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ABSTRACT

The present contribution focuses on the question of radioactive material dispersion after
discharge from a nuclear power plant in the context of micro-meteorology, i.e. an atmospheric
dispersion model. The advection-diffusion equation with Fickian closure for the turbulence
is solved for the atmospheric boundary layer where the eddy diffusivity coefficients and
the wind profile are assumed to be space dependent. The model is solved in closed form
using integral transform and spectral theory. Convergence of the solution is discussed in
terms of a convergence criterion using a new interpretation of the Cardinal Theorem of
Interpolation theory and Parseval’s theorem. The solution is compared to other methods
and model adequacy is analyzed. Model validation is performed against experimental data
from a controlled release of radioactive material at the Itaorna Beach (Angra dos Reis, Rio
de Janeiro state, Brazil, 1985).
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1. INTRODUCTION

The atmosphere is considered the principal vehicle by which radioactive materials that are
either released from a nuclear power plant in experimental or eventually in accidental events
could be dispersed in the environment and result in radiation exposure of plants, animals and
last not least humans. Thus, the evaluation of airborne radioactive material transport in the
atmosphere is one of the requirements for design and licensing of a nuclear power plant. In order
to analyze the (possible) consequences of radioactive discharge atmospheric dispersion models
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are of need, which have to be tuned using specific meteorological parameters and conditions in
the considered region. Moreover, they shall be subject to the local orography and supply with
realistic information on radiological consequences of routine discharges and potential accidental
releases of radioactive substances. Furthermore, case studies by model simulations may be used
to establish limits for escape of radioactive material from the power plant into the atmosphere.

To this end in the present study the advection-diffusion equation is solved for the atmospheric
boundary layer where the eddy diffusivity coefficients and the wind profile are assumed to
be local, i.e. functions with a continuous dependence on the vertical and longitudinal space
variables. We show how the model is solved analytically using integral transform and a spectral
theory based method which then may provide short, intermediate and long term (normalized)
concentrations and permit to assess the probability of occurrence of high contamination level case
studies of accidental scenarios and additionally serve as a supplement for designing emergency
response plans.

2. ON THE ADVECTION-DIFFUSION APPROACH

Upon developing a mathematical dispersion model one typically faces various problems. First
one has to identify a differential equation that shall represent the model or the underlying phys-
ical law. Once the law/model is accepted as the fundamental equation one challenges the task
of solving the equation in many cases approximately and analyze the error of approximation
and numerical errors in order to validate its prediction against experimental data. Experimen-
tal data of a stochastic process typically spread around average values, i.e. are distributed
according to probability distributions. Hence, the model shall within certain limits reproduce
the experimental findings. However, the fundamental equation is already a simplification so
that deviations may occur which in general have their origin in a model error superimposed by
numerical or approximation based errors. In case of a genuine convergence criterion one may
pin down the error analysis essentially to a model validation. Since in general convergence is
handled by heuristic convergence criteria, a model validation is not obvious.

For a time dependent regime considered in the present work, we assume that the associated
advection-diffusion equation adequately describes such a dispersion process, which we test by
comparison to other methods in order to pin down computational errors and finally analyze for
model adequacy. In this line we show with the present discussion, that our analytical approach
does not only yield a solution for the three dimensional advection-diffusion equation but predicts
tracer concentrations closer to observed values compared to other approaches from the literature,
which is also manifest in better statistical coefficients.

Approaches to the advection-diffusion problem are not new in the literature, that are either
based on numerical schemes, stochastic simulations or (semi-)analytical methods as shown in a
selection of articles [16], [4], [2], [9], [20], [21], [14], [13],[22]. Note, that in these works all solutions
are valid for scenarios with strong restrictions with respect to their specific wind and vertical
eddy diffusivity profiles. A more general approach, the ADMM (Advection Diffusion Multilayer
Method) approach solves the two-dimensional advection-diffusion equation with variable wind
profile and eddy diffusivity coefficient [7]. The main idea here relies on the discretisation of the
ABL in a multilayer domain, assuming in each layer that the eddy diffusivity and wind profile
take averaged values. The resulting advection-diffusion equation in each layer is then solved
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by the Laplace Transform technique. The GIADMT method (Generalized Integral Advection
Diffusion Multilayer Technique) [5] is a dimensional extension to the previous work, but again
assuming the stepwise approximation for the eddy diffusivity coefficient and wind profile. In this
work we improve further the solutions of the afore mentioned articles and report on a general
analytical solution for the advection-diffusion problem, assuming that eddy diffusivity and wind
profiles are arbitrary functions having a continuous dependence on the vertical and longitudinal
spatial variables.

Our starting equation is the advection-diffusion equation for the simulation of contaminant or
tracer release in the atmospheric boundary layer assuming a Fickian closure for the turbulence.
Here, c̄ represents the mean concentration of a contaminant (in units of g/m3) and V̄ = (ū, v̄, w̄)
is the mean wind velocity (in m/s) and the domain of interest is a cuboid with 0 ≤ r ≤ L. Here,
the shorthand notation signifies 0 = (0, 0, 0) and L = (Lx, Ly, h), with h is the height of the
atmospheric boundary layer in units of m. The emission source is approximated by a point
source (hot spot) with constant emission rate Q (in g/s) at position rs = (0, y0,Hs).

∂c̄

∂t
+ V̄ · ∇c̄ = ∇ · (K · ∇) c̄ + S (1)

In the most general case the diffusion term contains a local and anisotropic (3 × 3) diffusion
coefficient matrix K, which in the present case we assume to be diagonal K = diag(Kx,Ky,Kz).
The problem is subject to zero flux von Neumann boundary conditions with Γ the cuboid
bounding surface,

K · ∇c̄|r∈Γ = 0 (2)

and initial condition (t = 0) c̄ = 0, ∀ r = (x, y, z) 6= rs. Instead of including an explicit source
term into the advection-diffusion equation, a further constant source flux (∀t) constraint is added
to the boundary conditions,

(
V̄ · x̂)

c̄
∣∣
r=r0

x̂ = Qδ(y − y0)δ(z −Hs)x̂ , (3)

with the unit vector x̂ = (1, 0, 0) and r0 = (0, y, z).

3. THE ANALYTICAL SOLUTION

In this section we develop a procedure that allows one to derive a solution to problem (1)-(3) in
closed form, i.e. in terms of known functions, constants and parameters. To this end we expand
the contaminant concentration in a series in terms of a set of orthogonal eigenfunctions,

c̄(x, y, z, t) =
∞∑

m=0

c̄m(x, z, t)Ym(y) , (4)

where Ym(y) are a set of orthogonal eigenfunctions, given by Ym(y) = cos(λmy), and λm =
mπ/Ly (m = 0, 1, 2, . . .) are respectively the set of eigenvalues. Upon replacing this expansion in
the time-dependent, three-dimensional advection-diffusion equation in Cartesian geometry and
taking moments (projecting out orthogonal constituents with respect to one of the horizontal
spatial variables, say y) yields a set of two-dimensional advection-diffusion equation system,

2011 International Conference on Mathematics and Computational Methods Applied to
Nuclear Science and Engineering (M&C 2011), Rio de Janeiro, RJ, Brazil, 2011

3/12



Buske et al.

which was already solved analytically by the Generalized Integral Laplace Transforme Technique
(GILTT)(see refs. [8] and [6]):

∞∑

m=0

[
−∂c̄m(x, z, t)

∂t

∫ Ly

0
Ym(y)Yn(y) dy − ū

∂c̄m(x, z, t)
∂x

∫ Ly

0
Ym(y)Yn(y) dy

−v̄c̄m(x, z, t)
∫ Ly

0
Y ′

m(y)Yn(y) dy − w̄
∂c̄m(x, z, t)

∂z

∫ Ly

0
Ym(y)Yn(y) dy

+Kx
∂2c̄m(x, z, t)

∂x2

∫ Ly

0
Ym(y)Yn(y) dy + K ′

x

∂c̄m(x, z, t)
∂x

∫ Ly

0
Ym(y)Yn(y) dy (5)

−λ2
mc̄m(x, z, t)

∫ Ly

0
KyYm(y)Yn(y) dy + c̄m(x, z, t)

∫ Ly

0
K ′

yY
′
m(y)Yn(y) dy

+Kz
∂2c̄m(x, z, t)

∂z2

∫ Ly

0
Ym(y)Yn(y) dy + K ′

z

∂c̄m(x, z, t)
∂z

∫ Ly

0
Ym(y)Yn(y) dy

]
= 0

The integrals that appear in the above equation are just numbers which can be calculated
because Ym are known and the Ki are represented by an explicit parameterisation.

∫ Ly

0 Ym(y)Yn(y) dy = αn,n

∫ Ly

0 Y ′
m(y)Yn(y) dy = βn,n∫ Ly

0 KyYm(y)Yn(y) dy = γm,n

∫ Ly

0 KyY
′
m(y)Yn(y) dy = ηm,n

The coefficients are then determined from the 2⊕ 1 space-time dependent equation:

∞∑

m=0

[
−αn,n

∂c̄m(x, z, t)
∂t

− ūαn,n
∂c̄m(x, z, t)

∂x
− v̄βn,nc̄m(x, z, t)

−w̄αn,n
∂c̄m(x, z, t)

∂z
+ Kxαn,n

∂2c̄m(x, z, t)
∂x2

+ K ′
xαn,n

∂c̄m(x, z, t)
∂x

−λ2
mγm,nc̄m(x, z, t) + ηm,nc̄m(x, z, t) + Kzαn,n

∂2c̄m(x, z, t)
∂z2

+K ′
zαn,n

∂c̄m(x, z, t)
∂z

]
= 0 (6)

At this point we introduce a few simplifications, that permit to make direct contact to results
in the literature [5], but impose no restriction of the procedure with respect to generality.
We assume that there is only one dominant component in the wind velocity so that V̄ ≈(
V̄ x̂

)
x̂. Further, we neglect the diffusion component Kx because we assume that advection

is dominant in the x-direction and consider only z-dependence for Ky. In order to perform
numerical calculations we also truncate the series at a convenient M , which has to be chose such
as to produce results within a prescribed accuracy. After these assumptions and the shorthand
c̄ = (c̄0, . . . , c̄1, c̄M ), equation (6) turns into a set of M +1, 2⊕1 dimensional diffusion equations:

∂c̄m(x, z, t)
∂t

+ ū
∂c̄m(x, z, t)

∂x
=

∂

∂z

(
Kz

∂c̄m(x, z, t)
∂z

)
− λ2

mKy(z)c̄m(x, z, t) (7)

The simplified problem (7) is then solved by the GILTT method [8] with the well known solution
for a stationary problem with advection in the x-direction. Upon applying the Laplace Transform
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technique in the t-variable, (t → r) one obtains a pseudo steady-state problem with formal
solution:

rC̄m(x, z, r) + ū
∂C̄m(x, z, r)

∂x
=

∂

∂z

(
Kz

∂C̄m(x, z, r)
∂z

)
− λ2

mKyC̄m(x, z, r) (8)

Now we cast the solution of problem (8) in the form,

C̄m(x, z, r) =
L∑

l=0

C̄m,l(x, r)ζl(z), (9)

where ζl(z) are a set of orthogonal eigenfunctions, given by ζl(z) = cos(λlz), and λl = lπ/h
(l = 0, 1, 2, . . .) are respectively the set of eigenvalues. Replacing equation (9) in equation (8)
and taking moments, we get the first order differential equation system

dYm

dx
(x, r) + G · Ym(x, r) = 0 , (10)

for m = 0, . . . ,M , where Ym(x, r) is the column vector whose components are {C̄m,l(x, r)} for
l = 0, . . . , L. The matrix G is defined as G = B−1

1 B2. The entries of matrices B1 and B2 are:

(B1)l,j = −
∫ h

0
ūζl(z)ζj(z) dz

and

(B2)l,j =
∫ h

0
K ′

zζ
′
l(z)ζj(z) dz − λ2

l

∫ h

0
Kzζl(z)ζj(z) dz − (r + λ2

l Ky)
∫ h

0
ζl(z)ζj(z) dz

We obtain the following solution for problem (10):

c̄m(x, z, t) =
1

2πi

L∑

l=0

∫ γ+ı∞

γ−ı∞
C̄m,l(x, r)ζl(z)ert dr (11)

To overcome the drawback of evaluating the line integral appearing in the above solution, we
perform the calculation of this integral by the Gaussian quadrature scheme:

c̄m(x, z, t) =
K∑

k=0

ak
pk

t
C̄m(x, z,

pk

t
) (12)

Here ak and pk are respectively the weights and roots of the Gaussian quadrature scheme.
Concerning the adopted scheme for Laplace inversion, it is noteworthy that this approach is
exact if the integrand is a polynomial of degree 2M − 1 in the t variable. We are aware of the
existence of a variety of methods in the literature that invert numerically the Laplace transform
(see for instance [11]), but for convenience use the Gaussian quadrature scheme. The motivation
for this choice comes besides its simplicity also from the good results achieved.
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4. EXPERIMENTAL DATA AND TURBULENT PARAMETERISATION

For model validation we chose a controlled release of radioactive material performed in 1985
at the Itaorna Beach, close to the nuclear reactor site Angra dos Reis in the Rio de Janeiro
state, Brazil. Details of the dispersion experiment is described elsewhere [17]. The experiment
consisted in the controlled releases of radioactive tritiated water vapour from the meteorological
tower at 100m height during five days (28 November to 4 December 1984). During the whole
experiment, four meteorological towers collected the relevant meteorological data. Wind speed
and direction were measured at three levels (10m, 60m and 100m) together with the temperature
gradients between 10m and 100m. Some additional data of relative humidity were available in
some of the sampling sites, and were used to calculate the concentration of radioactive tritiated
water in the air (after measuring the radioactivity of the collected samples). All relevant details,
as well as the synoptic meteorological conditions during the dispersion campaign are described
in ref. [17]. The data from experiments 2 and 3 were used to obtain the numerical results and
are presented in table I.

Table I: Micro-meteorological parameters and emission rate for experiments 2 and 3 at third
period.

Exp Period U(m/s) h(m) u∗(m/s) L(m) w∗(m/s) Q(MBq/s)
2 3 2.2 1134 0.4 −951 0.6 25.3
3 3 2.6 1367 0.5 −1147 0.7 20.5

The micro-meteorological parameters shown in table I are calculated from equations obtained
in the literature. The roughness length utilized was 1m and the Monin-Obukhov length for
convective conditions can be written as L = −h/k (u∗/w∗)3 [15], where k is the von Karman
constant (k = 0.4), w∗ is the convective velocity scale with wind speed U , u∗ = kU/ln(zr/z0)
is the friction velocity, where U is the wind velocity at the reference height zr = 10m, and
h = 0.3u∗/fc is the height of the boundary layer with the Coriolis coefficient fc = 10−4.

In the atmospheric diffusion problems the choice of a turbulent parameterisation represents a
fundamental aspect for contaminant dispersion modelling. From the physical point of view a
turbulence parameterisation an approximation for the natural phenomenon, where details are
hidden in the parameters used, that have to be adjusted in order to reproduce experimental
findings. The reliability of each model strongly depends on the way the turbulent parameters
are calculated and related to the current understanding of the planetary boundary layer. In
terms of the convective scaling parameters the vertical and lateral eddy diffusivities can be
formulated as follows[10].

Kz = 0.22w∗h
( z

h

) 1
3
(
1− z

h

) 1
3
(
1− e

4z
h − 0.0003e

8z
h

)
(13)
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Ky =
√

πσv

16(fm)vqv
with σ2

v =
0.98cv

(fm)
2
3
v

(
ψε

qv

) 2
3 ( z

h

) 2
3
w2
∗

qv = 4.16
z

h
, ψ

1
3
ε =

((
1− z

h

)2 (
− z

L

)− 2
3 + 0.75

) 1
2

and (fm)v = 0.16 (14)

where σv is the standard deviation of the longitudinal turbulent velocity component, qv is the
stability function, ψε is the dimensionless molecular dissipation rate and (fm)v is the transverse
wave peak.

The wind speed profile can be described by a power law uz/u1 = (z/z1)
n [1], where uz and u1

are the horizontal mean wind speeds at heights z and z1 and n is an exponent that is related to
the intensity of turbulence [12].

Thus, in this study we introduce the vertical and lateral eddy diffusivities (eq. (13) and eq.
(14)) and the power law wind profile in the 3D-GILTT model (eq. (7) or equivalently eq. (8))
to calculate the ground-level concentration of emissions released from an elevated continuous
source point in an unstable/neutral atmospheric boundary layer.

5. NUMERICAL RESULTS

The validation of the 3D-GILTT model predictions against experimental data from the Angra
site together with a two dimensional model (GILTTG) are shown in table II. While the present
approach (3D-GILTT) is based on a genuine three dimensional description an earlier analytical
approach (GILTTG) uses a Gaussian assumption for the horizontal transverse direction [8].
Figure 1 shows the comparison of predicted concentrations against observed ones for the three
dimensional approach, which reproduces acceptably the observed concentrations, although this
simulation did not make use of the terrain’s realistic complexity.

In the further we use the standard statistical indices in order to compare the quality of the
two approaches. Note, that we present the two analytical model approaches, since the earlier
one was found to be acceptable in comparison to other approaches found in the literature and
both give a solution in closed form. The standard statistical indices are NMSE, the normalized
mean square error; COR, the correlation coefficient; FA2 and FA5, the fraction of data (in %)
in the cones determined by a factor of two and five, respectively; FB, the fractional bias and
FS, the fractional standard deviation. The subscripts o and p refer to observed and predicted
quantities, respectively, and C̄ indicates the averaged values. Table III presents the results of the
statistical indices used to evaluate the model performance [19] and further compare our model
to the GILTTG approach. The statistical index FB indicates weather the predicted quantities
(Cp) under- or overestimates the observed ones (Co). The statistical index NMSE represents
the quadratic error of the predicted quantities in relation to the observed ones. Best results are
indicated by values compatible with zero for NMSE, FB and FS, and compatible with unity for
COR, FA2 and FA5. The statistical indices point out that a reasonable agreement is obtained
between experimental data and the 3D-GILTT model.
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Table II: Concentrations of nine runs with various positions of the Angra dos Reis experiment
and model prediction by the approaches GILTTG and 3D-GILTT.

Exp. Period Distance (m) Observed (Bq/m3) Predictions (Bq/m3)

GILTTG 3D-GILTT

2 3 610 0.58 0.20 0.40
2 3 600 0.50 0.19 0.40
2 3 700 0.53 0.29 0.44
2 3 815 0.61 0.38 0.47
2 3 970 0.54 0.47 0.48
2 3 1070 0.86 0.51 0.48
2 3 750 0.39 0.33 0.46
2 3 935 0.40 0.45 0.48
3 3 705 38.89 47.18 31.13
3 3 700 24.09 46.53 31.02
3 3 815 48.95 59.98 32.66
3 3 970 36.22 73.03 32.95
3 3 1070 33.50 78.65 32.44
3 3 500 50.26 17.74 22.58
3 3 375 26.86 2.57 11.67
3 3 960 19.61 72.35 32.97
3 3 915 18.02 69.04 33.03

In order to validate the two models we fit the predicted versus observed values by a linear
regression (see figure 2), where the closer their intersect to the origin and the closer the slope
is to unity the better is the approach. The GILTTG approach results in C̄p = 1.16C̄o + 7.01
with R2 = 0.67 and κ = 0.43, whereas the 3D-GILTT obeys the result C̄p = 0.69C̄o + 3.26
with R2 = 0.83 and κ = 0.36. In order to perform a model validation we introduced an index

κ =
√

(a− 1)2 +
(
b/C̄o

)2 with C̄o = 1
n

∑n
i=1 Coi, which if identical zero indicates a perfect

match between the model and the experimental findings. Here a is the slope, b the intersection,
Coi of the experimental data and C̄o its arithmetic mean. Since the experiment is of stochastic
character whereas the stochastic properties are hidden in the model parameters, considerable
fluctuations are present. Nevertheless, by comparison one observes that the present approach
yields the better description of the data.

6. CONCLUSIONS

The present work may be understood as one tile in a larger program development that simulates
radioactive material dispersion using analytical resources. In a longer term we intend to build
a library that allows to predict radioactive material transport in the planetary boundary layer
that extends from the micro- to the meso-scale. In this sense this contribution is a step into this
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Figure 1: Observed and predicted scatter diagram of ground-level concentrations using the
3D-GILTT approach for the experiment; dotted lines indicate a factor of two.

Table III: Statistical comparisons between GILTTG and 3D-GILTT results.

Statistical Indices GILTTG 3D-GILTT
NMSE = (Co − Cp)2/Cp Co 1.34 0.38

COR = (Co − Co)(Cp − Cp)/σoσp 0.67 0.83
FA2 = 0.5 ≤ (Cp/Co) ≤ 2 0.53 0.88
FA5 = 0.2 ≤ (Cp/Co) ≤ 5 0.96 1.00

FB = Co − Cp/0.5(Co + Cp) −0.44 0.13
FS = (σo − σp)/0.5(σo + σp) −0.54 0.18

direction.

Since this problem is a special case of the Cauchy-Kowalewsky theorem, existence and uniqueness
is guaranteed. Convergence of the solution may be shown by a genuine mathematical convergence
criterion. Note, that for the t coordinate the Laplace inversion considers only differentiable
functions in t-space as well as in the dual (r-space), which defines then a unique relation between
the original function and its Laplace-transform. This makes the transform procedure manifest
exact and the only numerical error comes from truncation, which is determined from the Sturm-
Liouville problem. Recalling, that the structure of the contaminant is essentially determined
by advection and diffusion, present in form of a velocity and a diffusion matrix, which define a
smoothness length scale by the maximum norm of the expression ‖K−1V‖max. Thus one may
conclude that with decreasing length (

(
m‖K−1V‖max

)−1 and an integer m increasing) variations
in the solution become spurious. One may now employ the Cardinal Theorem of Interpolation
Theory [18] in order to find the truncation n in the series c̄ =

∑n
m=0 c̄mYm (eq. (4)) that leaves

the analytical solution almost exact, i.e. introduces only functions that vary significantly in
length scales beyond the mentioned limit.
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Figure 2: Linear regression for the GILTTG and 3D-GILTT. The bisector was added as an eye
guide.

The square integrable function χ =
∫
x,z,t c̄ dx dz dt ∈ L2 with spectrum {λi} which is bounded

by m‖K−1V‖max has an exact solution for a finite expansion. This statement expresses the
Cardinal Theorem of Interpolation Theory for our problem [3]. Since the cut-off m‖K−1V‖max

defines some sort of sampling density, its introduction is an approximation and is related to
convergence of the approach and Parseval’s theorem may be used to estimate the error. In order
to keep the solution error within a specified order of magnitude, the expansion in the domain
of interest has to contain n + 1 terms, with n = int

{
m‖K−1V‖maxΓ

2π + 1
2

}
, where Γ is a linear

measure for the domain of interest with the dimension of a length. For the bounded spectrum
and according to the theorem the solution is then exact. In our approximation, if m is properly
chosen such that the cut-off part of the spectrum is negligible, then the found solution is almost
exact.

In the present discussion we restricted our comparison to the two dimensional and GILTT
approach only, since its usefulness was already proven [6] and the specification of diffusion and
wind profile are identical. Other approaches like ADMM among others make use of step-wise
approximations forK and U or determine the velocity field from Large Eddy Simulations, in other
words they are not self-contained. Although the measurements were at ground level one could
think that a two dimensional would suffice, the present comparison clearly shows the influence of
the additional dimension. While in the two dimensional approach the tendency of the predicted
concentrations is to overestimate the observed values, this is not the case for the results of the
three dimensional description, mainly because it does not assume turbulence to be homogeneous.
Moreover the solution of the advection diffusion equation discussed here is more general than
shown in the present context, so that a wider range of applications is possible. Especially other
assumptions for the velocity field and the diffusion matrix are possible. In a future work we
will focus on a variety of applications and introduce a rigorous proof of convergence from a
mathematical point of view, which we indicated in sketched form only in our conclusions.

2011 International Conference on Mathematics and Computational Methods Applied to
Nuclear Science and Engineering (M&C 2011), Rio de Janeiro, RJ, Brazil, 2011

10/12



A general advection-diffusion model for radioactive substance dispersion

ACKNOWLEDGEMENTS

The authors thank CNPq (Conselho Nacional de Desenvolvimento Cient́ıfico e Tecnológico) and
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