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ABSTRACT

Monte Carlo transport codes typically use a power iteration method to obtain the funda-
mental eigenfunction. The standard convergence rate for the power iteration method is the
ratio of the first two eigenvalues, that is, k2/k1. Modifications to the power method have
accelerated the convergence by explicitly calculating the subdominant eigenfunctions as well
as the fundamental. Calculating the subdominant eigenfunctions requires using particles of
negative and positive weights and appropriately canceling the negative and positive weight
particles. Incorporating both negative weights and a ± weight cancellation requires a signif-
icant change to current transport codes.
This paper presents an alternative convergence acceleration method that does not require
modifying the transport codes to deal with the problems associated with tracking and can-
celling particles of ± weights. Instead, only positive weights are used in the acceleration
method.
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1. INTRODUCTION

Monte Carlo codes typically use a power iteration method to obtain the fundamental eigenfunc-
tion and eigenvalue. Attempts [1–6] to get the higher eigenfunctions also resulted serendipitously
in a way to accelerate convergence to the first eigenfunction [7, 8]. The acceleration was based
on estimating both the fundamental eigenfunction, ψ1, as well as the second eigenfunction, ψ2.
If ψ2 is known, it can be subtracted from the estimate of ψ1 rather than being powered out. This
results in a convergence rate of k3/k1 rather than the usual k2/k1 (ki is the eigenvalue for ψi).
Simultaneous estimation of both eigenfunctions was accomplished by forcing, via an adjustable
parameter, k estimates to be identical in two regions.

One difficulty is that a Monte Carlo representation of ψ2 requires particles of negative weight.
To maintain the estimate of ψ2, fission particles of negative weight must cancel fission particles
of positive weight. Although this cancellation can be done [6, 8, 9], the effectiveness of the
cancellation depends on the choice of cancellation regions.

This paper provides an alternative method for accelerating convergence to ψ1 without the ex-
plicit estimation of ψ2, so that no negative weight particles and no cancellation mechanics are
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required. The method is a modification of the power iteration method in which multiple eigen-
value estimates in multiple regions are used instead of one eigenvalue estimate over the entire
system. The eigenvalue estimates involve an unknown weight multiplier in each region. These
unknown weight multipliers are then determined by requiring the eigenvalue estimates in all re-
gions to be the same because at any point s for which ψ(s) 6= 0, the definition of the eigenfunction
means that k1 = (Aψ)/ψ.

The method is demonstrated on a one dimensional continuous transport problem with a known
solution. Note that no claim is made that the method herein is better than any existing method.

2. LOCAL VERSUS GLOBAL EIGENVALUE CONCEPTS

It is common to compute the eigenvalue from global quantities, but the most basic definition of
an eigenfunction and eigenvalue for a linear operator A is:

Aψ(s) = kψ(s) (1)

Note that this eigenvalue/eigenfunction relation is a pointwise relation at every s, rather than
a global relation. Of course, one get derive a global relation for the fundamental eigenvalue by
integrating to obtain:

∫

Aψ1(s)ds = k

∫

ψ1(s)ds (2)

This paper uses the basic definition Eq. 1 of the eigenvalue as a pointwise relation rather than
the derived expression of Eq. 2. Because Eq. 1 can be integrated over any region Ri,

∫

Ri

Aψ1(s)ds = k

∫

Ri

ψ1(s)ds (3)

This allows one to compute k using any number of regions. That is,

kRi
= k =

∫

Ri
Aψ1(s)ds

∫

Ri
ψ1(s)ds

(4)

3. COMMENTS ON DIFFERENCES FROM URBATSCH’S FISSION

MATRIX WORK

A number of people have confused the present method with the fission matrix method. It is
perhaps worthwhile to explicitly note some major differences.

The paper does not really use the “fission matrix” concept, except in perhaps some very broad
sense. Fission is occuring and there is a matrix equation to be solved, but the similarity ends
about there. The fission matrix involves a discretization of the problem into many regions and a
solution of the discretized problem. Urbatsch [10] (Eqs. 6.41 - 6.45) uses the matrix elements to
compute both a discrete eigenvector and a discrete adjoint eigenvector and from these discrete
eigenvectors, computes an approximate correction term.

In contrast, the method presented here uses a matrix solely for the purpose of computing weight
multipliers for the continuous problem. No discrete approximation (6.45) nor discrete inner
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products (6.43) are used. Put another way, though similar information is collected from the
Monte Carlo transport process, the information is used in an entirely different way. Entirely
absent from the fission matrix approach is the notion of explicitly requiring the eigenvalues in
several continuous regions to be identical. Note that the present method is demonstrated with
as few as two continuous regions, whereas the fission matrix method is a discretized method
using many discrete regions.

4. CONTINUOUS SAMPLE PROBLEM

Consider isotropic transport on a line where the particle either is going forward (µ = 1) or
backward (µ = −1). Define

1. s = position on the line

2. 2L = length of line in cm. That is −L ≤ s ≤ L.

3. M(s)ds = the number of particles in ds with µ = 1.

4. N(s)ds = the number of particles in ds with µ = −1.

5. σ = 1 cm−1 macroscopic total cross section

6. pa = 1/3 probability of absorption upon collision

7. ps = 1/3 probability of scattering upon collision

8. pf = 1/3 probability of fission upon collision

9. ν = 2 number of fission particles from a fission event

Note that the absorption, scattering, and fission probabilities are chosen in conjunction with
ν = 2 to give a system near critical.

The transport equations for this problem have been derived numerous times by numerous people
(e.g. see [11] for a recent derivation). A short derivation is given here, making the present paper
more self contained for the reader.

dM(s)

ds
+ σM(s) = σ

(

M(s) + N(s)
)

ps
1

2
+ σ

(

M(s) + N(s)
)

pf

ν

k

1

2
(5)

−
dN(s)

ds
+ σN(s) = σ

(

M(s) + N(s)
)

ps
1

2
+ σ

(

M(s) + N(s)
)

pf

ν

k

1

2
(6)

with boundary conditions
M(−L) = 0 (7)

N(L) = 0 (8)

Try a solution of the form (constant c, B)

M(s) = cos(cs) + Bsin(cs) (9)
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N(s) = cos(cs) − Bsin(cs) (10)

Inserting Eqs. 9 and 10 into Eqs. 5 and 6 yields a solution provided

B =
c

σ
(11)

and
k =

νpf

(c/σ)2 + (1 − ps)
(12)

as can be verified by direct substitution.

The boundary conditions (Eqs. 7 and 8 ) fix a relationship between c and L.

M(−L) = 0 = cos(−cL) + (c/σ)sin(−cL) = cos(cL) − (c/σ)sin(cL) (13)

For the choice L = 50 and σ = 1, Eq. 13 yields c = .03080011883800887 and then Eq. 12 yields
k = 0.998579050988555.

The fission source term in Eqs. 5 and 6 is

σ
(

M(s) + N(s)
)

pf

ν

k
= σ cos(cs) pf

ν

k
(14)

Using Eqs. 13 and 10 and normalizing the fission source is

F (s) =
cos(cs)

∫ L
−L cos(cs)ds

=
cos(cs)

2

c
sin(cL)

(15)

5. REQUIRING k BE CONSTANT - THE WEIGHT MULTIPLIER

EQUATION

This section uses the fact that k must be the same in all regions. In order to enforce the
requirement, the particles in Ri have an unknown weight multiplier zi. The kj are then functions
of the weight multipliers zi. One then solves for a set of zi that produces k1 = k2 = k3 = · · · = kn.
(Because the eigenvalue relationship does not depend on the magnitude of the eigenvector, if zi

produces k1 = k2 = k3 = · · · = kn, then so will Zj = constant × zj .)

Before solving for the weight multipliers that equalize the kj , a few terms need to be defined

1. Mj is the (unweighted) number of particles started in state j.

2. Mij is the (unweighted) number of fission particles produced in state i by the Mj particles.

3. xi = ziMi is the weighted number of particles started in state j.

4. yi =
∑

j zjMij is the weighted number of fission particles produced in state i.

The eigenvalue estimate in region i is

qi =

∑

j zjMij

ziMi

=
yi

xi

(16)
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Requiring equality of the eigenvalues

q =

∑

j zjMij

ziMi

=
yi

xi

i = 1, . . . , n (17)

This is a set of n equations in for the n + 1 unknowns zi and q. Normalizing the total resulting
fission weight to some convenient value

W0 =
∑

j

zjMij (18)

provides the final equation necessary to solve for the weight multipliers zi.

After the zj are obtained, the Monte Carlo fission particle weights are updated by multiplying
the weight of each fission particle produced by zi corresponding to the region Ri where the
particle started. A new fission source can then be produced for the next cycle (e.g. by combing)
with the desired number of source particles.

6. MONTE CARLO CONVERGENCE RESULTS ON SAMPLE PROBLEM

This section describes the method used to assess the Monte Carlo convergence to the fundamental
mode. First the regions are defined and next the convergence metric is specified.

The line was broken up into n = 25 segments (bi−1 < s < bi) by solving

i

n
=

∫ bi

−L
F (s)ds (19)

for bi. Any definition of the intervals bi should work reasonably well as long as there are enough
particles in the region to get a good regionwise eigenvalue estimate qi. Presumably this particular
choice is fairly optimal because the average number of particles in each region upon convergence
is equal.

The convergence metric summed the root mean square difference between the analytically known
fraction of particles in region i (Fi =

∫

i F (s)ds) with the empirical fraction of particles in region
i, Gi:

rms =

√

1

n

∑

i

(Fi − Gi)2 (20)

The Monte Carlo iterations continued until rms < .0002.

Figure 1 shows the convergence for the standard power method (1 zone) versus 2, 4, and 8 zones
with 50 million source particles per iteration.

The initial source particles were sampled uniformly on the line and assigned a weight of 1+s/L.
This initial choice was chosen so that the starting guess was asymmetric (whereas the true
solution is known to be symmetric). Subsequent iterations all started with unit weight particles.
The four wide lines on the graph are an exponential fit of the data for the 4 convergence graphs.
Figure 1 shows the inferred convergence rate for the calculations with different numbers of zones.
Two things are noteworthy. The convergence rate increases with additional zones, but so does
the noise in the calculation. With one or two zones the rms error behavior is monotonic but
with 8 zones the rms error sometimes actually increases from one iteration to the next. Note
that a calculation with 16 zones was tried, but failed to converge to rms < .0002.
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Figure 1: Convergence on 100 mean free path problem

7. CONCLUSIONS

This work has shown a simple method for increasing the convergence rate in a Monte Carlo
criticality calculation. This method could be inserted very quickly in any Monte Carlo criticality
code because the Monte Carlo sampling is entirely unaffected by the method. In particular, no
negative weight particles are used and therefore no ± weight cancellation procedure is required.
More work on realistic problems is probably necessary to understand the relationship between
the number of zones chosen and the noise in the calculation.

Note that one might choose to run the calculation over several iterations (say m) before at-
tempting to solve for the zi that equalize the km in each of the zones. This might help alleviate
some of the noise problem.
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