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ABSTRACT 

We present a method of long characteristics (MOC or LC) that employs a piece-wise linear (PWL) 
finite-element representation of the total source in each cell.  PWL basis functions were designed 
to allow discontinuous finite-element methods (DFEMs) and characteristic methods to obtain 
accurate solutions in optically thick diffusive regions with polygonal (2D) or polyhedral (3D) 
cells.  Our work is motivated by the following observations.  Our PWL-LC should reproduce the 
excellent diffusion-limit behavior of the PWL DFEM but should be more accurate in streaming 
regions.  As an LC method it also offer the potential for improved performance of transport 
sweeps on massively parallel architectures, because it allows face-based and track-based sweeps in 
addition to cell-based.  We have implemented the two-dimensional (x, y) polygonal-cell version of 
this method in the parallel transport code PDT.  The rectangular-grid results shown here 
demonstrate that the method with PWL sources is accurate for thick diffusive problems, for which 
methods with piece-wise constant or higher-order polynomial sources fail. Our results also 
demonstrate that the PWL-LC method is more accurate than the PWL-DFEM in streaming-
dominated steady-state problems.  We discuss options for time discretization and present results 
from time-dependent problems that illustrate pros and cons of some options.  Our results suggest 
that the most accurate solutions will be obtained via long characteristics in space and time but that 
less memory-intensive treatments can provide MOC solutions that are at least as robust and 
accurate as those obtained by PWL-DFEM.  
 
Key Words: long characteristics, MOC, deterministic transport, finite element 

 
 

1. INTRODUCTION 

Characteristic methods for particle transport analytically invert the streaming-plus-collision 
operator, thereby solving the equation along a characteristic.  Each characteristic is the streaming 
path of a particle.  “Short characteristic” methods use this technique within cells but use an 
approximate description of exiting fluxes on outgoing cell surfaces.  “Long characteristic” (LC) 
methods employ the technique along rays that extend across the entire spatial domain.  In the 
nuclear engineering community the term “method of characteristics” (MOC) refers specifically 
to LC methods.  MOC methods have been widely applied to multi-dimensional neutron-transport 
problems, usually for steady-state or eigenvalue problems [1-10].  There have also been 
explorations of MOC methods for time-dependent problems [11-12].  Most MOC methods use a 
constant approximation for the scattering and fission source in each spatial cell, but higher-order 
polynomial approximations have been investigated [13-17].  The method presented in this paper 
uses a piece-wise linear (PWL) source approximation in each cell. We have implemented this 
PWL-LC method in a parallel deterministic transport code called PDT.  While PWL-LC is 
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applicable to arbitrary grids in three dimensions, this paper focuses on two-dimensional grids 
with polygonal cells. 
 
LC methods with constant or polynomial sources cannot obtain accurate solutions in diffusive 
regions with optically thick cells unless each cell is a triangle or rectangle [18].  In contrast, 
PWL-LC does obtain accurate solutions to such problems.  This is the first main result of the 
paper.  The second main contribution is an evaluation of options for time discretization with 
PWL-LC, including an asymptotic analysis and numerical results that illustrate some of the key 
points.   
 
To construct the PWL source in each cell we use a least-squares procedure that we previously 
developed for a space-time long characteristic (STLC) method [11].  Chai and Wang employ a 
similar least-squares procedure for building linear sources [17] for MOC calculations.  Unlike 
simple polynomial function spaces, our PWL function space has one degree of freedom for each 
vertex in a polygonal or polyhedral cell [19].  This is essential for accurate solutions in the thick 
diffusion limit [18].  Thus, to our knowledge, the method described here is the first MOC that 
can obtain accurate solutions in diffusive problems with optically thick polygonal cells.    
 
As with our previous STLC method, the PWL-LC method described here cannot obtain all three 
of the following properties that we would like to achieve: 

1. cell-wise particle conservation, 
2. exact solution along each ray – no artificial changes in the segments lengths, and 
3. smooth cell-to-cell variation in reaction rates for problems in which the correct reaction 

rates are smoothly varying, even with coarse ray spacing. 

If the least-squares representation of the scalar flux is used to calculate reaction rates, then the 
method produces smoothly varying rates (property #3) but does not satisfy cell-wise 
conservation (property #1).  If reaction rates are defined to be sums of track-wise rates, the 
method is cell-wise conservative but may not produce smoothly varying rates if ray spacing is 
not fine.  Both the conservative and non-conservative methods use the least-squares construction 
for the scattering source. 
 
In the following sections we describe the basic methodology of the PWL-LC method including 
coordinate system relations and the conservation of particles in our least-squares source 
determination.  Next we present numerical results from our PDT implementation that show the 
key properties of this method as well as a comparison with traditional methods implemented in 
PDT.  Finally we conclude with the findings about this method and our recommendations for its 
use and further research areas on or related to this topic.  
 

2. METHODOLOGY 

This section first discusses the relationship between (x, y) cells and the rotated coordinate system 
that is defined by the particle tracks through a cell.  This relationship is very similar to the 
coordinate relation from the STLC method given in a previous paper [11].  We also show our 
least-squares method to construct the scalar flux function in each cell adapted from (x, vt) to (x, 
y).  We specifically point out how this method uses conservative scalar flux values to find the 
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least-squares scalar flux in each cell.  Finally, we briefly discuss how average and PWL 
representations of the angular flux in a cell are found at the end of a time step. 
 
2.1. Coordinate System Definition 

We refer to a characteristic that spans the problem domain as a ray and the part of a ray in one 
cell as a track.  In this (x, y) domain, the distance traveled by a particle is the distance in the x-y 
plane divided by the cosine of the angle between its trajectory and this plane (or the sine of the 
angle between the trajectory and the z axis).  With this understanding, we quickly review the 
solution of the transport equation along a track.  For a particle starting at position (x0, y0) and 
moving in direction Ω with Ωx = µ and Ωy = η, the particle position after traversing a distance s is  

 0

0

,
.

x x s
y y s

µ
η

= +
= +

 (1) 

The analytic solution of the transport equation along this track is given by Eq. (2).  In this 
equation, τ is the distance traveled along the k-th track from (x–µmτ, y–ηmτ) to (x, y) and qtot,m is 
the total source for the m-th quadrature direction, including the collisional source (which is the 
scattering and fission source for neutrons or the emission source for thermal radiation). 

 ( ) ( ) ( ), , ,
0

, , ,t tsin
m k m k m m tot m m mx y x y e ds q x s y s e

τ
τσ σµ τ η τ µ η− −Ψ =Ψ − − + − −∫  (2) 

In the following method development we perform integrals over this (x, y) cell by using the track 
spacing and the solution along these tracks.  For this paper we assume that the ray spacing is 
given and uniform.  We employ a rotated coordinate system as shown in Figure 1.   
 

                                               
Figure 1. Rotated (ω-u) coordinate system in x-y plane 
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Along with the azimuthal angle γ defining the particle trajectory in the (x, y) plane we also define 
a polar angle of the particle trajectory given by θ.  With these angular definitions, the direction 
cosines are defined in the following equation. 

 
sin cos
sin sin
cos

µ θ γ
η θ γ
ξ θ

=
=
=

 (3) 

With the geometric relations shown in Fig. 1 and the relations given in Eqs. (1) and (3), we can 
find a relationship between integrals over (x, y) and integrals over (ω, u).  The Jacobian that 
arises represents the projection of the area along the trajectory, s, into the x-y plane.  

 ( )
( )

( )

( )

( )

( )

( )max max maxmax max max

min min min min min min

2 2

0 0

,
u s su s sy x

m m
u u s s s s

dxdyf x y d duf d ds J f d ds f
ω ω ω

ω ω ω
ω ω ω µ η

Δ Δ
= = = +∫ ∫ ∫ ∫ ∫ ∫ ∫ ∫  (4) 

(Here the limits on the u, ω, and s integrals are chosen to coincide with the cell boundaries.) 
Similar to the STLC method [11], we use Eq. (4) as our guide for approximating integrals over 
our (x, y) cells in terms of track spacing and integrals along these tracks.  Also as with all LC 
methods, in general the area represented by the sum of tracks will not exactly equal the actual 
area of an (x, y) cell. 

 
# tracks

2 2
, ,

1
k m k m m m cell

k
s Aω µ η

=
Δ Δ + ≠∑  (5) 

As track spacing is refined, equality of these areas is approached.  The lack of equality with 
finite track spacing is the reason for the inability of this method to achieve all of the desired 
properties previously listed, just as with the STLC method.   
 
2.2. Conservation of Particles and Least-Squares Method 

In this section we specify the equations that define the PWL-LC method.  We wish to produce a 
scalar flux function that yields conservation of particles and especially conservative reaction 
rates.  The characteristic solution of Eq. (2) satisfies the conservation equation given in Eq. (6) 
along the kth track, where SS indicates the function used in the collisional source and an over-bar 
denotes an average over the track.  For purposes of this illustrative derivation we assume that the 
collisional redistribution source comes from isotropic scattering.  It is easy to generalize to more 
complicated collisional source functions. 

 , , ,
1
4

out in SS
m k m k t k m k k s k ks s Qσ σ φ

π
⎡ ⎤Ψ −Ψ + Δ Ψ = Δ +⎣ ⎦  (6) 

If we multiply this equation by the track width and the Jacobian from Eq. (4), then sum over all 
tracks for all quadrature directions, we obtain the PWL-LC conservation statement for a cell. 
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# tracks

2 2
, , ,

1 1
0

4 4

M
out in SSs k k

m k m m m k m k t k m k k k
m k

s sw s Qσω µ η σ φ
π π= =

Δ Δ⎧ ⎫Δ + Ψ −Ψ + Δ Ψ − − =⎨ ⎬
⎩ ⎭

∑ ∑  (7) 

The five terms in Eq. (7) represent the numbers of particles that stream out of, stream into, have 
collisions in, scatter in, and are emitted by a fixed source in the cell, respectively.  For a 
conservative method the scattering term must be σs/σt times the collision term, which means the 
following must be true based upon the terms in Eq. (7). 

 2 2 2 2
, 4

SSk
m k m m k m k m k m m k

m k m k

sw s wω µ η ω µ η φ
π

ΔΔ + Δ Ψ = Δ +∑ ∑ ∑ ∑  (8) 

This equation places a constraint on the scalar-flux function that must be used to generate the 
scattering source.  If we were approximating the source as constant in each cell (a method we 
shall call STEP-LC), Eq. (8)’s single constraint would completely specify the (constant) φSS 
function.  However, for PWL-LC the scattering source is a piece-wise linear function of x and y 
in each cell, which leads to the following representation.  

 ( ) ( ), ,
1

, ,
N

SS SS
cell cell j cell j

j
x y b x yφ φ

=
=∑  (9) 

Here N is the number of basis functions in the cell, which for the PWL-LC method is the number 
of cell vertices.  Each basis function b in this equation is a piece-wise linear function of x and y, 
as described in references [19] and [20].  Figure 2 illustrates a PWL basis function for a two-
dimensional polygonal cell.   
 

 
Figure 2.  A contour sketch of a piece-wise linear (PWL) basis function for a pentagonal 
cell with vertices v1-v5.  Each PWL function is linear on each of the triangular subcells 
(which are indicated by dotted lines).  The j-th function has value unity at vertex vj and 

zero at other vertices.  The value at the cell center (z) depends on the choice of the center 
point [20]. 
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We must find the coefficients { ,
SS
cell jφ } that satisfy N constraints much like Eq. (8).  Equation (8) 

arose from the 0th spatial moment of the direction-integrated transport equation.  We replace this 
by N spatial moments:  we multiply each track’s equation by each of the N PWL basis functions 
(and by the track width and Jacobian) before summing over all tracks and directions.  This 
produces the following set of equations for the required coefficients. 

 ( ) ( ) ( )
# tracks

2 2
, , ,

1 1 10

1 0, 1..
4

ksM N
SS

m m m k i m k cell j cell j
m k j
w dsb s s b s i Nη µ ω φ

π

Δ

= = =

⎡ ⎤
+ Δ Ψ − = =⎢ ⎥

⎢ ⎥⎣ ⎦
∑ ∑ ∑∫  (10) 

Here and in later equations we adopt the shorthand notation b(s) to represent b(x(s), y(s)), the 
value of b along the given track.  Equation (10) is equivalent to a least-squares determination of 
the scalar flux function: minimization of the squared difference between this scalar flux function 
and the LC solution when integrated along each track and summed over all tracks for all 
directions.  Because the PWL basis functions sum to unity, the sum of Eqs. (10) reproduces Eq. 
(8). 
 
Let us define the “conservative” cell-averaged scalar flux to be the value that, when multiplied 
by the cell area and a cross section for a given reaction, gives the same reaction rate as is given 
by summing over track-wise reaction rates.  It follows from the equations above that this 
conservative cell-averaged flux is given as the following: 

 2 2
, .

cons
cell cell m k m m k m k

m k
A w sω µ ηΦ = Δ + Δ Ψ∑ ∑  (11) 

In general this conservative cell-averaged flux will not equal the average of the φSS function.  The 
origin of the difference is that the track-based “cell area” does not equal the true area except in 
the limit of very fine track spacing.  In an infinite-medium problem with a constant solution, the 
φSS function will be constant and correct.  However, the “conservative” average flux in a cell will 
depend on the layout of tracks in the cell and will generally vary from cell to cell.  This 
illustrates our claim that MOC methods cannot be cell-wise conservative and produce smooth 
cell-by-cell reaction rates except in the limit of fine ray spacing.     
 
2.3. Time-dependent Problems 

As noted in reference [12], the application of a finite-difference method in time to an MOC 
method can encounter difficulties.  Our preferred approach to time-dependent problems is to 
analytically solve along characteristics in space-time, as we described in reference [11], thus 
avoiding time discretization except in the representation of the time variation of the scattering-
plus-fission source.  We plan to report on this approach for multi-dimensional time-dependent 
problems in future communications.  We recognize that this approach may impose such large 
memory requirements that it could be impractical for some problems.  In this paper we present 
an alternative method – a finite-difference method in time – that uses approximately the same 
memory as a comparable discontinuous finite-element method (PWL-DFEM). 
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Consider a finite-difference method in time in which the time-step averaged angular flux is 
approximated as a weighted average of the flux at the beginning and end of the step (sometimes 
referred to as the “theta” scheme): 

 ( )1/2 1( , ) ( , ) 1 ( , )n n n
m m mx y x y x yψ θψ θ ψ+ += + −     

1 1/2n n n n
m m m m
v t v t

ψ ψ ψ ψ
θ

+ +− −⇒ =
Δ Δ .

 (12) 

This approximation leads to a transport equation for the time-step averaged angular flux in which 
the total cross section and fixed source are augmented as follows: 

 1
t t v t

σ σ
θ

→ +
Δ

, (13) 

 ( ) ( ) ( )
, ,

,
, ,

n
m

fixed m fixed m
x y

q x y q x y
v t

ψ
θ

→ +
Δ

 (14) 

With these augmentations the transport equation along the k-th track becomes: 

 ( ) ( ) ( ) ( )
1/ 2
, 1/ 2 , 1/ 2 1/ 2

, ,
1 11

4

n
m k n SS n n nt

t m k s k m kk
d

s s Q s s
ds

σσ σ φ ψ
ε π ε

+
+ + +Ψ ⎡ ⎤ ⎡ ⎤+ + Ψ = + +⎢ ⎥ ⎣ ⎦⎣ ⎦

,  (15) 

where 

 1 1

tv tε σ θ
≡

Δ
. (16) 

The first challenge is how to represent the time-n angular flux.  In reference [12] the authors 
explore constant and linear approximations for this flux on each track.  The memory 
requirements for this approach are high, equaling or exceeding those of the space-time 
characteristic method of reference [11].  The authors of reference [12] also encountered 
difficulties in accuracy (constant method) and numerical stability (linear method).  We describe 
here a different approach that approximates the angular fluxes in the time-derivative term as cell-
wise (not track-wise) PWL expansions.  The coefficients { 1/2

,
n
m jψ + } of the expansion for the time-

averaged flux in the m-th quadrature direction are determined by a least-squares projection in 
each cell as given in Eq. (17). 

 ( ) ( ) ( )
# tracks

1/2
, ,

1 10

0, 1..
ks N

n
k i m k m j j

k j
dsb s s b s i Nω ψ

Δ
+

= =

⎡ ⎤
Δ Ψ − = =⎢ ⎥

⎢ ⎥⎣ ⎦
∑ ∑∫  (17) 

[Here and below we adopt the shorthand notation f(s) to represent f(x,y) evaluated at point s 
along a given track.]  Given the basis-function expansions, the finite-difference approximation in 
time holds for each basis-function coefficient in each cell as given in Eq. (18). 

 ( ) ( )1/2 1 1 1/2
, , , , , ,

11 1 , 1..n n n n n n
m j m j m j m j m j m j j Nψ θψ θ ψ ψ ψ θ ψ

θ
+ + + +⎡ ⎤= + − ⇒ = − − =⎣ ⎦   (18) 
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Our method therefore proceeds as follows for time-dependent problems.  The time-n angular flux 
is expressed as a PWL expansion on the right-hand side of Eq. (15) and the equation is solved 
analytically along each track via the usual MOC procedure, but with an altered total cross section 
as shown in Eq. (13).  Equation (17) is then employed to generate the PWL expansion 
coefficients for the time-averaged flux in each direction in each cell.  Equation (18) is then 
solved for the n+1 angular fluxes and the calculation proceeds to the next time step. 
 
The approach described here has a drawback that is not difficult to understand.  The projection 
onto PWL (or any other) cell-wise basis functions amounts to a re-distribution of particles within 
each cell.  In the limit of large time steps (large ε in Eq. (15)) this has little effect, but in the limit 
of small time steps (small ε) it can dominate the solution, removing advantages (more accurate 
streaming treatment) that PWL-LC has over the related PWL-DFEM.  One less than desirable 
consequence is that if a steady-state problem is solved via this time-differencing method, the 
steady-state solution that is obtained varies with the size of the time step.  It approaches the 
steady-state PWL-LC solution for large Δt and a steady-state PWL-DFEM solution for short Δt, 
as we show below.   
 
The large-Δt limit is obvious, but the short-Δt limit may not be.  Because of this and because of 
reference [12]’s discussion of a “numerical instability” for small time steps, we offer here a brief 
analysis of our method in the limit of small time steps.  To keep this relatively simple and brief 
we consider a time-dependent problem that reaches a steady state and examine only the steady 
solution.  The time-dependent solution in the steady-state limit satisfies the following for each 
track:  

 ( ) ( ) ( ) ( ),
, ,

1 11
4

m k SS LC bt
t m k s k k m k

d
s s Q s s

ds
σσ σ φ ψ

ε π ε
→Ψ ⎡ ⎤ ⎡ ⎤+ + Ψ = + +⎢ ⎥ ⎣ ⎦⎣ ⎦

, (19) 

where ,
LC b
m kψ →  is the projection of the LC solution onto basis functions, defined by: 

 ( ) ( ) ( )
# tracks

, ,
1 10

0, 1..
ks N

LC b
k i m k m j j

k j
dsb s s b s i Nω ψ

Δ
→

= =

⎡ ⎤
Δ Ψ − = =⎢ ⎥

⎢ ⎥⎣ ⎦
∑ ∑∫ . (20)  

We can write this projection in operator notation: 

 ( ) ( ),
1

, ,
N

LC b LC b LC
m m j j m

j
x y b x y Pψ ψ→ →

=
≡ = Ψ∑ , (21) 

where PLC is the least-squares projection operator defined by Eq. (20) and Ψm is the set of 
analytic solutions along all tracks in direction m in the given cell.  We now consider an 
asymptotic expansion of the unknowns in the parameter ε, which becomes small as time steps 
become small: 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )0 1 22
, , , , ...m k m k m k m ks s s sε εΨ =Ψ + Ψ + Ψ +  (22) 
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 ( ) ( ) ( ) ( ) ( ) ( ) ( )0 1 22, , , , ...SS SS SSSS x y x y x y x yφ φ ε φ ε φ= + + +  (23) 

 ( ) ( ) ( )0 1 22
, , , , ...LC b LC b LC bLC b
m j m j m j m jψ ψ εψ ε ψ→ → →→ = + + + . (24) 

We insert these expansions into Eq. (19) and require that it hold for each power of ε as ε gets 
small.  The O(1/ε) terms yield:  

 ( ) ( ) ( ) ( ) ( )( )0 0
, ,LC b

mm k s x s y sψ →Ψ = . (25) 

That is, the LC solution equals its basis-function projection to leading order as the time step 
shrinks.  We now consider the O(1) terms in the equation: 

 
( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
0

0 1 0 1,
, , ,

1
4

SS LC bm k
t t s k tm k m k k m k

d
s s s Q s s

ds
σ σ σ φ σ ψ

π
→Ψ ⎡ ⎤+ Ψ + Ψ = + +⎢ ⎥⎣ ⎦

. (26) 

We rearrange, use the result of Eq. (25), and operate on the equation with PLC to obtain the 
following.  

 
( )

( ) ( ) ( ) ( ){ }
0

0 0 1 1,
, , ,

1 0
4

LC b
LC b SS LC bm kLC LC

t s k tm k k m k m k
d

P Q P
ds

ψ
σ ψ σ φ σ ψ

π

→
→ →

⎧ ⎫⎪ ⎪⎡ ⎤+ − + = Ψ − =⎨ ⎬⎢ ⎥⎣ ⎦⎪ ⎪⎩ ⎭
 (27) 

The right-hand side equals zero because ( ) ( )1 1
, ,

LC bLC
m k m kP ψ →Ψ ≡  and ( ) ( )1 1LC b LC bLC

m mP ψ ψ→ →= .  
Equation (27) says that the leading-order basis-function expansion (which equals the leading-
order LC solution) satisfies a projected transport equation with projection operator PLC.   
 
We now compare this to a standard DFEM solution that uses the same basis functions.  It also 
satisfies a projected transport equation: 

 1 0
4

DFEM
DFEM DFEM DFEMm

t m s k
dP Q
ds

ψ σ ψ σ φ
π

⎧ ⎫⎪ ⎪⎡ ⎤+ − + =⎨ ⎬⎣ ⎦⎪ ⎪⎩ ⎭
. (28) 

Both the DFEM and the leading-order LC solutions live in the same function space – they are 
expansions that use the same basis functions.  The equations that determine the coefficients in 
the two expansions differ only to the degree that the two projection operators, PLC and PDFEM, 
differ.  The difference between these operators is that the LC projection operator integrates over 
a collection of track lengths and widths that approximate the cell volume, while the DFEM 
operator integrates over the exact cell volume.   
 
We conclude that the steady-state LC solution obtained by the finite-difference method discussed 
above will approach a discontinuous finite-element solution in the limit of small time steps, and 
that this discontinuous finite-element solution differs from the standard DFEM solution only to 
the (usually small) degree that the two projection operators differ.   
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We therefore conclude that the simple finite-difference approach to time discretization that we 
have presented here will yield an LC solution that is “between” a DFEM solution and the 
solution that would be obtained from a full space-time characteristic treatment as described in 
reference [11].  The LC solution will approach a DFEM solution in the limit of small time steps 
and a full characteristic solution in the limit of large time steps.  Our numerical results (below) 
support this theoretical result.   
 
A fair question is why one would employ PWL-LC or another MOC method for time-dependent 
problems if the solution will be “contaminated” by a DFEM solution.  That is, why not just use 
the DFEM?  A complete exploration of this question must consider computing time, memory 
use, iterative methods, parallel algorithms, and the typical time step size that will be encountered 
in a given application.  We have not yet performed this exploration.   
 
 

3. RESULTS 

The following simple test problems were run using PDT to show the properties of this PWL-LC 
method.  Comparisons were made with a piece-wise linear discontinuous finite element method 
(PWL-DFEM) which is also implemented in PDT.  All of the following problems were run on a 
2D structured grid in (x, y).  The rotated coordinate system defining the rays in each direction is 
given an offset from the (x, y) origin in order to avoid a lot of vertex intersections. 
 
3.1. Streaming in a Vacuum 

This first test problem is designed to show how the PWL-LC method compares to standard 
methods in a steady-state streaming problem in a vacuum.  The test problem consists of a 20x20 
rectangular grid of uniform width and height Δx = Δy = 0.3 cm and a fixed track width of Δω = 
0.05 cm.  An S4 level-symmetric quadrature set (three directions per octant) is used with vacuum 
boundary conditions everywhere except an incident beam on the left side as given in Eq. (29).  
This beam is incident on essentially a vacuum with a total cross section of σt = 1E-07 cm-1 and 
no scattering. 

 ( ) 30, 2 , 1,2,3inc
m

ny m
cm s str

ψ = =
− −

 (29) 

Figure 3 shows the average scalar flux using the PWL-LC method and using a PWL-DFEM 
method.  As can be seen, these results demonstrate that the PWL-LC method for a streaming 
problem does not spread the solution, unlike the PWL-DFEM method.  We also note that this 
PWL-LC method does not find negative average solutions in a cell because this method finds the 
exact angular flux along each ray and uses these values to do the least squares fit.  It is not easy 
to see from the figure, but the PWL-DFEM method does generate some negative cell-averaged 
scalar fluxes in this problem. 
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(a)      (b) 
Figure 3: Average Scalar Flux, Incident Beam in a Vacuum: (a) PWL-DFEM (b) PWL-LC 

3.2. Diffusion Limit Test Problem 

This second test problem is designed to show the properties of PWL-LC in a highly diffusive 
problem.  The test problem consists of a multi-cell rectangular grid of uniform rectangular cells 
with width and height Δx = Δy = 0.2 cm and a fixed track width of Δω = 0.01 cm.  The total 
width and height of the problem are X = Y = 4 cm.  A family of transport problems was run by 
changing the value of ε to tend toward zero with the specifications given in Eq. (30).  (This ε 
parameter is unrelated to the small parameter in the analysis of Section 2.)  We employed 
GMRES with no preconditioner (other than the transport sweeps) to converge the iterations on 
the scattering source [21].  An S6 level-symmetric quadrature set was used for these problems.  
The convergence tolerance in GMRES was 1E-06 in the L2 norm of the residual divided by the 
L2 norm of the uncollided flux (which is the b vector in the linear-algebra representation, Aφ=b, 
of the transport problem).   
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− −

 (30)   

The correct transport solution in this problem approaches a diffusion solution as ε approaches 
zero [22-24].  Figure 4 shows a cross section of the average flux solution using STEP-LC at a 
position of y = 2.5 cm.  We can clearly see that as the scattering ratio approaches unity and the 
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problem becomes optically thick, the STEP-LC solution is going toward zero, which is the 
expected unphysical behavior [18].  Figure 5 shows a similar plot of the PWL-LC solution as ε 
shrinks toward zero.  We now see that the transport solution is approaching a fixed solution as 
the scattering ratio approaches unity.  This excellent asymptotic behavior is expected from 
previous work on the behavior of characteristic and finite-element methods in the thick diffusion 
limit [18,19,24].  We note that the PWL basis functions are designed to extend this excellent 
diffusion-limit behavior to polygonal (2D) and polyhedral (3D) spatial cells but that no cell-wise 
polynomial bases can achieve this on general polygons and polyhedral [25,26].  In addition to 
PWL bases, other bases that can achieve this good behavior include Wachspress’s rational bases 
[27] and Warsa’s piecewise polynomial bases [28] (See references [18] and [24] for more detail). 
 

 

 
 

Figure 4: Cross Section of Average Scalar Flux Solution at Y = 2.5 cm Using STEP-LC 
 
 

 
 

Figure 5: Cross Section of Average Scalar Flux Solution at Y = 2.5 cm Using PWL-LC.  
The results from c = 0.9999 and c = 0.99999 are almost equal. 
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3.3. Time-Dependent Streaming Test Problem in a Pure Absorber 

This third test problem is designed to show the properties of the time-dependent PWL-LC 
method, with finite-differencing in time, in a streaming problem.  The test problem consists of a 
20x20 rectangular grid of uniform width and height Δx = Δy = 0.2 cm and a fixed track width of 
Δω = 0.01 cm.  The total width and height of the problem are X = Y = 4 cm.  An S4 quadrature 
set was used for this problem with the initial condition equal to zero and the boundary conditions 
equal to vacuum except for the boundary specification given in Eq. (31).  The speed of the 
neutrons in this problem is 58.70 10v x≈  cm/s with a total material cross section of σt = σa = 0.3 
cm-1 and a zero fixed source.  All of the following time-dependent solutions employ fully 
implicit time differencing (Backward Euler). 

 ( ) 2,0 5 , 0.8 1.8 , 2, 0inc
m

nx cm x cm m t
cm s str

ψ = ≤ ≤ = >
− −

 (31) 

Figure 6 shows the steady state cell-average scalar flux solution using PWL-LC and PWL-
DFEM.  (We remark that the steady state cell-average flux solutions from STEP-LC and PWL-
LC are the same for this problem because there is no scattering).  As in the first test problem we 
observe no spreading of the solution and no negative values with the PWL-LC method, in 
contrast with PWL-DFEM. 
 
 

 
 

(a)       (b) 
Figure 6: Steady State Cell-Average Scalar Fluxes in a Pure Absorber  

(a) PWL-LC   (b) PWL-DFEM 

We compare these steady-state results to results from various methods’ solutions to a time-
dependent version of the problem that begins with an initial condition of zero and builds to a 
steady-state solution.  We first consider the STEP-LC method along with the finite-difference 
time-differencing approach that we described in Section 2.  With this method the time-n angular 



Tara Pandya, Marvin Adams, and W. Daryl Hawkins 

2011 International Conference on Mathematics and Computational Methods Applied to  
Nuclear Science and Engineering (M&C 2011), Rio de Janeiro, RJ, Brazil, 2011 

14/20 

 

flux is a constant in each cell instead of a PWL function.  Figure 7 shows various times of the 
problem with a time step of Δt = 2.0 µs.  As can be seen from these figures this method does not 
find the steady state LC solution given in Fig. 6a, but instead “smears” the solution slightly 
because of the projection of beginning-of-time-step solutions onto cell-wise constants.  However, 
with the large time step of 2.0 µs this smearing is minimal.   
 
 

 
(a)       (b) 

 

(c)       (d) 
  

Figure 7: Time-Dependent STEP-LC Average Scalar Flux in a Pure Absorber, Δt = 2.0 µs. 
(a) t = 2.0 µs  (b) t = 4.0 µs  (c) t = 10.0 µs  (d) t = 20.0 µs 

 
 
Figure 8 shows the cell-average flux solution at various times with a time step of Δt = 0.1 µs.  
We see from these results that this problem reaches a steady state that is far from the steady state 
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solution of Fig. 6a.  The analysis of Section 2 shows that the steady-state solution will approach 
the (highly diffusive) step-differencing solution as the time step becomes small.  There is 
evidence of this in Figure 8.  (We have verified that the steady-state step-differencing solution is 
very close to that shown in Fig. 8d.)  Another way to understand the issue is that the “extra” 
collision and source terms in the time-differenced equation do not cancel each other in steady 
state, because the source term is a cell-wise constant.  That is: 

 
1/2

0.
n n
track cell
v t

ψ
θ

+Ψ − ≠
Δ

 (32) 

 

 
(a)      (b) 

 

 
(c)       (d) 

Figure 8: Time-Dependent STEP-LC Average Scalar Flux in a Pure Absorber, Δt = 0.1 µs. 
(a) t = 2.0 µs  (b) t = 4.0 µs  (c) t = 10.0 µs  (d) t = 20.0 µs 
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Therefore the steady state solution reached by a time-dependent run of this STEP-LC method is 
dependent on the size of the time step for the given finite-difference method in time, as explained 
by the analysis of Section 2.   
 
Next we compare the steady state results to the time-dependent PWL-LC method.  Figure 9 
shows various times of this problem run with a time step of Δt = 2.0 µs.  As can be seen from 
these figures this time dependent solution is very close to the steady state solution given in Fig. 
6a.  Figure 10 shows the average flux solution at various times with a smaller time step of Δt = 
0.1 µs.  We see from these results that this problem reaches a steady state that is very similar to 
the PWL-DFEM steady state solution in Fig. 6b.  We expect this to be the case because we are 
using a piece-wise linear source approximation for both methods.  In short, the numerical results 
are exactly what we would expect based on the analysis of Section 2.   
 
 

4. CONCLUSIONS  

We have presented a long-characteristic method that uses a piece-wise linear representation for 
the collisional source in each spatial cell (PWL-LC).  To our knowledge this is the first reported 
long-characteristic method that theoretically should obtain accurate solutions in the “thick 
diffusion limit” on general polygonal (2D) or polyhedral (3D) cells.  This theory is supported by 
theory developed elsewhere [18,24,25,26] and by numerical results presented here. 
 
We have discussed options for time discretization and introduced a finite-difference method in 
time that can be used with the PWL-LC method.  Our analysis and numerical results show that 
this method is a viable option.  In the limit of short time steps, however, this time-differencing 
method causes the PWL-LC solution to approach the solution that would be obtained by a PWL 
discontinuous finite-element spatial discretization.  A more accurate solution could be obtained, 
most likely at the cost of higher memory requirements, by a characteristic solution in space-time.  
Such a method was described in reference [11] for 1D problems. 
 
The work presented here suggests several areas for future research.  We are currently extending 
the implementation of the PWL-LC method to polyhedral cells in three spatial dimensions in the 
PDT code.  We also expect to develop and present a detailed asymptotic analysis of the PWL-LC 
method in the thick diffusion limit.  This will be especially interesting for time-dependent 
radiative-transfer problems.   
 
We have not discussed the parallel algorithms that PDT uses to solve its finite-difference, 
discontinuous finite-element, and LC equations.  One strength of the code is its parallel 
execution of full transport sweeps, in which the iterative unknowns are only the collisional 
sources and do not include, for example, any interface angular fluxes.  The current parallel sweep 
algorithm is cell-based, meaning that each cell’s unknowns are solved only after all of the cell’s 
incoming angular fluxes are known.  LC (or MOC) methods offer the possibility of face-based 
and track-based sweeps, in which portions of the unknowns in a cell can be solved when only a 
portion of incoming fluxes are known.  These options offer the promise of higher parallel 
efficiencies than cell-based sweeps, and we plan to explore this in the near future. 
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(a)  (b) 
 

 
                                                                        

(c)       (d) 
Figure 9: Time-Dependent PWL-LC Average Scalar Flux in a Pure Absorber, Δt = 2.0 µs. 

(a) t = 2.0 µs  (b) t = 4.0 µs  (c) t = 10.0 µs  (d) t = 20.0 µs 
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(a)  (b) 

 
 

(c)       (d) 
Figure 10: Time-Dependent PWL-LC Average Scalar Flux in a Pure Absorber, Δt = 0.1 µs. 

(a) t = 2.0 µs  (b) t = 4.0 µs  (c) t = 10.0 µs  (d) t = 20.0 µs 
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