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ABSTRACT 
 

A new variant of a hybrid Monte Carlo-Deterministic approach for simulating particle transport 
problems is presented and compared to the SCALE FW-CADIS approach. The new approach, 
denoted by the Subspace approach, optimizes the selection of the weight windows for reactor 
analysis problems where detailed properties of all fuel assemblies are required everywhere in the 
reactor core. Like the FW-CADIS approach, the Subspace approach utilizes importance maps 
obtained from deterministic adjoint models to derive automatic weight-window biasing. In 
contrast to FW-CADIS, the Subspace approach identifies the correlations between weight window 
maps to minimize the computational time required for global variance reduction, i.e., when the 
solution is required everywhere in the phase space. The correlations are employed to reduce the 
number of maps required to achieve the same level of variance reduction that would be obtained 
with single-response maps. Numerical experiments, serving as proof of principle, are presented to 
compare the Subspace and FW-CADIS approaches in terms of the global reduction in standard 
deviation. 
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1. INTRODUCTION 
 
Over the course of the last five decades, stochastic (Monte Carlo) methods and deterministic 
methods have been developed separately for simulating particle transport problems. Recently 
there has been a growing interest in coupling Monte Carlo and deterministic methods employing 
a hybrid approach to combine their benefits and overcome some of their individual deficiencies 
[1-6]. The main idea is to bias Monte Carlo sampling using an estimate of the solution obtained 
inexpensively using a simplified deterministic model. In the Monte Carlo community, this 
procedure is referred to as “Variance Reduction”. It has been successfully demonstrated to 
reduce the variance for a single response, often representing a functional of the solution over a 
region in the phase space, i.e., a detector response in a given region. Global variance reduction 
however still remains an important challenge, especially when Monte Carlo methods are to be 
used for reactor analysis applications. Global variance reduction denotes problems where one 
seeks to reduce the variances for all responses evaluated everywhere in the phase space, such as 
group fluxes, reaction rates density, and homogenized few-group cross-sections. Several 
approaches have been proposed in the literature to uniformly distribute Monte Carlo particles 
throughout the domain. Among the most prominent approaches are the Correcton [2], the 
Variational Variance Reduction [3], the FW-CADIS (Forward Consistent Adjoint Driven 



Qiong Zhang and Hany S. Abdel-Khalik 
 

2011 International Conference on Mathematics and Computational Methods Applied to  
Nuclear Science and Engineering (M&C 2011), Rio de Janeiro, RJ, Brazil, 2011 

2/11 

 

Importance Sampling) [4], the Linear Tally Combination [5], and the Coarse Mesh Finite 
Difference [6]. Our approach may be considered as a variant of the FW-CADIS or the Tally 
Linear Combination approaches. We focus our comparison on the FW-CADIS approach since all 
numerical experiments were conducted using the MAVRIC (Monaco with Automated Variance 
Reduction using Importance Calculations) sequence [7] of the SCALE 6.0 package [8] which is 
based on the FW-CADIS approach.  
 
Hybrid methods, such as the FW-CADIS methodology, employ an approximate adjoint function 
to assign importances to various regions in the phase space. The importance of a particle 
describes the contribution of this particle to the response of interest. If the adjoint map is known 
exactly, one could in theory obtain the response of interest with zero variance. Solving the 
adjoint problem exactly however is as difficult as solving the forward problem. Hence, it is 
computationally sufficient to employ an approximation of the adjoint solution to bias the forward 
Monte Carlo solution via the use of weight-windows. In doing so, one recognizes that with a less 
accurate adjoint map, more Monte Carlo particles have to be simulated in order to reach the 
desired level of accuracy. The more accurate the importance map, the more computational effort 
is required for its determination, and the less Monte Carlo particles that have to be simulated. A 
trade-off is therefore determined by the user to optimize the use of computational resources. In 
this approach, one is guaranteed to reach the exact solution in the limit as long as the weight-
window map is not zeroed anywhere in the phase space. 
 
When more than one response is considered (assume a total of I responses), the adjoint-based 
weight window maps are expected to be different. One could address this problem in one of three 
ways: First, one could execute the Monte Carlo simulation I times in a brute force manner, each 
corresponding to a different single-response weight-window map. Clearly, the brute force1 
approach will be computationally intractable as I is expected to be large for realistic problems; I 
represents the total number of responses evaluated everywhere in the phase space. Second, one 
could form one weight-window map that captures the important features of each map. This could 
be done by creating a linear combination of the original weight-window maps, with the weights 
reflecting the importance of each map. This is the approach adopted by FW-CADIS, where the 
weights are selected to be proportional to the inverse of the forward flux.2

                                                 
1 In this context, the term ‘brute force’ does not imply its more common use where no biasing is employed. Here, ‘brute force’ 
implies the brute force application of the single-response variance reduction approach, i.e. for I responses, one calculates I 
adjoints, and biases each individual response in a separate Monte Carlo calculation using its associated adjoint-based weight-
window map. 
2 Note that the Tally Linear Combination approach employs a similar approach to FW-CADIS, but instead of using the adjoint 
flux determined deterministically to assign weights, the forward flux estimated probabilistically using few initial histories is 
employed. 

 In this approach, 
referred to hereinafter as the FW-CADIS approach, a response evaluated at a region in the phase 
space will have higher weight for its weight-window map if its corresponding flux is small. The 
logic behind this approach is that regions receiving fewer particles will have higher variances for 
their associated responses. Therefore by sending more particles to these regions, the variances of 
their associated responses are expected to decrease. While this is a sound approach to assigning 
weights, other approaches may be suggested depending largely on the application of the model. 
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Moreover, it does not guarantee minimizing the computational burden to reach the same level of 
variance reduction reached by the brute force approach.  
 
The following numerical experiment demonstrates this situation for a model involving two 
responses with relatively independent weight window maps: consider a point detector model 
problem with two responses only. Each response represents a point detector on the side of a 
concrete shield as depicted in Figure 1 below with distributed source in center. All dimensions 
are in centimeter, both detectors are located 10 cm from shielding surface. Shield 1 is twice as 
thick as shield 2 in order to render its response noticeably smaller than detector 2 response.  

 
Figure 1. Test Case for FW-CADIS and Brute Force Approaches 

 
Given the weight-window maps for the two responses, the total computational time with the 
brute force approach is equal to the sum of the times required to separately reduce the variance 
for each detector to the desired level, 4%σ = . Employing the FW-CADIS approach, the total 
time required (represented by number of histories) is found to be considerably higher than the 
brute force approach. Figure 2 compares the number of histories required to reach the same level 
of variance for the two detectors (all other factors affecting the FOM are the same, e.g. the time 
required to build cross-sections, construct the adjoint map, etc.). The first two cases are produced 
using the brute force approach, and the last two are generated using the FW-CADIS approach. 
Note that the FW-CADIS approach is expected to require more histories when simultaneously 
reducing the variance for more than one response, especially if they are completely uncorrelated 
like the example above. We introduce this example to emphasize that there maybe other ways to 
combine the responses to reach reduced variances everywhere in the phase space in a more 
computationally efficient manner. Identifying the optimum ways to combine responses 
represents the objective of this manuscript. 
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Figure 2. Comparison of FW-CADIS and Brute Force Approaches 

 
 

2. PROPOSED SUBSPACE APPROACH 

In this manuscript, we propose a third approach to addressing the simultaneous reduction of 
variances for I responses, i.e. global variance reduction [9]. It is denoted by the Subspace 
approach [10] and it may be considered as an efficient brute force approach, where instead of 
evaluating all I single-response weight window maps, only a smaller set of single-response maps 
are evaluated. The new responses are referred to as pseudo responses. A pseudo response 
represents a linear combination of all single-responses. The linear combinations identify the 
minimum number of pseudo single-responses that are required to reach the same level of 
variance reduction that would be reached by the brute force approach, i.e. if all single-response 
weight window maps are employed to reduce variances for all responses. Mathematically, this is 
equivalent to projecting the weight window maps on a subspace of smaller dimensions which 
captures their variability. This is possible because the I single-response weight-window maps 
will likely be correlated. This typically happens when responses represent distributions that are 
evaluated everywhere in the phase space.  
 
For example in a core model, the flux in a fuel assembly is expected to be highly correlated to 
the fluxes in the nearby assemblies. Thermal fluxes are expected to correlate more to nearby 
assemblies than fast fluxes because of the shorter mean free path. Identifying these correlations 
in an automated manner could be used to identify the minimum number of weight-window maps 
that are independent, denoted by r. We show that each of the r independent correlations 
represents a weight-window map that is associated with a pseudo response. By reducing the 
variances for the pseudo responses, one can effectively reduce the variances for the original I 
responses. When r I , significant computational savings could be achieved. Earlier work has 
shown that in reactor calculations responses representing distributions such as group fluxes and 
reaction rates are highly correlated. 
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3. CASE STUDY 
 
A two-dimensional MARVIC model for a 7x7 BWR assembly is employed to compare the 
performance of the FW-CADIS and the Subspace approaches for global variance reduction. The 
responses employed for the sake of comparison are the spatial fluxes and the fission and 
scattering reaction rates densities summed over the fast and thermal groups.  
 
A cross-section of the BWR assembly model is shown in Fig. 3; it is the south east assembly of a 
typical 2x2 control array which contains four assemblies and a cruciform control blade. Within 
the scope of this preliminary work the control blades are not modeled. The BWR assembly 
contains 49 fuel rods of different compositions in a regular 7x7 fuel rod array. A single mesh 
tally is defined over the 49 square regions each comprising a fuel rod and its neighboring 
moderator within what is commonly referred to as a fuel pin cell. Employing the MAVRIC 
procedure, the mesh tallies, the corresponding responses, and their weight-windows are defined 
over each fuel pin cell. The whole array is surrounded by a layer of zirconium and an outer layer 
of water. Essential technical data of the model problem is given in Table1. 
 

Table 1: Technical Specifications for the BWR model 
 

Assembly Pitch 15.24 cm 
Fuel Pitch 1.8745 cm 

Fuel Rod Diameter 1.2116 cm 
Cladding Thickness 0.10922 cm 
Canning Thickness 0.2032 cm 

Material Temperature 552.833 K 
 
 
In contrast to usual practice in reactor physics calculation where k-eigenvalue computations are 
performed, a fixed source subcritical configuration is analyzed instead due to the  current 
limitations of the MAVRIC code. The publicly available version of the MAVRIC code does not 
have an eigenvalue solver and is currently limited to source-driven problems only. To overcome 
this limitation, a NEWT model is employed to approximate the fission source which is 
subsequently reduced by adjusting fuel enrichment to render a subcritical system. An isotropic 
fixed source distributed uniformly throughout the fuel pins is employed to find a physical flux 
solution. The fuel enrichment is adjusted rendering a k-effective value of 0.88. Five different fuel 
enrichments 0.33, 0.69, 0.94, and 1.93% U-235 and 3% gadolinium are employed.  
 
The 27 neutron and 19 photon energy group libraries from SCALE are employed for the analysis 
of the BWR model. For the flux and reaction rates responses, the first 14 neutron groups 
(10.678 20 eV E MeV< < ) define the fast group and the last 13 groups ( 3.059 E eV< ) are thermal.  
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Figure 3. A 7x7 BWR Model. 
 
 

4. NUMERICAL RESULTS 
 
Based on the BWR model above, two sets of simulations, each consists of 20N =  parallel one-
million-histories simulations, are performed independently employing the two different 
importance-map-construction approaches discussed previously, i.e., the FW-CADIS and the 
Subspace approaches. The responses include the fast and thermal group fluxes and the various 
reaction rate densities including fission, elastic scattering, inelastic scattering, and total 
disappearance for all the fuel pins. After the N parallel simulations are completed, the mean 
values and the variances for the various responses are estimated by combining the results of the 
N simulations.  
 
The relative uncertainties obtained with the FW-CADIS and Subspace approaches for each of the 
quantities of interest are compared in Figs. 4 through 7 and Table 2. For each response type, e.g. 
flux, fission reaction rate, etc., two vectors each of 49 relative uncertainties (one for each fuel pin 
cell) are obtained from both the FW-CADIS and the Subspace approaches. Figs. 4 through 7 plot 
the spatial distribution of the relative reduction of uncertainty for the flux and reaction rates at 
the 49 fuel pin sites. The relative reduction of uncertainty between the Subspace and FW-CADIS 
approach is defined by: 
 

 *100%
FWCADIS Subspace
i i

i FWCADIS
i

σ σσ
σ

−
∆ =

 



 (1) 
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where  FWCADIS
iσ  and Subspace

iσ  are, respectively, the standard deviations for the ith fuel pin cell 
tally. Positive values for this metric indicate that the subspace approach is producing lower 
variances than the FW-CADIS approach. The way to interpret the results in this graph is by 
noticing the following property: say the first approach, is producing one half the standard 
deviation produced by the second approach for some tally using the same number of Monte 
Carlo histories, then the second approach would need 4 times the number of histories required by 
the first approach to reach the same level of variance reduction. This is in accordance with the 
Monte Carlo law of large numbers, where the standard deviation is inversely proportional to the 
square root of the number of Monte Carlo histories.  
 
Another metric is employed to compare the uncertainties calculated by the two approaches: an 
RMS value for the 49 values of uncertainties for each type of response is calculated as:  
 
 

49 49
2

1 1
i i i

i i
RMS σ φ φ

= =

= ∑ ∑ ,                                                  (2) 

 
where iσ  is the relative uncertainty obtained for the ith fuel pin and iφ  is the corresponding 
scalar flux. The RMS value represents an ensemble average of the uncertainties in all the fuel 
pins, with uncertainties in higher flux pins pronounced more than uncertainties in pins with 
lower flux. This follows from a reactor physics viewpoint as high flux pins designate hot spots in 
the assembly. The RMS values for the various types of responses are compared in Table 2. 
 
The results show that the subspace approach performs slightly better than the FW-CADIS 
methodology for the thermal flux. This is likely due to the fact that the mean free path for the 
neutron in a thermal reactor is short which correlates each pin responses to its nearest 
neighboring pins. Fast neutrons however have longer mean free path and they are able to visit the 
entire assembly from their birth to their death, hence the assembly features are more smeared for 
fast neutrons than they are for thermal neutrons. Table 2 shows the standard deviation for thermal 
responses are reduced by about 30-40%, which translates into a factor of 2 speed up, i.e., with 
the number of required Monte Carlo histories cut in half. Although, this is a small gain, it serves 
as a proof of principle for the Subspace approach. With 49 responses only and limiting the 
pseudo responses to the individual types of responses, little reduction in dimensionality is to be 
expected. With more complicated geometries and by forming pseudo responses that combine all 
available responses, we expect to see more dimensionality reduction as has been reported with 
reactor core models [11]. 
 
Also, note that that the FW-CADIS methodology produces lower variances for regions with 
lower fluxes. This is because they are receiving more weights. Forward fluxes are however not 
employed by the Subspace approach which attempts to minimize the variance for the most 
dominant features of the solution which is the regions with higher fluxes and higher reaction 
rates. Perhaps a hybrid approach between the two methods could potentially combine their 
advantages. 
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Table 2: Comparison of RMS of Spatial Standard Deviations 
 

 

 

Thermal Fast 

Subspace FW-CADIS Subspace FW-CADIS 
Flux 7.17E-04 1.19E-03 7.57E-04 7.15E-04 

Fission 7.16E-04 1.04E-03 9.25E-04 1.01E-03 
Elastic Scattering 7.17E-04 1.19E-03 7.51E-04 6.48E-04 

Inelastic Scattering 6.80E-04 9.72E-04 8.93E-04 1.00E-03 
Total Disappearance 9.35E-04 1.07E-03 8.45E-04 6.97E-04 

 
 
 
 

 
 

 
Figure 4. Thermal and Fast Fluxes 
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Figure 5. Thermal and Fast Fission Rates. 
 
 
 

 
 

Figure 6. Thermal and Fast Inelastic Scattering Rates. 
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Figure 7. Thermal and Fast Elastic Scattering Rates. 
 
 

5. CONCLUSIONS 
 

A new variant of a hybrid Monte Carlo-deterministic approach has been presented. In this new 
approach, the correlations between the various single-response adjoint-based weight-window 
maps are determined via a subspace approach. The correlations describe a set of pseudo 
responses whose number is much smaller than the number of original responses. By biasing the 
Monte Carlo particles towards the pseudo responses, noticeable computational savings could be 
achieved. The Subspace approach has been compared to the FW-CADIS approach implemented 
in MAVRIC sequence of the SCALE code system, and has been tested on a typical BWR 
assembly model. The case study served as a proof or principle and showed a performance that is 
slightly better than the FW-CADIS. We expect with more complicated geometries and more 
generalization of the pseudo responses construction, one can see more correlations between the 
weight windows, and hence more computational saving could be achieved. Future work will 
focus on applying the Subspace approach to a core wide problem. 
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