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Abstract
An atomic modeling based on the nearest neighbor approximation (NNA) to solove 

atomic process in plasmas was considered. In the atomic modeling, it includes the plasma 
effect to the electron state densities of the atom or ion as the potential due to the nearest 
neighbor atom or ion. Using the modeling, I was able to compute the ionization degrees of 
hydrogen plasmas without any ad hoc assumption adopted in the atomic modeling based 
on the plasma microfield. In order to apply the NNA to the plasmas of near and above 
solid density, three adequate treatments were required to obtain physically acceptable 
results. The first one was the Coulomb interaction between pairs of ions. The second one 
was the modification of the Saha equation. The third one was the adequate treatment 
of the neutral atom’s contribution to the potential distribution as the nearest neighbor 
particle.

Keywords: bound state, free state, statistical weight, state density, Saha equation, 
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1.Introduction
Calculating the Ionization degrees is one of the basic problems in the analysis of the 

atomic process in plasmas. When a plasma can be assumed to be in the local thermody
namic equilibrium, we usually use the Saha equation to solove the atomic process in the 
plasma:

Nz^Ne 
Nz

where TV^+i, Nz，ひz+i，Uz, Ipiたb，Te, me, h, and 五!denote the number densities of 
{Z + l)-charged ions, and Z-charged ions; the statistical weights of the {Z + l)-charged 
ions and Z-charged ions; the number density of the electrons and the ionization potential 
from the Z-charged to the (Z + l)-charged states, the Boltzmann constant, the electron
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temperature, the mass of the electron, the Planck constant and the electron energy level, 
respectively. The Saha equation gives a relation between a bound state and free state. 
For the free state, we know that the state density is proportional to the square root of 
the electron’s energy. Usually we see, in the Saha equation, the factor as integrated one 
with the Boltzmann factor. This equation is just for the ground state. Thus, there are 
equations for many excited states. In principle, the number of bound states of hydrogen 
atom is infinite if the atom is set in an infinite volume. Consequently, if we want to 
solve the atomic process to obtain ionization degrees by the Saha equation, we have to 
determine a finite set of the bound states from considering the plasma effect. But to 
determine the set of the bound states is sometimes difficult. This is one of the famous 
problems considered for a long time. Now, in the most of the atomic modeling, the set of 
the bound states is determined by the plasma microfield[l,2].

But for the free state, only few models consider the effect of the plasma to evaluate 
the state density [2,3]. If we use the atomic model based on the nearest neighbor approx
imation, we can also evaluate the plasma effect upon the free states. In this paper, I will 
show the plasma effect on the free state densities in detail. Moreover, its applicability to 
the higher densities near and above the solid density is also discussed.

2. State Density
I begin with a basic property of the electron state density. The quantum statics says 

that the electron state density per unit volume is given by the equation:

87rp2/Zi3 dp,

expressed by momentum p. If the relation between the energy E and the momentum of 
the electron is given by the relation:

p厶

2me,
E ⑶

Eq. (2) is translated to be as a function of the electron’s energy:

f(E) dE=^^^EdE. 
h6

This square root dependency on the electron’s energy in the state density has already 
seen in Eq.⑴.

I have already refer the word ‘state density’ many times in this paper. Here, I annotate 
the exact definition of the word state density’ in the modeling of the electron state. Using 
the quantum mechanics, even the free electron has discrete energy levels under the certain
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Figure 1:Electron state densities of hydrogen atom as a function of the electron energy 
level. For the bound electron of which energy is below zero, the number of state are shown 
as the reduced state density described in the text up to n = 30. For the free electron of 
which energy is above zero, the state densities of the various ion number densities of the 
plasma ranging from N-x —1016 cm—3 to 1021 cm一3 are shown.

boundary conditions in the plasma. I assumed that various ions have various radii of ion 
sphere in. the plasma. The ion sphere is an. effective volume where an ion can occupy 
in the plasma. If the number of state of the free electron is averaged over the various 
ion’s contribution due to the various radii of the ion sphere, the number of state for the 
free electron can be continuously expressed as a function of its energy. What I refer to 
as the state density is the continuous number of electron’s state as a function of energy 
throughout this paper.

Figure 1 shows the state density of the free and bound electrons. The state densities 
of the free electrons are shown above the energy equal to zero. The state densities of the 
bound electrons are shown as the reduced bound state densities up to n = 30 below the 
energy equal to zero. The reduced bound state densities will be discussed later in this 
paper. The energy equal to zero is defined as the value at infinity. Equation (4) represents 
the state density per unit volume. If the volume per an atom becomes smaller, the state 
density of the free electron per an atom becomes also smaller. We can see that the state 
density becomes 10 times smaller if the number density of the plasma becomes 10 times 
larger as shown in Fig.1.Here, I emphasize that these state densities for free electrons 
are just for the free electrons in free space. Basically in plasmas, there are ions, and 
therefore, there are potential contributions owing to the other ions, i.e., the free electron 
in a plasma does not exist in free space.
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Figure 2: Potential profile of hydrogen atom and its energy level are shown with its 
classical radius.

By the quantum mechanics，the energy levels below zero is obtained as discrete, i.e.，the 
bound states. But using the way to calculate the state density of the free state described 
above, we can also calculate the electron’s state density below the energy equal to zero 
in the Coulomb potential if we introduce a difference from the situation of free electrons. 
For free electrons, the relation between the energy level and momentum is Eq. (3). But 
in the Coulomb potential, the additional term due to the potential is included to sustain 
the orbit at r in the Coulomb potential from the classical point of view,

E=上--------- —- ⑸
2me 47T6q r

where e and e0 are the elementary charge and the permittivity of the vacuum, respectively. 
For the electron of energy E, the available volume in the Coulomb potential is the ion 
sphere of radius —(1 /47re0)e2/2£, (Fig. 2)， the resulting state density of the bound electron 

can be calculated by the integration,

—(l/47reo)e2/2K
dr f’(E) dE 47rr2 —

2v^r3me3/2e6 
/z(-云)5/2

dE ⑹

In the Coulomb potential, the state density is proportional to energy to the power of 
minus five halves.

What is the meaning of the Eq. (6)? In the quantum mechanics, the bound state is ob
tained as discrete levels. But if the levels are located between the middles of nearby levels
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Figure 3: State density obtained by the atomic model based on the plasma microfield with 
modification in potential assuming the mirror symmetry with respect to saddle point for 
various ion number densities ranging from N[=1016 cm—3 to 1021 cm~~3 for hydrogen 
plasmas.

continuously, the state densities of bound electron can be expressed like the equation:

f⑻ 2n2
n+l/2 五n -1/2

⑺

This state density has stepwise shape and is referred as the' reduced bound state density 
in this paper. The stepwise state density converges into the Eq. (6).

Although the energy levels of the bound states are broadened by various perturbations 
in real plasmas, the broadening widths are much narrower than those of the separation. If 
we draw the number of states of the bound electron as they are, it is di伍cult to examine 
the adequacy of the state density. But if we draw the bound state densities as Eq. (7)，we 
can easily compare the values of the state densities in a finite volume from the continuity 
of the state density even when the state changes from bound to free.

In the last this seminar[4], I had presented the atomic model based on the plasma 
microfield. Using the microfield-based atomic model,I had successfully been able to 
calculate the state densities of bound and free electrons shown in Fig. 3. For the case 
of N[=1016 cm一3，the bound state of up tp n = 8 exits, and the higher excited states 
disappears due to the plasma microfield. Alternatively, the free state cover the vacant state 
density due to the plasma microfield. In the microfield慮based atomic model，the potential 
distribution has the saddle point formed by the Coulomb potential and uniform electric 
field and I assumed that the states are free if the electron’s energy is above the saddle
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P(R) dR =(1-NPSV)4^3/3^4^2< dR = 4：7iR2NPexp (~^ttR3Np

point. But the simple calculation of the state densities were not physically acceptable. 
Therefore, I had to assume that the strong electric field does not exists uniformly within 
the ion sphere. When the saddle point is inside the ion sphere, I had to assume that the 
potential distribution forms mirror symmetry with respect to the saddle point.

From this knowledge, I tried to develop a new atomic model in which the nearest 
neighbor ion is explicitly considered。

3 ・ Nearest Neighbor Approximat ion (NN A)
I consider the simplest case of pure hydrogen plasmas without Coulomb correlations 

to demonstrate the new atomic process model. The evaluation of the potential distri
bution, including the nearest-neighbor-ion perturbations, involves the nearest-neighbor 
probability distribution at a distance R (in spherical coordinates). If the ions are evenly 
distributed in space, the probability of finding a perturbing ion in a small volume 8V is 
given by where Np is the number density of the perturbing ion. If there are no ions
inside the ion sphere of radius R, and only one ion is found on the surface, the probability 
of finding the nearest-neighbor ion at R is given by:

)dR.

Np is essentially equal to the ion number density For the special case of a fully ionized 
plasma (as used below to compute the state densities of the bound and free electrons), 
TVp is equal to the total number density of the ions and neutral atoms, Nq.

To calculate the bound-electron state density, the two hydrogen ions are placed next 
to each other and the potential distribution at a nearby location r is given by the super
position of their respective Coulomb potential:

1 Zae 1 Zpe
（P =------------- 1------------ ----

4%€〇 r 4%6〇 R — r

The origin (r 二!0) is at the ion considered, which carries a nuclear charge Za. This 
potential distribution has a saddle point. The hydrogen ion has classical bound states 
with energies —mee4Za2/8eo2/i2n2, which are assumed to be unaltered, even in potential 

distributions other than the Coulomb potential. Here, n denotes the principal quantum 
number of the state. An electronic state is assumed to represent a free electron for energies 
above this saddle point, and a bound state for energies below it. A bound state therefore 
disappears when its energy coinsides with the saddle-point potential energy. Thus, the 
threshold radius for which the bound state n exists is given by rth = 8€o/z2n2/7rmee2Za? 
where I used Zp = Za. Because the bound state exists when the nearest-neighbor ion is
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farther than the threshold radius rth, the probability that the bound state of the hydrogen 
ion with principal quantum number n exists is given by

wn= P{R) dR (10)
人th

To accommodate the potential effect in evaluating the free-state density, we rewrite the 
relation between the energy and momentum p of the electron at (r, 6) in spherical coor
dinates as

が-1f心2丨厂!な2

2me 4丌e0、r y/R2 - 2rR cos 3 + r2

instead of its conventional form, p2/2me = E. The first term inside the brackets on 
the right-hand side of Eq.(11) is the Coulomb potential of the ion used to compute the 
state density of the free electron, and the second term inside the brackets is the Coulomb 
potential of the nearest neighboring ion. The free-state density /(£?), as a function of the 
electron energy, is calculated by

(11)

/⑹

D

87r-s/2me3 f°° 
h3 Jo

綱 SL む2

47re0

0) -.r < R[,E>
Zae2 fl
4丌e0

2rR cos 0 + r2 7 

1

127rr2 sin 3 drdddR,

2rR cos d + r2
,E > ^th (12)

E +

r

where Zp 二!Za. The double integral covers the ion sphere of radius Ri defined by 
47rT?i3Ni/3 =1.Regions where the potential energy is greater than E are excluded from 
the integration because the value inside the square root in Eq. (12) is negative, which 
forbids the existence of electrons from the classical viewpoint. Moreover, as we assume 
the free-electron states for energies above the saddle point, the double integration is per
formed for E values greater than = —Zae2/7re0jR. Basically, the free-state density is 
defined per unit volume of the ion sphere V[=l/M =1/A^e, where Ne denoted the number 
density of electrons. (In the normal Saha equation, this factor is found in the left-hand 
side of the Eq.(1)as 7Ve.) In the present model, the available volume for an electron with 
energy E, determined by Ve(E) = ffD 27rr2 sin 6 drdO, may become smaller than that of 
the ion sphere Vj. In this case, the state density becomes sparse in the energy space due 
to the limitation of the available volume of an electron. Therefore, the additional factor 
Vq{E}/V\ is required in the equation. Using this factor, we can calculate the bound-state 
density in the pure Coulomb potential converging to the classical bound-state density dis
cussed in Sec. 2. Figure 4 shows the energy dependence of the state densities of the bound
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Figure 4: State densities by the nearest neighbor approximation for various ion number 
densities ranging from Ni =1016 cm-3 to 1021 cm一3!for hydrogen plasmas.

and free electrons of the hydrogen plasmas obtained using the above potential modeling. 
The results are plotted for the same six cases as those in Fig. 3, with Nq ranging from 
1016 cm-3 to 1021 cm—3 • In evaluating the probability of finding the first-nearest neighbor 
ion at a given location，the plasmas were assumed to be fully ionized, i.e.，Np = No. By 
using the atomic model based on the nearest-neighbor approximation, physically appro
priate free-state densities can be calculated without requiring any ad-hoc assumptions， 
such as a mirror symmetry in the potential distribution with the saddle point that was 
introduced in the microfield-based model[2].

The models based on the plasma microfield and on the nearest-neighbor approximation 
give similar global results. In the latter case, the total state density for bound and 
free electrons continuously changes as a function of the electron energy. The maximum 
principal quantum numbers of the bound state for Np 二1016 and 1017cm-3, which can be 
compared to the experimental results[5], are the same. However，the resulting reduction 
in the bound-state densities occurs slightly more rapidly using the atomic model based 
on the nearest-neighbor approximation.

On the other hand, the two models yield substantially different free-state densities. 
More specifically, the free-state densities evaluated within the nearest-neighbor approx
imation are significantly greater than the densities of the bound states that disappear 
at the corresponding energy, whereas the free-state densities are almost the same as the 
densities of the bound states that disappear when the atomic model based on the plasma
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microfield is used.

4. Near and Above Solid Density
I was successfully able to obtain the electron state densities by the atomic modeling 

based on the nearest neighbor approximation. But the assumption that ions are evenly 
spread in space is realized in relatively low densities and high temperatures. In order to 
apply the NNA for the practical purpose, solving the plasmas of near and above solid 
density is necessary. Many improvements will be likely required to apply the NNA to the 
high density and low temperature plasmas. My preliminary study showed that three key- 
physical modelings on the electron state densities in a plasma are at least necessary.

The first one was the effect of the Coulomb interaction between pairs of ions into the 
distribution of the nearest neighbor ion. In order to introduce the Coulomb interactions, 
I rewrite the nearest neighbor ion’s distribution to be

/ 4 I Z 2e2 \
P仲卜 Ci x 4rf^pexp ⑽

where 7] is the temperature of the ion. The second term inside the exponential is due to 
the Coulomb interaction which is described by the ratio of the Coulomb potential to the 
electron temperature. But the integration of P[(R) from zero to infinity does not become 
unity, so the constant factor to fulfill the integrated values equal to unity is necessary. In 
Eq.(13)，Q is introduced to satisfy

P偶 dR 二1 (14)

The second one is the modification of the Saha equation. Identically, the integration of 
counting the number of free electrons is from the minus infinity when we use the NNA. In 
the original Saha equation, Eq. (1)，the integration is from the bottom of the ionization 
potential where the Boltzmann factor becomes unity. When the energy level is below the 
ionization potential, the Boltzmann factor becomes larger than unity. Thus the number 
of electrons unphysically becomes larger than the state densities. To avoid this difficulty, 
I separate the integral into two parts. One is that from minus infinity to the ground state, 
in which the Boltzmann factor is omitted, therefore, all states for the energy levels are 
fully occupied by the electrons.

Nz+iNe Uz+i (IP \ 8Try/^me3
綱dE + dE\

(15)
The other is that from the ground state to infinity. For this case, the normal Saha equation
is used. This treatment is just ad hoc，so more sophisticated way is expected.
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Figure 5: Contours of the ionization degrees of hydrogen plasmas obtained by the atomic 
model based on the nearest neighbor approximation. The pressure ionization can be 
observed near and above solid densities at low temperatures.

The third element was the treatment of the neutral atom’s contribution to the nearest 
neighbor ion’s distribution, and therefore，the neutral atom’s contribution to the potential 
distribution. The contribution by the atom’s located within the threshold radius and 
outside the threshold radius were separately considered. If the atom’s location is within 
the threshold radius, there are no bound states and therefore, the Coulomb interactions 
are treated as ions, so that the potential profile can be assume to be those from two 
Coulomb potentials. But if the atom’s location is outside the threshold radius，no Coulomb 
interaction is expected between an atom and an ion, so that the potential profile is without 
nearest neighbor atom’s contribution at the position R where the nearest neighbor ion 
is located. Therefore, ii R > i?th,n=i5 I used the distribution of the nearest neighbor 
particles:

/ 4 ス2 2 \
凡⑻!dR = Cnx ^R2Nnexp[ --7rR3Nn -  ------------ —- dr (16)

V 3 4丌句厂如：也"]!ノ

in stead of Eq.(13). Cn is the constant to fulfill the integrated values equal to unity.
Improving the neutral atom’s contribution, I was able to calculate the ionization degrees
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as a function of number densities of plasmas. Figure 5 shows the resulting ionization 
degrees shown as the contours for various temperatures and number densities of particles 
of hydrogen plasmas. By the improved treatment of the neutral atoms，pressure ionization 
was observed from about 10 times lower densities than the results by the previously 
explained NNA model.

This trail to apply the NNA to the dense plasmas is just preliminary. I’m afraid there 
are many physical treatments I have to improve. But the presented modification is, at 
least，necessary to apply the NNA to the dense plasmas.

5. Conclusions
I have developed an atomic model based on the nearest neighbor approximation and 

showed some results on hydrogen plasmas.
Without the Coulomb interactions, the obtained results of the free state densities do 

not conflict with the experimental data. We conventionally believed that when the bound 
states disappear, the same amount of the free states appears, but in reality, appeared free 
state is basically larger than those disappeared bound states.

In order to apply the NNA to the dense plasmas, the Coulomb interaction between 
pairs of ions，the modification of the Saha equation，and the adequate treatment of the 
neutral atom are necessary. As a result, the pressure ionization, was observed, but the 
pressure ionization occurs not abruptly, but begins moderately from about 1/10 lower 
density.
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