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ABSTRACT 

 
Recent work in the completely fission matrix based Monte Carlo (FMBMC) eigenvalue 
methodology showed that the fission matrix coefficients are independent of the source eigenvector 
in the limit of small mesh sizes.  As a result, fission matrix element autocorrelation should be 
insignificant.   We have developed a modified fission matrix based Monte Carlo methodology for 
achieving unbiased solutions even for high Dominance Ratio (DR) problems.  This methodology 
utilizes an initial source from a deterministic calculation using the PENTRAN 3-D Parallel SN 
code, autocorrelation and normality tests, and a Monte Carlo Iterated Confidence Interval (ICI) 
formulation for estimation of uncertainties in the fundamental eigenvalue and eigenfunction. This 
methodology is referred to as Fission Matrix Based Monte Carlo Initial-source Controlled 
Elements with Uncertainties (FMBMC-ICEU).  In this paper, we will investigate the impact of 
different starting sources (PENTRAN initialized with a flat source and a boundary source) on the 
final results of a test problem with high source correlation.  It is shown that although the fission 
matrix element correlation is significantly reduced, a good initial guess is still important within the 
framework of the FMBMC-ICEU methodology since the FMBMC-ICEU methodology still 
utilizes a standard source iteration scheme. 
. 
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1. INTRODUCTION 
 
Recently, we developed a new fission matrix based algorithm referred to as FMBMC-ICEU 
(Fission Matrix Based Monte Carlo with Initial source and Controlled Elements and 
Uncertainties) [1-2], which includes formulations for preparation of the initial source and is 
capable of controlling the quality of the fission matrix elements and their associated 
uncertainties. Our work followed the work performed in References 3-5.  In these studies, only 
the result of a final converged fission matrix (FM) over ALL particles simulated (discarding any 
skipped generations) is utilized to calculate all desired information.  It was also shown that the 
spatial meshing has significant impact on the accuracy of the calculated fission matrix 
coefficients, which directly impact the calculated eigenvalue and eigenfunction.  In the limit of 
“very small” meshes, the source distribution is irrelevant in the calculation of the fission matrix 
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coefficients.  As a result, no skipped generations are necessary and all particles can contribute to 
the final result.   
 
Practically speaking, however, the mesh size required may make this approach intractable 
without a necessary condition to decide what a “very small” mesh is. With our new algorithm, 
we have developed the necessary controlling formulations which effectively guide the user on 
the use of an appropriate mesh size. Moreover, it provides accurate associated uncertainties, 
which indicate the confidence level on the results.  
 
In short, the FMBMC-ICEU algorithm utilizes different techniques for measuring the quality of 
the elements of the fission matrix, and thereby achieving an unbiased eigenvalue and 
eigenfunction.  FMBMC-ICEU includes the following four major components: 
  

1. An algorithm for obtaining a deterministic-based initial source, if desired. 
2. An autocorrelation algorithm for determination of independence of the FM elements. 
3. Formulations for checking the normality of the FM elements. 
4. A Monte Carlo Iterated Confidence Interval (ICI) for determination of uncertainties in the 

converged eigenvalue and eigenfunction.  
 
In this paper, we measure the effect of the first component. For this study, we use a problem with 
high dominance ratio (DR).  High DR problems suffer from poor source convergence in which 
the source distribution appears to have high autocorrelation as a result.  This can lead to either 
biased results or biased confidence estimates of derived parameters.  An initial source 
distribution may provide a good starting source, yet the problem does not converge in the 
“normal” sense.  As a result, in FMBMC-ICEU, we have provided techniques for assessing the 
effect of meshing and associated uncertainties.  
 
This paper is organized as follows. Section 2 gives a theoretical discussion on the Fission Matrix 
Based Monte Carlo (FMBMC) method and the FMBMC-ICEU algorithm.  Section 3 gives 
testing and results, and Section 4 gives conclusions and recommendations for future effort. 
 

2. THEORETICAL BACKGROUND 

2.1. Fission Matrix Based Monte Carlo (FMBMC) 
 
The distribution of neutrons in the system 𝑆(𝑟) is attained from solution of the eigenvalue 
equation 

 
 𝑆 = 1

𝑘𝑒𝑓𝑓
𝐴𝑆, (1)  

where keff is the eigenvalue and AS is the next generation source.  Equation 1 can then be written 
as  

 
 𝑆(𝑟) = 1

𝑘𝑒𝑓𝑓
∫ 𝑎(𝑟′ → 𝑟)𝑑𝑟′𝑆(𝑟′)𝑉 , (2)  
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Physically, 𝑎(𝑟′ → 𝑟) is a kernel providing the expected number of fission neutrons produced per 
unit volume at 𝑟 from fission neutrons at 𝑟′.  Equation 2 is discretized and the eigenvalue and 
corresponding eigenfunction are obtained by using the power iteration method [6, 7].  The 
discretized form of Equation 2 is given by 
 

 
  (3)  

where  
 

𝑎𝑖 ,𝑗 =
∫ 𝑑𝑟 ∫ 𝑑𝑟′𝑎(𝑟′ → 𝑟)𝑆0(𝑟′)𝑉𝑗𝑉𝑖

∫ 𝑑𝑟′𝑆0(𝑟′)𝑉𝑗

. (4)  

𝑆0 is the current neutron source, where the numerator of equation 4 represents the total number 
of neutrons generated in volume Vi from volume Vj, and the denominator represents the total 
neutrons in volume Vj.  As a result, the fission matrix elements 𝑎𝑖,𝑗 can be thought of as the 
probability that a neutron born in cell 𝑗 will generate a fission neutron in cell i.  Note that the 
energy dependence has been left out for simplicity.  Algorithmically, we have implemented the 
fission matrix method as follows: 
 

• Discretize the spatial variable (and energy if desired) 
• Store the number of source particles in each discretized spatial region as (ℂ)j 
• At each collision for every particle in the generation, increment a fission neutron counter 

to add to the proper fission matrix element as: 
 

 (B)i,j = (B)i,j + w
νΣf
Σt

,, (5)  

• After all histories for the current generation have been completed, the fission matrix 
elements are determined by 

 
 

                                        , 
(6)  
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• Calculate the dominant 𝑘𝑒𝑓𝑓 and corresponding eigenfunction by solving Equation 3. 
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2.2.  FMBMC-ICEU 
 
From the previous work on FMBMC [2,3], it is concluded that the FM Method can be effective 
for solving high DR problems if the fission matrix elements are independent of the discretized 
source (meshing and density).  Further, it was shown that for “small” meshes, the FM elements 
are independent of the fission source and uncorrelated [4, 5].  However, a methodology should 
be required for selection of the “small” number of meshes. 
 
To obtain reliable fission matrix elements, it is still necessary to have a reasonable source 
distribution if the fission matrix elements are not completely independent of the source 
distribution, hence in FMBMC-ICEU, an optional first step was developed for calculation of an 
initial source distribution using the deterministic PENTRAN [8] SN [9] parallel code for a  
simplified model.   
 
Furthermore, to achieve an accurate set of FM elements, it is necessary that each element in one 
generation is independent of the same element in other generations, which is an indication of 
randomness of source.  Moreover, if the source is random, it is expected that a normal 
distribution would represent the distribution of each element over different generations. Hence, 
to examine these issues, i.e., quality of FM elements, FMBMC-ICEU includes an autocorrelation 
algorithm for testing independence, and algorithms for testing normality. Finally, to obtain a 
confidence level for the FM elements, we have developed the Monte Carlo Iterated Confidence 
Interval (ICI) [10] approach.  
 
To summarize in detail, the FMBMC-ICEU methodology is comprised of the following four 
components:      
 

1. Optional Generation of Initial Source 
 

Optionally, an approximate source distribution is obtained via the deterministic Discrete 
Ordinates PENTRAN code.  This not only provides the ability of obtaining a better set of 
initial FM elements, but also diminishes the need for skipped cycles/generations. 
 
2. Test of Independence of FM Elements 

 
In order to identify whether the FM elements are indeed independent, the lag 1 
autocorrelation is obtained for each element by 

 

 rj,k = �
∑ (Ai − A�)(Ai+1 − A�)N−1
i−1

∑ (Ai − A�)2N
i=1

�
j,k

. (7)  

• rj,k is the (j,k)th fission matrix element lag 1 autocorrelation 
• N is the total number of generations included in the lag 1 autocorrelation determination 
• Ai  is the fission matrix element for i’th generation. 

 
The calculated lag 1 autocorrelation coefficient is compared with the expected lag 1 
correlation coefficient for a standard normal distribution with mean equal to the average 
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coefficient and standard deviation equal to the sample standard deviation.  For large sample 
sizes (greater than 1000) with a lag 1, an autocorrelation of ≤0.05 is acceptable. 

 
3. Normality Test 

 
If the FM elements are obtained from a truly random source distribution, then it is expected 
that the elements follow a normal distribution for all active fission generations.  As such, 
FMBMC-ICEU includes the use of normality tests, including the Shapiro-Wilk, Cramer-Von-
Mises and Kolmgorov-Smirnov tests [11].  Note that for very large sample sizes (> 1000), the 
power of the normality tests may increase so much as to render them ineffective since 
extremely small (from perhaps random fluctuation) departures from normality are identified 
and a false positive diagnosis is made.  Given the assurance of independence using the 
aforementioned test 2 (i.e., Eq. 7), normality is not essential since with such large sample 
sizes, the CLT will ensure that the resulting average fission matrix elements themselves will 
follow normal statistics. 

 
4. Uncertainty/Confidence of Eigenvalue and Eigenfunction 

 
In order to determine the confidence level on the calculated eigenvalue and eigenfunction, we 
have applied the Monte Carlo Iterated Confidence Interval (ICI) technique, which is 
comprised of the following steps: 
 

• After converging on the FM elements, and calculating the corresponding keff and S, 
we estimate the uncertainty range for each FM element by 

�𝜀𝑖,𝑗2 ��̅� =
�𝜀𝑖,𝑗
2 �

𝐴

𝑁
,                              (8) 

where 
�𝜀𝑖,𝑗2 �𝐴 = 1

𝑀−𝑛𝑠−1
∑ �𝑎𝑖𝑗,𝑚 − 𝑎�𝑖,𝑗�

2𝑁
𝑚=1 . 

 
• Then,  we repeat the following steps for a large number of times: 

o Using a normal distribution with 𝑎�𝑖,𝑗= mean and �𝜀𝑖,𝑗2 �𝐴= σ, a new set of 

elements (aij) are sampled and a new fission matrix is formed. 
o A new eigenvalue and corresponding eigenfunction is calculated.  
o The Percentile Method is used to form a confidence level (CL) and estimate 

the uncertainty in the calculated eigenvalues and each element of the 
eigenfuctions; e.g., δk=k2-k1, where k1=(n+1)α, k2=(n+1)(1-α) and  CL=1-
2α.  Note that if the distribution is skewed, a correction procedure should be 
applied. 

  
Note that if the FM elements are indeed independent, then the large sample size should ensure 
that the average element follows a normal distribution at least approximately and therefore for 
practical applications the normality requirement is unnecessary, yet results of the test are left for 
information purposes. 
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60 cm 

Σt = 1.0        Σs = 0.7,        νΣf = 0.3071   

   

 

DR ~ 0.991 

 
3. TESTING AND RESULTS  

3.1. Algorithm Implementation 
 
The fission matrix algorithm was implemented in a 1-Dimensional multigroup Monte Carlo code 
written in FORTRAN90/95 with both a traditional solution algorithm and the new FMBMC-
ICEU.  The solution algorithms compute keff utilizing a standard collision estimator.    In the 
current algorithm, for simplicity, the scattering interaction is considered isotropic.  Optionally, an 
initialized source is determined by the PENTRAN 3-D, parallel SN code through the use of a 
separate utility code.  Note that an initialized source need not be from a deterministic SN code, 
but any deterministic code, which can provide a fast approximate solution, is adequate. 

3.2. Test Problem and Results 
 
3.2.1. Problem description 
 
The test problem is a simple monoenergetic single slab problem with vacuum boundaries and is 
in a slightly supercritical configuration.  It was chosen since it has been studied before and it was 
determined to have a dominance ratio of ~0.991) [12].  Geometry and material properties are 
shown in Figure 1. 
 
 

Figure 1. Geometry and Material Data for Test Problem 1 
 
 
The slab is in a slightly supercritical state.  Analysis in reference 11 indicates that keff is 
~1.02082.  The importance function related to neutron production was calculated with 
PENTRAN for the test problem.  The resulting neutron importance to production is shown in 
Figure 2. 
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Figure 2. Neutron Importance to Production for the Test Problem 
 
 
The above figure indicates that the neutron importance to the source production for this problem 
is very flat, except near the problem boundary.  Source coupling within the slab should not be a 
problem. Previous work focused solely on the ability of obtaining fisssion matrix elements which 
are independent and follow a normal distribution, and therefore resulting in an unbiased solution. 
In this paper, first we review some pertinent results, then analyze the impact of using different 
starting source distributions.   
 
3.2.1. Analysis of results 
 
In this paper, the effect of an initialized source is studied.  In our previous study [4], we used a 
flat source distribution throughout the model (i.e., Fig.  1), and concluded that 24 source meshes 
was adequate to provide consistent results with the FMBMC methodology.                                                   

 
This is reflected in Figure 3, which shows the source mesh 1 source fractions for cases 31-40.  
Cases 1-30 were not adequate and are not repeated here. 
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 Figure 3. Mesh 1 Source Fractions for Cases 31-40 

 
The above figure indicates that the final obtained source fraction from mesh 1 for the ten 
replications are inconsistent for the standard method, yet the FMBMC-ICEU results appear 
acceptable.  To study the impact of an initialized source, cases 31-40 were further studied by 
utilizing three different initial source density distributions (subcases) as given in Table II. 
 

Table II. Initial Source Density Distribution for Cases 31-40 

Source Skipped 
Generations 

Total 
Generations 

Neutrons per 
Generation 

Flat 5 5005 100k 
PENTRAN solution 5 5005 100k 
Boundary source (at the 
left boundary of Fig. 1) 5 5005 100k 

 
Note that the number of skipped generations is reduced to 5, and cases 31-40 are considered.  
Note also that for the boundary source,all the particles are started isotropcially at the problem 
boundary.  The effect of the starting sources can be seen manifesting through the keff values 
shown in Figure 4 for a representative replication (case 31). 
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Figure 4. Case 31 keff Comparison by Source 

 
The above figure indicates that at least in the case of the PENTRAN source distribution, it 
appears that no skipped generations are necessary, while for the flat and boundary sources at 
least 20 and 80-100 generations should be skipped, respectively. 
 
To test the impact of the initial source on the fission matrix coefficients, we estimated the 
fraction of keff which were calculated using fission matrix elements whose calculated lag 1 
autocorrelation was greater than the expected 0.05.  The results for the PENTRAN, flat and 
boundary sources are 0.262, 0.291 and 0.705, respectively for the replication case 31.  This  
result confirm the reason for the need for skipped generation especially in the boundary source 
case.  Note that the results of normality tests indicate that the boundary source fission matrix 
elements are highly non-normal, while  ~20% are non-normal for the PENTRAN and flat source 
cases.  Figure 5 shows a representative well converged case (error bars are included but too small 
to be distinguishable).  
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Figure 5. Example of a Converged Source Distribution with 24 Meshes (Error Bars Cannot 

Be Distinguished) 
 
From the above figure, it can be seen that the expected source fraction in the first (or last) mesh 
is very small.  Previous analysis has shown that the expected source fraction for the first source 
mesh (or last source mesh) is ~6.34E-03. 
 
Figures 6 and 7 show the source fraction for the first mesh, similar to that shown in Figure 3 of 
the previous analysis, however, with different starting sources.  Figure 6 shows all subcases, 
while Figure 7 is zoomed in to show only the PENTRAN initialized and flat source density 
subcases. 
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 Figure 6. Initial Source Impact on Mesh 1 FMBMC-ICEU Source Fractions for 

Cases 31-40 (Full Range) 
The above figure indiates that the flat and PENTRAN sources yield source fractions in a range of 
6.22E-03 – 6.52E-03, which includes the expected fraction of ~6.34E-03, while the boundary 
source case shows significant overestimation, reflecting an inadequate number of skipped 
generations.   
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 Figure 7. Initial Source Impact on Mesh 1 FMBMC-ICEU Source Fractions for 

Cases 31-40 (Zoomed View) 

The above figure further indicates that the initialized source density distribution based on the 
PENTRAN solution, which is more accurate than the flat density distribution, gives a smaller 
range about the expected value of ~6.34E-03 as compared to a wider range for the flat source 
subcase.  
 

4. CONCLUSION AND FUTURE EFFORT  
 
The effectiveness of the FMBMC-ICEU methodology was reviewed for problems with high 
source autocorrelation.  Additionally, different starting source density distributions, from 
deterministic (very accurate), to a flat source (reasonable guess in this case), to a boundary 
source (poor, bounding guess) were examined.  While the FMBMC-ICEU methodology aims at 
no source autocorrelation, if the source is still settling this can be violated and skipped 
generations still are important.  For the case with 5 skipped generations, the PENTRAN 
calculated initialized source density distribution performed the best as expected, while the flat 
source was fairly adequate due to the fact that the true source was flat for the most part.  The 
boundary source case, however, illustrated clearly the need for skipped generations, which was 
further confirmed by concluding that greater than 70% of the fission matrix elements had 
significant autocorrelations. 
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Future work will focus on the on-the-fly diagnostics developed to guide the simulation to an 
adequate source meshing and particle population.  In this framework, particle population and or 
fission source meshing can be modified during the simulation.   
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