effective potential, which can

be traced back to the spontaneous breaking of translational invariance in the internal

dimensions induced by the flux background. This analysis within six-dimensional field

theory is especially interesting, since even though supersymmetry-preserving internal

magnetic fields were largely discussed in the context of string theory, e.g. [86–91], the

quantum corrections in the supersymmetry-breaking case cannot be treated reliably in

this framework [92].

In order to illustrate the underlying mechanisms we work with the simplest case of

a rectangular torus of fixed volume1 L2, i.e. τ = τ1 + iτ2 = i and r = 1. Moreover,

working in globally supersymmetric models, we neglect issues connected with the dy-

namics of the internal space after the inclusion of gravity. We furthermore neglect the

consistent cancellations of anomalies in the six-dimensional field theories. These issues

are addressed in the supergravity setup of Chapter 5. Similarities to the publication [11]

are intended and reflect the contributions of the author.

4.1 Effective action without flux

Before we discuss the presence of flux we analyze the theory in a background of van-

ishing magnetic field. In this way, we can introduce the necessary technical details in a

simple setup and also obtain the possibility for a direct comparison with the magnetic

1In this case there is no difference between the coordinates xm and ym introduced in Chapter 3.

45
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compactification later.

It is convenient to express the 6d superfields with effective N = 2 supersymmetry in

terms of N = 1 superfields depending on all six dimensions, see Appendix A. The 6d

vector superfield decomposes into a 4d vector superfield V and a chiral superfield φ. The

6d charged hypermultiplet of charge q can be rewritten in terms of two chiral multiplets

of opposite charge Q and Q̃. Following [93, 94], we can express the higher-dimensional

supersymmetric action in terms of the N = 1 superspace,

S6 =

∫
d6x

{
1

4

∫
d2θWαWα + h.c. +

∫
d4θ
(
∂V ∂V + φφ+

√
2V
(
∂φ+ ∂φ

))
+

∫
d2θ Q̃

(
∂ +
√

2eqφ
)
Q+ h.c. +

∫
d4θ
(
Qe2eqVQ+ Q̃e−2eqV Q̃

)}
,

(4.1)

where e denotes the gauge coupling and we introduced a complex derivative ∂ = ∂1− i∂2

associated to the complex coordinate z = 1
2
(y1 + iy2) on the torus. Using the Kaluza-

Klein decomposition for the complete superfields, as discussed in Section 3.2, we can

integrate out the extra dimensions to obtain a 4d action containing the full tower of

states. The gauge sector reads

S4 =

∫
d4x

∑
n,m

{∫
d2θ

1

4
Wα
n,mWα,−n,−m + h.c. +

∫
d4θ
(
|Mn,m|2Vn,mV n,m

+ φn,mφn,m +
√

2(Mn,mV n,mφn,m +Mn,mVn,mφn,m)
)}

,

(4.2)

with Kaluza-Klein mass parameter for τ = i, see (3.24),

Mn,m =
2π

L
(in−m) . (4.3)

The vector fields with (n,m) 6= (0, 0) are massive by eating the imaginary part of

the complex fields φn,m at the same KK level. This supersymmetric version of the

Stückelberg mechanism can be illustrated by shifting the massive vector fields according

to

Vn,m → Vn,m −
1√
2

(
1

Mn,m

φn,m −
1

Mn,m

φ−n,−m

)
. (4.4)

Up to a total derivative the transformed action contains a single massless vector multiplet

and chiral multiplet together with a full tower of massive vector multiplets. Denoting the

massless chiral field φ0,0 by ϕ, as in (3.56), the full gauge action (4.2) can be expressed
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as

S4 =

∫
d4x

∑
n,m

{∫
d2θ

1

4
Wα
n,mWα,−n,−m + h.c. +

∫
d4θ
(
|Mn,m|2Vn,mV n,m + ϕϕ

)}
.

(4.5)

In the rest of this Chapter we will restrict the attention to the massless states in the

gauge sector, i.e. V0 and ϕ, but we will include the complete tower for the charged states.

This restriction leads to the 4d effective action

S∗4 =

∫
d4x

{∫
d2θ

(
1

4
Wα

0 Wα,0 +
∑
n,m

(
−Mn,m +

√
2eqϕ

)
Q̃n,mQn,m

)
+ h.c.

+

∫
d4θ

(
ϕϕ+

∑
n,m

(
Qn,me

2eqV0Qn,m + Q̃n,me
−2eqV0Q̃n,m

))}
.

(4.6)

Note that the charged fermions of the same KK level contained in the chiral multiplets

Q and Q̃ combine into massive Dirac fermions of mass −Mn,m and the zero mode ϕ

couples like a mass term.

4.2 Effective action with Abelian flux

As discussed in Section 3.4 the field profiles and masses of charged fields in the flux

background exhibit a completely different pattern as compared to the standard KK

tower. Nevertheless, the field profiles of bosons and fermions are identical, which thus

allows for a decomposition of the full superfields. With the charged wavefunctions and

harmonic oscillator algebra discussed in Section 3.4, we define

Q
(
xM , θ, θ

)
=
∑
n,j

Qn,j

(
xµ, θ, θ

)
ψn,j(y) ,

Q̃
(
xM , θ, θ

)
=
∑
n,j

Q̃n,j

(
xµ, θ, θ

)
ψn,j(y) .

(4.7)

In the uncharged gauge sector we once more truncate to the lowest lying states described

by V0 and φ0. Moreover, we split the scalar part of φ0 into a background contribution,

see (3.73), accounting for the magnetic flux and fluctuations around it. More specifically

φ0|θ=θ=0 =
f

2
√

2
(y1 − iy2) + ϕ (4.8)

The charged hypermultiplet couples to the internal components of the gauge field due

to the gauge covariant derivative. In N = 1 language, as described in (4.1), this can be



48 Chapter 4. Supersymmetric effective action

rewritten in supersymmetric form. After using the mode decomposition and the explicit

form of the ladder operators the part of the 6d action containing internal derivatives

reads

S6 ⊃
∫
d6x

∫
d2θQ̃

(
∂ +
√

2eqφ0

)
Q+ h.c.

=

∫
d6x

∫
d2θ
(
−i
√
−2eqf Q̃a†Q+

√
2eq Q̃ϕQ

)
+ h.c. (4.9)

=

∫
d4x

∫
d2θ

∑
n,ñ,j,̃

Q̃ñ,̃Qn,j

∫
T 2

d2y
(
ψñ,̃

(
−i
√
−2eqfa† +

√
2eqϕ

)
ψn,j

)
+ h.c.

With the orthonormality conditions (3.106) and the action of the ladder operators on

the charged mode functions one can determine the corresponding contribution to the

superpotential W in the supersymmetric 4d effective action. It contains a mass term

for the charged chiral superfields as well as their interaction with the Wilson line ϕ.

Specifically, for a truncation to the lowest mode in the uncharged sector we find

S∗4 ⊃
∫
d4x

∫
d2θW(Qn,j, Q̃n,j, ϕ) + h.c.

=

∫
d4x

∫
d2θ
∑
n,j

(
−i
√
−2eqf(n+ 1) Q̃n+1,jQn,j +

√
2eq Q̃n,jϕQn,j

)
+ h.c.

(4.10)

Similarly, we can evaluate the kinetic action for the charged fields. After a truncation

to V0 it yields standard kinetic terms for each level,

S∗4 ⊃
∫
d4x

∫
d4θ
∑
n,j

(
Qn,je

2eqV0Qn,j + Q̃n,je
−2eqV0Q̃n,j

)
. (4.11)

The kinetic term of the 4d gauge field is analogous to the gauge dynamics in (4.6). The

last remaining piece is the dynamics of the internal components of the 6d gauge action

involving the Wilson line and the magnetic flux background,

S∗4 ⊃
∫
d6x

∫
d4θ
(
∂V0∂V0 + φ0φ0 +

√
2V0∂φ0 +

√
2V0∂φ0

)
(4.12)

=

∫
d4x

∫
d4θ (ϕϕ+ 2fV0) . (4.13)

Here, it is crucial to use an action differing from [94] by an integration by parts, since the

boundary terms do not vanish in the flux background. Instead, the internal magnetic flux

leads to the appearance of an FI-term contributing to the D-term potential. Moreover,

we used that ∂φ0 = ∂φ0 = f/
√

2 and ∂ϕ = ∂ϕ = ∂V0 = ∂V0 = 0. Hence, the 4d effective

action, taking into account the full tower of charged fields, can be written compactly in
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supersymmetric form as

S∗4 =

∫
d4x

{∫
d4θ

(
ϕϕ+

∑
n,j

(
Qn,je

2eqV0Qn,j + Q̃n,je
−2eqV0Q̃n,j

)
+ 2fV0

)

+

∫
d2θ

(
1

4
Wα

0 W0,α +W(Qn,j, Q̃n,j, ϕ)

)
+ h.c.

}
,

(4.14)

with the superpotential given in (4.10).

Next, we can solve the algebraic equations of motion for the D- and F -term auxiliary

fields. This tells us the explicit nature of the supersymmetry breaking and allows for an

evaluation of the bosonic and fermionic mass spectrum. The D-term Lagrangian is

LD = fD +
∑
n,j

(
|Qn,j|2 − |Q̃n,j|2

)
eqD +

1

2
D2 , (4.15)

which induces the D-term

D = −f − eq
∑
n,j

(
|Qn,j|2 − |Q̃n,j|2

)
. (4.16)

The structure of the F -terms is more subtle, since the supersymmetric effective action

contains the whole tower of chiral charged superfields as well as ϕ,

LF = |Fϕ|2 +
∑
n,j

(
|Fn,j|2 + |F̃n,j|2

)
+
∑
n,j

[
−i
√

2eqf(n+ 1)
(
F̃n+1,jQn,j + Q̃n+1,jFn,j

)
+
√

2eq
(
F̃n,jϕQn,j + Q̃n,jFϕQn,j + Q̃n,jϕFn,j

)]
+ h.c. (4.17)

The solution to the F -term equations are

Fn,j = −i
√
−2eqf(n+ 1) Q̃n+1,j −

√
2eq Q̃n,jϕ ,

F̃n+1,j = −i
√
−2eqf(n+ 1)Qn,j −

√
2eqQn,jϕ ,

Fϕ = −
√

2eq
∑
n,j

Q̃n,jQn,j .
(4.18)

Substituting the F - and D-terms in the component Lagrangian with their respective

solutions, we can read off the bosonic mass terms

LbM = −
∑
n,j

[
−2eqf(n+ 1)

(
|Q̃n+1,j|2 + |Qn,j|2

)
+ eqf |Qn,j|2 − eqf |Q̃n,j|2

]
. (4.19)

This leads to exactly the masses predicted by the harmonic oscillator approach in (3.89).

Interestingly, the F -term contribution differs for the two charged bosons but the D-term

leads to a charge-dependent shift which results in equal masses for both towers,

m2
Qn,j = m2

Q̃n,j
= −eqf(2n+ 1) =

2π|N |
L2

(2n+ 1) . (4.20)
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The fermion mass terms are exclusively generated by the presence of the non-trivial

superpotential (4.10)

LfM =
∑
n,j

[
−i
√

2eqf(n+ 1) χ̃n+1,jχn,j + h.c.
]
. (4.21)

As predicted by the index theorem, there are |N | massless chiral fermions χ̃0,j for which

a mass term is absent. The remaining massive fermions form Dirac mass terms that

connect different levels. They can be combined into 4d Dirac fermions by

Ψn,j =

(
χ̃n+1,j

χn,j

)
. (4.22)

Their masses coincide with the prediction of (3.93). In particular, they realize the

helicity-dependent shift compared to the charged bosons, which is characteristic for the

presence of a magnetic field,

m2
Ψn,j

= −2eqf(n+ 1) =
4π|N |
L2

(n+ 1) . (4.23)

Note, that our calculation of the supersymmetric action predicts zero modes in the

sector of charge −q contrary to our analysis in Section 3.4. It might be that the implicit

decomposition of the 6d Weyl fermions carried out in the formulation of [94] contains

additional discrete transformations acting on the 4d fermion constituents which leads to

the difference in the fermion zero modes. This difference is, however, not important for

the calculation of the quantum corrections below.

For completeness, the full 4d component Lagrangian after elimination of auxiliary

fields is

L∗4 = Lkin + LM + Lint − 1
2
f 2 , (4.24)

with

Lkin =− ∂µϕ∂µϕ−
1

4
FµνF

µν −
∑
n,j

(
DµQn,jDµQn,j +DµQ̃n,jDµQ̃n,j

)
− i
(
λ1σ

µ∂µλ1 + λ2σ
µ∂µλ2

)
− i
∑
n,j

(
χn,jσ

µDµχn,j + χ̃n,jσ
µDµχ̃n,j

)
,

(4.25)

LM =−
∑
n,j

(−2eqf)
(
n+ 1

2

) (
|Qn,j|2 + |Q̃n,j|2

)
+ i
∑
n,j

√
−2eqf(n+ 1)χ̃n+1,jχn,j + h.c. ,

(4.26)
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Lint =− e2q2

2

[∑
n,j

(
|Qn,j|2 − |Q̃n,j|2

) ]2

− 2e2q2
(∑

n,j

Q̃n,jQn,j
)(∑

m,k

Q̃m,kQm,k
)

− i
√

2qg
∑
n,j

√
−2qgf(n+ 1)

(
Q̃n+1,jϕQ̃n,j −Qn,jϕQn+1,j

)
+ h.c.

− 2e2q2
∑
n,j

|ϕ|2
(
|Qn,j|2 + |Q̃n,j|2

)
(4.27)

+
√

2eq
∑
n,j

(
iQn,jλ1χn,j − iQ̃n,jλ1χ̃n,j −Qn,jλ2χ̃n,j − Q̃n,jλ2χn,j

)
+ h.c.

−
√

2eq
∑
n,j

ϕχ̃n,jχn,j + h.c.

Note that the interaction terms between the charged bosons and the Wilson line depend

explicitly on the level of the involved states.

4.3 Non-Abelian flux background

The derivation of a supersymmetric effective action with flux in a non-Abelian gauge

group is very similar to the discussion of the Abelian flux above and we defer the explicit

calculations to Appendix B.1. Here, we only discuss the differences compared to the

Abelian case and the mass spectrum of the charged states. Moreover, we restrict the

discussion to a pure 6d gauge theory with gauge group SU(2) which already contains

most of the subtleties. An extension to larger gauge groups is straightforward.

As in the Abelian case we express the 6d superfields in a 4d N = 1 language [93,94].

The six-dimensional SU(2) vector multiplet decomposes into a 4d vector multiplet, which

incorporates the 4d non-Abelian gauge field, and a 4d chiral multiplet containing the

remaining internal gauge components. Both transform in the adjoint representation of

SU(2). The flux background is chosen along the gauge group generator T3 of SU(2)

φ3 =
f

2
√

2
(y1 − iy2) + ϕ3 , (4.28)

where we denote the fluctuations of this group component around the background by ϕ3.

Being in the Cartan subalgebra of SU(2) this gauge background breaks the gauge group

to U(1). The remaining gauge components are charged with respect to the unbroken

gauge group and form fields of opposite charges. Hence, the 6d field content is split into

an uncharged sector ϕ3 and V3, in analogy to the Abelian gauge sector above, and a

charged sector V± and φ± with respect to the U(1) corresponding to the T3 generator

and distinguished by the internal flux. The internal field profiles of the charged fields are
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identical to the Abelian case and we employ a similar decomposition involving ladder

operators of the harmonic oscillator analogy.

Similar to the Stückelberg mechanism discussed in Section 4.1, the tower of charged

4d vector bosons (Aµ)±,n,j becomes massive by eating part of the internal components

of the gauge field contained in the charged chiral multiplets. The relevant part of the

4d effective action in component form is

S∗4 ⊃
∫
d4x

∑
n,j

{(
−1

2
(−ef)(2n+ 1)(Aµ)−,n,j(A

µ)+,n,j

)
+

√
−ef

2

[ (
−
√
n ∂µφ−,n−1,j +

√
n+ 1 ∂µφ+,n+1,j

)
(Aµ)−,n,j

+
(
−
√
n ∂µφ−,n−1,j +

√
n+ 1 ∂µφ+,n+1,j

)
(Aµ)+,n,j

]}
.

(4.29)

Hence, the masses of the 4d charged vector bosons are

m2
A±,n,j = 1

2
(−ef)(2n+ 1) =

2π|N |
L2

(2n+ 1) , (4.30)

which coincides with their trivial transformation behavior under internal Lorentz trans-

formations, pointed out in Section 3.4. The Goldstone mode that renders (Aµ)±,n+1,j

massive can be identified to be

Φn,j = −
√

n+ 1

2n+ 3
φ−,n,j +

√
n+ 2

2n+ 3
φ+,n+2,j . (4.31)

For the lowest modes (Aµ)±,0,j the corresponding Stückelberg field is φ+,1,j.

The remaining scalar degrees of freedom originating from the internal gauge fields

that are linearly independent with respect to Φn,j in (4.31), can be analyzed by integrat-

ing out the auxiliary fields (B.9), which leads to a structure of the bilinear mass term of

the form

LM ⊃−
ef

2

{
|φ+,0,j|2 (4.32)

−
∑
n,j

(
φ−,n,j, φ+,n+2,j

)( n+ 2
√

(n+ 1)(n+ 2)√
(n+ 1)(n+ 2) n+ 1

)(
φ−,n,j

φ+,n+2,j

)}
.

For f < 0 there are |N | tachyonic modes φ+,0,j as expected from the helicity-dependent

mass shifts of fields with Σ = 1, see Section 3.4. As necessary, the Stückelberg fields

φ+,1,j and Φn,j have vanishing mass eigenvalues. The remaining massive charged degrees

of freedom can be combined into states orthogonal to (4.31),

Φ̃n,j =

√
n+ 2

2n+ 3
φ+,n+2,j +

√
n+ 1

2n+ 3
φ−,n,j , (4.33)
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of mass

m2
Φ̃n,j

= 1
2
(−ef)(2n+ 3) =

2π|N |
L2

(2n+ 3) . (4.34)

Note, that this differs from the mass spectrum presented in [13], because the modes with

mass 2π|N |/L2 are eaten by the vector bosons.

The fermionic mass terms can be simply read off from the effective action (B.7).

Again, fermions of different level originating from the chiral superfields λ̃± and the vector

superfield λ±, respectively, pair up to form massive Dirac fermions Ψ±,n,j in analogy to

(4.22). Their mass terms in the component Lagrangian are

LM ⊃ −
∑
n,j

√
(n+ 1)(−ef)

(
λ+,n+1,jλ̃−,n,j − λ−,n,jλ̃+,n+1,j

)
+ h.c. (4.35)

Hence, the Dirac masses read

m2
Ψ±,n,j

= (−ef)(n+ 1) =
4π|N |
L2

(n+ 1) . (4.36)

The lowest lying modes λ+,0,j and λ̃+,0,j remain massless and represent the zero modes

predicted by the index theorem.

To summarize, the tachyonic state in the bosonic sector indicates a tree-level instabil-

ity of the flux background in non-Abelian gauge groups in contrast to the perturbatively

stable Abelian flux of Section 4.2. This instability is expected for simply connected

non-Abelian gauge groups, because there is always a continuous deformation to a back-

ground without flux2. Consequently, the expansion around the background above is

no expansion around a local minimum but rather a local extremum. Nevertheless, the

tachyon condensation might shed some light on the nature of the true ground state in

which supersymmetry is restored, with possible applications in string theory [96,97].

4.4 Quantum corrections

With the explicit form of the 4d effective action at hand, we can compute quantum

corrections to the mass of the scalar field ϕ encoding the Wilson line in the various

backgrounds. First, we repeat the arguments presented in [33,39] that for vanishing flux

the mass of the Wilson line remains finite even after the inclusion of quantum corrections

at the one-loop level. Afterwards, we compare this result to the Abelian flux background

in which the Wilson line mass vanishes identically.

2Some exotic exceptions are so-called ’t Hooft fluxes, involving the center of non-Abelian gauge groups, see

e.g. [77, 81,95].
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ϕ ϕ
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ϕ ϕ

Qn,m

Qn,m

Figure 4.1: Bosonic contributions to the Wilson line mass without flux.

ϕ ϕ

χn,m

χ̃n,m

Figure 4.2: Fermionic contribution to the Wilson line mass without flux.

Quantum corrections without flux

The uncharged scalar ϕ only couples to the charged states in the Lagrangian. Hence, at

one loop it is enough to consider diagrams that involve charged internal states. However,

it is of importance that we include the complete tower of massive excitations in the

calculation of the quantum corrections. The relevant terms in the 4d component action,

derived from the supersymmetric effective action (4.6), are

S∗4 ⊃
∫
d4x

{
− 1

4
FµνF

µν − ∂µϕ∂µϕ

+
∑
n,m

(
−DµQn,mDµQn,m + | −Mn,m +

√
2eqϕ|2Qn,mQn,m

− iχn,mσµDµχn,m − iχ̃n,mσµDµχ̃n,m

+ (−Mn,m +
√

2eqϕ)χ̃n,mχn,m + h.c.
)}

.

(4.37)

With this effective four-dimensional action it is straightforward to compute the quantum

corrections to the Wilson line mass at the one-loop level. The relevant Feynman diagrams
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are depicted in Figure 4.1 and Figure 4.2. After Wick rotation they can be written as

δm2
b = 2e2q2

∑
n,m

∫
d4k

(2π)4

(
1

k2 + |Mn,m|2
− Mn,mMn,m

(k2 + |Mn,m|2)2

)
,

δm2
f = −4e2q2

∑
n,m

∫
d4k

(2π)4

k2

(k2 + |Mn,m|2)2
= −2δm2

b ,

(4.38)

representing the contribution by charged bosons and fermions, respectively. Note that

the summation and integration are due to the inclusion of all momentum states and

therefore the order is in principle not fixed. For a supersymmetric spectrum, i.e. the

same number of bosonic and fermionic degrees of freedom of the same mass, the quantum

corrections cancel identically, as expected. If one only considers the bosonic quantum

corrections, one finds a quadratically divergent contribution at each KK level. A con-

sistent treatment hence requires regularization and renormalization. Several approaches

including Poisson resummation [33,34,98] and dimensional regularization [35] have been

used in the literature. We follow the description in [33]. Using the Schwinger real

time formalism we can rewrite the correction induced by the whole bosonic tower in a

convenient way,

δm2
b = 2e2q2

∑
n,m

∞∫
0

dt te−|Mn,m|2t
∫

d4k

(2π)4
k2e−k

2t =
e2q2

4π2

∞∫
0

dt

t2
[
Θ3

(
0, 4πit

L2

)]2
, (4.39)

for which we used the Jacobi Θ-function defined as

Θ3(x, y) = Θ

[
0

0

]
(x, y) , (4.40)

with the conventions of (3.100). Under modular transformations Θ3 transforms as

Θ3(0; τ) = (−iτ)−1/2 Θ3(0;−1/τ) , (4.41)

which allows the conversion of (4.39) to

δm2
b =

e2q2L2

16π3

∞∫
0

dt

t3

[
Θ3

(
0; iL

2

4πt

)]2

=
e2q2L2

16π3

∞∫
0

du u
[
Θ3

(
0; iL

2u
4π

)]2

=
e2q2

L2π3

∑
r,s

1

(r2 + s2)2
.

(4.42)

The full divergence of δm2
b is contained in the term with s = r = 0. To remove the

divergence one has to include a counterterm. As in [33, 98], we define the finite part of
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the radiative correction by dropping the s = r = 0 contribution in (4.42). Furthermore,

the calculation in Appendix B.2 demonstrates that the result coincides with the one

obtained by dimensional regularization in [35].

Alternatively, one can evaluate the Wilson line mass from the one-loop effective

potential derived in [33]. Absorbing the complex field ϕ into a field-dependent mass

parameter,

Mn,m(ϕ) = Mn,m −
√

2eqϕ , (4.43)

the potential is calculated via

Veff =
1

2

∑
I

(−1)FI
∫

d4k

(2π)4
log
(
k2 +M2

I (ϕ)
)

= − 1

32π2

∑
I

(−1)FI
∫
dt

t3
e−M

2
I (ϕ)t ,

(4.44)

with the summation index I running over all particles in the theory. For a single charged

scalar field Q and ϕ defined as in (3.56) this can be rewritten in the form

Veff = − 1

16π2

∑
n,m

∫
dt

t3
exp

[
−
(

2πn
L

+ eqa1

)2
t−
(

2πm
L

+ eqa2

)2
t
]
. (4.45)

After Poisson resummation the effective potential in terms of two new summation indices

r and s becomes

Veff = − L2

64π3

∑
r,s

∞∫
0

dt

t4
exp

[
ieqL(ra1 + sa2)− L2

4t
(r2 + s2)

]

= − L2

64π3

∑
r,s

∞∫
0

du u2 exp
[
ieqL(ra1 + sa2)− L2

4
u (r2 + s2)

]
= − 2

L4π3

∑
r,s

1

(r2 + s2)3
exp

[
i eqL√

2

(
(s− ir)ϕ+ (s+ ir)ϕ

)]
.

(4.46)

The Wilson line mass is given by the derivative with respect to ϕ, as

∂ϕ ∂ϕ Veff|ϕ=0 =
e2q2

L2π3

∑
r,s

1

(r2 + s2)2
, (4.47)

which coincides with the diagrammatic approach (4.42).

Note, that it was argued in the literature that the omission of the term with r = s = 0

amounts to the subtraction of a divergent cosmological constant. The analysis above

shows, however, that dropping this single contribution also subtracts field-dependent
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terms important in the determination of the finite Wilson line mass. Nevertheless, the

comparison with the diagrammatic approach (4.42) and the calculation in terms of a

dimensional regularization scheme [35], see Appendix B.2, suggests that this subtrac-

tion scheme is consistent and one finds a finite scalar field mass of the order of the

compactification scale.

Quantum corrections with flux

In the flux background the spectrum of particle masses and the specific realization of

particle interactions changes profoundly. In the following, we carry out a diagrammatic

analysis of the one-loop corrections to the Wilson line mass as well as its quartic self-

interaction including the whole tower of charged particles. For recent extensions of

our treatment to dimensional regularization, see [99]. The relevant terms in the 4d

Lagrangian (4.27) are

Lint ⊃− i
√

2eq
∑
n,j

√
α(n+ 1)ϕ

(
Q̃n+1,jQ̃n,j −Qn,jQn+1,j

)
+ h.c.

− 2e2q2
∑
n,j

|ϕ|2
(
|Qn,j|2 + |Q̃n,j|2

)2

−
√

2eq
∑
n,j

ϕχ̃n,jχn,j + h.c. ,

(4.48)

where we have introduced the parameter α = −2eqf of mass dimension two which

encodes the flux on the torus. The diagrams contributing to the Wilson line mass are

similar to the diagrams without flux and are depicted in Figure 4.3 and Figure 4.4. Note,

however, that for non-vanishing flux some couplings explicitly depend on the Landau

level of the charged fields.

Taking into account the |N |-fold degeneracy described by the index j of each level

in the flux background the quantum corrections become

δm2
b = 2e2q2|N |

∑
n

∫
d4k

(2π)4

(
2

k2 + α(n+ 1
2
)
− 2α(n+ 1)(

k2 + α(n+ 3
2
)
) (
k2 + α(n+ 1

2

))
= −4e2q2|N |

∑
n

∫
d4k

(2π)4

(
n

k2 + α(n+ 1
2
)
− n+ 1

k2 + α(n+ 3
2
)

)
(4.49)

for the charged bosons as intermediate states and

δm2
f = −2e2q2|N |

∑
n

∫
d4k

(2π)4

2k2

(k2 + αn)(k2 + α(n+ 1))

= 4e2q2|N |
∑
n

∫
d4k

(2π)4

(
n

k2 + αn
− n+ 1

k2 + α(n+ 1)

) (4.50)



58 Chapter 4. Supersymmetric effective action
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Qn,j , Q̃n,j
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Qn,j , Q̃n,j

Figure 4.3: Bosonic contributions to the Wilson line mass with flux.

ϕ ϕ

χn,j

χ̃n,j

Figure 4.4: Fermionic contribution to the Wilson line mass with flux.

for charged internal fermions. Like in the case of vanishing flux, the contribution of each

individual level is quadratically divergent. Interchanging summation and momentum

integration in the Schwinger representation, however, we see that the collective bosonic

and fermionic corrections vanish individually,

δm2
b = −e

2q2

4π2
|N |

∑
n

∫
dt

t2

(
n e−α(n+ 1

2)t − (n+ 1) e−α(n+ 3
2)t
)

= −e
2q2

4π2
|N |

∫
dt

t2

(
e

1
2
αt

(eαt − 1)2
− e

1
2
αt

(eαt − 1)2

)
= 0 ,

(4.51)

and

δm2
f =

e2q2

4π2
|N |

∑
n

∫
dt

t2
(
n e−αnt − (n+ 1)e−α(n+1)t

)
=
e2q2

4π2
|N |

∫
dt

t2

(
eαt

(eαt − 1)2
− eαt

(eαt − 1)2

)
= 0 .

(4.52)

In order to obtain this result, it is important to first perform the summation and then

the 4d momentum integration, as in [33, 35], which preserves the symmetries of the

higher-dimensional gauge theory. The identically vanishing mass corrections suggests a

protection of the Wilson line mass compared to the compactification scale independent

of supersymmetry, which contrasts the present scenario from the case without flux.
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Figure 4.5: Fermionic contributions to the Wilson line quartic coupling with flux.

Next, we calculate the corrections to the quartic coupling λ of ϕ at the one-loop level.

The calculation is done diagrammatically and follows the lines of the calculation of the

mass correction above. The diagrams entering the calculation are given in Figure 4.5

and Figure 4.6. Compared to the mass correction the number of relevant diagrams

increases considerably. Additionally, the larger number of vertices allows more variation

in the appearing levels of intermediate fields. Using the interaction Lagrangian (4.37)

the bosonic and fermionic contributions with the shorthand notation Aj = k2 +α(n+ j)

are

δλb =− 8e4q4|N |
∑
n

∫
d4k

(2π)4

[
n2

A2
1/2

− (n+ 1)2

A2
3/2

+
1

α

(
− n(n+ 1)

A1/2

+
(n+ 1)(n+ 2)

A3/2

+
n(n+ 1)

A3/2

− (n+ 1)(n+ 2)

A5/2

)]
=

e4q4

2π2
|N |

∫
dt e−

1
2
αt
∑
n

[
1

t

(
− n2e−αnt + (n+ 1)2e−α(n+1)t

)
+

1

αt2

(
n(n+ 1)e−αnt − (n+ 1)(n+ 2)e−α(n+1)t

− n(n+ 1)e−α(n+1)t + (n+ 1)(n+ 2)e−α(n+2)t
)]

= 0 ,

δλf =− 8e4q4|N |
∑
n

∫
d4k

(2π)4

[
− n2

A2
0

+
(n+ 1)2

A2
1

+
1

α

(
n(n+ 1)

A0

− (n+ 1)(n+ 2)

A1

− n(n+ 1)

A1

+
(n+ 1)(n+ 2)

A2

)]
=− e4q4

2π2
|N |

∫
dt
∑
n

[
1

t

(
− n2e−αnt + (n+ 1)2e−α(n+1)t

)
+

1

αt2

(
n(n+ 1)e−αnt − (n+ 1)(n+ 2)e−α(n+1)t

− n(n+ 1)e−α(n+1)t + (n+ 1)(n+ 2)e−α(n+2)t
)]

= 0 .

(4.53)
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Figure 4.6: Bosonic contributions to the Wilson line quartic coupling with flux.

Again, the bosonic and fermionic corrections to the quartic coupling vanish individually

and no |ϕ|4 interaction is generated at the one-loop level. This hints at a vanishing of

the entire one-loop effective potential, which was already argued for in [13]. Form the di-

agrammatic calculation, however, this result is highly non-trivial, especially considering

that supersymmetry is broken at a high scale. The cancellations only arise due to the

interplay of the level dependent interactions and specific mass spectrum. Since the ex-

tension to higher order interactions of the form |ϕ|2k becomes increasingly cumbersome,

we try to explain the vanishing of the effective potential for ϕ from a different point of

view. In the following, we present a symmetry argument that implies the vanishing of

the 4d potential and interprets ϕ as a Goldstone boson.
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4.5 Wilson lines as Goldstone bosons

As discussed in Section 3.4, the six-dimensional action for a charged boson is

S6 =

∫
d6x

(
−DMQDMQ

)
. (4.54)

For vanishing flux, this action is invariant with respect to translations in the internal

dimensions parametrized by the infinitesimal real parameters εm

δQ = εm∂mQ , δAn = εm∂mAn , (4.55)

which implies δ(DMQ) = εm∂m(DMQ) and the invariance of the six-dimensional action.

For a restriction of the 4d effective action to the zero mode ϕ in (3.56) the transformation

under internal translations reads

δQ = εm∂mQ , δan = 0 . (4.56)

In the flux background (3.73) the situation changes. Additionally to the Wilson lines

incorporated in ϕ one includes a y-dependent gauge field background generating the

constant flux density. The covariant derivative of the charged bosons changes accordingly

DmQ =
(
∂m + ieq

(
am + f

2
εmnyn

))
Q . (4.57)

The flux background, depending explicitly on the internal coordinates, breaks the trans-

lational symmetries spontaneously. Their non-linear realization reads

δQ = εm∂mQ , δan = εmf
2
εnm . (4.58)

The two scalar fields contained in ϕ are the corresponding Goldstone bosons exhibiting

the typical shift under the broken symmetry. These arguments remain robust after the

inclusion of higher excitations of the internal gauge field components which transform

according to (4.55). However, the inclusion of gravity which includes the gauging of

the translational symmetries might lead to modifications for example in terms of the

backreaction of the flux on the geometrical background, which would be an interesting

subject for further investigations.

One further comment is in order. For the alternative background described by

A = fy1 dy
2 , (4.59)

which leads to the same constant field strength, one of the translational symmetries,

specifically a translation in y2, seems to be preserved. However, the gauge transforma-

tions (3.74) that are necessary in order to project this gauge field configuration to the
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torus depend on y2. Since the gauge transformations are part of the boundary condi-

tions for charged fields, see Section 3.4, these boundary conditions break the remaining

translational symmetry. As for (3.73) we expect two Goldstone bosons which combine

into the complex scalar field ϕ.

Several gauge factors

One can further include more than one Abelian gauge factor with gauge group U(1),

where the gauge fields A(a) are labeled by a, and several charged bosonic fields Qi with

charges qia. The covariant derivative in the background flux parametrized by f (a) and

the Wilson lines a
(a)
m for this system reads

DmQi =
(
∂m + iqia

(
a(a)
m + f (a)

2
εmnyn

))
Qi . (4.60)

For simplicity we have absorbed the U(1) coupling constants in the charge matrix qia.

To identify the Goldstone fields in combination with the associated broken symmetries

in this general framework, we start with individual translations for the charged fields,

δQi = εm(i)∂mQi . (4.61)

Demanding the covariant derivative to transform in a way that guarantees the invariance

of the six-dimensional kinetic action of Qi, i.e. δ(DMQi) = εm(i)∂m(DnQi), we find the

transformation properties of the Wilson lines

qia δa
(a)
n = qib ε

m
(i)

f (b)

2
εnm , (4.62)

for all i. This means that depending on the charge matrix qia the Goldstone behavior of

the Wilson lines a
(a)
m can even be present for gauge factors with vanishing flux f (a) = 0.

This is related to the presence of a Landau level spectrum for all fields coupling to A(a)

which might originate from other fluxes. The corresponding cancellation of quantum

corrections arises along the lines of Section 4.4.

For Ng gauge groups and Nf charged fields, there can be at most min(Ng, Nf ) broken

symmetries with the associated Goldstone fields. For at least one non-vanishing flux the

overall shift symmetry with εm(i) = εm is broken and at least two real Goldstone boson

can be identified. The remaining symmetries are accidental, since they are explicitly

broken by interactions of the form |Qi|2|Qj|2, and we expect a generation of Wilson line

masses at higher loop level for the associated pseudo Goldstone bosons.

As an example we discuss the case Ng = Nf = 2 with the charge matrix defined by

qia =

(
1 1

1 −1

)
. (4.63)
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For f (1) = f (2) = 0 no translational symmetries are broken and the Wilson lines trans-

form linearly, see (4.62). Both complex scalar fields receive masses at one loop. For

f (1) = f (2) = f 6= 0 one has

qibf
(b) = f

(
2

0

)
. (4.64)

There is a single Goldstone boson corresponding to a
(1)
m + a

(2)
m . For f (1) = f 6= 0 and

f (2) = 0 we evaluate

qibf
(b) = f

(
1

1

)
, (4.65)

and find a non-linear transformation behavior for both Wilson lines. Accordingly, in

this background there are two complex (pseudo) Goldstone bosons.

Clearly, internal magnetic flux has very interesting properties for the evaluation of quan-

tum corrections. The Landau level mass spectrum and the level-dependent interactions

lead to a vanishing of the scalar potential of the Wilson line fields encoded in the com-

plex scalar ϕ on the torus. Furthermore, this protection against radiative correction can

be mediated from a hidden sector containing flux, at least at the one-loop level, and

might lead to interesting applications in phenomenological models. Moreover, the flux

background allows for a derivation of a compact supersymmetric effective action, which

reproduces the Landau level spectrum and and encodes the relevant interaction terms

of the complete tower of charged states. The supersymmetry breaking is generated by

a flux-induced FI-term. Also the tachyonic instability for flux in a non-Abelian gauge

group is contained in the supersymmetric description and suggests a condensation of

internal gauge field components in order to restore supersymmetry.
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Chapter 5

Supergravity effective action

Compared to the globally supersymmetric case above, the supergravity approach con-

tains the dynamics of the internal space itself as well as gravitational corrections. Ac-

cordingly, the field content in the supergravity multiplets is extended to incorporate the

dynamical spacetime. The corresponding fields can then be combined into supermulti-

plets. In addition to the hyper- and vector multiplet encountered in global supersym-

metry, local supersymmetry requires the introduction of the gravity multiplet and the

tensor multiplet. Their field content is described by [100]

Gravity multiplet:
(
gMN , ψM , B

+
MN

)
,

Tensor multiplet:
(
B−MN , χ

−, φ
)
,

Vector multiplet:
(
AM , λ

+
)
,

Hypermutliplet:
(
Q, ψ−, Q̃

)
,

(5.1)

where the±-index indicates the (anti)-selfduality constraint for the 3-form field strength1

of the 2-form tensors and the 6d chirality for the fermions. In the following we restrict the

discussion to theories with a single tensor multiplet. In this case it is possible to combine

B+
MN and B−MN into a 2-form field BMN with no duality constraints. Generically, these

theories have a description in terms of a Lagrangian density.

Moreover, six-dimensional theories of minimal supersymmetry contain chiral fermions

and tensor fields and therefore might be anomalous. These anomalies can lead to a

breakdown of gauge invariance as well as general covariance under diffeomorphisms of

the underlying spacetime and are called gauge and gravitational anomalies, respectively

[82, 101]. Moreover, the orbifold in connection with chiral boundary conditions for 6d

Weyl fermions induces anomalies located at the fixed points, [46,72], in connection with

the localized breaking to N = 1 supersymmetry in the 4d effective theory. For the

1This is ∗H± = ±H±.
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cancellation of the complete gravitational anomalies one has to choose certain particle

representations and charges that ensure the factorization of the anomaly, which in turn

can be cancelled by the six-dimensional version of the Green-Schwarz mechanism [45,46].

For the Abelian model, containing non-vanishing flux in the internal space, we restrict

the analysis to the cancellation of pure gauge anomalies on the orbifold. Additional

singlet fields that allow for a cancellation of the gravitational anomalies can be included,

but we will omit them here for simplicity. In the setup of the grand unified theory with

gauge group SO(10) × U(1), discussed in Section 3.4, we explicitly demonstrate the

factorization of the 6d anomaly for a phenomenologically interesting field spectrum.

This analysis leads to an effective N = 1 supergravity action in four dimensions,

which is determined in terms of the real Kähler potential K, the holomorphic super-

potential W and gauge kinetic function H, as well as the transformation behaviors of

the fields under gauge variation encoded in the Killing vectors X i, see [56]. Compared

to the previous Chapter we truncate the effective description to the lowest lying states,

i.e. the KK zero modes in the uncharged sector and the chiral multiplet containing the

fermionic zero modes in the charged sector. Furthermore, we neglect the backreaction of

the flux on the geometry of the compactification space. Our results have been published

partially in [7, 8, 10].

5.1 Compactification of the bosonic action

The bosonic action of a 6d Abelian gauge theory coupled to supergravity with one

additional tensor multiplet, see e.g. [102,103], reads

Sb6 =

∫ {
M4

6

2
(R6 ∗ 1− dφ ∧ ∗dφ)− 1

4M4
6 e

4
6

e2φH ∧ ∗H − 1

2e2
6

eφF ∧ ∗F
}
, (5.2)

where R6 denotes the 6d Ricci scalar and φ the dilaton field. Moreover, we have defined

the 6d Planck mass M6 that sets the scale of gravity in the six-dimensional theory and

the 6d gauge coupling e6 that has the dimension of length. Note that compared to the

previous Chapter we have absorbed the gauge coupling into the gauge connection. The

3-form field strength H is given by

H = dB − CSω + CSYM , (5.3)

which includes the Chern-Simons 3-forms induced by the spin connection ω and the

gauge connection A, respectively

CSω = tr
(
ω ∧ dω + 2

3
ω ∧ ω ∧ ω

)
, CSYM = A ∧ F . (5.4)
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This modification is necessary for the action to be locally supersymmetric [82, 102, 103]

and leads to a generalized Bianchi identity for the 3-form field strength,

dH = −tr(R ∧R) + F ∧ F . (5.5)

Since H appears in the action it has to be gauge invariant with respect to the U(1)

symmetry, i.e. δΛH = 0, and general coordinate transformations. This fixes the behavior

of the 2-form field B under Abelian gauge variation,

δΛdB = −δΛ(CSYM) = −dΛ ∧ F , (5.6)

and consequently δΛB = −ΛF . These transformation properties are important for the

Green-Schwarz anomaly cancellation mechanism to be discussed below. In our analysis

of the Abelian theory we only include gauge anomalies and hence omit the part CSω

containing the spin connection. The gravitational and mixed anomalies have to be

cancelled by the inclusion of additional charged and uncharged states.

We can decompose the six-dimensional Ricci scalarR6 in terms of the four-dimensional

Ricci scalar R4 and the moduli fields associated to the geometry of the internal space

determined in Section 3.1. For that it is convenient to define the fields

s = r2eφ , t = r2e−φ , (5.7)

which contain the dilaton and the radion. With the six-dimensional metric given by

(3.7) we find2

Lb4 ⊃
∫

T 2/Z2

M4
6

2
(R6 ∗6 1− dφ ∧ ∗6dφ)

=
M4

6L
2

4

(
R4 ∗4 1− 1

2t2
dt ∧ ∗4dt−

1

2s2
ds ∧ ∗4ds−

1

2τ 2
2

dτ ∧ ∗4dτ

)
.

(5.8)

Hence, the 6d Ricci scalar and the dilaton field encode 4d gravity as well as the dynamics

of the four real moduli fields s, t, and τ = τ1+iτ2, of mass dimension zero, which describe

the internal geometry. The constant in front of R4 containing the 6d Planck mass and

the internal volume can be combined into a new mass scale

M2
4 =

M4
6L

2

2
, (5.9)

Note that the kinetic terms are modified by a field-dependent prefactor, which suggests

canonically normalized fields of the form scan ∝M4 log(s) and analogously for t and τ .

2Here, we explicitly point out the Hodge star operator in 6d ∗6 and in 4d ∗4. In the following, however, we

drop the index, because keeping in mind the dimension of the spacetime integral there is no risk of confusion.
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The 6d gauge action gives rise to two contributions in the 4d bosonic effective action.

This becomes clear by splitting the gauge field into a non-periodic flux background 〈A〉
and periodic perturbations Â, see e.g. [15], with transformation behavior3

〈A〉(tmy) = 〈A〉(y) + Λ(m)(y) , Â(xµ, tmy) = Â(xµ, y) . (5.10)

Equivalently, the field strength can be written as

dA = d(Â+ 〈A〉) = F̂ + fv2 . (5.11)

Since we restrict to the lowest states for the 4d gauge field, i.e. ∂mÂM = 0, and the

zero mode corresponding to the Wilson line is projected out on the orbifold with the

chosen boundary conditions, see Section 3.3, the periodic part Â purely depends on the

non-compact coordinates and Fmµ = 0. The compactified contribution to the action

reads

Lb4 ⊃ −
L2

4e2
6

r2eφF̂ ∧ ∗F̂ − L2

4e2
6

r−6eφf 2 = − s

2e2
4

F̂ ∧ ∗F̂ − f 2

2e2
4

1

st2
∗ 1 (5.12)

where we have redefined the gauge coupling constant

e2
4 =

2e2
6

L2
. (5.13)

We see that the effective 4d gauge coupling depends on the field s that appears in front

of the gauge kinetic term. Moreover, as in Chapter 4, there is a positive energy density

induced by the flux f , whose value depends on the moduli fields as well.

The remaining piece in (5.2) is the compactification of the term quadratic in the

3-form field strength H. Similar to the U(1) gauge field in the flux background, the

2-form field B is not globally defined. This can be seen by considering its behavior

under Abelian gauge transformations in (5.6) in connection with (3.74), which imply

B(xµ, tmy) = B(xµ, y)− Λ(m)(y)F (xµ, y) . (5.14)

However, one can define a globally defined periodic 2-form [15]

B̃ = B − 〈A〉 ∧ Â , (5.15)

which behaves appropriately under dimensional reduction, i.e. can be written in terms

of a 4d scalar b of mass dimension zero and a 2-form field B̂ with components B̂µν

B̃ = (e2
6M

4
6 ) b v2 + B̂ . (5.16)

3This is similar to the split of the flux background from the zero modes ϕ describing the continuous Wilson

lines in Chapter 4.
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Keeping in mind the restriction to the zero mode sector for Â and plugging in the flux

background 〈F 〉 = fv2, the 3-form field strength can be written as

H = (e2
6M

4
6 )db ∧ v2 + dB̂ + Â ∧ F̂ + 2Â ∧ 〈F 〉 = ((e2

6M
4
6 )db+ 2fÂ) ∧ v2 + Ĥ , (5.17)

with Ĥ = dB̂+Â∧ F̂ . Gauge invariance of H further fixes the transformation properties

of the 4d components with respect to gauge transformations in four dimensions Λ̂, namely

δΛ̂b = − 2f

e2
6M

4
6

Λ̂ = − 2f

e2
4M

2
4

Λ̂ , δΛ̂B̂ = −Λ̂F̂ . (5.18)

We see that the scalar field b shifts under gauge transformation, which is the typical

behavior of an axion.

The part of B contained in the 4d field strength Ĥ gives rise to a kinetic term for the

2-form field B̂ in four dimensions, whereas the internal part leads to a gauge covariant

kinetic term for the axion b

Lb4 ⊃ −
L2

8M4
6 e

4
4

r4e2φĤ ∧ ∗Ĥ − L2M4
6

8
r−4e2φ

(
db+

2f

M4
6 e

2
4

Â

)
∧ ∗
(
db+

2f

M4
6 e

2
4

Â

)
= − s2

4M2
4 e

4
4

Ĥ ∧ ∗Ĥ − M2
4

4t2

(
db+

2f

M2
4 e

2
4

Â

)
∧ ∗
(
db+

2f

M2
4 e

2
4

Â

)
. (5.19)

Omitting the hats for the 4d fields the effective action in four dimensions is

Lb4 =
M2

4

2

(
R4 ∗ 1− 1

2t2
dt ∧ ∗dt− 1

2s2
ds ∧ ∗ds− 1

2τ 2
2

dτ ∧ ∗dτ
)
− f 2

2e2
4

1

st2
∗ 1 (5.20)

− s

2e2
4

F ∧ ∗F − s2

4M2
4 e

4
4

H ∧ ∗H − M2
4

4t2

(
db+

2f

M2
4 e

2
4

A

)
∧ ∗
(
db+

2f

M2
4 e

2
4

A

)
.

As mentioned in Section 3.1 the physical metric is (g̃4)µν and gravity as well as particle

masses should be measured with respect to it. Hence we perform a rescaling of the

metric, parameters, and fields [10]4. This leads to the appearance of the physical volume

vol(T 2/Z2) = 1
2
r2L2 of the internal space and the Ricci scalar derived from (g̃4)µν ,

denoted by R, as expected. With the definition of the physical coupling constants

M2
P = r2M2

4 = M4
6 vol(T 2/Z2) , e2 =

1

r2
e2

4 =
e2

6

vol(T 2/Z2)
, (5.21)

a redefinition of the appropriately normalized flux density describing −N flux quanta

f → f

2vol(T 2/Z2)
= −4πN

q
, (5.22)

4Note that r itself is a dynamical field and the rescaling is understood to be performed after moduli stabi-

lization with 〈r〉, see Chapter 6.
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and rescaling of the moduli fields and flux

s→ r2s , t→ r2t , b→ r2b (5.23)

the rescaled Lagrangian reads

Lb4 =
M2

P

2

(
R ∗ 1− 1

2t2
dt ∧ ∗dt− 1

2s2
ds ∧ ∗ds− 1

2τ 2
2

dτ ∧ ∗dτ
)
− e2M4

P

2st2
f 2

`4
∗ 1

− s

2e2
F ∧ ∗F − s2

4M2
P e

4
H ∧ ∗H − M2

P

4t2

(
db+

2f

`2
A

)
∧ ∗
(
db+

2f

`2
A

)
,

(5.24)

where we have introduced the dimensionless parameter

`2 = 2 vol(T 2/Z2)e2M2
P . (5.25)

Finally, we include a charged hypermultiplet, which leads to a massive charged scalar

field Q and the corresponding fermionic zero mode, see Section 3.4. The charged scalar

field of opposite charge and identical mass is omitted, because the corresponding 4d

fermion is massive. The additional bosonic contribution to the Lagrangian reads

δLb4 = −DQ∧ ∗DQ−
(
m2
Q|Q|2 −

e2q2

2s
|Q|4

)
∗ 1 , (5.26)

with the tree-level mass calculated in (3.89),

m2
Q =

2πN

vol(T 2/Z2)
. (5.27)

As soon as we introduce charged fields, we generically generate a gauge anomaly in the

U(1) gauge group, due to the presence of charged chiral fermions. These anomalies have

to be cancelled.

5.2 6d anomaly cancellation

The 6d Abelian gauge anomaly on the orbifold contains two contributions. The first

is induced by the presence of a charged hypermultiplet containing a chiral 6d fermion.

The second arises due to the asymmetric chiral boundary conditions induced by different

parities around the orbifold fixed points for the 4d constituents of the the six-dimensional

fermion fields. Hence, these boundary conditions lead to a mismatch of chiral modes

at the orbifold fixed points and a corresponding localized fixed point anomaly, see e.g.

[46,77]. Both can be calculated from the gauge variation of the fermion effective action

Γf6 , after all fermions have been integrated out [72],

δΛΓf6 = −
∫
A6 . (5.28)
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The result is5, see e.g. [46,72],

A6 = Λ

(
β

2
F 3 + αδζ F

2 ∧ v2

)
, (5.29)

where we have introduced the loop factors β = −q4/(2π)3 and α = q3/(2π)2 as well as

an orbifold delta function, see (3.61), concentrated at the four fixed points ζi,

δζ =
1

4

4∑
i=1

δ(y − ζi) . (5.30)

The fixed point anomalies are modified for non-trivial Wilson line background, as can

be understood from their interpretation as localized gauge field strengths described in

Section 3.3, see also [77]. Here, we perform the calculation for vanishing Abelian Wilson

lines, i.e. pure chiral boundary conditions for fermions.

In order to obtain a consistent theory, the gauge anomaly has to be cancelled. This

can be achieved by means of the Green-Schwarz anomaly cancellation mechanism [45,

46, 82]. This mechanism utilizes the gauge transformation behavior of the 2-form field

B in order to compensate the variation in the fermion effective action. Specifically, we

add the term

LGS = −B ∧
(
β
2
F 2 + αδζF ∧ v2

)
= dB ∧

(
β
2
A ∧ F + αδζA ∧ v2

)
, (5.31)

to the bosonic Lagrangian (5.24), whose gauge variation cancels the fermionic variation

in (5.28). Using the decomposition of the 2-form field discussed in (5.15) and (5.16) and

restricting to the lowest lying states, the Green-Schwarz term modifies the 4d Lagrangian

to include

L4,GS = β
2
`2 db ∧ A ∧ F + dB ∧

(
β
2
fA+ αA

)
= −β

2
`2bF 2 − α(N + 1)B ∧ F , (5.32)

where we have made use of the quantization condition (5.22) for (−N) flux quanta on

the orbifold. In the last step we dualize the four-dimensional 2-form B to an axion c by

adding the Lagrange multiplier term

LcH =
1

2e2

∫
c d(H − A ∧ F ) (5.33)

which enforces dB to be closed. Solving for H we find

∗H =
M2

P e
2

s2

(
dc+ 2e2α(N + 1)A

)
. (5.34)

5Powers of differential forms are understood in terms of the wedge product, e.g. F 3 = F ∧F ∧F . Moreover,

we use the covariant form of the anomaly defined in [72] which leads to the factor 1
2

in the first term.
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Plugging the expression for H back into the Lagrangian we find the full four-dimensional

effective Lagrangian with implemented gauge anomaly cancellation,

Lb4 =
M2

P

2

(
R ∗ 1− 1

2t2
dt ∧ ∗dt− 1

2s2
ds ∧ ∗ds− 1

2τ 2
2

dτ ∧ ∗dτ
)

− f 2

2e2

1

st2
∗ 1− s

2e2
F ∧ ∗F − 1

2e2

(
c+ e2β`2b

)
F ∧ F

− M2
P

4t2

(
db+

2f

`2
A

)
∧ ∗
(
db+

2f

`2
A

)
− M2

P

4s2

(
dc+ 2e2α(N + 1)A

)
∧ ∗
(
dc+ 2e2α(N + 1)A

)
−DQ∧ ∗DQ−

(
m2
Q|Q|2 −

e2q2

2s
|Q|4

)
∗ 1 .

(5.35)

Also the field c shifts under gauge variations and can be interpreted as a second axion

field.

In order to check for consistency, we calculate the compactified version of the anomaly

and make sure that it is cancelled by the shifts of the axions b and c under gauge

transformations. The gauge invariance of the axion kinetic terms demands

δΛb = −2f

`2
Λ , δΛc = −2e2α(N + 1)Λ . (5.36)

Hence, the bosonic action shifts under Abelian gauge transformations as

δΛLb4 = Λ (α(N + 1) + βf)F ∧ F = Λ
(
α + 3

2
βf
)
F ∧ F , (5.37)

whereas the fermion induced anomaly in the compactified theory, see (5.29), is6

δΛΓf4 = −
∫

Λ
(

3
2
βf + α

)
F ∧ F , (5.38)

which demonstrates that the complete four-dimensional effective action is gauge invariant

and the anomalies are successfully cancelled.

5.3 Supergravity description

With the four-dimensional Lagrangian (5.35) at hand, one can find the functions and

parameters needed for a description in terms of N = 1 supergravity. This further fixes

the fermionic part of the theory by supersymmetry and therefore amounts to a com-

plete characterization of the dynamics of the lightest states in the flux compactification

of 6d Abelian gauge theories. Moreover, the resulting theory should incorporate the

supersymmetry breaking caused by the magnetic flux.

6Here it is important that we use the covariant anomaly, see [72], including the factor 1
2
.
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Supergravity matching

In order to encode the moduli fields s and t in chiral multiplets of 4d supergravity they

have to be extended to complex scalar fields. The identical field-dependent prefactor

for the kinetic terms of c and b motivates the definition of complex scalar fields which

appear as scalar components of the corresponding chiral superfields, which are denoted

by the same letter,

S|θ=θ=0 = 1
2
(s+ ic) , T |θ=θ=0 = 1

2
(t+ ib) . (5.39)

Moreover, it is convenient to redefine the complex scalar field τ as

U |θ=θ=0 = 1
2
(τ2 + iτ1) . (5.40)

Since c and b shift under gauge transformations, see (5.36), part of the isometries of the

scalar manifold are gauged. The associated Killing vectors are

XS = −ie2α(N + 1) , XT = −i f
`2
. (5.41)

Similarly, the complex scalar Q, as part of a charged chiral multiplet Q, transforms

non-trivially under gauge transformations, with

XQ = −iqQ . (5.42)

The complex field U is invariant.

Accounting for their properties under gauge variation and field-dependent prefactors

in the kinetic action, the gauge covariant kinetic terms for the bosonic fields S, T , U , and

Q in (5.35), as well as their fermionic superpartners can be reproduced by the Kähler

potential

K = − log(S + S + iXSV )− log(T + T + iXTV )− log(U + U) +Qe2eVQ , (5.43)

with the Abelian vector multiplet V . Note, that this Kähler potential has the so-called

no-scale form, i.e. KiKiK = 3 with KΦ = ∂ΦK.

In order to fix the dynamics for the vector multiplet one needs to identify the holomor-

phic gauge kinetic function7 H. Its real part, denoted by h, modifies the gauge kinetic

term and leads to a field-dependent coupling constant. Its imaginary part appears in

front of the F ∧ F term in the action. From (5.35) we deduce that

H = hSS + hTT = 2(S + e2β`2T ) . (5.44)

7Since the 3-form field strength H has been dualized to the axion c there is no risk of confusion.
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This includes the naive tree-level resultH = 2S already apparent form the classical gauge

kinetic term, but also includes part of the loop-corrections encoded in the Green-Schwarz

anomaly cancellation mechanism. This field-dependent modification of the gauge kinetic

function by loop effects is familiar from string theory [104, 105]. By supersymmetry we

know that also the effective gauge coupling constant has to be modified to include the

loop effects and the corrected gauge kinetic term in the bosonic action is

Lb4 ⊃
h

2e2
F ∧ ∗F =

1

2e2
(s+ e2β`2t)F ∧ ∗F . (5.45)

Equivalently, we expect the classical contribution ∝ f 2 and the charged boson masses

and interactions to receive corrections due to the Green-Schwarz mechanism. This can

be verified by analyzing the scalar potential induced by D-terms.

D-term potential

With the Killing vectors of the moduli and charged fields presented (5.41) and (5.42),

respectively, the D-term is evaluated to

D = iKTX
T + iKSX

S + iKQX
Q = − f

`2t
− e2α(N + 1)

s
+ q|Q|2 . (5.46)

Similar to the globally supersymmetric case in Chapter 4, the first two terms can be

interpreted as an FI-term. In supergravity consistent FI-terms are field-dependent. The

resulting D-term induced scalar potential is

VD =
e2

2h
D2 =

e2

2(s+ e2β`2t)

(
f

`2t
+
e2α(N + 1)

s
− q|Q|2

)2

. (5.47)

Indeed, we find that the classical result in (5.35) is corrected by the t-dependence of the

gauge kinetic function and the appearance of XS in the D-term.

Assuming 〈Q〉 = 0, which will be justified below, the potential VD has a run-away

behavior in the moduli fields s and t, which is typical for theories that arise from compact-

ification. In order to find stable solutions we hence need to include further contributions

to the scalar potential.

Superpotential

The compactification on the orbifold with chiral boundary condition breaks the super-

symmetry to N = 1 at the fixed points. This allows for an inclusion of superpotential

terms located at the fixed points that otherwise would be forbidden by the extended

supersymmetry in the bulk. The superpotential terms might arise due to additional
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degrees of freedom living at the orbifold fixed points, which couple to the bulk fields.

The effective four-dimensional superpotential W corresponds to the sum of the various

localized contributions in the 6d theory on T 2/Z2. We discuss a specific superpoten-

tial which realizes the stabilization of the moduli fields in Chapter 6. Here we want to

stress that the superpotential has to be gauge invariant8. With the chiral fields present

in the effective field theory above, in combination with their properties under gauge

transformation (5.41) and (5.42), the superpotential is of the form

W =W(S, T, U) . (5.48)

Moreover, the chiral fields S and T only enter via their gauge invariant combination,

denoted by

Z =
f

`2
S + g2α(N + 1)T . (5.49)

In the rest of this Chapter, we assume the moduli fields to be stabilized and treat them

as their vacuum expectation value in the respective minimum. We will return to the

stabilization of all fields in Chapter 6.

Boson masses

Even without the specific form of the superpotential, some of the bosonic masses can

be determined from the corrected gauge dynamics analyzed above. For instance, impos-

ing anomaly cancellation by the Green-Schwarz mechanism the gauge field is rendered

massive by eating a linear combination of the two axionic fields b and c. The orthogo-

nal combination of axions appears as the imaginary part of the scalar field Z in (5.49).

Without anomaly cancellation the gauge field would remain massless, as seen for the

globally supersymmetric approach in Chapter 4. Extracting the gauge field bilinear

mass term form (5.35) and accounting for the higher order corrections in h one obtains

(in 4d Planck units)

m2
A =

2e2

h

(
f 2

`4t2
+
e4α2(N + 1)2

s2

)
. (5.50)

Also the charged scalar masses are modified by inclusion of the Green-Schwarz term, as

expected, and from the D-term potential (5.47), setting −qf = 4πN , we read off

m2
Q =

e2

h

(
4πN

`2t
− e2α(N + 1)

s

)
. (5.51)

8This holds unless one gauges R-symmetries that lead to constant FI-terms, [106,107].
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This contains contribution of both signs and consequently leads to a constraint on the

vacuum expectation value of the moduli fields,

s >
e2α`2

4π

N + 1

N
t , (5.52)

ensuring the charged bosons to be massive, m2
Q > 0, see Section 6.2. The rest of the

moduli masses have to be evaluated using the specific form of the moduli superpotential.

They are obtained as the eigenvalues of the Hessian of the scalar potential. Note that

for the physical masses of the moduli one has to canonically normalize the kinetic terms

of the fluctuation around their vacuum expectation values. Denoting the canonically

normalized fluctuations of the real scalar fields s, t, and τ2 around their vacuum value

by ϕk and their imaginary parts, encoding b, c, and τ1, by ϕ̃k the mass matrix can be

extracted from the scalar potential, via

m2
ij =

∂2V

∂ϕi∂ϕj

∣∣∣∣
ϕk=0,ϕ̃k=0

. (5.53)

Similarly the axion masses can be determined by the axion mass matrix

m̃2
ij =

∂2V

∂ϕ̃i∂ϕ̃j

∣∣∣∣
ϕk=0,ϕ̃k=0

, (5.54)

where one of the mass eigenvalues in m̃2
ij has to be zero. The eigenstate to the zero eigen-

value corresponds to the Stückelberg field that is eaten by the massive vector bosons.

As mentioned, it is a linear combination of c and b.

In Section 6.3 we explicitly calculate the full mass spectrum of the bosonic fields for

two examples.

5.4 Super-Higgs mechanism and fermion masses

With supersymmetry broken by the D-terms in (5.46) and F -terms induced by the

superpotential W , the gravitino is rendered massive by eating a linear combination of

fermion fields via the super-Higgs mechanism. This complicates the calculation of the

fermion masses since one has to orthogonalize with respect to the absorbed degrees of

freedom. For Minkowski vacua, however, we have constructed a general procedure to

disentangle the massive gravitino and fermion fields. Since the charged fermions do not

take part in supersymmetry breaking, we can restrict the calculations to the gravitino

ψµ, the gaugino λ, and the superpartners of the moduli fields denoted by ψi, with

i ∈ {S, T, U}. The terms bilinear in the gravitino are [56]

Lψµ = εµνρσψµσν∂ρψσ −m3/2 ψµσ
µνψν −m3/2 ψµσ

µνψν + ψµσ
µξ + ξσµψµ , (5.55)
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where ξ is the Goldstino, i.e. the linear combination of the fermions that gets eaten as a

consequence of the super-Higgs mechanism. For simultaneous D- and F -term breaking

it is given by9

ξ = −e
2
Dλ− i√

2
eK/2DiWψi (5.56)

The gravitino mass is given by

m3/2 = eK/2W , (5.57)

evaluated in the vacuum. At first sight it might be surprising that the gravitino mass only

depends on the Kähler potential and the superpotential, even though supersymmetry

breaking is also due to the presence of D-terms. However, the D-terms in the scalar

potential modify the expectation values of the moduli fields in the vacuum which in turn

alters the gravitino mass to incorporate effects due to D-term breaking.

The mixing terms between gravitino and Goldstino in (5.55) can be removed by a

local field redefinition [56],

ψµ → −
√

2√
3m3/2

∂µη +
i√
6
η σµ , η =

i
√

2√
3m3/2

ξ , (5.58)

which yields the transformed gravitino Lagrangian

Lψµ = εµνρσψµσν∂ρψσ −m3/2 ψµσ
µνψν −m3/2 ψµσ

µνψν

+ iη σµ∂µη +m3/2 ηη +m3/2 ηη .
(5.59)

Note that the kinetic term for η appears with the wrong sign. Furthermore, the η bilin-

ears modify the mass matrix for the fermions. The gravitino mass remains unchanged.

One can interpret (5.59) as the gravitino Lagrangian in unitary gauge. Consequently,

the dependence on the Goldstino in the fermionic action should vanish completely. The

fermion kinetic terms are

L ⊃ −ihλ σµ∂µλ− iKi ψ

σµ∂µψ

i . (5.60)

Since the Kähler metric is Hermitian, it can be diagonalized by a unitary transformation.

Moreover, all real eigenvalues have to be positive definite for the correct sign in the

kinetic terms. This allows a rescaling of the eigenvalues in the kinetic terms to 1 by a

subsequent conjugation of the Kähler metric with a real diagonal matrix. The combined

transformation encoded in the matrix gik can be written as

gikKi g

ı = δkı . (5.61)

9For notational conventions see Appendix A.
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The transformation matrix gik corresponds to a “vielbein” of the Kähler metric. After a

redefinition of the gaugino and moduli superpartners

λ→ h−1/2λ , ψi → gikψ
k (5.62)

all fermions have canonically normalized kinetic terms, which are combined in the action

L ⊃ −λσµ∂µλ− iδiψ

σµ∂µψ

i ≡ −iδab ψ
b
σµ∂µψ

a , (5.63)

where ψa, with a ∈ {0, i}, includes the gaugino, i.e. ψ0 = λ. Now, one can perform a

unitary transformation U , rotating the canonically normalized fermions into the fermion

η proportional to the Goldstino and three orthogonal fermions ψi⊥, which represent the

dynamical fermionic degrees of freedom,

ψa = Ua
i ψ

i
⊥ + Ua

η η . (5.64)

From (5.56) and (5.58) we can read off the matrix elements (U∗)ηa of the inverse trans-

formation

(U−1)η0 = (U∗)η0 = − ieD√
6hm3/2

, (U−1)ηi = (U∗)ηi =
eK/2DkW√

3m3/2

gki . (5.65)

In order to check unitarity we can calculate the (η, η)-component using Ki = gik δ
kl g

l
,

Ua
η (U−1)ηa =

1

3eK |W|2

(
e2

2h
D2 + eKKiDiWDW

)
. (5.66)

Hence, we find Ua
η (U−1)ηa = 1 in Minkowski space, see (A.28), as necessary. Due to

the canonical normalization of all fermion kinetic terms in (5.63) and unitarity of the

transformation U , the kinetic terms after performing the unitary transformation U are

still canonically normalized,

L ⊃ −iψi⊥ σµ∂µψi⊥ − iη σµ∂µη . (5.67)

Combined with the kinetic term of η originating form (5.59) with the wrong sign, the

kinetic term for the Goldstino cancels, as necessary.

Additionally, in the rotated fermion basis the Goldstino mass term and its mixing

terms with the other fermion fields have to vanish. Writing the fermion mass terms for

the original basis in matrix notation,

L ⊃ −1
2
M00λλ− 1

2
Mijψ

iψj −M0iλψ
i + h.c. ≡ −1

2
Mabψ

aψb + h.c. (5.68)
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and performing the unitary rotation (5.64) one finds in the new fermion basis

1
2
Mabψ

aψb = 1
2
Mab (Ua

i ψ
i
⊥ + Ua

η η) (U b
jψ

j
⊥ + U b

ηη)

= 1
2

(
Ua
η Mab U

b
η

)
ηη +

(
Ua
i Mab U

b
η

)
ηψi⊥ + 1

2

(
Ua
i Mab U

b
j

)
ψi⊥ψ

j
⊥ .

(5.69)

With the general form of the mass matrix elements, given explicitly in Appendix A, and

the known elements of the unitary transformation (5.65) one can evaluate

M0b U
b
η ∝

D

3m3/2

(
eK
(
KiDiWDW − 3|W|2

)
+
e2

2h
D2

)
+ iX


∂WeK/2 , (5.70)

which vanishes for gauge invariant superpotentials in Minkowski space. Similarly,

Mkb U
b
η ∝ ∂kV −

2

3W
DkW

(
eK
(
KiDiWDW − 3|W|2

)
+
e2

2h
D2

)
, (5.71)

which vanishes in Minkowski space for an extremum of the scalar potential. Hence,

for a Minkowski minimum we find the fermionic bilinear terms after decoupling of the

Goldstino from the dynamical and physical fermionic degrees of freedom

L ⊃ εµνρσψµσν∂ρψσ − iψ
i

⊥σ
µ∂µψ

i
⊥ −

(
m3/2ψµσ

µνψν + 1
2
M⊥

ijψ
i
⊥ψ

j
⊥ + h.c.

)
, (5.72)

with the physical fermion mass matrix

M⊥
ij = Ua

i Mab U
b
j . (5.73)

This procedure can also be performed as an expansion in a small cosmological constant

for de Sitter vacua and offers a very general description for the calculation of the physical

fermion masses. We work out the fermion masses in two example vacua in Section 6.3

below.

5.5 SO(10) GUT

Before we turn to the discussion of moduli stabilization for Abelian gauge theories with a

specific realization of the moduli-dependent superpotential we describe a phenomenolog-

ically interesting application in the context of extra-dimensional grand unified theories

with gauge group SO(10)× U(1). In order to provide the multiplicity of matter gener-

ations with a physical origin we further demand the presence of a single 16-plet with

charge q under the additional U(1) and include N = −3 flux quanta in this Abelian

gauge group, see the end of Section 3.4. Since this choice of representations is rather

special, we want to make sure that the 6d anomalies can be cancelled for this field

spectrum.
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6d anomalies for SO(10) × U(1)

Our analysis involves the full 6d gauge and gravitational anomalies for gauge group

SO(10) × U(1). In analogy to the previous Sections the U(1) field strength is denoted

by F = dA and incorporates the constant flux density on the orbifold parameterized by

fv2. The non-Abelian gauge field is given by Ã with the field strength defined by

F̃ = dÃ+ Ã ∧ Ã , (5.74)

and transforms in the adjoint representation of SO(10). The determination of the full 6d

anomaly is simplified by the use of the so-called anomaly polynomial. This is a formal

expression, a gauge and gravity invariant 8-form I8, from which the 6d anomaly can be

derived, see e.g. [46,47,69,82,101].

The pure SO(10) part of the anomaly polynomial in six dimensions in terms of the

non-Abelian field strength F̃ reads

I8 ⊃
1

24

(
TrF̃ 4 − (n16 + n16) tr16F̃

4 − n10 tr10F̃
4
)
, (5.75)

where trR refers to the trace in representation R, Tr denotes the trace in the adjoint

representation, and nR indicates the number of R-plets. We express all the traces in

terms of tr10 ≡ tr with the following group theoretical coefficients

tr16F̃
2 = tr16F̃

2 = 2trF̃ 2 ,

TrF̃ 2 = 8trF̃ 2 ,

tr16F̃
4 = tr16F̃

4 = −trF̃ 4 + 3
4

(
trF̃ 2

)2
,

TrF̃ 4 = 2trF̃ 4 + 3
(
trF̃ 2

)2
.

(5.76)

After rewriting the traces, Equation (5.75) reads

I8 ⊃
1

24

(
(2− n10 + n16 + n16) trF̃ 4 +

(
3− 3

4
n16 − 3

4
n16

) (
trF̃ 2

)2
)
. (5.77)

This can be cancelled entirely by choosing n16 = n16 = 2 and n10 = 6, which fixes

the non-Abelian field representations and their multiplicity and corresponds to the field

content discussed in Section 3.4. Note that the applicability of the anomaly cancellation

mechanism only demands the vanishing of the irreducible trF 4 anomaly. However, the

full cancellation simplifies the transformation behavior of the 2-form field in the Green-

Schwarz mechanism, as discussed below. Moreover, SO(10) does not have a third-order

Casimir, which implies that terms of the form trF 3 are absent in the SO(10) part of the

anomaly polynomial.
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With the non-Abelian spectrum fixed, we can proceed with the pure gravitational

anomaly. For a particularly simple field content we make the following ansatz for SO(10)

representations R of U(1) charge q denoted by Rq, c.f. Section 3.4:

Vectorfields: 450, 10 ,

non-Abelian matter: 16q, 160, 2× 160, 6× 100 ,

Abelian matter: nq × 1q ,

Uncharged matter: n0 × 10 .

(5.78)

The pure gravitational anomaly for this matter content takes the form

I8 ⊃ −
1

5760
(nq + n0 − 166)

(
trR4 + 5

4

(
trR2

)2
)
− 1

16

(
trR2

)2
. (5.79)

The irreducible gravitational anomaly is cancelled for nq + n0 = 166 and the remaining

6d anomaly polynomial reads

I8 =− 1

16

(
trR2

)2
+

1

16
trR2 trF̃ 2 +

q2

96
(16 + nq) trR2 F 2

− q2

2
trF̃ 2 F 2 − q4

24
(16 + nq)F

4 .

(5.80)

For the Green-Schwarz mechanism to be applicable it has to factorize in the the following

form, see [47]

I8 = − 1

32
ΩαβX

α
4 X

β
4 = − 1

16
X4 Y4 , (5.81)

where for the second identity we identified X1
4 = X4 and X2

4 = Y4, which are two gauge

invariant 4-forms, respectively. Moreover, we used that for a single tensor multiplet we

can choose

Ωαβ =

(
0 1

1 0

)
. (5.82)

To show the factorization we make the following ansatz

X4 = trR2 + b trF̃ 2 + c F 2 , Y4 = d trR2 + e F 2 . (5.83)

Matching the real coefficients a, b, c, d, and e with the prefactors in (5.80), we find that

a factorization for the chosen U(1) charges can be achieved only for

nq = 80 , n0 = 86 . (5.84)
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The factorized anomaly polynomial reads

I8 = − 1

16

(
trR2 − trF̃ 2 − 8q2F 2

) (
trR2 − 8q2F 2

)
. (5.85)

We see that it is indeed possible to find a field spectrum for which the anomaly factorizes,

which contains a single 16-plet of non-vanishing U(1) charge. Moreover, one of the

factors in the anomaly polynomial is independent of the SO(10) field strength.

In order to evaluate the low energy degrees of freedom in the effective four-dimensional

theory, we need to specify the boundary conditions encoded in the (non-)Abelian Wilson

lines and the global twists in the R-symmetry, leading to chiral boundary conditions for

the fermions. We choose the gauge field background discussed at the end of Section 3.4,

where we also specified the low energy fields transforming with respect to the unbroken

gauge group SU(3) × SU(2) × U(1)2. This background on the orbifold T 2/Z2 induces

additional localized anomalies at the fixed points that involve the respective unbroken

subgroups of SO(10) as well as the U(1) containing the magnetic flux.

The pure non-Abelian fixed point anomalies can be cancelled by the addition of

localized N = 1 supermultiplets at the fixed points which are uncharged under the

additional U(1) gauge factor. The specific realization of the additional fields goes beyond

the scope of our investigation and we restrict the analysis to the cancellation of the fixed

point anomalies in the Abelian group. The relevant charged fields are the single 16-

plet and the additional nq = 80 singlets of charge q, all obeying pure chiral boundary

conditions.

As in Section 5.2 the fixed point anomaly splits equally among the four singular

points in the internal space and describes the 4d anomaly induced by the fields obeying

chiral boundary conditions. It can be incorporated in the 6d anomaly polynomial by10

If8 = 2πq δζ

(
trF̃ 2 +

q2(nq + 16)

6
F 2

)
∧ F ∧ v2

=
2π

16
δζ
(
trF̃ 2 + 16q2F 2

)
∧ (16qF ) ∧ v2 .

(5.86)

Focussing on the gauge anomalies, as in Section 5.2, we can encode the bulk and fixed

point anomalies in (5.85) and (5.86) within a single polynomial of the form

I8 = − 1

16

(
trF̃ 2 + 8q2F 2 − 32πq δζ F ∧ v2

)(
8q2F 2 − 32πq δζ F ∧ v2

)
. (5.87)

Note that v2 ∧ v2 vanishes due to antisymmetry of the wedge product.

Similar to Section 5.2 one can use the transformation behavior of the 2-form field B

in order to cancel the anomaly. As explained in [47] the two constituents forming the

10The factor (2π) is due to the different normalization of an anomaly in six and four dimensions.
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2-form B do not have to transform identically rather they transform according to the

two factors of the anomaly polynomial (5.85). If the full anomaly polynomial contains

localized terms, as is the case for (5.87), one can employ a generalized version of the

Green-Schwarz mechanism discussed in [46]. Specifically, we can choose

δΛB = −Λ(8q2F − 32πqδζ v2) , δΛ̃B = 0 , (5.88)

which corresponds to the second factor in (5.87). A Green-Schwarz term of the type

LGS = β̃ B ∧
(
trF̃ 2 + 8q2F 2 − 32πqδζ F ∧ v2

)
, (5.89)

with normalization β̃ = −1/(2π)3 [47,82], counteracts the transformation behavior of the

fermion effective action and leads to a consistent theory with cancelled gauge anomalies.

As in Section 5.2, the low energy effective action contains two axions which shift under

the Abelian gauge transformation. For a specific realization in a simplified setup see [8].

In the following we describe the qualitative properties of the effective low energy

theory of the SO(10)× U(1) model.

Qualitative low energy theory

The low energy matter spectrum was summarized at the end of Section 3.4 for a specific

choice of parities.

The (non-)Abelian Wilson lines break the SO(10) down to an extended standard

model gauge group. The other gauge components receive masses as discussed in Sec-

tion 3.2. The additional Abelian U(1), in which the flux is embedded, is also absent

in the low energy effective field theory since it is rendered massive by the Stückelberg

mechanism. Specifically, the gauge field A eats a linear combination of the two axions

b and c depending on the particular form of the Green-Schwarz mechanism. Moreover,

also the gauge kinetic function for the standard model gauge fields incorporates a com-

bination of moduli fields due to the cancellation of mixed gauge anomalies leading to a

gauge kinetic term of the form

h̃(s, t)

2ẽ2
tr(F ∧ ∗F ) , (5.90)

where the trace is over the massless gauge fields transforming in the unbroken gauge

group and the explicit realization of the gauge kinetic function depends on the details of

the model. Hence, the effective couplings depend on the vacuum expectation values of

s and t. This moduli dependence of the standard model gauge kinetic functions further

leads to a mass for the standard model gauginos of the form [56]

L ⊃ 1
4
eK/2KiDW ∂ih̃ (λ̃λ̃) + h.c. , (5.91)
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which generically is of the order of the F -terms.

The additional matter fields arising from the uncharged 10- and 16-plets in (3.113)

and (3.114) are paired up with localized fields at the orbifold fixed points in order to

form vector-like pairs and can be given large supersymmetric mass terms. As already

mentioned, with an appropriate potential the pair N and N c can be interpreted as the

Higgs field for the additional unbroken U(1) arising from the SO(10), with an interpre-

tation in terms of a gauged B − L-symmetry. The charged 16-plet leads to the fermion

zero modes forming the three matter generations. However, their bosonic superpartners

have masses of the order of the compactifications scale. Interestingly, there is a universal

interaction transmitted by the massive vector bosons of the U(1) containing the flux,

which, depending on the mass, might be very short range. The localization of the mode

functions of charged fields allows for further interesting applications in the investigation

of Yukawa hierarchies and neutrino mixings, [48,85].

The moduli fields have to be stabilized with an effective superpotential, see Chapter 6.

The induced F -term breaking induces masses for the moduli and their superpartners.

A linear combination of the moduli superpartners and the gaugino of the flux U(1) is

eaten by the gravitino that receives a large mass as well. We will present two examples

in Section 6.3 where we discuss the boson and fermion masses in the moduli and flux

sector of and Abelian gauge theory explicitly. We believe the qualitative behavior to be

similar after the inclusion of the additional SO(10) gauge group.

Summarizing, the only remaining candidates for light particles beyond the standard

model which transform under the standard model gauge group are the Higgsinos con-

tained in the multiplets Hu and Hd. For a phenomenological application these multiplets

should not be equipped with large supersymmetric mass terms and are consequently

massless at tree level. Nevertheless, the supersymmetry breaking is mediated into the

Higgs sector at higher order and an explicit estimate of the associated masses will depend

on the details of the mediation mechanism. This pattern of particle masses, characterized

by heavy superpartners of matter fields and gauge bosons in combination with light Hig-

gsinos, appears in models of “spread” supersymmetry, see e.g. [108], and for additional

light gauginos is reminiscent of “split” supersymmetry11, see e.g. [109]. Hence, models

including supersymmetry-breaking flux and realizing the correct number of generations

by a multiplicity due to the index theorem tend to induce large masses for many of

the standard model superpartners, with the remaining possibility of light Higgsinos. Of

course, this rough estimate as a qualitative picture might be altered for certain explicit

realizations of the model and the generic scale of supersymmetry breaking correlated

11Note, however, that the model discussed her contains two Higgs doublets.
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with the size of the extra dimensions might still be probable in collider experiments.

Finally, there are a plethora of fields that do not transform under the standard model

gauge group but are necessary for the cancellation of gravitational anomalies. These form

a dark sector, only connected to the visible matter by gravitational interactions and par-

tially the U(1) containing the flux. It would be interesting to investigate whether such

a dark sector in a model of flux compactification might be a possible candidate for the

origin of the dark matter observed in the universe.

Consequently, local supersymmetry is an interesting framework for the investigation

of models with flux in the internal dimensions. After we analyzed an effective action

for flux compactification on T 2 in a globally supersymmetric setup in Chapter 4, we ex-

tended the investigation to include gravity for an effective N = 1 supergravity effective

action taking into account the lightest states. Similar to the global case supersymmetry

is broken by D-terms originating from an FI-term. This FI-term, however, now depends

on the moduli fields and is tied to their transformation behavior under gauge transfor-

mation in connection with the anomaly cancellation mechanism. A general approach for

the explicit decoupling of the Goldstino field as a combination of moduli superpartners

and gaugino allows for an explicit evaluation of the fermion mass spectrum after the in-

clusion of a superpotential. Moreover, the full 6d anomalies factorizes in the context of

the SO(10) GUT discussed in Section 3.4. A realistic application in terms of a concrete

phenomenological analysis of the dynamics beyond the standard model, however, would

need a more precise evaluation of the detailed embedding in theories containing non-

vanishing internal flux. Nevertheless, the hints presented here point towards interesting

implications for physics at intermediate energies.
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Chapter 6

de Sitter vacua

In this Chapter we discuss a novel and surprisingly simple mechanism to generate de

Sitter vacua in four-dimensional N = 1 supergravity. Opposed to most of the usual

approaches, that start with a specific realization of the superpotential which generates

supersymmetric anti-de Sitter vacua and subsequently lift them to local de Sitter vacua

by adding a supersymmetry breaking sector, see e.g. [52, 106, 110–119], we start with

a positive definite D-term potential. This D-term potential, however, has the typical

run-away behavior for the moduli fields and one needs to add a superpotential in order

to find local minima. By tuning the parameters in the superpotential one can achieve

de Sitter vacua of arbitrary small cosmological constant with all moduli fields stabilized.

Since the superpotential only involves fields that were already present, this model does

not need the addition of further fields and is very minimalistic in its field content.

Before we discuss the specific realization of our mechanism in the context of 6d

flux compactification of an Abelian gauge theory, discussed in [10], we describe the

general formalism within the effective four-dimensional supergravity of [9]. Although

we work out the moduli stabilization only for the Abelian theory, one can use the same

approach for models containing further non-Abelian gauge sectors, as the one discussed

in the previous Chapter, since the charged fields do not contribute to the supersymmetry

breaking at tree level.

6.1 General mechanism

We start with N = 1 supergravity coupled to an Abelian U(1) vector multiplet V in

the presence of three chiral multiplets S, T , and U . The real Kähler potential is of the

87
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no-scale type,

K = − log(S + S + iXSV )− log(T + T + iXTV )− log(U + U) . (6.1)

Kähler potentials of this form often arise in compactified theories, see e.g. [54]. It further

takes into account the transformation behavior of the two chiral fields S and T under

gauge transformations. The corresponding Killing vectors XS and XT are assumed to

be constant and purely imaginary indicating an axionic shift symmetry. We further

demand that iXS and iXT are of opposite sign, specifically

iXS > 0 , iXT < 0 , (6.2)

which is the sign encountered in the 6d flux compactification (5.41).

In order to uniquely specify the gauge sector we need to define a gauge kinetic function

H. In the following, it is important that the holomorphic function H depends on two

chiral superfields S and T

H = hSS + hTT . (6.3)

Its real part is h = 1
2
(hSs + hT t), where the real parameters hS and hT are of different

sign. Again, from the 6d flux compactification (5.44) we choose

hS > 0 , hT < 0 , (6.4)

in order to be specific. Since the real part of the gauge kinetic function h determines

the effective gauge coupling of the Abelian gauge theory, defined as

e2
eff =

e2

h
, (6.5)

the physical moduli space should be restricted to the region where h > 0, i.e.

t < −hS
hT
s . (6.6)

This restriction allows for two different cases, which manifest themselves in the realiza-

tion of the D-term potential. The D-term for the above model is

D = iKiX
i = − i

s
XS − i

t
XT . (6.7)

Since the Killing vectors are of opposite sign one finds D = 0 for

t(D) = −X
T

XS
s . (6.8)
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Figure 6.1: Contour plot of the qualitative behavior of VD as function of s and t, with D = 0 in the

physical region (left) and D = 0 in the unphysical region (right). The red line indicates h = 0.

Hence, if t(D) is inside the physical moduli space, i.e.

XThT
XShS

≤ 1 , (6.9)

the D-term potential becomes zero along a line in the s-t-plane, see Figure 6.1 (left).

However, if t(D) is not contained in the physical region, the D-term potential is positive

definite and the unphysical region with h < 0 is separated from the well-behaved region

by a barrier1, see Figure 6.1 (right). The second case of positive definite VD is the case

of interest in the following.

Clearly, the field-dependence of the gauge kinetic function and the D-terms generate

a potential with run-away behavior for s and t. Therefore, one needs to incorporate

further contributions to the scalar potential arising from a non-trivial superpotential in

order to stabilize the scalar fields. As discussed in Section 5.3, the superpotential in the

present case has to be gauge invariant, which motivates the definition of the chiral field

Z = −iXTS + iXST , (6.10)

with scalar part 1
2
(z+ ic̃) and trivial transformations under U(1) gauge variations. With

the present fields, the superpotential can only depend on Z and U

W =W(Z,U) . (6.11)

1Note that the barrier is due to a divergence of the effective coupling constant and hence indicates a region

of strong coupling. However, even in the perturbative regime it suppresses the tunneling sufficiently.
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Before we discuss the stabilization of all the fields we illustrate our approach in a simpler

context where U is assumed to be stabilized at 〈U〉 = 1
2
, since this case can be treated

analytically.

Two field stabilization

The superpotential in the two field case only depends on Z. We choose a form that is

typical for non-perturbative corrections encountered in string theory and has attracted

a lot of attention in the KKLT-setup [52]. It reads

W(Z) =W0 +W1e
−aZ , (6.12)

where we choose a > 0 and W0,W1 ∈ R without loss of generality. These constants

depend on the specific high-energy origin of the superpotential and need to be chosen

appropriately.

In our approach for moduli stabilization we reverse the calculation. Instead of scan-

ning the superpotential parameters in search for a vacuum of positive cosmological con-

stant, we fix the moduli fields in the assumed de Sitter vacuum and determine the cor-

responding superpotential parameters by solving the minimum equations for the scalar

potential at a certain energy. A similar approach was performed in [120] in the context

of pure F -term breaking.

For local minima of the scalar potential in S and T at a positive energy density ε the

scalar potential has to satisfy

∂SV = 0 , ∂TV = 0 , V = ε ≥ 0 , (6.13)

leading to three independent equations. Since the number of equations coincides with

the number of unknown parameters in the superpotential we expect a discrete set of

solutions. For the calculation it is convenient to use ∂± = s ∂S ± t ∂T instead of ∂S,T

since the minimum equations (6.13) take a simpler form. For instance, we find that

∂−Z = stD and ∂+Z = stE, with

E = iKTX
T − iKSX

S = − i
t
XT +

i

s
XS . (6.14)

For the choice of sign in (6.2) we see that E > D > 0 in the physical region. Further,

we can rewrite the scalar potential as

V = eK
(
KiDiWDW − 3|W|2

)
+
e2

2h
D2 =

st

2
(D2 + E2)A− EB +

e2

2h
D2 , (6.15)



6.1. General mechanism 91

with the abbreviations

A = |∂ZW|2 = a2W2
1e
−az ,

B = (∂ZW)W +W(∂ZW) = −2aW1

(
W1e

−az +W0e
− 1

2
az cos

(
a
2
c̃
))

.
(6.16)

For opposite signs of W0 and W1 the axionic field c̃ is stabilized at zero and we can set

the cosine term to one in the rest of the calculation. The second axion contained in S

and T is rendered massive by the Stückelberg mechanism, see Chapter 5.

Solving the equations corresponding to a local minimum at energy density ε in terms

of the superpotential parameters we determine

A = − 1

2sth2(1− ρ2)

(
hT tρ+ h(2− ρ+ ρ2) + h2 2ε

E2

)
,

B = − E

4h2(1− ρ2)

(
hT tρ(1 + ρ2) + h(2− ρ+ ρ2 − ρ3 + 3ρ4) + h2 8ε

E2

)
,

a = − 2E(1− ρ2) (hT tρ+ h(2− ρ− 3ρ2))

st (E2 (hT tρ(1 + ρ2) + h(2− ρ+ 5ρ2 − ρ3 − ρ4)) + 8h2ρ2ε)
,

(6.17)

with ρ = D/E ∈ (0, 1), from which the superpotential parameters W0 and W1 can

be derived. In this way, one can find de Sitter vacua with stabilized moduli fields s

and t, as was shown in [9]. Note that the small value of the cosmological constant is

achieved by tuning of the superpotential parameters. In this way, the positive definite

D-term potential is compensated by a negative contribution from the F -terms. It was

argued before that models with no-scale Kähler potential need an appropriately tuned

superpotential in order to generate de Sitter vacua, see [65, 66]. In our example the

simplicity of the solution is due to the gauging of a shift symmetry, [64].

For non-trivial superpotential it is important to check the consistency condition that

the F -terms do not vanish for non-zero D-terms. This is clearly the case here, since a

vanishing of the F -terms would imply D∂ZW = 0, which cannot occur in the physical

parameter space using superpotential in (6.12).

With the inclusion of U the calculation becomes more cumbersome and the super-

potential parameters are no longer uniquely determined.

Three field stabilization

In order to stabilize the additional scalar fields contained in the chiral multiplet U we

include it in the superpotential. In the following we use a generalization of (6.12) that

exhibits the functional behavior

W(Z,U) =W0 +W1e
−aZ +W2e

−ãU , (6.18)
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with the reality condition W0,W1,W2 ∈ R and a, ã > 0. Similar to the two field case

we rewrite the scalar potential in terms of the quantities D and E

V =
st

2τ2

(D2 + E2)A+
τ2

st
Ã− 1

τ2

EB − 1

st
B̃ +

e2

2h
D2 , (6.19)

with, similar to (6.1),

A = |∂ZW|2 , B = (∂ZW)W +W(∂ZW ) ,

Ã = |∂UW|2 , B̃ = (∂UW)W +W(∂UW ) .
(6.20)

For the superpotential (6.18) these quantities are

A = a2W2
1e
−az ,

Ã = ã2W2
2e
−ãτ2 , (6.21)

B = −2aW0W1e
−a

2
z cos

(
a
2
c̃
)
− 2aW2

1e
−az − 2aW1W2e

−a
2
z− ã

2
τ2 cos

(
a
2
c̃− ã

2
τ1

)
,

B̃ = −2ãW0W2e
− ã

2
τ2 cos

(
ã
2
τ1

)
− 2ãW2

2e
−ãτ2 − 2ãW1W2e

−a
2
z− ã

2
τ2 cos

(
a
2
c̃− ã

2
τ1

)
.

For W0 < 0 and W1,W2 > 0 the axionic field c̃ and τ1 are generically stabilized at zero.

However, due to the cross-terms containing both axions this has to be verified a posteriori

after the derivation of the superpotential parameters that lead to a stabilization of the

real parts s, t, and τ2 for the cosine terms set to one.

Compared to the discussion of the two field case, there are two more real parameters

in the superpotential but only four equations for a local minimum at positive energy

density,

∂SV = 0 , ∂TV = 0 , ∂UV = 0 , V = ε ≥ 0 . (6.22)

Consequently, the superpotential terms are not fixed uniquely by a choice for the vacuum

expectation values for the moduli fields. We fix one of the superpotential parameters ã,

whose numerical value is constrained by the ultra-violet origin of such a non-perturbative

superpotential contribution, see e.g. [54]. However, one of the variables A can be deter-

mined without an explicit choice for ã. It is

A =
e2τ2

2sth2(ρ2 − 1)

(
hT tρ+ h(2− ρ+ ρ2) +

4h2ε

e2E2

)
, (6.23)

and has the identical functional dependence as in the two field case (6.17). The remain-

ing parameters are obtained numerically. Therefore, this approach leads to de Sitter

vacua with tunable cosmological constant and all fields stabilized. The consistency con-

ditions are fulfilled for the same reason as in the two field model. Moreover, the 6d

flux compactification discussed in Chapter 5 possesses all the necessary features and we

realize the moduli stabilization in this setup explicitly in the following.
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6.2 de Sitter vacua for 6d flux compactification

In the case of 6d flux compactification the Killing vectors and gauge kinetic function

are fixed by the anomaly cancellation condition, see (5.41) and (5.44). Setting q = 1 we

find for −N flux quanta

iXS = e2α(N + 1) > 0 , iXT = −4πN

`2
< 0 , (6.24)

and

hS = 2 > 0 , hT = 2e2β`2 < 0 , (6.25)

as was assumed in (6.2) and (6.4). Moreover, the constraint leading to a positive definite

D-term potential in the physical moduli region is fulfilled for N > 0

XThT
XShS

=
2N

N + 1
≥ 1 . (6.26)

Additionally, the restriction to the physical region of the coupling constant

s > −hT
hs
t = −e2β`2t =

e2α`2

2π
t ≥ e2α`2

4π

N + 1

N
t , (6.27)

for N > 0 ensures the stabilization of the charged scalar masses (5.52) for non-vanishing

magnetic flux. Hence, we can use the analysis above in order to investigate the stabi-

lization of the moduli fields S, T , and U .

As discussed in [10], we can always rescale the fields in order to obtain a vacuum at

〈r〉 = 1 and hence the physical volume of the orbifold is given by vol(T 2/Z2) = 1
2
L2.

This choice for r can be encoded in our choice of vacuum expectation values for s and t

and can be parameterized by the restriction to

(s, t) = (κ, κ−1) . (6.28)

It turns out, that valid solutions can be obtained for the parameter e2L/κ in a certain

regime2. One can scan κ over a certain range which is allowed by the constraint (6.27)

in order to obtain models corresponding to different sizes of the internal space. With

the restriction

e2L

κ
= const , (6.29)

we can deduce the scaling behavior with respect to L of several quantities. The com-

pactification scale behaves as

Mcomp = vol(T 2/Z2)−1/2 =
√

2
L
∝ L−1 . (6.30)

2The value of this parameter in our setup is approximately e2L/κ ≈ 40/3.
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The effective gauge coupling and the D-term potential are evaluated to scale as

e2
eff ∝ L−1 , D ∝ L−1 , VD ∝ L−3 , (6.31)

which implies a scaling of the superpotential parameters3

Wi ∝ L−3/2 , a ∝ L . (6.32)

Following the discussion in Section 5.3 and Section 5.4 we obtain the behavior of the

bosonic

m2
A ∝ L−3 , m2

Q ∝ L−2 , m2
modulus,i ∝ L−3 , m2

axion,i ∝ L−3 , (6.33)

and fermionic masses

m3/2 ∝ L−3/2 , Mmodulino,i ∝ L−3/2 , (6.34)

under variation of the internal volume. These scalings are rather accurately realized in

the two examples we discuss next.

6.3 Examples

In the following, we present two models with a local Minkowski vacuum together with

a full analysis of the particle masses. To get an intuition for the scaling behavior dis-

cussed above we concentrate on two parameter sets that generate different volumes for

the internal space. While the compactification scale of the first model is approximately

MGUT ∼ 1016 GeV, the second model has a compactification scale in the intermediate

regime, Mint ∼ 1012 GeV. The number of flux quanta for both models is fixed to −3, ac-

counting for the phenomenological applications discussed in Section 5.5. The remaining

fixed parameters are

Model I: e = 0.2 , L = 200 , ã = 2 ,

Model II: e = 4× 10−3 , L = 106 , ã = 3 .
(6.35)

The shape modulus τ is stabilized at 〈τ〉 = 1. Keeping in mind the relations (6.28) and

(6.29), the remaining moduli s and t are stabilized at

Model I: κ = 0.6 ,

Model II: κ = 1.2 .
(6.36)

3Remember that the F -term potential has to compensate the positive D-term potential.
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Model I Model II Scaling

W0 −3.0× 10−3 −7.4× 10−9 5.0× 103

W1 1.2× 10−2 3.3× 10−8 5.5× 103

W2 2.8× 10−3 8.5× 10−9 4.8× 103

Mcomp 7.1× 10−3 1.4× 10−6 5.0× 103

a 4.5× 102 2.3× 106 5.0× 103

az 9.4 9.4

ã 2 3

Table 6.1: Numerical values of the relevant superpotential parameters of the two example models in

Planck units and their scaling with respect to L according to Section 6.2.

This leads to a compactification scale related to the physical volume of the orbifold,

Model I: Mcomp ≈ 7.1× 10−3 ,

Model II: Mcomp ≈ 1.4× 10−6 ,
(6.37)

in 4d Planck units, which coincides with the two desired regimes. In order to check the

viability of a perturbative treatment of the gauge dynamics we evaluate the effective

coupling constant,

Model I: eeff ≈ 0.49 ,

Model II: eeff ≈ 6.9× 10−3 .
(6.38)

This matches the predicted scaling behavior of (6.31) and validates a perturbative treat-

ment. The numerically evaluated superpotential parameters satisfy the scaling behavior

as well,

Model I: Wi = O(10−2) ,

Model II: Wi = O(10−8) ,
(6.39)

and especially the parameters for the GUT-scale extra dimensions are in a regime often

encountered in string compactifications. Their specific numerical values together with

other relevant quantities are given in Table 6.1. The scalar potential for Model I is

depicted in Figure 6.2, the qualitatively identical potential of Model II is given in Ap-

pendix D. The analysis of the axion masses furthermore justifies setting the cosine terms

to one in the calculation of the superpotential parameters.

Following the steps indicated in Section 5.3 we can evaluate the physical boson masses

for the two different parameter regions. Note that one of the axions contained in the

moduli multiplets is eaten by the U(1) gauge boson and hence does not appear as an
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Figure 6.2: Contour plot of the local minimum of the scalar potential in Model I (L = 200) in the

s-t-plane (left) and s-τ2-plane (right).

Model I Model II Scaling

mQ 4.2× 10−2 8.3× 10−6 5.0× 103

mA 1.1× 10−2 3.0× 10−8 5.0× 103

mmodulus,1 1.2× 10−2 3.4× 10−8 5.0× 103

mmodulus,2 4.1× 10−3 1.5× 10−8 4.1× 103

mmodulus,3 3.2× 10−3 1.1× 10−8 4.3× 103

maxion,1 9.4× 10−3 2.7× 10−8 4.9× 103

maxion,2 4.0× 10−3 1.6× 10−8 3.8× 103

Table 6.2: Numerical values for bosonic masses in Planck units.

independent dynamical degree of freedom. The numerical values of the masses are given

in Table 6.2. Decoupling the Goldstino along the lines of Section 5.4 the physical fermion

masses can be derived and evaluated numerically. The eigenvalues of the fermion mass

matrix are summarized in Table 6.3.

All the masses realize the predicted scaling behavior. The mass hierarchies in the

two different models is given in Figure 6.3. It is clear form the figure that the whole

spectrum shifts down, below the compactification scale, due to the different scaling be-

havior with respect to L. The charged bosonic fields, however, remain heavier than

Mcomp and hence should not be included in the effective low-energy description. Note

further that interestingly one superpartner of the moduli fields always remains lighter

than the supersymmetry breaking scale indicated by the gravitino mass. The remaining
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Model I Model II Scaling

m3/2 1.8× 10−3 5.2× 10−9 5.0× 103

Mmodulino,1 4.8× 10−3 1.8× 10−8 4.1× 103

Mmodulino,2 2.6× 10−3 8.3× 10−9 4.7× 103

Mmodulino,3 7.4× 10−4 2.0× 10−9 5.0× 103

Table 6.3: Numerical values for fermionic masses in Planck units.

masses are of the order of m3/2, but are all larger.

With a slight shift of the parameters in the superpotential it is possible to achieve

de Sitter vacua with tunably small cosmological constant, realizing the mechanism de-

scribed in this Chapter. The corresponding masses will receive corrections of order of the

cosmological constant but will remain qualitatively unchanged. Therefore, the interplay

between a flux-induced positive definite D-term potential and the negative contributions

arising due to non-perturbative effects captured in the superpotential allow a complete

analysis of the particle spectrum in the corresponding metastable vacua.
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Figure 6.3: Masses of four-dimensional fields with respect to the compactification scale in the two

models of 6d flux compactifications (logarithmic plot, different scales).
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Conclusion and Outlook

In this thesis we investigated six-dimensional quantum field theories in the light of

supersymmetry-breaking flux compactifications from many different perspectives. Study-

ing different possible gauge backgrounds on T 2 and T 2/Z2 lead us to a very efficient

description of discrete Wilson lines on the orbifold in terms of localized singular gauge

flux. This interpretation facilitates the evaluation of the boundary conditions for charged

fields and has a direct impact on the realization of the mode functions. The analogy to a

harmonic oscillator algebra further allows to explicitly derive the complete set of eigen-

modes in the flux background as well as their masses subject to a helicity-dependent

mass shift.

All these properties were then embedded into a supersymmetric effective action in

terms of four-dimensional global supersymmetry. In this way, the D-term breaking in-

duced by FI-terms originating form the non-vanishing flux density became apparent and

allowed an explicit evaluation of the particle masses and interactions. We specifically

found the tree-level instability for magnetic flux embedded in a non-Abelian group, which

leads to a condensation of the internal components of the gauge field. Moreover, using

the precise form of the component Lagrangian we calculated the quantum corrections to

the Wilson line effective potential accounting for the complete tower of charged states.

The level-dependent masses and interactions in the flux background lead to intriguing

cancellations independent of supersymmetry and suggest an underlying mechanism pro-

tecting the Wilson line from higher order corrections. This underlying structure was

found to be a breaking of translational symmetries in the flux background with the

Wilson line as Goldstone boson.

Concentrating on the lightest degrees of freedom but including the dynamics of the

compactification manifold, we derived an N = 1 effective supergravity description of

the compactified theory with non-vanishing magnetic field. The cancellation of gauge

99
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anomalies due to the presence of chiral fermions and tensor fields further demanded the

inclusion of a Green-Schwarz term, which lead to two scalar degrees of freedom with

a shifting behavior under gauge transformations in the low energy effective action. As

an application we discussed a model of grand unification based on the gauge group

SO(10) × U(1) in which the matter generations find a physical origin in terms of the

multiplicity of fermion zero modes induced by the flux.

Finally, the supergravity effective action allows the generation of de Sitter vacua after

the inclusion of an additional superpotential. In this context the negative contribution of

the F -term counteracts the positive definite D-term potential originating from the non-

vanishing flux density and makes use of the quantum corrections included by the anomaly

cancellation mechanism. A specific choice for the non-perturbative superpotential leads

to a stabilization of all fields in a metastable de Sitter vacuum of tunable cosmological

constant. Our general mechanism for decoupling the Goldstino allows for an explicit

evaluation of the complete mass spectrum concluding our work.

The presentation above demonstrates the various interesting properties of extra-

dimensional models with internal flux. It suggests various possible applications from

cosmology and grand unified theories to phenomenological implications for quantum

corrections. Nevertheless, there are several open questions and possibilities for future

investigations that we want to point out in the following.

In our work we restricted the spacetime manifold to a product space with fixed

internal topology. The energy density of the flux in general leads to a backreaction on

the internal space via its gravitational interaction. This was neglected by the above

ansatz. Nevertheless, the gravitational backreaction might lead to further effects that

were not visible in our treatment and might have interesting consequences. Hence, a full

treatment of the 6d Einstein equations with the inclusion of gravitational effects induced

by a constant energy density is a promising project for future investigations. Some steps

in this direction were already established in the context of the backreaction of branes

in [14,121].

One of our most intriguing results is the cancellation of radiative correction in the

flux background on T 2 at one-loop order. However, the torus, as the simplest compacti-

fication manifold, does not allow for various phenomenologically important mechanisms

such as gauge symmetry breaking by discrete Wilson lines or the effective reduction of

supersymmetry by lower-dimensional defects. Consequently, it would be very interesting

to study the pattern of corrections on a torus orbifold, with the specific mode functions

and boundary conditions discussed in this work. This might lead to the possibility of

protecting scalar potentials against large loop-induced corrections with interesting con-
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sequences for the hierarchy problem in light of a gauge-Higgs unification model, see

e.g. [33,36–39]. However, there are some immediate caveats. As we have seen above, the

Wilson lines on the orbifold are projected out if one does not include further symmetry

twists. This excludes a direct projection of the torus model worked out in Chapter 4

and demands the inclusion of further fields. A possibility would be a discussion of a

SU(2)×U(1) symmetry with discrete non-Abelian Wilson lines, which is under current

investigation [122]. However, the orbifold always possesses the localized singular fixed

points and it is not clear how the interpretation in terms of a broken translational shift

symmetry can be maintained in their presence.

The setup of six-dimensional quantum field theory proved very successful in the above

analysis. Nevertheless, like every higher-dimensional quantum field theory it is inherently

non-renormalizable. Therefore, rather than being a fundamental theory, we interpret

it as an intermediate step for the compactification of a UV-complete string theory. It

would be highly desirable to perform a direct investigation in a compactification of string

theory from ten to four dimensions under the inclusion of Abelian flux and compare the

results with our field theory approach. Supersymmetry-breaking flux, however, presents

a problem for an investigation in the underlying theory [92]. Still, especially a realization

of our mechanism to construct de Sitter vacua, which has all ingredients for a realization

in string theory, might have far-reaching consequences for the low-energy model.

Even though it might not be possible to incorporate the supersymmetry breaking

flux in a full-fledged string model, string theory might determine the physically rele-

vant six-dimensional models to start with. These models would be automatically free

of anomalies and thus present promising candidates for a consistent low energy theory.

One powerful approach, especially in the context of grand unified theory, is F-theory.

The geometrization of the string coupling in terms of an additional torus leads to en-

riched possibilities for low-energy gauge groups and representations compared to type

IIA/B compactifications. Moreover, powerful tools like e.g. toric geometry can be used

to construct the desired gauge groups as part of the geometry of the elliptically-fibered

Calabi-Yau 3-fold. Hence, this allows for a systematic investigations of consistent six-

dimensional theories with gauge group SO(10)×U(1) with a matter spectrum satisfying

all anomaly constraints. Currently, we are trying to find a specific realization of the com-

pactification space with a spectrum identical to the anomaly free model discussed in this

thesis. If this is successful, this offers a direct confirmation of a possible string embed-

ding of our 6d model. Interestingly, the model we discussed here falls into a very special

subclass. The isolation of a single complex representation of the SO(10) charged under

the additional U(1) does not allow for a so-called unHiggsing to an SU(2), which is
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omnipresent in the setup of [123]. Hence, the anomaly free model above might be one

representative of a new class of models containing an Abelian gauge group and it re-

mains to be shown if it has a possible F-theory embedding or it belongs to the so-called

swampland [124].

It is very motivating to see that the project we started with allows for further inves-

tigations in so many different directions and suggests interesting and relevant results

for formal aspects such as F-theory as well as for phenomenological models. Having

spent three years investigating the basic properties, I sincerely hope to contribute to the

clarification of some of the above problems in the future.
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Appendix A

Notations and Conventions

In this Appendix we summarize the notations and conventions used throughout the main

text. For supersymmetry and supergravity we use the conventions of [56]; for differential

forms we use the notation and conventions of [125]. We only recall some of the notation

here and refer to the references for further information.

Metric and indices

We use the following metric convention in six dimensions

ηMN = diag(−1,+1,+1,+1,+1,+1) . (A.1)

For the spacetime indices we additionally distinguish between the full six-dimensional

space, the non-compact four-dimensional space, and the compact internal space with

the following notation

M,N, ... ∈ {0, 1, 2, 3, 5, 6} , (A.2)

µ, ν, ... ∈ {0, 1, 2, 3} , (A.3)

m,n, ... ∈ {5, 6} for x , (A.4)

m,n, ... ∈ {1, 2} for y . (A.5)

Fermions in various dimensions

The 6d Clifford algebra for the Γ-matrices is defined by

{ΓM ,ΓN} = 2gMN , (A.6)

and we define the six-dimensional chirality operator

Γ7 = Γ0Γ1Γ2Γ3Γ5Γ6 . (A.7)
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With this definition we find (Γ7)2 = I8 which therefore has eigenvalues ±1. Moreover,

Γ7 anti-commutes with all Γ-matrices, i.e. {Γ7,Γ
M} = 0. This can be used to separate

6d spinors into positive and negative helicity components

Γ7Ψ± = ±Ψ± , (A.8)

defining 6d Weyl fermions. Similarly the 4d Clifford algebra is given by

{γµ, γν} = 2gµν , (A.9)

and

γ5 = iγ0γ1γ2γ3 . (A.10)

This leads to {γ5, γ
µ} = 0 and (γ5)2 = I4. Hence, γ5 also has eigenvalues ±1, which can

be used for a decomposition of the four-dimensional fermion χ

γ5χ± = ±χ± . (A.11)

A specific realization of the six-dimensional Γ-matrices is given by

Γµ =

(
γµ 0

0 γµ

)
, Γ5 =

(
0 γ5

γ5 0

)
, Γ6 =

(
0 −iγ5

iγ5 0

)
, (A.12)

and accordingly

Γ7 =

(
γ5 0

0 −γ5

)
. (A.13)

Therefore, a 6d Weyl fermion Ψ− ≡ (χ1, χ2)T of negative chirality splits into two 4d

Weyl fermions (
−χ1

−χ2

)
= −Ψ− = Γ7Ψ− = Γ7

(
χ1

χ2

)
=

(
γ5 χ1

−γ5 χ2

)
, (A.14)

with γ5 χ1 = −χ1 and γ5 χ2 = χ2.

Gauge fields and transformations

Abelian gauge transformations parametrized by the function Λ act on the gauge field A

as

A→ A+ dΛ , (A.15)
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and matter fields of charge q transform like

Q → e−ieqΛQ , (A.16)

where the gauge coupling e can be absorbed in the definition of A. Consequently, the

action of the covariant derivative on a charge q field reads

DMQ = (∂M + ieqAM)Q . (A.17)

The Abelian and (non)-Abelian field strengths are of the form

F = dA , F̃ = dÃ+ Ã ∧ Ã , (A.18)

with the non-Abelian gauge connection Ã transforming in the adjoint representation of

the corresponding gauge group.

Supersymmetry

Chiral superfields in component notation, with yµ = xµ + iθσµθ, read

Φ
(
x, θ, θ

)
= φ(y) +

√
2θψ(y) + θθF (y)

= φ(x) + iθσµθ ∂µφ(x) + 1
4
θθθθ ∂µ∂µφ(x)

+
√

2 θψ(x)− i√
2
θθ ∂µψ(x)σµθ + θθ F (x) .

(A.19)

Vector superfields in Wess-Zumino gauge are decomposed as

V
(
x, θ, θ

)
= −θσµθ Aµ(x) + iθθθλ(x)− iθθθλ(x) + 1

2
θθθθD(x) . (A.20)

A six-dimensional vector field can be decomposed in terms of an N = 1 chiral and

vector multiplet depending on all six space-time coordinates. Similarly a hypermultiplet

contains two chiral multiplets in complex conjugate representations,

Vector multiplet → V, φ ,

Hypermultiplet → Q, Q̃ .
(A.21)

For a specific implementation of the symplectic and gauge structure see [75, 100].

Supergravity

Here, we summarize our supergravity conventions for minimal N = 1 supergravity in

four dimensions, which coincide with [56]. The complete information of gauge theories

coupled to supergravity is contained in the realization of the real Kähler potential K,
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the holomorphic superpotential W and gauge kinetic function H, as well as the Killing

vectors X i, which specify the transformation behavior of the various fields under gauge

transformations.

Of special interest to us is the scalar potential that encodes the masses of all scalar

fields. As in global supersymmetry there are two contributions arising from the D- and

F -terms, i.e. from the gauge dynamics and the superpotential, respectively. Making use

of the Kähler geometry of the scalar field space with Kähler metric (∂i ≡ ∂Φi)

Ki = ∂i∂K (A.22)

we define the Kähler covariant derivatives with respect to the chiral superfield Φi

DiW = ∂iW +KiW ≡Wi +KiW , (A.23)

with Ki = ∂iK. Furthermore, we introduce the second Kähler covariant derivative

DiDjW =Wij +KijW +KiDjW +KjDiW −KiKjW − ΓkijDkW , (A.24)

where the Γkij are the Christoffel symbols with respect to the Kähler metric. The F -term

potential reads

VF = eK
(
KiDiWDW − 3|W|2

)
. (A.25)

The D-terms are defined via the Killing vectors

i ∂iD = KiX

, −i ∂D = KiX

i , (A.26)

and the corresponding D-term potential reads

VD =
e2

2h
D2 , (A.27)

with coupling constant e and real part of the gauge kinetic function h. Consequently,

the complete scalar potential is given by the expression

V = VF + VD = eK
(
KiDiWDW − 3|W|2

)
+
e2

2h
D2 . (A.28)

Fermion mass terms

For a single U(1) Abelian gauge field (λ: gaugino) coupled to supergravity in the presence

of chiral multiplets Φi (ψi: fermions) with corresponding Killing vectors X i the general

fermion mass terms read

L ⊃
√

2eKiX

ψiλ− ie√

2

∂ih

h
Dψiλ− 1

2
eK/2DiDjW ψiψj

+ 1
2
eK/2Ki(DW)(∂ih)λλ+ h.c.

(A.29)
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Performing the field redefinition (5.58) and the fermion rescaling (5.62) we obtain

L ⊃ ∂ih

2h
eK/2KiDWλλ− 1

2
eK/2DiDjWgikg

j
mψ

kψm

+

√
2e√
h
KiX


gikψ

kλ− ie√
2

∂ih

h3/2
Dgikψ

kλ+m3/2ηη + h.c.

=− 1
2
M00λλ− 1

2
Mkmψ

kψm −M0kψ
kλ+ h.c. = −1

2
Mabψ

aψb + h.c.

(A.30)

The individual mass elements can be rearranged, using (A.26) and the expression for η,

see (5.56) and (5.58)

M00 = −∂ih
h
eK/2KiDW +

e2

3hm3/2

D2 = −1

h
e−K/2

(
eKKi∂ihDW −

1

3W
e2D2

)
,

M0k = −
√

2e√
h
KiX


gik +

ie√
2h

∂ih

h
Dgik +

√
2ie

3
√
hW

DiWDgik

= −i
√

2e√
h
gik

(
∂iD −

∂ih

2h
D − 1

3W
DiWD

)
, (A.31)

Mkm = eK/2DiDjWgikg
j
m −

2

3W2
m3/2DiWDjWgikg

j
m

= eK/2gikg
j
m

(
DiDjW −

2

2W
DiWDjW

)
.

Going to the new fermion field basis (5.64) one can prove the vanishing of the Goldstino

mass term and its mixing with the remaining fermions

M0b U
b
η =

1√
3m3/2

(
M00

ie√
2h
D +M0k δ

klg
l
DWeK/2

)
=

i
√

2√
3m3/2

e√
h

(
D

3m3/2

(
eKKiDiWDW +

e2

2h
D2

)
− ∂iDKiDWeK/2

)
(A.32)

=
i
√

2√
3m3/2

e√
h

(
D

3m3/2

(
eKKiDiWDW +

e2

2h
D2

)
+ iX


∂WeK/2 −DWeK/2

)
,

and

Mkb U
b
η =

1√
3m3/2

(
M0k

ieD√
2h

+Mik δ
migmDWeK/2

)
=

1√
3m3/2

gnk

(
eKKmDmDnWDW +

e2

h
D∂nD −

e2

2h2
∂nHD

2

− 2

3W
DnW

(
eKKmDmWDW +

e2

2h
D2

))
(A.33)

=
1√

3m3/2

gnk

(
∂nV + 2eKDnWW −

2

3W
DnW

(
eKKmDmWDW +

e2

2h
D2

))
,
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where we used the identity

eKKmDmDnWDW = ∂nVF + 2eKDnWW . (A.34)

The quantities σµν are defined as follows:

σµν = 1
4

(σµσν − σνσµ) ,

σµν = 1
4

(σµσν − σνσµ) .
(A.35)



Appendix B

Effective action and quantum

corrections

In this Appendix we explicitly calculate the action for a flux background in a non-

Abelian SU(2) gauge theory, as well as the Wilson line mass without flux in dimensional

regularization.

B.1 Effective action for non-Abelian flux

We explicitly derive the supersymmetric effective action of a 6d SU(2) pure gauge theory

with magnetic flux in the extra dimensions. We denote the gauge group generators by

Ta with a ∈ {1, 2, 3} and use the trace convention tr(Ta Tb) = 1
2
δab. The 6d action in

terms of 4d superspace reads [94]

S6 =

∫
d6x

{
1

2

∫
d2θ tr (WαWα) + h.c. (B.1)

+

∫
d4θ

2

e2
tr
((√

2∂ + eφ
)
e−eV

(
−
√

2∂ + eφ
)
eeV + ∂e−eV ∂eeV

)}
.

We work in Wess-Zumino gauge, which implies (V )3 = 0. After expansion of the expo-

nential terms and integrating some contributions by parts the action can be rewritten

as

S6 =

∫
d6x

{
1

2

∫
d2θ tr (WαWα) + h.c.

+

∫
d4θ

[
2 tr

(
φφ+

√
2
(
∂φ+ ∂φ

)
V
)

(B.2)

+ 2 tr

(
e
[
φ, φ

]
V +

(
∂V − e√

2

[
V, φ

])(
∂V +

e√
2

[V, φ]

))]}
.
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Since we choose the background flux to be along the T3 direction, it is convenient to

define a new basis of gauge field generators {T3, T+, T−}, with T± = T1 ± iT2. In this

basis the generator algebra reads

tr (T±)2 , tr (T+T−) = 1 , tr (T±T3) = 0 , tr
(
T 2

3

)
= 1

2
,

[T+, T−] = 2T3 , [T3, T±] = ±T± .
(B.3)

The superfields decompose with respect to these gauge field generators as

φ = φ3T3 + φ+
1√
2
T− + φ−

1√
2
T+ ,

φ = φ3T3 + φ+
1√
2
T+ + φ−

1√
2
T− .

(B.4)

Similarly, also the vector superfields can be separated in gauge components, but ad-

ditionally have to satisfy the reality condition V 3 = V3 and V ± = V∓. In the gauge

background defined in (3.73) the ladder operators of the harmonic oscillator analogy

read

a† =
i√
−ef

(
∂ +

e√
2

(φ3 − ϕ3)

)
, a =

i√
−ef

(
∂ − e√

2
(φ3 − ϕ3)

)
. (B.5)

After decomposing the superfields into gauge components the six-dimensional action

after integration by parts is

S6 =

∫
d6x

{∫
d2θ

(
1

4
Wα

3 Wα,3 +
1

2
Wα

+Wα,−

)
+ h.c.

+

∫
d4θ

(
ϕ3ϕ3 + φ+e

eV3φ+ + φ−e
−eV3φ− + 2fV3

+ V−

(
i
√
−efa† − e√

2
ϕ3

)(
−i
√
−efa− e√

2
ϕ3

)
V+

+ V−

(
i
√
−efa+ e√

2
ϕ3

)(
−i
√
−efa† + e√

2
ϕ3

)
V+

−
√

2V−

(
1− e√

2
V3

)(
i
√
−efa† − e√

2
ϕ3

)
φ−

−
√

2φ−

(
1− e√

2
V3

)(
−i
√
−efa− e√

2
ϕ3

)
V+

−
√

2φ+

(
1 + e√

2
V3

)(
−i
√
−efa† + e√

2
ϕ3

)
V+

−
√

2V−

(
1 + e√

2
V3

)(
i
√
−efa+ e√

2
ϕ3

)
φ+

+ e2

2
(V+φ− − V−φ+)

(
V−φ− − V+φ+

))}
.

(B.6)

The action contains the kinetic terms for the 4d and 2d gauge field components with the

respective charges. Again, we truncate the uncharged sector, i.e. ϕ3 and V3, to the zero
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modes1, but keep the full tower of charged states contained in V± and φ±. An expansion

in terms of the orthonormal set of charged mode functions leads to the effective 4d action

S∗4 =

∫
d4x

{∫
d2θ

(
1

4
Wα

3 Wα,3 +
1

2

∑
n,j

Wα
+,n,jWα,−,n,j

)
+ h.c.

+

∫
d4θ

[
ϕ3ϕ3 + 2fV3 +

∑
n,j

(
φ+,n,je

eV3φ+,n,j + φ−,n,je
−eV3φ−,n,j

)
+
∑
n,j

(
(2n+ 1)(−ef)V−,n,jV+,n,j + i

√
2n(−ef)eϕ3V−,n−1,jV+,n,j

− i
√

2(n+ 1)(−ef)eϕ3V−,n+1,jV+,n,j + e2ϕ3ϕ3V−,n,jV+,n,j

)
(B.7)

+
∑
n,j

((
1− e√

2
V3

) (
− i
√

2(n+ 1)(−ef)V−,n+1,jφ−,n,j

+ i
√

2n(−ef)φ−,n−1,jV+,n,j + eϕ3V−,n,jφ−,n,j + eϕ3φ−,n,jV+,n,j

)
+
(

1 + e√
2
V3

) (
i
√

2(n+ 1)(−ef)φ+,n+1,jV+,n,j

− i
√

2n(−ef)V−,n−1,jφ+,n,j − eϕ3φ+,n,jV+,n,j − eϕ3V−,n,jφ+,n,j

))
+
∑
I

e2

2
CI
(
V+,n,j φ−,ñ,̃ − V−,ñ,̃ φ+,n,j

)(
V−,m̃,l̃ φ−,m,l − V+,m,l φ+,m̃,l̃

)]}
,

where we have introduced the multi-index I = {n, j, ñ, ̃,m, l, m̃, l̃} and

CI =

∫
T 2

d2y
(
ψn,j ψñ,̃ ψm,l ψm̃,l̃

)
. (B.8)

The solutions of the D-term equations are given by

D3 = −f − e

2

∑
n,j

(
|φ+,n,j|2 − |φ−,n,j|2

)
,

D+,n,j = i

√
−ef

2

√
2n+ 1

(√
n

2n+ 1
φ−,n−1,j +

√
n+ 1

2n+ 1
φ+,n+1,j

)
,

D−,n,j = −i
√
−ef

2

√
2n+ 1

(√
n

2n+ 1
φ−,n−1,j +

√
n+ 1

2n+ 1
φ+,n+1,j

)
.

(B.9)

B.2 Wilson line mass in DR scheme

Here we compare two regularization procedures for the effective action of 6d Abelian

gauge theories compactified on T 2. Especially, we directly compare the renormalized

1In order to simplify the notation, we do not explicitly indicate the zero mode by an index 0.
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Wilson line mass in the two different procedures. Our starting point for the dimen-

sional regularization is the renormalized effective potential derived in [35], which in our

conventions reads

V DR
eff = − 1

L4

{
(2π)3

90

[
1

21
−∆2

1

(
1− 5∆2

1 − 2∆4
1 + 6∆3

1

)]
+
∑
n

[
(n+ ∆1)2Li3(σn) +

3|n+ ∆1|
2π

Li4(σn) +
3

(2π)2
Li5(σn) + h.c.

]}
,

(B.10)

where up to gauge transformations we identify the massless Wilson line parameters

∆m =
eqL

2π
am . (B.11)

The polylogarithm and the variables σn are defined as

Liy(x) =
∞∑
k=1

xk

ky
,

σn≥0 = exp
(
− 2πi(∆2 − i∆1 − in)

)
,

σn<0 = exp
(
− 2πi(∆2 + i∆1 + in)

)
.

(B.12)

In order to evaluate the Wilson line mass in this regularization and renormalization

scheme we have to calculate the second derivatives of the effective potential with respect

to the Wilson line parameters ∆m. Using the formulas

∂∆1Liy(σn≥0) = −2π Liy−1(σn≥0) ,

∂∆1Liy(σn<0) = 2π Liy−1(σn<0) ,

∂∆2Liy(σn≥0) = −2πiLiy−1(σn≥0) ,

∂∆2Liy(σn<0) = −2πiLiy−1(σn<0) ,

∂2
∆1

Liy(σn) = 4π2 Liy−2(σn) ,

∂2
∆2

Liy(σn) = −4π2 Liy−2(σn) ,

(B.13)

we find

∂2
∆1
V DR

eff |∆m=0 =
(2π)3

45L4
− 1

L4

∑
n

(
4π2n2Li1(σn)− 2π|n|Li2(σn)− Li3(σn) + h.c.

)
,

∂2
∆2
V DR

eff |∆m=0 = − 1

L4

∑
n

(
− 4π2n2Li1(σn)− 6π|n|Li2(σn)− 3Li3(σn) + h.c.

)
,

∂∆1∂∆2V
DR

eff |∆m=0 = 0 .

(B.14)
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Numerically, this can be determined to be

∂2
∆1
V DR

eff |∆m=0 = ∂2
∆2
V DR

eff |∆m=0 ≈ 1
L4 × 7.6736 (B.15)

For the direct comparison we express this in terms of derivatives with respect to the

complex scalar field ϕ (3.56)

∂ϕ ∂ϕ V
DR

eff |ϕ=0 = 1
2

(
∂2
a1

+ ∂2
a2

)
V DR

eff |am=0 = e2q2L2

8π2

(
∂2

∆1
+ ∂2

∆2

)
V DR

eff |∆m=0 , (B.16)

which leads to

∂ϕ ∂ϕ V
DR

eff |ϕ=0 ≈
e2q2

L2
× 0.1943 . (B.17)

Similarly, we can carry out the summation in (4.42) numerically, omitting the term with

r = s = 0. The result is

∂ϕ ∂ϕ Veff|ϕ=0 ≈
e2q2

L2
× 0.1943 . (B.18)

Therefore, the two different regularization and renormalization procedures lead to the

same finite mass for the Wilson line at one loop.
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Appendix C

SO(10) mode functions

As discussed at the end of Section 3.4 a 16-plet of the gauge group SO(10) decomposes

into a full generation and a right-handed neutrino for our choice of non-Abelian Wilson

lines and global symmetry twists. Since we want to explain the multiplicity of the gener-

ations by the degeneracy of fermion zero modes in the flux background, we concentrate

on the case N = −3 on T 2/Z2. In the following, we depict the lowest Landau level mode

functions in this background for each of the standard model representations in order to

demonstrate the localization of the different representations within the internal space.

The right-handed up-type quarks and the right-handed electrons are even with re-

spect to rotations around all four fixed points, i.e. parities (+,+,+). As explained in

Section 3.4 this leads to N +1 = 4 zero modes, whose shapes are depicted in Figure C.1.

|ψ+
0,0|2 |ψ+

0,1|2 |ψ+
0,2|2 |ψ+

0,3|2

Figure C.1: Even field profiles of the lowest Landau level with −3 flux quanta and parity (+,+,+).
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|ψ−0,1|2

u

u

uu

u

u

|ψ−0,2|2

u

u

uu

u

u

Figure C.2: Odd field profiles of the lowest Landau level with −3 flux quanta and parity (−,−,−).

The left-handed quarks in the representation (3,2) transform with parities (+,−,+)

and their field profiles are depicted in Figure C.3.

The right-handed down-type quarks as well as the right-handed neutrinos have par-

ities (+,+,−) and their profiles are shown in Figure C.4.

Finally, the left-handed lepton transforming as (+,−,−) under rotation around the

fixed points are given in Figure C.5.

For completeness, we also present the linearly independent mode functions which

are odd with respect to rotations around ζ1 and have parities (−,−,−) (Figure C.2),

(−,+,−) (Figure C.6), (−,−,+) (Figure C.7), and (−,+,+) (Figure C.8).
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|ψ+
0,0|2

u

u

u

|ψ+
0,1|2

u

u

u

|ψ+
0,2|2

u

u

u

Figure C.3: Even field profiles of the lowest Landau level with −3 flux quanta and parity (+,−,+).

|ψ+
0,0|2

u u

|ψ+
0,1|2

u u

|ψ+
0,2|2

u u

Figure C.4: Even field profiles of the lowest Landau level with −3 flux quanta and parity (+,+,−).
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Figure C.5: Even field profiles of the lowest Landau level with −3 flux quanta and parity (+,−,−).
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Figure C.6: Odd field profiles of the lowest Landau level with −3 flux quanta and parity (−,+,−).
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Figure C.7: Odd field profiles of the lowest Landau level with −3 flux quanta and parity (−,−,+).
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Figure C.8: Odd field profiles of the lowest Landau level with −3 flux quanta and parity (−,+,+).



Appendix D

de Sitter vacua: Examples

In this appendix we include the plots of the scalar potential in Model II as well as the

scalar potential for the axions.

s

t

h = 0

s

τ2

h = 0

Figure D.1: Contour plot of the local minimum of the scalar potential in Model II (L = 106) in the

s-t-plane (left) and s-τ2-plane (right).
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c̃

τ1
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Figure D.2: Contour plot of the local minimum of the scalar potential for the two axionic fields c̃ and

τ1, for Model I (left) and Model II (right).
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