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Abstract

The multigroup equivalence problem in the fine-structure self-shielding method is usually
treated by nonlinear fixed point iterations (FPI) which needs to be accelerated. In this paper,
we investigate the application of the Jacobian-Free Newton-Krylov (JFNK) family methods
to this nonlinear procedure. Two implementations of the JFNK methods are presented. The
numerical results are given for the JFNK methods and the FPI methods. These results show
that the JFNK methods provide stable solver to the multigroup equivalence problem.

Key Words: cross-section self-shielding, fine structure method, multigroup equivalence, fixed
point iteration, Jacobian-Free Newton-Krylov method

1. INTRODUCTION

The Jacobian-Free Newton-Krylov method (JFNK) [1] is a combination of Newton’s method
and Krylov subspace methods. Recently several works have been done to apply this method in
computational reactor physics [2] [3] [4]. Its ability to effectuate Newton-like nonlinear iteration
without explicitly forming the Jacobian is appealing when one treats a complex multi parameter
nonlinear function. This is the case for the problem arising in the multigroup equivalence
procedure of the fine-structure self-shielding method [5] in the APOLLO3 code.

APOLLO3 [6] is a new deterministic multi-purpose code under development. As a successor of
the spectral code APOLLO2 [7], APOLLO3 will include the self-shielding methods of APOLLO2.
The fine-structure (FS) self-shielding method, one of the principal methods of APOLLO2, has
been recently implemented into APOLLO3. The multigroup equivalence of the FS method, based
on the collision probability formulation, is solved by nonlinear fixed point iterations (FPI). The
difficulty of forming the Jacobian makes it a suitable candidate for applying the JFNK method.
In this paper, we investigate the application of the JFNK method to solve the multigroup
equivalence problem.

In the next section, we give a brief summary of the FS equations, and in the following section
we describe the problem treated by the multigroup equivalence. Two fixed point iterations are

∗Tel: +33 (0)1 69 08 70 51; Fax: +33 (0)1 69 08 94 90



Li Mao

presented as solution to the multigroup equivalence problem. Next the application of the JFNK
method as a nonlinear solver and the JFNK method as an acceleration to fixed point iterations
(JFNK-FPI) are presented. Numerical results are given to show the performance of the methods
presented.

2. FINE-STRUCTURE SELF-SHIELDING METHOD

The fine-structure (FS) method is an equivalence-based self-shielding method. In a heteroge-
neous calculation, space-dependent multigroup reaction rates are calculated by a heterogeneous-
homogeneous equivalence, and then a multigroup equivalence is carried out in order to calculate
multigroup self-shielded cross-sections by preserving the space-dependent multigroup reaction
rates. In this section, we summarise the heterogeneous-homogeneous equivalence. The multi-
group equivalence is described in the next section.

2.1 Principle of Heterogeneous-Homogeneous Equivalence

Consider an infinite homogeneous medium (IHM) containing one resonant isotope diluted in
non-resonant moderators, we have the following equation

ΣΦ = R0Φ + S1, (1)

where Σ = N0σ0 + Σ1, with N0 the resonant isotope concentration, σ0 the resonant microscopic
total cross-section, Σ1 the macroscopic total cross-section for all the moderators. R0 is the
resonant slowing-down operator, and S1 is the source term excluding the resonant contribution.
This equation can be written as

(σ0 + σb)Φ = r0Φ + γbσb, (2)

with definitions σb = Σ1
N0

, γb = S1
Σ1

and r0 = R0
N0

. From Eq. (2) we see that an infinite homoge-
neous medium is characterized by its background cross-section σb.

We next consider a heterogeneous geometry containing media of one resonant isotope diluted in
non-resonant moderators. We have the following collision probability equation,

ΣiViΦi =
∑

j

PijVj(R0Φj + S1j), (3)

where i and j are region indices, Pij is the collision probability for a neutron born in region j to
have a collision in region i, Vj is the volume of region j and S1j is the source in region j without
the resonant contribution. In order to simplify the calculation, we can regroup several regions,
which have the same isotopic composition and temperature, into one self-shielding region (SSR).
That is equivalent to apply the flat flux assumption, which assumes that

Φi = Φα, ∀i ∈ α, (4)

where α is a SSR index. Consequently Eq. (3) can be rewritten as

Φα =
∑

β

Cαβ(r0Φβ) + Sα, (5)
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where α and β are SSR indices. In order to get a similar form like Eq. (2), we apply the PIC
assumption suggested by M. Livolant and F. Jeanpierre [5]. It is assumed that, when treating a
SSR α,

∀β 6= α, r0Φβ = r0Φα. (6)

Under this assumption, we get the following equation

(σ0α + σbα)Φα = r0Φα + γbασbα, (7)

where
σbα =

1∑
β Cαβ

− σ0α, γbα =
Sα

(
∑

β Cαβ)σbα
. (8)

In case that all media have same or similar isotopic composition, it can be proved that σbα is
a slowly varying function of σ0α. Therefore the similarity between Eq. (2) and Eq. (7) tells us
that a heterogeneous region can be an equivalence of an infinite homogeneous medium. This
heterogeneous-homogeneous equivalence is characterized by the background cross-section.

2.2 Fine-Structure Assumption

The above discussion is based on the transport equation. The source terms S1 and S1j in Eqs.
(1) and (3) are both functions of the flux Φ. As a result, the self-shielding calculation is coupled
to the flux calculation.

In order to separate the self-shielding calculation from the flux calculation, the transport equa-
tion is replaced by the slowing-down equation. We only consider the slowing-down source in
Eqs. (1) and (3). That is S1 ≈ R1Φ, with R1 the slowing down operator for moderator isotopes.
Then we can separate local fast variation from global smooth variation, by defining

Φ = χφ, (9)

where χ =
R1Φ
Σs1

represents global macroscopic flux and φ represents the fine structure of the

flux created by the resonances, with Σs1 the scattering cross-section of moderator isotopes. For
moderator isotopes, both R1Φ and Σs1 are smooth functions of the lethargy, the same is χ.

The fine structure assumption, suggested by M. Livolant and F. Jeanpierre [5], says that

R0Φ ≈ χR0φ. (10)

Under this assumption, the IHM equation Eq. (2) remains valid if we replace Φ by φ and S1 by
Σs1, so is the heterogeneous equation Eq. (7) if we replace Φα by φα and we compute Sα by using
S1j ≈ Σs1,j . As a result, the equations in Section 2.1 can also be considered as fine-structure
equations. In the following of this paper, we continue to use the notation of section 2.1, keeping
in mind that the procedure applies equally to the fine-structure equations.

2.3 Performing Heterogeneous-Homogeneous Equivalence

The realization of heterogeneous-homogeneous equivalence consists of the following steps:
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1. The approximative heterogeneous reaction rates τhete,∗
α are calculated by solving the het-

erogeneous equation (5), using an approximation of the slowing-down operator r0φ, which
can be one of the following slowing-down models: TR (Toute Résonance), ST (STatis-
tique), NR (Narrow Resonance), WR (Wide Resonance) or IR (Intermediate Resonance);

2. An equivalent IHM is then determined for each heterogeneous region. The homogeneous
equation (2) is solved by applying the same slowing-down model as that used in hetero-
geneous calculation. The equivalent background cross section σbα is determined in order
that τ(σbα)homo,∗ = τhete,∗

α ;

3. Finally the exact heterogeneous reaction rates τhete
α are obtained by interpolation in IHM

reaction rate tabulations at the equivalent background cross section σbα. The IHM reaction
rate tabulations are generated by the NJOY Nuclear Data Processing System [8] from fine
multigroup calculations.

3. MULTIGROUP EQUIVALENCE

The reaction rates per energy group and per self-shielding region are obtained for each resonant
isotope after the heterogeneous-homogeneous equivalence. These reaction rates correspond to
the reaction rates calculated on an ultra fine energy mesh. A multigroup equivalence must be
effectuated in order to find the multigroup cross sections preserving the reaction rates.

3.1 Problem Description

After the heterogeneous-homogeneous equivalence, we obtain the reaction rates to be conserved

τ g
ρ,x,α, x = 1, nx, α = 1, nα, g = 1, ng, (11)

where ρ represents a partial reaction, nx, nα and ng are respectively the number of resonant
isotopes, the number of self-shielding regions and the number of self-shielding groups.

The multigroup form of the collision probability equation Eq. (3) in group g is written

Σg
i ViΦ

g
i =

∑

j

P g
ijVjS

g
j . (12)

In this equation, the source term Sg
j is known from the multigroup reaction rates to be preserved.

The macroscopic total cross section for a region i is defined as a summation of the resonant part
(index 0) and the moderator part (index 1) as follows

Σg
i = Σg

0i + Σg
1i. (13)

The total resonant reaction rate to preserve is N0iτ
g
α, where i ∈ α and τ g

α is the average resonant
reaction rate of a self-shielding region α.

The preservation of the resonant reaction rates requires that

Σg
0Φ

g = N0τ
g, (14)
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where Σg
0 = diag{Σg

0i} and N0 = diag{N0i}.
By replacing collision probability P g

ij by reduced probability pg
ij = P g

ij/Σg
i , Eq. (12) can be

rewritten using matrix-vector representation as follows

V Φg = pgV Sg, (15)

where V = diag{Vi} is a diagonal matrix with the region volumes as its diagonal terms, pg is the
reduced collision probability matrix, Φg and Sg are respectively the flux vector and the source
vector.

The nonlinear system of equations, consisting of Eqs. (14) and (15), can be solved by fixed-point
iterations: in each group g, given an approximation of the solution at step k, [Σg

0]
(k), the solution

is updated by

[Σg
0i]

(k+1) =
N0iτ

g
α

[Φg
i ]

(k)
, (14′)

where the flux at step k is computed by

[Φg](k) = V −1 [pg](k) V Sg. (15′)

The update formula defined by Eqs. (14′) and (15′) is named Free solver in this study. Here we
have defined a FPI using the Free solver.

3.2 Acceleration by a Non-Resonant Transport Kernel (NRTK)

The FPI with Free solver defined by Eqs. (14′) and (15′) may be difficult to converge, when
strong resonant behaviour is present in resonant macroscopic total cross-sections Σg

0. In this
case, the iterative matrix which is the collision probability matrix can have strong variation
because of resonant behaviour of total cross section. R. Sanchez [10] suggested the possibility
to replace the resonant transport kernel

(Ω · ∇+ Σ)Ψ(r,Ω, E) (16)

by a non-resonant one
(Ω · ∇+ Σ−R)Ψ(r,Ω, E) (17)

where the operator R is defined as

R =
Σ0

4π

∫

4π
dΩ, (18)

with Σ0 the resonant total cross section.

A. Hébert [11] suggested the use of this non-resonant kernel (17) in place of the original resonant
one in order to accelerate the FPI defined by Eqs. (14′) and (15′).

The non-resonant transport kernel iterations can be obtained by combining the equations (14)
and (15), we get the following equation for the solution of flux

V Φg = (1− pgΣg
0)
−1pgV (Sg −N0τ

g). (19)
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Finally a new FPI can be defined by using Eq. (19): in each group g, given an approximation of
the solution at step k, [Σg

0]
(k), the solution is updated by Eq. (14′), where the flux is calculated

by
[Φg](k) = V −1(1− [pg](k) [Σg

0]
(k))−1 [pg](k) V (Sg −N0τ

g). (19′)

The update formula defined by Eqs. (14′) and (19′) is named Non-Resonant Transport Kernel
(NRTK) solver in this study. Here we have defined a FPI using the NRTK solver.

3.3 Solution by the JFNK Method

The multigroup equivalence problem defined by Eq. (14) and Eq. (15), is a nonlinear problem
which can be solved by Newton methods. Since the Jacobian-Free Newton-Krylov (JFNK)
methods [1] are able to effectuate Newton-like nonlinear iteration without explicitly forming the
Jacobian, we study the application of the JFNK methods to the multigroup equivalence problem
in this section.

The JFNK methods contain two levels of iterations: an external Newton-type acceleration for
the solution of nonlinear equations and an internal Krylov subspace method for the solution of
the Newton correction equations. The advantage of a JFNK method compared to a traditional
Newton method is that we do not need to compute and store the Jacobian, the solution of
the Newton correction equations by Krylov subspace methods needs only the Jacobian-vector
product.

The JFNK method is based on Newton iterations. Given a nonlinear system of equations

f(x) = 0, (20)

by applying the Taylor expansion to the kth step approximation , we have

f(xk+1) = f(xk) + f ′(xk)(xk+1 − xk) + ε(δxk)2, (21)

where f ′(xk) = J (xk) is the Jacobian at xk and we define the correction term δxk = xk+1−xk.
Suppose that xk+1 is the solution of Eq. (20), we have

J (xk)δxk = −f(xk). (22)

Eq. (22) is the Newton correction equation, the solution of which gives the correction term δxk,
and the approximate solution is updated by

xk+1 = xk + δxk. (23)

The iteration continues until the convergence is attained.

The Krylov subspace methods [9] are projection or generalized projection methods for solving
the linear system Ax = b using the Krylov subspace, Km,

Km(A, r0) = span(r0,Ar0,A2r0, . . . ,Am−1r0), (24)

where r0 = b−Ax. They have the advantage of requiring only the matrix-vector products during
the solution, not the matrix itself. That means that in order to solve the Newton equation (22)
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to get the correction δxk, only the product Jυ is needed. More over, the matrix-vector products
can be approximated by

Jυ ≈ 1
ε

[f(x + ευ)− f(x)] , (25)

where ε ¿ 1 is a small perturbation parameter. In consequence, with the combination of Newton
and Krylov methods, we can achieve the Newton-like nonlinear convergence without computing
or storing the Jacobian.

Following the description in Section 3., the multigroup equivalence problem to be solved is

f(Σg
0) = G [I0Φg]− 1 = 0, (26)

where Σg
0 is a vector containing the resonant cross-sections per self-shielding region, G =

diag
{

Σg
0α

N0ατα

}
, I0 is a diagonal matrix reducing Φg to Φg

0, a vector containing the flux per
self-shielding region.

At step k, the approximation of solution is xk = [Σg
0]

(k), it is required to solve the Newton
equation (22) in order to obtain the update for the solution δxk = δ [Σg

0]
(k).

There is no need to seek a high precision solution of Eq. (22). Instead, we only require that

‖f(xk) + J (xk)δxk‖ ≤ ηk‖f(xk)‖, (27)

where ηk < 1, which is a forcing term which determines the precision of the Newton correction
term. The JFNK method based on Eq. (27) belongs to the family of inexact Newton meth-
ods [12]. The forcing terms {ηk} affect the convergence and the computational expense of JFNK
iterations [13]. In this work, the forcing terms are chosen to be constant for all Newton steps,
ηk = η, ∀k.

The solution of Eq. (27) by a Krylov subspace method needs only the matrix-vector product
approximated by Eq. (25). In this study, the perturbation term is chosen to be

ε =
√

εmach, (28)

where εmach is the machine precision.

The initial residual vector is defined as

r0 = −f(xk)− J (xk)δxk = −f(xk), (29)

since δxk = δ [Σg
0]

(k) is initiated to 0.

Once we obtain δ [Σg
0]

(k), the new estimation of the solution is updated by Eq. (23).

In the above Krylov procedure, only the function f(Σ0) needs to be evaluated. With a given
Σg

0, Φg can be obtained by the Free solver or the NRTK solver.

Since the Jacobian is generally non symmetric, therefore we consider only the Krylov methods
for non-symmetric system of equations. In our study, we have tested GMRES (Generalized
Minimum Residual) [14] and BiCGSTAB (BiConjugate Gradient Stabilized) [15]. Our tests
show that these two methods are almost equivalent. The GMRES results are shown in the
present study. In this study, no preconditioning method is considered. The above described
method is named JFNK method in the following discussion.
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3.4 JFNK Method as Acceleration to Fixed Point Iterations

In Sections 3.1 and 3.2 two fixed point iterations have been defined, the FPI with Free solver
and the FPI with NRTK solver. The JFNK method can be used as an acceleration method to
wrap the existing fixed point iterations, as indicated by several authors [16] [17] [4]. The fixed
point iterations using the Free solver or the NRTK solver can be formulated as

[Σg
0]

(k+1) = H([Σg
0]

(k)), (30)

where H represents the update formula for Σg
0, Eqs. (14′) and (15′) for Free solver or Eqs. (14′)

and (19′) for NRTK solver. The solution of (30) is Σg∗
0 which satisfies

Σg∗
0 = H(Σg∗

0 ). (31)

Now we define a new associated nonlinear equation

R(Σg
0) = Σg

0 −H(Σg
0) = 0, (32)

and apply the JFNK method to it. We can see from (32), the implementation of this method is
rather straightforward: for a given group g, at step k, we have the approximate solution [Σg

0]
(k).

The function R can be evaluated by the difference of Σg
0 between two successive fixed point

iterations:
R([Σg

0]
(k)) = [Σg

0]
(k) − [Σg

0]
(k+1)

. (33)

The Newton equation to be solved at step k is

R′([Σg
0]

(k))δ [Σg
0]

(k) = −R([Σg
0]

(k)). (34)

In our study, the inexact Newton version of (34) is implemented, the convergent precision is
controlled by a forcing term η. The GMRES method is employed as the Krylov subspace method
to solve the inexact Newton equation, which needs evaluations of the following matrix-vector
production

R′([Σg
0]

(k))υ ≈ υ − 1
ε

[
H([Σg

0]
(k) + ευ)−H([Σg

0]
(k))

]
, (35)

where we choose ε =
√

εmach.

The above defined method is called JFNK-FPI in the following of our discussion. As indicated
by Chan and Jackson [18] and Brown and Saad [19], this method can be considered as a nonlin-
early preconditioned form of the original system of equations. The nonlinear system has been
preconditioned, so the resulting Newton equation does not need to be preconditioned.

4. NUMERICAL RESULTS

In this section an one-dimensional slab self-shielding calculation, one of the self-shielding calcu-
lations of the Orphée reactor assemblies, is used to compare the above introduced methods.

The Orphée reactor is a pool reactor, its square core consists of 8 square fuel assemblies (4
control assemblies and 4 standard assemblies). In our application, we consider only the self-
shielding of a control assembly, the configuration of which is shown in Fig. 1. In this control
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Figure 1: A control assembly with plates of Hafnium (green and yellow regions).

assembly, we have 18 parallel fuel plates of an alloy of aluminium and uranium (UAL), of which
the enrichment in 235U is 93%. There are 4 Hafnium absorbing plates per control assembly.

Our self-shielding geometry is an one-dimensional slab corresponding to a cut of the control
assembly, which is indicated by the red line in Fig. 1. There are 18 UAL plates in a control
assembly and one Hafnium plate at each side. In order to take into account the flux variation in
fuel and absorbing regions, we divide each UAL fuel region into 10 self-shielding regions and each
Hf region into 40 self-shielding regions. We perform the self-shielding calculation for 235U in UAL
fuel, 174Hf, 176Hf, 177Hf, 178Hf, 179Hf and 180Hf in Hafnium regions. Once the heterogeneous-
homogeneous equivalence has been done for each isotope, the multigroup equivalence is carried
out for all the isotopes simultaneously. The results of this simultaneous multigroup equivalence
are given in Tab. I. The calculations are carried out on the 172-group Xmas mesh.

Table I: Comparison of number of function evaluations

FPI JFNK-FPI JFNK

Free NRTK Free NRTK Free NRTK

Group 78 15 5 30 (15a) (1b) 10 (5) (1) 52 (17) (5) 28 (8) (7)

Group 79 17 6 35 (17) (1) 12 (6) (1) 48 (14) (3) 25 (7) (3)

Group 80 13 4 26 (13) (1) 8 (4) (1) 35 (11) (4) 20 (6) (3)

a Number of Newton steps;
b Maximum number of GMRES steps per Newton iteration.
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In our study, the error measure is defined as

e = max
i

∣∣∣∣∣
Σk+1

0i − Σk
0i

Σk+1
0i

∣∣∣∣∣ . (36)

The iterations are considered to be convergent if e < ε, where the convergent precision is
ε = 5 × 10−6. The choice of the forcing term η is different for the JFNK-FPI and JFNK
methods: we use η = 10−3 for JFNK-FPI and η = 10−1 for JFNK.

The results of the FPI methods show that both Free solver and NRTK solver converge. By
eliminating the resonant component in the transport kernel, NRTK solver accelerates efficiently
the convergence.

In terms of convergence, the JFNK-FPI methods, with Free solver or NRTK solver, need exactly
the same number of Newton steps as the number of fixed point iterations for the corresponding
FPI method. At each Newton step, the JFNK-FPI methods carry out one FPI calculation and
solve the Newton Equation. Since only one GMRES step is needed for solving the Newton Equa-
tion, the JFNK-FPI methods need two function evaluations per Newton step. In consequence,
the number of function evaluations is doubled for the JFNK-FPI methods comparing to that of
the FPI methods.

The JFNK methods need almost the same number of Newton steps as the number of FPIs
for the FPI methods. At each Newton step, they need several GMRES steps to compute the
correction term. In order to diminish the number of GMRES steps per Newton Step, we have
already relaxed the forcing term to η = 10−1. As indicated in the previous section, our GMRES
implementation does not have any preconditioning. That is the reason for which GMRES
converges slowly. On the contrary, the JFNK-FPI methods have already been preconditioned
nonlinearly, GMRES converges rapidly at each Newton step.

5. CONCLUSIONS

In this paper we have presented the multigroup equivalence problem in the fine-structure self-
shielding method. Two FPI methods, Free solver and NRTK solver, have been applied success-
fully to this problem. Two Jacobian-Free Newton-Krylov family methods, the JFNK method
which solves directly the nonlinear system of equations and the JFNK-FPI method which wraps
the FPIs, have been studied in this paper. The numerical results show that the JFNK family
methods do not decrease the number of nonlinear (Newton) steps for the multigroup equiv-
alence problem. At each Newton step, the JFNK-FPI method converges efficiently since the
corresponding Newton equation is implicitly preconditioned; the JFNK method needs more
GMRES iterations to converge, which shows that a preconditioning technique is required to
accelerate the solution of the Newton equations.
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11. A. Hébert, Applied Reactor Physics. Presses internationales Polytechnique, Canada (2009).

12. R. S. Dembo, S. C. Eisenstat and T. Steihaug, Inexact Newton methods. SIAM J. Numer.
Anal., Vol. 19, pp. 400-408 (1982).

13. S. C. Eisenstat and H. F. Walker, Choosing the forcing terms in an inexact Newton method.
SIAM J. Sci. Comput., Vol. 17, pp. 16-32 (1996).

2011 International Conference on Mathematics and Computational Methods Applied to
Nuclear Science and Engineering (M&C 2011), Rio de Janeiro, RJ, Brazil, 2011

11/12



Li Mao

14. Y. Saad and M. H. Schultz, GMRES: a generalized minimal residual algorithm for solving
nonsymmetric linear system. SIAM J. Sci. Stat. Comp., Vol. 7, pp. 856-869 (1986).

15. H. A. Van Der Vorst, Bi-CGSTAB: a fast and smoothly converging variant of Bi-CG for the
solution of nonsymmetric linear system. SIAM J. Sci. Stat. Comp., Vol. 13, pp. 631-644
(1992).

16. T. F. Chan, An approximate Newton method for coupled nonlinear system. SIAM J. Numer.
Anal., Vol. 22, pp. 904-913 (1985).

17. Y. Xu and T. Downar, The implementation of matrix free Newton/Krylov methods based on
a fixed point iteration. Proc. Int. Conf. on Mathematics and Computation, Supercomputing,
Reactor Physics and Nuclear and Biological Applications (M&C 2005), Avignon, France,
September 12-15, 2005, on CD-ROM.

18. T. F. Chan and K. R. Jackson The use of iterative linear equation solvers in codes for large
systems of stiff IVPs for ODEs. SIAM J. Sci. Statist. Comput., Vol. 7, pp. 378-417 (1986).

19. P. N. Brown and Y. Saad Hybrid Krylov methods for nonlinear systems of equations. SIAM
J. Sci. Statist. Comput., Vol. 11, pp. 450-481 (1990).

2011 International Conference on Mathematics and Computational Methods Applied to
Nuclear Science and Engineering (M&C 2011), Rio de Janeiro, RJ, Brazil, 2011

12/12


