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Executive Summary
This document details the work accomplished during the period 06/01/2010-05/31/2015 
at the University of Tulsa for the collaborative project, “Development and Application of 
Predictive Tools for MHD Stability Limits in Tokamaks,” and serves as the final report 
on that project for Department of Energy Office of Science - Fusion Energy Sciences 
Grant No. DE-SC0004125.

This project is focused on analytic and computational tools used to answer physics 
questions relevant to the onset of non-ideal magnetohydrodynamic (MHD) instabilities in 
toroidal magnetic confinement plasmas. The focused goal of the proposed research is to 
develop predictive tools for these instabilities. The results compare studies of 
instabilities in toroidal magnetic confinement systems using analytic techniques, as well 
as the PEST- III and NIMROD codes.

The main efforts have focused upon:
1. Developing resistive wall, control coil, and energetic particle effects into MHD 

stability modeling analyses.
2. Study DIII-D and NSTX relevant cases with resistive MHD instabilities including 

kinetic effects of energetic particles, error field effects, and control coil physics.
3. Further advancing the basic theory of plasma response, error field penetration and 

feedback stabilization in tokamaks.
We discuss each item in further detail below.

Most of the work was supported at Tulsa, and was carried out by Dr. Brennan and a 
graduate student (M.R. Halfmoon, U. Tulsa), contributing to the broader goal of 
supporting the development and training of students and early-career researchers. All 
researchers supported by this grant actively presented results at conferences during the 
performance period, including the Sherwood, TTF, and APS-DPP meetings.

During the project period, a transfer of PI was made from Dr. Dylan Brennan to Dr. 
George Miller, Kistler Professor of Physics & Chair Department of Physics & 
Engineering Physics at the University of Tulsa, as Dr. Brennan moved to Princeton 
University. The graduate student supported on this project remained a student of TU 
supported by funds from this grant, under the advisement of Dr. Brennan and the 
administration of Dr. Miller.

Key Results Obtained During the Performance Period

Selected publications associated with this project:

• M.R. Halfmoon and D.P. Brennan “Energetic Ion Effects on Pressure Driven Tearing 
Modes in Tokamaks,” to be submitted, Nucl. Fusion (2016).
In this paper the effects that energetic trapped ions have on linear resistive 
magnetohydrodynamic (MHD) instabilities are studied in a reduced model to describe 
the essential physics driving or damping the modes. The focus is on a configuration 
that is driven unstable to the m/n=2/1 mode by increasing pressure, where m is the



poloidal mode number and n the toroidal. The particles and pressure can affect the 
mode both in the core region where there can be low shear and outside the resonant 
surface in significant shear. The results show that the energetic ions damp and 
stabilize the mode when orbiting in signficant shear, increasing the marginal stability 
boundary. However, the inner contribution with low to zero shear in the core can 
drive the mode unstable. This effect of shear on the energetic ion pressure 
contribution is found to be consistent with the literature. These results explain the 
observation that the 2/1 mode was found to be damped and stabilized by energetic 
ions in 6f - MHD simulations of tokamak experiments with positive shear throughout, 
while the 2/1 mode was found to be driven unstable in simulations of experiments 
with weakly reversed shear in the core. This is also found to be consistent with 
related experimental observations of the stability of the 2/1 mode changing 
significantly with core shear.
John M. Finn, Andrew J. Cole and Dylan P. Brennan, “Error field penetration and 
locking to the backward propagating wave,” Phys. Plasmas 22, 120701 (2015).
In this letter it is shown that the locking for modes with finite real frequencies 
(Dr in the plasma frame have unanticipated and important characteristics, that 
can drive significant equilibrium flows from a static imposed error field. The 
tearing mode amplitude is maximized when the plasma velocity satisfies v = 
<Dr/k. Even more importantly, the locking torque is exactly zero at the mode 
phase velocity, with a pronounced peak at just higher rotation, leading to a 
locked state with plasma velocity v slightly above v = <Dr/k. Real frequencies 
are known to occur due to the Glasser effect[1, 2] for modes in the resistive- 
inertial (RI) regime. It is also found here that real frequencies occur over a 
wide range of parameters in the visco-resistive (VR) regime with pressure and 
the same is true in other tearing regimes, with real frequencies due to 
diamagnetic propagation. The locking torque in each case is qualitatively 
similar to that in the RI regime. Other nonlinear effects and the possibility of 
applying external fields of different helicities to drive sheared flows in toroidal 
plasmas are discussed.
D.P. Brennan and J.M. Finn, “Control in cylindrical magnetohydrodynamics with a 
resistive wall, plasma rotation, and complex gain,” Phys. Plasmas 21, 102507 (2014).
In this paper feedback stabilization of magnetohydrodynamic (MHD) modes in 
a tokamak is studied in a cylindrical model with a resistive wall, plasma 
resistivity, viscosity, and toroidal rotation. The control is based on a linear 
combination of the normal and tangential components of the magnetic field 
just inside the resistive wall. The feedback includes complex gain, for both the 
normal and for the tangential components, where the imaginary part of the 
feedback for the radial is equivalent to plasma rotation. The main results are:
(a) imagi- nary gain with normal sensors or plasma rotation stabilizes below 
brp iw because rotation suppresses the diffusion of flux from the plasma out
through the wall and, more surprisingly, (b) rotation or imaginary gain with 
normal sensors destabilizes above brp iw because it prevents the feedback flux
from entering the plasma through the resistive wall to form a virtual wall. A 
method of using com- plex gain G; to optimize in the presence of rotation in



this regime with b > brp iw is presented. The effect of imaginary gain with
tangential sensors is more complicated but essentially destabilizes above and 
below brp 1W.
K. Sassenberg, A.S. Richardson, D.P. Brennan, and J.M. Finn, “Control of 
Magnetohydrodynamic Modes in Reversed Field Pinches with Normal and
Tangential Magnetic Field Sensing and Two Resistive Walls,” accepted for 
publication, in press: Plasma Phys. Control. Fusion (2/2013).
This paper focuses on theoretical and computational results for control of combined 
resistive wall modes and resistive MHD modes and has been accepted for publication 
in a special issue of Plasma Physics and Controlled Fusion. This work will form the 
basis of subsequent related studies in tokamak configurations this coming year.
F. Turco, C. Holcomb, J. Ferron, T. Luce, P. Politzer, J.M. Park, A.White, D.P. 
Brennan, A. Turnbull, J. Hanson, M. Okabayashi, Y. In, “Sensitivity of transport and 
stability to the current profile in steady-state scenario plasmas in DIII-D,” Phys. 
Plasmas 19, 122506 (2012).
This work makes extensive use of linear resistive MHD stability analysis with PEST- 
III, with a larger portion of the results of this effort remaining unpublished. It is 
expected that in the near future this collaboration will develop into further significant 
results with the addition of my time.
R. J. La Haye, R.J. Buttery, S.P. Gerhardt, S.A. Sabbagh, and D.P. Brennan “Aspect 
ratio effects on neoclassical tearing modes from comparison between DIII-D and 
NSTX,” Phys. Plasmas 19, 062506 (2012).
An analysis of experimental data from DIII-D is used in this work to “back out” a 
resistive stability index from computation of the neoclassical coefficients and 
modeling of the instability via a Rutherford method. This index can be compared 
with computations of the linear stability index. I currently have a student, M. 
Halfmoon, working on a study of the aspect ratio effects on energetic particles and 
linear stability, which clearly ties into this work.
D.P. Brennan, C.C. Kim, and R.J. La Haye, “Energetic particle effects on n=l 
resistive MHD instabilities in a DIII-D hybrid discharge,” Nucl. Lusion 52, 033004 
(2012).

This work was partially funded by this grant and partially by DE-LG02-07ER54931 
titled “Hot Particle and Turbulent Transport Effects on Resistive Instabilities,” and 
presents an analysis of energetic particle effects that destabilize a series of modes, 
including a non-resonant m/n=l/l and resonant 2/1 modes, which agree with 
experimental observations on DIII-D. This paper makes the argument that energetic 
particles are destabilizing the disruptive 2/1 mode in these types of DIII-D discharges. 
These “hybrid” discharges are related to NSTX discharges, and will tie into an 
analysis of DIII-D vs. NSTX results this coming year.
S. M. Kaye, T. Abrams, J.W. Ahn, et al. “An Overview of Recent Physics Results 
from NSTX,” Nucl. Fusion 55, 104002 (2015).
Overview paper.
S.A. Sabbagh, J.W. Ahn, J. Allain et al., “Overview of Physics Results from the 
Conclusive Operation of the National Spherical Torus Experiment,” Nucl. Fusion 53 
104007 (2013).
Overview paper.



• R.J. La Haye, R.J. Buttery, S.P. Gerhardt, S.A. Sabbagh, and D.P. Brennan “Aspect 
ratio effects on neoclassical tearing modes from comparison between DIII-D and 
NSTX,” Phys. Plasmas 19, 062506 (2012).
This paper examines the differences between the two experiments in terms of aspect 
ratio effects on the instability.

• R.J. La Haye, D.P. Brennan, R.J. Buttery, and S.P. Gerhardt, “Islands in the Stream: 
The Effect of Plasma Flow on Tearing Stability,” Phys. Plasmas 17, 056110 (2010). 
This paper focuses on experimental analysis of nonlinear tearing mode evolution. 
Computational analyses are used to understand the effects of flow on the observed 
modes on in the experimental data.

Conference Presentations:

Since funding began in 2010, 34 conference papers have been presented that are either
fully or partially funded by this grant. These conferences have included the APS-DPP,
Sherwood, EPS, TTF and MHD Workshop meetings. A list of the Pi’s conference
attendance is presented as a subset for brevity:
Selected Conference Proceedings
• D.P. Brennan, A. Cole and J.M. Finn, “Error Field Penetration Thresholds in Toroidal 

Plasmas Near the Resistive MHD Stability Fimit,” American Physical Society 57th 
Annual Meeting of the Division of Plasma Physics, Savannah, Georgia, November, 
2015.

• D.P. Brennan, F. Delgado-Aparicio, D.A. Gates, Q. Teng and R. White, “Simulation 
of Radiation Driven Islands at the Density Fimit,” 3rd Workshop on the Theory and 
Simulation of Disruptions, Princeton Plasma Physics Faboratory, Princeton, New 
Jersey, July, 2015.

• D.P. Brennan, F. Delgado-Aparicio, D.A. Gates, Q. Teng and R. White, “Simulation 
of Radiation Driven Islands at the Density Fimit,” International Sherwood Fusion 
Theory Conference, New York, New York, March, 2015.

• D.P. Brennan, J.M. Finn and A. Cole, “Control of Finear Modes in Cylindrical 
Resistive MHD with a Resistive Wall, Plasma Rotation and Complex Gain,” 19th 
Workshop on MHD Stability Control, Auburn University, Auburn, Alabama, 
November, 2014 (invited oral).

• D.P. Brennan, C. Fiu, D.A. Gates, F. Delgado-Aparicio and R. White, “Simulations 
and Analytic Analysis of Radiation Driven Islands at the Density Fimit,” American 
Physical Society 56th Annual Meeting of the Division of Plasma Physics, New 
Orleans, Fouisiana, October, 2014.

• D.P. Brennan, J.M. Finn, M.R. Halfmoon, C.C. Kim and A.D. Turnbull, “Energetic 
Particle Driven n=l Instabilities in Tokamaks with Weakly Reversed Shear,” 
International Atomic Energy Agency, 25th IAEA Fusion Energy Conference, St. 
Petersburg, Russia, October, 2014.

• D.P. Brennan, J.M. Finn and A. Cole, “Control of Resistive Wall Modes in a 
Cylindrical Tokamak with Plasma Rotation and Complex Gain,” 2nd Workshop on the 
Theory and Simulation of Disruptions, Princeton Plasma Physics Faboratory, 
Princeton, New Jersey, July, 2014.



• D.P. Brennan and J.M. Finn, “Control of Resistive Wall Modes in a Cylindrical 
Plasma with Plasma Rotation and Complex Gain,” International Sherwood Fusion 
Theory Conference, San Diego, California, March, 2014.

• D.P. Brennan and J.M. Finn, “Control of Rotating Plasmas with a Resistive Wall and 
Complex Gain,” 18th Workshop on MHD Stability Control, Santa Fe, New Mexico, 
November, 2013.

• D.P. Brennan, J.M. Finn, H.R. Halfmoon, C.C. Kim, A.D. Turnbull, “Theoretical 
Origins of Nonresonant m/n=1/1 Modes in Weakly Reversed Shear,” American 
Physical Society 55th Annual Meeting of the Division of Plasma Physics, Denver, 
Colorado, November, 2013 (oral).

• D.P. Brennan, J.M. Finn, D.A. Gates, S.E. Kruger and C.R. Sovinec, “On the Physics 
of Onset of Nonlinear Disruptive Instabilities,” 1st Workshop on the Theory and 
Simulation of Disruptions, Princeton Plasma Physics Laboratory, Princeton, New 
Jersey, July, 2013.

• D.P. Brennan, J.M. Finn, M.R. Halfmoon, R.J. La Haye and C.C. Kim, “An analysis 
of energetic particle driven n=1 instabilities in tokamaks with weakly reversed shear,” 
International Sherwood Fusion Theory Conference, Santa Fe, New Mexico, April,
2013.

• D.P. Brennan “Understanding Tearing Mode Stability with Advanced 3D Modeling,” 
17th Workshop on MHD Stability Control, Columbia University, New York, New 
York, November, 2012 (invited oral).

• D.P. Brennan, C.C. Kim and J.M. Finn “On the stability of a particle driven Alfven 
mode localized within the minimum q in reversed shear,” American Physical Society 
54th Annual Meeting of the Division of Plasma Physics, Providence, Rhode Island, 
October, 2012.

• D.P. Brennan, M.R. Halfmoon, C.C. Kim and R.J. La Haye, “Energetic particle 
effects on n=1 MHD instabilities in a DIII-D hybrid discharge,” International 
Sherwood Fusion Theory Conference, Atlanta, Georgia, April, 2012 (invited oral).

• D.P. Brennan, C.C Kim and R.J. La Haye, “Effects of energetic particle on the n=1 p- 
limit in hybrid discharges,” American Physical Society 53rd Annual Meeting of the 
Division of Plasma Physics, Salt Lake City, Utah, November, 2011.

• D.P. Brennan, C.C. Kim and the NIMROD Team, “Energetic Particle Effects on the 
Resistive 2/1 Mode at Low qmin >~ 1,” International Sherwood Fusion Theory 
Conference, Austin, Texas, April, 2011.

• D.P. Brennan, “High Performance Computing and the US Burning Plasma 
Organization: News from the front line of fusion simulations,” High Performance 
Computing User Forum, Houston, Texas, April 2011 (invited oral).

• D.P. Brennan, R.Takahashi, and C.C. Kim, “Extrapolating the Kinetic Effects of 
Energetic Particles on Resistive MHD Stability to ITER,” American Physical Society 
52nd Annual Meeting of the Division of Plasma Physics, Chicago, Illinois, November, 
2010 (oral).

• D.P. Brennan, R.Takahashi, and C.C. Kim, “Energetic Particle Effects on n=1 and 
n=2 Tearing Modes in a DIII-D Discharge,” 37th European Physical Society Plasma 
Physics Conference, Dublin, Ireland, June, 2010.



• D.P. Brennan, M. Behlmann, R. Takahashi and J.M. Finn, “Computing Error Field 
Penetration Near Resistive MHD Stability Limits in Tokamaks,” 37th European 
Physical Society Plasma Physics Conference, Dublin, Ireland, June, 2010.

• D.P. Brennan, M. Behlmann, D.P. Flanagan and J.M. Finn, “On Error Field 
Penetration Thresholds Near the Resistive MHD Stability Limit,” International 
Sherwood Fusion Theory Conference, Seattle, Washington, April, 2010.

Invited Seminars and Collaborative Visits:

Four collaborative visits to LANL, hosted by Dr. Finn, were made by Dr. Sassenberg and 
Dr. Brennan; two during each of 2011 and 2012. One collaborative visit to LANL was 
made by M.R. Halfmoon in the summer of 2014. Two collaborative visits to PPPL, 
hosted by Dr. Bhattacharjee, were made by Dr. Brennan during 2012 and 2013. Two 
collaborative visits to GA was made by Dr. Brennan during the summers of 2011 and 
2015. Four NIMROD meetings were attended by Dr. Brennan, in the summers of 2010, 
11, 13 and 14. Regular visits to Columbia University occurred after the summer of 2013 
as well, given the proximity to Princeton.

During these visits three invited seminars relevant to this work were given by the PI:
• D.P. Brennan, J.M. Finn and A. Cole, “Control of Resistive Wall Modes in a 

Cylindrical Tokamak with Plasma Rotation and Complex Gain,” Department of 
Applied Physics and Applied Mathematics, Columbia University, New York, New 
York, October, 2014.

• D.P. Brennan, M.R. Halfmoon, C.C. Kim, R.J. La Haye and J.M. Finn, “An analysis 
of energetic particle driven n=l instabilities in tokamaks with weakly reversed shear," 
Princeton Plasma Physics Laboratory, Princeton, New Jersey, December, 2012.

• D.P. Brennan, “Recent PEST3 Modifications and Improvements,” Energy Group, 
General Atomics, San Diego, California, April, 2011.

Research in Progress:
• A paper is currently in draft on the basic physics of the energetic particle driven non

resonant m/n=l/l and disruptive m/n=2/l modes in tokamak discharges with weakly 
reversed q profiles. This study has now progressed to a study of the more 
fundamental physics of the nonresonant m=l and resonant m=2 modes, how they 
couple, and how they interact with the energetic particles. In particular, we have 
identified the m=l nonresonant mode, driven unstable by particles and observed in 
experiments and simulations, in an ideal MHD analytic solution to a cylindrical 
system which shows a top-hat structure delimited by the minimum in q, and thus it 
only exists in reversed q profiles. The behavior of the stable eigenfunctions, as a 
function of aspect ratio, beta and q^ show that the mode is related to the classic 
resonant m=l mode, with significant differences. The radial extent is independent of 
qmin, and the mode does not reconnect. This m=l mode becomes more stable with 
pressure, while the m/n=2/l stable ideal mode becomes less stable with pressure, and 
becomes ideal unstable with increasing pressure. It is in this context that the particles 
drive the mode unstable, and this analysis explains the observed results with 
NIMROD and in experiment. With toroidal configurations and low aspect ratio, the 
same structure persists qualitatively, while aspect ratio effects change the overall 
stability of the system. We have reviewed the stability of this mode and an m=2 
mode in numerics, and the mode crossing between them.



Summary

In short all of the scheduled items in Timeline and Evaluation Phases have been 
addressed to some extent. The research plan during no-cost extension continued to 
completion the three-year plan in addition to new physics investigations that have been 
identified during this work.

The forward looking research is focused on1) Nonlinear simulations of extended MHD modes in DIII-D and NSTX equilibria.
2) PEST-III benchmark and development, resolving the most challenging cases.
3) Analytic and computational analysis of drift MHD description of error field 
penetration, resistive wall modes and control.


