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ABSTRACT

The simulation of 3D cores with homogenized assemblies in transport theory remains time
and memory consuming for production calculations. With a multigroup discretization for
the energy variable and a discrete ordinate method for the angle, a system of about 104

coupled hyperbolic transport equations has to be solved. For these equations, we intend
to optimize the spatial discretization. In the framework of the SNATCH solver used in
this study, the spatial problem is dealt with by using a structured hexahedral mesh and
applying a Discontinuous Galerkin Finite Element Method (DGFEM). This paper shows the
improvements due to the development of Adaptive Mesh Refinement (AMR) methods. As
the SNATCH solver uses a hierarchical polynomial basis, p−refinement is possible but also
h−refinement thanks to non conforming capabilities. Besides, as the flux spatial behavior
is highly dependent on the energy, we propose to adapt differently the spatial discretization
according to the energy group. To avoid dealing with too many meshes, some energy groups
are joined and share the same mesh.
The different energy-dependent AMR strategies are compared to each other but also with
the classical approach of a conforming and highly refined spatial mesh. This comparison is
carried out on different quantities such as the multiplication factor, the flux or the current.
The gain in time and memory is shown for 2D and 3D benchmarks coming from the ZONA2B
experimental core configuration of the MASURCA mock-up at CEA Cadarache.

Key Words: Adaptive mesh refinement, discontinuous Galerkin scheme, energy-dependent
meshes, MASURCA core, discrete ordinate method

1. INTRODUCTION

A better knowledge of neutronic parameters for core calculations is required for the design of
new reactors. Improving the accuracy of the solution of the neutron transport equation in a
deterministic way increases the calculation time and the memory footprint. Despite the im-
provements of computational resources, the accuracy is not always sufficient. In this paper, we
propose to deal with this issue using Adaptive Mesh Refinement (AMR) methods. The main
idea is to create an optimal mesh i.e to minimize the number of unknowns for a given accuracy.

To test such an approach, all numerical tests are done on the ZONA2B experimental core con-
figuration [2] of the MASURCA mock-up based at CEA Cadarache. Comparisons are done
on some important neutronic parameters such as the flux, current or multiplication factor in
terms of the improvement in the number of unknowns but also the calculation time. An exhaus-
tive analysis is performed on the 2D benchmark and its conclusions are confirmed on the 3D case.



D. Fournier, P. Archier and R. Le Tellier

Developments are made in the SNATCH solver [5] of the ERANOS code system [8]. Within
this framework, the neutron transport equation is discretized successively according to energy,
angle and space. The treatment of the energy variable consisting on a multigroup approach is
followed by a discretization of the angular variable using the discrete ordinates method [6]. It
results in a set of coupled first-order hyperbolic transport equations which can be written as
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where ~Ωn is the direction related to the SN method, φ̃g
n(~r) is the flux at position ~r in the direc-

tion ~Ωn and the energy group g, Σg
t is the total cross-section in group g and S

g′→g
n′→n(~r) contains

the sources resulting from scattering and fission.

The spatial scheme has been chosen in order to solve a local problem and to make hp− refinement
possible. A Discontinuous Galerkin Finite Element Method (DGFEM) has been implemented.
The domain is decomposed into a Cartesian grid which can be non conforming in order to
perform h−refinement. In each cell, the solution of Eq. 1 is approximated on a hierarchical
polynomial basis [9] allowing to perform easily p−refinement.

This method has also been implemented in the XUTHOS code [7, 10] for unstructured triangular
meshes. It highlights the interest of AMR to improve the calculation time as well as the rate of
convergence. To lead the refinement process, an error estimator is necessary to select the regions
to refine. The quality of this estimator determines the performance of the AMR strategy. In
this paper, a method developed in [1] and applied in our framework in [4] is used. The estimator
E

g
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where H
g
n is an approximate operator of H̃g

n (defined in Eq. 2).
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A cell κ is refined if

max
g′

∑

n

wnE
g′

n (κ) > αmax
g′

max
κi

∑

n

wnE
g′

n (κi) (6)

where α ∈ [0, 1] is fixed to 0.5 throughout this study and wn are the weights associated to the
angular discretization.

Moreover, in the present paper, we propose and test an AMR strategy depending on the energy.
Indeed, the spatial behavior of the flux on the different energy ranges is different so that there
is no reason to represent the solution on the same mesh in all the energy groups. In this way, a
cell κ in group g is refined if

∑

n

wnE
g
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This paper is organized as follows. The core configuration used for this study is presented
in Section 2.. Section 3. details the methodology used to compare the different strategies of
refinement. Results are then compared on various quantities of interest in Section 4. for the 2D
case and Section 5. for the 3D one.

2. THE CIRANO ZONA2B CORE: CONFORMING AND NON

CONFORMING DESCRIPTION

The CIRANO experimental program was performed from 1994 to 1997 in order to investigate the
performances of steel reflected plutonium burning fast reactors. Several core configurations were
studied at the time (effect of fertile blankets, sodium voiding, . . . ). One of them, the ZONA2B
configuration presented in Figure 1, is of particular interest for this study, as the fertile blankets
have been replaced by steel reflector. In this case, the flux variations at the interfaces, especially
between fuel and reflector, are more important than in fast reactor configurations with fertile
blankets. Due to this large gradient term, obtaining a fine solution of Eq. 1 is more difficult
than in benchmarks with blankets.

The CIRANO ZONA2B derived benchmarks (the 2D and 3D versions) contain three homoge-
nized media denoted FUEL, NASS and STEEL in Figures 1 and 2. They were obtained from
ECCO cell calculations, a module of the ERANOS code system [8]. The FUEL medium is a
mix of sodium and U/PuO2 fuel. The NASS is composed of 3/4 of stainless steel and 1/4 of
sodium. The STEEL is a shield made of steel.
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Figure 1: 2D conforming mesh Figure 2: 2D non conforming mesh

Figure 1 is the usual representation of the core using a conforming description of the geometry.
Neutronic calculations are generally performed on this mesh containing 529 cells. A routine has
been written to transform Figure 1 into a non conforming description presented in Figure 2.
This algorithm starts from the conforming description and gathers the cells containing the same
material in a recursive way. Thus, it is possible to set the level of non-conformity (6 in Figure 2).
Thanks to these non conforming capabilities, it requires no more than 34 cells to represent the
same core. This latter description is the initial mesh used for the refinement procedures.

3. ERROR CALCULATION

The reference values i.e the converged quantities calculated on a fine mesh with high polynomial
order are denoted with a tilde notation. The different strategies are compared in terms of the
convergence on the different neutronic parameters.

The error in reactivity ǫρ is given by

ǫρ = |ρ̃− ρ| =

∣∣∣k̃eff − keff

∣∣∣
k̃eff · keff

(8)

The error on the flux is evaluated in a L2 norm in space by
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The error on the current ǫc is calculated at the interface Γ between two media (FUEL and NASS
in this study) by
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In the following, we use superscript to denote the strategy. For instance, ǫh,2f is the error on the
flux when h−refinement with a polynomial basis order p = 2 is performed.

To compare the different strategies, we monitor the convergence of these neutronic parameters as
a function of the number of degrees of freedom, denoted dof in the following, and the calculation
time. dof represents the number of unknowns induced by the three discretizations

dof = nbGroups × nbDirections × nbCells × (p+ 1)d (11)

where nbGroups, nbDirections, nbCells represent respectively the number of energy groups,
angular directions and spatial cells. (p + 1)d is the cell polynomial basis size at order p in di-
mension d (d = 2 or 3).

Three different parameters have been chosen because it allows to test different aspects of the
refinement process. The flux is the most natural one because it is the quantity controlled by
the error estimator with Eq. 3. Analyzing the convergence of the reactivity is also important
because this integral quantity is often the main interest of neutronic calculations. Finally, the
current at the core-reflector interface is more sensitive to the local flux gradient and gives a finer
analysis of the strategies.

4. COMPARISON OF THE DIFFERENT STRATEGIES ON THE 2D CASE

4.1 Comparison of h− and p− Refinement Methods

Figure 3 shows the error on the reactivity as a function of the dof with different strategies.
The dotted lines represent uniform refinement on conforming meshes. Starting from the dis-
cretization presented in Figure 1, all cells are h− or p−refined. The other strategy starts from a
non conforming mesh as described in Figure 2 and the refinement is done locally using an error
estimator on each cell.

Let us firstly note the interest of the initial mesh transformation (from Figure 1 to Figure 2) and
of the AMR process. Obtaining an accuracy of 1 pcm with h−refinement and p = 1 requires
twice more degrees of freedom with the conforming approach than the non conforming one. It
is even more than three times for ǫρ = 0.1 pcm with a p−refinement strategy.

The convergence is slower using h−refinement with p = 1 than the two other strategies. At
a given number of dof , the accuracy is at least one order of magnitude worst than the same
strategy with p = 2. ǫh,2ρ and ǫ

p
ρ have a similar behavior.
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Figure 3: Reactivity error as a function of dof for adaptive refinement strategies and comparison
with ERANOS mesh

This first analysis on the reactivity shows the importance of transforming the initial mesh of
Figure 1 into a non conforming one (Figure 2). In the following, adaptive and uniform strategies
will be compared using the non conforming mesh described in Figure 2 as initial mesh.

Analyzing only the convergence of ǫρ is not sufficient to compare the different strategies. The
analysis of the flux error convergence is presented in Figure 4. Concerning h−refinement, the
interest of the AMR process is indisputable. Actually, it is clear that some cells have to be
more refined than others, particularly at interfaces. Whereas finely refining the interface is
easy with h−refinement, p−refinement strategy implies the increase of the polynomial basis
order in large cells. Most of the cells describing the domain in the non conforming way have
at least one edge located at a material interface. Thus, adaptive and uniform p−refinements
are nearly equivalent. It shows the limitations of p−refinement starting from very coarse meshes.

The number of degrees of freedom represents the memory storage but is also linked to the
calculation time. As the time is not directly proportional to dof , Figure 5 represents ǫf as a
function of the time. The additional cost related to AMR induced by the error estimation and
the update of the different quantities between two refinements represents less than 0.5% of the
total time and can be neglected. Consequently, AMR and uniform strategies can be compared
in the same way.
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Figure 4: Flux error as a function of dof for
adaptive and uniform refinement strategies
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Figure 5: Flux error as a function of time for
adaptive and uniform refinement strategies

Whereas, for h−refinement, the calculation time varies proportionally with dof , the dependency
is more complicated for the p−refinement case. Actually, a linear system has to be solved on
each cell leading to inverse square matrices of size (p+1)2. As the complexity to inverse a matrix
n×n is O(n3), the cost is O((p+1)6). With h−refinement, even if we have more and more cells,
the size of the matrix is constant. On the opposite, when p−refinement is performed, the cost
increases as p6. It explains the slowing down of the convergence when p increases too much.

To go further, the convergence of the current at the interface between fuel and reflector is
analyzed in Figure 6. In this region, the flux is less regular and an important gradient is observed
between the two materials. The analysis is quite similar to the one performed on the reactivity
but the difference between ǫ

h,2
c and ǫ

p
c is more pronounced. When the flux is non regular,

h−refinement becomes more interesting than p−refinement. Actually, the approximation of a
function with non-continuous first derivatives is better with a finer mesh than with a higher
polynomial order. It should nevertheless be noted that this analysis is highly-dependent on the
initial mesh. Starting from a finer mesh could improve the convergence of the p−refinement
strategy.

The study of this 2D benchmark points out the advantage of the AMR method and particularly
of the h−refinement with p = 2 which exhibits a fast convergence for various physical quantities.
The p−refinement process seems interesting too, at least, as long as p is not too large.
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Figure 6: Current error as a function of dof for adaptive and uniform refinement strategies

4.2 The Energy-dependent AMR

The flux behavior is drastically different depending on the energy. Whereas the fast neutron
flux is high in the FUEL and NASS regions, the thermal one is low. Thus, there is no reason
to use the same spatial discretization to represent the solution of the transport equation. As
the error estimator used to lead the refinement process is energy-group-dependent, it allows to
adapt the spatial meshes differently depending on the energy groups.

The basic idea is to have one spatial mesh per energy group but this strategy induces an ad-
ditional cost in memory footprint and calculation time. Actually, when the meshes between
groups are different, a projection of the source is necessary and the equation solved is no longer
Eq. 5 but

Hg
nφ

g
n(~r) =

∑

g′

Πg′→g

∑

n′

S
g′→g
n′→nφ

g′

n′(~r) (12)

where Πg′→g represents the L2 projector from group g′ to g.

An intermediate option consists in joining some groups that will share the same spatial mesh. In
the following, the convergence has been studied using 1, 2, 6, 15 and 33 different spatial meshes.
The gathering of the energy groups into macro-groups is presented in Table I.

The meshes obtained at the end of the refinement process with 6 different energy meshes are
presented in Figure 7. As expected, the FUEL regions and the FUEL-NASS interface are finely
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discretized in macro-groups 1 and 2. For groups 3 to 5, FUEL is less and less refined and, on the
contrary, the mesh becomes finer at the NASS-STEEL interface. In the last group, few neutrons
are present and the final mesh is the coarsest.

2 meshes {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16},
{17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33}

6 meshes {1, 2, 3, 4}, {5, 6, 7}, {8, 9, 10, 11, 12},
{13, 14, 15}, {16, 17, 18, 19, 20, 21}, {22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33}

15 meshes {1, 2}, {3, 4}, {5}, {6, 7}, {8, 9}, {10, 11}, {12, 13}, {14, 15},
{16, 17, 18}, {19, 20, 21}, {22, 23, 24, 25, 26, 27}, {28, 29, 30}, {31}, {32}, {33}

Table I: Energy groups gathering

Figure 7: Final meshes obtained for macro-groups 1 to 6

The convergence is now compared depending on the number of different meshes used. Figure 8
represents ǫρ as a function of the dof .

Results are far from the expected ones. At the beginning, as expected, the more energy meshes,
the faster the convergence occured. But after some refinement steps, the convergence deteriorates
and becomes worse than in the energy-independent case. To explain this phenomenon, we have
to detail the error estimator behavior. Using the notations of Eqs. 2, 4 and 5, the error ǫgn can
be written in terms of the estimator Eg

n as
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ǫgn = φ̃
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The refinement is lead using the estimator Eg
n and does not take into account the coupling terms

between groups. If the meshes are the same in all the energy groups, by using a criterion on the
maximum error over all the groups (Eq. 7), this additional error term is implicitely controlled.
By considering different meshes per energy group, the convergence is deteriorated because the
coupling terms are not properly controlled. To avoid this phenomenon, it would be necessary to
relate the flux convergence in groups where the energy mesh is different. This issue is currently
under study.
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Figure 8: Convergence with energy-dependent or independent meshes

5. IMPROVEMENTS IN THE 3D CASE

The initial mesh of the 3D benchmark is presented in Figure 9 with the same color code as in
Figure 1. Figure 10 represents a mesh obtained after some refinement steps. As expected, the
most refined regions are the ones located at interfaces and in particular at the FUEL/NASS
one. In the STEEL regions, the mesh is relatively coarse because the neutron density is low and
the associated flux is regular.
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Figure 9: 3D initial non conforming mesh Figure 10: 3D refined mesh with h−refinement

This “visual” analysis is confirmed in Figure 11 comparing the convergence rate of the reactivity
depending on the dof . As in the 2D case, a first comparison is given between the strategy based
on the ERANOS mesh (extension of Figure 1 to 3D) with uniform refinement to the adaptive
strategy with the initial mesh presented in Figure 9. Obtaining an error on the reactivity inferior
to 1 pcm requires five times more degrees of freedom in the uniform case than in the adaptive
one for h−refinement and even ten times for p−refinement. It highlights the importance of
transforming the initial conforming mesh into a coarser non conforming one before using an
AMR procedure.
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Figure 11: Reactivity as a function of dof for adaptive and uniform refinement strategies
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In the following, the initial mesh for the uniform and adaptive strategies is the non conforming
one as depicted in Figure 9. Figure 12 shows the convergence of the flux as a regard of dof .
Adaptive strategies converge faster than uniform ones and p−refinement seems better than
h−refinement with p = 2. This analysis has to be completed by comparing the calculation
times. Actually, in the 3D case, the cell polynomial basis size is (p+1)3. The same reasoning as
in the 2D case leads to a O(p9) complexity to inverse a matrix. It can become time consuming
to increase p even if the number of dof remains reasonable.
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Figure 12: Flux error as a function of dof for
adaptive and uniform refinement strategies
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Figure 13: Flux error as a function of time for
adaptive and uniform refinement strategies

The representation of the error on the flux as a regard of the calculation time can be seen in
Figure 13. As long as p is “small” (less than 4), the size of the problem to solve stays reasonable
and the time is proportional to dof . Beyond this limit, the time increases rapidly with dof . An-
other aspect refers to the projections required to pass from one cell to another if the orders are
different. Actually, with the upwind scheme, if a uniform polynomial basis is used, the incoming
flux in a cell is a restriction of the flux in the upstream cells. With different polynomial orders,
a projection is required. It explains why the uniform p−refinement is faster than the adaptive
one for the first refinement steps.

For the h−refinement, the time stays proportional to dof even after several refinement steps.
This strategy seems better adapted to obtain highly accurate solutions. On the opposite,
p−refinement can be faster to obtain a less accurate result or an integral quantity such as
the reactivity.
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6. CONCLUSIONS

In this paper, AMR capabilities have been presented on a benchmark derived from the CIRANO
ZONA2B experimental program in the MASURCA facility. Tests have been performed in two
and three dimensional cases in order to compare adaptive and uniform strategies on different
neutronic quantities of interest.

Adaptive algorithms lead to a decrease of the calculation time and memory footprint compared
to uniform strategies. The benefit can be extremely important: for example, at a given accuracy,
the calculation time is divided by more than five on the reactivity. However, results can greatly
vary depending on the adaptive strategy used.

For the energy-independent approach, the different strategies are not equivalent. Performing
h−refinement with p = 1 is really inferior to the same approach with p = 2 in terms of the
number of degrees of freedom or the calculation time. On the other hand, the comparison be-
tween p− and h−refinement with p = 2 is less definitive. For relatively small p, increasing the
polynomial order seems to be the best approach. It leads rapidly to accurate results, particularly
for integral parameters such as the reactivity. If a higher accuracy is required, the p−strategy
becomes less interesting than the h−refinement with p = 2. Even if dof are similar for the
two strategies, increasing p to high values implies to inverse large matrices leading to important
calculation time. On the opposite, the cost of h−refinement is proportional to dof leading to a
faster convergence than for p−refinement.

This analysis underlines the difficulty to find the best strategy in terms of calculation time or
number of degrees of freedom. It explains the interest in the research of hp−adaptive algorithms
to optimize the number of unknowns. Such developments are in progress [3].

Concerning the energy-dependent approach, results are not as interesting as expected. The
problems due to the convergence of the source term clearly inhibit the advantages of having a
spatial discretization dependent on the energy. This work has to be pursued to extend the error
estimation in order to take into account the source convergence.
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