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ABSTRACT 
 

This paper presents work that has been performed to develop an integrated Monte Carlo-
Deterministic transport methodology in which the two methods make use of exactly the same 
general geometry and multigroup nuclear data. The envisioned application of this methodology is 
in reactor lattice physics methods development and shielding calculations. The methodology will 
be based on the Method of Long Characteristics (MOC) and the Monte Carlo N-Particle Transport 
code MCNP5. Important initial developments pertaining to ray tracing and the development of an 
MOC flux solver for the proposed methodology are described. Results showing the viability of the 
methodology are presented for two 2-D general geometry transport problems. The essential 
developments presented is the use of MCNP as geometry construction and ray tracing tool for the 
MOC, verification of the ray tracing indexing scheme that was developed to represent the MCNP 
geometry in the MOC and the verification of the prototype 2-D MOC flux solver. 
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1. INTRODUCTION 
 
Numerical solutions to the neutral particle transport problem are developed either from the 
Monte Carlo or a Deterministic approach. Both methods play an equally important role in 
nuclear reactor- and radiological engineering. In nuclear reactor core design, design codes are 
based predominantly on low-order deterministic methods, while Monte Carlo (MC) codes serve 
as a means for obtaining reference solutions of higher accuracy.  
 
The main reason for this is that most MC codes are capable of solving the transport problem in a 
general geometry and with continuous energy and angular transport. On the other hand, the main 
issue with MC simulations is to adequately sample phase space to ensure the accuracy and 
efficiency of the simulation. Improved accuracy and efficiency in MC codes are achieved by the 
use of variance reduction techniques. Some of these techniques are supported by deterministic 
forward- or adjoint solutions to the Boltzmann transport equation, which was the first motivation 
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to develop hybrid Monte Carlo-Deterministic transport methods. Despite the independent 
development of MC and deterministic methods, hybrid methods have brought together the 
usually disjoint scientific communities of MC and deterministic researchers and developers.   
 
Early work on hybrid methods was that of Haghighat et al. [1] who used a low-order adjoint 
transport solution to consistently choose the variance reduction parameters in the Monte Carlo 
N-Particle Transport code MCNP for shielding applications. This hybrid approach was aimed at 
obtaining an accurate result for a local detector response and was found to give more efficient 
and accurate MCNP calculations.  
 
More recently Becker et al. [2] developed a hybrid method to improve the MC flux estimates on 
a global rather than a local basis. This hybrid approach is based on a low accuracy forward 
transport solution which is then used to perform a global correction of the Monte Carlo results. 
The application of the method for the keff problem is also being investigated. 
 
Clearly hybrid methods play an important role in present day computational transport methods 
and their use will probably increase in future. However, in general the development of hybrid 
methods up to this point has been based on a simplified deterministic geometric approximation 
coupled with a detailed geometric representation in the MC method. The objective and novelty 
of this work is to develop a generalized MC-Deterministic transport methodology that is able to 
solve the transport problem using the same detailed MC geometry in both approximations. In 
other words, the aim is to provide the analyst with a computational tool that makes it easy to use 
either the deterministic or the MC approach with exactly the same geometric model and 
multigroup nuclear data. The envisaged application of such a tool could cover all current uses of 
hybrid MC-Deterministic approaches without the need of simplifying the geometry description 
of the problem or avoid the use of complex geometry construction tools to describe the real 
geometry in a deterministic code. 
 
The Method of Characteristics (MOC), despite being a deterministic method, shares some 
fundamental properties with the MC method, i.e. both methods are based on using particle track 
length data to estimate the scalar flux. This similarity has been identified by Goldberg et al. [3] 
and implies that a MC code can be used to construct and ray trace the geometry for the MOC. In 
this work this similarity is exploited and the development of a generalized MC-Deterministic 
transport methodology will be achieved by integrating a MOC transport solver into MCNP5 
(MCNP) [4]. This methodology intends to take advantage of MCNP’s rich arbitrary geometry 
capabilities to construct the problem and using its ray tracer for generating the ray tracing data 
for the MOC solver.  
 
The paper presents our initial work for the integration of the MOC into MCNP. At this stage this 
includes: (i) using MCNP as a geometric constructor and tracer for the MOC, (ii) verification of 
the ray indexing scheme that was devised for the ray tracing data obtained from MCNP, and (iii) 
testing of the prototype MOC flux solver that was developed for integration into MCNP. In 
Section 2 we describe the main ideas behind the integration methodology. Section 3 presents the 
initial results that were obtained for showing the viability of the MOC-MCNP integration. The 
conclusions and future work are presented in Section 4. 
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2. THEORY AND DEVELOPMENT 
 
The essential components for an MOC transport code are the geometric construction and ray 
tracing tool, and the flux solver. In this section we describe the essential theory behind the MOC, 
which involves the use of ray tracing data in the flux solver. The similarity between the MOC 
and MC flux estimates are described, as well as the motivation for using MCNP as a geometric 
modeling and ray tracing tool.  

2.1. The Method of Characteristics 
 
The MOC (Long Characteristics) is a well known spatial discretization method and is used 
mainly in lattice physics codes. The method makes use of a combination of integral transport 
theory and the Discrete-Ordinates (SN) method to estimate the cell-averaged scalar flux in a 
spatial cell. The basic idea behind the method lies in the determination of the cell-averaged 

angular flux )ˆ( nΩψ  for a set of discrete angular directions nΩ̂  from which the average scalar 

flux may be determined using a SN-type quadrature { }nnw Ω̂, , i.e.  
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)ˆ( nΩψ  can be computed from the integral form of the transport equation, i.e. 
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where 0s  is a point along the characteristic defined by ns Ω̂  where the angular flux is known, 

)ˆ,( nsq Ω  is the neutron source at s  that generates or redirects neutrons into nΩ̂  and the rest 

follows the usual notation. 
 
When a trajectory intersects the geometric region of interest, it can be used to estimate the 
average angular flux in that region in terms of the angular flux on a line. This requires the 
evaluation of the integral term in Eq. (2) of which the simplest and most common approximation 
is the Flat Source Approximation (FSA) where the source is assumed to be constant over the 
spatial domain. The FSA allows for the analytic evaluation of the integral term to obtain an 
analytic solution for Eq. (2). Figure 1 shows the rectangular flat source region that is associated 
with each trajectory segment. Here (in 2-D geometry) the average angular flux on the 
intersecting ray segment represents the average angular flux in the associated rectangular region. 
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Figure 1: 2-D Spatial Integration in the MOC 

 
 
The cell-averaged angular flux in a given direction is then obtained as a weighted sum with 
respect to the ray segment [6], i.e. 
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Here nq  is the average angular source, tΣ  the total cross section, V  the true volume of the cell, 

kns'  is the 3-D neutron trajectory length, kns  the 2-D projection of kns'  and ⊥S  the inter-ray 

spacing. out
kn

in
knkn ψψ −=∆ , where in

knψ  is the incoming- and out
knψ  the outgoing angular flux on a 

ray segment respectively. Since the spatial integration is approximate, neutron track lengths are 
adjusted to conserve the volume and hence particles [6]. Using Eq. (3) in the angular integration 
in Eq. (1) yields the approximation for the cell-averaged scalar flux as 
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If the initial source is guessed, the average scalar flux given by Eq. (4) can be obtained by an 
iteration scheme in which the basic data is the cell volume, the total cross section, the ray 
segment data and the inter-ray spacing. The ray segment data is used to compute the neutron 
transmission and for the spatial integration. Eq. (4) is at the heart of the MOC numerical 
algorithm which employs the FSA and is the method developed by Askew [6, 7] and has been 
implemented in many lattice physics codes. 
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For this work, the algorithm in Eq. (4) has been implemented in a prototype 2-D MOC code 
called TwoD_MOC. At this stage the code solves the one-group, fixed source transport problem 
in 2-D geometry with isotropic sources and scattering and with void boundary conditions.  
 
It is important to point out the similarity between the MOC and the MC cell-averaged flux 
estimators. In the MC method the cell-average scalar flux is estimated as 
 

V

wT

N
Vl

l∑
∩= 1φ .     (5) 

 
Eq. (5) is the non-analog estimate of the flux normalized per starting particle where w  is the 
particle weight, lT  the neutron track length of the thl '  track in the cell and V the cell volume. 

Note that the contribution to the flux is made only when the track intersects the volume V , i.e. 
when Vl ∩  is a similarity that the MOC and MC flux estimates share. 
 
What the MOC in Eq. (4) and the MC in Eq. (5) have in common is the use of neutron track 
length information. The track length data in each method is however different in nature. For the 
MOC, the track length is the distance along a characteristic between the entry and exit point in a 
cell. These track lengths do not result from particle collisions but from the deterministic angular 
quadrature that is used to ray trace the geometric model. In the MC method the track length 
corresponds to the distance between inter-particle collisions during the MC simulation. Despite 
this fundamental difference, the similarity of using track based estimates is what allows the use 
of MCNP as a geometry construction and ray tracing tool for the MOC. Next we describe how 
this is achieved. 
 

2.2. MCNP as a Geometry Construction and Ray Tracing Tool 
 
In our work we chose MCNP as the MC code in which we want to integrate a MOC solver 
because MCNP is an advanced, mature and well maintained MC transport code. Another reason 
is that MCNP has various features for geometric modeling with its associated ray tracer. 
 
MCNP is routinely used to compute irregular surface areas and cell volumes by means of ray 
tracing a void geometry [4]. In order to achieve the ray tracing that is required for the MOC one 
simply has to do the following: 
 

1) Construct the void geometry as one would normally do for an MCNP volume calculation. 
2) Specify the deterministic particle source according to the ray tracing that is required for 

generating the ray tracing data for the MOC. In 3-D geometry this would entail an 
azimuthal and polar discretization with the relevant ray separation distance. In 2-D 
geometry, one only requires an azimuthal discretization and the 3-D tracks are recovered 
with a polar angle quadrature.  

3) During the ray tracing process record the ray tracing data as a function of ray, which 
amounts to recording particle track length data as a function of spatial cell. 
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For our work we modified MCNP to achieve steps 2) and 3). MCNP’s source specification was 
exploited for specifying the ray tracing source and modifications were made to extract the track 
length information. At this stage only 2-D ray tracing is performed for the 2-D MOC solver 
TwoD_MOC.  
 
An important step for the MOC was the development of a ray indexing scheme to relate the ray 
segment information for use in the flux solver to the geometry described in MCNP. A ray 
indexing scheme was developed and is based on how MCNP organizes complex geometric 
models, i.e. in terms of geometric levels, where each level may contain an MCNP universe. To 
test this indexing scheme with the MCNP universe construct, the MCNP geometry in the test 
problems were constructed with only one level of universe. That is, several universes could be 
constructed and used in the geometry, but for purposes of testing the indexing scheme, the filling 
universe itself only contained one universe. 
 
The computational scheme with MCNP as a geometric construction tool and ray tracer proceeds 
as follows: 

(i) The user constructs the 2-D void geometry in MCNP and can use several universes, but 
only with one level of universe; 

(ii)  The user specifies the azimuthal angular discretization and ray separation distance; 
(iii)The user ray traces the 2-D geometry by running the modified MCNP version that yields 

the ray tracing file for the MOC; 
(iv) The user supplies an MOC input file which contains information pertaining to the 

geometry, angular discretization, cell material and volume data and the source 
description; 

(v) TwoD_MOC is then executed with the input file and ray tracing data and on completion, 
generates an output file containing cell flux data. 

 
 

3. RESULTS 
 
Calculation results with the developed methodology are now presented for two test problems. 
The first is an arbitrary 2-D geometry and the second a 17×17 PWR type geometry. The purpose 
of both problems was to verify that the ray tracing with MCNP for the MOC was performed 
correctly, that the ray indexing scheme worked properly and to test the implementation of the  
2-D MOC flux solver. 
 
3.1. Heterogeneous 2-D Arbitrary Geometry 
 
Figure 2 shows a general 3cm × 3cm, 2-D geometry that was constructed using MCNP’s basic- 
and advanced geometry features. Figure 2(a) shows six coarse cells. Each coarse cell is sub-
meshed with an arbitrary 2-D geometry consisting of an MCNP universe as shown in Figure 
2(b). Geometrically cell 101 is the mirror image of cell 100; however the universe that fills cell 
101 was constructed from the universe in cell 100. That is, cells 25-29 were constructed from 
their 20-23 counterparts using the MCNP “like but” geometry construct. This geometric 
construct is useful for repeating geometric structure and when one wants to use different 
materials with the same geometry type.  
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         (a)                                                        (b) 

Figure 2: 2-D Arbitrary Geometry 

 
 
Coarse cells 110 and 130 were sub-meshed with the same universe consisting of cylindrical cells 
1-7. The purpose of this arrangement was to test the ability of the ray indexing scheme to 
uniquely identify a universe as it came into existence in two different coarse cells. Coarse cell 
111 was sub-meshed with an arbitrary 2-D geometry consisting of a set of cylindrical cells 50-53 
and an irregular cell 54. Cell 120 was sub-meshed by a finer cylindrical mesh with cells 30-49, 
with the inner-most cell 30 being the smallest cell in the geometry.  
 
One-group fixed source calculations were performed for the material arrangement as shown in 
Figure 2(b). The total macroscopic cross section of both materials was 1=Σ t cm-1 hence the 

extent of the geometry is 3mfp × 3mfp. The macroscopic scattering cross section for material 1 
(blue) was 1.01 =Σ s cm-1 and for material 2 (green) was 9.02 =Σ s cm-1. A unit uniform isotropic 

source was specified throughout the geometry.  
 
The problem was ray traced using 12-azimuthally symmetric directions with various ray spacing 
ranging from 5-1.25mm.  TwoD_MOC calculations were performed using 6-polar angles 
corresponding to the PN Legendre quadrature set in slab geometry [5]. The reference transport 
solution was computed with MCNP. The nuclear data for the MCNP calculation was generated 
with the utility ONEGXS [8]. In this way, TwoD_MOC and MCNP used exactly the same 
geometry, nuclear data and fixed source.  
 
Figures 3-5 show the MCNP and TwoD_MOC fluxes that were obtained along with the 
associated geometry in which the fluxes were computed. MCNP cell flux tally results were 
converged to a nominal relative error of less than 1%. Comparison between the TwoD_MOC and 
MCNP fluxes showed a nominal deviation of less than 1%. However, differences of about 2% 
were obtained in cell 2 for coarse cell 110 (Figure 4), cells 1-3 in coarse cell 130 (Figure 4) and 
cells 34-39 of coarse cell 120 (Figure 5). A maximum difference of 4% was obtained in cell 30 
of coarse cell 120 (Figure 5).These differences are most likely due to the inaccuracy of FSA in 
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the MOC, which occurs in regions with a high flux gradients. For the purpose of this study the 
accuracy of the results were considered to be sufficient.  
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Figure 3: MOC Fluxes in Coarse cells 100 and 101 
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Figure 4: MOC Fluxes in Coarse Cells 110 and 130 
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Figure 5: MOC Fluxes in Coarse Cell 111 
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Figure 6: MOC Fluxes in Coarse Cell 120 

 
 
The results obtained for this test problem were promising since they agreed very well with the 
MCNP reference solution. Although further testing is required, these results confirmed that:  

(i) MCNP was used successfully to generate the ray tracing data for the MOC code, 
(ii)  the ray indexing scheme correctly accounted for the MCNP geometry, and 

(iii)  the flux solver was implemented correctly and able to solve a complicated 2-D geometry. 
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3.2. 17 × 17 PWR Type Geometry 
 
The second test problem was a 17cm × 17cm PWR type lattice geometry. Figure 7 shows three 
scenarios. Figure 7(a) shows a homogeneous material arrangement while Figure 7(b) displays a 
heterogeneous geometry containing two materials and representing an unrodded assembly. 
Figure 7(c) shows a heterogeneous arrangement with three materials, representing a partially 
rodded assembly.  
 
 

   
(a)     (b)     (c) 

Figure 7: 17cm × 17cm PWR Type Geometry 

 
 
The basic geometrical unit used in Figure 7 was a 1cm × 1cm pin-cell as shown in Figure 8. Here 
M denotes the moderator, P the pin material and C the control rod material. The total 
macroscopic cross section for all the materials was 1=Σ t cm-1, while the absorption cross 

sections were 3.0=Σ M
a cm-1, 7.0=Σ P

a cm-1 and 9.0=ΣC
a cm-1 respectively. 

 
 

 
                                            (a)                           (b)                           (c) 

Figure 8: Pin-Cell Material Arrangements 

 
 
The choices of geometry and material arrangements were selected to test the ray tracing and the 
MOC solver on larger and more realistic reactor geometry. In this case the geometry was a 2-D 
17mfp × 17mfp geometry, which is significantly larger than the first problem. The model in 
Figure 7(a) was chosen to test the accuracy of TwoD_MOC against MCNP in an uncomplicated 
2-D setting. The model in Figure 7(b) introduces material heterogeneity into the problem in a 
symmetric manner. Figure 7(c) was constructed to test the ability of TwoD_MOC to solve an 
asymmetric problem containing three materials. 
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To obtain the ray tracing data for TwoD_MOC, a void MCNP model of Figure 7 was constructed 
and ray traced with MCNP. Again 12 symmetric azimuthal angles were used with an equidistant 
ray spacing of 1mm. One-group transport calculations with isotropic sources and scattering were 
performed for a full assembly with TwoD_MOC.  Vacuum boundaries were specified in all 
cases.  A unit uniform source was specified throughout the geometry.  
 
The reference 2-D MCNP calculations were performed using partially reflective geometric 
models. For the models in Figure 7(a) and (b) one-eight symmetry was used, while in Figure 7(c) 
half-symmetry was used. The same source was specified in MCNP and the one-group MCNP 
data were generated with ONEGXS [8]. Once again TwoD_MOC and MCNP used the same 
geometry and one-group data. In both the MOC and MCNP calculations, the average flux was 
calculated over the pin and moderator regions explicitly. For the MOC, the average flux over the 
entire pin-cell was computed by a volume-weighted average of the fluxes in the pin- and 
moderator regions, while in MCNP the average was computed directly.  
 
The MCNP results were converged to a nominal relative error of less that 1%. Figures 9 to 11 
show plots that were obtained from a cubic spline interpolation of 17 × 17 data for the average 
flux in a pin-cell that was obtained with TwoD_MOC. These figures clearly show the effects on 
the flux due to the introduction of material heterogeneity as can be seen in Figure 10 and Figure 
11. 
 
 

 

Figure 9: Average Pin-Cell Flux over the Assembly for the Homogeneous Assembly 
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Figure 10: Average Pin-Cell Flux over the Assembly for the Unrodded Assembly 

 
 

 
 

Figure 11: Average Pin-Cell Flux over the Assembly for the Partially Rodded Assembly 
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Comparison of the TwoD_MOC and MCNP fluxes in the pin, moderator and the average over 
the pin-cell, showed a nominal maximum difference of less than 3%. The higher flux differences 
occurred near the assembly boundary, while on the interior the flux differences were less than 
0.2%.  
 
The results from this test problem again confirms the correct use of MCNP for generating the ray 
tracing data that is required for TwoD_MOC, that the ray indexing scheme functions as desired 
and the flux solver is capable of solving sophisticated 2-D general geometry transport problems 
with isotropic scattering and sources.  

 
 

4. CONCLUSIONS AND FUTURE WORK 
 

In this work we developed an integrated MC-Deterministic transport methodology that consists 
of the implementation of an MOC solver into MCNP. We illustrate the viability of the integrated 
scheme by solving two sample test problems. The current status of our work shows that the same 
geometry that is used in MCNP can be used for the MOC and that MCNP can be used as 
geometric construction and ray tracing tool for the MOC. This presents the opportunity to use 
MCNP’s advanced geometry features in the MOC. We have developed and tested the ray 
indexing scheme and obtained very good agreement in the comparison between MCNP and the 
TwoD_MOC flux solver that has been developed for integration. 
 
Envisaged application of this methodology is in hybrid MC-Deterministic fixed source transport 
analysis, lattice physics applications and the development of 3-D MOC transport methods. The 
ability of direct geometric comparison of the MOC and MCNP also provides a framework to 
study the spatial- and angular discretization error in the MOC in a consistent manner in terms of 
geometry and nuclear data. 
 
Further developments of the methodology include the extension of the ray indexing scheme to 
include all of MCNP geometric features such as lattices, all levels of universes, the use of 
reflective boundary conditions and extension of the flux solver to 3-D. The MOC solver will be 
expanded to include multi-group transport and eigenvalue calculations. 
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