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ABSTRACT

We describe changes to the Implicit Monte Carlo (IMC) algorithm to include the effects
of material motion. These changes assume that the problem can be embedded in a global
Lorentz frame. We also assume that the material in each zone can be characterized by a
single velocity. With this approximation, we show how to make IMC Lorentz invariant, so
that the material motion corrections are correct to all orders of v/c. We develop thermal
emission and face sources in moving material and discuss the coupling of IMC to the non-
relativistic hydrodynamics equations via operator splitting. We discuss the effect of this
coupling on the value of the ”Fleck factor” in IMC.
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1. Introduction

A considerable amount of effort has gone into modifying the transport equation to account for
the effects of material motion[1], [2], [3]. Efforts have been made to model the effects both
exactly and approximately to first order in v

c . Here, v is the fluid velocity, and c is the speed of
light.

In this work, we will describe our efforts at modifying the Implicit Monte Carlo (IMC) method
[4] of radiation transport to account for material motion. These modifications are intended
be correct to all orders of v

c . That is, the modifications will account for the effects of special
relativity.

We have decided to eschew approximations good only to first order in v
c for several reasons.

One is that we would like to have a simulation code without these approximations to compare
to other codes which use these approximations. This would allow us to assess the accuracy of
various v

c approximations now in use. A second is that v
c approximations often make use of the

derivative of the opacity with respect to temperature. This derivative arises from doing Taylor
series expansions of Doppler-shifted emission and absorption terms. For tabular opacities, this
quantity is often difficult to compute accurately for numerical reasons. Because the Monte Carlo
method can do Doppler shifts without approximation on particles in the simulation, we can avoid
the effects of these inaccuracies.

We will start by assuming the existence of a global Lorentz frame containing our simulation.
We will refer to this frame as the lab frame. In practice, this assumption simply means that
we are not attempting to account for the effects of General Relativity. This is because, in the
absence of gravitational curvature, the Riemann curvature tensor has all components equal to
zero, which implies that space-time can be described by a global Lorentz coordinate system [5].
This does not restrict us from simulating problems with Newtonian gravity, which is modeled as
a force. In this work, quantities measured in the lab frame will have a subscript L. For example,
the x position in the lab frame will be denoted xL.

It is easy to represent particle paths and fluid motion in the coordinates of a global Lorentz
frame. For example, the position of a photon will satisfy [6]

~xL = ~xL(0) + cΩ̂LtL. (1)

Here ~xL is the position 3-vector of the photon, Ω̂L the direction cosines, and tL the time. tL
and ~xL form a 4-vector xa. The coordinates of xa in the Lab frame are (tL, ~xL). Similarly, we
can write

~xL = ~xL(0) + ~v(xL, tL)tL (2)

for a particle of fluid. Eq.(2) states that the 3-velocity of the fluid, measured in the lab frame,
is the derivative of the lab frame position with respect to lab frame time [6].

The second assumption we will make in this paper is that each zone in the simulation can be
described by a single velocity. That is, we are assuming that we can regard the velocity as con-
stant in each zone. This second approximation is more restrictive and is made for computational
convenience. It allows us to use one set of Doppler shift formulas for each particle path in the
zone. (The Doppler shift for different particles will be different, because each will depend on
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the angle of the particles path with respect to the fluid velocity.) This means that, although our
calculations will be correct to all orders of v

c , we will be making errors of order dv
dx

∆x
c . Since we

are assuming that the velocity is constant in the zone, we can define a local Lorentz coordinate
system that applies throughout the zone. We will call this frame the fluid frame. Fluid frame
quantities are identified in this work by subscript F . For example, the fluid frame coordinates
are xF .

The transformation between 4-vector components in the fluid frame and the lab frame is a
Lorentz transformation [5]:

Λab =
∂xaL
∂xbF

(3)

which has the specific components

Λij = δij + vivj
γ − 1

v2

Λ0
j = γ

vj
c

(4)

Here, δij is the Kronecker delta and gamma is the Lorentz factor

γ ≡ 1

(1− β2)
1
2

, (5)

where β is defined as

β ≡ v

c
. (6)

The Lorentz transformation is used to obtain lab frame quantities from fluid frame quantities,
and vice-versa. For example, the standard formulas for Doppler shifts can be obtained by
applying the Lorentz transformation to the photon 4-momentum pa = (hν, hνΩ̂)T [1].

Eq.(1) implies that the streaming operator in the transport equation takes on its familiar, zero
velocity, form in the lab frame [1], [3]. This means that tracking lab frame particle positions in
the Monte Carlo algorithm is straightforward.

Tracking is also made easier in the lab frame because that frame is where we have node positions
and other geometry information in most hydrodynamics codes. Most codes advance quantities
from one time step to the next, which means that they provide geometry information for all
zones at a single value of the time coordinate. Unless great care is taken to calculate metric
coefficients and introduce them into the hydrodynamics equations (see, e.g. [7], [8]), this time
coordinate will be that of the lab frame. That is, the time in most hydro codes is that of a clock
which is motionless in the lab frame. Most Lagrangean hydro codes update node positions via
Eq.(2), which means that the volumes, etc. remain lab frame quantities even when fluid motion
is present.

Another reason for tracking in the lab frame is that the lab frame frequency of the photon is
constant along the photon path, while the fluid frame frequency changes as the fluid velocity,
and the photon’s angle with respect to the fluid velocity, changes.

While the streaming operator is easy to simulate in the lab frame, the source terms in the
transport equation become complicated by the need to account for material motion [1], [2],
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[3]. The equation of state relates the temperature to the fluid frame energy density. The
opacity is angle-independent only in the fluid frame. The material and radiation temperatures
at equilibrium are equal only in the fluid frame. This means that the source terms in the
lab frame have to be calculated from the fluid frame source terms by a careful examination
of physical invariants. A convenient list of the relationship between the lab and fluid frame
expressions for various terms in the transport equation is provided in chapter 6 of [1].

As a specific example, thermal emission in the fluid frame is represented by the Planck function,
B(νF , T ) in frequency and is independent of angle. When this expression is Lorentz transformed,
the result is [1]

1

[γDL(ΩL)]3
B(νF (νL), T ). (7)

Here DL is an angle-dependent factor given by

DL ≡ 1− Ω̂L · ~v
c

. (8)

In Eq.(7), νF is to be regarded as a function of the lab frame frequency νL and angle ΩL. The
factor of DL introduces angular dependence to thermal emission in the lab frame. We will
discuss how to sample particle emission from Eq.(7) in the next section.

Similarly, the lab frame absorption opacity transforms as [1]:

σa,L = γDLσa,F . (9)

Using Eqs.(7) and (9), we can write the transport equation in the lab frame as

1

c

∂IL
∂t

+ Ω̂L · ∇IL = −σa,LIL + σa,L
B[νF , T ]

[γDL(ΩL)]3
. (10)

In Eq.(10), radiation quantities such as the intensity IL are defined in the lab frame. When
we represent I in a Monte Carlo simulation, we will use lab frame angles to define the particle
trajectories, and carry lab frame energy and frequency with the particle.

The use of lab frame opacities in solving Eq.(10) requires a change in Monte Carlo simulations.
Because the lab frame opacity is a function of angle, we need to calculate a new value of σa,L for
each photon path. To calculate σa,L from Eq.(9), we need to calculate the fluid frame opacity
from the lab frame angle and frequency of the photon. We do this by Doppler-shifting the
photon frequency to the fluid frame, calculating or doing a table look-up to obtain σa,F (νF , T ),
and then using Eq. (9) to calculate σa,L.

The radiation energy density calculated from IL will be a lab frame quantity. We will calculate
radiation temperature in the fluid frame, however, because it is only in that frame that it can
be compared meaningfully to the material temperature.

In this paper, material thermodynamic quantities like the material specific energy ε and matter
temperature T will always be fluid frame quantities, since that is the frame in which they can be
calculated by the material equation of state. Since we will only consider the fluid frame values,
material thermodynamic quantities will be represented without the subscript F . The Planck
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opacity σP is also useful only in the fluid frame, and will not carry a subscript. Absorption and
scattering opacities must be calculated in the fluid frame. Since they will be used in the lab
frame for photon interactions, we will need to keep lab frame values of absorption and scattering
opacities also. The frames for absorption and scattering opacities will always be indicated by
the F and L subscripts.

The next section will describe how to modify photon sources to account for material motion. In
particular, thermal volume and face sources will be described in detail. The subsequent section
will describe how to use the modified IMC algorithm with a non-relativistic hydrodynamics code
via operator splitting. Following that is a section describing the changes to the ”Fleck factor”
in IMC which are caused by the operator splitting with the hydrodynamics. In the final section,
we will present results of some simulations performed with the modified IMC.
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2. Thermal emission in the lab frame

If we have a set of photons with known frequency and direction in the fluid frame, we can obtain
the lab frame values of frequency and direction by applying the Lorentz transformation, Eq.(3),
to the photon 4-momentum. This results in the well-known expressions for Doppler-shifted
frequency and direction [1]:

νL = γDF νF (11)

and

Ω̂L =
1

γDF

[
Ω̂F +

γ

γ + 1
(γDF + 1)

~v

c
.

]
(12)

Here, DF , a function of fluid frame angle, is defined by

DF ≡ 1 +
Ω̂F · ~v
c

. (13)

Transformations from the lab frame to the fluid frame can be obtained by permuting L and
F subscripts and changing the sign of the velocity in any expression derived from a Lorentz
transformation [5], [6]. For example, the inverse of Eq.(11) is

νF = γDLνL (14)

If we can sample IMC source particles from a source in the fluid frame, we can obtain source
particles in the lab frame by Doppler-shifting the frequency and direction, using Eqs.(11) and
(12).

There is one additional complication in applying the Doppler shift to the particles in an IMC
simulation. This complication arises from the fact that each IMC particle represents more than
one real photon. A photon with frequency ν has an energy hν. An IMC particle has a different
energy, which we will refer to as its weight W . The weight is the amount of energy that the IMC
particle would impart to a zone if it was completely absorbed by the zone. Each IMC particle
represents W

hν real photons. Since the number of photons in a given angular and frequency range
is a Lorentz invariant, the weight of the IMC photon must be transformed in the same way as
the frequency:

WL =
νL
νF
WF (15)

Although we can simulate thermal emission in the Lab frame by Doppler-shifting particles
sampled in the fluid frame, there are two reasons we wish to sample emission in the lab frame
directly. The first is that quantities like zone volumes and boundaries, and the time step, are
known in the lab frame. The second is that the adjustment of the particle weight via Eq.(15)
means that we will have an ensemble of particles (which represent photons) with different total
energy. Particles emitted in the direction of motion of the fluid will have larger total energy
(where total energy means weight rather than hν) than those emitted in the opposite direction.
Monte Carlo simulations are more efficient if the weight of the particles in the simulation is equal
[9]. So we would like to derive an algorithm for sampling equal weight particles from thermal
emission.
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We will begin by calculating the total energy of thermally emitted photons in the lab frame.
This quantity is most easily calculated by doing a Lorentz transformation of the 4-momentum
emitted in the fluid frame.

Let jF (νF , Ω̂F ) ≡ σa,F (νF )B(νF , T ) be the thermal emission in the fluid frame. Defining the
normalized Planckian

b(ν, T ) ≡ B(ν, T )∫
Bdν

, (16)

and noting that ∫ ∞
0

B(ν, T )dν = caT 4 (17)

and that

σP ≡
∫∞
0 σa,FBdν∫

Bdν
, (18)

we can write

jF = caT 4σP b(νF , T ). (19)

Both the fluid frame opacity and the normalized Planck function b are functions of frequency
but not angle. In the fluid frame, the total energy emitted by a volume dVF in the time dtF is

Ee,F = dVFdtF

∫ ∞
0

dν

∫
4π
dΩjF (ν)

= dVFdtF

∫ ∞
0

dν

∫
4π
dνdΩσFB

= acσPT
4dVFdtF . (20)

The momentum emitted in the fluid frame, M̂e,F , is zero, since in that frame the emission is
isotropic. So the 4-momentum emitted has the fluid frame components (acσPT

4dVFdtF , 0). The
lab frame components of the 4-momentum are obtained by doing a Lorentz transformation on
this 4-vector. The first component in the lab frame is the total energy emitted in that frame.
This component has the value

Ee,L = γ(Ee,F + ~v/c · ~Me,F )

= γEe,F

= γacσPT
4dVFdtF . (21)

Since dV dt is an invariant [1], we can replace the product dVFdtF with dVLdtL. This yields

Ee,L = γacσPT
4dVLdtL. (22)

So the total energy emitted in a zone by a moving material is a factor of γ larger than the
emitted energy of a stationary material.

Next, we will determine an expression for jL, the lab frame emission. The number of photons
emitted in a differential volume in phase space, j

hν , is an invariant, so we can write

jF
hνF

dνFdΩFdVFdtF =
jL
hνL

dνLdΩLdVLdtL. (23)
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As already mentioned, dVLdtL = dVFdtF . Also, dνLdΩL = νF
νL
dνFdΩF [1]. Combining these

equations gives us an expression for the differential value of energy in the lab frame in terms of
the fluid frame frequency and angle:

dEL ≡ jLdνLdΩLdVLdtL = jF
νL
νF
dνFdΩFdVLdtL. (24)

Using Eqs.(11) and (19) yields

dEL = γcaσPT
4b(νF , T )dνFDFdΩFdVLdtL. (25)

Comparing this to Eq.(22), we see that b(νF , T ) is a normalized probability distribution function
(PDF) for fluid frame frequency νF and DF is a PDF for the fluid frame angles Ω̂F . In this
expression, we regard the fluid frame variables as functions of the lab frame variables. So we
can sample fluid frame values for νF and Ω̂F from the PDFs and then use the Doppler shift
formulas Eq.(11) and (12) to get the lab frame values νL and Ω̂L.

As an illustration, say we wish to sample N equal weight IMC particles, representing thermal
emission, in a zone using Eq.(25). Each particle will have a lab frame weight (total energy)
of γcaσPT

4dVLdtL/N . Since we are assuming that the velocity is constant in the zone during
the time step, Eq.(25) holds throughout the zone. This means that we can choose the position
randomly in the zone volume VL and the time randomly in [tL, tL+dtL]. Ω̂F will be sampled from
the PDF DF . Finally, νF will be sampled from the normalized Planckian b, as it is for stationary
fluids [4], and νL then determined from Eq.(11). Note that, in Eq.(11), νL is a function of both
νF and Ω̂F , so the angle must be chosen first.

Radiation hydrodynamics simulations often need thermal sources originating on a problem
boundary. When material motion is neglected, these sources represent a stationary black body
existing beyond the simulation boundary, radiating photons into the simulation through the
boundary. We will regard the simulation boundary (i.e., the boundary faces of the mesh) as
stationary during the time step in the lab frame, and calculate the PDF for photons generated
by a moving fluid, radiating thermally, flowing through the simulation boundary.

In stationary problems with a thermal face source, particle directions are sampled from a cosine
distribution about the face normal. This distribution makes angles near the face normal more
probable. When ~v 6= 0, the Doppler shift for angles, Eq.(12), makes angles near the direction
of ~v more probable. These two effects make the angular distribution for thermal emission from
a face complicated. The fact that both the face normal and v are defined in the lab frame will
make it easier to sample the angles in the lab frame directly, rather than sample in the fluid
frame and Doppler-shift them.

From the definition of the radiation intensity I, we have the following expression for the amount
of energy dEL in the lab frame passing through the plane normal to Ω̂L with area dAL in time
dtL [1]:

dEL = ILµLdνLdΩLdALdtL, (26)

where µL is the angle between the inward face normal and Ω̂L. Since we will assume that all
quantities are constant during the time step, we can sample the face position and time uniformly.
We can then concern ourselves with the problem of sampling the frequency and angle.
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We begin by defining a differential flux

dF ≡ dEL
dALdtL

= ILµdνLdΩL. (27)

Next we find the value of IL. Since we are dealing with a black body source, we know that
IF = B(νF , T )/(4π). Using Eq.(7), we find that

IL =
1

(γDL)3
B(νF , T ). (28)

This gives us IL as a function of lab frame angle and fluid frame frequency.

Finally, we change the differential frequency from the lab frame to the fluid frame using Eq.(14),
which yields dνL = (γDL)−1dνF . This gives us

dFL = B(νF , T )dνF
1

(γDL)4
µLdµLdΩL

=
ac

4π
T 4b(νF , T )dνF

1

(γDL)4
µLdµLdφ. (29)

As with the thermal volume source, the PDF for νF is b(νF , T ), and we can sample νF from
b and Doppler-shift it into the lab frame. We will now turn our attention to sampling the lab
frame angles.

We first pick a coordinate system, referred to hereafter as the face coordinate system, with
the inward face normal defined to be the ẑf direction. The x̂f direction will be defined as the
direction of the projection of the velocity into the face. That is, x̂f ≡ (~v − ~v · ẑf )/|(~v − ~v · ẑf )|.
The ŷf direction is defined by ẑf × x̂f . Since this coordinate system is stationary in the lab
frame, it is just a rotation the lab frame coordinate system. The definition of xf in the face
coordinate system ensures that the component of ~v in the x̂f direction is greater than or equal
to zero, and that the component of ~v in the ŷf direction is exactly equal to zero.

Next, we define a 3-vector ~β via

~β ≡ ~v

c
. (30)

~β is just the velocity in c = 1 units, and is introduced to simplify the notation in upcoming
formulas. Because of the definition of x̂face and ŷface, ~β will have components βx ≥ 0 and
βy = 0.

In the face coordinate system, DL can now be written as

DL = 1− βx
√

(1− µ2)cos(φ)− βzµ. (31)

The differential angle dΩL is dµdφ. µ ranges over [0, 1] (from perpendicular to the face to parallel
to the face). φ ranges over [−π, π]; this is physically equivalent to the range [0, 2π], but is more
convenient since the PDF is even in φ.

Here mu and phi are not muL and phiL because the axes of the face coordinate system are not
necessarily aligned with the lab frame coordinate system. Since these frames are connected by
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a rotation and not a Lorentz transformation, we can write lab frame quantities such as DL in
terms of these angles.

To get the PDF for the angles in the face coordinate system, we need to integrate FL from
Eq.(29), with DL from over all angles and frequencies. The normalization constant, which is the
flux through a point on the face is

Fface =

∫ ∞
0

b(νF , T )dνF

∫ 1

0
dµ

∫ π

−π
dφ

µ

γ4(1− βx
√

(1− µ2)cos(φ)− βzµ)4

=
ac

4
T 4γ2

[√
(1− β2

x)

+
8

3
βz +

2β2
z√

(1− β2
x)

− β4
z

3(1− β2
x)

3
2

]
. (32)

The flux is the product of the v = 0 value, ac/4T 4, and a velocity-dependent expression. Note
that Fface is the flux through the face in the direction of the face normal, i.e., the ”one-sided”
flux.

We will now proceed with calculating the PDF for the angles µ and φ. This is obtained by
dividing the flux Eq.(29) by its integral Eq.(32) and integrating over frequency. (The integral
over frequency is trivial, because

∫∞
0 bdν = 1.) The result is

Pface(µ, φ) =
1

πγ6F (v)

µ

(1− βx
√

(1− µ2)cos(φ)− βzµ)4
(33)

where

F (v) ≡
√

(1− β2
x) +

8

3
βz +

2β2
z√

(1− β2
x)
− β4

z

3(1− β2
x)

3
2

. (34)

It is easily verified that when v = 0, F (v) = 1, and Eq.(33) becomes the familiar cosine distri-
bution for µ.

Now that we have determined how to represent thermal emission from moving material and from
black body face boundary conditions, we will proceed to discuss interfacing the Monte Carlo
radiation transport simulation to a non-relativistic hydrodynamics code.
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3. Operator-Split radiation-hydrodynamics equations

The non-relativistic hydrodynamics conservation laws are [1]

∂ρ

∂t
= −∇ · ρ~v (35)

∂ρ~v

∂t
= −∇P −∇ · (ρ~v~v) +

∆ ~Mr

∆t
(36)

∂ρv2 + ρε

∂t
= −∇ · (1

2
ρv2~v)−∇ · (ρε~v)−∇ · (P~v) +

∆Er
∆t

(37)

Here ρ is the mass density, P is the matter pressure, ∆ ~Mr is the net momentum transferred
from the radiation to the matter during the time step, and ∆Er is the net energy transferred.
This net energy includes contributions from the radiation to both the internal energy and the
kinetic energy of the matter.

Eqs.(35)-(37) imply that

Dε

Dt
= −Pm

D 1
ρ

Dt
− 1

ρ

∆Er − ~v · ~Mr

∆t
. (38)

Here D
Dt is the usual Lagrangean derivative. In Eq.(38), the term 1

ρ
∆Er−~v· ~Mr

∆t is the change in
the material internal energy from the radiation. Since they are non-relativistic, Eqs.(35)-(38)
are correct only to first order in v

c .

Most radiation hydrodynamics simulation codes do not solve a discretization of Eq.(38) to update
the matter energy, however. More commonly, the tn+1 value of the specific energy is updated
by the radiation package via

εn+1 = εn +
1

ρ
∆Er. (39)

Eq.(39) puts all of the energy absorbed from radiation into the matter specific energy, and does
not take into account the fact that some fraction of the energy absorbed by the matter from
the radiation contributes to the material kinetic energy. This error is corrected later in the
operator-split equations, when the hydro equations update the kinetic and internal energy using
∆ ~Mr but without using ∆Er.

The choice of Eq.(39) rather than Eq.(38) is made for computational simplicity. With this
choice, the transport package updates the specific energy, but does not update the velocity,
which would, in a Lagrangean or arbitrary Lagrange-Euler (ALE) code, require the transport
package to move the mesh node positions.

With the choice of Eq.(39), the operator splitting of Eqs.(35)-(37) is as follows: The hydrody-
namics package solves the set of equations:

∂ρ

∂t
= −∇ · (ρ~v), (40)
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∂ρ~v

∂t
= −∇P −∇ · (ρ~v~v) +

∆ ~Mr

∆t
(41)

and
∂ρv2 + ρε

∂t
= −∇ · (1

2
ρv2~v)−∇ · (ρε~v)−∇ · (P~v), (42)

and the transport package subsequently solves

∂ρ

∂t
= 0, (43)

∂ρ~v

∂t
= 0, (44)

and
∂ρv2 + ρε

∂t
=

∆Er
∆t

. (45)

Note that, assuming the hydrodynamics package is time-advanced before the transport, it actu-
ally uses the tn−1 value of ∆ ~Mr (that is, the value calculated on the previous time step).

Eq.(43) implies that, during the transport step, ρ is assumed to be constant. This fact and
Eq.(45) imply that the velocity is held constant during the transport step. Those assumptions

allow us to ignore ∂ρu2

∂t and ∂ρ
∂t in Eq.(45) during the transport step and discretize it as Eq.(39)

The values for ∆Er and ∆ ~Mr are [3]

∆Er = −∆t

∫
dνdΩ(jL(ν)− σLIL) (46)

and

∆ ~Mr = −∆t

∫
dνdΩΩ̂c(jL(ν)− σLIL). (47)

(The negative sign occurs because the ∆Er and ∆ ~Mr are defined as net input into the matter.)
These quantities are tallied for each particle path during the transport step. As noted following
Eq.(10), σL will be different for each photon path contributing to these integrals.
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4. The Effective scattering in a moving material

With the choice of operator splitting Eqs.(43)-(45), the transport package solves the following
equations: the frequency-dependent thermal photon transport equation,

1

c

∂IL
∂t

+ Ω̂L · ∇IL = −σLIL + γσP caT
4Pe,L(ν,ΩL, ~v), (48)

and the material energy equation, Eq.(45),

ρ
dε

dt
=

∫
dνLdΩLσLIL − γσP caT 4. (49)

Here Pe,L(ν,Ω, ~v) is the PDF of the angular and frequency dependence of thermal emission,
which is sampled as described in Section 2. (As noted following Eq.(39), Eq.(49) assumes that
all of the energy absorbed by the matter from the radiation is applied to internal energy.)

Given these two coupled equations, we now want to make them as stable as possible. We
would like to estimate the matter temperature at the end of the time step, aT 4|n+1. The Fleck
linearization [4] makes the approximation

aT 4|n+1 = T 4|n + 4aT 3|n∂T
∂t

∆t, (50)

and then uses Eq.(49) and the chain rule to get an expression for ∂T/∂t. The chain rule results
in

ρ
dε

dt
= ρcv

dT

dt
. (51)

Taking Eq.(49) with the approximation Eq.(50) for the temperature in the thermal emission
term, and using Eq.(51), we obtain

ρcv
dT

dt
(1 + γσP c

4aT 3

ρcv
) =

∫
dνLdΩLσLIL − γσP caT 4|n. (52)

Following Fleck and Cummings, we will define

βFC =
4aT 3

ρcv
, (53)

which is not to be confused with the β defined in Eq.(6), and

f =
1

1 + γβFCcσP∆t
(54)

This allows us to express ∂T/∂t as

ρcv
∂T

∂t
= f

∫
dνdΩLσLIL − fγσP caT 4|n. (55)
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The transport equation in the lab frame, Eq.(48) with the Tn+1 approximation Eq.(50) is

1

c

∂IL
∂t

+ Ω̂L · ∇IL = − σLIL

+ γσP caT
4|nPe,L

+ γσP c4aT
3|n∂T

∂t
∆tPe,L (56)

Using Eq.(55) to eliminate ∂T
∂t , we obtain

1

c

∂IL
∂t

+ Ω̂L · ∇IL = − σLIL + γσP caT
4|nPe,L

+ γσP cβPe,Lf∆t

(∫
dνdΩσLIL − γσP caT 4|n

)
. (57)

Since
γσP cβFCf∆t = 1− f, (58)

we can write this as

1

c

∂IL
∂t

+ Ω̂L · ∇IL = − σLIL

+ fγσP caT
4|nPe,L

+ Pe,L

∫
dνdΩ(1− f)σLIL. (59)

This semi-implicit version of the transport equation is very similar to the corresponding equation
in [4], with the absorption reduced by a factor f , and effective scattering added, with a scattering
opacity (1 − f)σL which has the same angular and frequency dependence, Pe,L as the thermal
emission. The only difference is that the ”Fleck factor” defined by Eq.(54) now contains a factor
of γ.
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5. Results

The first test of the lab frame transport equations consists of matter in equilibrium with ra-
diation. For stationary material, we would find that the matter temperature T and radiation
temperature Tr are equal, and that the radiation energy density was aT 4. When the matter is
moving, equilibrium is still defined by T = Tr, with both quantities being defined in the fluid
frame. The lab frame energy density, however, is greater than the value in the stationary case.

The value of the lab frame radiation energy density is T 00
L , where T ab is the radiation stress

energy tensor [3]. This can be obtained by Lorentz transforming T abF using Eq.(4). T 00
F =

diag(er,F ,
1
3er,F ,

1
3er,F ,

1
3er,F ) [3], so

T 00
L = T abF Λ0

aΛ
0
b

= T 00
F (Λ0

0)2 +
3∑
i=1

T iiF (Λii)
2

= er,Fγ
2(1 +

1

3

∑ (vi)2

c2
)

= er,Fγ
2(1 +

1

3

β2

c2
)

= aT 4γ2(1 +
1

3

β2

c2
) (60)

where the last equality holds because er,F = aT 4 in equilibrium.

To test the values for Tr and eR,L at equilibrium, the following simulation was performed. The
units were chosen such that c = a = 1. A one dimensional mesh with 100 zones spanned
xL ∈ [0.0, 10.0] with the yL and zL directions ignorable. The matter filling the mesh had a
fluid frame σa = 100. The matter was initialized with T = 1. Vacuum boundary conditions
are imposed on both ends. In order to keep T constant, a large heat capacity, cv = 1051, was
chosen. The simulation was run with dtL = 1 for 10 time steps with 106 particles per time step.

Maintaining a constant matter temperature with a large cv is being done because we want to test
the values we calculate for radiation quantities in the lab and fluid frames without concerning
ourselves with any errors that might exist in the matter-radiation coupling.

Er,L was calculated in the IMC code in two different ways. One was the sum of the energies
of all the photons that reached census in a zone. The second was the sum of the time average
of the energies of all the photons in the zone during the time step. This second measure is a
path-length estimator, and is less subject to statistical error than the first. From Er,L and ~Mr,L,
Er,F was calculated by a Lorentz transformation

Er,F = γ(Er,L − ~v/c · ~Mr,L). (61)

erF was obtained by dividing by the fluid frame volume VF . VF = γVL, because the volume
of the zone in the lab frame is the Lorentz contracted value of the fluid frame volume. Tr was
calculated from its definition

Tr ≡
(
er,F
a

) 1
4

(62)
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Fig.(1) shows the values of Tr and both values for er,L in the middle zone of the mesh at the
end of the simulation for various values of velocity. Tr = T = 1 for all velocities, showing
that equilibrium is maintained. Both values of eR,L agree well with the analytic value given by
Eq.(60).

The results of this test give us some confidence that the emission and absorption is being
calculated correctly in the lab frame, and that the Lorentz transformations used to calculate
fluid frame energy and momentum from the lab frame energy and momentum are being done
correctly.
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Figure 1: Lab frame radiation energy density and fluid frame radiation temperature at various
velocities for moving material in equilibrium with radiation with a temperature of 1. The energy
density is calculated in two different ways: as a time average over photon paths (Erad) and as the
energy of census photons (Ecensus) in the zone divided by the zone volume. The lab frame energy
density is in agreement with the analytic value given by Eq.(60) for velocities ranging from 0 to
0.999 c. The radiation temperature at all velocities is very close to the matter temperature of 1
at all velocities.

The next test aims to verify that the face flux given by Eq.(32) is correct by comparing it to the
sum of the energy of photons, generated by a black body, which cross a plane. We use the same
opacity and heat capacity as the first test, but the mesh of 100 zones now spans xL ∈ [0.0, 1.0],
with an area of 1 in the ignorable directions. We run one time step with dtL = 4.0 using 107

particles. This time step is chosen so that the flux leaving the face during the time step when
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v = 0 is unity. The flux through the face at xL = 1 is calculated by summing the energy of
every photon which crosses it during the time step.

Fig.(2) shows the calculated flux for various values of the velocity components perpendicular
and parallel to the face. The magnitude of each velocity component was varied between 0 and
0.999 c. The circular region mapped out in the plot represents the velocities which satisfy v < c.
Large positive velocities perpendicular to the face result in a large enhancement of the flux
compared to the v = 0 value of unity. Large negative components lead to a much smaller flux.

Face radiative energy flux

Flux
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 1
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 100
 1000
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Figure 2: Flux through a face generated by a moving radiating black body for various values of
the material velocity. vparallel is the material velocity component, in units of the speed of light
c, parallel to the face, and vperpendicular is the component normal to the face.

Fig.(3) shows the error in the calculated flux as compared to Eq.(32). The error is small except
in two cases. The first is when the material is moving away from the face with a large velocity.
In this case, few photons cross the face, because most are emitted in the direction away from the
face. The second is when the total velocity is very large in any direction. In this case, the angular
distribution is very strongly peaked, and we again have a poor statistical representation of the
emission, and hence the flux crossing the face. We have verified that running the simulation
with more particles reduces the error in that case.

The last test is a simulation run with the original “Fleck factor” and the modified one given by
Eq.(54). A mesh with one zone spanning xL ∈ [0.0, 10.0] contains a material with an absorption
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Face radiative energy flux
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Figure 3: Fractional error in the flux in Fig.(2). The error is O(0.01) except when the statistics
for the Monte Carlo evaluation of the flux are poor.

opacity of σF = 100, cv = 1, ρ = 1, and initial temperatures Tr = T = 1. The material is given a
velocity of .9c in the zL direction. Face sources with T = 1 abut the zone edges. The simulation
proceeds with constant time step dtL = 1. The simulation used 106 particles.

Fig.(4) shows the results of two simulations. One uses the standard definition of the effective
scattering from [4], and the other employs Eq.(54). The one using the conventional effective
scattering shows instabilities of the kind described in [10] when the ”implicitness factor” α ≤ 1

2 .
The one using Eq.(54) is stable. The increase in the amount of effective scattering caused by
the factor of γ in the “Fleck factor” enhance the stability of this simulation. (The radiation
temperature in the simulation using the standard effective scattering does not show the same
oscillations as the matter temperature because the temperature face sources maintain Tr at a
constant temperature.)
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Figure 4: Matter and radiation temperature of a slab of material with velocity .9 c heated by
a face source. One simulation, which shows instabilities, used the original amount of effective
scatter. The other, which uses the modified “Fleck factor” given by Eq.(54), is stable.
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6. CONCLUSIONS

We have developed material motion corrections for the Implicit Monte Carlo algorithm that are
valid to all orders of v

c . We have developed and tested expressions for thermal volume emission
and thermal face emission in the lab frame. We have determined that, for a common operator
splitting of the radiation hydrodynamics equations, the effective scattering in the IMC equa-
tions, which arises from performing a semi-implicit approximation for the material temperature,
is increased when the material is moving. This velocity-dependent increase is given by the ap-
pearance of the Lorentz factor γ in the ”Fleck factor”. Future work will involve exploring more
accurate operator splitting of the radiation and hydrodynamics equations that do not make the
approximation that all of the energy absorbed by the matter from the radiation is applied to
the material internal energy.
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