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ABSTRACT

We describe new quadrature sets based on linear discontinuous finite element (LDFE) basis
functions defined on the unit sphere. We describe the construction of these sets, demonstrate
the accuracy with which they integrate polynomials in the direction cosines, and demonstrate
their performance on a set of test problems. We develop the new quadrature sets by divid-
ing the faces of a regular octahedron into equilateral triangles and projecting these onto
“spherical triangles” on the surface of the unit sphere. We choose four quadrature points per
triangle and define LDFE interpolating basis functions in the direction cosines. A quadra-
ture point’s weight is the integral of its basis function over its triangle. Variations in the
locations of the four points produce variations in the quadrature sets. The equilateral trian-
gles can be subdivided recursively to create finer quadrature sets, including locally refined
sets that are suitable for use in adaptive algorithms. We analyze a simple one-cell problem
and a more complex skewed-duct problem and compare our LDFE quadrature sets to those
normally used in the neutral particle discrete-ordinate field such as level symmetric, Gauss-
Chebyshev, and Quadruple Range (QR) sets. The LDFE and QR sets show fourth-order
convergence in the simple problem, while the other sets exhibit second or lower order. The
LDFE sets exhibit more accurate solutions for the scalar flux in both problems and are not
limited by mathematical complexity or by negativity of the discrete-ordinate weights. The
same is true for results from other test problems that are not shown here. We conclude
that the new LDFE quadrature sets are a promising option for discrete-ordinates transport
calculations. However, we note that further studies are needed, especially in problems with
highly anisotropic scattering, before the utility of these sets is fully determined.
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1. INTRODUCTION

The neutral-particle transport equation is the linear form of the Boltzmann equation, which is
a conservation equation in a seven-dimensional “phase-space.” The solution, called the angular
flux, is dependent on seven variables: time, energy, three position variables, and two direction
(or “angular”) variables. Because of the complexity of this equation, analytic solutions can be
attained only for simple problems. In order to solve more realistic problems, the equation is
discretized in each variable. The discrete-ordinate (D-O) method is often utilized to discretize the
direction variables. The D-O approximation employs quadrature sets to approximate integrals
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over the direction variables. A quadrature set is a set of weights and directions (ordinates), with
the ordinates conveniently described using the direction cosines:

Ωx = µ = cos(γ)sin(θ) = cos(γ)
√

1− ξ2 , (1)

Ωy = η = sin(γ)sin(θ) = sin(γ)
√

1− ξ2 , (2)

and

Ωz = ξ = cos(θ) . (3)

We note that the cosines are related in the following manner:

µ2 + η2 + ξ2 = 1 . (4)

Over the years many quadrature sets have been developed and applied to particle-transport
problems. An often-used guiding principle in the creation of quadrature sets has been to inte-
grate spherical-harmonics functions, which are polynomials in the direction cosines, as accurately
as possible, and in particular to exactly integrate these functions through a polynomial order
that is as high as possible. The rationale for this principle partly follows from the following
discussion. Suppose that in some problems of interest, anisotropic scattering can be accurately
represented by a Legendre expansion of order L and the angular flux can be accurately rep-
resented by a spherical-harmonics expansion of order K. Then the scattering source can be
accurately represented by a spherical-harmonics expansion of order min(L,K), which requires
only the spherical-harmonics moments of the angular flux through order min(L,K). Accurately
forming these moments requires accurate integration of spherical-harmonics functions through
order K + min(L,K). Thus, if a quadrature set accurately integrates such functions it will
provide accurate solutions for the given problems of interest. A quadrature set that does not
accurately integrate such functions may produce errors in the scattering source. These errors can
include “contamination” terms in the particle-balance equation that cause loss of particle conser-
vation. For these and other reasons, developers of quadrature sets have often aimed at accurate
integration of spherical-harmonics functions. We remark that in practice, exact integration of
high-order functions may not be necessary if the integrations are sufficiently accurate.

In many quadrature sets, multiple directions are defined with the same ξ values, which we call
polar levels (because ξ is dependent only on the polar angle θ). In many cases, “triangular”
quadrature sets are utilized. A triangular quadrature set’s largest-ξ level will have one ordinate
per octant, the next-largest-ξ level will have two ordinates per octant, the next level will have
three ordinates per octant, etc. There are also “square” quadrature sets, which have a given
number of levels, Nl, and Nl ordinates on each level, as well as “rectangular” quadrature sets
which have a given number of levels, Nl, and No ordinates on each level, where Nl and No can
be different values.

In this paper we discuss some of the quadrature sets that are commonly utilized in deterministic
transport codes. We then describe the development of new quadrature sets that are based
on linear discontinuous finite element (LDFE) basis functions defined on the unit sphere. We
present our method for construction of these LDFE sets, describe the accuracy of integration of
these sets, show comparative results of the LDFE sets versus current sets for two very different
test problems, and draw conclusions from these results.
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1.1 Level Symmetric Quadrature Sets

The Level Symmetric (LS) quadratures require that the set of directions be rotationally sym-
metric about each of the three axes [7] [11]. Because of this constraint, it can be shown that
once the location of the first ordinate has been chosen, all other ordinates are determined [9] [6]
[12]. This single degree of freedom in location of the ordinate along with the weights of each
ordinate are chosen by requiring that the set be able to integrate the highest possible order
of spherical-harmonic functions over the unit sphere. However, LS integrals of even low-order
functions over octants or other portions of the sphere are often inaccurate. The LS quadrature
set is triangular and has n

2 ξ levels in each octant. This creates n(n+2)
8 directions in each octant.

As n is increased, some of the weights of this set decrease and eventually become negative when
the quadrature order n is equal to or larger than 20. This can lead to unphysical solutions when
the angular flux is not smooth. The Level Symmetric LS16 quadrature set is shown in Figure
1, where the area of each circle is proportional to the associated ordinate’s weight.

Figure 1: Level Symmetric LS16 quadrature set

1.2 Gauss-Chebyshev Quadrature Sets

If the symmetry constraints that lead to level-symmetric sets are eased, then other quadrature
sets can be devised. Some of these alternative sets are considered “product” sets because they
combine a one-dimensional quadrature set along the polar axis with a one-dimensional set in the
azimuthal variable, yielding a set whose weights are products of the weights from the two sets.
The Gauss-Chebyshev set utilizes a one-dimensional Gaussian polar quadrature and an equally-
weighted Chebyshev quadrature in the azimuthal variable [13]. Different azimuthal quadrature
orders may be associated with different polar ordinates. A benefit of these sets is the ability to
have an arbitrary number of directions without limitations from potentially problematic negative
weights. The triangular Gauss-Chebyshev quadrature set with thirty-six directions per octant
is shown in Figure 2, where the areas of the circles are proportional to the associated weights of
the ordinates.

Double-Gauss-Chebyshev (DGC) sets are generated the same way as GC sets, except that the
polar quadrature set maps a Gaussian set onto each polar half-range.
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Figure 2: Gauss-Chebyshev LS16-like quadrature set

1.3 Quadruple Range Quadrature Sets

Abu-Shumays developed the Quadruple Range (QR) quadrature sets to accurately integrate
functions that are discontinuous across octant boundaries [1] [2] [3]. They are product sets in
which the polar and azimuthal quadrature sets are determined by requiring exact integration
of certain spherical-harmonic functions over each individual octant instead of the entire unit
sphere. An example of a QR LS16-like quadrature set that Abu-Shumays developed is seen
in Figure 3, which illustrates that the ordinates are closer to the axes and the central weights
are larger, compared to either the level-symmetric or triangular Gauss-Chebyshev sets. These
sets are limited in an octant to eighteen polar levels and thirty-six azimuthal directions. This
limitation arises from the difficult set of nonlinear algebraic equations that must be solved to
arrive at the QR sets – equations that to date have not been solved for more than 18 polar or
36 azimuthal points.

Figure 3: Abu-Shumays’ QR LS16-like quadrature set

1.4 Other Quadrature Sets

There are numerous other quadrature sets that have been proposed for integrations on the
surface of the sphere. Here we briefly describe only a few that are most closely related to the
new LDFE sets that we describe below.
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Ahrens and Beylkin have developed a family of quadratures based on the projection of an
icosahedron onto the surface of the sphere [4]. This divides the surface into 20 congruent
spherical triangles. Their quadrature sets are designed to be invariant under discrete rotations
and to integrate spherical-harmonics functions of high order. In some ways the quadrature
development of Ahrens and Beylkin can be viewed as an elegant generalization of previous work
by Lebedev [10]. Ahrens and Beylkin also develop interpolating functions that are much more
locally concentrated than are spherical harmonics functions.

Thurgood has developed a family of ”TN” quadrature sets based on the projection of an octahe-
dron onto the surface of the sphere [14]. This divides the surface into octants. Each equilateral
triangular surface of the octahedron is then divided into N2 smaller equilateral triangles, and
these triangles and centroids are projected onto the surface of the unit sphere. Each pro-
jected centroid point becomes a quadrature direction, and the spherical-triangle areas become
the quadrature weights. Thurgood makes no attempt to force his quadrature sets to integrate
spherical-harmonics functions, and only the constant and quadratic functions are integrated
exactly. Our LDFE quadrature sets, described below, make use of the same octahedral projec-
tion and the same division of the octahedral faces into equilateral triangles. The most obvious
difference is that we employ four directions per triangle.

Brown, Chang, and Clouse have developed a locally refinable quadrature set on triangular
elements on the sphere [5]. These authors have the ability to choose the quadrature weights by
a solving a “Quadratic Programming Problem” that ensures that locally refined sets retain the
ability to integrate spherical-harmonics functions through a specified order. As with Thurgood’s
TN set, there is one quadrature point per triangular subdivision.

1.5 Limitations

Each of the quadrature sets described above has limitations. The LS sets contain negative
weights after 55 directions in an octant, the GC sets are not rotationally symmetric about the x
or y axis, and the QR sets’ number of directions is limited by the order of the algebraic equations
that have been solved to date. In addition, none of these sets is well suited to local refinement.
The sets of Ahrens and Beylkin also do not appear suited to local refinement. A locally refinable
quadrature set would enable either user-selected refinement, which could be useful for certain
classes of problems, or adaptive discrete-ordinates algorithms, which could be useful for a variety
of difficult problems. For this reason we are interested in developing locally refinable quadrature
sets that also have excellent performance when not locally refined.

The TN sets and the sets of Brown, et al. could be locally refined, as each is based on local
spherical triangles, and in fact Brown et al. have shown results from user-defined local refine-
ments [5]. Our work here can be viewed as extensions of the TN work and that of Brown, et
al., in the sense that we also use spherical triangles. However, the new quadrature sets that we
introduce here are based on linear discontinuous finite element (LDFE) basis functions that we
define on the unit sphere. We hypothesize that the linear discontinuous functions on each trian-
gle may have accuracy advantages over methods that use only one unknown per triangle. The
LDFE sets that we generate are rotationally symmetric about the axes, can have an unlimited
number of directions, and can be created with strictly positive weights. In addition, they are
locally refinable. Directions occur in sets of four, with each set covering a “spherical triangle”
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(a curved “triangle” on the surface of the sphere). A spherical triangle can be subdivided into
four spherical sub-triangles, which replaces four old quadrature points with sixteen new ones.
We defer discussion of the performance of locally refined sets, as well as discussion of refinement
and coarsening rules and associated complications, to a later communication. In this paper we
focus on introducing the LDFE quadrature sets and studying their performance.

2. CONSTRUCTION OF LDFE QUADRATURE SETS

Our method for determining our quadrature’s ordinates begins with an octahedron’s projection
onto the unit sphere, which corresponds to the octant-based view normally used in transport
theory, as seen in Figure 4.

Figure 4: Basic Octahedron View of Discrete Ordinates

2.1 Ordinates of Quadrature Set

A point on an octahedron’s flat triangular face can be defined using two variables, which we
call ũ and v as shown in Figure 5. We assume that the enclosing sphere has radius = unity.

Then b = base of the flat triangle =
√

2 and h = height of the flat triangle =
√

6
2 . Each (ũ, v)

Figure 5: Flat View of Triangle using ũ and v

point uniquely defines a point on the surface of the sphere, or equivalently a direction vector
from the sphere center to the point. In our lowest-order quadrature set, each octant triangle
contains four D-O points. The center point lies at the centroid of the triangle and the location
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of the other three directions can be determined in a variety of manners, which we discuss below.
In order to expand on our base quadrature, we refine each equilateral triangle by dividing it
into 4 equilateral sub-triangles as shown in Figure 6. This refinement process can be continued
indefinitely. If the base quadrature set is defined to be our level-1 set, then our level-n set
contains 4n directions per octant. The ordinates used in the quadrature set are the triangle

Figure 6: One Triangle Refinement

points projected to the unit sphere as illustrated in Figure 7.

Figure 7: Projection from the Flat Triangle to the Unit Sphere to produce Discrete Ordinates

2.2 Weights of Quadrature Set

On each triangle, we defined four basis functions, bm, where m = 1, 2, 3, 4, with each basis
function being a linear function of the direction cosines:

bm(
−→
Ω ) = cc,m + cµ,mµ+ cη,mη + cξ,mξ . (5)

The constants of bm are determined by specifying that the basis functions are “cardinal” func-
tions at the four ordinates, meaning that each has a value of unity at its quadrature point and
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zero at the other three points. We then define the weight of each ordinate, wm, as the integral
of its basis function over the triangle:

wm =

∫
Ωtriangle

dΩbm(
−→
Ω ) . (6)

We were unable to integrate analytically because the bounds on the spherical triangles are great
circles, not latitudes. Instead, we mapped the basis function from the surface of the sphere to
the flat triangle and numerically integrated the function using two one-dimensional Gaussian
quadrature sets[8]. We believe the quadrature weights reported in the appendix are correct to
at least 12 digits.

2.3 Methods for Completely Defining LDFE Quadrature Sets

As mentioned above, the location of three of the four points in a triangle can be determined in
a number of ways.

2.3.1 Centroid method (LDFE-Center)

The first method used to determine the location of the three remaining points was to place the
points at respective sub-triangle centroids. This method has the benefit that all points in a
given quadrature set are also in the sets obtained via further refinement. Unfortunately, this
method creates large differences between the surface area of a given spherical sub-triangle and
the weight associated with the corresponding point. Figure 8 graphically shows the surface area
of a given spherical triangle and the associated weight produced using this centroid method. In
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Figure 8: Surface area versus associated discrete-ordinate weights for the first LDFE-Center
refinement in the first octant. Quadrature weights are indicated by the area of the blue dots.
Note that they bear little relation to the areas of the sub-triangles in which they reside.

this figure there are four main triangles, each with four sub-triangles. The figure shows that the
center point of each main triangle has a strikingly small weight relative to the other points. In
fact, as refinement continues, the center weights in some triangles become negative, which led
us to seek alternative locations for the quadrature points.
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2.3.2 Center surface area equals weight using Θ-ratio (LDFE-Θ)

We noted that the center weight of each triangle was increasingly small and in some situations
negative if we specified that the three outer points (top, left, and right) lie at the centroids of
the their respective sub-triangles. In order to alleviate this problem, we developed a method
in which the outer locations were chosen to force the center point’s weight to equal the surface
area (SA) of the center triangle:

wm,center = SAcenter . (7)

This method requires the center point to be at the centroid of the triangle and the three outer
points to lie along the great circles between the center point and the associated corners of the
spherical triangle as shown in Figure 9. For example, the top point’s ratio along this path can

Figure 9: Example of Θ method for determining three outer ordinates on a triangle. The ratio
of the black arc length to the red arc length represents the “Θ” ratio. This ratio is determined
on the surface of the sphere.

be described as a ratio of the arc length from the center point to the top point divided by the
arc length from the center point to the top corner of the spherical triangle, as shown in Equation
8:

ratioΘ,top ≡
scenter-top

scenter-topCorner
≡ arccos(Ωcenter · Ωtop)

arccos(Ωcenter · ΩtopCorner)
. (8)

We then require all ratios to be equal as follows:

ratioΘ,top = ratioΘ,left = ratioΘ,right = ratioΘ . (9)

We developed an iterative procedure to find a value of Θ that causes the center point’s weight
to equal the area of its sub-triangle. We converged this very tightly to generate the quadrature
points.

2.3.3 Center surface area equals weight using L-ratio (LDFE-L)

The Θ-Ratio method is computationally difficult because of multiple tan, cos, arccos, and arctan
used in evaluating the Θ ratio. We developed an alternative method that also specifies that the
surface area of the center triangle be equal to its weight but uses a different constant ratio. For
the top point, we define this “L” ratio as the ratio of the distance on the original flat triangle
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Figure 10: Example of L method for determining three outer ordinates on a triangle. The ratio
of the black line to the red line represents the “L” ratio. This ratio is determined on the flat
triangle.

from the center point to the top point compared to the distance on the flat triangle from the
center point to the top corner point as illustrated in Figure 10.

ratioL,top ≡
dcenter-top

dcenter-topCorner
≡

(
(ũc − ũt)2 + (vc − vt)2

)1/2
((ũc − ũcornerTop)2 + (vc − vcornerTop)2)1/2

. (10)

We then specify that all three ratios must be equal:

ratioL,top = ratioL,left = ratioL,right = ratioL . (11)

Again, we developed an iterative procedure to find a value of the L ratio that causes the center
point’s weight to equal the area of its sub-triangle. We converged this very tightly to generate
the quadrature points.

2.3.4 All sub-triangle’s surface areas equal to their respective ordinate weight’s
(LDFE-SA)

Both of the previous methods were devised in order to alleviate the problem of the center ordi-
nate weight being drastically different than its associated surface area and in some cases going
negative. We can take this a step farther and require that every point’s weight equal its associ-
ated spherical surface area. To solve for the ordinate locations that cause each weight to equal
the area of its associated sub-triangle, we used a secant approximation for the derivative terms
and a linear perturbation method to determine the location of the three remaining ordinates.
We note that this quadrature set is a “geometric” quadrature set in the sense that the weight
of each point corresponds to a surface area on the unit sphere, as seen in Figure 11.

The four choices of point locations described above lead to four quadrature sets that share much
in common but differ in detail. In our numerical testing we will compare and contrast the four
quadrature sets, LDFE-Center, LDFE-Θ, LDFE-L, and LDFE-SA, with traditional Quadru-
ple Range(QR), Level-Symmetric (LS), Gauss-Chebyshev (GC), and Double-Gauss-Chebyshev
(DGC) sets.
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Figure 11: Surface area versus associated discrete-ordinate weights for the first LDFE-SA refine-
ment in the first octant. Quadrature weights are indicated by the area of the blue dots. Note
that they are proportionate to the areas of the sub-triangles in which they reside.

3. INTEGRATION OF POLYNOMIALS IN THE DIRECTION COSINES

A quadrature set must approximately integrate the angular flux over the angle domain. If the
differential scattering cross section is expanded in Legendre polynomials, the quadrature set must
also approximately integrate the angular flux multiplied by spherical-harmonic functions. As
noted in the introduction, if the quadrature set does not obtain the correct integral (zero) of the
high-order spherical-harmonic functions that appear in the scattering term, the particle balance
equation will be inexact and particle conservation will not be guaranteed. If the quadrature
integrations are imperfect but have only small error, the practical impact is not clear.

Because the LDFE quadrature sets are based on the integration of linear functions of the cosines,
we expect the quadrature sets to exactly integrate linear combinations of the direction cosines,
µ, η, and ξ. However, the ability of these sets to integrate higher order polynomials in the cosines
needs to be explored. Because the quadrature sets do not treat any direction cosine differently
from any other, each octant is a rotation of the first octant. Because of this symmetry, the
integration analysis for the cosines need be performed only on the first octant and only for one
permutation of each polynomial in the direction cosines (i.e., µ2η and η2ξ give the same result).
We analyze the convergence order of our quadrature sets versus the angular mesh length (h) of
the quadrature set. This angular mesh length (h) can be thought of as the “h” term normally
seen in a truncation-error analysis. In this case, because the direction domain is two-dimensional,
the mesh length is proportional to 1√

number of directions
, which is what we plot on the horizontal

axes in the plots below.

Figures 12 and 13 show the relative error of the integrations of µη and µ2η2ξ2 versus the
angular mesh length for the LDFE-Center, LDFE-L, LDFE-Θ, and LDFE-SA quadrature sets.

All LDFE sets exactly integrate µ2, η2, and ξ2 but fail to exactly integrate µη cross-terms
or any moments higher than µ2 over a single octant. (Note that all odd functions correctly
integrate to zero when we carry them out over the full 4π directions, but here we are using the
more stressful test of octant-wise integration.) However, as the quadrature sets’ mesh length is
reduced by a given factor, the error goes down by approximately that factor to the fourth power
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Figure 12: Relative error of µη integration on the first octant versus angular mesh length.
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Figure 13: Relative error of µ2η2ξ2 integration on the first octant versus angular mesh length.

for all polynomial functions in the cosines that we tested, which include functions through sixth
order. Thus we refer to these LDFE sets as fourth-order accurate for integration of high-order
polynomials in the cosines. We note that for small numbers of angles the error in integration of
µ2η2ξ2 (and other high order polynomials) can be larger than 10%. This could impact accuracy
of the solution for problems with a high order of anisotropic scattering.

We did not expect the observed fourth-order accuracy of the LDFE sets. LDFE integrals of any
given function are exact integrals of piecewise linear functions in the cosines, with coefficients
chosen simply by evaluating the given function at collocation points. One might expect from
approximation theory that collocation onto piecewise linear functions would yield second-order
accuracy. We do not yet understand why it yields fourth-order accuracy in this application.
As we show below, the LDFE sets are remarkably efficient for solving the simple D-O trans-
port problems that we have tested. We believe that their high-order accuracy for octant-wise
integration is a key ingredient of this efficiency.

If further analysis and testing shows that it would be significantly beneficial for the quadrature
sets to exactly integrate higher-order polynomials, it would be possible to extend the LDFE sets
described here to higher-order DFE sets. This would be a straightforward extension of the work
described here. For example, a quadrature set that employed 16 directions per spherical triangle
could exactly integrate all polynomials through third order.
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4. RESULTS

We turn now from integrating polynomials to solving transport problems (which requires quadra-
ture integrations of angular fluxes).

4.1 One-Cell Problem

The first problem analyzed was a one-cell, one-group, isotropic scattering, fixed-source problem.
We utilized a step-characteristic spatial method and applied vacuum boundary conditions. The
domain was a 1 cm × 1 cm × 1 cm cube with a constant isotropic source of 1.0 neutron

cm3s∗ster . As
shown in Figure 14, we analyzed a purely absorbing problem with a total macroscopic cross
section of Σt = 1.0 cm−1, which ensures that the cell is 1×1×1 mean-free paths (mfp).

Figure 14: Test problem with one cell, one group, fixed source, isotropic scattering, vacuum
boundary conditions, and a pure absorber.

We first compared the LDFE-SA, LDFE-Θ, LDFE-L, and LDFE-Center quadrature sets to the
Level-Symmetric (LS), Gauss-Chebyshev (GC), Double Gauss-Chebyshev (DGC), and Quadru-
ple Range (QR) sets [12] [13] [1] [2] [3]. The LS sets were run at all orders through 16 and also
at order 20. Order 18 and orders greater than 22 yield negative weights. The GC sets were run
as “square” product sets from 2x2 through 100x100 and as triangular LS-like sets from order 2
through 300. The DGC sets were also run as “square” product sets from 2x2 through 100x100
and as triangular LS-like sets from order 2 through 300. The QR sets were run as “square” sets
from 2x2 through 18x18, as “rectangular” sets from 2x4 through 18x36, and as triangular LS-
like sets from order 2 through 36. The four LDFE sets were run for refinement levels 1 through
8. The initial level-1 set contains 32 directions and each set after that contains four times the
number of directions as the previous set, i.e: the level-1 set contains 8 ∗ 41 = 32 directions, the
level-2 set contains 8∗42 = 128 directions, ..., the level-8 set contains 8∗48 = 524288 directions.

The relative error in the cell-centered scalar flux for uniform LDFE sets, QR sets, DGC, GC,
and LS sets as a function of angular mesh length can be seen in Figure 15. (The reference
solution was taken as the LDFE-SA solution with 524288 directions.)
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Figure 15: Relative error for LDFE, QR, DGC, GC, and LS quadrature sets versus mesh length
for a one-cell, one-group, purely absorbing, fixed-source problem with vacuum boundary condi-
tions.
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As evident in Figure 15, all LDFE Quadrature sets converge quickly to the reference solution. We
estimated the order of convergence using the “Microsoft Excel” built-in, least-squares approach
to find the best p in the equation error = c∗hp. We used all calculated points for this evaluation.
The QR sets and LDFE quadrature sets converge to the correct scalar flux at approximately
4th order, the GC and DGC sets at approximately 2nd order, and the LS sets at approximately
1.5 order, as shown in Table I.

Table I: Convergence order of quadrature sets’ cell-centered scalar fluxes in the one-cell test
problem.

Type of Quadrature Convergence Order

LDFE-SA 4.57

LDFE-Center 4.41

LDFE-L 4.12

LDFE-Θ 4.71

LS 1.50

QR Triangular 4.52

QR Square 3.95

QR Rectangular 3.94

GC Square 2.01

GC Triangular 1.93

DGC Square 2.09

DGC Triangular 1.84

4.2 Skewed-Duct Problem

In contrast to the first problem, the second test problem presents significant challenges to quadra-
ture sets. An x-y cross section of the geometry is shown in Figure 16. A 3D view of the geometry
is shown in Figure 17, which also shows the hexahedral spatial grid that was used. The chal-
lenge stems from the off-axis streaming path created by the skewed duct, which causes a nearly
discontinuous angular flux in a small portion of the direction domain in the top region in Figure
16.

This is a purely absorbing problem with almost all the particles that reach the top region coming
through the skewed duct. All boundary conditions are vacuum and the bottom region has a
constant fixed source of 100 neutrons

cm3s∗ster . The problem has a two-dimensional layout extruded up
the z-axis 20 cm as shown in Figure 17 and was solved using the step-characteristics spatial
discretization method with hexahedral spatial cells that conformed to the geometry. The ref-
erence solution was taken to be the LDFE-SA solution with 131072 directions. We compare
the LDFE-Center, LDFE-L, LDFE-Θ, and LDFE-SA quadrature sets versus the LS and QR
quadrature sets.

The cells of interest in this problem are the top region’s middle cell and right-most cell. These
cells’ fluxes arise almost solely from the particles that travel through the skewed duct. The top
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Figure 16: Purely absorbing, skewed-duct problem with vacuum boundary conditions from a
two-dimensional view.

Figure 17: Purely absorbing, skewed-duct problem with vacuum boundary conditions from a
three-dimensional view.
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Figure 18: Purely absorbing, skewed-duct problem: error in top region’s middle cell’s scalar flux
as a function of angular mesh length.

region’s middle and right-most cells’ absolute values of the relative errors in the cell-centered
scalar flux are plotted in Figures 18 and 19. The convergence orders for the top region’s middle
cell are given in Table II.

In this more difficult problem, we see that all quadrature sets’ convergence orders are lower
than in the simpler test problem. However, the LDFE sets outperform the other sets. The LS
and QR-square sets are especially poor for this problem. The LDFE sets also converge almost
monotonically to the reference solution, whereas the QR and LS sets “bounce around” as they
converge to the reference solution.

5. CONCLUSIONS

The LDFE quadrature sets exactly integrate zeroth- and first-order spherical harmonic functions
over each octant (not just over the full 4π). They also exactly integrate the square of each cosine
on single octants. Our numerical testing indicates that the integrals calculated by these uniform
sets converge to the exact integrals of higher-order spherical harmonics at fourth order in what
we call the “angular mesh length,” which is inversely proportional to the square root of the
numbers of directions. This is based on numerical testing of integrals of polynomials in the
direction cosine ranging from second through sixth orders.

On simple problems the QR sets and the LDFE sets exhibit approximately 4th-order convergence
in the scalar flux as the directional mesh is refined, whereas the LS and GC sets exhibit 1.5-
order and 2nd-order convergence, respectively. On more difficult problems, in which there are
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Figure 19: Purely absorbing, skewed-duct problem: error in top region’s right-most cell’s scalar
flux as a function of angular mesh length.

Table II: Convergence order of quadrature sets’ scalar fluxes in the middle cell of the top region
in the skewed-duct problem.

Type of Quadrature Convergence Order

LS 0.41

QR Triangular 2.26

QR Square 0.77

LDFE-Center 2.76

LDFE-Θ 2.46

LDFE-L 2.43

LDFE-SA 2.44
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near discontinuities in the angular flux along directions that are not perpendicular to coordinate
axes, the convergence orders diminish for all methods. In such problems, the LDFE quadrature
sets outperform the others. We believe that this behavior stems from the new sets’ property
that their directions and weights are based upon mathematical considerations on local spherical
triangles, not on integration over entire octants (as is the case with QR sets) or the entire
sphere (as with LS and GC sets). These LDFE sets have the desirable property of having no
limitation on refinement, whereas the QR sets are limited by the mathematical complexity of
their derivations. Further, three of the LDFE sets (SA, Θ, and L) have strictly positive weights
regardless of the level of refinement. The Gauss-Chebyshev and other product-based quadrature
sets can be produced with any number of directions but in our experience they perform far less
efficiently than our LDFE sets. We conclude that our new quadrature sets offer promise for
solving practical discrete-ordinates transport problems. However, we caution that much more
testing is needed, especially for problems with highly anisotropic scattering. We will report on
this in a future communication.

The LDFE-SA numerical results for the 1st, 2nd, and 3rd refinement steps for the first octant,
normalized with weights summing to π/2 in the octant, are provided in the Appendix. LDFE-SA
quadrature sets through 8 refinement steps (524,288 directions) are available upon request.
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APPENDIX

Table III: LDFE-SA-1

Angle µ η ξ weight

0 2.09769106510711E-01 2.09769106510711E-01 9.54983687770317E-01 3.39836909454130E-01

1 9.54983687770317E-01 2.09769106510711E-01 2.09769106510711E-01 3.39836909454103E-01

2 2.09769106510711E-01 9.54983687770317E-01 2.09769106510711E-01 3.39836909454103E-01

3 5.77350269189625E-01 5.77350269189625E-01 5.77350269189625E-01 5.51285598432481E-01

Table IV: LDFE-SA-2

Angle µ η ξ weight

0 1.22785291159728E-01 1.22785291159728E-01 9.84808379609780E-01 5.26559082615718E-02

1 5.31419325021509E-01 1.03129501638898E-01 8.40807829938206E-01 9.95720041972116E-02

2 1.03129501638901E-01 5.31419325021504E-01 8.40807829938209E-01 9.95720041972139E-02

3 2.35702260395515E-01 2.35702260395515E-01 9.42809041582063E-01 8.80369927980968E-02

4 8.40807829938193E-01 1.03129501638887E-01 5.31419325021532E-01 9.95720041972128E-02

5 9.84808379609774E-01 1.22785291159753E-01 1.22785291159753E-01 5.26559082615709E-02

6 8.40807829938210E-01 5.31419325021502E-01 1.03129501638902E-01 9.95720041972133E-02

7 9.42809041582063E-01 2.35702260395515E-01 2.35702260395515E-01 8.80369927981024E-02

8 1.03129501638887E-01 8.40807829938193E-01 5.31419325021531E-01 9.95720041972128E-02

9 5.31419325021508E-01 8.40807829938206E-01 1.03129501638899E-01 9.95720041972108E-02

10 1.22785291159756E-01 9.84808379609773E-01 1.22785291159756E-01 5.26559082615713E-02

11 2.35702260395515E-01 9.42809041582063E-01 2.35702260395515E-01 8.80369927981055E-02

12 6.86947072008541E-01 6.86947072008541E-01 2.37081084268193E-01 1.32024927825519E-01

13 2.37081084268253E-01 6.86947072008531E-01 6.86947072008531E-01 1.32024927825525E-01

14 6.86947072008531E-01 2.37081084268254E-01 6.86947072008531E-01 1.32024927825526E-01

15 5.77350269189625E-01 5.77350269189625E-01 5.77350269189625E-01 1.55210814955923E-01

Table V: LDFE-SA-3

Angle µ η ξ weight

0 4.38752387852336E-02 4.38752387852336E-02 9.98073106963150E-01 1.01011818772561E-02

1 2.23194054503770E-01 4.34603636088626E-02 9.73804708773352E-01 1.47114091091454E-02

2 4.34603636088619E-02 2.23194054503772E-01 9.73804708773351E-01 1.47114091091449E-02

3 9.90147542976669E-02 9.90147542976669E-02 9.90147542976674E-01 1.31319081660192E-02

4 3.91754724400026E-01 5.13254348711689E-02 9.18636998844235E-01 2.01635596440037E-02

5 6.25662723829225E-01 5.09223830015233E-02 7.78429872833796E-01 2.42900177326475E-02

6 4.50060753113050E-01 2.86782825010254E-01 8.45695530191836E-01 3.00096725803229E-02

7 4.92365963917330E-01 1.23091490979332E-01 8.61640436855329E-01 2.51087542402306E-02
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8 5.13254348711655E-02 3.91754724400022E-01 9.18636998844237E-01 2.01635596440024E-02

9 2.86782825010250E-01 4.50060753113052E-01 8.45695530191837E-01 3.00096725803234E-02

10 5.09223830015209E-02 6.25662723829230E-01 7.78429872833792E-01 2.42900177326465E-02

11 1.23091490979332E-01 4.92365963917330E-01 8.61640436855329E-01 2.51087542402332E-02

12 3.35052576156500E-01 3.35052576156500E-01 8.80613162757510E-01 2.78797764691254E-02

13 9.47958080258904E-02 2.86222206910509E-01 9.53462428757418E-01 1.90475751591700E-02

14 2.86222206910502E-01 9.47958080259107E-02 9.53462428757418E-01 1.90475751591731E-02

15 2.35702260395515E-01 2.35702260395515E-01 9.42809041582063E-01 2.20620660106520E-02

16 7.78429872833780E-01 5.09223830015111E-02 6.25662723829246E-01 2.42900177326465E-02

17 9.18636998844232E-01 5.13254348711738E-02 3.91754724400033E-01 2.01635596440023E-02

18 8.45695530191835E-01 2.86782825010258E-01 4.50060753113049E-01 3.00096725803224E-02

19 8.61640436855329E-01 1.23091490979332E-01 4.92365963917330E-01 2.51087542402348E-02

20 9.73804708773349E-01 4.34603636088579E-02 2.23194054503781E-01 1.47114091091450E-02

21 9.98073106963150E-01 4.38752387852414E-02 4.38752387852413E-02 1.01011818772558E-02

22 9.73804708773351E-01 2.23194054503774E-01 4.34603636088611E-02 1.47114091091441E-02

23 9.90147542976674E-01 9.90147542976673E-02 9.90147542976674E-02 1.31319081660202E-02

24 8.45695530191832E-01 4.50060753113044E-01 2.86782825010275E-01 3.00096725803228E-02

25 9.18636998844233E-01 3.91754724400032E-01 5.13254348711725E-02 2.01635596440023E-02

26 7.78429872833787E-01 6.25662723829236E-01 5.09223830015169E-02 2.42900177326455E-02

27 8.61640436855329E-01 4.92365963917330E-01 1.23091490979332E-01 2.51087542402358E-02

28 9.53462428757418E-01 2.86222206910519E-01 9.47958080258602E-02 1.90475751591677E-02

29 8.80613162757525E-01 3.35052576156479E-01 3.35052576156479E-01 2.78797764691281E-02

30 9.53462428757418E-01 9.47958080258961E-02 2.86222206910507E-01 1.90475751591710E-02

31 9.42809041582063E-01 2.35702260395515E-01 2.35702260395515E-01 2.20620660106529E-02

32 5.09223830015081E-02 7.78429872833776E-01 6.25662723829251E-01 2.42900177326452E-02

33 2.86782825010257E-01 8.45695530191835E-01 4.50060753113050E-01 3.00096725803224E-02

34 5.13254348711753E-02 9.18636998844231E-01 3.91754724400035E-01 2.01635596440032E-02

35 1.23091490979332E-01 8.61640436855329E-01 4.92365963917330E-01 2.51087542402352E-02

36 4.50060753113045E-01 8.45695530191833E-01 2.86782825010272E-01 3.00096725803231E-02

37 6.25662723829232E-01 7.78429872833790E-01 5.09223830015193E-02 2.42900177326471E-02

38 3.91754724400031E-01 9.18636998844233E-01 5.13254348711724E-02 2.01635596440025E-02

39 4.92365963917331E-01 8.61640436855328E-01 1.23091490979332E-01 2.51087542402323E-02

40 4.34603636088583E-02 9.73804708773350E-01 2.23194054503780E-01 1.47114091091460E-02

41 2.23194054503777E-01 9.73804708773350E-01 4.34603636088597E-02 1.47114091091451E-02

42 4.38752387852359E-02 9.98073106963150E-01 4.38752387852358E-02 1.01011818772555E-02

43 9.90147542976673E-02 9.90147542976674E-01 9.90147542976674E-02 1.31319081660197E-02

44 2.86222206910522E-01 9.53462428757418E-01 9.47958080258519E-02 1.90475751591660E-02

45 9.47958080258752E-02 9.53462428757418E-01 2.86222206910514E-01 1.90475751591669E-02

46 3.35052576156480E-01 8.80613162757525E-01 3.35052576156480E-01 2.78797764691266E-02

47 2.35702260395515E-01 9.42809041582063E-01 2.35702260395515E-01 2.20620660106607E-02

48 7.02505464432133E-01 7.02505464432132E-01 1.13895324249885E-01 2.78705916500711E-02

49 5.29915360873601E-01 7.69766972496521E-01 3.55877111323192E-01 3.51928031147286E-02

50 7.69766972496521E-01 5.29915360873602E-01 3.55877111323192E-01 3.51928031147287E-02

51 6.80413817439771E-01 6.80413817439771E-01 2.72165526975908E-01 3.37687299459803E-02
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52 3.55877111323199E-01 7.69766972496527E-01 5.29915360873588E-01 3.51928031147297E-02

53 1.13895324249909E-01 7.02505464432130E-01 7.02505464432130E-01 2.78705916500730E-02

54 3.55877111323192E-01 5.29915360873602E-01 7.69766972496521E-01 3.51928031147292E-02

55 2.72165526975908E-01 6.80413817439771E-01 6.80413817439771E-01 3.37687299459794E-02

56 7.69766972496528E-01 3.55877111323199E-01 5.29915360873587E-01 3.51928031147294E-02

57 5.29915360873602E-01 3.55877111323191E-01 7.69766972496521E-01 3.51928031147287E-02

58 7.02505464432131E-01 1.13895324249906E-01 7.02505464432131E-01 2.78705916500716E-02

59 6.80413817439771E-01 2.72165526975908E-01 6.80413817439771E-01 3.37687299459807E-02

60 4.85081580043393E-01 4.85081580043393E-01 7.27593101537672E-01 3.83614334577098E-02

61 7.27593101537650E-01 4.85081580043409E-01 4.85081580043409E-01 3.83614334577117E-02

62 4.85081580043406E-01 7.27593101537654E-01 4.85081580043406E-01 3.83614334577106E-02

63 5.77350269189625E-01 5.77350269189625E-01 5.77350269189625E-01 4.01265145828269E-02
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