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Zusammenfassung

Bildgebungsverfahren sind für unser Verständnis des Universums von größter Bedeu-
tung. Von Galaxien und Sternen, die von riesigen Teleskopen erforscht werden bis hin zu
Mikro- und Nanostrukturen, die durch Mikroskope erforscht werden, liefern bildgebende
Systeme wertvolle wissenschaftliche Informationen. Für winzige Objekte in einer Größe
von etwa 100 Nanometern, eigenen sich Röntgenstrahlen besonders für die zerstörungs-
freie Bildgebung. Der Herstellungsprozess von Abbildungslinsen für Röntgenstrahlung
ist viel komplizierter als im Vergleich für sichtbare Strahlung. Aus diesem Grund wurden
”linsenlose” Techniken erforscht, die auf den Kohärenzeigenschaften von Licht beruhen.
Die dritte Generation von Synchrotronstrahlungsquellen produziert kohärente und inten-
sive Röntgenstrahlung für eine breite Forschergemeinde. Sie ermöglichen neue bildge-
bende Verfahren wie kohärent - diffraktive Röntgen Bildgebung (CXDI) und Röntgen -
Ptychographie.

Die moderne Nanotechnologie eröffnet ein breites Spektrum möglicher Anwendun-
gen in unterschiedlichen Bereichen der Physik, Chemie, Biologie und Technik. Im Nano-
meterbereich verhält sich Materie anders bezüglich ihrer physikalischen und chemis-
chen Eigenschaften verglichen mit makroskopischen Maßstäben. Die fortschreitende
Miniaturisierung von Komponenten in der Halbleiterindustrie birgt neue Herausforderun-
gen bei den Wachstums- und Charakterisierungsmethoden. Die vorliegende Arbeit hat
die Anwendung von kohärent-diffraktiven Bildgebungsverfahren zur Strukturbestimmung
einzelner Halbleiter-Nanodrähte (NW) als Fokus. NW stehen seit einigen Jahrzehn-
ten aufgrund ihrer effizienten Dehnungs - Relaxationseigenschaften im Rampenlicht der
Nanowissenschaften. Kristallgitterverformungen bei NW spielen eine bedeutende Rolle
bei der NW-Leistung und den Bragg CXDI Messungen die im Rahmen dieser Arbeit
durchgeführt wurden. Während der Arbeit am Forschungszentrum DESY der Helmholtz-
Gemeinschaft wurden drei Projekte an den Experimentierplätzen P06- und P10 des PE-
TRA III - Synchrotrons durchgeführt.

Der erste Teil dieser Arbeit erweitert die Anwendung von dreidimensionalem (3D)
Bragg CXDI, um Verformungsdaten in einem einzigen InP NW mit einem Durchmesser
von 100 nm zu messen. Bei der Messung wurde ein nanofokussierter Strahl verwen-
det, dessen Charakterisierung mittels Röntgen - Ptychographie durchgeführt wurde. Es
wird gezeigt, dass die Trennung der Objekt- und Beleuchtungsfunktionen im Realraum
nach einer 3D-Rekonstruktion möglich ist. Der Einfluss eines Katalysatorteilchens auf
der Spitze des InP-Teil des NW auf die Verformungsverteilung konnte hierdurch abge-
bildet werden. Der Zweite dieser Arbeit beschreibt die Entwicklung und Anwendung von
zweidimensionaler Röntgen-Bragg-Ptychographie (2D-XBP) zur Erforschung einzelner
NW. Der Ptychographie Ansatz bietet ein größeres Sichtfeld auf den NW und verbessert
die Zuverlässigkeit der Bild-Rekonstruktionsergebnisse. Die Einschränkungen der Tech-
nik werden anhand theoretischer Analyse und Finite-Elemente-Methodenmodellierung
(FEM) diskutiert. Die Implementierung wird anhand eines einzigen InGaN/GaN-Kern-
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Schale NW demonstriert. Der dritte Teil widmet sich dreidimensionalem Bragg CXDI
angewendet auf die Verspannungsdynamik in einem einzigen GaN NW unter Einfluss
von elektrischer Spannung. Ein komplizierter Kipp- und Defektbildungsprozess im NW
zeigte sich bei der Messung der Bragg-Reflektion. Diese Studie gibt einen Einblick in die
piezoelektrischen Eigenschaften des NW, welche die Elektron-Loch-Paar-Rekombination
dramatisch beeinflussen kann. Hiervon hängt die Effizienz optoelektronischer GaN NW
Bauelemente maßgeblich ab.
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Abstract

Imaging techniques are of paramount importance for our understanding of the universe.
From galaxies and stars explored by huge telescopes down to micro and nanostructures
studied by microscopes, imaging systems provide invaluable scientific information. When
an object under investigation has a size of about 100 nanometers, x-rays become a per-
fect probe for non-destructive imaging. The manufacturing process of image forming
lenses for x-rays becomes much more complicated comparing to optical ones. Therefore,
”lensless” techniques which rely on the coherent properties of radiation were developed.
With third generation of synchrotron sources highly coherent and intense x-ray beams
became widely accessible. They are used in new imaging methods such as coherent x-ray
diffractive imaging (CXDI) and x-ray ptychography.

Modern nanotechnology opens a wide spectrum of possible applications in different
branches of physics, chemistry, biology and engineering. At the nanoscale, matter has dif-
ferent physical and chemical properties compared to the macroscale bulk material. The
continuing trend of miniaturization of functional components in semiconductor industry
brings new challenges both in growth and characterization methods. This Thesis is fo-
cused on application of coherent diffractive imaging methods to reveal the structure of
single semiconductor nanowires (NWs). They have been attracting significant attention
for a couple of decades due to their efficient strain relaxation properties. And since the
strain plays a significant role in NW performance the projects carried out in this work are
oriented on Bragg CXDI approaches. Three distinct projects were carried out during my
research activity at DESY research center of the Helmholtz Association. Experimental
work was performed at P06 and P10 beamlines at PETRA III synchrotron.

The first part of this Thesis extends the application of the three-dimensional (3D)
Bragg CXDI to strain field mapping in a single InP NW with a diameter of 100 nm.
The measurement employed a nanofocused beam, which is characterized by transmission
x-ray ptychography. It is shown that the separation of the object and probe functions is
possible in the direct space after a 3D reconstruction. The influence of a catalyst particle at
the tip of the NW on the strain distribution in InP part of the NW is revealed. The second
part of the manuscript is dedicated to the development and application of two-dimensional
x-ray Bragg ptychography (2D XBP) to studies of single NWs. This approach provides
a larger field of view on the sample and the reliability of reconstruction results improves,
due to the advantages of ptychography. The limitations of the technique are discussed by
theoretical analysis and finite element method modeling (FEM). Successful experimental
implementation is demonstrated on a single InGaN/GaN core-shell NW. The third part is
devoted to 3D Bragg CXDI of strain evolution in a single GaN NW with respect to applied
voltage bias. A complicated tilting and defect formation process in the NW was revealed
from the evolution of the Bragg peak. This study gives an insight into piezoelectrical
properties of the sample, which dramatically influence electron-hole pair recombination
and may decrease the efficiency of optoelectronic devices based on GaN NWs.
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Chapter 1

Introduction

Phasing the truth

A cutting edge scientific research in many fields of science including molecular biol-
ogy, medicine, solid state physics and nano-technologies put a high demand on the de-
velopment of microscopy techniques with the use of electrons, neutrons, and x-rays. The
history of microscopy begins in 10th century a.c., when Arabic investigators discovered a
fundamental relations that led the basics of modern geometrical optics. Particularly, the
law of refraction was already mentioned by Persian scientist Ibn Saal in 984 (see Fig. 1.1).
His ideas were developed by Francis Bacon later in the 12th century. While investigating
the properties of lenses and mirrors, the systems, made of these optical elements were of
even more interest for him. However, only by the end of the 16th century the first optical
microscope was created. It was made of a single lens and the holder for the specimen.
Later a viewfinder was added, which led to the developing of composite microscopes.

There is a fundamental limit on the resolving power of any imaging system called
diffraction limit. It is caused by the wave nature of light and is determined as a minimal
distance between two objects at which they could be seen as separate. The Abbe criterion
from 1873 is used as the measure of resolving power

dmin =
λ

2n sin θ
, (1.1)

where λ - is a wavelength of the light, n - index of refraction for a given medium, and
NA = n sin θ defines a numerical aperture. An empirical Rayleigh criterion was intro-
duced later in 1879. It defines the minimal angular distance between two points, that
could be resolved by a given optical system

δθ = 1.22
λ

D
, (1.2)

where δθ is the angular resolution,D is the linear size of the entrance pinhole of the optical
system. The expression (1.2) could be derived from considering diffraction on the round
pupil. Constant coefficient is calculated from the first minimum of the Bessel’s function
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Figure 1.1: Copy of the page from the manuscript of Ibn Saal describing the law of refraction.
Currently it is known as Snell’s law. Adopted from [1].

of the first kind [2]. As it follows from the discussion above the minimal size of an objects
that could be studied by the optical microscope does not exceed 200 nm. This limitation
has been overcome by the use of stimulated emission depletion (STED) microscopy [3].
It enables studies of samples with the spatial resolution beyond the diffraction limit of
the visible light. It should be mentioned that this method is limited to biological samples
transparent to visible light, whereas most crystalline samples are opaque. The Nobel prize
in chemistry for 2014 was given for the development of STED microscopy [4].

Straightforward way to increase the spatial resolution of the obtained images is to
move towards shorter wavelengths. The method of electron microscopy (EM) exploits
the very small De-Broglie wavelength of electrons, and the resolution of images reaches
atomic scale. The first device, known as an electron microscope was built by E. Ruska and
M. Knoll in 1931. Surface studies can be done with high resolution by scanning electron
microscopy (SEM). The technique is based on detection of secondary signals produced
by interaction of the electron beam with atoms at the surface of the sample. Transmission
electron microscopy (TEM) allows to obtain the information of the inner structure of a
specimen with sub-angstrom resolution. In this case the high energy electrons are scat-
tered and detected behind the sample. However, the low penetration depth of electrons
limit the thickness of the sample down to about 100 nm.

The advantages of x-rays become evident with respect to a given overview. This type
of radiation can penetrate thick objects without destructive sample preparation. Progress-
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ing development of particle accelerators and storage rings increased the coherent flux of
x-ray sources such as synchrotrons by orders of magnitude. As a result, the use of the ex-
perimental techniques based on coherent properties of x-rays becomes an important field
of x-ray science.

Methods of Coherent X-ray Diffraction Imaging (CXDI) and x-ray ptychography be-
came an effective tools for revealing the inner structure of the nano objects with the use of
coherent x-ray radiation. In CXDI image forming lenses are replaced by a computerized
iterative algorithms of phase retrieval. The maximum spatial resolution for this method
is defined by the angular range of the scattered signal recorded by the detector. For bi-
ological samples additional limitation on the achievable resolution exists because of the
radiation damage. However, it was demonstrated [5] that x-ray pulses short enough to
be able to scatter from the sample before it is destroyed solves described problem. Sin-
gle particle imaging (SPI) experiments are successfully performed, however the atomic
resolution of the reconstructions has not been yet achieved.

Reconstruction of the information about the object with the use of a single diffraction
pattern leads to a number of problems. First, the size of investigated sample should be
smaller than the coherent volume of the x-ray beam. Second, a convergence rate of the
phase retrieval algorithms is limited due to the need of substantial amount of a priori

knowledge needed. These issues were resolved during last decade with the development
of the x-ray scanning microscopy technique, called ptychography. This approach allows
the reconstruction of periodic and non-periodic extended samples with nano-scale spatial
resolution. With the use of ptychography it became possible to visualize the chemical
contrast, defects, domain structures, what was not possible with electron microscopy be-
cause of a small penetration depth and destructive sample preparation.

As a separate field of ptychographical methods one can consider x-ray Bragg ptychog-
raphy (XBP). This method uses a 3D distribution of the coherently scattered radiation
around chosen Bragg reflection in a far field. It allows the reconstruction of the full 3D
information about strain distribution within the crystal.

This Thesis is focused on applications of 3D Bragg CXDI and x-ray Bragg ptychog-
raphy (XBP) to the strain characterization in a single semiconductor nanowires (NWs).
In the beginning a theoretical basics of x-rays production and their interaction with matter
are introduced in Chapter 2. The algorithms for iterative phase retrieval are discussed
in Chapter 3. Application of transmission x-ray ptychography to imaging of the phase
vortices in a nanofocused beam is given in Chapter 4. A brief introduction in theory of
growth of the NWs and their properties is performed in Chapter 5. The information about
the beam obtained in Chapter 4 is used in Chapter 6, which describes the Bragg CXDI
reconstruction of the 3D strain field induced in the InP NW by the Au catalyst particle.
Since the region of interest is confined by the size of the illuminating probe for this tech-
nique, we discuss the theoretical basis for 2D XBP in Chapter 7. This method provides
the access to the strain information with high resolution for extended objects. The ap-
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plicability of 2D XBP is verified by the Finite Element Method (FEM) based modeling.
The experimental realization of the 2D XBP on a single InGaN/GaN core-shell NW is
presented in Chapter 8. One of the most important steps in understanding the structure-
properties relation in NWs is presented in Chapter 9. There the strain field evolution in
GaN NW under applied voltage bias is studied with the high resolution 3D Bragg CXDI.
Conclusions and outlook for further progress in the field of coherent x-ray scattering tech-
niques in nanoscience are presented at the end of the Thesis.
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Chapter 2

Theoretical background

2.1 X-ray sources

X-rays are a form of electromagnetic radiation. The most common practice to distinguish
them from ultraviolet and gamma rays is based on the photon energy: spectrum of x-
rays cover the energy range from 0.5 keV to 100 keV or, equivalently, the wavelength
range from 10 nm to 0.01 nm (see Fig. 2.1). The last one is of the order of an atom
size, which make x-rays a perfect tool to study the atomic structure of hard and soft
matter. A tremendous impact of a new kind of radiation to the development of microscopy
can be hardly overestimated. It has become possible to investigate the inner structure
of material without destroying its original state. Using x-rays of different wavelength
makes possible to obtain element-specific images of investigated samples. However, no
experiment with x-rays would be ever possible without specially dedicated x-ray sources,
which are capable to produce x-ray photons with required properties. Basic types of x-ray
sources, schematically shown in Fig. 2.2, will be discussed below.

Gamma
rays X-rays

0.01nm 10nm 1µm 1mm 1cm 1m

UV IR
Radio
waves

Visible light

400 nm 700 nm500 nm 600 nm

100 keV 100eV 1eV 1meV 1µeV

Figure 2.1: The electromagnetic spectrum, showing major categories of electromagnetic waves.
Upper scale represents the energy spectrum, while the lower one shows the range of wavelengths.
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2.1.1 X-ray tubes

Since the discovery of a new type of radiation by Wilhelm Röntgen in 1895 a number
of sources, dedicated to the production of x-rays were developed. The x-ray tubes in-
vented by W. Crookes [6] and later W. Coolidge [7] in early 1900s became the first
dedicated sources of x-ray radiation. The principle of its operation is based on the ef-
fect called ’bremsstrahlung’, after the German for ’braking radiation’. It appears when
electrons emitted from cathode and accelerated by electric field hit a fixed target (anode)
and abruptly decelerate. The energy of emitted electromagnetic radiation comes from
the kinetic energy of the accelerated particle Ek =

√
m2
ec

4 + p2c2 −mec
2, where me =

9.1 · 10−31 kg is the rest mass of the electron, p is its momentum and c = 299792458 m/s
is the speed of light in vacuum. Additionally, high-intensity spikes called ’characteristic
lines’ are normally observed at the energies corresponding to the fluorescent radiation of
the target material. X-ray tube produces radiation in a broad energy spectrum with the
upper limit of Ek. Using the copper as a material of the anode, the energy of emitted
radiation is 8 keV for Cu Kα line.

The main limitation of x-ray tubes is the necessity of efficient anode cooling. Differ-
ent table-top devices that overcome this problem were developed over decades, e.g. the
rotating anode x-ray tube, microfocus x-ray tube, liquid-metal-jet x-ray tube [8].

2.1.2 Synchrotrons

Currently, synchrotron radiation is the most effective way to produce high intense x-ray
beams. The name appeared, because this type of radiation was observed for the first
time in 1947 as a secondary effect in particle accelerator (General Electric synchrotron).
Nowadays the term ”synchrotron radiation” is used for radiation emitted by charged par-
ticles moving with relativistic speed in a magnetic fields. Due to the Lorenz force their
trajectories are bent, so particles move with acceleration, and in result of this acceleration
x-ray radiation is emitted. While the radiation of a charged particle shows dipole behav-
ior in reference frame of the particle, the Lorenz transformation to the laboratory frame
gives highly directional cone of radiation. Opening angle of this cone can be estimated as
θ ∼ γ−1, where γ is the Lorentz factor

γ =
1√

1−
(
v
c

)2
=

E

m0c2
. (2.1)

Here E is an energy of the particle, v its speed and m0 its rest mass.

These particles are forced to circulate in closed orbit in a storage rings. Typical syn-
chrotron consists of curved and straight sections. In order to sustain the orbit of the
particle in the curved part of the ring, devices called bending magnets (BM) are used.
They produce x-rays as a parasitic radiation due to the change of direction of particles
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Figure 2.2: Principles of x-ray generation in x-ray tube (a), bending magnet (b), wiggler (c),
undulator (d) and free-electron laser (e). The electron beam is represented by blue color and the
x-rays are visualized here in orange. The different colors in the magnetic structures indicate the
two different magnetic poles with a period denoted by λu. Here Ne and Np are the number of
electrons in the bunch and number of magnetic poles respectively. The typical emitted intensity
distributions I from each type of the devices are shown on the right.
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velocity. The radiated power of the BM is given by [9]

P [W ] = 14079.28 · L[m] · I[A] · E[GeV ]4

r[m]2
, (2.2)

where L is the length of the electron trajectory through the BM, I is the current produced
by the electron beam and r is the radius of curvature of the BM. The radiation from the
BM is collimated in the vertical direction, but it is not the case for the directions in the
plane of the storage ring. Though it is a disadvantage of the BM as a source of directional
x-ray radiation it can be used in studies, where a large field of view is necessary.

After realizing that synchrotron radiation is a perfect tool for x-ray methods a second
and third generation of dedicated synchrotron sources were developed. The production
of x-ray radiation in storage rings nowadays relies on so-called insertion devices (IDs):
wigglers and undulators. They are embedded into the straight sections of the storage ring.

Wigglers and undulators have similar structure of the magnetic field, that makes charged
particles to move along sinusoidal trajectory. These devices are produced by placing an
alternating magnetic poles in one row along beam propagation (see Fig. 2.2 (c-e)). To em-
phasize the difference between wiggler and undulator we will consider the parameter K,
called undulator strength parameter, which is defined as K = αmaxγ, where alpha is the
maximum beam deflection angle from the propagation axis. The expression for parameter
K is given by [10]

K =
e−B0λu
2πmec

= 0.934 · λu[cm]B0[T ] , (2.3)

where e− = −1.6 · 10−19 C is the electron charge, B0 is the average magnetic field, and
λu is the period of the magnetic structure. The value of the parameter K can be adjusted
by choosing the period λu and by changing the gap between the magnets, which have an
effect on average magnetic field B0. For the case of the wiggler this parameter is equal to
K ≥ 10 and the radiation from different magnetic poles is uncorrelated. The coherence
of x-ray beam is low and intensity scales with 2Np

IW = 2Np · IBM , (2.4)

where Np is the number of magnetic periods and IBM is the radiation intensity from BM.
The radiated power of the wiggler is given by

P [kW ] = 0.633 · E[GeV ]2 ·B0[T ]2 · L[m] · I[A] , (2.5)

where L is the length of the whole wiggler, and I is the current in the storage ring.

In the case of the undulator the strength parameter K ∼1, due to the small deflection
angle αmax ≤ 1/γ. Undulator produces a linearly polarized radiation and the photon
energy can be tuned by varying the gap between magnetic poles. The emission from
the electrons in such a device becomes much more intense compare to wiggler due to

16



interference effects and scales as a square of the number of magnetic poles Np

Iu = (2Np)
2 · IBM . (2.6)

The wavelength and energy of the photons emitted by the undulator for the ith harmonic
is given by [11]

λi =
λu

2γ2i

(
1 +

k2

2
+ γ2θ2

)
, (2.7)

and

Ei[keV ] =
0.95 · E2

e [GeV ]

λu[cm]
i

(
1 +

k2

2
+ γ2θ2

)−1

, (2.8)

where θ is the viewing angle of the observer.

The parameter, called brilliance, was introduced in order to provide a single and rep-
resentative parameter for x-ray radiation source facility such as synchrotron. Basically, it
describes how the spectral photon flux Φ(λ) = [number of photons]/([s]·0.1%bandwidth)

is distributed in space and angular range and it is defined as [12]

B(λ) =
Φ(λ)

(2π)2εhεv
=

[number of photons]/[s]
(solid angle[mrad2])(source area[mm2])(0.1%bandwidth)

.

(2.9)
Here an emittance for a storage ring (horizontal) plane is defined as εh = σhσ

′
h, where

σh is the electron beam horizontal size and σ′h is its divergence (similarly for the vertical
direction εv = σvσ

′
v). Normally, the emittance in horizontal direction is larger due to

the fact, that the Lorenz force acts in this plane and there is a dispersion of electrons
energies. Theoretically, there is a limit on the smallest emittance possible. It is given by
the Heisenberg’s uncertainty principle, or by the fact, that electrons recoil while emitting
photons. So-called diffraction limited source emittance is defined by

εmin =
λ

4π
. (2.10)

The higher the brilliance the more photons are available at the beamline for an exper-
iment. During last 100 years the peak brilliance of the x-ray sources increased almost by
20 orders of magnitude (see Fig. 2.3(a)). High brilliance is important for x-ray experi-
ments, where high photon flux is required. The number of transverse coherent photons in
the beam, or coherent flux Φcoh, that is essential for coherent x-ray imaging experiments,
can be estimated as follows [12]

Φcoh = B(λ)

(
λ

2

)2

. (2.11)

Its value for 3rd generation synchrotron source as PETRA III is about 1011 ph/s. The
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Figure 2.3: Peak brilliance of x-ray sources (adopted from [9]). (a) A historical graph showing the
enormous increase in brilliance starting in the second half of the 20th century. (b) Typical spectral
brilliance curves of devices commonly used in third-generation synchrotrons.

coherent fraction is commonly introduced as

ζ =
Φcoh

Φ
=

(
λ

4π

)2
1

εhεv
. (2.12)

For PETRA III this value equals to ζ = 0.6% for 1 Å wavelength. The values of key
parameters of different synchrotron sources according to official information in web are
presented in Table 2.1.

Modern synchrotron radiation facilities of 3rd and 4th generation are developed to be
diffraction limited in near future. The upgrade of PETRA III will provide an ultra-small
emittance of 10 to 20 pm [13] in horizontal direction.

2.1.3 X-ray free-electron lasers

The next step in development of the ”brightest” x-ray source is the concept of free-electron
lasers (FELs), based on the effect of Self-Amplified Spontaneous Emission (SASE) [14,
15]. According to this concept electrons are accelerated by linear accelerator followed by
a long array of undulators. The initial or seed radiation is produced by electrons in the
first undulator section. It is further amplified by interaction with electron bunch. Cur-
rently there are several x-ray FELs available for user operation around the world (e.g.
FLASH (Germany), FERMI (Italy), LCLS (USA), SACLA (Japan)). One of the major
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Table 2.1: The list of synchrotron facilities with basic parameters.

Facility
Energy,
[GeV]

Beam
current,
[mA]

Circum-
ference,

[m]

Emittance (h×v),
[nm rad×pm rad]

Brilliance,
[ph/s/mrad2/mm2/0.1%

BW]
Bessy II,
Germany 1.7 100 240 6×100 5×1018

Elettra,
Italy 2-2.4 320 260 7×70 1019

SLS,
Switzer-

land
2.4 400 288 5×2.8 4×1019

Soleil,
France 2.75 500 354 3.7×11 1020

Diamond,
England 3.0 300 562 2.7×27 3×1020

ESRF,
France 6.0 200 846 4×4 1021

APS,
USA 7.0 100 1104 3.0×25 8×1019

SPring8,
Japan 8.0 100 1436 2.8×6 2×1021

PETRA III,
Germany 6.0 100 2304 1.0×10 2×1021

MAX IV,
Sweden 3.0 500 528 0.17×9 2.2×1021

NSLS II,
USA 3.0 500 792 0.6×8 3×1021
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advantages of FELs with respect to the synchrotrons is the possibility to produce fem-
tosecond pulses of high-intensity x-ray radiation. This opens a wide range of possibilities
to perform time-resolved studies, including single particle bio-imaging, where the scatter-
ing from the sample has to be recorded before it is destroyed. European XFEL is currently
under construction at DESY (Hamburg, Germany) and the designed parameters of x-ray
radiation are the wavelength from 0.5 Å to 4.7 nm, pulse duration less than 100 fem-
toseconds, peak brilliance of 5 · 1033 [ph/s/mrad2/mm2/0.1% BW], and higher degree of
transverse coherence comparing to synchrotrons (about 50% for LCLS [16]), that allows
one to perform coherent imaging experiments.

2.2 Propagation of x-ray electromagnetic field in free space

Understanding of fundamental physics of x-rays propagation in free space is of necessity
for further discussions in the current Thesis. In this section expressions governing the
evolution of the electromagnetic wavefield in free space will be obtained from well estab-
lished Maxwell theory (derivations are based on Ref. [17]). The International System of
units is used throughout the Thesis.

X-ray radiation is an electromagnetic field which spatial and time evolution is de-
scribed by the electric field E(r, t) and magnetic induction B(r, t) functions of space
coordinates r(x, y, z) ⊂ R3 and time t. In absence of matter these functions are governed
by free-space Maxwell equations

∇ ·E(r, t) = 0 , (2.13)

∇ ·B(r, t) = 0 , (2.14)

∇×E(r, t) = −∂B(r, t)

∂t
, (2.15)

∇×B(r, t) = ε0µ0
∂E(r, t)

∂t
, (2.16)

where ε0 and µ0 are equal to the electrical permittivity and magnetic permeability of free
space respectively,∇· and ∇× denote 3D gradient and curl operators.

The following system could be reduced to well known d’Alambert wave equations

(ε0µ0
∂2

∂t2
−∇2)E(r, t) = 0 , (2.17)

(ε0µ0
∂2

∂t2
−∇2)B(r, t) = 0 . (2.18)

Since x, y, z components of electromagnetic field vectors E(r, t) and B(r, t) obey the
same differential equation we can make a transition from vector to scalar field Ψ(r, t)
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[18] (
1

c2

∂2

∂t2
−∇2

)
Ψ(r, t) = 0 , (2.19)

where c = 1/
√
µ0ε0 is the speed of light in vacuum. Polarization effects will be neglected

in further discussion.

Any solution of Eq. (2.19) can be spectrally decomposed into plane wave eigenmodes
using the Fourier integral [17]

Ψ(r, t) =
1√
2π

∫ ∞
0

ψω(r)e−iωtdω , (2.20)

where ψω represents the component of the wavefield dependent on the frequency ω.
After substitution of this expression into the d’Alambert equation (2.19) we get time-
independent equation for the spatial component ψω(r) of a monochromatic field

(∇2 + k2)ψω(r) = 0 , (2.21)

where k = ω/c is the wave number. This equation is known as the Helmholtz equation.
It describes propagation of the monochromatic wave in free space. We are particularly
interested in the solution of this equation with the boundary conditions present in free
space diffraction problems, which are discussed further.

In the following discussion the Cartesian coordinate system is introduced with z axis
along the optical axis as shown in Fig. 2.4. Next, all sources of radiation are assumed to
be located in the half space z < z0, the stationary monochromatic wave ψω(r) is assumed
to be known at the position z = z0 and we want to find an expression for ψω(r) at any
point z1, that is separated from z0 by a distance ∆z = z1 − z0 > 0. The simplest solution
to the Helmholz equation is given by plane wave

ψω(x, y, z) = |ψω|ei(kxx+kyy+kzz) . (2.22)

Since we consider propagation of the wave along z direction the component kz is positive
and equal to kz =

√
k2 − k2

x − k2
y . The condition for forward propagating wave is k2 >

k2
x+k2

y , otherwise kz becomes an imaginary complex number and the wavefield amplitude
decrease exponentially in z direction, which is known as evanescent wave. Employing the
method of decomposition of the wavefield into plane wave components (see Eq. (A.2))
we obtain the function ψω(x, y, z0) in the following form

ψω(x, y, z0) =
1

2π

∫∫
ψ̂ω(kx, ky, z0)ei(kxx+kyy)dkxdky . (2.23)

For each component ψ̂ω(kx, ky, z0) the propagation to z1 can be performed with the free-
space propagator exp

(
i∆z

√
k2 − k2

x − k2
y

)
.

By integrating over all plane wave components we obtain the wavefield function
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Figure 2.4: A sketch for the paraxial approximation. The wavefield is propagated from a plane at
z0 to a plane at z1. The z axis is aligned with the optical axis. The field propagation is confined
within small angles θ.

ψω(x, y, z) at the coordinate z1

ψω(x, y, z1) =
1

2π

∫∫
ψ̂ω(kx, ky, z0)ei∆z

√
k2−(k2x+k2y)ei(kxx+kyy)dkxdky . (2.24)

We can rewrite the propagation integral with the use of direct and inverse 2D Fourier
transforms

ψω(x, y, z1) = F−1
x,y

[
ei∆z
√
k2−(k2x+k2y)Fx,y [ψω(x, y, z0)]

]
. (2.25)

The obtained expression in Eq. (2.25) gives the angular-spectrum representation for the
propagated wavefield. It gives the solution to the problem of determining the propagated
field ψω(x, y, z1), which is the result of forward propagating of ψω(x, y, z0) through free-
space by the distance ∆z.

2.2.1 Paraxial approximation

In a number of practical applications Eq. (2.25) can be simplified by using some ap-
proximations. The first is a small-angle or paraxial approximation, which states that all
non-negligible plane wave components of the field make a small angle θ (see Fig. 2.4)
with respect to an optical axis. For the monochromatic wave propagating from z = z0 to
z = z1 > z0 this approximation can be formulated as |ψ̂ω(kx, ky, z0)| > 0, if k2

x+k
2
y � k2.

If these conditions are met we can approximate the exponential argument in the propaga-
tor as √

k2 − (k2
x + k2

y) ' k −
k2
x + k2

y

2k
. (2.26)
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Using this approximation we can now rewrite the propagation of the monochromatic wave
ψω(r) from z = z0 to z = z1 > z0 in the following form

ψω(x, y, z1) ' eik∆zF−1
x,y

{
exp

(
−i∆z

k2
x + k2

y

2k

)
Fx,y [ψω(x, y, z0)]

}
. (2.27)

Here the exponential term exp
[
−i∆z(k2

x + k2
y)/2k

]
is known as the Fresnel propagator.

The numerical calculation of ψω(x, y, z1) can be easily implemented with the use of the
fast Fourier transform (FFT) algorithm (see Appendix A).

An explicit expression for Fresnel diffraction integral can be obtained from Eq. (2.27)
as follows

ψω(x, y, z1) ' eik∆zF−1
x,y

{
Fx,yF−1

x,y exp

(
−i∆z

k2
x + k2

y

2k

)
Fx,y [ψω(x, y, z0)]

}
. (2.28)

Employing the convolution theorem (see Eq. (A.8)) we arrive to the following expression

ψω(x, y, z1) ' ψω(x, y, z0)⊗ P (x, y,∆z) , (2.29)

where P (x, y,∆z) is a spatial impulse response or real space form of the Fresnel propa-
gator having the following form

P (x, y,∆z) =
eik∆z

2π
F−1
x,y

[
exp

(
−i∆z

k2
x + k2

y

2k

)]
= −ike

ik∆z

2π∆z
exp

(
ik
x2 + y2

2∆z

)
.

(2.30)
In explicit form the convolution integral in Eq. (2.29) takes the following form

ψω(x, y, z1) ' −ike
ik∆z

2π∆z

∞∫∫
−∞

ψω(x′, y′, z0) exp

{
ik[(x− x′)2 + (y − y′)2]

2∆z

}
dx′dy′ .

(2.31)

In the Eq. (2.31) all terms not depending on the integration variables can be taken out
of the integral

ψω(x, y, z1) ' −ike
ik∆z

2π∆z
exp

(
ik
x2 + y2

2∆z

)
·

·
∞∫∫

−∞

ψω(x′, y′, z0) exp

(
ik
x′2 + y′2

2∆z

)
exp

(
−ikxx

′ + yy′

∆z

)
dx′dy′ . (2.32)

The Fresnel number F is commonly used for determination of the application limits for
Fresnel and Fraunhofer regimes

F =
a2

λ∆z
, (2.33)

where a is the characteristic size of non-negligible wavefield amplitude |ψω(x, y, z0)|. For
the case of the Fresnel or near-field regime F ≥ 1.
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In the following, a limiting form of the Fresnel diffraction integral in Eq. (2.31) in
the case of large ∆z is considered. This propagation regime is called far-field or the
Fraunhofer diffraction. If ∆z � a, then F � 1, and it is a sufficient condition for
neglecting the first exponential term under the integral in Eq. (2.32)

ψω(x, y, z1) ' −ik
ik∆z

2π∆z
exp

(
ik
x2 + y2

2∆z

)
·

·
∞∫∫

−∞

ψω(x′, y′, z0) exp

(
−ikxx

′ + yy′

∆z

)
dx′dy′ . (2.34)

The obtained expression is the Fraunhofer diffraction integral. Exchanging variables kx =

kx/∆z and ky = ky/∆z the integral in Eq. (2.34) transforms into 2D Fourier transform
of initial wavefield

ψω(x, y, z1) ' −ike
ik∆z

∆z
exp

(
ik
x2 + y2

2∆z

)
ψ̂ω(kx, ky, z0) . (2.35)

The obtained result shows, that the wavefield propagated into the far-field zone can be
evaluated as scaled form of the Fourier transform of the field ψω(x, y, z0) at the plane z =

z0. This result is of great importance for applications in the field of coherent microscopy
methods, since they deal with the Fraunhofer diffraction patterns.

2.2.2 Detecting of x-ray radiation

During x-ray diffraction experiment the wavefield has to be measured by detectors in
order to provide a scientific data. The direct measurement of the amplitude and phase of
the wavefield become more challenging with increasing of the radiation frequency. The
shortest wavelength of the wave, which phase was measured directly in experiment lies in
the ultraviolet region [19]. In the x-ray part of the spectrum (see Fig. 2.1) the frequency
of the field oscillations is on the order of ω ∈ [1018; 1019] Hz. Thus Ψ(r, t) can not be
measured directly. However, we can work with quantities averaged over time much larger
than T = 2π/ω.

Let us consider a monochromatic wavefield, which can be described by a scalar func-
tion Ψ(r, t) at any point of 3D space r and moment in time t. In general, Ψ(r, t) is a
complex-valued function with the amplitude and phase

Ψ(r, t) = |Ψ(r, t)|eiϕ(r,t) . (2.36)

Physical quantities, e.g. electric and magnetic fields, can be expressed as the real part
Re[Ψ(r, t)] of this wavefield function.

Using Maxwell equations let us derive an energy flow density of a plane wave incident
on a sensitive area of the detector. Let us consider a closed volume V with charges and
fields, that are uniformly distributed in the volume. If the system is stable in time, then the
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Lorentz force FL acting on the particles will be constant. We define position of a particle
by the distance measure s. Therefore, we can define the work of the field A(δt) for some
short period of time δt, taking into account the Lorentz force definition

A(δt) = FL · s(δt) = ρ(E + v ×B) . (2.37)

The power radiated in the volume V is calculated as follows

dA

dt
=

∫
FL ·

ds(δt)

dt
dV =

∫
FL · vdV =

∫
ρ(E + v ×B) · vdV =

=

∫
ρE · vdV +

∫
ρv ×B · vdV , (2.38)

where v is a speed of the particle, ρ is the electron density. Using the definition of the
current density J = ρv we arrive to the following expression

dA

dt
=

∫
J · EdV +

∫
ρv × v ·BdV =

∫
J · EdV . (2.39)

Here, the circular shift of triple product is used within the second integral, therefore it
equals to zero. In order to express the current J we make use of Maxwell equation for the
curl of the magnetic field and constitutive relations

D = ε0E , (2.40)

H =
1

µ0

B , (2.41)

∇×H = J +
∂D

∂t
, (2.42)

where D is the electric displacement field and H is magnetic field. The expression for J
has the following form

J =
1

µ0

∇×B− ε0
∂E

∂t
. (2.43)

Now, we substitute the obtained expression into the energy flow equation Eq. (2.39)

dA

dt
=

1

µ0

∫
∇×B · EdV − ε0

∫
E
∂E

∂t
dV . (2.44)

This expression is not symmetric with respect to the E and B, so we can compensate that
by adding a zero equal term

1

µ0

∫
∇× E ·B + B

∂B

∂t
dV ≡ 0 . (2.45)
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As a result we get

dA

dt
=

1

µ0

∫
(∇×B · E−∇× E ·B) dV −

∫
∂

∂t

1

2

(
ε0E

2 +
1

µ0

B2

)
dV . (2.46)

The first integral over the volume can be transformed into surface integral

dA

dt
= − 1

µ0

∮
E×BdS − ∂

∂t

∫
u0dV =

∫
J · EdV , (2.47)

where u0 = 1/2 (ε0E
2 + 1/µ0B

2) is the density of electromagnetic field energy. We
obtained the formulation of the energy conservation law and the expression under the
surface integral is defined as the Poynting vector S = (1/µ0)E × B. It describes both
the direction and energy flow of an electromagnetic wave in this direction. The time
average of the Poynting vector has a physical meaning of an optical power flow density
p(r) expressed as follows

p = 〈S〉T =
E · E∗

2η
, (2.48)

where η is a characteristic impedance of the medium η =
√

µ/ε [20]. The total optical
power Pp incident on a detector pixel of area ap is

Pp = ap
|E|2

2η
. (2.49)

When photons impinge on the sensitive element of the detector, the last generates a
photo-current ip which scales with the incident power Pp as

ip =
ηqee

−Pp
~ω

. (2.50)

Here, the quantum efficiency ηqe ∈ [0; 1] of a photosensitive device is defined as the
probability that a single photon can generate a charge-carrier pair that contributes to the
detector current. Thus, we can define an intensity I(r) as a measurable quantity in the
experiment, which is proportional to the square of wavefield amplitude E(r)

I(r) = |E(r)|2 . (2.51)

2.3 Basics of interaction of x-rays with matter

For further understanding on how the images of crystalline and non-crystalline samples
are formed in coherent x-ray microscopy, a brief introduction into the theory of x-rays
interaction with the matter is presented in following sections. As well, the most important
approximations used in this Thesis are introduced.
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2.3.1 Scattering of x-rays on a single electron

It is well known that charged particles emit the radiation while accelerated by an external
force. The scattering process of x-rays is mainly sustained by the electrons in the material.
Therefore, we start with the description of the elastic x-ray scattering by free electrons,
called Thomson scattering, following V. G. Levich in Ref. [21].

The geometry of the problem is represented in Fig. 2.5(a). We consider a monochro-
matic plane wave Ei(r, t) incident on a free electron located at the position ri

Ei(ri, t) = E0p̂e−iωt , (2.52)

where p̂ is the direction of the incident field polarization. The scattered wavefield Ef at the
observation point P at the distance r from the electron is of interest for further discussion.
In the following we assume r� ri, also known as dipole approximation. The field in the
observation point P will depend on the previous moment of time t′ = t− |r|/c due to the
finite speed of light. Following the classical theory of electrodynamics the expression for
Ef (r, t′) can be obtained as follows [21]

Ef (r, t′) = ((Ȧ(r, t′)× n)× n) , (2.53)

where A(r, t′) is a retarded vector potential and n = r/|r|. The expression for A(r, t′) has
the following form [21]

A(r, t′) =
1

4πε0c2r

∫
J (ri, t

′)d3ri =
1

4πε0c2r
ḋ(t′) . (2.54)

Here the following fact is used
∫
J (ri, t

′)d3ri =
∫
e−v(t′)d3ri =

∑
i

e−ṙi = ḋ(t′), where

ḋ is a time derivative of a dipole moment of the charge.

The Lorenz force induced by the incident electric field acts on the electron F =

e−E0p̂exp[−iωt′]. Here, we neglect the influence of the magnetic field, since it is much
smaller in comparison to electric one at non-relativistic velocities of the charged particle.
Equation of motion for the electron gives the expression for the second derivative of the
dipole moment d, that will appear in equation for Ȧ(r, t′) further

d̈(t′) = e−
∂2r
∂t2

= e−
F
me

=
e−

2

me

E0p̂e−iωt′ . (2.55)

Substituting the expression (2.54) for retarded potential A(r, t′) into Eq. (2.53) with
use of Eq. (2.55) the scattered field Es takes the following form

Ef (r, t
′) = (Ȧ(r, t′)× n)× n =

1

4πε0c2r
(d̈(t′)× n)× n = −re

r
Ei(t

′) sin ζ , (2.56)

where ζ is the angle between the direction of the field polarization p̂ and the direction to
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Figure 2.5: The scheme of the Thomson scattering for π-polarization. The incident plane wave
with wavevector ki is scattered on a single electron. The last one has an acceleration a aligned with
the direction of incident electric field Ei. Scattered field Ef is evaluated at the observation point
P under angle 2θ with respect to the incident wavevector. The angle ζ is formed between a and
kf . The angular dependence of the Thomson scattering intensity (blue contour). The distribution
is symmetric with respect to the direction of electric field oscillations.

the observation point n, and re is the classical radius of the electron re = e−
2
/4πε0mec

2 =

2.82× 10−15 m.

As it was shown in the Section 2.2.2 time average 〈S(r)〉T of the Poynting vector has
a meaning of intensity

I(r) = 〈S(r)〉T =

√
ε0

µ0

|E(r)|2

2
=

1

2

√
ε0

µ0

r2
e

r2
E2

0 sin2 ζ . (2.57)

In this expression the factor sin2 ζ corresponds to different polarization of the wavefield -
σ or π. In the case, when the direction of oscillations of the electric field is normal to a
scattering plane, it is called the σ-polarization and sin2 ζ = 1. For π-polarization, when
field oscillations occur in-plane, the factor is defined by cos2(2θ)

sin2 ζ =

1 σ − polarization

cos2(2θ) π − polarization
,

where 2θ is the scattering angle as shown in Fig. 2.5.

In general, the scattered intensity is calculated as a sum of squares of each field com-
ponent. For an unpolarized beam it is valid that both polarizations contribute equally

I0 =

√
ε0

µ0

E2
σ =

√
ε0

µ0

E2
π , (2.58)

where I0 is the intensity of the incident beam. Therefore, we arrive to the expression of
the intensity of the scattered unpolarized radiation at point r

I(r) = I0
r2
e

r2

1 + cos2(2θ)

2
. (2.59)

The intensity distribution scattered from a single free electron is shown in Fig. 2.5. It has
a doughnut shape with the symmetry axis aligned with the direction of charge oscillations.
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Figure 2.6: Schemes of x-ray scattering processes from an atom. (a) The incident and scattered
waves are denoted by the wave-vectors ki and kf . The scattering vector is shown by q. The path
difference between the origin of the atom and a point r is ∆r = r(−ni+nf ). (b) The absorption of
an x-ray photon leads to the photoelectron emission. The vacancy is further filled by an electron
from an outer shell. The difference energy can be emitted either in the form of characteristic
fluorescence photon or by the ejection of an Auger electron.

The scattering process on a proton can be neglected since it is 1836 times heavier than the
electron [22].

2.3.2 Scattering of x-rays on an atom

The picture of scattering process can be extended from a single electron to the number of
electrons in bound states in an atom. The charges form a density distribution described
by the function ρ(r). It defines the probability to find an electron in a certain position r

within the atom. The schematic representation of scattering from the atom is shown in
Fig. 2.6(a). There is a phase difference for two scattered waves from the center and from
the element of the volume located at the position r. It appears due to the different path
length of two scattered waves

∆ϕ(r) = −(−kir + kfr) = −q · r, (2.60)

where ki and kf are the wavevectors of incident and scattered fields, and q = kf − ki

is the scattering vector. The resulting scattering amplitude is obtained by a coherent sum
over all elements with the weighting phase factor e−iqr and called the atomic form factor

f(q) =

∫
ρ(r)e−iqrdr =

q = 0 f = Z

q→∞ f → 0
, (2.61)
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whereZ is a number of electrons in the atom. In the limiting case of q = 0 the phase factor
e−iqr turns to be a unity and the integral equals to the number of electrons. In the case
when q approaching infinity, the phase factor becomes rapidly oscillating, what produces
a destructive interference of the radiation scattered by different electrons. Consequently,
the form factor becomes zero. The corresponding scattering amplitude is defined as [10]

A(q) = −ref(q) = −re
∫
ρ(r)e−iqrdr . (2.62)

As follows from Eq. (2.62), the distribution of electron density in the sample is connected
with its scattering amplitude via the Fourier transform. This important result is the basis
of the x-ray coherent imaging discussed in the following chapters.

For techniques such as Extended x-ray Absorption Fine Structure (EXAFS) and x-ray
Absorption Near-Edge Structure (XANES) the inelastic scattering effects play a signifi-
cant role. The atomic form factor then have an additional terms f ′ and f ′′, which are the
real and imaginary parts of the anomalous dispersion correction [23]. Therefore, the more
accurate form of the atomic form factor can be presented as

f(q, ω) = f 0(q) + f ′(ω) + if ′′(ω) . (2.63)

While the Thomson scattering is the dominant process in the majority of x-ray mi-
croscopy techniques, the resulting scattering intensity has a non-elastic contribution called
Compton scattering [24]. In the quantum-mechanical description of the excitation of an
electron by electromagnetic radiation, the kinetic energy may be transferred to the elec-
tron, resulting in the scattered photon having a lower energy. The increase in the wave-
length of the scattered radiation is defined as

∆λ = λθ − λ0 =
h

mec
(1− cos θ) , (2.64)

where h = 4.14 · 10−15 eV·s is the Planck constant and θ is the scattering angle. For the
most of applications of synchrotron radiation the impact of the Compton scattering can
be neglected. It starts to contribute to diffraction patterns at wide angles starting from
10 keV photon energy [25].

The absorption of incident photon occurs when its energy Eph = hν is transferred to
the electron in the atom. The photoelectron can escape the atom if the energy of absorbed
photon is higher than the bound energy of the electron (see Fig. 2.6(b)). Two processes
occur subsequent to absorption of an x-ray photon and ejection of the x-ray photoelectron
from the inner shell of an atom. These are fluorescence and Auger electron emission
schematically introduced in Fig. 2.6(b).

When a material is exposed to high energy x-rays, electrons of inner shells within the
atoms may be ejected. The atom becomes unstable when ionized, therefore the electrons
from outer shells perform a transition to inner shells in order to fill the vacant position.
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During that process the energy in the form of a photon is released in amount equal to the
energy difference between two orbitals. The re-emitted radiation appears as characteristic
lines (spikes) in the energy spectrum and is called fluorescence. This effect is of great im-
portance in the modern x-ray microscopy techniques, since it provides an element specific
information about samples which more difficult to access by other means.

If the process of electron recombination produce an excess of energy, which is higher
than the binding energy of outer shell electron, the Auger emission occurs [26, 27]. The
probability of the Auger electron emission stays almost constant with increasing Z num-
ber, while the effect of the x-ray fluorescence becomes more dominant after Z = 30

[28, 29].

2.3.3 Refraction and absorption of x-rays in matter

In this Section the important aspects and approximations of x-ray interaction with mater
are considered (following D. M. Paganin in Ref. [17]). The propagation of x-rays in
matter is governed by the Maxwell equations in the following form

∇ · [ε(r)E(r, t)] = 0 , (2.65)

∇ · B(r, t) = 0 , (2.66)

∇× E(r, t) = −∂B(r, t)

∂t
, (2.67)

∇×B(r, t) = ε(r)µ0
∂E(r, t)

∂t
. (2.68)

Here we do not take into account charges ρ and currents J, materials are considered to
be static and non-magnetic µ(r) = µ0. Using the approach presented in Chapter 2.2 we
arrive to the following form of inhomogeneous Helmholtz equation

[∇2 + k2n2
ω(r)]ψω(r, t) = 0 , (2.69)

where nω(r) = c
√
µ0εω(r) is the frequency-dependent refractive index, which describes

the response of electrons to the incident electromagnetic radiation.

For a simplified description of interaction of x-rays with matter, the projection ap-
proximation can be introduced. Consider an infinite slab of material described by nω and
incident wavefield propagating in z direction

ψω(x, y, z) = ψ̃ω(x, y, z)eikz , (2.70)

where ψ̃ω(x, y, z) is an envelope function. The Eq. (2.69) takes the following form{
2ik

∂

∂z
+

∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
+ k2[n2

ω(x, y, z)− 1]

}
ψ̃ω(x, y, z) = 0 , (2.71)
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Further we assume that the incident wavefield envelope ψ̃ω slowly changes along prop-
agation direction z. Therefore, we can neglect second derivative with respect to z and
it is called a paraxial approximation. Neglecting transverse derivatives with respect to x
and y we arrive to projection approximation. Then, the boundary problem of finding of
the wavefield after the slab at the coordinate z = z1 from the known distribution at the
entrance plane z = z0 has the following solution

ψ̃ω(x, y, z1) ≈ exp

{
−ik

2

∫ z1

z0

[1− n2
ω(x, y, z)]dz

}
ψ̃ω(x, y, z0) . (2.72)

The amplitude and phase of the wave at the exit surface z = z1 of the material are
defined by the amplitude and phase shifts accumulated during the propagation through
the slab. In the range of x-rays it is commonly written as [30]

nω = 1− δω + iβω . (2.73)

Its value is very close to unity, with refractive index decrement δω and absorption index
βω being real numbers. Their relations to dispersion corrections can be represented as
follows [10]

δω =
na
2π
reλ

2(Z + f ′(ω)) (2.74)

and
βω =

na
2π
reλ

2f ′′(ω), (2.75)

where na is the atomic number density. The real part of the refractive index stands for a
change in the velocity of the wave, the imaginary part refers to absorption effects.

Using the approximation 1−n2
ω(x, y, z) ≈ 2[δω(x, y, z)− iβω(x, y, z)] the Eq. (2.72)

has the following form

ψ̃ω(x, y, z1) ≈ exp

{
−ik

∫ z1

z0

[δω(x, y, z)− iβω(x, y, z)]dz

}
ψ̃ω(x, y, z0) . (2.76)

This expression represents the exit surface wavefield with an additional phase shift and
reduced amplitude due to interaction with the sample. For the case of a single material
the phase shift and change in the intensity distribution are expressed as follows

∆ϕω(x, y,∆z) = −kδωT (x, y) , (2.77)

and
I(x, y,∆z) = I0(x, y, z0)e−µωT (x,y) , (2.78)

where T (x, y) =
∫ z1
z0
T (x, y, z)dz is a projected thickness of the sample and µω = 2kβω

is absorption coefficient. The Eq. (2.78) represents a generalized form of Lambert-Beer’s
law.
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Here we define the 2D probe function P as

P (x, y) = ψω(x, y, z0) , (2.79)

and the object function as

O(x, y) = exp

{
−ik

∫ z1

z0

[δω(x, y, z)− iβω(x, y, z)]dz

}
. (2.80)

The exit surface wave within the projection approximation is then represented as

ψ(x, y) = O(x, y)P (x, y) . (2.81)

This expression is used in the applications of x-ray microscopy in transmission geometry
as a good approximation of the interaction process between an incident beam and the
object.

The calculation of the scattering of hard x-rays can be significantly simplified within
the frame of so-called kinematical approximation. It states, that the process of scattering
occurs only once for every incident photon. In Eq. (2.76) we can neglect the absorption
effects and expand exponent into series

ψ̃ω(x, y, z1) ≈
[
1− ik

∫ z1

z0

δω(x, y, z)dz

]
ψ̃ω(x, y, z0) . (2.82)

The refractive index decrement is proportional to the electron density ρ(x, y, z) withing
the slab δω = Cωρ(x, y, z), which lead to the following expression for the exit field

ψ̃ω(x, y, z1) ≈ ψ̃ω(x, y, z0)− ikCωψ̃ω(x, y, z0)

∫ z1

z0

ρ(x, y, z)dz . (2.83)

Applying the far-field free space propagation to ψ̃ω(x, y, z1) (see Eq. (2.35)) we arrive to
a Fourier transform connection between electron density of the sample and the scatter-
ing amplitude. This statement simplifies the description of scattering significantly in the
following sections.

2.4 Kinematical theory of x-ray diffraction by crystals

In this Section the description of x-ray diffraction from crystalline materials is given.
The concepts of direct and reciprocal lattices, as well as Ewald sphere are introduced.
Scattering amplitudes for ideal crystals and ones with defects are derived.
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Figure 2.7: Schematic representation of a crystal unit cell (shaded volume). Basis vectors a,b, c
are oriented with respect to each other with angles α, β, γ.

2.4.1 Direct and reciprocal lattice of a crystal

The ideal crystal can be defined as an infinite distribution of matter in 3D space with
translational symmetry of its identical elements, called unit cells. The last can consist of
atoms and molecules. The direct lattice of the crystal is formed by the set of vectors rn in
3D space

rn = ua + vb + wc , (2.84)

where a,b, c are linearly independent translation vectors, and u, v, w are corresponding
integer factors. The ideal lattice can be completely described by unit cell parameters
a,b, c and angles between them α, β, γ (see Fig. 2.7). In general, all possible crystal lat-
tices can be divided into 14 types and 32 symmetry classes, which are explicitly described
in standard books of crystallography (see, for example Ref. [31]).

In 1913 P. P. Ewald developed the concept of reciprocal lattice [32]. Many significant
results in the field of x-ray diffraction are represented in much easier way by using the
concept of reciprocal lattice. Its basis vectors are commonly defined as follows

a∗ = 2π
b× c

a · (b× c)
; b∗ = 2π

c× a
a · (b× c)

; c∗ = 2π
a× b

a · (b× c)
. (2.85)

This lattice consists of the nodes that can be located by the reciprocal lattice vector Hhkl

defined as
Hhkl = ha∗ + kb∗ + lc∗ , (2.86)

where hkl are the Miller integer indices. A single node in reciprocal space is labeled by
”hkl”. A lattice direction in a crystal is given by [hkl], and corresponding set of lattice
planes is denoted by {hkl}.
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Figure 2.8: Scheme of the Ewald sphere. Reciprocal lattice points are represented by grey dots.
A scattering triangle is formed by vectors ki, kf and momentum transfer q. The detector area is
shown by red thick arc. The wide orange ring represents radiation bandwidth.

2.4.2 Ewald sphere

The concept of the Ewald sphere is a convenient way to visualize the relation between
reciprocal lattice structure and scattering geometry. The wavevectors of incident ki and
diffracted kf waves and the scattering vector q = kf − ki form the triangle. The sphere
constructed on the radii |ki| = |kf | = 2π/λ is the Ewald sphere, shown in 2D as a circle
(see Fig. 2.8). The vector ki points to the origin of the reciprocal space, while making the
Bragg angle θB with the crystalline planes. The kf points to the position of the detector.
Once the Ewald sphere intersects the reciprocal lattice point at Hhkl the Laue condition
is satisfied. In diffraction experiment the small area in vicinity of the Bragg point is
measured by 2D detector (shown by red arc in Fig. 2.8). Each detector pixel integrates
scattered radiation over small solid angle. Thus, we are able to measure a range of q-
values simultaneously. Additionally, a non-monochromaticity of the incident radiation
increase the ”thickness” of the Ewald sphere (shown by yellow circe in Fig. 2.8).

Each point of the reciprocal lattice corresponds to a certain group of crystallographic
planes and the modulus of corresponding vector Hhkl allows to define interplanar distance
as

dhkl =
2π

|Hhkl|
. (2.87)

This parameter can be expressed via basis vectors for different types of crystal lattices as
shown in Table 2.2.
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Table 2.2: Interplanar spacing dhkl for different lattice types expressed by the Miller indices hkl.
Here, a, b, c are the unit cell parameters, and α, β, γ are the angles between them (see Fig. 2.7).

Lattice type Unit cell parameters 1/dhkl

Cubic a = b = c
√

h2+k2+l2

a2

α = β = γ = 90◦

Tetragonal a = b 6= c
√

h2+k2

a2
+ l2

c2

α = β = γ = 90◦

Orthorhombic a 6= b 6= c
√

h2

a2
+ k2

b2
+ l2

c2

α = β = γ = 90◦

Hexagonal a = b 6= c
√

4
3
h2+hk+k2

a2
+ l2

c2

α = β = 90◦

γ = 120◦

The absolute value of the vector Hhkl can be obtained from geometry in Fig. 2.8

|Hhkl| = 2k sin θB . (2.88)

From Eq. (2.87) and Eq. (2.88) we come to the formulation of the Bragg’s law

2dhkl sin θB = λ . (2.89)

2.4.3 X-ray scattering from a finite crystal

Due to the periodic nature of crystals it is possible to retrieve their structure by means
of x-ray diffraction methods. The scattering of x-rays from a crystal was observed ex-
perimentally by Max von Laue in 1912 [33] and then explained theoretically by William
Bragg [34].

The scattering amplitude A(q) of coherent monochromatic radiation from an infinite
crystal in kinematical approximation is obtained from Eq. (2.62) as follows

A(q) = −r0

∑
n

e−iqrn
∑
j

fj(q)e−iqrj , (2.90)

where the last sum denotes the unit cell structure factor F (q). Since the concept of an
infinite crystal is not relevant in the field of microscopy of nanostructures, we consider
in the following the coherent scattering by a finite crystal [35]. For this case the shape
function of the crystal s(r) is introduced to be unity inside the volume V of the crystal
and zero everywhere else

s(r) =

1 if r ∈ V

0 if r /∈ V
. (2.91)

The electron density of the finite crystal ρ(r) can be defined through the convolution
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of the unit cell ρuc(r) and infinite crystal structure ρ∞(r) distributions masked by the
shape function

ρ(r) = ρuc(r)⊗ [ρ∞(r) · s(r)] , (2.92)

where ρuc is the electron density of a unit cell. For every jth atom in the unit cell we can
write

ρuc(r) =
∑
j

ρj(r− rj) . (2.93)

The electron density of the infinite crystal ρ∞(r) is expressed as the sum of Dirac delta
functions, each for nth unit cell

ρ∞(r) =
∑
n

δ(r− rn) . (2.94)

Substituting the expression for ρ(r) from Eq. (2.92) and applying the convolution
theorem (see Eq. (A.6)) we obtain

A(q) = F (q) · ρ̂∞(q)⊗ ŝ(q) =
∑
j

fj(q)e−iqrj

︸ ︷︷ ︸
Unitcell

·

[
(2π)3

Vuc

∑
hkl

δ(q−Hhkl)

]
︸ ︷︷ ︸

Lattice

⊗ŝ(q) .

(2.95)
Here fj(q) is the atomic form factor of jth atom in the unit cell (see Eq. (2.61)), rj is
the position of this atom, Vuc is the volume of unit cell and Hhkl are the reciprocal lattice
vectors.

Considering the diffraction process from the crystal the total amplitude in Eq. (2.95)
gets its non-zero values, when the scattering vector q equals the reciprocal lattice vector
Hhkl. This is the essence of the Laue condition for diffraction from a crystal

q = Hhlk. (2.96)

The resulting peaks of intensity, as the result of scattering from all unit cells in phase, are
called Bragg peaks. In contrast to an infinite crystal, an additional intensity distribution
appears in the vicinity of each Bragg peak if the scattering from a finite crystal is con-
sidered. It comes from the convolution with the Fourier transform of the shape function
ŝ(q). This intensity distribution is equal for any reflection and has a central symmetry for
perfect crystals according to the Friedel’s law [36], but in the presence of deformations
this symmetry breaks as it will be discussed in the next section.

2.4.4 X-ray diffraction from crystals in the presence of defects

In the previous section we considered perfect crystals with infinite range structural peri-
odicity. However, the state of ideal crystal can be achieved at temperature of T = 0 K,
in theory. In this case all the nodes of the crystal are occupied by atoms indistinguishable
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one from another neither by physical nature, nor by energy state. At the temperatures
T 6= 0 K there is always a probability of breaking the perfect order in the crystal, due to
the fluctuations of energy. The study of defects in crystals is one of the major problems in
modern solid state physics and chemistry. The understanding of such processes as chemi-
cal interactions, charge carrier mobility, etc. are closely related with the knowledge about
defect states of atomic and electron structure of a crystal. In general, formation of defects
plays the major role in plastic deformation of the crystal.

The defects can be classified in the most precise manner by their geometrical proper-
ties. Point defect has dimensions on the order of several atom diameters. It consists of
an empty node in the case of vacancy and of a single atom in the case of impurity (see
Fig. 2.9(a) and (b), respectively). As a result of vacancy defect the neighboring atoms
are displaced from their equilibrium positions and the lattice becomes strained (tensile
deformation). By introducing a foreign atom to the lattice node the crystal experience a
compressive deformation. The last type of defects is widely used in semiconductor mate-
rials, since the presence of impurities allows the fine tuning of energy band gap. The most
deformation is introduced by impurities, consequently it needs more energy for creation.
The presence of point defects result in a change of the diffraction pattern. Due to the
break of the perfect crystal lattice order, forbidden peaks as well as diffuse scattering can
appear.

Linear defects are characterized by the break of periodicity in one direction. They
include dislocations, microcracks, unstable formations in the form of point defects array.
Dislocations appears during plastic deformation of crystals. Edge and screw dislocations
are distinguished in this type of linear defects. An edge dislocation appears when an extra
half-plane of atoms is introduced within the crystal, distorting nearby planes of atoms (see
Fig. 2.9(c)).

The Burgers vector b is introduced as a common way to characterize dislocations (see
Fig. 2.9(c, d)). It is constructed considering a perfect crystal, where a closed circuit Γ

is drawn starting at a random lattice node and taking n steps of the lattice constant. If a
dislocation is present inside the loop after n steps a gap remains. The vector, which is
required to close this gap is defined as the Burgers vector b. For the edge dislocation the
Burgers vector is perpendicular to the defect line. For a screw dislocation the Burgers
vector is parallel to the defect. If we introduce a displacement vector field u(r), which de-
scribes shift of the atoms from their positions in a perfect crystal, we can mathematically
define the Burgers vector as follows ∮

Γ

du = −b . (2.97)

Here Γ is a closed contour around the dislocation. A line defect distorts the diffraction
pattern introducing diffuse scattering around Bragg reflections.

In the following we consider a structure of a monoatomic close-packed crystal in the
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Figure 2.9: Schematic representation of defects in crystals. Zero dimensional defects include the
vacancies, interstitial atom (a) and impurities (b). Scheme for determining the Burgers vector
of the edge (c) and screw (d) dislocations. (e) Representation of FCC and HCP close-packed
structures. (f) Example of the stacking fault, when C layer is missing in ABCABC stacking
sequence (shown by red arrow).
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form of the layers of spheres. Two types of close packing are possible: face-centered
cubic (FCC) and hexagonal close-packed (HCP) with stacking sequences of layers AB-
CABC and ABABAB respectively (see Fig. 2.9(e)). A break in the stacking of the layers,
for example ABCABABC, where a C layer is missing, is called a stacking fault. It is com-
mon in layered structures to encounter stacking faults, but they rarely occur in isotropic
structures. Stacking faults can be described as a displacement (slip) of an entire plane
of atoms perpendicular to the fault plane, so that the fault is described by two vectors:
the stacking vector (perpendicular to the fault plane) and the slip vector, describing the
displacement direction of the plane of atoms. The slip vector plays a similar role as
the Burgers vector in the characterization of defects. The diffraction pattern of a crystal
containing a plane defect will have strong streaks perpendicular to it and connecting the
corresponding Bragg peaks. The surface of a crystal is an obvious imperfection, and, due
to the extend in two dimensions, can be called a plane defect. For the scattering from
the surface where the crystal is truncated the streaks in reciprocal space are called crystal
truncation rods (CTR).

As an examples of three dimensional defects in crystals one could think of pores,
inclusions and precipitations.

2.4.5 X-ray diffraction from crystals in the presence of strain

The perfect crystalline order could be also altered elastically. As a particular example, a
small area around defects in crystal is strained. In other words, the lattice becomes de-
formed and this state can be described by the vector field of displacement u(r) of atoms
from ideal periodic structure. The electron density of the crystal in the presence of me-
chanical deformations can be expressed as the sum over atoms

ρ(r) =
N∑
n=1

M∑
j=1

ρnj(r− Rnj − u(Rnj)) , (2.98)

where Rnj = Rn + rj , N is the number of unit cells and M is the number of atoms in
each unit cell. By substituting this expression into Eq. (2.90) the scattering amplitude of
in this case can be written as follows

A(q) =
N∑
n=1

Fn(q)e−iq·u(Rn)e−iq·Rn , (2.99)

here Fn(q) is a structure factor of the nth unit cell. Equation for the scattering amplitude
around a Bragg point is expressed as follows for a finite crystal with shape function s(r)

[35]

A(Q) =

∫
s(r)e−iHhkl·u(r)e−iQ·rdr , (2.100)

where Q = q−Hhkl.
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The influence of the strain in finite crystals on coherent far-field diffraction intensity
can be observed as breaking the shape symmetry of the Bragg peak. It is caused by
additional phase factor exp(−iHhkl · u) in the scattering amplitude. Therefore, if the
complex-valued function describing the object is reconstructed in real space, its phase
is related to the strain within the crystal. Higher the strain field, more spreading of the
scattered signal in reciprocal space occurs.

2.5 Elements of elasticity theory

The major part of this Thesis is dedicated to investigation of the mechanical strain present
in crystalline structures. Therefore, fundamentals of the linear theory of elasticity are
presented in the following sections. As far as we deal with nanostructures, which func-
tionality can be tuned by introducing strain, local distortions of the crystal is only a small
fraction of the lattice constants. In this case we can consider the theory of small deforma-
tions, where the Hooke’s law is valid.

Under application of external forces (i.e. mechanical, gravitational, electromagnetic),
a body experience the re-distribution of atoms or molecules from which it is made of.
If the force is constant, then the interaction system reaches the equilibrium state. The
concept of stress is used for description of the loading in terms of the force F applied to
a certain cross-sectional area ∆A of the object

σ =
F

∆A
. (2.101)

In general case of 3D solids the stress tensor consisting of nine components completely
describes the stress state of the body at any point (see Fig. 2.10)

σ =

σxx τxy τxz

τyx σyy τyz

τzx τzy σzz

 , (2.102)

where σii are normal stress and τij are shear stress components.

Change in the position and the shape of the body is defined as deformation. We talk
about elastic properties of the matter, if bodies return to their undeformed shape, after
the external forces are removed. The state of deformation can be completely described
by the displacement vector u = r′ − r for every element of the body, where r is the
initial position, and r′ is the one after deformation. Since the uniform displacement field
within the body simply describe the change of its position, the more useful concept of
strain is used in the scope of linear elasticity. Strain can be defined as a deformation with
respect to the original size of an element. Strains are classified as normal strain ε, which
is perpendicular to the face of element, and shear strain γ, which is parallel to it (see

41



σxx

σyy

σzz

τxz

τxy
τyx

τyz

τzy
τzx

x

y

z

F

∆A

Figure 2.10: Definition of mechanical stress in 3D. Each small volume of an object under the ex-
ternal force F experience normal σ and tangential τ mechanical stress along each of the Cartesian
coordinates.

Fig. 2.11). In general case of Cartesian coordinate system normal strain is defined as

εij =
1

2

(
∂uj
∂xi

+
∂ui
∂xj

)
. (2.103)

The strain tensor can be constructed as follows

ε =

εxx εxy εxz

εyx εyy εyz

εzx εzy εzz

 . (2.104)

The Hooke’s law can be expressed in the general way via 4th rank stiffness tensor C
and the compliance tensor S as

σij = −Cijklεkl , (2.105)

εij = −Sijklσkl , (2.106)

where the Einstein summation convention is used. In general case tensor Cijkl (and Sijkl)
consists of 34 = 81 components. Since stress and strain are symmetrical tensors of rank
two σij = σji, εij = εji, the number of independent components in Cijkl and Sijkl can be
reduced to 36

Cijkl = Cjikl;Cijkl = Cijlk;Sijkl = Sjikl;Sijkl = Sijlk . (2.107)

For crystals, tensors Cijkl and Sijkl are also symmetric

Cijkl = Cklij;Sijkl = Sklij . (2.108)

Therefore, in general case there are only 21 independent components of elastic tensors
for a rigid material without any symmetry. Using the matrix form of the Hooke law we
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Figure 2.11: Definition of mechanical strains for deformed 2D shape. The initial dimensions of
the shape are dx and dy. The corresponding points between two shapes are denoted A and B. The
transform includes shift by ux and uy, tensile normal strains εx and εy, and shear strain defined
by angles α and β.

obtain 

σxx

σyy

σzz

σyz

σxz

σxy


=



C11 C12 C13 C14 C15 C16

C12 C22 C23 C24 C25 C26

C13 C23 C33 C34 C35 C36

C14 C24 C34 C44 C45 C46

C15 C25 C35 C45 C55 C56

C16 C26 C36 C46 C56 C66


·



εxx

εyy

εzz

εyz

εxz

εxy


. (2.109)

Further simplifications are possible by considering different types of symmetries in crystal
structures.

2.5.1 Types of anisotropy and isotropic case

If the material has different elastic properties along all three normal directions, then it is
defined as orthorhombic. The number of independent components of the stiffness matrix
reduces to nine in this case

Cij =



C11 C12 C13 0 0 0

C12 C22 C23 0 0 0

C13 C23 C33 0 0 0

0 0 0 C44 0 0

0 0 0 0 C55 0

0 0 0 0 0 C66


. (2.110)
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The material is called transversely isotropic if for every point there is a plane, in which
all directions are physically equivalent, except the direction normal to the plane. In this
case the number of independent components in the stiffness matrix reduces to five

Cij =



C11 C12 C13 0 0 0

C12 C11 C13 0 0 0

C13 C13 C33 0 0 0

0 0 0 C44 0 0

0 0 0 0 C44 0

0 0 0 0 0 C66


, (2.111)

where components C11, C12, C66 are connected by the relation

C66 =
C11 − C12

2
. (2.112)

This type of anisotropy is common for the materials with hexagonal type of the crystal
lattice, or composite materials with one-directional fibers.

General expressions for anisotropic materials can be reduced to isotropic case. It is
characterized by the equal physical properties along all possible directions. Therefore,
the stiffness matrix has the following form

Cij =



C11 C12 C12 0 0 0

C12 C11 C12 0 0 0

C12 C12 C11 0 0 0

0 0 0 C44 0 0

0 0 0 0 C44 0

0 0 0 0 0 C44


, (2.113)

where
C44 =

C11 − C12

2
. (2.114)

These parameters can be expressed by using Young’s modulus E and Poisson’s ratio
ν = −dεtrans/dεaxial

C11 =
E(1− ν)

(1 + ν)(1− 2ν)
,

C12 =
Eν

(1 + ν)(1− 2ν)
,

C44 =
E

2(1 + ν)
.

Here εtrans is transverse strain and εaxial is axial strain. Further in this Thesis we work
with both isotropic and anisotropic models of elastic materials.
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(a) (b) (c)

Figure 2.12: The scheme of two processes of misfit strain relaxation in heterostructures. (a) Two
crystal lattices in a stress free state. (b) Elastic relaxation of the strain. The interface between two
materials is coherent. (c) Plastic relaxation of the strain. An increased mismatch between two
lattices leads to the formation of misfit dislocations (shown by red lines).

2.5.2 Strain relaxation in heterostructures

Modern electronics based on a semiconductor materials exploit the possibility of band
gap control by growing layered structures. There are different ways to introduce strain in
the material. Throughout this theses we consider heretorstructures, where two types of
materials with slightly different properties are brought into a contact. For example, almost
all thin layers deposited on a substrate are strained in a certain amount. If the material of
a layer has a lattice constant al and the one of the substrate is as, then the misfit strain can
be defined as

εmisfit =
al − as
as

. (2.115)

The formation of the misfit strain is presented in Fig. 2.12.

Thin layers of the material deposited on the substrate are thermodynamically stable.
An interface of two materials is coherent if the lattice planes not parallel to the interface
are equally spaced in both of them and are continuous across the interface. Both materials
in the case of non-planar structures are strained with respect to their bulk state. In this
case strain is relaxed elastically in order to minimize the total elastic energy. The interface
between two materials is called coherent, since the transition from one lattice to another
occurs smoothly.

The plastic relaxation allows to accommodate the misfit strain via formation of net-
works of misfit dislocations at the interface, which becomes incoherent. In this type of
process the strain concentrates in the vicinity of defects, rapidly decaying away from
them. The formation of dislocation networks is considered as the relaxation process since
it reduces the elastic energy.

Both of these relaxation mechanisms can be present in a single system. The result has
higher values of strain than one in stress free case, but effectively lower than in totally
coherent state. The critical thickness parameter hc defines the point when the plastic
relaxation starts to occur. It corresponds to the thickness of the epitaxial layer at which
the self-energy of dislocation is equal to the elastic strain energy. Below hc formation of
misfit dislocations is energetically unfavorable.

The ability to accommodate large strain values without formation of dislocation is the
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property of building block for semiconductor devices, which is of big importance. As an
example, heterostructured nanowires, that are studied in this Thesis, allow the growth of
thicker shells without plastic deformations comparing to planar structures. This is mainly
due to the large surface to volume ratio of almost one-dimensional structures.

2.5.3 Finite element method simulations

Finite element method (FEM) represent a powerful and general class of techniques for the
approximate solution of continuous problems obeying partial differential equations. In
the scope of solid mechanics problems it allows to find a solution to a complex problems
related to the strain relaxation in a compound structures.

Essentially, method is based on several steps briefly discussed in the following. The
problem solved by FEM is always defined on some finite region of space, called domain.
As the first step of FEM solution, all domains present in the problem have to be subdivided
into simple elements. In the case of 1D problem sub-domains are represented by linear
sections, fitting a continuous function. In 2D problems the initial region can be divided
into triangles, curve-sided triangles or quadrilaterals (see Fig. 2.13(a)). The more effective
discretization in terms of elements number is normally achieved with the use of triangles.
If the problem is defined in 3D space, the initial domain is discretized into tetrahedral,
cuboidal or curved surface elements (see Fig. 2.13(b)).

The next step is the choose of a suitable approximation to the function describing the
problem at each element. The appropriate options are commonly found among polynomi-
als of the order from one to three. Additionally, there is a requirement of continuity at the
edges (nodes) between elements (see for example Ref. [37]). The element contributions
are summed up to form a global system of equations. It is typically sparse, symmetric
and positive definite. Direct and iterative methods can be used to obtain its solution. The
nodal values of the sought function are produced as a result of the solution. In many cases
the parameters of interest have to be calculated afterwards. In this Thesis mechanical
strain and stress are of interest in addition to displacement field, which are obtained after
solution of the global equation system.

For stationary elastic problems relevant to the work performed in this Thesis the global
solution is found by minimizing the functional of the total potential energy Π

Π =

∫
1

2
{εe}TdV −

∫
{u}T{pV }dV −

∫
{u}T{pS}dS . (2.116)

Here {εe} is the elastic part of the strain defined as {εe} = {ε − εt}, where {εt} =

{αT, αT, αT, 0, 0, 0} is the thermal part of the strain with α being the thermal expansion
coefficient, and T is the temperature. Vectors {pV } and {pS} are body and surface forces
acting on the object respectively, and uT is the displacement field.

A realistic modeling of 3D geometries with material properties defined with elastic
constants allows the simulation of the object function S(r) = s(r)e−iHhkl·u(r) as was in-

46
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Figure 2.13: Examples of domain discretization in 2D (a) and 3D (b) case.

troduced in Eq. (2.100). More to that, we can model a far-field diffraction patterns from
such simulations in order to compare it with the results of x-ray diffraction experiment.
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Chapter 3

Coherent x-ray diffraction imaging and
ptychography

The following Chapter is dedicated to imaging applications of coherent x-ray radiation.
First of all the concept of coherent wavefield will be discussed as well as its major prop-
erties. Next, the phase problem in the field of x-ray microscopy will be introduced. It will
be followed by a discussion of the sampling requirements and algorithms necessary for
reconstruction of the sample image in the case of CDI and ptychography.

3.1 Coherence

In the previous Chapter an idealization of the wavefields were considered. However,
in reality they have fluctuations in time and space, in other words they are not strictly
monochromatic and does not propagate in well defined direction in space. That leads
to the fact that different parts of the electromagnetic beam can be more correlated than
others. The amount of correlation in that case is characterized by the property called
coherence. The most prominent effect, which reveals a coherent radiation is the ability to
produce interference.

A detailed description of coherence phenomena can be performed in terms of correla-
tion functions (see, for example Ref. [38]). The mutual coherence function (MCF) plays
the main role in the theory of optical coherence

Γ(r1, r2, t1, t2) = 〈Ψ∗(r1, t1)Ψ(r2, t2)〉ε , (3.1)

where Ψ(r, t) is the scalar function of the wavefield and the brackets denote the ensemble
average defined as follows

〈f(r, t)〉ε = lim
N→∞

1

N

N∑
i=1

f i(r, t) . (3.2)

Here N is the total number of realizations of statistical function f(r, t) and f i(r, t) is
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Figure 3.1: Concept of longitudinal and transverse coherence length. (a) Two plane waves with
slightly different wavelengths propagate in the same direction. They are in phase at the plane S
and out of phase at the plane O. The distance Ll between S and O is defined as the longitudinal
coherence length. (b) Two plane waves with the same wavelength radiated by the source of the
size D propagate at some angle ∆θ. At some distance z waves are out of phase in transverse
direction at distance Lt.

its single realization. The MCF is used to describe the relation between two space-time
points of a given wavefield Ψ(r, t). Taking the expression (3.1) at the same point in space
r = r1 = r2 and time t = t1 = t2 we get an averaged intensity of the field

Γ(r, r, t, t) = 〈|Ψ(r, t)|2〉ε = 〈I(r, t)〉ε . (3.3)

The concept of ergodicity is applicable to the wavefield Ψ(r, t) due to the intrinsically
stochastic nature of x-ray creation process from atoms or electron bunches. Additionally,
the wavefield can be considered to be stationary if its measurement time T is much longer
than field oscillation period, but shorter than any other time scale of interest. Both of
these assumptions are well satisfied for most of x-ray sources, including synchrotrons. As
a result we can make a transition from ensemble averaging to the time average

〈I(r, t)〉T = lim
T→∞

1

T

∫ T/2

−T/2
|Ψ(r, t)|2dt . (3.4)

This quantity is generally accessible in experiments. For FELs the approximation of
stationary wavefield is not valid due to the much shorter pulses. The case of not stationary
radiation is not considered in this Thesis since the most part of work was done at the
synchrotron sources.

For the stationary process the MCF Γ(r1, r2, τ) becomes dependent only on the dif-
ference of two points in time τ = t2 − t1, not on their absolute values. The complex
degree of coherence (CDC) γ(r1, r2, τ) is defined as the normalized version of MCF,

γ(r1, r2, τ) =
Γ(r1, r2, τ)√

〈|Ψ(r1, 0)|2〉〈|Ψ(r2, 0)|2〉
. (3.5)

In practice, |γ(r1, r2, τ)| ∈ (0; 1) with limiting cases of full and zero coherence being
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only theoretical idealizations. The volumetric extent of high correlation in the wavefield
has a meaning of coherence volume Vcoh, which is discussed in the following.

Consider two plane wave components with slightly different wavelengths λ and λ −
∆λ propagating in the same direction (see Fig. 3.1(a)). If the waves are in phase at the
plane S, then after some propagation distance Ll they will be out of phase. This distance
is defined as follows [10]

Ll ≈
λ

2

(
λ

∆λ

)
, (3.6)

and has the name of the longitudinal or temporal coherence length.

Further, any source of radiation has a distinct spatial extent D (see Fig. 3.1(b)). That
leads to the fact, that the wavefield emitted from two separated points accumulate a dif-
ference in path length at an observation point. The distance between two points Lt in
observation plane, where the incoming waves are out of phase, is called transverse coher-
ence length and has the following form [39]

Lt ≈
λz

2D
. (3.7)

In the experiment a limited coherence of the wavefield have an influence on the diffrac-
tion pattern that is observed. It is equivalent to the sum of diffraction patterns produced by
every point of the source separately. In the result the diffraction pattern becomes smeared,
with decreased contrast between interference fringes.

The temporal coherence can be increased by selecting a narrow energy range ∆E of
the beam. At the experimental station a device called monochromator is responsible for
this function. The monochromator is characterized by the energy resolution ∆E/E =

∆λ/λ. For double-crystal Si (111) monochromator used in most experiments in this
Thesis the energy resolution is 10−4 for the energy range between 8 and 15 keV. The
value of the longitudinal coherence in that case is on the order of 1 µm. This is the limit
on the size of the sample along the beam in coherent diffraction experiment at wide angles
of scattering.

The spatial coherence of the radiation can be increased by filtering of incident beam
with apertures or slits, or increasing the distance between the source and sample as fol-
lows from Eq. (3.7). At the nanoprobe endstation of P06 beamline at PETRA III syn-
chrotron the following estimate of the transverse coherence length can be obtained: at
the energy of 15.25 keV the wavelength of radiation is about 0.8 Å, the source size is
36×6 µm in horizontal (h) and vertical (v) direction respectively, the distance from the
source to the sample is about 100 m. The resulting coherence length in horizontal and
vertical directions are Lht = 110 µm and Lvt = 670 µm, which are sufficiently larger than
any nanostructure under investigation. If further nanofocusing setup is used, the effective
aperture has to be smaller than Lht and Lvt in order to provide a nearly coherent focused
beam (see Chapter 4). Finally, for a successive application of coherent diffractive tech-
niques the sample has to fit into the coherence volume of the beam Vcoh = Lvt · Lht · Ll,
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which is defined as a product of transverse coherence length in vertical and horizontal
directions and longitudinal one.

3.2 Phase problem

As it was shown in Chapter 2.3, the structural information about an object is connected
with its scattering amplitude A(q) by the Fourier transform. However, only the intensity
I(q) = |A(q)|2 can be measured in the experiment, not the complex wavefield A(q) it-
self. Therefore, we have to deal with a so-called ”phase problem”. In order to obtain the
phases of A(q) from measured intensities the iterative phase retrieval has been success-
fully developed in recent decades.

3.3 Sampling

At the present stage of technical development of x-ray imaging stations continuous diffrac-
tion patterns are measured by 2D pixelated detectors, therefore they are discretized at
some sampling rate. Each pixel of the detector provides an integrated value of intensity
from some area in reciprocal space. The major requirement for iterative phase retrieval
is a sufficient sampling of the diffraction data. Since the far-field diffraction pattern of
the sample is related with its exit surface wave by the Fourier transform, it is possible to
establish the connection with different length scales in the experiment.

The sufficient sampling rate is defined by the pixel size of the detector xp, distance
from the sample to detector L, lateral extent of the sample a and the wavelength λ. The
smallest distance in reciprocal space, corresponding to the largest lateral dimension of the
object is calculated as

∆qa =
2π

a
. (3.8)

The corresponding minimum distance in real space between the fringes on the detector is
evaluated as

∆xa ≈
L∆qa
|k|

=
λL

a
. (3.9)

This sampling rate is not sufficient for retrieving continuous spatial variations of the finite
bandwidth signal from amplitudes only. The theorem, introduced by Kotel’nikov in 1933
[40] and Shannon in 1949 [41] independently, states that the maximum sampling distance
in reciprocal space is defined as ∆q ≤ ∆qa/2 = π/a. As the consequence of this result,
the pixel size xp has to be at least twice smaller than the interference speckle size

xp ≤
λL

2a
. (3.10)

Now the relationship between real- and reciprocal space sampling can be established.
The sampling distance in reciprocal space is defined by the size of the detector pixel with
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Figure 3.2: The sketch of sampling parameters in coherent diffraction imaging. The object with
the maximum dimension of a is fully illuminated by coherent x-ray beam. Radiation is scattered
with the wavevector k and recorded in the far-field regime by the detector at the distance L from
the sample. The pixel size of the last is xp, which corresponds to the reciprocal space sampling of
∆q. The smallest period in intensity, which has to be sampled is equal to ∆qa.

corresponding angular size ∆θ

∆q = 2|k| sin ∆θ ≈ |k|xp
L
. (3.11)

Employing the property of the discrete Fourier transform connecting sampling rates in
real and reciprocal space ∆x∆q = 2π/N (see Eq. (A.12)), where N is the number of
elements in discrete data set along any dimension in 2D, one obtains

∆x =
2πL

N |k|xp
=

λL

Nxp
. (3.12)

The pixel size of the object in real space depends on the largest q-value measured at the
detector plane. It also defines the half-period resolution of the object, if the scattered
radiation is measured at the edges of the detector.

Initially, the phase problem appeared in the field of crystallography and was success-
fully solved by various methods [42]. History of the phase retrieval in imaging starts from
famous work of Sayre in 1952 [43], that states the possibility of the real image reconstruc-
tion of a unit volume, if it is sampled in Fourier space with twice the Nyquist sampling
rate. However, for a unique reconstruction of the real space image of non-periodic sample
in 2D and 3D the diffraction data has to be sampled as was introduced by Miao [44]

σ =
total pixel number

unknown-valued pixel number
> 2 , (3.13)
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Figure 3.3: Publications rate for CXDI and ptychography up to the end of 2016. Source sco-
pus.com.

where the total pixel number includes the empty area around the object. Increasing of the
sampling ratio leads to the enlarged empty area around the object in real space.

3.4 Coherent x-ray diffractive imaging

With development of high-brilliance coherent x-ray radiation sources it became possible
to measure coherently scattered radiation intensity I(q) = |A(q)|2, where the scattering
amplitude is proportional to the Fourier transform of electron density of the object (see
Section 2.4). This relation is used in method of Coherent X-ray Diffractive Imaging
(CXDI) in order to obtain an image of a sample under investigation [45, 46]. In contrast
to conventional microscopy techniques, which use a focusing elements of x-ray optics for
image formation (for example, Kirkpatrick-Baez (KB) mirrors [47], Fresnel Zone Plates
(FZP) [48]), the CXDI approach relies on computational methods of solving the phase
problem. A diverse experimental realizations of the CXDI were developed aiming to
obtain images of the objects in 2D and 3D.
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3.4.1 Small angle CXDI

The amount of publications related to applications of CXDI has gradually been growing
during last two decades (see Fig. 3.3). It reveals a significant impact of the technique in
the field of x-ray microscopy of non-crystalline and crystalline samples. The method of
CXDI demands no a priory model of the sample, as long as it has dimensions smaller
than a coherence volume of the beam and kinematical approximation is valid. The in-
formation about the beam itself can be obtained by other techniques (see Section 3.6).
In the case of non-periodic object the CXDI is performed experimentally in transmission
geometry. Properly sampled far-field diffraction pattern is recorded by the 2D detector
and if the and paraxial approximations are valid, the exit surface wave after the sample
can be reconstructed.

For the case of biological samples there is a limitation on the accumulated dose of
radiation, after which the sample is destroyed. This limitation can be overcome by using
cryogenic temperatures of the sample during the measurement or by using short fem-
tosecond pulses of FELs. The latter approach allows to record the diffraction pattern of
the object before it is destroyed by the accumulated dose.

3.5 Phase retrieval methods

Recovery of the lost phases is not trivial in optimization, since it is large-scale, non-linear,
non-convex and has non-smooth constrained problem [49, 50]. However, a number of
iterative algorithms appeared to be capable of solving this task efficiently. The following
sections of this Chapter are dedicated to those algorithms, which were used in the work
of this Thesis.

3.5.1 Gerchberg and Saxton algorithm

The first iterative phase retrieval algorithm called the Gerchberg & Saxton (GS) algorithm
was proposed in 1972 [51]. With the known scattered intensity in reciprocal space and
amplitude distribution in real space the algorithm is capable of retrieving missing phases.
The approach is based on the direct and inverse Fourier transform between real and re-
ciprocal space. Process starts in real space with initial guess for the object O(r), where
the amplitude is known and phase has a random distribution. The interaction between
the object and probe is obtained in the scope of projection or product approximation [52]
as ψ(r) = O(r)P (r). In practical implementations the FFT algorithm is used to obtain
a corresponding reciprocal space image ψ(q), where the amplitudes are substituted with
measured ones. This process can be expressed mathematically using a projection operator
PM on a constraint set of the Fourier magnitudes M measured in experiment

ψ′(r) = PM [ψ(r)] = F−1

[
F [ψ(r)]

|F [ψ(r)]|
√
I(Q)

]
, (3.14)
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Figure 3.4: Basic steps in the phase retrieval algorithms. (a) Error Reduction algorithm flowchart.
(b) Diagram of the ptychography algorithm (adopted from [53]). The outer circle indicate the
steps through positions within a single iteration.

where the updated real space image ψ′(r) is obtained by an inverse FFT (iFFT). Finally,
the known amplitudes are substituted in real space. After that, an updated object function
is Fourier transformed and the iterative process starts again until both sets of constraints
in real and reciprocal space are satisfied.

The performance of algorithms is commonly evaluated by the normalized error-metrics
in reciprocal space EM . It is defined as a distance between current object Fourier magni-
tude guess and measured amplitudes and

EM =

∑
q ||ψ(q)|2 − I(q)|∑

q I(q)
. (3.15)

3.5.2 Error Reduction and Solvent Flipping algorithms

In order to relax the constraint of a priori knowledge about amplitude of the object Fienup
further developed the GS algorithm in 1978 [54]. It is called Error Reduction (ER) algo-
rithm, and differs from GS by using a localized support Ω. It defines the area where the
electron density of the object is non-zero. The initial guess for the support function can
be estimated by calculation of the auto-correlation function, which is equal to an inverse
Fourier transform of the diffraction intensity I(q). Since it has an area twice larger than
the area of the object, tight supports can be obtained by calculation of 2D and 3D loca-
tor sets [55, 56]. In ER the initial guess of the object can be a random complex-valued
function. The flowchart of the ER algorithm is shown in Fig. 3.4(a).

The additional step of applying real space constraint is described as a projection onto
support set S with operator PS

PS[ψ(r)] = ΩB(r) · ψ(r) , (3.16)
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where ΩB(r) is the binary mask defined as

ΩB(r) =

1 if r ∈ Ω

0 if r /∈ Ω
. (3.17)

The geometrical representation of ER algorithm on convex sets is shown in Fig. 3.5(a).
The downside of the method is the slow convergence to the exact solution. It can be
improved by using an extension of ER, called Solvent Flipping algorithm (SF), in which
the PS operator is substituted by a reflector R. It moves the current guess of the object
twice further than support or modulus projection (see Fig. 3.5(b))

R[ψ(r)] = (2P− I)[ψ(r)] , (3.18)

where I is an identity operator I[ψ(r)] = ψ(r).

One of the major limitations of these algorithms is the stagnation problem. Error
metrics can not escape local minima of convex constraint sets, thus the exact solution is
commonly out of reach for ER and SF alone. This case is represented in Fig. 3.5 with two
regions of interest. The first is the minimum distance between constraint sets S and M ,
where ER and SF algorithms can stagnate. The second is a correct solution of the phase
problem, indicated as the point of intersection of two sets.

3.5.3 Hybrid Input-Output algorithm

The hybrid input-output (HIO) is the most common algorithm solving the stagnation prob-
lem by the modified update rule for the object [57]

ψj+1(r) =

ψ′j(r) if r ∈ Ω

ψj(r)− βψ′j(r) if r /∈ Ω
, (3.19)

where β is a feedback parameter within the range from 0 to 1 with the typical value
of β = 0.8. The idea of the algorithm comes from the control theory with a negative
feedback. The values outside the support Ω are forced to become close to zero smoothly
using the combination of input ψ(r) and output ψ′(r) functions. The HIO algorithm has
the following operator formPMψj(r) if r ∈ Ω

(I− βPM)ψj(r) if r /∈ Ω
. (3.20)

The reciprocal space error metrics has no meaning in the case of HIO algorithm, since
the input function ψ(r) is not an estimate of the object. Therefore, the direct space error
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Figure 3.5: Schematic representation of ER (a) and SF (b) algorithms applied on a convex con-
straint sets of the Fourier modulusM and direct space support S. Starting points of the algorithms
are Ψ0 and the direction of each step is shown by arrows. Exact solution of the phase problem
is located at the intersection point of constraint sets, however algorithms are stagnating in local
minima.

ES has to be used

ES =
||PS[ψ(r)]− ψ(r)||

PS[ψ(r)]
. (3.21)

In practice, the best result of CXDI reconstruction can be achieved if support function
Ω is known as precise as possible (tight support). Since the initial guess for the support is
commonly obtained by evaluation of autocorrelation function, its extent is at least twice
larger then the actual object. The Shrink-Wrap approach can be applied in order to update
support shape during the reconstruction [58], which is improving the convergence speed
of the algorithm. It works as following. At some iteration of reconstruction process
the current guess for the object is smeared by convolution with the Gaussian function.
An update of the support is obtained by thresholding the amplitude of the blurred image
with 10 % to 20 % of its maximum value. The r.m.s. value σ of the Gaussian function
is progressively decreased during the iterative process, which allows the more precise
determination of a tight support.

Each of the reconstruction algorithm has its own convergence rate and different be-
havior with respect to the stagnation in a local minima. Therefore, it is common to use
combination of different algorithms in one reconstruction pipeline. A sequence of ER/SF
and HIO algorithms is used within this Thesis, because the ER allows the precise conver-
gence in the vicinity of local minima and HIO is more flexible in term of finding the global
solution of the phase problem. The average reconstruction, normally, takes a couple of
thousands of iterations. This may be a time consuming procedure if dataset is large.

3.6 Ptychography

The limitations of CXDI such as stagnation, slow convergence, finite sample size are
efficiently solved by a method called ptychography. It has been developing fast during
last decade (see Fig. 3.3). The name comes from Greek word πτυξ, which means ”to
fold”.
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Figure 3.6: Flow charts of three major algorithms for ptychographical reconstructions, namely
PIE (a), ePIE (b), and DM (c).

Ptychography was initially introduced by R. Hegerl and W. Hoppe in the field of elec-
tron microscopy [59]. A sample is scanned through the probing beam, while adjacent
positions of localized footprint (probe) on a sample have sufficient overlap (see the dia-
gram in Fig. 3.4(b)). At each point of the scan a far-field diffraction pattern is recorded
with adequate sampling rate (see Section 3.3). As a result of such a measurement one
obtains a 4D dataset I(rp,q) of probe positions rp and diffraction patterns. It contains a
highly redundant amount of information because every region of the sample is illuminated
several times from different probe positions.

The object can be reconstructed by the iterative procedure proposed by Rodenburg
in x-ray regime and called ptychographical iterative engine (PIE) [53]. The difference
with respect to the ER algorithm is that the real space constrain of a finite support is
substituted by the requirement of a probe overlap. As a result, an extended object can be
reconstructed and convergence speed of the algorithm is significantly improved.

The extension of PIE (extended PIE or ePIE) was proposed by Maiden in 2009 [60].
It exploits the redundancy of recorded data in ptychography and allows simultaneous
retrieval of the object O(r) and probe P (r) function. Later, the DM algorithm originally
developed by Elser [61] was adopted for the task of ptychographical reconstruction by
Thibault [52, 62]. Extensive studies on ptychographical algorithms were performed by
various authors [63, 64].

Through this Thesis PIE, ePIE and DM algorithms will be used (see Fig. 3.6). The
main difference between them is the form of the update functions for the probe and the
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object. The algorithm of PIE and ePIE can be represented in several steps

1. Initial guess for the object O0(r) and probe P 0(r) functions are used as the start of
the algorithm. In general, the initial guess of the object consist of randomly dis-
tributed amplitude and phase. If the probe is known from additional measurements
on a test object it is used from the start, as it improves the convergence of ePIE
significantly.

2. The exit surface wave is calculated in projection approximation as ψi(r) = O(r +

Ri) · P (r). Here, Ri is the coordinate of i− s probe position in the scan.

3. Calculation of the far-field diffraction pattern is performed by taking Fourier trans-
form of the exit surface wave ψi(q) = F [ψi(r)].

4. In reciprocal space amplitudes are replaced by the measured ones

ψ′i(q) =
√
Ii(q)

ψi(q)

|ψi(q)|
. (3.22)

5. An update of the real space exit surface wave is calculated by inverse Fourier trans-
form F−1[ψ′i(q)] Steps from 3 to 5 are equivalent to operator PM in CXDI for a
single diffraction pattern.

6. Update functions are applied to the object and probe functions in real space. In the
case of PIE the probe function P (r) is known, therefore only the object function is
updated as follows

O′i(r + Ri) = Oi(r + Ri) + α
|P (r)|

|max(P (r))|
P ∗(r) · [ψ′i(r)− ψi(r)]

|P (r)|2
. (3.23)

The ePIE algorithm has two update functions both for the probe and for the object

O′(r + Ri) = Oi(r + Ri) + α
P ∗(r) · [ψ′i(r)− ψi(r)]

max(|P (r)|2)
, (3.24)

P ′(r) = P (r) + β
O∗(r + Ri) · [ψ′i(r)− ψi(r)]

max(|O(r + Ri)|2)
. (3.25)

7. After both functions are updated the probe function is shifted to the next position
and the algorithm iterates through all positions. After that the whole object is re-
trieved.

8. Steps from 2 to 7 are repeated until the quit condition is satisfied (error value, num-
ber of iterations, etc.)

The use of DM along with ePIE allows to obtain a more accurate result, since DM
does not stagnate in a local minima (see Fig. 3.6(c)). The algorithm can be described as
follows
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1. Creation of initial guess for the probe function P (r), construction of an initial state
vector Ψ = {ψ1(r), ψ2(r), .., ψM(r)} of exit surface waves at each scanning posi-
tion i.

2. Update of the object and probe functions

O′(r) =

∑
i P
∗
i (r)ψi(r)∑
i |Pi(r)|2

, (3.26)

P ′(r) =

∑
iO
∗(r + Ri)ψi(r)∑

j |Ô(r + Ri)|2
. (3.27)

This step is repeated for K ≈ 10 iterations.

3. Update step of the state vector takes a form similar to the HIO algorithm (here, we
use the operator notation defined in the previous section)

ψi,j+1(r) = ψi,j+1(r) + PM [2P ′(r)O′(r + Ri)− ψi,j(r)]− P ′(r)O′(r + Ri) .

(3.28)

4. Iterations are repeated N times through steps 2 to 3 until convergence.

An additional advantage of DM with respect to PIE and ePIE is an easy way to implement
parallel calculation schemes on multi-core computation systems, which boosts the speed
of calculations.

3.7 Uniqueness

The important question about uniqueness of a solution to the phase problem has to be
mentioned, since its consequences are taken into account within the work performed in
this Thesis. Results of CXDI reconstruction can be unique only up to a constant phase
factor e−iq∆r, which corresponds to the shift of the object in real space by distance ∆r.
The use of the tight support during the retrieval process eliminates this uncertainty. Ad-
ditionally, for the object O(r + ∆r) it is possible to obtain complex conjugated result
O∗(−r + ∆r), since their Fourier transforms give the same result. The so-called ”twin-
image” ambiguity is an important issue for symmetric objects, which satisfy the support
constraint. In the case of the far-field geometry it was shown that solutions are almost
unique for 3D problems [65]. However, the ”twin” results have to be sorted out if several
reconstructions are averaged in the final result.

In the case of ptychography reconstruction of the object relies on many diffraction
patterns, which provide a redundant array of data. If the overlap between adjacent probe
positions is high enough, the obtained reconstruction is unique in most cases [62]. The
ambiguity between the probe and object functions can appear if the size of the sample is
comparable with the field of view in the illumination window.
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3.8 Reconstruction quality and resolution

Ideal reconstruction of the object by an iterative phase retrieval algorithm can be recog-
nized by close-to-zero value of error metrics. However, in practical applications it is never
the case, due to the presence of noise in diffraction data, partial coherence effects, miss-
ing data [66, 67, 68]. That leads to the fact, that constraint sets are never satisfied ideally.
Averaging over several independent reconstruction attempts or over last iterations, allows
to maximize the amount of reproducible features in the object of interest.

Obtaining a new information about the sample is an ultimate aim of any microscopy
technique. While the use of resolution charts is a straightforward way to estimate the
resolution of an imaging system, a number of complementary approaches can be used for
unknown structures. Unfortunately, there is still no common single measure of recon-
struction quality in terms of resolution and retrieval procedure correctness. It complicates
the solution of phase retrieval problems and makes it difficult to compare the results pub-
lished by different authors. Particularly, it is unclear if the resolution term can be defined
in Bragg scattering techniques, due to the strain influence, that is described below.

As defined by Rayleigh, the resolution is the smallest distance ∆x between the images
of two ideal point sources, under which they recognized separated. In coherent x-ray
diffraction experiments the achievable spatial resolution for a given setup is defined as

∆x =
λL

Nxp
, (3.29)

where L is the sample-to-detector distance, N is the number of detector pixels from the
optical axis of the beam to the edge of the detector, and xp is the detector pixel size.

A perfect edge of the sample could be simulated mathematically as the Heaviside step
function H using the half-maximum convention

H[x] =


0, x < 0

1/2, x = 0

1, x > 0

, (3.30)

where x is an integer coordinate. If the edge profile of the reconstructed image is getting
close to the step function the width of its derivative gets closer to zero. Therefore, a full
width at half maximum (FWHM) of derivative of the edge response, called line spread
function (LSF), can be used as a single value parameter of resolution in real space.

For the case of the samples without sharp borders or features the method of edge
response is no longer applicable. In fact the resolution of the reconstruction in CXDI
is limited by the measured Q-range of scattered intensity under equivalent experimental
conditions. Therefore, we can establish a number of criteria based on the diffraction data
in reciprocal space. The power spectrum density represents (PSD) the amount of scattered
radiation as the dependence on q-value.
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In the field of CXDI the phase retrieval transfer function (PRTF) is commonly used
for defining the resolution level, at which the reconstruction is still reliable [66]. It is
especially representative in the case of biological sample, since they have an isotropic av-
erage diffraction patterns. It is defined as a modulus of Fourier transform of the averaged
reconstruction results divided by the modulus of the measured data

PRTF (q) =
|F
[
Ō(r)

]
|√

I(q)
. (3.31)

The PRTF represents the correlation between reconstructed and measured modulus of the
Fourier transform of the object. The resolution threshold can be estimated by the spatial
frequency at which the PRTF extrapolates to zero value [66].

Another measure is the Fourier ring and shell correlation functions (FRC and FSC)
[69, 70]. It is defined as the correlation of the Fourier transforms of two independent
reconstructions O1 and O2 of the same object

FRC(qi) =

∑
q∈qi Ô1(q) · Ô2(q)∗√∑

q∈qi |Ô1(q)|2 ·
∑

q∈qi |Ô2(q)|2
, (3.32)

where qi is the radius of a single ring or shell in FRC or FSC consequently. Threshold
criteria for estimating the achieved resolution include fixed values as ”0.5” [71], ”0.143”
[72] or σ-factors depending on the signal significantly above the noise level [73].

The definition of reconstruction resolution in a special case of Bragg CXDI and pty-
chography is not straightforward. That comes from the fact, that the distribution of scat-
tered intensity around Bragg peaks from nanocrystals is not isotropic and in most cases is
influenced by the strain field. In that case different approaches can be combined in order
to estimate the achieved resolution as will be shown in next chapters.

3.9 Applications

3.9.1 Bragg CXDI

As it was discussed in previous chapter the x-ray diffraction from crystals has a periodic
structure. By measuring the intensity distribution around each Bragg peak, one obtains in-
formation about electron density of the selected crystallographic planes and the displace-
ment field distribution (see Eq. (2.100)). This approach has the name of Bragg CXDI.
The technique allows studies of strain distribution with high resolution in 3D without de-
structive sample preparation, what is not achievable with other approaches [35]. The 3D
intensity distribution in reciprocal space is measured by performing an angular scan in the
vicinity of the Bragg condition.

The applications of Bragg CXDI constantly improves the understanding of size de-
pendent properties in the field of modern nanotechnology [74, 75, 76]. Especially, it is
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advantageous for revealing the dynamics in nanosystems [77], even if they are surrounded
by a solution or other objects with different crystal lattices. The Bragg CXDI allows the
measurement without a beamstop, which blocks the most intense part of the beam. This is
an advantage with respect to the transmission geometry CXDI, where the low-q frequen-
cies are commonly lost due to the limited dynamic range of the detector.

The combination of small angle and Bragg approach led to the development of the
technique for 3D reconstruction of crystalline sample. Theoretically, the reconstruction
of a crystal structure is possible by CXDI [78] at high photon energies. Recently, the
concept of this experiment was approved by revealing 3D structure of a single colloidal
grain made of silica [68].

3.9.2 X-ray ptychography

The range of possible applications of x-ray ptychography is comparably wide. A full and
precise characterization of x-ray beams with the use of test objects of known structure
becomes a routine procedure with the use of transmission ptychography. Performing a
near-field propagation of the reconstructed probe one can obtain a 3D complex-valued
representation of the beam [79, 80]. Such possibility allows to perform fine tuning of the
focusing optics in the beginning of the x-ray imaging experiment (for further details see
Chapter 4).

The method of ptychography is much more tolerant to noise level in the data, compar-
ing to CXDI. The convergence of ptychographical algorithms is considerably improved,
comparing to CXDI, and in general case, no a priori information about the sample is
needed.

Since the 2D ptychography reveals the information about the sample, which is pro-
jected along the beam propagation direction, applications of ptychography in 3D are cru-
cial for the development of the technique. It has been performed by two different ap-
proaches. The first one is based on the well-known technique of computed tomography
[81]. In this case the sample is completely illuminated by the x-ray beam and resulting
projections are recorded for the whole range of sample rotations ∆θ. The so-called sino-

gram I(q,∆θ) can be back-propagated and stacked into full 3D real space image of the
sample with the use of Radon transform [82]. In case of 3D ptychography projections are
obtained by performing 2D reconstructions of the sample at different angular positions.
Successful results were reported during last 5 years [83, 84, 85, 86]. The method allows
to achieve spatial resolution of about 15 nm in 3D for non-periodic samples.

In case of crystalline material the 3D coherent diffraction can be measured in vicinity
of Bragg reflections. It holds the information about the shape of an object, as well as its
strain field. The 3D Bragg ptychography approach was studied numerically [87] and was
applied to imaging of the strain field in extended nanostructures [88, 89].

There is a number of experimental issues in ptychography limiting the quality of the
recorded data. Some of them can be compensated by computational methods at the post-
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processing stage. Positioning of the scanning stages is often not reproducible, especially
for the long-time scans. In such case a sophisticated interferometric setup is desirable for
tracking the sample movement [90]. Other option is to find the correct positions during
the reconstruction process minimizing the error metric by random shifts from ideal points
[91]. Also, corrections can be found in real space by cross correlation [92] using sub-pixel
registration method [93].

Other limitation is connected with partial coherence of the probe beam. which leads to
decreased contrast of diffraction patterns. As an equivalent to that, sample vibrations and
point spread function of the detector pixels have to be taken into account. The approach,
called mixed state ptychography allows the reconstruction of coherent contributions of
the wavefield or the sample from a single ptychographical dataset [67].
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Chapter 4

Phase vortices measurements

In this Chapter characterization of an x-ray beam formed by nanofocusing lenses is de-
scribed. An application of the transmission x-ray ptychography allowed to study common
features of scalar wavefields, called phase vortices. The results of this Chapter are used
in the Chapter 6 and probe retrieval is an important step throughout this Thesis, when
imaging techniques are applied.

This Chapter starts with the theoretical basics of singularity physics in general and
x-ray phase vortices in particular. Then, the experiment performed at P06 nanofocusing
beamline at PETRA III is described. As the result of the section a node line of the phase
vortex near the optical axis of the beam is revealed and characterized. This work was
published in Ref. [80].

4.1 Phase vortices in scalar fields

Phase singularities are not an exotic feature of the wave fields. They appear in nature
as hurricanes, whirlpools, the angular-momentum eigenstates of the hydrogen atom and
represent a fundamental property of wave topology [94].

In 1804 Young has described effects of interference from different types of obstacles
in the path of the light beam [95]. When three or more waves interfere, points of zero in-
tensity could appear. At these positions the phase is undefined (singular), and, in general,
all phase values in the interval [0; 2π] occur around a vortex point, leading to a circulation
of the optical energy. Phase singularities were discussed in terms of dislocations in wave
trains in 1974 [96] and were first observed in the optics of visible light [97].

The first experimental observation of phase singularities at the hard x-ray photon en-
ergies was performed by using a spiral phase plate [98] (see Fig. 4.1). In this case the
minimum of intensity in the center of the beam is created by phase modulation from 0

to 2π. Comprehensive theoretical analysis of x-ray vortex beams was performed later in
Ref. [99]. The experimental observation of phase vortices led to the development of twiz-
zers and other devices based on carrying of the angular orbital momentum by the optical
light beam.
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Figure 4.1: Representation of the phase vortex and example of its generation. (a) If integrated
phase shift along a closed curve Γ equals to integer number of 2π then a phase vortex is present
within the Γ. (b) In 3D space the line, called nodal, can be constructed. At each point of it the
condition from (a) is satisfied (adopted from [17]). (c) Phase vortex can be formed by passing a
monochromatic plane wave through the phase plate with variable thickness of refracting material.
On the right the phase vortex with topological charge 1 is shown. The amplitude is encoded as
brightness and phase is encoded with color.
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The description of a phase singularity in the wave-field could be started with consid-
eration of a complex-valued scalar field ψ(r), where r is the Cartesian coordinate vector,
with z-axis aligned with the direction of beam propagation. For a given moment of time
this function describes a complex wave-field by ψ(r) = |ψ(r)| exp iϕ(r), where ϕ(r)

represents the phase of the wave-field. Following Ref. [17] we can draw a closed curve
Γ in the x, y plane, over every point of which the intensity is non-zero (see Fig. 4.1). As
one traverses the path Γ once in anti-clockwise manner (by convention), the phase may
change by an integer multiple n of 2π∮

Γ

dϕ = 2πn . (4.1)

If this is the case, then one can recognize the presence of the phase singularity within
the contour Γ. Further, if we extend the ψ(r) function in three-dimensions one could
draw a closed line C, at every point of which condition in Eq. (4.1) is satisfied. The line
C has a name of the nodal line, as it is established for points in the wave-fields, where
the amplitude (and consequently intensity) of the beam vanishes. Dynamics of vortices
include processes of nucleation, annihilation, and propagation in three dimensions [100].

The simplest example of the phase vortex in 2D (see Fig. 4.1(c)) can be expressed
mathematically as

ψ(x, y) = x± iy . (4.2)

Consequently, vortices can be characterized by the integer number S (positive or negative)
that is called a strength or topological charge of the singularity and is determined by

S = (1/2π)

∮
Γ

dϕ . (4.3)

While generation of phase vortices is possible by using a number of dedicated devices
like phase plates, the spontaneous vortex formation takes place in coherent x-ray imaging
systems. For example, they appear after interaction with crystal lattice dislocations [101,
102] and in the vicinity of the nanofocused beams, (e.g produced by focusing lenses, KB
mirrors, etc.). The vortex formation in the nano-focused x-ray beam is discussed in the
following sections.

For the purposes of characterization of x-ray vortices we proposed to use transmis-
sion ptychography with the test object. This part of the Thesis is dedicated to show a
strength of the ptychographical phase retrieval in reconstructing the wave field generated
by nanofocusing lenses (NFLs) in the hard x-ray regime.
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Figure 4.2: Schemes of a source image formation and single refractive lens used in NFLs. Distance
from the source to the lens is L1 and from lens to the image is L2. Radius of the curvature of the
lens is denoted by R, f is its focal distance, and α is a half-opening angle.

4.2 Nanofocusing of x-rays

The fabrication of lenses for x-rays faces technological difficulties. However, the first x-
ray lenses were produced in 1996 [103]. If we aim to obtain high spatial resolution of the
images from nano-structures an appropriate nanofocusing of an incident x-ray beam has
to be performed. Only in this case a sufficient number of coherent photons are delivered to
the focal spot. Nowadays, a wide range of x-ray optics available for creating of nanofosed
beams. Among them are curved KB mirrors [47], multilayers [104], capillaries [105],
waveguides [106], FZP [107, 108] and multilayer zone plates [109], diffracting lenses
[48, 110] and refractive x-ray lenses [111]. In this Thesis the experiments performed at
nanofocusing end-station of P06 beamline at PETRA III are described [112]. Parabolic
refractive NFLs were used in the setup as shown in Fig. 4.3 (a). Since the refractive index
n for x-ray is slightly lower than unity, the shape of the lenses has to be concave. These
lenses were produced from silicon as it has a relatively low Z-value (weak absorption)
and, what is more important in this case, the fabrication process is highly cost-efficient.
Though silicon has a low density of 2.33 g/cm3 (weak refraction) it is still the best lens
material available for accurate shaping on the sub-micrometer scale by electron beam
lithography and deep trench reactive etching [113]. As an advantage, the absorption in
these lenses additionally decrease with the photon energy rising above 25 keV.

All experiments performed at P06 nanoprobe endstation within this Thesis used a set
of 2 NFLs. They generate separate focus spots in horizontal and vertical directions (see
Fig. 4.3 (b)). The radii of curvature R, the number of single lenses in the row and the
distance between them are chosen so that their focal points coincide. The use of such
focusing system allows to obtain a stable focal spot with the size of about 100 nm at the
energies around 15 keV.

The image of the source located at a distance L1 before the lenses with focal length f ,
is formed at the distance L2 [114]

L2 =
L1f

L1 − f
. (4.4)
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Figure 4.3: Hard x-ray nanofocusing at nanoprobe end-station at P06 beamline at PETRA III
(adopted from [112]). (a) Nanofocusing lenses made of silicon. (b) Two crossed lenses aligned to
generate a point focus.

The focal length of single lens f is given by Lens Maker’s formula [114]

1

f
= (n2 − n1)

(
1

R1

− 1

R2

)
, (4.5)

where n1 corresponds to the lens material, n2 to the surrounding medium and R1, R2 are
the corresponding radii of curvature of the lens surfaces. For radiation at x-ray energies
the case of symmetric lenses R1 = −R2 = R in vacuum n2 = 1 and n1 = 1 − δ the
expression for the focal length can be reduced to

f =
R

2δ
. (4.6)

The radius R has to be as small as possible in order to get an adequate value of the focal
length f and by stacking N lenses together we obtain

f =
R

2δN
. (4.7)

The depth of field for NFLs can be determined from [114]

B =
8λ

πNA2 , (4.8)

where NA is the numerical aperture of the lenses. The last is defined as

NA ≈ 1

L2

√
2R

µN
. (4.9)

It has a meaning of the sine of the maximum half-opening angle α (see Fig. 4.2)
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Figure 4.4: Experimental setup. The incoming x-ray beam goes along the Z axis and is focused
by a pair of perpendicularly positioned NFLs. The test sample in the form of the Siemens star
is mounted on the scanning stage and is illuminated at the positions of a raster grid. Diffraction
patterns are collected by the detector placed 2.1 m downstream. In the inset a schematic slice of
the Siemens Star structure is presented.

4.3 Experiment

We performed an experiment at the nanoprobe end station of P06 beamline at PETRA
III synchrotron source at DESY [112]. The geometry of the experiment is shown in
Fig. 4.4. Two perpendicularly positioned NFLs based on parabolic compound refractive
x-ray lenses (CRLs) were used to obtain a nano-sized focus of the incident x-ray beam
with 15.25 keV energy. The flux of the beam in the focus was 4 × 107 photons/sec.
A Pilatus 300K hybrid-pixel detector (Dectris, Switzerland) with the pixel size of the
172 × 172 µm2 was used. The detector was positioned 2.1 m downstream from the
sample. A Ta test sample in the form of a Siemens star, fabricated by nanolithography, was
mounted on the movable sample stage and positioned in the focal plane. The resolution
chart is deposited on a layered membrane of 20 nm of Ru, 200 nm of SiC and 50 nm of
SiN (see the inset in Fig. 4.4). The absorbing part of the Siemens Star is the Ta layer with
the thickness of 500 nm. Since we work in projection approximation we can estimate the
absorption and phase shift introduced by the Siemens Star as follows from Section 2.3.3.
Consequently, the object function O(r) has the following form

O(x, y) = |O(x, y)|eiϕ = e−
2π
λ
βT (x,y)e−i

2π
λ
δT (x,y) . (4.10)

Using parameters for the complex index of refraction of materials in the resolution chart
(see Table 4.1) the amplitude variation and the phase variation in the object are estimated
to be ∆|O(x, y)|max ≈ 0.1 and ϕ(x, y) = −0.46 rad respectively.

The ptychographical scan was performed on a rectangular grid in the xy plane with
50 nm step size and 41×41 scan positions, in the horizontal and vertical directions, per-
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Table 4.1: Refractive index decrement δ and absorption index β values for compounds in the
Siemens Star at 15.25 keV photon energy [115].

Material δ β Thickness, [nm]

Ta 1.18 · 10−5 1.34 · 10−6 500

Ru 9.45 · 10−6 2.33 · 10−7 20

SiC 2.88 · 10−6 1.39 · 10−8 200

SiN 2.09 · 10−6 9.79 · 10−9 50

Total 2.62 · 10−5 1.60 · 10−6 770

pendicular to the optical axis of the beam. The step size corresponds to 58% of the
probe overlap [116]. The acquisition time was 0.3 seconds per scan position, resulting in
roughly 9 minutes of measurement time.

4.4 Results and discussion

Reconstruction procedure started from random initial guess of the probe function and
random object phase shift distribution. The object was reconstructed by using ePIE and
DM algorithms. The result of the phase retrieval revealed the smallest features (20 nm)
in the test pattern (see Fig. 4.5(a, b)).The field of view was about 2 × 2 µm2. Both the
amplitude and phase of the object have the values close to the estimated ones, as shown
by a line scans in Fig. 4.5(c, d).

Distortions present in the reconstructed image are due to the random drifts of the
translation stage motors during measurements. Since the test object was reconstructed
correctly (can be compared with manufacturer data), the probe function which was recon-
structed simultaneously is reliable.

The complex valued probe reconstruction is shown in Fig. 4.6. The Fresnel propaga-
tion was applied in order to obtain a full 3D distribution of the beam in the vicinity of the
focal plane z ∈ [−1; 1] mm (see Fig. 4.6(a)). The focal plane slice is shown in amplitude
and phase figures in Fig. 4.6(b,c). The size of the illumination spot on the sample was
obtained by fitting of the intensity distribution of the focal spot by a Gaussian function. It
was 70±0.3 nm in horizontal and 91.4±1.1 nm in vertical direction at FWHM.

In the amplitude images of the probe function one can clearly see a pair of zero am-
plitude regions and corresponding singularities in the phase. In Fig. 4.6(c) the direction
of the phase change is shown by the white arrows. The phase vortices determined by
ptychographical imaging correspond to the S={-1,1} topological charges, since the inte-
grated phase change is equal to 2π.

The region, where the pair of vortices nucleate and annihilate, is shown in Fig. 4.7. In
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Figure 4.5: Results of ptychographical reconstruction at the sample plane. (a) Amplitude of the
object function. (d) Phase of the object function. Smallest resolved feature is a dot that is 20 nm
in diameter. Region of the scan is outlined by orange dashed lines in (a) and (b). (c) and (d) are
the profiles of the amplitude and phase along the white line in (a) and (b) respectively.
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propagation direction are shown. At the position (I) the pair of vortices nucleate, at the position
(II) they annihilate. The distance between these two points was 0.47 mm. Sample position is
shown by the dashed line.
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three dimensions the amplitude of the wave function ψ(r) vanishes at each point of the
line, called nodal line. These lines are clearly seen in two dimensional cuts through the
propagated wave field at different planes perpendicular to the beam propagation direction
(see Fig. 4.7). The length of the vortex lines are giving in total 0.47 mm.

The presence of vortices in the illuminating wave field may cause degradation of the
quality of the phase retrieval procedure. In this case, a number of corrections can be taken
into account during reconstruction as it was shown for high-resolution TEM [117] and
classical wave fields. Nevertheless, ptychography is very tolerant to imperfections of the
probe and the features of the object much smaller than the beam size can be reconstructed
as demonstrated in this work.

4.5 Conclusions

We have obtained the ptychographical reconstruction of the x-ray field focused by NFLs
containing a number of phase singularities (vortices) in the vicinity of the focal plane.
Siemens star pattern was used as a test object with the finest feature of 20 nm. After
inversion procedure with the ePIE algorithm a complex wave field function was obtained.
The reconstruction revealed the focus size at FWHM to be 70±0.3 nm in the horizontal
and 91.4±1.1 nm in vertical direction. The pair of vortices closest to the central maximum
of the beam with the topological charges ±1 were propagated from nucleation to anni-
hilation plane. The length of the nodal line for these singularities was 0.47 mm in total.
Appearance of the vortices in the focal region of the nano-focused beam could possibly
affect the quality of the phase retrieval procedure. The information about the illumination
formed by NFLs at the P06 beamline will be used in Chapter 6.

74



Chapter 5

Semiconductor nanowires

In this Chapter the basic structural properties of the nanowires (NWs) and their het-
erostructures are discussed. The introduction describes history and recent applications
in the field of semiconductor NWs. We discuss a common growth techniques and strain
relaxation in NWs.

5.1 Introduction

The Nobel prize in physics in the year 2014 was awarded jointly to Isamu Akasaki, Hi-
roshi Amano and Shuji Nakamura ”for the invention of efficient blue light-emitting diodes
which has enabled bright and energy-saving white light sources” [118]. It is a manifesta-
tion of tremendous progress in the field of semiconductor based lighting devices over last
few decades. The highly efficient blue light emitting diodes (LEDs) act as a pump for the
phosphors, which emit the whole spectrum of visible light. Ternary compounds, based on
III-nitrides, open the possibility of band gap tuning from near infrared to deep ultraviolet
spectral range (see Fig. 5.1(a)). In planar LEDs a drop of external quantum efficiency ex-
ists in the green-yellow spectral interval, which is known as ”green gap” (see Fig. 5.1(b)).
This limitation comes from the difficulties in production of defect free, strained planar
structures. The growth processes lead to the formation of misfit dislocations at the in-
terface of mismatched layers composing the electronic device. The mobility of charge
carriers is highly dependent on the concentration of these defects. Therefore, the tran-
sition to NWs is considered as a promising next step in scaling up the performance and
reducing the production cost of electronic devices. The NWs have an improved capability
of strain relaxation due to their high surface-to-volume ratio.

During recent years, a number of promising developments in photonics [121, 122,
123], photovoltaics [124, 125], electronics [126, 127], and other fields [128] are con-
nected with application of quasi-one-dimensional crystals in the form of NWs. Several
material characteristics are responsible for the unique functionality of NWs, among these
strain plays an important role. The opportunities for combining compounds with different
lattice parameters and properties in the same NW are based on its capability of efficient
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(a) (b)

InxGa1-xN

Figure 5.1: (a) Band gap diagram for binary semiconductors with corresponding visible light
emission spectrum [119]. Compounds in the form of InxGa1−xN cover the whole visible range
(shown by thicker line). (b) External quantum efficiency for ternary compounds like InxGa1−xN
revealing the drop in the region of green to yellow light [120].

strain relaxation. As far as the strain of an upright standing NW device will be strongly
influenced by the composition of the single NW (e.g. mismatched shell in core-shell
structures) mapping of strain in these nano-objects is of a high importance.

5.2 NW growth

An exceptional interest devoted to the nanostructures as quasi-one-dimensional NWs is
directly related to their size dependent properties. The modern nanotechnology deals with
a variety of techniques for controlled NW growth, which can be divided into two groups
of top-down and bottom-up.

In a top-down approach the NWs are produced by reducing the size of larger micro-
structures by etching of the crystalline material already present on the substrate. A
bottom-up synthesizes the NW by combining an adatoms deposited on the substrate. The
latter approach is more advantageous than the top-down one because it has a better chance
of producing nanostructures with less defects, more homogeneous chemical composition,
and better short- and long-range ordering. Consequently, most synthesis techniques use a
bottom-up approach.

In the following sections we discuss two common mechanisms for the NW growth
which were used in the projects of this Thesis - vapor-liquid-solid (VLS) with metal cat-
alyst particle using molecular beam epitaxy (MBE) and selective area growth using met-
alorganic vapour phase epitaxy (MOVPE), also known as metalorganic chemical vapour
deposition (MOCVD).

5.2.1 MBE growth with Au-catalyst

The VLS process is very effective in production of single-crystalline NWs in large quan-
tities. Originally method was developed by Wagner and Ellis back in 1964 [129] and

76



Au droplets

III,V elements

Adatoms

Ad
at

om
s

Si3N4 mask

TM(III) NH3

Openings Adatoms

Byproducts

Ad
at

om
s

I II III IV V

I II III IV V

(a)

(b)

Substrate

Substrate

Planar
growth

Figure 5.2: Schematic comparison of catalyst particle assisted (a) and selective area (b) growth of
the NWs.

later improved by many research groups for growing of the NWs from a wide variety of
materials, including III-V semiconductors. Schematic representation of VLS method is
shown in Fig. 5.2(a). The process starts with depositing of a gold or other metal aerosol
nano-particle onto the substrate (see Fig. 5.2(a)-I). By increasing the temperature the par-
ticles are in the liquid phase. The materials are introduced in the vapor phase and they
diffuse through the catalyst particle (II). After the concentration of material atoms reaches
the supersaturation a crystal planes of the NW start to appear between the droplet and the
substrate (III). The NW grow lifting up the metal particle (IV). Adsorbed atoms (adatoms)
play the main role in the growth kinetics. They are deposited on the substrate directly and
then move along the NW walls to the droplet at the tip. Additionally, a planar growth
of the III/V material occurs directly on the substrate. Finally, after the growth process
is finished, Au particle cools down and crystallize. The NWs stay perpendicular to the
substrate with catalyst particle at the top (V).

5.2.2 Catalyst free MOVPE growth

NW growth can also be performed by selective area growth, which is a technique in
particular used for the GaN NWs. No catalyst particles are needed as the NWs grow
directly from openings in the inert (chemically non-reactive) mask. For this purpose,
GaN templates based on silicon or sapphire substrates are used. A 1-2 µm thick GaN
film is grown on top of several AlGaN buffer layers in order to minimize the density of
threading dislocations. The NWs are then grown from the pre-patterned openings in the
Si3N4 or SiO2 mask. The patterning can be done via e-beam lithography or nano-imprint
lithography in any regular array. In case of MOVPE, the growth materials are supplied as
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Figure 5.3: Crystal structures commonly present in semiconductor NWs. (a) Zinc Blende (cubic)
unit cell of the InP NW. The common growth direction is [111] (b) Wurtzite (hexagonal) unit cell
of the GaN NW. The common growth direction is [0001].

organic precursors which react when they contact with the substrate. As a result of such
reactions, the organic byproducts are released and the group III or group V atoms are left
adsorbed to the substrate.

5.3 Crystal structure of NWs

In this Thesis the binary semiconductor NWs as InP, GaN were measured, as well as het-
erostructured core-shell GaN/InGaN NWs. For III-V semiconductor NWs two types of
crystalline structures or polymorphs are common: Zinc-Blende (ZB) and Wurtzite (WZ).
Their schematic representations are shown in Fig. 5.3 The GaN and InN NWs generally
adopt WZ phase, while InP takes ZB. However, change in growth conditions allows the
mixing of two phases in a single NW. Consequently, a high density of stacking faults
may appear, which makes x-ray coherent techniques difficult to apply (see Fig. 5.4). The
attempts of phasing the diffraction pattern from defect regions (see Fig. 5.4(c)) by pty-
chography lead to non-reproducible pattern of fast phase changes.

5.4 Strain measurements in NWs

A number of comprehensive characterization tools, such as high-resolution scanning and
transmission electron microscopy (SEM, TEM) [130, 131], Raman spectroscopy (RS)
[132] and various x-ray diffraction (XRD) techniques can be used to probe physical,
chemical, and electronic properties of NWs.

The RS method is based on the effect of Raman inelastic scattering, when the wave-
length of scattered radiation experience a shift corresponding to the optical phonons in the
crystal [133]. The RS requires the focused optical laser beam and dedicated spectrometry
system. The implementation of the technique is rather simple, however it suffers from the

78
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InAs

InAs/Al

Figure 5.4: Example of the InAs h-structured NWs. SEM (a) and TEM (b) images of studied NW.
Alternating dark and light stripes in (b) reveal the high density of stacking faults. (c) An example
of the far-field diffraction pattern from the region outlined by red dashed box in (b). Data was
measured at nanofocusing end-station of P06 beamline at PETRA III.

indirect nature of the strain determination and limited resolution due to the large probe
size [134].

Techniques based on electron diffraction provide a powerful tool for characterization
of nanostructures with atomic resolution [128]. The SEM provides a detailed study of
the surface of a NW. However, SEM does not provide information about the strain field.
The highest spatial resolution images, down to a single atomic positions in the crystal,
can be achieved by the High Resolution TEM (HRTEM). Complementing the HRTEM
with geometrical phase analysis it is possible to obtain the high resolution strain maps of
the NWs [135]. The major limitation of electron scattering techniques is that only thin
samples of about 100 nm can be studied. Consequently, a destructive sample preparation
is needed, when the initial state of the NW may be altered [136].

High penetration depth of x-rays, comparing to electrons, for example, allows struc-
tural characterization of thick samples on the nanoscale without destructive sample prepa-
ration [137, 138]. Modern third generation synchrotron radiation facilities (see, for ex-
ample, [139]) are well-suited x-ray sources for NW structure characterization. They
generate stable, bright, and coherent x-ray beams, which can be focused below 100 nm
[79, 140, 109].

Reciprocal space mapping allows to obtain an averaged strain profiles of ensembles of
nanostructures. Scanning x-ray diffraction microscopy (SXDM) provides an information
about the strain both for ensembles of NWs and for single nano-objects, however the
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Figure 5.5: An effect of strain on a Bragg peak position. (a) Bragg reflection from an ideal
unstrained crystal. (b) Bragg peak is shifted with respect to the unstrained case in the presence of
homogeneous strain. (c) Bragg peak is broadened in the presence of inhomogeneous strain.

resolution is limited by the beam size [141, 142, 143, 144, 145]. In the latter approach
strain distribution is obtained locally by direct evaluation of Bragg peak shifts at each
position of the beam on the sample (see Fig. 5.5).

If the Bragg’s law expression from Eq. (2.89) is differentiated with respect to the angle
we get the following expression

δdhkl
δθ

= −λ
2

cos θ

sin2 θ
. (5.1)

This expression allows to establish the connection between positions of the Bragg re-
flections from strained crystals and the amount of mechanical strain ε (see for details
Section 2.5)

ε =
δdhkl
dhkl

= − δθ

tan θB
. (5.2)

This Thesis mainly focused on applications of CDI methods to the imaging of elastic
strain in the NWs. This method provides local information about the shape and strain of
a NW in 2D and 3D reaching the resolution of a few nm [146, 147]. The main advantage
of CDI is that samples can be measured with resolution not limited by the beam size, but
only by the extent of the scattered radiation.
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Chapter 6

Bragg coherent x-ray diffractive
imaging of a single InP nanowire

In this Chapter the 3D Bragg CXDI with a nanofocused beam was applied to quanti-
tatively map the internal strain field of a single InP NW. The values of the strain were
obtained by pre-characterization of the beam profile with transmission ptychography on
a test sample. The results of this work are published in Ref. [147]

6.1 Introduction

Free standing semiconductor NWs have been broadly studied during the past decade due
to their unique mechanical, electronic, and optical properties.

NWs are commonly fabricated via gold (Au) metal particle-assisted epitaxial growth
[148]. The wire grows under the Au particle, thus lifting it up. It is well known that the
Au particle influences the wire dimensions during the growth, for example by determining
the wire diameter. However, to our best knowledge, the influence of a catalyst particle
on the 3D strain inside the wire has not been discussed so far. This aspect is of great
interest because the presence of strain and defects may alter the properties of NWs. In
semiconductors, the band gap and charge carrier mobility depend significantly on the
strain state [149, 150].

In the Bragg CXDI technique [74, 75, 35] an isolated object is illuminated by a co-
herent x-ray beam producing the diffraction pattern on a 2D detector in the far-field. The
3D reciprocal space map is constructed from a series of such 2D images taken at differ-
ent angular positions in the vicinity of the Bragg angle. Phase retrieval algorithms [57]
reconstruct the 3D shape function and strain distribution in a crystalline sample.

In the previous study made by the group of Prof. Ivan Vartaniants, Bragg CXDI nano-
diffraction measurements were successfully performed to study the structure of a single
100 nm GaAs NW [151]. However, due to experimental challenges it was not possible to
reconstruct the structure of the NW with conventional phase retrieval methods. A high-
resolution reconstruction of a 2D cross-section of a single InAs NW was obtained earlier
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Figure 6.1: Scheme of the scattering geometry. (a) Real space scheme. An incident x-ray beam
with the wave vector ki is diffracted at the Bragg angle θB with the wave vector kf with respect
to {111} InP crystalline planes. H111 is a reciprocal lattice vector and θ is a variable angle during
the rocking curve scan. (b) Reciprocal space scheme. The part of Ewald sphere constructed on
ki and kf vectors represents the measured cross section in reciprocal space. The angular step of
rotation during the rocking curve scan is denoted by ∆θ.

[152]. However, in this work, an assumption of a flat wavefront at the position of the
sample was applied.

In the work presented in this chapter the reconstruction of the 3D strain field inside a
single InP NW was obtained. The result is corrected by the probe function reconstructed
from ptychographical measurements. The study was focused on the NW part close to the
Au catalyst particle. In this region of the NW, the maximum of the strain variations is
expected due to the relaxation of lattice mismatch strain between InP and Au.

6.2 Theory

In the following, we describe a theoretical basis of the 3D strain field reconstruction using
Bragg CXDI. The scheme of the experimental geometry is shown in Fig. 6.1 (a). A right-
hand coordinate system x, y, z that is used in the discussion is oriented in such a way that
the positive z axis direction is aligned with the NW growth direction and H111 reciprocal
lattice vector. Axis y is oriented perpendicular to the scattering plane.

A reciprocal space coordinate system Qx, Qy, Qz is oriented according to the real
space coordinates. The scheme of Bragg scattering geometry in reciprocal space is pre-
sented in Fig. 6.1 (b). Rotation of the sample around y axis by a small angle ∆θ leads to
the shift of the cross section in reciprocal space by the same transformation of rotation.
The position of the central point of the detector in reciprocal space is shifted by ∆Qx

along the Qx axis.

An amplitude of the scattered wave satisfying the Bragg condition for the strained

82



crystal in the kinematical approximation can be represented as [153, 35]

A(Q) =

∫
S(r)Ein(r)e−iQ·rdr , (6.1)

where
S(r) = s(r)e−iH·u(r) . (6.2)

Here r and Q are real and reciprocal space coordinates respectively, S(r) is the complex
object function consisting of the shape function s(r) and the phase, determined by the
displacement field u(r), H is the reciprocal lattice vector, and Ein(r) is an incident wave-
field. The CXDI measurement comprises a collection of the diffraction patterns in the
detector plane for a range of angular positions θ of the sample around y axis. The step
of rotation is chosen by the sampling condition in the Qx direction. In other words, the
distance between the two neighboring diffraction patterns in reciprocal space ∆Qx along
the Qx direction must be small enough to satisfy the Shannon sampling condition π/D,
where D is the dimension of the scattering object in real space along the x axis. From the
geometry shown in Fig. 6.1 it follows that

|∆Qx| = |H111|∆θ . (6.3)

Taking into account that |H111| = 4π sin(θB)/λ, the sampling condition for a step of
rotation can be expressed as

∆θ <
λ

4D sin(θB)
. (6.4)

Further, the measured set of diffraction patterns is combined into a 3D intensity distri-
bution in reciprocal space I(Q) = |A(Q)|2. After applying the phase retrieval procedure,
according to Eq. (7.8) the function

S̃(r) = S(r)Ein(r) , (6.5)

is reconstructed.

The 2D distribution of the incoming wavefield Ein(r) at the sample position is deter-
mined using x-ray ptychography on a test sample. This 2D distribution can be propagated
forward and backward in order to obtain the 3D distribution of the incoming wavefield
E(r) in the region of the sample. Using the knowledge of Ein(r) the 3D real space image
S(r) of the sample can be deduced by applying Eq. (6.5). According to Eq. (6.2) the
phase of S(r) is ϕ(r) = −H · u(r).

By measuring several Bragg reflections, different strain components can be deter-
mined using the following relation with the displacement field

εij =
1

2

(
∂uj
∂xi

+
∂ui
∂xj

)
. (6.6)
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(a)

(b)

Figure 6.2: Sample studied in the experiment. (a) SEM image of the forest of InP NWs. The arrow
points to the investigated NW on the substrate. (b) SEM image of the investigated InP NW after
the experiment. The substrate is tilted by 12◦ with respect to the view direction.

In our experiment measurements were performed around a single Bragg peak, therefore
the reconstructed phase contains the information about the projection of the displace-
ment field along the reciprocal lattice vector H. According to our coordinate system (see
Fig. 6.1) one gets the phase ϕ(r) = −|H| · uz(r). By applying Eq. (6.6) we determine the
εzz(r) component of the strain field

εzz(r) =
∂uz(r)

∂z
. (6.7)

These values give a measure of the strain field along the growth direction of the NW.

6.3 Sample description

InP NWs were grown in a low-pressure (100 mbar) MOVPE system with a total flow
of 6 l · min−1 using hydrogen as carrier gas. The process of the NW formation in a
gas chamber is shown schematically in Fig. 5.2. The seed particles were 80 nm gold
aerosols [154] at a density of 0.2 µm−2, deposited on an InP (111) substrate. The growth
precursors were phosphine (PH3), molar fraction χPH3=6.3×10−3 and trimethylindium
(TMI) χTMI=1.2×10−5. Hydrogen chloride (HCl), χHCl=8.3×10−6 was used to control
the radial growth. To desorb surface oxides, the samples were first annealed at 550◦C for
10 min under a PH3/H2 gas mixture. The reactor was then cooled to TG = 420◦C, at
which temperature InP NW growth was initiated by adding TMI. At this temperature the
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Au-In alloy particle is liquid. After 15 seconds of nucleation time, HCl was added. After
15 min, TMI and HCl were switched off and the sample was cooled under PH3/H2. At
the temperature about 320◦C the Au-In particle solidifies. The typical structure for the
InP NWs is a mixture of ZB and WZ phases [155]. These two structures have slightly
different lattice parameters considering the geometrical conversion in [111] direction. The
dimensions of the NW in our sample were about 100 nm in diameter and 7.5 µm in length
and the average separation between single wires was 2.5 µm. The SEM images of the
sample are shown in Fig. 6.2. The substrate was cracked into parts to get a sharp corner
with a single NW at the edge.

6.4 Experiment

The experiment on a single free standing InP NW (see Fig. 6.2) was performed at the
nanoprobe endstation [112] of the P06 beamline at the PETRA III synchrotron radiation
source at DESY (Hamburg, Germany). The geometry of the experiment is shown in
Fig. 6.3 (a). Vertical (V) and horizontal (H) NFLs were used to focus the incident x-
ray beam with 15.25 keV photon energy. For our set of NFLs the working distance was
26.33 mm (V) by 16.66 mm (H) with a depth of focus of 184 µm (V) by 107 µm (H). The
incoming photon flux of the beam was 4 × 107 photons/sec. A two-dimensional hybrid-
pixel detector Pilatus 300K (Dectris, Switzerland) with a pixel size of 172×172 µm2 was
used to record the diffraction patterns in the far-field regime.

As it follows from the theory, knowledge of the illumination function (probe) at the
sample position is important for the reliable reconstruction of the object (see Eq. (6.5)).
To obtain this information, a tantalum (Ta) resolution chart in the form of a Siemens star,
fabricated by nano-lithography, was used.

It was positioned close to the focal plane of the beam. A ptychographical measure-
ment was performed with the detector placed 2.2 m downstream in transmission geometry.
A 2D reconstruction of the wavefield was obtained in the object plane (see Fig. 6.3 (b)).
Afterwards, a numerical propagation of this 2D function was used to obtain a 3D distribu-
tion of the wavefield Ein(r) (see Fig. 6.3 (c, d)). The focal plane position was determined
by the sharpness criterion [156]. In our case it is calculated as the maximum value of the
integral F (w) =

∫
I2
in(u, v, w)dudv as a function of w, where Iin(u, v, w) is the incident

beam intensity, u, v are coordinates in transverse direction, and w is the coordinate along
the beam. Our reconstruction revealed an x-ray beam focus size of 70±0.3 nm (V) by
91.4±1.1 nm (H) at FWHM [80]. In order to place the sample into the focus of the beam
the following procedure was implemented. After reconstruction of the beam profile the
Siemens star was positioned at the focal plane. An in-line optical microscope was focused
on the test pattern and afterwards, the NW sample was brought in the same position with
a precision better than 10 µm.

For the CXDI measurements on the NW, the detector was positioned 2.3 m down-
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Figure 6.3: Experimental setup and wavefield reconstruction. (a) A single NW with a gold particle
(G) on the top was mounted on a moving stage. The 2D detector (D) was placed downstream to
measure a single 111 Bragg peak at 2θB = 13.78◦ degrees relative to the optical axis of the inci-
dent x-ray beam. The angular scan was performed around the y axis. (b) Intensity of the focused
beam, reconstructed at the sample plane from ptychography measurements. (c, d) Distribution of
the wavefield obtained by numerical propagation. Insets represent 100 nm region around sample
position in the beam. Brightness corresponds to the normalized amplitude and color to the phase.
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InP nanowire Au particle

1 µm
Measurement area

Figure 6.4: Fluorescence map of the InP NW. Signals from In, P and Au are combined. The
brightest spot locates the Au catalyst particle at the top of the NW.

stream from the sample in Bragg scattering geometry. The Bragg angle was θB = 6.89◦

for the 111 InP reflection at the given energy. The substrate was mounted vertically pro-
viding a horizontal orientation of the NW and a possibility to measure the selected re-
flection in the horizontal diffraction plane (see Fig. 6.3 (a)). A fluorescence detector was
positioned close to the sample and perpendicular to the beam. It was used to locate a
single wire in the array by mapping the combined signal from In, P and Au (see Fig. 6.4).

An isolated free-standing NW at the corner of the substrate (see Fig. 6.2 (a)) was
selected for the CXDI measurements. We want to note that the beam profile (amplitude
and phase) is almost constant on the size of the NW in the region close to the focus (see
insets in Fig. 6.3 (c, d)).

Two-dimensional fluorescence mapping in the region close to the Au particle with a
step size of 50 nm was performed to locate the position of the x-ray beam on the NW.
The CXDI measurements were performed 150 nm below the Au particle position. In total
31 diffraction patterns were measured in the angular range of ±1◦ with an increment of
∆θ = 0.065◦ around the Bragg peak. For a NW with the diameter D=100 nm and the
experimental conditions considered in this work, the sampling condition (see Eq. (6.4))
gives the value for the angular step of ∆θ < 0.097◦. The acquisition time was 400 seconds
per frame. An example of recorded diffraction pattern at a central angular position is
shown in Fig. 6.5 (a).

6.5 Results and discussion

The full 3D scattered intensity distribution around the 111 InP Bragg peak (see Fig. 6.5
(b)) was obtained by combining the 2D intensity distributions measured at different angu-
lar positions around this peak. Measured 2D scattering intensities were interpolated on a
uniform rectangular grid with a set of basis vectors along the Qx, Qy, and Qz directions.
To minimize the error of the interpolation (i.e. to have sufficient sampling of the mea-
sured data) the size of the grid voxel in reciprocal space was chosen to be equal to one
of the detector pixel (0.0058 nm−1). It is several times smaller than the distance between
neighboring measured 2D diffraction patterns along the Qx direction (0.021 nm−1).

The resulted 3D reciprocal space map reveals a symmetric hexagonal orientation of
streaks with finely resolved fringes (see Fig. 6.5 (b)). They arise from x-ray scattering
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Figure 6.5: Measured data and the reconstructed 3D object. (a) An example of a single 2D diffrac-
tion pattern within the measured dataset (logarithmic scale). The profile plot represents the vertical
slice of intensity through the center of the Bragg peak (logarithmic scale). (b) Isosurface of the
3D intensity distribution in the vicinity of the InP 111 Bragg peak. (c) Isosurface of the recon-
structed shape function s(r). Cross-sectional profiles are taken in the planes y = 0 and z = 0 (see
Fig. 6.6).
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on the side facets of the NW and reflect its hexagonal cross-section. For the CXDI re-
construction, we first considered the central slice (Qz = 0) through the 3D intensity
distribution around the Bragg peak. Using the combination of HIO and ER algorithms
[57] a 2D projection of the complex-valued object function in the x-y plane was recon-
structed. The reconstruction started with a loose round-shaped support which was several
times updated during the phase retrieval procedure by applying Shrinkwrap method [58].
The initial guess was set to be random both for the amplitude and phase within the support
region. The resulted 2D reconstruction was used to determine a tight support for a set of
phase retrieval runs for the full 3D dataset. In order to ensure the reliability of results,
30 successful reconstructions with the least error metrics were selected and averaged.
Complex conjugate solutions were separated in the averaging procedure.

In order to correct for the contribution of the illumination functionEin(r) (see Eq. (6.5)),
the reconstructed 3D object was divided by the 3D complex illumination function, ob-
tained from the ptychographical reconstruction (see Fig. 6.3 (b)). By this procedure we
obtained 3D distribution of the complex-valued function S(r) and it was an important step
in obtaining quantitative and reliable information about the strain distribution in the NW.
Reconstructed real space functions were interpolated on 10 times finer grid to improve the
visual representation of the results. A final image of the reconstructed 3D shape function
is presented in Fig. 6.5 (c). The diameter of the reconstructed NW was determined to be
90 nm from edge to edge and the length determined by the size of the probe was 160 nm.
These values are in a good agreement with the SEM measurements.

The amplitude, phase, and εzz(r) strain profiles of the NW are presented in the planes
corresponding to y = 0 and z = 0 (see Fig. 6.6). The hexagonal shape of the NW was
obtained as expected from the symmetry of the 3D diffraction intensity distribution (see
Fig. 6.6 (a)). A 2D slice of the amplitude at y = 0 (see Fig. 6.6 (b)) shows the decay in the
region of the positive z-axis direction. That effect can be attributed to the influence of the
catalyst particle on crystal lattice regularity in the region close to the interface between
InP and Au.

A threshold of 30% of the amplitude shown in Fig. 6.6 (a, b) was considered as a
region of interest within the NW. Results of the phase and strain reconstruction in this
region are shown in Fig. 6.6 (c-f). It can be seen that the phase ϕ(r) values vary in the
range from -0.8 rad to 1.2 rad with clearly visible asymmetry with respect to the vertical
central axis of the NW. The εzz(r) strain distribution was obtained using Eq. (6.7) by
gradient evaluation in 3D along z. The values strain component εzz(r) strain values vary
in the range from −0.6% to 0.6%. The maximum positive strain values were observed
at the edges of the NW, which could be an indication of the surface induced stress (see
Fig. 6.6 (e)). The variation of the strain values in the x-y plane are within ±0.1%. From
the slices at y = 0 (see Fig. 6.6 (d, f)) a slight gradient of the phase and rise of the strain
values are visible in the positive z direction. This effect can be explained as a result of a
lattice strain relaxation at the boundary between InP and Au particle.
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Figure 6.6: Result of Bragg CXDI reconstruction represented as plane slices from Fig. 6.5 (c). (a)
and (b) are normalized amplitudes of the reconstructed part of the NW. The dashed line truncate
the region of the reconstruction shown in (c-f) at the level of 30%. (c) and (d) 2D slices of the
phase distribution ϕ(r). (e) and (f) 2D slices of the εzz(r) strain distribution.

Close to the interface, the unit cell of the NW shrinks laterally due to the smaller
lattice parameter of Au and stretches along the z direction because of the Poisson effect.
As a consequence of the NW lattice relaxation, a positive strain εzz(r) > 0 below Au
particle is induced (see Fig. 6.6 (f)).

We first obtained a rough estimate of the achieved resolution by the extent of the
intensity signal in reciprocal space. For a signal at |Qy,max|=0.46 nm−1 reached in our
experiment (see intensity scan in Fig. 6.5 (a)) the spatial resolution was 13.5 nm in the
direction perpendicular to facets of the NW.

Extent of the signal along the NW was |Qz,max|=0.23 nm−1, which gives limitation
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Figure 6.7: Resolution evaluation (a) An averaged edge scan of six facets of the NW (see inset)
with the spread of values for each point (shown by grey area). Data points were fitted by error
function. (b) A corresponding line spread function (LSF), as the derivative of the error function.
The FWHM of the LSF is equal to 10 nm.

of resolution down to 27 nm. We next focused more closely on the resolution of recon-
struction perpendicular to the facets of the NW. It was evaluated in real space by the edge
response. Six scans were performed in the direction normal to every facet of the NW and
their profiles were averaged (see Fig. 6.7 (a)). The resulted profile was fitted by the error
function. The line spread function (LSF) was obtained by taking the derivative of the
fitted profile (see Fig. 6.7 (b)). The FWHM of the LSF resulted in a resolution of 10 nm.

Au

InP

Figure 6.8: Schematic representation of matching between lattices of Au and InP.

To verify our experimental results we performed FEM simulations based on a simple
model of the InP NW with the Au particle on the top. Simulations were done within the
framework of the linear theory of elasticity. The model consisted of the InP hexagonal
shaped NW with dimensions of 100 nm in diameter and 500 nm in length, and semi-
spherical Au particle with diameter of 86 nm, matching the distance between facets of
the NW. Epitaxy at the interface between InP and Au was expected to appear due to the
minimum mismatch between two unit cells of InP (dInP101̄ = 2

√
2aInP ) and three unit cells

of Au (dAu101̄ = 3
√

2aAu) oriented in [111] direction, where aInP and aAu are the lattice
constants of InP and Au 1. The schematic representation of lattices alignment is shown in

1Lattice constants of the materials used in the FEM model were aAu=4.0782 Å [157],
aInP =5.8687 Å [158]
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Figure 6.9: Result of the FEM simulation. The x-z slices at y=0 nm are presented. (a) Distribution
of εxx(r) strain component. The shape represents deformation of the NW and Au particle. The
center of Au particle is located at the z = 150 nm. (b) Distribution of εzz(r) strain component.
The region of the CXDI measurement is shown by dashed rectangle. (c) The region from (b) with
the smaller range of εzz(r) values. The FWHM of the beam amplitude is shown by the dashed
contour.

Misfit strain induced by the lattice mismatch between InP and Au was calculated as

εmisfit = εxx = εyy =
dAu101̄ − d

InP
101̄

dAu
101̄

, (6.8)

that resulted in 4% of the lattice mismatch. This value was applied at the interface between
Au and InP for strain components along x and y directions (see for example a 2D slice of
the strain component εxx(r) distribution in Fig. 6.9 (a)). The FEM solution was obtained
by minimizing the energy of the system via elastic relaxations.

The result of elastic strain relaxation εzz(r) is presented in Fig. 6.9 (b) as a 2D slice
at y = 0. The interface of two materials is located at z = 125 nm. The strain distribution
calculated by the FEM propagates to the region of the CXDI measurement centered at
z = 0 nm (region of interest is represented by the dashed contour). This area is shown in
Fig. 6.9 (c) with the smaller range of εzz strain component values. A positive gradient of
εzz strain component along z direction has values in the same range as in our measurement
(see Fig. 6.6 (f)) in the region illuminated by the beam (shown by the dashed contour). In
order to give a confirmative answer to the question of possible strain distribution at differ-
ent distances from the Au particle it will be desirable to perform 2D and 3D ptychography
measurements of a single NW
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6.6 Conclusions

In summary, 3D reconstruction of the strain distribution in a single free-standing InP NW
was performed with a nanofocused beam using Bragg CXDI technique. We observed a
small positive gradient of εzz(r) strain component in the range of ±0.6% in the recon-
structed region approximately 150 nm below the Au particle. The quantitative values of
the strain component along [111] direction were obtained by taking into account the re-
constructed beam profile from the ptychography measurement. That was an important
procedure in the data analysis, that provided us with the reliable information about the
strain distribution due to the extended shape of the sample in one dimension. The spatial
resolution in our measurements was determined to be about 10 nm in the direction per-
pendicular to the facets of the NW. Results of the CXDI measurements were compared
with the FEM simulations and show a good agreement with our experimental results.

Coherent x-ray diffractive imaging in Bragg geometry opens a great opportunities for
non-destructive characterization of nano-objects like semiconductor NWs. We believe,
that presented method of 3D Bragg CXDI can improve understanding of nanostructures
functionality by performing studies of 3D strain field distribution under operando condi-
tions.
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Chapter 7

Theoretical analysis of 2D x-ray Bragg
ptychography

As it was shown in the previous chapter the method of CXDI allows to investigate the
NWs in 3D for a localized area of the sample. However, the ultimate aim of the mi-
croscopy is to obtain a full view of the sample extent. This can be achieved by applying
ptychography approach. In this chapter the 2D version of XBP is discussed. Particularly,
the possibilities and disadvantages of the method are theoretically studied, with supple-
mentary FEM modeling. The results of this Chapter are published in Ref. [159].

7.1 Theory

Here we present an analytic description of the results expected in 2D XBP measurements
performed on a single core-shell NW. We consider Bragg scattering from a crystalline
sample close to the Bragg reciprocal lattice point H. We assume also that kinematical
approximation for scattering in the far-field is valid and the scattering amplitude An(Q)

from such a sample at a selected position rn of the incidence beamEin(r) can be described
by [153, 35]

An(Q) =

∫
S(r)Ein(r− rn)e−iQ·rdr . (7.1)

Here, Q = q − H, where q = kf − ki is a momentum transfer vector, and ki and kf are
the incident and scattered wave vectors. In Eq. (7.1) a complex valued function S(r) =

s(r)e−iH·u(r) is introduced. It describes the shape of the object and the displacement field
distribution in it.

In diffraction experiment a slice made by the Ewald sphere through the 3D inten-
sity distribution of the sample in reciprocal space is measured. We adopt in the follow-
ing the Cartesian coordinate system with its center aligned with the center of the detec-
tor, axes x and y defined in the plane of the detector and axes z aligned along kf (see
Fig. 7.1(a)). Reciprocal space coordinates Q = {Qx, Qy, Qz} are introduced accordingly
(see Fig. 7.1(b)). The additional coordinate system u, v, w connected with the incidence

94



beam ki is needed for considering the scanning grid in experiment.
Here we assume the Ewald sphere to be a plane in the vicinity of the Bragg point,

cutting reciprocal space through the center of the Bragg peak: Qz = 0 (see Fig. 7.1(b)).
That leads to the following expression for the scattered amplitude in the far-field region

A(Qx, Qy) =

∫∫ [∫
S(x, y, z)Ein(x, y, z)dz

]
e−i(Qxx+Qyy)dxdy , (7.2)

where Qx and Qy are reciprocal space coordinates in the detector plane.
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Figure 7.1: Scheme of scattering in the Bragg geometry. Real r = {x, y, z} and reciprocal Q =
{Qx, Qy, Qz} space axes are defined so that kf ||z. (a) The shape function s(r) is represented by a
shaded hexagon, which corresponds to the hexagonal cross-section of the NW. An incident beam
with the wave vector ki is scattered under the Bragg angle θB from {hkl} crystal planes along kf
wave vector. (b) Reciprocal space representation of the scattering geometry. The Bragg condition
is satisfied when the Ewald sphere crosses the reciprocal lattice node hkl. The Ewald sphere in
the vicinity of hkl node can be approximated with a plane.

In the case of a small Bragg angle we can make an approximation Ein(x, y, z) '
Ein(x, y) and from Eq. (7.2) obtain an expression for the scattered amplitude

A(Qx, Qy) =

∫∫ [∫
S(x, y, z)dz

]
Ein(x, y)e−i(Qxx+Qyy)dxdy . (7.3)

In 2D ptychography a spatially localized probe function P (x, y) plays the role of
Ein(x, y). The object of interest is scanned through the beam with overlapping footprints
of the probe at the adjacent positions. The amplitude of scattered radiation for a single
position n of the ptychographical scan has the following form

An(Qx, Qy) =

∫∫ [∫
S(x, y, z)dz

]
P (x− xn, y − yn)e−i(Qxx+Qyy)dxdy , (7.4)

where rn = {xn, yn} defines the position of the probe with respect to the sample.
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Intensities measured at each probe position by the detector are a square modulus of
the amplitudes

In(Qx, Qy) = |An(Qx, Qy)|2 , (7.5)

where n = 1..N , and N is the number of scanning points. This set of intensities comprise
the dataset for the 2D XBP.

From Eq. (7.4) it follows that if an appropriate ptychographical phase retrieval algo-
rithm is applied to the dataset In(Qx, Qy) then the object function can be defined as

O(x, y) = |O(x, y)|eiϕ(x,y) =

∫
s(x, y, z)e−iH·u(x,y,z)dz . (7.6)

As a result of this analysis we see that in contrast to other coherent imaging techniques
the reconstructed object in 2D XBP does not provide direct information about the electron
density and strain of a sample in general case. Instead, this information is recorded in the
integral form of Eq. (7.6). In order to interpret results of the 2D XBP some modeling of
the samples shape and strain field will be required.

At the same time it is possible to find certain limits at which direct interpretation of the
results of 2D XBP is possible. We assume in the following that variations of the displace-
ment field u(x, y, z) are small along z axis. In this case the strain field in Eq. (7.6) can
be presented as u(x, y, z) = 〈u(x, y, z)〉z + δu(x, y, z). Here, an averaged displacement
along z axis is introduced as 〈u(x, y, z)〉z = [1/T (x, y)]

∫ T (x,y)

0
u(x, y, z)dz with projec-

tion thickness T (x, y) (see Section 2.3.3) and δu(x, y, z) is the displacement variation.
Now assuming that the δu(x, y, z) is small enough that condition H · δu(x, y, z) � 1 is
fulfilled, we can expand exponent in Eq. (7.6) as e−iH·δu(x,y,z) ≈ 1− iH · δu(x, y, z) and
neglect the last term in comparison to one. Using all these approximations in Eq. (7.6) we
obtain

O(x, y) = e−iH·〈u(x,y,z)〉z
∫
s(x, y, z)e−iH·δu(x,y,z)dz ≈ e−iH·〈u(x,y,z)〉z

∫
s(x, y, z)dz .

(7.7)
The modulus of this function can now be related to the projection of the shape function
of the crystal along z direction and the phase of O(x, y) is proportional to an averaged
displacement field

|O(x, y)| =
∫
s(x, y, z)dz , (7.8)

and
ϕ(x, y) = arg(O(x, y)) = −H · 〈u(x, y, z)〉z . (7.9)

Now, in order to determine the y−component of the strain we assume that the Bragg angle
is small and, consequently, the reciprocal lattice vector H is aligned approximately along
y axis. The gradient of an averaged displacement field from Eq. (7.9) gives the values for
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εyy projected strain

εyy =
∂〈|u(x, y, z)|〉z

∂y
= − 1

|H|
∂ϕ(x, y)

∂y
. (7.10)

Therefore, the small displacement variation approximation allows to interpret the recon-
structed object function in terms of projected shape function and averaged strain.

7.1.1 Case of non-zero detuning from Bragg condition

Now, we consider the general case of 2D XBP, when Qz 6= 0. The Eq. (7.1) has the
following form

An(Qx, Qy, Qz) =

∫∫ [∫
S(x, y, z)Ein(x− xn, y − yn, z)e−iQzzdz

]
· e−i(Qxx+Qyy)dxdy .

(7.11)
Here, the relation between the value ofQz and detuning angle from exact Bragg condition
∆θ = θ − θB is given by

Qz(∆θ) = |H|∆θ cos θB =
2π

λ
∆θ sin 2θB . (7.12)

In the case when the incoming wavefield Ein(x, y, z) is weakly depending on z-
coordinate we can use approximation Ein(x, y, z) ' Ein(x, y). This approximation is
valid in most of experiments with the nanofocused beams, since the depth of focus of
such beams is typically on the order of hundreds of microns that is much larger than the
size of the nanosamples used in these measurements. With this approximation we obtain
from Eq. (7.11) the following

A(Qx, Qy,∆θ) ≈
∫∫ [∫

S(x, y, z)e−iQz(∆θ)zdz

]
Ein(x− xn, y − yn) · e−i(Qxx+Qyy)dxdy .

(7.13)

For a single position n in ptychographical measurement we can write

An(Qx, Qy) ≈
∫∫

O(x, y)P (x− xn, y − yn) · e−i(Qxx+Qyy)dxdy . (7.14)

Comparison of Eq. (7.13) and Eq. (7.14) shows that in the case of Bragg ptychography
the probe function is represented, similar to conventional ptychography, by the incoming
wavefield P (x, y) = Ein(x, y) and the object function at each detuning angle ∆θ by the
following complex function

O(x, y,∆θ) = |O(x, y,∆θ)|eiϕ(x,y,∆θ) =

∫
s(x, y, z)e−iH·u(x,y,z)e−iQz(∆θ)zdz . (7.15)

This expression shows, first of all, that the object function in most of the cases is complex-
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valued. Only if the displacement field in a crystalline particle is equal to zero u(x, y, z) =

0 and measurements are performed in exact Bragg conditions Qz(∆θ) = 0 it will be an
amplitude function representing a projected shape of the crystalline particle. Secondly,
this expression shows that both amplitude and phase of the object function have compli-
cated dependence on the shape, strain field and detuning angle. In the following sections
we use this relation in order to simulate the result of 2D XBP measurement employing
the FEM based method.

7.2 Experiment simulation

In order to demonstrate the possibility of strain reconstruction by the 2D XBP we per-
formed the simulation of the ptychographical measurement of the core-shell InGaN/GaN
NW in conditions close to realistic experiment. The case of Qz = 0 will be considered.

7.2.1 Finite element modeling

The sample considered for simulations was modeled by the FEM. The NW model is
shown in Fig. 7.2(a). Dimensions and structure of the NW were chosen accordingly to the
real sample that was investigated by the scanning x-ray diffraction mapping experiment
[143]. It has a hexagonal cross-sectional profile in the scattering plane. The diameter
was 490 nm and the thickness of the shell was 25 nm. The length of the NW was 2 µm.
The simulation of strain relaxation was performed in the scope of the linear theory of
elasticity. The 3D model has two different domains: GaN core and InGaN shell. The
InGaN shell was simulated by the initial misfit strain condition caused by the difference
in the lattice constants1.

The lattice constants for InGaN with a certain Indium concentration were calculated
using Vegard’s law. In order to verify the applicability of approximation in Eq. (7.7)
two concentrations of Indium were considered: 1% and 30%. For calculation of the
displacement field, both elastic and plastic strain relaxation at the core-shell interface
were allowed. The bottom surface of the NW was fixed and other surfaces were set to
be free. The displacement field and strain distribution for {101̄0} crystal planes were
obtained as a result of these simulations.

7.2.2 Simulation of the 2D XBP

In order to use the described model of the NW as the sample in 2D XBP simulations
the shape function and displacement distribution were transformed into the 3D complex-
valued function S(r) as it is defined in Eq. (6.2). The amplitude of this function was
represented by the shape function and the phase was calculated as ϕ(r) = H101̄0 · u(r),

1Lattice constant were aGaN = 3.189 Å, cGaN = 5.186 Å, aInN = 3.533 Å, cInN = 5.693 Å[160,
161]
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InGaN shell
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Figure 7.2: (a) Schematic model of the core-shell NW structure used in FEM simulations. (b)
Experimental geometry representing 2D XBP measurement. Single free-standing NW and the
detector are positioned in the Bragg condition. The beam intensity profile is shown in the lower
inset. The projected electron density of the object along with the scanning points is shown in the
upper inset. The 3D diffraction patterns in Fig. 7.3 were obtained at the position marked with the
black dot.

where u(r) is the displacement field within the NW obtained from FEM. The maximum
value of the phase variations in the object with 1% of Indium concentration was δu(r) ·
H = 0.9. These maximum values were mostly concentrated at the two opposite edges of
the NW, therefore the low Indium concentration model satisfy approximation of Eq. (7.7).

The scattering geometry considered in our simulations is shown in Fig. 7.2(b). The
NW was scanned in the focused x-ray beam on the rectangular raster grid (see inset of
Fig. 7.2(b)). The probe was modeled as the Gaussian beam with the optical axis aligned
with the ki vector. The FWHM of intensity was 120 nm. The step size was 60 nm to
ensure sufficient overlap between adjacent positions. We calculated the intensity distribu-
tions around a 101̄0 GaN Bragg peak for 10 × 10 overlapping probe footprint positions
on the sample.

For our simulations the parameters of P06 nano-focusing end station of PETRA III
synchrotron source were considered[139]. The energy of the x-ray beam was 15.25 keV.
The Bragg angle for the GaN core at the given energy was θB = 8.4722◦. The distance
from the sample to detector was 2.3 m. The size of the detector was 512 × 512 pixels
with the pixel size of 172× 172 µm2. This set of parameters gave a theoretical real space
half-period resolution of 2 nm.

The scattered amplitude was calculated by performing a 3D fast Fourier transform of
the complex-valued object function multiplied by the Gaussian probe propagated along
ki vector. This approach is valid in the Born approximation for elastic scattering in hard
x-ray regime[52]. In the case of a low strain, 3D distribution of intensity is almost centro-
symmetric with six streaks corresponding to the facets of the NW (see Fig. 7.3(a)). Two
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Figure 7.3: An example of the simulated data from the position marked in the top inset in
Fig. 7.2(b). The 3D distributions are represented as a green isosurface at the half maximum of
the intensity. Grey planes represent the Ewald sphere. (a) The 3D intensity distribution around a
101̄0 Bragg peak for the case of 1 % Indium concentration. Six fold symmetry of the distribution
is clearly visible. It represents the hexagonal profile of the shape function. (b) The 3D intensity
distribution around a 101̄0 Bragg peak for the case of 30% Indium concentration. Scattering from
the shell and the core are separated along Qy axis due to the presence of high misfit strain. The
diffraction patterns in (c) and (d) were extracted from (a) and (b) by the cut of 3D reciprocal space
by the Ewald sphere.
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Figure 7.4: Comparison of the 2D XBP reconstruction of object function O(x, y) and FEM mod-
eling. The left panel of the figure corresponds to the results obtained from the NW model with 1
% of Indium in the shell, and the right one corresponds to 30 % of Indium concentration. (a.1)
and (b.1) are the amplitude and phase of the object function O(x, y) reconstructed by XBP. (c.1)
and (d.1) are the modulus and the phase of the O(x, y) function obtained from Eq. (7.6) using the
results of FEM. (e.1), (f.1) are the modulus and phase obtained from Eq. (7.8) and Eq. (7.9) respec-
tively. The figures in the right panel are obtained in the same way as in the left one. Amplitudes
are normalized to the maximum value.

separated regions in 3D intensity distribution are clearly distinguishable in the case of
30 % Indium concentration (see Fig. 7.3(b)). The central peak corresponds to GaN core.
The elongated peak in the negative Qy region corresponds to the mismatched InGaN shell
with the larger lattice parameter. 2D diffraction patterns at each position of the probe
were obtained by the Ewald sphere cut through the Bragg peak (see Figs. 7.3(c) and (d)).
In total 100 diffraction patterns were obtained for both datasets.

In order to reconstruct the XBP datasets the ePIE algorithm was applied. A shift
in probe positions along x axis was taken into account by multiplying u coordinates of
the scanning grid by cos 2θB. The initial guess for the object function was a uniform
distribution, and for the probe a pinhole of 150 nm diameter. A random distribution was
taken as an initial guess for the phase of the object. The probe function was allowed to
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update after the first iteration of the algorithm. The convergence of the reconstruction
was controlled by the normalized error-metric in diffraction patterns. When no changes
in error were observed the reconstruction process was stopped. The number of iterations
needed for the successful reconstruction did not exceed 1000.

7.3 Results and discussion

We compared results of the 2D XBP reconstruction with the values obtained directly from
the FEM simulation: modulus and phase of the object function in Eq. (7.6), and the same
functions obtained as a result of a low displacement field variation approximation (see
Eqs. (7.8) and (7.9)). All results are presented in Fig. 7.4.

The reconstruction of the data corresponding to 1 % of Indium concentration in the
shell is presented in Fig. 7.4(a.1), (b.1). The profiles of the modulus and phase are in
a very good agreement with the expected results of the 2D XBP from Eq. (7.6) (see
Fig. 7.4(c.1), (d.1)). The modulus has the profile of the projection of the NW shape
with the maximum in the middle of the NW along x direction. The phase distribution
in Fig. 7.4(b.1) has characteristic stripes at the sides of the NW: positive on the left and
negative on the right. They correspond to misfit strain induced in the shell. In the case of
low strain the amplitude of the reconstructed object function is very close to the profile
to the projection of the shape function s(r) (compare Figs. 7.4(a.1) and (e.1)). The phase
of the O(x, y) has the same values and spatial distribution as in the phase distribution
obtained from Eq. (7.9) (see Fig. 7.4(f.1)). These results clearly show that for the case
of low Indium concentration an approximation made in Eq. (7.7) is valid and the XBP
method gives direct information on the projected shape and strain field in the NW.

The 2D XBP reconstruction of the data in the case of 30 % Indium concentration in the
shell is presented in Figs. 7.4(a.2) and (b.2). The obtained result is in a good agreement
with the one from Eq. (7.6) (see Figs. 7.4(c.2) and (d.2)). However in this case of a
big strain the modulus of the reconstructed function (see Fig. 7.4(a.2)) is clearly different
from the projection of the shape function (see Fig. 7.4(e.2)). It has stripe-like modulations
in y direction induced by the high-values phase ϕ(r) = H101̄0 ·u(r). At the same time the
phase values in the reconstruction (see Fig. 7.4(b.2)) strongly deviate by almost 10 radians
at each NW side from the ones that are expected from the model (see Fig. 7.4(f.2)). All
these results clearly indicate that in the case of 30 % In concentration approximation of
Eq. (7.7) is not valid.

As it follows from the comparison of the reconstructed functions with the model the
method of 2D XBP gives the correct values of the phase and consequently displacement
field projection for a sample regions where low strain approximation of Eq. (7.7) is valid.
In the case of the low Indium concentration this condition is satisfied almost for the whole
NW and the projected strain information can be extracted using Eq. (7.10). In the case of
high Indium concentration these conditions are not satisfied (except of a localized regions

102



at the edge of the NW) and consequently information about the shape and strain can not
be reliably retrieved. In order to determine information about the strain distribution in this
case modeling and comparison with the 2D XBP results using Eq. (7.6) will be required.

7.4 Conclusions

In conclusion, we developed the theoretical background of the 2D XBP. We demonstrated
that in general case direct information about the shape of the nanostructured sample and
its strain distribution can not be obtained. We also showed that in the case of slow varying
displacement field along the beam path 2D XBP provides direct information about the
structure of the nanosample. These theoretical results were compared with the experiment
simulations performed for the case of a core-shell InGaN/GaN NWs with the different
concentration of Indium in the shell. Results of our model simulations are completely
supported by theoretical predictions. The outcome of this work also suggests that limited
information obtained in 2D XBP could be substantially extended by using the 3D version
of Bragg ptychography, however on the expense of the experimental time necessary to
collect the experimental data.
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Chapter 8

X-ray Bragg ptychography strain
imaging of individual InGaN/GaN
core-shell nanowire

In the following Chapter a non-destructive study of a single InGaN/GaN NW by 2D XBP
with a nanofocused beam is presented. The results of our measurements revealed a com-
plicated profile of the strain distribution induced by the mismatch between GaN core and
InGaN shell with In concentration of 30%. Comparison of the obtained XBP results with
the analysis performed with FEM based simulations allowed to determine a detailed 3D
information on distribution of the strain in the selected NW. A variation in misfit strain
relaxation between the growth and in-plane directions was observed. The results of this
Chapter comprise the paper submitted to the ACS Nano Journal in 2016.

8.1 Introduction

A number of results of XBP applications for the study of strain fields in the nanostructured
samples were reported recently [88, 162, 89]. As it will be discussed in the following sec-
tion to determine full 3D information about the strain field in the sample it is necessary
to perform a set of ptychography scans at different incidence angles close to Bragg an-
gle. Unfortunately, this approach is time consuming and puts strong limitations on the
tolerable sample drifts during the measurements.

Here we present results of 2D XBP performed at selected angular positions near the
Bragg angle of the sample. Following theoretical analysis shown in Chapter 7 the am-
plitude and phase of the reconstructed object function is not directly related to the strain
distribution in the NW. In order to extract information about 3D distribution of the strain
in the NW we perform the FEM analysis and compare it with the results of our experi-
mental measurements.
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8.2 Experiment

8.2.1 Sample

GaN

InGaN

ZnO+AlO

Top

GaNInGaN

ZnO+AlO

Bottom

(a)

400 nm

(b) (d)(c)Top view

Side view

Figure 8.1: Scanning electron microscopy measurements of a single core-shell InGaN/GaN NW.
(a) and (b) show the typical surface morphology of the NW under investigation from the top (a)
and from the side (b). Cross-sectional SEM images taken at the top (c) and bottom (d) parts of a
NW similar to the investigated one.

The structure under investigation was a WZ core-shell InGaN/GaN NW (see Fig. 8.1)
grown in Lund University using selective area MOCVD [163]. The GaN NWs were
grown to be 340 nm thick and 2 µm long on a 1-2 µm thick GaN template on top of a Si
(111) substrate. An array of openings in a Si3N4 mask was used to control the position
and size of the NWs. After the growth of the GaN NWs, the temperature was lowered to
610◦C in order to grow the InGaN shell. The In concentration in the gas phase was about
30%. The total diameter of the NW from facet to facet estimated by SEM measurements
is equal to 390 nm (see Fig. 8.1(a)). From SEM image shown in Fig. 8.1(b) one can see
that the surface of the InGaN shell is rough. This surface morphology can be explained
by the uneven process of the radial growth of the shell. Misfit dislocations are likely to
appear at the interface between core and shell in order to relax the misfit strain.

Cross-sectional SEM measurements were performed on the sample grown under sim-
ilar conditions in order to measure variation of the shell thickness along the NW. Two
SEM images show the top (Fig. 8.1(c)) and the bottom (Fig. 8.1(d)) parts of the NW. The
following layers inside the NW can be observed: an axially grown GaN core, a radially
grown GaN, the InGaN shell and a ZnO+AlO layer to support cleaving. ZnO+AlO layer
was not present during the x-ray measurements. The contrast between the axially and
radially grown GaN may be caused by unintentional doping and hence difference in con-
ductivity. The thickness of the InGaN shell was measured to range from 15± 3 nm at the
bottom to 29± 5 nm at the top of the NW.

The sample was prepared for the coherent x-ray diffraction measurements by cleaving
a sharp corner of the substrate so that a single NW at the tip would be not obscured by the
others. No additional sample preparation was performed.
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8.2.2 Experimental setup

The measurement was performed at the nanoprobe end-station of the P06 beamline [112]
at the PETRA III synchrotron radiation facility at DESY in Hamburg, Germany. The pho-
ton energy of the x-ray beam was 15.25 keV. A sample stage with translation and rotation
motors was used to perform scanning measurements. A Vortex EM x-ray fluorescence
detector was located close to the sample, and perpendicular to the beam. A Pilatus 300k
2D hybrid pixel detector with a pixel size of 172 × 172 µm2 was used to record far-field
diffraction patterns. The incident beam was focused using NFLs [112].

The size and position of the focal spot were determined by the transmission ptychog-
raphy with a test pattern in the form of the Siemens star. In this measurement the detector
was placed 2.2 m downstream from the sample. The object and probe functions were
reconstructed using a combination of extended ptychographical iterative engine (ePIE)
algorithm [60] and difference map [62] (see Fig. 8.2(a, b)). The size of the probe at the
position of the test sample at FWHM of intensity was 105 nm in horizontal and 146 nm in
vertical direction. The beam appeared to have a complicated amplitude and phase struc-
ture due to the shift of the sample from the focal plane. The distance to the focus was
determined to be 90 µm by numerical propagation of the probe (see Fig. 8.2(c, d)) and
searching for the maximum sharpness of the beam [156] (similar to our previous experi-
ment [147]).

The scheme of the XBP experiment on a selected NW is shown in Fig. 8.3(a). The
sample substrate containing an isolated NW at the corner was mounted on a scanning
stage horizontally, providing vertical orientation of the NW. Next, a single NW was lo-
cated and aligned with respect to the beam (sample position in Fig. 8.2(c, d)) and rotation
axis x using the x-ray fluorescence signal from Ga. The XBP scan was performed with the
detector positioned 2.3 m downstream from the sample in Bragg condition corresponding
to the 101̄0 GaN Bragg peak with twice the Bragg angle 2θB = 16.94◦.

A series of 2D ptychographical scans were performed for a set of angular positions θ
of the sample shown in the inset of Fig. 8.3(a). The angular range of the measurement
was ±0.3◦ with 0.1◦ increment. At each rotational step an area of 500 × 500 nm2 in
the upper part of the NW was scanned in the uv plane (see Fig. 8.3(a)), resulting in a
rectangular raster grid of 11 × 11 points with 50 nm step size. In total, 121 diffraction
patterns were recorded with 75 seconds exposure time per pattern with an incident flux of
6× 107 photons/s.

8.3 X-ray Bragg ptychography results

An example of the averaged diffraction pattern recorded over all scan positions at a sin-
gle angular position of the sample θ = 8.47◦ is shown in Fig. 8.3(b). It contains signal
from different parts of the NW. The strongest peak in region A in Fig. 8.3(b) with diag-
onal streaks corresponds to the 101̄0 Bragg reflection from the GaN core. The streaks
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Figure 8.2: Beam characterization. (a) Reconstruction of the Siemens star, with 50 nm inner
stripes clearly resolved. (b) Reconstruction of the beam profile at the object plane. (c) and (d)
vertical and horizontal slices of the propagated beam. The focal plane position was determined to
be 90 µm from the actual position of the Siemens star.

originate from the facets of the tip of the NW. The elongated horizontal streak in region
B in Fig. 8.3(b) originates from the InGaN/GaN interface and the InGaN shell. Diffuse
signal around the InGaN peak (region C in Fig. 8.3(b)) comes from the rough surface
of the InGaN shell. The integrated intensity of the region A in 2D scans as a function
of the sample angular position is shown in the inset of Fig. 8.3(a). A clear maximum at
θ = 8.47◦ was observed, that indicates, that this angular position is close to Bragg angle.

Reconstructions were performed in 2D with the ePIE algorithm for every angular po-
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Figure 8.3: (a) Experimental set up of the XBP measurements. A single NW consisting of the
GaN core (red) and the InGaN shell (green) was mounted under the Bragg condition of the 101̄0
GaN peak. The xy plane is parallel to the detector plane, while the scattering plane is yz. The
inset shows the normalized dependence of integrated intensity of the GaN peak on the angular
position of the sample. (b) Diffraction pattern averaged over all positions of the ptychographical
scan at the Bragg angle θ = 8.47◦. Regions of the scattered intensity corresponding to different
parts of the NW are indicated as A (core), B (shell), and C (rough surface of the shell).

sition. Positions of the sample on a scanning grid were corrected for the Bragg angle
∆y = ∆u cos(2θB), since the reconstruction is evaluated in the detector plane. Random
amplitude and phase distributions were used as a starting guess for the object function.
The beam profile reconstructed from a Siemens star measurement (see Fig. 8.2) has im-
proved the convergence of the algorithm and provided a stable solution for the object
function. It was sufficient to perform 100 iterations, after which the reciprocal error-
function did not change significantly.

The amplitude and phase of five 2D XBP reconstructions corresponding to different
angular positions near the Bragg angle of the sample are shown in Fig. 8.4. As it can
be seen from these results, both the amplitude and phase have a stripe-like structure with
stronger variations at larger offsets from the Bragg angle. In the following, we provide a
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Figure 8.4: Results of 2D XBP reconstructions. Amplitudes (a) and phases (b) of the NW recon-
struction for 5 angular positions of the rocking curve scan (inset of Fig. 8.3(a)). Scale bars are
equal to 100 nm.
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Table 8.1: Elastic constants for the GaN and the InN used in FEM simulation[164].

Material C11, [GPa] C12, [GPa] C13, [GPa] C33, [GPa] C44, [GPa]

GaN 374 138 101 395 98

InN 237 106 85 236 53

model of a strained GaN NW that produces similar features.

8.4 FEM model

In order to reveal the inner structure of the investigated sample we performed simulations
based on the FEM approach. A 3D shape of the NW was constructed using results of
the SEM measurement. The model consisted of a hexagonal shaped GaN core with a
diameter of 390 nm from facet to facet and the InGaN shell with a thickness of 25 nm.
The pyramidal GaN tip in the model had an inclination of 30◦ as determined from the
SEM studies. The shell layer with a thickness of several nanometers was added to the tip
as it is also visible in SEM cross-section in Fig. 8.1(c).

The simulation was performed in the frame of linear theory of elasticity. The lattice
constants obtained from Ref. [160] were aGaN = 3.189 Å, cGaN = 5.178 Å for WZ GaN
and aInN = 3.533 Å, cInN = 5.693 Å for InN. Since the GaN has a transversely isotropic
structure of the unit cell, the full stiffness matrix is given by five independent components.
Elasticity constants Cij of the GaN and InN used in the model are presented in Table 8.1.

The shell of the NW is an alloy of the InN and GaN. The parameters of a crystal
scale linearly according to the Vegard’s law with the indium concentration x in the shell
[165, 164, 135]

pInxGa1−xN = xpInN + (1− x)pGaN , (8.1)

where parameter p is either lattice constants a and c, or elastic constants Cij . For our
sample the In concentration value was set during the sample preparation stage to be 30%
or x = 0.3 (see section 8.2.1). This value was also supported by the location of the
satellite peak corresponding to InGaN shell (see Fig. 8.3(b)).

The mechanism of elastic and plastic strain relaxations was simulated in the FEM
model. A misfit strain εmisfitij appears at the interface between the core and shell as the
result of lattices mismatch. It can be expressed as

εmisfitij =
a
InxGa1−xN
k − aGaNk

aGaNk

= x ·
(
aInNk

aGaNk

− 1

)
. (8.2)

Due to significant thickness of the epitaxial shell, misfit dislocations play a major role
in strain relaxation process. Following theoretical predictions [166, 167, 168], the critical
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Figure 8.5: Results of FEM simulation. Amplitudes (a) and phases (b) of FEM modeling with
adjusted detuning angle ∆θ = −0.03◦, and plastic relaxation parameters ρy,zd =0.95, and ρxd=0.5.
Scale bars are equal to 100 nm.

thickness of the shell in core-shell NWs does not exceed 20 nm for the core with diameter
of 340 nm. Therefore, the relaxation of misfit strain via dislocations has to be considered.
The plastic relaxation can be taken into account as an effective reduction of εmisfitij

εplasticij = ρdε
misfit
ij . (8.3)

Here, the control parameter is ρd ∈ [0; 1]. It is related to the relaxation of the strain in the
shell through formation of misfit dislocations in the way that ρd = 0 is fully coherent elas-
tic strain between core and shell, and ρd = 1 is the fully relaxed strain in the shell without
straining the core. As soon as the presence of stacking faults, as well as crystal twinning,
are not expected in GaN NWs, the parameter ρd depends only on crystallographic direc-
tions. A value of ρd close to unity was expected due to the large amount of defects in the
shell. Finally, the general expression for the strain at the interface was defined as follows

εij = εmisfitij − εplasticij = (1− ρd)εmisfitij . (8.4)

This relation was used as a boundary condition for determining a strain in the GaN core
in the FEM model.
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8.5 Results and discussion

Results of 2D XBP (see Fig. 8.4) were compared with the outcome of simulations based
on FEM model described in the previous section. Results of these simulations for the GaN
core of the NW is presented in Fig. 8.5. To perform this comparison the displacement
field u(x, y, z) obtained from the FEM model together with the shape function s(x, y, z)

of the NW were substituted in Eq. (7.15) and integration was performed numerically for
different values of Qz(∆θ) as a function of the detuning angle ∆θ.

Two parameters of the FEM model described above significantly influence results
of our simulations. The first one is the detuning angle ∆θ and the second one is the
plastic relaxation parameter ρd. We determined that the amplitude of the object function
O(x, y, z) in Eq. (7.15) is especially sensitive to the detuning angle ∆θ and its phase
to the plastic relaxation parameter ρd. Varying the detuning angle and comparing the
amplitude of the object function determined from the experiment in Fig. 8.4(a) and from
the model we observed that the best matching between results for the central slice at
θ = 8.47◦ is obtained at detuning angle of ∆θ = −0.03 ± 0.005◦. By this we concluded
that our measurements at the central angular position were performed at a small offset
angle from the exact Bragg position. Other angular positions were determined according
to this angular shift (see Fig. 8.5).

As soon as the phase of the object function ϕ(x, y,∆θ) in Eq. (7.15) is strongly in-
fluenced by the parameter ρd, the amount of plastic relaxation in the model was found
by adjusting this parameter to fit the phase distribution ϕ(x, y,∆θ) obtained from XBP
as presented in Fig. 8.4(b), while the value of the detuning angle ∆θ was fixed. The re-
constructed phase map from the central angular position (see Fig. 8.4(b)) was used for
comparison with the FEM model. We determined that the best match between the ex-
periment and model was obtained for the plastic relaxation parameters ρad = 0.95 in the
plane perpendicular to NW growth and ρcd = 0.5 in the direction of the NW growth (see
Fig. 8.5(b)). This is an expected result as soon as an energy of the dislocation formation
is proportional to the square modulus of the Burgers vector [169, 170]. As soon as lattice
parameters in a− and c−directions are different it leads to a different magnitudes of the
Burgers vectors of corresponding misfit dislocations. Distribution of the phase of the ob-
ject function at other values of the detuning angle ∆θ were obtained by direct calculation
of the integral in Eq. (7.15) with the obtained values of the plastic relaxation parameters
and corresponding angles ∆θ (see Fig. 8.5(b)).

Comparison of Fig. 8.4 and Fig. 8.5 shows that our model well represents main fea-
tures obtained from the experiment. A positive phase gradient in the tip region of the NW
is reproduced (see central angular position in Fig. 8.4(b) and Fig. 8.5(b)). The central part
of the NW with the alternating phase profile is also fitted well in the simulation.

The final 3D model of the strain field in the GaN core of the NW determined from our
FEM simulations is presented in Fig. 8.6(a). The Cartesian coordinate system x∗, y∗, z∗
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Figure 8.6: The result of FEM simulation. (a) The 3D representation of the FEM simulation result
for εy∗y∗ strain component. Here the coordinate axes x∗, y∗, z∗ are introduced with respect to the
model symmetry axes. Two cuts in y∗z∗ plane at different x∗ positions are shown to the left. (b)
Projected strain 〈εy∗y∗〉z within the modeled NW. This result can be obtained from experimental
2D XBP with ∆θ = 0◦. Scale bar is equal to 100 nm.

related to the NW is introduced as following

x∗ = x

y∗ = y cos θB

z∗ = z cos θB

. (8.5)

Distribution of the strain field in the cross sections (see Fig. 8.6(a)) is symmetrical
around the axis perpendicular to the reciprocal lattice vector H101̄0 as soon as we are
presenting the strain field component calculated along the H101̄0 vector. The maximum
strain values of about 0.2% are observed in the region between the main NW part and the
tip. Below that region, the NW is more relaxed and strain values do not exceed ±0.05%.

A complementary measurement of the strain field distribution in the same NW was
performed by the scanning x-ray diffraction mapping (SXDM) method [144]. The res-
olution of the method is limited to the size of the beam that was about 100 nm in this
experiment. To compare results of the FEM simulations with the SXDM measurements
we calculated the projection of the strain obtained in the model on the direction along
the scattered beam (see Fig. 8.6(b)). As we can see from these results, the projected
strain reveals two peaks in the region of the NW close to the transition to the tip with the
maximum value of the strain of about 0.15% similar to the results of the SXDM mea-
surements [144]. These results confirm the validity of the parameters used in the FEM
analysis as well as the final 3D strain distribution obtained in our model (see Fig. 8.6(a)).
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8.5.1 Radiation damage

In our measurements, we also observed carbon deposition on the tip of the NW after an
attempt of the X-ray Bragg ptychography measurements at the tip of the NW. After scans,
performed at different θ angles, a substantial amount of carbon completely covered the
pyramidal tip of the NW. This can be seen in the SEM image in Fig. 8.7, taken after
the measurements. Some smoothing of the side facets was also observed in the remain-
ing part, where the SXDM measurements were performed. Although carbon deposition
does not have direct impact on the X-ray measurements, it is not desirable since it con-
taminates the sample, especially if any additional manufacturing steps are planned. The
possible explanation of the carbon formation is the cracking of the hydrocarbons by the
photoelectrons emitted from the sample [171]. The solution to this problem can be the
use of high vacuum or inert gas environment for long exposure studies.

Figure 8.7: SEM image of the NW sample after the series of SXDM and XBP scans. Carbon cap
appeared mainly at the tip, where the long exposure ptychographic scans were made.

8.6 Conclusions

In conclusion, we demonstrated the application of 2D XBP technique to strain imaging in
a single heterostructured NW. By constructing the FEM model based on 2D XBP results
we obtained the 3D image of the strain distribution. Adjusted parameters of the model
indicated the amount of plastic relaxation ρad = 0.95 for the in-plane and ρcd = 0.5 for the
out-of-plane directions. The results of ptychographical reconstructions revealed a compli-
cated profile of the strain distribution that varies in the range of ±10−3 and was induced
by the mismatch between the GaN core and the InGaN shell with In concentration of
30%. Asymmetry in the strain relaxation obtained by 2D XBP and FEM simulations has
an influence on the electrical properties of the NWs. Our results for the strain component
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εy∗y∗ in the GaN core are in a good agreement with SXDM measurements performed on
the same NW. Together with complementary studies by SXDM, the 2D XBP can provide
a detailed information about a single NW with the resolution limited only by the amount
of the recorded signal.

The non-uniformity of the strain distribution changes the band gap and, consequently,
alters the current flow in a semiconductor device. The results of our work provide im-
portant information for the understanding of the relation between structural and opto-
electronic properties of semiconductor core-shell NWs with high spatial resolution. We
believe, that the proposed approach will open new possibilities for improved performance
of the core-shell NW based devices.
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Chapter 9

Evolution of the strain field in a single
GaN nanowire under the applied
voltage bias revealed by 3D Bragg CXDI

The results presented in the previous Chapters and amount of work related to CXDI and
ptychography published within last decade, clearly show that the CXDI technique is well
established for static problems. There are still challenges connected with specific envi-
ronment conditions or time limitations, but the x-ray microscopy already provides a lot of
valuable information.

The future of the coherent diffractive imaging is connected with studies of dynamics
in complicated nanostructures within their operation environments (in operando). This
Chapter is dedicated to the first 3D CXDI measurements performed on a single GaN
NW with applied voltage. This study is of high importance towards the understanding of
structure-functionality relation, which is not clearly established yet.

9.1 Introduction

We applied the coherent x-ray diffraction technique to study the strain field of a single
GaN NW with nanometer-scale spatial resolution under applied voltage bias along the
growth [0001] direction of the NW. From the series of measurements performed at dif-
ferent voltage values and polarities, we obtained a set of 3D coherent scattering intensity
distributions. Each of them related to the strain field evolution in the NW while varying
the external electric field.

The WZ (hexagonal) structure of GaN NWs is non-centrosymmetric (see Fig. 5.3(b))
and has an internal electric field along the [0001] direction [172, 173]. Any deformation
of the GaN unit cell leads to formation of the internal piezoelectric field and vice versa.
This effect dramatically influences electron-hole pair recombination and may decrease the
efficiency of optoelectronic devices based on GaN NWs. Moreover, the so-called ”green-
gap” problem related to the low efficiency in GaN based green light emitters could be
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Figure 9.1: The SEM images of the samples. (a) The image of GaN NWs array on the substrate.
(b) A SiO2 wafer with patterned Au contacts. (c) A single NW deposited on the wafer. (d) and
(e) are two examples of NW connection to the voltage source with Au contacts.

closely related to piezoelectric and strain field formation [174]. Therefore, investigation
of the influence of the applied voltage on the strain within a single NW is of significant
interest.

9.2 Sample description

The GaN NWs with a diameter of about 350-400 nm and a length of about 3.2-3.5 µm
were grown using MOVPE at NanoLund laboratory at Lund University. The growth pro-
cedure is similar to one presented in the Chapter 8.

After the growth NWs were removed from the substrate (see Fig. 9.1(a)) and were de-
posited on a (111) Si wafer with pre-patterned connectors (see Fig. 9.1(b)). The NWs are
oriented horizontally on the substrate with two facets parallel to it (see Fig. 9.1(c)). Metal
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(a) (b)

Figure 9.2: The experiment setup included Huber 6-circle diffractometer (a) with the sample
holder connected to the voltage source (b).

(Au) contacts were deposited on the Si wafer using electron beam lithography. The SEM
images of connected NWs are presented in Fig. 9.1(d, e). Unfortunately, the orientation
of the NWs with respect to the contacts on the substrate could not be controlled.

9.3 Experimental setup

The inner structure of the NW as a function of applied voltage was studied by 3D Bragg
CXDI technique. The experiment was performed at micro-focusing end-station of coher-
ence beamline P10 at PETRA III synchrotron facility (DESY, Hamburg, Germany). The
x-ray beam with energy of 9.6 keV and flux of 3 · 1011 ph/s was focused at the sample
down to micrometer size. A 2D x-ray Lambda detector with a pixel size of 55 µm was
positioned at the position 2 m downstream from the sample. An evacuated flight tube
was mounted between the sample and the detector in order to reduce scattering in air.
The sample with GaN NWs was mounted on the six-circle diffractometer (see Fig. 9.2(a))
using self-manufactured adapter (see Fig. 9.2(b)) with wires connected to a power sup-
ply. Electric measurements prior the experiment revealed the resistance of the NWs with
contacts to be about 1012 Ohm. Therefore, the current through the NW was in order of
picoampere and cooling of the sample was not necessary.

9.4 Imaging of the NW under applied voltage

The geometry of the experiment is presented in Fig. 9.3. In order to find single NWs with
deposited Au electrodes, diffraction mapping of gold was performed in Bragg conditions
of 111 Au reflection (see inset in Fig. 9.3). The signal from the gold was mapped with
the maximum precision of 1 µm, allowing to locate a single NW. After the NW was
found geometry was changed to Bragg conditions of GaN 101̄0 reflection. Rocking of the
sample around Bragg angle allowed us to record 3D reciprocal space map of the reflection.
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Figure 9.3: Sketch of the Bragg CXDI measurement geometry. The incoming x-ray beam ki is
scattered by NW at the Bragg angle θB and resulting diffraction pattern is recorded by the 2D
detector in the far-field regime. In order to scan the full 3D reciprocal space, a rocking curve scan
is performed around y axis with the small angular step ∆θ. In the inset the diffraction map for NW
locating is shown. It is obtained by integrating the scattering signal from Au at the corresponding
Bragg angle while scanning the substrate. The outlined region A corresponds to large Au contacts,
region B to the contacts made by lithography. The region C has a gap, where the GaN NW is
located.

Further, the 3D intensity distribution in reciprocal space can be used to reconstruct 3D
complex object function of the corresponding NW.

9.4.1 Coherent x-ray scattering of the NW without contacts

In the following we define the Cartesian coordinate system x, y, z, where x and y are
in the plane of the substrate and z is aligned with H101̄0. First of all a NW without Au
electrodes was investigated. This has to be done in order to have a reference result for the
NWs with contacts. The NW was located by mapping 101̄0 GaN Bragg peak with Bragg
angle of θB = 13.54◦. The rocking curve scan was performed in the range from −0.4◦ to
0.4◦ in the vicinity of the Bragg condition with 160 steps. Since the NW had an unknown
orientation with respect to the beam, the angular step size was chosen to be small enough
for a sufficient sampling of reciprocal space. Each diffraction pattern was recorded with
exposure of 20 s.

The 101̄0 GaN Bragg peak in 3D was obtained after stacking of 2D diffraction pat-
terns in reciprocal space (see Fig. 9.4(a)). The isosurface demonstrates almost perfect
hexagonal symmetry with fringes originating from opposite facets of the NW.
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Figure 9.4: (a) 3D intensity distribution of the 101̄0 GaN Bragg peak from the NW without con-
tacts and (b) with contacts without voltage applied. The isosurfaces are taken at 20% of the
normalized logarithmic scale.

9.4.2 Study of strain field evolution within a single GaN NW under
applied voltage

The next NW under investigation was the one with deposited Au contacts. The SEM
image of this NW before the experiment is shown in Fig. 9.1(d). The corresponding 3D
intensity distribution is shown in Fig. 9.4(b). It is disturbed with respect to the reference
one due to the strain field caused by the contacts attached to the tips of the NW. We
expect, that the structure of the NW has a tilt, since the intensity has become spread along
the growth direction of the NW.

The coherent scattering intensity distribution as a function of applied voltage was
investigated until electric breakdown of the GaN NW at voltage bias of 32 volts applied
in negative polarity along the [0001] direction. The evolution of 101̄0 GaN Bragg peak
is shown in Fig. 9.5 for the values of voltage bias of V = {1, 5, 10, 15} V. It can be
observed, that the intensity distribution becomes elongated along [0001] direction with
increasing voltage. That is a clear indication of the tilt of the NW structure, especially
with respect to the reference sample (see Fig. 9.4(a)). The interesting feature of obtained
reciprocal maps is the presence of two six-fold symmetry peaks separated in reciprocal
space. Most probably they correspond to the scattering from different parts of the NW,
which are separated by the twin or inversion defects similar to Ref. [175].

The maximum voltage of Vmax = 32 V caused the breakdown of the NW. It was
proven after the experiment by optical microscopy and SEM study (see Fig. 9.6).
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Figure 9.5: 3D intensity distribution of the 101̄0 GaN Bragg peak under voltage bias of 1 V (a),
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Figure 9.6: The SEM image of the investigated NW after the breakdown under the voltage of
Vmax = 32 V.

9.5 Discussion and outlook

For two NWs bias of 5 volts applied in positive polarity to the tip ([0001] direction) of
the NW were sufficient for the electric breakdown. One NW broke down after maximum
bias of 32 volts applied in negative polarity to the tip of the NW. Therefore, one can
conclude that breakdown voltage is different for different NWs. We measured a NW
without contacts and NW with contacts deposited. There was a visible distortion of the
Bragg peak of NW with contacts due to the strain caused by contacts. Moreover, we
performed measurements of the whole series of applied voltage in negative polarity to the
tip of the NW and investigated Bragg peak evolution as a function of applied voltage till
electric breakdown of the NW.

The next step is a detailed investigation of the 3D reciprocal intensity distributions,
such as determining the global shift of the peaks in reciprocal space. That will give the
information of the lattice parameter changes occurring under applied voltage. And the
iterative phase retrieval of the obtained data will provide the 3D information of the strain
field distribution withing illuminated part of the NW.
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Chapter 10

Summary

Understanding and improvement of characterization tools in modern nanotechnology is
a vital part of the progress in the field. Particularly, the x-rays based methods provide
an insights into properties of nano-objects, which are not or hardly achievable by other
means. This Thesis is devoted to the development and application of the CXDI and pty-
chographic methods to imaging of a single semiconductor NWs. Different theoretical
and experimental aspects of 2D XBP and 3D Bragg CXDI were considered and applied
in actual experiments at PETRA III synchrotron radiation source. After introducing the
fundamentals of electromagnetic wave propagation and interaction of x-rays with matter,
the state-of-the-art methods of 3D Bragg CXDI and ptychography were discussed. These
techniques are proposed to serve as an effective and non-destructive tools for revealing
the internal structure of the NWs. In total, four distinct parts comprised this manuscript.

The first one was dedicated to investigation of the wavefield structure of the nanofo-
cused x-ray beam. It was performed by ptychographical measurement in transmission
geometry with the use of resolution chart in the form of Siemens Star (NTT AT XRESO-
50HC). The experiment was conducted at the nanofocusing end-station of the P06 beam-
line at PETRA III synchrotron source. As the result of ptychographical reconstruction,
a high resolution complex-valued function describing the wavefield at the sample plane
was obtained. It was 70±0.3 nm in horizontal and 91.4±1.1 nm in vertical direction at
FWHM. The probe reconstruction revealed a presence of phase singularities (vortices)
near the focal maximum. They appear to be a common feature of the nano beams formed
by a pair of silicon nanofocusing lenses. A near-field propagation of the reconstructed
probe allowed to obtain the 3D information about the wavefield. This knowledge be-
comes an important part of the Bragg CXDI technique, when the size of investigated
object is comparable with the size of the beam.

The second part of this Thesis extended the application of 3D Bragg CXDI to a strain
field mapping in a single InP NW. The sample had a diameter of about 100 nm. It was
chosen as a perfect test object for the technique and it is also relevant to the new devel-
opments in the field of low-cost and efficient solar cell technologies. The assumption of
the plane wave as an incidence probe was substituted by the wavefield, retrieved in chap-
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ter 4. It was shown that the separation of the object and probe is possible in the direct
space after 3D reconstruction. The influence of catalyst particle at the tip on the strain
distribution in InP part of the NW is revealed. A positive gradient of the strain component
along the NW growth was obtained. It had values in the range of ±0.6%. The result is
supported by FEM based simulation of the strain relaxation at the interface between Au
catalyst particle and InP NW.

The third and the largest part of the manuscript is dedicated to development and ap-
plication of 2D XBP technique to studies of single NWs. This approach provides a larger
field of view on the sample and the reliability of reconstruction results improves, due to the
properties of ptychography. First of all, theoretical limitations and approximations needed
for extraction of strain information were discussed. The FEM based simulation is used to
simulate a realistic experiment with core-shell NW. The experimental part of the project
included a non-destructive study of a single InGaN/GaN core-shell NW with 2D XBP
approach. The sample was studied at the nanofocusing end-station of the P06 beamline
at PETRA III synchrotron source. The reconstruction of limited number ptychographical
datasets at different detuning angles with respect to the Bragg condition permitted the con-
struction of a 3D FEM based model of the NW. It has revealed a discrepancy in amount
of dislocation formed at the interface between core and shell along two perpendicular
WZ crystallographic directions. The values of the strain component along [101̄0] direc-
tion are in the range of ±10−3 and was induced by the mismatch between the GaN core
and InGaN shell with In concentration of 30%. The results are in good agreement with
complementary SXDM measurements with lower spatial resolution. Together with SEM
and TEM techniques, coherent x-ray diffraction methods improve our understanding on
the relation between structural and optoelectronic properties of semiconductor core-shell
NWs.

The major trend of last years in the field of characterization of nanostructures is so-
called in operando measurements. The fourth and the last part of the Thesis is dedicated
to the 3D Bragg CXDI experiment performed at P10 microfocusng end-station at PETRA
III. The sample under investigation was a single GaN NW with Au contacts deposited
by electron beam lithography. The 3D reciprocal intensity distributions were recorded
around 101̄0 Bragg peak for a number of voltage biases applied to the NW. Additionally,
a reference measurement was done on a NW without contacts attached. The evolution
of the Bragg peak reveals a complicated tilting and defect formation process in the NW,
which gives an insight into its piezoelectrical properties. This effect dramatically influ-
ences electron-hole pair recombination and may decrease the efficiency of optoelectronic
devices based on GaN NWs.

The results presented within this manuscript are believed to be a driving force for a
further development of CXDI and ptychographic methods at the synchrotron radiation
sources around the world. Beamlines oriented on the applications of ptychography and
CXDI with dedicated equipment appear at most modern x-ray radiation facilities, such as
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PETRA III (Germany), ESRF (France), SPring8 (Japan) and MAX IV (Sweden). Tight
collaboration with nanotechnology community leads to better understanding of size de-
pendent properties of nanostructures. Consequently, a new frontiers in the field of char-
acterization techniques will be encountered in the near future.
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Chapter 11

List of Abbreviations

2D Two-dimensional
3D Three-dimensional
SEM Scanning Electron Microscopy
TEM Transmission Electron Microscopy
CXDI Coherent X-Ray Diffractive Imaging
SPI Single particle Imaging
XBP X-ray Bragg Ptychography
NW Nanowire
FEM Finite Element Method
FEL Free-Electron Laser
SASE Self Amplification of Spontaneous Emission
BW Bandwidth
FFT Fast Fourier Transform
EXAFS Extended X-ray Absorption Fine Structure
XANES X-ray Absorption Near-Edge Structure
FCC Face centered cubic (structure)
HCP Hexagonal close-packed (structure)
CTR Crystal Truncation Rod
KB Kirkpatrick-Baez (mirrors)
FZP Fresnel zone plate
GS Gerchberg and Saxton
ER Error Reduction algorithm
SF Solvent Flipping
HIO Hybrid Input-Output algorithm
PIE Ptychographic Iterative Engine
ePIE Extended Ptychographic Iterative Engine
DM Difference Map
FWHM Full width at half maximum
LSF Line Spread Function
PSD Power Spectrum Density
PRTF Phase Retrieval Transfer Function
FRC Fourier Ring Correlation
FSC Fourier Shell Correlation
NFL Nanofocusing Lens
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VLS Vapor Liquid Solid
MBE Molecular Beam Epitaxy
MOVPE Metalorganic Vapor Phase Epitaxy
MOCVD Metalorganic Chemical Vapor Deposition
ZB Zinc-Blende
WZ Wurtzite
RS Raman Spectroscopy
SXDM Scanning X-ray Diffraction Mapping
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[26] L. Meitner. Über die Entstehung der β-Strahl-Spektren radioaktiver Substanzen. Z

Phys. A-Hadron Nucl., 9(1):131–144, 1922.

[27] P. Auger. Sur les rayons [beta] secondaires prodiuts dans un gaz par des rayons x.
Gauthier-Villars, 1925.

[28] W. Bambynek, B. Crasemann, R. W. Fink, H.-U. Freund, H. Mark, C. D. Swift,
R. E. Price, and P. V. Rao. X-ray fluorescence yields, Auger, and Coster-Kronig
transition probabilities. Rev. Mod. Phys., 44(4):716, 1972.

[29] M. O. Krause. Atomic radiative and radiationless yields for K and L shells. J.

Phys. Chem. Ref. Data, 8(2):307–327, 1979.

[30] D. Attwood. Soft x-rays and extreme ultraviolet radiation: principles and applica-

tions. Cambridge university press, 2007.

[31] G. Gilli. Fundamentals of Crystallography, edited by C. Giacovazzo. Oxford Uni-
versity Press, 2002.

[32] P. Ewald. Contributions to the theory of the interferences of X-rays in crystals. Z.

Phys., 14:465–472, 1913.

[33] W. Friedrich, P. Knipping, and M. Laue. Interferenzerscheinungen bei Röntgen-
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Appendix A

Elements of Fourier theory

Throughout this thesis we use the following definition of the direct and inverse Fourier
transforms in Rn space respectively:

f̂(q) = F [f(r)] =
1

(2π)n/2

∫
Rn
f(r)e−iqrdr (A.1)

f(r) = F−1
[
f̂(q)

]
=

1

(2π)n/2

∫
Rn
f̂(q)eiqrdq, (A.2)

where n is a number of dimensions. Here, we define the real space coordinates with
r = (x, y, z) and reciprocal ones with q = (qx, qy, qz).

A couple of properties of the Fourier transform will be used through this thesis:

1. A property of the conservation of L2 norm, called the Parseval’s theorem∫
|f̂(q)|2dq =

∫
|f(r)|2dr. (A.3)

2. If the function is translated in the real space by ∆r it results in the additional phase
ramp factor

F [f(r + ∆r)] = e−iq∆rF [f(r)]. (A.4)

3. The Fourier transform of a real function and its complex conjugate has the following
property, also called the Friedel’s law

f̂(q) = f̂ ∗(−q). (A.5)

Convolution theorem states that Fourier transform of a convolution of two functions f and
g equals to point-wise multiplication of Fourier transforms of these fictions

F [f ⊗ g] = F [f ] · F [g] (A.6)

148



It is also true other way around

F [f · g] = F [f ]⊗F [g] (A.7)

Expression for convolution of two functions is needed for the following sections

f ⊗ g = F−1 [F [f ] · F [g]] (A.8)

And if the function is real and even, then its auto-correlation is defined as

Cauto = (2π)n/2F−1
[
|F [f ]|2

]
. (A.9)

Since the work in this thesis involve the operations with discrete signals obtained from
2D detectors, the discrete version of the Fourier transform was used. Here is an example
of forward and back discrete Fourier transform for 1D vector of length N , while higher
dimensional transforms can be obtained straightforwardly

f̂n = F [f ] =
1√
N

N−1∑
m

fme
−i2πnm/N , (A.10)

fn = F−1[f̂ ] =
1√
N

N−1∑
m

f̂me
i2πnm/N , (A.11)

A continuous functions and their Fourier transforms can be represented by the discrete
equivalent at a certain sampling rate ∆x for real space and ∆q for reciprocal one. The
relation between two grid samplings is expressed by

∆x∆q =
2π

N
. (A.12)

As a common algorithm the fast Fourier transform [176] is used in all calculations through-
out this thesis.
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