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Introduction

Simulating a quantum system with a classical computer seems to be an un-
feasible task due to the exponential growths of the dimension of the Hilbert
space as a function of the number of considered systems. This is why the
classical simulation of quantum behavior is usually restricted to a few qubits,
although the numerical methods became very powerful. However, as pointed
out by [Feynman (1982)] and proven by [Llody (1996)] quantum systems
can be used to simulate the behavior of the other. The former being such
that constituents can be very precisely prepared, manipulated and measured.
Many experiments are realizing such a simulation nowadays. Among them
experiments utilizing ions in ion-traps, NMR or atoms in optical lattices (see
for instance [Bloch et al. (2012); Lanyon et al. (2011); Houck et al. (2012)]
and references therein).

Here we are not concerned about this direct simulation of a quantum
system. We are interested in a more economical way of simulating certain
quantum behaviors. To this end, we are using the fact that some classes of
quantum algorithms, among them those which are based on matchgates, can
be simulated classically efficiently. Moreover, it can be shown that matchgate
circuits can also be simulated by an exponentially smaller quantum computer
[Jozsa et al. (2009)]. There, the classical computation is restricted in space
such that the computation has to be performed by the quantum computer
and cannot be performed by the classical computer. In fact, it has been
shown that the computational power of matchgate circuits running on n
qubits is equivalent to the one of space-bounded quantum computation with
space restricted to being logarithmic in n [Jozsa et al. (2009)].

This thesis is organized as follows. In Part I, we recall some basic concepts
of quantum mechanics, quantum computation and quantum simulation. Fur-
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thermore we discuss the main results of matchgate circuits and compressed
quantum computation. We also recall the XY model and its exact diagonal-
ization.

In Part II, we deal with the compressed way of quantum computation
mentioned above, used to simulate physically interesting behaviours of large
systems. To give an example, consider an experimental set–up, where up to 8
qubits can be well controlled. Such a set–up can be used to simulate certain
interactions of 28 = 256 qubits. In [Boyajian et al. (2013)], we generalised the
results from [Kraus (2011)], and demonstrated how the adiabatic evolution
of the 1D XY-model can be simulated via an exponentially smaller quantum
system. More precisely, it is shown there, how the phase transition of such
a model of a spin chain consisting out of n qubits can be observed via a
compressed algorithm processing only log(n) qubits. The feasibility of such a
compressed quantum simulation is due to the fact that the adiabatic evolution
and the measurement of the magnetization employed to observe the phase
transition can be described by a matchgate circuit. Remarkably, the number
of elementary gates, i.e. the number of single and two-qubit gates which
are required to implement the compressed simulation can be even smaller
than required to implement the original matchgate circuit. This compressed
algorithm has already been experimentally realized using NMR quantum
computing [Li et al. (2014)]. In [Boyajian et al. (2013)] we showed that not
only the quantum phase transition can be observed in this way, but that
various other interesting processes, such as quantum quenching, where the
evolution is non–adiabatic, and general time evolutions can be simulated with
an exponentially smaller system.

In Part II, we also recall the results from [Boyajian and Kraus (2015)]
where we extend the notion of compressed quantum simulation even further.
We consider the XY-model and derive compressed circuits to simulate the
behavior of the thermal and any excited state of the system. To this end, we
use the diagonalization of the XY-Hamiltonian presented in[ Verstraete et al.
(2009)]. There, the unitary, which diagonalizes the XY-Hamiltonian has been
derived and decomposed into matchgates. Moreover, it has been shown that
this unitary can be utilized to generate the thermal and any excited state of
the system from a product state. We use these results to derive compressed
circuit which simulate the corresponding matchgate circuits. They can then
be used to measure for instance the magnetization of any thermal or excited
state of the system using exponentially fewer qubits. Apart from that, we also
show that the number of elementary gates will be smaller in the compressed
simulation than the direct simulation.

In Part III we consider other applications of matchgate circuits and com-
pressed quantum computation. We show that the partition function of the



3

zero-field eight-vertex with free fermionic approximation can be computed
with a compressed quantum circuits and an efficient classical post process-
ing. In that part, we also establish a connection between two models of
computation, by noting that the output of certain kind of matchgate circuits
can be computed by DQC1 circuits running on exponentially less qubits.





PART I: THEORETICAL BACKGROUND

In this part of the Thesis, we review the main concepts and notation that is
used throughout this Thesis.

This part is separated into two chapters. In the first part of Chapter 1
we review the main concepts of quantum mechanics, quantum computation
and quantum simulation. The concepts of quantum mechanics are presented
taking into account its use in quantum computation and quantum simulation.
Afterwards, we focus on two particular models of quantum computation:
matchgate circuits and DQC1 circuits. Matchgate circuits, and specially the
compressed quantum circuits which can be associated to matchgate circuits,
are the main topic of this Thesis. The original research that I present in this
Thesis is related in one way or another to these circuits. Sec. 1.2 is devoted to
the discussion of matchgate circuits. There, we recall two generalizations of
matchgate circuits into universal quantum computation, with the intention
to provide some additional intuition about matchgate circuit. In Sec. 1.2,
we recall the compressibility of matchgate circuits. That is, we review how
certain kind of matchgate circuits can be simulated by compressed quantum
circuits running on exponentially less qubits.

In Chapter 2, we review the 1D XY model, which plays a fundamental role
in Part II of this work. We recall the model and we discuss the exact diago-
nalization of it with a particular boundary condition, called Jordan Wigner
boundary conditions. The properties of the spectrum of the XY Hamilto-
nian and the quantum phase transition for both open and Jordan Wigner
boundary conditions are discussed. Furthermore, we discuss the adiabatic
evolution and quantum quenching of a system with interactions given by a
XY Hamiltonian. In particular the digital version of these evolutions, which
afterwards, in Part II, are used to derive matchgate circuits which simulate
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the behavior of a system with interactions given by the XY Hamiltonian.

Notation
In this work, we denote the Pauli operators as X, Y and Z. In matrix form
they are given by

X =
(
· 1
1 ·

)
, Y =

(
· −i
i ·

)
, Z =

(
1 ·
· −1

)
. (1)

Here and in the following we replace zeros by dots (·) in order to improve
the readability of the matrices, and to highlight the relevant components in
sparse matrices. Another 2× 2 unitary matrix that we use is the Hadamard
matrix H which in matrix form is given by

H = 1√
2

(
1 1
1 −1

)
. (2)

We use the standard notation to denote the order O(·) of a function.
Specifically, we say that a given function on the non-negative integers f(n)
is O[g(n)] if there are constants c and n0 such that for all values of n greater
than n0, f(n) ≤ cg(n). By poly(n1, n2, . . . ) we denote an arbitrary polyno-
mial of n1, n2, etc. Thus, e.g., a function is said to be O[poly(n)] if it is
upper bounded by some polynomial function of n.

We denote by log(x) the logarithm of x in base 2 and by ln(x) the natural
logarithm of x. We use the binary notation j = [jk, . . . , j0], for j = ∑n−1

l=0 jl2l.
In order to have a consistency in the labels, binary components jl, qubits,
matrix components, Majorana operators and Fermionic operators are counted
starting from 0 (unless stated otherwise). For example the computational
basis states are |j〉 ≡ |j0, j1, . . . , jk〉 ≡ |j0〉0 ⊗ |j1〉1 ⊗ · · · ⊗ |jk〉k. In general,
we denote by [A]j,k the matrix component j, k of the matrix A. The brackets
might be omitted when it does not lead to confusion. As a final remark, note
that we set ~ and other physical units to 1.



CHAPTER 1

Quantum computation and quantum simulation

1.1 Basic concepts of Quantum Computation and Simu-
lation

In this section we recall the concept of quantum computation. We start
the section by reviewing the main ideas behind classical computation. In
particular, within classical computation, we sketch the concepts of complex-
ity classes. Specifically we review here the main classes which categorize
problems according to the time a computer requires to solve it.

In Sec. 1.1.2 we review the basic concepts of Quantum Mechanics that
are relevant in the context of quantum computation. In Sec. 1.1.3 we review
the concept of a quantum computer and similarly as in the classical case we
recall the definition of complexity classes for quantum computers in Sec. 1.1.3.
Afterwards, in Sec. 1.1.4 we review some alternative theoretical models for
implementing quantum computation using quantum systems. We conclude
this section by reviewing the concept of quantum simulation in Sec. 1.1.5.

1.1.1 Classical Computation
The concept of computation can be formally defined using a Turing machine.
A Turing machine is an abstract device which can read, process and write
bits of information on an infinite string, which represents the memory of the
system. A Turing machine is an idealized version of what computers can do.
Here we are not going to consider such an abstract model of computation,
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but consider instead the circuit model of computation. This model describes
the way most real life computers operate, and can be easily generalized into
a quantum model of computation (see Sec. 1.1.3). In any way, it has been
shown that these two models of computation are equivalent in power [see for
instance Nielsen and Chuang (2000)].

Information can be stored using physical systems that can be prepared
into two (in theory perfectly) distinguishable states by associating to each
state a given value of information, which by convention is chosen to be
0 or 1. Such a system is said to encode a bit of information. A larger
amount of information can be stored using bit strings, i.e. vectors of the
form x = (x0, . . . , xn), where each xj ∈ {0, 1} encodes one bit of informa-
tion. In Fig. 1.1 we depict a particular example of a circuit model. This
circuit is read from left to right. There, bits are represented by horizontal
lines, which ’carry’ information. This information is processed by simple
functions called logical gates, which are represented by boxes in the circuit.
Hence, a circuit model of computation consists of an input bit string x, a
series of gates, and an output bit string y.

Logical gates are operations that transform the value of the bits, and can
be represented as functions of the form

f : x = {0, 1}j → y = {0, 1}k , (1.1)

where by {0, 1}l one denotes a bit string of length l. Here j is a fixed number
of input bits and k is a fixed number of output bits. Some important examples
of gates are the ones defined by

NOT : x→ x⊕ 1,
OR : (x, y)→ x⊕ y,

AND : (x, y)→ x⊗ y,
NAND : (x, y)→ (x⊗ y)⊕ 1,

(1.2)

where x, y ∈ {0, 1} represent bit values of two different bits, and ⊕ (⊗)
represent addition (multiplication) modulo 2. Arbitrary gates f of the form
given in Eq. (1.1), can be decomposed as a concatenation of simpler gates.
This leads to the question, whether any computation can be implemented
by a concatenation of gates belonging to a fixed set, independent of the
problem, and the architecture of the physical computer. In fact any gate,
and by extension, any classical computation in the circuit model, can be
decomposed as a concatenation of gates from the set containing the gates
NOT, OR and AND. A set with these property receives the name of universal
set of gates. Naturally, many different universal set of gates can exist. In
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order to be considered universal, these sets must generate any other gate
from another universal set using at most a polynomial number of gates. We
will refer to the gates belonging to a universal set of gates as elementary
gates.

Physically, the implementation of each gate requires of a certain amount
of time, and the storage of bit values, and the description of the algorithm,
gates, etc., require memory. Informally, the memory required in a computa-
tion is called the space. Clearly, the amount of resources required to imple-
ment a given computation, depends on the computation that is performed.
For this reason the problem of estimating the amount of resources (time and
space) required to implement a given computation, or more specifically, the
scaling of the amount of resources as a function of the size of the problem, is
a very relevant question at the time of implementing the problem in a physi-
cal computer. In teh following, we review the main complexity classes which
categorize the computational problems according to the amount of resources
required for its implementation.

Figure 1.1. Schematic representation of a circuit model of classical computation. Here,
an input string x = {0, 1}n is transformed by a series of logical gates fi into
an output string of bits y = {0, 1}m. Logical gates can act on an arbitrary
number of bits, and in the classical case, the number of input and output bits
of a gate can be different.

Complexity classes

A proper definition of complexity classes requires of a rigorous definition of
machine models – the Turing machine mentioned above– and a formal defi-
nition of computational problems. Here we will simply provide a superficial
definition of the main complexity classes of classical computational problems
in order to build the intuition about hard and easy problems, which will be
relevant in the next sections.

Roughly speaking, complexity classes categorize computational problems
according to the computational resources which are required to solve them.
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These are time and space, that is, in a few words, the total number of ele-
mentary operations and the amount of memory or number of bits required
to solve the computation.

Counting exactly the amount of resources required to solve a given task
is in general a very difficult task. For this reason, in order to assign a compu-
tational problem to a given complexity class, only the scaling of the amount
of resources as a function of the input size is used to categorize the problems.
Moreover, these resources are estimated for the best knows algorithm and
worst input scenario, i.e. the input for which the algorithm would require
the maximum amount of resources.

The complexity class P contains the problems, which can be solved by
an algorithm using an amount of resources which scales a polynomial of the
system size. A simple example of a problem in P is the integer multiplication
problem.

Another complexity class, is NP. A computational problem belongs in
NP if there is a way to verify in polynomial time, with the aid of some
auxiliary information (called certificate or witness), that a conjectured solu-
tion is indeed a solution off the problem. An example of a problem which is
expected to be in NP is the prime factorization problem. The task of this
problem is to find the prime factors of an integer n of conclude that n is
prime. For the present, no classical algorithm has been found which solves
this problem in polynomial time as a function of n. However, the problem
is NP because given all the conjectured prime factors of n, one can verify
it by multiplication (which is in P). In the instance where n is assumed to
be prime, the verification can also be done in polynomial time, using the
primality check algorithm which is also in P .

Other classes of computational complexity, among others, are NP− hard
and NP− complete. The class NP− hard contains the problems for
which it holds that any problem in NP can be reduced in polynomial time
to it. Note that a problem in NP− hard does not necessarily have to be
in NP. The problems which are simultaneously in NP− hard and NP
are said to belong to the complexity class NP− complete. In Fig. 1.2 we
depict the complexity classes using Euler diagrams, under the assumption
that P and NP are not equal. Note however, that, even when it is clear
that P ∈ NP, whether P = NP or not, is an important open question in
complexity theory.

1.1.2 Basic concepts of Quantum Mechanics
In this subsection we recall some basic concepts of Quantum Mechanics that
will be used in the rest of this Thesis. The idea of this section is to provide
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Figure 1.2. Diagram of complexity classes for the case where P 6= NP.

a general overview of quantum computation by, from the axioms of quantum
mechanics. For this reason most of the fundamental concepts are presented
in the a way that highlights, or anticipates, its use in quantum computation.
Most of the concepts reviewed here can be found in more detail in [Nielsen
and Chuang (2000)].

States of quantum mechanical systems

In the previous subsection we have recalled the concept of a bit. Any physi-
cal system that can be prepared in two (in theory perfectly) distinguishable
states can be used to encode classical bits. As we recall below, due to the
laws of quantum mechanics, a quantum system with two (in theory perfectly)
distinguishable states can also be prepared in a superposition of these two
states. Therefore, the storage of information in a classical system is fun-
damentally different than in a quantum system. The minimal amount of
quantum information which can be stored in a quantum system as the one
described, receives the name of qubit.

The two possible states of a qubit are denoted by vectors using the Dirac
notation |0〉 and |1〉. The condition that these two states are perfectly distin-
guishable can be written in mathematical form by requiring that the vectors
|0〉 and |1〉 are orthogonal. That is, the inner product 〈1|0〉 ≡ (|1〉 , |0〉) = 0.
Moreover, the vectors are chosen to be normalised, i.e. ‖|j〉‖ ≡ 〈j|j〉 = 1 for
j = 0, 1, where 〈j| represents the vector (|j〉)†.

The superposition principle of quantum mechanics dictates that a qubit
can be, not only in the state |0〉 or |1〉, but also in any state

|ψ〉 = a0 |0〉+ a1 |1〉 , (1.3)

where aj ∈ C for j = 0, 1 and it is normalized as 〈ψ|ψ〉 = |a|2 + |b|2 = 1.
The fact that the coefficients aj can be any complex number (restricted only
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by the normalization condition), suggest that a single qubit could encode an
unlimited amount of classical information. However, given a single qubit in
the state |ψ〉 one can not read out directly the value of the coefficients aj.
One possible way to retrieve information about these coefficients is by per-
forming projective measurements on many copies of the state |ψ〉 (described
in more detail below). Informally, performing a projective measurement of
the system in the basis {|0〉 , |1〉} is like ’asking’ the system whether it is in
the state |0〉 or |1〉, in which case the output of the measurement is 1 or
−1 respectively. The output of such measurement is 1 with probability |a0|2
and −1 with probability |a1|2. This process of ’reading’ the state of a qubit
is an irreversible process which modifies the state. In fact if the outcome 1
(−1) is obtained, the state of the qubit becomes |0〉 (|1〉). Hence, it destroys
(partially) the quantum information encoded in the qubit.

Form a mathematical point of view, the vector |ψ〉 is an element of a
Hilbert space, which is a complete vector on which an inner product is defined.
Thus, the mathematical representation of the state of a qubit lives in a Hilbert
space of dimension 2, that we denote by H2. In principle a state vector
of a quantum system could be an element of a Hilbert space of arbitrary
dimensions. Here we consider finite-dimensional Hilbert spaces, and more
precisely Hilbert spaces of composite system of qubits.

The description of a composite system of multiple qubits is done as fol-
lows. The postulates of quantum mechanics specify that for a composite sys-
tem, the Hilbert space have a tensor product structure. The Hilbert space of
a system of n qubits is given by H2n = H2⊗ · · · ⊗H2, which is of dimension
2n, where each space H2 has dimension 2. An arbitrary state of n qubits can
be written as

|ψ〉0,...,n−1 =
2n−1∑
k=0

ak |k〉0,...,n−1 , (1.4)

where the states |k〉 are defined as

|k〉0,...,n−1 ≡ |k0, . . . , kn−1〉0,...,n−1 ≡ |k0〉0 ⊗ · · · ⊗ |kn−1〉n−1 (1.5)

where kj ∈ {0, 1}, for j ∈ {0, . . . , n − 1}. Usually, this state is normalised
to unity, which implies that ∑2n−1

k=0 |ak|
2 = 1. The set Bn = {|k〉}k∈{0,...,2n−1}

constitutes an orthonormal basis of H2n , which receives the name of compu-
tational basis. Physically, the state vector |k0, . . . , kn−1〉 represents a system
where the first qubit is in the state |k0〉 the second in the state |k1〉 and so
on and so forth. Here we do not discuss in further detail the properties of
the Hilbert space, and we assume that the reader is familiar with the tensor
product operations.
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The fact that a system of n qubits can be prepared in a superposition
of 2n different states allows to perform computation simultaneously on sev-
eral qubits. Consider for example an n-qubit state prepared in an equal
superposition of all the computational basis states, that is

|Φ〉 = 1
2n

2n−1∑
x=0
|x〉 (1.6)

Consider the situation where one is interested in computing the outcome of
a function f(x), for 0 ≤ x ≤ 2n − 1, x ∈ N. If one is able to implement a
quantum algorithm that transforms the initial state |x〉 into the output state
f(x), then, using auxiliary qubits, one can transform in a single run of the
algorithm, the state |Φ〉 into the state

|Φ′〉 = 1
2n

2n−1∑
x=0
|x〉 ⊗ |f(x)〉aux , (1.7)

where the label ’aux’ indicates that these qubits are in an auxiliary system.
This state |f(x)〉 encodes the value of f(x), up to a precision that depends on
the number of auxiliary qubits. Thus, the state |Φ′〉 encodes simultaneously
the values of f(x) for every 0 ≤ x ≤ 2n − 1. However, as we have seen in
the example of a single qubit state, reading out the information from the
state is not a straight forward procedure. This forbids from reading all the
values of f(x) from a single copy of the state |Φ′〉. This does not mean that
superposition is useless. In fact an approach similar to the one described, i.e.
preparing a state in the superposition of all the possible inputs, is a key step
in quantum algorithms that have shown a quantum speed up with respect to
the best known classical algorithms for the same task (see for example Shors
algrithm or Deutsch algorithm in the presence of oracles).

The superposition of exponentially many basis states has other conse-
quences. For example, imagine that one is using a classical computer to
simulate some physical processes occurring in a quantum system of interest.
If such a system is composed of n qubits, in general the classical computer
might need to store up to 2n parameters just to encode a description of the
initial state of the system. Moreover, any evolution of the system would re-
quire of the implementation of matrices of dimension 2n× 2n that transform
these coefficients. Such computation becomes quickly infeasible as one in-
tends to consider bigger system sizes. This limitation of a classical computer
to simulate a quantum system, leads to the concept of quantum simulation,
that is the use of quantum systems to simulate other quantum systems. We
discuss this topic in Sec. 1.1.5.
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Operators

An arbitrary linear operator in a Hilbert space H2n can be defined, using the
Dirac notation, by the expression

A =
2n−1∑
j,k=0

aj,k |j〉 〈k| , (1.8)

where the states |j〉 and |k〉 are elements of the computational basis Bn
defined above. The action of A into a basis vector is easily computed using
the inner product 〈j|k〉 defined above and the fact that the elements of Bn are
orthonormal. E.g. the action of A on the state |k〉 yields the state ∑j aj,k |j〉.

An important set of linear operators in H2 is the set of Pauli matrices.
By associating to the basis elements |0〉 and |1〉 the vector forms |0〉 ≡ (1, 0)T

and |1〉 ≡ (0, 1)T, the Pauli matrices can be given in matrix form as

σ0 ≡ 1l ≡
[
1 ·
· 1

]
, σ1 ≡ X ≡

[
· 1
1 ·

]
,

σ2 ≡ Y ≡
[
· −i
i ·

]
, σ3 ≡ Z ≡

[
1 ·
· −1

]
.

(1.9)

Here and in the following, the symbol 1l is used to denote the identity oper-
ator, which in this particular case is of dimension 2. The relevance of these
matrices is that the set A2 = {σk}k=0,...3 constitutes a basis of operators in
H2. By extension, A2n =

{
σ

(0)
k0 ⊗ · · · ⊗ σ

(n−1)
kn−1

}
kj∈{0,1,2,3}

is a basis of opera-
tors in the Hilbert space Hn

2 , where the superscript indicates the qubit on
which each Pauli operator is acting.

Given an operator A as in Eq. (1.8) one defines its adjoint or Hermitian
conjugate, A†by

A† =
∑
j,k

a∗j,k |k〉 〈j| . (1.10)

Therefore, in the computational basis, A† corresponds to the complex con-
jugate transpose of A. An operator H which is equal to its adjoint, i.e.
H = H†, is called self-adjoint or Hermitian operators. As we will see below,
Hermitian operators play a fundamental role in the mathematical description
of the time evolutions of a quantum system. More precisely, the Hamiltonian
of a physical system, i.e. the operator that describes the interactions that
govern the evolution of a quantum system are Hermitian operators.

A particular set of Hermitian operators that plays a fundamental role
in the process of measurement of a quantum system are the projectors. A
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projector P acting on a Hilbert space H2n is an Hermitian operator that can
be written as

P =
k∑
j=0
|j〉 〈j| , (1.11)

with k < 2n− 1. It is common to refer to the action of P as a projection into
the subspace generated by span{|j〉}j=0,...k.

Another fundamental set of operators are the unitary operators. Unitary
operators satisfy that UU † = 1l, and as we will recall below, the transforma-
tion that the state of a closed quantum system undergoes in time is described
by a unitary operator. Unitary operators, U , are closely related to Hermitian
operators by the fact that any unitary operator U can always be written as

U = e−iH (1.12)

where H is Hermitian. Moreover, one can easily verify that any operator U
of the form given in Eq. (1.12) with H Hermitian is an unitary operator. Uni-
tary operators preserve the inner product between two states, given that the
inner product between U |φ〉 and U |ψ〉 is given by

〈
φ
∣∣∣U †U ∣∣∣ψ〉 = 〈φ|ψ〉. Given

that unitary transformation preserve the inner product, the transformation
of an orthonormal basis by a unitary trasformation is another orthonormal
basis. Moreover, given two orthonormal basis of spaces of two Hilbert spaces
of the same dimension, the elements of such basis are related by a unitary
transformation.

Density operators

Above we have seen one way of representing the state of a quantum system.
If one has complete knowledge of the state of a quantum system, one can
represent this state by a vector |ψ〉 of a Hilbert space. One says that this
state is pure. In general one could have only partial knowledge about the
state of the system. A general way of describing the state of a system is
by using density operators. A density operators of a system of n qubits, is
a particular kind of operator in H2n that is used to describe pure states or
states which are not completely known. Consider the case where it is known
that the state of the system is |ψi〉, from a set of states {|ψi〉}i=1,2,..., with
probability pi. One calls {pi |ψi〉} an ensemble of pre states. The state of
this system can be described by the density operator

ρ =
∑
i

pi |ψi〉 〈ψi| . (1.13)

In contrast with a pure state, one says that this state is a mixture of states
|ψi〉 or that it represents the state of a mixed state. A pure state |ψ〉 can
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also be represented as a density matrix |ψ〉 〈ψ|. The matrix representation
of the density operator or density matrix satisfies that ρ = ρ†, tr(ρ) = 1 and
ρ ≥ 0, that is, it is Hermitian, its trace is one and it is positive semi definite.
Any matrix satisfying these three conditions is a valid representation of a
quantum mixed state, and it can be written in the form given in Eq. (1.13).

Although a density matrix ρ has a unique form in matrix form, there are
infinitely many representations of it in the form given in Eq. (1.13). That is,
there are many decompositions {pi, |ψi〉} that give rise to the same density
matrix ρ. These different ensembles are related to each other by a unitary
transformation in the following way. Two ensembles {pi, |ψi〉} and {qj, |φj〉}
give rise to the same state ρ if and only if

√
pi |ψi〉 =

∑
j

ui,j
√
qj |φj〉 , ∀i (1.14)

where ui,j are components of a unitary matrix U . In the case where the
number of elements of the two ensembles differ, it is possible to extend the
smaller ensemble with terms with probability zero, in order to have ensembles
with the same size.

A quantum state where there is a complete lack of knowledge about the
state is called completely mixed state. The density matrix describing this
state is the normalised identity operator 1l/2n = ∑2n−1

j=0 |j〉 〈j|. As we will see
later, given that this state is invariant under any unitary transformation, it
is useless for quantum computation. However, quantum computation can be
performed using system where only one qubit is in a pure state while any
other additional qubit is in the completely mixed. This is the case of DQC1
computation (see Sec. 1.4), where the initial state is

ρ(1, n) = |0〉 〈0|0 ⊗
1l

2n−1 . (1.15)

Remarkably, such quantum computers, as we will recall later in Sec. 1.4 out-
performs the best known classical algorithms for certain tasks, which suggest
that this model of computation is more powerful than classical computation.

From the examples of quantum states mentioned above, one could notice
that there is a relation between how ’closer’ the distribution of probabilities
pi in Eq. (1.13) is to a uniform distribution, and the amount of knowledge
one has about the state. Extreme cases of this observation are the completely
mixed state, described by the density operator 1l/2n and the pure state which
is described by a density matrix of the form |ψ〉 〈ψ|. This observation is not
rigorous, given that, as we mentioned above, multiple ensembles represent
the same state. However, one can formally quantify the knowledge about a
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state in using, for example, the von Neumann entropy. The von Neumann
entropy of a state ρ is defined by

S(ρ) = − tr
[
ρ log(ρ)

]
= −

∑
i

λi ln(λi), (1.16)

where λi are the eigenvalues of ρ. The von Neumann entropy takes its mini-
mum value, 0, iff ρ is a pure state and its maximum value iff ρ is a completely
mixed state.

A pure state can be associated to any mixed state by a procedure called
purification. Suppose that one is given a mixed state ρA in a Hilbert space
HA, which can be written in the form given in Eq. (1.13), i.e.

ρA =
k∑
i=1

pi |ψi〉A 〈ψi|A , (1.17)

where k < dim(HA) is arbitrary. One can always introduce an auxiliary
system B with a Hilbert space HB of dimension k and an orthonormal basis
{|i〉B}i=1,...,k. The purification |ψ(ρ)〉A,B of the state ρ, is a pure state in the
composite Hilbert space HA ⊗HB given by

|ψ(ρ)〉A,B =
∑
i

√
pi |ψi〉A |i〉B . (1.18)

The state ρ is recovered from |ψ(ρ)〉A,B, by tracing over system B, which by
definition is the reduced density matrix of system A, ρA. That is

ρA = trB [|ψ(ρ)〉 〈ψ(ρ)|] = ρ. (1.19)

So far, we have recalled how the state of a quantum system can be rep-
resented as a mathematical object of a Hilbert space. In the following, we
recall how the state of the system evolves in time and the operator which
represents this transformation.

Evolution

We have recalled that the state at any fixed time t0 can be described by a
density matrix ρ, or by a state |ψ〉 in the case of a pure state. The second
postulate of quantum mechanics provides the formalisms to describe the state
at different times. As anticipated above, the time evolution of the a quantum
physical system is described by a unitary transformation of the state of the
system. More precisely the states of a system at two different times t0 and
t1 are related by the expression

|ψ(t1)〉 = U(t1, t0) |ψ(t0)〉 , (1.20)
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where U(t1, t0) is a unitary operator. Eq. (1.20) only relates the state of the
system at two times t0 and t1. The description of the evolution of a quantum
system in continuous time, arises as a solution of the Schrödinger equation

id |ψ〉d t = H |ψ〉 , (1.21)

where the Hermitian operator H is the Hamiltonian of the system, i.e. this
operator encodes the interactions that govern the dynamics of the quantum
system. In general, the Hamiltonian can depend on time, in which case the
solution to the Schrödinger equation is given by the general expression

|ψ(t1)〉 = T
(

e−i
∫ t1
t0
H(t) d t

)
|ψ(t0)〉 , (1.22)

where the operator T denotes a time ordering operator. In the particular
case where H is time independent, the time integral in Eq. (1.22) can be
trivially solved yielding that the time evolved state is given by

|ψ(t1)〉 = e−iH(t1−t0) |ψ(t0)〉 . (1.23)

Therefore, for a time-independent Hamiltonian H, the time-evolution opera-
tor U(t1, t0) presented in Eq. (1.20) is given by U(t1, t0) = e−iH(t1−t0).

One can easily generalize the time evolution to mixed states; in this case
we have that the state of the system at two times t0 and t1 are related by

ρ(t1) = U(t1, t0)ρ(t0)U †(t1, t0). (1.24)

As we are going to recall in the following subsection, in the context of
quantum computation, the quantum counterpart of gates are unitary oper-
ators. Thus, in order to implement a certain gate G on a quantum state in
this model of computation, one can construct a unitary U(t) is such a way
that G = U(t0). Hence, evolving the state of the system under the action of
the unitary U for a time t0 corresponds to the implementation of the gate G.

Measurement

Above we have described how a single-qubit measurement in the computa-
tional basis transforms the state of a qubit. Here, we discuss this measure-
ment in more detail, as an example, in order to recall later more general kind
of measurements.

The action of measuring the state of a quantum system |ψ〉 is a physical
process by which one can extract information about the state. For the case
of a single qubit in the state |ψ〉 = a0 |0〉 + a1 |1〉, a measurement in the
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computational basis has two possible outcomes 1 or −1. With probability
|a0|2 the outcome of the computation is 1. If this is the case, the system is
irreversibly projected into the state |0〉. With probability |a1|2 = 1 − |a0|2,
the outcome −1 is obtained and the system is projected into the state |1〉.
Hence, the projection of the system into one of the two computational basis
states is probabilistic and irreversible, destroying any information that could
have been stored in the state. Furthermore, a single measurement of the
state cannot retrieve all the information about the state. This destructive
nature of the measuring operations in quantum mechanics is one of the rele-
vant features for practical applications of quantum mechanics in the field of
cryptography, where one deals with the presence of an eavesdropper that is
trying to spy on private information. Note that, any attempt to eavesdrop
an encoded communication using measurement alters the message in such a
way that the action of the eavesdropper can be detected. Furthermore, an
unknown state can not be copied due to the no-clonning theorem. These two
reasons, among others, have lead to quantum cryptography, which has been
proven (under ideal experimental conditions) to be secure.

It is common for quantum computation tasks to assume that one can run
the same circuit multiple times to genreate |ψ〉, and make statistics with the
outcomes obtained from each run. If this is the case, measuring |ψ〉 in the
computational basis on each run of the circuit, it is possible to approximate
(to a precision that in general depends on the number of copies) the value
|a0|2 (and |a1|2). This is equivalent, up to some factors, to computing the
expectation value of the Pauli operator Z = |0〉 〈0| − |1〉 〈1|, which is defined
as 〈Z〉 = 〈ψ|Z|ψ〉. Specifically, one has that

〈Z〉 = 2 |a0|2 − 1. (1.25)

We now recall the concept of projective measurement for an arbitrary
number of qubits and an arbitrary observable, which is given by the third
postulate of Quantum Mechanics. In the general case, an observable M is
defined as an Hermitian operator. It can hence be written as

M =
∑
m

mPm, (1.26)

where Pm is the projector onto the eigenspace of M with eigenvalue m. The
outcome of performing a measurement of a state |ψ〉 in the basis of eigenvec-
tors of M (usually called measuring the M observable) are the eigenvalues
m. The probability of obtaining the outcome m is given by

p(m) = 〈ψ|Pm|ψ〉 . (1.27)
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When the outcome m is obtained, the state after the measurement is the
projection

Pm |ψ〉√
p(m)

. (1.28)

Note that the expectation value of the observableM is thus 〈M〉 = ∑
mmp(m).

A more general set of measurements are the so-called POVM measure-
ments. In the POVM formalism, a measurement is described by opera-
tors Mm and the probability of outcome m after measuring a state |ψ〉 is
p(m) =

〈
ψ
∣∣∣M †

mMm

∣∣∣ψ〉. The POVM elements are defined by

Em ≡M †M, (1.29)

and satisfy the condition∑mEm = 1l. The projective measurement described
above is a particular example of a POVM measurement. There, the Mm are
the projectors Pm therefore, P †mPm = Pm.

Entanglement and LOCC

Above we mentioned that for certain computational problems, the possibility
of preparing a quantum system in a superposition of different states can be
exploited to achieve quantum speed up in computation (with respect to the
best known classical algorithm for the same problems). Another physical
phenomenon occurring in quantum systems that is important for quantum
speed up is the entanglement. Before providing a formal definition of entan-
glement, let us consider a simple example to illustrate the consequence of
having entangled states. Let us consider that the following two qubit state

∣∣∣Ψ−〉 =
|01〉A,B − |10〉A,B√

2
, (1.30)

where by A and B we label the party which is in possession of each qubit.
One of the particular properties of this state is that if parties A or B perform
a measurement on the same basis on the qubits they are in possession of,
the outcomes of their measurements are always anti correlated. Consider for
example a measurement in the computational basis: in the case where party
A measures and obtains the outcome 1, the state is projected into the state
|01〉A,B. Therefore, if party B measures its system the outcome −1 will be
obtained with certainty. The exact opposite situation occurs, if the outcome
of the first measurement performed by party B yields the outcome −1, i.e.
anti correlated outcomes are obtained in either case. One can easily verify
that the same occurs if the measurement is done in any other basis. The
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fact that the two qubits of this system exhibit completely anti-correlated
outcomes in any basis, is a phenomenon that has no classical counterpart.

The state |Ψ−〉 is just a particular example of an entangled state of two
qubits. In fact among states of two qubits, this state is maximally entangled.
In general, an n-qubit pure state is called entangled (i.e. not separable) if
it can not be written in the form |ψ〉 = |a1〉 |a2〉 . . . |an〉. The amount of
entanglement on a given state can be quantified by entanglement measures.

Entanglement is particularly relevant in applications of quantum informa-
tion processing involving quantum states shared among spatially separated
parties. In such scenarios, it is naturally to assume that parties can only
apply LOCC protocols – local operations and classical communications –.
That is, parties can apply any operation on the quantum system at their
disposal, but can only exchange classical information among them.

Using LOCC operations, entanglement can not be created. Therefore the
total amount of entanglement in the global system can not increase under
LOCC. This makes entanglement a resource that can be used to overcome
the limitations of distance in practical applications, like teleportation , dense
coding or entanglement based quantum cryptography. For example, in quan-
tum teleportation, parties are allowed to initially share a state |ψ−〉. Using
this state as a resource, an unknown quantum state can be teleported among
spatially separated parties. Using entanglement as a resource in quantum
computation is also the main idea behind measurement based quantum com-
putation. In this model of computation a highly entangled many-qubit state
is prepared at the beginning of the computation. By performing appropri-
ate measurements on the qubits the entanglement is consumed in order to
implement the desired computation.

As mentioned above, entanglement is not present in classical computers.
As we have already mentioned, quantum algorithms have been found that
outperform the best known classical algorithms counterpart, as for example
Shor’s algorithm. It is clear that certain amount of entanglement is neces-
sary for the quantum speed-up of quantum computation, however, it is not
sufficient. For example, in Sec. 1.2, we recall a model of quantum computa-
tion, which although using entangled states and entangling gates, it can be
simulated classically efficiently.

The definition of separable and entangled states can be generalized for
the case of mixed states. Consider a density matrix ρ of a composite system,
acting on a Hilbert space HA ⊗HB ⊗ · · · . The state ρ is called separable if
it can be written as

ρ =
∑
k

pkρ
(k)
A ⊗ ρ

(k)
B ⊗ · · · , (1.31)
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with ∑k p(k) = 1 and p(k) > 0, ∀ k and where the operators ρ(k)
X , for X =

A,B, . . . are valid density matrices of the state of each party. A mixed state
is called entangled if it can not be written in the form given in Eq. (1.31).

Determining whether a mixed state is separable or not is a problem of
importance. This problem receives the name of separability problem and is a
difficult problem. The solution to the separability problem has been shown
to be an NP− hard problem.

1.1.3 Quantum computation

In Sec. 1.1.1, we have recalled the circuit model of a classical computer, which
consists of an initial bit string x, a given set of operations transforming the
input string called gates, an an output bit string y. Using the theoretical
background recalled in the previous subsection, we are now in position of
recalling the concepts of quantum computation. Similarly as with the clas-
sical computation, a rigorous definition of a quantum computer can be done
in terms of a an abstract quantum Turing machine. Instead we recall the
quantum circuit model of computation. Afterwards, in Sec. 1.1.4 we review
other models of quantum computation.

A quantum circuit model of computation can be constructed by general-
izing the elements of a classical circuit model, to the quantum regime. It is
conventional to assume that the input state of a quantum circuit is a state
in the computational basis |x〉 = |x0, . . . xn−1〉. Given that the state |x〉 can
be generated easily from the state where all qubits are in the state |0〉 it is
also to consider the state |0〉⊗n as the initial state.

In a quantum circuit model, gates are unitary transformations of the
state of the qubits. Recall, that the most general transformation of a closed
quantum state which preserves the normalization condition is a unitary trans-
formation. Note that similarly as in teh classical case, the gates transform
the information stored in the circuit, in this case, the quantum information
stored in the state of the qubits.

Thus, in a quantum circuit model of computation, an initial state |ψin〉 is
transformed by a unitary operator U into an output state |ψout〉 = U |ψin〉.

As mentioned above, in contrast to the classical case, having a system of
qubits in the output state |ψout〉 does not imply that one has access to the
coefficients of this state in, e.g. the computation basis. This information is
extracted by, e.g. a projective measurement on the qubits.

In the following we discuss the concept of gates in the context of a circuit
model of quantum computation.
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Gates

We first consider the most general transformation of an arbitrary state of
a single qubit |ψ〉, of the form given in Eq. (1.3). The most general trans-
formation V of the state |ψ〉 that preserves the normalization condition is a
unitary acting on the Hilbert space of one qubit H2. One can write any such
unitary as a matrix in the computational basis as

V = eiφ
(
u v
−v∗ u∗

)
, (1.32)

where φ ∈ R, u, v ∈ C and (·)∗ denotes here and in the following the complex
conjugation operation. As a comparison with the classical case, note that the
transformation that maps |x〉 → |x⊕ 1〉, which is the quantum counterpart
of the NOT operation defined in Eq. (1.2), can be written in matrix form as

X =
(
· 1
1 ·

)
. (1.33)

Note that NOT is the only single-bit gate in a classical circuit model. Instead,
any unitary V is a valid single-qubit gate. As the only single bit classical
operation is the NOT transformation [see Eq. (1.2)], the gate X represents the
only single-bit classical gate, while in the quantum case any gate of the form
given in Eq. (1.32) is a valid single-qubit gate. Two additional single-qubit
gates which are relevant here are the gates

H = 1√
2

(
1 1
1 −1

)
,

π

8 =
(

1 ·
· eiπ/4

)
. (1.34)

Quantum gates can also be defined for multiple qubits. In general a gate
acting on n qubits is a 2n × 2n unitary matrix. Two important examples of
two-qubit gates are the controlled-Z gate and controlled-NOT gates, which
are given by the following matrices

CZ =


1 · · ·
· 1 · ·
· · 1 ·
· · · −1

 and CX =


1 · · ·
· 1 · ·
· · · 1
· · 1 ·

 . (1.35)

In the same way as in the classical case, one can define a universal set of gates.
Itwas shown that the set containing any single-qubit gate V , as the one given
in Eq. (1.32), and the CX gate acting on arbitrary pair of qubits, constitute
a universal set of gates in the sense that any unitary can be approximated
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up to arbitrary precision by a product of these gates (see for instance Nielsen
and Chuang (2000)). Note given that CZ = UCXU †, the set containing the
gate CZ and any single-qubit gate is also a universal set of gates1.

Two gates that we are going to use in the following sections are the SWAP
gate and fermionic-SWAP, that we denote by S, which are defined by

SWAP =


1 · · ·
· · 1 ·
· 1 · ·
· · · 1

 and S =


1 · · ·
· · 1 ·
· 1 · ·
· · · −1

 . (1.36)

The SWAP gate receives its name for it permutes the position of two qubits
in a quantum circuit. As we have seen in Sec. 1.1.2, quantum systems evolve
in time according to the Schrödinger equation (1.21). To implement a gate in
this case requires to perform a time evolution of the system for certain time
t in such a way that U(t) = e−iHt is the desired operation. In general that
requires manipulating the Hamiltonian of the system in order to perform the
desired gate.

As in the classical case, one is also interested in estimating the amount
of resources required to implement a certain unitary U . We will say that
an n-qubit unitary U has an efficient decomposition into elementary gates
if it can be written as a product of O[poly(n)] elementary gates. Further-
more, complexity classes can be defined for problems solved with quantum
algorithms. In the following we review some of these complexity classes.

Complexity

We present here the main concepts of quantum complexity classes. As in the
classical case, a rigorous definition of these classes requires a formal definition
of quantum computational problems and quantum computation, which we
will omit here. The complexity classes we recall here, roughly speaking,
categorizes problems according to the number of elementary operations used
to find the solution to a given problem.

As it was mentioned above, a quantum computer is intrinsically proba-
bilistic due to the fact that the outcome of the computation is obtained by
a quantum measurement. This requires, in general, of multiple repetitions
of an algorithm in order to obtain a good precision in the estimation of the
outcome of the computation. Due to this fact the main classes of quantum
computational problems are defined in a probabilistic sense.
1 In the following we might use the alternative notation Λ(X) to denote the CX gate.
More specifically Λj(Xk) denotes the gate Xk acting on qubit k controlled by state of
qubit j.
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The class BQP – which stands for bounded error quantum polynomial
time – includes the decision problems for which there is a quantum algorithm
that runs in polynomial time and provides the right answer with a probability
of at least 2

3 . A decision problem is a computational problem where the
output can be interpreted as a yes no answer to the question encoded in the
input of the computation. The choice of the bound for the success probability
is arbitrary, given that as far as this probability is larger than 1

2 one could
run the algorithm polynomially many times to increase the probability of
having the right answer arbitrarily close to 1.

An important problem belonging in BQP is the aforementioned factoriza-
tion problem. With the fastest known algorithm, Shor’s algorithm, a prime
factor of an integer n can be obtained in (roughly) O

[
log(n)3] time. As we

mentioned above, there is no known classical computer that solves it in poly-
nomial time. For this reason this problem is expected to be in the class NP.
These reasons make the factoring problem a crucial problem to compare the
powers of classical and quantum computations. Specifically, we have that the
same problem can be solved with a quantum computer exponentially faster
that with the best known classical algorithm. In the presence of oracles,
other quantum algorithms, like the Grover or the Deutsch-Josza algorithm
have been proven to be faster than their best known classical counterparts.

Given that a quantum computer can be used to simulate a classical com-
puter efficiently, it is clear that any problem in P is also in BQP. More-
over, problems like the factorization problem which is in BQP, seems to
fall outside the class P. However, the precise limits of the class BQP when
comparing it with classical complexity classes is yet unknown [Chuang].

The conjecture that quantum computers are faster than classical ones
rely on the assumption that no faster classical algorithms exist for those
computational problems where the quantum computer exhibits a speed up.
Furthermore, it is not fully understood which are the reasons which make
the existing quantum algorithms faster than their best classical counterparts.
Although entanglement and superposition are certainly necessary in a quan-
tum algorithms to outperform classical computer (assuming the unproven
statement than quantum computers is faster than a classical computer), it is
certainly not sufficient. In fact, as we mentioned above there are also quan-
tum computation where entanglement is present, which can be classically
efficiently simulated (see Matchgate circuits in Sec. 1.2). Other models of
computation like DQC1 (see Sec. 1.4) exhibit a power of computation which
seems to be more powerful than a classical computer but less powerful than
the full power of quantum computation [Knill and Laflamme (1998)].
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1.1.4 Models of universal quantum computation
In the previous subsection we have recalled the main elements that constitute
a quantum computation. Below we review three equivalent approaches to
perform quantum computation, where the equivalence is due to the fact
that each of the models can simulate a computation done by another model
with at most a polynomial overhead in the amount of resources required
to perform the computation. There are many models of universal quantum
computation, like quantum circuit, one way quantum computer, adiabatic
quantum computer, topological computation, etc. Below we review the main
characteristics of some of these models.

Quantum circuit

The model of computation whith which we have reviewed quantum com-
putation in Sec. 1.1.3 is the quantum circuit model. The quantum circuit
model consists of an n-qubit input state in the computational basis, |(k)〉,
a transformation of such a state by a unitary transformation, U , and a fi-
nal measurement of some qubits in the computational basis. In Fig. 1.3 the
conventional schecmatic representation of a circuit model is depicted. Each
line represents a qubit, which for a qunatum computer is constant along the
circuit. A given line represents the same physical qubit through the whole
computation. The unitary gates are depicted as boxes. As, by convention,
the circuit is read from left to right, the first gates that are applied to the ini-
tial state are the leftmost (U1 in the circuit of Fig. 1.3). The transformation
of the state is done by the product of every unitary gate Uj for 1 ≤ j ≤ N in
such a way that at the right-hand-side of the circuit one obtains the output
state |ψout〉 = UN · · ·U1 |ψin〉. The outcome of the computation rout is ob-
tained by measuring one or more qubits. Such a measurement is depicted by
the symbol given in Fig. 1.3. In the example considered in the figure, where
the outcome of the computation is obtained by measuring the first qubit in
the computational basis, one has that rout =

〈
ψin

∣∣∣U †Z0U
∣∣∣ψin

〉
.

One way quantum computer

The one way quantum computer or measurement based quantum computer
[Raussendorf and Briegel (2001)]is an equivalent model of computation to
the circuit model. The main idea of this quantum computer can be sketch as
follows. To perform a computation which is equivalnet to a quantum circuit
running on n qubits, a system of m > 2n qubits is initially prepared in a
so-called cluster state, which is highly entangled state. Two subsets of n
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Figure 1.3. Schematic representation of a quantum circuit model. In the particular exam-
ple depicted here, the initial state is prepared in a computational basis state
|k〉 ≡ |k0〉 ⊗ · · · ⊗ |kn−1〉, which is a natural generalization of the initial state
of the classical computer depicted in Fig. 1.1, however other pure states can
also be considered as initial state. The initial state is transformed by a series
of gates (unitary transformations) Ui and a single-qubit measurement in the
computational basis is performed at the end of the computation.

qubits of the cluster state are chosen before the computation in order to play
the role of the initial and output qubits of the computation. Afterwards,
a series of single qubit measurements are performed on the other qubits of
the cluster state. By choosing this measurements appropriately, the state of
the outcome qubits after the series of measurements is, up to local known
unitary transformations, the state |ψout〉 = U |ψin〉. The final measurement
can then be chosen to counteract the action of this known local unitaries,
which depend on the measurements performed and the outcomes obtained
on such a measurements.

As we discussed above, entanglement can be considered in many applica-
tions of quantum information processing as a resource. This interpretation
is also accurate in the one way computation model. In the one-way quantum
computer operations are implemented by single-qubit projective measure-
ments, which cannot create entanglement. Therefore, all the entanglement
in the system has to be present in the initial state, and each elementary
operation can be understood as a consumption of certain amount of entan-
glement.

Adiabatic quantum computer

This model of computation is specially useful in the case where the outcome
of the computation rout can be written as the vector where a given function
takes its minimum. Lets f : {0, 1}n → (0,∞) be a function with a unique
minimum f0 = f(x0) and the task of finding x0. In order to construct a
quantum computer whose outcome is rout = x0 we proceed as follows. Lets
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H1 be a Hamiltonian such that in diagonal form it is given by

H1 =
∑

x∈{0,1}n
f(x) |x〉 〈x| . (1.37)

Therefore given the properties of the function f(x), this Hamiltonian has a
unique groundstate |x0〉. Now let H be a linear interpolation between H1
and another Hamiltonian H0, with a unique groundstate |ψ0〉, which can be
constructed easily. The Hamiltonian H can be written as

H(λ) = (1− λ)H0 + λH1. (1.38)

One assumes that the Hamiltonian H(λ) has a unique groundstate for λ ∈
{0, 1}. In the case where the groundstate is also unique for λ ∈ [0, 1],
the groundstate of H1 can be prepared in the following way. Let U(τ) =
T
(

e−i
∫ τ

0 H[λ(t)]dt
)

where λ(t) is a continuous monotonous function of the
time t that takes the extreme values λ(0) = 0 and λ(τ) = 1. Then by the
adiabatic theorem (see it later in Sec. 2.2) one has that by time evolving the
state |ψ0〉 by the unitary U(τ) yields

|x0〉 = U(τ) |ψ0〉 . (1.39)

By measuring each of the qubits of |x0〉 in the computational basis one can
extract the value rout = x0.

1.1.5 Quantum simulation
Here we review the main ideas presented in [Llody (1996)], where the con-
jecture that quantum computers can be used to simulate any local quantum
system [Feynman (1982)] is verified. As mentioned above, the evolution of
the state of, say, n qubits is done by a unitary U(t) = e−iHt, and the state
after the evolution is a state |ψ(t)〉 = U(t) |ψ0〉. A general time evolution op-
erator has 22n complex coefficients. Therefore, storing the state |ψ0〉 and time
evolving it require of a memory of O(2n) and 22n operations. This turns the
problem of simulating the time-evolution of a quantum system intractable
with a classical computer, as we anticipated in Sec. 1.1.3.

An alternative to this problem is to use a quantum system that one is
able to control to relatively good approximation to mimic the evolution of
the system of interest. by doing so, only n qubits are required to encode the
information about the state |ψ0〉 and the implementation of U(t) can be done,
for example, using the concept of universal set of gates presented above. That
is, U(t) can be implemented by a sequential application of the elementary
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gates that decompose it. Doing so, one requires of only n qubits to encode the
state |ψ0〉 instead ofO(2n) classical bit. However, in general an arbitrary time
evolution unitary has O (22n) independent coefficients, which would require
a similar number of elementary gates to implement. Therefore, a quantum
computer would still require an exponential amount of time to simulate a
quantum time-evolution in the case of an arbitrary unitary. However, in
many practical problems the time-evolution unitary does not contain so many
free parameters.

Many physically relevant Hamiltonians, and in particular the ones that we
consider in the subsequent sections, are a sum of few-body Hamiltonians Hk,
where each of these Hamiltonians acts not trivially in a constant (probably
dependant on k) number of qubits. That is, they are of the form

H =
m∑
k=1

Hk, (1.40)

where m is at most a polynomial function of the number of qubits, n. The
restriction that Hk acts on a constant number of qubits implies that the
unitary matrix Uk(t) = e−iHkt can be decomposed into a constant number
of elementary gates. In turn, the unitary U(t) = e−iHt can be decomposed
into a product of unitaries Uk(t) in the following way. Defining the time step
∆t ≡ t/L, where L is an integer number, one has that

U(t) =
(
e−iH∆t

)L
. (1.41)

For small time steps ∆t one can use the Trotter formula to factorise the
unitary U(t). The Trotter formula can be stated as

e−i(A+B)∆t = e−iA∆t e−iB∆t +O(∆t2), (1.42)

for two Hermitian matrices A and B. Therefore, for a large enough number
of terms L one has that the unitary U(t) can be approximated by

Ũ(t) =
(

m∏
k=1

e−iHk∆t
)L

. (1.43)

Hence, in particular a quantum circuit could simulate the original quantum
system by applying a succession of Uk(∆t) = e−iHk∆t gates.

A particular case of a Hamiltonian of the form given in Eq. (1.40) is
the XY Hamiltonian that we present in the subsequent chapter. In Part II,
we make use of the procedure described here to decompose the time evolu-
tion operator into a sequence of gates. The gates obtained in this way are
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a particular kind of two qubit gates called matchgates, that we review in
Sec. 1.2. As we will see later, in Sec. 1.3 circuits whose gates are exclusively
matchgates (and the initial state and measurement operator are of a specific
form given later) can be in turn simulated by another quantum circuit which
runs on exponentially less qubits. Part II consists mainly in the computation
of various compressed circuits that simulate different evolutions of a system
described by the XY model.

1.2 Quantum Computation with matchgates
Matchgates constitute an interesting class of two–qubit gates, which occur
for example in the theory of perfect matchings of graphs, non-interacting
fermions, and one-dimensional spin chains. A matchgate is a 2-qubit gate
G(A,B) of the form

G(A,B) =


p · · q
· w x ·
· y z ·
r · · s

 , (1.44)

where

A =
(
p q
r s

)
and B =

(
w x
y z

)
,

are unitaries which satisfy that

det(A) = det(B). (1.45)

We will call a matchgate circuit a quantum circuit consisting solely of
gates like the one in Eq. (1.44). Two important results, which are relevant
here, have been proven for matchgate circuits where each gate is acting on
nearest neighbours (n.n.), the input states are computational basis states
and the outcome is obtained via a single qubit Z-measurement [Jozsa and
Miyake (2008); Jozsa et al. (2009)]. The first result [Jozsa and Miyake (2008)]
shows that any of those circuits can be computed efficiently on a classical
computer. In the subsequent Sec. 1.2.1, we review this result for a simple case
of matchgate circuit (see Circuit 1 below), for later generalizing to a more
general set of matchgate circuits in Sec. 1.2.3. The second result [Jozsa et al.
(2009)] establishes an equivalence between matchgate circuits and universal
quantum computation running on exponentially less qubits (see Theorem 5
in Sec. 1.3).
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1.2.1 Efficient classical simulation of matchgate circuits
In this subsection we review matchgate circuits whose outcomes can be simu-
lated classically efficiently. To show that this is possible we use the procedure
and recall some of the results presented in [Jozsa and Miyake (2008)]. In the
following we first recall the proof of this result for a particular case of match-
gate circuit, where the input state and final measurement are of a simple
form. Doing so, the main ideas of the proof can be seen more clearly. Af-
terwards, in Sec. 1.2.3 we extend this proof for a more general matchgate
circuit.

Let us consider here the following circuit:

Circuit 1. A matchgate circuit of size N and width n, where

(i) the input state is the product state |0〉⊗n,

(ii) the unitary matrix is composed of N n.n. matchgates,

(iii) and the output is a final measurement of the first qubit in the compu-
tational basis.

This is a particular case of the circuit considered in [Jozsa and Miyake
(2008)], where it has been shown that the output of such a circuit can be
computed classically in O [poly(n,N)] steps. The main details of the proof
consist in writing the output of such a circuit, i.e. 〈Z1〉 as the component
of a product of matrices of dimension 2n × 2n. Moreover each of this ma-
trices can be computed classically efficiently from the decomposition of the
circuit into n.n. matchgates. Below we recall the proof that the outcome
of Circuit 1 can be computed classically efficiently. In order to see this, we
first introduce some useful concepts below. In the subsequent sections, we
will that matchgates circuits acting on nearest and next-nearest neighbours
can achieve universal quantum computation. Therefore, the restriction to
exclusively n.n. gates in Circuit 1 is fundamental. In the following we might
omit the n.n. specification when referring to gates or circuits when it does
not lead to confusion.

For a system of n qubits, one introduces the set of 2n hermitian operators,
{xj}j=0,...,2n−1, which satisfy the anti commutation relations (see for instance
[Jozsa and Miyake (2008)])

{xj, xk} = xjxk + xkxj = 2δj,k1l, for j, k ∈ {0, . . . , 2n− 1}. (1.46)

This operators are commonly called Majorana operators. They are the gen-
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erators of a Clifford algebra of operators in a Hilbert space of n qubits 2.
The operators

x(k) = xk0
0 · · ·x

k2n−1
2n−1 , (1.47)

where the indexes kj ∈ {0, 1} are the binary components of the integer k, are
the elements of C = {x(k)}k=0,...,4n−1, which a basis of operators in the Hilbert
space of n qubits. An equivalence between the Majorana operators and Pauli
operators can be established using the Jordan-Wigner (JW) representation
of the operators xj. In this representation, the generators xj are given by

x0 = X 1l · · · 1l . . . x2k = Z · · ·Z X 1l · · · 1l . . .

x1 = Y 1l · · · 1l . . . x2k+1 = Z · · ·Z Y 1l · · · 1l . . .
, (1.48)

where the operators X and Y act on the kth qubit in x2k and x2k+1, for
k ∈ {0, . . . , n− 1}. A Hamiltonian is said to be quadratic in the elements of
the Clifford algebra if it can be written as

H = i
2n−1∑
j 6=k=0

hj,kxjxk, (1.49)

where h is a real antisymmetric matrix. Note that the operators xj change
in a particular way under conjugation by unitaries of the form of U = e−iH ,
where H is given as in Eq. (1.49). In [Jozsa and Miyake (2008)] it was proven
that

U †xjU =
2n−1∑
k=0

Rj,kxk, (1.50)

where R = e4h ∈ SO(2n) is a real 2n× 2n matrix.
The connection between the unitary U and n.n. matchgates is obtained

by the following facts. Any n.n. matchgate, i.e. any gate of the form of
Eq. (1.44), can be written as the exponential of a quadratic Hamiltonian
of the form given in Eq. (1.49) . Moreover, any unitary U = e−iH , where
H is a quadratic Hamiltonian, can be decomposed into a product of O(n3)
n.n. matchgates [Jozsa et al. (2009)]. This result has the following implication
that we will use in the subsequent section. As Eq. (1.50) establishes an
equivalence between special orthogonal matrices R and unitaries U of the
form we just described, it follows that given an arbitrary special orthogonal
matrix R one can construct a product of N = O(n3) n.n. matchgates Uj such
that U = UN · · ·U1 and R satisfy Eq. (1.50).
2 Any element of this Algebra is obtained as a complex linear combinations of prod-
ucts of the generators cj , i.e. an arbitrary element of the Algebra is of the form∑
i1<···<ik Ai1...ikxi1 . . . xik , with Ai1,...ik ∈ C.
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We are now in condition to recall the proof that the outcome of Circuit
1 can be computed classically efficiently. Let us assume that the product
of matchgates is given by the matrix U = UN · · ·U1, where Uj represents
an arbitrary n.n. matchgate. Each matchgate is of the form of Uj = e−iHj

with Hj of the form of Eq. (1.49), with a matrix of coefficients hj. As each
matchgate acts on consecutive qubits, the Hamiltonians Hj are an expansion
of 4 × 4 terms. Therefore, hj can be computed with a constant number of
operations. By extension the orthogonal matrix Rj ≡ e4hj associated to the
matchgate Uj can also be computed with a constant number of operations.
The matrix R associated to the whole circuit is given by R = RN · · ·R1, as
can be easily seen from Eq. (1.50), and can be computed with O [poly(N, n)]
operations.

Let |ψin〉 = |0〉⊗n denote the input state of the matchgate circuit. Using
Eq. (1.50) and the fact that Z0 = ix1x0, the expectation value of Z0 is given
by

〈Z0〉 =
〈
ψin

∣∣∣U † (ix1x0)U
∣∣∣ψin

〉
=

2n−1∑
j 6=k=0

R1,jR0,k 〈ψin|ixjxk|ψin〉

=
[
RC(ψin)RT

]
1,0
.

(1.51)

Here, C(ψin) is defined by C(ψin)j,k ≡ 〈ψin|ixjxk|ψin〉 for j 6= k and C(ψin)j,j =
0. Explicitly this components take the values

C(ψin)j,k =


−1 if (j, k) = (2l, 2l + 1) for some l ∈ Z, l ≥ 0

1 if (j, k) = (2l + 1, 2l) for some l ∈ Z, l ≥ 0
0 otherwise.

(1.52)

In order to see that the right-hand-side of Eq. (1.51) can be computed effi-
ciently, note that both matrices R and C(ψin) are of dimension 2n×2n. As R
can be computed efficiently as we mentioned above, the product RC(ψin)RT

can be computed with O [poly(N, n)] classical operations as well.
Here we have considered the scenario where the initial state is a simple

product state and the observable is a single qubit operator. In Sec. 1.2.3 we
show that the outcome of matchgate circuits where these two elements of the
circuit take a more general form can also be computed classically efficiently.
In order to do so it is convenient to introduce in the following the concepts
of fermionic Gaussian states and correlation matrices. There we will see that
the matrix C(ψin) is the correlation matrix of the state |ψin〉, while the matrix
RC(ψin)RT is the correlation matrix of the transformed state U |ψin〉.
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1.2.2 Fermionic Gaussian states and matchgate circuits
In this subsection we recall briefly the concept of fermionic Gaussian states
and the transformation of such states by of n.n. matchgates. More precisely
we recall that the set of fermionic Gaussian states is closed under the action
of n.n. matchgates. Using the standard form of fermionic Gaussian states
and the block diagonalization of real antisymmetric matrices, below we also
recall the preparation of any fermionic Gaussian as the result of applying
n.n. matchgates to a product state in the computational basis.

Fermionic Gaussian states can always be written as

ρ = K exp
[
− i

4x
TGx

]
, (1.53)

where x ≡ (x0, . . . , x2n−1)T is a vector of Majorana operators xj, which
satisfy Eq. (1.46). The coefficient K is a normalization constant and G is a
real antisymmetric matrix of dimensions 2n × 2n. Any real antisymmetric
matrix G can be brought into block diagonal form by a special orthogonal
transformation. Specifically, one has that G = RDRT, where R ∈ SO(2n)
and

D =
n−1⊕
j=0

(
0 −βj
βj 0

)
. (1.54)

The coefficients βj ∈ R, ∀j and are called Williamson eigenvalues of D.
The block diagonalization of the matrix G leads to the so-called Williamson
normal form of ρ,

ρ = K exp
[
− i

4 x̃
TDx̃

]

= 1
2n

n−1∏
j=0

(1l + iλjx̃2jx̃2j+1) ,
(1.55)

where the vector of Majorana operators x̃j is obtained from x from the
expression x̃ = RTx. The coefficients λj are related to the Williamson
eigenvalues by the relation λj ≡ tanh(βj/2) and have to satisfy that λj ∈
[−1, 1], ∀j in order for ρ to be a positive semi-definite matrix. As we will see
below, a fermionic Gaussian state can always be taken into its standard form
by a unitary transformation U = e−iH with H of the form given in Eq. (1.49).

Correlation matrix

It is now convenient to recall the definition of correlation matrix of the state
ρ, as it will be of relevance in the subsequent sections. The correlation matrix
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contain all the second moments of the state ρ and is defined as

C(ρ)i,j ≡
i
2 tr

(
[xi, xj] ρ

)
. (1.56)

As the operator ixixj is Hermitian for any i 6= j, one has that C is a real
antisymmetric matrix. Both matrices C(ρin) and G, in Eq. (1.53) are taken
into diagonal form by the same orthogonal transformation R, that is

RC(ρ)RT =
n−1⊕
j=0

(
0 −λj
λj 0

)
, (1.57)

where λj are the same coefficients appearing in Eq. (4.8). In fact C(ρ) and
G are related by the expression

C = tanh
(
G

2

)
. (1.58)

The importance of the correlation matrix C(ρ) is that it fully characterizes
the state ρ. In order to see this, let us recall Wick’s theorem (see for instance
[Bravyi (2005)]).

Theorem 2. Given a fermionic Gaussian state ρ with a correlation matrix
C(ρ), the following expression holds

tr [ρ x(k)] = i
‖k‖

2 Pf [C(ρ)|k] , (1.59)

where x(k) has been defined in Eq. (1.47), ‖k‖ denotes the Hemming weight of
the binary string (k0, . . . k2n−1), i.e. ‖k‖ = ∑2n−1

j=0 kj, and Pf(·) denotes the
Pfaffian function, i.e. Pf(A) = 1

2nn!
∑
σ∈S2n sgn(σ)∏n

i=1Aσ(2i−1),σ(2i), where
S2n is the symmetric group and sgn(σ) is the sign of the permutation σ. By
A|k we denote the ‖k‖ × ‖k‖ sub-matrix of A which is obtained by removing
the jth row and column and column of A in the case where kj = 0.

Note that, given that the Pfaffian of an n× n matrix with odd n is zero,
Eq. (1.59) is equal to zero for any k such that ‖k‖ is odd.

The operators x(k) are the elements of the basis of operators C defined
above [see Eq. (1.47)], and the coefficients αk = tr[ρx(k)] are the coefficients
of the expansion of ρ in the basis C, i.e. ρ = ∑

k αkx(k). Given that any αk
can be computed using C(ρ) and Eq. (1.59), it follows that the correlation
matrix C(ρ) fully describes the state ρ.
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Transformation of fermionic Gaussian states with n.n. matchgates

As mentioned in the previous section, any product of matchgates can be
written as a single unitary matrix U = e−iH , with a quadratic HamiltonianH,
and one can associate to it a special orthogonal matrix R = e4h. Therefore,
one can easily verify that given a fermionic Gaussian state ρ, characterized
by a matrix G according to Eq. (1.53), the transformed state ρ′ = UρU † is
also of the form given in Eq. (1.53), with a matrix

G′ = RGRT. (1.60)

This can be seen by noting that U
(
xTGx

)
U † = xTRGRTx, which follows

directly from Eq. (1.50). Using the definition of correlation matrix given
in Eq. (1.56) one can verify that the correlation matrix is transformed in a
similar way, that is

C(ρ′) = RC(ρ)RT. (1.61)
We we can easily recall the proof of the following lemma.

Lemma 3. Let ρ be an arbitrary fermionic Gaussian state of the form given
in Eq. (1.53), then there is a product of O (n3) n.n. matchgates U such that
ρ = UρDU

†, where ρD is a fermionic Gaussian state given in the Williamson
normal form.

Proof. The product of matchgates is constructed as follows. Given ρ of the
form of Eq. (1.53), the matrix G can be block diagonalised as G = RDRT.
Let ρD be defined as ρD ≡ exp

(
− i

4x
TDx

)
. From the discussion given in

the previous section we have that one can associate to R a product of O(n3)
matchgates, which can be written as a single unitary matrix U in such a
way that Eq. (1.50) holds. Then it follows directly from Eq. (1.60) that
UρDU

† = ρ.

Let us finally remark that using the JW representation presented in
Eq. (1.48) one can see that the state ρD from which one can construct ρ
in the way described in the proof of Lemma 3, is a diagonal matrix in the
computational basis, given by

ρD =
n−1⊗
j=0

(1 + λj
2

)
|0〉 〈0|j +

(
1− λj

2

)
|1〉 〈1|j

. (1.62)

Here the sub-index j indicates the qubit. Therefore, we conclude that any
fermionic Gaussian state can be generated with a poly-sized n.n. matchgate
circuit whose initial state is a product state in the computational basis.



1.2 Quantum Computation with matchgates 37

1.2.3 Generalization of matchgate circuits that are classically ef-
ficiently simulatable

Above we have recalled the classical simulation of the matchgate circuit de-
scribed in Circuit 1. In this subsection, we consider matchgate circuits where
the initial state and the observable are more general operators than those
considered in Circuit 1. Using the same procedure used in Sec. 1.2.1, and
the concepts of correlation matrix in the previous subsection, we show that
the outcome of these more general circuits is still classically efficiently com-
putable.

Generalization of the initial state

In Sec. 1.2.1 we have recalled that the output of the matchgate cricuit 1, 〈Z0〉
can be written in terms of the correlation matrix of the initial state C(ψin)
[see Eq. (1.51)]. If one considers the same circuit but an arbitrary fermionic
Gaussian state ρin as the initial state, a expression similar to Eq. (1.51) can
be found. Specifically, we have that

〈Z0〉 = [C(ρ)]1,0 , (1.63)

where C(ρ) is the correlation matrix of the transformed state ρ = UρinU
†.

That is, the outcome of the computation corresponds to a single matrix
element of the correlation matrix of the transformed state ρ.

As C(ρ) = RC(ρin)RT due to Eq. (1.61), it is clear that provided that
C(ρin) can be computed classically efficiently the output 〈Z0〉 is classically
efficiently computable as well. Note that this implies that any fermionic
Gaussian state is a valid input state provided that we know the correlation
matrix. As in general this might not be the case, we consider the set of
states for which it can be computed efficiently. Given that the components
of the correlation matrix C(ρin) can be computed using Eq. (1.56) a sufficient
condition for C(ρin) to be computed classically efficiently is that

ρin = ρ0 ⊗ · · · ⊗ ρk (1.64)

where ρj, for 0 ≤ j ≤ k ≤ n−1 is a reduced density matrix ofO{poly [log(n)]}
qubits, as for this case ρj is a O

[
poly(n)

]
sized matrix. It follows that for any

initial state of this form the outcome of the circuit, 〈Z0〉 can be computed
classically efficiently.

Hence, the output of a matchgate circuit like Circuit 1 where the initial
state is of the form of ρin, given in Eq. (1.64) can be computed classically
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efficiently. Clearly any other state ρ′ which can be prepared from ρin us-
ing O[poly(n)] matchgates can also be considered as the initial state, as its
correlation matrix C(ρ′) can be computed efficiently given C(ρin).

Generalization of the observable

One can also consider a more general observable than Z0 in Circuit 1 without
loosing the classical simulability of the output of such a matchgate circuit.
Here we consider instead of |0〉⊗n the initial state ρin given in Eq. (1.64)
and for the moment a general n-qubit operator Q. We then derive sufficient
conditions on the observableQ such that the output of this generalized circuit
is classically efficiently computable.

Note that one can always decompose any observable Q into the basis of
operators C [see Eq. (1.47)] as

Q =
4n−1∑
k=0

i−
‖k‖

2 qkx(k). (1.65)

Calling by ρ = UρinU
† the output state of the circuit, the outcome 〈Q〉 =

tr(Qρ) can be computed using the Wicks formula. One can easily see that

〈Q〉 =
4n−1∑
k=0

qk Pf [C(ρ)|k] . (1.66)

As before, C(ρ)|k denotes the sub-matrix of C(ρ) obtained by removing the
jth row and column in the case where kj = 0. As C(ρ) can be computed
efficiently and also the Pfaffian of a matrix can be computed efficiently in
the dimensions of the matrix (note that the dimension of C(ρ)|k is smaller or
equal than 2n×2n), it follows that Pf [C(ρ)|k] can be computed efficiently, ∀k.
Therefore, the computation of 〈Q〉 can be done classically efficiently provided
that the decomposition of Q into the Clifford Algebra [see Eq. (1.65)] has
O [poly(n)] terms where ‖k‖ is even [while an arbitrary number of terms
where ‖k‖ is odd is allowed as this terms do not contribute in Eq. (1.66)].

Hence, it is convenient to define the following matchgate circuit.

Circuit 4. A matchgate circuit of size N and width n such that

(i) the input state is an n qubit mixed state ρin,

(ii) the unitary is composed of N n.n. matchgates,

(iii) and the output is a final measurement of the observable Q,
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where ρin is of the form given in Eq. (1.64) and the observable Q is given as
a decomposition in the Clifford algebra C with polynomially many terms with
even ‖k‖ and arbitrarily many terms with odd ‖k‖.

Form the discussion of this section one can conclude that the outcome of
Circuit 4 can be computed classically in O [poly(n,N)] steps.

1.2.4 From matchgate circuits to universal quantum computation
The set of n.n. matchgates is not universal. This can be easily seen if we con-
sider, for example, the transformation of fermionic Gaussian states described
in Sec. 1.2.2. There, we have seen that applying a product of matchgates
to a fermionic Gaussian state, of say n qubits, can only generate another
fermionic Gaussian state. As a Gaussian state is characterized by a matrix
of O[poly(n)] dimension, a matchgate circuit can never be used to generate
any state in the Hilbert space H2n , which is a condition to be a universal
quantum computer. However, by a simple generalization, a matchgate circuit
like Circuit 1 becomes a universal quantum computer. Below we recall two
of these extensions. First we see that a quantum computer where each gate
is either a n.n. matchgate or nearest-neighbor matchgates one can achieve
universal quantum computation [Jozsa and Miyake (2008)]. Afterwards, us-
ing the results presented in [Brod and Childs (2014)] we recall that it suffices
to have a universal computer using exclusively n.n. matchgates and allowing
for the use of SWAP gates on the first two qubits.

As one can see, in both cases mentioned above, universal quantum com-
putation is achieved by completing the set of n.n. matchgates with other
kind of gates: in the first case with next nearest neighbor matchgates while
in the second with SWAP gates acting on the first two qubits. The idea of the
proofs recalled below is to show that any local unitary and CZ gate can be
generated using gates from these enlarged set of gates. As the set containing
CZ and any single qubit unitary is a universal set of gates (see Sec. 1.1.3),
a model of computation which can implement these gates is universal [see
Sec. 1.1.3].

Nearest- and next nearest-neighbour matchgates

In [Jozsa and Miyake (2008)] it was shown that allowing, in addition to
n.n. matchgates, matchgates that act on next nearest-neighbour qubits is
sufficient to achieve universal quantum computation. In order to prove this,
the state of each single qubit, or logical qubit, is encoded using four physical
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qubits. In the case the logical basis states are defined as

|0L〉 ≡ |0000〉 and |1L〉 ≡ |1001〉 . (1.67)

Thus, the idea of the proof consist in using n.n. matchgates and SWAP
gates in order to implement an arbitrary local unitary and CZ gates on the
tensor product space of span {|0L〉 , |1L〉}. Due to the particular encoding
used, we see that the circuit of n.n. matcgates and SWAP gates is equivalent
to a circuit of n.n. matchgates and next-n.n. matchgates [Jozsa and Miyake
(2008)].

Let us first recall the implementation of single-qubit gates, i.e. any 2× 2
unitary matrix, in the encoded space. For doing so let us consider a set
of four physical qubits (1,. . . , 4) encoding one logical qubit. For any given
single-qubit unitary A, the product of matchgates given by

G(Z,X)1,2 G(Z,X)3,4 G(A,A)2,3 G(Z,X)1,2 G(Z,X)3,4, (1.68)

implements such a unitary on the encoded space, where X and Z are Pauli
operators. In order to see this, first note that for the given encoding, qubits
2 and 3 are prepared in the state |0〉 for both logical states. Therefore, the
product G(Z,X)1,2 G(Z,X)3,4 acting on any of the logical states performs a
swapping of the pair of qubits (1, 2) and (3, 4). Note that G(A,A) = A⊕A,
with one sub-matrix A acting on span

{
|00〉 , |11〉

}
, or even subspace and

the other in span
{
|01〉 , |10〉

}
, or odd subspace [see Eq. (1.44)]. Due to the

swapping of qubits, the matchgate G(A,A) acts on two physical qubits that
are in the state |00〉 if the logical state is |0L〉, or |11〉 if the logical state is |1L〉.
It follows that G(A,A)2,3 implements the unitary A in the even subspace of
qubits 2 and 3. To complete the operation, the product G(Z,X)1,2 G(Z,X)3,4
implements the inverse swapping operation of the pair of qubits (1, 2) and
(3, 4), returning the physical qubits to the original positions.

We now recall the implementation of the two-qubit CZ gate using n.n
matchgates and SWAP gates. For doing so, one considers eight physical
qubits where the first (last) four qubits encode the first (second) logical
qubit. Note that in order to implement the CZ gate in the encoded space,
it is sufficient to implement it in the fourth and fifth physical qubits, as the
action of CZ4,5 yields a minus phase only in the case where the two qubits
are in the state |11〉4,5 which occurs when the system is in the state |1L1L〉.
It can be easily verified that CZ4,5 can be implemented as

CZ4,5 = G(H,H)4,5 SWAP4,5 G(X,X)4,5 G(H,H)4,5, (1.69)

where H is the Hadamard matrix. Thus we have seen that any single qubit
unitary and CZ gate acting on consecutive logical qubits can be implemented



1.2 Quantum Computation with matchgates 41

using n.n. matchgates and SWAP gates. We now recall that due to the
particular encoding used, no qubit is ever displaced more that one position
from its original position.

The SWAP gates used in teh implementation of CZ in Eq. (1.69) can
be commuted through the circuit to the output end of the circuit, were one
can disregard them as they corresponds to a simple relabelling of qubits.
The circuit that is obtained by doing so contains n.n. matchgates and next-
n.n. matchgates. This can be seen by observing the two following commu-
tation relations given below in Eqs. (1.70) and (1.71). Due to the block
structure of the SWAP gate one has the product of a SWAP gate and a n.n
matchgate acting on the same pair of qubits satisfies that

SWAP G(A,B) = G(A,B′) SWAP (1.70)

with B′ = XBX. Now let us consider the case where a SWAP gate and
a n.n. matchgate do not act on the same pair of qubits. W.l.o.g. we can
consider SWAP4,5 and G(A,B)3,4. In this case we have that

SWAP4,5 G(A,B)3,4 = SWAP4,5 G(A,B)3,4 SWAP4,5 SWAP4,5

= G′(A,B)3,5 SWAP4,5
(1.71)

where G′(A,B)3,5 is now a next-n.n. matchgate.
Here we have recalled the proof that a set containing any n.n. match-

gates and SWAP gates is universal, or alternatively, the set containing any
n.n. matchgate and next-n.n. matchgates. Moreover, using the fact that
eiZ⊗Z = (H⊗H) eiX⊗X(H⊗H) one can easily prove that SWAP can be de-
composed into a product of matchgates and local Hadamard gates. Therefore
another alternative way of extending the set of n.n. matchgates into a uni-
versal set is by considering in addition local Hadamard gates. Note that the
determinant condition in Eq. (1.44) is critical as it excludes the SWAP gate
from the set of n.n. matchgates.

Nearest-neighbour matchgates and SWAP1,2

In [Brod and Childs (2014)] an extensive investigation about generalization
of n.n. matchgate circuits into universal quantum computation has been pre-
sented. Some of this extensions require a minimal modification of the set of
n.n. matchgates to achieve a universal quantum computer. Here we recall
the proof that the set containing any n.n. matchgates together with SWAP1,2
is a universal set of gates. That is, in contrast to the universal set described
in the previous subsection, here the SWAP gate acts exclusively on the first
two qubits.
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Figure 1.4. The implementation of a single qubit unitary A and a CZ gate in an encoded
space is depicted. In (a), n.n. matchgates are used to implement an arbitrary
unitary A in the logical space span {|0L〉 , |1L〉}. Due to the encoding consid-
ered here, the gates G(Z,X) act as a swap gate, swapping qubits 1 and 4 into
positions 2 and 3 (and back). Doing so, the gate G(A,A) is effectively acting
on qubits 1 and 4. In (b) eight physical qubits are depicted which encode the
two logical qubits |aL〉1 and |bL〉2. N.n. matchgates and a SWAP gate are
used to implement a CZ gate on qubits 4 and 5. Due to the encoding, this is
equivalent to implementing a CZ gate on the two logical qubits.

We follow the procedure presented in [Brod and Childs (2014)], and define
a family of different kind of matchgate circuits (not necessarily n.n. match-
gates) in such a way that n.n. matchgate circuits are simply one element
of these family. The other elements of the family are also matchgate cir-
cuit, but where the two qubits on which matchgates are allowed to act are
determined by different rules. E.g. a circuit where n.n. and next n.n. match-
gates are allowed is a another element of the family, and so on and so forth.
Each element of this family can be associated to an n-vertex graph in a very
convenient way that we recall here [Brod and Childs (2014)].

One can associate to each kind of matchgate circuit an n-vertex graph,
where each vertex corresponds to a given qubit, and an edge between these
qubits exists if single matchgates are allowed to act on these two qubits.
In order to illustrate this, consider the examples depicted in Fig. 1.5. In
the graph depicted in Fig. 1.5 (a), only consecutive vertices are connected
by an edge. Therefore, this graph represents the n.n. matchgates. In the
graph depicted in Fig. 1.5 (b) additional edges connect vertices at distance
2. Hence, this graph represents matchgate circuits acting on n.n. and next-
n.n. qubits. In Fig. 1.5 (c) we have depicted the graph that corresponds
to the model of universal computation recalled above, which was obtained
considering n.n. matchgates and SWAP gates. As was discussed there the
SWAP gates can be commuted through all the gates of the circuit, leading
to a circuit of n.n. matchgates and next-n.n. matchgates. However, due to
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the encoding, next-n.n. gates do not act on arbitrary qubits, but only on
those physical qubits which encode differnt logical qubits. E.g. qubits 3 and
5, but not 3 and 1. [see Eq. (1.71) and Fig. 1.4].

From the discussion above, we have that the graph depicted in Fig. 1.5 (c)
represents a universal matchgate circuit, while the one depicted in Fig. 1.5
(a) represents a classically efficiently simulatable circuit. In [Brod and Childs
(2014)] it was shown that the somehow minimally modified graph that is
obtained by attaching an additional vertex to any point of the linear graph
is associated to a matchgate circuit that is universal. Below we review the
proof of this statement for the case where the additional qubit is attached
to the first qubit as is depicted in Fig. 1.6. Furthermore, from the details
of the proof we easily derive that the set of n.n. matchgates and SWAP1,2,
constitutes a universal set of gates.

Let us consider a graph of the form given in Fig. 1.6. The qubits α
and β are auxiliary qubits which are initialized in the state |0〉. The rest
of the qubits are used to encode logical qubits using the two-qubit encoding
characterized by the logical basis states

|0L〉 ≡ |00〉 and |1L〉 ≡ |11〉 . (1.72)

Therefore, we assume that an arbitrary logical qubit, j, for j = 1, 2, . . . is
encoded by physical qubits 2j − 1 and 2j. Below, we recall how any single-
qubit gate and the CZ gate can be implemented on the logical qubits by
applying matchgates exclusively on qubits that are associated to a connected
pair of vertices in the graph given in Fig. 1.6.

Using the encoding given by Eq. (1.72) an arbitrary single-qubit gate A
acting on the logical space can be implemented by applying the matchgate
G(A,A) on a consecutive pair of physical qubits. This can be proven in the
same way that it has been proven that the circuit in Fig. 1.4 implements the
gate A on the basis given in Eq. (1.67).

In order to see that the CZ gate can be implemented in any pair of logical
qubits, a couple of observations have to be made. With this encoding a SWAP
operation can be implemented in the logical space using n.n. matchgates
acting on the physical qubits. In order to see this, let us denote by Sj,j+1
the fermionic-swap gate acting on physical qubits j and j + 1. An arbitrary
logical qubit will be denoted by |ψL〉 ≡ a |0L〉+ b |1L〉 = a |00〉+ b |11〉 and let
|φ〉 be an arbitrary state of a single physical qubit. Then it is easy to verify
that

Sj,j+1 Sj+1,j+2 |ψL〉j,j+1 |φ〉j+2 = |φ〉j |ψL〉j+1,j+2 , (1.73)
i.e. a logical qubit can be swapped with an adjacent physical qubit us-
ing fermionic-swap gates. In order to see this, we look at the action of
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Sj,j+1 Sj+1,j+2 on the basis vectors. If |φ〉 = |0〉, or |ψL〉 = |0L〉, the fermionic
swap gates, S, behaves as a SWAP gate. In the case where |φ〉 = |1〉 and
|ψL〉 = |0L〉 each of the two fermionic swap gate picks a −1 phase factor,
which is thus cancelled out.

From Eq. (1.73) it follows directly that

S2,3 S3,4 S1,2 S2,3 |ψL〉 |ϕL〉 = |ϕL〉 |ψL〉 . (1.74)

Therefore, in order to implement a CZ gate between two arbitrary logical
qubits, a chain of Sk,k+1 gates can be used to move this two logical bits
to the first two positions of the chain, i.e. located in qubits 1, . . . , 4 (see
Fig. 1.6), where the two physical qubits encoding a single logical qubit are
depicted inside a grey box. Once the logical qubits have been brought to
this position, a CZ gate can be implemented on these two logical qubits by
applying the following product of gates

S2,3 S3,4 S1,2 Sβ,1 S1,2 Sα,1 Sβ,1 S1,2 Sα,1 S3,4 S2,3, (1.75)

which are all matchgates acting on qubits which are connected by an edge.
Note that since qubit 1 has three neighbours, this circuit is not an n.n.
matchgate circuit. Using Eq. (1.75) a CZ gate can be implemented on the
logical quibits encoded by qubits 1 to 4. Afterwards the logical qubits can
be returned to their original position in the chain. In this way a CZ gate
can be implemented in an arbitrary pair of qubits, and given that single
qubit unitaries can also be implemented in teh encoded space, it follows
that universal quantum computation can be implemented with the circuit
associated to the graph given in Fig. 1.6.

From the product of gates given in Eq. (1.75) one can note that the set
of gates acting on the auxiliary qubits are effectively implementing a SWAP
gate on qubits 2 and 3, or with the aid of appropriate fermionic swap gates,
on qubits 1 and 2. In fact, instead of using the auxiliary qubits α and β one
can also implement CZ34 using n.n. matchgates and the SWAP1,2 gate as

CZ3,4 = S2,3 S3,4 S1,2 S2,3 (S1,2 SWAP1,2) S2,3 S1,2 S3,4 S2,3 (1.76)

Hence, as mentioned above, a set of n.n. matchgates together with the
SWAP1,2 gate constitute a universal set of gates on the encoded space.

1.3 Compression of matchgate circuits
Here we recall the second important result regarding matchgate circuits,
which states an equivalence between matchgate circuits and quantum circuits
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Figure 1.5. Graphs corresponding to different kinds of matchgate circuits. These graphs
represents matchgate circuits where matchgates are allowed to act on any pair
of qubits which are connected by an edge. The graph (a) represents a n.n.
matchgates circuit. Graphs (b) and (c) represents matchgate circuits which
are universal [Jozsa and Miyake (2008)] and [Brod and Childs (2014)]. In [Brod
and Childs (2014)] it was shown that the matchgate circuit represented by the
graph that is obtained by simply attaching one more vertex to an arbitrary
point of the chain (a) is a universal circuit (see Fig. 1.6)

Figure 1.6. This graph is associated to a matchgate circuit which is universal, which can
be proven using the encoding given in Eq. (1.72). Vertices α and β represent
auxiliary qubits which are prepared in the state 0. In order to implement a
CZ on an arbitrary pair of logical qubits, a chain of fermionic swap gates can
be used to swap the logical qubits to the first four qubits of the chain. Here
we have depicted a grey box surrounding about the physical qubits which
encode a single logical qubit. By applying matchgates on the qubits which
are connected with an edge a CZ gate can be implemented on the two logical
qubits which are depicted.

running on exponentially less qubits [Jozsa et al. (2009)]. In order to state
this results we denote by MG(n,N) a matchgate circuit like Circuit 1, of
size N and width n. By QC(m,M) we denote a universal quantum circuit
of size M acting on m qubits, whose output is also a measurement in the
computational basis of the first qubit. We call two circuits equivalent if they
simulate each other and compute the same outcome. Using this notation, we
can now recall the following theorem.

Theorem 5. Jozsa et al. (2009): The following equivalence holds.

(a) Given a matchgate circuit MG(n,N) there exists an equivalent quantum
circuit QC(m,M) with m = dlog (n)e + 3 and M = O[N log (n)]. The
encoding of the circuit QC can be computed from the encoding of the
circuit MG by means of a (classical) space O [log(n)] computation.

(b) Given a quantum circuit QC(m,M) there exists an equivalent matchgate
circuit MG(n,N) with n = 2m+1 and N = O(M22m). The encoding of
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the circuit MG can be computed from the encoding of the circuit QC by
means of a (classical) space O(m) computation.

Note that in both cases, the classical space required to encode the gates
from one circuit into the other is bounded by O [log(n)] and O(m) respec-
tively. This fact excludes the possibility that the computation is performed by
the classical computer. Hence, the equivalent quantum circuits occurring in
this Theorem are indeed simulations of each other. Thus, the computational
power of, for instance, polynomial-sized matchgate circuits and universal
polynomial-sized quantum circuits running on log(n) qubits is equivalent.

The idea behind the proof of the first part of Theorem 5 is that the ex-
pectation value of for instance 〈Z0〉 [see Eq. (1.51)] can be obtained by a
circuit which acts only on log(n) + 1 qubits. As R and C(ψin) are matrices
of dimension 2n× 2n, one can interpret this matrices as quantum operators
acting on m = log(n) + 1 qubits. In [Jozsa et al. (2009)] a controlled unitary
ΛU = |0〉 〈0|0⊗1l+ |1〉 〈1|0⊗U with U ≡ C−1(ψin)RC(ψin)RT unitary is then
applied to the input state |+〉 |0〉⊗ log(n). Denoting by |k〉 the kth element of
the computational basis of a 2n-dimensional Hilbert space [log(n)+1 qubits],
one can easily show that the expectation value of X0 is

〈
1
∣∣∣RC(ψin)RT

∣∣∣0〉,
which coincides with 〈Z0〉 in Eq. (1.51). It is important to note that the con-
version of the matchgates into their respective gates in the compressed circuit
is performed by a classical computer which is bounded to O [log(n)]-space,
which ensures that the computation is indeed performed by the quantum
computer and not the classical one.

In the following we review the proof of part (a) of Theorem 5 in order to
recall how the construction of the compressed circuits is done. Similarly as
with the classical simulability of the matchgate circuits, below in Sec. 1.3.1,
we consider more general matchgate circuits for which one can construct an
compressed quantum circuit that simulates such matchgate circuit. If that is
the case we will say that a matchgate circuit can be compressed. Note that
not all of the generalization of matchgate circuits, which we considered in
Sec. 1.2.3, preserve the form required to construct a compressed circuit out of
it. In Sec. 1.3.1 we review some generalizations which meet the requirements
to be compressible.

For a matchgate circuit like the one described in Circuit 1, its outcome
is given by 〈Z0〉 =

〈
1
∣∣∣RC(ψin)RT

∣∣∣0〉. This expression can be written as the
measurement outcome of an Hermitian operator acting on m qubits in the
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following way. We write

〈Z0〉 = tr
[
RC(ψin)RT

(
|0〉 〈1| − |1〉 〈0|

2

)]

= i
2 tr

[
RC(ψin)RTZ̃0

]
,

(1.77)

where the observable Z̃0 is given by

Z̃0 = −i
(
|0〉 〈1| − |1〉 〈0|

)
= |0〉 〈0|⊗m−1 ⊗ Ym . (1.78)

Here Ym denotes the Y operator acting on the mth qubit. Here and in the
following, we denote by Õ an operator acting in the compressed space of m
qubits that is in correspondence with the operator O in the larger space of
n qubits. The next step consist in writing Eq. (1.77) as the outcome of a
quantum circuit of m qubits. For doing so, note that as the eigenvalues of
C(ψin) are bounded into the interval [−1, 1] (see Sec. 1.2.2) the expression

σin ≡
1

2n
[
1l + iC(ψin)

]
= 1l⊗ |+y〉 〈+y|m (1.79)

defines a valid density matrix of an m-qubit state. Here we have used the
explicit expression of C(ψin) given in Eq. (1.52). Using the fact that RRT = 1l
and that tr

(
Z̃0
)

= 0, we can rewrite Eq. (1.77) as

〈Z0〉 = n tr
RσinR

TZ̃0

. (1.80)

This expression corresponds, up to an n factor, to the outcome of the follow-
ing circuit.

Circuit 6. A quantum circuit of width m = log(2n), where

(i) the input state is the m-qubit state σin given by Eq. (1.79),

(ii) the gates are given by the special orthogonal matrix R

(iii) the output is the expectation value of the observable Z̃0, given by Eq. (1.78).

Note that σin depends solely on the initial state |ψin〉 of the original match-
gate circuit. Moreover, given the product of matchgates U = UN · · ·U1 the
corresponding compressed gate is constructed as the product R = RN · · ·R1
where each gate Rj is in correspondence with the matchgate Rj. Hence,
Circuit 6 is a simulation of Circuit 1. In the following sections we consider
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some generalizations of the matchgate Circuit 1 that can still be compressed
in a similar way it was done here.

Before proceeding with the generalizations, let us note here that the Cir-
cuit 6 establishes a connection between the model of matchgate circuits and
the model of DQC1 (see Sec. 1.4). Specifically, as the initial state is prepared
in the almost-completely mixed state ρ̃in, and the final measurement is a sin-
gle qubit measurement in the Y-basis, Circuit 6 is a DQC1 circuit. In the
next section we explore in more detail the connection between matchgates,
compressed quantum computation and DQC1 computation.

1.3.1 Generalization of matchgate circuits that can be simulated
by a compressed circuit

In this subsection we review some generalizations of the matchgate circuit
described in Circuit 1 that can be simulated by a compressed quantum circuit
running on exponentially less qubits.

Generalization of the initial state of the matchgate circuit

Above we have considered a compressible matchgate circuit where the ob-
servable Z0 is measured at the end of the computation and where the initial
state is prepared in the pure state |ψin〉 = |0〉⊗n. We have seen this state
has associated a compressed initial state which is given by Eq. (1.79). Here
we consider matchgate circuits with a more general initial state. Specifically,
we consider the state ρin given by Eq. (1.64). That is, ρin is a product state
of quasi-local states ρj which are acting on O[poly(log n)] qubits. We have
mentioned that in this case, the correlation matrix C(ρin) can be computed
classically efficiently as a function of n. Thus, the density operator

ρ̃in = 1
2n

[
1l + iC(ρin)

]
(1.81)

can be computed classically efficiently given the initial state ρin. Due to the
similarity between Eq. (1.81) and Eq. (1.79), a trivial generalization of the
procedure used above to construct the compressed Circuit 6 can be used to
find a similar expression to Eq. (1.80) for the case where the initial state is
ρin. Specifically, considering C(ρin) instead of C(ψin) in Eq. (1.52) one can
easily find that

〈Z0〉 = n tr
[
Rρ̃inR

TZ̃0
]
, (1.82)

where, as before, R is the orthogonal matrix associated to the product of
matchgates of the original matchgate circuit, and Z0 is given by Eq. (1.78).
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Hence, a matchgate circuit like the one described in Circuit 1 where the
initial state is ρin instead of |0〉⊗n can be compressed into a circuit like the
one described in Circuit 6 where the initial state is ρ̃in instead of σin. As
before, one can also consider as the initial state, any state ρ′in, which can
be obtained by transforming ρin by a product of O [poly(n)] matchgates, as
in this case, the correlation matrix C(ρ′in) can be efficiently computed from
C(ρin).

Note that, given ρin a classical computer of O [poly(n)] size is required
in order to compute the compressed initial state trhoin. Therefore, for this
general case the encoding of the compressed quantum circuit can not be done
with a classical O [log(n)] space, as in Theorem 5. However, given that the
O [poly(n)] classical computer is used for the encoding of the initial state
exclusively, it is unable of performing the whole computation. Hence, the
compressed quantum circuit in this case is also a simulation of the original
matchgate circuit.

Generalization of the observable

In Sec. 1.2.1 we have seen that the output of a matchgate circuit with observ-
ables Q which are more general than the single qubit operator Z0 can also be
computed classically efficiently. Specifically we have seen that this is the case
if Q has a decomposition of the form given in Eq. (1.65), where the number
of terms with ‖k‖ even is O [poly(n)] and the corresponding coefficients qk
are available. However, in order to write the outcome of such a circuit in a
form similar to Eq. (1.77) the decomposition of Q can only contain quadratic
terms.

Let us consider a matchgate circuit like the one described in Circuit 1
where the input state is the product state ρin considered above, and the
observable A is of the form

A ≡ i
2

2n−1∑
j 6=k=0

aj,kxjxk, (1.83)

where the coefficients aj,k = −ak,j are real coefficients. Therefore, the out-
come of such a circuit can be written as

〈A〉 = i
2

2n−1∑
j 6=k=0

aj,k tr
[
UρinU

†xjxk
]

= i
2 tr

[
RC(ρin)RTÃ

]
,

(1.84)
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where the m-qubit observable Ã is defined as

Ã ≡ i
2

2n−1∑
j 6=k=0

aj,k |j〉 〈k| . (1.85)

In the same way as was done above and using the fact that Ã is traceless
and RRT = 1l, Eq. (1.84) can be rewritten as

〈A〉 = n tr
[
Rρ̃inR

TÃ
]
, (1.86)

where ρ̃in is given in Eq. (1.81). In order to summarise the results of this
section, below we define a more general matchgate circuit than Circuit 1.

Circuit 7. A quantum circuit of width n, where

(i) the input state is a n-qubit mixed state ρin

(ii) the system is transformed by a product of matchgates U = UN · · ·U1,

(iii) the output is the expectation value of an n-qubit observable A,

where

ρin = K exp
(
− i

4x
TGx

)
, Ul = exp

2n−1∑
j,k=0

[hl] j, kxjxk

 ,
A = i

2

2n−1∑
j 6=k=0

aj,kxjxk + Aodd.

(1.87)

Using Eq. (1.86) we have that the output of Circuit 7 can be computed
up to a n factor using the following compressed circuit.

Circuit 8. A quantum circuit of width m, where

(i) the input state is an m-qubit mixed state ρ̃in,

(ii) the system is transformed by a product of real orthogonal matrices R =
RN · · ·R1,

(iii) the output is the expectation value of an m-qubit observable Ã,

where

ρ̃in = 1
n

[
1l + iC(ρin)

]
, Rl = exp (4hl) and Ã = i

2

2n−1∑
j 6=k=0

aj,k |j〉 〈k| .

(1.88)
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Note that, Ã is, in general, an m-qubit observable. Moreover, a polyno-
mial number of coefficients aj, k have to be stored in a classical computer.
However, given that this classical computer only encodes information about
the observable (similarly as the one that encodes the initial state) can not
solve the whole computation and thus Circuit 8 is a simulation of the original
matchgate Circuit 7.

In this section we have seen how matchgate circuit can be compressed,
sketching the proof of 5. We have considered the simple example where
the initial state is a pure state and the measurement observable is a sin-
gle qubit operator. Afterwards, we have seen that the more general initial
states and observables can also be considered. The compression of such more
general matchgate circuits require, however, of additional classical resources
which are used exclusively to encode the compressed initial state and the
compressed observable. Hence, also in this more general scenario, the com-
pressed circuits are simulations of the original matchgate circuits.

In the subsequent section, we review the DQC1 model of quantum com-
putation. This is the model of computation, where the initial state contains
a single qubit prepared in a pure state and all the others in a completely
mixed state. As matchgates, DQC1 circuits are strictly less powerful than
the full power of quantum computation (in the presence of oracles [Knill and
Laflamme (1998)]).

1.4 Deterministic quantum computation with one pure
qubit – DQC1

In previous sections we have been discussing the concepts of matchgate cir-
cuits. This circuits are not universal as we have seen, and can be simulated
by a classical computer. Here we recall the model of deterministic quan-
tum computation 1-pure qubit or DQC1, introduced in [Knill and Laflamme
(1998)]. In the presence of oracles, DQC1 is less powerful than a univer-
sal quantum computer [Knill and Laflamme (1998)], i.e. one with access to
an arbitrary number of pure qubits. However, DQC1 perform better than
the best known algorithm for problems like observing the energy spectrum
of a Hamiltonian (see Sec. 1.4.3 below) [Knill and Laflamme (1998)]. This
reasons suggest that the DQC1 model of computation has an ’intermediate’
power between classical computation and the full power of quantum compu-
tation. for problems like spectral density estimation which is supposed to
have an intermediate power between classical computer an a universal quan-
tum computer, i.e. quantum computation where the initial state is a pure
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state.
A DQC1 circuit is defined as a quantum circuit, where the initial state is

an n qubit state, where 1 qubit is prepared in a pure state while the other
n−1 qubits are prepared in a completely mixed, or random, state. This initial
state is afterwards transformed by an arbitrary unitary and the result of the
computation is obtained by measuring the first qubit in the computational
basis.

In the subsequent subsection we recall the formal definition of this model
and the notation that will be used during the rest of this section. In Sec. 1.4.2
we discuss the power of this model of computation and compare it with the
power of a universal quantum computer and a classical computer.

1.4.1 Definition of a DQC1 circuit
An arbitrary density matrix of n qubits ρ can always be written as

ρ = 1
2n

(
1l +

4n−1∑
b=1

abσb

)
, (1.89)

where σb is a tensor product of n Pauli matrices, i.e. it is an element of
the basis of operators An =

{
σ

(0)
k0 ⊗ · · · ⊗ σ

(n−1)
kn−1

}
kj∈{0,1,2,3}

, with σi for i ∈
{0, 1, 2, 3} denoting the Pauli matrices given in Eq. (1.9). The deviation of
ρ is defined [Knill and Laflamme (1998)] as

D(ρ) ≡
4n−1∑
b=1

abσb. (1.90)

The description of the state ρ in terms of the deviation is particularly useful
when one considers highly mixed states, as is the case in DQC1 circuit. For
example a state where the first qubit is in the pure state |0〉 and all the others
in a completely mixed state, i.e. the state described by the density matrix
ρ1 = |0〉 〈0|0 ⊗ 1l

2n−1 can also be written as

ρ1 = 1
2n (1l + Z0) . (1.91)

Hence, the deviation of ρ1 is simply the operator Z0.
A DQC1 circuit is defined [Knill and Laflamme (1998)] as the quantum

circuit where the initial state is ρ1 given in Eq. (1.91), and the output of the
computation is obtained by measuring the first qubit in the computational
basis yielding 〈Z0〉. Using Eq. (1.91) one can write the outcome of a DQC1
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circuit in a more convenient way. For doing so, note that the initial state ρ1
transformed by an arbitrary n-qubit unitary U can always be written as

Uρ1U
† = 1

2n
(
1l + U Z0 U

†
)
. (1.92)

Given that the unitary U Z0 U
† is traceless, its decomposition into the basis

of operators An is of the form,

U Z0 U
† =

∑
b 6=0

γbσb = β1 Z0 +
∑
b6=0
b 6=b′

γbσb, (1.93)

where the index b′ is such that σb′ = Z0 and β1 ≡ γb′ . For any b 6= b′

tr (σb Z0) = 0, therefore, using Eqs. (1.92) and (1.93) we have that the
output of a DQC1 circuit can always be written as

〈Z0〉 = tr
(
Uρ1U

† Z0
)

= 1
2n tr

(
U Z0 U

† Z0
)

= β1. (1.94)

One can as well define as DQCp [Knill and Laflamme (1998)] the class
of circuits where the input state is the n-qubit pure state |0〉 ≡ |0〉⊗n. The
outcome of such a circuit is denoted as βp and is given by

βp = tr
(
U |0〉 〈0|U † Z0

)
. (1.95)

1.4.2 Power of DQC1
In this section we summarize some of the results presented in [Knill and
Laflamme (1998)] regarding the power of DQC1 circuits. Specifically in the
following we recall that DQC1 is equal in power to the ability to efficiently
estimate the coefficients of the Pauli operator of a given unitary U , provided
its decomposition into elementary unitaries [Knill and Laflamme (1998)].
Afterwards we recall that DQCp circuits are at least as powerful as DQC1
[Knill and Laflamme (1998)].

To see that DQC1 circuits can be used to estimate the coefficients of the
Pauli expansion of a unitary U one proceeds as follows. The Pauli decompo-
sition of a unitary U , acting on a Hilbert space of n qubits, is the expansion
U = ∑

b αbσb, where σb has been defined in Eq. (1.89) and αb = 1
2n tr(σbU).

In order to prove that any coefficient αb can be estimated with a DQC1 cir-
cuit, one constructs a unitary V , acting on a Hibert space of n + 1 qubits,
that has a decomposition of the form V = |0〉 〈0|0 ⊗ U + |1〉 〈1|0 ⊗ 1l. Note
that the implementation of V requires linear amount of additional resources
compared to the implementation of U . This is due to the fact that every
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elementary gate in the decomposition of U becomes a controlled gate in the
implementation of V , which can be implemented with a constant number of
elementary gates [Barenco et al. (1995)]. One can easily verify that the real
part of the coefficient αb can be written in terms of the unitary V as

Re(αb) = 1
2n+1 tr

[
V (X0 σb)V †X0

]
− Im(αb) = 1

2n+1 tr
[
V (X0 σb)V †Y0

]
.

(1.96)

For any b one can construct a unitaryWb such thatWb Z0W
†
b = X0 σb, which

can be implemented with O(n) elementary gates 3. Also, one can construct
a single qubit unitary H, such that H† Z0H = X0 +i Y0. Furthermore, using
single qubit rotations, the observable X0 and Y0 can be transformed into the
observable Z0. Therefore, defining Ũ = HVWb, where H is the Hadamard
gate, we have that Re(αb) can be written as

Re(αb) = 1
2n+1 tr

(
Ũ Z0 Ũ

† Z0
)
. (1.97)

Therefore Re(αb) is the output of a DQC1 circuit running on n + 1 qubits.
Similarly Im(αb) can be written as the output of another DQC1 circuit.
hence, any coefficient αb of the operator decomposition of the unitary U can
be computed with two DQC1 circuits.

To see the opposite direction of the proof, note that any computer which
can estimate any coefficient αb = tr(Uσb) of a unitary U provided an elemen-
tary decomposition of U , can as well estimate any coefficient of the unitary
V = U Z0 U

†, as V can be easily implemented from the decomposition of
U . It follows that one can estimate the coefficient tr(Z0 V ) = tr(Z0 U Z0 U

†)
which is the outcome of an arbitrary DQC1 circuit. Hence, a computer which
can estimate the Pauli coefficients of the expansion of U can as well compute
the outcome of a DQC1 circuit with a linear amount of additional resources.

In the following we recall the comparison between the powers of DQC1
and DQCp circuits in the way presented in [Knill and Laflamme (1998)].
Given that ρ1 given in Eq. (1.91) can always be prepared by randomly picking
pure states from the set of computational basis states, it is expectable that
any computation done with a DQC1 circuit can be reproduced by a averaging
the results obtained with DQCp circuit. Such a relation between DQCp
3 Using the fact that Λi(Xj) Zai Zbj Λi(Xj) = Za+b

i Zbj and the fact that Pauli matrices Z can
be transformed into X or Y with local unitaries, it follows that Z⊗1l can be transformed
into Z⊗σi for i = 1, 2, 3 with a constant number of gates. Hence, Wb can be implemented
by O(n) elementary gates.
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and DQC1 circuits can be proven in the following way [Knill and Laflamme
(1998)]. The operator Z0 can be written as

Z0 = (|0〉 〈0| − |1〉 〈1|)⊗ 1l =
2n−1∑
k=0

(−1)k0 |k〉 〈k| . (1.98)

Therefore one can write the outcome of an arbitrary DQC1 circuit β1, given
in Eq. (1.94), as

β1 = tr
(
Z0 U Z0 U

†
)

= 1
2n

2n−1∑
k=0

(−1)k0 tr
(
Z0 U |k〉 〈k|U †

)
. (1.99)

Note that each of the factors βp(k) ≡ tr
(
Z0 U |k〉 〈k|U †

)
is the outcome of

a DQCp circuit [see Eq. (1.95)]. Therefore β1 is an average of 2n terms,
eash of which can be computed with a DQCp circuit. It follows that an
estimation of β1 can be obtained by sampling some of the terms (−1)k0 βp(k)
and estimating the average. The amount of times that a DQCp circuit has
to be employed depends on the desired precision in the estimation of β1, but
not on the system size n [Knill and Laflamme (1998)].

Note that using the previous argument in the opposite direction does
not lead to a proof that DQC1 circuits can simulate a DQCp. To see this,
consider as an example a DQCp circuit where the initial state is the pure
state |0〉. This state can be written as |0〉 〈0| = 1

2n (1l + Z0)⊗· · ·⊗ (1l + Zn−1),
and the outcome is given by Eq. (1.95). Therefore the deviation of this state
is a polynomial of the form D(|0〉 〈0|) = ∑2n−1

k=0 Zk0
0 · · ·Z

kn−1
n−1 . The outcome of

this DQCp circuit can thus be written as

βp =
2n−1∑
k=1

1
2n tr(U Zk0

0 · · ·Z
kn−1
n−1 U

† Z0). (1.100)

For each k > 1 one can construct a unitary Wk such that Wk Z0W
† =

Zk0
0 · · ·Z

kn−1
n−1 . Therefore, βp is a sum of 2n terms of the form

β1(k) = 1
2n tr(UWk Z0W

†
kU
† Z0). (1.101)

Each of these terms is the output of a DQC1 circuit. However, since βp is
a sum and not an average of these outputs, the same procedure as before
cannot be used to estimate βp.

The previous example is not a formal proof that DQCp is more powerful
than DQC1. However, it was proven that DQCp is indeed more powerful than
DQC1 in the presence of oracles [Knill and Laflamme (1998)]. Specifically,
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consider the problem of estimating βp =
〈
0
∣∣∣U † Z0 U

∣∣∣0〉, provided an oracle
which implements U . Then , it was proven [Knill and Laflamme (1998)] that
in order to estimate βp with DQC1 circuit, exponentially many invocations
of the oracle are required. In contrast, a DQCp circuit only requires a con-
stant number of queries of U , which depend on the desired precision in the
estimation of βp.

Therefore, in the presence of oracles DQC1 circuits are less powerful than
DQCp. In the upcoming Sec. 1.4.3 we recall a problem for which this model
of circuits can do better than the best known classical algorithm. Hence, the
DQC1 model of computation seems to have an intermediate power between
classical computation and a universal quantum computer.

It is important to note here that one can also consider the case where
more than one qubit are prepared in a pure state, while the rest of the n
qubits are in a completely mixed state. In fact, in [Shepherd (2006)] it was
proven that DQC1 circuits are equivalent to a similar model of computation
where O [log(n)] qubits are initialised in a pure state. An alternative proof
of such an equivalence is provided in Part III.

1.4.3 Observation of the spectrum of a Hamiltonian with DQC1
In this subsection we recall the proof that DQC1 circuit can be used to
observe the energy spectrum of any Hamiltonian, with a resolution which is
inversely related to the effort used [Knill and Laflamme (1998)]. In order
to prove this, one assumes that an efficient implementation of the unitary
U(t) = e−iHt is available. It follows that with a polynomial overhead [Barenco
et al. (1995)], one can implement the unitary V (t) = |0〉 〈0|0 ⊗ U(t/2) +
|1〉 〈1|0 ⊗ U †(t/2). Transforming the initial state ρ1 by the unitary V (t) H0,
where H0 is the Hadamard gate acting on the first qubit, yields the ρ′(t) =
V (t) H0 ρ1 H0 V

†(t) whose deviation is given by

D[ρ(t)] =
∑
i

[cos(λit) X0 + sin(λit) Y0] |i〉 〈i|

= 1
2n
∑
i

[cos(λit) X0 + sin(λit) Y0] +D′
(1.102)

where |i〉 is a complete set of eigenvectors of H and λi are its corresponding
eigenvalues. Here, D′ is such that tr(X0D

′) = tr(Y0D
′) = 0. Therefore, by

measuring the first qubit in the X or Y basis one can sample points of the
function f(t) = 1

2n+1
∑
j eiλjt. Doing so, f(t) can be estimated up to arbitrary

precision. Fourier transforming the estimate of f(t), yields a function f̂(x)
which has peaks at the values xj = λj. The sharpness of these peaks (i.e.
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the precision of the estimation of the energies λj) depends on the precision
of the estimation of f(t).

Given that no efficient classical algorithm is known to accomplish this
task, DQC1 seems to be more powerful than classical computers.





CHAPTER 2

XY model and physical evolutions

2.1 XY model
The 1D XY model describes a one-dimensional chain of spins with nearest
neighbour interactions along the x- and y-direction. Moreover, every spin
feels the presence of an external magnetic field along the z-direction. As we
describe below, this models exhibit a quantum phase transition. These two
ingredients make it an interesting model for its experimental realization. The
Hamiltonian that governs its dynamics is given by

H(g, δ) = −
n−1∑
j=0

g Zj +
n−2∑
j=0

(Xj Xj+1 +δYj Yj+1)
 . (2.1)

The parameter g represents the ratio between the strengths of the external
magnetic field and the nearest neighbor interactions, while the factor δ ∈
[0, 1] represents an anisotropy between the x- and y- direction of the spin-
spin interactions.

The model receives the name of Ising model in the case where δ = 0,
i.e., where no y-y interactions occurs. By choosing δ = 1 one obtains the
Hamiltonian of the so-called XX model. Those two cases are qualitatively
different to those where δ 6= 0, 1. However, in the following, when referring
to the XY model we assume that δ can take any value in the interval [0, 1].

In the subsequent subsections we recall the diagonalization of the XY
Hamiltonian. Later, in Chapter 4 we use this diagonalization of the Hamil-
tonian to recall the decomposition of the unitary that diagonalizes H(g, δ)
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into a product of matchgates. Another concept that plays a recurrent role in
the following chapters is the choice of the boundary conditions and the sym-
metries that the Hamiltonian exhibits for each of these conditions. To present
the different boundary conditions it is convenient to introduce a representa-
tion of the Hamiltonian in terms of raising and lowering fermionic operators.
In order to do so, we briefly discuss the Jordan Wigner (JW) transformation,
which establishes a correspondence between Pauli and fermionic operators,
in the next subsection. The representation of the Hamiltonian in term of
fermionic operators will also be used later as the first step in the diagonal-
ization of the Hamiltonian H(g, δ), that we review in Sec. 2.1.3.

2.1.1 Correspondence between Pauli and fermionic operators
The exact diagonalization of the Hamiltonian H given in Eq. (2.1) (see
Sec. 2.1.3) is performed via the JW transformation [see Boyajian et al.
(2013) and references therein], which consists of a mapping of the set of
Pauli operators to a set of fermionic creation and annihilation operators
{cj}j=0,...,n−1. We recall that these operators satisfy the anticommutation
relations {c†j, c

†
k} = {cj, ck} = 0, {cj, c†k} = δj,k. This mapping is given by

the relation
cj ≡ Z0⊗ · · · ⊗ Zj−1⊗σ+

j ⊗ 1lj+1 · · · ⊗ 1ln−1, (2.2)
where σ+

j = |1〉 〈0|j = 1
2 (Xj +i Yj). Note that, equivalently, one could rep-

resent the c-operators in term of the Majorana operators given in Eq. (1.48)
as cj = 1

2 (x2j + ix2j+1).
Using Eq. (2.2) it is also possible to establish a relation between com-

putational basis states and fermionic operators. Let us denote, here and in
the following, by |Ω[c]〉 the vacuum state of c-modes, that is, cj |Ω[c]〉 = 0,
∀j. This state is associated to the computational basis state |0〉⊗n. It fol-
lows from this association and from the mapping given in Eq. (2.2) that any
computational basis state can be obtained as

|i0, . . . , in−1〉 =
(
c†0
)i0 · · · (c†n−1

)in−1 |Ω [c]〉 (2.3)

Hence, it is possible to establish the following correspondence between a
quantum state and a set of fermionic states

|ψ [c]〉 =
∑

i0,...,in−1∈{0,1}⊗n
ψ[c]i0,...,in−1 |i0, . . . , in−1〉

=
∑

i0,...,in−1∈{0,1}⊗n
ψ[c]i0,...,in−1

(
c†0
)i0 · · · (c†n−1

)in−1 |Ω [c]〉

(2.4)
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Note that using this notation the operator c†j is associated with qubit j. As
the fermionic operators do not commute, any reordering of the operators
might result in a change of signs in Eq. (2.4).

2.1.2 Boundary conditions and symmetries of the Hamiltonian
Here we review the two boundary conditions of the XY Hamiltonian and
introduce the notation that are going to be used in the subsequent chapters.
We review the open and Jordan-Wigner boundary conditions. By writing the
Hamiltonian for each boundary condition in term of the c-operators, we can
also state in a simple way the two symmetries that the Hamiltonian exhibits
for each choice of boundary conditions.

We define the Hamiltonians

H0 ≡
n−1∑
j=0

Zj, H1 ≡
n−2∑
j=0

Xj Xj+1 and H2 ≡
n−2∑
j=0

Yj Yj+1, (2.5)

in such a way that the Hamiltonian H(g, δ) given by Eq. (2.1) can be written
as

H(g, δ) = −gH0 − (H1 + δH2) , (2.6)

As there is no interaction term between the 0th and the (n−1)th qubits this
Hamiltonian describes a system with open boundary conditions.

The Hamiltonian with JW boundary conditions, that we denote byH(g, δ)
in the following, can be obtained from H(g, δ) by adding the boundary term
Hbc(δ) = − (Xn−1 Xn +δYn−1 Yn), with

Xn =
n−1∏
j=0

Zj

X0 and Yn =
n−1∏
j=0

Zj

Y0, (2.7)

Therefore, in a similar way as in Eq. (2.6), the Hamiltonian H(g, δ) can be
written as

H(g, δ) ≡ −gH0 −
(
H1 + δH2

)
, (2.8)

where the terms Hj are defined analogously as Hj in Eq. (2.5), but where
the sums runs form 0 to n− 1.

The choice of such peculiar boundary terms becomes more clear when one
expresses H(g, δ) in terms of the fermionic operators cj as will be done in the
following. Using Eq. (2.2) the Hamiltonian with open boundary conditions
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can be written as

H(g, δ)[c] =− g
n−1∑
j=0

(
cjc
†
j − c

†
jcj
)

+

n−2∑
j=0

(1− δ)
(
−cjcj+1 + c†jc

†
j+1

)
+ (1 + δ)

(
−cjc†j+1 + c†jcj+1

) .
(2.9)

Defining cn ≡ c0, the Hamiltonian H(g, δ) can be written as

H(g, δ)[c] =−
n−1∑
j=0

g (cjc†j − c†jcj)+ (1− δ)
(
−cjcj+1 + c†jc

†
j+1

)

+ (1 + δ)
(
−cjc†j+1 + c†jcj+1

) .
(2.10)

Hence, the JW boundary condition translates into a periodic boundary con-
dition of the Hamiltonian in terms of the operators cj.

Symmetries

For either of the two boundary conditions reviewed here, the parity is a
symmetry of the Hamiltonian as it commutes with the parity operator

Π̂ = eiπn̂, (2.11)

where n̂ = ∑n−1
j=0 c

†
jcj is the fermion number operator.

With Jordan-Wigner boundary conditions, the system is periodic in terms
of the operators cj, i.e. it is invariant under the transformation cj → cj+1.
This invariance gives rise to another symmetry of the Hamiltonian that is
not present in the Hamiltonian with open boundary conditions, namely the
conservation of the momentum

P̂ = −i
n−2∑
j=1

(
c†jcj−1 − c†jcj+1

)
. (2.12)

The symmetries of the Hamiltonian, i.e. the parity conservation and,
in case of JW boundary conditions, the momentum conservation, give rise
to level-crossings in the spectrum. These level-crossings take place between
states of different symmetry and momentum, as can be gathered from Figs. 2.1
and 2.2.

Let us remark that the effect of the boundary term Hbc(δ) on the eigen-
values and eigenstates of the Hamiltonian is of order 1/n. Thus, for the cal-
culation of real physical quantities of large systems (n� 1) the effect of this
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term is negligible. It is therefore justified to include the term Hbc(δ) and deal
with the translational invariant Hamiltonian H(g, δ)[c] given in Eq. (2.10).
In the following we recall the exact diagonalization of this Hamiltonian.

2.1.3 Exact diagonalization with Jordan Wigner boundary condi-
tions

For convenience, here and in the following, we are going to combine the
internal parameters g and δ in one variable ϕ ≡ (g, δ), except in the case
where one of them is fixed to a certain constant value.

The diagonalization of the Hamiltonian H(ϕ)[c], or in particular, of any
quadratic form can be performed in O [poly(n)] steps as described in [Lieb
et al. (1961)]. The idea is to find a Bogoliubov transformation

ak =
n−1∑
j=0

(
gk,jcj + hk,jc

†
j

)
, (2.13)

such that the Hamiltonian is diagonal in terms of the new Fermi operators
ak, i.e. it can be written as

H(ϕ)[a] = E0(ϕ) +
n−1∑
j=0

εj(ϕ)a†jaj, (2.14)

where E0(ϕ) denotes the energy of the groundstate |Ω[a]〉.
The transformation that diagonalizes the XY Hamiltonian with JW bound-

ary conditions is divided into two parts that are commonly referred to as
a Fourier transformation and a Bogoliubov transformation. The Fourier
transformation is defined to map the set of operators {cj}j=0,...,n−1 into the
fermionic operators {bj}j=0,...,n−1 according to

bk ≡
1√
n

n−1∑
j=0

ei 2π
n
jk cj. (2.15)

Note that, as bn−j = bj, in the following we will use for convenience the
negative index −j to refer to the index n− j, for 0 ≤ j ≤ n− 1. Expressing
the c-operators in Eq. (2.10) by the b-operators, the Hamiltonian takes the
form

H(ϕ)[b] = −
n−1∑
j=0

[
2αj(ϕ)b†jbj + iβj(ϕ)

(
b−jbj + b†−jb

†
j

)
+ g

]
. (2.16)
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The coefficients αj and βj are given by

αj(ϕ) = cos
(2πj
n

)
(1 + δ)− g and βj(ϕ) = sin

(2πj
n

)
(1− δ). (2.17)

The diagonalization of the Hamiltonian is completed by a Bogoliubov
transformation that maps the operators {bj}j=0,...,n−1 into a set of fermionic
operators {aj}j=0,...,n−1 which are defined as

aj ≡ ujbj − ivjb†−j. (2.18)

Here, the coefficients uj ≡ cos
(
θj
2

)
and vj ≡ sin

(
θj
2

)
are functions of the

angle

θj = tan−1
(
βj
αj

)
. (2.19)

Expressing the Hamiltonian in terms of the a-operators one finds

H(ϕ)[a] =
n−1∑
j=0

εj(ϕ)
(
a†jaj −

1
2

)
. (2.20)

The energies of each eigenstate can be computed from the coefficients

εj(ϕ) = −2
{
αj(ϕ) cos

[
θj(ϕ)

]
+ βj(ϕ) sin

[
θj(ϕ)

]}
, (2.21)

e.g. the groundstate energy is E0(ϕ) = −1
2
∑n−1
j=0 εj(ϕ). Using Eq. (2.2), the

Hamiltonian H(ϕ)[a] in terms of Pauli operators is given by

Hd(ϕ) = −1
2

n−1∑
j=0

εj(ϕ) Zj. (2.22)

As Eq. (2.19) defines the angles θj up to multiples of π, the sign of the
energies εj is not defined uniquely. In order to have a consistent labelling of
the energies for every value of g, that is, e.g. that ε0 is the additional energy
of the first exited state with respect to the groundstate energy for any value
of g, one imposes that the energies εj have to be non-negative for all j. This
constraint in consequence determines uniquely the value of θj. Note that this
choice amounts to keeping the same ordering of the energies, i.e. the first
excited state corresponds to the energy E0 + ε0.

Hence, we have seen that the diagonalization of the Hamiltonian is achieved
by transforming the set of fermionic operators {cj}j=0,...,n−1 into a different
set of fermionic operators {aj}j=0,...,n−1. We denote by U †(ϕ), the corre-
sponding transformation on the fermionic operators. To this transformation,



2.1 XY model 65

corresponds a unitary matrix, which we denote by U †(ϕ), for which it holds
that

U(ϕ)Hd(ϕ)U †(ϕ) = H(ϕ). (2.23)

For the rest of this section, an explicit expression of U is not required. It
will be given later in Chapter 4, where we recall the decomposition of U into
a product of matchgates.

Figure 2.1. (Color online) Energy spectrum of the XY Hamiltonian with open boundary
conditions, computed analytically for n = 4. The parameter δ was set to
0, 0.5 and 0.9 in (a),(b) and (c) respectively. Solid lines represent energies
corresponding to eigenstates of parity +1, while those with parity −1 are
depicted with dashed lines. Note that a system prepared in the ground state
for J = 0 will not experience any level crossing during an adiabatic evolution,
since the parity is preserved.

Figure 2.2. (Color online) Energy spectrum of the XY Hamiltonian with JW boundary
conditions, computed analytically for n = 4. The parameter δ was set to 0,
0.5 and 0.9 in (a),(b) and (c) respectively. We indicate with black lines the
energies corresponding to eigenstates of parity +1 and momentum 0. Other
energies corresponding to eigenstates of parity +1 but different momentum are
indicated with long dashed lines and different colors. With short dashed lines
we indicate the energies corresponding to eigenstates of parity −1. Different
colors and line styles distinguish energies corresponding to eigenstates with
different momentum. Note that a system prepared in the ground state for
J = 0 (depicted with solid black line) will not experience any level crossing
during an adiabatic evolution, since the parity and momentum are preserved.
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2.1.4 Excited and Thermal states
In this subsection we discuss how thermal and excited states of the Hamil-
tonian H(ϕ) can be generated by applying U(ϕ) to product states. This
procedure will be used later in the Chapter 4 in order to prepare thermal
or excited states of H(ϕ) with a quantum circuit consisting of a product of
matchgates U(ϕ) and a product state as initial state.

Let us first consider the preparation of an arbitrary excited state of the
XY Hamiltonian by applying to the eigenstates of Hd(ϕ) the unitary U(ϕ).
From Eq. (2.22) it follows that the eigenstates of the Hamiltonian Hd(ϕ) are
the computational basis states |k〉 for 0 ≤ k ≤ 2n − 1. Moreover, the energy
corresponding to the state |k〉 is given by the expression

Ek(ϕ) = E0(ϕ) +
n−1∑
l=0

εkll (ϕ), (2.24)

where kl are the binary components of k and the energies εl(ϕ) are given in
Eq. (2.21). Therefore, the states are independent of g and δ. Let us denote
by |ψk(ϕ)〉 the eigenstate of H(ϕ) with corresponding energy Ek(ϕ). Then,
by Eq. (2.23) we have

|ψk(ϕ)〉 = U(ϕ) |k〉 . (2.25)
Thermal states of the Hamiltonian H(ϕ) can also be generated by ap-

plying to the thermal state of the Hamiltonian Hd(ϕ) the unitary U(ϕ) Ver-
straete et al. (2009). Note that the thermal state of the diagonal Hamiltonian
Hd(ϕ) is given by ρd(ϕ, T ) = 1

Z(ϕ)
∑
k e−Ek(ϕ)/T |k〉 〈k|, where Z(ϕ) denotes

the partition function Z(ϕ) = ∑
k e−Ek(ϕ)/T . Given that the energies Ek(ϕ)

have the peculiar form given in Eq. (4.3) it follows that the state ρd(ϕ, T )
can be factorized as

ρd(ϕ, T ) = e−
E0
T

Z(ϕ)

[(
|0〉 〈0|+ e−

ε0(ϕ)
T |1〉 〈1|

)
⊗ · · · ⊗

(
|0〉 〈0|+ e−

εn−1(ϕ)
T |1〉 〈1|

)]

≡
n−1⊗
k=0

ρd,k(ϕ, T ).

(2.26)
The local density matrices ρd,k(ϕ, T ) are diagonal and are given by

ρd,k(ϕ, T )[a] = ak(ϕ, T ) |0〉 〈0|+ bk(ϕ, T ) |1〉 〈1| , (2.27)

where ak(ϕ, T ) = (1+e−
εk(ϕ)
T )−1 and bk(ϕ, T ) = e−

εk(ϕ)
T ak(ϕ, T ). The thermal

state of the HamiltonianH(ϕ) is obtained by applying to ρd(ϕ, T ) the unitary
matrix U(ϕ), that is

ρ(ϕ, T ) = U(ϕ)ρd(ϕ, T )U †(ϕ). (2.28)
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Thus, thermal states and any eigenstates of the XY Hamiltonian can be
prepared by applying to an initial product state the unitary U(ϕ).

2.1.5 Quantum phase transition
For any constant δ the XY Hamiltonian given in Eq. (2.1) exhibits a quan-
tum phase transition at the critical point gc = 1 + δ. One distinguishes
two different scenarios at the phase transition: either the spectrum exhibits
a level-crossing for a finite system size, which occurs if the energy of the
groundstate is degenerate at the critical point; or the groundstate energy
is not degenerate for any finite system size, but the energy gap between the
groundstate and first-excited state tends to zero in the thermodynamic limit.
This situation is referred to as an avoided level-crossing. In both cases the
groundstate energy is non-analytic at the phase transition, which is reflected
as an abrupt or discontinuous behavior of macroscopic observables, such as
the magnetization, at this point. The relevance of quantum phase transitions
relies on the fact that they occur at zero temperature and are caused solely
by the quantum-mechanical nature of the system under consideration. For
the XY Hamiltonian, the behaviour of certain observables, like the magne-
tization is very abrupt (or discontinuous) when the system crosses a critical
point. Due to this characteristic, we can observe the phase transition by
measuring the magnetization as a function of g.

Depending on the boundary conditions the groundstate energy presents a
different behaviour at the critical point: under open boundary conditions, the
system exhibits an avoided level-crossing at the critical point, while under
JW boundary conditions a level-crossing occurs. This is due to the sym-
metries of the Hamiltonian with respect to parity and momentum [Sachdev
(1999); Boyajian et al. (2013)]. However, the spectrum of any subspace with
fixed parity and momentum presents no level-crossing for finite system sizes
but it is present when considering the thermodynamic limit. Therefore, by
considering only a subspace of a given parity it is still possible to witness
the phase transition, without having to deal with a level crossing, which is
a necessary condition when, as we do in the next Chapter, one considers
adiabatic evolutions.

2.2 Adiabatic evolution and quantum quenching
Adiabatic evolution and quantum quenching are two processes where the evo-
lution of a quantum system is governed by a Hamiltonian that changes con-
tinuously in time. The difference between the two evolutions lies in the speed
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at which the Hamiltonian is changed. For adiabatic changes, a system which
is initially prepared in a ground state of the Hamiltonian will (under certain
conditions) remain in the ground state (adiabatic theorem). However, if the
change is too abrupt, excitations will occur. We recall the basic ideas of adi-
abatic evolution and quantum quenching here since we are going to present
later on (see Secs. 3.1.1, 3.1.2 and 3.1.3)) for both scenarios a compressed
quantum algorithm which can simulate the original evolution.

2.2.1 Adiabatic Theorem
The adiabatic theorem relates the speed of the time evolution necessary for
the system staying in the ground state to the energy gap between the ground
state and the first excited state of the same symmetry (see [Boyajian et al.
(2013)] and references therein). Assuming that the time evolution is deter-
mined by the Hamiltonian H(s) = ∑

j Ej(s) |ψj(s)〉 〈ψj(s)| with eigenvalues
Ej(s) and eigenstates |ψj(s)〉 which continuously turns from H(0) at the time
t = 0 into H(1) at the time t = τ , the adiabatic theorem states that the time
evolution operator U(τ) possesses the property

U(τ) |ψj(0)〉 = |ψj(1)〉+O
(1
τ

)
. (2.29)

One prerequisite is that there must not be any level crossings in the interval
0 ≤ s ≤ 1 i.e. Ej(s) 6= Ek(s) for all k other than j.

In the limit τ →∞, the final state of the evolution is therefore the ground
state of H(1), provided that the starting state was the ground state of H(0).
In reality, however, the duration τ of the time evolution is finite and the
question that has to be addressed is how large the duration τ must be, such
that, with a high probability, the system stays in the ground state. In other
words, the probability that eigenstates with higher energy are excited must
be negligible. A rough bound on the duration τ that guarantees that the
excitation probability is negligible reads

τ � O
( 1
∆2

)
. (2.30)

The parameter ∆ thereby denotes the minimum-energy difference between
the ground state and the first excited state of H(s).

For the XY Hamiltonian, we have that τ � O
(

1
∆2

)
, where E corresponds

to the amplitude of the transition driven by the perturbation ∂H(s)/ ∂s
between the ground state and the first excited state. As E scales polynomially
with the number of particles, such that the duration mainly depends on the
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behavior of the minimum-energy difference ∆ as a function of the particle
number n. The energy difference usually reaches its minimum at an avoided
level crossing. At an avoided level crossing, the ground state and the first
excited state approach as the number of particles increases, such that the
duration τ required for adiabaticity will always increase as the number of
particles increases.

2.2.2 Quantum quenching
Quantum quenching has been studied in several quantum systems that ex-
hibit a quantum phase transition. It is a rapid drive of the system through
the critical point by changing some parameter of the Hamiltonian. In this
sense it is very similar to what is done in the adiabatic evolution, with the
difference that, here, the relevant parameter is changed intentionally fast.
The effect of the quantum quenching can be seen when the system is orig-
inally prepared in the ground state and afterwards driven trough a critical
point. Since the evolution is no longer adiabatic, the system does not follow
the ground state any more, but gets excited instead. To describe those ex-
citations in the context of thermodynamical phase transitions, the so-called
Kibble-Zurek mechanism [Kibble (2003); Zurek (1996)] was introduced. Due
to the non-adiabatic evolution, defects or kinks are generated. The Kibble-
Zurek mechanism predicts a certain dependency of the number of kinks on
the quenching time, τ . This dependency has been tested and verified in
several experiments (see for instance [Chandran et al. (2012)] and references
therein). In [Zurek et al. (2005)] those investigations have been generalized
to quantum phase transitions. In particular, it has been shown there that
the density of kinks, which occur in the 1D quantum Ising chain scales as
τ−1/2.

In the following Part we derive a matchgate circuit and its corresponding
compressed quantum circuit that can be used to measure the number of kinks
in the Ising Hamiltonian [δ = 0 in Eq. (2.1)] as a function of the quenching
speed. There we also compute the dependence of the correlations, which are
related to the number of kinks, on the quenching speed for the case of finite
temperature.

2.2.3 Digital simulations of adiabatic evolution and quantum quench-
ing.

Let us now derive the time evolution operators corresponding to the adiabatic
as well as the non-adiabatic evolution. Consider the time dependent Hamil-
tonian H(t) = ∑K

k=1H
(k)(t), where H(k) acts on a constant number of qubits
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and ||H(k)(t)|| is bounded by a constant. Here, ||A|| denotes the operator
norm for an operator A. The Schrödinger equation U̇(0, τ) = −iH(τ)U(0, τ)
is governing the evolution operator U(0, τ) from time 0 to time τ . Denoting
by T the time ordering operator, its solution is then given by

U(0, τ) = T
(

e−i
∫ τ

0 H(t) dt
)
. (2.31)

If H(t) varies slow enough in time, the time evolution operator can be
evaluated as follows. One divides the total evolution time τ , into L+1 steps,
where the step size is chosen such that the Hamiltonian can be assumed to
be constant in the interval [tl−1, tl], with tl = τ l

L+1 ≡ l ∆t and l = 0, . . . , L.
In the adiabatic limit, i.e. for τ, L → ∞ and ∆t → 0, the time evolution
operator is given by

U(0, τ) =
L∏
l=0

e−iH(tl)∆t . (2.32)

In order to derive then a decomposition into elementary gates, the Trotter
expansion,

e−i
∑M

j=1 Aj∆t =
M∏
j=1

e−iAj∆t +O(M∆2
t ), (2.33)

for arbitrary operators Aj, is used to obtain

U(0, τ) =
L∏
l=0

K∏
k=1

e−iH(k)(tl)∆t +O(K∆2
t ). (2.34)

In the case of the XY model we assume that the exchange energy J is
varied linearly in time, i.e. Jl ≡ J(l∆t) = Jmaxl/L. Then, H(tl) ≡ Hl is
given by

Hl = −BH0 − Jl(H1 + δH2), (2.35)

for 0 ≤ l ≤ L. Let us denote by Ũ(J), the time evolution operator U(0, τ),
where τ = (L+ 1)∆t. In the adiabatic limit Ũ(J) is then given by

Ũ(J) =
L∏
l=0

Ũl, (2.36)

where Ũl = e−iHl∆t , with ∆t = τ/(L + 1). We approximate now each factor
Ũl using the Trotter expansion,

Ũl = U0(ω0)U1[ω1(l)]U2[ω2(l)] +O(∆2
t ), (2.37)
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where Uj(ωj) = e−iωjHj/2, for j = 0, 1, 2 and ω0 = −2B∆t, ω1(l) = −2Jl∆t

and ω2(l) = −2Jlδ∆t. Thus, the unitary

U(J) =
L∏
l=0

U0(ω0)U1[ω1(l)]U2[ω2(l)], (2.38)

approximates Ũ(J) up to O
(
LK∆t

2
)
. Due to the adiabatic theorem, U(J)

transforms the ground state of H0, |ψ(0)〉 into the ground state, |ψ(J)〉, of
H(J).

Considering non-adiabatic evolutions, the assumption that the Hamilto-
nian is constant in the interval [tl−1, tl] is no longer valid. Thus, even though
the time evolution operator, U(tl, tl+1) for a time step from tl to tl+1 can still
be approximated by

U(tl, tl+1) ≈
∏
k

T (e−i
∫ tl+1
tl

H(k)(t)dt), (2.39)

with an error of O(K∆2
t ), the time-ordering operator has to be taken into

account. However, in [Poulin et al. (2011)] it has been shown that the time-
ordered integral can be approximated by the integral up to second order in
∆t. More precisely, it has been shown that∥∥∥∥T ( e−i

∫ tl+1
tl

H(k)(t)dt
)
− e−i

∫ tl+1
tl

H(k)(t)dt
∥∥∥∥ ≤ 2

3
∥∥∥H(k)

∥∥∥2
∆2
t , (2.40)

where
∥∥∥H(k)

∥∥∥ = sup0≤t≤1

∥∥∥H(k)(t)
∥∥∥.

In case of the XY model the (not time-ordered) integrals can be easily
performed as we will see below. Let us note here that in [Poulin et al. (2011)]
it has been shown that the operators exp

[
−i
∫ tl+1
tl H(k)(t)dt

]
can be easily

approximated by a product of unitary gates of the form exp
[
−iH(k)(τi)∆t

]
not involving any integral. In particular, it has been proven that the time
averaged Hamiltonian can be approximated by a finitely many termsH(k)(τi),
where τi is chosen randomly within the considered time interval. This fact led
to a decomposition of the time evolution operator into polynomially many
(in case K is a polynomial of the number of constituting subsystems) unitary
gates, just as in Eq. (2.34).

However, for our purpose, it is enough to use Eq. (2.40). Let us con-
sider now the case where B is varied as a function of time. In partic-
ular, we consider B(t) = Bmax(1 − t/τ). Thus, we have that the terms
exp

[
−i
∫ tl+1
tl H(k)(t)dt

]
are given by

eiBlH0∆t +O(∆2
t/τ), eiJH1∆t , eiJδH2∆t , (2.41)
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where Bl = Bmax(1− l/L). Using then the Trotter formula we obtain for the
evolution operator describing the quenching the following expression

Uq(J) =
L∏
l=0

U0[φ0(l)]U1(φ1)U2(φ2), (2.42)

with an error of O(L∆2
t ), where Uj, for j = 0, 1, 2 is given below Eq. (2.37)),

and φ0(l) = −2Bl∆t, φ1 = −2J∆t and φ2 = −2Jδ∆t.
As we will see in the next Part, the decompositions of U(J) and Uq(J)

given in Eq. (2.36) and Eq. (2.42) respectively, consist of product of match-
gates, and will be the key to construct compressed quantum circuits that
simulate an adiabatic or quenching evolution of a chain of Ising qubits. Note
that, both decompositions consist of product of the three gates Uj with
j = 0, 1, 2 for different phases. By replacing in Eq. (2.36) and Eq. (2.42)
the unitaries Uj(ξ) by U j(ξ) ≡ e−iξHj for any ξ and j = 0, 1, 2, one obtains
the corresponding unitaries for the JW boundary conditions. We define this
unitaries as U(J) and Uq(J) respectively.



Part II: COMPRESSED SIMULATION AND
COMPUTATION OF EVOLUTIONS OF THE XY

MODEL

A quantum simulator can be employed to investigate several different phys-
ical phenomenons. It can be used to study the ground state properties of
certain condensed matter systems and to observe quantum phase transitions
[Sachdev (1999)]. In contrast to classical phase transitions, quantum phase
transitions occur at zero temperature due to the change of some parame-
ter, like the strength of the magnetic field, or pressure. Moreover, a quan-
tum simulator enables us to determine the dynamical behavior of a quantum
many–body system and processes like quantum quenching [Zurek (1996)] can
be investigated. Preferable for certain experimental demonstrations of quan-
tum simulations are models where the interactions between the constitut-
ing subsystems are quasi-local, i.e. involve only a few neighboring particles.
Quantum spin models are very well suited for that. Examples of such models
are the quantum Ising-model, or (more generally) the quantum XY-model,
which we consider here. Even though in one dimension those models can be
simulated classically efficiently, they are good candidates for the realization
of quantum simulations, since they show interesting physical phenomenons.
For instance, they display quantum phase transitions if the strength of the
external magnetic field is varied. In addition to that, they provide insight
in real physical systems. For example, the XY model with field is a good
model for helium absorbed on metallic surface [Domb and Lebowitz (1988)].
Furthermore, it gives the master equation of the kinetic Ising model [Siggia
(1977)].

The aim of this Part of the Thesis is to review the results published in
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[Boyajian et al. (2013)] and [Boyajian and Kraus (2015)], where we presented
matchgate circuits and their corresponding compressed quantum circuits to
simulate various physically motivated processes on a system with interactions
given by an XY model. Specifically, in Chapter 3, we review the results
of [Boyajian et al. (2013)]. There, we have extended the results given in
[Kraus (2011)] to show that an adiabatic evolution and quantum quenching
of a one-dimensional chain of spins governed by a XY Hamiltonian can be
discretized using a Trotter expansion, into a product of matchgates. By doing
so, we have provided matchgate circuits and their corresponding compressed
quantum circuits which can be used, e.g. to measure the magnetization of the
groundstate of the XY Hamiltonian as a function of the external magnetic
field.

In Chapter 3 we review our results published in [Boyajian and Kraus
(2015)], were we extend the notion of compressed quantum simulation even
further. We consider the XY-model and derive compressed circuits to sim-
ulate the behavior of the thermal and any excited state of the system. To
this end, we use the diagonalization of the XY-Hamiltonian presented in
[Verstraete et al. (2009)]. There the unitary, which diagonalizes the XY-
Hamiltonian has been derived and decomposed into matchgates. Moreover, it
has been shown that this unitary can be utilized to generate the thermal and
any excited state of the system from a product state. We use these results
to derive compressed circuits which simulate the corresponding matchgate
circuits. They can then be used to measure for instance the magnetization of
any thermal or excited state of the system using exponentially fewer qubits.
Apart from that, we also show that the number of elementary gates will be
smaller in the compressed simulation than the direct simulation.



CHAPTER 3

Compressed evolution of the 1D XY Model

As mentioned above, in [Kraus (2011)] as approach to observe the quantm
phase transiton of the Ising model has been derived. In [Boyajian et al.
(2013)], we have derived a generalize this result to the XY–model, and fur-
thermore, have shown that that various other interesting processes, like quan-
tum quenching, where the evolution is non-adiabatic, can also be simulated
with an exponentially smaller system. Furthermore, we also demonstrated
how the time evolution governed by the XY-model can be simulated. More-
over, we shown that the number of elementary gates, i.e. single and two-qubit
gates required for the simulation can be even smaller in the compressed sim-
ulation than the original one. The aim of this chapter is to review the results
published in [Boyajian et al. (2013)].

The structure of this chapter is the following. In Sec. 3.1 we present
matchgate circuits running on n qubits which simulates a particular phe-
nomenon, and whose output is the expectation value of the observable of
interest. Thus, these circuits can be used to investigate processes of physical
interest. Specifically, in Sec. 3.1.1 we present a matchgate circuit that can
be used to witness the phase transition, by measuring the magnetization as
a function of the internal parameters of the Hamiltonian, which exhibits an
abrupt behaviour at the critical point. In Sec. 3.1.2 a matchgate circuit is
presented which can be used to simulate a quantum quenching in a 1D chain
of Ising spins. After the quenching is simulated, the number of kinks can be
measured as a function of the quenching speed, which allows for example to
observe the action of the Kibble-Zurek mechanism in the system. Finally, in
Sec. 3.1.3 we derive a matchgate circuit to simulate the propagation in time
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of a signal front across the spin chain.
Using the results presented in Sec. 1.3, these matchgates circuits can be

compressed into quantum circuits running on exponentially less qubits [Jozsa
et al. (2009)]. Thus, the matchgate circuit presented in Sec. 3.1.1 which simu-
lates the evolution of a system of n qubits, can be compressed into a quantum
circuit running on log(n) + 1 qubits. The corresponding compressed quan-
tum circuits are presented in Sec. 3.2. Furthermore, using the symmetries
of the XY Hamiltonian, these compressed circuits can be compressed even
further to a quantum circuit running on only log(n) qubits, as we show also
in Sec. 3.2. Finally, we finish this chapter with some conclussions in Sec. 3.3.

In this chapter we will focus on open and JW boundary conditions. The
choice between open and boundary conditions is not going to affect the way
the matchgate circuits are constructed. For this reason, in this chapter H
denotes the XY Hamiltonian with either open or JW boundary conditions,
unless explicitly stated otherwise.

3.1 Matchgate circuits
In this section we present three different matchgate circuits that can be
used to simulate some physical evolutions in a system of n qubits described
by the XY Hamiltonian for different values of the internal parameters of
the Hamiltonian. The first circuit that we present are a matchgate circuit
to measure the magnetization of the groundstate of the XY Hamiltonian
by simulating an adiabatic evolution of the groundstate. Afterwards, we
present a matchgate circuit that simulates a quantum quenching and can be
used to measure the number of kinks as a function of the quenching speed.
In order to construct these circuits, the unitaries presented in Chapter 1
which approximate an adiabatic evolution and a quantum quenching are
decomposed here into a product of matchgates. These unitaries constitute the
gates of the matchgate circuits. The circuits are then completed by choosing
an appropriate initial state and measurement operator that is quadratic in
the Majorana operators, as we have discussed in Chapter 2. As we will see
the magnetization and the number of kinks can be measured by operators of
this form.

We also present later in Sec. 3.1.3 a matchgate circuit that simulates
a time evolution of a certain initial state and can be used for example to
investigate the propagation in time of an excitation through a 1D chain of
spins with interactions given by an XY Hamiltonian. As we will see there, the
time evolution operator can be approximated in a similar way as the adiabatic
evolution unitary or quantum quenching unitary have been decomposed. In
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fact using a Trotter expansion we show that the time evolution unitary can
be decomposed into a product of the same kind of matchgates used in the
aforementioned circuits.

In this chapter we will define the XY Hamiltonian as

H(J,B) = −BH0−J(H1 +δH2) (3.1)

where H0, H1 and H2 were defined in Sec. 2.1 in Eq. (2.5). This Hamiltonian
is equivalent to the Hamiltonian H(g, δ) defined in Eq. (2.1) up to an overall
factor. The dependence on δ is not explicitly written as we consider that δ
can take an arbitrary, but constant value. In the following, in the cases where
B or J take constant values, we write simply H(J) or H(B) respectively.

3.1.1 Magnetization
The quantum phase transition can be observed by measuring the magnetiza-
tion as a function of the ratio between the strength of the spin-spin interac-
tion, J , and the strength of the external magnetic field B [see Eq. (3.1)]. As
mentioned above, in second order phase transitions, the non analyticity of
the ground state energy only occurs if the number of spins tends to infinity.
However, for a large enough system size the abrupt behavior near the critical
point can be observed.

In this section we extend this procedure presented in [Kraus (2011)], to
the XY–model, for both, open and JW boundary conditions. Then we show
that the compressed quantum circuit does not only utilize an exponential
smaller number of qubits, but also that its size is much smaller than the one
of the original matchgate circuit.

Matchgate circuit construction

Similar to [Kraus (2011)] we construct a matchgate circuit whose output is
the magnetization as a function of J , keeping B and δ constant. We write
the Hamiltonian given in Eq. (3.1) as H(J). The magnetization operator is
given by M = 1

n

∑n−1
j=0 Zj is given by

〈M〉(J) = 1
n

n−1∑
j=0
〈ψ(J)|Zj|ψ(J)〉 , (3.2)

where |ψ(J)〉 denotes the ground state of H(J). Here and in the following,
by ground state we will refer to the eigenstate of minimal energy in the
subspace of the Hamiltonian with even parity and momentum zero, H(0, 0)
(see Chapter 2), which correspond to the parity and momentum of the ground
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state of H(0). This state is the initial state before the adiabatic evolution
and since its parity and momentum are preserved during the whole evolution,
the system will evolve to the ground state mentioned above. Additionally,
by magnetization we will refer to the magnetization of the ground state. As
can be seen in Fig. 3.1, if the system size is large enough, the quantum phase
transition can be clearly seen by measuring the magnetization as a function
of J .

In order to measureM(J), one can prepare the system in the state |ψin〉 =
|0〉⊗n, which is the ground state of H(0). Then, the parameter J is changed
adiabatically. This evolution can be simulated digitally, as we explained
in Sec. 2.2, by applying the unitary operator given in Eq. (2.38), which in
this chapter we label as Ua(J). In Sec. 2.1 we have recalled that several
level crossings occur in the spectrum of H(J) (JW boundary conditions).
However, as we explain there, level crossing involving the ground state only
occur between states with different parity or momentum. Since those are
conserved quantities during an adiabatic evolution those level crossings do
not affect the adiabatic evolution, and one can restrict the analysis of the
system to the subspace of the Hamiltonian with same parity and momentum
as the initial state (see Chapter 2).

A simple decomposition of Ua(J) into matchgates is obtained as follows.
The unitaries U0, U1 and U2 can be written as a product of single or two-qubit
unitaries as Uk(ω) = ∏

j V
(j)
k (ω), for k = 0, 1, 2, where V (j)

0 (ω) = e−iω Zj /2,

V
(j)

1 (ω) = e−iωXj Xj+1 /2, and V
(j)

2 (ω) = e−iωYj Yj+1 /2. Replacing them in
Eq. (2.36) leads to

Ua(J) =
L(J)∏
l=0

∏
j

V
(j)

0 (ω0).
2∏

k=1

∏
j

V
(j)
k [ωk(l)]

 , (3.3)

where in practice, we adjust the number of Trotter steps according to L(J) =
LJ/Jmax, instead of considering a constant value L, to avoid performing
unnecessary steps for low values of J . The second product over j in Eq. (3.3)
is performed for j ranging between 1 to n or n−1, for JW or open boundary
conditions respectively. It can be easily seen that V (j)

1 and V (j)
2 are of the form

of Eq. (1.44) and are therefore matchgates. Similarly, V (j)
0 can be written

as in Eq. (1.44) by considering it as a gate acting as a single qubit gate on
qubit j and trivially on qubit j + 1.

Since the unitary operator Ua(J) approximates Ũ(J) in Eq. (2.36), the
state |ψ(J)〉 = Ua(J) |ψin〉 approximates the ground state of H(J). The
magnetization as a function of J [up to O (L∆2

t )] is thus given by

〈M〉(J) = 1
n

n−1∑
j=0

〈
ψin

∣∣∣U †a(J) Zj Ua(J)
∣∣∣ψin

〉
. (3.4)
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From the last expression it is evident that the following matchgate circuit
can be employed to measure the magnetization as a function of J .

Circuit 9. A matchgate circuit of size n, where

(i) the initial state is |ψin〉 = |0〉⊗n, i.e. the ground state of H(0) = −BH0,

(ii) the system is evolved adiabatically by applying the unitary Ua(J) in
Eq. (3.3), for a certain value of J in order to prepare the groundstate
|ψ(J)〉,

(iii) the observable Zj is measured in order to obtain 〈Zj〉(J).

Hence, the magnetization 〈M〉(J), given in Eq. (3.4), can be computed by
averaging the results obtained by running Circuit 9 for every j. By repeating
the whole procedure for different values of J the magnetization curve as a
function of J can be computed.

In Fig. 3.1, the magnetization M(J) which would be measured using the
circuit described above, for JW boundary conditions and different values of
δ and n, is depicted. Since the compressed circuits presented in the following
subsections are exact simulations of the circuit presented here, these mag-
netization curves also correspond to those that would be obtained with the
compressed circuits.

Figure 3.1. The magnetization of the XY Hamiltonian with JW boundary conditions,
for different system sizes (n = 4, 8, 16, 32, 64, 128, 256 from top to bottom
respectively) and for δ = 0 (left) and δ = 0.5 (right) is depicted. As explained
in Section III A, this is the magnetization of the ground state projected into
the subspace of the Hilbert space with even parity and momentum zero. The
depicted curves are those that would be obtained with the circuits presented
in Sections III A, B and C, since during the adiabatic evolution the state of
the system follows the ground state in that subspace.
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3.1.2 Quantum quenching
In this section we present a matchgate circuit to implement a quench-induced
transition in the 1D Ising model. Thus, whenever we refer to a previous
equation, we take δ = 0. Similar to [Zurek et al. (2005)] our aim is to measure
the number of kinks as a function of the quench time. In the subsequent
subsections we derive the corresponding compressed quantum circuits with
width log(n) + 1 and log(n) respectively.

In contrast to the previous section, we are going to change here both
parameters, J and B. Due to this reason, we write the Hamiltonian in
Eq. (3.1) now as

H(B, J) = −BH0 − JH1. (3.5)

As we have seen before, if the system is prepared in the ground state
of H(B → ∞) and the parameter B is decreased slowly till B = 0, then
due to the adiabatic theorem the system will evolve into a ground state of
H(B = 0). However, if the system is quenched, i.e. the evolution is no longer
adiabatic, from B → ∞ to B = 0, it evolves into some excited state. Note
that while the ground state for B → ∞ is |0〉⊗n, for B = 0 it is degenerate
and the ground state subspace is spanned by |+〉⊗n and |−〉⊗n. If the system
is quenched from B → ∞ to B = 0, the spin components are no longer
aligned with respect to their neighboring spins, but some kinks appear. The
quantity

ν = 1
2(1− 〈K〉), (3.6)

with

K = 1
n− 1

n−2∑
j=0

Xj Xj+1, (3.7)

quantifies the number of kinks per spin in the system. If the state evolves
to the ground state, one obtains that ν = 0, but if the state evolves into
some excited states then ν > 0. In the following we present a matchgate
circuit and a compressed quantum circuit to measure ν as a function of the
quenching time.

In the ideal case, the system is quenched from B →∞ to B = 0. To im-
plement this, however, it is sufficient to start from a finite but large value of B
and then quench the system to B = 0 through the critical point. The system
is initially prepared in the ground state of the Hamiltonian H(Bmax, Jmax).
This can be achieved via adiabatic evolution. Since the Ising model exhibits
a phase transition at the point B ∼ J , the error induced by starting the
quenching from a finite value of B can be neglected as long as Bmax >> Jmax.
After this adiabatic evolution the system is quenched by rapidly varying B
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from Bmax to 0, keeping J = Jmax constant. We denote by U (1)
q and U (2)

q the
unitaries associated to the two evolutions respectively.

Since the first part of the evolution is done adiabatically, the matchgate
circuit that simulates this evolution is given by the one presented in Sec. 3.1.1
by considering J = Jmax in Eq. (3.3). That is,

U (1)
q =

L1(Jmax)∏
l=0

U0(γ0)U1[γ1(l)], (3.8)

where Uj for j = 0, 1 are given right after Eq. (2.37), γ0 = −2Bmax∆(1)
t and

γ1(l) = −2Jl∆(1)
t , where ∆(1)

t = T (1)/(L(1) + 1). The parameters T (1) and
L(1) represent, respectively, the duration time of the adiabatic evolution and
the number of Trotter steps (equivalently to T and L in Sec. 3.1.1).

In order to obtain U (2)
q we use the same tools as before, but now consid-

ering J as a constant and B as a variable. The Hamiltonian is discretized
into L(2) + 1 steps of the form

H̃l = −BlH0 − JmaxH1, (3.9)

for 0 ≤ l ≤ L2, where Bl = Bmax(L2 − l)/L2. As explained in Sec. 2.2,
the unitary describing the quantum quenching evolution is approximated (in
second order) by

U (2)
q (t) =

L2(Bmax)∏
l=0

U0[φ0(t, l)]U1[φ1(t)], (3.10)

where φ0(t, l) = −2Bl∆(2)
t (t), φ1(t) = −2Jmax∆(2)

t (t) and ∆(2)
t (t) = t/(L(2) + 1).

The time t is the total evolution time of the quenching. The total unitary
corresponding to the whole evolution is then given by

Uq(t) = U (2)
q (t)U (1)

q . (3.11)

Hence, the number of kinks can be obtained using that

〈K〉(t) = 1
n− 1

n−2∑
j=0

〈
ψin

∣∣∣U †q(t) Xj Xj+1 Uq(t)
∣∣∣ψin

〉
. (3.12)

Thus, the following matchgate circuit can be used to measure the number of
kinks, ν, as a function of the quenching time t.

Circuit 10. A matchgate circuit of size n, where
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(i) the initial state is |ψin〉 = |0〉⊗n, i.e. the ground state of H(Bmax, 0) =
−BmaxH0,

(ii) the system is evolved adiabatically to the groundstate of H(Bmax, Jmax),
by applying the unitary U (1)

q in Eq. (3.8),

(iii) a quenching of the system from Bmax to 0 is simulated, by applying the
unitary U (2)

q (t) in Eq. (3.10) for a certain small value of t,

(iv) the observable Xj Xj+1 is measured to obtain 〈Xj Xj+1〉.

Hence, the expectation value 〈K〉(t), given in Eq. (3.12) can be computed
by averaging the results obtained by running Circuit 9 for all 0 ≤ j ≤ n− 2.
Repeating the whole procedure for different values of t the number of kinks
as a function of the quenching time t can be obtained using Eq. (3.6).

3.1.3 Finite time evolution
In the previous sections, we considered time dependent Hamiltonians. For
example, in the adiabatic evolution or in the quantum quenching, some pa-
rameter of the Hamiltonian is either slowly or rapidly changed in time. Due
to the results derived in [Poulin et al. (2011)], also other dynamics can be
studied along the same lines. Here, we consider as a last application of this
chapter the finite time evolution governed by a constant Hamiltonian. We
study the propagation of excitations in time in a 1D spin chain. Those pro-
cesses have been studied, for instance, in [Zauner et al. (2012)]. There, an
infinite 1D spin chain was considered, whose evolution corresponded either
to the Ising Hamiltonian, or the XYZ Hamiltonian. Initially some of the
spins were flipped and the propagation of this signal front was simulated.
The time evolution was determined using matrix product states [D. Perez-
Garcia, F. Verstraete (2007)].

In this section we show how to construct a matchgate circuit and the
equivalent compressed quantum circuit to compute the propagation of a sig-
nal in a 1D spin chain with interactions given by the XY model. The signal
is generated by flipping two spins of the system, which is initially prepared
in the ground state of the XY Hamiltonian. Then, the system evolves ac-
cording to the XY-Hamiltonian and the spread of the signal is measured by
measuring Zk for each qubit k. The initial preparation, the creation of the
signal, the time evolution of the system, and the measurement corresponds
to a matchgate circuit, as we show below.

In order to derive the product of matchgates which approximates the time
evolution operator, a Trotter expansion is used. By doing so, the matchgate
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circuit derived in the following, truly simulates the time evolution of the sys-
tem. However, by doing a Trotter expansion of the time evolution operator
an error, which depends on the evolution time t, is introduced. In Chapter 4,
we also provide a matchgate circuit (and its corresponding compressed quan-
tum circuit) to implement a time evolution governed by the XY Hamiltonian
by using the unitary which exactly diagonalises the Hamiltonian. In this
way the time evolved state can be prepared for an arbitrary time t, without
introducing additional errors.

In order to construct the ground state |ψ(J)〉 of the Hamiltonian H(J),
we use the matchgate circuit introduced in Sec. 3.1.1 That is, the ground
state of the XY Hamiltonian is obtained by adiabatically evolving the initial
state |ψin〉 = |0〉⊗n to |ψ(J)〉. Thus the first part of the evolution is described
by the unitary

U
(1)
t (J) = Ua(J), (3.13)

where Ua(J) is given by Eq. (3.3). To generate an excitation in the spin
chain, the two spins in the middle of the chain are flipped by applying the
unitary

U
(2)
t = i Xn/2 Xn/2+1 . (3.14)

Clearly, this unitary is of the form of Eq. (1.44) and acts on nearest neigh-
bours. Finally, to obtain the circuit that simulates the time evolution, we
have to decompose the unitary Ũ (3)

t (J, t) = e−iH(J)t into matchgates, where
H is the XY Hamiltonian [see Eq. (3.1)]. Defining ∆t = t

L
for some integer

L, one can rewrite the previous unitary as Ũ (3)
t =

(
e−iH∆t

)L
. The parameter

L is chosen such that ∆t is small. Using the Trotter formula, one finds that

Ũ
(3)
t (J, t) =

[
U0(ζ0)U1(ζ1)U2(ζ2) +O(∆2

t )
]L

=
[
U0(ζ0)U1(ζ1)U2(ζ2)

]L
+O(L∆2

t )
(3.15)

with ζ0 = −2B∆t, ζ1 = −2J∆t and ζ2 = −2Jδ∆t. Thus, the unitary that
approximates Ũ (3)

t is given by

U
(3)
t (J, t) =

{
U0
[
ζ0(t)

]
U1
[
ζ1(J, t)

]
U2
[
ζ2(J, t)

]}L
. (3.16)

The unitary that governs the whole evolution is then given by

Ut(J, t) = U
(3)
t (J, t)U (2)

t U
(1)
t (J). (3.17)

The spread of the excitation as a function of time can be measured by mea-
suring Zk for every qubit k. Its expectation value is given by
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〈Zk〉(J, t) =
〈
ψin

∣∣∣U †t (J, t)ZkU †t (J, t)
∣∣∣ψin

〉
. (3.18)

Thus, we have shown that in order to measure the propagation of a signal in
the 1D chain, which was initially generated by an excitation located solely on
two qubits in the middle of the spin chain at t = 0 the following matchgate
circuit can be used.

Circuit 11. A matchgate circuit running on n qubits, where

(i) the initial state is |ψin〉 = |0〉⊗n, i.e the ground state of H(0) = −BH0,

(ii) the system is transformed adiabatically, by applying the unitary U (1)
t (J)

in Eq. (3.13), for a certain value of J to obtain the ground state of
H(J),

(iii) the state is transformed by applying the unitary U (2)
t given in Eq. (3.14),

which flips the spin component of a pair of spins, simulating the intro-
duction of a signal in the centre of the chain,

(iv) the state is time evolved by the unitary U (3)
t (J, t) given in Eq. (3.16) for

a certain time t,

(v) the operator Zk is measured in order to obtain 〈Zk〉(J, t) in Eq. (3.18).

Running Circuit 11 for all k, one can obtain for a given time t the ex-
pectation value 〈Zk(t)〉 for every spin in the chain. By repeating the whole
procedure for different values of t between 0 and some tmax one can measure
the propagation of the signal along the chain as a function of time.

3.2 Compressed circuits
In this section we provide the compressed circuits which exactly simulate
the matchgates circuits presented in the previous section. More precisely,
we derive a circuit running on log(n) + 1 qubits, which simulates exactly the
original matchgate circuits presented above. After that we use the symmetry
of teh XY model to show that this circuit can be compressed even further
to one of width log(n). For the circuit which measures the magnetization,
which is presented in Sect. 3.2.1, we show that hte size of the compressed
circuit is drastically smaller than the one of the original matchgate circuits.
By proceeding similarly as in Sec. 1.3, here we provide compressed circuits
running on m = log(n) + 1.
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3.2.1 Magnetization
The main idea to construct the compressed circuit has been discussed in
Sec. 1.3. In this subsection we adapt the results recalled there in order to
construct the compressed circuit, running on log(n) + 1 qubits, associated to
the matchgate Circuit 9. Although in Sec. 1.3 we have provided a general
recipe to compute the general compressed quantum circuit 7, here we repeat
some of the steps of the computation for the particular case of Circuit 9. By
doing so it is easy later to construct a corresponding compressed quantum
circuits running on only log(n) qubits.

In order to measure the magnetization, the operator M = 1
n

∑
j Zj has

to be measured in Circuit 9. This observable can be written as a quadratic
polynomial in the Majorana operators as

M = − i
n

n−1∑
j=0

x2jx2j+1. (3.19)

It follows from the discussion in Sec. 1.3 that the corresponding compressed
observable is given by

M̃ = − i
n

n−1∑
j=0

(
|2j〉 〈2j + 1| − |2j + 1〉 〈2j|

)
= 1
n

(1l⊗ Ym) . (3.20)

The initial state in Circuit 9 is the pure state |ψin〉 = |0〉⊗n, which has
the correlation matrix C(ψin) given by Eq. (1.52), i.e. iC(ψin) = Ym. Thus,
using Eq. (3.20) and Eq. (1.84), we have that

〈M〉(J) = i
2 tr

[
Ra(J)C(ρin)RT

a (J)M̃
]

= 1
2n tr

[
Ra(J) YmR

T
a (J)Ym

]
,

(3.21)

where Ra(J) is the compressed gate corresponding to the product of match-
gates Ua(J) given in Eq. (3.3), which is the unitary operator in Circuit 9. In
order to increase the readability, we will compute Ra(J) below. Eq. (3.21)
can be written as (see Sec. 1.3)

〈M〉(J) = tr[Ra(J)σinR
T
a (J) Ym], (3.22)

where the initial state is given by σin = 1
2n [1l + Ym], which can be written as

σin = 1l
n
⊗ |+y〉 〈+y|m . (3.23)

Thus, we have that the magnetization 〈M〉(J) can be measured with the
following compressed circuit.
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Circuit 12. A compressed quantum circuit running on m qubits, where

(i) the initial state σin is given in Eq. (3.23),

(ii) the system is evolved by applying the operator Ra(J) [computed below,
see Eq. (3.29)], for a certain value of J ,

(iii) the observable Ym is measured at the end of the circuit, to obtain the
magnetization 〈M〉(J) given in Eq. (3.22).

Circuit 12 can be used to obtain the magnetization of the groundstate of
the XY Hamiltonian H(J) as a function fo J . By running the circuit multiple
times for different values of J between 0 and some Jmax the magnetization
curve as a function of J can be sampled to witness the phase transition.

It is important to note here that the compressed circuit is indeed a simu-
lation of the original one (see Fig. 3.2). That is, applying the unitary Ua(J)
for some value of J , in the original matchgate circuit amounts to applying
the unitary Ra(J) for the same value of J in the compressed circuit. More-
over, the errors due to the Trotter expansion coincide. Thus, the realization
of the compressed circuit can not only be used to obtain 〈M〉(J), but also to
measure other quantities, such as correlations, e.g. XjXj+1, for any j.

In the following we derive the compressed gate Ra corresponding to the
product of matchgates Ua, by using the results presented in Sec. 1.3.

Figure 3.2. Schematic representation of one Trotter step of the circuits proposed to mea-
sure the magnetization of the XY model Hamiltonian. On the left side, Circuit
9 is depicted. The unitaries Uk for k = 0, 1, 2 are given right after Eq. (2.37),
while the decomposition into single and two qubit gates is shown in Eq. (3.3).
On the right side, the corresponding compressed quantum circuit, Circuit 13,
is represented, which is an exact simulation of the original one. The unitaries
Wk for k = 0, 1, 2 are presented in Eq. (3.33).
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Derivation of the matrix Ra(J)

We compute here the matrix Ra(J) used in Circuit 12. To this end, we have
to derive the real orthogonal matrices, Rj, associated to unitaries of the form

Uj(ωj) = e− i
2ωj Hj , (3.24)

for j = 0, 1, 2, [see Eq. (2.5)]. Here, the hat superscripts will be added to Hj

and Uj when JW boundary conditions are considered.
First of all, we write the Hamiltonians Hj and Ĥj, with j = 0, 1, 2 as in

Eq. (1.49) by considering the representation of Eq. (1.48) and obtain

H0 =
n−1∑
j=0

Zj = −i
n−1∑
j=0

c2jc2j+1,

H1 =
n−2∑
j=0

Xj Xj+1 = −i
n−2∑
j=0

c2j+1c2j+2,

H2 =
n−2∑
j=0

Yj Yj+1 = i
n−2∑
j=0

c2jc2j+3.

(3.25)

For the JW boundary conditions. we have that Ĥ0 = H0, Ĥ1 = H1 − ic2nc1
and Ĥ2 = H2 +ic2n−1c2. From this representations it is easy to read off the
matrices h [see Eq. (1.49)]. For instance, we have

h1 = −1
2

n−1∑
j=1
|2j〉 〈2j + 1| − h.c. (3.26)

As mentioned before, the corresponding rotation matrices Rj are then
given by Rj = e2ωjhj , [see Eq. (1.50)]. Thus, we have that

R0(ω0) = cos (ω0)1l + 2 sin (ω0)h0,

R1(ω1) = cos (ω1)1l + 2 sin (ω1)h1 + [1− cos (ω1)] (|1〉 〈1|+ |2n〉 〈2n|),
R2(ω2) = cos (ω2)1l + 2 sin (ω2)h2 + [1− cos (ω2)] (|2〉 〈2|+ |2n− 1〉 〈2n− 1|)

= XmR
T
1 (ω2)Xm,

(3.27)
while for the JW boundary conditions the matrices are given by

R̂j(ωj) = cos (ωj)1l + 2 sin (ωj)ĥj, (3.28)

for j = 0, 1, 2. Due to Eq. (2.38) and Eq. (3.27) the matrix Ra(J) associated
to Ua(J) is thus given by

Ra(J) =
L(J)∏
l=0

R0(ω0)R1[ω1(l)]R2[ω2(l)], (3.29)
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with ω0 = −2B∆t, ω1(l) = −2Jl∆t and ω2(l) = −2Jlδ∆t and similarly for
the JW boundary conditions.

Further compression to log (n) qubits

In [Kraus (2011)] it was shown that the symmetries of the Ising model allow
to construct a quantum circuit that runs only on m̂ = m−1 = log(n) qubits.
We show now that for the XY model the same procedure works, for both,
open and JW boundary conditions.

The idea was to find a unitary operator, V , such that all the matrices
Ra, Ym and σin in Eq. (3.22) transform under conjugation by V into block-
diagonal matrices of the form |0〉 〈0| ⊗ O1 + |1〉 〈1| ⊗ O2, where O1 and O2
are n×n matrices. The trace in Eq. (3.22) can then be split into two terms,
both involving traces of operators acting on m̂ qubits. It can then be shown
that those two terms coincide, which implies that the magnetization can be
measured with a quantum circuit of width log(n).

The 2n× 2n unitary operator

V = 1√
2

2n∑
k=1

αk |k〉 〈k|+ βk |2n− k + 1〉 〈k|, (3.30)

with

αk =

(−1)k+1 ∀k ≤ n

−i ∀k > n
, βk =

(−1)k ∀k ≤ n

−i ∀k > n
(3.31)

accomplishes this task for R0, R1 (i.e. the operators occurring in the Ising
model). It is straightforward to see that V also transforms the remaining
operators into direct sums. In order to present the transformed matrices, we
denote by Rm̂

j for j = 0, 1, 2 the matrices which have the same form as Rj

but act only on m̂ qubits. Using the notation Õ = V †OV for an arbitrary
operator O we find that

Ỹm = − |0〉 〈0| ⊗ Ym̂ + |1〉 〈1| ⊗ Ym̂,
R̃j(ωj) = |0〉 〈0| ⊗Wj(ωj) + |1〉 〈1| ⊗W ′

j(ωk),
(3.32)

for j = 0, 1, 2. Here,

W0(ω0) = Rm̂
0 (ω0)T ,

W1(ω1) = T m̂1 (ω1)Rm̂
1 (ω1)T ,

W2(ω2) = T m̂2 (ω1)Rm̂
2 (ω2)T ,

(3.33)
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and W ′
j(ωj) = X⊗m̂Wj(ωj)∗X⊗m̂ for j = 0, 1, 2, where W ∗ denotes the com-

plex conjugate of W in the computational basis. The unitary operators
T m̂1 (ω1) = 1l + (eiω1 − 1) |n〉 〈n| and T m̂2 (ω1) = 1l + (eiω2 − 1) |n− 1〉 〈n− 1|
denote phase gates. Using all that, we obtain that the operator Ra(J) in
Eq. (3.29) transforms under conjugation by V into

R̃a(J) = |0〉 〈0| ⊗W (J) + |1〉 〈1| ⊗W ′(J), (3.34)

where

W (J) =
L(J)∏
l=0

W0(ω0)W1[ω1(l)]W2[ω2(l)] (3.35)

and W ′(J) = X⊗m̂W (J)∗X⊗m̂. Inserting now the expressions (3.32) and
(3.34) in Eq. (3.21), and using the fact that Ra(J) is real, and therefore
Ra(J)T = Ra(J)†, leads to

〈M〉(J) =1
2 tr

[
W (J)Ym̂W (J)†Ym̂

]
+1

2 tr
[
W ′(J)Ym̂W ′(J)†Ym̂

]
.

(3.36)

In addition to the relationship between W ′(J) and W (J), one can easily
see that X⊗m̂Y ∗m̂X⊗m̂ = Ym̂. Moreover, the first term in Eq. (3.36) is real,
which implies that the two traces occurring in Eq. (3.36) coincide. Finally,
using the same arguments that in the previous section, we write the last
expression as 1

〈M〉(J) = tr
[
W (J)σm̂inW (J)†Ym̂

]
, (3.37)

where the initial state is now the m̂-qubit state [cf. Eq. (3.23)]

σm̂in = 2
n

1lm̂−1 ⊗ |+y〉 〈+y|m̂ . (3.38)

Let us remark here that the state in Eq. (3.38) is prepared in an al-
most completely mixed state except for the last qubit, which is prepared in
a pure state. This fact establishes a connection with the deterministic quan-
tum computation with one pure qubit (DQC1) [Knill and Laflamme (1998)].
In fact, from Eq. (3.37) one can conclude that the magnetization can be
computed with a DQC1 circuit running on log(n) qubits.

Hence, Eq. (3.37) corresponds to the outcome of the following compressed
circuit of width m̂ = log(n).

Circuit 13. A compressed quantum circuit running on m̂ qubits, where
1Note that we used here again that the Pauli operator is traceless.
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(i) the initial state is σm̂in given in Eq. (3.38),

(ii) the state is transformed by the unitary W (J) given in Eq. (3.35), for a
certain value of J ,

(iii) the observable Ym̂ is measured at the end of the computation, yielding
〈Ym̂〉 which equals the magnetization of the groundstate of the XY model,
〈M〉(J), given in Eq. (3.37).

By running Circuit 13 for different values of J the magnetization curve of
the groundstate of the XY Hamiltonian as a function of J can be obtained.

In Fig. 3.3, the magnetization for different values of Trotter steps, L,
(see Sec. 3.1.1) is depicted. In the same figure we included the exact value of
the magnetization, computed analytically. Note that, since the compressed
quantum circuits are exact simulations of the original matchgate circuits, no
additional errors are generated due to the compression. Therefore, the errors
in our methods arise from the digital adiabatic evolution, i.e. the errors
caused by the Trotter expansion, and by the fact that the total adiabatic
evolution time, T , is finite. We refer the reader interested in the errors
occurring due to the Trotter expansion to [Poulin et al. (2011)].

Figure 3.3. The magnetization obtained via the simulation of the quantum circuit of width
m̂ [see Eq. (3.37)], compared to its exact value (solid black curve) for a system
size of n = 128 spins, δ = 0.3 and JW boundary conditions. The three
curves represented with dashed lines, correspond from top to bottom to the
parameters of T = 50, 100, 1000, while the Trotter step number is given by
L = 2T 2. Note that the Trotter error is exactly the same as in the original
circuit.

Compressed circuit size

As we have seen above, the matchgate circuit presented in Sec. 3.1.1 can be
simulated by a circuit running on exponentially less qubits. Due to that, the
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latter one could be easier realizable in experiments (see for example , where
this approach using compressed quantum circuits has been implemented ex-
perimentally). We show now that even the number of gates required for the
realization is smaller for the compressed algorithm. In fact, for each Trotter
step, the size of the compressed circuit is exponentially smaller than the one
of the matchgate circuit. Note however, that the number of required Trot-
ter steps scales with the system size. Due to the fact that the compressed
algorithm simulates the original one, the number of required Trotter steps
coincide. Thus, the dominant scaling is inevitably the same for both circuits.

In order to determine the size of the compressed circuit, we decompose
the matrix W (J) [see Eq. (3.35)] into single and two-qubit gates. We will
show that all the matrices Wj(ωj) for j = 0, 1, 2 can be written as a product
of O(m̂) single qubit and controlled single-qubit gates. Using then that any
r-qubit controlled gate can be implemented using O(r) elementary gates
[Barenco et al. (1995)], each Trotter step in Eq. (3.35) can be decomposed
in O(m̂2) elementary gates. In contrast, in the original matchgate circuit,
O(n) gates are required to implement each Trotter step.

We consider first open boundary conditions and show then that a similar
decomposition is possible for JW boundary conditions. First of all, note that

W0(ω0) = Om̂(ω0), (3.39)
where Om̂(ω0) denotes the orthogonal operator that acts non–trivially only
on the m̂-th qubit, where it acts as the single-qubit gate O(ω0) = eiω0Y .
In order to decompose Rm̂

1 (ω1) in O(m̂2) single qubit and m̂–fold controlled
unitary gates, we first note that

Rm̂
1 (ω1)T = |1〉 〈1| ⊕

[
O(ω1)⊕(n/2−1)

]
⊕ |2n〉 〈2n| , (3.40)

where O(ω1)⊕(n/2−1) denotes the direct sum of n
2 − 1 identical blocks O(ω1).

Let us introduce the real orthogonal matrix

A =
n−1∑
j=1
|j + 1〉 〈j|+ |1〉 〈n|

= Xm̂

[
Λ(m̂)Xm̂−1

]
· · ·

[
Λ(m̂,...,2)X1

] (3.41)

Here, and in the following Λ(i1,...,il)Ok denotes the controlled single qubit
operator O, acting on qubit k and the qubits i1, . . . il denote the controlling
qubits, i.e. Λ(i1,...,il)Ok = (1l−|1〉 〈1|⊗l)i1,...il ⊗ 1l + |1〉 〈1|⊗li1,...il ⊗Ok. Note that
A acts on the computational basis as A |k〉 = |k ⊕ 1〉, where ⊕ denotes the
addition modulo n. It can be easily seen that

Rm̂
1 (ω1)T = A

{[
O(ω1)⊕(n/2−1)

]
⊕ 1l

}
AT

= AB(ω1)Om̂(ω1)AT ,
(3.42)
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where B(ω1) = Λ(1,...,m̂−1)OT
m̂(ω1). Using that Rm̂

2 (ω2) = Xm̂R
m̂
1 (ω2)TXm̂ it

is straightforward to obtain a similar expression for Rm̂
2 (ω2).

Finally, note that the matrices T m̂1 and T m̂2 in Eq. (3.33) are (m̂− 1)–fold
controlled single qubit gates. Together with the decompositions of the opera-
tors W0(ω0), Rm̂

1 , and Rm̂
2 [see Eq. (3.39) and Eq. (3.42)] and the fact that A

is decomposed into O(m̂) single–qubit controlled gates, this shows that every
term in Eq. (3.35) can be implemented with O(m̂) single-qubit and (m̂− 1)–
fold controlled single qubit gates. As mentioned before, any (m̂ − 1)–fold
controlled single qubit gate can be decomposed into O(m̂) elementary gates
[Barenco et al. (1995)]. Thus, each Trotter step in the compressed circuit
can be implemented with O(m̂2) = O(log(n)2) elementary gates. In contrast
to that, the original matchgate circuit presented in Sec. 3.1 requires poly(n)
matchgates, as can be seen in Eq. (3.3). Hence, we have an exponential re-
duction in the size for each Trotter step. Note, however, as mentioned above,
that the error of the adiabatic evolution presented in Eq. (2.36) depends on
n, and because of that the number of Trotter steps, L, scales polynomially in
n. Hence, the size of the compressed circuit is O(Lm̂2) = O[poly(n)], which
prevents this circuit from having an exponential gain in size over the original
matchgate circuit.

In the case of JW boundary conditions a similar decomposition into
O(m̂2) elementary gates can be obtained. In particular, one finds that

R̂m̂
1 (ω1) = AT R̂m̂

0 (ω1)A
R̂m̂

2 (ω2) = XmR̂
m̂
1 (ω2)TXm.

(3.43)

The unitaries W1(ω1) and W2(ω2) in Eq. (3.33) have to be replaced by
Ŵ1(ω1) = T̂ m̂1 (ω1)R̂m̂

1 (ω1)T and Ŵ2(ω2) = T̂ m̂2 (ω2)R̂m̂
2 (ω2)T respectively, where

T̂ m̂1 (ω1) = AΛ(1,...,m̂−1)(Cm̂)AT and T̂ m̂2 (ω2) = A2Λ(1,...,m̂−2)(Dm̂−1,m̂)(AT )2,
where Cm̂ acts non-trivially only on the m̂–th qubit, where it acts as the
single–qubit gate C = eiω1OT

m̂(ω1) and Dm̂−1,m̂ acts on the last two qubits
as the two–qubit gate D = 1l + [eiω2 cos(ω2) − 1](|00〉 〈00| + |11〉 〈11|) +
eiω2 sin(ω2)(|00〉 〈11| − |11〉 〈00|).

3.2.2 Compressed quantum quenching
In this subsection we derive the compressed circuit that can be used to com-
pute the number of kinks after a quantum quenching. Although one could,
as in the previous subsection, use the results from Sec. 1.3 to construct di-
rectly the compressed circuit, here we derive the compressed circuit from
the Eq. (3.12). Doing so, we can further compress this circuit in a sim-
pler way. In order to derive the compressed quantum circuit to measure
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K we proceed similarly as in Sec 3.2.1. Using Eq. (1.50) and the fact that
XkXk+1 = −ic2kc2k+1, we find for the number of kinks,

〈K〉(t) = 1
n− 1

n−1∑
k=1

〈
Ψin

∣∣∣U †q(t)(−ic2kc2k+1)Uq(t)
∣∣∣Ψin

〉

= 1
n− 1

n−1∑
k=1

〈
2k
∣∣∣Rq(t)SRT

q (t)
∣∣∣2k + 1

〉
= 1
n− 1 tr

[
Rq(t)YmRT

q (t)(ih1)
]
,

(3.44)

where we have used that S = iYm. The matrix h1 coincides with the one
used to compute R1 in Eq. (3.27), and is given by Eq.(3.26). The orthogonal
matrix Rq(t) in Eq. (3.12), which we compute below, is associated to the
unitary Uq(t) in Eq. (3.10).

Similarly to the previous section we rewrite Eq. (3.12) as the outcome of a
single qubit measurement. In this case, we use the fact that

〈
j
∣∣∣Rq(t)YmRT

q (t)
∣∣∣j〉 =

0 for any j ∈ {1, . . . , 2n}, since RqYmR
T
q is antisymmetric, and thus adding

the vanishing term 1
2(n−1) tr

[
Rq(t)YmRT

q (t)∑2n−1
j=2 |j〉 〈j|

]
to Eq. (3.12), we

find
〈K〉(t) = tr

[
RT

q (t)ξinRq(t)Ym
]
, (3.45)

where

ξin = 1
2(n− 1)

n−1∑
k=1

(
|2k〉+ i |2k + 1〉

)(
〈2k| − i 〈2k + 1|

)
. (3.46)

Since ξin might not be easily generated in an experiment, we apply now
a basis transformation to derive a more physical input state. Equivalently
to A in Eq. (3.41), we define the operator Am = ∑2n−1

j=1 |j + 1〉 〈j|+ |1〉 〈2n|,
which acts on m qubits. One can easily check that

ξin = AmσinA
T
m, (3.47)

where

σin = 1
2(n− 1)

n−1∑
k=1

(
|2k − 1〉+ i |2k〉

)(
〈2k − 1| − i 〈2k|

)
, (3.48)

which can be written as

σin = 1l− |n〉 〈n|
n− 1 ⊗ |+y〉 〈+y|m . (3.49)
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Replacing Eq. (3.47) into the Eq. (3.45) we find that

〈K〉(t) = tr
[
T Tq (t)σinTq(t)Ym

]
, (3.50)

where T Tq (t) = RT
q (t)Am. Eq. (3.50) corresponds to the outcome of the

following compressed quantum circuit, running on m = log(n) + 1 qubits,
which can be used to measure the number of kinks as a function of t.

Circuit 14. A compressed quantum circuit running on m qubits, where

(i) the initial state is σin, give in Eq. (3.49),

(ii) the system is evolved by applying the operator T Tq (t) for a certain value
of t,

(iii) the operator Ym is measured, yielding the expectation value 〈Ym〉(t)
which equals 〈K〉(t) in Eq. (3.50) and with that the number of kinks,
ν, in Eq. (3.6) can be computed as a function of the quenching time t.

The numbers of kinks as a function of the quenching time t can be ob-
tained by running Circuit 14 for different times t, and using Eq. (3.6) to
compute ν(t).

Computing the matrix Rq(t)

The matrix Rq(t) can be easily constructed following the procedure of the
previous section. This is due to the fact that Uq(t) is decomposed into the
same gates as Ua(J) in Eq. (3.3). They only differ in the arguments. However,
this does not change the procedure to construct Rq(t). It can be easily seen
that the matrices R(1)

q and R(2)
q (t) associated to the unitaries U (1)

q and U (2)
q (t)

are given by

R(1)
q =

L1(Jmax)∏
l=0

R0(γ0)R1[γ1(l)], (3.51)

and

R(2)
q (t) =

L2(Bmax)∏
l=0

R0[φ0(t, l)]R1[φ1(t)]. (3.52)

Multiplying those two matrices we obtain Rq(t) = R(2)
q (t)R(1)

q .
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Further compression to log(n) qubits

In order to compress the algorithm further, note that σin in Eq. (3.49) does
not transform under the unitary V into the desired block structure like in
Eq. (3.32). However, h1 in Eq. (3.12) does. In fact the transformed operator
h̃1 = V †h1V takes the form

ih̃1 = − |0〉 〈0| ⊗O + |1〉 〈1| ⊗O′, (3.53)

where
O = 1

2 |n〉 〈n|+ ihm̂1 , (3.54)

and O′ = X⊗m̂O∗X⊗m̂.
Note that all the operators occurring in the decomposition of Rq [see Eqs.

(3.51) and (3.52)] are of the form of Rj(ωj) in Eq. (3.27) for j = 0, 1, 2. As
mentioned before, the only difference to the circuit which can be used to
measure the magnetization lies in the coefficients ωj but not in the structure
of the matrices Rj. Thus, in the same way as in Eq. (3.34), we write

R̃q(t) = |0〉 〈0| ⊗Wq(t) + |1〉 〈1|W ′
q(t), (3.55)

with Wq(t) = W (2)
q (t)W (1)

q . Both factors W (1)
q and W (2)

q (t) are given by
Eq. (3.35) with the arguments replaced by γj and φj respectively for j =
0, 1, 2. The upper limit L(J) also has to be changed to L1(Jmax) and L2(Bmax)
respectively.

Similarly to Sec. 3.2.1 we obtain, by inserting Eqs. (3.53), (3.55) and
(3.32) into Eq. (3.12), the following expression for the number of kinks,

〈K〉(t) = 1
n− 1 tr

[
W †

q (t)OWq(t)Ym̂
]

+ 1
n− 1 tr

[
W ′†

q (t)O′W ′
q(t)Ym̂

]
= 2
n− 1 tr

[
W †

q (t)OWq(t)Ym̂
]
.

(3.56)

where, in order to derive the second equality we used the fact that the two
traces in the first equality are equal, as can be easily shown.

Using the fact that Wq(t) is unitary and that Ym̂ is traceless, we can
replace − 2

n−1O in Eq. (3.56) by the density operator

χm̂in = 1
n− 1(1lm̂ − 2O), (3.57)

which implies that

〈K〉(t) = − tr
[
W †

q (t)χm̂inWq(t)Ym̂
]
. (3.58)
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Similarly to Sec. 3.2.2, we apply a basis transformation AT to derive the
more physical input state

ζm̂in = ATχm̂inA

= 1
n− 1

 n
2−1∑
k=1

2 |k〉 〈k| ⊗ |−y〉m̂ 〈−y|m̂ +
∣∣∣∣n2
〉〈

n

2

∣∣∣∣⊗ |1〉m̂ 〈1|m̂
. (3.59)

In terms of this state, 〈K〉(t) can be written as

〈K〉(t) = − tr
[
W †

q (t)Aζm̂inATWq(t)Ym̂
]
. (3.60)

Thus, 〈K〉(t) is th eoutcome of the following compressed quantum circuit,
running on m̂ = log(n) qubits.

Circuit 15. Compressed quantum circuit running on m̂ qubits, where

(i) the initial state is ζm̂in given in Eq. (3.59),

(ii) the system is evolved by the action of the operator W †
q (t)A [with Wq

given after Eq. (3.55)],

(iii) the last qubit is measured in the Y basis, yielding the expectation value
〈Ym̂〉(t), which is equal to 〈K〉(t), given in Eq. (3.60) and with that the
number of kinks ν, in Eq. (3.6) can be computed as a function of the
quenching time t.

The numbers of kinks as a function of the quenching time t can be ob-
tained by running Circuit 15 for different times t, and using Eq. (3.6) to
compute ν(t).

In Fig. 3.4, we depict the number of kinks, ν, as a function of the strength
of the magnetic field B [see Eq. (3.60)], which is quenched from Bmax towards
zero with different quenching times, t. One can observe that, as t grows, the
number of kinks at the end of the evolution, i.e. at B = 0, decreases. As in
[Zurek et al. (2005)] we observe that the density of kinks for this value of B
scales like the inverse of the square root of the quenching time (see Fig. 3.5).
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Figure 3.4. Number of kinks, ν, as a function of B, during the quantum quenching evo-
lution [see Eq.(3.60)], for a system size of n = 128 spins and JW boundary
conditions. From top to bottom the different curves corresponds to quenching
times of T2 = 50, 150 and 250 respectively, and the number of Trotter steps,
L = 2T 2

2 .

Figure 3.5. In the left figure, the logarithm of the number of kinks ν as a function of the
logarithm of the inverse of the quenching time T is plotted. The number of
kinks was obtained via the simulation of the quantum circuit of width m̂ [see
Eq. (3.60)], at the end of the quenching evolution, i.e. at B=0 (see Fig. 3.4).
The system size is n = 128. The solid line represents the fitted linear function,
which gives a slope of p = 0.58 (in agreement with [Zurek et al. (2005)]), that
relates the number of kinks and the quenching time according to ν ∝ T−p2 .
The value of p was obtained for system sizes of n = 8, 16, 32, 64, 128 which are
plotted on the right side. Note that p converges to 0.5 with increasing system
size.

3.2.3 Compressed circuit for time evolution
In the following, we construct a compressed circuit to compute 〈Zj(J, t)〉
given in Eq. (3.18). Below we compute the matrix Rt(J, t) associated to
Ut(J, t). As before, we use that Zj = −ic2j−1c2j+1 and Eq. (1.50) to write
Eq. (3.18) as

〈Zk(J, t)〉 =
〈
Ψin

∣∣∣U †t (J, t)(−ic2k−1c2k)Ut(J, t)
∣∣∣Ψin

〉
=
〈
2k − 1

∣∣∣RT (J, t)SRT
T (J, t)

∣∣∣2k〉
= tr

[
RT
T (J, t)ρ(k)

in RT (J, t)Ym
]
,

(3.61)
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where we have used that S = iYm. The initial state, ρ(k)
in is given by ρ(k)

in =
1
2

(
|2k − 1〉+ i |2k〉

)(
〈2k − 1| − i 〈2k|

)
, which can be written as

ρ
(k)
in = |k〉 〈k| ⊗ |+y〉 〈+y|m . (3.62)

Hence, equation Eq. (3.61) can be interpreted as the outcome of the
following compressed quantum circuit,

Circuit 16. A compressed circuit running on m qubits, where

(i) the initial state is ρ(k)
in , given in Eq. (3.62),

(ii) the system is evolved by applying the real operator Rt(J, t), given in
Eq. (3.67), for certain values of J and t,

(iii) the last qubit is measured in the Y basis yielding 〈Zk(J, t)〉 given in
Eq. (3.61).

Running the previous circuit for every k one can obtain the Z spin com-
ponent of every spin in the chain at time t. Therefore, repeating the whole
procedure for different values of t between 0 and some tmax one can measure
the propagation of the signal along the chain as a function of time.

In the Fig. 3.6 we show the propagation observed with the classical
simulation of the compressed algorithm, and in Fig. 3.7 we illustrate the
relation between the signal propagation speed and the parameters J and δ.

In contrast to the circuits studied before, it is not possible here to further
compress this circuit [to log(n) qubits] using the same tools as before. The
reason for that is that the state ρ(k)

in does not transform into a direct sum
[see Eq. (3.32)] under conjugation by the operator V in Eq. (3.30).

Figure 3.6. Propagation of an excitation generated in the middle of a 1D chain of n = 128
spins, with interactions given by the XY Hamiltonian with JW boundary
conditions, depicted for J = 0.1, 0.3 and 0.6 in (a), (b) and (c) respectively.
The expectation values 〈Zk(J, t)〉 for every spin k were obtained via the circuit
of Sec. 3.2.3 [see Eq. (3.61)].



3.3 Conclusion 99

Derivation of the matrix Rt

Here we construct the matrices Rt(J, t) associated to Ut(J, t). Since U (1)
t =

Ua(J) in equation Eq. (3.3),

R
(1)
t (J) = Ra(J), (3.63)

where R(J) is given by equation Eq. (3.27). To construct the matrix R(2)
t

associated to the unitary U (2)
t , we write

U
(2)
t = e iπ

2 H
(2)
t , (3.64)

where the Hamiltonian H
(2)
t = −icncn+1. According to Eq. (1.49), the

matrix h(2) associated to this Hamiltonian has only two non-zero elements
h

(2)
n,n+1 = −1/2 and h(2)

n+1,n = 1/2. This implies that the matrix R(2) = e−2πh(2)

associated to U (2)
t is a diagonal matrix with all diagonal elements equal to

one, except the elements

[R(2)
t ]n,n = [R(2)

t ]n+1,n+1 = −1. (3.65)

The matrix R(3)
t (J, t), associated to U (3)

t (J, t), is obtained using Eq. (3.16)
as

R
(3)
t (J, t) =

{
R0[ζ0(t)]R1[ζ1(J, t)]R2[ζ2(J, t)]

}L
, (3.66)

where R0, R1 and R2 are given by Eq. (3.27). The matrix which has to be
used in Eq. (3.61) is therefore

Rt(J, t) = R
(3)
t (J, t)R(2)

t R
(1)
t (J). (3.67)

3.3 Conclusion
In summary, we have investigated here several physically relevant processes,
which can be realized with a universal quantum computer operating on very
few qubits. The reason why this compressed way of quantum simulation
works is because all the circuits investigated here where matchgate circuits
of the form given in Circuit 1, given in Sec. 1.2, for which it has been shown
that their power coincides with a universal quantum computer of exponen-
tially smaller width [Jozsa and Miyake (2008)]. It should be noted that any
computation which can be simulated in the strong sense by an exponentially
smaller system, as it is done here, must be classically efficiently simulatable
since the dimension of the Hilbert space describing the system is linear in
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Figure 3.7. (Color online) The propagation speed of a signal front through a spin chain
with XY interactions as a function of J and for different values of δ is depicted.
The propagation speed is the ratio between the number of spin sites that the
signal front travels, ∆k, and the time that it requires, t, . The different curves
plotted in this figure correspond, from bottom to top, to values of δ = 0, 0.3, 0.6
and 0.9. To measure the signal propagation, the circuit presented in Sec. 3.2.3
was used in order to obtain the expectation values 〈Zk(J, t)〉 for every spin k,
from where one can obtain ∆k(t).

n. Regarding classical simulation one distinguishes between a strong sim-
ulation, and a weak simulation [van den Nest (2010)]. Strong simulation
means that the probabilities of the measurement outcomes is computed ef-
ficiently exactly, whereas weak simulation means that one can sample from
this probability distribution classically efficiently. Those two notions are fun-
damentally different, and quantum computations which cannot be simulated
strongly might well be weakly simulatable [van den Nest (2010)]. Note that
in the compressed simulation considered here, the probabilities of the mea-
surement outcomes of both, the circuits of width n and the one of width
log(n) coincide.



CHAPTER 4

Compressed simulation of a 1D XY chain of qubits using
the exact diagonalization of the XY Model

In the previous chapter we used the adiabatic evolution to construct match-
gate circuits and the corresponding compressed quantum circuits that can
be used to observe various properties of a system governed by a XY Hamil-
tonian, which are the results published in [Boyajian et al. (2013)]. In this
chapter we take a different approach by using the exact diagonalization of
the XY Hamiltonian. In Chapter 3 we recalled that the XY Hamiltonian can
be diagonalized by a transformation U that maps the fermionic operators cj
into the operators aj in terms of which, the Hamiltonian H(ϕ) is diagonal,
where ϕ are the internal parameters of the Hamiltonian. The unitary U(ϕ)
associated to this transformation satisfies that [Verstraete et al. (2009)]

U(ϕ)Hd(ϕ)U †(ϕ) = H(ϕ). (4.1)

Any excited state or thermal state can be generated by applying U(ϕ) to
a product state [Verstraete et al. (2009)], as we will recall in Sec. 4.1. Given
that U(ϕ) can be decomposed into a product of nearest neighbor matchgates
[Verstraete et al. (2009)], it is possible to construct matchgate circuits which
can be used to measure observables whose expectation values reveal phys-
ically interesting properties of the system. Here, we consider applications,
where these matchgate circuits are compressible. Specifically, matchgate cir-
cuits where the intial states are product states and the final observable can
be written as a quadratic polynomial of the Majorana operators. As we
have seen in Sec. 1.3, to such circuits, one can always associate a compressed
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quantum circuit. The aim of this chapter is to review the results from [Boya-
jian and Kraus (2015)], where we provide compressed quantum circuits that
simulate these matchgates circuits.

This chapter is organized as follows. In Sec. 4.1, we present the match-
gate circuits, which, based on the unitary U(ϕ) that diagonalises H(ϕ), can
be used to measure observables with some physical interest. In Sec. 4.2 we
review in detail the decomposition of U(ϕ) into matchgates given in [Ver-
straete et al. (2009)]. From this decomposition, the compressed gate R(ϕ)
corresponding to the product of matchgates U(ϕ) can be derived. The con-
struction of R(ϕ) is done in detail in Sec. 4.3. We conclude the chapter by
providing in Sec. 4.4 the compressed circuits corresponding to the matchgate
circuits presented in Sec. 4.1. Together with the compressed circuits, we
present results obtained from the numerical simulation of them.

4.1 Matchgate circuits
In this section we present matchgate circuits where the transformation of the
initial state is done totally or partially by the unitary U(ϕ). Such circuits can
be used, e.g. to measure the magnetization or simulate a quantum quenching
of any excited state or thermal state of the XY Hamiltonian. We also show
that one can measure correlations and that the time evolution can be done
more easily with this approach.

As we mentioned above, the main difference between the matchgate cir-
cuits derived in this chapter, with respect to those derived in Chapter 3
is that here we implement the unitary U(ϕ) which exactly diagonalises the
Hamiltonian. In Chapter 3, instead, the matchgates circuits were simulations
of physical evolutions (like adiabatic evolution or quantum quenching), which
had been discreticed into a product of matchgates using a Trotter expansion
[see e.g. Eq. (3.3)]. Although the use of such an expansion introduces an
error which depends on the simulated time and the number of gates used (see
Sec. 2.2), the matchgate circuits given in Chapter 3, are direct simulations
of the physical evolutions of the system. The matchgate circuits presented
here can be used to compute the expectation value of the same observables
considered before, however, as U(ϕ) exactly diagonalices the Hamiltonian,
these circuits do not introduce additional error. Furthermore, as mentioned
above, one can observe physical properties of thermal and excited states of
the Hamiltonian.

Before providing the matchgate circuits for particular applications in
Sec. 4.1.2, we discuss the derivation of general matchgate which can be used
to measure an arbitrary quadratic observable on thermal or excited states
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of the XY Hamiltonian. Afterwards, in Sec. 4.1.2 we consider particular ob-
servables, and adapt these generic circuits in such a way that they can be
used to investigate problems of physical interest.

4.1.1 General matchgate circuit for thermal states and excited
states

In this section we review the preparation of two different matchgate circuits
that can be used to measure observables on any excited state or in thermal
states. By applying U(ϕ) to a computational basis state any eigenstate of
H(ϕ) can be generated. Thermal states can also be generated by applying
U(ϕ) to a product state [Verstraete et al. (2009)], as we recall in the following.
An explicit decomposition of U(ϕ) is left for the next section, where we recall
its decomposition into a product of n.n. matchgates. After thermal or excites
states are prepared, it is possible to measure observables whose expectation
values reveal physically interesting properties of the system. The matchgate
circuits consists of three steps: the preparation of a factorizable initial state,
the evolution of the system by the unitary U(ϕ), and the measurement of
the desired observable.

Given that the idea is to construct compressed quantum circuits asso-
ciated to these matchgate circuits, the observables that we consider here
are quadratic observables measurement operators that can be written as
quadratic polynomials of the Majorana operators given in Eq. (1.48) (see
Sec. 1.3). That is, operators that can be written as

A =
2n−1∑
j 6=k=0

aj,kxjxk. (4.2)

Let us first consider the preparation of an arbitrary excited state of
the XY Hamiltonian by applying U to the eigenstates of Hd(ϕ), given by
Eq. (2.22). According to Eq. (2.20) the eigenstates of this diagonal Hamilto-
nian are the computational basis states |k〉 while its corresponding energies
are given by

Ek(ϕ) = E0 +
n−1∑
l=0

εkll (ϕ), (4.3)

where kl are the binary components of k and the energies εl are given in
Eq. (2.21). Let us denote by |ψk(ϕ)〉 the eigenstate of H corresponding to
Ek(ϕ). Using Eq. (4.1), we have that

|ψk(ϕ)〉 = U(ϕ) |k〉 . (4.4)
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In order to have a circuit that is prepared always in the same initial state
independently of the excited state that one is interested in preparing, we
introduce the operator

Wk ≡
n−1∏
j=0

X
kn−1−j
j , (4.5)

such that |k〉 = Wk |0〉⊗n.
Using Eq. (4.4) we can write the eigenstates of H(ϕ)[c] as |Ψk(ϕ)〉 =

U(ϕ)Wk |0〉⊗n. The expectation value of the observable A measured on the
state |Ψk(ϕ)〉 can then be written as

〈A〉(ϕ, k) = tr
[
U(ϕ)Wk (|0〉 〈0|)⊗nWkU

†(ϕ)A
]
. (4.6)

One can see from Eq. (4.6) that the expectation value 〈A〉(ϕ, k) corresponds
to the outcome of the following circuit.

Circuit 17. A quantum circuit running on n qubits, where

(i) the initial state is the state |ψin〉 = |0〉⊗n,

(ii) the transformation of the state is performed by the product of unitaries
U(ϕ)Wk,

(iii) an observable A is measured at the end of the computation, yielding the
expecataion value 〈A〉(ϕ, k) given in Eq. (4.6).

Circuit 17 is a general matchgate circuit which can be used to measure
the expectation value of an arbitrary observable A on any excited state of the
XY Hamiltonian. In Sec. 4.1.2, in the following we adapt this circuit (and
Circuit 18 given below) for particular applications by considering specific
physically meaningful observables. For certain applications, other products
of matchgates (like Uq, for simulating a quantum quenching) have to be
included in these circuits 17 in addition to U(ϕ) [see Sec. 4.1.2].

It is important to emphasize that this circuit is not strictly a matchgate
circuit as the operator Wk can not be decomposed into a product of match-
gates for the case where ‖k‖ is an odd integer. However, as we will show in
Sec. 4.4 one can also associate to the unitary Wk a compressed gate. This
can be done by noting that for the unitary Wk one can write an expression
similar to Eq. (1.50) in Sec. 1.2. That is, it holds that

W †
kxjWk =

2n−1∑
l=0

[RWk
]j,k xk (4.7)



4.1 Matchgate circuits 105

where the operators xj are the Majorana operators given in Eq. (1.48). The
matrix RWk

is an orthogonal matrix of dimension 2n × 2n, which is the
compressed gate corresponding to Wk.

We now consider thermal states of the Hamiltonian H(ϕ). They can also
be generated by evolving the thermal state of the Hamiltonian Hd(ϕ) with
the unitary U(ϕ) [Verstraete et al. (2009). Note that the thermal state of the
diagonal Hamiltonian Hd(ϕ) is given by ρd(ϕ, T ) = 1

Z(ϕ)
∑
k e−Ek(ϕ)/T |k〉 〈k|,

where Z(ϕ) denotes the partition function Z(ϕ) = ∑
k e−Ek(ϕ)/T . Due to

structure of Hd given in Eq. (2.22), the state ρd(ϕ, T ) can be factorized as

ρd(ϕ, T ) ≡
n−1⊗
k=0

ρk(ϕ, T )[a]. (4.8)

The local density matrices ρk(ϕ, T ) are diagonal and are given by

ρd,k(ϕ, T ) = ak(ϕ, T ) |0〉 〈0|+ bk(ϕ, T ) |1〉 〈1| , (4.9)

where ak(ϕ, T ) = (1+e−
εk(ϕ)
T )−1 and bk(ϕ, T ) = e−

εk(ϕ)
T ak(ϕ, T ). The thermal

state of the Hamiltonian H is obtained by evolving ρd(ϕ, T ) with U(ϕ), that
is

ρ(ϕ, T ) = U(ϕ)ρd(ϕ, T )U †(ϕ). (4.10)

Therefore, the outcome of measuring an arbitrary observable A on the ther-
mal state ρ(ϕ, T ) of the XY Hamiltonian, can be written as

〈A〉(ϕ, T ) = tr
[
U(ϕ)ρd(ϕ, T )U †(ϕ)A

]
, (4.11)

which can be interpreted as the outcome of the following matchgate circuit.

Circuit 18. A matchgate circuit running on n qubits, where

(i) the initial state is the state is ρd(ϕ, T ),

(ii) the transformation of the state is performed by the unitary U(ϕ),

(iii) the observable A is measured at the end of the computation, yielding
〈A〉(ϕ, T ) given in Eq. (4.11).

Hence, in both Circuits 17 and 18 the initial state is a product state.
Additionally, in the applications of these circuits, which we discuss in the
following, the observables which are considered are quadratic polynomials in
the Majorana operators. Thus, these circuits can be compressed in the way
discussed in Sec. 1.3.



106
Compressed simulation of a 1D XY chain of qubits using the exact

diagonalization of the XY Model

4.1.2 Applications
In this subsection we adapt the general Circuits 17 and 18 given above,
in such a way that they can be used to extract some physically motivated
information about the excited and thermal states of the 1D XY chain of
qubits. Afterwards in Sec. 4.4, we present the compression of this circuits.

Magnetization

The circuits of the previous subsection can be used to measure the magneti-
zation of any thermal or excited state of the system, that corresponds to the
expectation value of an observable M = 1

n

∑
j Zj. The observable M can be

written as a quadratic Hamiltonian as

M = − i
n

n−1∑
j=0

x2jx2j+1. (4.12)

Therefore, the magnetization of any excited state or thermal states of the XY
Hamiltonian H(ϕ) can be measured by using Circuits 17 or 18 respectively,
where the observable M given in Eq. (4.12) has to be considered as the
observable A.

Quantum quenching

In Sec. 3.1.2 we derived a matchgate circuit and its corresponding compressed
circuit to measure the number of kinks generated in a chain of Ising qubits,
after the parameter g is quenched from a large value, gmax, down to 0. The
number of kinks quantifies the number of spins that are not aligned in the X
direction with respect to their neighbouring spins. This number, normalized
by the number of spins, can be quantified by ν = 1

2(1−〈K〉) [Boyajian et al.
(2013)], where the observable K is defined as

K = 1
n− 1

n−2∑
j=0

Xj Xj+1

= − i
n− 1

n−2∑
j=0

x2j+1x2j+2.

(4.13)

We present now a circuit which can be utilized to measure ν as a function
of the quenching time t, i.e., the time used to quench the parameter g, for
thermal and excited states. As discussed in Sec. 2.2, ν corresponds to the
number of kinks only for the groundstate. However, as ν can be also viewed
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as a measure of the correlations in the system, we investigate here its value
for thermal as well as excited states.

For convenience, here we also separate the circuit into two parts. In the
first part an excited or Gibbs state of the Hamiltonian H, is prepared. The
preparation of theses states has been discussed in Sec. 4.1.1. The generation
of an excited state is accomplished by initially preparing the system in the
state |0〉⊗n and applying to it the unitary U(gmax)Wk. In the case where a
Gibbs state is to be prepared, the system is initially prepared in the state
ρd(gmax, T ) given by Eq. (2.26), and the unitary U(gmax) is applied to it af-
terwards. Afterwards (for any of the two cases mentioned above), the initial
state is transformed with the unitary Uq(t) given in Eq. (3.11), which simu-
lates the quenching of the parameter g from gmax down to 0 in a quenching
time t.

Therefore, the correlations ν(t) can be measured on excited or Gibbs
states of the Hamiltonian H as a function of the quenching time t by using
Circuits 17 and 18, where the observable that one has to consider is the
operator K given by Eq. (4.13) and the unitary transformation has to be
replaced by Uq(t)U(gmax)Wk in Circuit 17, and by Uq(t)U(gmax) in Circuit
18.

Correlations

The circuits considered here can also be used to measure correlations among
two arbitrary qubits j and k. In order to construct a matchgate circuit
that can be compressed in the same way as in the previous examples, the
operators that can be measured must be quadratic operators in the Majorana
operators. This condition rules out, e.g. XX correlations, i.e. the correlations
quantified by the expectation value of the operator XjXk, for |j − k| > 1,
0 ≤ j, k ≤ n − 1. However, one can consider other observables, such as the
observable

Cj,k ≡ Xj Zj+1 . . .Zk−1 Xk = −ix2j+1x2k, (4.14)

for 0 ≤ j, k ≤ n − 1. Given that this operator is of the form given in
Eq. (4.2), by measuring the observable Cj,k in Circuits 17 and 18 the corre-
lations quantified by the expectation value 〈Cj,k〉 can be measured on any
excited or thermal state of the XY Hamiltonian.

Time evolution

The unitary U(ϕ) can also be used to decompose the time-evolution operator
V (ϕ, t) = e−iH(ϕ)t into a product of matchgates. In this way it is possible
to simulate the measurement outcome of a time-evolved initial state with a
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matchgate circuit. In the following we briefly discuss the construction of this
matchgate circuit.

Due to Eq. (2.23) we have that

V (ϕ, t) = U(ϕ)W (ϕ, t)U †(ϕ), (4.15)

where W (ϕ, t) = e−iHd(ϕ)t. The diagonal Hamiltonian Hd(ϕ) as a function
of the Pauli operators is given in Eq. (2.22). It follows that W (ϕ, t) can be
decomposed as the following product of matchgates

W (ϕ, t) =
2n−1∏
j=0

e−i 1
2 εj(ϕ) Zj t . (4.16)

Each of the factors Wj(ϕ, t) ≡ e−i 1
2 εj(ϕ) Zj t is a single qubit gates. However,

they can be interpreted as two-qubit gates of the form Wj(ϕ, t) ⊗ 1lj+1 [or
1lj−1⊗Wj(ϕ, t)] which are matchgates. Therefore, the time evolution unitary
V (ϕ, t) defined above can be decomposed as a product of matchgates. The
choice of the initial state that is evolved according to V (t) and the final
measurement depends on the problem of interest, and could in general include
more general initial states or observables than the ones discussed until now.
However, in order to construct a matchgate circuit for time evolution that
can be compressed in the same way as in the other problems, the initial state
and observable operators have to be of the form discussed in Sec. 1.3. That
is, the initial state is of the form

ρin = ρ1 ⊗ · · · ⊗ ρk (4.17)

where each operator ρk is a density operator of O[log(n)] qubits, and the
observable operator is of the form given in Eq. (4.2).

Hence the following matchgate circuit can be used to measure 〈A〉(t) on a
system which has undergone a time evolution from an initial state ρin, given
in Eq. (4.17).

Circuit 19. A matchgate circuit running on n qubits, where

(i) the initial state is an arbitrary state of the form of ρin, given by Eq. (4.17),

(ii) the transformation of the state is performed by the unitary V (ϕ, t) given
by Eq. (4.15), which simulates a time evolution of the initial state,

(iii) the observable A is measured at the end of the circuit yielding 〈A〉(t).
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Let us note that in Chapter 3 we presented the matchgate Circuit 11 and
its corresponding compressed quantum circuit, which can also be used to
simulate the time evolution of a XY chain of qubits. In contrast to the circuit
presented here, 11 was constructed starting from a Trotter decomposition of
the time-evolution operator, leading to certain errors in the estimation of
〈A〉(t), which depend on the simulated time t. Here, by using the matrix
U(ϕ), which exactly diagonalizes the XY Hamiltonian H(ϕ), 〈A〉(t) can be
computed exactly for any value of t.

In each of the circuits presented in this section we make use of the unitary
U(ϕ), which can be decomposed into matchgates [Verstraete et al. (2009)]. In
the subsequent section, we recall such a decomposition into n.n. matchgates,
which is used afterwards, in Sec. 4.3 to construct the compressed gate cor-
responding to the matrix U(ϕ). By doing so, compressed quantum circuits
which are associated to the matchgate circuits provided in this sections, can
be derived. These compressed quantum circuits are presented in Sec. 4.4.

4.2 Decomposition into matchgates of the unitary that
diagonalises the XY Hamiltonian

In Sec. 2.1, we have recalled the diagonalization of the XY Hamiltonian,
which is achieved by transforming the set of fermionic operators {ci}i=0,...,n−1
into a different set of fermionic operators {ai}i=0,...,n−1. Let us denote by U †,
the corresponding transformation on the fermionic operators. In this section
we will review the construction of the corresponding unitary matrix U(ϕ)
[Verstraete et al. (2009)], which transforms the Hamiltonian as 1

U(ϕ)Hd(ϕ)U †(ϕ) = H(ϕ). (4.18)

Due to the JW transformation, one can associate to an n-qubit state |Ψ〉
a fermionic state in the following way,

|ψ [a]〉 =
∑

i0,...,in−1=0,1
ψ[a]i0,...,in−1 |i0, . . . , in−1〉

=
∑

i0,...,in−1=0,1
ψ[a]i0,...,in−1

(
a†0
)i0

. . .
(
a†n−1

)in−1 |Ω [a]〉 .
(4.19)

1Note that this can be easily generalized for any Hamiltonian H[c] that is a quadratic
polynomial in the Majorana fermions [see Eq. (1.49)], the unitary U in Eq. (2.23) can be
decomposed into matchgates [Jozsa and Miyake (2008)]. Note further that any product of
matchgates acting on n qubits can be decomposed into n3 matchgates [Jozsa and Miyake
(2008)].
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Here, and in the following |Ω[a]〉 represents the vacuum state of modes ai,
that is, ai |Ω[a]〉 = 0, ∀i. Note that using this notation the operator aj
is associated with qubit j. As fermionic operators do not commute, any
reordering of the operators might result in a change of signs in Eq. (4.19).
Sometimes, however, it is more convenient to work with a different order,
especially as we are seeking for a decomposition of U into nearest neighbour
matchgates. We will explain in the following how to take the phases into
account.

In order to construct a nearest neighbour matchgate circuit U , the trans-
formation U is decomposed into elementary transformations, that act non-
trivially only on 2 fermionic operators, as we will describe in detail in the
following subsections. These transformations are conjugated by reordering
transformations that permute the position of the qubits. Due to the anticom-
muting relations of the fermionic operators, swapping, e.g. qubit j and k 6= j,
yields a phase (−1)ijik+(ij+ik)(ij+1+···+ik−1) in each of the terms of Eq. (2.4). It
is convenient to introduce a vector µ = (µ0, . . . µn−1), that is a permutation
of the vector (0, . . . , n− 1), whose components indicate which fermionic op-
erator is associated to which qubit. This is done by generalizing the notation
of Eq. (2.4) to

|ψ [y,µ]〉 =
∑

i0,...,in−1=0,1
ψ[y,µ]i0,...,in−1

(
y†µ0

)i0
. . .
(
y†µn−1

)in−1 |Ω [y]〉 (4.20)

where {yi}i=0,...,n−1 denotes here an arbitrary set of fermionic operators. Let
us denote by Sj,k the fermionic swap operator, which maps aj to ak and
vice versa. The action of the transformation Sj,k corresponds to the per-
mutation of the two components of µ, µj and µk. Stated differently, we
have ψ[y,µ]i0,...,in−1 coincides with ψ[y, (0, . . . , n−1)]i0,...,in−1 up to the sign,
which results from the permutation.

In the following section we will consider transformations that act non-
trivially only on two fermionic operators, associated to consecutive qubits,
e.g. {yµ2l , yµ2l+1}. In those cases the corresponding gate acts non trivially
only on qubits 2l and 2l+1 2. The correspondence between the computational
basis states of qubits 2l and 2l + 1 and the fermionic operators is then [see
Eq. (4.20)],

|[k1, k2][y,µ]〉2l,2l+1 =
(
y†µ2l

)k1 (
y†µ2l+1

)k2 |Ω[y]〉2l,2l+1 , (4.21)

where, the vacuum state |Ω[y]〉2l,2l+1 represents the vacuum state of modes
yµ2l and yµ2l+1 .
2 Note that this would not hold if they were not consecutive qubits, but instead arbitrary
qubits j and k > j. In this case, the corresponding unitary acting on the Hilbert space
would act non-trivially on all qubits j, j + 1, . . . , k.
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In the previous section we have followed the conventional procedure used
in the literature to diagonalize the XY Hamiltonian. There, the diagonal-
ization has been achieved by applying a Bogoliuvov transformation, B, and
a Fourier transformation, F . In the following subsections, we recall how to
construct the matchgate circuits corresponding to each of these two trans-
formations [Verstraete et al. (2009)].

4.2.1 Bogoliuvov Transformation
The Bogoliuvov transformation B maps the fermionic operators {ai}i=0,...,n−1
into the operators {bi}i=0,...,n−1, according to Eq. (2.18). It is easy to see
that B can be written as B = ∏n

2−1
l=0 Bl, where Bl transforms the operators

{al, a−l} into the operators {bl, b−l} [see Eq. (2.18)], for l = 1, . . . , n/2 − 1
and B0 maps {a0, an2 } into {b0, bn2 }. As the two modes which are mixed
by the transformation Bl, have non consecutive indexes we need to reorder
the qubits, by applying a permutation SBog to obtain a product of gates
acting on consecutive indices. This transformation permutes the position
of the qubits in such a way that the qubits l and −l ≡ n − l, and 0 and n

2
become consecutive before the transformation Bl acts, and are returned to the
original position afterwards. As was explained above, we can define a vector
µ that indicates the index of each fermionic operator after the reordering
transformation [see Eq. (4.20)]. We have chosen a particular transformation
SBog, which corresponds to the mapping of the vector (0, . . . , n − 1) to the
vector

λBog =
(

0, n2 , 2,−2, . . . , 2l,−2l, . . . , n2 − 2,−n2 + 2,
n

2 − 1,−n2 + 1, . . . , 2l − 1,−2l + 1, . . . , 1,−1
)
.

(4.22)

Using the following notation for 0 ≤ l ≤ n
2 − 1

rl =


l
2 for l even,
n−1−l

2 for l odd,
(4.23)

the components of λBog satisfy that (λBog
2rl , λ

Bog
2rl+1) = (l,−l) for 1 ≤ l ≤ n

2 − 1
and (λBog

0 , λBog
1 ) = (0, n2 ). Therefore, it is clear that the transformation Bl

now acts non-trivially on the pair of operators
{
aλBog

2rl
, aλBog

2rl+1

}
, which are

associated to the consecutive qubits 2rl and 2rl + 1 [see Eq. (4.20)]. Note
that both indexes l and rl are integer numbers in the interval

[
0, n2 − 1

]
; the

index rl indicates the position of the pair (l,−l) in the vector λBog.
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Let us now compute the gate Bl, which corresponds to Bl. First note
that the transformation Bl, maps the vacuum state |Ω[a]〉2rl,2rl+1 into a new
vacuum state |Ω[b]〉2rl,2rl+1. In order to compute this new vacuum state, note
that al |Ω[a]〉2rl,2rl+1 = 0 for l ∈ {λBog

2rl , λ
Bog
2rl+1}. Hence, one can write the

projector onto the vacuum state as

|Ω[a]〉 〈Ω[a]|2rl,2rl+1 = a
λBog

2rl
a†
λBog

2rl
a
λBog

2rl+1
a†
λBog

2rl+1
. (4.24)

Expressing the operators aλBog
2rl

and aλBog
2rl+1

in the b operators [see Eq. (2.18)],
the vacuum state |Ω[a]〉2rl,2rl+1 is mapped to the state(

ul1l + ivlb
†
λBog

2rl
b†
λBog

2rl+1

)
|Ω[b]〉2rl,2rl+1 . (4.25)

It is now straight forward to compute the two-qubit gates Bl that corre-
spond to Bl by noting that Bl maps

∣∣∣[k1, k2]
[
a,λBog

]〉
to
∣∣∣[k1, k2]

[
b,λBog

]〉
for k1, k2 ∈ {0, 1}. The relation between the elements of these two bases can
be computed using Eqs. (4.21), (4.25) and (2.18), leading to

∣∣∣[k1, k2] [a,λBog]
〉

2rl,2rl+1
=
(
ulb
†
λBog

2rl
+ ivlbλBog

2rl+1

)k1 (
ulb
†
λBog

2rl+1
− ivlbλBog

2rl

)k2

×
(
ul1l + ivlb

†
λBog

2rl
b†
λBog

2rl+1

)
|Ω[b]〉2rl,2rl+1 .

(4.26)
By evaluating Eq. (4.26) for k2, k1 ∈ {0, 1} and using Eq. (4.21) on the right-
hand side of Eq. (4.26) to identify the basis states

∣∣∣[j1, j2][b,λBog]
〉

2rl,2rl+1
,

one can compute the components of [Bl][j1,j2],[k1,k2] =〈
[j1, j2][b,λBog]

∣∣∣[k1, k2][a,λBog]
〉
. Doing so, one can easily find that

Bl =


ul 0 0 ivl
0 1 0 0
0 0 1 0
ivl 0 0 ul

 . (4.27)

As u2
l + v2

l = 1, this matrix is a nearest neighbor matchgate that acts non
trivially solely on qubits 2rl and 2rl + 1. Recall that ul and vl depends on θl,
which has to be chosen such that εl ≥ 0 [see Eq. (2.21)]. That is, depending
on g the the angle is either θl as given in Eq. (2.19) or θl + π.

The matrix B0 can be computed similarly, but it requires special attention
because as can be seen in Eq. (2.18), a0 = u0b0−iv0b

†
0 and an2 = un

2
bn

2
−ivn

2
b†n

2
.
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That is, the transformation B0 mixes the operators with same indexes, which
clearly leads to a different gate. In order to compute it let us first note that
the coefficients αj and βj defined in Eq. (2.17) take the values α0 = 1 + δ− g
and β0 = 0 for j = 0. Therefore, the angle θ0 = tan−1

(
β0
α0

)
could take the

values 0 or π. Using that the energy ε0 is given by ε0 = −2(1 + δ− g) cos(θ0)
and that θ0 is chosen such that ε0 ≥ 0, we have

θ0 =

0 for g ≥ 1 + δ,
π for g < 1 + δ.

(4.28)

It follows from this expression and from Eq. (2.18) that (a0, an2 ) = (b0, bn2 )
for g ≥ 1 + δ and (a0, an2 ) = −i(b†n

2
, b†0) for g < 1 + δ. Thus one can easily

compute that

B0 =

1l for g ≥ 1 + δ,
X0 ⊗ Z1 for g < 1 + δ.

(4.29)

Note that if g < 1 + δ the gate B0 is not a matchgate as the condition on
the determinants is not satisfied. However, in Sec. 4.3.1, when compressing
the gates Bl, we will show that even in that case a corresponding compressed
gate can be found. Note that the appearance of the operator X0 is due to
the level crossing of eigenstates with even parity with eigenstates with odd
parity. For instance, the groundstate has even parity in the region where
g ≥ 1 + δ and odd parity in the region where g < 1 + δ 3.

The circuit B corresponding to the transformation B is now obtained by
multiplying the gates B0 given in Eq. (4.29) and Bl in Eq. (4.27), that is

B = Br0 ⊗ · · · ⊗Brn
2−1 . (4.30)

4.2.2 Fourier Transformation
The Fourier transformation F maps the operators {bj}j=0,...,n−1 into the op-
erators {cj}j=0,...,n−1, where

ck = 1√
n

n−1∑
j=0

exp
(
−i2πjk

n

)
bj. (4.31)

3Let us note here that one could also obtain a circuit where all gates are matchgates by
defining B0 = 1l ⊗ Z1 for g < 1 + δ, and using an initial state where the first qubit is
flipped for g < 1 + δ. As we will see, such a scenario can easily be taken into account
when computing the compressed circuit.
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Below, we review the procedure presented in [Verstraete et al. (2009)] to
write the transformation F as a concatenation of transformations which in-
volve only two fermionic operators at a time. As each of those elementary
transformations corresponds to a matchgate, we will obtain in this way the
matchgate circuit corresponding to F .

The idea behind the decomposition of F is that the mapping of the op-
erators {bj}j=0,...,n−1 into the operators {cj}j=0,...,n−1 can be accomplished by
applying a sequence of maps F (s), for 0 ≤ s ≤ m− 1, to the operators bj, i.e.
F = F (m−1)◦· · ·◦F (0). The first transformation, F (0), maps the fermionic op-
erators {bj}j=0,...,n−1 into a different set of fermionic operators {x(1)

j }j=0,...,n−1,
which is defined in such a way that it always mixes only the pair of operators
{bj, bj′}, where the indices j and j′ differ only in the (m − 1)th bit of their
binary representations. This procedure is repeated iteratively, in such a way
that at the sth step, the indices of the pair of operators that are mixed differ
only in the (m−s−1)th bit value. Below we explain the procedure in detail.

In the following we will refer to j = ∑m−1
l=0 jl2l either as the number

or its binary representation [jm−1, . . . , j0] whenever it does not lead to any
confusion. The phase in Eq. (4.31) can now be expanded as

e−
i2πjk
n = e−iπk

∑m−1
l=0 2l+1−mjl =

m−1∏
l=0

e−
iπkjl

2m−1−l . (4.32)

Let us denote the initial operators bj = x
(0)
[jm−1,...,j0] ,∀j, to use a notation

compatible with the iterative process that we are going to utilize. Using the
decomposition of the phases given in Eq. (4.32), Eq. (4.31) can be written as

ck =
1∑

j0=0

1√
2

e−
iπkj0
2m−1 · · ·

1∑
jm−1=0

1√
2

e−iπkjm−1 x
(0)
[jm−1,...,j0]. (4.33)

Computing only the sum over the index jm−1 we obtain

1∑
jm−1=0

1√
2

e−iπkjm−1 x
(0)
[jm−1,...,j0] = 1√

2
[
x

(0)
[0,jm−2,...,j0] + (−1)k0x

(0)
[1,jm−2,...,j0]

]
≡ x

(1)
[k0,jm−2,...,j0],

(4.34)
where k0 is the last bit value of k. Recalling that [k0, jm−1, . . . , j0] corresponds
to the number k02m−1 + ∑m−2

l=0 jl2l, one can see that Eq. (4.34) defines a
set of n fermionic operators {x(1)

i }i=0,...,n−1 as a function of the operators
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{x(0)
i }i=0,...,n−1. Explicitly, we have that

x
(1)
[0,jm−1,...,j0] = 1√

2
[
x

(0)
[0,jm−2,...,j0] + x

(0)
[1,jm−2,...,j0]

]
x

(1)
[1,jm−1,...,j0] = 1√

2
[
x

(0)
[0,jm−2,...,j0] − x

(0)
[1,jm−2,...,j0]

]
.

(4.35)

Let us call the transformation that maps the original fermionic operators
{x(0)

i }i=0,...,n−1 into the fermionic operators {x(1)
i }i=0,...,n−1, according to Eq.

4.35, F (0). Note that the transformation F (0) mixes pairs of operators whose
indices differ only in the (m − 1)th bit value. Replacing Eq. (4.34) in
Eq. (4.33) we obtain

ck =
1∑

j0=0

1√
2

e−
iπkj0
2m−1 · · ·

1∑
jm−2=0

1√
2

e−
iπkjm−2

2 x
(1)
[k0,jm−2,...,j0]. (4.36)

Repeating this procedure s times, for s ∈ {0, . . . ,m− 1}, we find

ck =
1∑

j0=0

1√
2

e−
iπkj0
2m−1 . . .

1∑
jm−s−1=0

1√
2

e−
iπkjm−s−1

2s x
(s)
[k0,...,ks−1,jm−s−1,...,j0]. (4.37)

Similarly as before, we define the operators {x(s+1)
i }i=0,...,n−1 as the sum over

the index jm−s−1 in Eq. (4.37), that is

x
(s+1)
[k0,...,ks,jm−s−2,...,j0] ≡

1√
2

[
x

(s)
[k0,...,ks−1,0,jm−s−2,...,j0]

+ (−1)ks e−iπϕ̃(k,s) x
(s)
[k0,...,ks−1,1,jm−s−2,...,j0]

]
.

(4.38)

In this general case, the phase difference between the operators
x

(s)
[k0,...,ks−1,0,jm−s−2,...,j0] and x

(s)
[k0,...,ks−1,1,jm−s−2,...,j0] has an additional component

ϕ̃(k, s). It can be extracted by evaluating explicitly e−
iπkjm−s−1

2s for jm−s−1 =
1, that is

e− iπk2s = e−iπ
∑m−1

l=0 2l−skl = (−1)ks e−iπϕ̃(k,s), (4.39)
with ϕ̃(k, s) = ∑s−1

l=0 2l−skl. In the last equality we used the fact that the
terms in the sum with l > s lead to trivial phases. In the same way as
F (0) was defined via Eq. (4.35), we define the transformation F (s) as the
one that maps the fermionic operators {x(s)

i }i=0,...,n−1 into the new fermionic
operators {x(s+1)

i }i=0,...,n−1 given in Eq. (4.38). The transformation mixes
pairs of operators whose indices differ only in the (m− s− 1)th bit value.

The last transformation of the succession F = F (m−1) ◦ · · · ◦ F (0), i.e.
F (m−1), maps the fermionic operators {x(m−1)

i }i=0,...,n−1 into the fermionic
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operators {x(m)
i }i=0,...,n−1. The output of this transformation coincides, up to

a permutation of the indices, with the desired set of operators {ci}i=0,...,n−1.
In fact, setting s = m− 1 in Eq. (4.37) we obtain

c[km−1,...,k0] = x
(m)
[k0,...,km−1]. (4.40)

Let us now have a closer look at the transformation F (s) for an arbitrary
s. Due to Eq. (4.38) we have that the transformation F (s) can be written as
F (s) = F (s)

0 ◦ · · · ◦ F
(s)
n
2−1, where each map F (s)

l , for 0 ≤ l ≤ n
2 − 1, acts non-

trivially only on one pair of operators, namely,
{
x(s)
rl,s
, x

(s)
rl,s+2m−s−1

}
, where rl,s

corresponds to the number whose binary representation is

[lm−2, . . . , lm−s−1, 0, lm−s−2, . . . , l0] . (4.41)

Hence, for each l, the indices of the two operators that are non-trivially
transformed, differ by 2m−s−1, i.e. by their (m − s − 1)th bit value in their
binary representation. More explicitly we have that F (s)

l maps the pairs of
operators

{
x(s)
rl,s
, x

(s)
rl,s+2m−s−1

}
, into the pairs of operators

{
x(s+1)
rl,s

, x
(s+1)
rl,s+2m−s−1

}
according to

x(s+1)
rl,s

= 1√
2
(
x(s)
rl,s

+ e−iπϕ(l,s) x
(s)
rl,s+2m−s−1

)
x

(s+1)
rl,s+2m−s−1 = 1√

2
(
x(s)
rl,s
− e−iπϕ(l,s) x

(s)
rl,s+2m−s−1

)
,

(4.42)

where the phase is given by

ϕ(l, s) =
s−1∑
j=0

2j−slm−2−j. (4.43)

Note that this is just a redefinition of the phase ϕ̃(k, s), given in Eq. (4.39),
that takes into account that the binary bits of l in Eq. (4.41) are sorted
differently than those of k in Eq. (4.37).

Now we are in the position to review how to construct the matchgate
associated to the elementary transformations F (s)

l , ∀l, s. Let us assume that
before and after each of these operations, appropriate reordering operations
are implemented such that the ordering of the fermionic operators is described
by a vector λ(s) [see Eq. (2.4)], with components λ(s)

2l = rl,s and λ
(s)
2l+1 =

rl,s + 2m−s−1, for l = 0, . . . , n2 − 1. Therefore the transformation F (s)
l maps

now the operators
{
x

(s)
λ

(s)
2l
, x

(s)
λ

(s)
2l+1

}
into

{
x

(s+1)
λ

(s)
2l

, x
(s+1)
λ

(s)
2l+1

}
, that are associated to

consecutive qubits 2l and 2l+1. Hence, the gate corresponding to F (s)
l , which
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we denote by F (s)
l , acts non trivially only on the 2lth and (2l + 1)th qubits.

Unlike the Bogoliuvov transformation, this transformation is passive and
therefore does not modify the vacuum state, i.e.

∣∣∣Ω[x(s+1)]
〉

=
∣∣∣Ω[x(s)]

〉
4. The

two-qubit gate Fl that corresponds to the transformation Fl can be computed
by noting that Fl maps

∣∣∣[k1, k2][x(s),λ(s)]
〉

2l,2l+1
to
∣∣∣[j1, j2][x(s+1),λ(s)]

〉
2l,2l+1

.
Using the notation given in Eq. (4.21) with operators x(s), and Eq. (4.42)
one obtains that

∣∣∣[k1, k2][x(s),λ(s)]
〉

2l,2l+1
=

x
(s+1)†
λ

(s)
2l

+ x
(s+1)†
λ

(s)
2l+1√

2


k1

×

eiπϕ(l,s)

(
x

(s+1)†
λ

(s)
2l
− x(s+1)†

λ
(s)
2l+1

)
√

2


k2 ∣∣∣Ω[x(s+1)]

〉
2l,2l+1

.

(4.44)
By evaluating this expression for k1, k2 ∈ {0, 1}, and using Eq. (4.21) to
identify the basis elements

∣∣∣[j1, j2][x(s+1),λ(s)]
〉

2l,2l+1
on the right-hand side

of the equation, one can compute the matrix elements [Fl][j1,j2],[k1,k2] =〈
[j1, j2][x(s+1),λ(s)]

∣∣∣[k1, k2][x(s),λ(s)]
〉
. One can easily verify that, F (s)

l , which
is a matchgate acting non trivially only on qubits 2l and 2l + 1, is given by

F
(s)
l =


1 0 0 0
0 −α(l,s)√

2
1√
2 0

0 α(l,s)√
2

1√
2 0

0 0 0 −α(l, s)

 , (4.45)

where α(l, s) = eiπϕ(l,s) with ϕ(l, s) given in Eq. (4.43). As F (s) is decomposed
as a sequence of transformations F (s)

l for 0 ≤ l ≤ n
2−1, the matchgate product

associated to F (s) is then given by

F (s) = F
(s)
0 ⊗ · · · ⊗ F

(s)
n
2−1. (4.46)

The matchgate circuit corresponding to the whole Fourier transformation is
then given by the product of circuits F (s), conjugated by appropriate reorder-
4In order to see that, we proceed as in the previous section and write the pro-
jection onto the vacuum state

∣∣Ω[x(s+1)]
〉

2l,2l+1 as
∣∣Ω[x(s+1)]

〉 〈
Ω[x(s+1)]

∣∣
2l,2l+1 =

x
(s+1)
λ

(s)
2l

x
(s+1)†
λ

(s)
2l

x
(s+1)
λ

(s)
2l+1

x
(s+1)†
λ

(s)
2l+1

. Using Eq. (4.42) to write the transformed opera-

tors
{
x

(s+1)
λ

(s)
2l

, x
(s+1)
λ

(s)
2l+1

}
in terms of the operators

{
x

(s)
λ

(s)
2l

, x
(s)
λ

(s)
2l+1

}
, we find that∣∣Ω[x(s+1)]

〉
2l,2l+1 =

∣∣Ω[x(s)]
〉

2l,2l+1 .
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ing matchgates that correspond to the reordering transformations discussed
above.

4.2.3 Reordering operations
As mentioned before, the different steps of the transformation which diago-
nalizes the Hamiltonian have to be conjugated by reordering transformations.
The reason for that is that in order to obtain nearest-neighbour matchgate
circuits corresponding to the Bogoliuvov and Fourier transformations, only
fermionic operators in consecutive positions have to be mixed at any step of
the transformations. The transformation U is thus given by 5

U = S(m)F (m−1)S(m−1) ◦ · · · ◦ F (0)S(0)
(
SBog

)−1
BSBog, (4.47)

where the transformations SBog and S(k), for 0 ≤ k ≤ m represent the re-
ordering transformations. Obviously, any reordering transformation can be
accomplished by a sequence of reordering transformations Sl,l+1 that corre-
spond to the swapping of qubits l and l + 1 respectively. In Appendix A
we derive the explicit form for each of the permutations. Here, we just re-
call that the gate, Sl,l+1, corresponding to Sl,l+1, which can be computed as
before, corresponds to the fermionic swap, i.e.

Sl,l+1 =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 −1

 . (4.48)

The gate Sj,k, corresponding to Sj,k which exchanges
(
ak, a

†
k

)
with

(
aj, a

†
j

)
is then given by

Sj,k =
k−1∏
l=j

Sl,l+1. (4.49)

The matchgate circuit U can now be written as

U = S(m)F (m−1)S(m−1) · · ·F (0)S(0)S†BogBSBog, (4.50)

where F (s) is defined in Eq. (4.46), B in Eq. (4.30) and the gates S are given
in the Appendix A as a function of the fermionic swaps Sj,k. In the next
section, we derive the compressed gate corresponding to U using Eq. (1.50).
5 Note that two reshuffling operations appear together, that is S(m+1) and S(m), and could
be combined into a new operation S ′. However we leave it in this way, since S(m) has
a simple interpretation, and S(m+1) has to be computed anyway since it appears in the
first position again.
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4.3 Compressed gates corresponding to the diagonaliza-
tion unitary

As shown in Sec. 4.2, the matchgate circuit U is decomposed into matchgates
Bl, F (s)

l and Sj,k for l ∈ {0, . . . , n2 − 1} and j, k ∈ {0, . . . , n − 1}. In this
section we construct the compressed gates corresponding to each of these
gates, namely RBl , RFl and RSj,k . This is done by following the procedure
described in Sec. 1.3. That is, we write an arbitrary matchgate G in the form
G = e−iHG , with HG of the form of Eq. (1.49), from where we can extract the
matrix of coefficients hG. The corresponding compressed gate is then given
by RG = e4hG .

Although RBl , RF
(s)
l

and RSj,k are all the compressed gates required to
construct the compressed circuit R, it is possible to use much less gates by
taking the symmetries of the Hamiltonian into account. As we will see, the
compressed gate corresponding to the whole product of matchgates F (s) =∏n

2−1
l=0 F

(s)
l given in Eq. (4.46) can be more economically implemented than the

product of the compressed gates corresponding to F (s)
l , ∀l. The same applies

to any of the factors of the product given in Eq. (4.50). For this reason, we
write down the compressed gate corresponding to U , as the product

R = RS(m)RF (m−1)RS(m−1) . . . RF (0)RS(0)RT
SBogRBRSBog , (4.51)

where we have used the notation RV to denote the compressed gate corre-
sponding to a unitary V . We omitted in Eq. (4.51) the dependence of R
on g and δ. However, whenever we want to stress this dependence, we will
write R(g, δ) for R given in Eq. (4.51). Below we are going to provide the
expression for each of the factors.

4.3.1 Compression of the Bogoliuvov transformation
In this subsection we derive the compressed gate, RB, corresponding to the
Bogoliuvov transformation B, which is a product of the matchgates Bl [see
Eq. (4.30)]. In order to do so we compute RBl , i.e. the compressed gate
corresponding to Bl.

We consider first the case g ≥ 1+δ. In this regime B0 = 1l [see Eq. (4.29)]
and therefore we can extend the definition of Bl in Eq. (4.27) to the case l = 0.
As explained in Sec. 4.2.1, the gate Bl acts on qubits 2rl and 2rl + 1, where
rl is given in Eq. (4.23). It is easy to see that the gate Bl can be written as

Bl = ei
θl
4 (X2rlX2rl+1−Y2rlY2rl+1), (4.52)



120
Compressed simulation of a 1D XY chain of qubits using the exact

diagonalization of the XY Model

where θl is given in Eq. (2.19). Using the Jordan-Wigner representation given
in Eq. (1.48), Eq. (4.52) becomes Bl = eiHBl , with a quadratic Hamiltonian

HBl = −iθl8 (x4rlx4rl+3 + x4rl+1x4rl+2 − h.c.) , (4.53)

where h.c. denotes here and in the following the hermitian conjugation of the
preceding terms. Writing HBl = i

∑
j,k [hBl ]j,k xjxk, with hBl =

− θl
8 (|4rl〉 〈4rl + 3|+ |4rl + 1〉 〈4rl + 2| − h.c.) one can easily compute the com-

pressed gate RBl = e4hBl , which is then given by

RBl = 1l⊕


cos

(
θl
2

)
0 0 − sin

(
θl
2

)
0 cos

(
θl
2

)
− sin

(
θl
2

)
0

0 sin
(
θl
2

)
cos

(
θl
2

)
0

sin
(
θl
2

)
0 0 cos

(
θl
2

)

 . (4.54)

Here, RBl acts non–trivially only on the basis elements {|4rl〉 , . . . , |4rl + 3〉}.
Note that RBl = V †BlDBlVBl , where DBl is diagonal and the structure of VBl
is independent of l (see below). Due to the independence of VBl on l (only
the basis elements on which it acts non–trivially depend on l), RB can be
written as

RB =
n
2−1∏
l=0

RBl = V †BDBVB. (4.55)

Here, the gate DB is diagonal and is given by

DB =
n
2−1∏
l=0

DBl =
n
2−1∑
l=0

[
|rl〉 〈rl| ⊗

(
e−iθl |0〉 〈0|+ eiθl |1〉 〈1|

)]
⊗ 1lm, (4.56)

and the gate

VB =
n
2−1∏
l=0

VBl = 1l⊗ 1√
2


i 0 0 1
0 i 1 0
0 −i 1 0
−i 0 0 1

 , (4.57)

acts non-trivially only on the last two qubits and it is independent of the
angles θl.

In the regime where g < 1+δ B0 is given by X0⊗Z1 [see Eq. (4.29)]. Even
though it cannot be written as the exponent of a quadratic Hamiltonian one
can nevertheless find an expression similar to Eq. (1.50) as we will show in the
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following. Note that B0 commutes with xj for j = 0, 2, 3 and anticommutes
with any other xj. Thus we have that

B†0xjB0 =
2n−1∑
k=0

[RB0 ]j,kxk, (4.58)

with
RB0 = 2

(
|0〉 〈0|+ |2〉 〈2|+ |3〉 〈3|

)
− 1l. (4.59)

In contrast to the matrix R in Eq. (1.50), the matrix RB0 is orthogonal but its
determinant is not one. However, Eq. (4.58) ensures classical simulability and
compressibility of the matchgate circuit, independently of the determinant
of RB0

6.
In summary, for g ≥ 1 + δ, the compressed gate corresponding to the

Bogoliuvov transformation is given by RB given in Eq. (4.55), while for g <
1 + δ, it is given by the product RBRB0 .

4.3.2 Compression of the Fourier transformation
In this section we compute the compressed gate R

F
(s)
l

corresponding to the
matchgate F (s)

l . The compressed circuit corresponding to F (s) is then given
by the product RF (s) = ∏n

2−1
l=0 R

F
(s)
l

. Below we derive RF (s) which is computed
similarly to RB in Eq. (4.55).

The gate F (s)
l given in Eq. (4.45) acts non–trivially on qubits 2l and 2l+1.

The corresponding compressed gate can be easily found to be

R
F

(s)
l

= RGlV
†
F

(s)
l

D
F

(s)
l

V
F

(s)
l

, (4.60)

where D
F

(s)
l

is diagonal and the structure of the matrices RGl and VF (s)
l

does
neither depend on l nor on s. The matrix R

F
(s)
l

, and therefore all the elements
in the decomposition given in Eq. (4.60) act non trivially only on the basis
elements {|4l〉 , . . . , |4l + 3〉} [see Eq. (1.50)]. Combining all that leads to

RF (s) =
n
2−1∏
l=0

R
F

(s)
l

= RGVFDF (s)V
†
F . (4.61)

6Note that the decomposition of RB0 into elementary gates works in the same way as has
been done in [Jozsa et al. (2009)] for matchgates. Another method would be to multiply
RB0 with a phase so that it would be in SO(2n).
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Here, the gate
DF (s) = |0〉 〈0|m−1 ⊗ 1l

+ |1〉 〈1|m−1 ⊗
n
2−1∑
l=0

[
|l〉 〈l| ⊗

(
e−iπϕ(l,s) |0〉 〈0|m + eiπϕ(l,s) |1〉 〈1|

)]
,

(4.62)
is diagonal and the gates

RG =
n
2−1∏
l=0

RGl = 1l⊗ 1√
2


1 0 1 0
0 1 0 1
−1 0 1 0
0 −1 0 1

 and

VF =
n
2−1∏
l=0

V
F

(s)
l

= 1l⊗


1 0 0 0
0 1 0 0
0 0 −i√

2
1√
2

0 0 i√
2

1√
2

 ,
(4.63)

act non-trivially only on the last two qubits.

4.3.3 Compression of the reordering steps
As mentioned in the previous section, every reordering step consists of a
product of permutations that are associated to a product of the matchgates
Sj,k given in Eq. (4.49). Below we provide its corresponding compressed gate
RSj,k . The compressed gates in Eq. (4.51) that correspond to each reordering
step can all be computed as a product of matrices RSj,k (for the detailed
circuits see Appendix B).

The matrix Sj,j+1 [see Eq. (4.48)] can be written, up to a global phase,
as

Sj,j+1 = exp
[
π

8 (x2jx2j+1 + x2j+2x2j+3 + x2j+1x2j+2 − x2jx2j+3 − h.c.)
]
,

(4.64)
where the operators xj are given in Eq. (1.48). Hence, the corresponding
compressed gate is given by

RSj,j+1 =
(
1l + |j〉 〈j + 1|+ |j + 1〉 〈j|− |j〉 〈j|− |j + 1〉 〈j + 1|

)
⊗1lm, (4.65)

where the operator in parenthesis is acting on the qubits 0, . . . ,m − 1. As
Sj,k can be easily obtained by multiplying consecutive fermionic swap gates,
Sj,j+1, the compressed gate, RSj,k , can be obtained by multiplying consecutive
gates of the form of Eq. (4.65). Explicitly we have

RSj,k =
(
1l + |j〉 〈k|+ |k〉 〈j| − |j〉 〈j| − |k〉 〈k|

)
⊗ 1lm. (4.66)
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In the subsequent section we determine the number of elementary gates re-
quired to implement the compressed circuit.

4.3.4 Comparison of the number of elementary gates
As mentioned at the beginning of this section, the symmetries of the Hamil-
tonian allow to decrease the number of single- and two-qubit gates required
to implement the compressed gate R compared to the number of nearest
neighbour matchgates required to implement U in the original matchgate cir-
cuit. While the decomposition of U into matchgates considered here requires
O(n2) gates [Verstraete et al. (2009)], the number of single- and two-qubit
gates that suffice to implement R scales as O(nm) = O[n log(n)]. In order
to see this, we determine the number of elementary gates of each factor of
the decomposition of R given in Eq. (4.51).

As we will show in Appendix B, for each 1 ≤ s ≤ m− 1 the matrix RS(s)

is a single two-qubit gate. Given that RS(0) can be decomposed as a product
of m − 1 RS(s) matrices [see Eq. (B.3) in Appendix B], it follows that RS(0)

can be implemented with m− 1 two-qubit gates. The gate RS(m) can also be
decomposed into a similar product of bm/2c two-qubit gates [see Eq. (B.5)
in Appendix B]. Hence, the implementation of RS(k) , for any k, requires at
most O(m) two-qubit gates. The matrix RSBog can be implemented with
O(m2) = O[log(n)2] elementary gates as can be seen as follows. Due to
Eq. (B.7) (see Appendix B) it is clear that RSBog can be written as a product
of three gates controlled by two qubits plus some small constant number of
elementary gates. From the decomposition given in Appendix B it can be
seen that each of these gates require at most O(m2) elementary gates.

The implementation of RF (s) can be done withO(s) single- and two-qubits
gates for 0 ≤ s ≤ m − 1. In order to see that, first note that the matrices
RG and VF appearing in the decomposition of RF (s) given in Eq. (4.61) are
single two-qubit gates. Additionally, using the expression of ϕ(l, s) given in
Eq. (4.43), the gate DF (s) , given in Eq. (4.62), can be written as a product
of 2s single-qubit gates controlled by two qubits. Therefore, DF (s) can be
implemented with O(s) elementary gates [Barenco et al. (1995)]. It follows
that O(m2) elementary gates are sufficient to implement all the compressed
gates associated to the Fourier transformation.

The matrix RB can be implemented with O(nm) single- and two-qubit
gates, which is the leading scaling order in the number of elementary gates
that decompose R. This scaling is due to the implementation of DB [see
Eq. (4.56)]. One can easily see that DB can be decomposed into a product
of n

2 − 1 single-qubit gates controlled by m− 1 qubits, each of which can be
implemented with O(m) elementary gates [Barenco et al. (1995)]. Note that
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due to the indirect dependence of the phases θl with respect to the index l, it
seems infeasible that DB can be implemented in a more efficient way. Hence,
the compressed circuit can be implemented with O(mn) elementary gates.

Let us point out that the implementation of the gates corresponding
only to the Fourier transformation, i.e. the implementation of the product
RS(m)RF (m−1)RS(m−1) . . . RF (0)RS(0) can be done with O [log(n)2] single- and
two-qubit gates. In contrast to that, the number of nearest neighbour match-
gates required to implement the Fourier transform in the original matchgate
circuit scales as O(n2) [Verstraete et al. (2009)].

In the subsequent section we are going to utilize the compressed gate R,
given in Eq. (4.51), to construct compressed circuits which can be employed
to measure physically relevant quantities using exponentially less qubits.

4.4 Compressed circuits

In Sec. 4.1 we have discussed a series of physical properties that can be
measured or evolutions that can be simulated with matchgate circuits. In
each of these circuits, the transformations of the initials state is performed
partially or totally by the unitary U(ϕ) that diagonalises the Hamiltonian
H(ϕ) [see Eq. (4.1)]. We have then recalled the decomposition of U(ϕ) into
matchgates in Sec. 4.2. The decompostion has been given in Eq. (4.50) where
each of the constituting factors of U(ϕ) has been explicitly given along that
section. This decomposition was used in Sec. 4.3 to construct the compressed
gate that corresponds to U(ϕ). Specifically, this gate is given in Eq. (4.51),
where each of the constituting factors of R(ϕ) are given in the corresponding
subsections of Sec. 4.3.

The aim of this section is to use the compressed gate R to construct the
compressed circuits that are equivalent to the matchgate circuits discussed
in Sec. 4.1. In order to present the compressed circuits, we proceed as in
Sec. 4.1 by first discussing the general case. Thus, in Sec. 4.1.1 we provide
two general compressed circuits that can be used to simulate the evolution
and final measurement of a quadratic observable, in a state originally pre-
pared in a thermal state or an arbitrary excited state of the Hamiltonian
H(ϕ). Afterwards, in the upcoming subsections, we adapt these two general
circuits to the particular applications. We also include the results obtained
by numerically simulating these compressed circuits.
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4.4.1 General compressed circuit
In order to construct the compressed circuits corresponding to the Circuits 17
and 18 given in Sec. 4.1.1 we make use of the discussion of Sec. 1.3, where we
have provided the general form in which a matchgate circuit is compressed.
More precisely, we have seen that a matchgate circuit of the form of Circuit
7 can be compressed into the compressed Circuit 8 (seeSec. 1.3).

For simplicity, we consider first the compression of Circuit 18. In or-
der to construct its corresponding compressed circuit, we have to construct
the compressed initial state ρ̃in(ϕ, T ) compressed state corresponding to the
initial state ρd(ϕ, T ) given in Eq. (4.8). As discussed in Sec. 1.3, the cor-
responding initial state in the compressed circuit is thus given by ρ̃in =
1

2n

{
1l + iC

[
ρd(ϕ, T )

]}
. Computing explicitly the correlation matrix

C
[
ρd(ϕ, T )

]
, one can find that this state takes the form

ρ̃d(ϕ, T ) = 1
n

n−1∑
l=0
|l〉 〈l| ⊗

[
al(ϕ, T ) |+y〉 〈+y|m + bl(ϕ, T ) |−y〉 〈−y|m

]
, (4.67)

where |+y〉 and |−y〉 are the eigenstates of Y corresponding to the eigenvalues
1 and −1 respectively.

With respect to the observable in Circuit 18, in Sec. 1.3 we have seen
that the compressed observable that corresponds to the observable A given
in Eq. (4.2) is given by

Ã = i
2n−1∑
j,k=0

aj,k (|j〉 〈k| − |k〉 〈j|) . (4.68)

Hence, we have that one can associate to the matchgate Circuit 18 the
following compressed quantum circuit.

Circuit 20. A compressed circuit running on m+ 1 qubits where

(i) the initial state is ρ̃d(ϕ, T ), given in Eq. (4.67),

(ii) the transformation of the state is performed by the orthogonal matrix
R(ϕ) given in Eq. (4.51),

(iii) the observable Ã is measured at the end of the computation, yielding
〈Ã〉(ϕ, T ), which is equal to the outcome of matchgate Circuit 18.

We now consider the compression of Circuit 17. In order to compress
this circuit we have to obtain the compressed gate RWk

corresponding to
the unitary Wk. This can be accomplished, by using a generalization of the
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procedure used to obtain the compressed gate RB0 in Eq. (4.59). That is, we
write the conjugation of the Majorana operator xk by the Pauli operator Xj

as

XjxkXj =
2n−1∑
l=0

[
RXj

]
k,l
xl. (4.69)

Here, the matrix RXj is diagonal, with diagonal entries
[
RXj

]
l,l

= 1 for l ≤ 2j

and
[
RXj

]
l,l

= −1 otherwise. Thus, the compressed gate RWk
= ∏n−1

j=0 R
kn−1−j
Xj

is also diagonal, with components

[RWk
]r,r =

1 for r = 1,
(−1)

∑l

s=1 kn−s for r = 2l or r = 2l + 1.
(4.70)

The initial state of the compressed circuit can be computed in a similar
way as ρ̃d(ϕ, T ) in Eq. (4.67), i.e. ρ̃d = 1

2n

[
1l + iC(|0〉⊗n)

]
. This state can be

written as
ρ̃d = 1l

n
⊗ |+y〉m 〈+y|m . (4.71)

Hence, we have that one can associate to the matchgate Circuit 17 the
following compressed quantum circuit.

Circuit 21. A compressed quantum running on m+ 1 qubits, where

(i) the initial state is ρ̃d, given in Eq. (4.71)

(ii) the transformation of the state is performed by the matrix R(ϕ)RWk
,

given by Eqs. (4.51) and (4.70),

(iii) the observable Ã is measured at the end of the circuit, yielding 〈Ã〉(ϕ),
which is equal to the output of matchgate Circuit 17.

We have constructed Circuits 20 and 21, which are the compressed cir-
cuits corresponding to the matchgates Circuits 18 and 17 respectively. In
the following subsections we adapt these circuits to the different applications
discussed in Sec. 4.1.2. This is done by constructing the specific compressed
observables for each case. For the circuits which simulate a quantum quench-
ing or a time evolution, the transformation R(ϕ) or R(ϕ)RWk

is also replaced
by the orthogonal matrix that is appropriate to these cases. and by replacing
the gate R for the corresponding evolution.
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4.4.2 Magnetization
To measure the magnetization of thermal or excited states of the Hamiltonian
H(ϕ), the observableM = 1

n

∑
j Zj has to be measured. This operator is given

as a quadratic polynomial in the Majorana operators in Eq. (3.19). From the
discussion given in Sec. 1.3, we have that the compressed observable Ã that
corresponds to an observable A of the form given in Eq. (4.2) takes the form
given by Eq. (4.68). Therefore, one can easily verify that the compressed
observable corresponding to M is given by

M̃ = − i
n

n−1∑
j=0

(
|2j〉 〈2j + 1| − |2j + 1〉 〈2j|

)
= 1
n

(1l⊗ Ym) , (4.72)

where Ym is the Pauli operator acting on the mth qubit.
Hence, the magnetization of any excited state or thermal state of the

Hamiltonian H(ϕ) can be measured with compressed circuits running on
log(n) + 1 qubits, Circuits 21 and 20 respectively, where the observable that
one has to consider is the operator M̃ given in Eq. (3.20). That is a measure-
ment of the last qubit in the Y-basis is performed. In the following we show
the results obtained by numerically simulating this two compressed circuits.

Fig. 4.1 shows the magnetization of the thermal states of the XY Hamil-
tonian as a function of g. The curves plotted correspond to two different
system sizes, n = 8 in Fig. 4.1 (a) and n = 128 in Fig. 4.1 (b). We have also
plotted the magnetization corresponding to thermal states at temperatures
between T = 0 and T = 0.9. In case T = 0, one observes that the magnetiza-
tion exhibits a discontinuity at the critical point gc. This behaviour is due to
a level crossing occurring between the groundstate and the first excited state,
when Jordan-Wigner boundary conditions are considered (see Sec. 2.1). This
sudden change in the groundstate of the system, as a function of g, is reflected
as a discontinuity of the magnetization of the system. Given that this be-
havior is due to the boundary conditions, it is a finite size effect and becomes
negligible as the system size grows. This can be seen when comparing figures
(a) and (b). Note also that the temperature removes the discontinuity of
the magnetization for all of the considered temperatures. This is expected
as for any T > 0 and any value of g, the Gibbs state presents a mixture of
the ground and excited states with some non-zero Boltzmann weights. Let
us remark that this discontinuity is not due to the phase transition. In fact,
if one considers only eigenstates with a given parity and momentum, the
magnetization of the groundstate at T = 0 remains continuous at the critical
point (see also [Boyajian et al. (2013)] and references therein) and the phase
transition can be witnessed as a discontinuity of the second derivative of the
magnetization.
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Figure 4.1. The magnetization of the thermal states of the XY Hamiltonian as a function
of g is shown (see Sec. 4.4.2). We have set δ = 0.2 and considered system
sizes of n = 8 qubits (a) and n = 128 qubits (b). Each curve corresponds to
a different value of the temperature, which is chosen equally spaced between
T = 0 (uppermost curve on the left side of the figures) and T = 0.9 (lowermost
curve on the left side of the figures). At T = 0 the magnetization shows a
discontinuity at the critical point (dashed line) as a consequence of the level
crossing between the groundstate and the first-exited state. The discontinu-
ity diminishes as the system size increases [compare figures (a) and (b)] and
vanishes if T > 0.

In Fig. 4.2 the magnetization of each eigenstate of the XY Hamiltonian
is shown. Each curve corresponding to a given eigenstate is obtained by
computing 〈M〉(ϕ, k) as a function of 1/g for a fixed value of k and δ. Given
that the number of curves grows exponentially with the system size n, we
have considered here a small system size of n = 8 qubits. Let us note that
due to the level crossing at the critical point gc, the magnetizations have a
discontinuity at this point, and the curves corresponding to different excited
states cross each other (cf. Fig. 4.1).

Figure 4.2. The magnetization for different eigenstates of the XY Hamiltonian as a func-
tion of 1/g and for δ = 0.2 and n = 8 is shown (see Sec. 4.4.2). Due to the
boundary conditions, several magnetization curves exhibit a discontinuity at
the critical point (see Sec. 2.1), as indicated by a vertical line in the figure at
the value g−1

c = (1 + δ)−1 = 0.83.
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4.4.3 Quantum Quenching
We have discussed in Sec. 4.1.2 that in the matchgate circuits used to measure
the correlations ν both in thermal and excited states of the XY Hamiltonian,
the observable K given in Eq. (4.13) is measured at the end of the compu-
tation. Using Eq. (4.68), one can see that the observable K̃ that has to be
measured in the compressed circuit is given by

K̃ = − i
n− 1

n−2∑
j=0

(
|2j + 1〉 〈2j + 2| − |2j + 2〉 〈2j + 1|

)
. (4.73)

Furthermore, in Sec. 4.1.2 we have mentioned how to adapt mathcgate Cir-
cuits 21 and 20 in order to measure the correlations ν on excited or ther-
mal states of the XY Hamiltonian, respectively. Note that Rq(t) given by
Eqs. (3.51) and (3.51) is the corresponding compressed gate corresponding
to the product of matchgate Uq(t), which simulates a qunatum quenching of
duration t, and R(gmax), given by 4.51 is the corresponding corresponding to
U(gmax). Hence, we have that the following compressed circuits can be used
to measure the expectation value 〈K〉(t) after a quenching of duration t on
thermal state of the ising Hamiltonian.

Circuit 22. A compressed quantum running on m+1 qubits, which simulates
the quenching of the thermal state, at temperature T , of the Hamiltonian
H(ϕ), where

(i) the initial state is ρ̃d(ϕ, T ), given in Eq. (4.67),

(ii) the transformation of the state is performed by the orthogonal matrix
Rq(t)R(gmax),

(iii) the observable K̃, given in Eq. (4.73), is measured at the end of the
circuit, yielding 〈K̃〉(t, T ) which depends on the temperature T and the
quenching time t.

The expectation value 〈K̃〉(t, T ) that can be measured with Circuit 22
equals 〈K〉(t, T ), where K is given in Eq. (3.7), and can thus be used to
compute the correlations ν given in Eq. (3.6).

Using the same arguments, we have that the compressed circuits can be
used to measure the expectation value 〈K〉(t, k) after a quenching of duration
t on an arbitrary excited state of the Ising Hamiltonian is the following.

Circuit 23. A compressed quantum running on m+1 qubits, which simulates
the quenching of a given excited state of the Hamiltonian H, where
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(i) the initial state is ρ̃d, given in Eq. (4.71)

(ii) the unitary is Rq(t)R(gmax)RWk
,

(iii) the observable K̃, given in Eq. (4.73), is measured at the end of the
computation, yielding 〈K̃〉(t, k) which depends on k and the quenching
time t.

We have numerically simulated these two circuits, obtaining the results
that we discuss below. In Fig. 4.3 (a) and (b), we depict the correlations
ν, computed numerically using Circuit 22 as a function of g during the
quenching for different total quenching times t. We have considered a value
gmax = 10. Each curve depicted in the figures corresponds to a different
total quenching time, chosen between tmin = 1 and tmax = 300, given in
absolute units. The uppermost curve in both figures corresponds to a short
quenching time, t = 1, while the bottommost continuous curve corresponds
to the larger time t = 300. For comparison we have used the matrix R(g) to
compute the correlations ν (for T = 0) that would occur in the system if the
evolution were to be performed adiabatically. The curve computed in this
way is plotted with a dashed line in Fig. 4.3 (a).

The Kibble-Zureck mechanism establishes at T = 0 a relation ν(t) ∝
(1/t)p, with p = 1/2, between the number of kinks and the quenching speed
(1/t). We use the data plotted in Fig. 4.3 (a) to verify that such a mechanism
is present in the Ising chain at T = 0 (see also [Boyajian et al. (2013)]). In
order to do so, we plot the logarithm of the correlations ν at the end of
the quenching evolution, i.e. at g = 0 as a function of the logarithm of the
quenching speed. Due to the Kibble-Zureck mechanism, we expect a linear
behavior of this function, with a slope p = 1/2. The data points have been
fitted by a linear function in the region where a linear behaviour is observed,
yielding p = 0.51 for a system size of n = 128 qubits [see Fig. 4.3 (c)], in
agreement with the Kibble-Zureck mechanism. The case where T > 0 lies out
of the scope of the Kibble-Zureck mechanism and the relationship between
the correlations ν (which at T = 0 correspond to the number of kinks) and
the quenching speed is up to our knowledge unknown. In order to obtain
some insight in the case where T > 0, we simulated numerically Circuit 22
for various temperatures, computing the correlations ν present in a system
initially prepared in a thermal state. As an example the values of ln (ν)
computed in the case where T = 2 are plotted in Fig. 4.3 (d) as a function
of ln(1/t). In order to extract the proportionality factor p, we linearly fitted
this function using the same interval of data points used for the case where
T = 0 [see Fig. 4.3 (c)] and found that p = 0.03. In Fig. 4.4 we plot the
value of p obtained in the same way when considering temperatures T ∈
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[0, 2]. For low temperatures, there is a regime (T . 0.25) where the system
still responds according to the Kibble-Zureck mechanism, as can be seen in
Fig. 4.4. This behaviour can be understood as follows. For small enough
temperatures only the groundstate and the first excited states have a non-
negligible Boltzmann weight in the thermal state. Therefore, the evolution
of the thermal state during the quenching evolution is determined by the
evolution of the groundstate and the first exited states. The compressed
circuit presented in this section can be easily adapted to simulate a quantum
quenching in systems prepared initially in any eigenstate of the Hamiltonian.
Doing so, we computed the ratio p between ln(ν) and ln(1/t) for each of
the first four excited states and found out that each of these values lie in the
interval [0.48, 0.61] (for an example see Fig. 4.5 where we depict the logarithm
of the correlations ν present in a system initially prepared in the first and
fourth excited states). Hence, to a good approximation, the dependence
of the correlations ν with respect to the quenching speed agrees with the
Kibble-Zureck mechanism for low temperatures. However one can see that, as
expected, the dependency of ν on the quenching speed is drastically changed
for higher temperatures (see Fig. 4.4).

Figure 4.3. The number of kinks, ν, as a function of the parameter g, occurring during
the quantum quenching for a system size of n = 128 spins is depicted. The
different curves correspond to various total quenching times ranging from t = 1
(uppermost curve) to t = 300 (continuous bottommost curve). The number of
Trotter steps was set to L = 100t. The number of kinks for T = 0 and adiabatic
evolution is depicted in (a) as a dashed line. Figures (c) and (d) show a
standard linear fitting function of the logarithm of the correlations ν at the end
of the quenching, i.e. at g = 0, vs. the logarithm of the quenching speed (1/t).
To fit the data points we have only considered the points depicted by filled
circles, which correspond to long quenching times, although not long enough
to correspond to an adiabatic evolution. The slope of the fitted function
(represented by the dashed line) is the parameter p, corresponding to the
exponent in the relation ν ∝ t−p. We have obtained a value p = 0.51 for
T = 0, and p = 0.03 for T = 2.



132
Compressed simulation of a 1D XY chain of qubits using the exact

diagonalization of the XY Model

Figure 4.4. The parameter p that corresponds to the exponent in the relation ν ∝ t−p is
depicted as a function of the temperature T . Each point has been obtained by
simulating a quantum quenching for a system of n = 64 qubits. For each value
of the temperature we have extracted p by fitting the correlations ν measured
in the system after the quantum quenching as a function of the quenching time
t (see Fig. 4.3). Note that for low temperatures, the parameter p is close to
the one for T = 0. This is expected as the correlations ν in each of the first
four excited states scale similarly as the ones of the ground state.

Figure 4.5. The linear fit of the logarithm of the correlations ν at the end of the quenching,
i.e. at g = 0, vs. the logarithm of the quenching speed (1/t) is shown. The
simulated system size is of n = 128 qubits. The fitting was done in the same
way as explained in Fig. 4.3. To obtain the correlations depicted in (a) and
(b) we have considered a system initially prepared in the first and fourth
excited state of the Ising Hamiltonian respectively. The corresponding slopes
are p = 0.61 (a) and p = 0.48 (b).

4.4.4 Correlations
One possible way to measure correlations among two arbitrary qubits j and k,
is by measuring the observable Cj, k given in Eq. (4.14). From that expression
one can derive immediately that the corresponding compressed observable is
given by It is given by

C̃j,k = −i
(
|2j + 1〉 〈2k| − |2k〉 〈2j + 1|

)
. (4.74)

Hence, by replacing the observable Ã by C̃ in Circuits 20 and 21, these
circuits can be used to measure the correlations among qubits j and k in a
thermal or excited states of the XY Hamiltonian respectively.
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In Fig. 4.6, we depict the correlations occurring in a system of 64 qubits.
In particular, the correlations between the central qubits, i.e. at position n

2
and the qubit at position j is depicted as a function of j. To compute the
curves depicted in Fig. 4.6 (a), we have considered a fixed value g = 0.8 and
various temperatures between T = 0 and T = 0.9. The correlations decrease
rapidly with distance and with temperature. Additionally, the correlations
also decrease as the parameter g increases. This is shown in Fig. 4.6 (b),
where each curve corresponds to a different value of g for T = 0.

Figure 4.6. The correlations of the form Cj,k [see Eq. (4.14)] between the jth qubit and
the (n2 )th qubit as a function of j are depicted for n = 64 qubits (not all
depicted). In (a) the dependency of the correlations on temperature is shown.
Each curve corresponds to a different temperature whose values have been
chosen to be equally spaced between T = 0 (corresponding to the uppermost
curve) and T = 0.9 (corresponding to the bottommost curve); the value of g
has been fixed at g = 0.8. In (b) we show the dependency of the correlations
on the value of g, at T = 0.

4.4.5 Time evolution

We have seen that the time evolution operator V (ϕ, t) = e−iH(ϕ)t can be
decomposed as V (t) = U(ϕ)W (t)U †(ϕ). Hence, in order to construct the
compressed gate corresponding to V (t), a compressed gate corresponding to
W (t) has to be derived.

In order to obtain the compressed gate associated toW (t), we writeHd as
a quadratic polynomial in the Majorana operators using the Jordan-Wigner
representation given in Eq. (1.48). Doing so, the Hamiltonian takes the form
Hd = i∑n−1

j=0
εj
4 (x2jx2j+1 − x2j+1x2j). From this expression, and following the

procedure described in Sec. 1.3 one can see that the compressed matrix RW (t)
corresponding to W (t) is given by

RW (t) =
n−1⊕
j=0

(
cos(εjt) sin(εjt)
− sin(εjt) cos(εjt)

)
. (4.75)

Hence, the compressed gate corresponding to the unitary V (t) is given by

RV (t) = R(ϕ)RW (t)RT(ϕ). (4.76)
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Letting a system freely evolve under the action of the XY Hamiltonian in
order to be able to extract some information of the system after a certain time
t could have many different applications. In Chapter 3 we have considered
a particular example, where the propagation of an excitation is observed
through a chain of spins with interactions given by the XY Hamiltonian.
The application one is interested in will determine the choice of the initial
state and the measurement observable. In the matchgate circuit for time
evolution, Circuit 19, we have not assumed an specific application. For this
reason we have considered an arbitrary state ρin of the form given in 4.17,
and an arbitrary quadratic observable A. These choices do not specify a
particular application, but allow for the compressibility of this matchgate
circuit. It follows from the discussion in Sec. 1.3 that the corresponding
compressed initial state is given by

ρ̃in = 1l
n

[
1l + iC(ρin)

]
, (4.77)

while the compressed observable is Ã given in Eq. (4.68). Therefore, the
compressed circuit that corresponds to the matchgate circuit 19 is the fol-
lowing.

Circuit 24. A compressed quantum running on m+ 1 qubits, where

(i) the initial state is ρ̃in, given in Eq. (4.77),

(ii) the transformation of the state is performed by the orthogonal matrix
RV (t) given in Eq. (4.76),

(iii) the observable Ã, given in Eq. (4.68) is measured at the end of the com-
putation, yielding the expectation value 〈Ã〉(t), which equals the output
of Circuit 19.

With this circuit we conclude the Part II, where we have provided dif-
ferent compressed quantum circuits that can be used for the investigation
of different physical phenomena in a 1D chain of spins governed by an XY
Hamiltonian. The derivation of this compressed circuits has been done with
two different approaches. In Chapter 3, the compressed circuits presented
are simulations of a physical evolution which are approximated by a Tay-
lor expansion. These circuits truly simulate the physical evolution, but due
to the Trotter expansion such evolutions are approximated up to an error
that depends on the amount of Trotter steps. In this chapter instead, we
used the decomposition into matchgates of the unitary that diagonalises the
Hamiltonian. by doing so, the compressed circuits provided here can be used
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to obtain exact measures of different physical properties of the XY models
(which can be measured with quadratic observables), or exactly simulate a
time evolution of the system for an arbitrary large time.

4.5 Conclusion
We derived compressed quantum circuits running on log(n) qubits to measure
physically interesting properties of a 1D spin-chain composed of n qubits. In
order to do so, we used the decomposition into a product of matchgates
of the unitary U that diagonalizes the XY Hamiltonian [Verstraete et al.
(2009)], and the fact that any eigenstate or thermal state of the system can
be prepared by evolving a product state according to U [Verstraete et al.
(2009)].

More precisely, we presented compressed quantum circuits that can be
used to measure the magnetization of any eigenstate or thermal state of
the 1D XY Hamiltonian, which can be used to witness the phase transition.
Moreover, using the decomposition of the unitary U into a product of match-
gates in combination with the matchgate circuits presented in [Boyajian et al.
(2013)], which have been reviewed in Chapter 3, we constructed compressed
circuits that can be used to simulate a quantum quenching of excited and
thermal states of the 1D Ising-Hamiltonian. We also presented a compressed
circuits to measure correlations among an arbitrary pair of qubits of a ther-
mal or excited state of the XY-Hamiltonian and a compressed circuit that
exactly simulates the time evolution of the system (given that an appropriate
measurement is performed).

Furthermore, we discussed several ways of generalizing matchgate circuits
that can be compressed into quantum circuit running on exponentially less
qubits. Specifically, we considered the case in which the measurement op-
erator is an arbitrary quadratic polynomial in the Majorana operators, and
derived the corresponding compressed circuit. The initial states of such cir-
cuits, that in the cases considered here are exclusively the product state |0〉⊗n
or diagonal product states of n qubits, can also be generalized. In partic-
ular, one could consider as an initial state any product states of the form
ρin = ρ1 ⊗ · · · ρk where each ρj is a state of O[log(n)] qubits. Regarding the
Hamiltonian, the results presented here can be extended to any quadratic
Hamiltonian. The reason for that is that the matrix that diagonalizes any of
these Hamiltonians can always be decomposed into a polynomial number of
matchgates [Jozsa and Miyake (2008)].

The compressed circuits presented here are suited for experimental re-
alization with current technology, exemplified by the implementation in [Li
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et al. (2014)], where a compressed circuit for the Ising model has been im-
plemented using NMR quantum computers.



Part III:EIGHT-VERTEX MODEL, MATCHGATES AND
DQC1

Previously, in Part II, we have presented matchgate circuits which can be
used to measure physically interesting quantities in the XY model. Specif-
ically we have given matchgate circuits and its corresponding compressed
quantum circuit which can be used to compute the magnetization of the
groundstate, simulate a quantum quenching, or a free evolution according to
the interactions given by an XY Hamiltonian. In Chapter 3 these circuits
were derived by discretizing the time evolution operator into a product of
matchgates. In Chapter 4 this circuits have been generalized to thermal and
excited states of the Hamiltonian, by using the unitary which exactly diag-
onalizes the Hamiltonian. In all of these matchgate circuits, the initial state
and the observable are such that they can be simulated by a compressed
quantum circuit in the way discussed in Sec. 1.3.

The idea of this Part of the Thesis, is to present matchgate circuits in
a broader way, beyond the simulation of physical evolutions in a XY chain
of qubits. In Chapter 5 we present matchgate circuits which can be used to
compute the partition function of the eight-vertex model with zero field and
free fermionic approximation. The eight-vertex model represents a rectangu-
lar lattice where each edge of the lattice can be in two states. By mapping
each edge into a qubit, the partition function of this model was mapped into
a circuit-like structure [Baxter (1982)] as we review in Chapter 5. There, we
see that for the zero-field with free fermionic approximation case, the circuit
which computes the partition function can be modified into a matchgate cir-
cuits by the use of auxiliary qubits. In contrast with the matchgate circuits
presented in Part II, here the observable which has to be measured at the end
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of the computation is not a quadratic polynomial in the Majorana operators.
This fact forbids us from simulating these circuits with a compressed quan-
tum computation in the same way that has been with the previous circuits.
However, as we show in Sec. 5.2, using this matchgate circuit and Wicks the-
orem [see Eq. (1.59)], the partition function can be written as the Pfaffian
of a matrix A of dimension O(n2) where n2 is the number of vertices in the
eight-vertex model lattice. Furthermore, each of the components of A can be
computed with a compressed quantum circuit running on O[log(n)] qubits.

In Chapter 6 we discuss the relation among two models of computa-
tion, matchgate circuits, presented in Sec. 1.2 and DQC1 circuits recalled in
Sec. 1.4. We consider compressible matchgate circuits, i.e. those which can
be simulated by a compressed quantum circuit in the way that we have seen
in Sec. 1.3. We show that for matchgate circuits where the initial state is
the state |0〉⊗n and the observable is the magnetization operator M = ∑

j Zj
(e.g. Circuit 9), the corresponding compressed quantum circuits are of the
form of a DQC1 circuit, running on exponentially less qubits than the origi-
nal matchgate circuit. Afterwards, we also discuss the relation between more
general matchgate circuits and DQC1 circuits. We show, for example, that
the output of a compressible matchgate circuit where the input state is more
general than the state |0〉⊗n can also be computed with a DQC1 circuit run-
ning on exponentially less qubits. For showing this, we use and recall the
results presented in [Shepherd (2006)], where DQC1 circuits are related to
similar quantum circuits, where the number of pure qubits prepared in a pure
state is greater than a single one. Note that the DQC1 model of computation
has a power between classical and the full power of quantum computation
[Knill and Laflamme (1998)]. Furthermore, compressible matchgate circuits
are also less powerful than a universal quantum computer, given that they
can be classically efficiently simulatable. For this reasons, a relation between
two models of computation is particularly interesting.



CHAPTER 5

Eight-vertex model and matchgates

The eight-vertex model is a generalization of the ice-type model, or six-vertex
model. Many different models can be mapped to an eight-vertex model, in
particular, the rectangular Ising model [Fan and Wu (1970)]. The eight
vertex-model is usually defined in two equivalent ways. In both cases the
eight-vertex model consists of a rectangular lattice of vertices. Nearest ver-
tices in vertical or horizontal direction can be connected, in which case one
says that there is a bond between the vertices, or left disconnected, in which
case a hole is present between the vertices. In an alternative way, one can con-
sider the case where directed edges are placed between nearest neighboring
vertices. In that case two possible direction exist for each edge. Additionally,
the number of bonds around each vertex of the lattice is restricted to an even
number (or zero). Hence, an eight-vertex model represents a rectangular lat-
tice where each vertex can take one of the eight possible configurations ξi,
with 1 ≤ i ≤ 8 depicted in figure Fig. 5.1.

The six-vertex model is obtained by only considering configurations ξi
with 3 ≤ i ≤ 8. Although an exact solution of the six-vertex model has
been found [Lieb (1967)], this solution has shown pathological behaviour as
a function of the temperature [Baxter (1982)]. The eight-vertex model has
thus been introduced to solve these issues of the six-vertex model.

For problems of physical interest, one is interested in computing the par-
tition function of the system, which is given by

Z =
∑
χ∈X

Wχ (5.1)
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Figure 5.1. Valid configurations of the vertices in the eight-vertex model. We include the
label of each of the configurations in a single index or four-index notation that
we use in this chapter. We represent hole (bond) states with dashed (solid)
lines. In the six-vertex model only configurations ξ3, . . . , ξ8 are allowed, i.e.
the sink and source configurations are excluded.

where X is the set of valid configurations χ. The coefficients Wχ = e−βEχ
are the weights corresponding to the configurations χ, where β is the inverse
temperature and Eχ is the energy of the configuration χ.

The relevance of the partition function is that from it the thermodynamic
function can be deduced. For example, the free energy, is given by

f = −β−1 lim
N→∞

1
N

ln(Z) (5.2)

In this chapter we recall how the partition function of the eight-vertex
model can be computed by associating to each vertex of the lattice a four-
rank tensor which encodes the weights of each of the valid configurations.
Doing so, the partition function can be computed, roughly speaking, by
contracting the indices of the tensors associated to neighboring vertices. In
Sec. 5.1 we recall how this procedure to compute the partition function can
be interpreted as a quantum circuit, whose outcome is the partition function.
In Sec. 5.2, we consider a specific solvable case of the eight-vertex: the free
fermionic zero-field model. For this case we show in Sec. 5.2 that the circuit
which computes the partition function mentioned above, can be transformed
into a circuit composed of nearest neighbor matchgates.

The matchgate circuit presented in Sec. 5.2 can not be compressed in the
same way as we have recalled in Sec. 1.2. In Sec. 5.2.2 we transform this
circuit into another matchgate circuit where the observable that is measured
at the end of the computation is a product of O[poly(n)] Majorana operators.
Hence, using Wicks theorem we show that the partition function can be
computed using compressed quantum circuits and an efficient classical post
processing. Note that this procedure is different to the one used in Chapters
3 and 4, where the quantities of interest (magnetization, number of kinks,
etc. ) are computed with a single compressed quantum circuit.
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5.1 Partition function of the 8-vertex model
In this section we recall how the computation of the partition function can
be mapped to a quantum circuit [Baxter (1982)]. Here we consider a square
lattice of dimension n/2× n/21. In the thermodynamic limit of large lattice
sizes, the choice of boundary conditions have a negligible impact on the
partition function of the system. Therefore, without loss of generality we
consider the boundary conditions where all external edges of the lattice are
holes. Specifically, we recall how the partition function of the system can be
computed as the expectation value Z = 〈0|⊗n Γ |0〉⊗n, where Γ is a product
of 2× 2 matrices T as the one depicted in Fig. 5.3 (b).

We denote the vertices of the lattice as vi,j where the indices i and j,
with 1 ≤ i, j ≤ n/2 denote the row and column of the vertex, counting
from the top left corner of the lattice. Each vertex can take one of the
eight possible configurations ξi, for 1 ≤ i ≤ 8 (see Fig. 5.1). Associated to
each configuration is a energy Ei. For a given lattice-configuration χ, each
vertex vj,k contributes with an energy E(j,k)(χ) which can take one of the
eight possible values Ei. As the total energy of the system is the sum of the
energies of each vertex, the partition function Z given in Eq. (5.1) factorizes.
Specifically, we have that

Z =
∑
χ∈X

e−βE(χ) =
∑
χ∈X

n/2∏
j,k=1

e−βE(j,k)(χ) =
∑
χ∈X

n/2∏
j,k=1

w(j,k)(χ). (5.3)

where w(j,k)(χ) ≡ e−βE(j,k)(χ) is the Boltzmann weight of the energy E(j,k).
Given that the energies E(j,k) can take eight possible values Ei, the Boltz-
mann weights take the corresponding values wi = e−βEi . We might use
interchangeably the four index notation, wi3,i1

i4,i2
, given in Fig. 5.1, to label the

Boltzmann weights of each of the configurations.
The partition function can be computed by associating to each vertex

vj,k a four-rank tensor T which encodes the weights wi. As we mentioned
above, in doing so Eq. (5.3) can be computed by contracting the indices of
the tensors T associated to neighboring vertices, in the way we describe in
the following. As we will see below, this contraction corresponds to the sum
over all valid configurations χ.

In order to associate tensors to the vertices of the lattice, we first associate
to each vertex a set of four qubits, which we label temporarily as u, l, r, d,
1 Although for the rest of this section, one could consider a rectangular lattice as well, in
Sec. 5.2 we use explicitly the fact that the lattice is square in order to derive a quantum
circuit composed of n.n. matchgates which computes the partition function
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for up, left, right and down. The state of these four qubits depends on the
configuration of the vertex, according to the map

ξi3,i1
i4,i2
→ |i1〉u , |i2〉l , |i3〉r , |i4〉d . (5.4)

Furthermore, qubits u and l are interpreted as inputs, while qubits r and d
are interpreted as outputs. Thus, one can associate to each vertex a tensor
T defined by

T ≡
∑

i1,i2,i3,i4∈{0,1}
wi3,i1
i4,i2
|i1i2〉r,d 〈i3i4|u,l . (5.5)

One can interpret T as a quantum operator acting on two qubits, with a
matrix representation of the form

T =



w0,0
0,0

· · w0,1
0,1

· w0,0
1,1

w0,1
1,0

·

· w1,0
0,1

w1,1
0,0

·

w1,0
1,0

· · w1,1
1,1

 =


w1 · · w5
· w8 w3 ·
· w4 w7 ·
w6 · · w2

 . (5.6)

Figure 5.2. In (a) we have sketched the association of four qubits to a vertex in the con-
figuration ξ(j,k)

i1,i3/i2,i4
, which is given in Eq. (5.4) (see Fig. 5.1). Associating the

qubits u and l as inputs and r and d as outputs, each vertex can be identified
as the matrix T acting on a pair of qubits. We have depicted this association
in (b), where the box represents the matrix T given in Eq. (5.6) and the lines
appearing in (a) have been split into two lines which represent two different
qubits. This representation is later used to construct the circuit of Fig. 5.3.

The action of applying T to a pair of qubits can be interpreted as fol-
lows. The state of the output qubits is a weighted superposition of every
possible state which is compatible with the input states. The superposition
is weighted by the weight of the configuration, e.g. T |00〉 = w1 |00〉+w6 |11〉,
given that only configurations ξ1 and ξ6 are compatible with the input state
|0〉u and |0〉l.

We recall that the only conditions for the lattice-configuration χ are that
it satisfies the boundary conditions, and that the configuration of neighboring
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vertices must be consistent with respect to the state of the shared edge. In
other words, we require that

|i〉(j,k)
r ≡ |i〉(j+1,k)

l ,

|l〉(i,k)
d ≡ |l〉(j,k+1)

u ,
(5.7)

where i and l ∈ {0, 1}, and the superindex (j, k) indicates the vertex vj,k to
which the corresponding qubits are associated. Hence, output qubits associ-
ated to a given vertex correspond to input qubits of two of its neighboring
vertices. Therefore, one can identify a circuit of n qubits, where at each
vertex, the matrix T is applied to the two input qubits associated to that
vertex. This mapping is shown in Fig. 5.2, where we also show the labelling
that we use for each qubit. The arrow indicates the direction in which we
read the lattice to associate a circuit form to it. The boundary conditions
that we consider here imply that the qubits are initially prepared in the state
|0〉 and projected to |0〉 at the end of the circuit.

As we mentioned above, the action of the matrix T on a particular input
state yields a superposition of the different allowed output states, weighted
according to the weight of the configuration. For this reason, multiplying
the matrices T successively corresponding to neighboring vertices, in the way
depicted in the circuit of Fig. 5.3, and finally projecting the output qubits
to the state |0〉⊗n yields a sum of the weights of every valid configuration,
which is the definition of the partition function. Hence, the output of the
circuit in Fig. 5.3 is in fact the partition function of the eight-vertex model,
and can be written as

Z = 〈0|⊗n Γ |0〉⊗n , (5.8)
where Γ is the product of tensors T depicted in Fig. 5.3. For its use in the
following sections, it is convenient to write Γ as the product

Γ =
n
2−1∏

j=−n2−1
T j, (5.9)

with

T−j ≡ T j ≡ 1l⊗j ⊗
(
T⊗

n
2−j

)
⊗ 1l⊗j. (5.10)

Each of the tensors T j corresponds to a ’column’ of tensors T in the circuit.
For example, in the circuit of Fig. 5.3 (b), T−3 corresponds to the leftmost
column of tensors, which consists of a single tensor T acting on qubits 4 and
5 while T 0 corresponds to the central column of tensors, consisting on four
tensors T acting on nearest-neighbor qubits. This column structure of the
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circuit, and the fact that the circuit exhibits a symmetric structure, in the
sense that the tensors T j and T−j are acting on the circuit symmetrically
with respect to the central columns of tensors T 0, will be exploited in the
following section, to construct a n.n. matchgate circuit which computes the
partition function.

Figure 5.3. Mapping from a eight-vertex lattice to a circuit. In (a), each vertex of the
eight-vertex lattice is associated to a 4 index tensor, which are represented
by boxes. By the condition given in Eq. (5.7), the output lines of one vertex
become input lines of the neighboring ones. Hence, one can identify the lattice
with n qubits (n=8 in the figure) that are sent through the lattice, and at each
vertex an operation T is applied to neighboring qubits. In this way, reading
the lattice in the direction of the arrow, one obtains the circuit depicted in
(b). In order to satisfy the boundary conditions, the qubits are initialised in
the state |0〉 and are projected into the state |0〉 at the end of the computation
(In the figure, we denote this final projection by 〈0|.

As an example, we now compute the partition function of a 2× 2 lattice
step by step. This will illustrate, that for this particular case, the tensor con-
traction, which is represented as a circuit in Fig. 5.3, computes the partition
function. Note that due to the boundary conditions, a 2× 2 lattice can only
take two possible configurations, which are depicted in Fig. 5.4 (c). These
two configurations can be found by checking the possible configurations of
each vertex which are compatible with the boundary conditions and the con-
figuration of the neighboring vertices. This is done step by step in Fig. 5.4
from the vertex v1,1 until reaching vertex v2,2.

As the boundary conditions are such that all outer edges are in the state
0, only configurations ξ1 and ξ6 are options for the vertex v1,1 [see Fig. 5.4
(a)]. The right and bottom edges of vertex v1,1, which we associate to output
qubits, determine (together with the boundary conditions) the configuration
of vertices v1,2 and v2,1 [see Fig. 5.4 (b)]. Finally, the vertex v2,2 is also
determined by the state of vertices v1,2 and v2,1. In conclusion only the two
possible configurations depicted in Fig. 5.4 (c) are possible. The weights of
each configuration is given by the product of the weights of the configuration
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of each of the four vertices. The sum of these two weights is the partition
function, which for this particular example is given by

Z2×2 = w4
1 + w5w6w7w8. (5.11)

We now show that Eq. (5.11) is the output of a four-qubit circuit of
the form depicted in Fig. 5.3. The initial state is a four qubit state |0000〉.
Transforming this state by the gate T2,3 yields the state

|ψ1〉 = 1l1 ⊗ T2,3 ⊗ 1l4 |0000〉1,2,3,4 = |0〉1 ⊗
(
w1 |00〉2,3 + w6 |11〉2,3

)
⊗ |0〉4 .

(5.12)
Note that this state reflects the fact that vertex v1,1 can be in two possible
configurations: configuration ξ1, in which case the output qubits of this vertex
are in the state |00〉2,3 or configuration ξ6, in which case the output qubits are
in the state |11〉2,3. The following step consists in choosing the configuration
of vertices v1,2 and v2,1 in a way that is compatible with the configuration
of v1,1 and the boundary conditions. In the circuit, the next step consist in
applying the tensors T1,2 ⊗ T3,4 to the state |ψ1〉 given in Eq. (5.12). After
these tensors are applied, no other operations are applied on qubits 1 and
4 in the following steps and are projected into the state |0〉 at the end of
the circuit. Without loss of generality, one can assume that these qubits are
projected into the state |0〉 right after T1,2 ⊗ T3,4 are applied. Thus we have
that

|ψ2〉 = 〈0|1 ⊗ 〈0|4 (T1,2 ⊗ T3,4) |ψ1〉2,3 = w3
1 |00〉2,3 + w6w7w8 |11〉2,3 . (5.13)

The state |ψ2〉 is in a weighted superposition of two states, where the weights
corresponds to the weights of the configurations depicted in Fig. 5.4 (b). The
final step of the circuit is to apply the tensor T2,3 on the state |ψ2〉 and to
project the qubits 2 and 3 on the state |00〉2,3. By doing so, we obtain that
the outcome of the circuit is

〈00|2,3 T2,3 |ψ2〉 = w4
1 + w5w6w7w8 = Z2×2, (5.14)

which is the partition function of a 2× 2 lattice.

Specific models

The description of the partition function of the eight-vertex models in the
form given in Eq. (5.8), that is, as the output of a circuit of the form depicted
in Fig. 5.3 (b), is independent of the choice of coefficients wi. However, for
arbitrary coefficients, the model has not been solved exactly [Fan and Wu
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Figure 5.4. Possible configurations of a 2×2 lattice obtained in a constructive way, where
the boundary edges are set to hole states. In (a), the only two configura-
tions of vertex v1,1 which are compatible with the boundary conditions are
depicted. In (b) the configurations of vertices v1,2 and v2,1 are chosen. Only
one configuration is possible given the configuration of vertex v1,1. In (c) the
configuration of vertex v2,2 is chosen, which is completely determined by the
configuration of the other vertices and the boundary conditions.

(1970)]. In the following sections we consider a particular choice of parame-
ters wi, which receives the name of zero-field eight-vertex model, with a free
fermion condition, defined below in Eq. (5.19). Among others, these mod-
els have been solved; in particular an analytic expression of the free energy
has been obtained [Baxter (1982); Fan and Wu (1970)]. In the following
Sec. 5.2 we show that for these specific models the partition function can be
computed as Z = 〈0|⊗n̂ U |0〉⊗n̂, where n̂ = n + n2/2 and U is a product of
matchgates. From this expression, the partition function can be computed
classically efficiently.

During the remainder of this section we recall the assumptions on the
coefficients wi which define the zero-field model and the free fermion approx-
imation, which has been discussed in [Fan and Wu (1969)]. For doing so, we
write the partition function given in Eq. (5.3) in the form

Z =
∑
χ∈X

exp
{
− β

[
n1(χ)E1 + · · ·+ n8(χ)E8

]}
, (5.15)

where nj(χ) denotes the number of vertices which are in the vertex- config-
uration ξj in the lattice-configuration χ.

As mentioned above, the boundary conditions have a negligible effect in
the partition function as the system size grows. Therefore, although dur-
ing the remainder of this chapter we assume boundary conditions where all
the external edges are holes, we assume for the moment that the system
has toroidal boundary conditions, which are commonly considered [Baxter
(1982); Fan and Wu (1970); Truong and Schotte (1986)] . Assuming this it
follows that n1 = n2, given that the vertices in the configuration ξ1 and ξ2
behave as sinks and sources [Baxter (1982); Fan and Wu (1970)]. Changing
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holes for bonds in a particular direction (either vertical or horizontal) can
not change the partition function. Performing such substitution in any of
the two directions transforms the configuration ξ3 into the configuration ξ1
and ξ4 into ξ2, which as we mentioned above behave as sinks and sources.
Therefore, n3 = n4.

If follows that the energies Ej for j = 1, . . . , 4 appear in the partition
function Z exclusively in the form of E1 + E2 and E3 + E4 [see Eq. (5.15)].
Therefore, the partition function does not depend on the particular values of
these energies and without loss of generality, one can define

E1 ≡ E2, E3 ≡ E4 (5.16)

When one considers additionally to Eq. (5.16), that

E5 = E6, E7 = E8, (5.17)

the partition function becomes invariant under the exchange of bonds for
holes in the whole lattice. If one identifies holes and bonds with electric
dipoles in one or another direction, the action of exchanging bonds for holes
is equivalent to the action of flipping the direction of every dipole. Physically
the partition function is invariant under this change in the case where no
external field is applied to the system. Due to this reason, this model receives
the name of zero-field eight-vertex model. In other words, the condition
which defines the zero-field models is that the weights wi satisfy

w1 = w2 = u1

w3 = w4 = u2

w5 = w6 = u3

w7 = w8 = u4

(5.18)

A particular case where a closed form for the free energy has been obtained is
the case of the free fermion. These are the models which satisfy the relation

w1w2 + w3w4 = w5w6 + w7w8. (5.19)

The condition given in Eq. (5.19) is equivalent to imposing that system is
composed of non interacting fermions [Fan and Wu (1969)]. Other models
for which the free energy has been obtained exactly are the so-called ice
models, where w7 = w8 and the conjugate models, where additionally to the
conditions given in Eq. (5.18), the coefficients uj satisfy that u1u2 = u3u4.

As mentioned above, we are going to consider the zero field model with
free fermion approximation. Therefore due to Eq. (5.18) and Eq. (5.19), the
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matrix S that we are going to consider in the following is given by

T =


u1 · · u3
· u4 u2 ·
· u2 u4 ·
u3 · · u1

 , (5.20)

with a condition that is similar to the determinant condition of matchgates
given in Eq. (1.45), that is

u2
1 − u2

3 = u2
4 − u2

2. (5.21)

5.2 Computing the partition function of the eight-vertex
model with matchgate circuits and compressed quan-
tum circuits

Above we saw that the partition function of the eight-vertex model can be
written in the form given in Eq. (5.8) [Baxter (1982)], which can then be
interpreted as the outcome of a quantum circuit of the form given in Fig. 5.3.
In this section we review how to use matchgates to compute the partition
function for the zero field model with free fermionic approximation. As we
will see, doing so allows us to compute the partition function classically
efficiently.

In this section we review how to compute the partition function us-
ing matchgates in two different ways. In the first case, which we present
in Sec. 5.2.1 below, the partition function is written in the form of Z =
〈0|⊗n̂ U |0〉⊗n̂, where n̂ = n+ n2/2 and U is a product of matchgates.

In Sec. 5.2.2, we write the partition function in the form 〈0|⊗r V ZV † |0〉⊗r,
where V is a product of matchgates and Z is a product of O(n2) operators Zj.
Although this expression corresponds to the outcome of a matchgate circuit,
the observable Z is not a quadratic operator in the Majorana operators,
hence this circuit can not be compressed in the same way as we have done
in Chapters 3 and 4. However, it is possible to write the partition function
as the Pfaffian of the correlation matrix of the state ρ = V |0〉 〈0|⊗ V †, where
each of the components of C(ρ) can be computed with a compressed circuit.

5.2.1 Computation of the partition function using matchgates
In Sec. 5.1, we have recalled that the partition function of the eight-vertex
model can be written as Z = 〈0|⊗n Γ |0〉⊗n, where the matrix Γ is given in
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Eq. (5.9), and a circuit representation of this expression is given in Fig. 5.3.
For the eight-vertex model with zero field and free fermion approximation,
the matrix Γ is given in Eqs. (5.9) and (5.10) as a function of the matrices T ,
given in Eq. (5.20). Although the matrix T has the structure of a matchgate
and satisfy the determinant condition of matchgates [see Eqs. (1.44) and
(1.45)], it is not a unitary matrix, and therefore it is not a matchgate. Here we
show that using auxiliary qubits which are always in a fixed state |0〉 (which is
achieved by preparing the qubit in |0〉 and by projecting them on the state |0〉
after the computation), the matrices S can be implemented with matchgates.
Doing so, the partition function can be written as Z = 〈0|⊗n̂ U |0〉⊗n̂, where
U is a product of matchgates and the number of qubits is now n̂ = n+n2/2,
as two additional qubits are used per gate T .

The implementation of T with matchgate is done as follows. T can be
diagonalised using matchgates as

T = G(H,H)DG(H,H), (5.22)

where D is the diagonal matrix

D =


v1 · · ·
· v2 · ·
· · v3 ·
· · · v4

 , (5.23)

where the coefficients vi are given as a function of the coefficients uj as

v1 = u1 + u3, v2 = u2 + u4, v3 = u2 − u4, v4 = u1 − u3. (5.24)

Due to the free fermion assumption, the coefficients are not linearly indepen-
dent but satisfy the condition

v1v4 = v2v3. (5.25)

We can always impose that the normalization of the coefficients is such that
|vj| ≤ 1 as one can always divide all the energies Ei by a common factor in
such a way that such a condition is satisfied. Assuming that this is the case,
we can define angles ϕj, for j = 1, . . . , 4 such that

v1 = cos(ϕ1) cos(ϕ2), v2 = cos(ϕ1) cos(ϕ3),
v3 = cos(ϕ4) cos(ϕ2), v4 = cos(ϕ4) cos(ϕ3).

(5.26)

One can easily verify that this generate arbitrary coefficients vj which satisfy
Eq. (5.25). The gate D can then be implemented by two matchgates of the
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form

G(φ, ξ) =


cos(φ) · · − sin(φ)
· cos(ξ) − sin(ξ) ·
· sin(ξ) cos(ξ) ·

sin(φ) · · cos(φ)

 , (5.27)

in the way we describe in the following. Consider a gate D acting on consec-
utive qubits j and j+1, and two auxiliary qubits in positions j−1 and j+2.
Then, using Eq. (5.26), and two matchgates of the form given in Eq. (5.27),
one can easily verify that

Dj,j+1 = 〈0|j−1 ⊗ 〈0|j+2 [G(ϕ1, ϕ4)]j−1,j ⊗ [G(ϕ2, ϕ3)]j+1,j+2 |0〉j−1 ⊗ |0〉j+2 .
(5.28)

Hence, every matrix D can be implemented with matchgates acting on four
qubits, where two of them are always in the state |0〉. It follows from
Eq. (5.28) and Eq. (5.22) that an arbitrary matrix S acting on qubits j, j+ 1
can be implemented with the product of matchgates

Fj−1,...,j+2 = G(H,H)j,j+1 [G(ϕ1, ϕ4)j−1,j ⊗G(ϕ2, ϕ3)j+1,j+2] G(H,H)2,3
(5.29)

given that qubits j− 1 and j+ 2 are in the state |0〉 and are projected on |0〉
afterwards (see Fig. 5.5).

Hence, the idea to compute the partition function using n.n. matchgates
is to modify the circuit depicted in Fig. 5.3 (b) by replacing every gate S by a
gate F defined in Eq. (5.29). Given that two auxiliary qubits are needed per
gate, and the total number of gates T is n2/4, the modified circuit requires a
total of naux = n2/2. The auxiliary qubits are initially prepared in the state
|0〉 and projected to the state |0〉 at the end of the computation, therefore,
they are always on the state |0〉. For this reason these qubits can always be
swapped using the matchgate S instead of the SWAP gate.

The modification of the circuit given in Fig. 5.3 (b) is done as follows. A
total of naux/2 auxiliary qubits are added at the top of the circuit (before
the original qubit 0) and the same number at the bottom (after the original
qubit n − 1). Additionally, each gate S is substituted by a gate F given in
Eq. (5.29). Furthermore, using fermionic swap gates the auxiliary qubits,
which are the first and last n2/4 positions can be swapped in order to be
brought to the positions where each gate F is acting. As an example, in
Fig. 5.6 we depict how the circuit that computes the partition function of
a 2 × 2 lattice can be modified in order to contain only nearest neighbor
matchgates.

In conclusion, the partition function Z given in Eq. (5.8) can be rewritten
as

Z = 〈0|⊗n̂ U |0〉⊗n̂ , (5.30)
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where now U is a product of matchgates, and the total number of qubits
is n̂ = n + naux = n2

2 + n. The structure of the matrix U is similar to the
structure of the matrix Γ given by Eqs. (5.9) and (5.10) in the sense that
every matrix T has been substituted by a matrix F . However, additional
fermionic gates are included between and after each gate F . For this reason,
U is given by a product of matchgates of the form

U =
n
2−1∏

j=−n2 +1

[
S†jF jSj

]
, (5.31)

where the unitaries Sj are products of fermionic swap gates, which as was
mentioned above, swap the auxiliary qubits to the appropriate qubits where
the matrices F are acting on. The unitary F j is a product of gates F and
is defined in a similar way as T j in Eq. (5.10) (with the main difference that
now there are additional qubits at the top and the bottom of the circuit),
and each gate F acts on four qubits. Specifically, we have that

F j ≡ F−j ≡ 1l⊗n(j)
(
F⊗

n
2−j

)
⊗ 1l⊗n(j), for j 6= 0, (5.32)

with n(j) = (naux−n)/2+2j. Before defining F0, let us make some remarks.
At the middle of the circuit n/2 gates F are acting on 2n qubits. Furthermore,
the remaining qubits, which are all auxiliary qubits, are swapped in pairs (see
Fig. 5.6). We include these fermionic swaps in the definition of F0, that is,
we define

F 0 ≡ S⊗
n(0)

2 ⊗
(
F⊗

n
2
)
⊗ S⊗

n(0)
2 , (5.33)

where n(0) = (naux − n)/2.

Figure 5.5. Implementation of the matrix T using matchgates and two auxiliary qubits,
which are initialized in the state |0〉 and are projected on the state |0〉 at the
end of the computation.

5.2.2 Computing the partition function with compressed quantum
circuits and a classical post processing

In the previous subsection we have seen that the partition function of the
zero-field n × n eight-vertex model with free fermion approximation can be
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Figure 5.6. Circuits to compute the partition function of a 2×2 lattice. The circuit in (a)
is simulated by the matchgate circuit (b). The bold lines represent the original
qubits of the circuit depicted in (a), in contrast the thin lines are auxiliary
qubits which are always on the state |0〉. Given that every fermionic swap gate
operates on at least one qubit depicted with a thin line, they operate as swap
gates.

computed as Z = 〈0|⊗n U |0〉⊗n, where U is a product of matchgates. This
expression, as we have seen above, corresponds to the outcome of a circuit
of the form depicted in Fig. 5.6.

In this subsection we show that slightly modifying the product of unitaries
U circuit we can write the partition function in the form

Z = 〈0|⊗r V ZV † |0〉⊗r , (5.34)

where r = n̂ + n = 2n + n2/2, V is a product of matchgates and Z is a
product of K = n2/4 + n/2 Pauli operators Zj acting on different qubits j.
Eq. (5.34) can be interpreted as the outcome of a matchgate circuit where
the initial state |0〉⊗r is transformed by the product of matchgates V and the
operator Z is measured at the end of the computation.

Although Z in Eq. (5.34) is the outcome of a matchgate circuit, the ob-
servable Z is not a quadratic polynomial in the Majorana operators but rather
a polynomial of order 2K. For this reason this matchgate circuit cannot be
compressed in the same as the matchgate circuits presented in Chapters 3
and 4. However, using Wicks formula we can show that the partition function
can be computed using poly(n) compressed quantum circuits, and efficient
classical postprocessing. We show in the following how this can be done,
assuming for the moment that Eq. (5.34) holds, which we prove afterwards.

As mentioned above, the observable Z is a product of K operators Zj
acting on different qubits j. The set of qubits on which these operators are
acting is not relevant and can be easily identified after the matchgate circuit
is presented below 2. Therefore, we simply denote these qubits as k1, . . . kK .
2 In fact, one can always modify the circuit in a simple way using fermionic swaps in such
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The observable Z can thus be written as

Z =
K∏
j=1

Zkj = (−i)K
K∏
j=1

x2kjx2kj+1. (5.35)

where we have used the fact that the operators Zl can be written as a function
of the Majorana operators xi, given in Eq. (1.48), as Zl = −ix2lx2l+1.

Therefore, denoting ρout ≡ V (|0〉 〈0|)⊗r V † and using Wicks theorem [see
Eq. (1.59)] we have that the partition function is given by

Z = tr(ρoutZ) = tr
(
ρoutiKx0 · · ·x2K−1

)
= Pf [C(ρout)|2k1,2k1+1,...2kK ,2kK+1] .

(5.36)
The Pfaffian in Eq. (5.36) can be computed with a polynomial number of
operations involving the components of C(ρout). Each of this components
can be computed with a compressed quantum circuit, in the following way.
Let us consider an arbitrary component C(ρout)j,k and let us write it as
〈j|C(ρout)|k〉 = 1

2 tr[C(ρout) (|j〉 〈k| − |k〉 〈j|)]. The matrix C(ρout) is a 2r ×
2r matrix. Assuming that r is a power of 2 (otherwise using additional
qubits that are left unaffected during the computation), we can interpret it
as an operator in a Hilbert space of m̂ = log(2r) qubits. We know from the
discussion given in Sec. 1.2 that the covariance matrix C(ρout) satisfy that

C(ρout) = RVC(ρin)RT
V (5.37)

where RV is the orthogonal gate which corresponds to the product of match-
gates V . We can use the same procedure used in Sec. 1.3 to construct the
compressed quantum circuits, that is, we write

C(ρout)j,k = 1
2 tr

[
RVC(ρin)RT

V (|j〉 〈k| − |k〉 〈j|)
]

= r tr
(
RV ρ̃inR

T
V Ãj,k

)
(5.38)

where Ãj,k = i(|j〉 〈k|−|k〉 〈j|) and ρ̃in = 1
2r [1l + iC(ρin)]. This state has been

explicitly computed in Eq. (1.79), and takes the form

ρ̃in = 1l
2r ⊗ |+y〉 〈+y| . (5.39)

Hence, each of the components C(ρout)j,k can be computed with the following
compressed Circuit 25.

Circuit 25. A quantum circuit running on m̂ = log(2r) qubits which computes
the components C(ρout)j,k up to a factor r given in Eq. (5.38), where

a way that the K operators Z act on consecutive qubits, i.e. Z = Z0⊗Z1 . . .ZK
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(i) the initial state is the state ρ̃in given in Eq. (5.39),

(ii) the gates are the orthogonal matrix RV associated to the product of
matchgates V ,

(iii) the observable Ãj,k is measured, yielding tr
(
RV ρ̃inR

T
V Ãj,k

)
in Eq. (5.38).

As we have mentioned above, using Circuit 25 for different values of j and
k one can compute every component of the submatrix C(ρout)|2k1,2k1+1,...2kK ,2kK+1,
which has dimensions 2K × 2K, with K = n2/4 + n/2. Using these compo-
nents the Pfaffian in Eq. (5.36) can be computed with a classical computer
with O(K3) = O(n6) operations (see [Rote (2001)] and references therein).

Now we show how to construct the product of matchgates V which allow
us to write the partition function in the form of Eq. (5.34). The idea for
doing so is to use the symmetry in which the unitary U in Eq. (5.31) is
decomposed into matchgates. In Fig. 5.3 one can see that the matrices T
are applied in a symmetric way from left to right. The decomposition of
the unitary U conserves a similarly symmetry (see Fig. 5.6). Below we see
that using this symmetry to our advantage, one can write the expectation
value 〈0|⊗n̂ U |0〉⊗n̂ as 〈0|⊗r V ZV † |0〉⊗r, where V is a product of matchgates,
r = n̂+ n = 2n+ n2/2 and Z is given in Eq. (5.35).

Due to the symmetry in the decomposition of U mentioned above, one
can easily verify that the decomposition given in Eq. (5.31) can be written
as

U = WTF 0W, with W =
−1∏

j=−n2 +1

[
S†jF jSj

]
. (5.40)

In Sec. 5.2.1 we have seen that the product of matchgates F acting on 4
qubits, two of which are in the state |0〉, implements the gate T in two qubits
(see Fig. 5.5). Clearly, one can also use the gate F † to implement T . Using
also the fact that the fermionic swap S = S†, we have that

Z = 〈0|⊗n̂WF 0W
† |0〉⊗n̂ = 〈0|⊗n̂WF 0W

T |0〉⊗n̂ , (5.41)

that is, using W † instead of WT do not change the output of the circuit.
It remains to be shown that F 0 in Eq. (5.41) can also be replaced by

a product of the form F 0 = V0ZV
†

0 , where V0 is a product of matchgates.
F 0 given in Eq. (5.33) is a product of fermionic swap gates and four qubit
gates F . Each gate F effectively implements the matrix T acting on two
qubits in the way depicted in Fig. 5.6. The idea to write F 0 in the way
mentioned above is to split the gates T as a product

√
T
√
T
† 3. For doing

3 This can always be done for the case where T is positive. Otherwise, a simple modification
of this approach can be used, which is discussed below.
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so, we decompose T in the following way

T = G(H,H)D̃2 G(H,H) (5.42)

where

D̃ =


√
v1 · · ·
· √

v2 · ·
· · √

v3 ·
· · · √

v4

 (5.43)

We consider first the case where vi > 0, ∀i, and later we discuss the general
case. Clearly D̃ can be implemented with matchgates in the same way as D
(see previous subsection). That is, given a matrix D̃ acting on qubits j and
j + 1, we have that using two auxiliary qubits j − 1 and j + 3,

D̃j,j+1 = 〈00|j−1,j+2 [G(θ1, θ4)]j−1,j ⊗ [G(θ2, θ3)]j+1,j+2 |00〉j−1,j+2 , (5.44)

where √
v1 = cos(θ1) cos(θ2), √

v2 = cos(θ1) cos(θ3),
√
v3 = cos(θ4) cos(θ2), √

v4 = cos(θ4) cos(θ3).
(5.45)

It follows that the matrix T acting on consecutive qubits j and j + 1 can be
implemented in the form depicted in Fig. 5.7. That is, defining

F̃j−1,...,j+2 = G(H,H)j,j+1[G(θ1, θ4)]j−1,j ⊗ [G(θ2, θ3)]j+1,j+2, (5.46)

we have that

Tj,j+1 = 〈00|j−2,j−1 ⊗ 〈00|j+2,j+3 F̃
†
j,...,j+2

× (Sj−2,j−1 ⊗ Sj−2,j−1) F̃j,...,j+2 |00〉j−2,j−1 ⊗ |00〉j+2,j+3 .
(5.47)

This implementation of T with matchgates require two additional qubits with
respect to the implementation used above. Therefore a total of n additional
qubits are required, adding to a total of r = n̂ + n = 2n + n2/2 qubits.
Defining the product of matchgates

F̃0 = 1l⊗n
2

4 ⊗ F̃⊗
n
2 ⊗ 1l⊗n

2
4 , (5.48)

if follows from the discussion above that the partition function given in Eq.
5.41 can be written as

Z = 〈0|⊗rW †W †
0 S̃0W0W |0〉⊗r , (5.49)

where S̃0 is a product of n2/4 +n/2 fermionic swap gates, W0 = S0F̃0S0 and
S0 is a product of fermionic swap gates. This expression is given in circuit
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form in Fig. 5.9, for the example of a 2 × 2 lattice. In order to see that it
can also be computed in the form given in Eq. (5.34) we have to decompose
the fermionic swaps of the middle of the circuit. For doing so, note that the
fermionic swap gates can be decomposed in the following form

S ≡ G(Z,X) = G(1l,H) G(Z,Z) G(1l,H) = G(1l,H)(Z⊗1l) G(1l,H), (5.50)

which is depicted in Fig. 5.8. Combining Eq. (5.50) with Eq. (5.49) leads to
the expression given above, in Eq. (5.34).

Figure 5.7. Alternative implementation of the gate T using matchgates and auxiliary
qubits in the state |0〉 (see Fig. 5.5).

Figure 5.8. Circuit representation of the decomposition of a fermionic swap gate S ≡
G(Z,X) as a product of matchgates and a single Z operator given in Eq. (5.50).

Above we have assumed that the coefficients vj > 0, ∀ j. In general it
could happen that v3 and v4 are negative [see Eq. (5.24)]. However, due
to the free fermion condition given in Eq. (5.19), v3 and v4 are either both
negative or both positive. In the case where both are negative, T can be
decomposed into T = G(H,H)

∣∣∣D̃∣∣∣ (1l ⊗ Z)
∣∣∣D̃∣∣∣G(H,H). Therefore, in the

case where v3 and v4 are negative, one can include in the definition of Z the
Z operator appearing in the decomposition of T . Apart from that, the rest
of the procedure used in order write the partition function in the form of
Eq. (5.34) remains unchanged.

5.3 Conclusion
In this chapter we have provided two matchgate circuits which can be used to
compute the partition function of the eight-vertex model with zero-field and
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Figure 5.9. A quantum circuit that can be used to compute the partition function of the
eight-vertex model, for a system size of n = 4 is depicted. By additionally
replacing the grey fermionic swap gates in the way depicted in Fig. 5.8,the
partition function can be expressed in the form given in Eq. (5.34), i.e. as
the outcome of a matchgate circuit where the initial state is the state |0〉⊗r,
and the outcome is obtained by measuring the operator Z. The bold lines
represent the original qubits, while the thin lines represent auxiliary qubits
which are always on the state |0〉. Note that no fermionic swap involves two
bold lines, therefore each of the fermionic swap behaves as a swap gate, as it
always permutes at least one qubit which is on the state |0〉.

under the free fermionic approximation. None of these two matchgate circuits
can (at least in a direct way) be compressed in the way described in Sec. 1.3,
i.e. as we have done in Part II. However, using the second matchgate circuit
and Wick’s theorem [see Eq. (1.59)], the partition function of the particular
kind of eight-vertex model that we considered can be written as a Pfaffian of
C(ρout) given in Eq. (5.38) and as we explained, each of its components can
be computed with a compressed quantum circuit.

In order to derive the matchgate circuits, we have used the fact that the
partition function of the general eight-vertex model can be written as an
index contraction of rank-four tensors [Baxter (1982)], which can be inter-
preted as a circuit of the form depicted in Fig. 5.3 (b). Afterwards, this
circuit was modified into a matchgate circuit for the particular case of the
zero-field eight-vertex model with free fermionic approximation. Finally, us-
ing the fact that the decomposition of U has a particular symmetry, the
partition function was written in the form given in Eq. (5.36). From there
we concluded that the matchgate Circuit 25, which is compressible, can be
used to compute the components of C(ρout).





CHAPTER 6

DQC1 circuits and matchgates

In this chapter we show that for certain matchgates circuits an interest-
ing relation with DQC1 circuit can be established. Specifically we see that
matchgates circuits running of n qubits, where the initial state is the pure
state |0〉⊗n and the measurement observable is the magnetization operator
M̂ = ∑

j Zj can be compressed into a compressed quantum circuit running
on exponentially less qubits, which is also, up to simple transformations, a
DQC1 circuit running also on m = log(2n) qubits. Matchgate circuits like
this are for example the circuits presented in Chapters 3 and 4 to measure the
magnetization of the XY model. This peculiar relation between a matchgate
circuit an DQC1 circuits can be extended to consider more general initial
states on the matchgate circuit.

In the first section of this chapter, Sec. 6.1, we discuss the relation among
quantum circuits whose initial states contain different number of pure qubits.
In order to describe in more detail the topic of the mentioned section, let
us introduce some notation. One can consider DQC1 circuits a particular
element of a bigger family of circuits, that here we denote by DQCx. DQCx
circuits are all those circuits where the initial state of the circuit is prepared
in a state that contains a certain fraction of qubits in a pure state and
the remainder in a completely mixed state, and the output is obtained by
measuring a single qubit in the computational basis. Particular examples
are the DQC1, where only one qubit is initially prepared in a pure state,
and DQCp, introduced in Sec. 1.4 where all qubits are initially prepared in
a pure state. Another particular example is the one we denote by DQC2,
that denotes the circuits where only 2 qubits are initially prepared in a pure
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state.
In Sec. 6.1.1 we recall the proof that DQC1 circuits and DQC2 circuits are

equivalent [Shepherd (2006)], as one can simulate a DQC1 circuit by a DQC2
circuit and vice-versa, obtaining the same outcome up to a constant factor
and using at most a constant number of additional resources. In Sec. 6.1.2
we recall the generalization of this result [Shepherd (2006)]. There we see
that DQCx circuits with an arbitrary number of qubits prepared initially in a
pure state can be simulated by a DQC1 which computes the same output up
to a multiplicative factor. However, this factor and the amount of additional
resources that the DQC1 circuit requires depends on the number of pure
qubits in the original DQCx circuit.

In Sec. 6.2 we show the relations between matchgate circuit and DQC1
that we mentioned above. For doing so, we use the results recalled in Sec. 6.1,
and the compressibility of matchgates circuits that we have seen in Sec. 1.3,
in Chapter 1.

6.1 Relation among DQCx circuits
In this section we recall that DQC1 circuits can simulate DQCx circuits with
a larger number r of pure qubits, although additional resources and qubits
are required which scale as a function of r [Shepherd (2006)]. In order to
recall this relation, we first consider the simpler case of a DQC1 circuit which
simulates a DQC2 circuit [ see Sec. 6.1.1], and afterwards in Sec. 6.1.2 we
consider the general case.

In the following we denote by ρ(r, w) the state of w qubits, where r of these
are in the pure state |0〉, i.e. ρ(r, w) = |0〉 〈0|⊗r ⊗ (1l/2)⊗w−r. Furthermore
we denote by DQC(r, w,N,A) a quantum circuit running on w qubits, where
the initial state is the state ρ(r, w), the transformation of the initial state is
done by N elementary unitaries, and the operator A is measured at the end
of the computation. As mentioned above, the cases where A = Z0 and r = 1
is a DQC1 circuit.

The state ρ(r, w) can be written as

ρ(r, w) =
(

1l0 + Z0

2

)
⊗ · · · ⊗

(
1lr−1 + Zr−1

2

)
⊗
(

1l
2

)⊗w−r

= 1
2w

[
1l +

2r−1∑
k=1

Zk0
0 · · ·Z

kp−1
r−1

]
,

(6.1)

from where we can extract its deviation (defined in Sec. 1.4), which is given
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by

D[ρ(r, w)] =
2r−1∑
k=1

Zk0
0 · · ·Z

kr−1
r−1 . (6.2)

We denote by βr the outcome of a DQCx circuit where the input is ρ(r, w).
Assuming without loss of generality that such a circuit transforms the initial
state by a unitary U , we have that βr is given as a function of the deviation
of the state ρ(r, w) by the relation

βr = tr
[
Uρ(r, w)U † Z0

]
= tr

{
UD

[
ρ(r, w)

]
U † Z0

}
. (6.3)

Figure 6.1. Circuit representation of a DQC1 circuit.

6.1.1 Relation between DQC1 and DQC2
The following is a simple modification of the Lemma 3 presented in [Shepherd
(2006)].

Lemma 26. Given a DQC(2, w,N,Z0) circuit, it can be simulated by a DQC(1, w+
3, N ′,Z0) circuit, which computes the same outcome up to a factor 1

4 , with
N ′ = O(N).

Proof. We assume without loss of generality that the initial state of the
DQC(2, w,N,Z0) circuit is the state ρ(2, w), which has a deviation

D[ρ(2, w)] = Z0 + Z1 + Z0 Z1, (6.4)

and the outcome of the computation is given by Eq. (6.3), that is

β2 = tr
{
UD[ρ(2, w)]U † Z0

}
. (6.5)

In order to prove the Lemma one has to provide a DQC1 circuit which
yields an output β1 = 1

4β2. This circuit can be prepared by a simple modifi-
cation of the original DQC2 circuit. The idea is to add three auxiliary qubits
and a five-qubit unitary V which acts at the beginning of the circuit, in such
a way that by transforming an initial state ρ(1, w + 3) under the action of
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V and tracing over the auxiliary qubits a state ρ′ with D
[
ρ′
]

= 1
4D
[
ρ(2, w)

]
,

is obtained. Given that the outcome of DQC circuits is given by Eq. (6.3),
using ρ′ as the initial state instead of ρ(2, w), yields an output which is
proportional to β2.

Here we discuss how to prepare the state ρ′, from the state ρ(1, w + 3).
Labelling the qubits as a0, a1, a2, 0, 1, . . . , w − 1 we take as the initial state

ρ(1, w + 3) = 1
2w+3 (1l + Za2) . (6.6)

In order to prepare the state ρ′ the state ρ(1, w + 3) is transformed by a
unitary of the form

V =
3∑

k=0
|k〉 〈k|a0,a1

⊗ Vk, (6.7)

where each gate Vk is a three-qubit gate acting on qubits a2, 0 and 1. These
unitaries are defined in such a way that V0 = 1l and for k = 1, . . . , 3 they
satisfy that

Vk Za2 V
†
k = Zk0

0 Zk1
1 . (6.8)

One possible construction of the unitaries Vk in order to satisfy Eq. (6.8) is
the following

V1 = Λa2(X0)Λ0(Xa2) V2 = Λa2(X1)Λ1(Xa2) V3 = Λa2(X0)Λ1(Xa2)Λ0(Xa2),
(6.9)

which can be easily verified noting the following relation between Λ(X) and
Z operators 1:

Λi(Xj) Zai Zbj Λi(Xj) = Za+b
i Zbj . (6.10)

It follows from the definition of V that

V ρ(1, w + 3)V † = 1
2w+3

[
1l + |0〉 〈0|a0,a1

Za2 1l01l1 +
3∑

k=1
|k〉 〈k|a0,a1

1la2 Zk0
0 Zk1

1

]
.

(6.11)
The three auxiliary qubits are left untouched during the rest of the compu-
tation and are therefore traced out at the end of the computation. In order
to see that this state leads to the right outcome at the end of the circuit,
without loss of generality we can consider that the auxiliary qubits are traced
out right after the action of the unitary V . Doing so, the state V ρ1(w+3)V †,
is transformed into the w-qubit reduced density matrix

ρ′ = tra0,a1,a2

[
V ρ(1, w + 3)V †

]
= 1

2w
[
1l + 1

4(Z0 + Z1 + Z0 Z1)
]
, (6.12)

1Λj(Xk) is the CNOT gate acting on qubits j and k, defined in Sec. 1.1



6.1 Relation among DQCx circuits 163

which, as desired, has a deviation

D[ρ′] = 1
4D[ρ(2, w)]. (6.13)

Using Eq. (6.12) and Eq. (6.13), we have that the outcome of a DQC1
circuit where the initial state ρ(1, w + 3), given in Eq. (6.6), is transformed
by the unitary W = UV , with V given in Eq. (6.7) and the operator Z0 is
measured after the transformation yields the outcome

β1 = tr
[
Wρ(1, w + 3)W † Z0

]
= trmain

[
Uρ′U † Z0

]
= trmain

{
UD

(
ρ′)U † Z0

}
= 1

4β2
(6.14)

where by trmain(.) we have denoted the trace over the main registry of qubits,
i.e. qubits 0, . . . , w − 1.

Given that the unitary V acts on five qubits, it can be decomposed into
a constant number of elementary operations. It follows that β1 given above
is the outcome of a DQC(1, w + 3, N ′,Z0), with N ′ = O(N).

As a remark, note that given a DQC(1, w,N,Z0) circuit it is trivial to
construct a DQC(2, w + 1, N,Z0) that simulates it. Specifically, the DQC2
circuit just needs to implement the same unitary as the original DQC1 circuit
and act trivially on one of the two qubits which are initialized in a pure state.
Hence, DQC1 circuits can be simulated by DQC2 circuits and vice-versa (by
Lemma 26).

In [Shepherd (2006)] a slightly different construction of the DQC1 circuit
is presented. The construction of a state which has a deviation proportional
to D[ρ(2, w)] is done approximately, using s auxiliary qubits, where s de-
pends on the desired precision with which the DQC1 circuit computes the
outcome of the original DQC2 circuit. Doing so one can obtain an outcome
β1 as close as desired to 1

3β2 by taking s large. Here we have opted for this
alternative construction of the DQC1 circuit, as it construction is simpler
and requires a fixed number of additional qubits. Furthermore, the fact that
the outcome β1 is related to β2 only by a fixed multiplicative factor simplifies
the relation between matchgate circuits and DQC1 circuits that we present
in the following section.

6.1.2 Relations among DQCx circuits with arbitrary number of
pure qubits

One can think of DQC1 circuits as a particular case of a family of quantum
circuits, where certain fraction of the qubits of the initial state are prepared
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Figure 6.2. A DQC2 (left) and its simulation with a DQC1 circuit (right) are depicted.
The DQC1 circuit requires three auxiliary qubits which are utilized to prepare
a state that has a deviation proportional to ρ(2, w) which is the initial state
of the DQC2 circuit. The state obtained after transforming the initial ρ(1, w)
state by the controlled unitaries Vj and after tracing over the auxiliary qubits
has a deviation proportional to ρ(2, w), that is, the initial state of the original
DQC2 circuit. For this reason, transforming this state by the same unitary U
and measuring the qubit 0 in the computation basis yields an outcome which
is proportional to the outcome of the original circuit. Filled (empty) circles
are used to denote that the controlled gate is applied if the corresponding
controlling qubit is in the state |1〉 (|0〉).

in a pure state, while the others are prepared in a completely mixed state.
We call these circuits DQCx, amount of pure qubits are utilized. Another
example of such circuits is the circuit with 2 pure qubits, which we are go-
ing to call DQC2. In the following Sec. 6.1, we recall that this two circuits
are equivalent [Shepherd (2006)], in the sense that they simulate each other
using at most a constant number of additional qubits and elementary op-
erations, and computing the same outcome up to a constant factor. The
relation among DQCx circuits with different number of pure qubits can be
easily extended to cases where the number of pure qubits is more than just
1 or 2 [Shepherd (2006)]. In Sec. 6.1.2 we recall that DQCx circuits with
an arbitrary number of pure qubits can be simulated by a DQC1 circuit.
However the efficiency of this simulation and number of additional qubits,
among others, depends on the number of pure qubits on the original circuit.

Lemma 26 can be easily generalised for more that two pure qubits [Shep-
herd (2006)]. The idea is to use a generalization of the unitary V given in
Eq. (6.7) to transform a state ρ(1, w + r + 1), into a state ρ′ which has de-
viation proportional to the state ρ(r, w). Doing so, given a DQC(r, w,N,A)
circuit, a DQC1 circuit can be constructed which computes the same out-
come up to a proportionality factor. This observation can be summarised in
the form of the following corollary.

Corollary 27. Given a DQC(r, w,N,Z0) circuit, there is a DQC(1, w + r +
1, N ′,Z0) circuit, which computes the same outcome up to a factor 1

2r , where
N ′ = N +O(2r).
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Proof. Without loss of generality we can assume that the initial state and
outcome of the DQC(r, w,N,Z0) circuit are given respectively by Eqs. 6.1
and 6.3. In order to construct the DQC1 that simulates that circuit here we
consider a generalized version of the unitary V given in Eq. (6.7), which is
given by

V =
2r−1∑
j=0
|j〉 〈j|a0,...ar−1

⊗ Vj, (6.15)

where each of the operator Vj is an r-qubit gate acting on qubits ar, 0, . . . , r−
1. The operator Vj is defined in such a way that V0 = 1l and

Vj Zar V
†
j = 1lr Zj00 · · ·Z

jr−1
r−1 , (6.16)

for j = 1, . . . , 2r−1. Using Eq. (6.10) one can see that a possible choice of the
unitaries Vj is

Vj = Λl(j)(Xar)
r∏

k=0
[Λar(Xk)]jk , (6.17)

where l(j) can be chosen freely in the interval [0, r], as far as the component
jl = 1. From Eqs. (6.15) and (6.16) it follows that

ρ′ = tra0,...,ar [V ρ1(1, w + r + 1)V †] = 1
2w

1l + 1
2r

2r−1∑
k=0

Zk0
0 · · ·Z

kr−1
r−1

 , (6.18)

which has a deviation D[ρ′r(w)] = 1
2rD(ρr(w)). Therefore, the outcome of a

DQC(1, w+r+1, N ′, A) where the initial state ρ(1, w+r+1) is transformed
by the unitary W = UV and the operator Z0 is measured at the end yields
an output

β1 = tr
{
WD[ρ(1, w + r + 1)]W † Z0

}
= 1

2rβr, (6.19)

where βr is given in Eq. (6.3).
Each of the gates Vj can be implemented with O(r) elementary operations

[see Eq. (6.17)]. Furthermore, the gate V can be implemented as a product of
2r unitaries Vj controlled by the state of first r auxiliary qubits (see Fig. 6.3).
As each of these controlled operations require poly(r) operations, it follows
that the total amount of resources to implement V scales as O(2r).

From Corollary 27 we see that any DQC(r, w,N,Z0) circuit with r =
O
[

log(w)
]
can be simulated by DQC(1, w,N ′,Z0) circuit, which computes

the same outcome up to a factor ofO[poly(w)] and usingN ′ = N+O[poly(w)]
elementary operations. Hence, for r = O

[
log(w)

]
a DQC(r, w,N,Z0) circuit

can be simulated efficiently by a DQC1 circuit. In the next section we are
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Figure 6.3. DQC circuit with a ρ(r, w) initial state (left) and the corresponding DQC1
circuit which computes the same output up to a 2−r factor (right). For doing
so, the DQC1 circuit uses r + 1 additional, completely mixed, qubits and a
succession of O(2r) controlled unitaries Vj which prepare a pseudo r-pure-
qubit state. Filled (empty) circles denote that the controlled gate is applied if
the control qubit is in the state |1〉 (|0〉).

going to use this fact to establish a relation between matchgate circuits and
DQC1 circuits.

From Corollary 27, one can easily that DQC1 circuits can be used to
simulate DQC(1, w,N, |j〉 〈j|), i.e. a DQC circuit with one pure qubit, where
the observable is the operator |j〉 〈j|, which acts on more than one qubit. In
order to see this, we consider the particular case where the observable is the
r qubit projector |0〉 〈0|⊗r. It can be decomposed in term of Pauli matrices
as

|0〉 〈0|⊗r = 1l
2r + 1

2r
2r−1∑
k=1

Zk0
0 · · ·Z

kr−1
r−1 . (6.20)

Thus, assuming that the DQC(1, w,N, |0〉 〈0|⊗r) circuit transforms the initial
state by a unitary U , we have that the outcome of such a circuit is

β′1 = tr
[
Uρ(1, w)U † |0〉 〈0|⊗r

]
= 1

2r + 1
2r

2r−1∑
k=1

tr
[
Uρ(1, w)U † Zk0

0 · · ·Z
kr−1
r−1

]
.

(6.21)
In the following we show how one can adapt the proof of Corollary 27 to
see that the last term in Eq. (6.21) can be obtained by a DQC1 circuit. For
doing so we consider a DQC1 circuit running on 2m + 1 w + r + 1 qubits,
which we denote and sort as (a0, . . . ar, 0, . . . w−1). Using the same unitary V
defined in Eq. (6.15) and Eq. (6.16), one can easily verify that transforming
the initial state ρ(1, w + r + 1) by the unitary W = UV † and measuring the
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operator Zar afterwards yields the output

β1 = tr
[
Uρ(1, w + r + 1)U †V Zar V †

]
= 1

2r
2r−1∑
k=1

tr
[
Uρ(1, w)U † Zk0

0 · · ·Z
kr−1
r−1

]
= β′1 −

1
2m .

(6.22)

In the following section we use the results presented in this section to-
gether with some concepts presented in Chapter 1, like purification of a mixed
state and the compressibility of matchgate circuits, in order to establish re-
lations among matchgate circuits and DQC1 circuits.

Figure 6.4. On the left side a DQC1 circuit is depicted, where the initial state is ρ(1, w)
and the observable is the projector |0〉⊗r. The corresponding DQC1 circuit
which computes the same output up to a 2−r factor is depicted on the right.
This circuit is obtained by a direct modification of the DQC1 circuit presented
in Fig. 6.3, as the transformation of the initial state ρ(1, w) into a pseudo r-
pure qubit state and the modification of |0〉 〈0|⊗r into the observable Z0 are
relatively similar. Filled (empty) circles denote that the controlled gate is
applied if the control qubit is in the state |1〉 (|0〉).

6.2 Relations between matchgate circuits and DQC1
In this section we present a relation among some of the matchgate circuits
given in the previous Chapters 3 and 4, and DQC1 circuits. More precisely,
we show here that compressible matchgate circuits where the initial state
is |0〉⊗n and the observable is the magnetization M̂ = ∑

j Zj are directly
compressed into a DQC1 circuit (up to a basis change of the initial state and
observable).

For a more general matchgate circuit where the initial state is not neces-
sary the state |0〉 the corresponding compressed initial state could in principle
be am = log(2n) pure qubit state. However, one can exploit the fact that the
compressed circuit runs on only log(2n) qubits, and use Corollary 27 to show
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that this circuit can also be simulated by using poly(n) additional gates, and
yielding the same output up to an inverse poly(n) factor by a DQC1 circuit.

We conclude this section by discussing the case where the matchgate cir-
cuits where the observable is a more general operator than the magnetization
M̂ .

In this section we use the notation MG(ρin, n,N,A) to denote a com-
pressible matchgate circuit, where the initial state is the n qubit state ρin,
the width of the circuit is N and the outcome of the computation is obtained
measuring the observable A. By QC(ρ̃in,m,M, Ã) we denote a quantum cir-
cuit where the initial state is the m qubit state ρ̃in, the width is M and the
final measurement is described by Ã.

In Chapter 1 we have discussed the compression of matchgate circuits.
There, we have recalled that for appropriate initial states and observables,
a MG(ρin, n,N,A) circuit with an appropriate initial state and measure-
ment, can be simulated by a QC(ρ̃in,m,M, Ã), where m = log(2n) and
M = O[N log(n)] Jozsa et al. (2009). Furthermore, the relation between
the operators ρin, ρ̃in, Ã and A is given in Eqs. (1.87) and (8).

Let us consider a M(|0〉⊗n , n,N, M̂) circuit. That is, a matchgate circuit
where the initial state and the observable are given, respectively, by the
operators

|0〉⊗n = |0〉 〈0|⊗n and M̂ =
n−1∑
j=0

Zj . (6.23)

A circuit like this is for example the circuits used to measure the magneti-
zation of the groundstate of XY Model presented in Chapters 3 and 3. This
circuit can be simulated by a QC(ρ̃in,m,M, M̃) circuit, where the initial state
and observable are given, respectively, by

σ̃in =
(

1l
2

)⊗m−1

⊗ |+y〉 〈+y| and M̃ = 1l⊗ Ym . (6.24)

using a two-qubit unitary one can transform the state σ̃in and the observ-
able M̃ into the state ρ(1,m) and the observable Z0 respectively. Hence
the compressed circuit QC(ρ̃in,m,M, M̃) can be transformed into a DQC1
circuit using a constant number of operations. It follows that the origi-
nal MG(ρin, n,N, M̂) can be simulated by DQC(1,m,M,Z0) circuit, with
m = log(2n) and M = O[N log(n)]. Hence, a DQC1 circuit running on m
qubits can be measure the magnetization of the groundstate of the XY model,
which as we explain in Chapter 1 is a way to witness the phase transition of
the XY model.

Now we consider compressible matchgate circuit where the initial state is
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not necessarily |0〉 〈0|⊗n, but a more general state ρin
2. In this case, as we

recalled in Eq. (8) in Chapter 1, the corresponding compressed initial state
is given by

ρ̃in = 1
2n [1l + iC(ρin)] , (6.25)

where C(ρin) is the correlation matrix of the state ρin. Hence, the state ρ̃in, in
general, is no longer the state σ̃in given in Eq. (6.24). In fact, it could be, e.g.
a m-pure-qubit state. However, exploiting the fact that the compressed cir-
cuit runs on only a logarithmic number of qubits, one can employ ’expensive’
transformations [of O(2m) elementary operations] to simulate this matchgate
circuit, also in this case, by a DQC1 circuit. In the following we describe
how this DQC1 circuit is constructed starting from the original matchgate
circuit in three steps, which are depicted in Fig. 6.5.

In order to use Corollary 27, the compressed circuit has to be modified
in such a way that the initial state is of the form |0〉⊗k, for certain integer
k. This modification is done using the concept of purification recalled in
Chapter 1. In order to construct the purification of the m-qubit state ρ̃in, we
write it in the form ρ̃in = ∑2m−1

j=0 pj |ψj〉 〈ψj|. One can consider an arbitrary
purification of this state. In particular we consider the 2m-qubit state

|ψ(ρ̃in)〉 =
2m−1∑
j=0

√
pj |ψj〉 |j〉aux , (6.26)

where the states |j〉aux are computational basis state in a auxiliary registry
of m qubits. The state ρ̃in can be obtained from |ψ(ρ̃in)〉 by tracing over the
auxiliary qubits, i.e. ρ̃in = traux [|ψ(ρ̃in)〉 〈ψ(ρ̃in)|].

The state |ψ(ρ̃in)〉 can be prepared from the pure state |0〉⊗2m by a unitary
transformation U0, that is |ψ(ρ̃in)〉 = U0 |0〉⊗2m. Without any particular
constraint on the state |ψ(ρ̃in)〉, the unitary U0 can be arbitrary and the
decomposition of it into elementary gates could take up to O(22m) = O(n2)
gates. Hence, we have that the MG(ρin, n,N, M̂) is simulated by a circuit
QC(|0〉⊗2m , 2m,M ′,Ym), with M ′ = M +O(n2) and M = O[N log(n)] [see
Fig. 6.5 (c)].

Finally, using Corollary 27, we can construct a DQC(1, 2m,M ′′,Ym) cir-
cuit which computes the same output as the previous compressed quantum
circuit, up to a factor 2−2m = n−2, where M ′′ = M ′ +O(22m) = M +O(n2)
[ see Fig. 6.5 (d)]. Mapping the observable Ym to the observable Z0 which
can be done with a single two-qubit gate, this circuit is transformed into a
DQC 1 circuit.
2 Note that in Sec. 1.3 we recalled conditions on the state ρ̃in which are sufficient for the
matchgate circuit to be compressible
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Figure 6.5. Steps to construct a DQC1 circuit (d) which computes the same outcome as a
compressible matchgate circuit (a), up to a inverse polynomial factor. In (a) a
compressible MG(ρin, n,N, M̂) circuit is depicted. The outcome of the circuit
is the expectation value of the observable M̂ = 1

n

∑
j Zj . This matchgate

circuit can be compressed into the QC(ρ̃in,m,M, Ym) circuit depicted in (b).
Circuit (c) is a modification of (b), where 2m qubits are initialized in the state
|0〉 and are transformed into the purification of ρ̃in by the action of the unitary
U0. The DQC1 circuit depicted in (d) is constructed from (c) by using the
construction presented in Corollary 27 (see Fig. 6.3).

We now make some observations about the simulation by DQC1 circuits
of matchgate circuits where the observable is an arbitrary quadratic opera-
tor A in the Majorana operator. From the discussion above, we have that a
MG(|0〉⊗n , n,N,A) circuit can be compressed into a DQC(1,m,M, Ã), where
Ã is given in Eq. (8). In contrast with the case where the observable of the
matchgate circuit is M̂ , in this case the compressed observable Ã is not neces-
sarily a single qubit operator (which was the case for M̃ in Eq. (6.24)). Hence
we can not use the same procedure from before to simulate this matchgate
circuit with a DQC1 circuit. One can however, as we show below, write the
outcome of the matchgate circuit as a sum of 2n terms, each of which can be
computed with a DQC1 circuit. In order to see this, we use a modification
of the circuit depicted in Fig. 6.4.

The m-qubit observable Ã can be decomposed as

Ã = i
2m−1∑
j,k=0

aj,k (|j〉 〈k| − |k〉 〈j|) . (6.27)
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It can be diagonalized by a unitary UA, i.e.

ÃD = UAÃU
†
A =

2m−1∑
j=0

αj |j〉 〈j| . (6.28)

Therefore, we can write the outcome of the DQC(1,m,M, Ã) circuit, β =
tr
[
Rρ(1,m)RTÃ

]
, as

β =
2m−1∑
j=0

αj tr
[
U †ARρ(1,m)RTUA |j〉 〈j|

]
=

2m−1∑
j=0

αjβ1(j) (6.29)

where
β1(j) = tr

[
U †ARρ(1,m)RTUA |j〉 〈j|

]
. (6.30)

Below we show that each of the factors β1(j) can be computed with a DQC1
circuit running on 2m+ 1 qubits. In order to see this note that β1(j) is the
output of a DQC circuit, where the initial state is ρ(1,m) but the output is
obtained by projecting all the qubits on the computational basis state |j〉.
However, one can construct a DQC1 circuit which computes β1(j) up to a
poly(n) factor in a similar way as is depicted in Fig. 6.4. This new circuit
runs on m + 1 additional auxiliary qubits initialised in a completely mixed
state. We denote and order the qubits as (a0, . . . am, 0, . . . ,m− 1).

Similarly as in Eq. (6.20), |j〉 〈j| can be written as

|j〉 〈j| = 1l
2m + 1

2m
2m−1∑
k=1

[
(−1)j0 Z0

]k0 · · ·
[
(−1)jm−1 Zm−1

]km−1
. (6.31)

The unitaries Vk used in Eq. (6.16) can be easily modified into operators
Ṽk(j) acting on qubits a0, 0, . . . ,m− 1, which satisfy

Ṽk(j) Zam Ṽ
†
k (j) = 1lam

[
(−1)j0 Z0

]k0 · · ·
[
(−1)jm−1 Zm−1

]km−1
. (6.32)

Defining

Ṽ (j) =
2m−1∑
k=0
|k〉 〈k|a0,...,am−1

⊗ Ṽk(j) (6.33)

and using Eqs. (6.31) – (6.33), we can rewrite Eq. (6.30) as

β1(j) = 1
2m + tr

[
W (j)ρ(1, 2m+ 1)W †(j) Zam

]
, (6.34)

where W (j) = V (j)U †AR, the trace is performed over 2m+ 1 qubits and the
state ρ(1,m) in Eq. (6.30) has been replaced by ρ(1, 2m + 1) qubits, given
that m+1 additional qubits in a completely mixed state have been included.
Eq. (6.34) is thus the outcome of a DQC1 circuit. Hence, β in Eq. (6.29) can
be computed by performing a weighted sum of 2m = 2n terms β1(j), each of
which can be computed with a DQC1 circuit.
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6.3 Conclusion
We have seen that matchgates circuit running on n qubits, where the initial
state is the state |0〉⊗n and the measurement observable is the magnetiza-
tion operator M̂ = ∑

j Zj can be compressed into a quantum circuit, which
up to elementary transformations on the initial state and the measurement
observable is a DQC1 circuit. The matchgate circuit which can be used to
witness the phase transition of the XY model is of this kind, and therefore
be simulate by a DQC1 circuit running on m = log(2n) qubits.

We have also seen that for matchgate circuits with a more general input
state, the corresponding compressed circuit is not automatically a DQC1
circuit. However, also in this case we have seen that a DQC1 circuit that
simulates the compressed circuit and by extension the original matchgate
circuit can be constructed. In order to construct this circuit we have used
the purification of the initial state, and the relation among DQCx circuits
given in Corollary 27. We have also used the fact that the compressed circuits
run on m = log(2n) qubits. This allow us to construct a DQC1 circuit which,
as a function of m employs an exponential number of additional gates and
yields an outcome that is exponentially dumped. However, as a function of
n this new DQC1 circuit is an efficient simulation of the original matchgate
circuit.

We have finally discussed the case of a matchgate where the observable A
is an arbitrary (Hermitian) quadratic polynomial in the Majorana operators.
In this case we have seen that the output of the matchgate circuit can be
computed by summing a polynomial number of terms, each of which can be
computed with a DQC 1 circuit.
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APPENDIX A

Reordering transformations

The aim of this appendix is to provide a more detailed description of the
product of matchgates corresponding to the various reordering operations
mentioned in Sec. 4.2.3 [see Eq. (4.47)]. Let us recall that each of these
transformations can be decomposed into elementary transformations Sj,k,
which map the pair of fermionic operators (aj, ak) into the pair (ak, aj). The
transformations Sj,k has the associated matchgate Sj,k given in Eq. (4.49).
Therefore, the product of matchgates corresponding to an arbitrary reorder-
ing transformation S can be easily obtained from the decomposition of S in
terms of transformations Sj,k.

A convenient way of providing such a decomposition is by associating
to the transformation S an operation that permutes the components of the
vector µ introduced in Eq. (4.20) in Sec. 4.2. For example, let us consider
the transformation Sj,k that maps the pair of operators (aj, ak) into the pair
(ak, aj). This transformation has an associated unitary matrix Sj,k that trans-
forms an arbitrary state |Ψ[a,µ]〉 into a new state Sj,k |Ψ[a,µ]〉 = |Ψ[a,µ′]〉
[see Eq. (4.20)], where µ′j = µk, µ′k = µj and µ′l = µl, ∀l 6= j, k. Therefore,
we can associate to the transformation Sj,k the operation that permutes the
components j and k of the vector µ. In the subsequent sections we apply
this procedure to decompose the transformations S(s), for 0 ≤ s ≤ m and
SBog in terms of elementary transformations of the form Sj,k.
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Reordering transformation SBog

The reordering transformation SBog is the first step of the transformation U
given in Eq. (4.47). Therefore, the unitary matrix SBog associated with this
transformation acts directly on the initial state of the quantum circuit. The
quantum initial state can be associated to fermionic operators aj according to
Eq. (4.20). This association establishes a particular ordering of the operators
aj that is described by a vector λ(0) = (0, . . . , n− 1).

The reordering transformation SBog precedes the Bogoliuvov transforma-
tion B, given in Sec. 4.2.1. The latter maps the operators {ai}i=0,...,n−1 into
the operators {bi}i=0,...,n−1, by mixing the pair of operators aj with a−j, for
−j ≡ n− j, and a0 with an

2
. In order that these operators act on consecutive

qubits [according to Eq. (4.20)], the matrix SBog has to transform the vector
λ(0) into some vector λBog whose components are paired in the form (j,−j)
and (0, n2 ). This condition still allows for multiple choices of the vector λBog.
In this work we have chosen a particular ordering with the aim of obtaining
a simple expression for the compressed circuit associated to the matrix SBog.
This ordering is given by the vector

λBog =
(

0, n2 , 2,−2, . . . 2l,−2l, . . . , n2 − 2,−n2 + 2,
n

2 − 1,−n2 + 1, . . . , 2l − 1,−2l + 1, . . . , 1,−1
)
.

(A.1)

It is simple to verify that λBog can be obtained from λ(0) by permuting
successively the components σ0 ≡ n

2 and σj, where

σj = n

2 + (−1)jj, for j = 0, . . . , n2 − 1. (A.2)

Given that the permutation of two components, e.g. σ0 and σj is associated
with the fermionic swap gate Sσ0,σj , it follows that the unitary matrix cor-
responding to the transformation SBog is given by the following product of
matchgates

SBog =
n
2−1∏
j=1

Sσ0,σj . (A.3)

Reordering transformation S(s) for 1 ≤ s ≤ m− 1
The reordering transformation S(s) acts after the transformation F (s−1) and
before the transformation F (s) presented in Sec. 4.2.2. Recall that the trans-
formation F (s) maps a set of operators {x(s)

i }i=0,...,n−1 into the set {x(s+1)
i }i=0,...,n−1,
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by mixing pairs of operators whose indices differ solely on the (m− s− 1)th
component. The matrix F (s) associated with the transformation F (s) acts
on neighboring qubits in case where the association between qubits and
fermionic operators is given by the vector λ(s) introduced in Sec. 4.2.2. Let
us recall that the components of this vector are given by λ

(s)
2l = rl,s and

λ
(s)
2l+1 = rl,s+2m−s−1, where rl,s is given in Eq. (4.41). Therefore, the reorder-

ing transformation S(s) has to be associated with the operation that maps
the vector λ(s−1) into the vector λ(s).

In order to see which components of λ(s−1) have to be permuted to obtain
the vector λ(s), we now write down the binary decomposition of the elements
of these two vectors. Using Eq. (4.41) we have that[

λ
(s−1)
2l

]
=
[
lm−2 . . . lm−s+1 0 lm−s lm−s−1 . . . l0

]
,[

λ
(s−1)
2l+1

]
=
[
lm−2 . . . lm−s+1 1 lm−s lm−s−1 . . . l0

]
,[

λ
(s)
2l

]
=
[
lm−2 . . . lm−s+1 lm−s 0 lm−s−1 . . . l0

]
,[

λ
(s)
2l+1

]
=
[
lm−2 . . . lm−s+1 lm−s 1 lm−s−1 . . . l0

]
.

(A.4)

One can see that only half of the components have to be reordered and
therefore, n

4 permutations are required. Let us consider, for example, the
2lth component. For a value of l where lm−s = 0, we have that λ(s−1)

2l = λ
(s)
2l ,

thus this component does not have to be reordered. The same happens with
the (2l+ 1)th component when lm−s = 1. The only components that have to
be permuted are the (2l)th and the (2l′ + 1)th, in case where l is such that
lm−s = 1 and l′ = l⊕2m−2. Note that this is where the binary decomposition
of l′ is equal to the one of l for any bit except the (m − s)th. This can be
written in a compact way as follows. Two components z1(r)(s) and z2(r)(s)

of the vector λ(s−1) must to be permuted if they take the form[
z1(r)(s)

]
= [rm−3, . . . , rm−s,1, rm−s−1, . . . , r0, 0],[

z2(r)(s)
]

= [rm−3, . . . , rm−s,0, rm−s−1, . . . , r0, 1],
(A.5)

for some 0 ≤ r ≤ n
4 − 1 with a binary decomposition given by [r] =

[rm−3, . . . , r0].
In the following we define the set

ΩS(s) ≡
{(
z1(r)(s), z2(r)(s)

)}
r=0,...n4−1

, (A.6)

where z1(r)(s) and z2(r)(s) are given in Eq. (A.5). Note that the set ΩS(s)

groups the pair of indices that have to be permuted with each other in order
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to transform the vector λ(s−1) into λ(s). Using this definition, it follows that
the product of matchgates associated to the transformation S(s) is given by
the product of fermionic swap gates

S(s) =
∏

(j,k)∈Ω
S(s)

Sj,k. (A.7)

Reordering transformation S(0)

The reordering transformation S(0) acts after the transformation S−1
Bog and

before the transformation F (0) [see Eq. (4.47)]. In the same way as in the
previous subsections we associate with the transformation S(0) an operation
that permutes the components of the vector µ, whose components indicate
which qubit is associated with which fermionic operator.

Given that the reordering transformation S−1
Bog inverts the reordering pro-

duced by SBog, after this transformation, the association between qubits and
fermionic operators is given by the vector λ(0). However, in order for the
transformation F (0) to act on pairs of operators with consecutive indices, it
is necessary that the association between qubits and fermionic operators is
given by a vector λ(1) [see Sec. 4.2.2]. Therefore, the transformation S(0)

must correspond to the transformation of the vector λ(0) into the vector λ(1).
Using Eq. (4.41) we can write the binary decomposition of the components
of these two vectors as[

λ
(0)
2l

]
= [lm−2 . . . l0 0]

[
λ

(1)
2l

]
= [0 lm−2 . . . l0][

λ
(0)
2l+1

]
= [lm−2 . . . l0 1]

[
λ

(1)
2l+1

]
= [1 lm−2 . . . l0].

(A.8)

In order to obtain the permutations required to transform λ(0) into λ(1),
we can use the results of the previous section. Comparing the Eq. (A.8) to
Eq. (A.4), we see that the transformation S(0) can be obtained as a concate-
nation of the transformations S(s), with s from m − 1 to 1. It follows that
the unitary matrix associated with the transformation S(0) is given by the
product

S(0) = S(1) . . . S(m−1), (A.9)

where the gates S(s) for 1 ≤ s ≤ m− 1 are given in Eq. (A.7).

Reordering transformation S(m)

The reordering transformation S(m) acts after the transformation F (m−1)

[see Sec. 4.2.2]. Therefore, the unitary matrix S(m) corresponding to this
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transformation yields the output state of the circuit. In the following we see
how to obtain the permuting operation of the vector µ associated with S(m).

Let us stress that in both the input and the output states, the association
between qubits and fermionic operators aj and cj respectively, must be given
by the same vector λ(0). Note however that the matrix F (m−1) yields states
where the association between qubits and the fermionic operators x(m−1)

j is
given by the vector λ(m−1) [see Sec. 4.2.2]. That means, using the nota-
tion introduced in Eq. (4.20), that the output state is a state of the form∣∣∣ψ[x(m−1), λ(m)]

〉
. However, the operators x(m−1)

j are related to the operators
cj according to Eq. (4.40), i.e., x(m−1)

j = cj′ , with [j] = [jm−1, . . . , j0] and
[j′] = [j0, . . . , jm−1]. Therefore, a state

∣∣∣Ψ[x(m−1),λ(m)]
〉
is equal to the state∣∣∣Ψ[c,λ′ ]

〉
, where the binary decomposition of the components of the vector

λ
′ is given by [

λ
′

j

]
= [j0, . . . , jm−1]. (A.10)

From the discussion above, it follows that the matrix S(m) must be asso-
ciated with the operation that transforms the vector λ′ into the vector λ(0)

with
[
λ

(0)
j

]
= [jm−1, . . . , j0]. This transformation can be achieved as follows.

Let us consider a transformation that maps the vector λ′ to another vector
λ̃′ in such a way that the tth and (m − t − 1)th binary components of the
elements of

[
λ̃′j
]
are permuted. That is[

λ̃′j
]

= [j0, . . . , jt−1, jm−t−1, jt+1, . . . , jm−t−2, jt, jm−t, . . . , jm−1] . (A.11)

Applying these transformation for 0 ≤ t ≤ tmax, with tmax = bm/2c to the
vector λ′ yields the vector λ(0). Denoting by T (t) for 0 ≤ t ≤ tmax the product
of matchgates associated with each of the aforementioned transformations,
it follows that the matrix S(m) can be written as

S(m) = T (tmax) · · ·T (0). (A.12)
We now describe how to obtain the decomposition into matchgates of each

of the unitaries T (t). From the discussion above we have that T (t) is associated
with a transformation of the vector λ′ that permutes two components y(t)

1 (r)
and y(t)

2 (r) if and only if they are of the form[
y

(t)
1 (r)

]
=[rm−3, . . . , rm−4−t, 0, rm−3−t, . . . , rt, 1, rt−1, . . . , r0],[

y
(t)
2 (r)

]
=[rm−3, . . . , rm−4−t, 1, rm−3−t, . . . , rt, 0, rt−1, . . . , r0],

(A.13)

for any 0 ≤ r ≤ n
4 -1. Defining the set

ΩT (t) ≡
{[
y

(t)
1 (r), y(t)

2 (r)
]}

r=0,...n4−1
, (A.14)
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where y(t)
1 (r) and y(t)

2 (r) are given in Eq. (A.13), it follows that the matchgate
T (t) can be written as

T (t) =
∏

(j,k)∈Ω
T (t)

Sj,k. (A.15)

With this transformation, we conclude the construction of the product of
matchgates corresponding to each of the reordering transformations. In the
following appendix, we provide the compressed orthogonal gates correspond-
ing to each of these product of matchgates.



APPENDIX B

Compression of the reordering transformations

In Appendix A we presented unitary matrices acting on quantum states that
are associated to the reordering transformations used in the diagonalization
of the Hamiltonian. Moreover, we provided a decomposition of these matrices
as a product of matchgates Sj,k. In this section, we provide the compressed
orthogonal matrices that correspond to these products of matchgates. The
compressed gate corresponding to Sj,k, is given by RSj,k [see Eq. (4.66)].
Therefore, a direct way to obtain the compressed gates corresponding to the
product of matchgates SBog, S(0), S(s) for 1 ≤ s ≤ m−1 and S(m) is to use the
same decompositions given in Eq. (A.3), Eq. (A.9), Eq. (A.7) and Eq. (A.12)
respectively, in terms of the matrices RSj,k , instead of the matchgates Sj,k.
One can easily verify that these decompositions require O [poly(n)] match-
gates. However, due to the symmetries of the problem, it is possible to
rewrite the compressed gates corresponding to entire reordering steps with
at most O [log(n)2] elementary gates, as we show within this appendix.

Compression of the reordering transformation S(s), for 1 ≤ s ≤
m− 1

Here, we consider the construction of the compressed matrix RS(s) , corre-
sponding to the product of matchgates S(s), that has been given as a decom-
position in term of fermionic swap gates in Eq. (A.7), for 1 ≤ s ≤ m − 1.
As we pointed out above, we can decompose RS(s) in term of matrices RSj,k
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using the decomposition given in Eq. (A.7), that is

RS(s) =
∏

(j,k)∈Ω
S(s)

RSj,k . (B.1)

Using the explicit form of the matrix RSj,k given in Eq. (4.66), and the fact
that none of the indices j occurs more than once as an element of a pair in
ΩS(s) , Eq. (B.1) can be written explicitly as RS(s) =

[
1l +∑

(j,k)∈Ω(s)

(
|j〉 〈k|

+ |k〉 〈j| − |j〉 〈j| − |k〉 〈k|
)]
⊗ 1lm. This expression can be written in a more

compact way by using the binary decomposition of the indices (j, k) in the
set ΩS(s) , i.e., using Eq. (A.5) leads to

RS(s) =
[
1l +

n
4−1∑
r=0
|r〉 〈r| ⊗

(
|01〉 〈10|+ |10〉 〈01|

− |01〉 〈01| − |10〉 〈10|
)
s−1,m−1

]
⊗ 1lm

=
(
|00〉 〈00|+ |11〉 〈11|+ |10〉 〈01|+ |01〉 〈10|

)
s−1,m−1

⊗ 1l,

(B.2)

where the identity operator acts on all qubits except on the (s − 1)th and
the (m−1)th. Note that RS(s) is the swap gate between the qubits s−1 and
m− 1, i.e. a single two-qubit gate.

Compression of the reordering transformation S(0)

Due to Eq. (A.9) we have that the compressed gate RS(0) can be written as

RS(0) = RS(1) · · ·RS(m−1) , (B.3)

where the matrices RS(s) , for 1 ≤ s ≤ m − 1 are two-qubit gates, given in
Eq. (B.2). Therefore, RS(0) is a product of m− 1 elementary gates.

Compression of the reordering transformation S(m)

To construct RS(m) we need the compressed gates RT (t) , corresponding to the
product of matchgates given in Eq. (A.15). Given the similarity between the
definitions of T (t) and S(s), the matrix RT (t) can be constructed analogously
to RS(s) . We obtain

RT (t) =
(
|00〉 〈00|+ |11〉 〈11|+ |10〉 〈01|+ |01〉 〈10|

)
t,m−1−t

⊗ 1l. (B.4)

Hence, RT (t) is the swap gate between the qubits t and m − 1 − t. Due to
Eq. (A.12) it follows that

RS(m) = RT (tmax) · · ·RT (0) . (B.5)



183

As each matrix RT (t) is a two-qubit gate, the implementation of RS(m) requires
tmax = bm/2c two-qubit gates.

Compression of the reordering transformation SBog

From the decomposition of SBog given in Eq. (A.3), it follows that its corre-
sponding compressed matrix can be written as RSBog = ∏n

2−1
j=1 RSσ0,σj

, where
the indices σj are defined in Eq. (A.2). Using the explicit expression of the
indices σj and the matrices RSj,k given in Eq. (4.66), it is possible to ex-
press RSBog in a more compact way. To do so, note that the product of two
matrices Rσ0,σj and Rσ0,σk takes the form

RSσ0,σj
RSσ0,σk

=
(

1l− |σ0〉 〈σ0| − |σj〉 〈σj| − |σk〉 〈σk|

+ |σ0〉 〈σj|+ |σj〉 〈σk|+ |σk〉 〈σ0|
)
⊗ 1lm.

(B.6)

Generalizing this equation to the case where we have n
2 − 1 factors we obtain

RSBog =
∑
l /∈Σ
|l〉 〈l|+

n
2−1∑
i=0
|σi〉 〈σi+1|+

∣∣∣σn
2−1

〉
〈σ0|

⊗ 1lm, (B.7)

where we have defined Σ = {σj}j=0,...n−1. Using the binary decomposition of
the indices σj, it is possible to rewrite the previous expression in the following
more compact way

RSBog =
[(
|00〉 〈00|0,m−1 + |11〉 〈11|0,m−1

)
⊗ 1l

+ |10〉 〈01|0,m−1 ⊗ A+ |01〉 〈10|0,m−1 ⊗BA
]
⊗ 1lm,

(B.8)

where the operators A and B act on qubits 1, . . . ,m− 2 and are given by

A =
kmax∑
k=0
|k〉 〈kmax − k| , B =

kmax−1∑
k=0

|k + 1〉 〈k|+ |0〉 〈kmax| , (B.9)

with kmax = n/4 − 1. Note that A = X⊗m−2, is a product of m − 1 single-
qubit gates. The operator B acts on the computational basis state as B |j〉 =
|j ⊕ 1〉 where ⊕ is the addition modulo 2m−2 and can be decomposed as
a product of m− 2 controlled operations. More explicitly, we have that
B = Xm−2

[
Λ(m−2) (Xm−3)

]
. . .
[
Λ(m−2),...,2 (X1)

]
, where Λi1...,il (Ok) denotes

the single-qubit controlled operation O acting on the qubit k, and the i1, . . . in
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are the control qubits. Given that any controlled operation acting on m
qubits can be decomposed into a product of O(m) elementary gates [Barenco
et al. (1995)], it follows that RSBog given in Eq. (B.7) can be decomposed into
a product of O(m2) elementary gates.
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