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A rigorous treatment of uncertainty quantification for Silicon damage metrics,    

P. Griffin 

Sandia National Laboratories, Radiation and Electrical Sciences Center 

Albuquerque, NM, USA  

Abstract. These report summaries the contributions made by Sandia National 

Laboratories in support of the International Atomic Energy Agency (IAEA) 

Nuclear Data Section (NDS) Technical Meeting (TM) on Nuclear Reaction Data 

and Uncertainties for Radiation Damage. This work focused on a rigorous 

treatment of the uncertainties affecting the characterization of the displacement 

damage seen in silicon semiconductors.    

1  Purpose 

This is the report from Sandia National Laboratories (SNL) presented at the Nuclear Reaction Data 

and Uncertainties for Radiation Damage, Technical Meeting (F4-TM-52919), held at IAEA 

Headquarters, Vienna, Austria in support of the Cooperative Research Project (CRP) on Primary 

Radiation Damage Cross Sections. The focus of our work was on a rigorous quantification of the 

uncertainty in the silicon displacement damage metric used in the assessment of the damage to the 

minority carrier lifetime in silicon bipolar junction transistors (BJTs). Once a consistent and complete 

uncertainty quantification methodology is worked out for one material/damage mode, it should be easy 

to replicate the analysis for metrics that describe other material damage modes.  

We elected to examine the bipolar gain change in silicon devices as the important damage metric in a 

neutron field because of: 1) the availability and high quality of the important supporting nuclear data; 

2) the existence of a radiation effects community endorsed standard that addresses the proper 

calculated metric to use for correlating radiation damage in different neutron fields, i.e. the ASTM 

E722 Standard Practice for Characterizing Neutron Fluence Spectra in Terms of an Equivalent 

Monoenergetic Neutron Fluence for Radiation-Hardness Testing of Electronics [1]. This response 

function is also recommended as a direct dosimetry metric in ASTM E1855-15 Standard Test Method 

for Use of 2N2222A Silicon Bipolar Transistors as Neutron Spectrum Sensors and Displacement 

Damage Monitors [2]. This ASTM standard supports the use of this response function, in conjunction 

with a silicon bipolar transistor, for both the direct characterization of the damage metric for silicon 

electronics in neutron fields and as a sensor appropriate for use in spectrum adjustments/unfolds in 

order to cover an energy region in research reactors that is not easily covered by non-fission based 

dosimetry sensors. 
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The following sections of this report address: a) the definition of the calculated radiation exposure 

metric that is correlated with the observed damage mechanism; b) the sources of uncertainty in the 

calculated metric; and c) approaches to obtain for this metric a rigorous quantification of the neutron 

energy-dependent uncertainty in the form of a covariance matrix.    

2  Definitions 

The fundamental calculated displacement damage metric is the microscopic displacement kerma 

factor, κ
dpa

, see ASTM E722-14 [1], which can be written as: 
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where: 

 the summation is over all open neutron-induced reaction channels, i, and emitted particles ji 

 σi,ji(E) is the cross section for the ji particle in the i
th
 reaction channel 

 fi,ji(E,μ,TR,ji) is the energy distribution for resulting charged particles which are emitted with: 

o an energy TR,ji and at an angle characterized by μ and resulting from the ji particle in the 

i
th
 channel, 

o induced by the incident neutron energy with energy E.  

 ion
Tdam(TR,ji) is the displacement energy partition function for the emitted ion ji in the i

th
 open 

channel with energy TR,ji. 

The displacement kerma, Κ, is equal to the microscopic kerma factor multiplied by the number of 

atoms per unit mass in the target material and the incident particle fluence. The ionizing kerma can be 

obtained by subtracting the displacement kerma from the total material kerma.   

A related, but very important, damage metric used by the radiation effects community is the neutron 

damage energy, 
n
Tdam, however, the definition of damage energy is not entirely consistent throughout 

the literature [3]. The variation in the use of the term involves the: 1) selection of the lower energy 

bound for the integration over recoil ion energies that are to represent interactions where a subsequent 

lattice atom displacement can occur; 2) selection of the displacement model, which involves 

identifying a transfer energy associated with the generation of a Frenkel pair; and 3) treatment of the 

effective deposited energy for ion recoil energies near the threshold displacement energy. The concept 

of a "damage energy" is intended to capture the energy imparted by secondary charged particles, 

integrated over a defined portion of the slowing down process, and going into the creation of Frenkel 

pairs. 

The most commonly used form of the neutron damage energy has a lower recoil integration bound, a 

bound for the integral over the recoil ion energy, set to the threshold displacement energy, Ed, and uses 

a sharp threshold Kinchin-Pease displacement model [4] with the Robinson damage partition function 

[5]. Ed is intended to represent an emission angle-integrated average recoil ion energy below which the 

recoiling atom can no longer result in a displacement of any additional lattice atoms. This selection is 

labelled here as the “threshold-based damage energy”, will be notated as ( )
n Rob

KP dam
T E , and is written as: 
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Here the 
e

,
( )

i i

n r coil

KP i j Rj
K E T  factor includes the identification of the reaction channel-dependent recoil 

energies, similar to the fi,ji(E,μ,TR,ji) term in Equation 1, as well as a term that includes the efficiency 

of the ion-based damage energies from the  ,
i

ion Rob

dam R j
T T  term for ion contributions in the threshold 

displacement region.  

For neutrons, a code such as NJOY-2012 [6] is often used in conjunction with a nuclear data 

evaluation to find the microscopic displacement kerma factor, κ
dpa

. NJOY first calculates the reaction-

specific total kerma induced by neutron interactions and then identifies the recoil energy distribution 

for all of the reaction products. The recoil atom energy distribution for each reaction channel is then 

partitioned into a displacement energy component using a damage partition function. The NJOY-2012 
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code implements the Robinson fit [5] to the LSS theory [7] for the energy partition and applies a 

displacement threshold energy, Ed, as the lower integration limit over recoil ion energy. NJOY-2012, 

in normal operational mode, calculates this sharp threshold Kinchin-Pease neutron damage energy [3]. 

The neutron damage energy is equal to the displacement kerma only when a displacement threshold 

energy of zero is used.  

Another related and commonly used neutron damage metric is the non-ionizing energy loss (NIEL), 

which is equal to the threshold-based damage energy multiplied by the factor NA/AL where NA is 

Avogadro’s number and AL is the atomic mass of the lattice atom. While a kerma is only defined for 

uncharged particles, the damage energy and the NIEL are defined for both charged and uncharged 

particles.  

A displacement model is used in conjunction with the damage energy to produce a quantity that can be 

related to the number of displaced atoms, d, due to the lattice damage introduced by the recoiling 

atoms from a neutron interaction. The non-ionizing damage from a recoiling ion is characterized by 

the ion damage energy, 
ion

Tdam. Several displacement models are used by the community. In order to 

differentiate these models we adopt the notation of 
typed to distinguish the various Frenkel pair 

production models. In order to support a discussion of various damage metrics and, in particular, to 

provide a clear consistent definition of the damage energy, we elect to break up the displacement 

model into three parts: 

 a threshold function, 
type-A

Λ(Ed, 
ion

Tdam);  

 a Frenkel pair generation efficiency component, 
type-B

ζd(Ed, 
ion

Tdam); and  

 a residual defect efficiency survival term, 
type-C

ξ(
ion

Tdam).  

Thus the number of induced Frenkel pairs can be written as: 

 , ( , ) ( , ) ( )
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d d dam d dam d d dam dam
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   (3) 

The original Kinchin-Pease model [4,5] relates the number of defects, 
orig_K&Pd(Ed, EI, TR), to the 

primary recoil atom energy: 
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where EI is the energy above which ions lose their energy only through ionization and below which 

energy loss could be modelled with an elastic hard sphere scattering model; Ed is the displacement 

threshold energy; and TR is the recoil atom energy. When this expression is coupled with the LSS 

model for the energy partition function, there was no longer a need to introduce the EI energy and the 

equation could be rewritten as a function of 
ion

Tdam. The most commonly seen version of the Kinchin-

Pease model uses this LSS energy partition function to define 
K&Pd(Ed, 

ion
Tdam). The Kinchin-Pease 

model is sometimes quoted as using a sharp transition to define 
sp_K&Pd(Ed, 

ion
Tdam), the transition 

being modelled as occurring at Ed. This is the formalism for the damage energy that is built into codes 

such as NJOY-2012.  

The community has examined various forms for the number of Frenkel pairs resulting from different 

analytic forms of the differential elastic scattering cross section between atoms, represented by a 

screened Coulomb interaction. The Robinson-Sigmund modification [8], while imposing a consistency 

condition on the average number of Frenkel pairs produced in a random cascade, calculated an 

asymptotic solution for E > 2Ed that led to the introduction of a factor of β=(12/π
2
)/ln(2)=0.84 in the 

Kinchin-Pease expression for the breakpoint energy of the transition region.  

A group of experts at an IAEA Specialist’s meeting [5] on radiation damage units adopted a modified 

formulation for the number of displacements. This approach used the Robinson-Sigmund modification 

of the hard-sphere scattering energy loss model. This model is called the Norgett, Robinson, and 

Torrens (NRT) Frenkel pair model, or the modified Kinchin-Pease model, and is the most commonly 
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used displacement model. This expression is given by: 
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where  is an atomic scattering correction and is taken to be 0.8. This adopted value of 0.8 is close to 

the analytically derived asymptotic value used in the Robinson-Sigmund analysis.  

The spirit of including a lower integration bound for neutron damage energy in Equation 2, but not for 

the definition of the ion damage energy, is based on a desire for the “damage energy” metric to be 

proportional to experimentally observed damage metrics related to Frenkel pair creation. Consistent 

with this theme of considering the Frenkel pair production to be the primary metric of interest, the 

damage energy should treat the threshold in the same way that it is treated in the NRT displacement 

cross section metric. Using the notation incorporated into the threshold treatment of the NRT 

displacement cross section, the “dpa-equivalent damage energy” can be written as:  
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        (6) 

Here the explicit lower integration bound is zero but the threshold function, 
type-A

Λ(Ed, 
ion

Tdam), is used 

to produce an quantity where the effective lower integration bound corresponds to the energy at which 

the recoil ion energy is capable of producing an ion damage energy equal to the displacement 

threshold energy, that is, it is the ion damage energy is equal to Ed and mimics the Kinchin-Pease 

displacement model formalism.    

3  Uncertainty Components 

The determination of the uncertainty in the calculated damage energy requires that we look at the 

energy-dependent uncertainty in the various quantities in Equation 2. This energy-dependent 

uncertainty is best captured as a covariance function, which is equivalent to providing an energy-

dependent standard deviation and a correlation matrix. The major components within the integrand of 

Equation 2 are: 1) the reaction cross section and resulting recoil ion spectra; 2) the partition function 

that divides the recoil energy into an ionizing component and a non-ionizing component; and 3) a 

threshold treatment. The following sections capture some of the primary observations on how to 

characterize the uncertainty in each of these three separate quantities. Since these components are 

uncorrelated, the uncertainty in the damage energy can be expressed as the sum of the component 

covariance matrices.    

a) Nuclear Data 

The investigation of uncertainties in the damage energy starts with a consideration of the uncertainty 

due to the underlying nuclear data. Our approach to this is to use the NJOY-2012 code to calculate the 

damage energy for a sharp threshold Kinchin-Pease model that uses the Robinson fit to the LSS 

damage partition function. NJOY cannot only produce the total damage energy, but it can separately 

output the various components of the damage energy. The distributed version of the NJOY code 

supports output of the total, elastic [ENDF-6 MT=2], inelastic [ENDF-6 MT=51 - 91], and 

disappearance [ENDF-6 MT=102-120] damage energy components. There is another component, one 

obtained by subtracting the elastic, inelastic and disappearance component from the total damage 

energy, that, for the 
28

Si isotope, includes ENDF-6 MT=16, 22, 24, 28, and 29 channels, i.e. the (n,2n), 

(n,nα), (n,2nα), (n,np) and (n,n2α) channels.  Figure 1 shows the energy-dependent fractional 

contribution from each of these channels.  
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a) Total Energy Range 

 
b) High Energy Region 

Fig. 1. Fractional Contributions of the Various 
28

Si Cross Damage Energy Components 

 

The damage energy depends not just on the cross section, but also on the resulting recoil ion spectra. 

These recoil spectra are quite complex, varying with the incident neutron energy and the reaction 

channel. Figure 2a shows some representative recoil energy spectra for a 15-MeV neutron on 
28

Si. 

Figure 2b shows a representative comparison of the agreement of the recoil spectrum between 

different evaluated nuclear data files for the (n,nα) reaction with an incident neutron energy of 20 

MeV. From the broad study, the agreement is seen to be very good in the elastic channel, but there can 

be significant differences for some of the disappearance channels for neutron energies near the 

reaction threshold energy. 

 

 
a) Reaction-dependent Recoil Spectra for 

15 MeV Neutron 

 
b) ENDF Library Dependence of (n,nα) 

Recoil Spectra 

Fig. 2.  Fractional Contributions of the Various 
28

Si Cross Damage Energy Components 

 

A. Koning and D. Rochman provided the author with a set of random cross section libraries generated 

with the TALYS system of codes and made available as part of the TENDL-2015 release [9]. The 297 

element random samplings for the nuclear data for the 
28

Si isotope permits us to use a Total Monte 

Carlo (TMC) [10] approach to treat the nonlinear propagation of uncertainty through the equation that 

defines the damage energy. We used an 89-group structure in the NJOY-2012 code to generate a 297-

element set of damage energies and then computed the covariance matrix for the threshold-based 

damage energy. Figure 3 shows the standard deviation and correlation matrix that provide the 

uncertainty characterization due to this variation in nuclear data. The analysis was carried out for each 

of the previously defined damage energy components. Figure 4 shows the energy-dependence of the 



37 

 

standard deviation for the various damage energy components. One immediately notes that, while the 

total damage energy is the sum of the various component damage energies, at high energy the 

uncertainty in the total damage energy is significantly smaller than the uncertainty for any of the 

individual components. This indicates that there is a strong correlation between the various damage 

energy components, a correlation that cannot be neglected in characterizing the uncertainty in the total 

damage energy. This study clearly shows that a sample-based, i.e. Monte Carlo, nonlinear propagation 

of uncertainty that fully incorporates the underlying physics-based correlations between the different 

reaction channels, like that provided by the TMC approach, is required for this analysis. 

 

 
a) Standard Deviation 

 
b) Correlation Matrix 

Fig. 3.  Uncertainty Characterization for Effect of Nuclear Data on the 
28

Si Threshold-based Damage 

Energy. 

 

 
a) Total Energy Range 

 
b) High Energy Range 

Fig. 4.  Standard Deviation for Effect of Nuclear Data on the 
28

Si Threshold-based Damage Energy 

Components. 

 

b) Partition Function 

The second major source of uncertainty in Equation 2 is from the damage partition function. This is 

the function 
ion

Tdam(Tr) in Equation 2 that converts the recoil ion energy, Tr, into a non-ionizing 

component that can be correlated with the production of Frenkel pairs. The most widely used energy 

partition model is the Robinson fit to the Lindhard, Scharff, and Schiott (LSS) energy partition [7]. 

The LSS approach assumes the local density approximation (LDA) and uses a Thomas-Fermi 
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screening function over the Coulomb potential to model the elastic interactions and a non-local free 

uniform electron gas model for the inelastic electronic scattering. Robinson and Torrens fit [11] the 

LSS energy partition with an analytic representation based upon the atomic mass, A, and atomic 

number, Z, for the incident ion and the lattice ion. This formulation is valid for all monoatomic 

crystalline materials at energies less than ~25*Z
4/3

*A (keV) and when the ratio of the atomic numbers 

for the incident and lattice atoms do not differ significantly from unity [5]. 

Work by Akkerman [12] used updated Ziegler, Biersack, and Littmark (ZBL) [13] potentials for 

silicon to derive a new partition function that is valid only for silicon and at ion energies less than 

~500 keV. The Akkerman partition model uses the same functional representation as was adopted by 

the Robinson methodology, but used different coefficients in the functional form. Figure 5a shows the 

ion energy-dependent damage partition functions for silicon. In order to better highlight the difference 

in the high ion energy region between the two damage partition models, Figure 5b shows the ratio of 

the two damage partition functions. 

 
a) Energy-dependent Damage Functions in 

Silicon 

 
b) Ratio of Akkerman/Robinson Silicon 

Partition Functions 

Fig. 5.  Commonly Used Partition Functions in Silicon. 

Figure 6a shows how this difference in partition function affects the neutron damage energy in silicon. 

Since the effect can be important, work was undertaken to more rigorously characterizing the 

uncertainty. In order to more completely explore this sensitivity, we used the binary collision 

approximation (BCA) code, MARLOWE [14], to calculate the ion energy-dependent partition 

function for a range of ion interaction potentials that have been used by the ion modeling community. 

There are two types of potentials: those that describe the electronic interaction and those that describe 

the ion interaction with the lattice atoms. The former is called the electronic potential and is typically 

described by the LSS or ZBL potential. The latter is called the nuclear potential - even though it has 

nothing to do with nuclear interactions - and the MARLOWE BCA code has implemented models 

with the Moliere, exponential, and Lenz-Jensen potential. After generating a range of possible 

partition functions, a statistical sampling process was again used to propagate this variation into a 

good characterization of the uncertainty in the neutron damage energy. Figure 6b shows a random 

sampling of the partition functions that arose from one approach that utilized Cholesky decomposition 

[15]. Figure 7 shows the result of one of several approaches to composing a covariance matrix for the 

partition function, sampling, and generating a covariance matrix for the neutron damage energy. 
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a) Influence of Partition Function  

on Damage Energy 

 

b) Random Samples of Partition Function 

Fig. 6.  Uncertainty Contributions from the Damage Partition Function. 

 

 
c) Standard Deviation 

 
d) Correlation Matrix 

Fig. 7.  Effect of the Partition Function on the Uncertainty in the Damage Energy. 

c) Displacement Threshold Methodology 

The next contribution to the uncertainty to consider is the treatment of the displacement threshold 

region. While the displacement kerma is basically the damage energy with a zero eV lower integration 

bound and a zero displacement threshold energy, the damage energy can be strongly affected by the 

choice of the displacement threshold energy and by the formalism for treating the effective damage 

near the threshold where actual displaced lattice atoms can be generated. The nominal/recommended 

displacement threshold energy in silicon is 20.5 eV [16]. However, there is significant uncertainty in 

the value for the displacement threshold energy. For silicon, the range found in both experimental 

investigation and in model-based calculation is between 10 eV and 30 eV [16]. 

Figure 8a shows that the difference between the various displacement model metrics is negligible 

except in a narrow neutron energy range between 100 eV and 1 keV. However, the effect can be large 

in this region, ±50%. The difference between these damage energy metrics based on the displacement 

model in this neutron energy region is due to the fact that elastic scattering is the dominant reaction in 

this region and conservation of momentum and energy for each elastic interaction results in a 

maximum energy transfer to a lattice atom given by: 

 
2

4

1

n
recoil

A E
E

A

 



     , (7) 
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where En is the energy of the incident neutron and A is the atomic weight of the lattice atom. The case 

where the lattice recoil energy in silicon from elastic scattering is equal to a displacement threshold 

energy of 20.5 eV corresponds to an incident neutron energy of ~153 eV. For lower neutron energies, 

the deviations are very small since the displacement kerma is dominated by the contributions from the 

(n,) reaction, which kinematically permits a larger recoil energy for the residual ion, so that the lower 

integration bound for the displacement threshold energy no longer plays an important role in the 

damage energy calculation. 

Figure 8b shows the variation in the threshold-based damage energy, i.e. with Ed as the lower 

integration bound that can result from this range of possible values for the displacement threshold 

energy in silicon. This figure shows the percent difference relative to the nominal/recommended 

displacement threshold energy of 20.5 eV. The maximum deviation seen in Figure 8b between damage 

energies with different Ed values [relative to Ed = 20.5 eV] is seen to be about ±80% - but this is only 

significant over a small energy region. 

In our work we have quantified the change in the damage energy when the displacement threshold 

energy is varied using a Total Monte Carlo approach to capture the nonlinear change in the damage 

energy. The energy-dependent standard deviation in the magnitude of the response is shown in 

Figure 9a. The energy-dependent correlation matrix is shown in Figure 9b. 

 
a) Effect of Different Definitions of the 

Damage Energy 

 
b) Effect of Varying the Displacement 

Threshold Energy 

Fig.  8.  Effect of the Treatment of the Threshold on the Damage Energy. 

 

 
c) Standard Deviation 

 
d) Correlation Matrix 

Fig. 9.  Effect of the Threshold Function on the Uncertainty in the Damage Energy 
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d) Model Defect 

The above sections dealt with all of the obvious contributions to the uncertainty in the damage energy. 

The purpose of “model defect” category is to address any uncertainty aspects that were not captured in 

the normal accessible parameter variation, i.e. a model attribute that did not have a user-accessible 

parameterized form. While we may not be able to statistically vary the “model defect” uncertainty 

contributions in order to characterize them, we should be able to use “subject matter expertise” to 

recognize the uncertainty contributions and propose, based on expert judgement, an energy-dependent 

term that provides for a conservative treatment of this potential uncertainty contribution. 

The treatment of “model defect” is still a work in progress and will be addressed within the context of 

next year’s contributions to the CRP. Uncertainty contributions to “model defect” that should be 

considered for this application to gain degradation in silicon bipolar devices include: 

1) Potential uncertainty in the underlying nuclear reaction models that cannot be captured with 

accessible nuclear reaction model parameter variation. A comparison of the TENDL-2015 

random nuclear data files with other nuclear data files provides some indication that, while the 

variation in the elastic channel is adequately represented, the magnitude of the expected 

variation in recoil energy spectra from some of the non-threshold reaction contributions to 

damage energy may not be completely captured. 

2) The may be differences in the energy-dependence of the calculated damage metric and the 

phenomena with which it is intended to be correlated. In particular, for silicon displacement 

damage, there is some experimental data that suggests that low energy neutron damage is 

much less than predicted with the calculated damage energy. This may be related to the fact 

that this damage metric was developed to correlate with the formation of primary Frenkel pair, 

whereas the actual change in minority carrier lifetime in silicon devices is caused by the more 

complex defect, i.e. divacancies and vacancy-phosphorous defects rather than the vacancy-

oxygen defects that predominate from low damage energy induced point defects. The 

modelling of the efficiency with which Frenkel pair defects migrate and form complex defect 

with impurities and dopants is not captured in the currently modelled physics. 

3) Experimental data in silicon indicate a good match between observed gain degradation and the 

displacement kerma for neutron energies between 100 keV and 14 MeV [17]. There is 

insufficient validation evidence for higher neutron energies. Since some other semiconductors, 

e.g. GaAs, indicate a thermal spike phenomenon at higher neutron energies [18], this thermal 

spike effect may exist in silicon at neutron energies above 20 MeV. An arc-dpa formalism 

[19] has a functional behaviour that could capture the recoil energy dependence of this effect 

if experimental evidence is gathered. 

 

4  Conclusions 

The above discussion has captured the recent work performed at Sandia National Laboratories in 

support of a better understanding of the uncertainties in radiation damage metrics. The work reported 

here focused on an examination of primary radiation damage in silicon semiconductor materials that 

affects the change in minority carrier lifetime, and, in particular, on properly expressing the relevant 

damage metric and then on quantifying the energy-dependent uncertainty of this metric in the form of 

a covariance matrix. Future work in this area will proceed under the auspices of the Primary Damage 

CRP. Work also needs to be done to expand this uncertainty analysis to address the uncertainty in the 

displacement damage in GaAs semiconductors, a case where there is a recoil energy dependence 

similar to what is captures in the arc-dpa metric, and to material embrittlement in iron used in light 

water reactor (LWR) pressure vessels. 
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