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ABSTRACT

A new development for the IDT solver is presented for large reactor core applications in XYZ
geometries. The multigroup discrete-ordinate neutron transport equation is solved using
a Domain-Decomposition (DD) method coupled with the Coarse-Mesh Finite Differences
(CMFD). The later is used for accelerating the DD convergence rate. In particular, the
external power iterations are preconditioned for stabilizing the oscillatory behavior of the
DD iterative process. A set of critical 2-D and 3-D numerical tests on a single processor will
be presented for the analysis of the performances of the method. The results show that the
application of the CMFD to the DD can be a good candidate for large 3D full-core parallel
applications.
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1. INTRODUCTION

Domain decomposition (DD) methods were introduced by Schwarz in the ninetieth century for
the analytical solution of partial differential equation in complicated geometries. [1] Nowadays,
DD methods are largely applied for handling large numerical problems on parallel computers.
A vast literature is available for the decomposition of the Helmholtz equation. [2] Application
of such methods to neutron transport was already addressed by De Oliveira et al. [3], Guérin et
al. [4] and Van Criekingen et al. [5] for the solution of the even-parity second-order transport,
or simplified transport, equation with conforming and nonconforming finite element combined
with a PN expansion of the angular flux.

In this work a DD method is applied to the discrete-ordinates multigroup transport equation for
XYZ geometries. The method has been implemented in the IDT solver, the Cartesian solver of
the APOLLO2 code, which solves the transport equation with short characteristics and nodal
methods up to the bilinear order in 1-, 2-, and 3-dimensional geometries. [6], [7]

The spatial domain is partitioned into a finite number of non-overlapping subdomains which
allows for the decomposition of the global transport equation in smaller boundary value prob-
lems. A multigroup fixed-source equation is solved in each subdomain, this entails a local solver



Emiliano Masiello, Brunella Martin, Jean-Michel Do

for thermal and inner iterations. Once the new multigroup flux is available for all subdomains,
the new fission source and k-effective are computed for the next iteration, while the multigroup
angular fluxes are exchanged at the boundary interface between the subdomains. This is done
until convergence.

Such procedure is less effective than the standard multigroup discrete-ordinate iterative scheme
but gives access to parallel computing. We have speeded up the DD iterations by applying
a multigroup Coarse-Mesh Finite-Difference (CMFD) acceleration at the whole-domain scale.
The coarse mesh, on which the non-linear operator is constructed, is defined on the domain
decomposition used to split the original transport equation. The subdomains are homogenized
and a set of interfaces parameters are computed to establish a transport-equivalent operator.
Such coarse equation is characterized by a finite-difference diffusion operator which has for goal
to accelerate the propagation of the solution throughout the domain.

This paper contains preliminary results obtained with our implementation of the DD method:
the performances are analyzed on a single processor to have a flavour of the convergence prop-
erties of the combined methods, i.e. DD plus CMFD.

In the following, Sec. 2 gives a general description, Sec. 3 and Sec. 4 are devoted respectively
to the non-overlapping DD and to the CMFD. Finally, the analysis of the performances for a
2-D and 3-D problems are commented in the last section.

2. DOMAIN DECOMPOSITION FOR DISCRETE ORDINATES

2.1 Generalities

The transport model for computing the neutron distribution in multiplicative media is the linear
equation

{
(L−H)ψ(x) = 1

λFψ(x) x ∈ X
ψ(x) = (βψ)(x) + s(x) x ∈ ∂X−,

(1)

whereX is the phase space with its entering (+) and exiting (−) boundaries ∂X±, while L, H and
F are respectively the leakage, the scattering and the fission operators. We consider generalized
boundary conditions with β as the albedo operator and s(x) as the external boundary source.
The discretized phase space is then defined by

XN ≡ (r ∈ DN , Ω ∈ SN , E ∈ R+
G), (2)

∂XN,± ≡ (r ∈ ΓN,±(Ω), Ω ∈ SN , E ∈ R+
G),

ΓN,±(Ω) ≡ (r ∈ ∂DN , n+(r) ·Ω ≷ 0),

where DN ≡ ∪r=1,RDr represents the domain which is partitioned into R computational regions,
while SN and R+

G are respectively the discrete-ordinate support for the angle and the multigroup
discretization for the energy.

The continuous transport equation can be cast into a finite dimensional approximation,
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(L−H)NψN (x) =
1

λ
FNψN (x) (3)

ψN (x) = βψN (x) + sN,in(x)

where the solution is defined as a piecewise polynomial in VN ≡ {ψn(x) ∈ L2(XN ), n = 1, N}.
In the numerical framework, the continuous multigroup operators (L − H) and F become the
finite-dimensioned matrices (L−H)N and FN , respectively.

The discrete version of Eq. (1) is solved by power iterations. The scheme starts by fixing
an initial guess for the eigenvalue and the fission source, λ(0) and Fψ(0) respectively, then the
equation is solved in each group by inverting the operator (L−H),

(L−H)Nψ
(n+1)
N (x) =

1

λ(n)
FNψ

(n)
N (x) x ∈ X, (4)

ψ
(n+1)
N (x) = βψ

(n+1)
N (x) + sN,in(x) x ∈ ∂X−.

The inversion process entails for each external iteration a set of thermal iterations for converging
the scattering source. Moreover, at each thermal iteration a set of inner iterations is ran for
solving the spatio-angular distribution in each energy group. Once the new flux is available, the
fission source is updated and a new eigenvalue is computed

λ(n+1) = λ(n)
(w,Fψ(n+1))

(w,Fψ(n))
, (5)

where (·, ·) is a scalar product acting on the discrete phase space X, while w is a weight-function.
The algorithm stops when

ελ =

∣∣∣∣∣1− λ(n+1)

λ(n)

∣∣∣∣∣ < ελ

εF (r) =

∣∣∣∣∣1− (1, Fψ(n+1))(r)

(1, Fψ(n))(r)

∣∣∣∣∣ < εF r ∈ D,

where ελ and εF (r) are respectively the tolerance on the eigenvalue error and the tolerance on
the pointwise error of the fission source.

2.2 Non-Overlapping Domain Decomposition

The domain decomposition consists in splitting up the global domain into several overlapping
or non-overlapping spatial subdomains. We chose non-overlapping subdomains, which simply
share one or more interfaces, to minimize the mutual exchange of data between the subdomains.
The phase space X ≡

⋃
α=1,AXα is decomposed in subspaces that we indicate as

Xα ≡ (r ∈ Dα,N , Ω ∈ SN , E ∈ R+
G)

∂Xα± ≡ (r ∈ Γα±(Ω), Ω ∈ SN , E ∈ R+
G)

Γα±(Ω) ≡ (r ∈ ∂Dα,N ,nα+(r) ·Ω ≷ 0)
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with the subdomain index varying from α = 1, . . . , A. The whole geometry mesh is a 2-level
partition: the first level is the decomposition of the geometry in A subgeometries, i.e. DN ≡⋃
α=1,ADα,N , while the second level consists in the meshing of the subgeometries, i.e. Dα,N ≡⋃
r∈αDr. The flux ψ(x), which is the solution of Eq. (1), can be decomposed taking profit of

the new partition

ψ(x) =
∑
α

χα(x)ψα(x), (6)

where χα(x) is the characteristic function for subdomain α. The continuity of the interface flux
is imposed as boundary condition for the subdomains, that is

ψα(x) = ψαβ(x) x ∈ ∂Xα−. (7)

where the interface flux ψαβ(x) is either the exiting flux from the neighbor subdomain β, i.e.
ψβ(x), or the incoming flux from boundary conditions,

ψαβ(x) =

{
ψβ(x) x ∈ ∂Xα− ∩ ∂Xβ+

βψα(x) + s(x) x ∈ ∂Xα− ∩ ∂X−

Transport Eq. (1) can be split in N independent multigroup source problems of the type

{
(L−H)αψα(x) = qα(x) x ∈ Xα,

ψα(x) = ψαβ(x) x ∈ ∂Xα−
(8)

for α = 1, . . . , A. The fixed source qα(x) is given by the normalized fission production

qα(x) =
Fαψα(x)

λ
.

Continuity condition (7) guarantees that the original solution ψ(x) can be obtained by the
composition of the fluxes ψα(x), i.e. Eq. (6), which are the solutions of N independent problems
of the type (8).

The external iterations for the DD scheme are standard power iterations. The process starts
with an initial guess for the eigenvalue λ(0) and an initial fission distribution per subdomains,

q
(0)
α (x) = Fαψ

(0)
α (x)

λ(0)
, together with the incoming fluxes ψ

(0)
αβ (x). The iterative solution starts by

solving A source problems of the type

{
(L−H)αψ

(n+1)
α (x) = q

(n)
α (x) x ∈ Xα,

ψ
(n+1)
α (x) = ψ

(n)
αβ (x) x ∈ ∂Xα− ∩ ∂Xβ+ 6= 0.

The inversion of operator (L − H)α requests local multigroup thermal iterations, which are
performed in each subdomain to converge the scattering source. Moreover, the inner iterations
are ran to handle the spatial and angular distribution of the flux in the subdomain per each

energy group. The interface flux ψ
(n)
αβ (x) takes the value

ψ
(n)
αβ (x) =

{ ψ
(n)
β (x) for x ∈ ∂Xα− ∩ ∂Xβ+ 6= 0,

βψ
(n+1)
α (x) + sin(x) for x ∈ ∂Xα− ∩ ∂X− 6= 0.
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Here, if a subdomain share an external boundary of the global domain with an albedo condition
then the flux is locally updated during inner iterations, i.e. the interface flux takes the iterative
index (n + 1) of the current external iteration. Once the local problems are solved, then the

fission source is updated Fαψ
(n+1)
α (x) and the new eigenvalue is computed

λ(n+1) = λ(n)

∑
α=1,A

(w,Fαψ
(n+1)
α )∑

α=1,A

(w,Fαψ
(n)
α )

for the normalized local fission sources

q(n+1)
α (x) =

1

λ(n+1)
Fαψ

(n+1)
α (x).

The algorithm stops if the following conditions are fulfilled

ελ =

∣∣∣∣∣1− λ(n+1)

λ(n)

∣∣∣∣∣ < ελ,

εF =

∣∣∣∣∣1− (1, Fαψ
(n+1)
α )(r)

(1, Fαψ
(n)
α )(r)

∣∣∣∣∣ < εF α = 1, A r ∈ Dα,R,

εψ(x) =

∣∣∣∣∣1− ψ
(n+1)
α (x)

ψ
(n)
α (x)

∣∣∣∣∣ < εψ α = 1, A x ∈ ∂Xα−.

The last criterion tests the pointwise error distribution on the interface angular flux of the
subdomains. (We point out that the interface error is not checked in standard multigroup
iterations.) Finally, if the convergence criteria are not simultaneously satisfied, the subdomains’
interface angular fluxes are update,

ψ
(n+1)
αβ (x) = ψ

(n+1)
β (x) for x ∈ Xα− ∩Xβ+ 6= 0.

3. NON-LINEAR DIFFUSION ACCELERATION

We indicate as XK the coarse mesh

XK ≡ (r ∈
⋃

α=1,A
Dα, Ω ∈ P1, E ∈ R+

H) ≡
⋃

α
Xα.

XK is coarse in space, since the regions Dα are obtained by homogenizing the original subdo-
mains Dα,R. Moreover, it is coarse in energy, since is supported by coarse group interval as
∆Eh ∈

⋃
g∈h ∆Eg, and it is coarse in angle because of the P1 expansion of the angular flux. The

non-linear operator, which acts on the coarser space VK ≡ {ψk(x) ∈ L2(Xk), k = 1,K} with
K < N , is constructed by establishing a restriction which has his support in VN and his image
in VK

PKN : VN → VK .
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The restriction is applied to Eq. (3) to obtain the equivalent coarse equation

PKN (L−H)NψN = qK , (9)

where qK = PKNqN . The nonlinear operator AK(ψN ) is obtained by imposing the equivalence

AK(ψN )ψK = PKN (L−H)NψN (10)

with ψK = PKNψN . Equation (10) is an inverse problem of the type Ax = b, in which A is
the unknown. This problem has an infinite number of solutions. However, supposing to know
AK(ψN ), the equation

AK(ψN )ψK = qK

is equivalent to Eq. (9). A non-linear prolongation operator is constructed by establishing the
relation

PNK(ψN )ψK = ψN ,

which preserves the fine solution if the prolongation PNK(ψN ) matches the relation

PNK(ψN )PKN = IN .

The transport-diffusion equivalence can be cast in the following map:

VN
(L−H)N7−→ VN

↑PNK ↓PKN
VK

AK(ψN )←− VK .

We apply this non-linear technique to the external iterations. It is a four-step scheme and only
the accelerated quantities are indexed by the iteration index (n) and (n+ 1):

1. A transport iteration is performed with a fixed fission source and k-effective,

(L−H)NψN = q
(n)
N , (11)

where q
(n)
N = 1

λ(n)
FNψ

(n)
N is the normalized fission source.

2. Once the transport solution is available, the restriction operator and the prolongation
operator, PKN and PNK(ψN ), together with the equivalent diffusion matrix AK(ψN ) are
computed.

3. The power iterations are applied to the solution of the coarse diffusion problem

AK(ψN )ψK =
1

λc
FK(ψN )ψK , (12)

where the degraded fission operator is such that FK(ψN )PKNψN = PKNFNψN . Here λc
is the eigenvalue of the coarse problem.

4. The solution is updated by using the prolongation operator

ψ
(n+1)
N = PNK(ψN )ψK ,

while the eigenvalue is updated with the coarse value λc, i.e. λ(n+1) = λc.
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3.1 The Coarse-Mesh Finite Difference Acceleration

The CMFD method is related to a nonlinear transport-diffusion equivalence based on neutron
balance. In such 2-level multigrid, the simplified finite-difference diffusion equation is applied
on a coarse phase space to speed up the convergence of external iterations.[8] [9] [10]

In this work, such non-linear technique is applied to accelerate the DD scheme by homogenizing
the subdomain Xα. The coarse diffusion operator AK(ψN ) is defined by projecting the fine
transport equations on the subdomains α. The restriction operator is a projection of the detailed-
transport discretization on the flat moment, in space, in angle and in energy. The resulting
equation is the neutron balance for a subdomain α in a macrogroup h, i.e.∑

s∈α

Ls
Vα
Jhαs + Σh

αφ
h
α −

∑
h6=h′

Σhh′
s,αφ

h′
α =

1

λc

∑
h6=h′

(χυΣ)hh
′

f,αφ
h′
α , (13)

where

φhα =
∑
g∈h

∑
r∈α Vrφ

g
r∑

r∈α Vr

is the average flux of the subdomain α for the coarse group h. Flux-weighted homogenized cross
sections are necessary for preserving neutron reaction rates. The homogenized absorption cross
sections together with the P0-scattering and fission matrix are defined as follows

Σh
α =

∑
g∈h

∑
r∈α VrΣ

g
a,rφ

g
r

Vαφhα
, (14)

Σhh′
s,α =

∑
g∈h

∑
g′∈h′

∑
r∈α VrΣ

gg′
s,rφ

g′
r

Vαφh
′
α

,

(χυΣ)hh
′

f,α =
∑
g∈h

∑
g′∈h′

∑
r∈α Vr

∑
i∈r χ

g
i (υΣ)g

′

i,rφ
g′
r

Vαφh
′
α

.

Here, h is the index of coarse group, while i is the index of the fissile isotopes.

Conservation of neutron balance imposes constraints on the transport-computed interface cur-
rent

Jhαs =
∑
g∈h

∑
s′∈s Ls′

∑
d |Ωd · ns|ψgαs′(Ωd)∑
s′∈α Ls′

,

where s and s′ indicate respectively the macroscopic interface and the microscopic surfaces
belonging to it. Ls′ is the area associated to the microside s′. The equivalence between the
coarse operator and the detailed operator is achieved by introducing interface parameters to
adjust the neutron currents to reference transport values. Such equivalence is established by a
finite-difference relation between the fluxes and the net current within homogenized region

Jα,s = −dα,s(φα,s − φα) + d̂α,s(φα,s + φα), (15)

where φα,s is the interface scalar flux. The interface parameter d̂α,s of Eq. 15 is computed
iteratively to preserve transport currents:

d̂α,s =

[
Jα,s + dα,s(φα,s − φα)

(φα,s + φα)

]
Transport
quatities

. (16)
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In our implementation, also the coefficient dα,s is computed iteratively. It is a modified finite-
difference diffusion coefficient given by the ratio

dα,s =
pα,s
τα,s

,

where τα,s = ΣαL⊥s is the transverse optical thickness of the cell, here L⊥s is the length of the
perpendicular side to the surface s. The factor pα,s is the product

pα,s = p fα,s ,

where fα,s is the Eddington factor of the side and p is a global stabilizing parameter. Both
factors are iteratively computed from the transport solution. [11], [12] The reason for parameter
p is result of an ongoing work for the stabilization of the non-linear scheme and will be not
detailed here.

The prolongation operator is constructed by imposing volume and surface shape factors, which
are respectively defined as follows

fgα,r,kl =
φgα,r,kl
φhα

for r ∈ α,

where φgα,r,kl are the angular moments of the flux necessary for the scattering source and

fgα,s,s′(Ωd) =
ψgα,s′(Ωd)

φhα
for s′ ∈ s and g ∈ h,

where ψgα,s′(Ωd) are the interface angular fluxes. The first shape factor is the prolongation
operator for angular moments, while the second updates the interface incoming angular flux of
the subdomains. Both prolongation operators are applied on the coarse-diffusion scalar flux.

The diffusion matrix AK(ψN ) is obtained by substituting back Eq. (15) in Eq. (13) with cross
sections and interface parameters computed with the transport flux available from last transport
iteration. Matrix AK(ψN ) has the typical multigroup shape of the discretized diffusion equation.
The system is inverted by applying the BiCGStab Krylov iterations. [13]

3.2 Numerical Results with the Direct Application of the CMFD

Hereafter we present the performances of the CMFD alone for the study of the 2-D version of
the C5G7-MOX benchmark, [14]. The problem is analyzed with linear short characteristics and
heterogeneous Cartesian cells, [15], the angular quadrature is a S8 level-symmetric. The problem
is discretized with 4913 homogeneous with 3-region per pin-cell (1 for the moderator and 2 rings
for the pin-cell). The comparison done with the reference MCNP calculation presented in the
reference book [14] shows a 2 pcm error on the reference k-effective and maximal error of 1.7%
on the local fission source. [15]

The results obtained by applying the CMFD acceleration to both outer and inner iterations
are summarized in table I. The effectiveness of the accelerated scheme greatly depends on the
scale of the coarse spatial mesh. For this reason the calculations are run by reducing the spatial
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Table I: Performances of the CMFD with different coarse grids in space and energy. Here,
TRA is the total CPU time in seconds for transport sweeps, CMFD is the total time in the
acceleration, and TOT is the total CPU time.

# of Outers # of Inners TRA (s). ACC (s) TOT (s)

Free Outers 51 632 97.2 — 98.1

Outers with CMFD
Coarse Grid Coarse Group

51x51 10 164 22.5 1.5 24.1
26x26 12 179 24.0 0.6 24.7
14x14 7 14 235 30.0 0.5 30.9
7x7 22 338 45.6 0.6 46.3
3x3 31 428 57.0 0.7 69.8

51x51 10 154 20.5 0.7 21.5
26x26 13 207 28.2 0.5 28.7
14x14 2 15 276 35.0 0.7 36.6
7x7 27 402 55.7 0.6 56.4
3x3 39 821 79.2 0.7 80.1

coarse grid from 51x51 to 3x3 meshes and the energy group from 7 to 2 groups. The test suite
was run on a laptop GenuineIntel 2.39 Ghz 2.99 Go.

The results show that the direct application of the CMFD acceleration is effective when the
coarse grid is set at the scale of the pin-cell. In fact, a coarse grid of 51x51 homogenized cells
with 2 broad groups seems to be the most appropriate coarse mesh for this problem. The CPU
time and the number of outer iterations are reduced almost by a factor of 5.

On the other hand, the CMFD method looses its performances when the scale of the coarse grid
increases. The direct application of the method at the assembly scale is ineffective; in fact, the
iterative scheme seems to have no substantial benefit when a simple 3x3 coarse grid is used. This
is not the case when the CMFD is applied to the DD method at the subdomain scale. Indeed,
as we will show in the next section, a simple 3x3 coarse mesh is effective when the non-linear
operator is fed with the DD solution. Our experience shows that the direct application of the
CMFD is effective only at a finer scale and, for that reason, a comparison between CMFD alone
and CMFD+DD seems to be inappropriate and it will not be included in the next section.

4. PRELIMINARY RESULTS

In this section we present preliminary results obtained with the DD method alone and those
obtained with the DD method coupled with the CMFD method (DD+CMFD). All the cases
are run on a single processor, no parallelization is performed. A comparison is done with the
standard version of the IDT code. Such results gives a flavour of the spectral properties of both
the DD and DD+CMFD methods with respect to the standard execution of the code.
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Table II: Accuracy verification for the DD method applied to short characteristics and nodal
methods. Here, the spatial flux expansions are C = constant, L = linear, B = bilinear. The
angular quadrature is a S8 level symmetric formula.

Method Order Ref. K-eff K-eff err. Fission error Flux error

pcm (max,min) pcm (max,min) pcm

C 1.02745 +0.6 (193,-55) (120,-130)
Chara. L 0.99512 -0.1 (76,-81) (50,-135)

B 0.99536 +0.1 (104,-91) (20,-111)

C 1.02791 +0.6 (184,-130) (320,-143)
Nodal L 0.99643 -0.1 (15,-60) (30,-40)

B 0.99699 +0.1 (103,-86) (10,-80)

The studied cases are based on the geometry of the 2-D and 3-D versions of the C5G7-MOX
benchmark. [14] The fuel and the moderator of the pin-cells are smeared in one single medium
and a homemade 7-group homogenized cross-section library is used for the calculation. A control-
rod-in configuration is studied for both 2-D and 3-D cases. Such configuration is the most
penalizing in terms of convergence speed and accuracy for both DD and CMFD. All calculations
have the Boundary Projection Acceleration (BPA) as synthetic operator to speed up inner
iterations. The test suit is run on a laptop GenuineIntel 2.39 Ghz 2.99 Go.

The first test is a conservative check on the accuracy, we compare the DD solution to the
standard version. The DD theoretically preserves the discretized transport solution but, in
practical calculations, the discretized solutions are affected by both numerical and roundoff
errors. The propagation of such errors during the iterative sweeping is not the same for the two
methods. We observe that, for a region-wise tolerance of 1 pcm, the flux is locally affected by
a discrepancy of few hundreds of pcm. However, the errors in integral quantities, such as the
k-effective end the fission source, are negligible. In Table II are listed the reactivity error and
the maximum values of the local error in the multigroup scalar flux for both short characteristics
and nodal methods with constant, linear and bilinear expansions. The problem is studied with
a spatial mesh of 51×51 cells. For the DD, the geometry has been decomposed in 9 subdomains
at the assembly scale with 17x17 cells. The discrepancy between IDT and IDT with DD is less
then 1 pcm in the eigenvalue and less than 0.3% in the scalar flux for all the analyzed cases.
The external-iteration stopping criterion of the DD method was set to 1 pcm of tolerance for the
eigenvalue, 10 pcm of tolerance for the pointwise fission source, and 1 pcm of tolerance for the
interface angular flux between the subdomains. This later check is strictly necessary to preserve
the accuracy of the standard version of the code. In fact, when one skips this criterion then the
accuracy degrades: the reactivity error goes up to 64 pcm and the pointwise flux error goes up
to 2%. Such results are detailed in Table III.

The runtime performances of the DD alone and of the DD+CMFD have been analyzed for both
2-D and 3-D problems. The Tab IV contains a comparison in terms of number of external
iterations (N. It.) and CPU time between the standard version of IDT (Stan.) vs. the DD and
DD+CMFD. The test shows that the DD method is spectrally less effective than the standard
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Table III: Accuracy of DD method when the convergence of the interface angular flux is not
cheked.

Method Order Reac. err. Flux error (%)

(pcm) (max,min) pcm

C +60 (1123,-2431)
Chara. L -43 (894,-1403)

B -34 (1253,-2046)

C +64 (1374,-2231)
Nodal L -38 (599,-701)

B -44 (1362,-947)

Table IV: Performances of the DD and DD+CMFD methods with short characteristics and
nodal methods up to the bilinear order with S8.

Method Order Stan. DD DD+CMFD CMFD

N. It. CPU (s) N. It. CPU N.It CPU (s) CPU (s)

C 36 8.6 57 11.4 28 5.0 2.0
Chara. L 36 43.1 56 53.2 26 25.1 2.3

B 36 55.4 57 65.7 26 31.6 2.4

C 37 8.7 57 11.9 28 4.7 2.0
Nodal L 36 42.8 57 53.3 26 25.7 2.2

B 36 53.3 57 66.1 26 31.4 2.4

solution. In fact, the number of iterations grows up by ∼44% and the runtime by ∼21%. On the
other hand, the DD has a better usage of the machine resources (less swap and paging). The
overall CPU time per external iteration is on average 30% less costly than the standard scheme.

The performance lost on a single processor is compensated when a 3x3 CMFD is applied to the
DD. For the CMFD, the assemblies are homogenized but no energy condensation is performed.
The CMFD speed up by a factor ∼2.1 both the CPU time and the number of iterations with
respect to the DD alone. The gain grows up as the number of spatial moments and sources of
the fine transport operator increase. Moreover, the CMFD attenuates the oscillatory behavior
observed during the convergence of the DD alone. By comparing the DD with the CMFD and
the standard scheme, the CMFD allows for a speed up of ∼1.3 for the number of iterations and
of ∼1.7 for the CPU time.

The effectiveness of DD+CMFD is improved by tuning of the iteration strategy. In the previous
results (Table IV), a single accelerated internal iteration is performed per group for both the
standard run and the DD method. The full convergence of inner iterations is activated once the
convergence criteria for both k-effective and fission source are satisfied for the first time. Such
strategy seems the best in terms of CPU time for the standard version of the code and for the
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Table V: Performances of the DD and DD+CMFD methods with linear short characteristics
combined with various quadrature formulas, from S4 up to S16.

SN Stan. DDM DDM+CMFD

N.It. CPU N. It. CPU N.It CPU

S4 36 32.3 57 35.9 11 13.2
S8 36 42.2 56 53.2 11 20.2
S12 36 58.7 57 76.8 11 29.0
S16 36 79.9 58 109.5 11 41.4

Table VI: Convergence test on 3D geometry C5G7 MOX benchmark with 4-group cross-section
library, rod in configuration, S4 angular quadrature, 51x51x170 spatial mesh.

Order Stan. DD DD+CMFD CMFD

N.It. CPU N. It. CPU N.It CPU

C 99 2min 24s 350 11min 16s 45 1min 46s 14s

B 165 1h 51min 350 4h 43min 48 49 min 1min 3s

DD alone. This is not the case, however, when the CMFD is applied to the DD. In fact, the
performance improves when a partially converged solution is obtained by increasing the number
of local inner iterations up to 2 or 3. The gain in terms of runtime grows up by a factor of
2.0÷2.6 with respect to the runtime of the standard version. Such results are contained in Table
V where various quadrature formulas are tested with linear short-characteristics.

Finally, the 3D case is analyzed by tracking a 51×51×34 mesh. The performance of the constant
and the bilinear short characteristics is tested with the S4 quadrature formula and a 4-group
cross section library. The setting of the DD is based on a 81-subdomain decomposition. The
subdomains are distributed on a 3x3x9 coarse mesh at the assembly level; this splitting is also
employed for setting the CMFD. The results are shown in Table VI. For the constant case, the
DD+CMFD shows a speedup of 1.3 with respect to the standard code while a speedup of 6.2
with respect to the DD alone. The gain becomes more interesting with the bilinear expansion
which uses 8 spatial moments per region. The speedup factor grows up to 2.2 with respect to
the standard version whereas it remains almost the same with respect to the DD alone.

We conclude that the CMFD is an effective and light way to accelerate multigroup iterations
for the DD. It can be a good preconditioner for parallel computing because it is not memory
demanded and it can be easily inverted on a single processor.

5. FURTHER REMARKS AND ONGOING WORK

In the present document, we have analyzed the convergence performances of the DD method
applied to the first-order discrete-ordinate transport equation. The global multigroup eigenvalue
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problem is reduced to several multigroup boundary-value source problems which are solved iter-
atively at the subdomain scale. This particular DD application has shown a slower convergence
rate with respect to the standard multigroup discrete-ordinate iterative scheme. Such degrada-
tion can be intuitively explained: the DD can be viewed as a mixed Gauss-Seidel Gauss-Jacobi
method in which the diagonal blocks, which are associated to the subdomain level, are inverted
by Gauss-Seidel iterations. On the other hand, the global matrix is iteratively solved by the
Gauss-Jacobi scheme in which the interface angular fluxes are exchanged. Such inversion tech-
nique has slower convergence rate with respect to a full Gauss-Seidel scheme. The theoretical
analysis confirms such behavior when the DD method is applied to Helmholtz problems. [2] The
literature suggests the overlap of the subdomains as a means to accelerate the convergence. But
for transport application, such technique would cost an additional overhead for the storage of
the multigroup angular moments for the shared nodes between subdomains, which would also
result in a higher communication cost between subdomains (or processors).

We try to regain the lost performance by implementing a CMFD acceleration at the DD scale
with homogenized subdomains. The whole geometry is treated with an equivalent diffusion
operator, coarser in space and energy, that is easily solved by one processor. Tests have shown
that the non-linear operator is a good preconditioner for transport power iterations, especially
when the inner iterations are converged at the subdomain level. Moreover, the CMFD has an
average overhead cost of 2% for the total solution time, which is acceptable for running on a
single processor.

The final aim of this work is the parallelization. The DD allows for the partition of one big
numerical problem into many smaller ones, which can be handled by many single processors
that act in parallel. We have done the first step to achieve memory distribution, which is to
divide and scatter the phase space mesh on which the computation is performed. After setting
the submesh on each processor, the important part of the parallelization algorithm is to deal
with the submesh’s boundary nodes, whose angular flux has to be available from/to neighboring
or related processors. The exchanging efficiency of boundary nodes’ information determines
the effectiveness of the parallelization algorithm. With all the nodes information available,
a global (handled by multiprocessor) problem becomes a local one (like a single-processor),
in which all the available local multigroup solvers can be adopted. Once the subdomains’
multigroup problems are solved, the solution set and output can be handled by the popular
MPI functions. The ongoing work on the parallel implementation has the further objective to
analyze the scalability of the method.
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