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There are other indicators of the accuracy of the target wave functions, such as the agreement between 

the length and velocity forms of the oscillator strengths, the energies of the various fine-structure 

levels and the correct energy ordering of these levels.  Note that the geometric average of the length 

and velocity forms of the oscillator strength provides a result independent of the energy difference 

between the initial and final states of the transition, thus removing the influence of the errors in the 

calculated energy difference.  However, it is the value of the oscillator strength in the length form that 

is proportional to the cross section and thus determines the accuracy of the final result. 

This test of accuracy does not directly apply to excitations proceeding via exchange.  However, 

obtaining accurate oscillator strengths involving the initial and final states of such excitation gives 

some confidence that the resulting cross section will be reliable.  Nevertheless, the errors in such cross 

sections are likely to be larger in general that for cross sections for direct excitations. 
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The B-spline R-matrix (BSR) approach [1,2] is based on the non-perturbative close-coupling method.  

As such it is, in principle, based on an exact expansion of the solution of the time-independent 

Schrödinger equation, as an infinite sum/integral of N-electron target states coupled to the wave 

function of the scattering projectile.  The N-electron target states, again, can in principle be calculated 

with almost arbitrary accuracy using sufficiently large configuration-interaction expansions and the 

correct interaction hamiltonian. In practice, of course, the infinite expansions have to be cut off in 

some way and the exact hamiltonian may not be available.  In the collision part of the BSR method, 

the integral over the ionization continuum and the infinite sum over high-lying Rydberg states are 

replaced by a finite sum over square-integrable pseudo-states. Also, a number of inner shells are 

treated as (partially) inert, i.e., a minimum number of electrons are required in those subshells.    

There are several sources of errors that need to be considered. These include but are not limited to: 

1) Errors in the structure description of the target states (energy levels, oscillator strengths, 

polarizabilities). 

2) Errors associated with the cut-off in the close-coupling expansion, including inert subshells. 

3) Approximations made in the treatment of relativistic effects. 

4) Numerical approximations (integration/discretization schemes, use of an R-matrix box to 

account for exchange and full correlation only inside the box, etc.) 

Similar to experiment, it is very difficult (if not impossible) to estimate systematic errors. Regarding 

the above sources of error, we will make a few statements below.  These statements are most 

important for neutral targets, which are also the most difficult ones to deal with when it comes to 

correlation effects.  We also emphasize that the uncertainty generally depends on several factors, such 

as the quantity of interest (rate coefficient, integrated cross section, differential cross section, specific 

transition, energy, etc).  While it is impossible to make a general statement about the uncertainties that 

would cover (nearly) all cases, we will summarize a few important points.  It is also critical to note 

that these statements are based on the assumption that no currently unknown effects, which one could 

classify as "new physics", are sufficiently important to change the outcome to the extent that the 

results really matter for plasma applications. Whether or not something really "matters", of course, 

depends on a sensitivity check, which would have to be carried out by the data user community. 

1) The BSR approach with term-dependent (and hence non-orthogonal) orbitals allows for a highly 

accurate target description, which can be improved systematically, essentially limited only by the 

available computational resources. Hence we generally consider the associated error in the structure 
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part as small compared to item 2).  Also, since experimental structure data are often reliable, we can 

estimate the uncertainty of the collision results by analyzing the accuracy of the structure data.  For 

example, if the theoretical oscillator strength differs from a (reliable) experimental value by 10%, it is 

virtually certain that the collision results at high energies are off by 10% (in the same direction) as 

well.  Consequently, we can reduce the errors by rescaling the results with the ratio of the accepted 

oscillator strength and the one we obtained theoretically.  

2) The cut-off in the close-coupling expansion is, most likely, by far the largest uncertainty in our 

calculations.  We hence perform extensive convergence checks by varying the number and type 

(physical vs. pseudo) of coupled states.  However, since there is no guarantee that the convergence 

rate to the correct result is steady, we have to rely on experience and generally accepted guidelines — 

both of which could be wrong and lead to unpleasant surprises.  Unfortunately, experimental data 

often have major uncertainties as well; in some cases we compare with predictions from other large-

scale calculations such as convergent close-coupling (which, however, may suffer from the same 

problems as our own). 

3) We can perform non-relativistic calculations with re-coupling of the results into a relativistic 

scheme, semi-relativistic calculations that account for relativistic corrections at the level of first-order 

perturbation theory, and finally use the Dirac-Coulomb hamiltonian.  Comparing the predictions, as 

well as using generally trusted "rules of thumb", allow for an estimate of the uncertainties. 

4) We can change the range and density of the pseudo-states as well as the size of the R-matrix box.  

While there is, again, no guarantee regarding potential systematic errors, we believe that these errors 

are in practice negligible compared to other sources of error.  An exception may be the fact that we 

cannot match to the proper three-body asymptotic condition for ionization processes.  The only (and 

very expensive) test we can form here involves a systematic variation of the size of the R-matrix box. 

Finally, it is worth pointing out that the BSR method is very general and can be used for a variety of 

processes, including structure calculations as well as photon- and electron-induced collisions.  A list 

of all calculations performed until about the end of 2012 can be found in the recent Topical Review 

[2].  Based on experience and many comparisons with other theoretical predictions as well as 

experimental data, we believe that the BSR method is among the most accurate approaches available 

to date for electron-atom and electron-ion collisions at low and intermediate energies.  It can be used 

to map the near-threshold resonance structure and to push the calculations up to a few times the 

ionization energy, where the results could likely be matched to predictions from perturbative 

approaches based on the distorted-wave Born approximation. 

[1] O. Zatsarinny, Comp. Phys. Comm. 174 (2006) 273 

[2] O. Zatsarinny and K. Bartschat, J. Phys. B 47 (2013) 112001 

  


