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ABSTRACT

The Even-parity neutron transport equation with FE-SN discretization is solved traditionally
using SOR preconditioned CG method at the lowest level of iterations in order to compute the
criticality in reactor analysis problems. The use of high order isoparametric finite elements
prohibits the formation of the discrete operator explicitly due to memory constraints in
petascale architectures. Hence, a h-p multi-grid preconditioner based on linear tessellation
of the higher order mesh is introduced here for the space-angle system and compared against
SOR and Algebraic MG black-box solvers. The performance and scalability of the multi-grid
scheme was determined for two test problems and found to be competitive in terms of both
computational time and memory requirements. The implementation of this preconditioner
in an even-parity solver like UNIC from ANL can further enable high fidelity calculations in
a scalable manner on petaflop machines.

Key Words: even-parity equation, discrete ordinates, preconditioning, geometric multi-grid,
algebraic multi-grid

1 INTRODUCTION

Deterministic modeling of neutronics in reactor analysis has traditionally involved finding the
numerical solution of the first order neutron transport equation [1] using discretization with
Spherical-Harmonics (PN ) or Discrete-Ordinates (SN ) in angle and Finite Element Methods
(FEM) in space. Recently, the numerical solution of the second order even-parity (EP), odd-
parity (OP) forms of the transport equation [2, 3] have received much attention [4–7] and have
been proven to be feasible for reactor design and safety problems [8, 9].

The high fidelity neutral particle transport code from Argonne National Laboratory, UNIC [10],
which stands for Unstructured Neutron Investigation Code, is a suite of implementations of
different state-of-art algorithms in reactor analysis. UNIC specifically contains the ability to
discretize the multi-group neutron transport equation with Method of Characteristics, an even-
parity PN discretization and an even-parity SN discretization of the transport equation [11].
All of these different modules can handle general geometries with unstructured meshes using
FEM for spatial discretization and make use of scalable algorithms for computing the neutron
transport solution in parallel, on existing peta-scale architectures [12].
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In order to model the complex physics of a reactor core, several billions of spatial finite elements,
along with hundreds of angles, and thousands of energy groups are necessary, leading to problem
sizes with peta-scale degrees of freedom. Computing the solution of interest for such problems
using black-box algebraic solvers can exhaust memory resources on current and even next-
generation architectures. This paper specifically deals with finding optimal preconditioners for
the second order even-parity module in UNIC, that has demonstrated weak scalability up to
163,840 cores of Blue Gene/P [12]. The current focus in proving strong scalability of UNIC
in petascale architectures is to identify segments of the algorithm that can provide optimal
efficiency with constraints dictated by a balance in computation to memory performance.

The solution procedure for obtaining the angular flux involves several levels of nested iterations
that use proven scalable Krylov methods with Gauss-Seidel and SOR operators as precondition-
ers. The within group energy system of equation for each discrete ordinate direction is usually a
Symmetric Positive-Definite (SPD) matrix that resembles a anisotropic diffusion reaction Par-
tial Differential Equation (PDE). Fine mesh calculations of complex reactor designs often have
isoparametric finite elements in order to avoid geometry modeling errors. These non-affine fi-
nite element calculations are nonlinear since the local jacobian needs to be re-evaluated during
every assembly [13]. Currently, the discrete operator is built explicitly in memory, in order to
solve using Conjugate Gradient (CG) method with algebraic preconditioners such as SOR and
ICC. This iteration scheme can be prohibitive for large meshes due to memory constraints in
petascale architectures [12]. Hence, a more scalable, memory efficient preconditioner is required
to obtain optimal convergence rates. This serves as the primary motivation for the current work
to analyze preconditioning strategies for the within group system of equations which are solved
G ∗ D times for every outer iteration, where G,D are the maximum number of energy groups
and the number of discrete directions in the chosen angular quadrature respectively.

Previously, a p-multi-grid preconditioner was implemented in UNIC [13] to improve the perfor-
mance of the solver but due to the non-nested nature of Lagrange basis functions, the convergence
improvement due to the multi-grid scheme was found to be poor. This led to efforts on using
a combination of both h- and p- multi-grid methods as the preconditioner by using reduced
order basis and increasing the element refinement through a linear tessellation of the high or-
der mesh. This is followed by successive coarsening to yield a h-p multi-level preconditioner.
The implementation relies on the ability to solve linear operators with Krylov methods with
only matrix-free applications. Hence, the h-p geometric multi-grid (GMG) algorithm [14] in
conjunction with algebraic multi-grid (AMG) for the coarsest level [15] is used to improve com-
putational efficiency and to alleviate memory constraints. Details regarding this preconditioner
are provided in Section. (2.3.2).

The paper is organized as follows: the basic model and algorithmic aspects of the physics and
the preconditioner are discussed in Section. (2), followed by some results in Section. (3) based
on two different test problems and conclusions on the optimal preconditioner in Section. (4).

2 PHYSICS AND NUMERICS

In the following sections, the details on even-parity form of the transport equation with FE, SN
discretization along with preconditioning techniques used in the current paper are provided.
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2.1 Even-parity discrete ordinates formulation

The multi-group neutron transport equation in the steady state form [1] is given as

~Ω.~∇ψg(~r, ~Ω) + Σt,g(~r)ψg(~r, ~Ω) =

∫ ∫

Σs,g′→g(~r, ~Ω
′.~Ω)ψg′(~r, ~Ω

′)dΩ′ + Sg(~r, ~Ω)

∀~r ∈ D, g = 1 . . . G, (1)

where ψ(~r, ~Ω) is the angular flux for energy group g, Σt,g is the total cross-section of the material
in energy group g at position ~r, Σs is the differential scattering cross-section that represents the
probability that a particle at ~r in energy group g′ traveling in the direction Ω′ is scattered into
energy group g with direction dΩ about Ω.

Now expressing the angular flux in its even and odd parity components, we have

ψg(~r, ~Ω) = ψ+
g (~r, ~Ω) + ψ−

g (~r, ~Ω) (2)

where

ψ+
g (~r, ~Ω) = ψ+

g (~r,−~Ω)

ψ−

g (~r, ~Ω) = −ψ
−

g (~r,−~Ω) (3)

The even-parity equation is obtained by substituting the definitions Eq. (2) and Eq. (3) into
Eq. (1). The final form of the even-parity equation is obtained by algebraically manipulating the
resulting equations to eliminate the odd-parity flux [4, 6]. Using the discrete-ordinates method
to discretize the angular variable with a suitable set of angular quadratures, we obtain a set of
coupled even-parity equations for each direction. The weak form of the resulting equation is
derived [11] by multiplying with a suitable trial function λ+(~r) and integrating over the spatial
domain.

∫

D

{

~Ωn.~∇λ
+ 1

Σt,g(~r)
~Ωn.~∇ψ

+
g,n(~r)+

λ+Σt,g(~r)ψ
+
g,n(~r)

}

dV =

∫

D

{

λ+W+
g,n(~r) + ~Ωn.~∇λ

+ 1
Σt,g(~r)

W−
g,n+

λ+S+
g,n(~r) + ~Ωn.~∇λ

+ 1
Σt,g(~r)

S−
g,n

}

dV

−BC (4)

where Ωn represents a specific angular direction in the quadrature set, W± are the even/odd
parity within group scattering source, S± are the even/odd parity source terms and BC operator
contains the boundary condition terms.

BC =

∮

dΓ | ~Ω.~n | λ+ψ+
g,n(~r) + 2

∮

dΓ~Ω.~nλ+ψ
~Ω.~n<0
g,n (~r) ∀~r ∈ Γ, g = 1 . . . G (5)

For neutron transport problems, the standard vacuum boundary condition is given as

ψg(~r, ~Ω) = 0 ∀~r ∈ Γ, ~Ω.~n < 0, g = 1 . . . G (6)

In the current work, reflective boundary conditions are not considered although extensions of
the ideas to the boundary term implementation is quite straightforward.
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2.2 FEM Spatial discretization

Let us expand the even parity angular flux solution in terms of piecewise continuous Lagrange
basis functions as

ψ+
g,n(~r) =

P+1
∑

i=1

Li(~r)ψ̂
+
g,n,i (7)

where Li is the i
th basis function, P is the order of Lagrange polynomial and ψ̂e

g,n,i is the even
parity nodal angular flux unknown.

Substituting the expansion in the weak form Eq. (4), the discrete set of even parity equations
per finite element is given in operator notation as

(

∑ ΩmΩn

Σt,g
Ke +Σt,gMe

)

ψ+
g,n = Ŝ± +BCg,e,n (8)

where K,M are the standard FE stiffness and mass element matrices respectively and Ŝ± is
the consolidated source term that contains both even/odd parity scattering and external source
terms, multiplied by the trial function and integrated over the element volume.

As mentioned earlier, only vacuum boundary conditions for the even-parity equation are con-
sidered. In the discrete form, this decouples the angular directions per energy group and only
requires solving Eq. (8) to obtain the directional angular flux solution. For the treatment of
vacuum boundary conditions, the incoming angular flux is zero. Hence, applying Eq. (6) in
Eq. (5),

BC =

∮

dΓ | ~Ω.~n | λ+(~r)ψ+
g,n(~r) =| ~Ω.~n | Fsψ

+
g,n ∀~r ∈ Γ, ~Ω.~n < 0, g = 1 . . . G (9)

where Fs represents the face integral mass term along the boundary.

2.3 Preconditioners

Finding a suitable preconditioner for the even-parity system of equations on a per angle/energy
basis essentially translates to preconditioning a diffusion-reaction system with tensor (angle-
dependent) diffusion coefficients. Consequently, the dominant physics regime is dictated by the
discrete angle being solved in the x − y plane i.e., as the z-dependence on the angle increases,
the system becomes absorption dominated while choosing an angle that lies on the x-y plane
entirely makes the system diffusion dominated. In the absorption dominated regime, the op-
erator is strongly diagonal dominanted and either a SOR or a Point-Jacobi preconditioner can
yield considerable gain. But in the diffusion dominated regime, this is not true since the spa-
tial coupling needs to be resolved correctly in order for the preconditioner to be efficient. In
this diffusion dominated regime, since traditional preconditioners are ineffective, scalable pre-
conditioners based on multi-grid strategies, either Algebraic or Geometric can be used. In the
following sections, a brief overview of these preconditioners are provided.
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2.3.1 Successive Over-Relaxation (SOR)

The method of SOR is a generalization of the Gauss-Seidel procedure, that is traditionally
employed for solving linear system of equations that are represented by a SPD operator as in
Eq. (8). The iterative procedure is simply given as

(D + ωL)xn+1 = (ωb− [ωU + (ω − 1)D]xk) (10)

where ω ∈ [0, 2] is an extrapolation factor and D,L,U are the diagonal, strictly lower and
strictly upper diagonal parts of the SPD operator. Apart from the ease in implementation, the
rate of convergence for SOR is strongly dictated by the parameter ω that is dependent on the
properties of the operator A = D + L+ U . Previous studies [13] determined that the optimum
value of ω is weakly dependent on the angular direction and is usually less than 1. Based on
these experiments, the value of ω ≈ 0.7− 0.9 in the current paper.

Remark : SOR and Symmetric SOR (SSOR) preconditioners can be implemented in a completely
matrix-free fashion with the Eisenstat trick [16]. This is inherently parallel as long as the grid
connectivity is available and the matrix is decomposed such that each processor owns specific
number of rows completely. The details of the implementation are outside the scope of this
paper but present a viable alternative in the future as memory constraints become severe.

2.3.2 Geometric Multi-Grid (GMG)

The Multi-Grid methods are based on the idea of defining successive coarse grids on which a
low frequency error will be seen as a high frequency one [14]. Using an appropriate smoothing
procedure (SOR, Jacobi) to damp the high frequency errors, a stable solver can be obtained,
even under the presence of strongly varying coefficients [19]. The GMG solver/preconditioner
uses this idea to create a hierarchy of structured/unstructured grids which may or may not be
nested. As long as the transfer operators, Prolongation or Interpolation (P ) from coarse grid to
fine grid and Restriction (R) from fine grid to coarse grid are consistent and do not introduce
spurious high frequency modes during the process, an optimally convergent GMG algorithm can
be designed [20].

The first level of the fine mesh results from a linear projection of the isoparametric elements
through conservation of total volume in the geometry. Based on this higher order mesh (typ-
ically p ≥ 2), a hierarchy of coarser meshes are created through tessellation. The motivation
for working with the tessellated grids is due to the fact that optimal memory access can be
implemented while dealing with simplices. The current study with a tessellation followed by
successive h-coarsening leads to a 2-level (G2-G1) or a 3-level (G2-G0) GMG algorithm. As
a generalization, through a similar procedure, a multi-level scheme can be devised with the
number of levels equal to p + 1. The hierarchy shown in Fig. 1 is illustrative of the h-p grid
strategy.
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Figure 1: 3 level grid hierarchy: (G2) 2nd order mesh (G1) linear tessellation (G0) h-coarsened

In Fig. 1, the finest level is described on a second order grid with QUAD9 elements. The
successive grid levels are obtained by linear tessellation (p = 1) with TRI3 elements with further
h-coarsening. This strategy results in preserving the number of dofs in the second level and
increases the total number of elements by approximately a factor of 8. If specific optimizations
are not present, applying the action of the operator on a vector at this level can be prohibitive
in terms of computation. In UNIC, the operator action for linear triangular elements has been
unrolled to maximize cache usage and hence results in a feasible algorithm. Certainly, the
tessellated mesh can be coarsened further (max levels > 3) as long as the material boundaries
are respected when higher order fine mesh is used. Further levels of coarsening across material
volumes can be attained by means of variational coarsening principles [17, 18] which could
yield a set of structured grids that can be used to precondition the original even-parity system
on the higher order mesh consistently. These ideas have tremendous potential to collapse the
unstructured mesh to structured grids where good optimizations can be applied a-priori. This
topic is outside the scope of this paper and left for future research.

A general V −cycle, GMG algorithm with operators Ai, Si, Pi→i+1, Ri→i−1 ∀ i = 0 . . .max levels,
can be written as follows. In general, there are two possibilities for computing the coarser grid

Algorithm 1 V cycle (bi, i=max levels)

1: if i 6= 0 then
2: ui ← Sν1

i bi
3: ri ← (bi −Aiui)
4: ui+← Pi−1→iV cycle(Ri→i−1ri, i− 1)
5: ui+← Sν2

i (bi −Aiui)
6: else
7: ui ← A−1

i bi
8: end if
9: return ui

operator [14]. One option is to discretize the even-parity equations with FEM consistently at
each grid level and compute the transfer operators based on mesh hierarchy. The second idea
is to express the coarser grid operator as a functional of the finer grid operator i.e., Ai−1 =
Ri→i−1AiPi−1→i. This is referred to as the Galerkin GMG scheme. The Galerkin GMG requires
the fine grid matrix to be formed explicitly in memory, which does not align with the aim of the
current work and hence will not be pursued any further.
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The schematic for the V-cycle multi-grid preconditioner is shown in Fig. 2.

Figure 2: V-cycle algorithm for GMG2 (left) and GMG3 (right)

The simplest form of the restriction operator R for nested meshes due to tessellation is to
use full-injection. This just takes the values of the residual at the corresponding fine grid
nodes for the coarse grid right hand side (Ai ⊂ Ai+1). The more standard form of R is the
adjointed transpose of the prolongation operator P . We will analyze the effect of using both
these restriction operators for a test problem to find the performance differences in Section. (3).
The smoother operator S is generally a relatively easy operator to invert. In the current work, a
Krylov solver such as Flexible GMRES is used as the smoother at all levels except for the final
level where CG is employed [21]. At all levels except the coarsest, a Jacobi preconditioner is used
for the Krylov smoother and a natural extension to use different preconditioners fall under the
general category of Multiplicative Schwartz-MG methods. This extension has much potential
for the problem at hand and is left for future research. The number of smoothing operations on
the down and up directions, ν1, ν2 respectively are user specified and are taken to be the same
for all test problems unless specified otherwise.

In line 7 of the multi-level, GMG algorithm presented above Alg. 1, the coarse grid solve is
required to be performed exactly. In practical situations, this might not be necessarily true
and only a certain reduction in the relative residual (about 0.1-0.01) at the coarse grid level is
required. Hence, for the coarse solve, CG can be employed with SOR or AMG, depending on
the cost to form the coarse operator and preconditioner. This is usually problem dependent but
for all calculations in this paper, AMG has been used as the preconditioner.

2.3.3 Algebraic Multi-Grid (AMG)

Unlike GMG, AMG solely relies upon the structure of the fine grid matrix and hence falls under
the category of black-box solvers [15]. This algorithm is referred to as an ‘algebraic’ multi-grid
scheme because the coarse level equations are generated without the use of any geometry or
re-discretization on the coarse levels. This has the general advantage that no coarse level grids
have to be generated or stored, and no solution/source terms need be calculated on the coarse
levels. This feature makes AMG particularly important for use on unstructured meshes [22, 23].
The order independent scalability of AMG schemes [24] make them quite attractive as black-box
solvers when the memory requirements can be satisfied for the setup of different levels.

In the current paper, the AMG solver from HYPRE [25] is used to recursively precondition
different levels based on the matrix connectivity and sparsity. For all problems tested, HYPRE

2011 International Conference on Mathematics and Computational Methods Applied to
Nuclear Science and Engineering (M&C 2011), Rio de Janeiro, RJ, Brazil, 2011

7/15



Vijay S. Mahadevan, Michael A. Smith

through the PETSc [26] interface are used with the default options although manipulating the
maximum number of levels, smoothers and other parameters could yield better performance for
reactor analysis problems.

3 RESULTS

In the current paper, two problems are presented to evaluate the preconditioner performance as
a function of the angular direction and material property.

1. A purely homogenized medium with a smooth sinusoidal source,

2. A 5x5 lattice of homogenized pin-cell arrangement with each pin-cell containing a cladding
and a fuel material surrounded by a coolant. Strong discontinuities are introduced in the
source term at the interface, in the order of 102 − 106.

3.1 Case 1

The homogeneous problem described on a square domain Γ = [0, 10]2 serves as a toy problem to
develop intuition on the efficient preconditioner for the anisotropic diffusion-reaction equation.
To decide on the optimal preconditioning method, different discrete angles were tested with
variations in material cross-sections. The base mesh G0 for the 2nd order discretization with
QUAD9 elements consists of 1089 Nodes, 336 Elements and the linear tessellation of G0 with
TRI3 elements consists of 1089 Nodes, 2048 Elements. G2 is generated by h-coarsening G1
uniformly. All the elements in the G0, G1, G2 are affine and semi-structured but no assumptions
regarding the regularity of the mesh has been made in the implementation of the multi-grid
preconditioners.

3.1.1 Angular/Material variations

The number of FGMRES iterations for solving the fine grid problem with a relative accuracy of
10−5 are tabulated in Table I - Table IV for various angular directions. It is important to note
that due to the continuous description of the source function (1000sin(πx)sin(πy)), the solution
obtained from the 2nd order and 1st order discretization are not consistent. The first column in
the tables show the preconditioning technique used to solve the discrete system with FGMRES
iterations. PCNONE represents no preconditioning and SOR is performed with ω = 0.85 for
all simulations. The number of levels in AMG are not limited to any level and are chosen
automatically by HYPRE.

For all the test cases, the smoothing steps ν1 = ν2 = 5 were fixed. It was found by experiment
that the total linear iterations is quite sensitive to ν1, ν2 and determining the values a-priori for
each level should be based on a balance of the number of fine-grid matrix-vector products vs
overall iteration count. It is also interesting to note that the choice of the restriction operator
R = Rinj or R = P T yields drastically different performance characteristics for GMG3. This
is due to the fact that pure injection operator transfers the residual modes only locally which
does not resolve the diffusive nature of the physics. Hence in the diffusion dominated regimes,
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Table I: Effectiveness with ~Ω = 0.7980172273, 0.6026346364, 0.0
Type XS=0.01 XS=0.1 XS=1 XS=10

PCNONE 34320 2669 307 34
SOR 2321 616 119 16
AMG 150 70 15 5
GMG2 45 25 13 3

GMG3 (Rinj) 148 62 21 4
GMG3 (P T ) 80 38 16 3

Table II: Effectiveness with ~Ω = 0.5, 0.75, 0.4330127019
Type XS=0.01 XS=0.1 XS=1 XS=10

PCNONE 26994 2003 275 31
SOR 2797 559 114 15
AMG 69 32 15 5
GMG2 40 22 11 3

GMG3 (Rinj) 157 55 21 3
GMG3 (P T ) 75 33 14 3

R = P T was an optimal choice while as the system becomes more absorption dominated, both
the choices show similar behavior. Hence, it is concluded that R = P T is an effective transfer
operator for all regimes of interest in the current problem.

Table III: Effectiveness with ~Ω = 0.1127016654, 0.8605078448, 0.4968144358
Type XS=0.01 XS=0.1 XS=1 XS=10

PCNONE 21824 2232 219 38
SOR 3206 468 97 17
AMG 79 33 14 5
GMG2 23 13 7 3

GMG3 (Rinj) 99 44 15 3
GMG3 (P T ) 67 36 13 3

As shown in the results above, SOR as preconditioner has the highest iteration count for all
angular directions tested. In comparison, the AMG preconditioner for the fine grid matrix
is a good choice if the memory requirements can be met. But the the two-grid GMG2 and
three-grid GMG3 show comparable performance and beat the AMG preconditioner consistently.
Even though GMG2 requires less number of iterations, the amount of memory used by the
preconditioner may be comparable to using AMG on the 2nd order discretization of the even-
parity problem. This will be analyzed in the following section. In general, GMG3 offers a viable
and more flexible framework to reduce the cost of computation with minimal memory needs
using matrix-free operator applications.
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Table IV: Effectiveness with ~Ω = −0.1127016654, 0.0, 0.9936288717
Type XS=0.01 XS=0.1 XS=1 XS=10

PCNONE 9165 811 75 12
SOR 380 160 25 4
AMG 147 38 8 5
GMG2 10 10 5 2

GMG3 (Rinj) 43 23 5 2
GMG3 (P T ) 25 16 5 2

3.1.2 Scalability of the preconditioner

Since many Krylov iterative methods, for example GMRES/CG, depend on the condition
number of the preconditioned matrix, h-independent convergence rate is desirable. In or-
der to determine the scalability of the algebraic and multi-grid preconditioners, the num-
ber of degrees-of-freedom (N) were increased by uniformly refining the fine mesh and re-
peating the experiment above with the cross-section data (Σt = 0.01) and angular direction
~Ω = 0.7980172273, 0.6026346364, 0.0 that yielded the maximum number of iterations. These
results are provided in Table V.

Note that the iteration numbers for AMG preconditioners are provided along with the number
of algebraic levels (in brackets) used to perform the discrete operator solve. Since the number of
levels depend on the matrix sparsity structure, higher number of levels are used for the 1st order
discretization than for 2nd order discretization at all refinement levels. This directly translates
to allocating more memory during the setup stage for AMG (1st) as compared to AMG (2nd).

Table V: Preconditioner performance scalability
Type N=1089 N=4225 N=16641

PCNONE 34320 138085 > 4e5
SOR (2nd) 2321 18709 31118
AMG (2nd) 150(5) 285(6) 418(7)

GMG2 45 69 84
AMG (1st) 27(6) 37(8) 50(9)

GMG3 (Rinj) 148 288 448
GMG3 (P T ) 80 97 115

The results show that all preconditioning techniques offer some computational gain in the diffu-
sion dominated regime. The Multi-grid preconditioners, both Algebraic and Geometric perform
far superior than the current SOR preconditioning scheme for this problem. Among the methods
used in this study to obtain the consistently accurate solution (AMG (1st) does not satisfy this
property) with AMG(2nd) and GMG preconditioners, the number of linear iterations is lowest
with the GMG2 preconditioner with a relative tolerance of about 0.01 at the coarsest level solve.
Even though GMG3 needs slightly higher number of iterations, both the GMG preconditioners
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scale as O(N). This proves optimality of the GMG preconditioners for the space-angle operator
in the within-group system.

3.1.3 Memory consumption of AMG preconditioner

As the computing architectures proceed towards petascale designs and beyond, the available
memory/core becomes less and hence the memory footprint of the preconditioner is quite im-
portant. In order to analyze this, the memory consumed with AMG with each of the refinements
is plotted below.

The memory allocated for AMG operator was measured using valgrind and the heap profiler
tool, massif using the command

valgrind –tool=massif program args

By looking at the massif output file specifically for the AMG allocation routine, hypre CAlloc in
hypre memory.c:121, the memory consumption for the AMG setup in HYPRE was computed and
plotted in Fig. 3 for various refinement levels.

(a) Memory vs Dofs (b) nnz(A) vs Dofs

Figure 3: Memory consumption of AMG for the 1st and 2nd order meshes

As noted before, the 1st order discretization with AMG takes more memory during the setup
stage due to larger number of levels as compared to the 2nd order AMG preconditioner, even
though the number of non-zeros in the discrete operator are lower from 1st order discretization.
This indicates that using the GMG2 scheme tested earlier where the discrete operator corre-
sponding to G2 is constructed explicitly and solved with AMG, can be worse than solving the
higher order system itself through AMG(2nd) preconditioner. Hence, for real world problems,
it is quite possible that only the GMG3 or GMG with higher levels of coarsening are optimal in
terms of satisfying the memory requirements.
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3.2 Case 2

As previously mentioned, this test case consists of a 5x5 lattice geometry, as shown in Fig. 4,
with three different materials. The homogenized fuel pins contains the fuel material(imat = 2)
surrounded by the cladding (imat = 1) which is encompassed in a pool of coolant mate-
rial (imat = 0) where imat is the material identification number. The corresponding total
cross-sections for each of the materials are chosen to be Σt,material = 100, 0.1, 0.01. The total
source term consisting of the external source, fission source and scattering source are given
to be piecewise constants based on the material data. This representation is of the form
Ŝ± = 106/(imat ∗ 100 + 1). Smoother spatial variations in the source term were also tested
for the same problem and were found to be computationally less demanding.

Figure 4: 5x5 Lattice geometry with 2nd order mesh

A scalability study was also performed for this model problem and the FGMRES iterations are
tabulated for SOR, AMG and GMG3 preconditioners in Table VI. Similar to the first test case,
it is evident that GMG3(P

T ) is competitive in terms of the achieving a near h-independent
convergence for problems with strongly varying properties and source and is comparable to
performance of black-box AMG preconditioner. These results are encouraging since the homog-
enized geometry and mesh description of reactors in UNIC is similar (in a smaller scale) to the
current test problem. The number of smoothing steps in this case is maintained at 8 for all
levels.

Table VI: Preconditioner performance with ~Ω = 0.7980172273, 0.6026346364, 0.0
Type N=85745 N=342369

SOR 1629 6887
AMG 79(9) 136(11)

GMG3 (P T ) 44 107

The total linear iterations for solving the fine grid problem with GMG can be dramatically
improved by using higher number of smoothing steps at each level. A study was performed to
analyze the sensitivity of the multigrid V-cycle preconditioner to this parameter. The plot of
iteration residual vs iteration for different values of ν1, ν2 is shown in Fig. 5 with N = 342369.
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Figure 5: Sensitivity of GMG preconditioner to smoothing steps

As suggested earlier, the convergence rate of the V-cycle multi-grid scheme is very sensitive to
the smoothing steps at each level. The choice of ν1 = ν2 ≈ 5−10 is a natural choice since it leads
to reasonably good convergence rate while minimizing the number of matrix-vector operations
at the fine grid level. Performing variations on using different smoothing steps at various levels
can lead to more fine tuned performance.

4 Conclusions and Future Work

The conjugative use of h-p geometric and algebraic multi-grid preconditioners for the innermost
iteration level for the even-parity discrete ordinates solver has proven to be feasible and memory
efficient compared to the existing SOR preconditioned CG method that requires the fine grid
operator to be formed explicitly. Choosing the right combinations of the transfer operators
(R,P ), number of smoothing steps (ν1, ν2) and number of grid levels do strongly affect the overall
convergence rate of the proposed preconditioner. The preconditioner also extends naturally to 3-
D grids where tessellation of the higher order grids leads to tetrahedral meshes. It is important to
note that creating a high quality tessellation recursively sometimes requires inserting additional
points in the original finer mesh which is unconventional in multigrid methods in general but
further study to determine the effect of quality on preconditioner performance is necessary. In
the future, the use of higher order finite element meshes (p > 2) and the efficiency of h-p multi-
grid preconditioner for real world problems in petascale architectures will be analyzed when the
implementation in UNIC is completed.

REFERENCES

1. E. E. Lewis and Jr. W. F. Miller, Computational Methods of Neutron Transport. Wiley,
(1984).

2. W.F. Miller, An analysis of the finite-differenced even-parity discrete-ordinates equations
in slab geometry. Nucl. Sci. Eng., 108, pp. 247 (1991).

3. E. E. Lewis, Finite-element approximation to the even-parity transport equation. Adv.
Nucl. Sci. Technol., 13, pp. 155-225 (1981).

2011 International Conference on Mathematics and Computational Methods Applied to
Nuclear Science and Engineering (M&C 2011), Rio de Janeiro, RJ, Brazil, 2011

13/15



Vijay S. Mahadevan, Michael A. Smith

4. Marvin L. Adams, Even-parity finite-element transport methods in the diffusion limit.
Progress in Nuclear Energy, 25, 2–3, pp. 159–198 (1991).

5. J. Liu, H.M. Shang, Y.S. Chen, T.S. Wang., Analysis of Discrete Ordinates Method with
Even Parity Formulation, Journal of Thermophysics and Heat Transfer, 11, 2, pp. 253-259,
(1994).

6. Morel, J.E. and McGhee, J.M., A Diffusion Synthetic Acceleration Technique for the Even-
Parity Sn Equations with Anisotropic Scattering, Nuclear Science and Engineering, 120,
147-164, (1995).

7. Jim E. Morel, B. Todd Adams, et al., Spatial Discretizations for Self-Adjoint Forms of the
Radiative Transfer Equations, Journal of Computational Physics, 214, pp. 12-40, (2006).

8. C.R.E. de Oliveira, An arbitrary geometry finite-element method for multigroup neutron
transport with anisotropic scattering. Prog. Nucl. Energ., 18, pp. 227 (1986).

9. C. R. Drumm, J. Lorenz, Parallel FE approximation of the even/odd-parity form of the linear
Boltzmann equation, Mathematical and Computer Modelling, 31, 2-3, pp. 55-71, (2000).

10. G. Palmiotti, M. A. Smith, C. Rabiti, D. Kaushik, A. Siegel, B. Smith, and E. E. Lewis.
UNIC: Ultimate neutronic investigation code In Proceedings of Joint International Topi-
cal Meeting on Mathematics & Computation and Supercomputing in Nuclear Applications
(M&C + SNA 2007)., Monterey, California, April 15-19, (2007).

11. C. Rabiti, M. A. Smith, D. Kaushik, W. S. Yang, G. Palmiotti, Interim Re-
port on Fuel Cycle Neutronics Code Development, ANL Report ANL-AFCI-222,
http://www.osti.gov/bridge/product.biblio.jsp?osti id=928676 (2008).

12. Dinesh Kaushik, Micheal Smith, Allan Wollaber, Barry Smith, Andrew Siegel, and Won Sik
Yang, Enabling high-fidelity neutron transport simulations on petascale architectures. In
Proceedings of the Conference on High Performance Computing Networking, Storage and
Analysis (SC ’09). ACM, New York, NY, USA (2009).

13. W. S. Yang, M. A. Smith, C. H. Lee, A. Wollaber, D. Kaushik and A. S. Mohamed, Neu-
tronics modeling and simulation of SHARP for fast reactor analysis, Nuclear Engineering
and Technology, 42, 5, (2010).

14. A. Brandt, Multi-level adaptive solutions to boundary value problems, Math. Comput., 31,
pp. 333390 (1977).

15. A. Brandt, S. McCormick and J. Ruge, Algebraic Multigrid (AMG) for Sparse Matrix
Equations, Cambridge University Press, Cambridge, UK pp. 257284 (1984).

16. S. C. Eisenstat, Efficient implementation of a class of preconditioned conjugate gradient
methods, SIAM J. Sci. Stat. Comput., 2, 1, pp. 1-4, (1981).

17. J.E. Dendy Jr., Black box multigrid for nonsymmetric problems, Applied Mathematics and
Computation, Volume 13, Issues 3-4, pp. 261-283, (1983).

18. Van lent, Jan and Scheichl, Robert and Graham, Ivan G., Energy-minimizing coarse spaces
for two-level Schwarz methods for multiscale PDEs, Numerical Linear Algebra with Appli-
cations, 16, 10, pp. 775-799, (2009)

2011 International Conference on Mathematics and Computational Methods Applied to
Nuclear Science and Engineering (M&C 2011), Rio de Janeiro, RJ, Brazil, 2011

14/15



Scalable Multi-grid Preconditioning techniques for the even-parity SN solver in UNIC

19. Alcouffe, R. E., A. Brandt, J. E. Dendy, and J. W. Painter, The multi-gridmethod for the
diffusion equation with strongly discontinuous coefficients, SIAM J. Sci. Stat. Comput., 2,
pp. 430–454 (1981).

20. Hackbusch, W., MultiGrid Methods and Applications, Springer, Berlin (1985).

21. H. C. Elman, O. G. Ernst and D. P. OLeary, A multi-grid method enhanced by Krylov
subspace iteration for discrete Helmholtz equations, SIAM J. Sci. Computing, 23, pp. 1291-
1315 (2001).

22. de Zeeuw, P. M., Matrixdependent prolongations and restrictions in a black box multi-grid
solver. J. Comput. Appl. Math., 33, pp. 1–27 (1990).

23. Notay, Y. Optimal V cycle algebraic multilevel preconditioning. Technical Report GANMN
9705, Universit’e Libre de Bruxelles, Brussels, Belgium (1997).

24. J.J. Heys, T.A. Manteuffel, S.F. McCormick, L.N. Olson, Algebraic multi-grid for higher-
order finite elements, Journal of Computational Physics, 204, 2, pp. 520–532 (2005).

25. R.D. Falgout, J.E. Jones, and U.M. Yang, The Design and Implementation of hypre, a
Library of Parallel High Performance Preconditioners, chapter in Numerical Solution of
Partial Differential Equations on Parallel Computers, A.M. Bruaset and A. Tveito, eds.,
Springer-Verlag, 51, pp. 267–294 (2006).

26. S. Balay, W. D. Gropp, L. C. McInnes, B. F. Smith, Efficient management of parallelism in
object-oriented numerical software libraries, in: E. Arge, A. M. Bruaset, H. P. Langtangen
(Eds.), Modern Software Tools in Scientific Computing, Birkhauser Press, Cambridge, MA,
pp. 163–202 (1997).

2011 International Conference on Mathematics and Computational Methods Applied to
Nuclear Science and Engineering (M&C 2011), Rio de Janeiro, RJ, Brazil, 2011

15/15


