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ABSTRACT 

 
In traditional Monte Carlo method, the material properties in a certain cell are assumed to be 

constant, but this is no longer applicable in continuous varying materials where the material’s 

nuclear cross-sections vary over the particle’s flight path. So, three Monte Carlo methods, 

including substepping method, delta-tracking method and direct sampling method, are discussed in 

this paper to solve the problems with continuously varying materials. After the verification and 

comparison of these methods in 1-D models, the basic specialties of these methods are discussed 

and then we choose the delta-tracking method as the main method to solve the problems with 

continuously varying materials, especially 3-D problems. To overcome the drawbacks of the 

original delta-tracking method, an improved delta-tracking method is proposed in this paper to 

make this method more efficient in solving problems where the material’s cross-sections vary 

sharply over the particle’s flight path. To use this method in practical calculation, we implemented 

the improved delta-tracking method into the 3-D Monte Carlo code RMC developed by 

Department of Engineering Physics, Tsinghua University. Two problems based on Godiva system 

were constructed and calculations were made using both improved delta-tracking method and the 

substepping method, and the results proved the effects of improved delta-tracking method. 

 

Key Words: Monte Carlo, continuously varying material, improved delta-tracking method, RMC 

 

 

1. INTRODUCTION 

 

Monte Carlo calculation methods for neutron transport in reactor physics are highly regarded for 

their continuous treatment of particle energy and angular dependence, and for their very general 

geometric representations, so the results are widely used as benchmark results for other kinds of 

codes or methods.  For this reason, many Monte Carlo codes have been developed, for example 

MCNP, KENO, VIM and so on.  However, in the traditional Monte Carlo method or existing 

codes the material properties have been modeled as constant within a geometric region, but in 

practical situations there are many classes of problems where the material cross-sections vary 

continuously within a geometric region, for example, the coolant densities vary fiercely in the 

SCWR in the axial direction. 

 

The principal difficulty in applying Monte Carlo methods to such problems is the random 

sampling of particle free-flight distance in media where the cross-sections vary during the 

particle flights, which means solving the following equation for the flight distance s  [1]: 
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where   is the unit random number and x  denotes the position along the particle flight path. 

 

In traditional Monte Carlo methods, one common approach to solve these problems is 

substepping method, which subdivides the region and considers the cross-section in each 

subdivision as constant.  And then the ray-tracking method can be used to solve this kind of 

problems.  This can lead to expensive calculations since many substeps would be required to 

retain accuracy when the material properties’ variation is large.  Another approach is to solve 

these problems indirectly using a rejection technique called delta-tracking method (also called 

Woodcock tracking method, the pseudo collision method, or hole tracking method) [2][3].  

Delta-tracking method is a robust and ingenious method, but suffers from the drawbacks due to 

its inefficiency for cases where the material properties vary fiercely and inability to use the track-

length estimator.  Another approach named direct method [4][5] was developed as an alternative 

to substepping and delta-tracking method, which involves random sampling followed by 

numerical solution via Newton iteration. 

 

In this paper, we will provide a description of the methods mentioned above, calculation using 

the methods, and the comparison a m o n g  these methods.  Based on the calculation and 

comparison, an improved delta-tracking method is developed to overcome the drawback of the 

original delta-tracking method. This improved method has been found to be efficient even in the 

problems in which the material cross-sections vary fiercely. 

 

2. DESCRIPTION OF THE METHODS 

 

2.1.  Substepping Method 

 

In traditional Monte Carlo method, the free-flight length is sampled using the ray-tracking 

method.  If the media is homogeneous, i.e., the cross-section is constant, the free-flight length 

can easily be selected by the inverse distribution method as 

 

ln( ) /l                                                                   (2) 

 

where l  is the free-flight length,  is the unit random number and   is the total cross-section.  If 

the particle transports across different medias, we have to consider the place where the collision 

happens region by region.  As shown in Fig. 1, first we consider if the collision happens in region 

1, we can sample the flight length l  using equation 2 with region 1’s cross-section 1 , if 1l l  

where 1l  means the distance to the surface between region 1 and 2 along the flight direction, then 

we consider that the collision doesn’t happen in region 1 and the position of particle moves to the 

intersection point of the flight path and surface between region 1 and region 2, and the same 

sampling process as above can be made to get the final collision point. 
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Figure 1.  The particle transports across different medias. 

 

The substepping method simulates the continuously varying media as several subdivided regions 

with different medias, and in each media the properties are considered to be constant, so the 

cross-sections is constant in each media.  Then the ray-tracking method is used to sample the 

flight length.  If we want to get accurate results, the size of regions should be small enough so 

that the error introduced by constant approximation in each region can be ignored.  So the 

increase of regions can lead to the increase in calculation time. 

 

2.2.  Delta-tracking Method 

 

The delta-tracking method was introduced by Woodcock in the 1960’s to reduce the boundary 

crossing calculation in the ray-tracking method.  The idea in the delta-tracking method is to 

effectively homogenize the material total cross-sections in such way that the flight length 

sampling is valid over the entire geometry.  The method is shown in the following 

 

1. Define a majorant cross-section 0 ( )r  


, for all position r


 along the flight path, usually 

the 0  is defined as the maximum cross-section in the material 
max ; 

 

2. Sample a flight length l  by equation (2) and determine the tentative next collision site 'kr


 as 

 

1 1k k kr r l    
  

                                                        (3) 

 

where 1kr 


 is the starting point and 1k


 is the direction of flight; 

 

3. Rejection sampling is carried out for each tentative collision site and accepted as a real 

collision site with probability 
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if the site is rejected, the collision is virtual and the random walk continues by sampling a new 

flight length as step 2. 

 

The delta-tracking method is essentially a rejection sampling technique.  These techniques are 

commonly used for sampling values from probability distributions for which the inverse 

cumulative distribution functions are computationally expensive to calculate or cannot be solved 

in closed form.  If the 
max  is much larger than the typical cross-section, we can find that it may 

take a lot of tentative collision to get a real collision, which makes this method inefficient. 

 

2.3.  Direct Sampling Method 

 

Let ( )x  be the optical depth traversed by a particle traveling a distance x  through a medium 

with arbitrarily specified macroscopic cross-section ( )x


: 

 

0

( ) ( ') '

x

x x dx  


                                                              (4)

 

 

To explicitly allow for the case of no collision in a finite distance of travel, we define 
NCP , the 

probability of no collisions, as 

 
( )

NCP e    

 

Then the probability density function (pdf) for a collision occurring after a particle has traveled a 

distance x  through the medium is given by 

 

( )1
( ) ( ) (1 ) x

NC NC

d
f x P x P e

G dx


                                          (5)

 

 

Where G  is the normalization constant given by 

 

( ) ( )

0

1 1x

NC

d
G e dx e P

dx

 


                                                  (6)

 

 

And when we sample the flight length of the particle, first we use a discrete sampling to select a 

collision with probability (1 )NCP  or an infinite flight with probability
NCP .  That is if the unit 

random number
NCP  , then no collision happens in the flight, otherwise we can sample the 

optical distance   from a truncated exponential pdf, which is 

 
ln(1 )G       
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where G  is the constant given by equation 5 and    is the unit random number.  And then the 

flight length l  can be calculated from the equation 3 by using Newton iteration. 

 

In the direct method, we have to know the information of all the cross-sections along the flight 

path and also the integral. Also when we use the Newton iteration to calculate the flight length, it 

might become nonconvergence where the cross-section is zero or very small. 

 

3. VERIFICATION AND COMPARISON OF THE METHODS 

 

To compare the efficiency of the methods mentioned above, we have applied them to the Monte 

Carlo transport simulation of particles through a 1-D slab of thickness 2 units.  Ignoring 

scattering, only transmission through the slab is considered in the calculation.  Table Ⅰ shows 8 

different forms of spatial variation in the cross-section which are used for the test problems.  The 

theoretical solutions of collision probability and average free-flight length are calculated for each 

case.  And for delta-tracking, the actual value of the maximum cross-section over the interval 

was used, for substepping method, equal-thickness subdivisions of the slab were used, with the 

number of subdivisions determined by collision probability error with the theoretical result less 

than 0.0001, for direct sampling method, the convergence criterion of collision probability is 

chosen as 0.0001.  10,000,000 histories were followed for each method in each of the test cases.  

The results of these comparisons are given in Table Ⅱ. 

 

 

Table I. Cross-section variation for test cases 

 

Case Cross-section variation in the region [0,2cm] 

1 ( ) 1.0x   cm
-1 

2 ( ) 1.0 0.5x x    cm
-1 

3 2( ) 2.0 ( 1.0)x x     cm
-1 

4 2( ) 1.0 ( 1.0)x x     cm
-1 

5 ( ) exp( 3 )x x    cm
-1 

6 ( ) exp( 10 )x x    cm
-1 

7 ( ) 0.1exp(2 )x x   cm
-1 

8 ( ) 0.00001exp(5 )x x   cm
-1 

 

 

Table Ⅱ. Comparisons of accuracy and efficiency among three methods 

 

Method 
Collision 

Probability 
Average Flight 

Length (cm) 
Efficiency 

Rating 
Calculation 

Time (s) 

1. ( ) 1.0x   cm
-1

 

Substepping 0.8648 0.6871 1.000 0.656 

app:ds:efficiency
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Delta-tracking 0.8646 0.6867 1.000 0.828 

Direct sampling 0.8648 0.6867 1.000 0.968 

Theoretical 0.8647 0.6869 / / 

2. ( ) 1.0 0.5x x    cm
-1

 

Substepping 0.9502 0.6689 25.000 6.125 

Delta-tracking 0.9502 0.6691 1.547 1.422 

Direct sampling 0.9502 0.6690 3.555 1.953 

Theoretical 0.9502 0.6691 / / 

3. 2( ) 2.0 ( 1.0)x x     cm
-1

 

Substepping 0.9644 0.5636 25.000 5.328 

Delta-tracking 0.9643 0.5637 1.276 1.187 

Direct sampling 0.9643 0.5639 3.767 2.484 

Theoretical 0.9643 0.5638 / / 

4. 2( ) 1.0 ( 1.0)x x     cm
-1

 

Substepping 0.9304 0.5662 25.000 5.609 

Delta-tracking 0.9305 0.5655 1.429 1.328 

Direct sampling 0.9305 0.5654 3.989 2.672 

Theoretical 0.9305 0.5657 / / 

5. ( ) exp( 3 )x x    cm
-1

 

Substepping 0.2828 0.3022 55.000 26.234 

Delta-tracking 0.2829 0.3018 5.371 3.328 

Direct sampling 0.2826 0.3021 4.055 3.391 

Theoretical 0.2829 0.3019 / / 

6. ( ) exp( 10 )x x    cm
-1

 

Substepping 0.0950 0.0975 100.000 56.703 

Delta-tracking 0.0952 0.0975 19.080 4.016 

Direct sampling 0.0952 0.0975 4.017 1.266 

Theoretical 0.0952 0.0975 / / 

7. ( ) 0.1exp(2 )x x   cm
-1

 

Substepping 0.9314 1.2351 60.000 24.484 

Delta-tracking 0.9314 1.2351 7.548 13.437 

Direct sampling 0.9315 1.2350 5.496 15.125 

Theoretical 0.9314 1.2351 / / 
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8. ( ) 0.00001exp(5 )x x   cm
-1

 

Substepping 0.0432 1.798 120 80.531 

Delta-tracking 0.0431 1.798 10.178 1.766 

Direct sampling / / / / 

Theoretical 0.0431 1.798 / / 

 

 

In Table Ⅱ, the collision probability, average free-flight length, calculation time and also the 

efficiency rating L  are compared.  The efficiency rating is the typical number to represent the 

efficiency of each method.  For substepping method, the efficiency rating is the number of 

subdivisions in the calculation, for delta-tracking method it is the average number of pseudo-

collisions (including the real collision) per each real collision and for direct sampling method it 

is the average number of Newton iterations per collision for the direct numerical method. 

 

The results in Table Ⅱ show that the substepping method is significantly less efficient than delta-

tracking method and direct sampling method and costs much more time except the constant 

cross-section case.  Typically the substepping method requires 20 or more substeps (for these test 

cases) which makes this method more costly than the other two methods.  In most of the cases, 

the delta-tracking method can have a better efficiency and less computation time than the other 

two methods, but when the variation of cross-sections is strong in certain cases, for example case 

7, the efficiency of delta-tracking method reduces significantly, and the average pseudo-collision 

number per real collision can become very large, in case 7 this number is 19.08 which means in 

this certain case a real collision can be get from 19.08 pseudo collisions.  And for direct sampling 

method, the variation of cross-section doesn’t affect the efficiency of this method too much, the 

average Newton iteration number per collision doesn’t increase too much with stronger variation 

of the cross-section and the calculation times are less than delta-tracking method.  But for the 

case 8 in which the cross-section is very small or zero, the Newton iteration can be even 

nonconvergence. 

 

From the comparison, we can find that substepping method needs to subdivide the region to 

simulate continuously varying material problem, and for the cases in which cross-sections 

change fiercely the number of substeps should be large enough to guarantee precision.  Delta-

tracking method and direct sampling method are roughly comparable in calculation time, with 

delta-tracking being faster when there is little variation in the cross-section and the direct 

sampling method being faster when there is more variation in the cross-section.  But the direct 

sampling method needs to know the integral results of cross-sections along the flight path, which 

limits it to use in more complex problems, so we choose delta-tracking method to solve the 

continuously varying material problems in practical calculations and put forward an improved 

delta-tracking method to solve the drawback in the original delta-tracking method. 

 

4. IMPROVED DELTA-TRACKING METHOD 

 

Although delta-tracking method is very suitable to solve continuously varying material problem, 

it has obvious drawbacks that when max  is much larger than the typical cross-section the delta-
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tracking method would be very inefficient and also the inability to use a track-length estimator.  

To overcome the first drawback, we have developed an improved delta-tracking method, and this 

improved method can significantly increase the efficiency and reduce the calculation time of 

original delta-tracking method, especially in these problems with more variation in cross-sections.  

The improvement will be described using 1-D problems in the following.  And for the second 

drawback, the reference [6] mentioned a proper tally estimator as an alternate of the track-length 

estimator. 

 

The basic idea of improved delta-tracking method is to introduce a cut-off constant c  between 0 

and 1, and then use 
maxc   as a standard cross-section to subdivide the continuously varying 

material into regions where the cross-sections are larger than 
maxc   and regions where cross-

sections are less than 
maxc  .  When sampling the flight length, 

max  is used in the former kind 

of regions and 
maxc   is used in the latter kind of regions as the majorant cross-section, this is 

quite similar with original delta-tracking method.  Different from the original delta-tracking 

method, when sampling the flight length, the particle should be judged if any surface crossing 

process is happened.  If any surface crossing process is happened in the sampling, the particle is 

moved to the intersection point of the flight path and surface and flight length is then sampled in 

the new region using delta-tracking method with the majorant cross-section in this region. 

 

We can notice that with this kind of subdivision, surface crossing calculation is introduced into 

the original delta-tracking method which is aimed to avoid this kind of calculation.  On one hand, 

this kind of subdivision has to calculate the surface crossing process which makes the calculation 

more complex and adds the calculation time.  But on the other hand, this kind of subdivision can 

improve the delta-tracking method’s sampling efficiency in each subdivided region, which means 

less average pseudo collisions are needed to get a real collision.  If a good balance can be made 

between them, the total calculation time can be well reduced. 

 

To explain the improvements of the method, we give several definitions first: 

 

1. Initial efficiency rating intL  : the efficiency rating without any subdivision to the material; 

 

2. Optimum cut-off constant 
bc  : the cut-off constant to get the minimum calculation time in the 

improved delta-tracking method.  
bc  is got from the results using different cut-off constant 

from 0 to 1 with 0.01 as the growth step. 

 

The initial efficiency rating intL  represents the efficiency rating of the original delta-tracking 

method, the sampling efficiency becomes less with larger intL .  For a case with certain cross-

section distribution, intL is a constant.  And what we want to do is reduce the calculation time and 

increase the sampling efficiency in the cases with large intL .  The optimum cut-off constant can 

be got from dependent calculations, but it cannot be used in the practical calculation.  With large 

amount of calculations, we find that when cut-off constant fits the empirical equation int 1.0c L  , 

the calculation time is quite close to the minimum calculation time. 
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The test cases are also 1-D slabs of thickness 2 units with different kinds of cross-sections 

variation. Table Ⅲ shows 4 typical forms of spatial variation in the cross-section which can 

make the original delta-tracking method inefficient.  And 10,000,000 histories were followed for 

each of the test cases. 

 

 

Table Ⅲ. Cross-section variation for test cases 

 

Case Cross-section variation in the region [0,2 cm] 

1 
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3 

1( ) 4exp( 20(1 ))cm [0,1]x x      
1( ) 4exp( 20( 1))cm (1,2]x x      
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Table Ⅳ contains the theoretical results of collision probability and average flight length, the 

results of collision probability, average flight length, calculation time and the efficiency rating of 

the original delta-tracking method and improved delta-tracking method.  Also the results of the 

improved delta-tracking method with the optimum cut-off constant and cut-off constant get from 

the empirical equation are compared to test the feasibility of the empirical equation.  And in 

Table Ⅴ, the calculation time saving percentages and efficiency rating increasing percentages are 

given to show the effects of the improved delta-tracking method more clearly. 

 

 

Table Ⅳ. Results of improved and original delta-tracking method 

 

Method 
Collision 

Probability 
Average Flight 

Length (cm) 
Efficiency 

Rating 
Calculation 

Time (s) 

1. ( ) 10exp( 20 )x x    1cm
 

Original Delta-tracking 0.393 0.0439 31.30 24.92 

Optimum Improved Delta-tracking 0.393 0.0439 3.97 5.13 
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Improved Delta-tracking with Empirical Equation 0.393 0.0439 3.97 5.13 

Theoretical 0.393 0.0439 / / 

2. ( ) 10exp( 20(2 ))x x     1cm  

Original Delta-tracking 0.393 1.944 50.72 36.63 

Optimum Improved Delta-tracking 0.393 1.944 5.34 6.52 

Improved Delta-tracking with Empirical Equation 0.393 1.944 5.34 6.53 

Theoretical 0.393 1.944 / / 

3. 1( ) 4exp( 20(1 ))cm [0,1]x x      

1( ) 4exp( 20( 1))cm (1,2]x x      

Original Delta-tracking 0.330 0.992 20.26 13.95 

Optimum Improved Delta-tracking 0.330 0.992 3.87 5.42 

Improved Delta-tracking with Empirical Equation 0.330 0.992 3.87 5.42 

Theoretical 0.330 0.992 / / 

4. ( ) 4(exp( 20 ) exp( 20(2 )))x x x       1cm  

Original Delta-tracking 0.330 0.902 19.87 19.59 

Optimum Improved Delta-tracking 0.330 0.902 3.82 6.51 

Improved Delta-tracking with Empirical Equation 0.330 0.902 3.83 6.55 

Theoretical 0.330 0.902 / / 

 

 

Table Ⅴ. The effects of improved delta-tracking method 

 

Cross-section Variation Type 1 2 3 4 

Original 
Delta-
tracking 

Calculation time (s) 24.92 36.63 13.95 19.59 

Efficiency rating 31.30 50.27 20.26 19.87 

Improved 
Delta-
tracking 
with 
Empirical 
Equation 

Calculation time (s) 5.13 6.52 5.42 6.51 

Efficiency rating 3.97 5.30 3.87 3.82 

Comparison 

Save in calculation 
time (%) 

79.41 82.20 61.14 66.76 

Save in Efficiency 
(%) 

87.31 89.45 80.89 80.77 
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From the results in Table Ⅳ, we can find that the results of improved delta-tracking method 

agree well with the theoretical results and results of original delta-tracking method, so the 

improved delta-tracking method can be proved to be correct.  And it is shown that the improved 

delta-tracking method with optimum cut-off constant can reduce the efficiency rating L  and 

calculation time significantly in these cases.  Also the effects of the empirical equation to 

determine the cut-off constant in practical calculations are tested.  The results of collision 

probability and average flight length got from improved delta-tracking method with cut-off 

constant determined by empirical equation are the same as the theoretical results and the 

calculation times and efficiency rating of these cases are very close to the optimum results which 

can prove that the cut-off constant determined by the empirical equation can get good results in 

the calculation.  From the results in Table Ⅴ, we can clearly see that the improved delta-tracking 

method can significantly increase the sampling efficiency and the average pseudo-collision 

number per real collision is reduced by 80% or even more in each of the cases.  Although the 

surface crossing calculation will cost some extra calculation time, due to the huge save of 

sampling efficiency, the calculation time is reduced significantly in each of these cases. 

 

5. NUMERICAL RESULTS OF CONSTRUCTED PROBLEMS 

 

We implemented the improved delta-tracking method to the 3-D Monte Carlo code RMC [7] 

which was developed by Department of Engineering Physics, Tsinghua University.  To test the 

improved delta-tracking in the practical calculations, two simple test problems are constructed.  

The test problems is constructed based on the Godiva problem [8]. Godiva system is a sphere 

which contains enriched uranium (95% 
235

U), with the critical density 18.73 g/cm
3
 and radius 

8.7037 cm.  In the constructed problems, we changed the radius of the system to 20 cm and used 

continuously varying density in the calculations.  The density variation is shown in Fig. 2.  The 

problem is calculated using improved delta-tracking method and substepping method, and the 

keff results and calculation times are compared .  Table Ⅵ and Ⅶ  give the results in the 

calculation condition of 10000 particles and 2,000 cycles with 600 inactive cycles. 
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Figure 2.  Different material density variations in the calculation. 

 

 

Table Ⅵ. Results of constructed problem with density variation 1 

 

Method Keff Calculation time (s) 

Substepping method 

2 1.05687±0.00022 165.6 

5 1.02348±0.00022 187.2 

10 1.02091±0.00021 210.8 

20 1.02116±0.00021 280.2 

Improved Delta-tracking method 1.02128±0.00021 148.8 

 

 

Table Ⅶ. Results of constructed problem with density variation 2 

 

Method Keff Calculation time (s) 

Substepping method 

2 0.45042±0.00013 79.2 

5 0.42587±0.00013 99.0 

10 0.41597±0.00013 134.4 

20 0.41402±0.00013 204.2 

Improved Delta-tracking method 0.41323±0.00013 72.8 
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When using the substepping method, we subdivided the system in to 2, 5, 10 and 20 subdivisions 

along the radial direction. From the results we can see, with the increase in the number of 

subdivisions, the results of substepping method are more close to the results of delta-tracking 

method, which can prove the results of improved delta-tracking method are correct.  And the 

calculation times of improved delta-tracking method are less than the times of substepping 

method. 

 

6. CONCLUSION 

 

Monte Carlo approaches to problems where the cross-section varies spatially or temporally along 

the particle flight path have involved substepping method, direct sampling method and delta-

tracking method.  Numerical comparison between the substepping, direct sampling and delta-

tracking methods have been made for 8 different functional forms of cross-section variation.  

Both the direct sampling and delta-tracking methods were shown to be more effective than 

substepping method in most of the cases except problems with constant cross-sections.  But the 

direct sampling and delta-tracking methods have drawbacks.  For sharply peaked or strongly 

varying cross-sections, the efficiency of delta-tracking method is reduced due to the increase of 

the pseudo collision number per real collision.  And for cross-sections with zero or very small 

over a portion of the flight path, the Newton iteration in direct sampling method may be 

nonconvergence.  So after the comparison of three methods, we choose the delta-tracking 

method to solve this kind of problems in practical calculations.  To overcome the drawback of 

delta-tracking method, we put forward an improved delta-tracking method which keeps the 

flexibility of the original delta-tracking method and increases the efficiency in problems with 

sharply peaked or strongly varying cross-sections significantly. 

 

To test the effects of improved delta-tracking method in practical calculation, we implemented 

this method into self-developed 3-D Monte Carlo code RMC and calculated the constructed 

problems with continuously varying materials.  The results prove that the improved delta-

tracking method is a very effective method to solve this kind of problems, and costs much less 

calculation times than substepping method to get the reliable results.  In the future work, some 

benchmark problems with continuously varying materials will be calculated to test the improved 

delta-tracking method and more practical problems will be calculated using this method. 
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