
International Conference on Mathematics and Computational Methods Applied to Nuclear Science and Engineering (M&C 2011) 
Rio de Janeiro, RJ, Brazil, May 8-12, 2011, on CD-ROM, Latin American Section (LAS) / American Nuclear Society (ANS) 
ISBN 978-85-63688-00-2 

2011 International Conference on Mathematics and Computational Methods Applied to  
Nuclear Science and Engineering (M&C 2011), Rio de Janeiro, RJ, Brazil, 2011 

1/12 

 

ONE-RUN MONTE CARLO CALCULATION OF EFFECTIVE DELAYED 
NEUTRON FRACTION AND AREA-RATIO REACTIVITY 

 
Zhaopeng Zhong, Alberto Talamo, and Yousry Gohar 

Nuclear Engineering Division 
Argonne National Laboratory 

9700 South Cass Avenue, Argonne, IL  60439, USA 
zzhong@anl.gov, alby@anl.gov, gohar@anl.gov 

 
 

ABSTRACT 
 

The Monte Carlo code MCNPX has been utilized to calculate the effective delayed neutron 
fraction and reactivity by using the area-ratio method.  The effective delayed neutron fraction �eff 

has been calculated with the fission probability method proposed by Meulekamp and van der 
Marck.  MCNPX was used to calculate separately the fission probability of the delayed and the 
prompt neutrons by using the TALLYX user subroutine of MCNPX.  In this way, �eff was obtained 
from the one criticality (k-code) calculation without performing an adjoint calculation.  The 
traditional k-ratio method requires two criticality calculations to calculate �eff, while this approach 
utilizes only one MCNPX criticality calculation.  Therefore, the approach described here is 
referred to as a one-run method.  
 
In subcritical systems driven by a pulsed neutron source, the area-ratio method is used to calculate 
reactivity (in dollar units) as the ratio between the prompt and delayed areas.  These areas 
represent the integral of the reaction rates induced from the prompt and delayed neutrons during 
the pulse period.  Traditionally, application of the area-ratio method requires two separate fixed-
source MCNPX simulations: one with delayed neutrons and the other without.  The number of 
source particles in these two simulations must be extremely high in order to obtain accurate results 
with low statistical errors because the values of the total and prompt areas are very close.  
Consequently, this approach is time consuming and suffers from the statistical errors of the two 
simulations.  The present paper introduces a more efficient method for estimating the reactivity 
calculated with the area method by taking advantage of the TALLYX user subroutine of MCNPX.  
This subroutine has been developed for separately scoring the reaction rates caused by the delayed 
and the prompt neutrons during a single simulation.  Therefore the method is referred to as a one-
run calculation.  These methodologies have been utilized for several published benchmark cases, 
and a comparison of the results shows good agreement. 

 
Key Words: delayed neutron fraction, MCNPX, TALLYX. 

 
 

1. INTRODUCTION 
 
The effective delayed neutron fraction �eff plays an important role in reactor kinetics. Usually, it 
is obtained by computer simulation due to the difficulty in measuring it experimentally. A 
method for the calculation of �eff , widely used in the literature, was proposed by Keepin in 1965 
[1]. This method requires calculation of the adjoint neutron flux as a weighting function of the 
inner products involved in calculating �eff and is easily obtainable by deterministic codes [2, 3]. 
For Monte Carlo codes, solution of the adjoint equation is much more difficult because of the 
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continuous-energy treatment of nuclear data.  Consequently, some alternative methods, which do 
not require explicit calculation of the adjoint neutron flux, have been proposed.  
 
The method proposed by Bretscher (also referred to as the k-ratio method) [4] evaluates the 
effective delayed neutron fraction as the ratio between the delayed and total multiplication 
factors. Introduction of the delayed neutrons spectrum into the MCNP code was started from 
version 4C in 2000 [5] which allowed �eff estimation according to Bretscher’s approach. Earlier 
versions of MCNP used the prompt neutron spectrum for delayed neutrons, so that the k-ratio 
method estimated the average delayed neutron fraction rather than the effective value [6]. The 
current version of MCNP first decides whether a neutron is delayed on the basis of delayed 
neutron yield for each isotope and the incident neutron energy, and it then subsequently samples 
the fission neutron energy from the appropriate spectrum (which can be either delayed or 
prompt).  Under the assumption that the prompt neutron flux is equal to the total neutron flux [7], 
the delayed neutron multiplication factor is obtained as the difference between the total and the 
prompt multiplication factors. The k-ratio method is easy to apply by Monte Carlo nuclear codes, 
e.g., MCNP/MCNPX [8, 9], because those codes allow suppression of the delayed neutrons and 
therefore calculation of the prompt multiplication factor is straightforward. However, this 
approach requires two criticality (eigenvalue) calculations in order to calculate �eff and is thus 
time consuming and may introduce relatively large statistical errors. 
 
The new method proposed by Meulekamp and van der Marck in 2005 [10] requires only one 
Monte Carlo criticality calculation instead of the two in the (k-ratio) Bretscher approach.  In this 
new method, fission probabilities caused by prompt and delayed neutrons are separately tallied 
through one MCNP criticality (k-code) calculation [9]. In order to estimate the effective delayed 
neutron fraction, the work presented in the first part of this paper implements the Meulekamp 
and van der Marck method into the MCNPX computer code.  Minor modifications have been 
introduced into the MCNPX source code to obtain the �eff in standard criticality (k-code) 
calculation.  The new method developed in the present study has been tested by various 
benchmark problems. 
 
In subcritical systems driven by pulsed neutron sources, reactivity can be calculated (or 
measured) by integrating over the pulse period the reaction rates scored by the neutron detector. 
More precisely, the area-ratio method [11] infers the reactivity (in dollar units) as the ratio 
between the prompt and the delayed areas. These areas represent the integrals over the pulse 
period of the reaction rates induced by prompt and delayed neutron reactions. Usually, 
application of the area-ratio method requires two separate simulations (both in the fixed-source 
mode): one with delayed neutrons (which gives the total area) and the other without (which gives 
the prompt area). Within this approach, the delayed area is obtained as the difference between 
the total and prompt areas. The number of source particles in these two fixed-source simulations 
must be extremely high in order to produce accurate results because the values of the total and 
prompt areas are very close. Consequently, this approach is very time consuming. This paper 
introduces a new method that separately tallies the reaction rates induced by prompt and delayed 
neutrons in the same MCNPX fixed-source calculation (this method is referred to as a one-run 
calculation).  In this method, all reactions occurring in the neutron detector and coming from 
delayed neutrons are scored into the delayed area (including reactions caused by prompt neutrons 
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born from delayed neutrons). This new approach allows the MCNPX code to calculate the 
delayed reaction rate in a straightforward and more rigorous way. 
 
 

2. EFFECTIVE DELAYED NEUTRON FRACTION 
 
The conventional methods of calculating the effective delayed neutron fraction �eff within the 
theoretical framework proposed by Keepin [1] rely on the use of adjoint neutron flux as a weight 
function of the inner products at the numerator and denominator of Eq. 1.  The adjoint neutron 
flux is calculated by solving the adjoint neutron transport equation. In a critical system, the 
adjoint neutron flux at a point in the phase space (space, energy, and angle) is proportional to the 
expected steady-state neutron population resulting from a hypothetical neutron introduced at that 
point in phase space. Use of the adjoint flux for calculating �eff is widely employed by 
deterministic codes.  However, estimating the adjoint neutron flux in continuous-energy Monte 
Carlo calculations is difficult; therefore, alternative methods for calculating �eff have been 
developed. 
 
The k-ratio method was introduced by Bretscher at Argonne National Laboratory in 1997 [4].  In 
this method, the definition of �eff  follows Eq. 1 [6,10]: 
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where ),,( ΩEr�ϕ  is the angular neutron flux, )',',( ΩEr�ψ  is the angular adjoint neutron flux, νd 
represents the delayed fission neutrons yield, ν represents the total fission neutrons yield, χ is the 
energy spectrum of fissions induced by all neutrons (both prompt and delayed neutrons), χd is the 
energy spectrum of fissions induced by delayed neutrons, and Σf is the macroscopic fission cross 
section.  The numerator of Eq. 1 can be understood as effective delayed neutron production rate, 
while the denominator can be understood as effective total neutron production rate.   The 
expression of Eq. 1 can be simplified as follows, making use of the fact that the integrals are 
linear [10]: 
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where dν = ν - pν . The approximation on the right-hand side of Eq. 2 is based on the following 

arguments: (a) the term dd νχχ )( −  is at least two orders of magnitude smaller than that 
with pχν , because dν  is two orders of magnitude smaller than pν ; and (b) similarly, the shape of 
χ  is almost equal to that of pχ  [9] . The k-ratio method is expressed by Eq. 3: 
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As shown in Eq. 3, the effective delayed neutron fraction is evaluated by the ratio between the 
delayed and the total multiplication factors. The k-ratio method is easy to apply by Monte Carlo 
nuclear codes, e.g., MCNP or MCNPX, because those codes allow suppression of the delayed 
neutrons and thus straightforward calculation of the prompt multiplication factor.  However, 
there is some disadvantage in the k-ratio method besides that of the methodology approximation. 
More precisely, the k-ratio method requires two MCNP/MCNPX criticality  
(k-code) calculations, both of which are time consuming because the statistical error on the total 
and prompt multiplication factors must be very small (the total and prompt multiplication factors 
have very close values). 
 
A new approach for calculating �eff by MCNP was introduced by Meulekamp and van der Marck 
in 2005 [9]. In the current MCNP or MCNPX versions, delayed neutrons are emitted with 
energies that are sampled from the delayed neutron spectrum (if available on the nuclear data 
library  utilized). Therefore, the delayed neutron production and the delayed neutron spectrum of 
Eq. 1 are already accounted correctly by MCNP/MCNPX. The only missing parameter for the 
�eff calculation is the adjoint neutron flux, which can be provided by counting the number of 
fissions generated per history. The average number of fissions generated by delayed neutrons 
divided by the average number of fissions generated by all neutrons is �eff  as defined in Eq. 1 [9]. 
 
The previous calculation scheme has some problems because in critical systems, each neutron 
history involves a very large number of fissions: many neutron histories are indefinitely sampled. 
This is why in many Monte Carlo codes, including MCNP/MCNPX, there is a specific keff mode 
in which the concept of a neutron history is changed. In the “k-code” mode of MCNP, neutron 
history is defined between the neutron birth and the neutron removal from the system; the latter 
events include the fission reaction. Other Monte Carlo codes, e.g., MONK, include multiple 
fissions within a neutron history (in this case, the neutron history is referred to as super-history) 
[11]. A major advantage of the MCNP history definition is that histories will terminate within a 
reasonable time [10]. In principle, the Meulenkamp and van der Marck method discussed above 
for �eff calculations can be implemented for the k-code mode.  However, this would introduce 
major changes because for the fission count, both the super-history and k-code history definitions 
should be used. The drawback of the k-code history definition in the �eff calculation is that the 
neutron history terminates at the next fission event. Therefore, the number of induced fissions 
includes only one generation and the iterated (over multiple fission events) fission probability is 
not counted. In the MCNP k-code definition of neutron history, only the next fission probability  
(from the current generation) is calculated. This is no longer exactly proportional to the adjoint 
function [10]. However, approximation of the Meulenkamp and van der Marck method is still 
useful because it saves computational resources (since it requires only one MCNPX run) and 
decreases the statistical error relative to the k-ratio method. For �eff calculation by the 
Meulenkamp and van der Marck method, the TALLYX user subroutine of MCNPX has been 
modified and invoked to simultaneously score delayed and prompt fissions. The accuracy of this 
method has been tested on several benchmark problems. 
 
First, the well-known Los Alamos critical assemblies GODIVA and JEZEBEL [12] were 
considered. Both critical cores are unmoderated and unreflected. GODIVA is a bare sphere of 
uranium with highly enriched (94%) 235U, and JEZEBEL is a bare sphere of metal plutonium 
with highly enriched (95%) 239Pu. Both the Meulenkamp and van der Marck (fission probability) 
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and k-ratio methods have been tested with the use of various nuclear data libraries. The results 
obtained by the two different computational methods (which are summarized in Table I ) show 
excellent agreement.  In addition, differences between the calculated and experimental values are 
small; therefore, the one-run method estimates the �eff  with satisfactory accuracy. Values of �eff 

from the k-ratio method are slightly higher than those from the one-run method: this behavior is 
observed for almost all the examined benchmarks [12].    
 

Table I.  Effective delayed neutron fraction calculated by MCNPX  
and experimental value for GODIVA and JEZEBEL critical cores 

����eff 
Cases keff keff-prompt 

Experimental One-Run k-Ratio 

ENDF/B-
VI.6 

0.99648 
(

�
0.00001) 

0.98997 
(

�
0.00001) 

0.00645  

(
�

0.00001) 

0.00653  

(
�

0.00002) 

ENDF/B-
VII.0 

0.99991 
(

�
0.00001) 

0.99341 
(

�
0.00001) 

0.00643  

(
�

0.00001) 

0.00650  

(
�

0.00002) 
GODIVA 

JEFF-3.1 0.99637 
(

�
0.00001) 

0.98993 
(

�
0.00001) 

0.00659  

(
�

0.00010) 

0.00639  

(
�

0.00001) 

0.00646  

(
�

0.00002) 

ENDF/B-
VI.6 

0.99565 

(
�

0.00001) 
0.99378 

(
�

0.00001) 
0.00184  

(
�

0.00001) 

0.00188  

(
�

0.00002) 

ENDF/B-
VII.0 

0.99823 
(

�
0.00001) 

0.99639 
(

�
0.00001) 

0.00183  

(
�

0.00001) 

0.00184  

(
�

0.00002) 
JEZEBEL 

JEFF-3.1 0.99844 
(

�
0.00001) 

0.99654 
(

�
0.00001) 

0.00194  

(
�

0.00010) 

0.00188  

(
�

0.00001) 

0.00190  

(
�

0.00002) 

 
The �eff calculation has also been tested on the YALINA Thermal subcritical assembly of 
Belarus for configurations loaded with 216, 245, and 280 fuel rods.  The one-run and k-ratio 
methods, when used with the same nuclear data library, give very similar results (see Table II). 
The computational resource needed for the one-run method is only about half that needed for the 
k-ratio method because the latter requires two MCNPX runs. 
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Table II.  Effective delayed neutron fraction calculated by MCNPX  

using different data libraries for YALINA Thermal subcritical assembly 
�eff Data Library Number of 

Fuel Rods keff keff-prompt 
One-Run k-Ratio 

216 
0.87430 

(± 0.00002) 
0.86735 

(± 0.00002) 
0.00786  

(± 0.00001) 
0.00795  

(± 0.00003) 

245 
0.91582  

(± 0.00002) 
0.90868 

(± 0.00002) 
0.00776  

(± 0.00001) 
0.00780  

(± 0.00003) 
ENDF/B-VI.6 

280 
0.95347 

(± 0.00002) 
0.94611 

(± 0.00002) 
0.00768  

(± 0.00001) 
0.00772  

(± 0.00003) 

216 
0.87449 

(± 0.00002) 
0.86788 

(± 0.00002) 
0.00748  

(± 0.00001) 
0.00756  

(± 0.00003) 

245 
0.91604 

(± 0.00002) 
0.90927 

(± 0.00002) 
0.00739  

(± 0.00001) 
0.00739  

(± 0.00003) 
ENDF/B-VII.0 

280 
0.95371 

(± 0.00002) 
0.94668 

(± 0.00002) 
0.00732  

(± 0.00001) 
0.00737  

(± 0.00003) 
 
  For the results shown in Table I and table II, The keff , keff-prompt  are the direct results of standard 
MCNPX k-code calculations (keff-prompt  is calculated by including only the prompt fissions) The 
keff  and keff-prompt are calculated through 250 cycles with 8000000 source history per cycle.  The 
deviations of  keff , keff-prompt  and  �eff  from one-run are the statistical error of MCNPX,  while the 
deviation of �eff  from k-ratio is calculated based on the statistical error of keff , keff-prompt  .  Al the 
deviations are absolute values. 
 
 

3. AREA-RATIO REACTIVITY  
 
For subcritical systems driven by a pulsed neutron source, reactivity can be inferred by the area 
method [13]. The area method expresses the reactivity (in dollar units) as the ratio between the 
prompt Ap and delayed Ad areas (Eq. 4). These areas represent the integral over the pulse period 
of the prompt and delayed reaction rate scored by the neutron detector, as illustrated in Figure 1.  
 
The multiplication factor of the system is given by 
 

               
eff

d

p

A

A
βρ ×−=                                                                                                                          (4) 

       

1
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eff
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eff
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A
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                                                                                                                 (5) 
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Figure 1.  Cumulative detector counts for repeated pulse injection 

 
In Monte Carlo simulations, the prompt and delayed areas can be calculated by static or kinetic 
methods [6]; both methods require fixed-source calculations. In the present study, only the static 
method is investigated. Usually, static calculation of the multiplication factor by Eq. 4 and Eq. 5 
requires two separate simulations: one with delayed neutrons (giving the total area) and one 
without delayed neutrons (giving the prompt area). The delayed area is obtained as the difference 
between the total and prompt area because in the standard MCNP/MCNPX tally, the reaction 
rate induced by delayed neutrons cannot be directly calculated. This approach  is time consuming 
because two separate simulations are required and also because the total and prompt areas have 
very close values.  
 
In MCNPX fixed-source calculations, the entire neutron history is tracked starting from the 
external neutron source emission, in this case the neutron history includes multiple (delayed or 
prompt) fission events (while in MCNPX k-code calculations, the neutron history includes only 
one neutron generation, as discussed in Section 2). Consequently, it is possible to separate the 
prompt and delayed neutron reactions in one MCNPX calculation. The TALLYX routine of the 
MCNPX code has been modified to calculate the delayed reaction rate. This method, referred to 
as one-run, has been verified with the YALINA Thermal subcritical assembly.  Three 
configurations with different subcriticality levels, loaded with 216, 245, and 280 fuel rods, have 
been investigated, as shown in Fig. 2.  The 3He(n,p) rate in the EC2 experimental channel is 
tallied for each configuration, utilizing both one-run and two-runs methods. Table III 
summarizes the multiplication factor obtained from criticality (keff) and source (k-area, Eq.5) 
calculations for different nuclear data libraries and configurations. The �eff  calculated by k-ratio 
method are also listed because it is needed by area method for reactivity prediction. The k-area 
values have a space dependent components, which can be removed by using the Bell and 
Glasstone correction spatial factor [6].  Therefore k-area and keff cannot be compared directly 
without removing the space component from k-area values. 
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Table III.  Comparison of prompt and delayed 3He(n,p) rates in EC2 experimental channel 

of YALINA Thermal subcritical assembly using one-run and two-run methods 
 

Nuclear 
Data 

Library 

Number 
of Fuel 
Rods 

keff �eff Method At Ap Ad k-area 

one-run 
7.13319E+0 

(± 0.05%) 

4.16845E-1 

(± 0.18%) 

0.88025 

(± 0.00371) 
216 

0.87430 

(± 0.00002) 

0.00795  

(± 0.00003) 
two-run 

7.55004E+0 

(± 0.05%) 7.16563E+0 

(± 0.05%) 

3.84410E-1 

(± 1.35%) 

0.87093 

(± 0.01225) 

one-run 9.50672E+0 
(± 0.04%) 

8.20560E-1 
(± 0.14%) 

0.91712 

(± 0.00376) 
245 

0.91582  

(± 0.00002) 

0.00780  

(± 0.00003) 
two-run 

1.03273E+1 

(± 0.04%) 
9.55871E+0 
(± 0.04%) 

7.68590E-1 

(± 0.73%) 

0.91157 

(± 0.00754) 

one-run 
1.52047E+1 

(± 0.04%) 

2.46263E+0 

(± 0.11%) 

0.95450 

(± 0.00387) 

ENDF/B-
VI.6 

280 
0.95347 

(± 0.00002) 

0.00772  

(± 0.00003) 
two-run 

1.76673E+1 

(± 0.04%) 1.53231E+1 

(± 0.04%) 

2.34420E+0 

(± 0.42%) 

0.95196 

(± 0.00532) 

one-run 
7.15346E+0 

(± 0.05%) 

4.00640E-1 

(± 0.19%) 

0.88107 

(± 0.00390) 
216 

0.87449 

(± 0.00002) 

0.00756  

(± 0.00003) 
two-run 

7.55410E+0 

(± 0.05%) 7.18984E+0 

(± 0.05%) 

3.64260E-1 

(± 1.43%) 

0.87015 

(± 0.01293) 

one-run 
9.55382E+0 

(± 0.04%) 

7.90205E-1 

(± 0.15%) 

0.91778 

(± 0.00398) 
245 

0.91604 

(± 0.00002) 

0.00741  

(± 0.00003) 
two-run 

1.03440E+1 

(± 0.04%) 9.60918E+0 

(± 0.04%) 

7.34820E-1 

(± 0.77%) 

0.91166 

(± 0.00793) 

one-run 
1.53552E+1 

   (± 0.04%) 

2.37998E+0 

(± 0.11%) 

0.95461 

(± 0.00404) 

ENDF/B-
VII.0 

280 
0.95371 

(± 0.00002) 

0.00737  

(± 0.00003) 
two-run 

1.77352E+1 

(± 0.04%) 1.54722E+1 

(± 0.04%) 

2.26300E+0 

(± 0.42%) 

0.95203 

(± 0.00556) 
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Table III shows that the statistical error of the delayed area (reaction rate) calculated by the one-
run method is much smaller than that of the two-run method. The same remark applies to the k-
area criticality multiplication factor and is of paramount importance for the YALINA Thermal 
core loaded with 216 fuel rods, because in that configuration the total and prompt neutron areas 
are very close (due to the lower reactivity) and the two-run method introduces a large statistical 
error in calculating the delayed neutron area. 
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Figure 2. Horizontal section of YALINA Thermal subcritical assembly loaded with 
216 (left plot), 245 (central plot), and 280 (right plot) fuel rods. 
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4. CONCLUSIONS 
 
The MCNPX computer code has been modified to calculate the effective delayed neutron 
fraction, without explicitly performing the adjoint calculation, by separately counting the fissions 
induced by prompt and delayed neutrons in one criticality calculation. Compared with the k-ratio 
method, the one-run method requires only half the computation time and reduces the statistical 
error.  The one-run method has been successfully tested with the results from GODIVA and 
JEZEBEL critical experiments and from the YALINA Thermal subcritical assembly. 
 
For subcritical systems driven by pulsed neutron sources, the neutron multiplication factor 
obtained from the area method can be calculated in one MCNPX run (in fixed-source mode).  
The statistical errors of the delayed area (reaction rate) and neutron multiplication factor are 
significantly reduced relative to those from the two-run method. 
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