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Zusammensetzung der Prüfungskommission: Dr. Frank Tackmann

Prof. Dr. Gudrid Moortgat-Pick

Dr. Markus Diehl

Prof. Dr. Peter Schleper

Prof. Dr. Dieter Horns
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Abstract

After the discovery of a Standard-Model-like Higgs boson at the LHC a central aspect of
the LHC physics program is to study the Higgs boson’s couplings to Standard Model particles
in detail in order to elucidate the nature of the Higgs mechanism and to search for hints of
physics beyond the Standard Model. This requires precise theory predictions for both inclusive
and differential Higgs cross sections. In this thesis we focus on the application of resummation
techniques in the framework of Soft-Collinear Effective Theory (SCET) to obtain accurate
predictions with reliable theory uncertainties for various observables.

We first consider transverse momentum distributions, where the resummation of large loga-
rithms in momentum (or distribution) space has been a long-standing open question. We show
that its two-dimensional nature leads to additional difficulties not observed in one-dimensional
observables such as thrust, and solving the associated renormalization group equations (RGEs)
in momentum space thus requires a very careful scale setting. This is achieved using distribu-
tional scale setting, a new technique to solve differential equations such as RGEs directly in
distribution space, as it allows one to treat logarithmic plus distributions like ordinary loga-
rithms. We show that the momentum space solution fundamentally differs from the standard
resummation in Fourier space by different boundary terms to all orders in perturbation theory
and hence provides an interesting and complementary approach to obtain new insight into the
all-order perturbative and nonperturbative structure of transverse momentum distributions.
Our work lays the ground for a detailed numerical study of the momentum space resummation.

We then show that in the case of a discovery of a new heavy color-singlet resonance such as a
heavy Higgs boson, one can reliably and model-independently infer its production mechanism
by dividing the data into two mutually exclusive jet bins. The method is based on a resumma-
tion framework that precisely predicts the jet cut dependence and systematically incorporates
theory uncertainties and their correlations among the jet bins. The technique is demonstrated
for an example scalar resonance of mass mX = 750 GeV. It can also be applied to and tested
in diphoton production which receives contributions from both quark annihilation and gluon
fusion. Here, the presence of final state photons requires photon isolation cuts which yield un-
resummed nonglobal logarithms. As a first step towards the full analysis, we show that these
are numerically small and can be incorporated in fixed-order perturbation theory. Vice versa,
we find that the jet veto renders contributions from fragmentation photons power suppressed,
and thus is a particularly clean channel to study direct diphoton production at the LHC.

Lastly, we discuss the resummation of timelike logarithms ln2(−1) = −π2 in Higgs produc-
tion, arising in the form factor at timelike momentum transfer. Their resummation is well
understood in exclusive cross sections known to factorize. We show how to consistently incor-
porate the resummation into inclusive cross sections, discussing in detail the validity of the
technique and associated uncertainties. The method is first applied to the total cross section
in gluon fusion Higgs production at N3LO+N3LL′ϕ, where it significantly improves perturba-
tive convergence and reduces perturbative uncertainties by about a factor of two. We also
obtain the currently most precise Higgs rapidity spectrum at NNLO+NNLL′ϕ with a similar
reduction of uncertainties. The effect is less pronounced in bottom-quark annihilation, but
still shows that the resummation of timelike logarithms is a beneficial and viable tool for Higgs
production.



Zusammenfassung

Nach der Entdeckung eines Standardmodell-ähnlichen Higgs-Bosons am LHC ist die Mes-
sung der Higgskopplungen an andere Standardmodell-Teilchen ein zentraler Punkt des LHC-
Programms, um den Higgs-Mechanismus genauer zu verstehen und nach Hinweisen für Physik
jenseits des Standardmodells zu suchen. Dies benötigt genaue Vorhersagen inklusiver und dif-
ferentieller Higgs-Wirkungsquerschnitte (WQ). In dieser Arbeit benutzen wir Resummations-
techniken im Rahmen der Soft-Collinearen Effektiven Theorie (SCET), um präzise Vorhersagen
mit verlässlichen theoretischen Unsicherheiten für verschiedene Observablen zu erhalten.

Wir betrachten zunächst Transversalimpulsverteilungen, wo die Resummation großer Lo-
garithmen im Impuls- bzw. Distributionenraum ein lange Zeit ungelöstes Problem war. Es
wird gezeigt, dass es aufgrund der zweidimensionalen Observable zu Problemen kommt, die in
eindimensionalen Observablen wie Thrust nicht auftreten. Das Lösen der Renormierungsgrup-
pengleichungen (RGEs) erfordert deshalb ein sorgsames Setzen der Renormierungsskalen. Wir
lösen dies durch distributionelles Skalensetzen, einer neuen Technik um Differentialgleichun-
gen wie RGEs direkt im Distributionenraum zu lösen, da logarithmische Plusdistributionen
wie gewöhnliche Logarithmen behandelt werden können. Die Resummation im Impulsraum
unterscheidet sich grundsätzlich von der üblichen Resummation im Fourierraum durch unter-
schiedliche Randterme in allen Ordnungen der Störungstheorie und bietet deshalb einen inter-
essanten und komplementären Ansatz, um neue Erkenntnisse über die perturbative und nicht-
perturbative Struktur von Transversalimpulsverteilungen zu erhalten. Diese Arbeit schafft die
Basis für eine detaillierte numerische Untersuchung der Resummation im Impulsraum.

Danach zeigen wir, dass der Produktionskanal von schweren, farbneutralen Resonanzen mo-
dellunabhängig ermittelt werden kann, indem man die experimentellen Daten in zwei disjunkte
Jet-Bins einteilt. Die verwendete Resummationstechnik ermöglicht eine präzise Vorhersage der
Jet-Veto-Abhängigkeit sowie eine systematische Behandlung der theoretischen Unsicherheiten
und ihrer Korrelationen zwischen den Jet-Bins. Die Methode wird am Beispiel einer skalaren
Resonanz der Masse mX = 750 GeV demonstriert. Sie kann auch auf Diphoton-Produktion
angewandt und dort getestet werden, da dieser Prozess sowohl Quarkannihilation als auch
Gluonfusion beinhaltet. In diesem Fall induziert die notwendige Photonisolation nichtresum-
mierte nichtglobale Logarithmen (NGL). Als ersten Schritt der vollständigen Analyse zeigen
wir, dass diese numerisch klein sind und störungstheoretisch in fester Ordnung behandelt wer-
den können. Im Gegenzug unterdrückt das Jet-Veto den Einfluss von Fragmentationsphotonen,
sodass dies ein besonders sauberer Kanal zur Messung von direkten Photonen am LHC ist.

Zum Schluss betrachten wir die Resummation zeitartiger Logarithmen ln2(−1) = −π2 in
Higgsproduktion, die im Formfaktor bei zeitartigem Impulsübertrag auftreten und deren Re-
summation in exclusiven, faktorisierenden WQ gut verstanden ist. Wir zeigen die konsistente
Implementierung der Resummation in inclusiven WQ und diskutieren ihre Gültigkeit und
theoretischen Unsicherheiten. Die Methode wird zunächst auf N3LO+N3LL′ϕ auf den totalen
WQ für Higgsproduktion in Gluonfusion angewandt, wo sie die perturbative Konvergenz deut-
lich verbessert und theoretische Unsicherheiten nahezu halbiert. Wir erhalten auch die aktuell
genaueste Higgsrapiditätsverteilung auf NNLO+NNLL′ϕ mit einer ähnlichen Verbesserung der
theoretischen Unsicherheiten. Der Effekt ist etwas schwächer bei Higgsproduktion in b-Quark-
annihilation, zeigt aber trotzdem die Anwendbarkeit und den Nutzen der Resummation.
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Chapter 1.

Introduction

An exciting new era in particle physics has begun with the start of the Large Hadron Collider
(LHC) in 2008, which culminated in the discovery of a Higgs-like boson in July 2012 [6,7]. This
milestone was a spectacular success for the Standard Model (SM) of particle physics [8–10],
where the Higgs boson plays a central role in explaining the origin of particle masses by
breaking electroweak symmetry (EWSB) through the Brout-Englert-Higgs (BEH) mechanism
[11–13], and F. Englert and P. Higgs were consequently awarded the Nobel Prize in Physics
in 2013. The Higgs mechanism also ensures unitarity of the Standard Model, which would
otherwise be violated by longitudinal gauge boson scattering such as W+W− →W+W−. The
discovery of a Higgs boson was thus crucial to make the Standard Model a consistent quantum
field theory.

Despite this huge success, the Standard Model still leaves many open questions to be an-
swered. On the theoretical side, it lacks a deeper explanation for the structure of the Higgs
sector, which was introduced ad hoc to allow for electroweak symmetry breaking. Furthermore
the mass of the Higgs boson is very sensitive to quantum corrections, unless it is stabilized
by some unknown mechanism. This problem is commonly referred to as the hierarchy or fine-
tuning problem. The SM also predicts massless neutrinos, as it does not contain right-handed
neutrinos that are needed to explain the neutrino masses in the Higgs mechanism without
breaking gauge symmetry. However, it has been observed in neutrino oscillations that neu-
trinos must be massive, for which the 2015 Nobel prize in Physics was awarded to T. Kajita
and A. McDonald. In addition there are several cosmological observations that cannot be
explained. Firstly, the SM does not provide a particle candidate for Dark Matter (DM), an
electrically neutral but gravitationally interacting particle known to contribute 25.9% [14] to
the energy budget of the universe. Cosmological surveys also show the absence of antimatter
in the universe, which can only be explained in the SM if sufficient CP violation in addition
to the one in the quark sector is established.

These shortcomings of the SM have triggered many models for physics beyond the Standard
Model (BSM). The vast majority of these affect the Higgs sector, whose structure in the SM
is neither fixed by some fundamental property nor heavily constrained from experiment. In
the Standard Model one assumes only one Higgs doublet with four degrees of freedom, out of
which three are absorbed to give masses to the electroweak W±, Z gauge bosons. The coupling
of the physical Higgs boson H to quarks and leptons is then completely fixed by their masses.
In contrast, most BSM models introduce additional Higgs particles. These extended Higgs
sectors usually predict modified couplings of the observed Higgs particle to quarks, leptons
and gauge bosons relative to the SM prediction. Hence even in the absence of direct evidence
for additional Higgs bosons it is important to measure the properties of the observed particle
to a high precision to both test the SM itself as well as to obtain possible first hints for BSM
physics.

1
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Fig. 1.1.: Leading order Feynman diagrams for SM Higgs production at the LHC.

Higgs production in the Standard Model

The Standard Model Higgs boson couples to other particles proportional by their masses, and
hence is dominantly produced by annihilation of heavy particles. The leading-order Feynman
diagrams for Higgs production at the LHC are shown in fig. 1.1 and the corresponding pro-
duction cross sections are given in table 1.1. The dominant production mode is gluon fusion
(ggF) through a top loop, contributing roughly 90% to the total cross section. It profits both
from the large gluon luminosity at the LHC and the large top Yukawa coupling. In contrast,
light quarks in the loop are suppressed by their mass mq relative to the electroweak scale.
Vector boson fusion (VBF) is suppressed relative to ggF because it involves electroweak cou-
plings of the quarks to the W and Z bosons, and because the quark luminosity is smaller than
the gluon luminosity. Higgsstrahlung (VH) and associated production (tt̄H) are only small
contributions since they include a vector boson or two top quarks in the final state, which
increases the required partonic center-of-mass energy, while bottom-quark annihilation (bb̄H)
suffers from its small Yukawa coupling yb.

The different production modes can be disentangled to test the Higgs couplings to quarks
and gauge particles separately. This is possible thanks to the very different event topologies
of fig. 1.1. For example, the VBF signal, which gives direct access to the Higgs coupling to
electroweak gauge bosons, can be enhanced over the large gluon fusion background by tagging
on two forward jets. Similarly Higgsstrahlung and associated production can be tagged by
requiring an additional weak boson and two top quarks, respectively.

In addition to resolving the production modes, one also needs to separate the decay channels
of the Higgs. The phenomenologically most relevant branching ratios B are given in table 1.1.
As for the production rates, the decay rates are highest for decays to heavy particles. The
heaviest particles an on-shell Higgs can decay into is a pair of bottom quarks, but it is experi-
mentally difficult to measure due to the large hadronic background at the LHC, and similarly
the decay into gluons (via a top loop) is experimentally disfavored. The decay into a pair of
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Production mode σtot [pb]

ggF 48.6 pb

VBF 3.78 pb

WH 1.37 pb

ZH 0.88 pb

ttH 0.51 pb

bbH 0.49 pb

Decay channel Branching ratio

H → bb̄ 58%

H →WW ∗ 21%

H → gg 8.2%

H → τ+τ− 6.3%

H → ZZ∗ 2.6%

→ l+l−l′+l′− (l, l′ = e, µ) 0.012%

H → γγ 0.23%

Table 1.1.: Production cross sections and branching ratios B for the Standard Model Higgs
boson with mH = 125 GeV for pp→ H at 13 TeV. From ref. [16].

W bosons also has a sizable decay rate, but suffers either from the large QCD background in
the hadronic W → qq̄′ decay or from neutrinos in the W → lνl decay. The ττ final state is
also somewhat limited by its electroweak τ → νW decay. The cleanest modes are instead the
“golden channel” H → ZZ∗ → 4l (l = e, µ) and the diphoton decay H → γγ despite their very
small branching ratios. Indeed, the currently most precise measurement of the Higgs mass has
been obtained in these channels [15].

In the SM the only free parameter in the Higgs sector is the Higgs mass, which has already
been measured at the LHC to a great accuracy [15],

mH = 125.09± 0.21(stat)± 0.11(syst) GeV . (1.1)

This fully predicts all production and decay rates in the SM, allowing one to test the SM in
the different production and decay channels discussed above. The combination of the ATLAS
and CMS measurements from LHC Run 1 [17] is shown in fig. 1.2, where σ · B is shown for
various production and decay modes, normalized to the SM expectation value. There is good
agreement between measurement and theory prediction, in particular for the gluon fusion
channel. The statistically limited ZH and tt̄H production modes show some deviations, but
are still compatible with the SM prediction due to the large experimental uncertainties. These
results already constrain BSM models to contain a very SM-like Higgs boson.

Such inclusive measurements of cross sections and branching ratios are however intrinsically
limited for two reasons. On the one hand, the effects of new physics may simply be dominated
by a SM-like Higgs boson or washed out, as would be the case if for example different new
physics effects cancel each other. On the other hand, one cannot directly measure inclusive
cross sections, but needs to extrapolate fiducial measurements with limited geometrical accep-
tance, which inherently requires theory input. Both problems can be avoided simultaneously
by investigating more differential observables, such as the transverse momentum or rapidity
spectrum, which are important variables describing the production kinematics [18–24]. They
allow one to take the limited detector acceptance into account, in particular the limited range
in rapidity. Furthermore they can be used to test the SM in more detail, as one can com-
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pare both the normalization and the shape of the distribution to the SM expectation. The
price paid is the need for much better statistics to obtain the shape with reasonable uncer-
tainties compared to the inclusive measurement (this is absent if one considers only the total
fiducial cross section). It also impedes the theoretical predictions, as calculating differential
spectra is inherently more complicated than inclusive cross sections. For example, fixed-order
predictions for gluon fusion Higgs production are only known to next-to-next-leading order
(NNLO) for the transverse momentum [25–35] and rapidity distributions [36–41], while the
corresponding inclusive cross section has already been calculated to N3LO [42–49]. The trans-
verse momentum spectrum furthermore suffers from large logarithms ln(mH/pT ) that need to
be resummed to all orders to obtain a stable prediction, which is so far known to next-to-next-
to-next-leading-logarithmic (N3LL) accuracy [50–64].

For illustration, fig. 1.3 shows the latest measurement of the transverse momentum and
the rapidity spectrum in the H → γγ channel carried out by the ATLAS experiment using
13.3 fb−1 of 13 TeV data [65] (see ref. [66] for the CMS measurement of the transverse momen-
tum spectrum at 13 TeV). The gray boxes show the measurement including only systematical
uncertainties, while the error bars also include statistical uncertainties. The theory prediction
with its uncertainties is shown in blue. Both spectra are mostly dominated by gluon fusion
production, as indicated by the green dotted line showing the contribution of the remaining
production modes. At first sight there seems to be much more tension between data and
theory than in the corresponding inclusive measurement gg → H → γγ, see fig. 1.2. However,
these discrepancies are fully covered by the large statistical uncertainties in both differential
observables. Considering the large increase in luminosity at the LHC in the next years, with
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Fig. 1.3.: Measurement of Higgs differential distributions in the diphoton decay channel with
Lint = 13.3 fb−1 of 13 TeV data in the ATLAS experiment. From ref. [65].

100 fb−1 of data planned to be measured by the end of 2018, these uncertainties will be greatly
reduced, and one can expect to soon have an experimental precision of the same order as the
theory uncertainty. This could lead to an unsatisfactory situation where theory uncertain-
ties actually hinder exploiting the full potential of the LHC, clearly calling for better theory
predictions. This is the main focus of this thesis, where we consider precision predictions for
various Higgs differential distributions at the LHC.

Transverse momentum resummation. Transverse momentum (~pT ) distributions suffer
from Sudakov double logarithms αns lnm(mH/pT ) with m ≤ 2n − 1 arising to all orders in
perturbation theory. These cause the fixed-order perturbative expansion to break down when
pT � mH , which is precisely the region of phase space where the cross section is peaked, see
fig. 1.3a. Hence precision predictions for the ~pT spectrum do not only require the calculation
of higher-order QCD corrections, but also the resummation of these large logarithms to all
orders in the strong coupling αs, thereby obtaining a perturbatively stable result. This is in
principle well understood following the seminal work of Collins, Soper and Sterman (CSS) in
the 1980’s [67–69], and was later rederived in the framework of Soft-Collinear Effective Theory
(SCET) by several groups [70–74].

These approaches carry out the resummation (at least partially) in impact parameter space
~bT [75], which is Fourier conjugate to ~pT and fundamentally resums logarithms ln(mHbT ).
Upon Fourier transformation this yields a resummed ~pT spectrum. However, it has been a long
standing open issue whether it is also possible to directly resum the logarithms ln(mH/pT )
in momentum space, see e.g. refs. [76–80]. One main result of this thesis is to derive the
necessary theoretical tools to resum the ~pT spectrum directly in momentum space by solving,
for the first time, distributional renormalization group equations (RGEs). This not only
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allows one to directly resum the logarithms ln(mH/pT ), but also to assess theory uncertainties
and nonperturbative effects in momentum space. We find that this approach intrinsically
differs from the Fourier resummation by different terms to all orders in αs, and hence is
indeed a complementary approach that can give new insights into missing higher-order and
nonperturbative effects in the ~pT spectrum. While a numerical implementation is not yet
available, our work lays the ground for future numerical studies of these effects.

Precision predictions for high-mass final states. Next we present a technique to iden-
tify the initial state of a high-mass color singlet resonance X, as for example required should
an additional heavy Higgs boson be found. The method is based on measuring the exclusive
0-jet cross sections, defined by rejecting events containing jets with transverse momenta larger
than some cutoff pjet

T ≥ pcut
T . Similar to the ~pT spectrum, this gives rise to Sudakov logarithms

that need to be resummed to all orders in perturbation theory, but their structure only de-
pends on whether X is produced through gluon fusion or quark annihilation. We show that for
heavy particles with mass mX & 300 GeV this allows one to model-independently determine
the production mechanism of X by simply binning the inclusive data into a 0-jet and ≥1-jet
bin. Since the method uses the full dataset, it works with relatively little statistics as would
be expected shortly after a discovery. It is demonstrated for an example scalar resonance with
mass mX = 750 GeV, along with a careful assessment of all theory uncertainties.

We also present first results of applying the method to diphoton production at the LHC.
Its invariant mass spectrum can be measured up to mγγ . 1 TeV and thus is an interesting
test of perturbative QCD over a wide range of scales. In particular, it receives contributions
from both quark annihilation and gluon fusion and hence can be used to test the presented
initial-state discrimination. The presence of final state photons requires one to impose photon
isolation cuts, which hinders the resummation of jet veto logarithms. We show that these
effects are numerically small and do not invalidate the resummation framework. In contrast,
we find that the 0-jet cross section is a particularly clean observable to study direct photon
production, as fragmentation photons are naturally power-suppressed contributions.

Resummation-improved predictions for Higgs production at the LHC. The Higgs
rapidity spectrum does not contain kinematic Sudakov logarithms and hence can be reli-
ably calculated in fixed-order perturbation theory. However the timelike production process
gg → H is known to induce large “timelike” Sudakov logarithms ln2(−1) = −π2, which con-
tribute a substantial piece of the higher-order perturbative corrections. The resummation of
these logarithms through analytic continuation of the timelike form factor is well-understood
in the context of factorization theorems. We show how to extend the technique to consistently
resum timelike logarithms to all orders in αs in inclusive cross sections that a priori do not
factorize, and how to estimate associated theory uncertainties. The method is first illustrated
for inclusive production of a generic color-singlet resonance and the Higgs boson. We then use
it to obtain the currently most precise prediction for the rapidity spectrum in gluon fusion
Higgs production. Lastly, we apply the technique to Higgs production through bottom-quark
annihilation, which gives direct access to the bottom Yukawa coupling. In all cases the resum-
mation greatly improves perturbative convergence and theory uncertainties, providing precise
and reliable predictions of Higgs production at the LHC.
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Outline

This thesis is structured as follows. Chapter 2 briefly reviews how the universal behavior of
Quantum Chromodynamics (QCD) in the soft and collinear limit allows one to make predic-
tions for proton colliders and how it leads to the emergence of Sudakov double logarithms. We
also review the derivation of Soft-Collinear Effective Theory (SCET), an effective field theory
(EFT) approach to describing QCD in this infrared regime. As a first application of SCET
we then derive in chapter 3 the factorization theorem and associated renormalization group
equations (RGEs) for transverse momentum distributions. In chapter 4 we discuss in detail
how solving RGEs resums large logarithms to all orders in perturbation theory and then derive
distributional scale setting, a new technique to resum logarithms in distribution space. This
is applied in chapter 5 to carry out the resummation of transverse momentum distributions
directly in distribution space for the first time. We illustrate the associated difficulties and
how they are solved using distributional scale setting. Finally, we present two resummation-
improved predictions for the LHC. Chapter 6 shows how jet binning can be used to identify the
initial state of heavy resonances, relevant for example in case of the discovery of a heavy Higgs
boson. In chapter 7 we improve the inclusive cross section for Higgs production in gluon fusion
and bottom quark annihilation, as well as the gluon fusion Higgs rapidity spectrum through
the resummation of timelike logarithms. We conclude in chapter 8. Appendix A summarizes
the conventions used in this thesis, and appendices B and C contain various useful relations
for one-dimensional and two-dimension plus distributions.
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Chapter 2.

QCD and collider physics

In this chapter we explain the background material for this thesis. Sec. 2.1 gives a brief
introduction to Quantum Chromodynamics (QCD), the theory of strong interactions. We
then show in sec. 2.2 how the universal behavior of QCD in the soft and collinear regime
allows one to make predictions for proton colliders. More details on these topics can be found
e.g. in refs. [81–84]. Finally we construct Soft-Collinear Effective Theory (SCET) in sec. 2.3,
an effective field theory (EFT) to describe QCD in this infrared limit, which will be the main
tool used in this thesis. Note that throughout this chapter we follow the conventions of the
SCET literature.

2.1. Quantum Chromodynamics

Quantum Chromodynamics is a quantum field theory based on the nonabelian SU(Nc) gauge
group, with Nc = 3 being the number of different colors. Its Lagrangian density is

LQCD =
∑
q

ψ̄q,a
(
iγµDµ

ab −mqδab
)
ψq,b −

1
4G

A
µνG

Aµν + Lgauge-fix + Lghost , (2.1)

where the sum runs over quark flavors q, and summation over color indices is implicit. The
Dirac fields ψq,a describe quarks transforming in the fundamental (triplet) representation of
SU(3), with a = 1, 2, 3 being the color index. The massless spin-1 gluons AA transform in
the adjoint (octet) representation, A = 1, . . . , 8. (For clarity we use capitalized indices for the
adjoint representation in this section.) Gluons are described by the gauge kinetic term built
out of the field strength tensor

GAµν = ∂µAAν − ∂νAAµ + gfABCABµACν . (2.2)

The covariant derivatives in the fundamental and adjoint representation are

Dµ
ab = ∂µδab − igTCabAµC , (2.3)

Dµ
AB = ∂µδAB − gfABCAµC . (2.4)

The matrices TA are the generators in the fundamental representation and the fABC are the
structure constants of the SU(3) group. The generators TA fulfill the following commutator
relation and normalization,

[TA, TB] = ifABCTC , Tr[TATB] = TF δ
AB , TF = 1

2 . (2.5)

9
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This gives the identities∑
A

TAabT
A
bc = CF δac ,

∑
A,B

fABCfABD = CAδ
CD , (2.6)

where the color structures CF , CA are given by

CF = N2
c − 1
2Nc

= 4
3 , CA = Nc = 3 . (2.7)

The Lagrangian eq. (2.1) is constructed by demanding invariance under gauge transforma-
tions in color space,

ψq,a(x)→ ψ′q,a(x) = exp
[
iαA(x)TA

]
ab
ψb(x) ≡ U(x)ψq(x) , (2.8)

where from now on we suppress explicit color indices for simplicity. The covariant derivative
by construction obeys the same gauge transformation, provided that

TAAAµ (x)→ TAA′Aµ (x) = U(x)
[
TAAAµ (x) + i

g
∂µ

]
U †(x) . (2.9)

Perturbative calculations require to fix a particular gauge. This is achieved through the
gauge-fixing Lagrangian

Lgauge-fix = τTr
[
(i∂µAµ)2] , (2.10)

where τ is the gauge-fixing parameter. For nonabelian theories such as QCD, gauge-fixing
introduces ghost fields c which are required to cancel unphysical degrees of freedom in the gauge
fields, but are themselves unphysical spin-0 fields obeying Dirac statistics. Their Lagrangian
density is given by

Lghost = c̄A i∂µ iDµ
ABc

B . (2.11)

The fundamental parameters of QCD are the strong coupling constant g, typically expressed
through αs = g2/(4π), and the quark masses. The masses of the light quarks u, d, s, c, b can
be mostly neglected for LHC processes, and we ignore them in the following. Since QCD
is a renormalizable field theory, these parameters have to be renormalized. This induces an
explicit dependence on the renormalization scale µR, which for the strong coupling is encoded
in the beta function

µ
dαs(µ)

dµ = β[αs(µ)] = −2εαs(µ)− 2αs(µ)
∞∑
n=0

βn

(
αs(µ)

4π

)n+1
, (2.12)

where the ε term is relevant only when performing calculations in d = 4− 2ε dimensions. The
coefficients βn can be calculated perturbatively. They are scheme independent for n < 2, with
the first term given by

β0 = 11
3 CA −

4
3TFnf = 33− 2nf

3 , (2.13)
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where nf is the number of active flavors. The leading order solution to eq. (2.12) is

αs(µ) = αs(µ0)
1 + β0

2παs(µ0) ln µ
µ0

. (2.14)

The reference scale µ0 is usually chosen as the Z mass, where the current world average value
is [85]

αs(MZ = 91.1876 GeV) = 0.1181 . (2.15)

For nf ≤ 16, the coefficient β0 is positive and hence αs decreases towards large µ. This is the
source of asymptotic freedom, the property that the strong coupling becomes small at large
energies, such that quarks and gluons can effectively be treated as free particles at sufficiently
large scales µ. On the other hand, αs increases at small energies and actually diverges at the
scale ΛQCD,1 where at one loop

ΛQCD = µ0 exp
[
− 2π
β0αs(µ0)

]
≈ 0.1 GeV . (2.16)

Below µ . 1 GeV, QCD thus becomes nonperturbative and standard perturbation theory is
not applicable any more. In particular, also the expansion eq. (2.12) breaks down. In this
confinement regime, quarks and gluons are bound together to form colorless hadrons.

2.2. Soft and collinear limits of QCD

Processes at hadron colliders like the LHC involve perturbative scales, for example for Higgs
production µ ∼ mH = 125 GeV � ΛQCD, but necessarily also contain nonperturbative ef-
fects because the colliding particles are strongly-bound protons. These two regimes can be
disentangled through the collinear factorization theorem [81],

σ(pp→ X) =
∑
i,j

∫ 1

0
dx1

∫ 1

0
dx2 fi(x1, µF )fj(x2, µF )× σ̂ij→X(x1P1, x2P2, µF , µR)

+O(ΛQCD/Q) . (2.17)

This formula is illustrated in fig. 2.1. Eq. (2.17) states that the cross section to produce a
final state X in the collision of two protons with momenta P1, P2 is the product of parton
distribution functions (PDFs) fi(x), giving the probability to find the parton of type i with a
momentum fraction x inside the parent proton, and the partonic cross section σ̂. The latter is
calculated perturbatively with free partons as external states, as all nonperturbative physics
is absorbed in the PDFs. Both quantities depend on the factorization scale µF to separate
nonperturbative from perturbative physics. The hard process in addition depends on the
renormalization scale µR. As indicated, the factorization theorem eq. (2.17) is only valid up to
power corrections O(ΛQCD/Q), which are also referred to as higher-twist corrections, where Q
is the relevant hard scale of process. For processes at the LHC, these corrections can usually

1The massless QCD Lagrangian eq. (2.1) does not contain any scales. The dynamical generation of the scale
ΛQCD is referred to as dimensional transmutation.
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P2

P1 x1P1

x2P2

Fig. 2.1.: Illustration of the QCD factorization theorem eq. (2.17). The colliding protons
with momenta P1, P2 are shown in thick lines. Two partons with momenta x1P1, x2P2 are
extracted through PDFs, which then participate in the hard collision, here shown as Drell-Yan
production. The shaded blobs are the remnants of the colliding protons.

be ignored, but they can become relevant at small energies.
An important property of eq. (2.17) is that the PDFs are process-independent quantities.

This is a consequence of the universal behavior of QCD in the infrared regime, which is also
the core of the resummation techniques applied in this thesis. To illustrate this universal
behavior we consider the production of an arbitrary final state X consisting of color-singlet
particles through quark annihilation, depicted in fig. 2.2. The Born matrix element is given
by

iM(0) = v̄(p2)iΓ(p1, p2)u(p1) , (2.18)

where we suppress any details on the final state in the interaction vertex Γ. The squared
matrix element after averaging over spins and colors is (we assume γ0Γ†γ0 = Γ)

〈|M(0)|2〉 = 1
4Nc

tr
[
/p2Γ(p1, p2)/p1Γ(p1, p2)

]
. (2.19)

The partonic Born cross section follows to be

σ̂
(0)
qq̄ (p1, p2) = 1

2ŝ

∫
dφX δ4(p1 + p2 − pX) 〈|M(0)|2〉 , (2.20)

where φX is the phase space of the final state X and ŝ = (p1 + p2)2 is the partonic center-of-
mass energy.

Now we consider the O(αs) correction from attaching a gluon emission with momentum kµ

to either of the incoming quarks, see figs. 2.3a and 2.3b. The corresponding matrix elements
are

iM(1)
a = v̄(p2)iΓ(p1 − k, p2)i

( /p1 − /k)
−2p1 · k

igTA/ε∗(k)u(p1) , (2.21)

iM(1)
b = v̄(p2)igTA/ε∗(k)i

− /p2 + /k

−2p2 · k
iΓ(p1, p2 − k)u(p1) . (2.22)

Both matrix elements diverge when their propagators go on shell, p1 · k → 0 or p2 · k → 0,
which will give the dominant contribution to the cross section. One distinguishes the soft limit
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Fig. 2.2.: Production of a color-singlet final state X in quark annihilation.
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Fig. 2.3.: NLO corrections to fig. 2.2 from a real gluon emission (a+b) and a virtual gluon (c).

kµ � pµ1,2, where the denominators of both propagators become small, and collinear limits,
where either p1 · k → 0 or p2 · k → 0, such that the gluon is emitted aligned with its parent
quark.

These two limits appear universally, i.e. they are insensitive to the details of the underlying
hard process Γ. (For colored particles in the final state, one also obtains soft/collinear singu-
larities from emissions from the outgoing particles.) Hence it is useful to separately consider
the two singular regions of soft and collinear emissions and the remaining hard region, where
kµ is neither soft nor collinear. To make this more precise, we decompose the gluon momentum
in terms of the incoming momenta pµ1,2 as

kµ = (1− z1)pµ1 + (1− z2)pµ2 + kµ⊥ , (2.23)
k2 = (1− z1)(1− z2)ŝ− k2

T = 0 . (2.24)

Here p2
1,2 = 0 and the kµ⊥ is transverse to both pµ1,2, k⊥ · p1,2 = 0. The second line is the

on-shell condition, where k2
T = −(kµ⊥)2 is the Euclidean transverse momentum. The soft

limit p1,2 · k → 0 now corresponds to

1− z1 ∼ 1− z2 ∼ kT → 0 ⇔ kµ → 0 , (2.25)
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while the collinear limit p1 · k � p2 · k satisfies the hierarchy

1− z2 �
kT√
ŝ
� 1− z1 , (2.26)

and vice versa for the p2-collinear limit. In the remaining hard region all components of kµ

are allowed to be large,
1− z1 ∼ 1− z2 ∼

kT√
ŝ
∼ 1 . (2.27)

Soft limit. In the soft limit kµ → 0 one can neglect kµ in the numerator of both matrix
elements eqs. (2.21) and (2.22). In this approximation the matrix element becomes

iM(1)
soft = ig

(
p1 · ε∗(k)
p1 · k

− p2 · ε∗(k)
p2 · k

)[
v̄(p2)TAΓ(p1, p2)u(p1)

]
. (2.28)

Hence the amplitude to emit a soft gluon completely factorizes from the underlying process.
Performing the spin and color average, this yields

〈|M(1)
soft|2〉 = g2CF

4Nc

2p1 · p2
(p1 · k)(p2 · k)tr

[
/p2Γ(p1, p2)/p1Γ(p1, p2)

]
= g2CF

2p1 · p2
(p1 · k)(p2 · k) 〈|M

(0)|2〉 = 4g2CF
k2
T

〈|M(0)|2〉 . (2.29)

The phase space also factorizes in the soft limit,

dφXdφk δ4(p1 + p2 − pX − k) ≈ dφXδ4(p1 + p2 − pX)× dφk , (2.30)

such that the cross section is given by

σ̂
(1)
soft(p1, p2) = σ̂

(0)
qq̄ (p1, p2)× αsCF

π

∫ ∞
0

dk2
T

k2
T

∫ 1

−∞

dz1
1− z1

. (2.31)

This cross section contains a soft singularity at kT → 0 and z1 → 1. However, it is guaran-
teed by the Kinoshita-Lee-Nauenberg (KLN) theorem that such infrared divergences cancel
in physical cross sections. This is achieved by adding the soft limit of the virtual correction,
fig. 2.3c, as in the soft limit kµ → 0 virtual and real particles cannot be distinguished, and their
sum must give a finite correction. For the inclusive cross section considered here, the com-
bined effect of real and virtual soft contributions actually cancels exactly, see e.g. refs. [81,84].
Roughly speaking, the integral over soft momenta is scaleless such that both loop corrections
and the phase space integral in eq. (2.31) vanish in pure dimensional regularization.

For exclusive observables which are sensitive to the soft radiation, the soft contribution
does not vanish anymore, as we will see explicitly for transverse momentum distributions.
The corresponding one-loop calculation is presented in sec. 2.3.4. The cancellation of the
infrared divergence from kT → 0 with the soft virtual corrections still keeps the cross section
IR finite, but the sensitivity to some measurement M leads to an incomplete cancellation of
soft real and soft virtual contributions, yielding leftover logarithms. Consider for example a
veto |~kT | < pcut

T on additional radiation. This cuts off the kT integral in eq. (2.31) and hence
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gives rise to a logarithm ln(pcut
T /µ), where µ is the scale induced by dimensionally regularizing

the phase space integral. The limit z1 → 1 similarly induces a logarithm, and the exact result
after subtracting the IR divergences is2

σ̂
(1)
soft(p1, p2) = σ̂

(0)
qq̄ (p1, p2)× −2αsCF

π
ln2 p

cut
T

µ
. (2.32)

Next we consider attaching n soft emissions to the process. For each emission the ma-
trix elements factorizes as in eq. (2.28), but we obtain a factor 1/n! because the gluons are
indistinguishable. Summing over n, the cross section in the soft limit becomes

σ̂soft(p1, p2) =
∞∑
n=0

1
n! σ̂

(0)
qq̄ (p1, p2)

(
−2αsCF

π
ln2 p

cut
T

µ

)n
= σ̂

(0)
qq̄ (p1, p2) exp

(
−2αsCF

π
ln2 p

cut
T

µ

)
. (2.33)

Remarkably the soft terms have been completely exponentiated, i.e. their all-order contribution
is fully contained in eq. (2.33), which is referred to as resummation of the large logarithm to all
orders in αs. The resummation becomes more complicated when one takes virtual corrections
to the soft emissions into account, but the basic picture of exponentiation will still be valid.

Collinear limit. We now consider the limit that the gluon is almost aligned with the in-
coming quark, p1 · k � p2 · k. We can then neglect the second diagram, fig. 2.3b, provided
that we fix a physical gauge to not spoil gauge invariance. We choose the lightlike gauge

∑
pols

ε∗µ(k)εν(k) = −gµν + p2µkν + p2νkµ
p2 · k

. (2.34)

The squared matrix element is then found to be

〈|M(1)|2〉p1-coll = 〈|M(1)
a |2〉 = 2g2CF

1
k2
T

1 + z2
1

z1
〈|M(0)|2〉 (z1p1, p2) . (2.35)

Approximating the phase space measure as

dφXdφk δ4(p1 + p2 − pX − k) ≈ dφXδ4(z1p1 + p2 − pX)× dφk , (2.36)

the cross section becomes (the factor 1/z1 is absorbed in the flux factor)

σ̂
(1)
p1-coll(p1, p2) = αs

2π

∫ ∞
0

dk2
T

k2
T

∫ 1

0
dz CF

1 + z2

1− z σ̂
(0)
qq̄ (zp1, p2) . (2.37)

2The calculation is not straightforward, as one actually requires two regulators to regulate the kT → 0 and
z1 → 1 divergences. The calculation is explicitly carried for the measurement of ~kT in sec. 2.3.4, and the
properly renormalized matrix element is calculated in sec. 3.2. One can obtain eq. (2.32) from eq. (3.65)
by taking ν = µ and integrating over ~pT up to pcut

T . We also dropped the constant piece −CFαsπ/12 for
simplicity.
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Fig. 2.4.: NLO corrections to fig. 2.2 from the splitting of an initial gluon into a quark-antiquark
pair.

Similar to the soft limit, the cross section in the collinear limit is given purely in terms of the
Born cross section and an universal piece describing the initial-state splitting.

Eq. (2.37) contains a double logarithmic divergence from kT → 0, z → 1 and a single
logarithmic divergence from kT → 0, z < 1. The former corresponds to a soft gluon emission,
which is already taken into account in eq. (2.29). Subtracting off this soft contribution, we
obtain

σ̂
(1)
p1-coll(p1, p2) = αs

2π

∫ ∞
0

dk2
T

k2
T

∫ 1

0
dz Pqq(z)σ̂(0)

qq̄ (zp1, p2) , (2.38)

where the splitting function Pqq is defined as

Pqq(z) = CF

[1 + z2

1− z

]
+

= CF
1 + z2

(1− z)+
+ 3

2CF δ(1− z) . (2.39)

The plus distribution regulates the pole at z = 1 such that∫ 1

0
dz CF

[1 + z2

1− z

]
+
σ̂

(0)
qq̄ (zp1, p2) =

∫ 1

0
dz CF

1 + z2

1− z
(
σ̂

(0)
qq̄ (zp1, p2)− σ̂(0)

qq̄ (p1, p2)
)

(2.40)

is finite, and makes the subtraction of the soft limit at z = 1 manifest.
Eq. (2.38) still contains a divergence at kT → 0 that is canceled neither by the soft nor

collinear limit of the virtual correction. One encounters the same divergence when considering
initial-state splittings of incoming gluons g → qq̄, see figs. 2.4a and 2.4b. Again focusing only
on the p1-collinear case, one obtains

〈|M(1)
g→qq̄|2〉p1-coll = 2g2TF

1
k2
T

1− z1
z1

[z2
1 + (1− z1)2] 〈|M(0)|2〉 (z1p1, p2) . (2.41)

The partonic cross section follows as

σ̂
(1)
g→qq̄(p1, p2) = αs

2π

∫ ∞
0

dk2
T

k2
T

∫ 1

0
dz Pqg(z)σ̂(0)

qq̄ (zp1, p2) , (2.42)
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where the gluon-to-quark splitting function is given by

Pqg(z) = TF [z2 + (1− z)2] . (2.43)

This splitting function does not have a divergence, as it must because there is no virtual
diagram to cancel it. For the same reason, the leftover divergence at kT → 0 in eq. (2.42)
must be a purely collinear effect, and hence even without explicit calculation of the virtual
contribution (fig. 2.3c) we can confirm that the singularity in eq. (2.38) is also an uncanceled
collinear singularity.

DGLAP evolution. The solution to this apparent divergence is that the partonic cross
section is not a physical observable, only the hadronic cross section is. This allows one to absorb
the divergences into renormalized PDFs. For this it is crucial that the collinear divergences
appear process independently, as illustrated. This guarantees that to all orders in perturbation
theory one can absorb the collinear divergences into universal PDFs.

To extract the divergence, we carry out the kT integral in d = 2− 2ε dimensions and cut off
the integral at Q =

√
ŝ, where the soft/collinear expansion breaks down.3 We obtain

∫ ŝ

0

dk2
T

k2
T

−→ 1
π

µ2ε

(2π)−2ε

∫
kT≤
√
ŝ

d2−2ε~kT
k2
T

= −1
ε
− ln(4π) + γE + ln ŝ

µ2 +O(ε) . (2.44)

In the MS scheme the two constants are absorbed in the MS scale µ2 → µ2eγE/4π, and only
the pure 1/ε divergence is absorbed into the renormalized PDFs. It is given by

fq(z, µ) = fbare
q (z)− 1

ε

αs
2π

∫ 1

z

dz′

z′

[
Pqq(z/z′)fq(z′) + Pqg(z/z′)fg(z′)

]
. (2.45)

The dependence of the renormalized PDF on the renormalization scale µ is given by

µ
dfq(z, µ)

dµ = αs
2π

∫ 1

z

dz′

z′

[
2Pqq(z/z′)fq(z′) + 2Pqg(z/z′)fg(z′)

]
. (2.46)

The corresponding result for the gluon PDF is

µ
dfg(z, µ)

dµ = αs
2π

∫ 1

z

dz′

z′

[
2Pgg(z/z′)fg(z′) +

∑
q,q̄

2Pgq(z/z′)fq(z′)
]
, (2.47)

where the splitting functions are given by [83]

Pgg(z) = 2CA
[

z

(1− z)+
+ 1− z

z
+ z(1− z)

]
+ 11CA − 4TFnf

6 δ(1− z) , (2.48)

Pgq(z) = CF
1 + (1− z)2

z
. (2.49)

The gluon-to-gluon splitting function is considerably more involved because of the gluon self
interaction. As for the gluon-to-quark case, Pgq is a regular function because there is no virtual

3Without the cutoff the following result would still be obtained when calculating the hard region eq. (2.27),
where one needs to properly subtract the collinear region.
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contribution that could cancel a divergence at z → 1.
Eqs. (2.46) and (2.47) are the famous Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DLAGP)

evolution equations at one loop [86–88]. Their impact is that the parton density inside the
proton depends on the scale at which it is probed. At higher scales one resolves more and
more of the gluon and quark splittings, which mixes their relative distributions.

The hadronic cross section at O(αs) for the example process finally takes the form of
eq. (2.17),

σ(P1P2 → X) =
∑
i,j

∫ 1

0
dx1

∫ 1

0
dx2 fi(x1, µ)fj(x2, µ) σ̂ij(x1P1, x2P2) , (2.50)

where the partonic cross sections are given by

σ̂qq̄(p1, p2) = σ̂
(0)
qq̄ (p1, p2) + αs(µ)

2π

∫ 1

0
dz Pqq(z) ln ŝ

µ2

[
σ̂

(0)
qq̄ (zp1, p2) + σ̂

(0)
qq̄ (p1, zp2)

]
+ σ̂

(1)
qq̄ (p1, p2) ,

σ̂gq̄(p1, p2) = αs(µ)
2π

∫ 1

0
dz Pqg(z) ln ŝ

µ2 σ̂
(0)
qq̄ (zp1, p2) + σ̂(1)

gq (p1, p2) . (2.51)

(The other flavor combinations follow by accordingly exchanging momenta.) The divergences
in 1/ε have been completely absorbed in the PDFs, making the partonic cross section eq. (2.51)
IR finite. In addition to the splitting functions there are two finite pieces σ̂(1)

qq̄ and σ̂
(1)
gq ,

corresponding to hard momenta kµ ∼ pµ1,2 which have not yet been taken into account. These
short-wavelength fluctuations resolve the interaction vertex Γ and are hence process dependent.
Hard real emission produce additional particles in the final state, while hard virtual corrections
only modify the Born kinematics. These hard virtual corrections correspond to the IR-finite
terms in the form factor of the underlying process, as the IR region of the loop integration
is already taken into account in the soft and collinear sectors. This IR-finite form factor will
reappear as the hard function in factorization theorems.

Resummation of large logarithms. The cross sections eq. (2.51) contain logarithms
ln(ŝ/µ2), which can be minimized by choosing the arbitrary scale µ as µ ∼

√
ŝ = Q, where Q

is the invariant mass of the final state X. This ensures that αs ln(Q/µ)� 1 is a small quantity
and the perturbative fixed-order expansion is justified. The PDFs, which are measured at a
reference scale µ0, must then be evolved to the scale µ ∼

√
ŝ by solving the DGLAP equation

to avoid logarithms ln(µ/µ0) to reappear in the cross section.
The above scale choice is sufficient for inclusive cross section, where logarithms only appear

in the form of ln(Q/µ). If we instead consider the more exclusive measurement of vetoing all
real emissions with kT ≥ pcut

T , we will also obtain Sudakov logarithms αs ln2(µ/pcut
T ), as seen in

eq. (2.32). In contrast, the hard virtual corrections, which are part of the σ(1) in eq. (2.51), are
only sensitive to the hard scale Q of the process and thus contain logarithms αs ln2(Q/µ). In
combination, the cross section will contain large Sudakov logarithms αs ln2(Q/pcut

T ) that can
not be minimized using a suitable scale choice µ. When the jet veto is very tight, pcut

T � Q,
these terms can render the perturbative expansion unstable. However, once these terms are
exponentiated as in eq. (2.33), the logarithms have been resummed to all orders in perturbation
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theory and will not destabilize the perturbation expansion.
This is a generic observation: observables k sensitive to soft and collinear QCD radiation

induce Sudakov double logarithms αns lnm(Q/k) with m ≤ 2n to all orders in perturbation
theory. In the regime k � Q, which typically dominates the cross section, one hence needs to
resum these terms to keep the perturbative expansion stable. As illustrated this resummation
can be achieved using diagrammatic methods, leading to evolution equations such as the
DGLAP equations whose solution correctly resum the logarithms. In the next section we
introduce an effective field theory to describe QCD in the soft and collinear regime, which
allows one to elegantly derive such evolution equations and thereby also achieves resummation
of large logarithms.

2.3. Soft-Collinear Effective Theory

Soft-Collinear Effective theory [89–92] is an effective field theory (EFT) describing the infrared
limit of QCD. It allows one to derive factorization formulas for infrared-sensitive observables,
which can be used to resum large logarithms to all orders in αs. SCET makes the soft and
collinear approximations manifest in the Lagrangian, rather than carrying out a diagrammati-
cal analysis as in sec. 2.2. Here we give a brief introduction to SCET, mostly following ref. [93],
where many details of the sketched derivations can be found. We employ the label formalism
developed in refs. [89–92]. Alternatively, one can carry out the multipole expansion in position
space, see refs. [94, 95] and ref. [96] for a review.

The natural coordinate system to describe soft and collinear particles are light-cone coordi-
nates. For each collinear sector i, one introduces two lightlike vectors nµi and n̄µi with

n2
i = 0 , n̄2

i = 0 , ni · n̄i = 2 (2.52)

such that an ni-collinear particle has its momentum aligned with ~ni. The typical choice for
the reference vectors is

nµi = (1, ~ni) , n̄µi = (1,−~ni) . (2.53)

An arbitrary four-momentum pµ can now be decomposed as

pµ = (n̄i · p)
nµi
2 + (ni · p)

n̄µi
2 + pµ⊥ ≡ (p+, p−,~pT )i , (2.54)

where

p+ = ni · p , p− = n̄i · p , (2.55)

and ~pT is the Euclidean transverse momentum, ~p2
T = −p2

⊥. The invariant mass is then

p2 = p+p− −~p2
T . (2.56)

To deduce the typical momentum of particles described by the effective theory, consider a
jet of energy Q moving along the direction ~ni, consisting of collimated particles separated by



20 Chapter 2. QCD and collider physics

I II III
nµ → nµ + ∆⊥µ , ∆⊥ ∼ λ nµ → nµ nµ → eαnµ , α ∼ λ0

n̄µ → n̄µ n̄µ → n̄µ + ε⊥µ , ε⊥ ∼ λ0 n̄µ → e−αn̄µ

Table 2.1.: Illustration of reparameterization invariance [97], the symmetry of SCET under
reparameterization of the reference vectors nµi , n̄

µ
i , following from eq. (2.52). Type I and II

are infinitesimal and require n ·∆⊥ = n̄ ·∆⊥ = 0 and n · ε⊥ = n̄ · ε⊥ = 0, type III is a finite
transformation. The scalings ∆⊥ ∼ λ, ε⊥ ∼ λ0, α ∼ λ0 follow from requiring that collinear
momenta still scale as (λ2, 1, λ) after the reparameterization.

p⊥ ∼ ∆� Q. This induces the momentum scaling

pµc = (p+, p−,~pT ) ∼
(∆2

Q
,Q,∆

)
= Q(λ2, 1, λ) , (2.57)

where we defined the scaling parameter λ ∼ ∆/Q. The scaling p+ ∼ Qλ2 is determined by
demanding that pµ describes fluctuations around p2 = 0, and hence p+ ∼ p2

⊥/p
−. This is

consistent with the collinear scaling observed in eq. (2.26).
Note that there is some freedom in choosing the reference vectors nµ, n̄µ. The EFT only

requires the properties eq. (2.52) and that the scaling eq. (2.57) is obeyed, and must be invari-
ant all valid choices of nµ, n̄µ. This symmetry is referred to as reparameterization invariance
(RPI) [97] and is specified in table 2.1.

In addition to collinear modes with a distinct direction, there are also low-energetic modes
with isotropic scaling. One distinguishes soft and ultrasoft modes,

pµs ∼ Q(λ, λ, λ) , pµus ∼ Q(λ2, λ2, λ2) . (2.58)

It depends on the observable which of the two modes is the relevant one. Observables such as
thrust resolve only the ± components of the collinear radiation which scale as λ2, and hence
only ultrasoft modes are relevant. Observables sensitive to the transverse momentum resolve
the perpendicular component of collinear modes ∼ λ, and hence require soft modes.

Ultrasoft and soft modes lead to different effective field theories, commonly referred to as
SCETI and SCETII. The relevant modes are illustrated in fig. 2.5, where the plus and minus
components of collinear (green solid) and (ultra-)soft modes (orange dashed) are shown. (The
transverse component is then fixed by demanding p+p− ∼ p2

T ). Fig. 2.5 also shows the hard
modes (blue) that are integrated out when matching the full theory onto SCET. The main
distinction of the two theories is that in SCETI, ultrasoft and collinear modes live on separate
mass hyperbolas (i.e. virtualities), whereas the soft and collinear modes of SCETII live on the
same hyperbola. In the following, we will first derive the SCETI Lagrangian, before discussing
the extension to SCETII.

Lastly, we need to mention the issue of Glauber modes. These are soft off-shell particles
with |p+p−| � p2

T � Q2, for example

pµG ∼ Q(λ2, λ2, λ) . (2.59)
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p+

p−

QQλQλ2

Q

Qλ

Qλ2
p2 = λ2Q2

p2 = λ4Q2

p2 = Q2

(a) SCETI

p+

p−

QQλQλ2

Q

Qλ

Qλ2 p2 = λ2Q2

p2 = Q2

(b) SCETII

Fig. 2.5.: Illustration of the mode setup of SCETI (a) and SCETII (b). The hyperbolas
represent the virtuality of collinear modes (green solid), soft SCETII modes and ultrasoft
SCETI modes (orange dashed). The hard modes (blue solid) with virtuality p2 ∼ Q2 are
integrated out.

They can be treated in an EFT by integrating out Glauber modes, giving rise to a static
Glauber potential [98]. In many cases they cancel to all orders or are perturbatively suppressed,
and hence we will not consider them in the following.

2.3.1. Derivation of the SCETI Lagrangian

SCETI is the effective field theory describing collinear modes pµc ∼ Q(λ2, 1, λ) and ultrasoft
modes pµus ∼ Q(λ2, λ2, λ2), where λ is a suitable power counting parameter. It is constructed
by expanding the QCD Lagrangian in λ. Here we derive the effective Lagrangian for a single
collinear sector nµ to leading order in λ. Power suppressed contributions were addressed e.g. in
refs. [94,95,97,99–101]. The extension to multiple collinear sectors is straightforward, as long
as the sectors are well separated, ni · nj � λ2 for i 6= j. In the following we drop the index i
and assume the canonical choice eq. (2.53).

We first construct two projection operators in spinor space,

Pn = /n/̄n

4 = 1
2

(
1 σ3

σ3 1

)
, Pn̄ =

/̄n/n

4 = 1
2

(
1 −σ3

−σ3 1

)
, (2.60)

fulfilling Pn + Pn̄ = 1. This allows one to decompose the fundamental spinors

u(p) =
√
p0

 U
~σ·~p
p0 U

 , v(p) =
√
p0

 ~σ·~p
p0 V
V

 , (2.61)

where σ are the Pauli matrices and U ,V are either (0, 1) or (1, 0), into a n-collinear and
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n̄-collinear piece. Using ~σ ·~p/p0 = σ3 +O(λ) for a n-collinear particle yields

un(p) = Pnu(p) =
√
p0

(
U
σ3 U

)
+O(λ)

un̄(p) = Pn̄u(p) = 1
2
√
p0

(
−~σ ·~pT U
+~σ ·~pT U

)
+O(λ2) = O(λ) , (2.62)

and similar for v(p). Eq. (2.62) implies that only the n-collinear spinor components un and vn
contribute at leading power O(λ0), whereas un̄ and vn̄ are suppressed as O(λ1). This motivates
us to split the quark field ψ into the two components,

ψ = Pnψ + Pn̄ψ ≡ ξ̂n + ϕn̄ , (2.63)

where ξ̂n = Pnψ and ϕn̄ = Pn̄ψ, and rewrite the QCD Lagrangian for massless quarks as

LQCD = ψ̄i /Dψ

= (¯̂
ξn + ϕ̄n̄)

(
/̄n

2 in ·D + /n

2 in̄ ·D + i /D⊥
)

(ξ̂n + ϕn̄)

= ¯̂
ξn
/̄n

2 in ·Dξ̂n + ϕ̄n̄i /D⊥ξ̂n + ¯̂
ξni /D⊥ϕn̄ + ϕ̄n̄

/n

2 in̄ ·Dϕn̄ , (2.64)

where we used that /nξ̂n = 0, /̄nϕn̄ = 0 and ¯̂
ξn /D⊥ξ̂n = 0, ϕ̄n̄ /D⊥ϕn̄ = 0. Since the n̄ component

ϕn̄ only contributes at subleading power λ1, it can be integrated out. Imposing the equation
of motion gives

δL
δϕn̄

= 0 ⇒ ϕn̄ = 1
in̄ ·D i /D⊥

/̄n

2 ξ̂n . (2.65)

The leading power Lagrangian for collinear quarks can thus be written as

L(0)
ξ̂n

= ¯̂
ξn

(
in ·D + i /D⊥

1
in̄ ·D i /D⊥

)
/̄n

2 ξ̂n . (2.66)

To derive the leading power quark Lagrangian, it remains to expand the covariant derivative
iDµ = i∂µ+gAµ in λ. As a first step we assign ∂µ a definite scaling in λ by multipole expanding
the quark field. We split collinear momenta pµc into a pure O(λ) and a pure O(λ2) component,

pµc = pµl + pµr , (2.67)

where the label and residual momenta scale as

pµl ∼ (0, 1, λ) , pµr ∼ (λ2, λ2, λ2) . (2.68)

This allows us to write the collinear quark field ξ̂ as (antiquarks are added below)

ξ̂n(x) =
∫ d4p

(2π)4 e
−ip·xξ̃n(p) =

∑
pl 6=0

∫ d4pr
(2π)4 e

−ipl·xe−ipr·xξ̃n,pl(pr) =
∑
pl 6=0

e−ipl·xξn,pl(x) . (2.69)
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In the second step the momentum integral was replaced by d4p→∑
pl 6=0

∫
d4pr, where pl = 0

is excluded as it corresponds to an ultrasoft quark qus.4 In the last step we introduced the
quark field with definite label momentum pl,

ξn,pl(x) =
∫ d4pr

(2π)4 e
−ipr·xξ̃n,pl(pr) . (2.70)

Its x dependence corresponds to a pure ultrasoft momentum and hence scales as xµ ∼ λ−2. It
is convenient to introduce a label operator Pµ that picks out the label momentum pl,

Pµξn,pl(x) = pµl ξn,pl(x) . (2.71)

It allows us to remove the explicit label sum in eq. (2.69),

ξ̂n(x) =
∑
pl 6=0

e−ipl·xξn,pl(x) ≡ e−iP·xξn(x) , (2.72)

where now ξn(x) =
∑
pl 6=0 ξn,pl(x). Furthermore it gives a compact expression for combining

particles and antiparticles,
ξn,pl(x) ≡ ξ+

n,pl
(x) + ξ−n,−pl(x) . (2.73)

Depending on the sign of pl, either a particle (n̄ · pl > 0) or an antiparticle (n̄ · pl < 0) is
destroyed (ξ) or created (ξ̄). More importantly, the label operator also gives a definite power
counting for derivatives,

i∂µξ̂n(x) = i∂µe−iP·xξn(x) = e−iP·x(Pµ + i∂µ)ξn(x) . (2.74)

On the right hand side, ∂µ ∼ λ2 has a definite ultrasoft scaling, while the large O(1) and O(λ)
label components are picked out by Pµ.

We can expand the gluon field similarly in terms of definite label momenta,

Aµ,a(x) =
∑
pl 6=0

e−ipl·xAµ,an,pl(x) +Aµ,aus (x)

= e−iP·xAµ,an (x) +Aµ,aus (x) . (2.75)

It remains to fix the scaling of the collinear and ultrasoft gluon fields. From the covariant
derivative

iDµ = i∂µ + Pµ + gAµ , (2.76)

where Pµ ∼ (λ2, 1, λ) when acting on collinear states, we see that the collinear gluon field
should fulfill the same scaling,

Aµn ∼ (λ2, 1, λ) , (2.77)

4In practice it is easier to carry out calculations with a continuous integration over the label momentum,
including the ultrasoft region pl = 0. In the collinear sector one then subtracts the amplitude expanded
in the the ultrasoft limit to avoid double counting of ultrasoft and collinear sectors. This is referred to as
zero-bin subtractions [102].
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and similarly ultrasoft gluon fields should obey

Aµus ∼ (λ2, λ2, λ2) . (2.78)

To show that these scalings are correct, consider the gluon propagator obtained from the
two-point correlation function∫

d4x eik·x 〈0|TAµn(x)Aνn(0) |0〉 = − i
k2

(
gµν − τ k

µkν

k2

)
. (2.79)

For a collinear gluon, kµ ∼ (λ2, 1, λ), the integration measure scales as d4x ∼ λ−4 due to
k · x ∼ 1, and one has

∫
d4x︸︷︷︸
∼λ−4

eik·x 〈0|TAµn(x)Aνn(0) |0〉 = − i
k4︸︷︷︸
∼λ−4

k2gµν − τkµkν︸ ︷︷ ︸
∼λ2

 . (2.80)

The productAµnAνn must hence scale as λ2, and by inserting all combinations for µ, ν one indeed
obtains the collinear scaling eq. (2.77), Aµn ∼ (λ2, 1, λ). In the same fashion one can derive
the scaling of ultrasoft gluons eq. (2.78), Aµus ∼ (λ2, λ2, λ2). Similarly one can also derive the
scaling of collinear quark fields, ξ̂n ∼ λ and ϕn̄ ∼ λ2, confirming that the n̄-component ϕn̄ is
suppressed as O(λ), see eq. (2.62). For ultrasoft quark fields one obtains qus ∼ λ3.

Having assigned all fields and derivatives a definite power counting, we can finally expand
the covariant derivative in λ,

in ·D = in · ∂ + gn · An + gn · Aus ∼ O(λ2) ,
in̄ ·Dn = in̄ · P + gn̄ · An ∼ O(λ0) ,

i /Dn⊥ = i/P⊥ + g /An,⊥ ∼ O(λ1) . (2.81)

Together with the multipole expansions of the quark and gluon fields, this gives the SCETI
Lagrangian at leading power O(λ0),

L(0) = L(0)
nξ + L(0)

ng + L(0)
us , (2.82)

where the Lagrangians describing collinear quarks, collinear gluons and ultrasoft particles are
given by [90,92]

L(0)
nξ = ξ̄n

(
in ·D + i /Dn⊥

1
in̄ ·Dn

i /Dn⊥

)
/̄n

2 ξn , (2.83)

L(0)
ng = 1

2g2 Tr
{
[iDµ, iDν ]2

}
+ τ Tr

{
[iDµus,Anµ]2

}
+ 2Tr

{
c̄n
[
iDusµ ,

[
iDµ, cn

]]}
, (2.84)

L(0)
us = q̄usi /Dusqus −

1
2Tr

{
GµνusG

us
µν

}
+ τusTr

{
(i∂µ · Aµus)2}+ 2Tr

{
c̄us i∂µ iDµ

uscus
}
. (2.85)

The superscript (0) indicates that these Lagrangians are expanded to O(λ0). Here summation
over label momenta is implicit, and we have suppressed the overall phase factor e−ix·P which
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(pl, pr)

(pl, pr)
= i /n2

n̄·pl
(n·pr)(n̄·pl)+p2

l⊥+i0

(pl, pr)

µ, A ν, B
= −i

(n·pr)(n̄·pl)+p2
l⊥+i0

(
gµν − (1− τ) pµ

l
pνl

(n·pr)(n̄·pl)+p2
l⊥

)
δA,B

(pl, pr) (p′
l, p′

r)

µ, A

= igTAnµ /̄n2

(pl, pr) (p′
l, p′

r)

µ, A

= igTA
(
nµ + γµ⊥/p⊥

n̄·pl + /p′⊥γ
µ
⊥

n̄·p′
l
− /p′⊥/p⊥

(n̄·pl)(n̄·p′l)
n̄µ
)
/̄n
2

Fig. 2.6.: Order λ0 Feynman rules following from the SCET Lagrangian eqs. (2.83)–(2.85) for
collinear quark propagator, collinear gluon propagator, vertex of collinear quark interacting
with soft gluon and vertex of collinear quark interacting with collinear gluon, see refs. [90,92].
Collinear quarks are shown as dashed lines, collinear gluons as springs with lines through them,
while normal springs show ultrasoft gluons. All Feynman rules make the label and residual
momenta explicit, which are separately conserved in the vertices.

ensures momentum conservation. In the gluon Lagrangians, τ and τus are the collinear and
ultrasoft gauge fixing parameter, and cn and cus the associated ghost fields. Eq. (2.84) is built
from the covariant derivatives

iDµ = nµ

2 (P + gn̄ · An) + (Pµ⊥ + gAµn⊥) + n̄

2 (in · ∂ + gn · An + gn · Aus) ,

iDµus = nµ

2 P + Pµ⊥ + n̄µ

2 in · ∂ + n̄

2 gn · Aus . (2.86)

Since ultrasoft fields have isotropic scaling, the form of the ultrasoft Lagrangian L(0)
us is iden-

tical to the full QCD Lagrangian eq. (2.1), with the understanding that fields and covariant
derivatives satisfy ultrasoft scaling.

Figure 2.6 shows the most important Feynman rules resulting from the EFT, namely the
collinear propagators (soft propagators are identical to QCD) and the interaction of a collinear
quark with a soft or collinear gluon. As required, consistently expanding the Lagrangian in λ
gives Feynman rules with a homogeneous scaling, as best seen in the propagators. We also see
that the soft vertex does not depend on the collinear momenta, as a soft gluon can not change
collinear momenta. This corresponds to the eikonal emission of soft gluons in eq. (2.28). Both
vertices are furthermore independent of the residual momentum component thanks to the
manifest mode separation in the Lagrangian.
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Gauge symmetry of SCETI

Gauge symmetry is an important property to constrain the form of allowed operators in
the effective theory. In SCET, the splitting of gluon fields into a collinear and ultrasoft
component induces two independent gauge transformations and correspondingly two gauge-
fixing parameters τ and τus. In particular, ultrasoft momenta kµus ∼ (λ2, λ2, λ2) describe much
longer wavelength fluctuations than collinear momenta kµn ∼ (λ2, 1, λ), and hence ultrasoft
gluons are a homogeneous background field for collinear fields. As a consequence we obtain
the two sets of gauge transformations [90–92]

Un(x) = exp
[
iαAn (x)TA

]
, Uus(x) = exp

[
iαAus(x)TA

]
(2.87)

which must obey collinear and ultrasoft scaling

i∂µUn(x) ∼ Q(λ2, 1, λ)Un(x) , (2.88)
i∂µUus(x) ∼ Q(λ2, λ2, λ2)Uus(x) . (2.89)

Since collinear gauge transformations can change label momenta, their effect is given by a
convolution in label space,

ξn,p(x)
Un−−→ Un,p−q(x)ξn,q(x) , (2.90)

Aµn,p(x)
Un−−→ Un,p−q(x)

(
Aµn,q−q′(x) + δq,q′

i
g
Dµus

)
U †n,q′(x) , (2.91)

where summation over label momenta is implicit. Collinear gauge transformations do not
affect ultrasoft particles to keep these on their virtuality,

qus(x)
Un−−→ qus(x) , Aµus(x)

Un−−→ Aµus(x) . (2.92)

For ultrasoft gauge transformations, the collinear fields transform under a background gauge
transformation, while ultrasoft modes obey the usual QCD gauge transformation,

ξn(x)
Uus−−→ Uus(x)ξn(x) , (2.93)

Aµn(x)
Uus−−→ Uus(x)Aµn(x)U †us(x) , (2.94)

qus(x)
Uus−−→ Uus(x)qus(x) , (2.95)

Aµus(x)
Uus−−→ Uus(x)

(
Aµus(x) + i

g
∂µ
)
U †us(x) . (2.96)

2.3.2. Collinear Wilson lines and operator building blocks

Collinear Wilson lines arise in SCET by integrating out off-shell particles induced by coupling
ni-collinear gluons to another sector nj with ni · nj � λ. To illustrate this, we consider the
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n1 n2
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n1 n2
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Fig. 2.7.: Illustration of the emergence of collinear Wilson lines from integrating out off-shell
propagators. (a) Tree level matching of dijet operator onto SCET. (b) Attaching a n2-collinear
gluon to the n1-collinear quarks. (c) Summation of arbitrary n2-collinear gluon attachments
to the n1-collinear quark into the Wilson line.

coupling of two distinct collinear sectors through the QCD current

JQCD = q̄ Γ q , (2.97)

where Γ represents the coupling. In SCET, this is matched at tree level onto

JSCET = ξ̄n2Γ ξn1 . (2.98)

This is illustrated in fig. 2.7a, where the dashed lines correspond to collinear quarks. The
matrix element for attaching a n2-collinear gluon to the n1-collinear quark (fig. 2.7b) is

ξ̄n2Γ
i(/q + /k)
(k + q)2 ig /Aqξn1 = ξ̄n2Γ

(
−g (n̄1 · k) /n1

2 + (n̄2 · q) /n2
2

2(n̄1 · k)(n̄2 · q)n1·n2
4

[n̄2 · Aq]
/n2
2 +O(λ)

)
ξn1

= ξ̄n2Γ
(
−g n̄2 · Aq

n̄2 · q

)
ξn1 +O(λ) . (2.99)

In the first step we expanded all momenta and the gluon field in λ. In the second step we
used that /n2

2 = 0 and /n1ξn1 = 0.
We see from eq. (2.99) that the propagator is off shell (n1 ·n2 � λ2) and must be integrated

out when constructing the EFT. This leads to an eikonal emission of the gluon, which is
independent of the momenta of the quark lines. Furthermore, the matrix element scales as
O(λ0) and is not power suppressed. Hence we must take an arbitrary number of such emissions
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into account, each of which induces an off-shell propagator to be integrated out, see fig. 2.7c.
Summing all emission yields the collinear Wilson line Wn2 , which in momentum space reads

W̃n =
∞∑
k=0

∑
perms

(−g)k

k!
n̄ · AA1

n,q1 · · · n̄ · AAkn,qk TAk · · ·TA1

[n̄ · q1][n̄ · (q1 + q2)] · · · [n̄ ·∑k
i=1 qi]

. (2.100)

Here, “perms” denotes the sum of permutations among the {q1, · · · , qk} momenta. In position
space, the Wilson line can be written as a path-ordered exponential

Wn(x) = P exp
(

ig
∫ 0

−∞
ds n̄ · An(x+ n̄s)

)
=
∑

perms
exp

( −g
n̄ · P n̄ · An(x)

)
, (2.101)

where “P” denotes the path-ordering operator. We also introduced a compact notation using
the label operator.

In summary, the effect of the collinear gluon field n̄2 · An2 on the current eq. (2.98) has
been fully absorbed into the Wilson line Wn2 . This can also be made manifest in the effective
Lagrangian. The equation of motion of the Wilson line, in̄ · DnWn = 0, yields the operator
equation [91,92]

f(in̄ ·Dn) = f(P + g n̄ · An) = Wnf(P)W †n , (2.102)

which allows one to replace all appearances of n̄ · An in the quark Lagrangian eq. (2.83) by
collinear Wilson lines. The resulting Lagrangian is [91]

L(0)
ξn

= ξ̄n

(
in ·D + i /Dn⊥W

†
n

1
PWni /Dn⊥

)
/̄n

2 ξn , (2.103)

where the component n̄ · An has been completely replaced by Wn.
Returning to the SCET current eq. (2.98), one also obtains a collinear Wilson line Wn1 from

n1-collinear emission attached to the n2-collinear quark, such that the SCET current becomes

JSCET = ξ̄n2W
†
n1ΓWn2ξn1 . (2.104)

However, in this form the Wilson lines appear in the wrong order. The reason is that we have
not yet considered diagrams where a n1-gluon attaches to a n2-gluon. The three diagrams
relevant at O(g2) are shown in fig. 2.8. Eq. (2.104) so far only incorporates diagram (a). The
coupling of n1- to n2-collinear gluons also produces an off-shell propagator to be integrated
out when matching onto the EFT. The three matrix elements relevant at O(g2) are given by

(a) : ξ̄n2

[
−g2TA2TA1

n̄2 · AA1
q2

n̄2 · q2

n̄1 · AA2
q1

n̄1 · q1
Γ
]
ξn1

(b) : ξ̄n2

[ ig2

2 fA1A2CTC
n̄2 · AA1

q2

n̄2 · q2

n̄1 · AA2
q1

n̄1 · q1
Γ
]
ξn1

(c) : ξ̄n2

[ ig2

2 fA1A2CTC
n̄2 · AA1

q2

n̄2 · q2

n̄1 · AA2
q1

n̄1 · q1
Γ
]
ξn1 . (2.105)
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Fig. 2.8.: Order g2 corrections to the QCD dijet current eq. (2.97). All intermediate quark
and gluon propagators are off shell and integrated out when matching onto SCET.

The three matrix elements only differ in the color structures. By virtue of the commutator
relation eq. (2.5), [TA1 , TA2 ] = ifA1A2CTC , summing the three diagrams gives

(a) + (b) + (c) = ξ̄n2

[
−g2TA1TA2

n̄2 · AA1
q2

n̄2 · q2

n̄1 · AA2
q1

n̄1 · q1
Γ
]
ξn1 . (2.106)

This is precisely the O(g2) component of the matched current

JSCET = (ξ̄n2Wn2)Γ(W †n1ξn1) , (2.107)

where the Wilson lines are now correctly combined with the collinear quark fields.
In fact, the appearance of the Wilson lines in this order is required by gauge invariance of the

current. The Wilson lines Wn transform under collinear and ultrasoft gauge transformations
as [92]

Wn,p(x)
Un−−→ Un,p−q(x)Wn,q(x) , (2.108)

Wn(x)
Uus−−→ Uus(x)Wn(x)U †us(x) . (2.109)

This exactly cancels the gauge transformation of the collinear quark fields, eqs. (2.90) and
(2.93), and renders the current eq. (2.107) gauge invariant.

In general, collinear Wilson lines appear ubiquitously to ensure gauge invariance, and hence
can be included into basic building blocks by defining the gauge-invariant fields

χn ≡W †nξn ,

Bµn⊥ ≡
1
g

[ 1
n̄ · PW

†
n[in̄ ·Dn, iDµ

n⊥]Wn

]
. (2.110)

One can show that the set {χn,Bµn⊥,P
µ
n⊥} is a complete basis for collinear operators [103], and

are thus commonly used as basic operator building blocks. Note that Bµn⊥ has two degrees of
freedom, which can be taken as the physical polarizations.

2.3.3. Ultrasoft-collinear factorization

We now consider the attachment of ultrasoft gluons to a collinear quark, fig. 2.9. Similarly to
the collinear Wilson lines Wn discussed in the previous section, this gives rise to an ultrasoft
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Fig. 2.9.: Illustration of the attachment of ultrasoft gluon emissions to a collinear quark line,
which are summed up into the ultrasoft Wilson line Yn.

Wilson line. The key difference is that the intermediate propagators in fig. 2.9 are not off
shell. The ultrasoft Wilson line is thus a dynamical part of the EFT and not generated by
integrating out hard modes. Summing up the emissions in fig. 2.9 effectively gives the current
ΓỸnξn, where the Wilson line reads in momentum space

Ỹn =
∞∑
k=0

∑
perms

(−g)k

k!
n · AA1

n,q1 · · ·n · AAkn,qkTAk · · ·TA1

[n · q1][n · (q1 + q2)] · · · [n ·∑k
i=1 qi]

, (2.111)

which in position space amounts to

Yn(x) = P exp
(

ig
∫ 0

−∞
ds n · Aus(x+ ns)

)
. (2.112)

Here TA denotes the fundamental representation, TA → TAαβ. For ultrasoft emissions of
collinear gluons one obtains the adjoint representation Yn by replacing TA → −ifABC . The
ultrasoft Wilson line does not transform under collinear gauge transformations, but transforms
like a collinear quark field under ultrasoft gauge transformations, see eqs. (2.87) and (2.93),

Yn
Un−−→ Yn , Yn

Uus−−→ UusYn . (2.113)

Eq. (2.112) describes an incoming quark. For antiquarks, one has ig → −ig and antipath
ordering. For outgoing particles the Wilson lines run from 0 to ∞. We will not need these
details and hence keep the precise case implicit in Yn.

The coupling of ultrasoft gluons to collinear particles can now be absorbed by performing
the Bauer-Pirjol-Stewart (BPS) field redefinition [92]

ξn,pl(x) = Yn(x)ξ(0)
n,pl

(x) , Aµn,pl(x) = Yn(x)A(0)µ
n,pl

Y †n (x) ,

cn,pl(x) = Yn(x)c(0)
n,pl

(x)Y †n (x) , (2.114)

under which the collinear Wilson line transforms as

Wn → YnW
(0)
n Y †n , (2.115)

where W (0)
n is built from fields A(0)

n . The basic building blocks eq. (2.110) transform as

χn → Ynχ
(0)
n , Bµn⊥ → YnB

(0)µ
n⊥ . (2.116)
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For example, the collinear quark Lagrangian now becomes

L(0)
ξn

= ξ̄(0)
n

[
in · ∂ + gn · A(0)

n +
(
/P⊥ + g /A(0)

n⊥

)
W (0) 1

PW
(0)†
(
/P⊥ + g /A(0)

n⊥
)] /̄n

2 ξ
(0)
n , (2.117)

which is completely independent of the ultrasoft gluon field. Similarly, one can decouple the
ultrasoft gluons from collinear gluons by applying the BPS field redefinition to L(0)

ng . This makes
the ultrasoft-collinear decoupling manifest at the Lagrangian level. However, the coupling has
not completely disappeared, but has moved into the currents. For example, the dijet current
eq. (2.107) is transformed as

JSCET = (ξ̄n2Wn2) Γ (W †n1ξn1)

=
(
ξ̄(0)
n2 Y

†
n2

)(
Yn2W

(0)
n2 Y

†
n2

)
Γ
(
Yn1W

(0)†
n1 Y †n1

)(
Yn1ξ

(0)
n1

)
= ξ̄(0)

n2 W
(0)
n2 Y

†
n2 ΓYn1W

(0)†
n1 ξ(0)

n1

= χ̄(0)
n2 Y

†
n2 ΓYn1χ

(0)
n1 . (2.118)

This example shows that the ultrasoft interactions move from the Lagrangian into the cur-
rent, which is now a product of the factorized sectors (n1-collinear)×(ultrasoft)×(n2-collinear),
where the ultrasoft Wilson lines ensure ultrasoft gauge invariance.

2.3.4. SCETII

SCETII is characterized by collinear modes pµc ∼ Q(λ2, 1, λ) and soft modes pµs ∼ Q(λ, λ, λ), see
fig. 2.5b. This implies that interactions of soft and collinear modes lead to off-shell propagators,
pµs + pµc ∼ Q(λ, 1, λ), which must be integrated out when constructing the EFT, similar to the
derivation of the collinear Wilson line Wn. The resulting soft Wilson line [92]

Sn(x) = P exp
(

ig
∫ 0

−∞
ds n · As(x+ ns)

)
=
∑

perms
exp

( −g
n · P n · As(x)

)
(2.119)

is thus a fundamental object of the EFT. It naturally appears in the currents to ensure invari-
ance under soft gauge transformations.

SCETII can be constructed from SCETI by a subsequent matching [104],

QCD −→ SCETI −→ SCETII . (2.120)

This employs that ultrasoft modes of the intermediate SCETI theory and soft modes of the final
SCETII theory scale identically, and that the leading collinear Lagrangians in both theories
have the same form. This proceeds in three steps:

1. Match QCD onto SCETI with ultrasoft and hard-collinear modes,

pµus ∼ Q(λ, λ, λ) , pµhc ∼ Q(λ, 1,
√
λ) . (2.121)



32 Chapter 2. QCD and collider physics

2. Factorize ultrasoft-collinear interactions through the BPS field redefinition eq. (2.114).

3. Match onto SCETII by taking Yn → Sn and lowering the virtuality of the collinear
modes,

pµus ∼ Q(λ, λ, λ) → pµs ∼ Q(λ, λ, λ) , (2.122)

pµhc ∼ Q(λ, 1,
√
λ) → pµc ∼ Q(λ2, 1, λ) . (2.123)

For example, the QCD dijet current eq. (2.97) is matched onto

JQCD = q̄ Γq
(1)−→ χ̄n2Γχn1

(2)−→ χ̄(0)
n2 Y

†
n2 ΓYn1χ

(0)
n1

(3)−→ χ̄(0)
n2 S

†
n2 ΓSn1χ

(0)
n1 , (2.124)

and similarly the gluon current is matched onto

JQCD = GµνGµν

(1)−→ Bµn1⊥Bn2⊥,µ

(2)−→ B(0)µ
n1⊥Y

†
n1Yn2B

(0)
n2⊥,µ

(3)−→ B(0)µ
n1⊥S

†
n1Sn2B

(0)
n2⊥,µ , (2.125)

where S and Y are Wilson lines in the adjoint representation.

Rapidity divergences

SCETII is constructed to distinguish soft modes ps ∼ Q(λ, λ, λ) from collinear modes pn ∼
Q(λ2, 1, λ). These modes are separated in rapidity Y = ln(p−/p+)/2, while they have the
same virtuality p2

n ∼ p2
s ∼ Q2λ2. To cleanly separate them thus requires one to explicitly

break boost invariance. This is illustrated in fig. 2.10, where the dashed lines indicate how
the mass hyperbola has to be split to avoid “sliding” from the collinear to the soft region.
This cannot be achieved through dimensional regularization only, which itself is only sensitive
to the common virtuality p2

n ∼ p2
s ∼ Q2λ2. More explicitly, a collinear loop integral ddpc

will always overlap with a soft loop integral ddps. Without an additional regulator, this gives
rise to a new type of divergence, often referred to as rapidity divergences as they reflect the
separation in rapidity of soft and collinear sectors.

Many different rapidity regulators are known in the literature. In the context of factorization
as derived by Collins, Soper and Sterman (CSS), originally a non-lightlike axial gauge was
employed [67], whereas in recent work Wilson lines off the light cone are used [84, 105]. In
SCET one encounters the analytic regulator acting on eikonal propagators [106–108], the
η regulator inserted into Wilson lines [74, 109], the δ regulator adding a mass to eikonal
propagators [72,110], and the exponential regulator acting on the phase space [111].
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Q
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p2 = λ2Q2

p2 = Q2

Fig. 2.10.: Illustration of rapidity divergences arising from collinear and soft modes having
the same virtuality p2 ∼ λ2Q2. The divergences are regulated by breaking boost invariance
to separate soft (orange dashed) and collinear (green solid) modes, as indicated by the long-
dashed lines.

We will employ the η regulator of refs. [74, 109]. It is implemented by modifying both
collinear and soft Wilson lines, eqs. (2.101) and (2.119), as

Wn(x) =
∑

perms
exp

(−gw2

n̄ · P
|n̄ · Pg|−η
ν−η

n̄ · An(x)
)
, (2.126)

Sn(x) =
∑

perms
exp

(−gw
n · P

|2Pg3|−η/2
ν−η/2

n · As(x)
)
. (2.127)

This regulator affects the longitudinal momentum flowing through the Wilson line5 and thereby
breaks boost invariance, which is however restored after adding collinear and soft sectors.
This automatically introduces a new scale ν, similar to the emergence of µ in dimensional
regularization. The ν independence of physical observables will ultimately allow one to resum
the rapidity divergences to all orders. w is a book-keeping parameter which in the end will be
set to 1, but is required to ensure ν-independence of the regulated Wilson line,

ν
dw
dν = −η2w . (2.128)

analogous to the ε dependence of the QCD beta function eq. (2.12). The different powers of
η and the relative factor of 2 are fixed by demanding that the regulator drops out in the sum
over collinear and soft sectors to reproduce the full-theory result.

Example

To illustrate the difference between SCETI and SCETII observables we consider the Drell-Yan-
like process of sec. 2.1 with an explicit measurementM. The contribution from soft emissions

5Pg is the total group momentum flowing through a connected web, see ref. [74] for details. The distinction
from the loop momentum kµ only becomes relevant beyond NLO.
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is given by integrating eq. (2.29) over its phase space,

dσ̂
dM = σ̂(0)

∫
dφk δ

(M−M̂(k)
)4g2CF

k2
T

. (2.129)

(This precisely corresponds to the soft function of a factorization theorem, which will be
introduced in sec. 3.1 for the transverse momentum spectrum.)

We carry out the phase space integral in d = 4 − 2ε dimension, including the regulator
eq. (2.127). There is a scheme dependence how to extend the measurement to d dimensions.
We choose to extend the transverse momentum in d− 2 dimensions,

M̂(k+, k−, kT ) −→ M̂
(
k+, k−, k

(2−2ε)
T

)
. (2.130)

The integral can now be evaluated as

Is(M) =
∫

dφk δ
(M−M̂(k)

) 4g2CF
k2
T

−→
∫ d4−2εk

(2π)3−2εµ
2ε δ+(k2)× δ(M−M̂(k)

)4g2CF
k2
T

× w2 |2kz|−η
ν−η

= αsCF
π2

w2µ2ενηΩ2−2ε
(2π)−2ε

∫ ∞
−∞

dk−
∫ ∞
−k−

dk+
∫ ∞

0
dkT k−1−2ε

T

× δ(k+k− − k2
T )δ

(M−M̂(k+, k−, kT )
)∣∣k− − k+∣∣−η . (2.131)

A SCETI measurement cannot be sensitive to only kT and typically fixes the k± components.
In this case the prototypical measurement is δ

(M−M̂(k)
)

= δ(k− − ω−)δ(k+ − ω+),

Is(ω+, ω−) = αsCF
π2

w2µ2ενηΩ2−2ε
(2π)−2ε

∫ ∞
0

dkT k−1−2ε
T × δ(ω+ω− − k2

T )
∣∣ω− − ω+∣∣−η

= αsCF
2π2

w2µ2ενηΩ2−2ε
(2π)−2ε (ω+)−1−ε(ω−)−1−ε∣∣ω− − ω+∣∣−η . (2.132)

As anticipated, there are no rapidity divergences and we can let η → 0, as all divergences are
regulated by dimensional regularization. Physically, measuring k+ and k− fixes the rapidity
of the soft function such that there is no overlap with the collinear sector.

In contrast, if we measure the transverse momentum, δ
(M−M̂(k)

)
= δ(p2

T − k2
T ), we find

Is(p2
T ) = αsCF

2π2
w2µ2ενη

(2π)−2ε Ω2−2εp
−2−2ε
T

∫ ∞
0

dk−

k−

∣∣∣∣k− − p2
T

k−

∣∣∣∣−η . (2.133)

Without the additional regulator, this integral would diverge in the limits k− → 0 and k− →
∞, which precisely corresponds to transitioning into the collinear regions, see fig. 2.10. The
regulated integral is finite, and we obtain

Is(p2
T ) = αsCF

2π2
w2µ2ενη

(2π)−2ε
2π1−ε

Γ(1− ε)p
−2−2ε−η
T

Γ
(1

2 −
η
2
)
Γ
(η

2
)

2η
√
π

. (2.134)

The rapidity divergence is now manifest as a pole at η = 0. Note that if we would integrate
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eq. (2.134) over pT , the integral would vanish in dimensional regularization, as mentioned in
sec. 2.2. It is only due to the pT measurement that we obtain a nontrivial soft factor.

Letting µ2ε → µ2εeεγE/(4π)ε (MS scheme) and using the relation

µ2εp−2−2ε−η
T = 1

µ2+η

(
µ2

~p2
T

)1+ε+η/2
= −2πµ−η

2ε+ η
δ(~pT ) + 1

µ2+η

[(
µ2

~p2
T

)1+ε+η/2]µ
+

, (2.135)

where the plus distribution in two dimensions is defined through (see appendix C for more
details)

[
f(~pT )

]µ
+ = f(~pT ) , |~pT | > 0 ,∫

|~pT |≤µ
d2~pT

[
f(~pT )

]µ
+ = 0 , (2.136)

we can now expand eq. (2.134) first in η → 0 and then in ε→ 0, giving

Is(p2
T ) = αsCFw

2
[
δ(~pT )

( 1
ε2
− 2
εη

+ 1
ε

ln µ
2

ν2 −
π2

12

)

+ 2
η
L0(~pT , µ)− ln µ

2

ν2L0(~pT , µ)− L1(~pT , µ)
]
. (2.137)

Here we introduced the definition

Ln(~pT , µ) = 1
πµ2

[
µ2

~p2
T

lnn ~p
2
T

µ2

]µ
+
. (2.138)

Eq. (2.137) shows that regulating rapidity divergences is crucial to ensure a well-defined func-
tion. The explicit poles in η are associated with rapidity logarithms. Renormalizing these
divergences gives rise to renormalization group equations that can be used to resum the loga-
rithms to all orders in perturbation theory. This rapidity RGE will be introduced in the next
chapter.
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Chapter 3.

Factorization of transverse momentum
distributions

The factorization theorem for transverse momentum distributions has originally been derived
by Collins, Soper and Sterman (CSS) in refs. [67–69] using methods of perturbative QCD. A
key ingredient of the transverse momentum spectrum is the appearance of rapidity divergences,
as discussed in sec. 2.3.4. In the original CSS approach, they were regulated by using a non-
lightlike axial gauge [67], whereas in recent work Wilson lines off the light cone are used
[84,105]. The method was applied and extended in refs. [52, 56,58,60,84,112–121].

With the advent of SCET, the factorization theorem has been rederived by various groups
using different regulators. Refs. [59, 70, 71] employ the analytic regulator acting on eikonal
propagators [106–108]. The δ regulator [72, 110], which adds a mass to eikonal propagators,
was used in refs. [72,73,122]. The η regulator described in sec. 2.3.4 was introduced and applied
in refs. [74, 109], and recently the exponential regulator was introduced in ref. [111]. For all
of these approaches, the relevant fixed-order ingredients are currently known to NNLO [123–
128], and partially even to N3LO [63]. A recent review of transverse momentum dependent
factorization and evolution can be found in ref. [129].

Since the factorization theorem is the basis of the resummation carried out in chapters 4
and 5, we first show its derivation in sec. 3.1. We work in the SCET label formalism, in which
the derivation has never been published in full detail, following the procedure of ref. [130].
We then summarize the renormalization group equations in sec. 3.2 and briefly discuss the
transverse momentum dependent (TMD) beam functions in sec. 3.3. These results can be
found e.g. in refs. [74, 126] using the η regulator employed in the following.

3.1. Factorization in SCET

We consider the production of a color-singlet (leptonic) final state L with momentum pµL ≡ qµ
and invariant mass Q =

√
q2 in a proton-proton collision. In light-cone coordinates, the

momentum is parameterized as

qµ = q−
nµ

2 + q+ n̄
µ

2 + qµ⊥ , (3.1)

where nµ = (1, 0, 0, 1) and n̄µ = (1, 0, 0,−1) are aligned with the incoming protons. It follows
that

q2 = q+q− − q2
T , (3.2)

where q2
T = −q2

⊥ is the Euclidean transverse momentum. For qT � Q we obtain the scaling

qµ ∼ Q(1, 1, λ) , (3.3)
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where the power counting parameter is

λ = qT
Q
� 1 . (3.4)

Any radiation recoiling against L must hence be either collinear or soft,

pn ∼ Q(1, λ2, λ) , pn̄ ∼ Q(λ2, 1, λ) , ps ∼ Q(λ, λ, λ) , (3.5)

which corresponds to a SCETII situation. Note that we do not consider Glauber modes, but
their cancellation has been shown in the CSS formalism [84,131].

To see how the transverse momentum arises from QCD radiation, we measure ~qT indirectly
as the sum ~pT of all hadronic radiation,

dσ
dQ2dY d2~pT

= 1
2E2

cm

∫ d2~qT
2(2π)4

∫
dφL

1
4
∑
spins

∑∫
X

∣∣∣M(pnpn̄ → L+X)
∣∣∣2

× (2π)4δ4(Pn + Pn̄ − q − pX) (2π)4δ4(q − pL)δ(~pT +~pT,X) , (3.6)

where the rapidity Y is related to the light-cone coordinates by

Y = 1
2 ln q

−

q+ , q± = e∓Y
√
q2 + q2

T . (3.7)

Here φL is the phase space of the produced final state L. The sum over X runs over all
possible intermediate states and includes their respective phase space integrals. The momenta
of the incoming protons pn, pn̄ are defined as Pn, Pn̄. We also made the spin sum and average
explicit, which will be suppressed in the following. Note that for ease of notation we always
suppress the superscript in two-dimensional delta functions, δ2(~pT +~pT,X) ≡ δ(~pT +~pT,X), as
they are clearly marked by the vector notation.

At leading order in the electroweak interaction, we can factorize the matrix element into a
leptonic and hadronic part,

M(pnpn̄ → L+X) =
∑
J

〈X| J |pn̄pn〉LJ , (3.8)

where the sum runs over all mediating currents J . This allows us to rewrite eq. (3.6) as

dσ
dQ2dY d2~pT

= 1
2E2

cm

∫ d2~qT
2(2π)4

∑
J,J ′

WJJ ′(q,~pT )LJJ ′(q) . (3.9)

where the leptonic and hadronic tensors are defined as

LJJ ′(q) =
∫

dφL L†JLJ ′ (2π)4δ4(q − pL) (3.10)

WJJ ′(q,~pT ) =
∑∫
X

〈pnpn̄| J†(0) |X〉 〈X| J ′(0) |pn̄pn〉

× (2π)4δ4(Pn + Pn̄ − q − pX)δ(~pT +~pT,X) . (3.11)
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We now define an operator that explicitly picks out the transverse momentum of X,

P̂⊥ |X〉 = ~pT,X |X〉 . (3.12)

To distinguish it from the SCET label operator P we dress P̂⊥ with a hat. Using momentum
conservation to shift the current J† and performing the sum over all X, eq. (3.11) becomes

WJJ ′(q,~pT ) =
∫

d4x eix·(Pn+Pn̄−q−pX)∑∫
X

〈pnpn̄| J†(0) |X〉 〈X| J ′(0) |pn̄pn〉 δ(~pT +~pT,X)

=
∫

d4x e−iq·x∑∫
X

〈pnpn̄| J†(x)δ(~pT + P̂⊥) |X〉 〈X| J ′(0) |pn̄pn〉

=
∫

d4x e−iq·x 〈pnpn̄| J†(x)δ(~pT + P̂⊥)J ′(0) |pn̄pn〉 . (3.13)

Next we match the currents J, J ′ onto SCET by integrating out all hard modes of virtuality
∼ q2. The most general SCET current for production of a scalar color-singlet particle is

JSCET(x) =
∑
n1,n2

∫
dω1 d2~pT,1

∫
dω2 d2~pT,2

∫
d4ps e

−i(p1+p2+ps)·x (3.14)

×
[∑
q

Cαβqq̄ (ω1, ω2)Oqq̄ αβ(p1, p2, ps;x) + Cµνgg (ω1, ω2)Ogg µν(p1, p2, ps;x)
]
,

where the label momenta pµs and

pµi = ωi
nµi
2 + pµ⊥,i (3.15)

have a definite O(λ) scaling and x corresponds to a purely residual O(λ2) momentum. The
SCETII operators [see also eqs. (2.124) and (2.125)]

Oαβqq̄ (p1, p2, ps;x) = χ̄
(0)αj
n1,−p1(x)T

[
δ4(ps − Ps)S†n1(x)Sn2(x)

]jk
χ(0)βk
n2,p2 , (3.16)

Oµνgg (p1, p2, ps;x) =
√
ω1ω2B(0)µa

n1⊥,−p1
(x)T

[
δ4(ps − Ps)S†n1(x)Sn2(x)

]ab
B(0) νb
n2⊥,−p2

(x) (3.17)

are expressed through quark and gluon fields with definite momentum [see eq. (2.110)],

χ(0)βk
ni,pi (x) =

[
δ(ωi − n̄i · Pni)δ(~pT,i − P⊥ni)χ(0)βk

ni (x)
]

B(0)µa
ni⊥,−pi(x) =

[
δ(ωi − n̄i · Pni)δ(~pT,i − P⊥ni)B

(0)µa
ni⊥ (x)

]
. (3.18)

In eqs. (3.14) – (3.18), αβ are spinor indices, µν are vector indices, and j, k and a, b are color
indices in the fundamental and adjoint representation. The Pi are the SCET label operators
and S and S are soft Wilson lines in the fundamental and adjoint representation. The time
ordering in eqs. (3.16) and (3.17) ensures the proper order of the soft gluon fields in the Wilson
lines, such that one does not need to make incoming and outgoing Wilson lines explicit. The
signs in eq. (3.18) are chosen such that incoming particles have ω1,2 > 0.

From now on we drop the superscript (0) of BPS-transformed fields. We also focus only on
the gluon current which dominates Higgs production. The quark current proceeds analogously.
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Plugging eq. (3.14) into eq. (3.13) gives

Wgg(q,~pT ) =
∑

n1,n2,n′1,n
′
2

∫
dω1 d2~pT,1 dω2 d2~pT,2 d4ps

∫
dω′1 d2~p′T,1 dω′2 d2~p′T,2 d4p′s

×
∫

d4x e−iq·xei(p1+p2+ps)·x (Cµνgg )†(ω1, ω2)Cµ′ν′gg (ω′1, ω′2)

× 〈pnpn̄| O†gg µν(p1, p2, ps;x)δ(~pT + P̂⊥)Ogg µ′ν′(p′1, p′2, p′s; 0) |pn̄pn〉 . (3.19)

Since the SCET Lagrangian is linear in the collinear and soft sectors, we can split the operator
P̂⊥ into the three label operators acting in each sector,

P̂⊥ = P⊥n + P⊥n̄ + P⊥s +O(λ) . (3.20)

This allows one to also split the measurement function as

δ(~pT + P̂⊥) =
∫

d2~kn d2~kn̄ d2~ks δ(~pT + ~kn + ~kn̄ + ~ks)

× δ(~kn − P⊥n) δ(~kn̄ − P⊥n̄) δ(~ks − P⊥s) . (3.21)

Returning to eq. (3.19), we need to match up the ni, n′i with n and n̄. With the restriction
that fields with label ω > 0 annihilate incoming particles, there are four possible matchings.
Making only the first one explicit, the matrix element in eq. (3.19) becomes

〈pnpn̄| O†gg νµ(p1, p2, ps;x)δ(~pT + P̂⊥)Ogg µ′ν′(p′1, p′2, p′s; 0) |pn̄pn〉

=
∫

d2~kn d2~kn̄ d2~ks δ(~pT + ~kn + ~kn̄ + ~ks)×
[
δn1,nδn2,n̄δn′1,nδn′2,n̄

]
× θ(ω1)θ(ω′1)

√
ω1ω′1

〈
pn
∣∣∣Bµan⊥, p1

(x)δ(~kn − P⊥n)Bµ′a′n⊥,−p′1
(0)
∣∣∣pn〉

× θ(ω2)θ(ω′2)
√
ω2ω′2

〈
pn̄
∣∣∣Bνbn̄⊥, p2(x)δ(~kn̄ − P⊥n̄)Bν′b′n̄⊥,−p′2

(0)
∣∣∣pn̄〉

×
〈

0
∣∣∣T[δ4(ps − Ps)S†n̄(x)Sn(x)

]ba
δ(~ks − P⊥s)T

[
δ4(p′s − Ps)S†n(0)Sn̄(0)

]a′b′ ∣∣∣0〉
+ perms . (3.22)

Here, we split the protonic matrix element in eq. (3.19) into a n-collinear, n̄-collinear and
soft matrix element using eq. (3.21). The bracket in the second line shows how we chose the
collinear directions ni, which allows us to match the collinear fields with their corresponding
matrix elements. The θ-functions ensure that the fields annihilate an incoming parton with
positive momentum.

We now employ momentum conservation in each matrix element. For example, in the n-
collinear matrix element momentum conservation requires both collinear quark fields to carry
the same momentum, p1 = p′1, and likewise we find p2 = p′2 and ps = p′s in the n̄-collinear and
soft matrix elements. We also express the definite label momenta through the SCET label
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operator, eq. (3.18), which gives [recall eq. (3.15), pi = ωini/2 +~pT,i],

〈pnpn̄| O†gg νµ(p1, p2, ps;x)δ(~pT + P̂⊥)Ogg µ′ν′(p′1, p′2, p′s; 0) |pn̄pn〉

=
∫

d2~kn d2~kn̄ d2~ks δ(~pT + ~kn + ~kn̄ + ~ks)×
[
δn1,nδn2,n̄δn′1,nδn′2,n̄

]
× δ(ω1 − ω′1)δ(~pT,1 −~p′T,1)δ(ω2 − ω′2)δ(~pT,2 −~p′T,2)δ4(ps − p′s)
× θ(ω1)ω1

〈
pn
∣∣∣Bµan⊥(x)δ(ω1 − Pn)δ(~pT,1 − P⊥n)δ(~kn − P⊥n)Bµ′a′n⊥ (0)

∣∣∣pn〉
× θ(ω2)ω2

〈
pn̄
∣∣∣Bνbn̄⊥(x)δ(ω2 − P n̄)δ(~pT,2 − P⊥n̄)δ(~kn̄ − P⊥n̄)Bν′b′n̄⊥ (0)

∣∣∣pn̄〉
×
〈

0
∣∣∣T[S†n̄(x)Sn(x)

]ba
δ4(ps − Ps)δ(~ks − P⊥s)T

[
S†n(0)Sn̄(0)

]a′b′∣∣∣0〉
+ perms . (3.23)

The remaining permutations can flip n↔ n̄ in the primed and/or unprimed operators. They
can always be absorbed using the symmetry of the Wilson coefficient,

Cµν(ω1, ω2) = Cνµ(ω2, ω1) , (3.24)

and parity invariance of QCD to flip the directions of the Wilson lines, and hence just con-
tribute an overall factor of 4. Plugging eq. (3.23) back into eq. (3.19), we can eliminate the
integrals over the primed momenta and the hadronic tensor becomes

Wgg(q,~pT ) = 4
∫

d2~kn d2~kn̄ d2~ks δ(~pT + ~kn + ~kn̄ + ~ks)
∫

dω1 d2~pT,1 dω2 d2~pT,2 d4ps

×
∫

d4x e−iq·xei(p1+p2+ps)·x C† νµgg (ω1, ω2)Cµ′ν′gg (ω1, ω2)

× θ(ω1)ω1
〈
pn
∣∣∣Bµan⊥(x)δ(ω1 − Pn)δ(~pT,1 − P⊥n)δ(~kn − P⊥n)Bµ′a′n⊥ (0)

∣∣∣pn〉
× θ(ω2)ω2

〈
pn̄
∣∣∣Bνbn̄⊥(x)δ(ω2 − P n̄)δ(~pT,2 − P⊥n̄)δ(~kn̄ − P⊥n̄)Bν′b′n̄⊥ (0)

∣∣∣pn̄〉
×
〈

0
∣∣∣T[S†n̄(x)Sn(x)

]ba
δ4(ps − Ps)δ(~ks − P⊥s)T

[
S†n(0)Sn̄(0)

]a′b′ ∣∣∣0〉 . (3.25)

The three matrix elements in eq. (3.25) still depend on the residual coordinate x, which
can partially be absorbed in the continuous label momenta. We make this explicit for the
soft matrix element, which we abbreviate as Ms(ps,~ks;x). Here ~ks is the measured transverse
momentum and ps is the continuous soft label momentum. If we had started with discrete
labels p̃s, we could convert to a continuous label ps as follows:

∑
p̃s

eip̃s·xMs(p̃s,~ks;x) =
∑
p̃s

∫
d4q̃s e

i(p̃s+q̃s)·xMs(p̃s + q̃s,~ks; 0)

=
∫

d4ps e
ips·xMs(ps,~ks; 0) , (3.26)

where in the second step we used that by reparameterization invariance the matrix element
can only depend on the sum p̃s+ q̃s. We then combined the label sum and residual integration
to a continuous integration. This allows us to drop the x dependence in the soft matrix
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element. Analogously, we can absorb the x+, ~x⊥ dependence in the n-collinear matrix element
and the x−, ~x⊥ dependence in the n̄-collinear matrix element into the label momenta ω1,~pT,1
and ω2,~pT,2. Note that this does not affect the measured momenta ~kn,n̄,s, illustrating that the
measurement is insensitive to the residual coordinate x⊥, or equivalently to residual momenta.

The remaining x dependence can in fact also be dropped because the exponential in eq. (3.25)
only conserves label momenta. To show this more formally, we Fourier transform the collinear
matrix elements as (we make only the xµ dependence explicit)

Mn(x−) = θ(ω1)ω1
〈
pn
∣∣∣Bµan⊥(x−)δ(ω1 − Pn)δ(~pT,1 − P⊥n)δ(~kn − P⊥n)Bµ′a′n⊥ (0)

∣∣∣pn〉
=
∫ dk+

2π eix−k+/2M̃n(k+) , (3.27)

Mn̄(x+) = θ(ω2)ω2
〈
pn̄
∣∣∣Bνbn̄⊥(x+)δ(ω2 − P n̄)δ(~pT,2 − P⊥n̄)δ(~kn̄ − P⊥n̄)Bν′b′n̄⊥ (0)

∣∣∣pn̄〉
=
∫ dk−

2π eix+k−/2M̃n̄(k−) . (3.28)

Then the overall x-integral in eq. (3.25) can be carried out as∫
d4x e−iq·xei(p1+p2+ps)·xMn(x−)Mn̄(x+)Ms(0)

=
∫ dk+dk−

(2π)2 (2π)4δ4(p1 + p2 + ps + k − q)M̃n(k+)M̃n̄(k−)Ms(0)

= Mn(0)Mn̄(0)Ms(0) 2(2π)4δ(ω1 − q−)δ(ω2 − q+)δ(~qT −~pT,1 −~pT,2 −~pT,s) +O(λ) ,

where we expanded the δ-function in λ and carried out the Fourier transform of k+, k−.

Having absorbed respectively dropped the complete dependence on x, we can again use
momentum conservation to fix ~pT,1 = ~kn, ~pT,2 = ~kn̄ and ~pT,s = ~ks in eq. (3.25). The soft
matrix element in eq. (3.25) still contains the components p±s , which however do not contribute
to the measurement and hence can simply be integrated over. Carrying out the color sum we
obtain our final result for the hadronic tensor,

Wgg(q,~pT ) = 8(2π)4

N2
c − 1C

†
gg νµ(q−, q+)Cgg µ′ν′(q−, q+)δ(~qT −~pT ) (3.29)

×
∫

d2~kn d2~kn̄ d2~ks δ(~qT − ~kn − ~kn̄ − ~ks)Bµµ′
gn (q−,~kn)Bνν′

gn̄ (q+,~kn̄)Sg(~ks) ,

where we defined the gluon beam function and soft function as

Bµµ′
g n (ωi,~ki) = θ(ωi)ωi

1
2
∑
spin

〈
pn
∣∣∣Bµn⊥(x)δ(ωi − Pn)δ(~ki − P⊥n)Bµ′n⊥(0)

∣∣∣pn〉 , (3.30)

Sg(~ks) = 1
N2
c − 1

〈
0
∣∣∣Tr
{

T
[S†n̄(x)Sn(x)

]
δ(~ks − P⊥s)T

[S†n(0)Sn̄(0)
]}∣∣∣0〉 . (3.31)

Note the appearance of δ(~qT −~pT ) in eq. (3.29), which is precisely the statement that the QCD
radiation determines the transverse momentum of the final state. We obtain the factorized
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cross section eq. (3.9) for gluon fusion as

dσ
dQ2dY d2~qT

= σ0

∫
d2~kn d2~kn̄ d2~ks δ(~qT − ~kn − ~kn̄ − ~ks)

× C†gg νµ(q−, q+)Cgg µ′ν′(q−, q+)Bµµ′
gn (q−,~kn)Bνν′

gn̄ (q+,~kn̄)S(~ks)

≡ σ0H(q−, q+)µνµ′ν′ Bµµ′
gn (q−,~qT )⊗~qT B

νν′
gn̄ (q+,~qT )⊗~qT Sg(~qT ) . (3.32)

Here, σ0 contains the overall normalization and the leptonic factor,

σ0 = 1
2E2

cm

4(2π)4

N2
c − 1

∫
dφL δ4(q − pL) |L(φL)|2 , (3.33)

H is the hard function defined as the square of the Wilson coefficient,

H(q−, q+)µνµ′ν′ = C† νµgg (q−, q+)Cµ′ν′gg (q−, q+) , (3.34)

and the two-dimensional convolution is defined as [see also appendix A.2]

f(~qT )⊗~qT g(~qT ) ≡
∫

d2~k1d2~k2 f(~k1)g(~k2)δ(~qT − ~k1 − ~k2) . (3.35)

For completeness we also give the factorization theorem for quark induced processes,

dσ
dQ2dY d2~qT

= σ0H(q−, q+)Bq(q−,~qT )⊗~qT Bq(q
+,~qT )⊗~qT Sq(~qT ) , (3.36)

where the normalization is

σ0 = (2π)3

2E2
cmNc

∫
dφL δ4(q − pL) |L(φL)|2 (3.37)

and hard, beam and soft functions are given by

H(q−, q+) = Tr
(
/n

2 C̄qq̄
/̄n

2Cqq̄
)
, (3.38)

Bq n(ωi,~ki) = θ(ωi)
1
2
∑
spin

〈
pn
∣∣∣χ̄n(0)δ(ωi − Pn)δ(~ki − P⊥n)

/̄n

2χn(0)
∣∣∣pn
〉
, (3.39)

Sq(~ks) = 1
Nc

〈
0
∣∣∣Tr
{

T
[
S†n̄(x)Sn(x)

]
δ(~ks − P⊥s)T

[
S†n(0)Sn̄(0)

]}∣∣∣0〉 , (3.40)

The analogous derivation using the SCET label formalism can be found in ref. [132]. Note
that quark beam functions do not carry vector indices, and that the soft function contains
Wilson lines S in the fundamental representation.

The factorized cross sections eqs. (3.32) and (3.36) are valid up to power correctionsO(qT /Q)
by construction of the effective theory. It states that at leading power in qT /Q, all hadronic
radiation lives at the scale µ ∼ qT and is either collinear to the incoming protons, described
by the two beam functions, or is isotropic soft radiation described by the soft function. The
underlying hard process, e.g. gluon fusion Higgs production gg → H, is only sensitive to hard
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Fig. 3.1.: Illustration of the hard (blue), collinear (green) and soft (orange) modes contributing
to the TMD spectrum at leading power. Figure courtesy to Frank Tackmann.

modes µ ∼ Q and described by the hard function. This is illustrated in fig. 3.1, where a typical
LHC event is dissected into collinear (green), soft (orange) and hard modes (blue).

3.2. Renormalization group equations

The bare hard, beam, and soft functions are divergent quantities and require renormalization.
As discussed in sec. 2.3.4, beam and soft functions suffer from ultraviolet and rapidity diver-
gences. The latter are regularized using the η regulator, inducing a rapidity scale ν besides the
standard renormalization scale µ. Rapidity divergences are sensitive to the transverse momen-
tum and hence renormalized through a convolution. Note that the logarithmic structure of
the renormalization group equations is identical for the quark and gluon case, up to different
cusp and noncusp anomalous dimensions. We hence drop all indices q, g and suppress the
vector indices for gluon beam functions, as well as the explicit light cone direction n. We first
summarize all RGEs, and give the explicit example of the one-loop quark soft function at the
end of the section. We renormalize the bare functions as

Hbare(Q) = ZH(Q,µ)H(Q,µ) , (3.41)

Bbare(ω,~pT ) =
∫

d2~kT ZB(~pT − ~kT , ω, µ, ν)B(ω,~kT , µ, ν) , (3.42)

Sbare(~pT ) =
∫

d2~kT ZS(~pT − ~kT , µ, ν)S(~kT , µ, ν) . (3.43)

Independence of the renormalization scale µ induces the renormalization group equations

µ
d

dµH(Q,µ) = γH(Q,µ)H(Q,µ) , (3.44)

µ
d

dµB(ω,~pT , µ, ν) = γB(ω, µ, ν)B(ω,~pT , µ, ν) , (3.45)

µ
d

dµS(~pT , µ, ν) = γS(µ, ν)S(~pT , µ, ν) , (3.46)
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where the anomalous dimensions are defined as

γH(Q,µ) = −Z−1
H (Q,µ)× µ d

dµZH(Q,µ) , (3.47)

δ(~pT ) γB(ω, µ, ν) = −Z−1
B (~pT , ω, µ, ν)⊗~pT µ

d
dµZB(~pT , ω, µ, ν) , (3.48)

δ(~pT ) γS(µ, ν) = −Z−1
S (~pT , µ, ν)⊗~pT µ

d
dµZS(~pT , µ, ν) (3.49)

The beam and soft anomalous dimension require to invert the counterterm in convolution
space, which is defined as

Z−1(~pT )⊗~pT Z(~pT ) = δ(~pT ) . (3.50)

Despite this more complicated structure, γB and γS are proportional to δ(~pT ), as the beam
and soft µ evolution must be diagonal in convolution space by consistency with the µ evolution
of the hard function.

The all-order structures of the anomalous dimensions are given by

γH(Q,µ) = 4Γcusp[αs(µ)] ln Q
µ

+ γH [αs(µ)] , (3.51)

γB(ω, µ, ν) = 2Γcusp[αs(µ)] ln ν

ω
+ γB[αs(µ)] , (3.52)

γS(µ, ν) = 4Γcusp[αs(µ)] ln µ
ν

+ γS [αs(µ)] , (3.53)

where Γcusp(αs) is the cusp anomalous dimension and γf (αs) are the noncusp anomalous
dimensions. By µ independence of the cross section they fulfill

γH(αs) + 2γB(αs) + γS(αs) = 0 . (3.54)

The rapidity evolution equations are given by convolutions

ν
d

dνB(ω,~pT , µ, ν) =
∫

d2~kT γν,B(~pT − ~kT , µ)B(ω,~kT , µ, ν) , (3.55)

ν
d

dν S(~pT , µ, ν) =
∫

d2~kT γν,S(~pT − ~kT , µ)S(~kT , µ, ν) , (3.56)

where the anomalous dimensions are defined through

γν,B(~pT , µ) = −Z−1
B (~pT , ω, µ, ν)⊗~pT ν

d
dνZB(~pT , ω, µ, ν) , (3.57)

γν,S(~pT , ν) = −Z−1
S (~pT , µ, ν)⊗~pT ν

d
dνZS(~pT , µ, ν) . (3.58)

The ν independence of the cross section implies that there is only one independent anomalous
dimension, which we take to be

γν(~pT , µ) ≡ γν,S(~pT , µ) = −2γν,B(~pT , µ) . (3.59)



46 Chapter 3. Factorization of transverse momentum distributions

Since the µ and ν derivatives commute,

µ
d

dµν
d

dν S(~pT , µ, ν) = ν
d

dν µ
d

dµS(~pT , µ, ν) , (3.60)

the two types of anomalous dimension are related by a consistency equation

µ
d

dµγν(~pT , µ) = ν
d

dν γS(µ, ν)δ(~pT ) = −4Γcusp[αs(µ)]δ(~pT ) . (3.61)

The renormalization group equations (3.44)–(3.61) encode the all-order logarithmic struc-
ture of the ~qT spectrum. Their precise form depends in particular on the employed rapidity
regulator, but equivalent evolution equations exist in all SCET approaches and the CSS for-
malism. Properly solving the evolution equations resums all large logarithms ln(Q/qT ) in the
spectrum, and will be carried out in chapter 5.

Example: Soft function at one loop

For illustration we explicitly renormalize the quark soft function at one loop in the MS scheme,
working in Feynman gauge. The relevant diagrams are shown in fig. 3.2, up to mirror diagrams.
The virtual diagram is scaleless and vanishes in pure dimensional regularization. The real
diagram exactly corresponds to Is calculated in eq. (2.137). The soft function is then given by

Sbare
q (~pT ) = δ(~pT ) + 1

π
Is(~pT ) +O(α2

s)

= δ(~pT ) + αs
4π
[
Z

(1)
S (~pT , µ, ν) + S(1)

q (~pT , µ, ν)
]

+O(α2
s) . (3.62)

Absorbing the divergences into the counterterm, we find

Z
(1)
Sq

(~pT , µ, ν) = Γq0w2
[
δ(~pT )

( 1
ε2
− 2
εη

+ 1
ε

ln µ
2

ν2

)
+ 2
η
L0(~pT , µ)

]
, (3.63)

S(1)
q (~pT , µ, ν) = Γq0w2

[
−L1(~pT , µ)− ln µ

2

ν2L0(~pT , µ)− δ(~pT )π
2

12

]
, (3.64)

where Γq0 = 4CF . The renormalized quark soft function is obtained as

Sq(~pT , µ, ν) =
∫

d2~kT Z
−1
Sq

(~pT − ~kT , µ, ν)Sbare
q (~kT , µ, ν)

= δ(~pT ) + Γq0αs(µ)
4π

[
−L1(~pT , µ)− ln µ

2

ν2L0(~pT , µ)− δ(~pT )π
2

12

]
, (3.65)

The anomalous dimension follow according to eqs. (3.49) and (3.58),

γqS(µ, ν) δ(~pT ) = −Z−1
Sq
⊗ d

d lnµZSq(~pT , µ, ν) = Γq0αs(µ)
4π 4 ln µ

ν
δ(~pT ) , (3.66)

γqν(~pT , ν) = −Z−1
Sq
⊗ d

d ln νZSq(~pT , µ, ν) = Γq0αs(µ)
4π 2L0(~pT , µ) . (3.67)
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(a) (b)

Fig. 3.2.: One loop diagrams for the TMD soft function, up to mirror diagrams. The double
lines represent the soft Wilson lines in the fundamental representation, the cut measures the
transverse momentum of a real emission. Diagram (a) vanishes in pure dimensional regular-
ization.

This confirms the all-order structure of γS , eq. (3.53), and explicitly fulfills the consistency
eq. (3.61) at one loop.

3.3. Transverse momentum dependent beam functions

The central ingredient of the TMD factorization theorem are transverse momentum depen-
dent beam functions, often also referred to as transverse momentum dependent (TMD) PDFs
because they extend standard PDFs, which only depend on the collinear momentum ω of the
parton, by also measuring its transverse momentum ~pT .

In contrast to ordinary PDFs, the gluon beam function Bµν
g carries a helicity structure, see

eq. (3.30). It can be decomposed into two pieces,

Bµν
g (ω,~pT , µ, ν) = gµν⊥

2 B1(ω,~pT , µ, ν) +
(
gµν⊥
2 −

pµ⊥p
ν
⊥

p2
⊥

)
B2(ω,~pT , µ, ν) , (3.68)

corresponding to an unpolarized (B1) and polarized (B2) component. Here pµ⊥ is the Minkowski
vector and gµν⊥ is the metric with nonzero entries only in the perpendicular directions. The
two components can be projected out using

B1(ω,~pT , µ, ν) = gµν⊥ Bg µν(ω,~pT , µ, ν) , (3.69)

B2(ω,~pT , µ, ν) =
(
gµν⊥ − 2p

µ
⊥p

ν
⊥

p2
⊥

)
Bg µν(ω,~pT , µ, ν) . (3.70)

Beam functions and PDFs are actually closely related. We can perform an operator product
expansion to match the two components onto standard PDFs, up to corrections in ΛQCD/pT :

Bµν
g (ω,~pT , µ, ν) =

∑
i

[
gµν⊥
2 Igi(z,~pT , ω, ν)⊗z fi(z, µ) (3.71)

+
(
gµν⊥
2 −

pµ⊥p
ν
⊥

p2
⊥

)
Jgi(z,~pT , ω, ν)⊗z fi(z, µ)

][
1 +O

(ΛQCD
pT

)]
,
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where z = ω/Ecm is the fraction of the proton momentum carried by the parton. The Mellin
convolution is defined as

f(z)⊗z g(z) =
∫ 1

z

dz′

z′
f(z′)g(z/z′) . (3.72)

Similarly one can match the quark beam function onto the PDF,

Bq(ω,~pT , µ, ν) =
∑
i

Iqi(z,~pT , ω, ν)⊗z fi(z, µ)
[
1 +O

(ΛQCD
pT

)]
. (3.73)

The matching eqs. (3.71) and (3.73) ensure that the dominant nonperturbative contributions
to the protonic matrix elements eqs. (3.30) and (3.39) are given by the standard PDFs, with
corrections suppressed at large transverse momenta pT . When pT . ΛQCD, the TMD beam
functions themselves become genuinely nonperturbative functions that need to be extracted
from data. For LHC processes this is usually only a small correction, but can be crucial in
experiments at low invariant masses Q2.

We conclude by noting that TMDPDFs and PDFs have very different scale evolutions.
While PDFs exhibit flavor mixing, see the DGLAP eqs. (2.46) and (2.47), the flavor of beam
functions is not changed under their evolutions eqs. (3.45) and (3.55). The underlying physical
picture for this different behavior is that TMDPDFs are more exclusive quantities than PDFs.
Measuring the transverse momentum ~pT probes the proton at the scale µ ∼ pT , thereby fixing
the parton type to the one entering the hard process. This is also the scale at which one
matches the beam function onto the PDF, see eq. (3.73), and hence below this scale the flavor
changing PDF evolution still takes place, but is then frozen out at the scale µ ∼ pT , above
which the beam function evolution takes place. In contrast, in inclusive cross sections the
proton is probed only at the hard scale Q of the process, and thus the parton type is only
fixed at the scale µ ∼ Q, allowing flavor mixing in the PDF evolution to take place up to the
hard scale. This generic difference between beam functions and PDFs has been first observed
in ref. [130]. We will see in sec. 6.2 that the flavor-diagonal beam evolution gives a sensitivity
to the initial state of the hard process, allowing one to identify the production mechanisms of
heavy final states.



Chapter 4.

Resummation techniques

We have seen in sec. 2.2 that observables k which resolve soft and collinear radiation on top of
the underlying hard Born process cause large Sudakov double logarithms in the cross section.
They typically arise in the form αns lnm(Q/k) with m ≤ 2n, where Q is the relevant hard
scale of the process. The bulk of the cross section is usually contained in the regime k � Q,
where the logarithms can become large and eventually spoil the convergence of the fixed-order
perturbative expansion. In this regime their resummation to all orders in αs becomes necessary
to obtain a stable and reliable prediction.

Resummation can be carried out either using Monte Carlo techniques such as parton showers,
or analytically based on factorization theorems. These can be derived diagrammatically, as
sketched in sec. 2.2, or using effective field theories like SCET, as explicitly carried out for
transverse momentum distributions in chapter 3. A key property of such factorization theorems
is that they encode the all-order structure of large logarithms through renormalization group
equations (RGEs) of the form

µ
dF (k, µ)

dµ = γF (µ)F (k, µ) , (4.1)

where F represents an ingredient of the factorized cross section and γF is its anomalous
dimension. By properly solving all RGEs one resums the large logarithms ln(k/µ) in each
function F and thereby also in the cross section.

While solving the RGE is straightforward for ordinary functions F such as the hard function,
it becomes more involved when F contains distributions. These naturally arise for many
observables to properly cancel infrared divergences from the limit k → 0, for example for
the transverse momentum spectrum (see sec. 3.2), N -jettiness, with (beam) thrust as special
cases, jet mass and more complicated jet substructure observables.

In this chapter we first review the basic technique to resum large logarithms by solving
RGEs in the simple case of regular functions (sec. 4.1). As a first nontrivial application of
resummation we address in sec. 4.2 the peculiar feature that hard functions in timelike process
contain imaginary-valued logarithms ln(−iQ/µ) and how to resum them, which will be used
in chapter 7 to improve the Higgs rapidity spectrum. We then introduce a new technique
to solve RGEs involving distributions, which essentially allows one to treat distributional
logarithms like ordinary logarithms. The derivation is shown in detail for one-dimensional
observables (sec. 4.3) and then extended to two-dimensional observables (sec. 4.4). This will be
the cornerstone for the resummation of transverse momentum spectra carried out in chapter 5.

Section 4.2 is based on ref. [3], while secs. 4.3 and 4.4 closely follow ref. [2], reflecting the
author’s contribution.

49
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4.1. Basics of resummation

We consider a toy function F (k, µ) containing logarithms ln(k/µ) to be resummed. The all-
order structure of the logarithms is encoded in the toy RGE

µ
dF (k, µ)

dµ = −αs F (k, µ) . (4.2)

Neglecting for simplicity the running of αs, the formal solution to eq. (4.2) is

F (k, µ) = F (k, µ0)U(µ0, µ) , U(µ0, µ) = exp
(
αs ln µ0

µ

)
, (4.3)

where U(µ0, µ) is the evolution kernel with U(µ0, µ0) = 1 and F (k, µ0) is the boundary
condition. Eq. (4.3) exponentiates the logarithms ln(µ/µ0) and hence predicts their all-order
structure in F (k, µ). This is referred to as resummation of the logarithm ln(µ/µ0).

By itself eq. (4.3) only shifts the logarithms ln(k/µ0) in the boundary term F (k, µ0) into
logarithms ln(k/µ) in F (k, µ). This is sufficient if the boundary term is known “exactly” at
the reference scale µ0. This is precisely how logarithms are resummed in PDFs: Solving the
DGLAP eqs. (2.46) and (2.47) correctly evolves the PDF f(z, µ0) measured at some reference
scale µ0 to the PDF f(z, µ) at an arbitrary scale µ, and thereby avoids large logarithms
ln(µ/µ0) to spoil the convergence of the cross section, as they are correctly resummed.

In perturbation theory the purpose of resummation is slightly different, as the boundary
F (k, µ0) can only be calculated to a certain perturbative order. One hence wants to predict
the all-order logarithmic structure through eq. (4.3). This is achieved by choosing a reference
scale µ0 where F (k, µ0) is free of large logarithms. If k is a scalar quantity such that F is an
ordinary function, the logarithmic structure of F takes the generic form

F (k, µ0) = 1 + αs ln k

µ0
+ 1

2α
2
s ln2 k

µ0
+ · · · , (4.4)

where higher-order terms αns lnn(k/µ0) and possible constants are indicated by the ellipses.
Choosing µ0 = k then obviously eliminates all logarithms, and the boundary term

F (k, µ0 = k) = 1 + · · · (4.5)

contains only small finite perturbative corrections and can thus be reliably calculated in per-
turbation theory. Eq. (4.3) then predicts F (k, µ) at an arbitrary scale µ to be

F (k, µ) = (1 + · · · )U(µ0 = k, µ)

= 1 + αs ln k
µ

+ 1
2α

2
s ln2 k

µ
+ · · · , (4.6)

such that the large logarithms ln(k/µ) in F (k, µ) are now fully predicted to all orders in αs
by the evolution kernel U(k, µ) and are hence resummed to all orders in αs.

In summary, the crucial difference between shifting and predicting logarithms in the per-
turbative series is the correct scale choice of µ0 to eliminate logarithms in the boundary term
F (k, µ0). While this is straightforward whenever F (k, µ0) is a regular function, in which case
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one can simply choose µ0 = k to eliminate logarithms in the boundary term, it becomes
considerably more complicated when F (k, µ0) depends on k distributionally. The simplest
example is when the LO boundary term is a pure δ-distribution. In this case eq. (4.3) reads

F (k, µ) = δ(k) exp
(
αs ln µ0

µ

)
, (4.7)

where it is clearly mathematically ill-defined to set µ0 = k. In secs. 4.3 and 4.4 we will solve
this through distributional scale setting µ0 = k|+.

Resummation accuracy

A key advantage of resumming logarithms through RG evolution is that it naturally incorpo-
rates a classification of the achieved resummation accuracy. To specify this classification we
modify the toy example to resemble the typical form of actual RGEs, see e.g. eq. (3.44)–(3.53),

µ
dF (k, µ)

dµ = γF (k, µ)F (k, µ) , (4.8)

γF (k, µ) = −2Γcusp[αs(µ)] ln k
µ
− γF [αs(µ)] . (4.9)

Here Γcusp(αs) is the cusp anomalous dimension and γF (αs) is the constant noncusp piece.
The solution to eq. (4.8) with the proper boundary condition µ0 = k is then

F (k, µ) = F (k, k) exp
[∫ µ

k

dµ′

µ′

(
−2Γcusp[αs(µ′)] ln k

µ′
− γF [αs(µ′)]

)]
= F (k, k) exp

[
Γcusp[αs(µ)] ln2 k

µ
+ γF [αs(µ)] ln k

µ
+ · · ·

]
, (4.10)

where the ellipses denote higher-order corrections from αs running. The resummation is crucial
when the exponential does not allow for a well-converging expansion in αs, which parametri-
cally is the case when L = ln(k/µ) ∼ 1/αs. With this parametric scaling we can expand and
organize the exponent as follows:

F (k, µ) = F (k, k) exp
[

Γ0
(αs

4π
)1
L2 − 2

3Γ0β0
(αs

4π
)2
L3 +O(αnsLn+1) ∼ α−1

s

+ Γ1
(αs

4π
)2
L2 + γ0

αs
4πL−

2
3Γ0β1

(αs
4π
)3
L3 +O(αnsLn) ∼ α0

s

+ Γ2
(αs

4π
)3
L2 + γ1

(αs
4π
)2
L− 2

3Γ0β2
(αs

4π
)4
L3 +O(αnsLn−1) ∼ α1

s

+O(αnsLn−2)
]
. (4.11)

Here, Γn, γn and βn are the coefficients of the (non)cusp anomalous dimensions and beta
function, see eqs. (A.14) and (A.15). Each line corresponds to a specific order in αs according
to the parametric scaling L ∼ 1/αs, as indicated at the end of each line. Keeping only the
first line corresponds to a leading-logarithmic (LL) accuracy, including the second line to a
next-to-leading-logarithmic (NLL) accuracy and so forth. It is important to carry out this
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Accuracy FO boundary Γcusp(αs) γ(αs) β(αs)

LL Tree level 1-loop – 1-loop

NLL Tree level 2-loop 1-loop 2-loop

NLL′ 1-loop 2-loop 1-loop 2-loop

NNLL 1-loop 3-loop 2-loop 3-loop

NNLL′ 2-loop 3-loop 2-loop 3-loop

Table 4.1.: Classification of the resummation accuracy in terms of the fixed-order expansions
of boundary term, anomalous dimensions and beta function.

counting in the exponent, not in the fixed-order reexpansion of the exponential, to count
properly resummed logarithms (see e.g. ref. [133] for an exhaustive discussion). Since the
exponential structure of the resummed result eq. (4.11) is encoded in the structure of its RG
eq. (4.10), specifying the the resummation accuracy in the exponent is equivalent to specifying
the order of the anomalous dimension γF (k, µ). NkLL accuracy is thus defined by evaluating
the cusp anomalous dimension Γcusp(αs) and beta function β(αs) at k+1 loops, while keeping
the noncusp piece γF (αs) to one order lower. This counting is particularly useful in more
complicated cases such as TMD resummation in momentum space, where the final result is
no longer a simple exponential.

Lastly, one also needs to consistently include the boundary term F (k, k), which itself has an
expansion in αs. Since LL and NLL terms scale as 1/αs and α0

s, at this order it is sufficient
to use the LO boundary term. At NNLL, the exponent scales as αs, and hence we need to
include the O(α1

s) piece of F (k, k). For spectra involving distributions it has become standard
to include the boundary term to one order higher than formally required, which is referred to
as “prime-counting” [133–136]. We will see the reason for this at the end of sec. 4.3.1. Both
counting schemes are summarized in table 4.1.

Turning off the resummation

Factorization formulas are only valid up to power corrections O(k/Q), where Q is the relevant
hard scale of the process. In the context of SCET the reason is that the EFT itself is only
valid at leading power in λ ∼ k/Q, and corrections beyond the soft/collinear limit thus arise as
O(k/Q) contributions, which are referred to as power corrections or nonsingular corrections.
In the regime k ∼ Q the singular logarithms ln(k/Q) no longer dominate the cross section,
and it becomes important to turn off the resummation. To illustrate this we consider a cross
section of the form

dσ
dk ∼ 1 + αs ln k/Q

1 + k/Q
+ · · ·

= 1 + αs ln Q
k
− αs ln

(
1 + Q

k

)
︸ ︷︷ ︸

=O(k/Q)

+ · · · . (4.12)
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Here the ellipses denote possible constants andO(α2
s) corrections. While the logarithm ln(k/Q)

is predicted by the factorization theorem and can be resummed to all orders in αs, the log-
arithm ln(1 + k/Q) ≈ k/Q is formally a power correction and only included at fixed order.
However, when Q ∼ k both logarithms are of the same order of magnitude, and they should
be treated consistently. In the extreme case k/Q � 1, the two terms actually cancel each
other. If we naively carry out the resummation, eq. (4.12) becomes

dσres

dk ∼ exp
[
αs ln Q

k

]
− αs ln

(
1 + Q

k

)
+ · · ·

= 1 + αs ln k/Q

1 + k/Q
+ 1

2α
2
s ln2 Q

k
+ · · · . (4.13)

The cancellation of the two logarithms only happens at O(αs), but is missed at higher orders.
It is hence desirable to turn off the resummation whenever this cancellation becomes important
to not induce unjustified higher-order terms in the cross section. A generic technique to achieve
this has been proposed in refs. [134, 135]. The scale µ0 entering the boundary term is chosen
to be a profile scale µ0(k), such that eq. (4.13) becomes

dσres

dk ∼ exp
[
αs ln Q

µ0(k)

]
− αs ln

(
1 + Q

k

)
+ · · ·

= 1 + αs ln µ0(k)/Q
1 + k/Q

+ 1
2α

2
s ln2 Q

µ0(k) + · · · , (4.14)

The profile scale µ0(k) should generically behave as

µ0(k) ∼ k , k � Q ,

µ0(k) ∼ µFO ∼ Q , k & Q , (4.15)

where µFO denotes the overall (renormalization) scale. This correctly resums all logarithms
in the singular limit k � Q, where the nonsingular terms are small corrections, but turns off
the resummation at k ∼ Q to not induce unjustified higher order terms, i.e. the O(α2

s) term
in eq. (4.14) vanishes. Profile scales thus allow one to interpolate between the fixed-order and
resummation regime. A detailed example will be given in sec. 6.2.

A further advantage of profile scales is that they allow one to vary scales around the canonical
values of eq. (4.15) and to vary the transition between FO and resummation regime. Both
variations test the perturbative structure of the cross section, as they change the resummed
logarithms, and thereby can be used to assess perturbative uncertainties, see e.g. refs. [134,
135,137]. This will also be discussed in detail in sec. 6.2 in the context of jet veto resummation.

4.2. Resummation of timelike logarithms

We now consider in more detail the hard function in the production of a color-singlet final
state L with four momentum qµ and invariant mass Q2 = q2 > 0. The hard function appears
observable independent in factorization theorems, where it describes hard virtual corrections
to the Born process and thus is fully process dependent. In the context of SCET, it results



54 Chapter 4. Resummation techniques

from matching the QCD current onto the SCET current, see eq. (3.14) and refs. [130,136]. To
be specific we define the Wilson coefficients through the matchings

GµνG
µν → Cgg Q

2Bn⊥Bn̄⊥ ,
q̄γµq → CVqq̄ χ̄nγ

µχn̄ ,

q̄q → CSqq̄ χ̄nχn̄ , (4.16)

corresponding to matching a gluon current, a quark vector current and a quark scalar current
onto the effective theory. The Wilson coefficients Cij are normalized to 1 at tree level. The
vertex functions corresponding to the currents on the left hand side of eq. (4.16) give rise to the
QCD form factors Fij , which are both infrared and ultraviolet divergent. The IR divergences
are exactly reproduced by the SCET matrix elements on the right hand side of eq. (4.16), and
thus the Wilson coefficients Cij correspond to the IR-finite terms of the renormalized QCD
form factors Fij . They enter the cross section through the hard function

H(q2, µ) = |C(q2, µ)|2 , (4.17)

which depends on the momentum transfer only through the logarithm

L ≡ ln −q
2 − i0
µ2 . (4.18)

The all-order logarithmic structure of H is encoded in the RGE

µ
dC(q2, µ)

dµ = γH(q2, µ)C(q2, µ) ,

γH(q2, µ) = Γcusp[αs(µ)] ln −q
2 − i0
µ2 + γH [αs(µ)] , (4.19)

where Γcusp(αs) is the cusp anomalous dimension and γH(αs) the noncusp term. Following
sec. 4.1 the logarithms are resummed to all orders through

H(q2, µ) = H(q2, µH)UH(µH , µ) ,

UH(µH , µ) =
∣∣∣∣exp

[∫ µ

µH

dµ′

µ′
γH(q2, µ′)

]∣∣∣∣2 , (4.20)

provided the boundary scale µH is chosen appropriately. For spacelike processes with q2 =
−Q2 < 0, the logarithm L = ln(Q2/µ2) = 2 ln(Q/µ) is minimized by µH = Q, the conventional
choice for the renormalization scale.

Timelike processes with q2 = Q2 > 0 instead exhibit imaginary-valued logarithms L =
2 ln(−iQ/µ), which we will refer to as “timelike logarithms”. With the ordinary choice µH = Q

the boundary hard function H(q2, µH) still contains large logarithms L2 = ln2(−1) = −π2.1

The appearance of such timelike logarithms was first observed in Drell-Yan production in

1Since L2 = −π2, the resummation of these terms is sometimes referred to as “π2-resummation”. To distinguish
these terms from uncorrelated factors of π2 appearing in the cross section, we always refer to them as
“timelike logarithms”.
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ref. [138], where their resummation is well understood thanks to their inherent connection to
the all-order structure of IR singularities [139–142]. In the context of factorized cross sections,
the timelike logarithms L = 2 ln(−iQ/µ) are explicitly exposed in the hard function. They can
be straightforwardly resummed by analytically continuing the hard function H(q2, µH) and its
evolution kernel UH(µH , µ), eq. (4.20), to the imaginary-valued scale choice µH = −iQ. Since
the timelike logarithms exactly vanish with this choice, the boundary term H(q2, µH) is free
of large logarithms and can be reliably calculated in perturbation theory, while the timelike
logarithms are fully exponentiated through UH(µH , µ). More generally, one can choose

µH = Q exp(−iϕ) , (4.21)

which allows one to vary the phase around the central value ϕ = π/2 to estimate perturbative
uncertainties from higher-order timelike logarithms.

The resummation of timelike logarithms through analytic continuation of the hard function
has first been applied in the context of soft-gluon (threshold) resummation, where it was shown
that the dominant part of the perturbative corrections to Higgs production is due to timelike
logarithms refs. [143,144]. By now it has become a standard technique, see e.g. refs. [1,59,61,
136, 137, 145–148] for applications, and will also be used in sec. 6.2 in the context of jet veto
resummation. In chapter 7 we extend the method to inclusive processes, where the timelike
logarithms are not explicitly exposed in a factorized cross section. This will be applied to
Higgs production at the LHC, yielding in particular the most precise prediction of the rapidity
spectrum in gluon fusion Higgs production to date.

4.3. Distributional scale setting in 1D

We now turn to more complicated observables where the logarithmic structure of the cross
section is given in terms of distributions, as in the case of transverse momentum distributions,
see for example eq. (3.65). These distributions encode the cancellation of infrared divergences
when observables resolve soft and collinear emissions. Here we first discuss the simpler case
of one-dimensional observables, while the two-dimensional case relevant for TMDs is given in
sec. 4.4.

We define a general plus distribution of a function g(k) through the conditions (see appendix
B for details and useful identities)[

θ(k) g(k, µ)
]µ

+
= θ(k) g(k, µ) for k 6= 0 ,∫ µ

dk
[
θ(k) g(k, µ)

]µ
+

= 0 . (4.22)

Here and in the following we always keep the lower integration limit implicit in the support of
the distribution. An important example are the logarithmic distributions

Ln(x) =
[
θ(x) lnnx

x

]
+
, Ln(k, µ) ≡ 1

µ
Ln
(
k

µ

)
≡
[
θ(k)
k

lnn k
µ

]µ
+
. (4.23)
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4.3.1. Illustration of difficulties in distribution space

To illustrate the difficulties in distribution space we consider the toy example eq. (4.2) in
distribution space. While the RGE takes the same form as eq. (4.2),

µ
dF (k, µ)

dµ = −αs F (k, µ) , (4.24)

its fixed-order expansion is now given in terms of distributions,

F (k, µ) = δ(k) + αsL0(k, µ) + α2
sL1(k, µ) + 1

2α
3
sL2(k, µ) + · · · , (4.25)

Such distributions become ordinary functions after transforming to an appropriate conjugate
space, e.g. Fourier or Mellin space. Eq. (4.24) then takes the form

µ
dF̃ (y, µ)

dµ = −αs F̃ (y, µ) . (4.26)

Here, y is the conjugate variable to k and F̃ (y, µ) is the corresponding transformed function
in conjugate space. Since F̃ is an ordinary function, one can straightforwardly use the generic
solution eq. (4.3),

F̃ (y, µ) = F̃ (y, µ0) Ũ(µ0, µ) , Ũ(µ0, µ) = exp
(
αs ln µ0

µ

)
, (4.27)

where Ũ(µ0, µ) is the evolution kernel in conjugate space. We stress that as long as µ0 is kept
symbolic, the formal RGE solution is equivalent in any space, i.e. it does not actually matter
in which space the evolution kernel is determined, it might just be easier to find a concrete
solution in a particular space. The differences arise entirely in how the boundary condition is
chosen.

The discussion of sec. 4.1 now applies to F̃ (y, µ), which has the simple logarithmic structure

F̃ (y, µ0) = 1− αs ln(yµ0) + 1
2α

2
s ln2(y µ0) + · · · . (4.28)

Choosing µ0 = 1/y, the conjugate boundary condition F̃ (y, µ0 = 1/y) is free of logarithms
and can be calculated in fixed-order perturbation theory, while all logarithms ln(yµ) in the
conjugate function F̃ (y, µ) are correctly predicted by

F̃ (y, µ) = F̃ (y, µ0 = 1/y) Ũ(µ0 = 1/y, µ) , (4.29)

where Ũ(µ0, µ) is the evolution kernel in conjugate space. Transforming eq. (4.29) back to k
space gives a resummed expression for F (k, µ). In this approach, we have both intrinsically
determined the boundary condition F̃ (y, µ0) and resummed logarithms ln(yµ) in conjugate
space, and therefore we will refer to it as evolution or resummation in conjugate space.

In contrast we are interested in directly resumming the logarithms ln(k/µ) in distribution
space, which inherently includes determining the boundary condition F (k, µ0) in distribution
space as well. The first attempt of doing so is to simply choose µ0 = k in eq. (4.29). The
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corresponding boundary condition is

F̃ (y, µ0 = k) = 1− αs ln(yk) + 1
2α

2
s ln2(yk) + · · · . (4.30)

This approach clearly does not minimize the boundary condition. In particular, using fixed-
order perturbation theory amounts to truncating this series at some low order in αs and
neglecting all logarithmic terms at higher orders in αs. This would only be sufficient if it were
guaranteed that the neglected logarithms in the boundary condition do not affect the desired
logarithmic accuracy in the final momentum-space distribution, which is far from obvious.
Although naively one might think that the y integration in the inverse transform should be
dominated by y ∼ 1/k, where the neglected logarithms are small, the integration also includes
the regions y → 0 and y → ∞, where the neglected logarithms get arbitrarily large. We will
see in sec. 5.2 that this is the reason why previous approaches to carry out the resummation
of transverse momentum distributions have failed.

It is hence inevitable to determine the appropriate fixed-order boundary term directly in
distribution space to avoid the above issues. Before discussing this for the toy function F (k, µ),
we illustrate the arising difficulties with the simpler distribution

D0(k, µ) = δ(k) + αsL0(k, µ) . (4.31)

It fulfills the differential equation

µ
dD0(k, µ)

dµ = −αsδ(k) , (4.32)

which has the general solution

D0(k, µ) = D0(k, µ0) + αsδ(k) ln µ0
µ
. (4.33)

Using the full result for D0(k, µ0) from eq. (4.31), together with the distributional identity
[see eq. (B.5)]

δ(k) ln µ0
µ

= L0(k, µ)− L0(k, µ0) ≡
[
θ(k)
k

]µ
+
−
[
θ(k)
k

]µ0

+
, (4.34)

eq. (4.33) gives

D0(k, µ) = δ(k) + αsL0(k, µ0) + αs
[
L0(k, µ)− L0(k, µ0)

]
= δ(k) + αsL0(k, µ) . (4.35)

Thus, the µ0-dependent terms cancel and we reproduce the correct result for D0(k, µ). This
shows that the formal solution in eq. (4.33) is sufficient to shift D0(k, µ0) from µ0 to µ.
However, obtaining the correct result for D0(k, µ) from it like this crucially relies on the fact
that we used the full result for the boundary condition D0(k, µ0).

In reality, calculating the boundary condition in fixed-order perturbation theory would
amount to truncating D0(k, µ0) = δ(k) and neglecting the higher-order αsL0(k, µ0) term.
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For ordinary functions this term would correspond to a logarithm ln(k/µ0), which could be
eliminated by choosing µ0 = k such that one can indeed truncate D0 at its leading term. In
the distributional case setting µ0 = k to eliminate the term αsL0(k, µ) term is not possible
because µ0 appears only in the boundary condition of the distribution, see eq. (4.22). This
can also be seen explicitly in eq. (4.34), where setting µ0 = k leads to the ill-defined expression
δ(k) ln(k/µ). The crucial ingredient to solving RGEs in distribution space is hence a distri-
butional way of choosing “µ0 = k” that behaves analogously to the multiplicative case above.
Namely, it should set the logarithmic distribution L0(k, µ0) in the boundary condition to zero
so fixed-order perturbation theory can be used for the boundary condition without having
to neglect any higher-order logarithmic terms, and such that the RGE directly predicts the
correct L0(k, µ).

We remark that this problem is mitigated in the prime counting scheme for the resummation
of distributions [133–136]. There, the boundary conditions are included to one order higher
than formally required, see table 4.1, which explicitly includes the L0-terms in the boundary.
However, this still does not provide a method to directly solve RGEs in distribution space.

4.3.2. Distributional scale setting

We have seen that the key ingredient to carrying out resummation in distribution space is to
minimize distributional logarithms in the boundary term. This is achieved through distribu-
tional scale setting µ = k|+, which for an arbitrary distribution D(k, µ) is defined as

D(k, µ = k|+) ≡ d
dk

[∫ k

dk′D(k′, µ = k)
]
. (4.36)

Here, the derivative acts on everything inside the square brackets, and µ = k is set normally
in the integrand, which is well defined since D is evaluated at the integration variable k′.

The idea behind eq. (4.36) is that it turns logarithmic distributions into ordinary logarithms,
which can then be eliminated by a normal scale choice. For example, one finds

L0(k, µ = k|+) = d
dk

∫ k

dk′
[
θ(k′)
k′

]µ=k

+
= d

dk

[
θ(k) ln k

µ

∣∣∣∣
µ=k

]
= d

dk 0 = 0 , (4.37)

and similarly for the higher logarithmic distributions,

Ln(k, µ = k|+) = d
dk

∫ k

dk′
[
θ(k′)
k′

lnnk
′

µ

]µ
+

∣∣∣∣
µ=k

= d
dk

[
θ(k)
n+ 1 lnn+1 k

µ

∣∣∣∣
µ=k

]
= d

dk 0 = 0 . (4.38)

Note that although Ln(k, µ) = [lnn(k/µ)/k]µ+ contains a pure logarithm ln(k/µ), the appear-
ance of µ in the boundary formally prohibits to simply set “µ = k” to extract the boundary
term.2

2Although this naive choice is mathematically ill-defined, it will actually yield the same result as the proper
scale setting. It explicitly fails for L0, which does not contain an explicit logarithm, and does not allow to
choose noncanonical scales such as µ0 = k/2.
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Eq. (4.38) shows that the distributional logarithms Ln(k, µ), which typically appear in
boundary conditions, vanish at the canonical boundary condition µ0 = k|+, just as desired. It
is also easy to see that this generalizes to any distribution [θ(k)g(k)]µ+,

[
g(k, µ)

]µ
+

∣∣∣
µ=k|+

= d
dk

∫ k

dk′
[
θ(k′)g(k′, k)

]k
+

= d
dk 0 = 0 . (4.39)

The cumulant integral exactly vanishes by definition of the plus distribution, eq. (4.22).

On the other hand, any µ-independent constant terms (i.e. pure boundary terms) are unaf-
fected since the operator d

dk precisely inverts the cumulant
∫ k dk′. In particular,

δ(k)
∣∣∣
µ=k|+

= d
dk

∫ k

dk′ δ(k′) = d
dkθ(k) = δ(k) . (4.40)

Here it is crucial to keep track of any θ(k) appearing in the cumulant to properly recover the
distributional structure. For future convenience we use the notation

D[k] ≡ D(k, µ)
∣∣∣
µ=k|+

(4.41)

to denote the pure µ-independent constant term, which will typically be D[k] ∼ δ(k), but in
general could also contain regular (integrable) functions of k.

Having a well-defined method for distributional scale setting allows us to easily solve dis-
tributional differential equations, as it allows us to essentialy treat distributions like ordinary
logarithms. To see that eq. (4.36) has the desired properties in more nontrivial cases, consider
the simple examples

δ(k) lnn+1 µ0
µ

∣∣∣∣
µ0=k|+

= (n+ 1)Ln(k, µ) (n ≥ 0) ,

(m+ 1)Lm(k, µ) lnn µ0
µ

∣∣∣∣
µ0=k|+

= (n+m+ 1)Lm+n(k, µ) (n ≥ 0) ,

Lm(k, µ0) lnn µ0
µ

∣∣∣∣
µ0=k|+

= 0 (n ≥ 0) . (4.42)

These relations are quite intuitive in that the distributional scale setting essentially moves
any naively appearing ln k terms inside a suitably regulated logarithmic distribution. The
appearing prefactors count the order of the distributional logarithm in each equation.

More generally, we have

δ(k) g(µ0, µ)
∣∣∣
µ0=k|+

= δ(k) g(µ, µ) +
[
θ(k)dg(k, µ)

dk

]µ
+
,

[
θ(k) f(k, µ)

]µ
+
g(µ0, µ)

∣∣∣
µ0=k|+

=
[
θ(k) d

dk

(
g(k, µ)

∫ k

µ
dk′f(k′, µ)

)]µ
+
,[

θ(k) f(k, µ0)
]µ0

+
g(µ0, µ)

∣∣∣
µ0=k|+

= 0 . (4.43)
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4.3.3. Integrating distributional differential equations

Our initial goal was to resum logarithms, i.e. solve RGEs, directly in distribution space. As a
first example to show how distributional scale setting achieves this purpose, we consider again
how the simple example distribution eq. (4.31) can be obtained from its RGE eq. (4.32),

µ
dD0(k, µ)

dµ = −αsδ(k) . (4.44)

Setting µ0 = k|+ now correctly minimizes the boundary term in the formal solution eq. (4.33)
and predicts the complete logarithmic distribution,

D0(k, µ) = D0(k, µ0) + αs δ(k) ln µ0
µ

∣∣∣∣
µ0=k|+

=
[
δ(k) + 0

]
+ αsL0(k, µ) . (4.45)

Similarly, we can reproduce a Ln(k, µ) for n ≥ 1 from its µ dependence. Consider a distribution
Dn(k, µ), which satisfies the differential equation

µ
dDn(k, µ)

dµ = −nαsLn−1(k, µ) = −nαs
[
θ(k)
k

lnn−1 k

µ

]µ
. (4.46)

Integrating this from µ0 to µ, we get the general solution

Dn(k, µ) = Dn(k, µ0)− nαs
∫ µ

µ0

dµ′

µ′

[
θ(k)
k

lnn−1 k

µ′

]µ′
+

= Dn(k, µ0) + αs

[
θ(k)
k

(
lnn k

µ
− lnn k

µ0

)]µ0

+
+ δ(k)
n+ 1 αs lnn+1 µ

µ0
. (4.47)

Here we used eq. (B.5) to shift the boundary condition in the plus distribution from µ′ to µ0,
such that the integral can be pulled inside the plus distribution and performed. (This step
explicitly requires that µ0 does not depend on k, as otherwise the boundary condition of the
plus distribution would be changed.) Using eq. (4.42) to set µ0 = k|+, we thus find

Dn(k, µ) = Dn[k] + αsLn(k, µ) . (4.48)

In practice, we can also specialize eq. (4.36) to define an integral over an arbitrary distribu-
tion G with starting scale µ0 = k|+ as∫ µ

k|+

dµ′

µ′
G(k, µ′) ≡ d

dk

∫ k

dk′
∫ µ

k

dµ′

µ′
G(k′, µ′) . (4.49)

This allows us to write a generic integral solution as

µ
dD(k, µ)

dµ = G(k, µ) ⇒ D(k, µ) = D[k] +
∫ µ

k|+

dµ′

µ′
G(k, µ′) . (4.50)

Although this looks like an ordinary integral solution, the important difference lies in the lower
integration limit k|+ which enforces the distributional scale setting.
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4.3.4. Toy example in distribution space

We can now discuss the exponential toy example eq. (4.25) in distribution space. Since it
satisfies the same RGE as the ordinary toy function,

µ
dF (k, µ)

dµ = −αs F (k, µ) , (4.51)

it has the same formal solution

F (k, µ) = F (k, µ0)U(µ0, µ) , U(µ0, µ) = exp
(
αs ln µ0

µ

)
. (4.52)

Using the definition in eq. (4.36) to set µ0 = k|+ we obtain

F (k, µ) = F (k, µ0) exp
(
αs ln µ0

µ

)∣∣∣∣
µ0=k|+

= d
dk

[∫ k

dk′ F (k′, k) exp
(
αs ln k

µ

)]

= d
dk

[
(1 + · · · )θ(k) exp

(
αs ln k

µ

)]

= δ(k) exp
(
αs ln ξ

µ

)
+
[
θ(k) d

dk exp
(
αs ln k

µ

)]ξ
+

= δ(k) + αs

[
θ(k)
k

exp
(
αs ln k

µ

)]µ
+
, (4.53)

which is a properly regularized exponential in distribution space. The k′ integral in the first
step only acts on F (k′) and eliminates all distributions, leaving only constant boundary terms
1 + · · · . In the second step we used eq. (B.4) to take the derivative involving the θ(k), where
ξ is arbitrary and cancels between the two terms. In the last step we chose ξ = µ. Expanding
the exponential in αs, we reproduce the full distributional logarithmic structure of eq. (4.25),

F (k, µ) = δ(k) + αs

[
θ(k)
k

(
1 + αs ln k

µ
+ 1

2α
2
s ln2 k

µ
+ · · ·

)]µ
+

= δ(k) + αsL0(k, µ) + α2
sL1(k, µ) + 1

2α
3
sL2(k, µ) + · · · . (4.54)

With the general properties in eqs. (4.42) and (4.43), we can also simply use the fact that
setting µ0 = k|+ eliminates any contributions from distributional logarithms in the boundary
condition F (k, µ0). We can therefore directly plug in F (k, µ0 = k|+) = F [k] = (1 + · · · )δ(k)
for the boundary condition to get

F (k, µ) = F [k]U(µ0, µ)
∣∣∣
µ0=k|+

= (1 + · · · )δ(k)U(µ0, µ)
∣∣∣
µ0=k|+

. (4.55)

Using eq. (4.43) we can see that this is identical to what we got in eq. (4.53),

F (k, µ) = δ(k)U(µ0, µ)
∣∣∣
µ0=k|+

= δ(k) +
[
θ(k) d

dkU(k, µ)
]µ

+
= δ(k) + αs

[
θ(k)
k

exp
(
αs ln k

µ

)]µ
+
. (4.56)
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Alternative derivation

Another way to derive the same solution without distributional scale setting is to start from
the general Ansatz

F (k, µ) = f0(µ) δ(k) +
[
θ(k) f1(k, µ)

]µ
+
. (4.57)

Plugging this back into eq. (4.51) and using eq. (B.7) to take the µ derivative,

µ
dF (k, µ)

dµ = δ(k)
(
µ

df0(µ)
dµ − µf1(µ, µ)

)
+
[
θ(k)µdf1(k, µ)

dµ

]µ
+

!= −αsf0(µ) δ(k)− αs
[
θ(k) f1(k, µ)

]µ
+
, (4.58)

yields a coupled system of differential equations for f0 and f1,

µ
df1(k, µ)

dµ = −αsf1(k, µ) ,

µ
df0(µ)

dµ = −αsf0(µ) + µf1(µ, µ) . (4.59)

The advantage is that these are now two ordinary RGEs, which can be solved straightforwardly
without having to be careful about producing distributions from taking derivatives of θ(k).
Solving for f1 in terms of f0 gives

f1(k, µ) = f1(k, k) exp
(
αs ln k

µ

)
=
[df0(k)

dk + f0(k)αs
k

]
exp

(
αs ln k

µ

)
= d

dkf0(k) exp
(
αs ln k

µ

)
. (4.60)

Plugging back into the Ansatz, we obtain the result

F (k, µ) = f0(µ) δ(k) +
[
θ(k) d

dkf0(k) exp
(
αs ln k

µ

)]µ
+
, (4.61)

which for f0 = 1 + · · · confirms the earlier result eq. (4.53). This form suggests to interpret
f0(µ) as the boundary term, as it completely predicts the (logarithmic) structure of F . Indeed,
setting now µ = k|+ yields F [k] = f0(ξ) δ(k) + [θ(k)f ′0(k)]ξ+, confirming that the boundary
term can be obtained as the coefficient f0(µ) of δ(k). Note that the essential element in this
derivation is the same as above, namely that with the distributional canonical scale setting
F (k, µ = k|+) = F [k] reduces to a pure boundary term that is free of logarithmic distributions.
In actual applications, it would be calculated in a fixed-order expansion in αs(µ).

This simple example illustrates that with distributional scale setting, using the canonical
scale choice µ0 = k|+ as in eq. (4.55) becomes exactly analogous to using the ordinary canonical
scale choice in the multiplicative case, eq. (4.6). In particular, the boundary term F [k] can now
be calculated in fixed-order perturbation theory, while the RGE solution predicts the complete
distributional logarithmic structure. It should be evident that this is true generically also for
more complicated cases. We will encounter two more complicated examples when discussing
the RGE for the rapidity anomalous dimension and soft function in secs. 5.3 and 5.4.
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4.3.5. Comparison to evolution in conjugate space

It is interesting to compare the result of the momentum-space evolution to the evolution
in appropriate conjugate spaces, i.e. solving the RGEs in conjugate space with scale setting
therein. In general, using equivalent boundary conditions in different spaces can lead to
different predictions in physical space. To illustrate this, we consider again the simple example
distribution Dn, satisfying

µ
dDn(k, µ)

dµ = −αs nLn−1(k, µ) (n ≥ 1) , (4.62)

and assume that only the LO boundary term is known from a fixed-order calculation,

Dn(k, µ) = δ(k) + · · · , (4.63)

where the ellipses denote the unknown higher order terms. Since all unknown logarithmic
higher order terms vanish for µ = k|+, the required LO boundary term to solve eq. (4.62)
distributionally is D[k] = δ(k). The solution then is (see sec. 4.3.3)

Dn(k, µ) = δ(k) + αsLn(k, µ) . (4.64)

In the following we compare this momentum-space result to the resummation in cumulant and
Fourier space.

Cumulant space

Taking the cumulant, eqs. (4.62) and (4.63) become

µ
dD̄n(kcut, µ)

dµ = −αs θ(kcut) lnn kcut
µ

, (4.65)

D̄n(kcut, µ) = θ(kcut) + · · · , (4.66)

where the cumulant is defined as

D̄n(kcut, µ) =
∫ kcut

dk′Dn(k′, µ) . (4.67)

The solution to eq. (4.65) is easily obtained as

D̄n(kcut, µ) = D̄n(kcut, µ0)− αs θ(kcut)
∫ µ

µ0

dµ′

µ′
lnnkcut

µ′
. (4.68)

The important point is that all distributions in momentum space correspond to logarithms
ln(kcut/µ) in cumulant space, which can be fully resummed by choosing µ0 = kcut. With this
choice, all logarithms in D̄n(kcut, µ) are eliminated, and from eq. (4.66) it follows that the LO
boundary condition is D̄n(kcut, kcut) = θ(kcut). The solution is thus given by

D̄n(kcut, µ) = θ(kcut) + αs
n+ 1θ(kcut) lnn+1 kcut

µ
. (4.69)
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Transforming back to momentum space by taking the derivative with respect to kcut yields

Dn(k, µ) = δ(k) + αs

[
θ(k)
k

lnn k
µ

]µ
+

= δ(k) + αsLn(k, µ) , (4.70)

which exactly reproduces the momentum-space solution in eq. (4.64). Hence, resummation
in cumulant and momentum space to predict the logarithmic structure is equivalent for this
example. This is of course not very surprising, considering the intimate relation between
distributional scale setting eq. (4.36) and cumulant space.

Fourier space

Taking the Fourier transform of eqs. (4.62) and (4.63) using eq. (B.16), we find

µ
dD̃n(y, µ)

dµ = −αs
n∑
k=0

(−1)k
(
n

k

)
lnk
(
iyµeγE

)
R

(n−k)
1 , (4.71)

D̃n(y, µ) = 1 + · · · , (4.72)

where the Fourier transform is defined as

D̃n(y, µ) =
∫

dk e−ikyDn(k, µ) , (4.73)

and the constant R(n)
1 is defined as (see appendix B.2 for more details)

R
(n)
1 = dn

dan e
γEaΓ(1 + a)

∣∣∣∣
a=0

. (4.74)

The general solution is given by

D̃n(y, µ) = D̃n(y, µ0)− αs
∫ µ

µ0

dµ′

µ′

n∑
k=0

(−1)k
(
n

k

)
lnk
(
iyµ′eγE

)
R

(n−k)
1 . (4.75)

Since all logarithms depend on iyµeγE , they are fully resummed by choosing µ0 = −ie−γE/y,3

which eliminates all logarithms in the boundary term. This allows us to use the known fixed-
order boundary term eq. (4.72), D̃n(y, µ0) = 1, and gives

D̃n(y, µ) = 1− αs
R

(n+1)
1
n+ 1 + αsFT[Ln](y, µ) . (4.76)

Transforming back to momentum space thus yields

Dn(k, µ) = δ(k) + αs

[
Ln(k, µ)− R

(n+1)
1
n+ 1 δ(k)

]
. (4.77)

3In principle, one is of course free to shift constants from the logarithms into subleading terms. This convention
for the canonical logarithm in conjugate space is the most natural one, since at least at lowest order n = 0
the pure plus distribution L0(k, µ) corresponds to a pure logarithm ln(iyµeγE ), see table B.1 in appendix B.
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While the plus distribution matches the one in eq. (4.64), which is of course necessary to provide
the correct µ dependence, the solution contains an additional term δ(k)R(n+1)

1 /(n + 1) at
O(αs). This shows explicitly that the Fourier-space resummation, which fundamentally resums
logarithms of the conjugate variable y, is not equivalent to the momentum-space resummation,
as it induces an additional boundary term. This discrepancy is due to the fact that pure plus
distributions Ln(k, µ) do not correspond to pure powers of ln(iyµeγE ) and vice versa.

In principle, the additional αsδ(k) term in eq. (4.77) would be compensated for if we were
to include the boundary condition D̃n(y, µ0) in Fourier space to O(αs). However, for a general
distribution, such spurious terms are generated to all orders in αs. (We will see this explicitly
in sec. 5.3 for the example of the TMD rapidity anomalous dimension.) Thus in practice for
the purpose of resummation, where the boundary condition is only calculated to some fixed
order, the resummation in Fourier space intrinsically induces additional subleading terms to
all orders in αs, which is one the main motivations for performing the resummation directly
in momentum space.

4.3.6. Implementation of scale variations and profile scales

As discussed in sec. 4.1 one needs to be able to turn off the resummation in the fixed-order
regime and to implement noncanonical scale choices to estimate perturbative uncertainties.
Both goals can be achieved using profile scales. Here we discuss their implementation within
our framework using the exponential toy example eq. (4.25) with the associated RGE solution
eq. (4.52),

F (k, µ) = FFO(k, µ0)U(µ0, µ) , U(µ0, µ) = exp
(
αs ln µ0

µ

)
. (4.78)

Here we have included the superscript “FO” to stress that the boundary condition is obtained
from a fixed-order calculation, whereas U is the evolution kernel. As discussed before, one
wants to perform the resummation using the canonical scale choice µ0 = k|+ for k � Q,
where the logarithms of k are large and should be resummed. On the other hand, for k ∼ Q,
one wants to turn off the resummation and recover the exact fixed-order result by taking
µ0 = µFO = µ. Both requirements are fulfilled by choosing µ0 to be a profile function µ0(k)
behaving as

µ0(k)→ k , k � Q (4.79)
µ0(k)→ µFO = µ , k ∼ Q . (4.80)

The profile furthermore smoothly interpolates between the two regimes to capture the turning-
off of the resummation. Such a profile can be conveniently implemented by generalizing the
distributional scale setting in eq. (4.36), µ0 = k|+, to a generic function µ0 = µ0(k)|+,

F (k, µ) = d
dk

[∫ k

dk′ FFO(k′, µ0(k)
)
U
(
µ0(k), µ

)]
. (4.81)

In the resummation regime, this reproduces exactly the canonical distributional scale setting
µ0 = k|+. In the fixed-order regime, U = 1 and µ0 is independent of k, such that the derivative
simply inverts the integral to reproduce F (k, µ) = FFO(k, µ).
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Furthermore, the profile should allow scale variations to probe subleading logarithms. To
see in more detail how this works, consider the NLO boundary term

FFO(k, µ0) = δ(k) + αs
[
f1δ(k) + L0(k, µ0)

]
. (4.82)

The solution with arbitrary profile µ0(k) is then

F (k, µ) = d
dk

{
θ(k)

(
1 + αs

[
f1 + ln k

µ0(k)

])
U
(
µ0(k), µ

)}
= δ(k)

(
1 + αs

[
f1 + ln µ

µ0(µ)

])
U
(
µ0(µ), µ

)
+ αs

[
θ(k)
k

(
1 + αs

[
f1 + ln k

µ0(k)

]d lnµ0(k)
d ln k

)
U
(
µ0(k), µ

)]µ
+
. (4.83)

The canonical scale choice to predict all logarithmic terms to this order is µ0(k) = k, such
that we get

F (k, µ) =
(
1 + αsf1

)[
δ(k) + αsL0 + α2

sL1 + · · · ] , (4.84)

which is exactly the expected structure.
More generally, we can vary the scale µ0 around the canonical value k, µ0(k) = a · k, to

probe subleading logarithms in the resummation regime. With this choice, we obtain

F (k, µ) =
[
1 + αs(f1 − ln a)

][
δ(k) + αsL0 + α2

sL1 + · · · ]eαs ln a . (4.85)

This clearly probes subleading terms through the induced exponential. Note that the − ln a in
the first term cancels the O(αs) term of the exponential to correctly reproduce the fixed-order
content.

Lastly, we can test the fixed-order structure by varying µ0 in the fixed-order regime. To
fully turn off the evolution kernel in eq. (4.81), we choose µ0(k) = µ = a · µFO, yielding

F (k, aµFO) = δ(k) + αs
[
f1δ(k) + L0(k, aµFO)

]
= FFO(k, aµFO) (4.86)

= δ(k) + αs
[
(f1 − ln a)δ(k) + L0(k, µFO)

]
= FFO(k, µFO)− δ(k)αs ln a .

The effect of such a scale variation is to induce the term αs ln(a)δ(k), which precisely probes
the O(αs) boundary term. For a = 1, this obviously restores the FO content.

For a more general scale variation, one can also vary µ0(k) and µ independently. We consider
the example µ0(k) = a · µFO, µ = µFO, where we only vary a. This gives

F (k, µFO) = δ(k) + αs
[
(f1 − ln a)δ(k) + L0(k, µFO)

]
eαs ln a . (4.87)

The additional exponential probes higher order logarithms and is a remnant of the mismatch
between the resummation scale µ0 and the common scale µ.

Distributional scale setting thus allows for a straightforward implementation of profile scales,
which can be used to smoothly transition from resummation to fixed-order regime and allow
one to probe the typical size of subleading terms and thereby estimate perturbative uncer-
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tainties in both regimes. Of course, in actual applications one has to choose suitable profile
functions and variations such that they produces reasonable uncertainty estimates.

4.4. Distributional scale setting in 2D

In this section we collect the corresponding formulas for distributional scale setting and solving
distributional differential equations for the two-dimensional case. The derivations are almost
identical to the one-dimensional case, and are not repeated here.

We consider the example of transverse momentum dependent functions relevant for chap-
ter 5. Such functions inherently contain divergences as 1/p2

T in the limit of small momenta
~pT , which are regulated through plus distributions. These are defined through the conditions[

f(~pT , µ)
]µ

+
= f(~pT , µ) for |~pT | > 0 , (4.88)∫

|~pT |≤µ
d2~pT

[
f(~pT , µ)

]µ
+

= 0 , (4.89)

see appendix C for more details. Important examples are the logarithmic distributions

Ln(~pT , µ) ≡ 1
πµ2

[
µ2

~p2
T

lnn~p
2
T

µ2

]µ
+
≡ 1
πµ2Ln

(
~p2
T

µ2

)
, (4.90)

which are the two-dimensional analog of the Ln(k, µ) in eq. (4.23). As in the one-dimensional
case, the boundary condition of the Ln(~pT , µ) encodes a logarithmic dependence lnn(pT /µ),
which can be seen by shifting their boundary condition [see eq. (C.4)],

Ln(~pT , µ) = 1
πµ2

[
µ2

~p2
T

lnn~p
2
T

µ2

]µ0

+
+ δ(~pT )
n+ 1 lnn+1 µ

2
0
µ2 (4.91)

For a general two-dimensional distribution D(~pT , µ) we define the distributional scale setting
µ = pT |+ as

D(~pT , µ = pT |+) ≡ 1
2πpT

d
dpT

[∫
|~kT |≤pT

d2~kT D(~kT , µ = pT )
]
. (4.92)

The derivative acts on everything inside square brackets, and µ = pT can be set normally in
the integrand since the integral runs over the auxiliary vector ~kT . Like in the one-dimensional
case, eq. (4.92) sets purely distributional terms to zero,

Ln(~pT , µ = pT |+) = 0 ,
[
f(~pT , µ)

]µ
+

∣∣∣
µ=pT |+

= 0 , (4.93)

since the cumulant integral exactly vanishes by definition of the plus distribution, whereas any
µ-independent constant (boundary) terms are not affected at all. For convenience, we denote
the pure µ-independent boundary terms as

D[~pT ] ≡ D(~pT , µ)
∣∣∣
µ=pT |+

. (4.94)

Here, D[~pT ] can only depend on the quantity ~pT . The simplest case is D[~pT ] ∼ δ(~pT ), but in
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general it can also contain regular (integrable) functions of ~pT . We will see examples of more
general boundary terms in secs. 5.3 and 5.4.

The distributional scale setting can be readily applied to solve differential equations with
two-dimensional distributions. The solution to the differential equation

µ
dD(~pT , µ)

dµ = G(~pT , µ) (4.95)

is given by

D(~pT , µ) = D[~pT ] +
∫ µ

pT |+

dµ′

µ′
G(~pT , µ′) , (4.96)

where the integral over the distribution G(~pT , µ) starting at the canonical scale µ = pT |+ is
given by ∫ µ

pT |+

dµ′

µ′
G(~pT , µ′) ≡

1
2πpT

d
dpT

∫
|~kT |≤pT

d2~kT

∫ µ

pT

dµ′

µ′
G(~kT , µ′) , (4.97)

A list of useful integrals is given in appendix C.4.
We conclude this section by comparing the resummation in distribution space with resum-

mation in Fourier space, analogous to sec. 4.3.5. Specifying to the example

µ
dDn(~pT , µ)

dµ = −2nαsLn−1(~pT , µ) (n ≥ 1) , (4.98)

and ignoring αs running, the distributional solution for the simplest boundary term Dn[~pT ] =
δ(~pT ) is given by

Dn(~pT , µ) = δ(~pT ) + αsLn(~pT , µ) . (4.99)

The solution obtained in cumulant space is again equivalent. In contrast, solving the RGE
with scale setting in Fourier space with the boundary condition D̃n(~bT , µ0 = b0/bT ) = 1 yields

Dn(~pT , µ) = δ(~pT ) + αs

[
Ln(~pT , µ)− R

(n+1)
2
n+ 1

]
, (4.100)

where the constant is given by eq. (C.20),

R
(n)
2 = dn

dan e
2γEaΓ(1 + a)

Γ(1− a)

∣∣∣∣
a=0

. (4.101)

As for the one-dimensional case, we find that performing the resummation in Fourier space
adds an additional boundary term compared to the momentum-space resummation. In this
specific example, it could be compensated for by including the boundary condition D̃n(~bT , µ) in
Fourier space to O(αs). However, for a general distribution, such spurious term are generated
to all orders in αs. Thus in practice, the resummation in Fourier space induces additional
subleading term to all orders in αs as well.

In summary, we have derived a new technique to solve RGEs in distribution space which
allows one to treat distributional logarithms essentially like ordinary logarithms. In the next
chapter, we will employ distributional scale setting to solve the RGEs for transverse momentum
distributions, for the first time, in momentum space.



Chapter 5.

Transverse momentum resummation in
distribution space

In this chapter we address the resummation of large logarithms ln(Q/qT ) in the transverse
momentum spectrum directly in distribution space. Note that throughout this chapter we
ignore the difference between quark and gluon channels as well as the helicity structure of the
hard and beam functions, as the RG structure is independent of it. We also neglect power-
suppressed corrections, as we are only interested in the logarithmic structure of the cross
section. We write the factorization theorem eqs. (3.36) and (3.36) more compactly,

dσ
dQ2dY d2~qT

= σ0H(Q,µ)
∫

d2~ka d2~kb d2~ks δ(~qT − ~ka − ~kb − ~ks)

×Ba(ωa,~ka, µ, ν
)
Bb(ωb,~kb, µ, ν)S(~ks, µ, ν) , (5.1)

where ωa,b = Qe±Y . Intuitively, this splits the Sudakov logarithm in the cross section as

ln2 Q

qT
∼ ln2 Q

µ︸ ︷︷ ︸
⊂ hard

+ 2 ln qT
µ

ln ν

Q︸ ︷︷ ︸
⊂ beam

+ ln qT
µ

ln µ qT
ν2︸ ︷︷ ︸

⊂ soft

, (5.2)

where as indicated the first term appears in the hard function, the second term in the beam
functions and the last term in the soft function. The all-order logarithmic structure of each of
these functions is encoded in the corresponding RGEs, such that correctly solving the RGEs
resums the logarithms in each function and in turn resums the logarithms ln(Q/qT ) in the
spectrum. The corresponding evolution in the (µ, ν)-plane is illustrated in fig. 5.1.

In practice this is more complicated because the cross section eq. (5.1) contains convolutions
of beam and soft functions, and hence eq. (5.2) holds only in convolution space. We briefly
explain in sec. 5.1 why the solution is thus typically performed in Fourier space, and why it
is an interesting endeavor to actually carry out the resummation in momentum space. Next
we illustrate that the two-dimensional nature of ~qT leads to new difficulties not observed in
the resummation of one-dimensional observables such as thrust (sec. 5.2). We then carry out
the resummation of the rapidity anomalous dimension γν in sec. 5.3, employing the technique
of distributional scale setting derived in secs. 4.3 and 4.4. In particular we show in detail
the difference to resummation in Fourier space, how profiles can be implemented to turn
off the resummation and how nonperturbative effects can be modeled. We then show in
secs. 5.4 and 5.5 the canonical resummation of soft and beam functions in distribution space.
After discussing that the spectrum is perturbative up to corrections in ΛQCD/qT (sec. 5.6) we
illustrate the full solution at LL accuracy in sec. 5.7. Our method is compared to the literature
in sec. 5.8. We summarize the main results of this chapter in sec. 5.9.

This chapter closely follows ref. [2], reflecting the author’s contribution.
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ν

µ

QqT

Q

qT
Soft Beam

Hard

ν RGE

µ RGE

Fig. 5.1.: Illustration of the RG evolution in the (µ, ν)-plane to resum all logarithms.

5.1. Motivation

Transverse momentum resummation is well understood since the early work of Collins, Soper
and Sterman (CSS) in refs. [67–69]. Their very first evolution equations (in the context of
back-to-back jets in e+e− collisions) were actually formulated in momentum space, compare
eq. (6.4) in ref. [67] to eq. (3.56). However, it was quickly realized that it is more convenient
to solve the RGEs in Fourier space [75], and since then all phenomenological applications have
been carried out (partially) in Fourier space. To see its benefits we write the factorization
theorem eq. (5.1) in Fourier space,

dσ
dQ2dY d2~qT

= σ0

∫ d2~bT
(2π)2 e

i~bT ·~qTH(Q,µ)B̃a(ωa,~bT , µ, ν)B̃b(ωb,~bT , µ, ν)S̃(~bT , µ, ν) , (5.3)

where we denote the Fourier transformed functions with a tilde. The Fourier transformation
turns the convolutions of eq. (5.1) into ordinary products. This also holds for the rapidity
evolution eqs. (3.55) – (3.61), which now take the much simpler form

ν
dB̃(ω,~bT , µ, ν)

dν = −1
2 γ̃ν(~bT , µ) B̃(ω,~bT , µ, ν) , (5.4)

ν
dS̃(~bT , µ, ν)

dν = γ̃ν(~bT , µ)S̃(~bT , µ, ν) , (5.5)

µ
d

dµγ̃ν(~bT , µ) = −4Γcusp[αs(µ)] , (5.6)

while the µ RG eqs. (3.44) – (3.46) retain their multiplicative structure. Another crucial
advantage is that the Fourier transformed functions depend on ordinary logarithms ln(bTµ)
rather than the distributions Ln(~qT , µ), see appendix C.2 for the explicit Fourier transforms.
This circumvents all complications from distributional scale setting, and one can easily write
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down the combined solution of all RGEs as

dσres

dQ2dY d2~qT
= σ0

∫ d2~bT
(2π)2 e

i~bT ·~qTH(Q,µH)B̃a(ωa,~bT , µB, νB)B̃b(ωb,~bT , µB, νB)S̃(~bT , µS , νS)

× exp
[∫ µ

µH

dµ′

µ′
γH(Q,µ′) + 2

∫ µ

µB

dµ′

µ′
γB(Q,µ′, νB) +

∫ µ

µS

dµ′

µ′
γS(µ′, νS)

]
× exp

[
ln νB
νS

(
−4
∫ µ

1/bT

dµ′

µ′
Γcusp[αs(µ′)] + γ̃ν [αs(1/bT )]

)]
. (5.7)

The first line contains the inverse Fourier transform and the fixed-order boundary terms in
Fourier space, each evaluated at their natural scales µi, νi. The first exponential contains the
µ evolution of hard, beam and soft functions from their natural scales µi to the arbitrary
common scale µ. The second exponential is the solution of the rapidity RG eqs. (5.4) – (5.6),
with the term in brackets being the resummed rapidity anomalous dimension γ̃ν .

As discussed at length in chapter 4, the key point of resummation is to properly choose the
boundary scales µH , µB, νB, µS , νS such that the boundary terms in the first line of eq. (5.7)
are free of large logarithms and can hence be reliably calculated in fixed-order perturbation
theory. In Fourier space the natural scale choices are

µH ∼ Q , µB ∼ 1/bT , µS ∼ 1/bT ,
νB ∼ Q , νS ∼ 1/bT , (5.8)

which eliminates all logarithms in ~bT space. This corresponds to the scales depicted in fig. 5.1
upon qT → 1/bT . Carrying out the Fourier transformation in eq. (5.7) then yields the re-
summed spectrum in momentum space. In this way one avoids the evaluation of multiple
convolutions and complications from the distributional nature of beam and soft functions, and
hence resummation in Fourier space has become the standard technique to resum the trans-
verse momentum spectrum (we will discuss the different implementations in the literature in
more detail in sec. 5.8).

Problems of the Fourier-space resummation

It is sometimes argued that resummation should be carried out in Fourier space in order to
correctly factorize the phase space of soft emissions, which is reflected in a common impact
parameter ~bT describing all emissions. The phase space of course also factorizes in momentum
space, where the convolution structure of the factorization theorem eq. (5.1) precisely corre-
sponds to the phase space integrals over individual emission. [We will see this more explicit in
sec. 5.2.1.] The advantage of the Fourier space is thus a more convenient calculation, but there
is no fundamental reason to prefer it over momentum space. In fact, despite the calculational
advantages of the ~bT -space approach, it has been a long-standing open question whether it is
also possible to carry out the resummation of the ~qT distribution directly in momentum (or
distribution) space, see e.g. refs. [62, 76–80].

Firstly, it is well known that the ~qT spectrum contains logarithms ln(Q/qT ), and hence it
is desirable to resum these logarithms directly in momentum space, rather than indirectly
through the resummation of logarithms ln(QbT ) in Fourier space. Indeed, we have seen ex-
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plicitly in secs. 4.3 and 4.4 that solving RGEs in distribution or conjugate space intrinsically
differs by higher-order terms, and thus resummation in Fourier or momentum space are fun-
damentally different.

Furthermore, the solution eq. (5.7) (seemingly) has a few problems. On the one hand,
the integral over bT ranges from 0 to ∞ and thus necessarily evaluates the strong coupling
αs(1/bT ) in the nonperturbative regime 1/bT . ΛQCD. This requires either a nonperturba-
tive model or a suitable prescription to avoid the Landau pole, see e.g. refs. [149, 150], and
thus formally induces a nonperturbative sensitivity even at perturbative transverse momenta
qT � ΛQCD. (We remark that a similar problem will also appear in the momentum space
solution and therefore is not an intrinsic problem of the ~bT -space resummation, but it has
been one of the main motivations in previous attempts of momentum space resummation.) At
small qT . ΛQCD, one of course expects nonperturbative effects to appear. In this regime it
would be appealing to have a nonperturbative model in momentum space that systematically
incorporates corrections in ΛQCD/qT .

Another complication of eq. (5.7) is the inclusion of the power-suppressed O(qT /Q) correc-
tions at qT & Q. As discussed in sec. 4.1, this requires one to turn off the resummation to
ensure the proper cancellation of singular and nonsingular pieces. In eq. (5.7), this requires
one to turn off the resummation in Fourier space as a function of the Fourier conjugate variable
~qT . (An approach based on profile scales was suggested in ref. [61]. See also ref. [151] for a
modification of the CSS formula to recover collinear factorization at large qT & Q.)

Lastly, we are interested in the impact of the ~bT -space resummation on the assessment of
theory uncertainties. To illustrate possible difficulties, we consider the LL spectrum without
running of αs and neglect the µ dependence of the PDFs. For simplicity we only vary µH = κQ

to estimate perturbative uncertainties, rather than a combined variation of all scales as done
in an actual phenomenological analysis. The resummed cross section eq. (5.7) then becomes

dσLL

dQ2dY d2~qT
= σB

∫ d2~bT
(2π)2 e

i~bT ·~qT exp
{
−2Γcusp(αs)

[
ln2(QbT )− ln2 κ

]}
, (5.9)

where σB is the Born cross section containing σ0 and the PDFs. The Fourier space spectrum
does not depend on~qT at all, and hence varying κ ∈ [0.5, 2] gives an uncertainty band in Fourier
space that is independent of ~qT , as illustrated in fig. 5.2. The Fourier transformation maps this
band onto single points ~qT in momentum space, and it is not clear to which extent this reliably
reflects the uncertainty at each point, where one would like to vary the logarithms ln(Q/qT )
directly. This becomes important when theory predictions reach percent level accuracy, where
a proper understanding of uncertainties is essential.

For these reasons there have been several attempts to carry out the resummation directly
in momentum space. However these have either encountered spurious divergences in the
resummed qT spectrum, see e.g. refs. [74,77], or perform the evolution still partially in Fourier
space, see e.g. refs. [59, 70, 71, 152, 153], while refs. [76, 78–80] tried to obtain a closed form
of the Fourier-resummed spectrum in momentum space. The momentum space resummation
was only recently achieved in ref. [62] based on the coherent branching formalism [154, 155]
rather than solving the evolution equations associated with a factorization theorem. We briefly
compare to this method in sec. 5.8.3.
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Fig. 5.2.: Estimate of theory uncertainties in Fourier space resummation. (a): The uncertainty
band in ~bT space, obtained by taking the maximum and minimum variation of κ ∈ [0.5, 2] in
eq. (5.9), is independent of ~qT . (b): The Fourier transformation gives individual uncertainties
at each point in momentum space. We use Q = 125 GeV,Γg0 = 4CA, αs = 0.118.

In the next section we show that the major difficulty of TMD resummation in momen-
tum space is due to the convolution structure of the factorization theorem, which requires a
very careful scale setting. In particular we show that the spurious divergence encountered in
refs. [74,77] is the result of a naive scale setting. In the rest of the chapter we then carry out
the resummation, for the first time, by solving all RGEs directly in momentum space using
distributional scale setting.

5.2. Complications in qT resummation

The transverse momentum spectrum is generically given in terms of (plus) distributions, which
are necessary to regulate its 1/q2

T divergences. Furthermore, the factorized cross section
eqs. (3.32) and (3.36) and the rapidity RG eqs. (3.55) and (3.56) involve two-dimensional
convolutions. While the issue of scale setting with distributions has already been addressed in
sec. 4.4, we now discuss the impact of the two-dimensional convolutions on the resummation.

In the following we only consider the resummation of rapidity logarithms in the soft function,
as evolving the soft function from its natural scale ν = νS to the beam scale ν = νB ∼ Q

eliminates all rapidity logarithms in the beam functions. All difficulties associated with the
rapidity RGE can hence be completely illustrated with the soft function only.

5.2.1. Implications of two-dimensional convolutions

The all-order structure of rapidity logarithms is encoded in the corresponding rapidity renor-
malization group equations of beam and soft functions, which for the soft function reads [see
eq. (3.56)]

ν
dS(~pT , µ, ν)

dν =
∫

d2~kT γν(~pT − ~kT , µ)S(~kT , µ, ν) ≡ (γν ⊗ S)(~pT , µ, ν) . (5.10)
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This allows one to resum the rapidity logarithms by solving the RGE with the correct boundary
condition. It is easy to derive the formal solution

S(~pT , µ, νB) =
∫

d2~kT V (~pT − ~kT , µ, νB, νS)S(~kT , µ, νS) , (5.11)

which evolves the soft function S(~kT , µ, νS) from its “natural” scale νS to the soft function at
the arbitrary scale ν = νB, which we take to be the beam scale. The corresponding rapidity
evolution kernel V is given by

V (~pT , µ, νB, νS) = δ(~pT ) +
∞∑
n=1

1
n! lnn νB

νS
(γν⊗n)(~pT , µ)

= δ(~pT ) + ln νB
νS
γν(~pT , µ)

+ 1
2 ln2 νB

νS

∫
d2~k1

∫
d2~k2 γν(~k1, µ) γν(~k2, µ) δ(~k1 + ~k2 −~pT )

+ · · · . (5.12)

Here (γν⊗n) denotes n convolutions of γν with itself, see eq. (A.13). V is an exponential in
convolution space and eq. (5.12) can be derived equivalently in convolution space or Fourier
space (see sec. 5.2.2 below). Taking the derivative with respect to ν, one can easily verify that
it provides a solution for eq. (3.56).

The evolution kernel eq. (5.12) has a simple physical interpretation. Each factor of γν(~ki, µ)
corresponds to a real soft emission with momentum ~ki. The convolution integrals are the
remaining transverse phase-space integrals, which are constrained such that the transverse
momenta of all emissions sum up to the total ~pT . Each emission is dressed with a rapidity
logarithm ln(νB/νS) to evolve in rapidity from the soft scale νS to the beam scale νB, which
corresponds to the effective range in rapidity over which the soft emission has been integrated.
The n emission term then scales with lnn(νB/νS), which precisely builds up an exponential in
convolution space.

To investigate the structure of V in more detail, we focus on the first nontrivial convolution
in eq. (5.12). It involves integrating over two real emissions with momenta ~k1,2 such that
~k1+~k2 = ~pT . Figure 5.3 illustrates the momentum regions in |~k1,2| contributing to this integral.
The region between the solid lines is allowed, while the gray region outside cannot fulfill
the measurement constraint. The dashed lines correspond to a fixed angle between the two
emissions of ∠(~k1,~k2) = 90◦, 135◦. The larger this angle is, the larger the allowed magnitudes
|~k1,2| are. In the limit where the emissions are back-to-back, the magnitudes |~k1,2| can become
infinitely large, as long as their difference still gives ~pT . This is the limit given by the two
blue lines. Hence, the convolution integrals in eq. (5.12) in principle receive contributions
from infinitely large momenta. Physically, the limit of both emissions having large |~k1,2| ∼ Q
should be power-suppressed in qT /Q and hence not affect the singular logarithmic structure.
However, in this limit the emissions are not correctly described anymore by the underlying soft
expansion, which assumes |~k1,2| ∼ pT � Q. Therefore, we can in principle receive spurious
contributions to the integral from this region. On the other hand, there can also be relevant
physical contributions from any intermediate region pT � |~k1,2| � Q that must be correctly
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Fig. 5.3.: Illustration of the transverse momentum regions contributing to the convolution (γν⊗
γν)(~pT , µ). The region between the solid blue and orange lines contributes to the convolution
integral, while the gray area is kinematically forbidden. The dashed lines correspond to a fixed
angle θ = ∠(~k1,~k2) = 90, 135◦ between the two emissions. Canonical scaling |~k1| ∼ |~k2| ∼ pT
is only fulfilled in the shaded orange region.

taken into account. It was already argued in ref. [75] (see also ref. [62]) that the very small
~qT region can be influenced (or even be dominated) by such kinematic cancellations of harder
emissions.

One might now be worried that the factorization theorem is intrinsically ill-defined, as it
contains effects of arbitrarily hard emissions. This is unavoidable, as the soft approximation
eliminates the phase-space constraints that would normally cut off such emissions, as already
noticed in ref. [77]. However, all large rapidity logarithms should arise from the soft region
where all emissions are of the order of the final qT , |~ki| ∼ qT . From the above observations, it
is clear that the rapidity evolution kernel eq. (5.12) violates this requirement. This is perfectly
fine because a priori eqs. (5.11) and (5.12) only shift logarithms ln(pT /νS) in S(~pT , µ, νS)
into logarithms ln(pT /νB) in S(~pT , µ, νB). In particular, if S(~pT , µ, νS) is already resummed,
eqs. (5.11) and (5.12) are valid solutions of the rapidity RGE.

The situation changes if we want to use the rapidity RGE to predict all logarithms of the soft
function. Then we would like to start from a boundary condition for the soft function without
any real emissions, and subsequently let the evolution add real emissions by convolving with γν .
Each such emission with momentum ~ki should scale with a rapidity logarithm ∼ ln(νB/|~ki|)
to evolve in rapidity from its own emission scale to the beam scale. For the example of two
emissions, we thus expect a contribution of the form

∼
∫

d2~k1

∫
d2~k2 ln νB

|~k1|
γν(~k1, µ) ln νB

|~k2|
γν(~k2, µ)δ(~k1 + ~k2 −~pT ) . (5.13)

(For the moment we ignore that the rapidity logarithms need to be properly included into
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plus distributions, which will be taken care of in the final solution in sec. 5.4.) If the ~k1,2
integrals were dominated by |~k1,2| ∼ pT , indicated by the shaded orange region in figure 5.3,
both rapidity logarithms could be approximated as ∼ ln(νB/pT ), and a double logarithm
ln2(νB/pT ) could be pulled out of the convolution integrals. This is precisely what happens in
eq. (5.12). However, as explained above, the convolution also gets contributions from energetic
emissions |~k1,2| � pT , which happen to be back-to-back such that ~k1 +~k2 = ~pT . In this region,
the rapidity logarithms ln(νB/|~k1,2|) in eq. (5.13) get smaller and eventually become irrelevant
for |~k1,2| ∼ Q. Instead, the approximation |~k1,2| ∼ pT would result in a spuriously large
rapidity logarithm ln2(νB/pT ), which would artificially enhance this otherwise suppressed
phase-space region. To properly treat these emissions, it is necessary to keep the correct
rapidity logarithms ∼ ln(νB/|~ki|) in the convolutions. This is obviously not possible by simply
choosing a fixed value for νS in eqs. (5.11) and (5.12). In particular, if we were to use the
naive canonical choice νS ∼ pT , we would artificially enhance unphysical contributions from
energetic emissions. In sec. 5.2.3, this point will be stressed by showing that doing so actually
produces a spurious divergence in the qT -spectrum. The correct RG evolution to predict the
resummed soft function is significantly more complicated than eq. (5.12), and in particular
will rely on distributional scale setting. It will be derived in sec. 5.4.

So far we have focused on the role of the rapidity scale. The two-dimensional convolution
structure also has implications for the scale µ entering the rapidity anomalous dimension and
soft function. For this purpose, it suffices to consider eqs. (5.11) and (5.12), which correctly
evolve the (already resummed) soft function between two scales νS and νB. The final results
in eqs. (5.11) and (5.12) after all integrations can only depend on pT and thus can only contain
logarithms ln(pT /µ). One might therefore expect that when performing the rapidity evolution
at µ ∼ pT , it should be sufficient to evaluate γν at fixed order. However, what is important is
that the rapidity anomalous dimension contains logarithms ln(|~ki|/µ) (in distributional form).
These are only minimized by µ ∼ pT if the convolutions were dominated by |~ki| ∼ pT . As
argued above, since the convolution intrinsically probes momenta |~ki| � pT , setting µ ∼ pT
can induce spurious logarithms ln(|~ki|/pT ). Hence, the rapidity anomalous dimension γν
entering the convolutions should always be resummed in order to correctly describe emissions
at any |~ki| . Q. As we will see in sec. 5.3, the main effect of resumming γν(~ki, µ) is to
evaluate it at αs(|~ki|) rather than αs(µ). This suppresses the amplitude of energetic emissions,
which is particularly important because there is no phase-space suppression due to the soft
approximations, as discussed above.

At this point we can also discuss why these complications do not arise for scalar quantities
like thrust or transverse energy. Taking transverse energy as the closest example1 to qT , the
measurement constraint (for two emissions) changes to

δ(~k1 + ~k2 −~pT ) → δ(|~k1|+ |~k2| − ET ) . (5.14)

This is clearly a much stronger constraint and forces both momenta to be of the order of the
total transverse energy, |~ki| ∼ ET . In figure 5.3, this corresponds to forcing the momenta to lie
on the orange line, and it does not allow any contributions from the large momentum region.

1The factorization of ET is known to be affected by Glauber modes [156], but the ET distribution can still
serve as an example for the different mathematical structure of the renormalization group equations.
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In particular, the rapidity logarithms ln(νB/|~ki|) are now well approximated by ∼ ln(νB/ET ).
As we will see in the next subsection, this is precisely the reason why in the one-dimensional
case the convolution structure of the RGE does not lead to a spurious singularity.

5.2.2. Rapidity evolution in Fourier space

To illustrate that the problems observed in the previous section are not an artifact of the
momentum space approach, we now consider the resummation of the soft function in Fourier
space. There, the rapidity RGE in eq. (3.56) becomes multiplicative,

S̃(~bT , µ, ν) = γ̃ν(~bT , µ) S̃(~bT , µ, ν) , (5.15)

where ~bT is Fourier conjugate to ~pT and the tilde denotes the Fourier transformed quantities.
Equation (5.15) is easily solved by

S̃(~bT , µ, ν) = S̃(~bT , µ, ν0) exp
[
ln ν

ν0
γ̃ν(~bT , µ)

]
, (5.16)

from which we recover the momentum space solution

S(~pT , µ, ν) =
∫ d2~bT

(2π)2 e
i~pT ·~bT S̃(~bT , µ, ν0) exp

[
ln ν

ν0
γ̃ν(~bT , µ)

]
. (5.17)

For arbitrary ν0, this is exactly equal to eqs. (5.11) and (5.12), and allows one to correctly
shift logarithms from ν0 to ν.

To instead predict the soft function including its logarithms, one needs to choose ν0 suitably.
Since the final S(~pT , µ, ν) result is known to contain logarithms ln(pT /ν), one might be tempted
to set ν0 = pT and use the fixed-order boundary condition S̃(~bT , µ, ν0) = 1 + · · · . However,
we know that S̃(~bT , µ, ν0) contains logarithms ln(ν0bT ), and these are of course not eliminated
by ν0 ∼ pT . Since the Fourier integral runs over all ~bT , they can in principle become relevant
at small and large ~bT , in particular wherever the simple scaling bT ∼ p−1

T is violated. (This is
the same situation as discussed in eq. (4.30).) This is analogous to setting νS in eq. (5.11) to
the overall qT and using the pure fixed-order boundary condition for S(~kT , µ, νS).

We will explicitly see in the next section that the bT → 0 region causes troubles if one were
to set S̃(~bT , µ, ν0) = 1. In Fourier space, the problem is easily overcome by choosing ν0 ∼ 1/bT ,
which would allow one to evaluate the boundary condition in a pure fixed-order expansion.
However, this corresponds to an intrinsic scale setting and thus resummation in Fourier space.
The correct momentum-space analog corresponds to the discussion in eq. (5.13) and will be
derived in sec. 5.4.

5.2.3. Illustration: effects from energetic emissions

In sec. 5.2.1 we argued that the two-dimensional convolutions of γν are intrinsically sensitive
to large transverse momenta. As a result the formal solution eq. (5.12) does not allow one to
correctly predict the all-order soft function because these energetic emissions are artificially
enhanced by large rapidity logarithms. We will now explicitly demonstrate that this incorrect
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treatment is what causes a well-known spurious singularity in the evolution kernel.

We first calculate the rapidity evolution kernel V in eq. (5.12) using the fixed leading-order
expression for γν , which at one loop is given by eq. (3.67),

γν(~pT , µ) = 2Γcusp[αs(µ)]L0(~pT , µ) . (5.18)

Inserting this into eq. (5.12), the evolution kernel can be calculated either through Fourier
transformation or by explicitly calculating L0⊗n [see eq. (C.27)]. Both techniques yield

V (~pT , µ, ν, ν0) =
[
δ(~pT ) + ωsLωs(~pT , µ)

]
e−2γEωs Γ(1− ωs)

Γ(1 + ωs)
, (5.19)

where
ωs = 2Γcusp[αs(µ)] ln ν

ν0
, (5.20)

and the plus distribution is defined as [see eq. (C.8)]

La(~pT , µ) ≡ 1
πµ2

[(
~p2
T

µ2

)a−1]µ
+

≡ 1
πµ2L

a(~p2
T /µ

2) . (5.21)

The result in eq. (5.19) contains an explicit divergence at ωs = 1, which has been encountered
before [62,70,71,74,77]. Using what would seem to be the canonical scale choices, µ = ν0 = qT
and ν = Q, the divergence at ωs = 1 occurs when

Γcusp[αs(qT )] = ln−1 Q
2

q2
T

. (5.22)

For illustration, for gluon-induced processes like gg → H, where Γcusp ∼ CA, this happens at
qT ≈ 8 GeV for Q = 125 GeV and qT ≈ 27 GeV for Q = 1 TeV. For quark-induced process
like Drell-Yan, where Γcusp ∼ CF , it occurs at qT ≈ 2 GeV for Q = mZ and qT ≈ 4 GeV for
Q = 1 TeV.

Clearly, the all-order qT spectrum cannot contain such a singularity, especially since for large
Q it happens at purely perturbative qT . Its appearance for small enough qT /Q respectively
large enough ln(qT /Q) indicates that the above naive attempt simply does not properly treat
the resummation of logarithms. As we have shown, eq. (5.19) can be derived working entirely
in momentum space and without any reference to Fourier space, which means that it is not
related to a possibly ill-defined inverse Fourier transformation.

To show that the origin of this divergence is indeed due to contributions from large transverse
momenta in the convolution, as argued earlier, we regulate the LO anomalous dimension in
eq. (5.18) by introducing an explicit cutoff Λ in momentum space,

γν(~pT , µ)→ γ(Λ)
ν (~pT , µ) ≡ γν(~pT , µ)θ(Λ− pT ) . (5.23)

Since γν(~pT , µ) corresponds to a single real emission with momentum ~pT , this is equivalent to
cutting off emissions with large transverse momentum |~pT | > Λ. Using eq. (5.23) in eq. (5.12),
the rapidity evolution kernel becomes rather complicated and is most easily evaluated in
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Fourier space, where the regulated anomalous dimension eq. (5.23) reads

γ̃(Λ)
µ (~bT , µ) = 2Γcusp[αs(µ)]

[
ln Λ2

µ2 −
b2TΛ2

4 2F3

(
−b

2
TΛ2

4

)]
, (5.24)

where 2F3(x) = 2F3(1, 1; 2, 2, 2;x) is a generalized hypergeometric function. The rapidity
evolution kernel then is

V (~pT , µ, ν, ν0) =
∫ d2~bT

(2π)2 e
i~bT ·~pT exp

[
ln ν

ν0
γ̃(Λ)
ν (~bT , µ)

]
= 1

2π

(Λ2

µ2

)ωs ∫ ∞
0

dbT bTJ0(bT pT ) exp
[
−ωs

b2TΛ2

4 2F3

(
−b

2
TΛ2

4

)]
= 2
πµ2

(Λ2

µ2

)ωs−1 ∫ ∞
0

dxxJ0

(2xpT
Λ

)
exp

[
−ωs x2

2F3(−x2)
]
. (5.25)

This is perfectly finite for ωs = 1. It shows that by cutting off energetic emissions the diver-
gence disappears, and confirms our observation that it is precisely the large momentum region
that is being treated incorrectly. Taking the Λ → ∞ limit in eq. (5.25) is slightly nontrivial
but reproduces eq. (5.19). In particular, from the expression in the last line of eq. (5.25) it is
easy to see that for ωs = 1 the prefactor diverges for Λ→∞, while it does not for ωs < 1.

Interestingly, by choosing Λ = pT , meaning that no single emission is allowed to be harder
than the total ~pT , one obtains

V (~pT , µ, ν, ν0) = 2
πµ2

(
p2
T

µ2

)ωs−1 ∫ ∞
0

dxxJ0(2x) exp
[
−ωs x2

2F3(−x2)
]
, (5.26)

where the pT -dependence is exactly the same as in the unregulated solution eq. (5.19), while the
remaining integral is a function of ωs that is finite for any ωs [except for ωs = 0, for which the
whole expression has to reproduce the boundary condition V (~pT , µ, ν, ν) = (2π)2δ(~pT )]. This
stresses again that emissions much harder than the actual final state ~pT cause the divergence.

To see more explicitly how the divergence in eq. (5.19) arises, we can focus on its δ(~pT )
term. Using the expression for L0⊗n from eq. (C.27), we get

V (~pT , µ, ν, ν0) = δ(~pT ) +
∞∑
n=1

ωns
n! (L0⊗n)(~pT , µ)

= δ(~pT )
∞∑
n=0

ωns
n! (−1)nR(n)

2 + · · ·

∼ δ(~pT )
∞∑
n=0

ωns
n! × n! + · · · , (5.27)

where the ellipses denote the remaining distributions Ln that built up the Lωs term in
eq. (5.19). The (−1)nR(n)

2 is exactly the nth derivative of the ωs-dependent factor in eq. (5.19),
e−2γEωsΓ(1− ωs)/Γ(1 + ωs), see eq. (C.20). The sum in the second line hence precisely leads
to the δ(~pT ) piece of eq. (5.19), including its divergence at ωs = 1. In the last step we inserted
the asymptotic behavior R(n)

2 ∼ (−1)nn! [see eq. (C.24)]. Each factor ωs corresponds to a
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single γν and hence a single real emission. Therefore, the n! growth of the contribution from n

emissions, which leads to the divergence for ωs = 1, simply reflects the number of combinations
of n individual emissions ~ki to yield an overall ~pT =

∑
i
~ki. Hence it is of a kinematic origin

and intrinsic to the two-dimensional nature of ~pT .
To further illustrate this, we can show that this divergence does not appear for the one-

dimensional case, where the convolution momentum is strictly limited to k′ ≤ k. The analogous
one-dimensional problem (which would be relevant for ET ) is given by

ν
dF (k, µ, ν)

dν =
∫

dk′ γν,F (k − k′, µ)F (k′, µ, ν) , (5.28)

γν,F (k, µ) = 2Γcusp[αs(µ)]L0(k, µ) . (5.29)

The corresponding evolution kernel is given by [see eq. (B.26)],

U(k, µ, ν, ν0) = δ(k) +
∞∑
n=1

ωns
n! (L0⊗n)(k, µ)

=
[
δ(k) + ωsLωs(k, µ)

] e−γEωs

Γ(1 + ωs)

= δ(k)
∞∑
n=0

ωns
n! (−1)nR̃(n)

1 + · · · = δ(k) e−γEωs

Γ(1 + ωs)
+ · · · , (5.30)

where the ellipses in the third line denote plus distributions Ln(k, µ), which we omitted for
simplicity to focus on the δ(k) term. As before, each power of ωs corresponds to a single
emission. The n-emission term comes with a coefficient (−1)nR̃(n)

1 , which is the nth derivative
of e−γEωs/Γ(1 + ωs), see eq. (B.19). This function is well defined for all ωs, and in particular
its derivatives do not show the factorial growth that is present in the two-dimensional case
R

(n)
2 ∼ (−1)nn!.
Finally, for completeness we show how the divergence arises from the calculation in Fourier

space. In this case, the evolution kernel is given by the inverse Fourier transform

V (~pT , µ, ν, ν0) =
∫ d2~bT

(2π)2 e
i~bT ·~pT exp

[
ln ν

ν0
γ̃ν(bT , µ)

]
. (5.31)

The Fourier transform of the LO expression for γν in eq. (5.18) is given by

γ̃ν(bT , µ) =
∫

d2~pT e
−i~bT ·~pT γν(~pT , µ) = −2Γcusp[αs(µ)] ln b

2
Tµ

2

b20
, (5.32)

such that

V (~pT , µ, ν, ν0) = 1
2π

∫ ∞
0

dbT bT J0(bT pT ) exp
(
−ωs ln b

2
Tµ

2

b20

)
, (5.33)

with ωs as in eq. (5.20). The integral converges at large bT . At small bT the integrand behaves
as

bT J0(bT pT ) exp
(
−ωs ln b

2
Tµ

2

b20

)
∼ b1−2ωs

T , (5.34)
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where we approximated J0(bT pT ) ∼ 1 for bT → 0. Hence we find a logarithmic divergence from
the small bT limit when ωs → 1. This is consistent with the previous calculation, since roughly
bT ∼ p−1

T , and thus we can again conclude that energetic emission cause the divergent term.
To identify the factorial growth, we expand the exponential in the integrand and perform the
integration in the small bT region, where J0(bT pT ) ∼ 1,

V (~pT , µ, ν, ν0) = 1
2π

∫ ∞
0

dbT bT J0(bT pT ) exp
(
−ωs ln b

2
Tµ

2

b20

)
∼ 1

2π

∞∑
n=0

1
n! (−ωs)

n
∫

dbT bT lnn b
2
Tµ

2

b20

∼ b20
4πµ2

∞∑
n=0

1
n!ω

n
s n! = b20

4πµ2
1

1− ωs
. (5.35)

Hence, the small-bT region of the Fourier integral reproduces the n! growth responsible for the
first pole in ωs = 1 in eq. (5.19). Note that expanding the Bessel function J0 to higher orders
similarly produces the other poles at ωs = 2, 3, · · · of eq. (5.19).

In conclusion, the two-dimensional nature of the convolutions appearing in transverse mo-
mentum distributions poses a significant complication to performing the associated renormal-
ization group evolution and resummation. The main problem is that these convolutions can
intrinsically probe emissions at arbitrarily large momentum via kinematic cancellations. In
principle, such kinematic cancellations among several hard emissions to produce a small value
of ~qT is a physical effect which will be present in the full all-order result for the spectrum.
However, in the above naive approach, the large-momentum emissions get artificially enhanced
by fake rapidity logarithms. By explicitly cutting off such emissions, we have shown that they
indeed produces unphysical contributions and are the origin of a spurious singularity in the
rapidity evolution kernel. As discussed in sec. 5.2.1, the appearance of these energetic emis-
sions requires a careful scale setting when performing the RG evolution for the qT spectrum
in momentum space, which will be the focus of the remainder of this chapter.

5.3. Resummation of the rapidity anomalous dimension

In this section, we carry out the resummation of the rapidity anomalous dimension γν(~pT , µ)
in momentum space by solving its differential equation, eq. (3.61),

µ
dγν(~pT , µ)

dµ = −4Γcusp[αs(µ)] δ(~pT ) , (5.36)

using the techniques introduced in secs. 4.3 and 4.4. Since eq. (5.36) encodes the consis-
tency (i.e. exact path independence) between the µ and ν evolutions [74, 109], the solution of
eq. (5.36) is an important ingredient in the full momentum-space resummation. In particular,
as was discussed in sec. 5.2, since the two-dimensional convolutions are intrinsically sensitive
to emissions at all momentum scales, one cannot naively use a fixed-order approximation for
γν even when the rapidity RGE is performed at µ ∼ qT .

We will also use the resummed result for γν(~pT , µ) as an example to study the differences
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to carrying out the resummation in Fourier space, the appearance of nonperturbative effects
in the qT spectrum, as well as the implementation of a profile scale and how it allows to probe
subleading logarithms.

5.3.1. Resummation of γν in closed form

We can solve eq. (5.36) distributionally by integrating it from arbitrary µ0 to µ and then
setting µ0 = pT |+ using eq. (4.92),

γν(~pT , µ) =
[
γν(~pT , µ0)− δ(~pT )

∫ µ

µ0

dµ′

µ′
4Γcusp[αs(µ′)]

]
µ0=pT |+

= 1
2πpT

d
dpT

{
θ(pT )γν [αs(pT )]− θ(pT )

∫ µ

pT

dµ′

µ′
4Γcusp[αs(µ′)]

}
. (5.37)

Here we used that the boundary term can only depend on αs(pT ) and that by virtue of
the cumulant must be proportional to θ(pT ), to write it as θ(pT )γν [αs(pT )]. Evaluating the
derivative [see eq. (C.7)] yields

γν(~pT , µ) =
[4Γcusp[αs(pT )]

2πp2
T

]µ
+

+
[ 1

2πp2
T

dγν [αs(pT )]
d ln pT

]ξ
+

+ δ(~pT )γν [αs(ξ)] . (5.38)

The µ dependence is carried by the first distribution, which can easily be seen to fulfill
eq. (5.36). The last two terms arise from the derivative acting on θ(pT )γν [αs(pT )] and are
hence independent of any scale except pT . The ξ dependence exactly cancels between the two
terms, but is necessary to introduce a plus distribution to regulate the 1/p2

T divergence. The
same result is also obtained by directly solving eq. (5.36) in cumulant space.

Let us briefly discuss the form of eq. (5.38). Recall that γν(~pT , µ) corresponds to a single
real emission with transverse momentum ~pT . The factor 1/p2

T inside the plus distributions
corresponds to the propagator associated with such an emission. The associated infrared
singularity at ~pT → 0 has to cancel against virtual corrections, which is encoded by the plus
distribution that regulates the divergence. The main effect of solving the RGE of γν is to
evaluate the anomalous dimension at αs(pT ) rather than αs(µ). This is not very surprising,
as we would expect the µ RGE to resum virtual corrections to this single emission, which
naturally pushes αs to be evaluated at the emission scale rather than the overall scale µ.

The boundary term γν [αs(ξ)] can be extracted by integrating eq. (5.38) up to pT ≤ µ,

θ(µ)γν [αs(µ)] =
∫
|~pT |≤µ

d2~pT γν(~pT , µ) . (5.39)

It corresponds precisely to the noncusp piece of the anomalous dimensions. We expand it as

γν(αs) =
∞∑
n=0

γν n
(αs

4π
)n+1

, (5.40)

and the constants γν n are the coefficients of δ(~pT ) in the fixed-order calculation of γν(~pT , µ).
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5.3.2. Iterative resummation of γν

It is instructive to see how the resummed result for γν(~pT , µ) arises order-by-order in pertur-
bation theory by using a recurrence relation. To obtain the recurrence relation, we expand

γν(~pT , µ) =
∞∑
n=0

γ(n)
ν (~pT , µ)

[
αs(µ)

4π

]n+1
. (5.41)

Differentiating this with respect to µ and plugging it back into eq. (5.36) gives the relation

µ
dγ(n)

ν (~pT , µ)
dµ = −4Γnδ(~pT ) +

n−1∑
m=0

2(m+ 1)βn−m−1γ
(m)
ν (~pT , µ) , (5.42)

where Γn and βn are the coefficients of the cusp anomalous dimensions and beta function, see
eq. (A.14). Applying the integration rule in eq. (4.97) yields the solution

γ(n)
ν (~pT , µ) = 2ΓnL0(~pT , µ) +

n−1∑
m=0

2(m+ 1)βn−m−1

µ∫
µ0=pT |+

dµ′

µ′
γ(m)
ν (~pT , µ′) + γν nδ(~pT ) , (5.43)

The first two terms follow from integrating the right hand side of eq. (5.42), leaving only a
pure number times δ(~pT ) as possible boundary term. This shows explicitly that the noncusp
coefficients γν n determine the boundary condition, which can (and must) be determined in
fixed-order perturbation theory, while all plus distributions arise from the µ-evolution. Note
that the remaining integral has to be evaluated with distributional scale setting according to
eq. (4.97).

The first few terms following from eq. (5.43) are given by

γ(0)
ν (~pT , µ) = 2Γ0 L0(~pT , µ) ,

γ(1)
ν (~pT , µ) = −2β0Γ0 L1(~pT , µ) + 2Γ1 L0(~pT , µ) + γν 1 δ(~pT ) ,

γ(2)
ν (~pT , µ) = 2β2

0Γ0 L2(~pT , µ)− 2(β1Γ0 + 2β0Γ1)L1(~pT , µ)
+ 2(Γ2 − β0γν 1)L0(~pT , µ) + γν 2 δ(~pT ) ,

γ(3)
ν (~pT , µ) = −2β3

0Γ0 L3(~pT , µ) + (5β0β1Γ0 + 6β2
0Γ1)L2(~pT , µ)

− 2(β2Γ0 + 2β1Γ1 + 3β0Γ2 − 3β2
0γν 1)L1(~pT , µ)

+ (2Γ3 − 2β1γν 1 − 3β0γν 2)L0(~pT , µ) + γν 3 δ(~pT ) . (5.44)

Here we already used γν 0 = 0 to simplify the expressions. One can easily check that the same
result is obtained by expanding the full resummed result in eq. (5.38).

5.3.3. Comparison to resummation in Fourier space

The transverse momentum resummation is typically performed in Fourier (impact parame-
ter) space. The rapidity anomalous dimension in Fourier space satisfies the corresponding
differential equation

µ
dγ̃ν(~bT , µ)

dµ = −4Γcusp[αs(µ)] . (5.45)



84 Chapter 5. Transverse momentum resummation in distribution space

Here, γ̃ν(~bT , µ) is the Fourier transform of γν(~pT , µ). It naturally depends on ln(b2Tµ2/b20) with
b0 = 2e−γE , such that the resummation with canonical scale choice µ0 = b0/bT is

γ̃ν(~bT , µ) = γ̃ν [αs(b0/bT )]−
∫ µ

b0/bT

dµ′

µ′
4Γcusp[αs(µ′)] , (5.46)

where γ̃ν [αs(b0/bT )] is the boundary term.
To compare eq. (5.46) to the momentum space solution in eq. (5.38), we need to take the

inverse Fourier transform, which involves integrating γ̃ν(~bT , µ) over the nonperturbative region
1/bT . ΛQCD. It is hence easier to compare at the level of the perturbative reexpansion of γν .
A recurrence relation similar to eq. (5.43) is easily derived in Fourier space,

γ̃(n)
ν (~bT , µ) = −2Γn ln b

2
Tµ

2

b20
+ 2

n−1∑
m=0

(m+ 1)βn−m−1

∫ µ

b0/bT

dµ′

µ′
γ(m)
ν (~bT , µ′) + γ̃ν n . (5.47)

Calculating the first few terms and transforming them to momentum space, we obtain

γ(0)
ν (~pT , µ) = 2Γ0L0(~pT , µ) ,

γ(1)
ν (~pT , µ) = −2β0Γ0L1(~pT , µ) + 2Γ1L0(~pT , µ) + γ̃ν 1δ(~pT ) ,

γ(2)
ν (~pT , µ) = 2β2

0Γ0L2(~pT , µ)− 2(β1Γ0 + 2β0Γ1)L1(~pT , µ)

+ 2(Γ2 − β0γ̃ν 1)L0(~pT , µ) +
(
γ̃ν 2 + 8

3ζ3β
2
0Γ0

)
δ(~pT ) ,

γ(3)
ν (~pT , µ) = −2β3

0Γ0 L3(~pT , µ) + (5β0β1Γ0 + 6β2
0Γ1)L2(~pT , µ)

− 2(β2Γ0 + 2β1Γ1 + 3β0Γ2 − 3β2
0 γ̃ν 1)L1(~pT , µ)

+ (2Γ3 − 2β1γ̃ν 1 − 3β0γ̃ν 2 − 8ζ3β
3
0Γ0)L0(~pT , µ)

+
(
γ̃ν 3 + 20

3 ζ3β0β1Γ0 + 8ζ3β
2
0Γ1

)
δ(~pT ) , (5.48)

where the γ̃ν n are the nonlogarithmic constants as defined in Fourier space.
The first two terms agree with eq. (5.44), and hence to this order we find identical noncusp

constants, γ̃ν 1 = γν 1. The differences compared to eq. (5.44) start at O(α3
s), where the ~bT -

space resummation induces additional terms. This means that the 3-loop and 4-loop noncusp
constants are related by

γν 2 = γ̃ν 2 + 8
3ζ3β

2
0Γ0 ,

γν 3 = γ̃ν 3 + 20
3 ζ3β0β1Γ0 + 8ζ3β

2
0Γ1 . (5.49)

In addition, the L0 term in γ
(3)
ν differs by a contribution 8ζ3β

3
0Γ0, induced by the different

boundary term γ̃ν 2, which feeds into the logarithmic distribution at higher orders.
Similar additional terms are induced at each higher order. The reason is that pure ~bT -

space logarithms lnn(b2Tµ2/b20) do not correspond to pure plus distributions Ln−1(~pT , µ), but
also induce δ(~pT ) terms when Fourier transformed back to momentum space. (The explicit
relation is given in eq. (C.19); see also the first few Fourier transformations in table C.2.) The
implications of this were discussed already in secs. 4.3.5 and 4.4. If γν is calculated in full
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fixed order to αns , the boundary terms can be extracted up to this order, which also takes
into account the differences between γν n and γ̃ν n up to this order. However, for the unknown
higher order terms one would set γ̃ν n = 0 in the ~bT -space resummation (i.e. by setting the
boundary condition in ~bT -space) and γν n = 0 in the momentum-space resummation (i.e. by
setting the boundary condition in momentum space). This means if one were to use the
~bT -space resummation to obtain the momentum-space result this would induce additional
boundary terms which then lead to additional subleading terms to all orders compared to the
momentum-space resummation, and vice versa.

Even though the inverse Fourier transformation over the full ~bT -space result is not possible,
we can express the differences in closed form by relating eqs. (5.38) and (5.46) through

γν(~pT , µ) = FT−1[γ̃ν(~bT , µ)](~pT )−
[ 1

2πp2
T

d∆γν [αs(pT )]
d ln pT

]µ
+
− δ(~pT ) ∆γν [αs(µ)] , (5.50)

where

∆γν [αs(µ)] =
∫ ∞

0
dbT µJ1(bTµ) γ̃ν(|~bT |, µ)− γν [αs(µ)] . (5.51)

Here we used that γ̃ν only depends on the magnitude of ~bT , γ̃ν(~bT , µ) ≡ γ̃ν(|~bT |, µ). The
relation is derived by relating the pure δ(~pT ) pieces via eq. (5.39) to each other. It holds
in the sense that the fixed-order expansions of both sides of eq. (5.50) match to all orders.
The ∆γν contains the differences in the boundary condition and the second term in eq. (5.50)
explicitly shows the subleading logarithmic terms contained in the inverse Fourier transform
of the ~bT -space solution.

5.3.4. Turning off resummation using profiles

Having obtained the resummed rapidity anomalous dimension, we can use it as an illustrative
example for the implementation of a profile scale to smoothly transition between resummation
and fixed-order regimes, as discussed in sec. 4.3.6. Starting from the formal solution

γν(~pT , µ) = γν(~pT , µ0)− δ(~pT )
∫ µ

µ0

dµ′

µ′
4Γcusp[αs(µ′)] , (5.52)

the aim is to choose a profile scale µ0(pT ) that smoothly transitions from the canonical scale
choice µ0 = pT |+ in the resummation regime to the fixed scale µ0 = µ that turns off the
resummation. Note that the profile function can also depend on further variables such as Q or
the final ~qT . Since these dependences do not require distributional scale setting, we suppress
them.

As discussed in sec. 4.3.6, the pT -dependence of µ0(pT ) requires distributional scale setting
using eq. (4.92) generalized to a function µ0(pT ),

γν(~pT , µ) = 1
2πpT

d
dpT

∫
|~kT |≤pT

d2~kT

{
γFO
ν

(
~kT , µ0(pT )

)
− δ(~kT )

∫ µ

µ0(pT )

dµ′

µ′
4Γcusp[αs(µ′)]

}
.

(5.53)
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Here the superscript “FO” makes explicit that the boundary term is obtained from a fixed-
order calculation. Focusing for the moment on the second term, which predicts the logarithmic
terms at higher orders in αs, the derivative can be evaluated [see eq. (C.7)],

γν(~pT , µ) ⊃
[ 1

2πp2
T

d lnµ0(pT )
d ln pT

4Γcusp[µ0(pT )]
]µ

+
− δ(~pT )

∫ µ

µ0(µ)

dµ′

µ′
4Γcusp[αs(µ′)] . (5.54)

This has to be compared to the corresponding term in the canonical solution in eq. (5.38),

γν(~pT , µ) ⊃
[4Γcusp[αs(pT )]

2πp2
T

]µ
+
. (5.55)

This result is recovered using the canonical scale µ0(pT ) = pT , for which the integral in
eq. (5.54) vanishes. On the other hand, the resummation is turned off by choosing µ0(pT ) = µ,
for which both terms in eq. (5.54) vanish and only the fixed-order term in eq. (5.53) survives.
In between, the shape of the derivative d lnµ0(pT )

d ln pT 6= 1 entering in the plus distribution controls
how the plus distribution, which is entirely generated by the resummation, is being turned off
until it vanishes in the fixed-order regime.

Another purpose of the profile scale is to probe the size of higher-order terms through scale
variations. To show concretely how this works, consider choosing µ0(pT ) = 2pT , for which
eq. (5.54) becomes

γν(~pT , µ) ⊃
[4Γcusp[αs(2pT )]

2πp2
T

]µ
+
− δ(~pT )

∫ µ

2µ

dµ′

µ′
4Γcusp[αs(µ′)] . (5.56)

We observe two effects. On the one hand, the plus distribution now has a different shape in ~pT
due to Γcusp[αs(2pT )]. This is reasonable, as all higher-order logarithms in γν are resummed
into the scale entering the cusp anomalous dimension Γcusp, so we expect a variation there.
On the other hand, the δ(~pT ) term does not vanish anymore, and hence probes the constant
fixed-order boundary terms.

In conclusion, the distributional scale setting allows one to use profile scales as usual, al-
lowing to smoothly connect the resummation and fixed-order regimes as well as to implement
profile scale variations.

Example at lowest order. As an illustrative example, we consider resumming γν at lowest
order (i.e. LL including β0 and Γ0) with a profile scale in conjunction with the full O(αs)
boundary term,

γFO
ν (~pT , µ) = 2Γ0

αs(µ)
4π L0(~pT , µ) . (5.57)

(This combination corresponds to a partial NLL result and would typically not arise in practice,
but it is useful for illustration.) From eq. (5.53), we obtain

γ(N)LL
ν (~pT , µ) = Γ0

π

[ 1
2πpT

d
dpT

{
αs[µ0(pT )] ln pT

µ0(pT ) −
∫ µ

µ0(pT )

dµ′

µ′
αs(µ′)

}]µ
+

+ Γ0
π
δ(~pT )

{
αs[µ0(µ)] ln µ

µ0(µ) −
∫ µ

µ0(µ)

dµ′

µ′
αs(µ′)

}
. (5.58)
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The first term in each of the curly brackets is from the fixed-order boundary condition and
the second term is from the LL µ evolution. Expanding the result in αs(µ), we obtain

γ(N)LL(0)
ν (~pT , µ) = 2Γ0 L0(~pT , µ) = γ(0)

ν (~pT , µ) ,

γ(N)LL(1)
ν (~pT , µ) = −2β0Γ0

1
πµ2

[
µ2

~p2
T

ln µ0(pT )2

µ2

]µ
+

+ 2β0Γ0
1
πµ2

[
µ2

~p2
T

ln µ0(pT )2

p2
T

d lnµ0(pT )
d ln pT

]µ
+

+ 4Γ0β0 ln2 µ

µ0(µ)δ(~pT ) . (5.59)

As discussed in generality above, by including the full O(αs) boundary condition, the O(αs)
result γ(0)

ν is exactly reproduced independently of the choice of µ0(pT ). The two-loop term
has to be compared to the full fixed-order result from eq. (5.44),

γ(1)
ν (~pT , µ) = −2β0Γ0

1
πµ2

[
µ2

~p2
T

ln p
2
T

µ2

]µ
+

+ 2Γ1
1
πµ2

[
µ2

~p2
T

]µ
+

+ γν 1δ(~pT ) . (5.60)

With the fixed-order scale µ0(pT ) = µ, the two-loop term γ
(N)LL(1)
ν completely vanishes, leaving

only the one-loop fixed-order term γ
(0)
ν . With the canonical resummation scale µ0(pT ) = pT ,

the first term in γ(N)LL(1)
ν exactly reproduces the leading-logarithmic two-loop term ∼ β0Γ0L1,

while the other terms vanish. Varying µ0(pT ) induces higher-order terms with precisely the
structure of the formally higher-order Γ1 and γν 1 terms. Furthermore, the pT dependence
of the variation allows one to distinguish and separately probe the size of the higher-order
logarithmic and higher fixed-order boundary pieces.

5.3.5. Nonperturbative modeling with the moment expansion

It is well known from the resummation in Fourier space that the rapidity evolution kernel
becomes intrinsically nonperturbative at 1/bT � ΛQCD [67–69]. In momentum space this
corresponds to the fact that the resummed result for γν(~pT , µ) in eq. (5.38) explicitly depends
on αs(pT ), which means that it becomes nonperturbative for pT . ΛQCD. This nonper-
turbative region is necessarily probed in the rapidity RGE [eq. (3.56)] of the soft function,
νdS/dν = γν ⊗ S, since γν(~kT , µ) is integrated over all ~kT .

Although we will show in sec. 5.6 that the final result for the momentum convolutions is
actually perturbative up to power corrections O(Λ2

QCD/p
2
T ), it is still important to properly

handle and isolate the nonperturbative contributions to γν . To do so, we can write the true
all-order result for γν as

γν(~pT , µ) =
[4Γcusp[αs(µ0(pT ))]

2πp2
T

]µ
+

+
[ 1

2πp2
T

dγν [αs(µ0(pT ))]
d ln pT

]ξ
+

+ δ(~pT ) γν [αs(µ0(ξ))]

+ γ(np)
ν (~pT ) . (5.61)

Here, we have replaced the fixed canonical scale µ0 = pT |+ in the resummed result in eq. (5.38)
by a cutoff function µ0(pT ), which is equal to µ0(pT ) = pT for pT & ΛQCD but cuts off
and approaches some constant (perturbative) value for pT . ΛQCD. The difference to the
true result is absorbed into the nonperturbative contribution γ

(np)
ν (~pT ). Since the resummed
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perturbative result is now only ever evaluated at perturbative scales, all nonperturbative
contributions must be contained in γ

(np)
ν (~pT ). The precise choice of µ0(pT ) here corresponds

to a perturbative scheme dependence in the definition of γ(np)
ν (~pT ), which cancels on the right-

hand sice in eq. (5.61) (and which we suppress in our notation). At the same time, γ(np)
ν (~pT )

is µ independent because the (perturbative) µ dependence is by definition carried by the
resummed perturbative contributions.

Letting µ0(pT ) = pT in the perturbative regime, γ(np)
ν (~pT ) will have support of order ΛQCD.

Hence we can expand it in its moments,

γ(np)
ν (~pT ) =

( ∞∑
n=1

Ωn∆n
~pT

)
δ(~pT ) ≡ γ(np)

ν [∆~pT
] δ(~pT ) , (5.62)

where ∆~pT
= ∂2/∂2px + ∂2/∂2py is the Laplace operator. Since γν is known to be azimuthaly

symmetric, no other operators, such as e.g. linear operators, may arise. The associated Ωn coef-
ficients are nonperturbative parameters, which have to be extracted from data. Like γ(np)

ν (~pT )
itself, they are µ independent but scheme dependent. This is reminiscent of the moment ex-
pansions to treat the nonperturbative corrections in one-dimensional soft functions [134,157].

The moment expansion eq. (5.62) becomes more intuitive upon Fourier transformation. In
impact parameter space, it turns into a simple polynomial in −b2T ,

γ̃(np)
ν (~bT ) =

∞∑
n=1

Ωn(−b2T )n = γ(np)
ν [−b2T ] . (5.63)

The analysis of ref. [158] found that the perturbative result for γ̃ν(~bT , µ) has a leading renor-
malon contribution which scales as b2T . This is consistent with the fact that the first nonper-
turbative moment Ω1 scales with ∆~pT

or b2T , and the renormalon in the perturbative series
should be precisely canceled by a corresponding renormalon in Ω1. We expect that the above
cutoff definition can be used to provide a renormalon-free scheme definition for Ω1 in momen-
tum space and presumably γ(np)

ν (~pT ) as a whole. It would be interesting to investigate this in
more detail in the future.

To compare the above moment expansion to the literature, consider the formal solution of
the rapidity RGE in eq. (3.56) in impact parameter space,

S̃(~bT , µ, ν) = S̃(~bT , µ, ν0) exp
[
ln ν

ν0
γ̃ν(bT , µ)

]
. (5.64)

Including both the perturbative and nonperturbative contributions to γ̃ν , this yields

S̃(~bT , µ, ν) = S̃(~bT , µ, ν0) exp
[
ln ν

ν0
γ̃(pert)
ν (bT , µ)

]
exp

[
−Ω1 ln ν

ν0
b2T + · · ·

]
, (5.65)

where γ̃(pert)
ν (bT , µ) is the Fourier transform of the resummed perturbative contribution. Hence,

the momentum-space resummation reproduces and confirms the often-used procedure in the
literature to model nonperturbative effects using a Gaussian factor in impact parameter space,
which is also motivated by renormalon analyses [158,159]. In practice, a variety of nonpertur-
bative models have been suggested, see e.g. refs. [160, 161]. The above also confirms that the
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nonperturbative correction scales with a rapidity logarithm [68,162].

5.4. Resummation of the soft function

We next carry out the resummation of the soft function, which is the main source of the diffi-
culties of resummation in momentum space. The beam function will be addressed in sec. 5.5.
We only consider the solution with canonical boundary condition. The implementation of
profiles works analogously to the rapidity anomalous dimension as discussed in sec. 5.3.4, and
is not explicitly shown.

The soft function obeys the coupled system of RGEs, eqs. (3.46) and (3.56),

µ
dS(~pT , µ, ν)

dµ = γS(µ, ν)S(~pT , µ, ν) , (5.66)

ν
dS(~pT , µ, ν)

dν =
∫

d2~kT γν(~pT − ~kT , µ)S(~kT , µ, ν) ≡ (γν ⊗ S)(~pT , µ, ν) . (5.67)

As discussed in sec. 5.2.1, the convolution structure of the ν-RGE is the main source of
complications, and will yield a quite complicated solution. For illustration we hence first
derive an iterative solution of the RGEs, before giving the all-order solution in closed form.

5.4.1. Iterative solution

To derive an iterative solution order by order in αs, we require the expansions

S(~pT , µ, ν) =
∞∑
n=0

S(n)(~pT , µ, ν)
[
αs(µ)

4π

]n
, (5.68)

γS(µ, ν) =
∞∑
n=0

(
4Γn ln µ

ν
+ γS n

)[αs(µ)
4π

]n+1
, (5.69)

γν(~pT , µ) =
∞∑
n=0

γ(n)
ν (~pT , µ)

[
αs(µ)

4π

]n+1
, (5.70)

where the γ(n)
ν were derived in sec. 5.3.2. The two RGEs then become

µ
dS(n)(~pT , µ, ν)

dµ =
n−1∑
m=0

(
4Γn−m−1 ln µ

ν
+ γS n−m−1 + 2mβn−m−1

)
S(m)(~pT , µ, ν) , (5.71)

ν
dS(n)(~pT , µ, ν)

dν =
n−1∑
m=0

(
γ(n−m−1)
ν ⊗ S(m))(~pT , µ, ν) . (5.72)

These equations allow to determine the O(αns ) coefficient S(n) from the lower order terms S(m)

with m < n. Solving first the ν RGE in eq. (5.72), we obtain the formal solution

S(n)(~pT , µ, ν) = S(n)(~pT , µ, ν0) +
∫ ν

ν0

dν ′

ν ′

n−1∑
m=0

γ(n−m−1)
ν (~pT , µ)⊗ S(m)(~pT , µ, ν ′) . (5.73)
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The missing boundary term S(n)(~pT , µ, ν0) is deduced from the µ RGE in eq. (5.71),

S(n)(~pT , µ, ν0) = S(n)(~pT , µ0, ν0) (5.74)

+
∫ µ

µ0

dµ′

µ′

n−1∑
m=0

(
4Γn−m−1 ln µ

′

ν0
+ γS n−m−1 + 2mβn−m−1

)
S(m)(~pT , µ′, ν0) .

The remaining boundary term S(n)(~pT , µ0, ν0) can only contain logarithms ln(µ0/pT ) or ln(ν0/pT )
or any combination of these. In particular, these logarithms can be hidden inside the boundary
condition of plus distributions Ln(~pT , µ0),Ln(~pT , ν0). To eliminate them, we apply eq. (4.92)
to set µ0 = ν0 = pT |+. The remaining pure fixed-order boundary term must then be propor-
tional to δ(~pT ), and we obtain

S(n)(~pT , µ, ν) = Snδ(~pT )

+
∫ µ

pT |+

dµ′

µ′

n−1∑
m=0

(
4Γn−m−1 ln µ

′

ν0
+ γS n−m−1 + 2mβn−m−1

)
S(m)(~pT , µ′, ν0)

∣∣∣∣
ν0=pT |+

+
∫ ν

pT |+

dν ′

ν ′

n−1∑
m=0

(
γ(n−m−1)
ν ⊗ S(m))(~pT , µ, ν ′) . (5.75)

In the µ integral, both distributional scale settings should be performed in one step, µ0 = ν0 =
pT |+. By construction, this solution fulfills both RGEs and fully resums all logarithmic distri-
butions. We have explicitly verified this solution by predicting the structure of the soft function
through O(α6

s) and comparing with the results obtained from impact parameter space, where
the distributions become simple functions and hence the complication of distributional scale
setting does not arise. As for γν , the constant pieces differ in general, i.e. Sn 6= S̃n, thereby
also inducing different logarithms at higher orders. Upon making the appropriate identifica-
tions between S̃n and Sn, exact agreement between both iterative solutions is obtained. This
shows that the distributional scale setting is well-defined for the soft function, even though it
involves two distinct scales. For illustration, the fixed-order expansion of the soft function is
given through O(α3

s) in appendix D, including the relation between the boundary terms Sn
and S̃n.

For completeness, we also give the iterative solution when first solving the µ RGE and then
the ν RGE:

S(n)(~pT , µ, ν) = Snδ(~pT )

+
∫ µ

pT |+

dµ′

µ′

n−1∑
m=0

(
4Γn−m−1 ln µ

′

ν
+ γS n−m−1 + 2mβn−m−1

)
S(m)(~pT , µ′, ν)

+
∫ ν

pT |+

dν ′

ν ′

n−1∑
m=0

(
γ(n−m−1)
ν ⊗ S(m))(~pT , pT |+, ν ′) . (5.76)

Equations (5.75) and (5.76) are useful to illustrate again the correct scale setting for dis-
tributions. Firstly, the lower order terms S(m) feeding into S(n) are themselves distributions
with boundaries µ or ν. Hence integrating over µ and ν with starting scale pT requires dis-
tributional scale setting, which we apply according to eq. (4.92). Secondly, we see that it is
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crucial to set ν0 = pT |+ at each order rather than keeping ν0 arbitrary and setting ν0 = pT |+
only at the very end. The reason lies in the convolution term in eqs. (5.75) and (5.76),
(γ(n−m−1)
ν ⊗ S(m))(~pT , µ, ν ′): The convolution depends on whether the integrand contains a

formal scale ν0 or whether it is set to the convolution variable ~kT . In contrast, multiplicative
RGEs are not sensitive to this, such that the scale can be set at the very end.

5.4.2. Solution in closed form

We now proceed to derive a closed form of the solution. We start by solving the µ RGE
in eqs. (3.46) and (3.53) at ν0 = pT |+. The solution is straightforwardly obtained using the
technique of sec. 4.3.3. The formal solution

S(~pT , µ, ν0) = S(~pT , µ0, ν0) exp
[∫ µ

µ0

dµ′

µ′
γS(µ′, ν0)

]
(5.77)

only requires one to set µ0 = ν0 = pT |+, yielding

S(~pT , µ, ν0 = pT |+) = 1
2πpT

d
dpT

θ(pT )S[αs(pT )] exp
[∫ µ

pT

dµ′

µ′
γS(µ′, pT )

]
(5.78)

= δ(~pT )S[αs(µ)] +
[ 1

2πpT
d

dpT
S[αs(pT )] exp

{∫ µ

pT

dµ′

µ′
γS(µ′, pT )

}]µ
+
.

The plus distribution contains the exponentiated Sudakov double logarithm at ν0 = pT |+ as
dictated by the RGE. The pure boundary term, which can only depend on αs, is defined as

θ(pT )S[αs(pT )] =
∫
|~kT |≤pT

d2~kT S(~kT , µ = pT , ν = pT ) . (5.79)

and has the perturbative expansion

S(αs) =
∞∑
n=0

Sn
(αs

4π
)n
. (5.80)

The constants Sn can be obtained as coefficients of δ(~pT ) in the fixed-order calculation. More
generally, the soft function at the canonical distributional scales is given in terms of this
boundary term by

S(~pT , pT |+, pT |+) = 1
2πpT

d
dpT

θ(pT )S[αs(pT )]

= δ(~pT )S[αs(ξ)] +
[ 1

2πpT
d

dpT
S[αs(pT )]

]ξ
+
, (5.81)

where the ξ dependence exactly cancels.
In the next step, the ν RGE in eq. (3.56) has to be solved, which is more complicated.

Inspired by the iterative solution, we expand the soft function as

S(~pT , µ, ν) =
∞∑
n=0

S[n](~pT , µ, ν) , (5.82)
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where the S[n] correspond to the soft function including n contributions from γν . More in-
tuitively, S[n] is the piece of the soft function originating from n real emissions. Since γν
describes a single real emission, the rapidity RGE becomes

ν
dS(~pT , µ, ν)

dν =
∞∑
n=0

ν
d

dν S
[n](~pT , µ, ν) =

∞∑
n=0

(γν ⊗ S[n])(~pT , µ, ν)

=
∞∑
n=1

(γν ⊗ S[n−1])(~pT , µ, ν) . (5.83)

Hence the S[n] are determined through the recursive RGE

ν
d

dν S
[n](~pT , µ, ν) = (γν ⊗ S[n−1])(~pT , µ, ν) , ν

d
dν S

[0](~pT , µ, ν) = 0 . (5.84)

The solution at order n is

S[n](~pT , µ, ν) = S[n](~pT , µ, pT |+) +
∫ ν

pT |+

dν ′

ν ′
(γν ⊗ S[n−1])(~pT , µ, ν ′) , (5.85)

where it is now quite intuitive that ν0 should be set to pT |+ and not to the overall qT . Iterating
this, the only leftover boundary term is precisely S(~pT , µ, pT |+) =

∑
n S

[n](~pT , µ, pT |+), and
we can write the formal all-order solution as

S(~pT , µ, ν) = S(~pT , µ, pT |+) +
∫ ν

pT |+

dν1
ν1

∫
d2~k1 γν(~pT − ~k1, µ)S(~k1, µ, k1|+)

+
∫ ν

pT |+

dν1
ν1

∫
d2~k1 γν(~pT − ~k1, µ)

∫ ν1

k1|+

dν2
ν2

∫
d2~k2 γν(~k1 − ~k2, µ)S(~k2, µ, k2|+)

+ · · ·

= S(~pT , µ, pT |+) +
∞∑
n=1

[
n∏
i=1

∫ νi−1

ki−1|+

dνi
νi

∫
d2~ki γν(~ki−1 − ~ki, µ)

]
S(~kn, µ, kn|+) ,

(5.86)

where in the last line k0 ≡ pT and ν0 ≡ ν. All νi integrals have to be understood according to
eq. (4.97).

From the explicit form of the first few terms, it is easy to see that eq. (5.86) fulfills the
rapidity RGE and by choosing the overall scale ν = pT |+ reproduces the (µ-evolved) boundary
condition S(~pT , µ, pT |+). Note that although both γν and S will be probed at nonperturbative
αs in the convolutions of eq. (5.86), the result is actually perturbative up to corrections
O(Λ2

QCD/p
2
T ), as will be discussed in sec. 5.6. For practical purposes it is nevertheless necessary

to use a nonperturbative modeling, as already discussed for γν in sec. 5.3.5. To allow scale
variations, one would replace all ki|+ by a profile function ν0(ki)|+.

Together, eqs. (5.78) and (5.86) completely predict the logarithmic structure of the soft
function to all orders. Crucially, the canonical-scale boundary condition for the solution is
S(~pT , pT |+, pT |+), which can be reliably calculated in a pure fixed-order calculation. The iter-
ative structure of the rapidity evolution eq. (5.86) ensures that the correct rapidity logarithms
ln(ν/|~ki|) evolving each emission to the overall rapidity scale are resummed.
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Once the soft function has been evolved to some scale νS using this method, it can be
evolved further to a different overall scale ν using the simple kernel of eq. (5.12),

S(~pT , µ, ν) =
∫

d2~kT VS(~pT − ~kT , µ, ν, νS)S(~kT , µ, νS) ,

VS(~pT , µ, ν, νS) = δ(~pT ) +
∞∑
n=1

1
n! lnn ν

νS
(γν⊗n)(~pT , µ) , (5.87)

where we introduce the notation VS for the evolution kernel when used in this way for contin-
uing the evolution. This simple structure immediately emerges from eq. (5.86) when replacing
all ν0 = ki|+ by a common scale νS , such that all ν-integrals factor out of the convolutions.
This shows that eq. (5.87) is indeed sufficient to continue the ν evolution in eq. (5.86) from
the overall scale νS to a new overall scale ν.

5.4.3. Comparison to “naive” scale setting

Having obtained a solution correctly minimizing the boundary term distributionally, we can
turn back to the discussion of sec. 5.2.1. There we had argued that the naive solution,
eqs. (5.11) and (5.12), leads to wrong predictions, because energetic emissions are artificially
enhanced by unphysical logarithms ln(Q/qT ). Instead, each convolution should be dressed with
its proper rapidity logarithm ln(Q/|~ki|), which is precisely what is happening in eq. (5.86).

To see in more detail the different treatment of these rapidity logarithms, we now compare
the iterative solution to the naive evolution kernel eq. (5.12). To do this, we simply assume the
trivial boundary condition S(~kT , µ, kT |+) = δ(~kT ). This of course means that the following
result is not the properly resummed soft function, but it allows one to disentangle effects
from rapidity and µ evolution, since the latter are now neglected in the boundary term.
Furthermore, we neglect running of αs for simplicity to keep the following formulas as compact
as possible, and work only to LL accuracy. In this toy model, the rapidity anomalous dimension
is given by

γν(~pT , µ) = 2ΓcuspL0(~pT , µ) , (5.88)

where at LL we can ignore all constant pieces. To keep track of only the first two emissions,
we evaluate the resummed toy soft function only up to O(Γ2

cusp). Eq. (5.86) then yields

S(toy)(~pT , µ, ν) = δ(~pT ) +
∫ ν

pT |+

dν1
ν1

γν(~pT , µ)

+
∫ ν

pT |+

dν1
ν1

∫
d2~k1 γν(~pT − ~k1, µ)

∫ ν1

k1|+

dν2
ν2

γν(~k1, µ) + · · ·

= δ(~pT )− 2Γcusp
πµ2

[
µ2

~p2
T

ln ~p
2
T

µν

]µ
+

+
2Γ2

cusp
πµ2

[
µ2

~p2
T

ln ~p
2
T

µ2 ln ~p
2
T

ν2 ln ~p
2
T

µν

]µ
+

+ 4ζ3Γ2
cuspL0(~pT , ν) +O(Γ3

cusp) . (5.89)

For comparison, we calculate the soft function using the naive resummation eqs. (5.11) and
(5.12), where the starting scale ν0 is kept arbitrary. Similarly to above, we set the boundary
term to S(~pT , µ, ν0) = δ(~pT ), and evaluate the resummed soft function only at LL without αs
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running. We find

S(toy)(~pT , µ, ν) = δ(~pT ) + ln ν
ν0
γν(~pT , µ) + 1

2 ln2 ν

ν0

∫
d2~kT γν(~pT − ~kT , µ)γν(~kT , µ)

= δ(~pT ) + Γcusp
πµ2 ln ν

2

ν2
0

[
µ2

~p2
T

]µ
+

+
Γ2

cusp
πµ2 ln2 ν

2

ν2
0

[
µ2

~p2
T

ln ~p
2
T

µ2

]µ
+
. (5.90)

Comparing the two results eqs. (5.89) and (5.90), we observe a very different logarithmic
structure. In particular, in the solution eq. (5.89) derived from the known exact solution,
all rapidity logs are necessarily sensitive to the soft function ~pT . This becomes crucial when
the soft function is inserted into further convolutions, for example to predict the higher order
terms of S(toy) itself.

5.5. Resummation of the beam functions

The beam function RG eqs. (3.45) and (3.55)

µ
dB(ω,~pT , µ, ν)

dµ = γB(ω, µ, ν)B(ω,~pT , µ, ν) , (5.91)

ν
dB(ω,~pT , µ, ν)

dν = −1
2

∫
d2~kT γν(~kT , µ)B(ω,~pT − ~kT , µ, ν) (5.92)

are very similar to the soft function RGEs, and hence both iterative solution eqs. (5.75) and
(5.76) as well as the all-order solutions eqs. (5.78) and (5.86) can be applied to the beam
function upon proper replacement of anomalous dimensions and boundary terms. The main
difference to the soft function is that the canonical rapidity scale is νB = ω rather than
νB = pT |+, and hence does not require distributional scale setting.

The solution of the µ-RGE at the canonical ν-scale is

B(ω,~pT , µ, νB = ω) = δ(~pT )B(ω, µ) (5.93)

+
[ 1

2πpT
d

dpT
B(ω, pT ) exp

{∫ µ

pT

dµ′

µ′
γB(ω, µ′, νB = ω)

}]µ
+
.

The boundary term is defined as

θ(pT )B(ω, pT ) =
∫
|~kT |≤pT

d2~kT B(ω,~kT , µ = pT , νB = ω) (5.94)

and is expanded as

B(ω, µ) =
∞∑
n=0

Bn(ω, µ)
[
αs(µ)

4π

]n
. (5.95)

It is more complicated than for the soft function, because the beam functions are further
matched onto PDFs by an operator product expansion (see sec. 3.3 for more details),

Ba(ω,~pT , µ, ν) =
∑
i

∫ dz
z
Iai(z,~pT , µ, ν) fi

(
ω/Ecm
z

, µ

)
. (5.96)
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Here Ba is the beam function for flavor a and fi is the PDF for flavor i. For gluon beam
functions eq. (5.96) contains two pieces I, J , see eq. (3.71). While applying eq. (5.94) to
eq. (5.96) eliminates all distributions in ~pT in the Iai matching kernels, the boundary term
still involves a convolution in z with the PDF.

The rapidity evolution kernel is obtained from eq. (5.86) by replacing all ν0 = ki|+ by
ν0 = νB ∼ ω. Since this scale is independent of pT , the ν-integrals can be pulled out as

B(ω,~pT , µ, ν) =
∫

d2~kT VB(~kT , ν, νB)B(ω,~pT − ~kT , µ, νB) ,

VB(~kT , ν, νB) = δ(~kT ) +
∞∑
n=0

1
n!

(
−1

2 ln ν

νB

)n
(γν⊗n)(~kT , µ) , (5.97)

where the −1/2 arises from γν,B = −γν/2. Hence, for the beam function we recover the simple
exponential in convolution space with the fixed-order boundary condition B(ω,~pT , µ, νB). This
allows for a simple scale variation by choosing νB to be a suitable profile.

5.6. Perturbativity of convolutions

The solution eqs. (5.86) and (5.93) of the rapidity RGE contain multiple convolutions of
the form (γν ⊗ S)(~pT ) or (γν ⊗ B)(~pT ). These convolutions naturally probe αs(|~kT |) in the
nonperturbative regime |~kT | . ΛQCD. Fortunately, nonperturbative effects turn out to be
suppressed by O(Λ2

QCD/p
2
T ), which ultimately means that the qT spectrum is also perturbative

up to corrections O(Λ2
QCD/q

2
T ), as one would naively expect.

To show this, we consider the convolution (f1 ⊗ f2)(~pT , µ) of two generic distributions[
f1(|~kT |)

]µ
+
,

[
f2(|~kT |)

]µ
+
, (5.98)

which only depend on the magnitude |~kT |, which is the typical case we are interested in. In
general, the distributions can depend on further parameters which we suppress, as they do not
affect the following calculation. We also do not include δ(~kT ) terms, as they trivially factor
out of the convolution f1 ⊗ f2.

Assuming perturbative |~pT |, µ � ΛQCD, we introduce an auxiliary parameter Λ fulfilling
ΛQCD � Λ� |~pT | to split the integration range of the convolution

(f1 ⊗ f2)(~pT , µ) =
∫

d2~kT
[
f1(|~pT − ~kT |)

]µ
+

[
f2(|~kT |)

]µ
+

(5.99)

into two discs around ~0 and ~pT of radius Λ, and the rest of the plane, see fig. 5.4.
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The convolution integral then splits into three pieces,

(f1 ⊗ f2)(~pT , µ) =
∫
BΛ(~0)

d2~kT f1(|~pT − ~kT |)
[
f2(|~kT |)

]µ
+

+
∫
BΛ(~pT )

d2~kT
[
f1(|~pT − ~kT |)

]µ
+
f2(|~kT |)

+
∫

R2\(BΛ(~0)∪BΛ(~pT ))
d2~kT f1(|~pT − ~kT |)f2(|~kT |) , (5.100)

where BΛ(~pT ) denotes the ball of radius Λ around the origin ~pT . In the first integral, the
range is restricted to be close the origin, and hence the plus prescription of f1 can be dropped,
and vice versa for the second integral. The third integral is separated from both poles by
Λ � ΛQCD such that both distributions can be dropped. Furthermore, it also avoids both
Landau poles at |~kT | = ΛQCD and |~pT − ~kT | = ΛQCD, and hence is completely perturbative.
This isolates all the nonperturbative contributions into the first two integrals.

We now focus on the first integral. Since by construction |~kT | ≤ Λ � |~pT | , we can
approximate |~pT − ~kT |2 = |~pT |2

[
1 +O(~k

2
T /~p

2
T )
]
. Assuming that the functions only depend on

the squared magnitudes, we find

∫
BΛ(~0)

d2~kT f1|(~pT − ~kT |)
[
f2(|~kT |)

]µ
+

=
∫
BΛ(~0)

d2~kT f1(|~pT |)
[
1 +O

(~k2
T

~p2
T

)][
f2(|~kT |)

]µ
+

= f1(|~pT |)
[
1 +O

(Λ2

~p2
T

)] ∫
|~kT |≤Λ

d2~kT
[
f2(|~kT |)

]µ
+

= f1(|~pT |)
[
1 +O

(Λ2

~p2
T

)]
2π
∫ Λ

µ
dkT kT f2(kT ) . (5.101)

Here we used that the plus distribution by definition removes all contributions for |~kT | ≤ µ

and therefore its integral is only sensitive to the upper integration limit Λ. Hence, we find
that the leading nonperturbative effect is suppressed as O(Λ2/~p2

T ).

The same approximation can be applied to the second integral in eq. (5.100), such that
eq. (5.100) becomes

(f1 ⊗ f2)(~pT , µ) =
[
1 +O

(Λ2

p2
T

)]
2π
∫ Λ

µ
dkT kT

[
f1(pT )f2(kT ) + f1(kT )f2(pT )

]
+

+
∫

R2\(BΛ(~0)∪BΛ(~pT ))
d2~kT f1(~pT − ~kT )f2(~kT ) . (5.102)

In conclusion, we find that convolutions (f1 ⊗ f2)(~pT , µ) are well behaved with nonper-
turbative contributions suppressed as O(Λ2/~p2

T ), as long as both |~pT | and µ themselves are
perturbative, |~pT |, µ� ΛQCD.



5.6. Perturbativity of convolutions 97

Λ

Λ

ΛQCD

ΛQCD

~pT

~kT

Fig. 5.4.: Illustration of the division of the integration range of ~kT in a convolution (f1⊗f2)(~pT ).
The red circles show the location of the Landau poles at |~kT | = |~pT − ~kT | = ΛQCD, the blue
circles indicate the region |~kT | = |~pT − ~kT | = Λ with ΛQCD � Λ� |~pT |.

Illustration. We illustrate the above result by an explicit example, also showing a different
strategy to evaluate such convolutions. We consider the convolution (f ⊗ f)(~pT , µ) of

f(~pT , µ) =
[
αs(|~pT |)
~p2
T

]µ
+
, (5.103)

which is the prototype of nonperturbative convolutions appearing in the qT spectrum. Even
without an explicit calculation, its generic form is known from its µ dependence. From

µ
df(~pT , µ)

dµ = −2παs(µ)δ(~pT ) , (5.104)

it follows that
µ

d
dµ(f ⊗ f)(~pT , µ) = −4παs(µ)

[
αs(|~pT |)
~p2
T

]µ
+
. (5.105)

Integrating this according to the prescription eq. (4.97), we find

(f ⊗ f)(~pT , µ) = (f ⊗ f)(~pT , µ0 = pT |+)− 4π
∫ µ

µ0=pT |+

dµ′

µ′
αs(µ′)

[
αs(|~pT |)
~p2
T

]µ′
+

= (f ⊗ f)(~pT , µ0 = pT |+)−
[

4παs(|~pT |)
~p2
T

∫ µ

pT

dµ′

µ′
αs(µ′)

]µ
+

. (5.106)

The plus distribution is perturbative as long as both |~pT |, µ � ΛQCD, which is precisely the
regime we have considered in the above general derivation. The structure of the boundary
term is not known, but its most generic structure to be µ0 independent is

(f ⊗ f)(~pT , µ0 = pT |+) =
[−ΛQCD/|~pT | · F ′(ΛQCD/|~pT |)

2π~p2
T

]ξ
+

+ F (ΛQCD/ξ)δ(~pT ) , (5.107)



98 Chapter 5. Transverse momentum resummation in distribution space

where the dependence on the arbitrary parameter ξ cancels between the two terms. Since
(f ⊗ f) scales as 1/~p2

T , F must be a scalar function. It can hence only depend on ΛQCD/|~pT |,
as no other scales can be combined into a scaleless number. To be a physically reasonable
function, F should vanish (or at most become constant) for ΛQCD → 0. Furthermore we
expect it to only depend on the magnitude ~p2

T , and hence the boundary term should scale as
O(Λ2

QCD/~p
2
T ), just as expected from the general calculation.

5.7. Illustration of the resummed transverse-momentum
spectrum

We now discuss in more detail the final result for the resummed transverse momentum spec-
trum,

dσ
dQ2dY d2~qT

= σ0H(Q,µ)
∫

d2~ka d2~kb d2~ks δ(~qT − ~ka − ~kb − ~ks)

×Ba(ωa,~ka, µ, ν)Bb(ωb,~kb, µ, ν)S(~ks, µ, ν) , (5.108)

where ωa,b = Qe±Y . All distributional logarithms in the qT spectrum are fully resummed in
momentum space by using the RG-evolved hard, beam, and soft functions in eq. (5.108).

To simplify the complicated structure of the ν-evolution, we use eq. (5.97) to evolve the
beam functions Ba,b from their natural rapidity scales νa,b ∼ ωa,b to ν. Since both kernels are
simple exponentials in convolution space, they can be combined into a single evolution kernel,
which due to 2γν,B = −γν,S = −γν precisely yields the kernel used to shift the soft function,
eq. (5.87),

(Ba ⊗Bb)(~pT , µ, ν) =
∫

d2~kT d2~ka d2~kb δ(~pT − ~kT − ~ka − ~kb)

× VS(~kT , µ, νB, ν)Ba(ωa,~ka, µ, νa)Bb(ωb,~kb, µ, νb) , (5.109)

where νB = √νaνb. Since the beam functions inside the final convolution are evaluated at
their natural scales νa,b ∼ ωa,b, they are free of large rapidity logarithms. It also implies that
νB ∼

√
ωaωb = Q, and hence the rapidity kernel resums logarithms ln(Q/pT ).

In addition to soft and beam evolution, we also need the RG evolution of the hard function,
which is straightforwardly obtained from eq. (3.44),2

H(Q,µ) = H(Q,µH) exp
[∫ µ

µH

dµ′

µ′
γH(Q,µ′)

]
, (5.110)

where µH ∼ Q ensures that H(Q,µH) is free of large logarithms.
To assemble the cross section eq. (5.108), we set the arbitrary scale µ to the total transverse

momentum qT . As usual, this requires distributional scale setting, µ = qT |+ ≡ µT |+. (Alter-
natively, one could choose µ = µH , but then the final structure is less intuitive.) We keep the
symbolic notation µT rather than qT to make the origin of all factors of qT and µT in the final

2To simplify formulas, here γH is the anomalous dimension of the hard function H = |C|2, as defined in
eq. (3.44). In contrast, sec. 4.2 defined γH as the anomalous dimension of the Wilson coefficient C.
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formula clear. We then find

dσ
dQ2dY d2~qT

= σ0H(Q,µH) 1
2πqT

d
dqT

∫
|~pT |≤qT

d2~pT

× exp
[∫ µT

µH

dµ′

µ′
γH(Q,µ′)

] ∫
d2~ka d2~kb d2~ks δ(~pT − ~ka − ~kb − ~ks)

∫
d2~k
′
s

×
[
δ(~ks − ~k

′
s) +

∞∑
n=1

n∏
i=1

∫ νi−1

ki−1|+

dνi
νi

∫
d2~ki γν(~ki−1 − ~ki, µT ) δ

(
~ks − ~k

′
s −

∑
i

~ki
)]

×Ba(ωa,~ka, µT , νa)Bb(ωb,~kb, µT , νb)S(~k
′
s, µT , k

′
s|+) . (5.111)

The first line contains the µT -independent pieces and the cumulant integral from the distri-
butional scale setting µ = µT |+. The second line makes explicit that the µ evolution resums
logarithms ln(µT /µH) ∼ ln(qT /Q). The third line contains the ν-evolution kernel, eq. (5.86),
to evolve the soft function to ν0 ≡ νB = √νaνb. The last line contains beam and soft functions
evaluated at their natural ν-scales, and hence all rapidity logarithms in eq. (5.111) are fully
resummed.

Note that eq. (5.111) could be the starting point for a numerical evaluation. Although the
infinite number of convolutions cannot be calculated in closed form, one could for example
evaluate the result iteratively and truncate the sum in eq. (5.111) once a desired numerical
accuracy is reached.

One of the original motivations to carry out the momentum-space resummation (see refs. [76–
78]) was to avoid the intrinsic nonperturbative sensitivity at large qT � ΛQCD arising in the
Fourier-space resummation (see sec. 5.8.1 for more details). From eq. (5.111) it is clear that
the analogous sensitivity is still present in the momentum-space resummation, namely the
cross section is intrinsically sensitive to the nonperturbative contributions from the rapidity
anomalous dimension, since the convolutions probe |~k′i| . ΛQCD. Fortunately, in either case
these effects turn out to be suppressed by Λ2

QCD/q
2
T , as shown in sec. 5.6.

The last line of eq. (5.111) contains the µ-evolved beam and soft functions given by eqs. (5.78)
and (5.93). To investigate its structure in more detail, we omit the pure δ-terms in eqs. (5.78)
and (5.93), which trivially factor out of the convolution, and for simplicity write everything
into a single plus distribution. This gives

Ba(ωa,~ka, µT , νa)Bb(ωb,~kb, µT , νb)S(~k
′
s, µT , k

′
s|+) (5.112)

⊃
[ 1

2πka
d

dka
1

2πkb
d

dkb
1

2πk′s
d

dk′s
B(ωa, ka)B(ωb, kb)S[αs(k′s)]

× exp
{∫ µT

ka

dµ′

µ′
γB(ωa, µ′, ωa) +

∫ µT

kb

dµ′

µ′
γB(ωb, µ′, ωb) +

∫ µT

k′s

dµ′

µ′
γS(µ′, k′s)

}]µT
+
.

The first line of the plus distribution contains the pure fixed-order boundary terms, which are
free of any logarithmic distributions. The exponential explicitly contains µ-evolutions from
the convolution momenta ka, kb, k′s to the scale µT . These are required to properly satisfy the
exact path independence of the µ- and ν-evolution. This can be checked explicitly by verifying
the µT -independence of eq. (5.111). For practical purposes, it might be sufficient to use the
fixed-order expansion for eq. (5.112), but since this would deviate from the strict resummation
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order, it would have to be verified numerically.

Illustration at LL

To illustrate eq. (5.111), we evaluate it to leading-logarithmic (LL) order, which is strictly
defined by keeping the LO boundary terms for hard, beam, and soft function, keeping Γ0 and
β0 in the anomalous dimensions, and dropping all noncusp anomalous dimensions. In this
limit, the µ-evolved beam function boundary term becomes

B(ω,~pT , µT , ν = ω) = δ(~pT )f(ω, µT ) +
[ 1

2πpT
d

dpT
f(ω, pT )

]µT
+
≈ δ(~pT )f(ω, µT ) , (5.113)

where the µ evolution drops out because γB(µ, ν = ω) vanishes at LL, see eq. (3.52). We
can also drop the PDF evolution, since it is a subleading logarithmic effect (i.e. the PDF
anomalous dimensions are counted as noncusp contributions). The µ-evolved soft function
boundary term at LL is

S(~ks, µT , ks|+) = δ(~ks) +
[ 1

2πks
d

dks
exp

{∫ µT

ks

dµ′

µ′
4Γcusp[αs(µ′)] ln µ

′

ks

}]µT
+
. (5.114)

With strict canonical scales, νB = Q and µT = qT , eq. (5.111) is then given by

dσ LL

dQ2dY d2~qT
= σ0

1
2πqT

d
dqT

fa(ωa, µT ) fb(ωb, µT )
∫

|~pT |≤qT

d2~pT exp
[∫ µT

µH

dµ′

µ′
γH(Q,µ′)

] ∫
d2~ks

×
[
δ(~pT − ~ks) +

∞∑
n=1

n∏
i=1

∫ νi−1

ki−1|+

dνi
νi

∫
d2~ki γν(~ki−1 − ~ki, µT ) δ

(
~pT − ~ks −

∑
i

~ki
)]

×
(
δ(~ks) +

[ 1
2πks

d
dks

exp
{∫ µT

ks

dµ′

µ′
4Γcusp[αs(µ′)] ln µ

′

ks

}]µT
+

)
. (5.115)

In this form, it is somewhat reminiscent of the form suggested by Dokshitzer, Dyakonov, and
Troyan for the LL cross section in refs. [163,164],

dσ(DDT)

dQ2dY d2~qT
= σ0

π

d
dq2
T

fa(ωa, qT ) fb(ωb, qT ) eS(Q,qT ) . (5.116)

However, comparing this to eq. (5.115), eS would be given by the full cumulant integral of
eq. (5.115), which has an exponential structure but is by no means a simple exponential.
Only if one were to neglect all convolutions, i.e. keep only the first δ(~pT − ~ks) term in the
rapidity evolution in the second line of eq. (5.115), one would find the expected Sudakov
factor S =

∫ qT
Q

dµ′
µ′ γH(Q,µ′). In a full LL resummation, the rapidity evolution forbids such a

simple relation, and as a consequence the simple DDT form eq. (5.116) cannot hold for the qT
spectrum. (At higher orders, the effect of PDF running neglected in eq. (5.113) would similarly
spoil this.) In fact, the DDT formula was never derived as LL solution of a factorization
theorem, but from a summation of ladder diagrams relevant at LL [163].

An interesting feature of eq. (5.115) is that after carrying out all convolutions, the result
can always be written in the form δ(~pT ) +

∑
cnLn(~pT , µT ) +

∑
dmLm(~pT , νB). With strict
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canonical scale setting, µT = qT |+, the first sum vanishes due to Ln(~qT , qT |+) = 0. In contrast,
the second sum is converted into Lm(~pT , νB)→ Lm(~qT , νB). Since νB ∼ Q, this precisely yields
the rapidity logarithms ln(Q/qT ), which however do not have a simple exponential structure
any more. For noncanonical scales, the Ln(~pT , µT ) would not exactly vanish, but yield small
corrections that probe the all-order logarithmic structure.

As an illustrative example, we carry out the first few convolutions, but ignore αs running
for simplicity. This is analogous to the simple study in sec. 5.4.3. We find

dσ
dQ2dY d2~qT

= σ0
1

2πqT
d

dqT
θ(qT )fa(ωa, qT ) fb(ωb, qT ) exp

[
−Γcusp

2 ln2 Q
2

q2
T

]
×
[
1− 2Γ2

cuspζ3 ln Q
2

q2
T

+ Γ3
cusp

(2ζ3
3 ln3 Q

2

q2
T

+ 6ζ5 ln Q
2

q2
T

)
+ Γ4

cusp

(
−4ζ5 ln3 Q

2

q2
T

+ 10ζ2
3 ln2 Q

2

q2
T

− 30ζ7 ln Q
2

q2
T

)
+O(Γ5

cusp)
]
. (5.117)

We have not evaluated the derivative, as in this form the terms in square bracket are exactly
the result of the rapidity evolution. It clearly induces apparent subleading terms in the cross
section, which however are part of the strict LL order that is based on the expansion of the
anomalous dimensions.

For comparison, the Fourier-resummed spectrum (see sec. 5.4.3 for more details) with its
canonical scale choices νS = µ = b0/bT , neglecting again αs-running, is given by

dσ
dQ2dY d2~qT

= σ0 fa(ωa, µ) fb(ωb, µ)
∫ d2~bT

(2π)2 e
i~bT ·~qT exp

[
−Γcusp

2 ln2 Q
2b2T
b20

]
. (5.118)

As before, we neglect running in the PDFs for simplicity to evaluate them at the random scale
µ. The Sudakov double logarithm is clearly a well-behaved function that drops fast for both
~bT → 0 and ~bT →∞, and hence the inverse Fourier integral must be fine as well. To compare
this expression to eq. (5.117), we split ln(QbT /b0) = ln(Q/µ) + ln(µbT /b0), with µ arbitrary.
Expanding the integrand in Γcusp, we only need to Fourier-transform powers of logarithms
lnn(µbT /b0), which is well known (see appendix C.2). Setting µ = qT |+ gives

dσ
dQ2dY d2~qT

= σ0
1

2πqT
d

dqT
θ(qT )fa(ωa, qT ) fb(ωb, qT ) exp

[
−Γcusp

2 ln2 Q
2

q2
T

]
×
[
1− 2Γ2

cuspζ3 ln Q
2

q2
T

+ Γ3
cusp

(2ζ3
3 ln3 Q

2

q2
T

+ 6ζ5 ln Q
2

q2
T

− 10
3 ζ

2
3

)
(5.119)

+ Γ4
cusp

(
−4ζ5 ln3 Q

2

q2
T

+ 10ζ2
3 ln2 Q

2

q2
T

− 30ζ7 ln Q
2

q2
T

+ 28ζ3ζ5

)
+O(Γ5

cusp)
]
.

The result agrees with eq. (5.117) up to the constant terms −10/3 ζ2
3Γ3

cusp and 28ζ3ζ5Γ4
cusp.

These nonlogarithmic terms are examples of different boundary terms induced by using the
Fourier-space boundary conditions. The important observation is that the logarithmic struc-
ture exactly matches in both attempts.

Lastly, we also compare this to the result from using the naive rapidity evolution of the soft
function. In this case, eq. (5.108) is evaluated at µ = µT ∼ qT , and the soft function is taken
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from eqs. (5.11) and (5.12),

dσ
dQ2dY d2~qT

= σ0H(Q,µH) exp
[∫ µT

µH

dµ′

µ′
γH(Q,µ′)

] ∫
d2~ka d2~kb d2~ks δ(~qT − ~ka − ~kb − ~ks)

×Ba(ωa,~ka, µT , νa)Bb(ωb,~kb, µT , νb)

×
∫

d2~kTVS(~ks − ~kT , µT , νB, νS)S(~ks, µT , νS) . (5.120)

Assuming the LO boundary conditions for the hard, beam, and soft functions, we obtain

dσ
dQ2dY d2~qT

= σ0 fa(ωa, µT ) fb(ωb, µT ) exp
[∫ µT

µH

dµ′

µ′
γH(Q,µ′)

]
×
[
δ(~qT ) +

∞∑
n=1

1
n! lnn νB

νS
(γν⊗n)(~qT , µT )

]
. (5.121)

Setting µT = νS = qT |+, we get

dσ
dQ2dY d2~qT

= σ0
1

2πqT
d

dqT
θ(qT )fa(ωa, qT ) fb(ωb, qT ) exp

[
−Γcusp

2 ln2 Q
2

q2
T

]
×
[
1 + 2

3Γ3
cusp ln3 Q

2

q2
T

ζ3 +O(Γ5
cusp)

]
. (5.122)

The obtained highest logarithmic term Γ3
cusp ln3(Q2/q2

T ) matches the one in eqs. (5.117) and
(5.119), but all other terms are missing. The second line of eq. (5.122) is nothing but the
expansion of the familiar factor e−2γEωsΓ(1 − ωs)/Γ(1 + ωs) from eq. (5.19), which diverges
at ωs = 2Γcusp ln(Q/qT ) = 1. The fact that this term also appears in the correctly resummed
results in eqs. (5.117) and (5.119) is quite surprising as one might expect it to get modified
in order to alleviate the spurious divergence. On the other hand, since the naive rapidity
evolution kernel eq. (5.19) does correctly shift the rapidity logarithms, it must in fact also
appear in eqs. (5.117) and (5.119), and so it seems that both the ~pT -space and ~bT -space
resummation still contain this divergence. However, we know that eq. (5.118) is well behaved,
and thus all the additional logarithmic terms in eqs. (5.117) and (5.119) that are not present
in eq. (5.122) must conspire to cancel the divergence in the spectrum. Hence, we find the
peculiar feature that apparent-NNLL and higher terms cancel the divergence caused by the
apparent-NLL terms in the strict LL spectrum. A detailed numerical study of this effect would
be an interesting extension of this work.

This simple exercise clearly shows that counting logarithms ln(Q/qT ) in the qT spectrum is
an intrinsically ill-defined notion. Instead, the resummation order should be defined strictly
and unambiguously through the perturbative order of anomalous dimensions and pure bound-
ary terms entering all RGEs. This is done in both our momentum-space and the Fourier-space
resummation, which both lead to well-behaved results.
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5.8. Comparison to the literature

In this section, we discuss the relation of our results to the Fourier-space resummation in the
original CSS formulation and various existing implementations (sec. 5.8.1), as well as other
approaches for a direct momentum-space resummation (secs. 5.8.2 and 5.8.3).

5.8.1. Resummation in Fourier space

Comparison to CSS formalism

The equivalence of the Fourier-space resummation in the original CSS formulation and per-
forming the RG evolution in Fourier space in the context of SCET has been discussed several
times before [61,70] (see e.g. refs. [133,165–167] for one-dimensional cases like thrust or thresh-
old resummation). It is not unexpected that the two formulations are equivalent, since both
are based on the same underlying factorization in the soft-collinear approximation. The con-
nection between the SCET and CSS formalism is easily established through the solution in
Fourier space, eq. (5.7). Choosing canonical scales

µH = Q , µB = b0/bT , µS = b0/bT ,

νB = Q , νS = b0/bT . (5.123)

and matching the beam function onto the PDF (see also sec. 3.3),

B̃a(ω,~bT , µ, ν) =
∑
i

∫ dz
z
Ĩai(z,~bT , µ, ν) fi

(
ω/Ecm
z

, µ

)
, (5.124)

the resummed cross section takes the simple form

dσ
dQdY d2~qT

= σ0

∫ d2~bT
(2π)2 e

i~bT ·~qT
∑
i,j

∫ dza
za

dzb
zb

fi

(
ωa/Ecm
za

,
b0
bT

)
fj

(
ωb/Ecm
zb

,
b0
bT

)

× exp
[
−
∫ Q

b0/bT

dµ′

µ′
γH(Q,µ′) + ln QbT

b0
γ̃ν [αs(b0/bT )]

]
×H(Q,µ = Q) Ĩai(za, bT ) Ĩbj(zb, bT ) S̃(bT ) . (5.125)

The functions Ĩai(z, bT ) ≡ Ĩai(z, bT , µ0 = b0/bT , ν0 = ω) and S̃(bT ) ≡ S̃(~bT , µ0 = ν0 = b0/bT )
are all free of logarithms. We have explicitly split the Sudakov exponential into a piece
originating from the µ-RGEs and one from the rapidity RGE. This result should be compared
to the CSS formula [69],

dσ
dQdY d2~qT

= σ0

∫ d2~bT
(2π)2 e

i~bT ·~qT
∑
i,j

∫ dza
za

dzb
zb

fi

(
ωa/Ecm
za

,
b0
bT

)
fj

(
ωb/Ecm
zb

,
b0
bT

)
(5.126)

× Cai(za, bT )Cbj(zb, bT ) exp
[
−
∫ Q2

(b0/bT )2

dµ̄2

µ̄2

(
ln Q

2

µ̄2 A[αs(µ̄)] + 2B[αs(µ̄)]
)]
.

Comparing eqs. (5.125) and (5.126), we see that the functions Caj correspond to the product
of hard and soft function with the beam function matching kernels Ĩai, showing that they can
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be further split into a process-dependent hard virtual and a process-independent soft-collinear
piece, as was noticed also in refs. [114,118]. The evolution kernels are related by

A(αs) = Γcusp(αs) + β(αs)
dγ̃ν(αs)

dαs
, 2B(αs) = γH(αs)− γ̃ν(αs) . (5.127)

The important observation that A(αs) receives a contribution from the rapidity anomalous
dimension in addition to the cusp anomalous dimension was first made in ref. [70].

To compare to our canonical resummation in momentum space, first note that setting ν0 =
b0/bT inside the Fourier integral is the analog of choosing the scale ν0 = kT |+ inside the
convolutions building up the ν-evolution kernel. Similarly, choosing µ0 = b0/bT for both beam
and soft function inside the Fourier integral corresponds to choosing µ0 = pT |+ when solving
the µ RGE for S(~pT ) and B(~pT ), which then accordingly enters the convolutions B ⊗B ⊗ S.
In practice, the Fourier-space resummation is of course more easily implemented because the
measurement constraint ~qT =

∑
i
~ki is translated into a common impact parameter ~bT for all

convolved functions, and hence the iteratively defined convolution exponential in eq. (5.86)
turns into a standard exponential function in Fourier space. As discussed on general grounds
in sec. 4.3.5 and in detail for γν in sec. 5.3.3, the formal difference between the different
spaces arises from the fact that one uses different boundary conditions which induce different
subleading terms to all orders in αs. Hence with a robust estimate of theory uncertainties at
any given order, one would expect that both techniques yield results compatible within their
uncertainties, but a direct comparison of both results would provide another interesting way
to assess theory uncertainties, in particular of nonperturbative effects.

Practical implementations

In the following we briefly comment on several implementations (without claiming to be ex-
haustive), which perform the resummation fully or partially in ~bT space. As reference to
compare to we take either the canonical ~bT -space or the canonical momentum-space evolution
we have derived, as both techniques reproduce all logarithms in the fixed-order reexpansion
in their respective space. We only focus on the effects of deviating from these canonical scale
choices and the strict resummation order. A detailed discussion regarding the phenomenolog-
ically important aspects of matching to the full fixed order and assessing theory uncertainties
can be found e.g. in ref. [61].

The original CSS formula is the basis of refs. [52,60,112,113] as well as refs. [56,58,114–121].
For the latter, the canonical Fourier-space logarithms are replaced by

ln(b2Tµ2/b20)→ ln(1 + b2Tµ
2/b20) . (5.128)

The benefit of shifting the argument of the logarithm is that it suppresses the region pT ∼
1/bT � Q. This should effectively suppress the contributions from energetic emissions, and
it would be interesting to study its effect on the small qT region compared to the strict
canonical resummation. Furthermore it ensures that integrating over the ~qT -spectrum restores
the inclusive cross section. The Landau pole intrinsic to the calculation is treated using the
minimal prescription [149,150] by deforming the integration contour around the Landau pole,
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which is valid as long as qT is sufficiently perturbative.
The first SCET-based calculation3 was carried out in refs. [59,70,71] in the so-called collinear

anomaly framework using an analytic regulator [106–108]. The resummation of rapidity loga-
rithms there corresponds to performing the ν evolution in Fourier space with fixed canonical
scale choice ν0 = b0/bT . However, the low scale µ0 is set to qT , and the rapidity anomalous
dimension γν (corresponding to the anomaly coefficient F in their framework) is not resummed
but expanded to a certain fixed order (referred to as ε-expansion). This looses some of the
strict resummation accuracy, and in light of our discussion, one might expect that energetic
emissions are incorrectly treated, which could affect the region of very small qT . The naive
divergence in the cross section (see sec. 5.2.3) is further avoided by choosing µ0 = qT + q∗.
The offset q∗ ≈ 2 GeV for Drell-Yan and q∗ ≈ 8 GeV for Higgs production is chosen large
enough to explicitly avoid the divergence. However, it does so by essentially turning off the
resummation below qT . q∗, which then also drops the sensitivity to nonperturbative effects
in the rapidity evolution kernel.

In refs. [72,73,122], a factorization theorem has been derived using the δ regulator [72,110],
and has been applied e.g. in refs. [152, 153]. Here, the rapidity evolution is also performed in
Fourier space, while the µ RGEs are solved in momentum space, but in contrast to the above
the rapidity anomalous dimension (in their notation the D function) is fully resummed. The
low scale µ0 is chosen as µ0 = qT + Q0, where Q0 ≈ 2 GeV for both Drell-Yan and Higgs
production serves as a cutoff for the nonperturbative region. While at very small qT . Q0
deviations from the canonical resummation are expected, these can be effectively absorbed
into the nonperturbative contributions that become relevant in this region. Indeed ref. [152]
takes great care to assess nonperturbative effects in the Drell-Yan spectrum.

Lastly, the factorization theorem of refs. [74, 109] has been applied to Higgs production
in ref. [61]. They employ a canonical resummation fully in ~bT space, similar to the CSS
approach, but instead of shifting the arguments of the ~bT -space logarithms, the resummation
is turned off with profile scales in ~bT space whose form is based on the final value of qT . The
nonperturbative large-bT region is avoided by explicitly cutting off the Fourier integration at
bT ≤ 2 GeV−1, while verifying that changing the cut in 1.5−3 GeV−1 only produces a negligible
variation. Because of the generic suppression of nonperturbative effects by Λ2

QCD/q
2
T , this can

be expected to hold as long as qT is sufficiently perturbative.

5.8.2. Early approaches for direct qT-space resummation

There have been several attempts in the past to carry out the resummation directly in mo-
mentum space. They typically attempt to explicitly count logarithms ln(Q/qT ) in the qT
spectrum. As we discussed before, this is dangerous as it can easily lead one to discard appar-
ent subleading contributions that are seemingly unimportant but are actually relevant. The
original DDT approach [163,164] introduced the LL cross section in the form of eq. (5.116),

dσ(DDT)

dQ2dY d2~qT
= σ0

π

d
dq2
T

fa(ωa, qT ) fb(ωb, qT ) eS(Q,qT ) . (5.129)

3Earlier attempts of ~qT -resummation in SCET [168–170] missed the effects of rapidity divergences.
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Its connection to our full LL solution was already discussed in sec. 5.7.
Ref. [77] tried to extend eq. (5.129) to NLL, counting logarithms L = ln(Q/qT ) in the

Sudakov exponent S. In this counting, ref. [77] finds the cross section

dσ(DDT)

dQ2dY d2~qT
∝ Q2 d

dq2
T

[
eS Γ(1 + h/2)

Γ(1− h/2)

]
, h = 4Γcusp[αs(qT )] ln qT

Q
, (5.130)

which diverges for h = −2. This can be directly related to our results, where the log-counting
in the exponent corresponds to using the naive solution of the rapidity RGE in eq. (5.12) and
keeping the rapidity anomalous dimension γν at a fixed order rather than fully resuming it.
As we saw in sec. 5.2.3, the result for the rapidity evolution kernel in this approximation [see
eq. (5.19)] contains exactly the same spurious divergence at ωs ≡ −h/2 = 1 as eq. (5.130). As
we have argued, this is caused by the incorrect treatment of energetic emissions, which become
increasingly important for small qT . This agrees with ref. [77], where it is remarked that energy
conservation constraints are not correctly implemented in the resummation formula. This is
remedied by basing the logarithmic order counting on the anomalous dimensions, and hence
is not a flaw of the factorization theorem itself.

The second DDT-based approach, ref. [76], counts logarithms L = ln(Q/qT ) directly in the
cross section, i.e. only counting αsL

2 ∼ 1. Interestingly, this actually happens to lead to a
numerically well-defined prediction of the cross section. To see this, consider again the naive
rapidity evolution kernel eq. (5.12),

V (~pT , µ, ν, ν0) = δ(~pT ) +
∞∑
n=1

1
n! lnn ν

ν0
(γν⊗n)(~pT , µ) . (5.131)

Counting logarithms in the cross section is equivalent to truncating the n-fold convolution
γν⊗n at the desired accuracy. For example, at LLσ where γν(~pT , µ) = 2Γcusp[αs(µ)]L0(~pT , µ),
one would only keep the first term of the sum

(γν⊗n)(~kT , µ) = (2Γcusp)nn
[
Ln−1(~kT , µ) + 4ζ3

(
n− 1
n− 4

)
Ln−4(~kT , µ) + · · ·

]
, (5.132)

but treat the first subleading term Ln−4 as a N3LLσ correction. The evolution kernel would
then be given by

V (~pT , µ, ν, ν0) = δ(~pT ) + ωsLωs(~pT , µ) , (5.133)

where ωs = 2Γcusp[αs(µ)] ln(ν/ν0). Comparing to eqs. (5.19) and (5.130), where all terms
in eq. (5.132) are kept, only keeping the first term in eq. (5.132) completely removes the
divergence in the kernel. However, this cross-section counting is of course only applicable in
an intermediate qT range and only includes a small subset of logarithms compared to the full
resummation.

A different approach was adopted in refs. [78–80], which attempt to obtain an explicit
momentum-space expression of the inverse Fourier transform of the ~bT -space result. The
resummed ~bT -space result dσ̃/db2T is then expanded in terms of logarithms Lb = ln(b2Tµ2/b20),
whose inverse Fourier transform is known for arbitrary powers Lnb , see appendix C.2. This
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allows one to construct a series in momentum space that approximates the Fourier transform
to an in principle arbitrary precision. However, the resummation itself is effectively still
performed canonically in ~bT space.

5.8.3. Coherent branching formalism

Very recently, a different approach using the coherent branching formalism of refs. [154, 155]
has been proposed in ref. [62], which is not based on a factorization theorem or solving the qT
evolution equations.

While a detailed comparison to the NNLL result given in ref. [62] would be very interesting,
we leave it for future work and in the following concentrate on comparing to their NLL result,
which is already instructive. The starting point of their derivation is the cumulative cross
section obtained by summing over any number of independent emissions

Σ(qT ) =
∫ qT

0
dkT

dσ(kT )
dkT

= σ0

∫ ∞
0
〈dk1〉 R′(k1) e−R(εk1)

×
∞∑
n=0

1
n!

n+1∏
i=2

∫ k1

εk1
〈dki〉 R′(ki) θ

(
|~qT | −

∣∣∣∣∑
j

~kj

∣∣∣∣) , (5.134)

where the phase-space measure is 〈dkT 〉 = dkT
kT

dφ
2π . The differential spectrum follows to be

dσ
d2~qT

= σ0

∫
d2~k1

R′(k1)
2πk2

1
e−R(εk1)

∞∑
n=0

1
n!

n+1∏
i=2

∫
εk1<|~ki|<k1

d2~ki
R′(ki)
2πk2

i

δ

(
~qT −

∑
j

~kj

)
, (5.135)

where we use a notation resembling our convolution notation. Here, the hardest emission
~k1 has been singled out. The parameter ε � 1 reflects that emissions with ki < εk1 are
unresolved. Correspondingly, the exponential e−R(εk1) encodes the Sudakov suppression of
having no emission between scales εk1 and Q. The radiator R is given at NLL by

R(kT ) =
∫ Q

kT

dµ′

µ′

(
4Γcusp[αs(µ′)] ln Q

µ′
− αs(µ′)

π
β0

)
=
∫ Q

kT

dµ′

µ′
γH(Q,µ′) , (5.136)

where we converted from the Catani-Marchesini-Webber scheme [171] used in ref. [62] to the
MS scheme. Its derivative R′ evaluates to4

R′(kT ) = −kT
dR(kT )

dkT
= 4Γcusp[αs(kT )] ln Q

kT
. (5.137)

The structure of eq. (5.135) is closely related to our results, as it essentially contains an
infinite number of convolutions, with the exception that the hardest emission is explicitly
singled out. Furthermore the unresolved regions 0 < ki < εk1 that are cut out of the ki integrals
(i ≥ 2) are already captured in the Sudakov exponent. Letting ε → 0 is then equivalent to
the cancellation of IR singularities encoded in the plus distributions in our framework. Each

4The results in eqs. (5.134) and (5.135) are technically only NLL accurate up to the fact that the PDFs in σ0
are evaluated at fixed µF rather than k1, which however is irrelevant for the present discussion. We have
dropped the constant β0αs/π here, which would be canceled if the PDFs were evaluated at k1.
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factor R′ corresponds to a rapidity anomalous dimension times its rapidity logarithm,

R′(ki)
2πk2

i

= 4Γcusp[αs(ki)] ln(Q/ki)
2πk2

i

=
∫ Q

ki

dν ′

ν ′
4Γcusp[αs(ki)]

2πk2
i

=
∫ Q

ki

dν ′

ν ′
γν(~ki, µ) , (5.138)

where we assumed ki > 0 to drop the plus prescription in γν . In summary, eq. (5.135) agrees
very well with our momentum-space resummed cross section that follows from the factorization
theorem, up to the different treatment of the cancellation of IR divergences.

Differences arise when the resummed spectrum is further expanded to obtain NLL accuracy,
defined by counting logarithms in the cumulative cross section. Expanding the individual
emission momenta around ki ∼ qT and counting logarithms ln(Q/qT ), they also reproduce the
spurious divergence in the cross section. This is precisely equivalent to using the naive rapidity
resummation, which does not treat energetic emissions correctly, as discussed in secs. 5.2.1 and
5.2.3.

To circumvent this, ref. [62] instead expands all radiators appearing in eq. (5.134) around
the hardest emission k1. At NLL, the necessary expansions are

R(εk1) = R(k1) +R′(k1) ln 1
ε

+ · · · , R′(ki) = R′(k1) + · · · . (5.139)

A simplification is that all radiators R(ki) and R′(ki) are now evaluated at αs(k1) rather than
αs(ki), thereby removing the nonperturbative effects that would otherwise be present in the ra-
pidity evolution. This procedure hence fundamentally resums logarithms of ln(Q/k1) to NLL,
where the resummation accuracy is defined by explicitly counting logarithms in the cumula-
tive cross section (using exponent counting). Ref. [62] then argues that the formal accuracy in
terms of counting logarithms ln(Q/qT ) will be the same, and only differ by subleading terms
from the naive result.

Compared to our exact solution, this procedure effectively corresponds to approximating
the rapidity logarithms ln(ν/ki) in the exact rapidity evolution kernel by logarithms ln(ν/k1),
which allows one to pull them out of the convolutions. Since this avoids the spurious singularity,
one might expect that this approximation is safer than the naive one of taking ln(ν/ki) ∼
ln(ν/qT ). On the other hand, these differences are all of apparent subleading nature, and
it would be interesting to study in more detail to what extent this approach reproduces the
subleading terms in the qT spectrum that are included in the strict LL and NLL evolution in
either momentum or Fourier space.

5.9. Summary

We have achieved, for the first time, the resummation of the transverse momentum ~qT spec-
trum by solving the associated evolution equations in momentum space. Its two-dimensional
nature leads to additional complications not observed in one-dimensional observables such as
thrust and requires a well-defined technique to minimize boundary terms in momentum space
in order to correctly treat energetic emissions. Indeed we find that a well-known spurious
singularity in the spectrum arises from wrong scale setting, i.e. wrong boundary terms in the
RG evolution, which causes an incorrect treatment of energetic emissions. This is cured using
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the distributional scale setting derived in secs. 4.3 and 4.4, yielding a well-defined resumma-
tion of the ~qT spectrum, whose resummation accuracy is strictly defined by the perturbative
expansion of the associated anomalous dimensions (and boundary terms) without requiring
to count explicit powers of logarithms. In fact, trying to specify the logarithmic accuracy by
explicitly counting logarithms ln(Q/qT ) in the spectrum can be ill defined, and partly is the
reason for the spurious divergences encountered in previous attempts to perform resummation
in momentum space.

Previous attempts at a momentum-space resummation were partially motivated by trying
to avoid nonperturbative effects in the qT spectrum, which are unavoidable in the Fourier
space resummation due to integrating αs(1/bT ) over its Landau pole. We find that analogous
nonperturbative effects also appear in the rapidity evolution kernel in the strict momentum-
space resummation, because real emissions with momentum ~ki naturally scale with αs(ki),
which is necessary to suppress energetic emissions. We discussed how the nonperturbative
contributions to the rapidity anomalous dimension can be isolated in momentum space, which
closely reproduces the common treatment in Fourier space. We also showed that nonperturba-
tive effects arising from integrating over the ~ki → 0 region inside convolutions are generically
suppressed as Λ2

QCD/q
2
T , such that they do not spoil the predictivity of the resummation for

perturbative qT .
The correct momentum-space rapidity evolution involves an intricate iterative convolution

structure. Its numerical implementation is nontrivial, which we plan to address in future work.
The rapidity evolution has so far been performed in Fourier (~bT ) space, where logarithms
ln(QbT ) rather than ln(Q/qT ) are resummed. While both approaches are formally equivalent,
our general analysis shows that the boundary conditions employed in the evolution intrinsically
differ to all orders. In the future, it would be interesting to compare them numerically, as they
probe different subleading terms to all orders, and this could also provide new insight into
nonperturbative effects. With this work we have set the basis for such a numerical study.
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Chapter 6.

Jet veto resummation for high-mass final
states

In this chapter we introduce a method to model-independently identify the initial state of
color-singlet high-mass resonances, as required if a new particle such as a heavy Higgs boson
should be found at the LHC. The method is based on dividing the experimental data into an
exclusive 0-jet bin and an inclusive ≥1-jet bin, which are defined as having no or at least one jet
with transverse momentum harder than some tight cutoff pjet

T ≥ pcut
T . The jet binning employs

the full dataset and hence the method works with relatively low statistics, as would be expected
soon after the discovery of a new particle. The jet cut induces large logarithms ln(Q/pcut

T ) in
the cross section, where Q is the mass of the produced particle, whose resummation is closely
related to the transverse momentum resummation presented so far, but lacks the peculiar
features that render TMD resummation so difficult and can be carried out straightforwardly.

We also consider the diphoton invariant mass spectrum with a jet veto. Since this can be
masured up to very high masses mγγ . 1 TeV, it provides an interesting test of perturbative
QCD over a wide range of scales. Diphoton production receives contributions from both
quark annihilation and gluon fusion and thus also allows one to test the presented method for
initial-state discrimination in a SM process. Measuring the quark- and gluon-induced diphoton
production separately is also interesting by itself, in particular because it is one of the few
gluon-induced color-singlet SM process besides Higgs-boson production and thereby allows to
probe the QCD dynamics of gluon fusion. However, the presence of final state photons requires
photon isolation cuts that strictly speaking violate the jet veto resummation. As a first step
towards a full phenomenological study, we show that the unresummed nonglobal logarithms
induced by the photon isolation are numerically small and can be incorporated as fixed-order
corrections.

We first briefly review jet veto resummation in sec. 6.1 and then show in detail in sec. 6.2
how jet binning allows one model-independently identify the production mechanism of high-
mass resonances at the LHC. This is explicitly demonstrated for an example scalar particle
with mass mX = 750 GeV. Section 6.3 then discusses the application to diphoton production
in the Standard Model, showing that photon isolation cuts only induces small NGLs that can
be treated as fixed-order corrections.

Section 6.2 is based on ref. [1], extended by necessary background material. Section 6.3 is
based on ongoing work [4].

6.1. Jet veto resummation

Jet vetoes are frequently applied at the LHC to isolate color-singlet final states by rejecting
all events with jets harder than some threshold pjet

T ≥ pcut
T . For small pcut

T � Q, where Q is
the mass of the produced final state, such jets are dominantly produced by collinear and soft
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radiation, and hence the jet veto induces Sudakov logarithms αns lnm(Q/pcut
T ) with m ≤ 2n

that should be resummed to all orders in αs to have a stable theory prediction. In this limit,
the 0-jet cross section factorizes as1 [137,173] (see also [146,174–176]),

σ0(pcut
T ) = σBHij(Q2, µ)

∫
dY Bi(QeY , pcut

T , R, µ, ν)Bj(Qe−Y , pcut
T , R, µ, ν)Sij(pcut

T , R, µ, ν)

+O(pcut
T /Q) . (6.1)

Here σB is the overall normalization, Y is the rapidity of the final state and ij = qq̄ for quark
annihilation or ij = gg for gluon fusion. The beam and soft functions explicitly depend on the
employed jet algorithm used to reconstruct jets, in particular on the jet radius R. Eq. (6.1)
is valid up to power corrections in λ = pcut

T /Q, which is the power counting parameter of
the soft/collinear expansion. It also receives so-called soft-collinear mixing corrections from
uncorrelated soft and collinear emissions that are clustered together by the jet algorithm, as
illustrated in fig. 6.1a. The all-order factorization of this clustering correction is not known
at present. It is suppressed by R2 and hence for a small jet radius R ∼ λ can be treated as a
nonsingular power correction, see refs. [137,146] for a discussion.

The hard function in eq. (6.1) is as usual defined as the square of the Wilson coefficient,

Hij(Q2, µ) = |Cij(Q2, µ)|2 . (6.2)

The gluon beam and soft functions of eq. (6.1) are defined as [136,137,173]

Bg n(ω, pcut
T , R) = θ(ω)ω

〈
pn
∣∣∣Bµn⊥(0)δ(ω − Pn)

∏
jets jB(R)

θ
(∣∣~pT j∣∣ < pcut

T

)
Bn⊥µ(0)

∣∣∣pn〉 , (6.3)

Sg(pcut
T , R) = 1

N2
c − 1

〈
0
∣∣∣Tr
{

T
[
S†n̄(0)Sn(0)

] ∏
jets jS(R)

θ
(∣∣~pT j∣∣ < pcut

T

)
T
[
S†n(0)Sn̄(0)

]}∣∣∣0〉 ,
and analogously for the quark case. Here, jB,S(R) denotes all jets reconstructed with the given
jet algorithm with jet radius R in the collinear and soft sector, respectively. The measurement
restricts all such jets individually to have transverse momenta pjet

T < pcut
T .

The 0-jet beam and soft function are closely related to their TMD analogs eqs. (3.30)
and (3.31). In particular, at one loop the bare matrix elements are exactly related through
a cumulant integral: at this order there is only one emission, which is identified with the
reconstructed jet independently of the jet algorithm, such that we have

Sbare (1)(pcut
T , R) =

∫
|~pT |≤pcut

T

d2~pT S
bare (1)(~pT ) , (6.4)

and similar for the beam function. However, the renormalization proceeds very differently.
For the TMD soft function, the term inside the integral is renormalized, which thus naturally
involves (plus) distributions and is carried out in convolution space. In contrast, for the pcut

T

soft function the cumulant integral is renormalized, which proceeds multiplicatively and only

1 There is no all-order factorization due to the appearance of Glauber modes [156,172]. These appear first at
O(α4

s) and are suppressed by the jet radius R2, such that the factorization formula can be applied at the
NNLL′+NNLO order we are working in.
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(a) Soft-collinear mixing (b) Correlated clustering correction

Fig. 6.1.: Illustration of clustering corrections. (a): Uncorrelated emissions from a soft gluon
(orange) and a collinear gluon (green, spring with line) are clustered together, yielding a
nonsingular O(R2) correction. (b): Correlated soft emissions are reconstructed as separate
jets, giving rise to corrections in R in the soft function.

involves ordinary logarithms. The multiplicativity arises from the multiplicative measurement
in eq. (6.3).

This simple relation between TMD and pcut
T functions is spoiled at higher orders, where the

jet veto restricts each jet transverse momentum pjet
T individually, while measuring the trans-

verse momentum sums up all partonic ~pT . In addition, one encounters clustering corrections
from correlated emissions within the soft and beam functions. This is illustrated in fig. 6.1b,
where a single soft emission splits into two gluons which are reconstructed as separate jets.
Apart from finite corrections in R, these clustering corrections also induce logarithms ln(R) in
the beam and soft functions. Their all-order factorization is presently not known and thus they
are not resummed by the factorization formula eq. (6.1). They are associated with rapidity
divergences and hence induce an explicit R dependence in the rapidity anomalous dimension
γν , which thus fundamentally differs from the TMD rapidity anomalous dimension.

In summary, we obtain the following multiplicative RGEs,

µ
d

dµC(Q2, µ) = γH(Q2, µ)C(Q2, µ) , (6.5)

µ
d

dµB(ω, pcut
T , R, µ, ν) = γB(ω, µ, ν)B(ω, pcut

T , R, µ, ν) , (6.6)

ν
d

dνB(ω, pcut
T , R, µ, ν) = −1

2γν(pcut
T , R, µ)B(ω, pcut

T , R, µ, ν) , (6.7)

µ
d

dµS(pcut
T , R, µ, ν) = γS(µ, ν)S(pcut

T , R, µ, ν) , (6.8)

ν
d

dν S(pcut
T , R, µ, ν) = γν(pcut

T , R, µ)S(pcut
T , R, µ, ν) , (6.9)

µ
d

dµγν(pcut
T , R, µ) = −4Γcusp[αs(µ)] , (6.10)

where beam and soft functions and γν explicitly depend on R due to clustering effects. Explicit
expressions up to two loops can be found in ref. [137]. Since all RGEs are multiplicative and
involve ordinary logarithms rather than (plus) distributions, all complications encountered in
the~qT resummation are absent and one straightforwardly obtains the resummed 0-jet spectrum



114 Chapter 6. Jet veto resummation for high-mass final states

ν
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QpcutT

Q

pcutT

Soft Beam

Hard

ν RGE

µ RGE

Fig. 6.2.: Illustration of the RG evolution in the (µ, ν) plane to resum all logarithms ln(Q/pcut
T )

induced by the jet veto.

as

σ0(pcut
T ) = σBHij(Q,µH)

∫
dY Bi(QeY , pcut

T , R, µB, νB)Bj(Qe−Y , pcut
T , R, µB, νB)

× Sij(pcut
T , R, µS , νS)× U(pcut

T , R;µH , µB, µS , νB, νS)
+ σnons

0 (pcut
T , R) . (6.11)

Here σnons
0 denotes the power suppressed nonsingular contributions. The combined evolution

kernel from solving all RG eqs. (6.5)–(6.10) is given by

U(pcut
T , R;µH , µB, µS , νB, νS) =

∣∣∣∣exp
[∫ µB

µH

dµ′

µ′
γH(Q,µ′)

]∣∣∣∣2 exp
[∫ µB

µS

dµ′

µ′
γS(µ′, νS)

]
(6.12)

× exp
[
ln νB
νS

(
−4
∫ µB

pcut
T

dµ′

µ′
Γcusp[αs(µ′)] + γν [αs(pcut

T ), R]
)]

.

The first exponential is the evolution of the hard function, the second and third exponential
correspond to the evolution in virtuality µ and rapidity ν between beam and soft functions.
The term in brackets in the third exponential is the resummed rapidity anomalous dimension
γν , obtained from solving eq. (6.10). Its noncusp piece γν [αs(pcut

T ), R] depends on the jet
radius R through clustering logarithms ln(R) as well as finite terms in R, as discussed above.

The natural scale choice to minimize the boundary terms is (see fig. 6.2)

µH ∼ −iQ , µB ∼ pcut
T , µS ∼ pcut

T ,

νB ∼ Q , νS ∼ pcut
T . (6.13)

We stress again that in this case we can choose the scales to be Q or pcut
T because the fac-

torization theorem and RGEs are multiplicative and all appearing functions directly involve
logarithms rather than plus distributions. Note that we choose an imaginary hard scale to
resum timelike logarithms, as discussed in sec. 4.2.
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(a) Inclusive cross section
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(b) Jet vetoed cross section

Fig. 6.3.: Illustration of the discrimination power of a jet veto. Inclusive cross section (a):
Flavor mixing up to hard scale mX because of the PDF evolution. Jet veto (b): Flavor mixing
only up to pcut

T , where the beam function freezes out the parton type.

6.2. Initial-state discrimination of high-mass resonances

We now show that jet binning is not only useful to suppress hadronic background of color-
singlet processes, but can also be used to identify the initial state of high mass resonances.
Should a new heavy particle be found at the LHC, the determination of its production mecha-
nism is an important measurement to characterize the new particle. For example, many BSM
models include multiple Higgs bosons with modified couplings to quarks and gluons compared
to the SM case, and hence distinguishing whether the found particle is dominantly produced
in gluon fusion or quark annihilation is important information.

In general, measurements that are sensitive to initial-state radiation (ISR) can discriminate
quark and gluon-induced processes because of their different radiation patterns. For this reason
jet vetoes can be used to determine the initial state of high-mass resonances by binning the
data into an exclusive 0-jet bin (σ0) and an inclusive 1-jet bin (σ≥1). The jet veto induces a
new scale pcut

T between ΛQCD, the intrinsic scale of PDFs, and the hard scale mX given by the
mass of the produced particle X. This is illustrated in fig. 6.3. The DGLAP evolution can
mix parton flavors only up to the scale pcut

T . At this scale the proton is probed by the 0-jet
measurement and the flavor-diagonal evolution of the beam function, eq. (6.6), starts. Hence
during the evolution between pcut

T and mX the parton flavor is fixed to the one producing X. In
contrast, for an inclusive measurement (fig. 6.3a) DGLAP evolution and thereby flavor mixing
takes place between ΛQCD and mX , limiting the power of comparing parton luminosities. This
is analogous to the discussion in sec. 3.3, where the different running of PDF and transverse
momentum dependent beam functions was explained.

A key benefit of jet binning over other observables sensitive to ISR is that it employs the
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full experimental dataset and hence works with limited statistics, as typically encountered
after the discovery of a new particle. In contrast, differential distributions of the discovered
particle, such as the transverse momentum and rapidity distribution [177] or multiplicity and
kinematic distributions of additional hadronic jets [178, 179], require much more data for a
reasonably accurate measurement. Measuring the transverse momentum pjet

T of hadronic jets
is also a more direct probe of ISR compared to measuring the resonance itself. It also renders
the method insensitive to the possibility of more complicated decays of the resonance, for
example, three-body [180, 181] or cascade decays [182–187]. Our method is also unaffected
by limited experimental acceptance of the decay products, which for example hinders fully
exploiting the rapidity distribution of the resonance to discriminate valence quarks by their
different PDF shapes. In particular, if the decay involves invisible final state particles, the
kinematic distributions such as transverse momentum or rapidity of the resonance cannot fully
be reconstructed, while the jet binning is not affected by this.

In the following we illustrate the method in detail for a hypothetical scalar resonance X
with mass mX = 750 GeV produced produced in 13 TeV pp collisions.2

6.2.1. EFT setup

The QCD dynamics of producing jets with small pjet
T in association with a heavy final state F

with mass m(F ) ≈ mX is described by the effective Lagrangian

Leff(pcut
T ) = LSCET + cλ1λ2

ggF Bλ1
n Bλ2

n̄ F +
∑
q

cλ1λ2
qq̄F χ̄λ1

qnχ
λ2
qn̄F +O((pcut

T /mX)2) . (6.14)

Here LSCET is the SCETII Lagrangian, and the two additional terms describe the production
of F through the annihilation of either collinear gluons B or collinear quarks χ, where F
contains all fields required to describe the final state. λ1,2 are the helicities of the quarks and
gluons, which are implicitly summed over.
Leff(pcut

T ) provides a completely model-independent description of the small-pcut
T region, up

to power corrections suppressed by (pcut
T /mX)2. It is valid for any produced color-singlet

system X leading to F , for example the decay of a finite-width resonance, the Standard Model
background pp→ F , and even the signal-background interference [192], as all of the dynamics
of the production and decay of X are contained in the hard Wilson coefficients cλ1λ2

ggF and cλ1λ2
qq̄F

and because the leading perturbative SCET dynamics are insensitive to the helicity structure
of the operators and the details of F . The 0-jet cross section thus only depends on the hard
coefficients ∣∣cijF ∣∣2 =

∫
dΦF

∑
λ1λ2

∣∣∣cλ1,λ2
ijF (ΦF )

∣∣∣2 , (6.15)

where the integral is over the final-state phase space for F including any kinematic selection
cuts. As a result, the pcut

T dependence is independent of any details of F and in particular
also the spin of X, while any kinematic cuts due to limited experimental acceptance can be
incorporated into the phase space integral.

While the 0-jet cross section is described model-independently by eq. (6.14), the inclusive
2The value mX = 750 GeV was chosen because of a slight excess in the diphoton channel in both ATLAS

[188,189] and CMS [190,191] at the time of writing ref. [1].
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cross section pp→ X → F requires one to specify the Lagrangian at the scale µ ∼ mX . This
becomes more model-dependent, as it for example requires one to specify the spin of X. For
concreteness we take X to be a scalar particle. Its couplings to quarks and gluons can then
be described through the effective Lagrangian

Leff(mX) ⊃ − Cg
1 TeVαsG

µνGµνX −
∑
q

Cq q̄q X . (6.16)

(We exclude the top quark, as its coupling to X would typically show up in tt̄ production.)
The Wilson coefficients Cg and Cq are the parameters of interest, as they determine to which
amount X is produced in gluon fusion (Cg) or quark annihilation (Cq).3 With eq. (6.16)
specified, the Wilson coefficients |cggF |2 and |cqq̄F |2 in eq. (6.14) can be obtained by matching
the two Lagrangians eqs. (6.14) and (6.16).

For our purposes, any model can be represented by eq. (6.16) at leading order in αs(mX).
Treated as an EFT, eq. (6.16) is a priori only correct to O(mX/Λ

)
, where Λ is the mass

scale of additional heavy degrees of freedom that induce the effective interactions of X. For
example, the possibility of real QCD radiation from internal heavy states is not captured by
eq. (6.16). However, even for Λ ∼ mX hard emissions only affect the inclusive cross section by
O(αs(mX)

)
, while emissions below the scale pcut

T are power suppressed. Similarly, a different
choice of Leff(mX) in eq. (6.16) (e.g. for a spin-2 resonance) changes the inclusive cross section
and the matching in eq. (6.17) only by terms of O(αs(mX)

)
, i.e., at the 10%-20% level. The

crucial point is that the pcut
T dependence for pcut

T � mX is described by eq. (6.14). Hence, for
more complicated scenarios than the one considered here, our main conclusions regarding the
initial-state discrimination are unaffected as they rest on the dynamics at the scale µ ∼ pcut

T ,
which is described model independently.

6.2.2. Calculational setup

We consider for simplicity the narrow-width approximation, where matching eq. (6.16) onto
eq. (6.14) yields∣∣cggF (mX , µH)

∣∣2 = B(X → F )
∣∣αs(µH)Cg(µH)Cgg(mX , µH)

∣∣2 , (6.17)∣∣cqq̄F (mX , µH)
∣∣2 = B(X → F )

∣∣Cq(µH)CSqq̄(mX , µH)
∣∣2 .

Here, µH ∼ mX is the hard matching scale and Cgg, C
S
qq̄ are the gluon and quark scalar

form factors, which will be discussed in more detail in sec. 7.2. We take Ci ≡ Ci(mX) as
the unknown parameters to be determined from data. Their evolution from mX to µH is
incorporated in eq. (6.17) such that the Ci are scale independent to all orders. The branching
ratio B ≡ B(X → F ) also depends on all Wilson coefficients Ci, but will drop out in our final
analysis.

3The Wilson coefficients Cg, Cq should not be confused with the Wilson coefficients Cgg, Cqq̄ arising from
matching the currents in eq. (6.16) onto SCET.
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The jet cross sections we consider are given by

σ≥0 = |Cg|2σg≥0 +
∑
q

|Cq|2σq≥0 ,

σ0(pcut
T ) = |Cg|2σg0(pcut

T ) +
∑
q

|Cq|2σq0(pcut
T ) ,

σ≥1(pcut
T ) = |Cg|2σg≥1(pcut

T ) +
∑
q

|Cq|2σq≥1(pcut
T ) , (6.18)

where σ≥0 = σ0(pcut
T ) + σ≥1(pcut

T ) is the inclusive cross section. The σg≥0 and σq≥0 are the
inclusive cross sections that follow from the ggX and q̄qX operators in Leff(mX) in eq. (6.16).
The exclusive 0-jet cross sections are according to eq. (6.1)

|Cg|2σg0(pcut
T ) = π

4E2
cm

m2
X

TeV2
∣∣cggX(µ)

∣∣2 ∫ dY Bg(QeY , pcut
T )Bg(Qe−Y , pcut

T )Sgg(pcut
T )

+ σg nons
0 (pcut

T ) , (6.19)

|Cq|2σq0(pcut
T ) = π

6E2
cm

∣∣cqq̄X(µ)
∣∣2 ∫ dY Bq(QeY , pcut

T )Bq̄(Qe−Y , pcut
T )Sqq̄(pcut

T )

+ σq nons
0 (pcut

T ) , (6.20)

where we suppressed the scales µ, ν and the jet radius R for simplicity. The large logarithms
ln(mX/p

cut
T ) in σi0 are resummed according to eqs. (6.11) and (6.12). The relevant beam and

soft functions and their RG evolution are taken from SCETlib [5], where we also implemented
the hard functions corresponding to eq. (6.17). We calculate σq≥0 to NLO in αs, and σq0(pcut

T )
is resummed to NLL′+NLO order. Due to the substantially larger uncertainties for gluons, we
include the full NNLO corrections for σg≥0, and σg0(pcut

T ) is resummed to NNLL′+NNLO [137].
The inclusive cross sections are obtained with SusHi 1.6.0 [45, 193–196].

The nonsingular corrections σi nons
0 (pcut

T ) in eqs. (6.19) and (6.20) contain the power correc-
tions starting at (pcut

T /mX)2. They ensure that σi0(pcut
T ) smoothly matches onto σi≥0 for large

pcut
T , and are correspondingly included to NLO for quarks and NNLO for gluons. They are

extracted from the fixed-order pcut
T spectra predicted by eq. (6.16), obtained from SusHi for

qq̄X and MCFM [197,198] for ggX. Comparing the nonsingular corrections to the singular terms
predicted by the factorized cross section is an important cross check of the calculational setup
and directly shows which region of phase space is dominated by the large logarithms. This is
most easily seen in the transverse momentum spectrum of the leading jet, which is related to
the jet-vetoed cross section by

σ0(pcut
T ) =

∫ pcut
T

0

dpjet
T

pjet
T

dσ(pjet
T )

d ln pjet
T

. (6.21)

The spectrum dσ/d ln pjet
T is shown in fig. 6.4 for bb̄ → X as representative quark channel at

NLO (left panel) and for gg → X at NNLO (right panel). Both plots show the full fixed-order
result (red solid), the pure singular terms (blue dashed) and the nonsingular power corrections
(green dotted). In the quark case (fig. 6.4a) the nonsingular corrections vanish at small pjet

T ,
and the black dot-dashed line explicitly shows that they scale as (pjet

T /mX)2. According to
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Fig. 6.4.: Comparison of singular (blue dashed) and nonsingular (green dotted) contributions
to the full (N)NLO (red solid) pjet

T spectrum. (a) shows bb̄ → X as example for a quark
annihilation channel, (b) shows gluon fusion gg → X. The black line in (a) shows that
the nonsingular terms indeed scale as (pjet

T /mX)2. The fluctuations in (b) at small pjet
T are

numerical errors from the Monte Carlo integration.

eq. (6.21), this directly implies that also the nonsingular corrections to σ0(pcut
T ) vanish as

(pcut
T /mX)2. The same was also observed for the other quark flavors and gg → X at NLO (not

shown). For the gluon-induced process at NNLO (fig. 6.4b) the suppression of the nonsingular
terms as pjet

T → 0 is less clear due to the sizable numerical uncertainties from the Monte Carlo
integration. Nevertheless, one clearly sees that the singular pieces dominate the spectrum,
and hence was not studied in more detail as it would require significantly more computation
time.

We also observe in fig. 6.4 that the cross section is dominated by the singular terms up to
pjet
T . 100 GeV. Hence for the cut pcut

T ∈ [25, 65] GeV used in our final analysis, the 0-jet cross
section is essentially given by the model-independent singular cross section, underlining the
model independence of this method.

Figure 6.4 also shows that singular and nonsingular contributions become of the same size
when pjet

T ∼ 250 GeV. Beyond this point there are large cancellations between singular and
nonsingular corrections and the resummation should be turned off, as discussed in sec. 4.1.
We use the profile scales of ref. [137] to smoothly interpolate between the canonical scale
choice eq. (6.13) in the resummation regime and a common fixed-order scale µFO ∼ mX in the
fixed-order regime. That is, we parameterize the scales as

µH = −iµFO , µns = −iµFO , νB = µFO ,

µB = µS = νS = µFOfrun(pcut
T /mX) . (6.22)

Here µns is the fixed-order scale entering the nonsingular pieces in eqs. (6.19) and (6.20).
Its complex value signals that the resummation of timelike logarithms is also applied to the
nonsingular terms and not turned off. The jet veto resummation is turned off through the
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Fig. 6.5.: The central profile scale for the resummation scales as a function of pcut
T , as param-

eterized in eq. (6.22). The dashed lines correspond to the parameters x1, x2, x3 in eqs. (6.23)
and (6.24).

profile function frun, which is defined piecewise as

frun(x) =



x0[1 + (x/x0)2/4] x ≤ 2x0 ,

x 2x0 ≤ x ≤ x1 ,

x+ (2−x2−x3)(x−x1)2

2(x2−x1)(x3−x1) x1 ≤ x ≤ x2 ,

1− (2−x1−x2)(x−x3)2

2(x3−x1)(x3−x2) x2 ≤ x ≤ x3 ,

1 x3 ≤ x .

(6.23)

The parameters are chosen as

x0 = 2.5 GeV/µFO , x1 = 0.15 , x2 = 0.4 , x3 = 0.65 . (6.24)

The functional form of frun is illustrated in fig. 6.5. The parameter x0 ensures that the profile
is cut off at the perturbative scale µ0 = 2.5 GeV when pcut

T → 0, which however does not affect
the present study, where we always choose pcut

T > 25 GeV. The parameters x1, x2, x3 determine
the location of the canonical regime pcut

T ≤ x1mX and the fixed order regime pcut
T ≥ x3mX . In

between the resummation is smoothly turned off, where pcut
T = x2mX determines the inflection

point of the profile. The three regimes are separated by the dashed lines in fig. 6.5. Comparing
to fig. 6.4, one clearly sees that in the resummation regime pcut

T . 100 GeV the singular
terms dominate the fixed-order cross section. The two contributions become comparable at
pcut
T ∼ 250 GeV, which is precisely where the resummation starts turning off.

6.2.3. Estimation of theory uncertainties

We perform a careful analysis of the different sources of theory uncertainties and their cor-
relations for σ≥0, σ0, and σ≥1. The total theory covariance matrix for all parton types and
bins under consideration is obtained by adding the covariance matrices of all sources discussed
below,

Cth = CFO + Cϕ + Cres + CPDF . (6.25)
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We follow the treatment developed in ref. [136, 137, 199] to distinguish various independent
sources of perturbative uncertainties. Since the total covariance matrix is a 18×18 matrix (6
flavors × 3 observables), we will only give formulas for the 3×3 covariance matrix for a specific
flavor. In general we treat all perturbative uncertainties as fully correlated among all quark
flavors, but as uncorrelated between quarks and gluons. The reasoning behind this is that the
perturbative series is identical among quarks, as it is independent of the quark flavor, while it
is completely independent for the gluon case.

Fixed-order yield uncertainty CFO. The yield uncertainty estimates missing higher-order
terms in the fixed-order perturbative expansion and is treated as fully correlated among the
bins. The full covariance matrix for a fixed flavor i = q, g then takes the form

CFO
i ({σ≥0, σ0, σ≥1}) =


(∆FO

i,≥0)2 ∆FO
i,≥0∆FO

i,0 ∆FO
i,≥0∆FO

i,≥1

∆FO
i,≥0∆FO

i,0 (∆FO
i,0 )2 ∆FO

i,0 ∆FO
i,≥1

∆FO
i,≥0∆FO

i,≥1 ∆FO
i,0 ∆FO

i,≥1 (∆FO
i,≥1)2

 . (6.26)

The symmetric lower right 2×2 matrix reflects that the uncertainties of the jet bins {σ0, σ≥1}
are fully correlated. This fixes the uncertainty of the inclusive cross section through

σi,≥0 = σi,0 + σi,≥1 ⇒ ∆FO
i,≥0 = ∆FO

i,0 + ∆FO
i,≥1 . (6.27)

The uncertainties ∆FO
i,0 and ∆FO

i,≥1 are estimated by varying the overall fixed-order scale µFO
in eq. (6.22),

µFO : mX , mX/2 , 2mX , (6.28)

which in the strict fixed-order regime exactly reproduces the common fixed-order uncertainty.
We also vary the shape of the profile function frun, eq. (6.23), to test the transition between
resummation and fixed-order regime by varying the profile parameters,

{x1, x2, x3} : {0.15, 0.4, 0.65} , {0.1, 0.3, 0.5} , {0.2, 0.5, 0.8} ,
{0.04, 0.4, 0.8} , {0.2, 0.35, 0.5} . (6.29)

While this to some extent varies the resummed logarithms, its main effect is to probe the
transition into the fixed-order region, and hence is treated as part of the fixed-order uncertainty.
It is defined as the maximum deviation of the 14 profile choices V resulting from eqs. (6.28)
and (6.29) around the central choice eq. (6.22),

∆FO
i,0 (pcut

T ) = max
v∈V

∣∣∣σi v0 (pcut
T )− σi ctr

0 (pcut
T )

∣∣∣ ,
∆FO
i,≥1(pcut

T ) = max
v∈V

∣∣∣σi v≥1(pcut
T )− σi ctr

≥1 (pcut
T )

∣∣∣ , (6.30)

where i is a specific flavor. This is illustrated in fig. 6.6a, where the bands correspond to the
different profile shapes, with solid lines being the central profile shape and the dotted lines
being the variations.
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Fig. 6.6.: Variations of the profile scales to estimate fixed-order uncertainty (a) and resumma-
tion uncertainty (b). The bands correspond to varying the profile shape, with the solid line
being the central profile and the dashed lines showing the variations. The three blue lines in
(a) represent the different overall fixed-order scale choices.

Correlated resummation uncertainties. Perturbative uncertainties Cϕ from the resum-
mation of timelike logarithms are estimated by varying the phase of the hard scale µH =
µFOe

−iϕ in the range ϕ ∈ [π/4, 3π/4]. Since this affects all bins identically, it is treated as
fully correlated among all bins. The associated covariance matrix takes the same form as
eq. (6.26).

Anticorrelated resummation uncertainties Cres. The inclusive cross section σ≥0 is in-
dependent of the jet binning, and any uncertainties associated with the resummed logarithms
ln(mX/p

cut
T ) must cancel exactly in σ≥0. The resummation uncertainty must hence be anti-

correlated between 0-jet and ≥1-jet bin, yielding the covariance matrix

Cres
i ({σ≥0, σ0, σ≥1}) =


0 0 0

0 (∆res
i )2 −(∆res

i )2

0 −(∆res
i )2 (∆res

i )2

 . (6.31)

The uncertainty is estimated by varying the scales µB/S , νB/S , thereby probing the all-order
logarithmic structure of the cross section. We consider the variations

µup
i (pcut

T ) = µctr
i (pcut

T )× fvary(pcut
T /mX) ,

µdown
i (pcut

T ) = µctr
i (pcut

T )/fvary(pcut
T /mX) ,

νup
i (pcut

T ) = νctr
i (pcut

T )× fvary(pcut
T /mX) ,

νdown
i (pcut

T ) = νctr
i (pcut

T )/fvary(pcut
T /mX) , (6.32)
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where the central scales are specified by eq. (6.22). The variation function is

fvary(x) =


2(1− x2/x2

3) 0 ≤ x ≤ x3/2 ,
1 + 2(1− x/x3)2 x3/2 ≤ x ≤ x3 ,

1 x3 ≤ x ,
(6.33)

where as before x3 = 0.65. Similar to the resummation itself, this variation factor turns off
for large pcut

T . For small pcut
T , it varies the arguments of the resummed logarithms ln(µS/µB)

and ln(νB/νS) by a factor of 2 around their canonical values, and thereby tests the all-order
logarithmic structure of the cross section. We exclude variations where these ratios are varied
by a factor of 4, leaving only 35 independent profile variations, which are illustrated in fig. 6.6b.

Parametric uncertainties. The parametric PDF uncertainty CPDF is included by calcu-
lating the covariance matrix from the 25 independent eigenvectors of the MMHT2014nnlo68cl
PDF set [200]. This takes the correlations among all flavors fully into account.

6.2.4. Results

We demonstrate our method for a hypothetical scalar resonance of mass mX = 750 GeV
produced in 13 TeV pp collisions, where we reconstruct jets with a jet radius R = 0.4. Our
results only dependent on R, but not on the precise implementation of the jet algorithm, as
at NNLO there are at most two partons in the final state and thus the choice of jet algorithm
does not yet affect their clustering into physical jets.

pcut
T dependence of the 0-jet cross section

We first show the 0-jet distributions σi0(pcut
T ) as a function of pcut

T for the example channels
i = g, u, c, b in fig. 6.7. We do not show d and s quarks, as they will be indistinguishable
in the end and essentially only differ by the overall normalization.4 Each figure contains the
relative uncertainty ∆σ0/σ0 in the lower panel, obtained according to sec. 6.2.3. The theory
uncertainties are clearly largest for the gluon case, where they are of the order of 30% in
the small pcut

T region relevant for our analysis. The reason is that gluons radiate stronger
than quarks, and hence are more sensitive to the jet veto and the associated resummation
uncertainties, which dominate at small pcut

T . This is also the reason for the rather large
uncertainties in the b channel compared to the other quarks, as the b quark arises to a large
extent from gluon splittings g → bb̄, and hence is somewhat affected by the large gluon
uncertainties. The u and c quark have essentially identical uncertainties, as the only difference
between them is the PDF entering the cross section, while the perturbative structure and
thereby resummation uncertainties are identical. Note that there is a slight kink in the gluon
uncertainty band, corresponding to the region where the resummation is turned off, compare
fig. 6.5.

4We remark that s quarks suffer from much larger PDF uncertainties than other light quarks, as their PDFs
are the least well constrained. This is irrelevant for our results, as s quarks are indistinguishable from u
and d quarks and dominated by these.
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Fig. 6.7.: The resummed 0-jet distribution σi0(pcut
T ) for the channels i = g, u, c, b. The central

predictions are shown by the dashed lines, while the bands show the theory uncertainties. The
lower panels show the relative uncertainty ∆σi0/σi0.

One also sees from fig. 6.7 that all spectra became essentially constant at large pcut
T , as they

smoothly match onto the inclusive cross sections, and that this plateau is reached faster for
quarks than for gluons. This observation is more apparent in the ratio σi0(pcut

T )/σi≥1(pcut
T ) of

0-jet to ≥1-jet cross sections, shown in fig. 6.8 as a function of pcut
T for the same channels

i = u, c, b, g. The analogous results for d and s quarks are not shown, as they are mostly
indistinguishable from u quarks because the normalization of the cross sections drops out in
the ratio. The split of the cross section into the 0-jet and ≥1-jet bins is clearly different for
the different initial states. The fact that gluons have the smallest ratio σ0/σ≥1 simply reflects
that gluons radiate much stronger than quarks, roughly by a factor CA/CF = 9/4, and hence
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Fig. 6.8.: The ratio σ0(pcut
T )/σ≥1(pcut

T ) for u (red), c (yellow), b quarks (blue) and gluons
(green). d and s quarks are not shown, but are essentially indistinguishable from u quarks.
The lines show the central values and the bands the theory uncertainties.

less events fall into the 0-jet category than for quark-induced processes. The hierarchy in
the quark case reflects that sea quark distributions receive sizable contributions from gluon
splittings g → qq̄, whose effect increases with the mass of the sea quark. Hence the radiation
pattern of heavy quarks becomes more gluon like the heavier the quark, as observed in fig. 6.8.
In case of the b quark this effect is so large that it overlaps with the gluon prediction due
to their large uncertainties, and as discussed above suffers from rather large uncertainties at
small pcut

T .

Initial-state discrimination

Figure 6.8 clearly shows that we can expect to distinguish light quarks (u,d,s), c quarks,
b quarks, and gluons, where the discrimination between b quarks and gluons is less good,
in part due to the sizable uncertainty in the gluon cross sections. The optimal pcut

T value
for discriminating between different possible initial states depends on the true initial state.
Numerically, we observe only a mild sensitivity of the discrimination between initial states
on the pcut

T value within the range pcut
T ∈ [25, 65] GeV. The pcut

T value can thus be chosen to
optimize the experimental sensitivity with limited statistics. A roughly equal split of the cross
section is achieved at pcut

T ' 25 GeV (65 GeV) for a light-quark (gluon) induced signal. In our
subsequent analysis we use pcut

T = 40 GeV, for which the cross section ratio is between 0.5 and
2 for any initial state, and theory uncertainties are not too large.

Note that effects from hadronization and multiparton interactions, which are not included
in our calculations, can affect the leading jet pjet

T spectrum at small pjet
T . However their effects

partially compensate each other. We checked using Pythia 8.2 [201] that the net effect in
the cross section ratios we consider becomes negligible above pcut

T & 20 GeV.
To study the constraints on the Wilson coefficients Ci from measuring σ0 and σ≥1, we
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minimize the χ2 function

χ2(Ci) =
∑

m,n∈{0,≥1}
(σmeas
m − σm)(C−1)mn(σmeas

n − σn) , (6.34)

where σmeas
m is the measured pp → X → F cross section in bin m, C = Cth + Cexp is the sum

of the experimental and theory covariance matrices, and σm is the predicted cross section in
bin m in eq. (6.18). Note that one could in principle also include the inclusive cross section
σ≥0 into eq. (6.34). We have checked that this has negligible effect on the results, which is a
strong cross-check that all correlations are properly taken into account.

In the narrow-width approximation and considering a single decay channel (e.g. F = γγ),
we only constrain Ci

√
B [see eq. (6.17)]. To render our results independent of the details of

F , we define
C incl
i

√
B =

√
σmeas
≥0 /σi≥0 , (6.35)

which is the value of Ci
√
B for which the measured inclusive cross section is completely at-

tributed to initial state i. By considering the ratios |Ci/C incl
i |, our analysis only depends on

the ratio σ0/σ≥1 but not the absolute cross sections or the branching ratio B. With more than
one final state, the sum in eq. (6.34) runs over the respective bins for all final states, and the
dependence of the different branching ratios on the Wilson coefficients Ci and the associated
uncertainties need to be taken into account.

Gluon-induced signal. We first demonstrate our method for a scenario where the resonance
is produced entirely in gluon fusion. The true Wilson coefficients are then Cg = C incl

g , Cq = 0,
and the corresponding true value for the ratio of 0-jet to ≥1-jet cross section is σ0/σ≥1 = 0.52.
To model the experimental uncertainties we assume that the inclusive cross section σ≥0 is
measured with a 20% accuracy, which can be realistically expected not very long after a
discovery of a new state. We treat the measurement uncertainty as uncorrelated between
the two jet bins and split them as ∆σmeas

0 /∆σmeas
≥1 =

√
σmeas
≥1 /σmeas

0 , which yields ∆σmeas
0 =

34% and ∆σmeas
≥1 = 25% for the gluon scenario. The values (Cg, Cq) compatible with the

measurement (σmeas
0 , σmeas

≥1 ) are then obtained as the ∆χ2 = 1 contours of eq. (6.34), which
takes both experimental and theory uncertainties and their correlations into account. To be
explicit, the ∆χ2 = 1 contour to simultaneously determine two couplings (Cg, Cq) corresponds
to a 39.3% Confidence Level (CL). If one is only interested in one parameter, e.g. measuring
Cg while marginalizing over Cq, ∆χ2 = 1 corresponds to 68.3% CL.

The ∆χ2 = 1 contours for the gluon-induced signal are shown in fig. 6.9 for various signal
hypotheses to be tested against the measurement. All figures contain ∆χ2 = 1 contours
taking into account only σ0 (blue), only σ≥1 (green) or their combination (orange/yellow).
Each contour is shown with only theory uncertainties (inner dark bands) and additionally
with experimental uncertainties (light bands).

Figures 6.9a shows the ∆χ2 = 1 contours to distinguish gluon and u-quark production,
while fig. 6.9b shows the distinction between gluon and c-quark production. In both cases
we find very different shapes of the contours from σ0 and σ≥1, reflecting that gluons and
light quarks have a very different pcut

T behavior (see also fig. 6.8). The combined ∆χ2 = 1
contour thus clearly favors gluon fusion over light quark annihilation, and in particular gives
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a very good determination of Cg. While the fit still allows a quark coupling |Cq/C incl
q | . 0.5,

the quark-induced contribution to the cross section is bounded by σq/σmeas ∝ |Cq|2 . 0.25.
We also note that in this case experimental uncertainties have a very small impact on the
result, as the uncertainties are dominated by the large gluon theory uncertainty. Figure 6.9c
shows the ∆χ2 = 1 contours for testing an u-quark against a c-quark scenario. In this case
the contours from σ0 and σ≥1 do not even overlap, and hence the measurement of a gluon-
induced signal is incompatible with an interpretation of a pure light-quark induced signal.
Finally we discuss the discrimination of gluon and b-quark production for a gluon-like signal
in fig. 6.9d. Considering only theory uncertainties (dark bands), the gluon-induced signal
is preferred, but one cannot rule out a large contribution from b-quark annihilation. After
taking the experimental uncertainties into account, there is no longer a preferred region in the
(Cb, Cg)-plane. We thus find that a separation of heavy quarks and gluons is more challenging
and requires more experimental data and better theory predictions.

In summary, in case a gluon-induced signal is found at the LHC, one can clearly conclude
that it is mostly produced in bottom-quark annihilation or gluon fusion, while the admixture
of light quarks can be strongly constrained.

u-quark induced signal. We next discuss a scenario where the signal is fully produced
in u-quark annihilation, such that σ0/σ≥1 = 1.57. The measurement is modeled as before,
giving experimental uncertainties ∆σ0 = 26%,∆σ≥1 = 32%. The ∆χ2 = 1 contours for the
quark-induced signal are shown in fig. 6.10 for various signal hypothesis to be tested. Figures
6.10a and 6.10b show that one can reliably distinguish the u-quark annihilation from a gluon
or b-quark initial state. This is analogous to the strong discrimination power between light
quarks and gluons for a gluon-like signal. Figure 6.10c shows that an interpretation of the
u-quark induced signal as a pure gluon/b-quark mixture fails to explain the data. Lastly,
the distinction between u-quark and c-quark production (fig. 6.10d) requires more data, as it
suffers from the large experimental uncertainties, but is in principle possible as seen in the
dark bands.

In conclusion, should a new resonance produced in light quark annihilation be found at the
LHC, our method could reliably identify light quarks as the dominant production mode, even
though a further distinction among light quarks is more challenging.

Mixed signal. Lastly we consider the case that a mixed signal is found, for which we
assume that σ0/σ≥1 = 1. In this case the signal must be produced in multiple channels.
The corresponding ∆χ2 = 1 contours are shown in fig. 6.11 for various assumed channels.
Figures 6.11a and 6.11b tests the combination (u, g) and (c, b). Both are clearly allowed by
the data, with (u, g) slightly preferred over (c, b). We also test the combinations (b, g) and
(u, c) in figs. 6.11c and 6.11d. In both cases we find a very bad compatibility with the data.
In particular there is no allowed region of phase space if only theory uncertainties are taken
into account. Hence we conclude that for such a mixed signal our method clearly prefers that
the production is a mixture of a light quark (u, d, s, c) and a heavy quark/gluon (b, g), which
is a strong constraint on the production mode.
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Fig. 6.9.: ∆χ2 = 1-contours to distinguish several signal hypotheses assuming a gluon-induced
resonance. The constraints from σ0 and σ≥1 are shown by the blue and green bands, respec-
tively. The combined constraint from both is shown by the orange/yellow regions. The inner
darker regions correspond to theory uncertainties only, while the full lighter bands include
both theory and assumed experimental uncertainties.
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Fig. 6.10.: ∆χ2 = 1-contours to distinguish several signal hypotheses assuming an u-quark
induced resonance. The constraints from σ0 and σ≥1 are shown by the blue and green bands,
respectively. The combined constraint from both is shown by the orange/yellow regions. The
inner darker regions correspond to theory uncertainties only, while the full lighter bands include
both theory and assumed experimental uncertainties.
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Fig. 6.11.: ∆χ2 = 1-contours to distinguish several signal hypotheses for a mixed scenario
where σ0/σ≥1 = 1. The constraints from σ0 and σ≥1 are shown by the blue and green bands,
respectively. The combined constraint from both is shown by the orange/yellow regions. The
inner darker regions correspond to theory uncertainties only, while the full lighter bands include
both theory and assumed experimental uncertainties.
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Conclusion

In summary we find that even with fairly large experimental uncertainties, as would be ex-
pected soon after a potential discovery, a clear separation between different initial states can be
achieved for most scenarios. A combined fit to all coefficients will of course require more data,
and will then also benefit from using several pcut

T values. We stress that thanks to the used
resummation framework, the theory uncertainties and correlations can be robustly estimated
and are not a limiting factor. The presented method allows for an early, model-independent,
and theoretically clean identification of the dominant production mechanism of any new high-
mass color-singlet state. Since the ratio σi0(pcut

T )/σi≥1(pcut
T ) depends to good approximation

only on pcut
T /mX , and pcut

T & 25 GeV is experimentally feasible at the LHC, it is expected to
work well for masses mX & 300 GeV.

6.3. Direct diphoton production with a jet veto

We next consider the diphoton invariant mass spectrum with a jet veto. Diphoton production is
an important process to test perturbative QCD thanks to its very clear experimental signature,
and has been extensively studied experimentally [202–213]. At the LHC it is also used to
search for new heavy resonances [214–217]. Its production cross section has been calculated
to NNLO [198, 218–227] and including resummation of the transverse momentum spectrum
to NNLL [113, 121, 228, 229]. The resummation of jet veto logarithms was so far only briefly
addressed in ref. [230], where the applicability of the factorization of the 0-jet cross section
was doubted.

Here we discuss in more detail diphoton production with a jet veto. Its proper theoretical
understanding is necessary to allow experimental analyses to employ jet vetoes to suppress
hadronic backgrounds to diphoton distributions. This it not only useful for new physics
searches, but also a powerful test of perturbative QCD over a very large range of scales, as the
invariant mass spectrum can be measured up to mγγ . 1 TeV [212,213]. An appealing feature
of diphoton production is that it receives sizable contributions from both quark annihilation
and gluon fusion, whose LO diagrams are shown in figs. 6.12a and 6.12b. It is hence one
of the few gluon-initiated color-singlet SM processes besides Higgs production and thus an
ideal channel to test the QCD dynamics of gluon-fusion processes. Jet binning allows one to
separate the two production modes using the method introduced in sec. 6.2. Vice versa, the
diphoton distribution can also be used to test the jet veto resummation itself, as the resummed
logarithm ln(pcut

T /mγγ) is varied over a wide range of values. For example, one can study the
transition between the fixed-order regime pcut

T ∼ mγγ and the resummation regime pcut
T � mγγ

for fixed pcut
T as a function of mγγ .

A major complication in photon measurements is the large background from secondary pho-
tons arising from the collimated decay of hadrons inside final-state jets such as π0, η → γγ,
whereas one is interested in so-called prompt photons directly produced in the hard interaction.
Experimentally, secondary photons can be efficiently identified and suppressed by a sophis-
ticated combination of calorimetric and track information, supplemented by an isolation re-
quirement vetoing photon candidates surrounded by hadronic radiation, see e.g. refs. [212,213].
The remaining prompt photons are further divided into direct photons arising from the hard
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(a) Quark annihilation (b) Gluon fusion

(c) Quark fragmentation

Fig. 6.12.: The leading order diagrams for prompt diphoton production at the LHC.

interaction, see figs. 6.12a and 6.12b, and fragmentation photons resulting from a fragmenting
quark, q → q + γ, whose LO contribution is shown in fig. 6.12c. The latter are significantly
reduced by photon isolation cuts, where photons surrounded by hadronic activity are rejected,
at the cost of inducing severe theory uncertainties from the isolation procedure into the pertur-
bative calculation. The photon isolation also affects the factorization of the 0-jet cross section
due to the additional sensitivity on QCD radiation. Here we show that the factorization-
violating terms are numerically small corrections that can effectively be incorporated at fixed
order and do not invalidate the resummation. In fact, the jet veto actually decreases the sen-
sitivity on fragmentation photons, which are pure power corrections to the 0-jet cross section,
and thus is a theoretically very clean channel to measure direct diphoton production.

In the following we first briefly review photon isolation in sec. 6.3.1 and then discuss in
sec. 6.3.2 how it affects the factorization formula for the 0-jet cross section. The calculational
setup and first results are presented in secs. 6.3.3 and 6.3.4.

6.3.1. Photon isolation

The large background of secondary photons resulting from hadronic decays, mostly π0, η → γγ,
can be significantly suppressed by isolating reconstructed photons from hadronic radiation.
One demands that the hadronic transverse energy ET (R0) inside a cone of radius R0 around
the photon is limited,

ET (R0) =
∑

k : d(k,γ)≤R0

ET (k) ≤ Eiso
T , (6.36)

where the usual distance measure between hadron k and the photon in the (η, φ)-plane is

d(k, γ) =
√

(ηk − ηγ)2 + (φk − φγ)2 . (6.37)
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For example, the most recent ATLAS measurement ref. [213] uses R0 = 0.4 and Eiso
T = 6 GeV.5

Often one also chooses Eiso
T as a fraction of the transverse energy of the photon, Eiso

T = εγ p
γ
T

with 0 < εγ < 1.
The implementation of this isolation procedure into a theoretical prediction requires the

inclusion of fragmentation functions Dq to absorb collinear divergences arising from quark
fragmentations q → q + γ. This is analogous to absorbing collinear singularities from initial
state splittings into PDFs (see sec. 2.2), and the functions Dq similarly obey DGLAP evolution
equations. While they are intrinsically nonperturbative, they can be measured from data
[231, 232]. After inclusion of the fragmentation functions the effect of the photon isolation
factorizes into a nonperturbative fragmentation piece and a perturbative short-distance cross
section, thereby allowing an infrared-safe calculation [233,234].

In practice one encounters large theory uncertainties because the fragmentation functions Dq

are currently only poorly constrained, and because the perturbative cross section suffers from
large logarithms ln(R0) induced by the isolation eq. (6.36). (Their resummation has recently
been discussed in ref. [235].) Furthermore the fragmentation functions are currently only
known to NLO and hence cannot be consistently combined with the direct photon production
known to NNLO.6

Due to these difficulties perturbative predictions typically employ the alternative isolation
criterion proposed by Frixione in ref. [238], where one replaces eq. (6.36) by

ET (r) =
∑

k : d(k,γ)≤r
ET (k) ≤ χ(r)Eiso

T ∀r ≤ R0 , (6.38)

where the function χ(r) has to vanish as χ(r → 0)→ 0. A common implementation is

ET (r) =
∑

k : d(k,γ)≤r
ET (k) ≤ εγ p

γ
T

( 1− cos(r)
1− cos(R0)

)n
∀r ≤ R0 . (6.39)

This isolation becomes stronger towards the photon, and in particular completely vetoes radi-
ation collinear to the photon. This fully removes collinear singularities and thereby the need
for fragmentation functions. At the same time soft radiation ET → 0 is not vetoed, which
is crucial to allow for the cancellation of soft divergences, and thus renders the cross section
infrared safe and well defined even without the inclusion of fragmentation functions. Hence
this simple criterion has become the standard photon isolation in higher order perturbative
calculations.

The drawback of the Frixione criterion eq. (6.38) is that it cannot be implemented exper-
imentally because of the finite granularity of the detector. A detailed analysis in ref. [237]
showed that in practice this approach is compatible with the realistic cut eq. (6.36), with
deviations at the percent level provided that the isolation is chosen tight enough.

5In practice one determines the energy inside the cone as the sum of calorimeter cluster around the photon,
which slightly deviates from the smooth distance measure eq. (6.37).

6The combination of direct and fragmentation contribution at different perturbative orders can lead to the
unphysical behavior that tighter isolation cuts enhance the cross sections. This was reported e.g. in refs. [236,
237], and we observed the same behavior in MCFM, which implements only LO fragmentation functions.
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Fig. 6.13.: Illustration of the combined jet veto and photon isolation cut. The shaded region
shows the allowed jet transverse momenta pjet

T as a function of rapidity. Outside a cone of
radius R0 = 0.4 around the photon, the global jet veto pjet

T < pcut
T = 30 GeV is applied

(red solid). Inside the cone, the global veto (red dotted) is tightened by the stronger photon
isolation pjet

T < Eiso
T = 10 GeV (blue dashed).

6.3.2. Factorization for isolated photon production

We now address how the photon isolation affects the factorization formula for the 0-jet cross
section as discussed in sec. 6.1. While predictions for diphoton production with a jet veto have
been made in ref. [230], the authors did not present a factorization theorem nor discuss the
effect of the isolation in detail.

The factorization formula eq. (6.1) assumes the production of a color-singlet final state
with a globally applied jet veto, i.e. hadronic radiation is vetoed independently of the details
of the final state, in particular its kinematics. This second requirement is in fact violated
by the photon isolation eq. (6.36), which tightens the global jet veto in a cone of size R0
around the identified photons. This is illustrated in fig. 6.13, where the standard jet veto is
shown in red. Around the identified photon, the global jet veto (red, dotted) is replaced by
the stronger photon isolation (blue, dashed). The restriction of having no radiation collinear
to the photons introduces an additional scale in the soft function, leading to unresummed
nonglobal logarithms (NGLs) ln(Eiso

T /pcut
T ). For a typical isolation and jet veto these NGLs

are not very large, and are furthermore suppressed as R2
0, such that they are numerically a

small effect.
We stress that this requires one to apply the standard jet veto globally, as it ensures that the

photon isolation always tightens the jet veto, irrespective of the (experimental or theoretical)
details of the isolation procedure. This becomes crucial when applying the Frixione isolation
eq. (6.39), where the isolation parameter Eiso

T = εγp
γ
T is proportional to the photon transverse

momentum. If one were to apply the jet veto only outside the isolation cones, one would
allow hard jets around photons with large pγT and thereby invalidate the factorization formula
eq. (6.1). In other words, such a partial jet veto is by no means a global restriction on the
phase space of additional radiation, which is crucial to obtain the simple logarithmic structure
of the cross section underlying the factorization formula eq. (6.1).
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With the proper application of the jet veto one cannot have collinear radiation with pjet
T ∼ p

γ
T

along the photon direction. Radiation outside the cone of size R0 is rejected by the jet veto,
while radiation closer to the photon is further restricted by the isolation requirement. This
implies in particular that fragmentations of final state quarks, q → q+γ, are power suppressed.
Consider for example the LO fragmentation diagram shown in fig. 6.12c. Since the photon is
demanded to be hard, pγT ∼ mγγ � pcut

T , it can only result from a fragmenting quark if the
quark itself is hard, pqT ∼ mγγ � pcut

T . Such a quark is however forbidden by the jet veto even
without applying the photon isolation, showing that fragmentation contributions are indeed
power suppressed. Hence at leading power in pcut

T /mγγ the only relevant hard processes are
direct photon production, shown in figs. 6.12a and 6.12b at LO. In contrast, fragmentation
contributions are suppressed in pcut

T /mγγ and can be included as nonsingular power corrections.
As a consequence, the jet veto makes the 0-jet cross section rather insensitive to fragmentation
photons and hence renders this a particularly clean channel to measure the diphoton final state.

6.3.3. Calculational setup

The diphoton spectrum receives contributions from quark annihilation and gluon fusion, whose
leading order diagrams are shown in figs. 6.12a and 6.12b. The gluon-fusion process is loop
induced and formally a O(α2

s) contribution, but is enhanced due to the large gluon flux at the
LHC. In particular, we aim at separating quark and gluon contributions through jet binning
and hence include both contributions at the highest available perturbative order. We thus
match the full Standard Model onto the EFT with the two respective currents, given by an
effective Lagrangian analogous to eq. (6.16),

Leff(pcut
T ) = LSCET + Cλ1λ2λ3λ4

gg→γγ Bλ1
n Bλ2

n̄ Gλ3Gλ4 +
∑
q

Cλ1λ2λ3λ4
qq̄→γγ χ̄λ1

qnχ
λ2
qn̄ Gλ3Gλ4 , (6.40)

where the fields G describe the outgoing photons with helicities λ3 and λ4, which are produced
through the annihilation of either collinear gluons B or collinear quarks χ. The Cλ1λ2λ3λ4

ij→γγ are
the corresponding Wilson coefficients of definite helicity. The hard functions are defined as
the squared Wilson coefficients, summed and averaged over helicities and colors,

Hgg→γγ = 1
64
∑
λi

∣∣Cλ1λ2λ3λ4
gg→γγ

∣∣2 , Hqq̄→γγ = 1
24
∑
λi

∣∣Cλ1λ2λ3λ4
qq̄→γγ

∣∣2 . (6.41)

Here, we have already taken a factor 1/2 from the indistinguishable diphoton final state and
color conservation into account. The amplitudes for qq̄→γγ have been calculated to NNLO
in refs. [225, 239, 240] and the hard function was explicitly extracted from it in ref. [227].7

The amplitudes for gg→γγ including the top-quark loop are only known at LO. We obtain the
corresponding hard function from the massive one-loop gg→gg helicity amplitudes of ref. [241],
following the procedure outlined in ref. [223] by replacing the color matrix with the identity
matrix. (The amplitudes were also calculated independently in ref. [227].) The required loop
integrals with internal masses are evaluated using QCDLoop 2.0.1 [242, 243], and we verified
the implementation numerically using GoSam 2.0.2 [244, 245]. The NLO Wilson coefficient

7Ref. [225] contains a few typos pointed out in refs. [226,227].
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for gg→γγ via nf massless quarks is extracted from ref. [223].
The phase space of the 2→ 2 scattering is described by three independent variables (up to

overall azimuthal symmetry), which we choose as (Q,Y,∆Y ), where Q = mγγ is the invariant
mass of the diphoton system, Y is their total rapidity and ∆Y is defined as the difference of
the photon rapidities. The explicit parameterization of the incoming parton momenta p1,2 and
photon momenta p3,4 is

p1 = Q

2 e
+Y (1, 0, 0, 1) ,

p2 = Q

2 e
−Y (1, 0, 0,−1) ,

p3 = pγT
(
cosh(Y + ∆Y ),+ cos(φ),+ sin(φ), sinh(Y + ∆Y )

)
,

p4 = pγT
(
cosh(Y −∆Y ),− cos(φ),− sin(φ), sinh(Y −∆Y )

)
, (6.42)

where the photon transverse momenta pγT and rapidities Y1,2 are given by

pγT = Q

2 cosh(∆Y ) , Y1,2 = Y ±∆Y . (6.43)

The Mandelstam variables (s, t, u) follow to be

s = (p1 + p2)2 = Q2 ,

t = (p1 − p3)2 = −Q
2

2 [1− tanh(∆Y )] ,

u = (p1 − p4)2 = −Q
2

2 [1 + tanh(∆Y )] = −s− t . (6.44)

Including all phase space factors, the resummed invariant mass spectrum is then given by

dσij→γγ(pcut
T )

dQ2 = 1
E2

cm

∫
dY

∫
d∆Y 1− tanh2(∆Y )

32πQ2 Hij→γγ(Q,Y,∆Y )

×Bi(QeY , pcut
T , R, µB, νB)Bj(Qe−Y , pcut

T , R, µB, νB)Sij(pcut
T , R, µS , νS)

× U(pcut
T , R;µH , µB, µS , νB, νS)

+
dσnons

ij→γγ(pcut
T , R)

dQ2 , (6.45)

where the resummation kernel U was defined in eq. (6.12) and σnons
ij→γγ are the nonsingular

corrections.
We obtain the beam and soft functions and their RG evolution from SCETlib [5], where we

also implemented the hard functions eq. (6.41). SCETlib was supplemented with an automated
interface to Mathematica, which is used for the efficient evaluation of the phase space integrals
in eq. (6.45). The nonsingular contributions σnons

ij→γγ are obtained from MCFM8 [197,198,227,246]
for both qq̄→γγ and gg→γγ. Since the full NLO result for diphoton production via a top loop
is not yet available in the literature and because MCFM does not provide the amplitude for
gg→γγ+j via a top loop, we can only extract the nonsingular terms for nf = 5 massless
quarks in the loop.
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We apply the photon cuts

pγT > pmin,γ
T = 22 GeV , |Y1,2| < Y cut = 2.37 . (6.46)

similar to the measurements in ref. [210].8 In the singular limit these cuts restrict the integra-
tions in Y and ∆Y to be bounded by

|Y | ≤ min
{
Y cut, ln Ecm

Q

}
,

|∆Y | ≤ min
{
Y cut, Y cut − |Y |, arccosh

(
Q

2pmin,γ
T

)}
, (6.47)

which can be straightforwardly implemented into eq. (6.45). The effect on the nonsingular
correction is directly accounted for in MCFM.

The photon isolation is implemented using the Frixione isolation eq. (6.39) with the param-
eters employed in ref. [227],

R0 = 0.4 , n = 2 , Eiso
T = 0.1 pγT , (6.48)

which were chosen in ref. [227] to reproduce the NLO theory prediction of the isolation em-
ployed in the CMS measurement of ref. [212]. A more detailed study of the dependence on
the photon isolation would of course be interesting to pursue in the future.

All predictions are made for the LHC at Ecm = 13 TeV using the MMHT2014nnlo68cl PDF
set [200] with αs(mZ) = 0.118 and three-loop running via LHAPDF6 [247]. We set αem =
1/137,mt = 173.2 GeV and use the fixed-order scale choices

µF = µR = mγγ . (6.49)

Unless stated otherwise we also integrate over the diphoton invariant mass,

mγγ ≥ 60 GeV . (6.50)

6.3.4. Results

We present first results toward the jet veto resummation of the diphoton invariant mass spec-
trum. Here we focus on the implementation of the fixed-order singular corrections and ensure
that the factorization formula correctly describes the jet veto spectrum at leading power by
verifying that the nonsingular contributions are indeed power suppressed. As discussed in
sec. 6.3.2 we expect this to also hold for fragmentation contributions. The full phenomeno-
logical analysis of the resummed invariant mass spectrum will be presented as ref. [4] in the
future.

8In practice ATLAS excludes the transition region 1.37 < |ηγ | < 1.56 between the barrel and end-cap calorime-
ters [210,213]. CMS applies the similar selection |ηγ | ≤ 1.44, 1.57 ≤ |ηγ | ≤ 2.5 [212]. For the results presented
here we neglect these details.
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mγγ ≥ 60 GeV mγγ ≥ 300 GeV mγγ ≥ 600 GeV mγγ ≥ 1000 GeV

σLO
qq̄→γγ 20 015 fb 301.4 fb 31.48 fb 4.574 fb

σ
LO (nf=5)
gg→γγ 9946 fb 27.59 fb 1.074 fb 0.0691 fb

σ
LO (nf=5,t)
gg→γγ 9941 fb 26.93 fb 1.502 fb 0.1148 fb

Table 6.1.: LO cross sections for direct diphoton productions in the qq̄→γγ and gg→γγ chan-
nels for various invariant-mass cuts. The latter is given for massless quarks (nf = 5) and both
massless and top quarks (nf = 5,mt) in the loop.

0 500 1000 1500 2000
0.8

1.0
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Fig. 6.14.: Ratio of the quark-loop induced gg→γγ cross section with and without the top
quark. The vertical line signals the top threshold 2mt = 346 GeV. The blue dashed line shows
the asymptotic behavior eq. (6.51) for mt/mγγ → 0, where the top quark can be treated
massless.

LO cross sections. We first discuss the LO cross sections for diphoton production, as at
this order there is no jet in the final state and thus neither photon isolation nor the jet veto
affect the results.

Table 6.1 shows the cross section for various cuts on mγγ separately for quark annihilation
and gluon fusion. The numbers were obtained both using SCETlib and MCFM, confirming the
correct implementation of overall normalization and phase space integrals of eq. (6.45).

We see from table 6.1 that for mγγ ≥ 60 GeV the gluon contribution is almost half the size
of the quark channel, despite being formally O(α2

s) suppressed. This suppression is partially
lifted by the large gluon flux at small partonic center-of-mass energy

√
ŝ = mγγ at the LHC.

Since the gluon luminosity diminishes quite fast with
√
ŝ, the impact of the gluon channel is

severely reduced at larger invariant masses of the diphoton system, as clearly seen in table 6.1.
However, for such large invariant masses it was shown in sec. 6.2 that the gluon channel can
be disentangled from the quark channel through jet binning, and it will be interesting to see
to what extent this can be achieved here. We also remark that the (N)NLO corrections to
the pure quark channel can reach K-factors of K = 5 (K = 10), see refs. [226, 227], such
that ultimately the gluon channel is only a small correction to the fixed-order inclusive cross
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section, independent of the mass cut.
It is also interesting to assess the effect of the top-quark induced contributions to gg→γγ.

Table 6.1 gives numbers for σgg→γγ both including and excluding the top quark, and the ratio
of the two cross sections is shown in fig. 6.14 as a function of the diphoton invariant mass mγγ .
As expected, for small mγγ � mt the top loop is largely suppressed and taking the top quark
into account has negligible effect. It starts to become visible at the top threshold mγγ & 2mt,
indicated by the vertical line in fig. 6.14, where it is first a small negative correction, but
quickly becomes a quite large positive correction. In the asymptotic limit mγγ � 2mt, the
top quark can be treated as massless, in which case its effect on the cross section for gg→γγ
is given by

σ
LO (nf=6)
gg→γγ

σ
LO (nf=5)
gg→γγ

=
(3Q2

u + 3Q2
d

2Q2
u + 3Q2

d

)2
= 1.860 . . . . (6.51)

This limiting behavior is indicated by the dashed line in fig. 6.14 and is only slowly approached
for mγγ & 2 TeV. It is thus not a good approximation in the experimentally accessible region
mγγ . 1 TeV.

Photon isolation effects. We next assess the size of the hypothesized unresummed non-
global logarithms from the photon isolation. These can be easily studied in the gluon channel
gg→γγ, where the photon isolation is optional at NLO, as there is no possibility to obtain a
photon from a fragmenting quark without “breaking” the quark loop. (The process fig. 6.12c
is of course possible, but it is a correction to qq̄→γγ, not to gg→γγ.) This allows us to directly
compare the gg→γγ nonsingular contributions with and without the photon isolation, shown
in fig. 6.15. In the left figure we do not apply a photon isolation, while in the right figure
Frixione isolation with parameters eq. (6.48) is employed. The red solid curves show the full
NLO spectrum obtained from MCFM,9 the blue dashed curves the pure singular contributions
obtained from SCETlib. The difference is the nonsingular power correction (green dotted).

As expected, the nonsingular terms vanish as pjet
T → 0 when no photon isolation is applied

(fig. 6.15a). (The large fluctuations in the nonsingular corrections are due to statistical uncer-
tainties from the numerical integration.) Turning on the photon isolation (fig. 6.15b) yields an
unresummed NGL even at vanishing pjet

T → 0. As anticipated, the effect is a quite moderate
O(1%) correction. Such a small deviation is negligible compared to the typically rather large
theory uncertainties, and hence can simply be treated as part of the fixed-order nonsingular
corrections. Note that the NGL must be negative because the photon isolation imposes an
additional restriction on the phase space for the full fixed-order calculation compared to the
singular limit. This is clearly the case in fig. 6.15b, where the full NLO spectrum (red solid)
is smaller than the singular cross section (blue dashed) in the singular limit pjet

T → 0.
We next study the nonsingular corrections for qq̄→γγ. Here the photon isolation is inevitable

to avoid collinear singularities from the fragmentation process shown in fig. 6.12c. The split
of the pjet

T spectrum into singular and nonsingular corrections is shown in fig. 6.16a at NLO.
As for gg→γγ with photon isolation (fig. 6.15b) we find that the nonsingular terms do not

9The pjet
T spectrum obtained from MCFM contains severe numerical instabilities. To obtain a numerically sensible

spectrum we have removed all bins from the pjet
T histograms with an error exceeding 30% of its cross section.

Averaging multiple runs then yields a well-behaved smooth spectrum.
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Fig. 6.15.: Comparison of singular and nonsingular contributions to the pjet
T -spectrum for

gg→γγ at NLO. (a) is fully inclusive (no photon isolation), (b) uses the Frixione photon
isolation with parameters eq. (6.48). The large fluctuations at small pjet

T are due to the Monte
Carlo integration.

vanish as pjet
T → 0 due to unresummed NGLs from the photon isolation. They are again

numerically very small such that we can effectively include them as a nonsingular effect, just
like for gg→γγ. We have also checked that small variations of the photon isolation hardly
affect these terms. The NNLO result is shown in fig. 6.16b. Here the numerical uncertainties
from the Monte Carlo integration in MCFM are too large to reliably extract the nonsingular
pieces, but the singular and full spectrum seem to be fully compatible at small pjet

T , and the
unresummed NGLs should again be numerically subdominant.

Figure 6.16 also shows a peculiar peak in the region at pjet
T ∼ 10− 100 GeV which is absent

in fig. 6.15. It is the remnant of the fragmentation contribution q → q+γ, fig. 6.12c. The fact
that it only appears at finite pjet

T , but is negligible for small pjet
T confirms that fragmentation

contributions are indeed power-suppressed corrections. Nevertheless they can give sizable
numerical effects. Importantly, these relatively large nonsingular corrections are not associated
with logarithms ln(pjet

T /mγγ) and hence do neither invalidate the factorization formula (beyond
the discussed NGLs) nor diminish the value of carrying out the jet veto resummation.

6.4. Summary

We have studied phenomenological applications of jet binning, where an exclusive 0-jet cross
section is obtained by vetoing events with jets having a transverse momentum larger than some
cutoff pjet

T ≥ pcut
T . This induces large Sudakov logarithms ln(Q/pcut

T ), where Q is the invariant
mass of the produced color-singlet final state, that need to be resummed to all orders in
perturbation theory when pcut

T � Q.
We first introduced a new method to identify the initial state of a high-mass color-singlet

resonance X at the LHC by dividing the inclusive dataset into a 0-jet and ≥1-jet cross section.
The method employs that for a tight jet cut pcut

T � Q, the 0-jet cross section is dominated by
Sudakov logarithms whose structure only depends on the production mechanism of X. For
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Fig. 6.16.: Comparison of singular and full pjet
T spectrum for qq̄→γγ at NLO (a) and NNLO

(b), using Frixione isolation with parameters eq. (6.48). The NNLO nonsingular corrections
are not shown because of the large numerical uncertainties from the Monte Carlo integration.

experimentally feasible cuts pcut
T & 25 GeV, this allows one to model-independently distinguish

quark annihilation and gluon fusion processes for masses Q ≡ mX & 300 GeV. Since it uses
the full available dataset, it works with relatively low statistics and hence is an ideal tool to
identify the production mechanism of newly discovered particles at the LHC. The method
crucially relies on the employed jet veto resummation, which in particular provides a reliable
estimate of theory uncertainties and their correlations among different bins. This was explicitly
demonstrated for a hypothetical discovery of a resonance with mass mX = 750 GeV, where
we showed that light quarks and gluons as well as light and heavy quarks can be very well
distinguished. The distinction of heavy quarks and gluons is more challenging, partly due to
the remaining large theory uncertainties, which in principle can be improved further.

We also presented first results of applying a jet veto in the measurement of the diphoton
invariant mass spectrum, an interesting application of the previous method because the dipho-
ton channel receives large contributions from both quark and gluon initial states. Thanks to
the experimentally clear diphoton signature, this allows one to test perturbative QCD, specif-
ically the jet veto resummation, over a large range of invariant masses mγγ . In particular, it is
one of the few gluon-induced color-singlet SM processes besides Higgs production and thus an
excellent probe of the QCD dynamics in gluon fusion processes. A critical aspect of jet veto
resummation for photon production is the necessity for photon isolation cuts, which strictly
speaking invalidate the employed factorization framework. We have shown that the isolation
only induces numerically small nonglobal logarithms that are not resummed and can effectively
be treated as fixed-order power corrections. Vice versa, contributions from fragmentation pho-
tons resulting from a fragmenting quark q → q+γ are rendered power suppressed by virtue of
the jet veto. This makes the jet-vetoed diphoton mass spectrum a particularly clean channel
to measure direct photon production. The necessary ingredients for the jet veto resummation
at NNLL′+NNLO for qq̄→γγ and NLL′+NLO for gg→γγ have been implemented in the nu-
merical code SCETlib, paving the way for a numerical analysis of the diphoton invariant mass
spectrum with a jet veto.
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Chapter 7.

Resummation-improved Higgs production

A key observable of the LHC physics program is the precise measurement of the properties of
the Higgs boson, which after the measurement of its mass mH = 125 GeV are fully specified
in the Standard Model. Any deviation would hence be a first hint towards physics beyond the
Standard Model.

The simplest observable of the Higgs boson is its total production rate, which is dominated
by the gluon fusion channel. It has been calculated up to N3LO [42–49], and including the
resummation of threshold logarithms up to N3LL′ [144, 248–252]. However, due to the lim-
ited detector acceptance the experimental measurements cannot measure the cross section
fully inclusively but only in a restricted kinematic range, in particular in a restricted range
of Higgs rapidities. The interpretation of the experimental measurements thus fundamentally
requires theoretical predictions differential in the Higgs kinematics, especially the Higgs ra-
pidity spectrum or equivalently the Higgs cross section with a rapidity cut. It is so far known
to NNLO [36–41], while N3LO corrections are only available in the threshold limit [253,254].

For the inclusive cross section in the threshold limit it is well known that timelike logarithms
ln2(−1) = −π2 constitute a large part of the higher-order corrections [143,144]. As discussed
in sec. 4.2, these timelike logarithms can be resummed to all orders by analytically continuing
the form factor, or equivalently the hard function H(m2

H , µH), into the complex plane, µH =
−imH . So far this has only been applied to exclusive cross sections known to factorize, i.e. in
the soft/collinear limit, where it has been successfully utilized to improve both central values
and remaining theory uncertainties, see e.g. sec. 6.2 and refs. [1, 59, 61, 136, 137, 145–148] for
applications.

It has been pointed out in refs. [136, 137] in the context of jet vetoes that it is not only
beneficial to use the resummed form factor for both singular and nonsingular corrections, but
also important to avoid the unphysical result of having a 0-jet cross section larger than the
inclusive cross section. It is hence reasonable to assume that the resummed form factor can
also be utilized for inclusive cross sections, where inclusive refers to the fact that the cross
section is fully integrated over any additional QCD emissions, but can still be differential in
or contain cuts on any kinematic variables that are present at Born level and describe the
produced color-singlet system, such as its total rapidity Y or total invariant mass Q.

In sec. 7.1 we introduce a framework to consistently implement the resummed form factor
into such inclusive cross sections. The hard functions relevant for Higgs production are given
in sec. 7.2. We demonstrate the applicability of the method first for inclusive production of
a generic color-singlet particle (sec. 7.3) and the SM Higgs boson (sec. 7.4) through gluon
fusion. In sec. 7.5 we use it to obtain the currently most precise prediction of the Higgs
rapidity spectrum in gluon fusion. Lastly, we also apply it to inclusive Higgs production
through bottom quark annihilation (sec. 7.6).

This chapter is based on publication ref. [3].
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7.1. Resummation of timelike logarithms in inclusive cross
sections

7.1.1. Resummation framework

We want to extend the discussion of sec. 4.2 to the inclusive production of a color-singlet
final state L with momentum qµ and invariant mass Q =

√
q2 via gluon fusion or quark

annihilation, gg → L or qq̄ → L. In sec. 4.2 we considered the soft and collinear limit, which
is characterized by the limit T � Q of some infrared-sensitive resolution variable T . In this
regime the cross section schematically factorizes as

dσ
dT = σ0 ×H(Q2, µT )× SC(T , µT )× [1 +O(T /Q)] . (7.1)

Here SC describes soft and collinear radiation, corresponding to soft and beam functions in
the context of TMD factorization theorems, eqs. (3.32) and (3.36). The hard function H

captures hard virtual corrections to the Born process and is obtained as the IR-finite piece of
the QCD form factor. We have explicitly seen in sec. 4.2 that it contains timelike logarithms
ln(−Q2/µ2) which can be resummed through RG evolution of the hard function.

To achieve the same resummation for inclusive production of a color-singlet final state, we
factor out the hard function from the inclusive cross section in the same fashion,

σ(X) = H(Q2, µFO)×R(X,µFO) , (7.2)

which defines the remainder R(X,µFO). Here, X denotes any dependence on Born variables
or cuts, such as the rapidity Y . By definition, H only depends on the Born kinematics via Q,
while the remainder R can depend on X. The scale µFO is equivalent to the renormalization
scale µR in the fixed-order prediction, and its dependence explicitly cancels between H and
R. Note that all the dependence on the factorization scale µF related to the PDFs cancels
entirely within R, and will be suppressed.

We expand both the hard function and the remainder in αs(µ),

H(Q2, µFO) = 1 +H(1)(Q2, µFO) +H(2)(Q2, µFO) + · · · , (7.3)

R(X,µFO) = σ(0)(X,µFO)
[
1 +R(1)(X,µFO) +R(2)(X,µFO) + · · · ] , (7.4)

where the coefficients H(n) and R(n) are defined as the O(αns ) pieces, and σ(0) denotes the
leading-order cross section. The coefficients R(n) depend primarily only on the total color-
singlet invariant mass and rapidity, while any dependence on additional Born kinematics or
cuts is mostly contained in σ(0). For convenience we also define the K factor

K(X,µ) = σ(X)
σ(0)(X,µ)

= 1 +K(1)(X,µ) +K(2)(X,µ) + · · · , (7.5)

which captures the total perturbative correction relative to the leading-order result.

To resum the timelike logarithms contained in the timelike form factor, we can simply
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employ the RG-evolved hard function eq. (4.20),

H(Q2, µ) = H(Q2, µH)UH(µH , µ) , UH(µH , µ) =
∣∣∣∣exp

[∫ µ

µH

dµ′

µ′
γH(Q2, µ′)

]∣∣∣∣2 , (7.6)

to analytically continue H(Q2, µFO) in eq. (7.2) to the complex scale µH ∼ −iQ,

σres(X) =
[
H(Q2, µH)UH(µH , µFO)

]×R(X,µFO) (7.7)

= σ(0)(X,µFO)UH(µH , µFO)
[
1 +H(1)(Q2, µH) +R(1)(X,µFO)

+H(2)(Q2, µH) +R(2)(X,µFO) +H(1)(Q2, µH)R(1)(X,µFO) + . . .
]
.

As indicated, the fixed-order expansions for H(Q2, µH) and R(X,µFO) are reexpanded against
each other, but without reexpanding the αs(µH) inside the coefficients H(n)(µH) in terms of
αs(µFO). Eq. (7.7) can be written more compactly as

σres(X) = UH(µH , µFO)
[
H(Q2, µH)
H(Q2, µFO) σFO(X)

]
FO
, (7.8)

where the brackets [. . . ]FO indicate the fixed-order reexpansion in powers of αs(µFO) and
αs(µH), with σFO the usual fixed-order cross section expanded in αs(µFO). In this form, the
ratio of timelike to spacelike form factor explicitly exposes the pure timelike contributions to
the cross section, which are then resummed through the evolution kernel UH .

For consistency we always include H and R to the same perturbative order as σFO and
combine the NnLO fixed-order cross section with the NnLL resummation for H, denoted as
NnLO+NnLL′ϕ. The subscript ϕ stresses the resummation of timelike logarithms through
the phase ϕ in µH = µFO exp(−iϕ), where at fixed order ϕ = 0 and including resummation
ϕ = π/2.

7.1.2. Validity of the formalism

While eq. (7.2) uniquely defines the remainder R, it is important to check that the split of
the cross section into H and R is justified. The key requirement is that the series of timelike
logarithms in H can be considered independent of the perturbative series for R, which is
equivalent to ensuring that R itself does not contain timelike logarithms correlated with those
in H but of opposite sign. In this case there would be large cancellations between H and
R which would be spoiled by resumming only H, but keeping R at fixed order. This is
analogous to the requirement of turning off resummation once there are large cancellation
between singular and nonsingular corrections, see sec. 4.1.

If sizable cancellations were to occur, the cross section would be less sensitive to timelike
logarithms than H and R themselves, and hence would show a better convergence than H and
R individually. Conversely, this implies that the resummation of H would actually worsen
the perturbative convergence of the cross section. Both effects can be easily checked at fixed
order, and we have verified in all our applications that this does not occur.

Such a cancellation of timelike Sudakov logarithms is in fact known for color-singlet decays
like H → gg, H → bb̄, e+e− → Z → qq̄ or hadronic τ decays, which all involve a timelike
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form factor. In these processes there are only single timelike logarithms starting at NNLO.
Resumming these terms thus provides only a modest improvement [143], and analogous meth-
ods of analytic continuation have been considered previously, see refs. [255–264]. The reason
why timelike double logarithms are absent in the final-state case but not in the initial-state
case was explicitly discussed in ref. [258]. Decay rates can be obtained as the imaginary part
of forward matrix elements, in which case the whole calculation can be deformed into the Eu-
clidean domain where timelike logarithms never appear. Equivalently, the timelike Sudakov
logarithms fully cancel between all cuts, i.e. the virtual corrections to the form factor and real
corrections to the corresponding remainder. In contrast, a timelike production process cannot
be obtained from cutting a diagram and thus is intrinsically more exclusive, which exposes the
Sudakov logarithms in the form factor. In fact, if timelike production processes contained the
same cancellations as timelike decays they would already be visible at NLO, but we observe
explicitly that this is not the case up to N3LO.

Secondly, it seems worrisome that the nonlogarithmic terms in the hard function are scheme
dependent, i.e. one would obtain different constant terms if H were not renormalized in the
MS scheme. This fixed-order scheme dependence is canceled by R up to higher orders, as
eq. (7.7) always exactly reproduces the fixed-order results when µH = µFO. This is also
manifest in eq. (7.8): Expanding H(µH)/H(µFO) in αs(µFO), including the expansion of
αs(µH), the constant pieces drop out in the ratio. In particular, the nonlogarithmic constant
terms at O(αns ) cancel up to O(αn+2

s ) since

<[αns (−iµFO)− αns (µFO)
]

= O(αn+2
s ) . (7.9)

In summary, the application of the resummed timelike form factor to timelike production
processes is theoretically well motivated and can easily be validated by inspecting the conver-
gence of the remainder R.

7.1.3. Perturbative uncertainties

A key ingredient for precision predictions is a reliable estimate of theory uncertainties. Here we
are only interested in perturbative uncertainties arising from missing higher-order perturbative
corrections, and hence neglect parametric uncertainties arising from uncertainties in the PDFs
and physical input parameters such as αs(mZ). These are straightforward to evaluate and
primarily affect the remainder R, as they are essentially unaffected by the resummation of the
timelike logarithms.

The resummed cross section eq. (7.7) contains three relevant scales, the factorization scale
µF probing collinear logarithms in the PDFs, the overall renormalization scale µR probing
higher orders in the fixed-order series, and the hard resummation scale µH probing higher
orders in the series of timelike Sudakov logarithms. We parameterize the scales as

µH = µFO exp(−iϕ) , µR = µFO , µF = κF µFO , (7.10)

where we choose µFO as an overall fixed-order scale. The precise choices of µFO and κF
depend on the considered process, while the phase ϕ has the canonical choices ϕ = π/2 for
resummation of timelike logarithms and ϕ = 0 in the fixed-order regime.
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The exact values of the scales µF , µR, µH are unphysical, and hence the variation of the
cross section upon varying these scales provides a convenient way to estimate perturbative
uncertainties. However, it should not be interpreted as anything more than a convenient proxy,
in particular it does not provide a statistically well-defined meaning of the resulting variation.
Consequently one should identify a meaningful set of scale variations and only consider the
maximum deviation from the central value, and not assign asymmetric uncertainties.

We explicitly distinguish two different sources of perturbative uncertainties, namely fixed-
order and resummation uncertainties, that are associated with the two independent perturba-
tive series involved. The fixed-order uncertainty, denoted as ∆µ, is obtained via the conven-
tional variations of µR and µF around the central scale choices µcR = µFO and µcF = κFµFO.
Using the parameterization eq. (7.10), this comprises a collective overall variation of µFO by a
factor of two up and down around its central value, which is combined with a similar variation
of κF , excluding the extreme variations where both are varied up or down at the same time.
The considered set of variations of (µFO, κF ) is explicitly given by

VFO =
{(µFO

2 , κF
)
,
(µFO

2 , 2κF
)
, (2µFO, κF ),

(
2µFO,

κF
2
)
,
(
µFO,

κF
2
)
, (µFO, 2κF )

}
, (7.11)

which is equivalent to varying (µR, µF ) as

VFO =
{(µcR

2 ,
µcF
2
)
,
(µcR

2 , µcF

)
, (2µcR, 2µcF ), (2µcR, µcF ),

(
µcR,

µcF
2
)
, (µcR, 2µcF )

}
. (7.12)

The fixed-order uncertainty ∆µ is then obtained as the maximum deviation from the central
value under these variations,

∆µ = max
v∈VFO

∣∣σvary(v)− σcentral
∣∣ . (7.13)

In the limit where the resummation is turned off, ϕ = 0, this reproduces the perturbative
uncertainty in the fixed-order predictions. For the resummed predictions, the magnitude of
the hard scale |µH | = µFO by construction follows the µFO variation, such that the fixed-order
variations do not change the resummed logarithms ln(µH/µFO), as illustrated in fig. 7.1a.

For the resummation uncertainty, we vary the phase ϕ in the interval [π/4, 3π/4] around
the central value of ϕ = π/2, while µFO is kept at its central value, as illustrated in fig. 7.1b.
This probes the intrinsic size of the higher-order timelike logarithms. The phase variation by
±π/4 is chosen to be roughly equivalent to the usual factor of 2 for conventional logarithms
since π/4 ' ln 2. The uncertainty ∆ϕ is then obtained as the maximum deviation from the
central value (typically given by one of the endpoints), such that

∆ϕ = max
ϕ∈[π/4, 3π/4]

∣∣σvary(ϕ)− σcentral
∣∣ . (7.14)

This additional resummation uncertainty was not considered in earlier treatments, but has
already been included in the resummed 0/1/2-jet-bin cross sections for Higgs production re-
ported in ref. [16]. We have also incorporated it in our study ref. [1] of jet veto resummation
to identify the production process of high-mass resonances, see sec. 6.2.
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Fig. 7.1.: Illustration of the scale variations to estimate the perturbative uncertainties. (a): The
fixed-order uncertainty ∆µ is obtained by an overall variation of µFO and κF (not explicitly
shown), keeping |µH |/µR fixed. (b): The resummation uncertainty ∆ϕ is determined by
varying the phase ϕ of the hard scale µH = µFOe

−iϕ, while keeping all other scales fixed.

The total perturbative uncertainty is obtained by adding the two independent sources,

∆ = ∆µ ⊕∆ϕ =
√

∆2
µ + ∆2

ϕ . (7.15)

7.2. Hard functions for Higgs production

We will study Higgs production through gluon fusion and bottom-quark annihilation and thus
require the gluon and quark scalar form factors. Following eq. (4.16), the corresponding Wilson
coefficients Cgg and CSqq̄ are obtained by matching the QCD currents onto SCET,

GµνG
µν → Cgg Q

2Bn⊥Bn̄⊥ , (7.16)
q̄q → CSqq̄ χ̄nχn̄ , (7.17)

where the Bn⊥ and χn are collinear gluon and quark fields in SCET. The hard functions are
then defined as the squared Wilson coefficients Cij ,

Hgg(Q2, µ) =
∣∣Cgg(Q2, µ)

∣∣2 , (7.18)

HS
qq̄(Q2, µ) =

∣∣CSqq̄(Q2, µ)
∣∣2 . (7.19)

Both Cgg and CSqq̄ obey a renormalization group equation of the form

µ
d

dµC(Q2, µ) =
{

Γcusp[αs(µ)] ln −Q
2 − i0
µ2 + γ[αs(µ)]

}
C(Q2, µ) , (7.20)

where Γcusp(αs) is the gluon or quark cusp anomalous dimension and γ(αs) is the relevant
noncusp anomalous dimension as specified below. We expand the Wilson coefficient as
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C(Q2, µ) =
∞∑
n=0

C(n)(L)
[
αs(µ)

4π

]n
, L = ln −Q

2 − i0
µ2 , Cn = C(n)(0) . (7.21)

With the tree-level normalization C(0) = 1, the generic solution to eq. (7.20) is given by

C(0)(L) = C0 = 1 , (7.22)

C(1)(L) = −L
2

4 Γ0 −
L

2 γ0 + C1 , (7.23)

C(2)(L) = L4

32 Γ2
0 + L3

24 Γ0(2β0 + 3γ0) + L2

8 (2β0γ0 + γ2
0 − 2C1Γ0 − 2Γ1)

− L

2 (2C1β0 + C1γ0 + γ1) + C2 , (7.24)

C(3)(L) = − L6

384Γ3
0 −

L5

192Γ2
0(4β0 + 3γ0) + L4

96 Γ0
(−4β2

0 − 10β0γ0 − 3γ2
0 + 3C1Γ0 + 6Γ1

)
+ L3

48
[
−8β2

0γ0 − 6β0γ
2
0 − γ3

0 + Γ0(16C1β0 + 6C1γ0 + 6γ1 + 4β1) + Γ1(8β0 + 6γ0)
]

+ L2

8
[
C1(8β2

0 + 6β0γ0 + γ2
0 − 2Γ1) + 2β1γ0 + 4β0γ1 + 2γ0γ1 − 2C2Γ0 − 2Γ2

]
− L

2
(
4C2β0 + 2C1β1 + C2γ0 + C1γ1 + γ2

)
+ C3 . (7.25)

Here, Γn, γn and βn are the coefficients of Γ(αs), γ(αs) and β(αs), see eqs. (A.14) and (A.15).

7.2.1. Gluon matching coefficient

Higgs production through gluon fusion can be described in the mt → ∞ limit through the
effective Lagrangian [265–268]

L(mH) ⊃ − Ct
12πvαsG

µνGµνH , (7.26)

where Ct is obtained by integrating out the top quark. Ct itself receives sizable QCD correc-
tions, which have been calculated to N4LO in refs. [269–271], and obeys the RGE

µ
d

dµCt(mt, µ) = γt[αs(µ)]Ct(mt, µ) ,

γt(αs) = α2
s

d
dαs

β(αs)
α2
s

. (7.27)

The gluon current in eq. (7.26) is then matched onto SCET,

− Ct
12πvαsG

µνGµνH → − Ct
12πvαs

(
CggQ

2Bn⊥Bn̄⊥
)
H , (7.28)

where is indicated the top-matching coefficient Ct is excluded from the matching coefficient.1

1In principle one can also integrate out both top quark and Higgs boson simultaneously, giving rise to a single
Wilson coefficient which includes finite-mt effects [136]. This was discussed in more detail in ref. [3], but is
beyond our scope here.
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The Wilson coefficient Cgg obeys the RGE

µ
d

dµCgg(m
2
H , µ) = γgg(m2

H , µ)Cgg(m2
H , µ) , (7.29)

γgg(m2
H , µ) = Γgcusp[αs(µ)] ln −m

2
H − i0
µ2 + 2γgC [αs(µ)]− γt[αs(µ)]− β[αs(µ)]

αs(µ) ,

where Γgcusp and γgC are the gluon cusp and noncusp anomalous dimension and the β term
cancels the µ dependence of αs in eq. (7.26). Their fixed-order expansions are summarized
e.g. in ref. [3]. Cgg is obtained from the gluon form factor, which has been calculated to three
loops in refs. [272–277]. The Wilson coefficient Cgg is explicitly extracted from it in ref. [277]
(see also refs. [278, 279]). The finite terms of Cgg can be read off from the full result given in
ref. [277] and are given here for completeness,

Cgg 1 = CA ζ2 , (7.30)

Cgg 2 = C2
A

(5105
162 −

143
9 ζ3 + 67

6 ζ2 + 1
2ζ

2
2

)
+ CA nf

(
−916

81 −
46
9 ζ3 −

5
3ζ2

)
+ CF nf

(
−67

6 + 8ζ3
)
, (7.31)

Cgg 3 = C3
A

(
+29639273

26244 − 1939
270 ζ

2
2 + 2222

9 ζ5 + 105617
729 ζ2 −

24389
1890 ζ

3
2 −

152716
243 ζ3

− 605
9 ζ2ζ3 −

104
9 ζ2

3

)
+ C2

A nf
(
−3765007

6561 + 428
9 ζ5 −

460
81 ζ3 −

14189
729 ζ2 −

82
9 ζ2ζ3 + 73

45ζ
2
2

)
+ CACF nf

(
−341219

972 + 608
9 ζ5 + 14564

81 ζ3 −
68
9 ζ2 + 64

3 ζ2ζ3 −
64
45ζ

2
2

)
+ C2

F nf
(304

9 − 160ζ5 + 296
3 ζ3

)
+ CA n

2
f

(611401
13122 + 4576

243 ζ3 + 4
9ζ2 + 4

27ζ
2
2

)
+ CF n

2
f

(4481
81 − 112

3 ζ3 −
20
9 ζ2 −

16
45ζ

2
2

)
. (7.32)

7.2.2. Quark scalar-current matching coefficient

The hard function for Higgs production in bottom-quark annihilation is obtained by matching

yq q̄qH → yq C
S
qq̄ χ̄nχn̄H , (7.33)

where the Yukawa coupling yq is excluded from the Wilson coefficient CSqq̄ in the same way
αsCt was excluded in eq. (7.26). CSqq̄ obeys the RGE

µ
d

dµC
S
qq̄(m2

H , µ) = γSqq̄(m2
H , µ)CSqq̄(m2

H , µ) ,

γSqq̄(m2
H , µ) = Γqcusp[αs(µ)] ln −m

2
H − i0
µ2 + 2γqC [αs(µ)]− γm[αs(µ)] . (7.34)

where Γqcusp and γqC are the quark cusp and noncusp anomalous dimension and γm is the mass
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anomalous dimension of the Yukawa coupling, which is known to five loops [280–286].
To the best of our knowledge, the three-loop Wilson coefficient CSqq̄ is not explicitly given

in the literature. We extract it from the quark scalar form factor F calculated to O(α3
s) in

ref. [287] (see also refs. [288–290] for the NNLO form factor, and ref. [291] for the NNLO form
factor including the full mass dependence). F is given in ref. [287] only at timelike kinematics
and fixed µ = Q. To obtain the full dependence on L = 2 ln(−iQ/µ), we start from the bare
form factor F and perform its renormalization in the MS scheme at an arbitrary scale µ. The
remaining poles in F (ε, µ) are then of infrared origin. In pure dimensional regularization, loop
corrections to the bare SCET Wilson coefficient CSqq̄ are scaleless and vanish, i.e. its UV and
IR poles cancel each other. The IR poles must furthermore reproduce those of F (ε, µ), and
hence we obtain the MS-renormalized Wilson coefficient CSqq̄ by subtracting the IR poles of
F (ε, µ) through a multiplicative renormalization factor,

CSqq̄(µ) = 1
yq(µ) lim

ε→0
Z−1
F (ε, µ)F (ε, µ) , (7.35)

The renormalized quark Yukawa coupling yq(µ) is extracted from the renormalization in ac-
cordance with eq. (7.33). As a cross check, we have verified order by order in αs that ZF
reproduces the correct anomalous dimension,

− d lnZF (µ)
d lnµ = Γqcusp[αs(µ)]L+ 2γqC [αs(µ)] , (7.36)

and that CSqq̄ fulfills the generic structure eq. (7.22). The nonlogarithmic constants can then
easily be read off and are given by

CSqq̄ 1 = CF (−2 + ζ2) , (7.37)

CSqq̄ 2 = CF

[
CF
(
6 + 14ζ2 −

83
10ζ

2
2 − 30ζ3

)
+ CA

(
−467

81 −
103
18 ζ2 + 44

5 ζ
2
2 + 151

9 ζ3
)

+ nf
(200

81 + 5
9ζ2 + 2

9ζ3
)]
, (7.38)

CSqq̄ 3 = CF

[
C2
A

(
−6152

189 ζ
3
2 + 10093

135 ζ2
2 + 326

3 ζ2ζ3 −
264515
1458 ζ2 −

1136
9 ζ2

3 + 107648
243 ζ3

+ 106
9 ζ5 + 5964431

26244
)

+ CFCA
(
−12676

315 ζ3
2 −

893
270ζ

2
2 −

3049
9 ζ2ζ3 + 31819

81 ζ2 + 296
3 ζ2

3 −
4820
27 ζ3

− 1676
9 ζ5 −

9335
81

)
+ C2

F

(37729
630 ζ3

2 − 77ζ2
2 + 178ζ2ζ3 −

353
3 ζ2 + 16ζ2

3 − 654ζ3 + 424ζ5 + 575
3
)

+ CA nf
(
−476

135ζ
2
2 + 4

3ζ2ζ3 + 33259ζ2
729 − 2860

27 ζ3 −
4
3ζ5 −

521975
13122

)
+ CF nf

(
−61

27ζ
2
2 −

38
9 ζ2ζ3 −

6131
162 ζ2 + 11996

81 ζ3 −
416
9 ζ5 + 35875

972
)

+ n2
f

(
−188

135ζ
2
2 −

212
81 ζ2 −

200
243ζ3 + 2072

6561
)]
. (7.39)
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7.3. Color-singlet production

As a first application we consider the production of a scalar particle X with mass mX through
gluon fusion. Its coupling to gluons is described by the effective Lagrangian eq. (6.16),

Leff(mX) = − Cg
1 TeVαsG

µνGµνX . (7.40)

This effective operator can be used to describe the coupling of new heavy particles to gluons,
as done in sec. 6.2. The precise value of Cg(mX)/1 TeV need not be specified, as the timelike
form factor only operates on the ratio σ/σ(0). The perturbative running of Cg(µ) away from
µ = mX induces logarithms ln(mX/µ) at NNLO and N3LO, which we include only at fixed
order as their resummation is negligible. Since the Lagrangian eq. (7.40) has the same form
as eq. (7.26), it gives rise to the hard function Hgg discussed in sec. 7.2.1.

Our numerical results are based on the total cross section obtained to N3LO from SusHi
1.6.0 [45, 49, 193, 194, 292–295] using the PDF4LHC nnlo 100 [200, 247, 296–300] NNLO PDFs
with αs(mZ) = 0.118 and corresponding three-loop running. Our central scale choices are
µFO = mX , κF = 1 such that µcF = µcR = mX .

We first judge the validity of extracting the hard function from the inclusive cross section.
As discussed in sec. 7.1.2, a sufficient criterion is that the remainder R has a better convergence
than the cross section itself. This is illustrated in fig. 7.2, where we show the separation of
the perturbative series for the K factor at fixed order into those of H and R for the range
mX ∈ [100, 1000] GeV. Roughly half of the large NLO K factor comes from H and half from
R, while beyond NLO the corrections in H are much larger than for R. Hence, the large
corrections to the K-factor present at each order are driven to a large extent (but also not
entirely) by the corrections from H. As required, the remainder R by itself has a much better
behaved perturbative series than K, and there are clearly no cancellations between H and
R. This pattern holds independently of mX . The visible increase in the corrections toward
smaller mX is due to the running of αs(mX).

Figure 7.2b also shows the hard function Hgg evaluated at the imaginary scale µH = −imX

(long-dashed curve), which has much smaller perturbative corrections than for µH = mX . We
explicitly illustrate this for the mass mX = 750 GeV chosen in sec. 6.2, for which

Hgg(m2
X , µH = mX) = 1 + 0.49279 + 0.13855 + 0.02288 ,

Hgg(m2
X , µH = −imX) = 1 + 0.06820− 0.00102− 0.00251 . (7.41)

Here each term is the contribution from a subsequent order in αs. The large corrections to
the hard function at the real scale µH = mX are almost entirely due to timelike Sudakov
logarithms, as the fixed-order convergence is much better with the choice µH = −imX . Since
the hard function now has very small perturbative corrections, the perturbative convergence
of the resummed cross section will essentially be given by that of the remainder R.

The result of applying the resummed form factor to the inclusive cross section is shown in
fig. 7.3 as a function of mX , where the left panel shows the fixed-order cross section and the
right panel shows the resummed result. The results are normalized to the leading order pre-
diction σ(0) at µFO = mX and include bands from the perturbative uncertainties, as discussed
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(b) Hard function Hgg
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(c) Remainder R

Fig. 7.2.: Illustration of the fixed-order perturbative series for gg → X at µFO = mX for the
inclusive K-factor (a), the hard function Hgg at µH = mX (b), and the normalized remainder
R/σ(0) (c). (b) also shows the N3LO hard function Hgg at µH = −imX (black long dashed).
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(a) Fixed-order cross section
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(b) Resummed cross section

Fig. 7.3.: The total cross section for gg → X at
√
s = 13 TeV at fixed order (a) and after

resummation of timelike logarithms (b). All results are normalized to the central LO prediction
at µFO = mX . The bands show the uncertainties ∆µ and ∆µ ⊕∆ϕ.

in sec. 7.1.3. As expected, the resummed cross section converges much faster because the large
corrections from timelike logarithms are absent in the resummed hard function. Furthermore,
the lower-order uncertainty bands of the resummed prediction cover the higher-order results
much better than at fixed order, while the higher-order uncertainty estimates are significantly
reduced. Hence, even though the fixed-order results show convergence at NNLO and N3LO,
the resummation substantially improves the prediction through smaller but reliable uncer-
tainty estimates. In particular, one can expect that the unknown N4LO result will lie within
the small N3LO+N3LL′ϕ uncertainty band.
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7.4. Inclusive gluon fusion Higgs production

We now turn to Higgs production through gluon fusion, working in the rescaled EFT (rEFT)
scheme valid for mH < 2mt, where the top quark is integrated out such that gluon fusion is
described by the effective Lagrangian eq. (7.26) discussed in sec. 7.2.1,

L(mH) ⊃ − Ct
12πv αsGµνG

µνH , (7.42)

giving rise to the hard function Hgg. The rEFT cross section is obtained by rescaling the cross
section σEFT calculated using this effective Lagrangian by the exact LO mt dependence [301],

σrEFT =
∣∣∣∣F0

(
m2
H

4m2
t

)∣∣∣∣2 σEFT , F0(ρ) = 3
2ρ −

3
2ρ

∣∣∣∣1− 1
ρ

∣∣∣∣ arcsin2(√ρ) . (7.43)

This rescaling is known to well reproduce the mt-exact result at NLO, and hence it is believed
to be a useful approximation also at higher orders [44,302–308].

The full dependence of the cross section on the heavy quark masses mt, mb, mc is also known
at NLO [44, 292, 302, 303, 309–311]. These corrections can simply be added to eq. (7.43) and
hence do not invalidate the application of the resummed form factor to σrEFT. In principle
one can also include the finite top-mass corrections in the hard function by directly matching
full QCD onto SCET, i.e. integrating out both top quark and Higgs boson at the same time.
This has only a minor effect compared to simply adding the top-mass corrections [3], and we
do not discuss it further.

We use SusHi 1.6.0 [45, 193, 194, 292, 293] to compute the total cross section in the rEFT
scheme to NNLO. For the N3LO contribution we use the results of ref. [49] as implemented
in ggHiggs 3.5 [252].2 As before we use the PDF4LHC nnlo 100 [200, 247, 296–300] PDF set
with αs(mZ) = 0.118 and corresponding three-loop running, and set mOS

t = 172.5 GeV and
mH = 125 GeV. Our central scale choices are µFO = mH , κF = 1 such that µcF = µcR = mH .
With these settings, the N3LO cross section has the perturbative series

σrEFT
FO = (1 + 1.291 + 0.783 + 0.296)× 13.80 pb ,

Hgg(m2
H , µH = mH) = 1 + 0.619 + 0.219 + 0.045 ,
R(µFO = mH) = (1 + 0.672 + 0.148 + 0.012)× 13.80 pb , (7.44)

where again each term gives the contribution from a subsequent order in αs. Note that the
corrections to Ct are contained in the remainder R, not in the hard function Hgg. As before, R
shows a much better perturbative convergence than the cross section, whose large perturbative
corrections are thus driven by the large corrections from timelike logarithms in Hgg.

To illustrate the improved convergence of the resummed form factor, we consider the hard

2In SusHi 1.6.0, the µF and µR dependence at N3LO is threshold expanded consistently with the µ-
independent terms, while it is kept exact in refs. [49,252]. There is no clear theoretical preference for either
treatment. The resulting numerical differences away from the canonical values µR = µF = mH are around
0.3%, consistent with the level of systematic uncertainties expected from the threshold expansion [49]. To
ease numerical comparisons we use the numerical values corresponding to the exact running.
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Fig. 7.4.: The gg → H cross section at
√
s = 13 TeV and mH = 125 GeV in the rEFT scheme.

(a): The resummed cross section as a function of the resummation phase ϕ of the hard scale
µH = µFO exp(−iϕ), with the uncertainty bands corresponding to ∆µ only. (b): Comparison
of fixed-order and resummed cross section. All results are given as the percent difference from
the N3LO+N3LL′ϕ central value. The uncertainty bars show ∆µ for the fixed-order results
and ∆µ ⊕∆ϕ for the resummed results, with the inner bars showing ∆ϕ only. The fixed LO
results are out of range.

function Hgg(mH , µH) at various scales µH ,

Hgg(m2
H , µH = mH) = 1 + 0.61925 + 0.21878 + 0.04539 ,

Hgg(m2
H , µH = −imH) = 1 + 0.08408− 0.00145− 0.00441 ,

Hgg(m2
H , µH = mH/2) = 1 + 0.57325 + 0.12361− 0.00839 ,

Hgg(m2
H , µH = −imH/2) = 1− 0.01553− 0.01544− 0.00247 ,

Hgg(m2
H , µH = mH/5) = 1 + 0.08090− 0.16424− 0.00552 . (7.45)

For both imaginary-valued scales µH = −imH and µH = −imH/2, the corrections are
drastically reduced compare to the real scale choice. For comparison, the real scale choice
µH = mH/5 also yields a similarly reduced NLO correction, but judging from the much larger
NNLO correction this is clearly an accidental numerical effect. In contrast, the imaginary-
valued scale choices yield small perturbative corrections at all available orders.

To examine the dependence of the resummed cross section on the resummation phase ϕ of
the hard scale µH = µFO exp(−iϕ), we show σrEFT

res as a function of ϕ in fig. 7.4a. Here, the
uncertainty bands only show the fixed-order uncertainty ∆µ. At ϕ = 0, σres(ϕ) is just the fixed-
order cross section. As ϕ → π/2, the timelike resummation is turned on, clearly improving
the convergence of the cross section and providing better coverage of the uncertainty bands.
In particular, the ϕ dependence becomes stationary at ϕ = π/2, where the timelike Sudakov
logarithms exactly vanish, while beyond this point powers of ϕ− π/2 start to enter again.

In fig. 7.4b, we compare the fixed-order results at the conventional scales µFO = mH and
µFO = mH/2 with the resummed results. The results are shown as relative corrections to
our best prediction at N3LO+N3LL′ϕ. For the resummed results, the inner uncertainty bars
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indicate ∆ϕ alone, while the outer ones show ∆µ ⊕ ∆ϕ. While including ∆ϕ yields a more
realistic uncertainty estimate at LO+LL′ϕ compared to LO, its impact is largely reduced at
higher orders. In general, we observe a similar improvement of the inclusive cross section
as for the generic color-singlet case discussed in sec. 7.3, despite the presence of the Wilson
coefficient |Ct|2 in the rEFT cross section. The resummation yields again a clear improvement
in convergence and uncertainties, also compared to the fixed-order results at µFO = mH/2,
which are already better behaved than those at µFO = mH . In particular, the NLO+NLL′ϕ
result already fully covers the highest-order result, which is not the case at fixed NLO, and
the precision of the NNLO+NNLL′ϕ result is roughly comparable to the fixed N3LO results.
We can hence be confident that missing higher-order corrections are contained in the small
remaining uncertainty at N3LO+N3LL′ϕ, which is reduced by a factor of two compared to
N3LO. The explicit numerical results at the highest order are

σrEFT
FO = (46.51± 2.60µ) pb (5.59%) , (N3LO, µFO = mH) ,
σrEFT

FO = (48.06± 1.83µ) pb (3.82%) , (N3LO, µFO = mH/2) ,

σrEFT
res = (47.90± 0.82µ ± 0.18ϕ) pb (1.75%) , (N3LO+N3LL′ϕ, µFO = mH) . (7.46)

Note that for the N3LO results reported in ref. [49] the perturbative uncertainties are es-
timated by varying µFO but keeping κF = 1 fixed. Doing so reduces ∆µ to 2.21 pb (4.76%)
at central scale µFO = mH and 1.54 pb (3.21%) at central µFO = mH/2.3 Similarly dropping
the κF variation in the resummed results gives ∆µ = 0.67 pb, which combined with ∆ϕ then
yields a total perturbative uncertainty of 1.44%. Note also that using the threshold-expanded
running in µR and µF as implemented in SusHi 1.6.0, the N3LO result at µFO = mH/2
increases to (48.17± 1.99µ) pb (4.14%), with a corresponding increase in ∆µ since the result
at µFO = mH is unaffected.

7.5. Resummation-improved Higgs rapidity spectrum

The previous examples applied the resummed form factor to inclusive cross sections, where it
is well known to greatly improve the perturbative results [143,144]. A key aspect of the resum-
mation framework introduced in sec. 7.1 is that it also allows one to apply the resummation
to observables with an arbitrary dependence on the Born kinematics. A prime example is the
Higgs rapidity spectrum, which is either directly measured as a probe of Higgs kinematics at
the LHC or affects the fiducial measurement through the limited rapidity acceptance of the
detector [18–23]. So far it is known to NNLO for gluon-fusion Higgs production [36–41], while
the N3LO corrections are only available in the threshold limit [253,254], as the calculation of
the N3LO rapidity spectrum is severely more complicated than for the inclusive cross section.

We first consider the rapidity spectrum for gluon fusion Higgs production in the rEFT
scheme discussed in the previous section, and neglect finite-quark-mass effects. We obtain the

3Ref. [49] further utilizes the MS top-quark mass mt(µFO) in the rescaling factor in eq. (7.43), which partic-
ipates in the overall µFO scale variation and further reduces its effect to 2.4%. However, the perturbative
series for the MS top-quark mass entering in the rescaling factor is independent of the perturbative series
of the gg → H cross section in the mt → ∞ limit arising from the effective Lagrangian eq. (7.42). Hence,
the fact that their µFO dependences partially compensate each other numerically is purely accidental.
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NNLO rapidity distribution for gg → H from HNNLO 2.0 [39,40] using a binsize of ∆Y = 0.25.
For clarity the binned results are interpolated in all plots. As before we use PDF4LHC nnlo 100
[200,247,296–300] and choose µFO = mH , κF = 1 as central scale choice, such that µcF = µcR =
mH . We also present fixed-order results at µFO = mH/2, as often employed in the literature.
For simplicity we do not include cuts on the Higgs decay products, but stress again that they
are straightforward to implement into our framework.

We first show the perturbative remainder R(Y ) as a function of the rapidity Y in fig. 7.5,
normalized to the leading order prediction dσ(0)/dY . The large perturbative corrections of the
remainder have only a mild sensitivity on Y and are of similar size as for the inclusive cross
section, compare fig. 7.2c. Hence we expect a similar improvement of the rapidity spectrum
by resumming timelike logarithms as for the inclusive cross section.

The resummed rapidity spectrum is compared to the fixed-order result in fig. 7.6. The
overall K factor (not explicitly shown) is roughly constant at central rapidity at both NLO
and NNLO and similar to the K factor of the total cross section. This is consistent with the
fact that a large part of the K factor is due to timelike logarithms in the gluon form factor,
which is independent of the rapidity. Clearly, resumming the timelike logarithms improves
the perturbative convergence across the spectrum as it did for the total cross section. The
NNLO+NNLL′ϕ result has perturbative uncertainties that are almost a factor of two smaller
than at NNLO. At the same time, the NNLO+NNLL′ϕ result is well covered by the lower-
order NLO+NLL′ϕ uncertainty band, which is not the case at fixed order. From the results in
sec. 7.4 we also expect the precision of the NNLO+NNLL′ϕ to be roughly comparable to what
can be expected for the full N3LO result, and we can be confident that the corresponding
N3LO+N3LL′ϕ result will have further reduced uncertainties and will be well contained within
the current NNLO+NNLL′ϕ uncertainties.

The greatly improved prediction after resummation of timelike logarithms also implies the
validity of the technique, as there cannot be large cancellations among the remainder and hard
function. While this is not surprising from the general arguments given before, this is the first
explicit application of the resummed form factor to a differential cross section inclusive in
additional radiation.

We conclude this section by considering the cross section with an explicit rapidity cut,

σ(Ycut) =
∫ Ycut

0
d|Y | dσ

d|Y | , (7.47)

as required for fiducial measurements at the LHC. Here we include the exact mt-dependence
at NLO implemented in HNNLO 2.0 [312] by adding the difference δσtNLO = σtNLO − σrEFT to
the resummed rEFT cross section. Their inclusion leaves the plots figs. 7.5 and 7.6 essentially
unchanged, as −0.2pb < d(δσt)/dY < 0 is a small shift throughout the spectrum. We provide
results for Ycut = 2.5, corresponding to the typical acceptance of ATLAS and CMS, see
e.g. refs. [21, 22]. Table 7.1 shows the cross section at different perturbative orders, both at
fixed order and including resummation. As before, the resummed results show a noticeably
improved convergence and perturbative uncertainties, yielding a reliable prediction of the
inclusive Higgs production with a rapidity cut.

In summary, we have obtained the currently most precise prediction of the rapidity spectrum
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Fig. 7.5.: The perturbative remainder R(Y )/σ(0)(Y ) as a function of the Higgs rapidity Y
normalized to the LO spectrum σ(0)(Y ) ≡ dσ(0)/dY in the rEFT limit for µFO = mH (a) and
µFO = mH/2 (b).
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Fig. 7.6.: The rapidity spectrum for gg → H at
√
s = 13 TeV in the rEFT limit. (a) and (b)

show the fixed-order results with µFO = mH and µFO = mH/2, while (c) shows the result
after resummation of timelike logarithms. The bands show the uncertainties ∆µ (fixed-order
results) and ∆µ ⊕∆ϕ (resummed result).
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σ(Ycut = 2.5) [pb] for gg → H,
√
s = 13 TeV, mH = 125 GeV

σrEFT
FO + δσtNLO σrEFT

res + δσtNLO

n NnLO, µFO = mH NnLO, µFO = mH/2 NnLO+NnLL′ϕ (Hgg)

0 12.5±2.9µ (23%) 14.5±3.9µ (27%) 22.2±5.2µ±3.2ϕ (27%)

1 28.5±5.6µ (20%) 33.3±7.5µ (23%) 38.4±5.4µ±2.4ϕ (15%)

2 38.3±4.0µ (11%) 41.9±4.2µ (10%) 42.8±2.3µ±0.9ϕ (5.8%)

Table 7.1.: Cross section for gg → H with a rapidity cut Ycut = 2.5, including the exact mt

dependence at NLO. The percent uncertainties for the resummed results correspond to the
total uncertainty ∆µ ⊕∆ϕ.

for gluon fusion Higgs production at NNLO+NNLL′ϕ, which in absence of the full N3LO
calculation is an important ingredient for fiducial measurements of the Higgs boson. We are
confident that the result is close to what can be expected from the N3LO result, which could
similarly be improved by resumming timelike logarithms to N3LO+N3LL′ϕ.

7.6. Higgs production through bottom-quark annihilation

As last example of the resummation of timelike logarithms we consider Higgs production
through bottom-quark annihilation. While its cross section is much smaller than the dominant
gluon fusion process, it is phenomenologically interesting as it gives direct access to the bottom
Yukawa coupling.

The hard function for bb̄→ H is obtained from matching the scalar quark current onto its
SCET counterpart,

yq q̄qH → yq C
S
qq̄ χ̄nχn̄H , (7.48)

as discussed in sec. 7.2.2. The scalar form factor CSqq̄ naturally arises in the five-flavor scheme
calculation [313,314] in which the b quark is treated as a massless quark at the hard matching
scale, except for its Yukawa coupling yb(µ) which always has its physical value corresponding
to mb(µ). We obtain the bb̄ → H total cross section to NNLO in the five-flavor scheme from
SusHi 1.6.0 [45, 193, 194, 288, 293]. The Yukawa coupling is evaluated at µFO and obtained
by evolving from mb(mb) = 4.18 GeV using three-loop running. We use the reevolved five-
flavor PDF4LHC15 nnlo mc PDF sets from refs. [315,316], which use the one-loop b-quark pole
mass mb = 4.58 GeV for the b PDF, which is consistent with our choice of mb(mb). These
PDF sets also distinguish the b-quark matching scale µb from the physical mass parameter mb,
allowing to estimate the perturbative uncertainty ∆b associated with the low-scale matching
onto the b-quark PDFs by varying µb (see ref. [316] for details), which we incorporate as a
third perturbative uncertainty. For the central value we use µb = mb.

In contrast to the gluon-initiated case, here the µF dependence of the cross section gives the
dominant contribution to the fixed-order uncertainty, while the µR dependence is much less
important. We use the central scale choices µFO = mH and κF = 1/4, corresponding to µcR =
mH and µcF = mH/4, as typically employed in five-flavor scheme calculations. The low central
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Fig. 7.7.: The total bb̄ → H cross section at µFO = µR = mH as a function of the central
choice for κF = µF /mH both at fixed order (a) and after resummation (b). The uncertainty
bands show ∆µ ⊕∆b (fixed order) and ∆µ ⊕∆b ⊕∆ϕ (resummed).

value µcF is motivated by the observation that it roughly minimizes collinear logarithms from
initial-state splittings g → bb̄ in the partonic cross section and yields more stable predictions,
see e.g. refs. [195, 288, 315, 317–320]. This effect can be seen in fig. 7.7a, where we show the
fixed-order cross section as a function of κF = µF /mH , while µFO = µR = mH is fixed for the
central scale choice. The bands show the combined uncertainty ∆µ ⊕∆b.

The impact of the timelike logarithms on the cross section can be judged from the pertur-
bative series of the fixed-order cross section and its separation into hard function HS

qq̄ and
remainder R,

σFO(µR = mH , µF = mH/4) = (1 + 0.342 + 0.050)× 0.387 pb ,
HS
qq̄(m2

H , µH = mH) = 1 + 0.227 + 0.054 ,
R(µR = mH , µF = mH/4) = (1 + 0.115− 0.031)× 0.387 pb . (7.49)

Although the perturbative corrections to the cross section are more moderate than for gg → H,
they are still clearly driven to a large extent by the hard function, while the corrections to the
remainder at µF = mH/4 are relatively small. The hard function itself shows a significantly
improved convergence when evaluated at µH = −imH . Up to N3LO, the corrections from
subsequent orders in αs are given by

HS
qq̄(m2

H , µH = mH) = 1 + 0.22742 + 0.05447 + 0.00507 ,
HS
qq̄(m2

H , µH = −imH) = 1− 0.00807 + 0.01202 + 0.00237 . (7.50)

This clearly shows that the corrections at real scales µH = mH are mostly due to the timelike
logarithms, which are eliminated at µH = −imH .

The resummed cross section is shown in fig. 7.7b as a function of κF = µF /mH . As expected,
we clearly observe an improved convergence at µF = mH/4, where the different orders even
roughly intersect, with corrections beyond LO+LL′ϕ amounting to less than 10%. The explicit
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σ [pb] for bb̄→ H,
√
s = 13 TeV, mH = 125 GeV

n σFO at NnLO σres at NnLO+NnLL′ϕ
0 0.387±0.208µ±0.020b (54%) 0.500±0.269µ±0.026b±0.033ϕ (54%)

1 0.520±0.153µ±0.027b (30%) 0.550±0.138µ±0.028b±0.006ϕ (26%)

2 0.539±0.074µ±0.028b (15%) 0.537±0.052µ±0.028b±0.002ϕ (11%)

Table 7.2.: Total bb̄→ H cross section at mH = 125 GeV at the LHC with
√
s = 13 TeV. The

central scales are µFO = mH , κF = 1/4. The percent uncertainties for the resummed results
correspond to the total uncertainty ∆µ ⊕∆b ⊕∆ϕ.

numerical results are given in table 7.2 at each perturbative order, including a breakdown of
the individual uncertainties.

Note that the FO uncertainty is dominated by the µF dependence of the cross section, which
is entirely contained in the remainder R. Evaluating R for example at the scale µF = mH , its
perturbative corrections are much larger than at µF = mH/4,

R(µR = µF = mH) = σ(0)(µR = µF = mH)× (1− 0.359− 0.136) . (7.51)

We have checked that the FO corrections to R are indeed minimized around µF = mH/4. This
explains why the resummed results in fig. 7.7b do not improve the fixed-order results above
κF = 1/4, since there the cross section becomes dominated by large negative corrections to the
remainder and is also affected by accidental numerical cancellations between H and R. This
is avoided at the scale µF = mH/4 by a clear “division of labor”: large corrections to R due
to collinear logarithms from initial-state splittings g → bb̄ are resummed at µF = mH/4 into
the b-quark PDFs, while the hard function captures the hard virtual corrections to the bb̄H
vertex. The latter are dominated by timelike logarithms which are readily resummed through
the scale choice µH = −imH .

The resummation also reduces the fixed-order uncertainty ∆µ by reducing the µFO de-
pendence and by eliminating large cross terms, which also reduces the impact of the large µF
dependence from lower-order contributions. This is seen in the slightly reduced µF dependence
in fig. 7.7b at NLO+NLL′ϕ and NNLO+NNLL′ϕ compared to their fixed-order counterparts
shown in fig. 7.7a. However, the fixed-order uncertainty ∆µ is not as significantly reduced
as for gg → H, as the µF dependence is much more important here. (In principle, the µF
dependence and resulting uncertainties can be reduced further by reorganizing the perturba-
tive series as discussed in ref. [315], which is however beyond the scope of this thesis.) The
resummation uncertainty ∆ϕ is completely negligible compared to ∆µ, thanks to the very
stable resummed hard function. Overall, we find that the NNLO and NNLO+NNLL′ϕ results
are very similar, which is reassuring, with slightly reduced perturbative uncertainties after
resummation of timelike logarithms.

In summary, the resummation of timelike logarithms provides a useful and viable tool to
accelerate the perturbative convergence and reduce theory uncertainties of inclusive and dif-
ferential Higgs production cross sections, both in gluon fusion and in quark annihilation.
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Chapter 8.

Conclusion and outlook

In this thesis we discussed the application of resummation techniques to obtain precision
predictions for various LHC processes, focusing in particular on Higgs differential distributions.
These are an important ingredient for accurate measurements of the Higgs couplings, a key
goal of the LHC physics program to simultaneously test the Standard Model and to search
for hints of physics beyond the Standard Model. Such differential distributions often suffer
from large Sudakov logarithms arising to all orders in perturbation theory. We used the
framework of Soft-Collinear Effective Theory (SCET) to resum the large logarithms by solving
renormalization group equations (RGEs) derived from appropriate factorization formulas.

We first discussed theoretical aspects of resummation, namely how to solve RGEs in dis-
tribution space. This was applied to carry out the resummation of transverse momentum
spectra by solving RGEs directly in momentum space for the first time. We then showed how
jet binning allows one to infer the initial state of high-mass resonances, a powerful technique
to investigate potential new particles at the LHC, such as additional heavy Higgs bosons. We
also presented first results of applying jet vetoes in diphoton production, showing that the
necessity of photon isolation cuts does not invalidate the resummation of large logarithms.
Lastly, we applied the resummation of timelike logarithms to Higgs production, obtaining the
most precise prediction of the rapidity spectrum for gluon fusion Higgs production to date.

Resummation in distribution space. We have investigated the solution of differential
equations for arbitrary distributions. These naturally arise for observables k resolving soft
and collinear QCD radiation accompanying the underlying hard process, where the cancel-
lation of infrared singularities is encoded in (plus) distributions, and resummation of large
logarithms requires one to solve RGEs in distribution space. The key ingredient is to elimi-
nate distributional logarithms in boundary terms such that they are free of logarithms and can
be reliably calculated in fixed-order perturbation theory. This was solved using distributional
scale setting µ = k|+, a new technique that was derived in detail for one-dimensional and
also presented for two-dimensional distributions. It allows one to treat logarithmic distribu-
tions like ordinary logarithms. In particular, it can be used to eliminate logarithms contained
in the boundary condition of plus distributions such as [µ/k]µ+ and can be straightforwardly
applied to solve distributional differential equations. Hence, it enables the resummation of
large logarithms by directly solving RGEs in distribution (momentum) space. It can also be
used to implement profile scales to match to the full fixed-order distribution and to estimate
perturbative uncertainties through scale variations directly in distribution space.

Transverse momentum resummation. It has been a long-standing open issue to carry
out the resummation of transverse momentum ~qT distributions directly in momentum space,
rather than in Fourier space ~bT . We achieved this resummation by solving, for the first time,
all RGEs directly in distribution space, using the newly developed technique of distributional
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scale setting. We find that a spurious divergence encountered in previous attempts of momen-
tum space resummation results from an incorrect scale setting that does not properly treat
energetic emissions. Our approach yields a well-defined resummed spectrum whose pertur-
bative accuracy is solely classified by the perturbative accuracy of the associated anomalous
dimensions and boundary terms. In particular, we show that directly counting logarithms
L = ln(Q/qT ), where Q is the invariant mass of the produced final state, is ill-defined because
the spectrum does not have a simple exponential dependence on L, and this counting is partly
the reason for the appearance of the spurious divergence in the spectrum.

Previous attempts at a momentum-space resummation were partially motivated by avoiding
nonperturbative effects in the ~qT spectrum inevitable in Fourier resummation due to integrat-
ing αs(1/bT ) over its Landau pole. We find analogous nonperturbative effects in the mo-
mentum space solution, where real emissions with transverse momentum ~ki scaling as αs(ki)
to suppress energetic emissions are integrated over in the rapidity evolution kernel. These
effects turn out to be suppressed as Λ2

QCD/q
2
T and thus do not spoil the predictivity of the

resummation for perturbative ~qT . We also discussed how to isolate nonperturbative effects in
the rapidity anomalous dimension, which allows for a systematic modeling of nonperturbative
effects in momentum space, for example through a moment expansion. This is closely related
to the common treatment in Fourier space.

The correct momentum-space solution involves an intricate iterative convolution structure
with a difficult numerical implementation. In contrast, the resummation in Fourier space
is computationally much simpler, which is a main motivation to carry out resummation in
Fourier space. This fundamentally resums logarithms ln(QbT ) rather than ln(Q/qT ), and we
showed that the solutions differ through different boundary terms to all orders in perturbation
theory. The different perturbative and nonperturbative structure makes it phenomenologically
interesting to numerically study the momentum-space resummation, as it can give nontrivial
insight into nonperturbative effects and the all-order perturbative structure and associated
perturbative uncertainties. We plan to address this in the future.

Jet veto resummation for high-mass final states. We developed a new method to de-
termine the production channel of heavy color-singlet resonances X with mass mX & 300 GeV
by dividing events into an exclusive 0-jet and an inclusive ≥1-jet cross section through a tight
cut pjet

T < pcut
T on the jet transverse momenta. Since this method employs the full dataset, it

works with relatively low statistics as would be expected shortly after the discovery of a new
particle. Theoretically it requires the resummation of large logarithms ln(mX/p

cut
T ), whose

structure is solely determined by whether X is produced in quark annihilation or gluon fu-
sion. This makes the method independent of the details of X. The employed resummation
framework provides a reliable estimate of theory uncertainties and their correlations among
jet bins and production modes. The method was explicitly demonstrated for a hypothetical
resonance with mass mX = 750 GeV, showing that a good discrimination between light and
heavy quarks as well as light quarks and gluons can be achieved.

We also presented first results for the resummation of jet veto logarithms in the diphoton
invariant mass spectrum. Since it is one of the few SM processes receiving contributions from
both quark annihilation and gluon fusion, it can be used to test perturbative QCD, in particular
the presented initial-state discrimination, over a wide range of invariant masses up to mγγ .
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1 TeV. We discussed the effect of photon isolation cuts on the factorization formula for the 0-
jet cross section, where we find numerically small unresummed nonglobal logarithms that can
be treated as fixed-order corrections. In turn, the jet veto renders fragmentation contributions
q → q + γ power suppressed, making diphoton production with a jet veto a particularly clean
channel to measure direct diphoton production. All fixed-order ingredients required to describe
the singular limit pcut

T � mγγ have been extracted from the literature and implemented in the
code SCETlib. Together with the known RG evolution to resum the logarithms ln(pcut

T /mγγ),
this allows one to carry out the jet veto resummation at NNLL′+NNLO for qq̄→γγ and at
NLL′+NLO for gg→γγ and will be addressed in the future.

Resummation-improved Higgs production. We investigated the resummation of time-
like logarithms ln2(−1) = −π2, which are known to be a major source of higher-order pertur-
bative corrections to Higgs production. They arise in the form factor at timelike momentum
transfer and their resummation is well understood for factorized exclusive cross sections by
analytically continuing the form factor, or equivalently the hard function, into the complex
plane. We showed how to consistently apply this method to cross sections inclusive in addi-
tional QCD radiation on top of the Born process, which in particular allows for an arbitrary
dependence or cuts on the Born phase space. We carefully verified the applicability of the
resummation and discussed how to assess associated theory uncertainties.

The method was first applied at N3LO+N3LL′ϕ to inclusive production of a generic scalar
particle and the SM Higgs boson through gluon fusion in the mt →∞ limit, where its applica-
bility has been demonstrated before. We confirm the significant improvement of perturbative
convergence and largely reduced perturbative uncertainties, which are reduced by almost a
factor of two at the highest perturbative order.

We also obtained NNLO+NNLL′ϕ results for the rapidity spectrum in gluon fusion Higgs
production, or equivalently Higgs production with a cut on the Higgs rapidity, providing the
currently most precise prediction with central values close to what might be expected at N3LO.
The remaining perturbative uncertainties of ∼ 6% are almost a factor of two smaller than at
NNLO, and we expect the resummation at N3LO+N3LL′ϕ to further decrease these once the
rapidity spectrum is known at N3LO.

Lastly, we investigated Higgs production in bottom-quark annihilation. While the effect
of timelike logarithms is much more modest in quark-induced processes compared to gluon
fusion production, we still observe a slight improvement of the perturbative convergence and
resulting uncertainties, showing that it is a beneficial and viable tool for Higgs production.

We are currently transitioning into the high-precision phase of the LHC Higgs physics pro-
gram, as the LHC is expected to significantly increase the collected amount of data in the next
years. This will improve the already impressive measurements of the Higgs properties, but
also requires precise theory predictions to match the ever increasing experimental accuracy.
In this thesis we obtained precise predictions for inclusive and differential Higgs production as
well as jet-vetoed observables, as required to make full use of the Run-2 data to be collected,
and we are looking forward to comparing them against the upcoming measurements.
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Appendix A.

Notation and conventions

Large parts of this thesis are devoted to transverse momentum distributions. Section 4.3
also discusses one-dimensional distributions. The two cases are distinguished by denoting
momentum-space arguments by k in the one-dimensional case and ~pT ,

~kT ,~qT in the two-
dimensional case. For magnitudes of vectors, we often drop the explicit vector sign and simply
write |~pT |2 = p2

T etc.

A.1. Fourier transformations

By default we work in distribution space. The conjugate functions in Fourier space are always
denoted with a tilde. The Fourier conjugate variable in the one-dimensional case is typically
called y, while for the two-dimensional case it is called ~bT . Our conventions for the Fourier
transformation for the one-dimensional case are

f(k) =
∫ dy

2π e
+ikyf̃(y) , (A.1)

f̃(y) =
∫

dk e−ikyf(k) , (A.2)

and for the two-dimensional case

f(~pT ) =
∫ d2~bT

(2π)2 e
+i~pT ·~bT f̃(~bT ) , (A.3)

f̃(~bT ) =
∫

d2~pT e
−i~pT ·~bT f(~pT ) . (A.4)

For azimuthally symmetric functions, f(~pT ) ≡ f(pT ), the latter simplify to

f(pT ) = 1
2π

∫ ∞
0

dbT bTJ0(bT pT ) f̃(bT ) , (A.5)

f̃(bT ) = 2π
∫ ∞

0
dpT pTJ0(bT pT )f(pT ) , (A.6)

where J0(x) is the 0th-order Bessel function.

A.2. Convolutions

One-dimensional convolutions are defined as

f(k, . . .)⊗k g(k, . . .) ≡
∫

dk′ f(k − k′, . . .) g(k′, . . .) , (A.7)

167



168 Appendix A. Notation and conventions

where the dots stand for possible additional arguments of the functions. If their assignment
to f and g is clear from the context, we often also write more compactly

(f ⊗ g)(k, . . .) ≡
∫

dk′ f(k − k′, . . .) g(k′, . . .) . (A.8)

Multiple convolutions are abbreviated as

(f⊗n)(k) ≡
∫

dk1 . . . dkn f(k1) . . . f(kn) δ(k − k1 − · · · − kn) . (A.9)

Eq. (A.7) should not be confused with the Mellin convolution appearing in the operator
product expansion of beam functions onto PDFs, see sec. 3.3, which is defined as

f(z)⊗z g(z) =
∫ 1

z

dz′

z′
f(z′)g(z/z′) . (A.10)

Two-dimensional convolutions are defined as

f(~pT , . . .)⊗~pT g(~pT , . . .) =
∫

d2~k1d2~k2 f(~k1, . . .) g(~k2, . . .) δ(~pT − ~k1 − ~k2)

=
∫

d2~kT f(~pT − ~kT , . . .) g(~kT , . . .) , (A.11)

or more compactly

(f ⊗ g)(~pT , . . .) =
∫

d2~kT f(~pT − ~kT , . . .) g(~kT , . . .) , (A.12)

where as before the dots stand for possible additional arguments of the functions. Multiple
convolutions are abbreviated as

(f⊗n)(~pT ) ≡
∫

d2~k1 · · · d2~kn f(~k1) . . . f(~kn) δ(~pT − ~k1 − · · · − ~kn) . (A.13)

A.3. Fixed-order perturbative expansions

We make frequent use of fixed-order expansions in αs. The expansion coefficients of beta
function and cusp anomalous dimension are defined as

dαs
d lnµ = β(αs) = −2αs

∞∑
n=0

βn
(αs

4π
)n+1

, Γcusp(αs) =
∞∑
n=0

Γn
(αs

4π
)n+1

. (A.14)

Similarly, the constant noncusp pieces of all anomalous dimensions are expanded as

γ(αs) =
∞∑
n=0

γn
(αs

4π
)n+1

. (A.15)

The soft function, and analogously other functions, are expanded as

S(~pT , µ, ν) =
∞∑
n=0

S(n)(~pT , µ, ν)
[
αs(µ)

4π

]n
. (A.16)



Appendix B.

One-dimensional plus distributions

For completeness we collect and extend the definitions and formulas for one-dimensional plus
distributions from refs. [134,321], as published in ref. [2].

B.1. Definition

For a function g(x) that has support for x ≥ 0 and diverges less than 1/x2 for x → 0, the
defining properties of its plus distributions with boundary condition x0 > 0 are[

θ(x)g(x)
]x0

+
= θ(x) g(x) for x 6= 0 , (B.1)∫ x0

dx′
[
θ(x′)g(x′)

]x0

+
= 0 . (B.2)

The lower limit of integration is kept implicit and formally has to include the singularity at
x = 0. An explicit definition is given by [134][

g(x)
]x0

+
≡
[
θ(x)g(x)

]x0

+

= lim
ε→0

d
dx

[
θ(x− ε)

∫ x

x0
dx′ g(x′)

]
= lim

ε→0

[
θ(x− ε)g(x) + δ(x− ε)

∫ x

x0
dx′ g(x′)

]
. (B.3)

Equivalently, we have

lim
ε→0

d
dx
[
θ(x− ε)G(x)

]
= lim

ε→0

d
dx
[
θ(x− ε)(G(x)−G(x0) +G(x0)

)]
=
[
θ(x)dG(x)

dx

]x0

+
+ δ(x)G(x0) . (B.4)

From the above definitions, it follows that the boundary condition can be shifted using[
θ(x)g(x)

]x0

+
=
[
θ(x)g(x)

]x1

+
+ δ(x)

∫ x1

x0
dx′ g(x′) . (B.5)

The derivative with respect to the boundary value is thus given by

d
dx0

[
θ(x)g(x)

]x0

+
= −g(x0) δ(x) . (B.6)

More generally, if g itself depends on x0, we have

d
dx0

[
θ(x)g(x, x0)

]x0

+
=
[ d

dx0
g(x, x0)

]x0

+
− g(x0, x0) δ(x) . (B.7)
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Following ref. [134], we denote the standard plus distributions with boundary condition
x0 = 1 as

Ln(x) =
[
θ(x) lnn x

x

]1

+
, La(x) =

[
θ(x)
x1−a

]1

+
(B.8)

In addition, for dimensionful arguments, we define

Ln(k, µ) ≡ 1
µ
Ln
(
k

µ

)
≡
[
θ(k)
k

lnn k
µ

]µ
+
, La(k, µ) ≡ 1

µ
La
(
k

µ

)
≡
[
θ(k)
k

(
k

µ

)a]µ
+

(B.9)

They are related by

Ln(x) = dn

danL
a(x)

∣∣∣∣
a=0

, Ln(k, µ) = dn

danL
a(k, µ)

∣∣∣∣
a=0

. (B.10)

The derivatives with respect to µ are given by

µ
dL0(k, µ)

dµ = −δ(k) , (B.11)

µ
dLn(k, µ)

dµ = −nLn−1(k, µ) , n ≥ 1 , (B.12)

µ
dLa(k, µ)

dµ = −δ(k)− aLa(k, µ) . (B.13)

B.2. Fourier transformations

The Fourier transformation of a plus function La(k, µ) with respect to y = y − i0 is given by∫
dk e−ikyLa(k, µ) = 1

a

[
(iµy)−aΓ(1 + a)− 1

]
= 1
a

[
e−aLyR1(a)− 1

]
, (B.14)

which holds for a > −1 through analytic continuation. In the second step we introduced the
abbreviations

Ly = ln(iyµeγE ) , R1(a) = eγEaΓ(1 + a) . (B.15)

An explicit form of the Fourier transformation of plus functions Ln(k, µ) follows from eq. (B.10),∫
dk e−ikyLn(k, µ) = dn

dan

∣∣∣∣
a=0

1
a

[
e−aLyR1(a)− 1

]
= 1
n+ 1

n+1∑
k=0

(−1)k
(
n+ 1
k

)
Lky R

(n+1−k)
1 , (B.16)
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and the inverse is given by [321]∫ dy
2πe

ikyLny = dn

dan
{ −a
R1(−a)L

−a(k) + δ(k)
R1(−a)

}
a=0

=
n−1∑
m=0

(−1)m+1n

(
n− 1
m

)
R̃

(n−m−1)
1 Lm(k, µ) + R̃

(n)
1 δ(k) , (B.17)

where the quantities R(n)
1 , R̃

(n)
1 occurring in the coefficients are defined as

R
(n)
1 = dn

dan
∣∣∣
a=0

eγEaΓ(1 + a) , (B.18)

R̃
(n)
1 = dn

dan
∣∣∣
a=0

eγEa

Γ(1− a) . (B.19)

They fulfill the sum rule
n∑
k=0

(
n

k

)
(−1)kR(n−k)

1 R̃
(k)
1 = 0 . (B.20)

The values can be conveniently obtained from the expansions

∞∑
n=0

R
(n)
1 xn

n! = exp
[
+
∞∑
n=1

ζ(n+ 1)
n+ 1 (−x)n+1

]
, (B.21)

∞∑
n=0

R̃
(n)
1 xn

n! = exp
[
−
∞∑
n=1

ζ(n+ 1)
n+ 1 xn+1

]
. (B.22)

Numerically we find the asymptotic behavior

R
(n)
1 ≈ 0.561× (−1)nn! for n� 1 . (B.23)

The factorial behavior of R(n)
1 reflects that the Taylor series of R1(a) = eγEaΓ(1 + a) only

converges for |a| < 1. For R(n)
1 there is no such simple asymptotic behavior, but due to the

infinite radius of convergence of R̃1(a) = eγEa/Γ(1 − a), it is expected to grow much less
severely. This is confirmed by the first values shown in B.4.

For illustration, table B.1 shows the Fourier transformations of Ln(k, µ) for n ≤ 5, table B.2
the Fourier transformations of Lny for n ≤ 6. The first few R

(n)
1 and R̃

(n)
1 are given in tables

B.3 and B.4.

B.3. Convolutions

The convolution of two plus distributions is given by∫
dx′ La(x− x′)Lb(x′) =

[
La+b(x) + δ(x)

a+ b

]
V1(a, b)

+
(1
a

+ 1
b

)
La+b(x)− 1

b
La(x)− 1

a
Lb(x) , (B.24)
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Ln(k, µ) FT[Ln(k, µ)]

L0(k, µ) −Ly
L1(k, µ) +1

2L
2
y + π2

12

L2(k, µ) −1
3L

3
y − π2

6 Ly − 2
3ζ3

L3(k, µ) +1
4L

4
y + π2

4 L
2
y + 2ζ3Ly + 3

80π
4

L4(k, µ) −1
5L

5
y − π2

3 L
3
y − 4ζ3L

2
y − 3

20π
4Ly −

(2
3π

2ζ3 + 24
5 ζ5

)
L5(k, µ) +1

6L
6
y + 5

12π
2L4

y + 20
3 ζ3L

3
y + 3

8π
4L2

y +
(10

3 π
2 + 24ζ5

)
Ly +

( 61
1008π

6 + 20
3 ζ

2
3
)

Table B.1.: Fourier transform of Ln(k, µ) for n ≤ 5. Results are expressed in terms of Ly =
ln(iyµeγE ). See eq. (B.16).

Lny FT−1[Lny ]

1 δ(k)

Ly −L0(k, µ)

L2
y 2L1(k, µ)− π2

6 δ(k)

L3
y −3L2(k, µ) + π2

2 L0(k, µ)− 2ζ3δ(k)

L4
y 4L3(k, µ)− 2π2L1(k, µ) + 8ζ3L0(k, µ) + π4

60 δ(k)

L5
y −5L4(k, µ) + 5π2L2(k, µ)− 40ζ3L1(k, µ)− π4

12L0(k, µ) +
(10

3 π
2ζ3 − 24ζ5

)
δ(k)

L6
y 6L5(k, µ)− 10π2L3(k, µ) + 120ζ3L2(k, µ) + π4

2 L1(k, µ) + (144ζ5 − 20π2ζ3)L0(k, µ)

+
(
40ζ2

3 − 5
168π

6)δ(k)

Table B.2.: Fourier transform of Lny = lnn(iyµeγE ) for n ≤ 6. See eq. (B.17).

R
(n)
1 Exact value Numerical value

R
(0)
1 1 1

R
(1)
1 0 0

R
(2)
1

π2

6 ≈ 1.64 = 0.822× 2!

R
(3)
1 −2ζ3 ≈ −2.40 = −0.401× 3!

R
(4)
1

3π2

20 ≈ 14.6 = 0.609× 4!

R
(5)
1 −10π2

3 ζ3 − 24ζ5 ≈ −64.4 = −0.537× 5!

R
(6)
1

61π6

168 + 40ζ2
3 ≈ 406.9 = 0.565× 6!

R
(7)
1 −21π4

2 ζ3 − 84π2ζ5 − 720ζ7 ≈ −2815 = −0.559× 7!

Table B.3.: The first values of R(n)
1 , defined in eq. (B.18).
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R̃
(n)
1 Exact value Numerical value

R̃
(0)
1 1 1

R̃
(1)
1 0 0

R̃
(2)
1 −π2

6 ≈ −1.64

R̃
(3)
1 −2ζ3 ≈ −2.40

R̃
(4)
1

π4

60 ≈ 1.62

R̃
(5)
1

10π2

3 ζ3 − 24ζ5 ≈ 14.7

R̃
(6)
1 −5π6

168 + 40ζ2
3 ≈ 29.2

R̃
(7)
1 −7π4

6 ζ3 + 84π2ζ5 − 720ζ7 ≈ −2.96

Table B.4.: The first values of R̃(n)
1 , defined in eq. (B.19).

where V1(a, b) is defined by

V1(a, b) = Γ(a) Γ(b)
Γ(a+ b) −

1
a
− 1
b
, (B.25)

which satisfies V1(0, 0) = 0. Taking derivatives with respect to a and b we can get the corre-
sponding formulas for convolutions of the form Ln⊗La and Lm⊗Ln. The explicit results can
be found in Appendix B of ref. [134].

An important special case are multiple convolutions of L0, which are given by

(L0⊗n)(k, µ) = (−1)n
n−1∑
m=0

(−1)m+1n

(
n− 1
m

)
R̃

(n−m−1)
1 Lm(k, µ) + (−1)nR̃(n)

1 δ(k) . (B.26)
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Appendix C.

Two-dimensional plus distributions

Here we collect definitions and useful properties of two-dimensional plus distributions, as
published in ref. [2].

C.1. Definition

Plus distributions in momentum space are uniquely defined by the two conditions[
g(~pT )

]µ
+

= g(~pT ) for |~pT | > 0 (C.1)∫
|~pT |≤µ

d2~pT

[
g(~pT )

]µ
+

= 0 , (C.2)

where g(~pT ) diverges at most as 1/p2
T for pT → 0. The boundary condition can be shifted

using [
g(~pT )

]µ
+

=
[
g(~pT )

]ξ
+
∓ δ(~pT )

∫
ξ<|~kT |<µ

d2~kT g(~kT ) , (C.3)

where the − sign holds for ξ < µ and the + sign for ξ > µ. For azimuthally symmetric
functions, g(~pT ) ≡ g(|~pT |), this simplifies to

[
g(|~pT |)

]µ
+

=
[
g(|~pT |)

]ξ
+
− 2πδ(~pT )

∫ µ

ξ
dkT kT g(kT ) . (C.4)

It is important to keep in mind that it is nevertheless defined as a two-dimensional distribution,
even though the distribution effectively contains a scalar function.

It follows that the derivative with respect to the boundary condition is given by

µ
d

dµ
[
g(|~pT |)

]µ
+

= −2πµ2g(µ) δ(~pT ) . (C.5)

More generally, if g itself depends on µ, then

µ
d

dµ
[
g(|~pT |, µ)

]µ
+

= −2πµ2g(µ, µ) δ(~pT ) +
[
µ

dg(|~pT |, µ)
dµ

]µ
+
. (C.6)

For a scalar input function f(pT ), the azimuthally symmetric two-dimensional plus distri-
bution can be defined by the derivative

1
2πpT

d
dpT

θ(pT ) = δ(~pT ) ,
∫
|~kT |≤pT

d2~kT δ(~kT ) = θ(pT ) ,

1
2πpT

d
dpT

[
θ(pT )f(pT )

]
=
[ 1

2πpT
df(pT )

dpT

]ξ
+

+ δ(~pT )f(ξ) . (C.7)
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176 Appendix C. Two-dimensional plus distributions

Note that the appearance of the θ-function is crucial to render the derivative well defined
in form of a plus distribution, and that the ξ dependence explicitly cancels between the two
terms.

We define the frequently occurring logarithmic plus distributions as

La(~pT , µ) ≡ 1
πµ2

[(
~p2
T

µ2

)a−1]µ
+
≡ 1
πµ2L

a
(
~p2
T

µ2

)
, (C.8)

Ln(~pT , µ) ≡ 1
πµ2

[
µ2

~p2
T

lnn ~p
2
T

µ2

]µ
+
≡ 1
πµ2Ln

(
~p2
T

µ2

)
, (C.9)

where the La(x) and Ln(x) on the right-hand side are the standard plus distributions for
dimensionless arguments with boundary condition x0 = 1 as defined in eq. (B.8). They are
related by

Ln(~pT , µ) = dn

danL
a(~pT , µ)

∣∣∣∣
a=0

. (C.10)

The derivatives of Ln and La with respect to µ are given by

µ
dL0(~pT , µ)

dµ = −2δ(~pT ) , (C.11)

µ
dLn(~pT , µ)

dµ = −2nLn−1(~pT , µ) , (n ≥ 1) , (C.12)

µ
dLa(~pT , µ)

dµ = −2δ(~pT )− 2aLa(~pT , µ) (C.13)

Their cumulant and inverse cumulants are∫
|~kT |≤pT

d2~kT Ln(~kT , µ) = θ(pT )
n+ 1 lnn+1 p

2
T

µ2 ,

1
2πpT

d
dpT

[
θ(pT ) lnn p

2
T

µ2

]
= nLn−1(~pT , µ) (n ≥ 1) . (C.14)

Finally note that our definition of Ln(~pT , µ) is related to that in ref. [74] by

Ln(~pT , µ) = 2(−1)nL0
n(µ,~pT ;µ) , (C.15)

where L0
n(µ,~pT ;µ) is defined in eq. (F.1) in ref. [74].

C.2. Fourier transformations

The Fourier transform of La(~pT , µ) is given by

∫
d2~pT e

−i~pT ·~bTLa(~pT , µ) = 1
a

[(
b2Tµ

2

4

)−aΓ(1 + a)
Γ(1− a) − 1

]
. (C.16)
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It is convenient to express the Fourier transform of Ln(~pT , µ) as polynomials of

Lb ≡ ln b
2
Tµ

2

b20
, b0 = 2e−γE ≈ 1.12291 . . . . (C.17)

The Fourier transform of Ln(~pT , µ) then follows from eq. (C.16) using eq. (C.10),

∫
d2~pT e

−i~pT ·~bTLn(~pT , µ) = dn

dan
1
a

[(
b2Tµ

2

4

)−aΓ(1 + a)
Γ(1− a) − 1

]∣∣∣∣
a=0

= 1
n+ 1

n+1∑
k=0

(−1)k
(
n+ 1
k

)
R

(n+1−k)
2 Lkb . (C.18)

The inverse transformation is given by

∫ d2~bT
(2π)2 e

i~pT ·~bTLnb = dn

dan
[−aR2(a)L−a(~pT , µ) +R2(a)δ(~pT )

]∣∣∣∣
a=0

=
n−1∑
k=0

(−1)k+1n

(
n− 1
k

)
R

(n−k−1)
2 Lk(~pT , µ) +R

(n)
2 δ(~pT ) . (C.19)

The constants R(n)
2 occurring in the coefficients are defined as

R
(n)
2 = dn

dan e
2γEaΓ(1 + a)

Γ(1− a)

∣∣∣∣
a=0

. (C.20)

They fulfill the useful property

n∑
k=0

(−1)k
(
n

k

)
R

(k)
2 R

(n−k)
2 = 0 . (C.21)

By integrating eq. (C.19) over |~pT | ≤ µ, it also follows that

R
(n)
2 =

∫ ∞
0

dxJ1(x) lnn x
2

b20
. (C.22)

They can also be obtained from the relation [78]

∞∑
n=0

R
(n)
2
n! xn = exp

[
−2

∞∑
n=1

ζ(2n+ 1)
2n+ 1 x2n+1

]
. (C.23)

Approximating the zeta-function with its asymptotic value ζ(n) ≈ 1, it is easy to see from this
equation that R(n)

2 scales as n! for large n. Numerically we find

R
(n)
2 ≈ 0.315× (−1)nn! for n� 1 . (C.24)

For illustration, we list in table C.1 the Fourier transforms of Ln(~pT , µ) for n ≤ 5, and in
table C.2 the inverse Fourier transforms of Lnb for n ≤ 6. The first few R

(n)
2 are given in table

C.3.
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Ln(~pT , µ) FT[Ln(~pT , µ)]

L0(~pT , µ) −Lb
L1(~pT , µ) +1

2L
2
b

L2(~pT , µ) −1
3L

3
b − 4

3ζ3

L3(~pT , µ) +1
4L

4
b + 4ζ3Lb

L4(~pT , µ) −1
5L

5
b − 8ζ3L

2
b − 48

5 ζ5

L5(~pT , µ) +1
6L

6
b + 40

3 ζ3L
3
b + 48ζ5Lb + 80

3 ζ
2
3

Table C.1.: Fourier transform of Ln(~pT , µ) to ~bT -space for n ≤ 5. Results are expressed in
terms of Lb = ln(b2Tµ2e2γE/4). See eq. (C.18).

Lnb FT−1[Lnb ]

1 δ(~pT )

Lb −L0(~pT , µ)

L2
b +2L1(~pT , µ)

L3
b −3L2(~pT , µ)− 4ζ3δ(~pT )

L4
b +4L3(~pT , µ) + 16ζ3L0(~pT , µ)

L5
b −5L4(~pT , µ)− 80ζ3L1(~pT , µ)− 48ζ5δ(~pT )

L6
b +6L5(~pT , µ) + 240ζ3L2(~pT , µ) + 288ζ5L0(~pT , µ) + 160ζ2

3δ(~pT )

Table C.2.: Fourier transform of Lnb = lnn(b2Tµ2e2γE/4) to ~pT -space for n ≤ 6.
See eq. (C.19).

R
(n)
2 Exact value Numerical value

R
(0)
2 1 1

R
(1)
2 0 0

R
(2)
2 0 0

R
(3)
2 −4ζ3 ≈ −4.81 = −0.801× 3!

R
(4)
2 0 0

R
(5)
2 −48ζ5 ≈ −49.8 = −0.415× 5!

R
(6)
2 160ζ2

3 ≈ 231.2 = 0.321× 6!

R
(7)
2 −1440ζ7 ≈ −1452 = −0.288× 7!

Table C.3.: The first values of R(n)
2 , defined in eq. (C.20).
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C.3. Convolutions

Convolutions of plus functions can be conveniently calculated by transforming to impact pa-
rameter space with eqs. (C.16) and (C.18), where convolutions become simple products, and
then Fourier transforming back using eq. (C.19).

The convolution of two La is given by [74]

(La ⊗ Lb)(~pT , µ) = V2(a, b)La+b(~pT , µ)− L
a(~pT , µ)
b

− L
b(~pT , µ)
a

+
(
V2(a, b)
a+ b

− 1
ab

)
δ(~pT ) , (C.25)

where

V2(a, b) = Γ(1− a− b)
Γ(1− a)Γ(1− b)

Γ(a)Γ(b)
Γ(a+ b) . (C.26)

Convolutions of type Ln ⊗ La and Ln ⊗ Lm can be obtained by applying eq. (C.10) to both
sides of the above relation by carefully taking the derivative with respect to a and b. An
important special case are multiple convolutions of L0(~pT , µ), which are found to be

(L0⊗n)(~pT , µ) =
∫ d2~bT

(2π)2 e
i~pT ·~bT (−Lb)n (C.27)

= (−1)n
n−1∑
k=0

(−1)k+1n

(
n− 1
k

)
R

(n−k−1)
2 Lk(~pT , µ) + (−1)nR(n)

2 δ(~pT ) .

C.4. Integral relations

Here we collect a few important integrals with distributional scale setting according to eq. (4.97),∫ µ

pT |+

dµ′

µ′
f(~pT , µ′) ≡

1
2πpT

d
dpT

∫
kT≤pT

d2~kT

∫ µ

pT

dµ′

µ′
f(~kT , µ′) , (C.28)

which are useful to resum the soft function iteratively using eqs. (5.75) and (5.76)∫ µ

pT |+

dµ′

µ′
δ(~pT ) lnn µ

′2

µ2 = −1
2Ln(~pT , µ) , (C.29)∫ µ

pT |+

dµ′

µ′
Lm(~pT , µ′) lnn µ

′2

µ2 = −1
2

m!n!
(n+m+ 1)!Ln+m+1(~pT , µ) , (C.30)

∫ ν

pT |+

dν ′

ν ′
δ(~pT ) lnn µ

ν ′
= − lnn+1(µ/ν)

n+ 1 δ(~pT ) +
(
−1

2

)n+1
Ln(~pT , µ) , (C.31)∫ ν

pT |+

dν ′

ν ′
Lm(~pT , µ) lnn µ

ν ′
= − lnn+1(µ/ν)

n+ 1 Lm(~pT , µ)

+
(
−1

2

)n+1 m+ n+ 2
(m+ 1)(n+ 1)Lm+n+1(~pT , µ) , (C.32)
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∫ µ

pT |+

dµ′

µ′
δ(~pT ) lnn µ′

ν = pT |+
= (−1/2)n+1Ln(~pT , µ) , (C.33)∫ µ

pT |+

dµ′

µ′
Lm(~pT , µ′) lnn µ′

ν = pT |+
= (−1/2)n+1

m+ 1 Ln+m+1(~pT , µ) . (C.34)

Setting ν = pT |+ inside the last two integrals only makes sense within the distributional
prescription.

Furthermore, the following two-dimensional generalization of eq. (4.42) is also useful,

δ(~pT ) lnn+1 µ
2
0
µ2

∣∣∣∣∣
µ0=pT |+

= (n+ 1)Ln(~pT , µ) , (C.35)

(m+ 1)Lm(~pT , µ) lnn µ
2
0
µ2

∣∣∣∣∣
µ0=pT |+

= (n+m+ 1)Ln+m(~pT , µ) , (C.36)

Lm(~pT , µ0) lnn µ
2
0
µ2

∣∣∣∣∣
µ0=pT |+

= 0 , (C.37)

which holds for n,m ≥ 0.



Appendix D.

Fixed-order expansion of the TMD soft
function

For completeness we give the fixed-order expansion of the TMD soft function S(~pT , µ, ν) to
three loops, derived using distributional scale setting in sec. 5.4, and show the relation to
the soft function predicted through scale setting in Fourier space. Similar expressions for the
rapidity anomalous dimension γν are given in secs. 5.3.2 and 5.3.3. To simplify the formulas,
we make use of the known one-loop result

γν 0 = 0 , γS 0 = 0 . (D.1)

The soft function is expanded as

S(~pT , µ, ν) =
∞∑
n=0

S(n)(~pT , µ, ν)
[
αs(µ)

4π

]n
. (D.2)

The coefficients through O(α3
s) are expressed in terms of Lν ≡ ln(µ/ν) and Ln ≡ Ln(~pT , µ),

S(0) = δ(~pT ) , (D.3)

S(1) = −Γ0 L1 − 2Γ0 Lν L0 + S1δ(~pT ) , (D.4)

S(2) = Γ2
0

2 L3 + L2(3Γ2
0 Lν + β0Γ0) + L1(4Γ2

0 L
2
ν + 2β0Γ0 Lν − Γ1 − Γ0S1)

+ L0
[
Lν(−2Γ1 − 2Γ0S1)− 1

2(γS 1 + γν 1)− β0S1 + 2Γ2
0ζ3
]

+ δ(~pT )
[
Lν(−γν 1 + 4Γ2

0ζ3) + S2
]
, (D.5)

S(3) = −Γ3
0

8 L5 + L4
(
−5

4Γ3
0Lν −

5
6β0Γ2

0

)
+ L3

(
−4Γ3

0 L
2
ν −

14
3 β0Γ2

0 Lν − β2
0Γ0 + Γ0Γ1 + 1

2Γ2
0S1

)
+ L2

[
−4Γ3

0L
3
ν − 6β0Γ2

0L
2
ν + Lν

(−2β2
0Γ0 + 6Γ0Γ1 + 3Γ2

0S1
)

+ β1Γ0 + 2β0Γ1 + 3
4Γ0(γS 1 + γν 1) + 5

2β0Γ0S1 − 5Γ3
0ζ3
]

+ L1
[
L2
ν

(
8Γ0Γ1 + 4Γ2

0S1
)

+ Lν
(
2β1Γ0 + 4β0Γ1 + 2Γ0γS 1 + 3Γ0γν 1 + 6β0Γ0S1 − 20Γ3

0ζ3
)

− Γ2 + β0γS 1 + 2β0γν 1 + 2β2
0S1 − Γ1S1 − Γ0S2 − 12β0Γ2

0ζ3
]

+ L0
[
L2
ν(2Γ0γν 1 − 16Γ3

0ζ3) + Lν(−2Γ2 + 2β0γν 1 − 2Γ1S1 − 2Γ0S2 − 16β0Γ2
0ζ3)

− 1
2(γS 2 + γν 2)− 1

2(2β1 + γS 1 + γν 1)S1 − 2β0S2 + 4Γ0Γ1ζ3 + 2Γ2
0S1ζ3 − 6Γ3

0ζ5
]
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+ δ(~pT )
[
−16

3 Γ3
0ζ3L

3
ν − 8β0Γ2

0ζ3L
2
ν

+ Lν
(−γν 2 − γν 1S1 + 8Γ0Γ1ζ3 + 4Γ2

0S1ζ3 − 12Γ3
0ζ5
)

+ S3
]
. (D.6)

The results throughO(α2
s) agree with the explicit calculation using the η regulator in ref. [126].

The Sn denote the constants as derived using distributional setting, see sec. 5.4. They are
related to S̃n, the correspond constants with scale setting in Fourier space, by

S1 = S̃1 , (D.7)

S2 = S̃2 + 4
3β0Γ0ζ3 , (D.8)

S3 = S̃3 + 4
3β1Γ0ζ3 + 8

3β0Γ1ζ3 + Γ0(γS 1 + γν 1)ζ3 + 10
3 β0Γ0S1ζ3 −

10
3 Γ3

0ζ
2
3

− 8β0Γ2
0ζ5 . (D.9)



Bibliography

[1] M. A. Ebert, S. Liebler, I. Moult, I. W. Stewart, F. J. Tackmann, K. Tackmann et al.,
Exploiting jet binning to identify the initial state of high-mass resonances, Phys. Rev.
D94 (2016) 051901, [1605.06114].

[2] M. A. Ebert and F. J. Tackmann, Resummation of Transverse Momentum
Distributions in Distribution Space, JHEP 02 (2017) 110, [1611.08610].

[3] M. A. Ebert, J. K. L. Michel and F. J. Tackmann, Resummation Improved Rapidity
Spectrum for Gluon Fusion Higgs Production, JHEP 05 (2017) 088, [1702.00794].

[4] M. A. Ebert, I. Moult, I. W. Stewart, F. J. Tackmann and L. Zeune, The Diphoton
Invariant Mass Spectrum with a Jet Veto, in preparation .

[5] SCETlib collaboration, M. A. Ebert, F. J. Tackmann et al., SCETlib: A C++ Package
for Numerical Calculations in QCD and Soft-Collinear Effective Theory, public version
in development .

[6] ATLAS collaboration, G. Aad et al., Observation of a new particle in the search for
the Standard Model Higgs boson with the ATLAS detector at the LHC, Phys. Lett.
B716 (2012) 1–29, [1207.7214].

[7] CMS collaboration, S. Chatrchyan et al., Observation of a new boson at a mass of 125
GeV with the CMS experiment at the LHC, Phys. Lett. B716 (2012) 30–61,
[1207.7235].

[8] S. L. Glashow, Partial Symmetries of Weak Interactions, Nucl. Phys. 22 (1961)
579–588.

[9] S. Weinberg, A Model of Leptons, Phys. Rev. Lett. 19 (1967) 1264–1266.

[10] A. Salam, Weak and Electromagnetic Interactions, Conf. Proc. C680519 (1968)
367–377.

[11] P. W. Higgs, Broken Symmetries and the Masses of Gauge Bosons, Phys. Rev. Lett.
13 (1964) 508–509.

[12] F. Englert and R. Brout, Broken Symmetry and the Mass of Gauge Vector Mesons,
Phys. Rev. Lett. 13 (1964) 321–323.

[13] G. S. Guralnik, C. R. Hagen and T. W. B. Kibble, Global Conservation Laws and
Massless Particles, Phys. Rev. Lett. 13 (1964) 585–587.

[14] Planck collaboration, P. A. R. Ade et al., Planck 2015 results. XIII. Cosmological
parameters, Astron. Astrophys. 594 (2016) A13, [1502.01589].

[15] ATLAS, CMS collaboration, G. Aad et al., Combined Measurement of the Higgs
Boson Mass in pp Collisions at

√
s = 7 and 8 TeV with the ATLAS and CMS

Experiments, Phys. Rev. Lett. 114 (2015) 191803, [1503.07589].

[16] LHC Higgs Cross Section Working Group collaboration, D. de Florian et al.,
Handbook of LHC Higgs Cross Sections: 4. Deciphering the Nature of the Higgs Sector,
1610.07922.

183

http://dx.doi.org/10.1103/PhysRevD.94.051901
http://dx.doi.org/10.1103/PhysRevD.94.051901
https://arxiv.org/abs/1605.06114
http://dx.doi.org/10.1007/JHEP02(2017)110
https://arxiv.org/abs/1611.08610
http://dx.doi.org/10.1007/JHEP05(2017)088
https://arxiv.org/abs/1702.00794
http://dx.doi.org/10.1016/j.physletb.2012.08.020
http://dx.doi.org/10.1016/j.physletb.2012.08.020
https://arxiv.org/abs/1207.7214
http://dx.doi.org/10.1016/j.physletb.2012.08.021
https://arxiv.org/abs/1207.7235
http://dx.doi.org/10.1016/0029-5582(61)90469-2
http://dx.doi.org/10.1016/0029-5582(61)90469-2
http://dx.doi.org/10.1103/PhysRevLett.19.1264
http://dx.doi.org/10.1103/PhysRevLett.13.508
http://dx.doi.org/10.1103/PhysRevLett.13.508
http://dx.doi.org/10.1103/PhysRevLett.13.321
http://dx.doi.org/10.1103/PhysRevLett.13.585
http://dx.doi.org/10.1051/0004-6361/201525830
https://arxiv.org/abs/1502.01589
http://dx.doi.org/10.1103/PhysRevLett.114.191803
https://arxiv.org/abs/1503.07589
https://arxiv.org/abs/1610.07922


184 Bibliography

[17] ATLAS, CMS collaboration, G. Aad et al., Measurements of the Higgs boson
production and decay rates and constraints on its couplings from a combined ATLAS
and CMS analysis of the LHC pp collision data at

√
s = 7 and 8 TeV, JHEP 08

(2016) 045, [1606.02266].
[18] ATLAS collaboration, G. Aad et al., Measurements of fiducial and differential cross

sections for Higgs boson production in the diphoton decay channel at
√
s = 8 TeV with

ATLAS, JHEP 09 (2014) 112, [1407.4222].
[19] ATLAS collaboration, G. Aad et al., Fiducial and differential cross sections of Higgs

boson production measured in the four-lepton decay channel in pp collisions at
√
s=8

TeV with the ATLAS detector, Phys. Lett. B738 (2014) 234–253, [1408.3226].
[20] ATLAS collaboration, G. Aad et al., Measurements of the Total and Differential Higgs

Boson Production Cross Sections Combining the H → γγ and H → ZZ∗ → 4l Decay
Channels at

√
s = 8 TeV with the ATLAS Detector, Phys. Rev. Lett. 115 (2015)

091801, [1504.05833].
[21] ATLAS collaboration, G. Aad et al., Measurement of fiducial differential cross

sections of gluon-fusion production of Higgs bosons decaying to WW ∗ → eνµν with the
ATLAS detector at

√
s = 8 TeV, JHEP 08 (2016) 104, [1604.02997].

[22] CMS collaboration, V. Khachatryan et al., Measurement of differential and integrated
fiducial cross sections for Higgs boson production in the four-lepton decay channel in pp
collisions at

√
s = 7 and 8 TeV, JHEP 04 (2016) 005, [1512.08377].

[23] CMS collaboration, V. Khachatryan et al., Measurement of differential cross sections
for Higgs boson production in the diphoton decay channel in pp collisions at√
s = 8 TeV, Eur. Phys. J. C76 (2016) 13, [1508.07819].

[24] CMS collaboration, V. Khachatryan et al., Measurement of the transverse momentum
spectrum of the Higgs boson produced in pp collisions at

√
s = 8 TeV using H →WW

decays, Submitted to: JHEP (2016) , [1606.01522].
[25] R. K. Ellis, I. Hinchliffe, M. Soldate and J. J. van der Bij, Higgs Decay to τ+τ−: A

Possible Signature of Intermediate Mass Higgs Bosons at the SSC, Nucl. Phys. B297
(1988) 221–243.

[26] D. de Florian, M. Grazzini and Z. Kunszt, Higgs production with large transverse
momentum in hadronic collisions at next-to-leading order, Phys. Rev. Lett. 82 (1999)
5209–5212, [hep-ph/9902483].

[27] C. J. Glosser and C. R. Schmidt, Next-to-leading corrections to the Higgs boson
transverse momentum spectrum in gluon fusion, JHEP 12 (2002) 016,
[hep-ph/0209248].

[28] V. Ravindran, J. Smith and W. L. Van Neerven, Next-to-leading order QCD
corrections to differential distributions of Higgs boson production in hadron hadron
collisions, Nucl. Phys. B634 (2002) 247–290, [hep-ph/0201114].

[29] R. Boughezal, F. Caola, K. Melnikov, F. Petriello and M. Schulze, Higgs boson
production in association with a jet at next-to-next-to-leading order in perturbative
QCD, JHEP 06 (2013) 072, [1302.6216].

[30] X. Chen, T. Gehrmann, E. W. N. Glover and M. Jaquier, Precise QCD predictions for

http://dx.doi.org/10.1007/JHEP08(2016)045
http://dx.doi.org/10.1007/JHEP08(2016)045
https://arxiv.org/abs/1606.02266
http://dx.doi.org/10.1007/JHEP09(2014)112
https://arxiv.org/abs/1407.4222
http://dx.doi.org/10.1016/j.physletb.2014.09.054
https://arxiv.org/abs/1408.3226
http://dx.doi.org/10.1103/PhysRevLett.115.091801
http://dx.doi.org/10.1103/PhysRevLett.115.091801
https://arxiv.org/abs/1504.05833
http://dx.doi.org/10.1007/JHEP08(2016)104
https://arxiv.org/abs/1604.02997
http://dx.doi.org/10.1007/JHEP04(2016)005
https://arxiv.org/abs/1512.08377
http://dx.doi.org/10.1140/epjc/s10052-015-3853-3
https://arxiv.org/abs/1508.07819
https://arxiv.org/abs/1606.01522
http://dx.doi.org/10.1016/0550-3213(88)90019-3
http://dx.doi.org/10.1016/0550-3213(88)90019-3
http://dx.doi.org/10.1103/PhysRevLett.82.5209
http://dx.doi.org/10.1103/PhysRevLett.82.5209
https://arxiv.org/abs/hep-ph/9902483
http://dx.doi.org/10.1088/1126-6708/2002/12/016
https://arxiv.org/abs/hep-ph/0209248
http://dx.doi.org/10.1016/S0550-3213(02)00333-4
https://arxiv.org/abs/hep-ph/0201114
http://dx.doi.org/10.1007/JHEP06(2013)072
https://arxiv.org/abs/1302.6216


Bibliography 185

the production of Higgs + jet final states, Phys. Lett. B740 (2015) 147–150,
[1408.5325].

[31] R. Boughezal, F. Caola, K. Melnikov, F. Petriello and M. Schulze, Higgs boson
production in association with a jet at next-to-next-to-leading order, Phys. Rev. Lett.
115 (2015) 082003, [1504.07922].

[32] R. Boughezal, C. Focke, W. Giele, X. Liu and F. Petriello, Higgs boson production in
association with a jet at NNLO using jettiness subtraction, Phys. Lett. B748 (2015)
5–8, [1505.03893].

[33] F. Caola, K. Melnikov and M. Schulze, Fiducial cross sections for Higgs boson
production in association with a jet at next-to-next-to-leading order in QCD, Phys.
Rev. D92 (2015) 074032, [1508.02684].

[34] X. Chen, J. Cruz-Martinez, T. Gehrmann, E. W. N. Glover and M. Jaquier, NNLO
QCD corrections to Higgs boson production at large transverse momentum, JHEP 10
(2016) 066, [1607.08817].

[35] T. Neumann and C. Williams, The Higgs boson at high pT , Phys. Rev. D95 (2017)
014004, [1609.00367].

[36] C. Anastasiou, K. Melnikov and F. Petriello, Higgs boson production at hadron
colliders: Differential cross sections through next-to-next-to-leading order, Phys. Rev.
Lett. 93 (2004) 262002, [hep-ph/0409088].

[37] C. Anastasiou, K. Melnikov and F. Petriello, Fully differential Higgs boson production
and the di-photon signal through next-to-next-to-leading order, Nucl. Phys. B724
(2005) 197–246, [hep-ph/0501130].

[38] C. Anastasiou, G. Dissertori and F. Stöckli, NNLO QCD predictions for the
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[160] M. G. Echevarria, A. Idilbi, A. Schäfer and I. Scimemi, Model-Independent Evolution of
Transverse Momentum Dependent Distribution Functions (TMDs) at NNLL, Eur.
Phys. J. C73 (2013) 2636, [1208.1281].

[161] J. Collins and T. Rogers, Understanding the large-distance behavior of
transverse-momentum-dependent parton densities and the Collins-Soper evolution
kernel, Phys. Rev. D91 (2015) 074020, [1412.3820].

[162] T. Becher and G. Bell, Enhanced nonperturbative effects through the collinear anomaly,
Phys. Rev. Lett. 112 (2014) 182002, [1312.5327].

[163] Y. L. Dokshitzer, D. Diakonov and S. I. Troian, Hard Processes in Quantum
Chromodynamics, Phys. Rept. 58 (1980) 269–395.

[164] Y. L. Dokshitzer, D. Diakonov and S. I. Troian, On the Transverse Momentum
Distribution of Massive Lepton Pairs, Phys. Lett. B79 (1978) 269–272.

http://dx.doi.org/10.1103/PhysRevD.90.073009
https://arxiv.org/abs/1407.4537
http://dx.doi.org/10.1103/PhysRevD.91.054023
http://dx.doi.org/10.1103/PhysRevD.91.054023
https://arxiv.org/abs/1412.4792
http://dx.doi.org/10.1103/PhysRevLett.84.4296
https://arxiv.org/abs/hep-ph/0002078
http://dx.doi.org/10.1103/PhysRevD.66.014011
https://arxiv.org/abs/hep-ph/0202251
http://dx.doi.org/10.1103/PhysRevD.94.034014
https://arxiv.org/abs/1605.00671
http://dx.doi.org/10.1007/JHEP11(2014)098
https://arxiv.org/abs/1407.3311
http://dx.doi.org/10.1007/JHEP07(2015)158
https://arxiv.org/abs/1502.05354
http://dx.doi.org/10.1088/1126-6708/2005/03/073
https://arxiv.org/abs/hep-ph/0407286
http://dx.doi.org/10.1007/JHEP05(2015)102
https://arxiv.org/abs/1412.2126
http://dx.doi.org/10.1007/JHEP07(2014)110
https://arxiv.org/abs/1405.2080
http://dx.doi.org/10.1016/j.physletb.2008.01.040
https://arxiv.org/abs/0709.3519
http://dx.doi.org/10.1007/JHEP03(2017)002
https://arxiv.org/abs/1609.06047
http://dx.doi.org/10.1016/0550-3213(94)00006-Z
https://arxiv.org/abs/hep-ph/9411211
http://dx.doi.org/10.1140/epjc/s10052-013-2636-y
http://dx.doi.org/10.1140/epjc/s10052-013-2636-y
https://arxiv.org/abs/1208.1281
http://dx.doi.org/10.1103/PhysRevD.91.074020
https://arxiv.org/abs/1412.3820
http://dx.doi.org/10.1103/PhysRevLett.112.182002
https://arxiv.org/abs/1312.5327
http://dx.doi.org/10.1016/0370-1573(80)90043-5
http://dx.doi.org/10.1016/0370-2693(78)90240-X


Bibliography 193

[165] T. Becher, M. Neubert and B. D. Pecjak, Factorization and Momentum-Space
Resummation in Deep-Inelastic Scattering, JHEP 01 (2007) 076, [hep-ph/0607228].

[166] G. Sterman and M. Zeng, Quantifying Comparisons of Threshold Resummations,
JHEP 05 (2014) 132, [1312.5397].

[167] M. Bonvini, S. Forte, G. Ridolfi and L. Rottoli, Resummation prescriptions and
ambiguities in SCET vs. direct QCD: Higgs production as a case study, JHEP 01
(2015) 046, [1409.0864].

[168] Y. Gao, C. S. Li and J. J. Liu, Transverse momentum resummation for Higgs
production in soft-collinear effective theory, Phys. Rev. D72 (2005) 114020,
[hep-ph/0501229].

[169] A. Idilbi, X.-d. Ji and F. Yuan, Transverse momentum distribution through soft-gluon
resummation in effective field theory, Phys. Lett. B625 (2005) 253–263,
[hep-ph/0507196].

[170] S. Mantry and F. Petriello, Factorization and Resummation of Higgs Boson
Differential Distributions in Soft-Collinear Effective Theory, Phys. Rev. D81 (2010)
093007, [0911.4135].

[171] S. Catani, B. R. Webber and G. Marchesini, QCD coherent branching and
semiinclusive processes at large x, Nucl. Phys. B349 (1991) 635–654.

[172] M. Zeng, Drell-Yan process with jet vetoes: breaking of generalized factorization, JHEP
10 (2015) 189, [1507.01652].

[173] F. J. Tackmann, J. R. Walsh and S. Zuberi, Resummation Properties of Jet Vetoes at
the LHC, Phys. Rev. D 86 (2012) 053011, [1206.4312].

[174] A. Banfi, P. F. Monni, G. P. Salam and G. Zanderighi, Higgs and Z-boson production
with a jet veto, Phys. Rev. Lett. 109 (2012) 202001, [1206.4998].

[175] T. Becher and M. Neubert, Factorization and NNLL Resummation for Higgs
Production with a Jet Veto, JHEP 07 (2012) 108, [1205.3806].

[176] A. Banfi, F. Caola, F. A. Dreyer, P. F. Monni, G. P. Salam, G. Zanderighi et al.,
Jet-vetoed Higgs cross section in gluon fusion at N3LO+NNLL with small-R
resummation, JHEP 04 (2016) 049, [1511.02886].

[177] J. Gao, H. Zhang and H. X. Zhu, Diphoton excess at 750 GeV: gluon–gluon fusion or
quark–antiquark annihilation?, Eur. Phys. J. C76 (2016) 348, [1512.08478].

[178] C. Grojean, E. Salvioni, M. Schlaffer and A. Weiler, Very boosted Higgs in gluon
fusion, JHEP 05 (2014) 022, [1312.3317].

[179] J. Bernon, A. Goudelis, S. Kraml, K. Mawatari and D. Sengupta, Characterising the
750 GeV diphoton excess, JHEP 05 (2016) 128, [1603.03421].

[180] J. Bernon and C. Smith, Could the width of the diphoton anomaly signal a three-body
decay?, Phys. Lett. B757 (2016) 148–153, [1512.06113].

[181] H. An, C. Cheung and Y. Zhang, Broad Diphotons from Narrow States, 1512.08378.

[182] S. Knapen, T. Melia, M. Papucci and K. Zurek, Rays of light from the LHC, Phys.
Rev. D 93 (2016) 075020, [1512.04928].

http://dx.doi.org/10.1088/1126-6708/2007/01/076
https://arxiv.org/abs/hep-ph/0607228
http://dx.doi.org/10.1007/JHEP05(2014)132
https://arxiv.org/abs/1312.5397
http://dx.doi.org/10.1007/JHEP01(2015)046
http://dx.doi.org/10.1007/JHEP01(2015)046
https://arxiv.org/abs/1409.0864
http://dx.doi.org/10.1103/PhysRevD.72.114020
https://arxiv.org/abs/hep-ph/0501229
http://dx.doi.org/10.1016/j.physletb.2005.08.038
https://arxiv.org/abs/hep-ph/0507196
http://dx.doi.org/10.1103/PhysRevD.81.093007
http://dx.doi.org/10.1103/PhysRevD.81.093007
https://arxiv.org/abs/0911.4135
http://dx.doi.org/10.1016/0550-3213(91)90390-J
http://dx.doi.org/10.1007/JHEP10(2015)189
http://dx.doi.org/10.1007/JHEP10(2015)189
https://arxiv.org/abs/1507.01652
http://dx.doi.org/10.1103/PhysRevD.86.053011
https://arxiv.org/abs/1206.4312
http://dx.doi.org/10.1103/PhysRevLett.109.202001
https://arxiv.org/abs/1206.4998
http://dx.doi.org/10.1007/JHEP07(2012)108
https://arxiv.org/abs/1205.3806
http://dx.doi.org/10.1007/JHEP04(2016)049
https://arxiv.org/abs/1511.02886
http://dx.doi.org/10.1140/epjc/s10052-016-4200-z
https://arxiv.org/abs/1512.08478
http://dx.doi.org/10.1007/JHEP05(2014)022
https://arxiv.org/abs/1312.3317
http://dx.doi.org/10.1007/JHEP05(2016)128
https://arxiv.org/abs/1603.03421
http://dx.doi.org/10.1016/j.physletb.2016.03.068
https://arxiv.org/abs/1512.06113
https://arxiv.org/abs/1512.08378
http://dx.doi.org/10.1103/PhysRevD.93.075020
http://dx.doi.org/10.1103/PhysRevD.93.075020
https://arxiv.org/abs/1512.04928


194 Bibliography

[183] J. S. Kim, J. Reuter, K. Rolbiecki and R. Ruiz de Austri, A resonance without
resonance: scrutinizing the diphoton excess at 750 GeV, Phys. Lett. B755 (2016)
403–408, [1512.06083].

[184] W. S. Cho, D. Kim, K. Kong, S. H. Lim, K. T. Matchev, J.-C. Park et al., 750 GeV
Diphoton Excess May Not Imply a 750 GeV Resonance, Phys. Rev. Lett. 116 (2016)
151805, [1512.06824].

[185] W. Altmannshofer, J. Galloway, S. Gori, A. L. Kagan, A. Martin and J. Zupan, 750
GeV diphoton excess, Phys. Rev. D93 (2016) 095015, [1512.07616].

[186] J. Liu, X.-P. Wang and W. Xue, LHC diphoton excess from colorful resonances,
1512.07885.

[187] R. Franceschini, G. F. Giudice, J. F. Kamenik, M. McCullough, A. Pomarol,
R. Rattazzi et al., What is the γγ resonance at 750 GeV?, JHEP 03 (2016) 144,
[1512.04933].

[188] ATLAS collaboration, Search for resonances decaying to photon pairs in 3.2 fb−1 of pp
collisions at

√
s = 13 TeV with the ATLAS detector, Tech. Rep.

ATLAS-CONF-2015-081, CERN, Geneva, Dec, 2015.

[189] ATLAS collaboration, Search for resonances in diphoton events with the ATLAS
detector at

√
s = 13 TeV, Tech. Rep. ATLAS-CONF-2016-018, CERN, Geneva, Mar,

2016.

[190] CMS collaboration, Search for new physics in high mass diphoton events in
proton-proton collisions at

√
s = 13 TeV, Tech. Rep. CMS-PAS-EXO-15-004, CERN,

Geneva, 2015.

[191] CMS collaboration, Search for new physics in high mass diphoton events in 3.3 fb−1 of
proton-proton collisions at

√
s = 13 TeV and combined interpretation of searches at

8 TeV and 13 TeV, Tech. Rep. CMS-PAS-EXO-16-018, CERN, Geneva, 2016.

[192] I. Moult and I. W. Stewart, Jet Vetoes interfering with H →WW , JHEP 09 (2014)
129, [1405.5534].

[193] R. V. Harlander, S. Liebler and H. Mantler, SusHi: A program for the calculation of
Higgs production in gluon fusion and bottom-quark annihilation in the Standard Model
and the MSSM, Comput. Phys. Commun. 184 (2013) 1605–1617, [1212.3249].

[194] R. V. Harlander, S. Liebler and H. Mantler, SusHi Bento: Beyond NNLO and the
heavy-top limit, Comput. Phys. Commun. 212 (2017) 239–257, [1605.03190].

[195] R. V. Harlander, Higgs production in heavy quark annihilation through
next-to-next-to-leading order QCD, Eur. Phys. J. C76 (2016) 252, [1512.04901].

[196] R. V. Harlander, K. J. Ozeren and M. Wiesemann, Higgs plus jet production in bottom
quark annihilation at next-to-leading order, Phys. Lett. B693 (2010) 269–273,
[1007.5411].

[197] J. M. Campbell and R. K. Ellis, An Update on vector boson pair production at hadron
colliders, Phys. Rev. D 60 (1999) 113006, [hep-ph/9905386].

[198] J. M. Campbell, R. K. Ellis and C. Williams, Vector boson pair production at the LHC,
JHEP 07 (2011) 018, [1105.0020].

http://dx.doi.org/10.1016/j.physletb.2016.02.041
http://dx.doi.org/10.1016/j.physletb.2016.02.041
https://arxiv.org/abs/1512.06083
http://dx.doi.org/10.1103/PhysRevLett.116.151805
http://dx.doi.org/10.1103/PhysRevLett.116.151805
https://arxiv.org/abs/1512.06824
http://dx.doi.org/10.1103/PhysRevD.93.095015
https://arxiv.org/abs/1512.07616
https://arxiv.org/abs/1512.07885
http://dx.doi.org/10.1007/JHEP03(2016)144
https://arxiv.org/abs/1512.04933
http://dx.doi.org/10.1007/JHEP09(2014)129
http://dx.doi.org/10.1007/JHEP09(2014)129
https://arxiv.org/abs/1405.5534
http://dx.doi.org/10.1016/j.cpc.2013.02.006
https://arxiv.org/abs/1212.3249
http://dx.doi.org/10.1016/j.cpc.2016.10.015
https://arxiv.org/abs/1605.03190
http://dx.doi.org/10.1140/epjc/s10052-016-4093-x
https://arxiv.org/abs/1512.04901
http://dx.doi.org/10.1016/j.physletb.2010.08.038
https://arxiv.org/abs/1007.5411
http://dx.doi.org/10.1103/PhysRevD.60.113006
https://arxiv.org/abs/hep-ph/9905386
http://dx.doi.org/10.1007/JHEP07(2011)018
https://arxiv.org/abs/1105.0020


Bibliography 195

[199] I. W. Stewart and F. J. Tackmann, Theory Uncertainties for Higgs and Other Searches
Using Jet Bins, Phys. Rev. D85 (2012) 034011, [1107.2117].

[200] L. A. Harland-Lang, A. D. Martin, P. Motylinski and R. S. Thorne, Parton
distributions in the LHC era: MMHT 2014 PDFs, Eur. Phys. J. C75 (2015) 204,
[1412.3989].
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