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ABSTRACT

The supersymmetric completion of higher-derivative operators often requires introducing
corrections to the scalar potential. In this paper we study these corrections systematically
in the context of theories with N = 1 global and local supersymmetry in D = 4 focusing
on ungauged chiral multiplets. In globally supersymmetric theories the most general off-shell
effective scalar potential can be captured by a dependence of the Kähler potential on additional
chiral superfields. For supergravity we find a much richer structure of possible corrections.
In this context we classify the leading order and next-to-leading order superspace derivative
operators and determine the component forms of a subclass thereof. Moreover, we present
an algorithm that simplifies the computation of the respective on-shell action. As particular
applications we study the structure of the supersymmetric vacua for these theories and comment
on the form of the corrections to shift-symmetric no-scale models. These results are relevant
for the computation of effective actions for string compactifications and, in turn, for moduli
stabilization and string inflation.
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1 Introduction

Effective field theory (EFT) constitutes a useful and broadly applicable framework. Of special
interest are effective descriptions of theories with global or local supersymmetry. While effec-
tive field theories generically include higher-derivative operators, for supersymmetric effective
theories the completion of the higher-derivatives often requires introducing corrections to the
scalar potential. To emphasize the general importance of these higher-derivative operators and
the additional corrections to the scalar potential, consider an effective N = 1 supergravity
in four dimensions which is valid up to some cut-off scale Λ ≤ Mp. For example in theories
obtained from superstring-compactifications this cut-off scale might be the string scale Ms or
the Kaluza-Klein scale MKK . In particular and as we will see later on, there exist infinitely
many Λ-suppressed operators in the scalar potential which are present both in the effective
higher-derivative supergravity as well as the global limit thereof. Therefore, these operators
are dominant over the Planck-suppressed operators in the ordinary scalar potential of N = 1
supergravity and, thus, play a role in several scenarios. In particular, they affect the vacuum
structure and are relevant to moduli stabilization, but are also important in the context of
inflation. Briefly said, the goal of this work is to understand the connection between higher-
derivative operators for global and local supersymmetry and their respective corrections to the
scalar potential systematically.

To begin with it is necessary to gain an understanding of higher-derivative operators for
effective theories with rigid supersymmetry. These will be the subject of the first part of this
paper. Here we consider theories with ungauged chiral multiplets only. See also [1–8] for earlier
investigations of higher-derivative operators for globally supersymmetric theories. Here we
show that the most general scalar potential can be derived from a superspace-Lagrangian given
in terms of a (pseudo-) Kähler potential K together with the ordinary superpotential of the
two-derivative theory and additional constraints. K depends not only on the chiral scalars, but
also on the respective auxiliary fields. This quantity already appeared in [2, 3] under the name
of effective auxiliary field potential. In these theories the auxiliary fields can either remain
algebraic or obtain kinetic terms. We discuss the equations of motion for the auxiliary fields in
detail. On the one hand, we argue that even if they obtain kinetic terms, the auxiliary fields
must still be treated as algebraic degrees of freedom, since they generically obtain masses at
the cut-off scale Λ. On the other hand, we clarify the appearance of multiple solutions to the
respective equations of motion. We extend the analysis of [9] and present a general argument
that among the multiple on-shell theories there exists a unique physical theory compatible with
the principles of effective field theory.

In special situations it does not suffice to discuss globally supersymmetric theories, but
instead it is necessary to transcend to effective supergravities. In particular, these constitute
the proper framework to discuss certain string compactifications such as Calabi-Yau orientifold
compactifications of Type IIA/B. To attempt a full derivation of higher-derivative operators
directly from string-theoretic corrections, as entertained for closed string modes in [9], requires
a prior systematic knowledge of higher-derivative operators in supergravity. In particular,
this is due to the fact that the corrections to the 10D or 11D effective supergravities are not
manifestly supersymmetric and so the supersymmetric 4D completion after compactification is
not immediately clear. Thus, we are motivated to present a classification of higher-derivative
operators in supergravity such that, in principle, a full matching becomes possible. As a
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byproduct such a classification also reveals the possible corrections to the scalar potential
which can, in principle, emerge.

The general study of higher-derivative operators for chiral multiplets in supergravity is the
topic of the second part of this work. Here we confine ourselves to the discussion in the context
of old minimal supergravity following [10] and earlier work on the subject [11], see also [1, 12–
14] for related studies. Our analysis is split in two parts: Firstly, we study certain conceptual
and computational aspects of these higher-derivative operators. We collect these statements in
an algorithm that allows to compute the linearized (in the coupling of the operator) on-shell
action of a particular operator. In particular, we point out the importance of integrating out
fields in the Einstein-frame and find that the linearized component action does not require
solving the equations of motion of the auxiliary fields. In the second part of the analysis,
we classify all leading and next-to-leading order higher-derivative operators and determine the
component versions of those operators which induce four-derivative terms for the chiral scalars
at the linearized level. This result is fully model-independent and is widely applicable to any
analysis which seeks to determine the leading order corrections to the scalar potential or two-
and four-derivative component terms for a specific (ungauged) matter-coupled supergravity.

In the last part of the paper we discuss two applications of the above results. Firstly,
we investigate the structure of supersymmetric Minkowski and AdS4-vacua. We pay special
attention to the curvature constraints enforced by the necessary existence of Killing spinors and
their compatibility with the general scalar potential of higher-derivative supergravity. Secondly,
we discuss the form of the higher-derivative operators for the special case where the leading
order (two-derivative) theory is given by a shift-symmetric no-scale model. These models appear
in the context of the low-energy effective descriptions of certain string-compactifications. We
find that the no-scale condition leads to the vanishing of many leading-order contributions and
only those corrections remain, which are purely given by the chiral auxiliary. This leads to an
a posteriori proof of respective claims made in [9].

This paper is organized as follows. In section 2 we discuss higher-derivative operators for
chiral multiplets in globally supersymmetric theories. After reviewing the basic formalism of flat
N = 1 superspace in sec. 2.1, we present a superspace action for the general scalar potential in
sec. 2.2 and sec. 2.3. A derivation of the action in sec. 2.2 is presented in appendix A. Moreover,
in sec. 2.4 and sec. 2.5 we discuss the equations of motion for the auxiliary fields. Afterwards, in
section 3 we turn to the case of higher-derivative operators in N = 1 supergravity. In particular,
in sec. 3.1 we review the formulation of old minimal supergravity in curved superspace and
revisit the derivation of the two-derivative action for chiral multiplets coupled to supergravity
in sec. 3.2. Subsequently, in sec. 3.3 we present an overview over higher-derivative operators in
supergravity and, for the convenience of the reader, give a brief outline of the main results. In
sec. 3.4 we discuss the subclass of higher-derivative operators which induce also higher-curvature
terms and, afterwards, in sec. 3.5 we demonstrate the importance of integrating out fields in
the Einstein frame. A supplementary demonstration in this context is given in appendix B.
Sec. 3.6 and appendix C contain the computational tools which we then apply to determine in
sec. 3.7 the leading order and in sec. 3.8 the next-to-leading order operators. The classification
of the latter can be found in appendix D. In sec. 4 and appendix E we investigate the vacuum
structure of the general higher-derivative theory and in sec. 5 comment on implications for
no-scale models. Finally, in sec. 6 we conclude this paper.
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2 Systematics of the Scalar Potential in Flat N = 1 Su-

perspace

We begin this section by reviewing the basic notions and formalism of flat superspace and glob-
ally supersymmetric theories for chiral multiplets. Readers familiar with these technical details
can safely skip this first part and directly proceed to sec. 2.2. There we present the most general
superspace action including all those higher-derivative operators, which manifestly contribute
to the scalar potential for the chiral multiplets. Furthermore, we display the respective compo-
nent version. Afterwards, we discuss two conceptual points. Firstly, in sec. 2.4 we tend to the
equations of motion for the chiral auxiliary and discuss the appearance of multiple solutions
thereof. Secondly, in sec. 2.5 we argue that if the auxiliary receives a kinetic term, this new
degree of freedom is expected to be unphysical in a generic EFT description.

2.1 Preliminaries

The effective action of any theory with global N = 1 supersymmetry in four spacetime dimen-
sions can be expressed in flat N = 1 superspace. We begin by recapitulating the basics on flat
superspace and theories with global supersymmetry, adopting the notations and conventions of
[10]. Flat superspace is parametrized by the variables

zA = (xa, θα, θ̄α̇) , a = 0, . . . , 3 , α, α̇ = 0, 1 . (2.1)

Henceforth, we use a, b, c, . . . to label Minkowski space coordinates and α, β, γ, . . . (as well
as α̇, β̇, γ̇, . . . ) to label flat Grassmann space variables. Moreover, we abbreviate integration
measures over flat superspace as

d8z = d4x d4θ = d4x d2θ d2θ̄ , d6z = d4x d2θ , d6z̄ = d4x d2θ̄ . (2.2)

Supersymmetry is realized via the superspace derivatives

DA = (∂a, Dα, D̄
α̇) , (2.3)

where ∂a denote the conventional spacetime derivatives and the spinorial components are de-
fined as

Dα =
∂

∂θα
+ iσa

αα̇θ̄
α̇ ∂

∂xa
and D̄α̇ = − ∂

∂θ̄α̇
− iθασa

αα̇

∂

∂xa
. (2.4)

Here σa label the Pauli-matrices. Furthermore, the Pauli-matrices convert tensor superfields
Vαα̇ and vector superfields Va into each other

Va = −1
2
σ̄α̇α
a Vαα̇ , Vαα̇ = σa

αα̇Va , (2.5)

where σ̄α̇α
a ≡ ǫαβǫα̇β̇σaββ̇ . In the following we refer to Dα and D̄α̇ as (spinorial) superspace

derivatives. The derivatives DA fulfill the following (anti-) commutation relations

{Dα, D̄β̇} = −2iσa
αβ̇
∂a , {Dα, Dβ} = {D̄α̇, D̄β̇} = [Dα, ∂a] = [D̄α̇, ∂a] = 0 . (2.6)
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In addition we use the convention

D2 = DαDα , D̄2 = D̄α̇D̄
α̇ . (2.7)

Moreover, from the commutation relations one deduces that the superspace derivatives obey
the identities

DαDβDγ = D̄α̇D̄β̇D̄γ̇ = 0 , (2.8)

DαDβ = 1
2
ǫαβD

2 , D̄α̇D̄β̇ = −1
2
ǫα̇β̇D̄

2 . (2.9)

Let us now consider a theory with a chiral superfield Φ and the respective antichiral superfield
Φ†. The (anti-) chirality is defined by the following property

D̄α̇Φ = DαΦ
† = 0 . (2.10)

This condition constrains the θ-expansion for Φ to be

Φ = A+
√
2θχ+ θ2F + iθσaθ̄∂aA− i√

2
θθ∂aχσ

aθ̄ +
1

4
θ2θ̄2�A , (2.11)

where A is a complex scalar, χ a Weyl-fermion and F an auxiliary complex scalar. We will
abbreviate the component-expansion for chiral superfields as Φ = (A, χ, F ).

In the following we will be interested in the following superfields

Ψ̄ ≡ −1
4
D2Φ , Ψ ≡ −1

4
D̄2Φ̄ . (2.12)

From eq. (2.8) we learn that Ψ is a chiral and Ψ̄ an anti-chiral superfield. More precisely, the
superfield-expansion of Ψ̄ reads

Ψ̄ = F −
√
2i∂aχσ

aθ̄ + θ̄2�A− iθσaθ̄∂aF + 1√
2
θ̄2θ�χ + 1

4
θ4�F . (2.13)

Thus, the abbreviated forms of the component expansion are given by Ψ̄ = (F, iσa∂aχ,�A)
and Ψ = (F̄ ,−iσa∂aχ̄,�Ā). Having introduced the relevant notation we can now proceed to
discuss actions for the chiral multiplet.

The most general two-derivative Lagrangian for ungauged chiral multiplets reads

L0[Φ, Φ̄] =

∫

d4θK(Φ, Φ̄) +

∫

d2θW (Φ) + h.c. , (2.14)

where K is a real function and can be understood as a Kähler potential of a respective Kähler
manifold which the chiral scalars locally parametrize. The object W is a chiral superfield and
denoted as superpotential.

2.2 Higher-Derivative Actions in Flat N = 1, D = 4 Superspace

So far we considered the general theory at the two-derivative level. In a generic EFT all
operators consistent with the symmetries must be present and so generally an infinite tower of
higher-derivative operators must be included. In the superspace formalism higher-derivatives
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are realized by acting with superspace-derivatives on superfields. In fact, it can be shown
that DA are the only objects that anti-commute with the supersymmetry generators [3] and,
therefore, the only required ingredient to study higher-derivatives in superspace. In conclusion,
the general superspace effective action for a theory describing an ungauged chiral multiplet is
of the form

Sgen =

∫

d8zK(Φ, Φ̄, DAΦ, DBΦ̄, DADBΦ, . . . )

+

∫

d6zW(Φ, ∂aΦ, D̄
2Φ̄, ∂a∂bΦ, . . . ) + h.c. ,

(2.15)

where the dots indicate a dependence on higher superspace-derivatives acting on Φ or Φ̄. The
above action is supersymmetric, if W depends only on chiral superfields.1

The general action in eq. (2.15) is rather involved and carries a dependence on infinitely
many superfields. However, most higher-derivative operators in Sgen are purely kinetic at the
component level. In this paper we focus on the subclass of higher-derivative operators which
manifestly contribute to the scalar potential. More precisely, we are interested in the most
general form of the off-shell superspace effective action under the condition that all terms in
this action manifestly contribute to the scalar potential. We shall refer to this action as Seff

from now on. Seff was already discussed and determined in [2, 3] in the context of Wilsonian
effective actions and was computed for a notable example, namely the one-loop Wess-Zumino
model in [2, 15, 16]. To determine Seff we evaluate Sgen at the supersymmetric condition

∂aΦ = ∂aΦ̄ = 0 . (2.16)

Since Dα and D̄α̇ commute with ∂a, all operators which we set to zero via eq. (2.16) contribute
only to the kinetic part of the Lagrangian and are, therefore, irrelevant in our analysis. When
evaluating the general action in eq. (2.15) at the condition in eq. (2.16) the resulting action Seff

greatly simplifies [2, 3]. Taking a bottom-up EFT perspective we give an alternative derivation
of Seff in appendix A. There we also demand that Seff does not exhibit any redundancy in
the operators that it includes. Briefly summarized appendix A consists of two parts. Firstly,
we show that a dependence of the action on the superspace derivatives acting on Φ and Φ̄ is
restricted by the (anti-)commutation relations in eq. (2.6). Secondly, using integration by parts
identities we reduce the effective action even further, such that finally one is left with

Seff =

∫

d8zK(Φ, Φ̄,Ψ, Ψ̄) +

∫

d6z W (Φ) + h.c. . (2.17)

Up to some minor differences regarding possible redundancies of operators, this coincides with
the action that was already obtained in [2, 3].

Let us pause a moment to clarify the physical meaning of the additional degree of freedom
associated with Ψ. As displayed in eq. (2.13) the fermionic- and θ2-components of Ψ are given
by higher-derivatives of the chiral scalar and chiral fermion σa∂aχ̄ and �Ā. In the sense of the
Ostrogradski-procedure these higher-derivatives constitute additional degrees of freedom [17].
However, since we are discussing theories with off-shell supersymmetry the number of bosonic
and fermionic degrees of freedom must match and, furthermore, allow a description in terms
of an appropriate multiplet. This matching is achieved when taking into account the auxiliary
field F̄ , such that the collection of component fields fits nicely into the chiral multiplet Ψ.

1Indeed, ∂aΦ and ∂a∂bΦ are chiral superfields due to eq. (2.6).
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2.3 General Scalar Potential in Higher-Derivative Theory

It is now straightforward to generalize the above result in eq. (2.17) to the case of nc chiral
superfields Φi, i = 1, . . . , nc. We denote the respective components as Φi = (Ai, χi, F i) and

Ψi = −1
4
D̄2Φ̄i = (F̄ i,−iσa∂aχ̄

i,�Āi) . (2.18)

The appropriate multi-field generalization of eq. (2.17) reads

Leff =

∫

d4θK(Φi, Φ̄̄,Ψk, Ψ̄l̄) +

∫

d2θW (Φi) + h.c. , (2.19)

which, strictly speaking, should be completed by adding a Lagrange multiplier whose equation
of motion yields the constraints in eq. (2.18).

Next we determine the component version of Leff. The Lagrangian in eq. (2.19) can be under-
stood as an ordinary theory with Kähler potential K and superpotentialW , where the respective
Kähler manifold is 2nc-dimensional, together with the constraints in eq. (2.18). Therefore, the
θ-integration in eq. (2.19) can be performed straightforwardly. We find

Leff =−K,AiĀ̄ ∂aA
i∂aĀ̄ −K,AiF j∂aA

i∂aF j −K,Āı̄F̄ ̄ ∂aĀ
ı̄∂aF̄ ̄

−K,F iF̄ ̄ ∂aF
i∂aF̄ ̄ +K,AiF jF i

�Aj + K,Āı̄F̄ ̄ F̄ ı̄
�Ā̄

+K,F iF̄ ̄ �Ai
�Ā̄ +K,AiĀ̄ F iF̄ ̄ + F iW,Ai + F̄ ı̄W̄,Ā̄ ,

(2.20)

where the superfields K and derivatives thereof are understood as being evaluated at their
respective scalar component. As before, we display only the bosonic terms here. Inspecting
eq. (2.20) we observe that the auxiliary fields are now propagating degrees of freedom. The
second derivatives of K control the kinetic terms for the scalars and, hence, determine whether
the auxiliary fields are propagating and, in particular, ghostlike or not. We return to the
discussion of the propagating auxiliary fields in sec. 2.5. For now we do not make any further
assumptions about the kinetic terms.

We are intrigued to find a geometric understanding of eq. (2.20) and eq. (2.19). A first
guess would be that our theory is described by a 2nc-dimensional (pseudo-) Kähler geome-
try Mp.

2 However, the constraints in eq. (2.18) break the respective target-space invariance
of the 2nc-dimensional geometry, and indeed it is easily seen that eq. (2.20) does not sup-
port a reparametrisation-invariance with respect to a 2nc-dimensional (pseudo-) Kähler geom-
etry. Still, the ordinary reparametrisation invariance with respect to the chiral scalars Ai, Ā̄

parametrising an nc-dimensional complex manifoldM0 must be maintained. Suppose that we
are in a situation where we integrate out the auxiliary fields. We will justify this assumption
later on in sec. 2.5. Via the interactions in eq. (2.20) the solutions to the equations of motion
for the auxiliaries formally read

F i = F i[Ai, Ā̄, ∂aA
i, ∂aĀ

̄, . . . ] , (2.21)

2A pseudo-Kähler manifold obeys the same conditions as a Kähler manifold, but instead of being equipped
with a positive definite metric it is endowed with an indefinite bilinear form. This situation occurs when the
auxiliary fields are ghostlike or remain algebraic degrees of freedom.
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where the dots indicate a dependence on higher spacetime-derivatives of the chiral scalars.
Reparametrisation invariance with respect to M0 must, in particular, individually hold for
the scalar potential in eq. (2.20). To determine the scalar potential we have to truncate F i

given in eq. (2.21) so that only a dependence on Ai, Ā̄ remains.3 Then target space-invariance
necessarily requires that

ωF = F i(A, Ā)dAi + F̄ ı̄(A, Ā)dĀı̄ (2.22)

constitutes a one-form onM0. For clarity, note that F i and F̄ ı̄ in the above are the truncated
versions of eq. (2.21) for which we continue to use the same symbol. From eq. (2.22) we learn
that it is natural to discuss the scalar potential in eq. (2.20) in the context of the cotangent-
bundle T ∗M0. Target space invariance requires, furthermore, that K transforms as a scalar on
the cotangent-bundle or in other words that it constitutes a zero-form on T ∗M0. Note that this
requirement is by no means automatically guaranteed but restricts the possible choices of K.
It is worth mentioning, that the aforementioned requirements are analogous to the respective
requirements of the two-derivative theory.

Checking the invariance of the kinetic terms in eq. (2.20) under reparametrisations of Ai, Ā̄

is considerably more involved. In particular, the transformation behaviour of the auxiliaries
must necessarily differ from eq. (2.22) when including the dependence of F i on spacetime-
derivatives of the chiral scalars which was indicated in eq. (2.21). The general discussion of
these transformation properties is rather involved and we omit the details here.4

One may wonder whether the manifold M0 is still endowed with a Kähler structure. In
eq. (2.20) the kinetic terms for the chiral scalars are multiplied by a complicated metric which
in general is not even hermitian. In the usual sense of a non-linear sigma model we, therefore,
do not have a Kähler structure anymore. However, since we are interested in the most general
scalar potential and not in the most general two- or higher-derivative component action, it is
instructive to identify a geometric meaning of the scalar potential alone. Indeed, the scalar
potential induced by K is given as the pseudo-norm of the one-form ωF with respect to the
bilinear form K,AiĀ̄ . This object indeed defines a pseudo-Kähler structure onM0 and in the
limit where all higher-derivative operators vanish this structure reproduces the Kähler structure
of the ordinary two-derivative theory.

Finally, let us make a comment regarding Kähler-invariance. Since eq. (2.19) is a theory of
chiral multiplets only, we observe that Leff enjoys a respective extended Kähler invariance. The
corresponding Kähler-transformations are of the form

K(Φi, Φ̄̄,Ψk, Ψ̄l̄) −→ K(Φi, Φ̄̄,Ψk, Ψ̄l̄) +G(Φi,Ψj) + Ḡ(Φ̄̄, Ψ̄l̄) , (2.23)

where G is an arbitrary holomorphic function and Ḡ the respective anti-holomorphic function.

Alternative Higher-Derivative Lagrangian

Let us mention a second higher-derivative Lagrangian, which is of interest. This Lagrangian also
describes the most general effective scalar potential but it does not induce kinetic terms for the

3This truncation is achieved by evaluating eq. (2.21) at the conditions ∂aA
i = ∂aĀ

̄ = · · · = 0 where the
dots indicate all possible higher spacetime-derivatives of the chiral scalars.

4For a generic K it is not guaranteed that one can always choose the transformation behaviour of the
auxiliaries appropriately. There might exist situations where it is necessary to add further superspace higher-
derivative operators which we excluded by means of eq. (2.16).
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auxiliary fields. Moreover, the requirement of target space-invariance is, at least in parts, more
easily realized here. We construct this Lagrangian from eq. (2.19) via the following instruction.
Within each operator in K, which includes at least one factor of ΨiΨ̄̄, we replace this factor
by a term DαΦiDαΦ

jD̄α̇Φ̄
k̄D̄α̇Φ̄l̄ via the last identity in eq. (A.6). If this factor appears more

than once we perform this procedure only for one of them. The resulting Lagrangian can then
be cast into the form 5

L′
eff =

∫

d4θ [K(Φ, Φ̄) + F(Φ, Φ̄,Ψ) + F̄(Φ, Φ̄, Ψ̄)] +

∫

d2θW (Φ) +

∫

d2θ̄ W̄ (Φ̄)

+
1

16

∫

d4θ Tijk̄l̄(Φ, Φ̄,Ψ, Ψ̄)DαΦiDαΦ
jD̄α̇Φ̄

k̄D̄α̇Φ̄l̄ .

(2.24)

The object Tijk̄l̄ is a superfield and in order to support reparametrisation invariance it transforms
as a tensor ofM0 [13]. From eq. (2.24) we observe that

Tijk̄l̄ = Tjik̄l̄ = Tjil̄k̄ . (2.25)

Furthermore this object has to be a hermitian tensor to ensure reality of the Lagrangian. Let
us emphasize that L′

eff and Leff are in general distinct and only the respective scalar potentials
coincide. More precisely, L′

eff and Leff differ by purely kinetic superspace-operators.

For completeness we also determine the component form of L′
eff. To this end it is necessary

to compute the last integral in eq. (2.24). Using eq. (2.4) and the θ-expansion for the (anti-)
chiral superfield in eq. (2.11) one finds by direct computation

DαΦiDαΦ
jD̄α̇Φ̄

k̄D̄α̇Φ̄l̄|bos =

16
[

(∂aA
i∂aAj)(∂bĀ

k̄∂bĀl̄)− 2F iF̄ k̄(∂aA
j∂aĀl̄) + F iF jF̄ k̄F̄ l̄

]

θ2θ̄2 ,
(2.26)

which, in turn, implies that the component version of L′
eff reads

L′
eff = −(K,AiĀ̄ + F,AiĀ̄ + F̄,AiĀ̄)∂aA

i∂aĀ̄ − F̄,AiF j∂aA
i∂aF j

− F,Āı̄F̄ ̄∂aĀ
ı̄∂aF̄ ̄ + F̄,AiF jF i

�Aj + F,Āı̄F̄ ̄F̄ ı̄
�Ā̄

+ (K,AiĀ̄ + F,AiĀ̄ + F̄,AiĀ̄)F iF̄ ̄ + F iW,i + F̄ ı̄W̄,̄ı

+ Tijk̄l̄

[

(∂aA
i∂aAj)(∂bĀ

k̄∂bĀl̄)− 2F iF̄ k̄(∂aA
j∂aĀl̄) + F iF jF̄ k̄F̄ l̄

]

.

(2.27)

Even though the above Lagrangian depends on ∂aF , inside the equations of motion for the
auxiliary fields this dependence cancels out and the resulting equations are purely algebraic.
More precisely the equations of motion for the auxiliary fields read

F,Āı̄Ā̄F̄ n̄

(

∂aĀ
ı̄∂aĀ̄ + F̄ ı̄

�Ā̄
)

+ (K,AiĀn̄ + F,AiĀn̄ + F̄,AiĀn̄)F i

+ 2F,Āı̄F̄ n̄�Āı̄ + W̄,n̄ + F,AiĀ̄F̄ n̄F iF̄ ̄ + 2Tijk̄l̄F
i
(

F jF̄ l̄ − ∂aAj∂aĀl̄
)

+ Tijk̄l̄,F̄ n̄

[

(∂aA
i∂aAj)(∂bĀ

k̄∂bĀl̄)− 2F iF̄ k̄(∂aA
j∂aĀl̄) + F iF jF̄ k̄F̄ l̄

]

= 0 .

(2.28)

In the next section we will analyse the equations of motion for the F i and the scalar potential
more closely.

5The factor of 1/16 is introduced purely for convenience here.
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2.4 On-shell Action and Effective Field Theory

So far we have discussed superspace actions for the general scalar potential which are off-shell
by construction. Ultimately, one is interested in the on-shell action and, hence, in the solution
to the equations of motion for the auxiliary fields. In this section we study the equations of
motion for the auxiliaries in the context of effective field theory and, in particular, clarify the
apparent presence of multiple on-shell theories. This study was already initiated in [9] for a
special example and here we generalize the respective findings.

In the following, for the sake of simplicity and brevity we set nc = 1 and perform the
discussion using the Lagrangian in eq. (2.20).The fact that this Lagrangian may include kinetic
terms for F is of no relevance here. We conduct a brief separate discussion of these kinetic
terms in sec. 2.5. To emphasize the difference between terms which are already present in the
two-derivative theory and those are induced by the higher-derivatives we split K up as follows

K(Φ, Φ̄,Ψ, Ψ̄) = K(Φ, Φ̄) + F(Φ, Φ̄,Ψ, Ψ̄) , (2.29)

such that F is at least linear in Ψ and/or Ψ̄.6 The respective off-shell scalar potential in
eq. (2.20) reads

V = −K,AĀ|F |2 − FW,A − F̄ W̄,Ā−|F |2F,AĀ(A, Ā, F̄ , F ) . (2.30)

The on-shell scalar potential is obtained by determining the solution to the equation of motion
for F , evaluating the solution at ∂aA = ∂aĀ = 0 and finally inserting the result into the
expression above. As we already mentioned we have to integrate out F, F̄ even if a kinetic
term for these fields is present. Thereby, terms proportional to ∂aF, ∂aF̄ only induce additional
kinetic operators for A, Ā after solving the equations of motion for F, F̄ and, hence, do not have
to be taken into account for the discussion of the scalar potential. To this end we can simply
ignore the kinetic contributions inside the equations of motion for F and F̄ . In particular, the
equations of motion for F̄ then read

K,AĀF + W̄,Ā + FF,AĀ(A, Ā, F̄ , F )+|F |2F,AĀF̄ (A, Ā, F̄ , F ) = 0 . (2.31)

Contrary to the situation of the ordinary two-derivative theory where the equation of motion
for F is just a linear algebraic equation, in the general higher-derivative theory we have to deal
with a general algebraic equation, which does not even have to be polynomial. This is due
to the fact that in general F can be given by an infinite power series in Ψ and Ψ̄. However,
in a local theory this sum has to be finite and therefore an upper bound on the number of
derivatives must exist, let us denote it as 2N , such that

F =
∑

1≤n+m≤N

Tnm(Φ, Φ̄)ΨnΨ̄m , (2.32)

where we assume that also the coefficient functions Tij are truncated appropriately. When
inserting eq. (2.32) into eq. (2.31), we observe that the equations of motion for F allow for up
to N + 1 solutions and, hence, we obtain up to N + 1 distinct on-shell Lagrangians. In general
these Lagrangians describe inequivalent dynamics for the scalar field (and chiral fermion) and,

6The object F was already introduced in [2, 3] and denoted as the effective auxiliary field potential (EAFP).
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thus, we loose predictability of the classical dynamics. In [9] this issue was addressed for a
special case and a unique physical on-shell theory was identified by demanding that the on-
shell theory is analytic in the couplings of off-shell higher-derivative operators.7 The same line
of reasoning can directly be applied to the general case in eq. (2.31).

In the following, for illustrative purposes we analyse the behaviour of the different on-
shell Lagrangians taking a bottom-up perspective. Our findings support and emphasize the
arguments put forward in [9]. Let us assume our theory is an effective field theory valid up to
some cut-off scale Λ and that all operators consistent with the symmetries are present. The
relevant mass-dimensions of the fields and quantities in the Lagrangian are given by

[A] = [Ā] = Λ , [F ] = [F̄ ] = Λ2 ,

[K] = [F] = Λ2 , [W ] = [W̄ ] = Λ3 .
(2.33)

It is convenient to expand K,F and W in inverse powers of this cut-off scale. The lowest order
terms of this expansion read

K(A, Ā) = |A|2 +O(Λ−1)

F(A, Ā, F̄ , F ) =
|A|2
Λ2

(TF + T̄ F̄ ) + · · ·+O(Λ−3)

W (A) = Λ3

[

w0
A

Λ
+
w1

2

A2

Λ2
+
w2

3

A3

Λ3
+O(Λ−4)

]

,

(2.34)

where for brevity we displayed only those leading order terms which contribute to the scalar
potential. For instance, we did not explicitly display operators of order O(Λ−1) and O(Λ−2) in
F which do not contribute in eq. (2.31) but modify the kinetic terms of the on-shell Lagrangian.
We observe that when performing the limit Λ→∞ in the above off-shell Lagrangian, we recover
the IR renormalisable two-derivative theory described by a canonical Kähler potential and a
superpotential with at most cubic terms, just as demanded by the decoupling principle. Let us
now analyse the behaviour of the respective on-shell theories.

After inserting eq. (2.34) into eq. (2.31) we expand the equation of motion in powers of
Λ and this expansion starts at order Λ2. Therefore, the formal solution of eq. (2.31) can be
written as

F = Λ2
∑

n=0

F(n)

Λn
, (2.35)

where F(n) has mass dimension n. After inserting the above form of F into eq. (2.31) we find
that at leading order in Λ we have to solve the following equation

F(0) + w0 + F(0)F,AĀ(0, 0, F̄(0), F(0))+|F(0)|2 F,AĀF̄ (0, 0, F̄(0), F(0)) = 0 . (2.36)

7Additional insight into this problem can be gained in top-down situations [9]: In general one expects that
the underlying UV theory for a given EFT is non-local and, thus, involves infinitely many higher-derivative
operators. This UV-theory should allow only for a single on-shell theory. In the local low-energy EFT we
truncate this series and, thus, obtain multiple on-shell theories. The UV on-shell Lagrangian should consist of
an infinite series of contributions with a certain correspondence to the infinite tower of higher-derivatives. This
series can be truncated as well and should be reproduced at the appropriate order by one of the on-shell theories
from the EFT-multiplet. In [9] this was shown to be the case for the example of the one-loop Wess-Zumino
model [16].
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This equation already suffices to conceptually understand the behaviour of the plethora of
solutions to eq. (2.31). For the remainder of this discussion we distinguish theories with and
without tadpole-like terms in the superpotential:

• Suppose that w0 6= 0, such that the ordinary two-derivative theory includes constant and
tadpole-like terms in the on-shell Lagrangian. Then all (N +1) solutions to eq. (2.36) are
in general non-zero and the higher-derivatives induce Tnm(0, 0)-dependent corrections to
the constant and tadpole term in the on-shell Lagrangian. In fact, every off-shell higher-
derivative, regardless of the number of superspace-derivatives, contributes to these terms.
Thus, we have a sensitivity to an infinite number of operators.

• Let us now look at the theories with w0 = 0. In this case eq. (2.36) admits one solution
F(0) = 0 as well as up to N additional solutions with F(0) 6= 0. For F(0) = 0 we find a
scalar potential which agrees with the scalar potential of the two-derivative theory up to
operators of mass dimension three. More precisely, it reproduces the quadratic term of
the two-derivative theory, but induces Tnm-dependent corrections starting at cubic order
in A and Ā and, thus, can be regarded as contributing towards the on-shell Lagrangian at
sub-leading order. The remaining N solutions with F(0) 6= 0, however, contribute constant
and linear terms to the scalar potential, which in the infrared-regime are dominant over
the quadratic terms of the two-derivative theory. In this sense they cannot be regarded
as correcting the Lagrangian of the ordinary, two-derivative theory at sub-leading order
and contradict the fact that the leading order IR-dynamics are captured by K and W
and, therefore, violate the decoupling principle. To emphasize this further let us consider
a superpotential W (A) = An for some n > 3. Then the scalar potential of the two-
derivative theory consists purely of irrelevant mass dimension (2n − 2) operators, but
the solutions with F(0) 6= 0 still induce all possible relevant operators. In particular the
IR-dynamics are then governed entirely by the higher-derivative contribution and not by
the two-derivative part.

In summary, the above analysis shows that there always exists a unique theory given by F(0) = 0
which is in agreement with the principles of EFT (unless the theory has spurious tadpole-
like terms). The remaining theories are unphysical and should be regarded as artifacts of a
truncation of an infinite sum of higher-derivatives. Hence, the physical on-shell theory can be
determined by solving the equations of motion for F order by order in the cut-off scale.

2.5 Propagating Auxiliary Fields

Finally, let us return to the possibility that the auxiliary fields obtain a kinetic term. More
precisely, when inspecting the Lagrangians in eq. (2.19) and eq. (2.20) we observe that de-
pending on the signature of K,F iF̄ ̄ the auxiliary fields may constitute propagating degrees of
freedom. The auxiliary fields are related via supersymmetry to higher-derivative fields given by
σa∂aχ

i and �Ai. The latter are usually ghostlike degrees of freedom. However, in effective field
theories they are spurious unphysical degrees of freedom and should be regarded as artifacts
of a truncation of an infinite series of higher-derivative operators in the spirit of the previous
section [18]. Thus, we are already inclined to interpret the propagating auxiliaries in the same
way. Additionally, we now argue that independent of the signature of the kinetic terms the
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propagating auxiliary fields are generically unphysical in an EFT. This argument was already
brought forward in [11] for a particular operator of kinetic type, but applies equally in our
discussion. For simplicity we consider theories with nc = 1, a generalization to arbitrary nc

follows immediately. Keeping track of the mass dimensions, a generic expansion of K reads

K(Φ,Φ†,Ψ,Ψ†) = K(Φ,Φ†) +
(

T10(Φ,Φ†)Ψ +
1

Λ2
T20(Φ,Φ†)Ψ2 + h.c.

)

+
1

Λ2
T11(Φ,Φ†)|Ψ|2+ . . . ,

(2.37)

where the dots indicate higher-order terms in Ψ,Ψ† and the superfields T10, T11 and T20 are
dimensionless. The last term on the r.h.s. yields the first contribution to the kinetic term for
F . In the component version given in eq. (2.20) it reads

Leff ⊃ −
1

Λ2
T11(Φ,Φ†)∂aF∂

aF̄ + . . . . (2.38)

Independently of the details of T11 the canonically normalized scalar field, let us denote it by F̃ ,
therefore picks up a factor of 1/Λ. At leading order in the expansion of K in Ψ and Ψ† this reads
ΛF̃ ∼ F . Thus, when recasting the scalar potential as given in eq. (2.30) in terms of F̃ we pick
up an additional factor of Λ2 in the terms that are at least quadratic in F and F̄ respectively.
Generically, we therefore expect F̃ to have a mass of order Λ. This is in contradiction with the
assumption that we are dealing with a low-energy effective field theory describing physics below
the cut-off Λ and indicates that F̃ is not a physical degree of freedom and should be integrated
out. Hence, we must continue to treat the auxiliary fields as algebraic degrees of freedom. In
this case the kinetic terms in eq. (2.38) yield kinetic and higher-derivative terms for A, Ā after
eliminating F, F̄ via their respective equations of motion.

We now end the discussion of the effective scalar potential in global supersymmetry and
turn to the case of local supersymmetry.

3 Higher-Derivatives for Chiral Matter in N = 1 Curved

Superspace

3.1 Superfields in Curved Superspace

So far we have considered theories with global N = 1 supersymmetry which are formulated in
flat superspace. We now turn to N = 1 supergravity which is the correct framework to study
effective actions obtained from string compactifications. Before we can discuss higher-derivative
theories of supergravity we first have to establish the basics conventions and notation, which
will be the subject of this section. In the next section we then review the construction of the
two-derivative action for supergravity coupled to chiral multiplets. Afterwards, we turn to the
investigation of higher-derivative operators.

Over the years several formalisms to construct supergravity actions have been engineered
including superspace-techniques as well as superconformal methods. Even though more general
and elegant versions of curved superspace, such as U(1)-superspace [19] or conformal superspace
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[20], exist, we continue to use the ordinary Wess and Bagger superspace-formalism and, hence,
adopt the conventions and notations of [10]. This has the advantage that we can directly
compare our results to the existing literature on higher-derivative supergravity, in particular
to [11], but also to the results of the rigid theory in the preceding sections. The superspace-
formulation of supergravity is highly reminiscent of the construction of ordinary gravity and
involves studying the differential geometry of curved superspace. In this section we begin by
reviewing the formalism and basic notions of the differential geometry of curved superspace
along the lines of [10].

We choose curved superspace to be locally parametrized by the variables

zM = (xm, θµ, θ̄µ̇) , m = 0, . . . , 3 , µ, µ̇ = 1, 2 . (3.1)

In the following m,n, . . . denote curved spacetime indices and µ, ν, . . . (µ̇, ν̇, . . . ) curved Grass-
mannian indices. The convention of summing over superspace indices reads

dzMωM = dxmωm + dθµωµ + dθ̄µ̇ω
µ̇ . (3.2)

The geometry of curved superspace is described by a super-vielbein EA
M together with a con-

nection ΩMA
B. The vielbein converts curved superspace indices to local flat superspace indices.

Moreover, the connection allows us to introduce a super-covariant derivative, which for instance
acts on a vector field V A as

DMV
A = ∂MV

A + (−1)mbV BΩMB
A , (3.3)

where m, b take values 0(1) if M,B are vector (spinor) indices. This covariant derivative is the
curved superspace analogue of the flat superspace derivative in eqs. (2.3), (2.4). Naturally, we
can define a torsion

TMN
A = DNE

A
M − (−1)nmDME

A
N , (3.4)

and, similarly, the super-curvature tensor

RNMA
B = ∂NΩMA

B − (−1)nm∂MΩNA
B + (−1)n(m+a+c)ΩMA

CΩNC
B

− (−1)m(a+c)ΩNA
CΩMC

B .
(3.5)

The torsion and curvature are the relevant objects required to express any geometric quantity of
curved superspace. In particular they determine the curved superspace analogue of the (anti-)
commutation relations in eq. (2.6). More precisely, we have

(DCDB − (−1)bcDBDC)V
A = (−1)d(c+b)V DRCBD

A − TCB
DDDV

A . (3.6)

The algebra of super-covariant derivatives plays an important role later in the discussion of
higher-derivatives and we will make extensive use of it.

In analogy to ordinary gravity, the vielbein and the connection and, hence, the torsion and
curvature describe the gravitational degrees of freedom. These objects contain a large number
of component superfields, which can be reduced to a minimal set of superfields by imposing
constraints on the torsion. These constraints have to be chosen, such that they reproduce the
flat SUSY algebra in the rigid limit and such that they allow to consistently define covariantly
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chiral superfields. Here we follow the conventions of old minimal supergravity, see [10] for the
constraints on the torsion. The next step involves solving the respective Bianchi identities
for the curvature and torsion. Certain components of the torsion and curvature remain non-
vanishing, some of which are displayed in appendix C, and they can be expressed entirely in
terms of the vielbein as well as the following superfields

R , R̄ , Ga , Wαβγ , W̄α̇β̇γ̇ . (3.7)

The superfields R and Wαβγ are covariantly chiral, that is they satisfy

D̄α̇R = D̄α̇Wαβγ = 0 , (3.8)

while R̄, W̄α̇β̇γ̇ denote their conjugate superfields, which are covariantly anti-chiral. Moreover,

Ga is a real superfield Ḡa = Ga. Note also that Wαβγ and W̄α̇β̇γ̇ are completely symmetric
tensors.

As explained in [10] one may utilize the gauge symmetry to partially gauge-fix the superfields
in eq. (3.7) as well as the super-vielbein. For instance, we may fix the higher components of
EA

M , but leave the θ = θ̄ = 0 component unfixed. This procedure yields

EA
M |θ=θ̄=0 =





eam
1
2
ψα
m

1
2
ψ̄mα̇

0 δαµ 0

0 0 δµ̇α̇



 , (3.9)

where eam denotes the graviton and ψα
m the gravitino. Similarly, gauge-fixing the superfields R

and Ga leaves only their θ = θ̄ = 0 components as degrees of freedom, which are denoted as

R| = −1
6
M , Ga| = −1

3
ba , (3.10)

where from now on we use the convention R| ≡ R|θ=θ̄=0 for any superfield.8 In eq. (3.10) we
find a complex auxiliary scalarM as well as a real auxiliary vector ba. These auxiliary fields are
necessary in order to match the off-shell counting of bosonic and fermionic degrees of freedom.
Altogether the gravitational multiplet encompasses the component fields (eam, ψ

α
m,M, ba).

In the following we are interested in the coupling of covariantly chiral multiplets to super-
gravity. In analogy to flat superspace, covariantly chiral multiplets are defined by the condition
D̄α̇Φ

i = 0 and have the following components

Ai = Φi| , χi
α = 1√

2
DαΦ

i| , F i = −1
4
D2Φi| , (3.11)

where D2 = DαDα. Similarly, we use the notation D̄2 = D̄α̇D̄α̇. It is convenient to introduce a
new Grassmann variable Θα, such that

Φi = Ai +
√
2Θαχi

α +ΘαΘαF
i . (3.12)

Correspondingly we can introduce a differentiation and integration with respect to Θα. In
particular we have that

∫

d2Θ f ≡ −1
4
D2f | (3.13)

8Correspondingly, the lowest component of Wαβγ is given as a symmetrised combination of the gravitino
[10].
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for any superfield f . Via the Bianchi identities one can determine the Θ-expansion of the
superfield R. Displaying only the bosonic terms it reads

R = −1
6

[

M +Θ2
(

−1
2
R+ 2

3
|M |2 + 1

3
bab

a − iema Dmb
a
)]

, (3.14)

where R denotes the scalar (spacetime) curvature. The formalism of this section provides the
tools to compute the component form for actions of matter-coupled supergravity. In particular
it will be necessary to determine components of superfields with several covariant derivatives.
The general rule here is to iteratively apply the (anti-) commutation relations in eq. (3.6) until
the number of covariant derivatives has reduced enough such that the respective component
can be related to already known objects such as the components in eqs. (3.11), (3.14). In
appendix C we apply this algorithm to several superfields, whose components are important in
the following sections.

3.2 Ordinary Matter-coupled Supergravity

An action for supergravity coupled to chiral matter can be constructed following the methods
of flat superspace. We begin by reviewing the two-derivative Lagrangian in order to familiarize
ourselves with the derivation of the respective component action. Furthermore, we revert back
to some key formulas later on during the discussion of higher-derivative operators.

Given some scalar superfield U , we can construct a super-diffeomorphism invariant action
via the integral

SU =
1

κ2

∫

d8zEU , (3.15)

where E denotes the super-determinant of the super-vielbein, d8z the measure on curved super-
space and κ =M−1

p the inverse Planck mass, which in the following we set to one.9 To ensure
that SU is real, we have to consider a real scalar superfield U . Matter-coupled supergravity is
constructed from the following superfield

U(0) = −3e−K(Φ,Φ̄)/3 +
W (Φ)

2R
+
W̄ (Φ̄)

2R̄
, (3.16)

where K is the Kähler potential and W the superpotential. For the purpose of computing the
component form of the action it is convenient to rewrite the action by expressing it via a chiral
integral. In flat superspace we can replace the d2θ̄ measure by the object D̄2, which projects an
arbitrary superfield onto a chiral superfield. Due to the more complicated algebra of derivatives
in eq. (3.6) the object D̄2 does not project onto chiral superfields. Instead the proper curved
space generalization is given by (D̄2 − 8R), which indeed has the property

D̄α̇(D̄2 − 8R)S = 0 (3.17)

for any scalar superfield S.10 Owing to this property the object (D̄2 − 8R) is denoted as chiral
projector. Hence, to construct an action for supergravity we have to replace the d2θ̄ integration
by the chiral projector. Altogether, the action can be rewritten as

S(0) =

∫

d4x

∫

d2Θ E
[

3
8
(D̄2 − 8R)e−

1
3
K(Φ,Φ̄) +W (Φ)

]

+ h.c. , (3.18)

9If one is interested in the precise mass-scales appearing, it is straightforward to reintroduce κ at any point.
10Eq. (3.17) still holds for tensor superfields of the type Sα1...αn

.
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where the object E , denoted as chiral density, is a chiral superfield and enjoys the expansion

E = e(1−Θ2M̄) , (3.19)

where e denotes the determinant of the vielbein eam and we displayed only the bosonic compo-
nents.

We now review the derivation of the component version of eq. (3.18). In the following,
we ignore the fermionic terms to shorten notation. Using eq. (3.13), eq. (3.19) as well as the
components in eq. (3.11) and eq. (3.14) one finds

L(0)/e = − 3
32
D2D̄2e−K/3| − 3

32
D̄2D2e−K/3| − 1

2
M̄D̄2e−K/3| − 1

2
MD2e−K/3|

+W,iF
i + W̄,̄F̄

̄ −WM̄ − W̄M + e−K/3|
(

−1
2
R− 1

3
|M |2 + 1

3
bab

a
)

.
(3.20)

To proceed, we have to compute the respective θ = θ̄ = 0-components of the superfields which
appear in the above Lagrangian. Furthermore, we observe that L(0) is not expressed in the
Einstein frame. To obtain an Einstein frame action we perform a Weyl-rescaling of the metric
as follows

gmn −→ g̃mn = gmn e
−K/3| . (3.21)

After replacing the superfields with their component versions the resulting Weyl-transformed
Lagrangian reads

L(0)/e =− 1
2
R− 3

4
e2K/3∂m(e

−K/3)∂m(e−K/3) + 1
3
bab

a + total derivative

+ e2K/3(−M̄W −MW̄ +WiF
i + W̄̄F̄

̄) +Kī e
K/3F iF̄ ̄

− 1
3
eK/3(M +K̄F̄

̄)(M̄ +KiF
i)− (Kī − 1

3
KiK̄)∂mA

i∂mĀ̄

− i
3
baema (Ki∂mA

i −K̄∂mĀ
̄) .

(3.22)

Next we successively integrate out the auxiliary fields. The equations of motion for the auxiliary
vector yield

ba(0) =
i
2
ηabemb (Ki∂mA

i −K̄∂mĀ
̄) . (3.23)

Inserting this into the component Lagrangian we find

L(0)/e =− 1
2
R−Kī ∂mA

i∂mĀ̄ − 1
3
eK/3(M +K̄F̄

̄)(M̄ +KiF
i)

+Kī e
K/3F iF̄ ̄ + e2K/3(−M̄W −MW̄ +WiF

i + W̄̄F̄
̄) .

(3.24)

The equations of motion for M are solved by

M̄(0) = −(KiF
i + 3W̄eK/3) , (3.25)

which, when inserted back into L(0), yields

L(0)/e =− 1
2
R−Kī ∂mA

i∂mĀ̄ +Kī e
K/3F iF̄ ̄ + 3|W |2eK

+ e2K/3(DiWF i +D̄W̄ F̄ ̄) .
(3.26)
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Lastly the equations of motion for the chiral auxiliaries read

F̄ ̄
(0) = −eK/3KīDiW , (3.27)

which results in the familiar scalar potential

V(0) = eK(KīDiWD̄W̄ − 3|W |2) , (3.28)

where DiW =Wi +KiW denotes the Kähler-covariant derivative.

3.3 Higher-Derivative Supergravity: Preliminaries

We now proceed to discuss higher-derivative operators in superspace. To shorten notation we
consider only a single chiral field Φ from now. The multi-field generalization is straightforward
and can always be performed in the final component Lagrangian. A generic supergravity
Lagrangian including higher-derivative operators can be constructed from a superspace-integral
of the form in eq. (3.15). More precisely, we have

Lhd =

∫

d4θE
[

−3U(Φ, Φ̄,DAΦ,DAΦ̄,DADBΦ, . . . , R, R̄, Ga,Wαβγ, W̄α̇β̇γ̇ ,DAR, . . . )

+
1

2R
W (Φ, R, . . . ) +

1

2R†W̄ (Φ̄, R̄, . . . )
]

,

(3.29)

where the superpotential W is allowed to depend on those higher-derivative superfields which
are chiral and the dots indicate further super-covariant derivatives acting on the relevant su-
perfields. Firstly, let us emphasize the importance of the dependence of U and W on the
gravitational superfields R, R̄, Ga,Wαβγ , W̄α̇β̇γ̇ and derivatives thereof. Even if we only care
about higher-derivatives for the chiral multiplets, these superfields must be included in the
Lagrangian as they are related to higher-derivative operators for the multiplets Φ, Φ̄ via the al-
gebra of super-covariant derivatives. A simple illustrative example is given by the operator D4Φ,
which by means of eq. (3.17) and, hence, implicitly eq. (2.6), we can rewrite as D4Φ = 8R̄D2Φ.

As before in the global case, we are interested in higher-derivative operators that contribute
to the effective scalar potential for chiral multiplets. The result of flat superspace, that the
general scalar potential can be derived from the superspace-Lagrangian in eq. (2.19), does not
hold in curved superspace. The reason is the existence of the additional complex auxiliary field
M , which can give rise to new corrections to the scalar potential.11 The complex auxiliary field
M is also (and together with the Weyl-rescaling) responsible for the difference between V(0) in
eq. (3.28) and its rigid limit. An attempt to classify these new corrections to the scalar potential
would eventually have to overcome the complications that are induced by the algebra of super-
covariant derivatives. More precisely, for all operators which we discuss in the next sections,
the algebra of super-covariant derivatives induces relations between these higher-derivative
operators and corrections to the scalar potential.12 As a particular example, consider the (flat

11Due to the index structure of ba, the auxiliary vector purely couples to kinetic terms and, hence, does not
affect the scalar potential.

12There exist operators which do not contribute to V and are obtained by taking linear combinations of the
operators which we discuss later on.
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superspace) operator DaΦD
aΦ̄. From eq. (2.16) we know that this operator does not correct

the scalar potential. However, the appropriate curved superspace generalization DaΦDaΦ̄ does
contribute to the scalar potential as shown in [11].

In conclusion, we will not attempt to derive the most general form of the scalar potential in
curved superspace. Nevertheless, let us conjecture a possible Lagrangian that should yield the
most general scalar potential. Naively, all we have to do is to allow for a generic dependence
on F , F̄ but also on M and M̄ . Therefore, we consider the Lagrangian in eq. (3.29) with

U = e−
1
3
K(Φ,Φ̄,Ψ,Ψ̄,R,R̄) , Ψ = (D̄2 − 8R)Φ̄ , Ψ̄ = (D2 − 8R̄)Φ . (3.30)

Note that we could also choose K to be a function of D2Φ, D̄2Φ̄ instead of Ψ, Ψ̄. This way
the dependence of F and F̄ is more clean, but the price to pay is that D2Φ, D̄2Φ̄ are not
covariantly (anti-) chiral which in turn complicates the computation of the component action.
We leave the verification/falsification of the above Lagrangian to future research. Instead we
now turn our attention to particular higher-derivative operators. More precisely, the goal of
the following sections is to classify the leading order and next-to-leading order higher-derivative
operators and determine their component forms. We are also motivated to identify operators
which contribute four-derivative terms for the chiral scalar off-shell. These are of particular
interest for the analysis in [9] for which we need to know the most general combination of
higher-derivate operators of this type.

Let us first demonstrate that we do not have to include higher-derivatives in the superpo-
tential. To see this we rewrite eq. (3.29) as a chiral integral in the spirit of eq. (3.18), which
yields

Lhd =

∫

d2Θ E
[

3
8
(D̄2 − 8R)U +W

]

+ h.c. . (3.31)

Higher-derivative superfields appearing in the superpotential must necessarily be covariantly
chiral. However, an arbitrary chiral superfield C can always be written as C = (D̄2 − 8R)S for
an appropriate scalar superfield S and, hence, be absorbed into a term inside U . Thus, unless
explicitly stated otherwise we discuss higher-derivative operators as contributing to U .13

From now on we consider a generic effective supergravity with a cut-off scale Λ ≤ Mp.
In effective supergravities descending from string compactifications this cut-off scale might for
instance be given by the string-scale or the Kaluza-Klein scale. This situation is special, since
here we have two different scales in our theory, both Λ as well as Mp. However, there might
also be situations in which Λ is equal to the Planck-scale. In the following we assume the
situation where the higher-derivative operators are Λ-suppressed. Therefore, we expand the
superfield U in eq. (3.29) in inverse powers of Λ and truncate this series at an appropriate
order. In string-derived effective supergravities the Kähler potential is often given by a non-
local function. This, in turn, suggests that the couplings of the component form of the Einstein
frame higher-derivative operators may also be given by non-local functions. Therefore, in the
following we distinguish higher-derivative operators only by their dependence on

(DA, R, R̄, Ga, Wαβγ , W̄α̇β̇γ̇) , (3.32)

13However, it is sometimes convenient to analyse certain operators via corrections to W , we will later on turn
to explicit examples of this.
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but we explicitly do not distinguish operators that differ by a dependence on Φ and Φ̄ alone.
To make this statement more clear, let us define a higher-derivative operator of order N as
an operator where the collective mass-dimension of the objects in eq. (3.32) appearing in this
operators is given by ΛN . The mass-dimensions of the individual objects read

[Dα] = [D̄α̇] = Λ , [Da] = [R] = [R̄] = [Ga] = Λ2 , [Wαβγ ] = [W̄α̇β̇γ̇] = Λ3 . (3.33)

For the convenience of the reader we now give an outline of the results of the remaining sec-
tions. In the following we simplify our discussion by explicitly distinguishing between those
operators which induce higher-curvature terms and, hence, higher-derivatives for the gravita-
tional sector and those that do not. Let us from now on refer to the former class of operators
as higher-curvature operators. The higher-curvature operators will be the subject of the next
section. Afterwards, we turn to the analysis of higher-derivative operators which are not higher-
curvature operators. We classify the N = 2 and N = 4 operators of this type and determine
their component actions in sec. 3.7 and sec. 3.8. For the sake of clarity we provide a brief out-
line in tab. 1 which includes references to the respective sections, the number of independent
operators which result from our analysis as well as key formulas.

Class # Operators Section Form

N = 2 2 sec. 3.7 eq. (3.47)

N = 4, HC 3∗ sec. 3.4 eq. (3.35)

N = 4, EH 9 sec. 3.8 tab. 2

Table 1: Overview of different classes of operators. Here HC stands for higher curvature operators,
EH for operators which induce purely Einstein-Hilbert ordinary gravity. Visible are also the sections
in which these classes are discussed and the equations respectively the table in which the form of these
operators is displayed. The number of independent higher curvature operators depends on whether
matter-coupling is taken into account or not. If not then the super Gauss-Bonnet theorem shown in
eq. (3.36) reduces the number of operators further.

3.4 Higher-Curvature Superspace Operators

We begin our analysis by discussing first those higher-derivative operators that include higher-
curvature terms in their component forms. Note that these have been studied in the past
[21–25] and we briefly summarize the essential information on them here. In the later sections,
the only exception being appendix E, we do not include them in the analysis anymore.

In ordinary gravity the leading order four-derivative corrections to the Einstein-Hilbert term
are of the form [26, 27]

SR2 =

∫

d4x e
(

λ1R2 + λ2RmnRmn + λ3RmnpqRmnpq + λ4�R
)

, (3.34)

where Rmn and Rmnpq denote the (spacetime-) Ricci and Riemann tensors. The last term is
a total derivative and, hence, can be ignored here. Using the Gauss-Bonnet theorem, which
relates a particular linear combination of the above operators to a topological invariant, one
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can in fact simplify the four-derivative action to include merely the R2 and RmnRmn operators.
A generalization of SR2 to supergravity is given by the action [24]

S ′
R2 =

∫

d8zE
(

c1RR̄ + c2G
aGa +

c3
R
WαβγW

αβγ + h.c.
)

. (3.35)

The component version of the first operator includes R2-terms, while that of the second includes
R2- and RmnRmn-terms and that of the third is given by the square of the Weyl-tensor.14 In
particular, one can demonstrate the superspace-version of the Gauss-Bonnet theorem [22–24]

∫

d8zE

(

16RR̄+ 8GaGa +
2

R
WαβγW

αβγ + h.c.

)

= 32π2χ , (3.36)

where χ denotes the Euler number.

Furthermore, one may also consider operators with derivatives of the gravitational super-
fields, such as D2R and DaG

a.15 However, these operators do not include higher-curvature
terms in their respective component expressions. We return to the discussion of this type of
operators in the context of higher-derivative operators for the covariantly chiral matter, in
particular in appendix D.

3.5 Non-Minimal Coupling and Integrating Out Fields

Next we investigate an important conceptual question which naturally arises in the context
of effective field theories with non-minimal couplings to gravity and higher-curvature terms.
More precisely, we discuss the difference between those higher-curvature terms which arise off-
shell and those that arise by integrating out heavy propagating fields or auxiliary fields. So
far the higher-curvature superspace operators, in particular those in eq. (3.35), induce higher-
curvature terms purely off-shell. These have to be contrasted to those operators which induce
higher-curvature terms after integrating out auxiliary fields. To illustrate what this means,
consider as a first example a (not necessarily supersymmetric) theory of a collection of scalar
fields φ1, . . . , φn coupled to gravity subject to the Lagrangian

L/e = −1
2
R+ L̃(φ1, . . . , φn) . (3.37)

Now, suppose one of the scalars, say φ1, has a mass M much larger than the masses of the
remaining scalars, that is M ≫ m2, . . . , mn, and we want to integrate it out to obtain an
effective theory for physics at scales much smaller than M . We can integrate φ1 out in any
frame of our choice, such as the Einstein frame or any other frame, in which φ1 couples non-
minimally to R. However, while integrating out in the Einstein-frame results in a Lagrangian
of the form

LEFT/e = −1
2
R+ Leffective(φ2, . . . , φn) , (3.38)

in another frame with non-minimal coupling between φ1 and R we find

L′
EFT/e = f(R) + L′

effective(R, φ2, . . . , φn) , (3.39)

14A matter-coupled version of eq. (3.35) was investigated in [25].
15In fact these two operators are related via the identity D2R − D̄2R̄ = 4iDaG

a.
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for some particular function f(R). It is well-known that such a theory of gravity can be recast
into the form of an Einstein-Hilbert term minimally coupled to a real scalar by performing a
Weyl-transformation. One might wonder, how this additional degree of freedom emerged, since
all we did was to choose a different frame prior to integrating out φ1. In fact, this additional
degree of freedom is nothing but φ1, which is reintroduced into the spectrum and by performing
the Weyl-transformation we retain the original theory in eq. (3.37). This example shows that
degrees of freedom should always be integrated out in the Einstein-frame, as otherwise one
might obtain f(R) theories, which are merely dual descriptions of the to-be-integrated-out
degrees of freedom.

Let us now analyse a second example, where the previous issue arises in the context of
integrating out auxiliary fields, and which is relevant in the discussion of higher-derivative
supergravity. Consider the following action

Sg =

∫

d8zE(g(R) + ḡ(R̄)) . (3.40)

At the superspace level one can demonstrate that this action is equivalent to an ordinary
Einstein-Hilbert superspace action coupled to a covariantly chiral superfield Σ [28, 29], thus,
displaying a superspace generalization of the duality between f(R) theories of gravity and
Einstein-Hilbert gravity coupled to a real scalar field. This equivalence can also be understood
at the component level. The off-shell component form of Sg does not contain any higher-
curvature terms, but includes a coupling of the auxiliary field M to the scalar curvature.

On the one hand, we may rewrite the action in the Einstein-frame by performing a Weyl-
transformation. Thereby the auxiliary field M , since it enters in the Weyl-factor, picks up a
kinetic term and, hence, constitutes the complex scalar of the new chiral superfield Σ. On the
other hand, we could choose to integrate outM before performing a Weyl-transformation. This
way we obtain a particular f(R)-theory. Both procedures agree with each other after using
the duality between f(R) theories and ordinary general relativity coupled to a real scalar.
In this sense we have a situation similar to the previous example in eq. (3.37), i.e. higher-
curvature terms emerge when auxiliary fields are integrated out in a frame in which they are
non-minimally coupled to R. Again we interpret these f(R)-theories as dual descriptions,
which encode the dynamics of the auxiliary fields. At this point we could stop our analysis
if these propagating auxiliary fields would be part of the physical spectrum. However, quite
similar to the discussion in sec. 2.5, these propagating auxiliaries are, despite having the correct
sign of the kinetic terms, unphysical in the context of effective field theory as they generically
have a mass at the cutoff-scale of the EFT.16 We demonstrate this explicitly in appendix B.

Altogether, we conclude that we should avoid the description of (unphysical) propagating
auxiliary degrees of freedom via on-shell higher-curvature terms. This can most conveniently be
done by choosing to perform a Weyl-transformation to the Einstein frame before any auxiliary
field is integrated out.

16Note also that the fermionic component of Σ is given by a higher-derivative of the gravitino [29], which
constitutes an additional degrees of freedom via the standard Ostrogradski procedure. This should alert us,
that care has to be taken with the proper interpretation of our theory. As we have mentioned, in the EFT-
context degrees of freedom that are associated with (usually ghost-like) higher-derivatives are unphysical since
they emerge from truncating a more fundamental non-local theory that contains an infinite series of higher-
derivatives.
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3.6 Component Form of Operators and On-Shell Results

After discussion of the former conceptual points we now turn to the analysis of those higher-
derivative operators which do not induce higher-curvature terms. To begin with it is necessary
to introduce some computational tools and formulae, which comprise the topic of this section.
In particular, we present an algorithm that allows to determine the final on-shell component
version of a given operator. In the upcoming sections we then apply these formulae to determine
the component forms of the N = 2 and N = 4 higher-derivative operators.

In the following we consider a particular higher-derivative operator O coupled to the general
two-derivative theory given in eq. (3.18). To this end we regard the following Lagrangian

LO = L(0) + L̂O , where L̂O =
3

4

∫

d2Θ E(D̄2 − 8R)O + h.c. . (3.41)

To reduce the computational effort for determining the component Lagrangian of a specific
operator, it is convenient to note that [30]

∫

d2Θ E(D̄2 − 8R)O + h.c. =

∫

d2Θ E(D̄2 − 8R)O† + h.c. + total derivative . (3.42)

In turn, this implies that it is not necessary to consider O as a real operator in eq. (3.41), but
that instead it is sufficient to consider a complex operator O. Therefore, in the following we
always simply use complex operators O without adding O†. With this in mind, we rewrite the
higher-derivative contribution in eq. (3.41) as

L̂O/e = − 3
16
D2D̄2O| − 3

4
M̄D̄2O| − 1

4
MD2O|

+O|
(

−1
2
R− 1

3
|M |2 + 1

3
bab

a − iDmb
m
)

+ h.c. .
(3.43)

Next let us provide an algorithm to determine the respective component Lagrangian, which
respects the principles of EFT.

1. We begin by computing the respective components version of the objects appearing within
eq. (3.43).

2. Perform the Weyl-rescaling of the spacetime-metric. Depending on the operator O, the
Weyl-rescaling can be affected by the terms in eq. (3.43) and, thus, differ from the two-
derivative version in eq. (3.21).

3. Then we integrate out the auxiliary fields following the methods explained in sec. 2.4, 2.5.
More precisely one has to expand the solution in inverse powers of Λ and solve the
equations of motion order by order in Λ−1. If some auxiliary field receives a kinetic term,
we continue to treat it as an algebraic degree of freedom, inspired by the results in sec. 2.5
and sec. 3.5, and again determine the solution to the equations of motion by applying
perturbation theory in Λ−1.

4. It is convenient to truncate the solutions for the auxiliary fields at the highest order in
Λ−1, which appears within eq. (3.43). After insertion of the truncated solution back into
the Lagrangian, terms which exceeds the maximal mass dimension should be neglected.
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Let us make some remarks regarding this algorithm. Firstly, we should emphasize once more the
importance of performing the Weyl-rescaling before integrating out the auxiliary fields. This
point was already stressed and exemplified in the previous section. Furthermore, in principle
we would have to apply this algorithm also to the two-derivative part of the Lagrangian. In
particular, this would include an appropriate truncation of the expressions for K and W .
However, in the context of effective supergravities describing the low-energy 4D dynamics of
string compactifications, it is useful to keep K and W arbitrary and, furthermore, to allow
higher-derivative operators to be multiplied by arbitrary functions of the chiral fields.

In the next sections we discuss the N = 2 and N = 4 operators. The operators we consider
are multiplied by an arbitrary coupling function T which carries a dependence on Φ, Φ̄ and
on the cut-off scale Λ. More precisely, the coupling carries mass dimension T ∼ Λ−N with
N = 2, 4. According to the above algorithm it suffices to consider the component Lagrangian
for a particular operator only up to order T (i.e. Λ−N), since terms of order O(T 2) would receive
corrections from operators of higher order. Therefore, in the following we restrict ourselves to
determine the on-shell form of these operators only at linear order in T . In this case the
computation of the on-shell component Lagrangian simplifies considerably, the reason being a
special property of the theory in eq. (3.41) which we explain now. Generically the presence
of L̂O in eq. (3.41) affects the solutions of the equations of motion of the auxiliary fields. We
expand the auxiliary fields in powers of T such that

ba = ba(0) + ba(1) +O(Λ−2N)

M =M(0) +M(1) +O(Λ−2N)

F = F(0) + F(1) +O(Λ−2N ) ,

(3.44)

where ba(0),M(0) and F(0) are given in eqs. (3.23), (3.25), (3.27) and ba(1),M(1), F(1) are linear in

T and depend on the details of L̂O. The aforementioned special property of the theory can now
by stated as follows:

The corrections to the auxiliary field induced by O cancel out at order O(T ) when
inserted in the full Lagrangian LO. Thus, for the computation of the linearized on-shell
action it suffices to insert ba(0),M(0) and F(0) in eq. (3.41).

Expressed differently, at the level of the linearized on-shell we do not obtain corrections
involving ba(1),M(1) or F(1). Therefore, the terms of order O(T ) in the on-shell Lagrangian arise

only from L̂O or via the Weyl-rescaling in L(0). This statement can be understood from the
structure of the ordinary two-derivative Lagrangian. Let us now explicitly demonstrate this
for the terms involving the auxiliary vector, the argument follows immediately also for the
remaining auxiliary fields. Generically the presence of L̂O corrects the Weyl-factor Ω as follows

Ω = e−K/3 + Λ−N δΩ(M, M̄, ba, F, F̄ ,Φ, Φ̄) , (3.45)

where δΩ depends on the details of the higher-derivative operator O. Now the terms in
L(0) displayed in eq. (3.22) that involve the auxiliary vector can, after performing the Weyl-
transformation with respect to Ω given in eq. (3.45), be rewritten as

L(0) ⊃
1

3Ω
e−K/3(bab

a − 2bab
a
(0)) +O(δΩ) , (3.46)
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where the O(δΩ) terms indicate the contributions to the Lagrangian that carry a dependence
on the Weyl-factor. These terms appear only when δΩ explicitly depends on ba. Inserting the
expansion in eq. (3.44) into eq. (3.46) we find that the terms involving ba(1) precisely cancel and,
hence, the only corrections linear in T are obtained via Ω.

Again let us emphasize that this argument can be made for M and F in precisely the
same way. Ultimately, the reason for this cancellation is the quadratic form of L(0). The
above observation greatly simplifies the computation of the on-shell action, since we do not
have to determine the solution to the equations of motion for the auxiliary fields, but merely
insert ba(0),M(0) and F(0) in L̂O and in the corrections induced by δΩ in L(0). In fact, since
it is straightforward to obtain the on-shell theories, in the following we display most of the
component forms off-shell.

3.7 Operators of Two Super-Covariant-Derivative Order

Following the general discussion of the previous section, we now turn to a systematic study of
higher-derivative operators. In the previous sections we introduced the concept of a higher-
derivative operator of order N . The lowest possible order is N = 2. There exist three distinct
operators we can construct at this order and they read

O(1) = TDαΦDαΦ , O(2) = TD2Φ , O(3) = TR , (3.47)

where the coupling function T = T (Φ/Λ, Φ̄/Λ) is an arbitrary function of the chiral and anti-
chiral superfields and has mass-dimension T ∼ Λ−2. It turns out that, similar to their rigid
counterparts, the operators O(1) and O(2) are equivalent to each other. This equivalence can
be demonstrated via integration by parts identities which we display in appendix D. We now
illustrate the general algorithm of the previous section at the example of O(1). Later on we also
turn to the third operator O(3).

Let us now follow the general prescription of the previous section to compute the component
form of O(1) together with the ordinary two-derivative Lagrangian L(0) given in eq. (3.18). Here
we explicitly include the kinetic terms into the analysis. Following the algorithm presented in
the previous section, as a first step we need to compute the relevant quantities within eq. (3.43).
The θ = θ̄ = 0-component of O(1) is purely fermionic. Furthermore, we need the following
quantities

D2O(1)| = 16TF 2 , D̄2O(1)| = −16T (∂A)2 , (3.48)

where we made use of eq. (C.8). Furthermore, it is necessary to determine the D2D̄2-component
of O(1). Direct computation ignoring fermionic terms yields

D2D̄2O(1)| =
(

TΦ̄D̄2Φ̄(D2Φ)2 + 4TΦ̄D2ΦDαD̄α̇Φ̄D̄α̇DαΦ− 2TD2ΦDαD̄2DαΦ

+ 2TΦD2ΦD̄α̇DαΦD̄α̇DαΦ + 4TD2D̄α̇DαΦD̄α̇DαΦ
)∣

∣

∣
.

(3.49)

Inserting the component expressions in eqs. (C.8), (C.10) and (C.13) in the above formula we
find

1
16
D2D̄2O(1)| = −4TĀ|F |2F − 8

3
TMF 2 + 8T∂mF∂

mA+ 4
3
TM̄∂mA∂

mA

+ 16
3
iTFbae

m
a ∂mA + 8TĀF∂mA∂

mĀ+ 4TAF∂mA∂
mA .

(3.50)
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We are now equipped with the necessary quantities and can proceed to determine the overall
component form of O(1). It is convenient to decompose the result as follows

L̂O(1)
/e = −VO(1)

+ L(2-der)
O(1)

, (3.51)

where the individual parts of the Lagrangian are given by

VO(1)
= −4TMF 2 − 12|F |2TĀF + h.c. ,

L(2-der)
O(1)

= 8T [M̄(∂A)2 − 3∂F∂A− 2ibmF∂
mA]− 24TĀF |∂A|2−12TAF (∂A)2 + h.c. .

(3.52)

Following the general prescription of sec. 3.2 let us now determine the linearized on-shell La-
grangian. To begin with we rewrite the Lagrangian in the Einstein frame. Since L̂O does not
contain couplings to the scalar curvature, the Weyl transformation continues to be given by
eq. (3.21). The next step consists of integrating out the auxiliary fields. As demonstrated in
the previous section, we obtain the linearized on-shell action by simply replacing the auxiliaries
within L̂O(1)

by the solutions of the ordinary two-derivative theory given in eqs. (3.23), (3.25)
and (3.27). Altogether, the final linearized on-shell Lagrangian reads

LO(1)
= e(L(0) − V(1) − Lder) ,

V(1) = 12e5K/3(KAĀ)2(DW )2
[

KAĀD̄W̄ (T̄A − 1
3
T̄KA) + T̄ W̄

]

+ h.c.

Lder = 24e2K/3KAĀ
[

(∂A)2
(

D̄W̄ (1
3
TKA + 1

2
TA) +KAĀ TW̄

)

+ TD̄W̄ �A
]

+ h.c. .

(3.53)

Here we introduced the abbreviation � = DmDm and DW = WA +KAW and D̄W̄ denote the
Kähler-covariant derivatives. In the above L(0) is given by the kinetic terms inside eq. (3.26)
together with the scalar potential in eq. (3.28). Let us make a few remarks regarding the above
result. The linearized Lagrangian contains only two-derivative terms. However, when using the
full solution to the equations of motion for F one finds a non-local theory, which in particular
includes an infinite sum of higher-derivatives. Due to the mixing betweenM and F in eq. (3.51)
the linear correction to the scalar potential looks rather involved. Besides the corrections of
the type |F(0)|2F(0), which survive the rigid limit and can also be inferred from the lowest order
contribution to eq. (2.20), we, furthermore, find terms of the type F 2

(0)W̄ . Roughly speaking,
these can be read as describing a mixing between the gravitational piece and the F-term piece
of the ordinary (two-derivative) scalar potential.

It remains to discuss the operator O(3) in eq. (3.47). It is conceptually straightforward to
perform the computation and, therefore, we display only the final result here. Altogether, we
find the following off-shell component expression

L̂O(3)
/e = −1

2
RΩO(3)

− VO(3)
+ L(2-der)

O(3)
, (3.54)

where we introduced the abbreviations

ΩO(3)
= −1

3
TM + 1

2
TĀF̄ + h.c. ,

VO(3)
= −1

6
|M |2(TĀF̄ − 1

3
TM)− 1

2
TAĀM |F |2 + 1

6
TAM

2F + h.c. ,

L(2-der)
O(3)

= (1
3
bab

a − iDmb
m)(1

2
TĀF̄ − 1

3
TM) + 1

2
MTĀĀ(∂Ā)

2 ,

+ 1
2
MTĀ(�Ā + 2

3
ibm∂mĀ)) + h.c. .

(3.55)
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Note that setting T constant reproduces the result obtained in [29]. In particular, we observe
that the Einstein-Hilbert term is modified by the presence of O(3). This, in turn, implies that
the Weyl-rescaling is affected. The on-shell Lagrangian can now be obtained readily, but note
that now one has to take into account the modified Weyl-factor. The resulting on-shell form is
rather lengthy and, hence, we do not display it here.

3.8 Operators of Four Super-Covariant-Derivative Order

Label Operator Real ∂4-Terms

O(4|2) DαΦDαΦD̄α̇Φ̄D̄α̇Φ̄ X X

O(3|1) D2ΦDαΦDαΦ

O(3|3) D̄α̇DαΦDαΦD̄α̇Φ̄ X

O(2|1) D2ΦD̄2Φ̄ X X

O(2|2) (D2Φ)2

O(2|3) DaΦDaΦ̄ X X

O(R|1) RDαΦDαΦ X

O(R|2) RD2Φ X

O(R|3) R2

Table 2: Particular minimal choice of four-superspace-derivative operators which are mutually dis-
tinct and cannot be related to each other. The individual operators are understood as being multiplied
by a superfield T (Φ, Φ̄) and T̄ (Φ, Φ̄) for their conjugate parts. In the last two rows we indicated whether
the operator is real- or complex-valued and whether it contributes four-derivatives terms for the chiral
scalar in the linearized on-shell Lagrangian.

For N = 4, that is at the four superspace-derivative level, the amount of possible operators
increases significantly. We perform the explicit classification of these operators in appendix D.
Let us briefly summarize the content of the latter appendix now. We begin by writing down
the list of all allowed operators in tab. 3. However, many operators in this list are redundant
and can be recast into combinations of other operators. The main tools to identify equivalences
between operators are, on the one hand, the algebra of covariant derivatives in eq. (2.6) and,
on the other hand, integration by parts identities in curved superspace. These are introduced
and explained in detail in appendix D. We then use these identities to determine a minimal set
of mutually inequivalent operators. More precisely, this set contains 9 operators. This minimal
set of operators can be chosen in several different but equivalent ways, only the total number
of operators is fixed. Here we make a particular choice of these operators which is displayed
in tab. 2. In this list we also indicate whether the operators are real-valued, that is O = Ō,
and whether they induce four-derivative terms for the chiral scalar in the linearized on-shell
Lagrangian.

Operators which induce ∂4-terms off-shell and/or at the linearized on-shell level are of
particular interest to us and, therefore, from now on we constrain our discussion to this subclass
only. In tab. 2 we find six operators of this type. We determine the component form of
all these operators and display the results below. Note that for brevity we omit the details
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of intermediate results, such as for instance the D2D̄2-components of the various operators.
However, in appendix C we collect all component identities which are required to compute these
D2D̄2-components. In our survey below we indicate which component-identities are necessary
for determining D2D̄2O|. For those operators which are real we take the coupling function T
to be real-valued as well. For operators which are not real we assume that T is complex-valued.

Operator O(4|2):

This operator was already studied in several papers [1, 13, 14]. The respective component
version is particularly simple and reads

1
48
L̂O(4|2)

/e = T |F |4 + T (∂A)2(∂Ā)2 − 2T |F |2|∂A|2 . (3.56)

Operator O(3|3):

Computation of this operator requires the component identities in eq. (C.10) and eq. (C.13).
Altogether, we find

L̂O(3|3)
/e = −VO(3|3)

+ L(4-der)
O(3|3)

+ L(2-der)
O(3|3)

,

VO(3|3)
= −16|F |2(TMF + T̄ M̄ F̄ ) ,

L(4-der)
O(3|3)

= −24TĀ(∂A)2(∂Ā)2 − 24T (∂A)2(�Ā + 2
3
ibm∂mĀ) + h.c.

L(2-der)
O(3|3)

= −16TMF |∂A|2−48T F̄ (∂mA∂mF + 2i
3
Fbm∂mA)

− 24TA|F |2(∂A)2 + h.c. .

(3.57)

Operator O(2|1):

This operator additionally requires new components displayed in eq. (C.11). The final result
reads

L̂O(2|1)
/e = −1

2
RΩO(2|1)

− VO(2|1)
+ L(4-der)

O(2|1)
+ L(2-der)

O(2|1)
,

1
16
ΩO(2|1)

= −2T |F |2 ,
1
16
VO(2|1)

= 6TAĀ|F |4+4|F |2(TAMF + TĀM̄F̄ ) + 8T |M |2|F |2 ,
1
16
L(4-der)

O(2|1)
= −6T (�A− 2

3
ibm∂mA)(�Ā+ 2

3
ibm∂mĀ) ,

1
16
L(2-der)

O(2|1)
= −3TAA|F |2(∂A)2 − 9TĀ|F |2(�Ā + 2i

3
bm∂mĀ)

− 4TĀ(MF (∂Ā)2 + 3
2
F̄ ∂mF∂

mĀ)− 1
3
T |F |2baba

+ 2
3
T |M |2|∂A|2 − 4TMF (�Ā + 2i

3
bm∂mĀ)

− 4TM∂mF∂
mĀ− 2iT F̄ bm∂mF − 3T F̄�F + h.c. .

(3.58)

Note that here we applied partial integration to terms of the form ∂mM̄∂mA.
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Operator O(2|3):

For this operator we find the following component form

L̂O(2|3)
/e = −1

2
RΩO(2|3)

− VO(2|3)
+ L(4-der)

O(2|3)
+ L(2-der)

O(2|3)
,

ΩO(2|3)
= 4T |∂A|2

VO(2|3)
= −4

3
T |F |2|M |2

L(4-der)
O(2|3)

= −3TĀ
[

|∂A|2(�Ā + 2
3
ibm∂mĀ) + 2∂mĀ ∂nADmDnĀ

]

− 3TĀĀ|∂A|2(∂Ā)2 + 3T∂mA∂nĀ
[

Rmn +
2
9
bmbn +

2
3
iDnbm

]

− 3T∂mADm(�Ā+ 2
3
ibn∂nĀ) + h.c.

L(2-der)
O(2|3)

= TĀ
[

MF (∂Ā)2 + M̄F̄ |∂A|2 − 6F̄ ∂mF∂
mĀ− 4i|F |2bm∂mĀ

]

− 3TAĀ|F |2|∂A|2 − T
(

1
3
|∂A|2|M |2 + 4

3
|F |2baba + 3|∂F |2

)

+ T (FM�Ā +M∂mF∂
mĀ− F∂mM∂mĀ)

+ 4
3
T ibm(FM∂mĀ+ 3F̄ ∂mF ) + h.c. .

(3.59)

Note that O(2|3) was already studied in [11] for the special case with T being a constant. Here
we displayed the component form for the generalized operator where T is an arbitrary function
of Φ and Φ̄. The computation of the above result requires knowledge of several additional
superfield component identities. These are displayed in eq. (C.13) and eq. (C.14). While these
identities were already computed in [11] we recalculated them as a cross-check.17

Let us compare the above result with [11]. Overall we find a remarkable agreement, the
only difference with the latter reference being a minus sign in the scalar potential that can be
traced back to a minus-sign difference in eq. (C.13).

Operator O(R|1):

L̂O(R|1)
/e = −1

2
RΩO(R|1)

− VO(R|1)
+ L(4-der)

O(R|1)
+ L(2-der)

O(R|1)
,

ΩO(R|1)
= 2T (∂A)2 + 2T̄ (∂Ā)2

VO(R|1)
= 2

3
TM2F 2 + 2TĀM |F |2F + h.c.

L(4-der)
O(R|1)

= 2T (∂A)2(1
3
bab

a − iDmb
m) + h.c.

L(2-der)
O(R|1)

= 4TĀMF |∂A|2+2TAMF (∂A)2 + 4TM∂mF∂
mA

+ 8i
3
TMFbm∂mA+ h.c.

(3.60)

17In particular, we found a minus-sign difference and a typo in that reference.
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Operator O(R|2):

L̂O(R|2)
/e = −1

2
RΩO(R|2)

− VO(R|2)
+ L(4-der)

O(R|2)
+ L(2-der)

O(R|2)
,

ΩO(R|2)
= −2TĀ|F |2 − 2T (�A− 2i

3
bm∂mA+ 1

3
MF ) + h.c.

VO(R|2)
= 2MF

(

TAĀ|F |2 + 1
3
TAMF + 2

3
TĀM̄F̄ + 2

9
T |M |2

)

+ h.c.

L(4-der)
O(R|2)

= −2T (�A− 2i
3
bm∂mA)(

1
3
bab

a − iDmb
m) + h.c.

L(2-der)
O(R|2)

= −2MF
[

TA(�A− 2i
3
bm∂mA) + TĀ(Ā+ 2i

3
bm∂mĀ)

]

− 2TĀ
[

|F |2(1
3
bab

a − iDmb
m)− 2

3
|M |2|∂A|2 + 2M∂mF∂

mĀ
]

− 2MF
[

TĀĀ(∂Ā)
2 + 1

3
T (1

3
bab

a − iDmb
m)

]

− 2TM�F

+ 4
3
T
[

M∂mM̄∂mA− iMbm∂mF + 2
3
i|M |2bm∂mA

]

+ h.c.

(3.61)

Comments and Remarks

Let us make a few remarks regarding the above list of component forms for the operators as
well as the result of the classification in tab. 2. Firstly, out of the six operators there are two
which do not have a rigid counterpart. More precisely, these are given by O(R|1) and O(R|2)
which indeed identically vanish in the rigid limit Mp → 0. The rigid limit of the remaining four
operators is given by

O(4|2) −→ DαΦD
αΦD̄α̇Φ̄D̄

α̇Φ̄

O(3|3) −→ D̄α̇DαΦD
αΦD̄α̇Φ̄

O(2|1) −→ D2ΦD̄2Φ̄

O(2|3) −→ DaΦD
aΦ̄ .

(3.62)

The component version of each of these operators contains four-derivative terms, for O(4|2) and
O(2|1) this is also clear from eq. (2.27) and eq. (2.20). As a consistency check we can compare this
result with [5]. The latter reference includes a classification of those dimension-eight operators
for global N = 1 supersymmetry that induce four-derivative component terms, the result being
a minimal list of four operators of this class. Since we also find four operators of this type from
our classification above, our results are fully consistent with [5].

Secondly, one may perform a consistency check of the component operators with the expec-
tations from linearized supergravity. In that case the Lagrangian is described via a coupling
to a Ferrara-Zumino multiplet, see e.g. [31–34]. The authors of [11] already showed that the
linearized version (in an expansion in M and ba) of O(2|3) (for T constant) agrees with the
expectations from linearized gravity. From the results in [11] we can also perform this check
for the linearized version of O(2|1) after setting T to be constant. Indeed we find that eq. (3.58)
matches with a certain Ferrara-Zumino multiplet. Note that for the remaining operators we
cannot apply the formulae in [11] and, therefore, it would be necessary to recalculate the general
form of the Ferrara-Zumino multiplet.
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Furthermore, let us make some comments regarding target-space and Kähler-invariance of
the operators we discussed so far. Firstly, analogous to the discussion in sec. 2.3 ensuring
target-space invariance for the operators in eq. (3.47) and tab. 2 is non-trivial. While target-
space invariance for the contributions to the scalar potential can be made manifest more easily,
the kinetic terms are harder to understand. We omit the details of this discussion here for
the following reason. Ultimately, we are interested in situations where we compute higher-
derivative operators directly from UV-physics and, hence, the operators must be target-space
invariant by construction. For instance, we may integrate out heavy fields or compute quantum
corrections. More specifically, we will be interested in KK-compactifications of ten-dimensional
IIB supergravity where 10D higher-derivative corrections source 4D higher-derivative operators.
In that case, the 10D action is not manifestly supersymmetric and the 4D supersymmetric
completion is far from obvious. Here our results are of particular importance, since now a
full matching to parts of the component Lagrangian can be performed and thereby, at least in
principle, a full set of manifestly supersymmetric operators inferred. Naturally, target-space
invariance is always guaranteed in that case. However, the discussion of target-space invariance
is necessary in situations where we take a purely bottom-up EFT approach and attempt to
write down all possible operators consistent with the symmetries.

Secondly, we now briefly discuss Kähler-invariance for the higher-derivative operators. Re-
call that an important feature of the two-derivative theory given in eq. (3.15) and eq. (3.16)
is an invariance under a combination of a super-Weyl and Kähler transformation [19, 22]. We
observe that for instance the component form in eq. (3.53) does not exhibit this ordinary
Kähler-invariance. Generically theories of supergravity with higher-derivative operators allow
for a larger set of transformations which leave the action invariant, one might refer to these as
generalized Kähler transformations. In some form this was already visible in the context of flat
superspace in eq. (2.23). A concrete example in supergravity was discussed in [11], where an ex-
plicit improvement term given by O(G|2) in tab. 3 was added to the particular higher-derivative
Lagrangian given by O(2|3). In general we do not expect that a particular higher-derivative
operator happens to be invariant under the restricted, two-derivative Kähler-transformations
by itself. In fact this applies only to those operators, which are either super-Weyl invariant
or have an explicit dependence on K and W in the coupling function T , that allows for a
cancellation against their respective super-Weyl weight. For instance, the operator O(4|2) is
super-Weyl-invariant [14] and, hence, supports the ordinary Kähler-invariance. However, note
that since the two-derivative Kähler invariance allows to cast the component Lagrangian in a
rather simple form, it is interesting to find higher-derivative operators with this property. One
may for instance consider combinations of the operators we discussed here. We leave this to
future research.

4 Supersymmetric Vacua in Higher-Derivative Theories

The form of the scalar potential determines the structure of the vacua of the theory. Equipped
with Seff in eq. (2.19) for the case of rigid N = 1 and the results of sec. 3 for the case of super-
gravity, it is interesting to study the effect that the higher-derivatives have on the vacua of the
theory. We initiate this discussion by turning first to supersymmetric vacua. Supersymmetry
preservation requires additional conditions on the structure of the backgrounds that can be
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used to derive properties thereof.

4.1 Supersymmetric Vacua in Rigid N = 1

Let us start by discussing supersymmetric vacua of rigid N = 1. The off-shell supersymmetry
transformation of the chiral fermions read [10]

δζχ
i = i
√
2σaζ̄∂aA

i +
√
2ζF i , (4.1)

where ζ is the parameter of the supersymmetry transformation.18 Supersymmetric vacua,
therefore, are defined by

〈∂aAi〉 = 0 , 〈F i〉 = 0 . (4.2)

The equations of motion for the chiral auxiliaries derived from eq. (2.20) after evaluating at
〈∂aAi〉 = 〈∂aF i〉 = 0 read

−KAiĀ̄F̄ ̄ −KAkĀ̄F iF kF̄ ̄ −WAi = 0 . (4.3)

Evaluating the above equation at the supersymmetric condition 〈F i〉 = 0 and assuming that
the derivatives of K in the above equation are regular at the supersymmetric point, we find
that

〈WAi〉 = 0 , 〈V 〉 = 0 . (4.4)

In other words the supersymmetric vacua of the general higher-derivative theory are identical to
the vacua of the two-derivative theory. Note that this was also shown based on a conjectured
form of the higher-derivative scalar potential in [1]. Note furthermore, that the associated
moduli spaces of the supersymmetric backgrounds for the general higher-derivative and for the
ordinary two-derivative theories precisely coincide.

4.2 Supersymmetric Vacua in N = 1 Supergravity

We now turn to supersymmetric vacua of N = 1 supergravity. The supersymmetry variation
of the chiral fermion now reads [10]

δζχ
i = iσmζ̄(

√
2∂mA

i − ψmχ) +
√
2ζF i . (4.5)

Therefore, again we find the condition that 〈F i〉 = 0. In addition, the supersymmetry variation
of the gravitino [10]

δζψ
α
m = −2Dmζ

α + iecm

[

1

3
M(ǫσc ζ̄)

α + bcζ
α +

1

3
bd(ζσdσ̄c)

α

]

(4.6)

has to vanish in a supersymmetric background. This requires that the spacetime background
admits four independent Killing spinors. Only maximally symmetric spacetimes allow for the

18Naturally, the off-shell supersymmetry transformations of the chiral multiplet are unaffected by the presence
of higher-derivatives. These transformations are defined entirely by the supersymmetry transformation of a
general superfield together with the chirality constraint in eq. (2.10).
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existence of four Killing spinors [35]. More precisely, the supersymmetric backgrounds are either
M4, in which case M = 0, or AdS4, in which case M 6= 0 [35]. dS4 on the other hand does not
allow for Killing spinors and, hence, supersymmetry is always broken. Since we are discussing
off-shell theories, this result holds regardless of the structure of the Lagrangian and, hence,
applies both to the ordinary two-derivative as well as to the generic higher-derivative theory.
The Killing spinors also determine the curvature of the background. This can be seen easily by
analysing the supersymmetry variations of the superfield R. In particular, since R is covariantly
chiral, preservation of supersymmetry requires that the component R|Θ2 in eq. (3.14) vanishes.
This is precisely the case if

〈R〉 = 4
3
〈|M |2〉 . (4.7)

The above equation can also be derived from the integrability condition for the Killing spinors.19

Moreover, eq. (4.7) establishes a relation between the cosmological constant and the auxiliary
scalar M in the vacuum. For the ordinary two-derivative theory, the on-shell scalar potential,
which in turn sets the value of the cosmological constant, precisely agrees with eq. (4.7) at the
level of the Einstein equations.

Minkowski Vacua

The M4 vacua are characterised by the conditions

〈F i〉 = 0 , 〈M〉 = 0 . (4.8)

For a generic higher-derivative theory the scalar potential is of the form

V = V
(0)
off + Vhd(M, M̄, F i, F̄ ̄, Ai, Ā̄) ,

V
(0)
off = e2K/3(M̄W +MW̄ −WiF

i − W̄̄F̄
̄)−Kī e

K/3F iF̄ ̄

+ 1
3
eK/3(M +K̄F̄

̄)(M̄ +KiF
i) ,

(4.9)

which, in turn, yields the following equations of motion for F̄ ̄

Kī e
K/3F i + e2K/3W̄̄ −

1

3
eK/3K̄(M̄ +KiF

i) +
∂

∂F̄ ̄
Vhd = 0 . (4.10)

Now, from our results in sec. 3 we know that Vhd is at least cubic in a combined expansion
in powers of M, M̄, F i and F̄ ̄. Therefore, eq. (4.8) implies that 〈 ∂

∂F̄ ̄Vhd〉 = 0 and, hence,
eq. (4.10) at the supersymmetric vacuum reads

〈W̄̄〉 = 0 . (4.11)

Similarly, the equations of motion for M lead us to the condition that 〈W 〉 = 0. Note that,
automatically we also find that 〈 ∂

∂AiV 〉 = 〈 ∂
∂Ā̄V 〉 = 0. In total, the supersymmetric Minkowski

vacua in eq. (4.8) are equivalently defined by the conditions

〈W̄̄〉 = 〈W 〉 = 0 . (4.12)

19Note that the existence of a single Killing spinor already demands that the background is an Einstein-
manifold.

33



Therefore, the supersymmetric M4 vacua as well as their corresponding moduli spaces of the
general higher-derivative and of the ordinary two-derivative theories are identical. Again these
results are in agreement with [1]. Note that from eq. (4.12) it follows that the moduli space
is defined by a set of holomorphic equations. Hence, the moduli space is given by a complex
sub-manifold of the Kähler manifold and, in turn, Kähler itself.

Anti-de Sitter Vacua

Let us now turn to the AdS4 vacua. Compared to the Minkowski case the AdS4 vacua require
more effort to understand. We characterise these vacua by the conditions

〈F i〉 = 0 , 〈M〉 6= 0 , 〈R〉 = 4
3
〈|M |2〉 , 〈Vi〉 = 〈V̄〉 = 0 . (4.13)

In the ordinary two-derivative theory these properties are equivalent to 〈DiW 〉 = 0 and 〈W 〉 6=
0.

In the higher-derivative theory it is not a priori clear whether the conditions in eq. (4.13)
can still simultaneously be satisfied. Let us begin by investigating the curvature constraint in
eq. (4.7). In appendix E we demonstrate that eq. (4.7) can still be automatically satisfied for
the general higher-derivative supergravity after integrating out M and after solving the higher-
curvature Einstein equations. The explicit analysis is performed for a Lagrangian supporting
the most general scalar potential and an R+R2 gravity.20 Therefore, eq. (4.7) is automatically
satisfied and does not have to be included in the list of conditions in eq. (4.13).

Let us now see how the remaining conditions in eq. (4.13) read after going on-shell. Firstly,
the equation of motion for M̄ after evaluating at eq. (4.13) reads

〈

e2K/3W +
1

3
eK/3M +

∂

∂M̄
Vhd

〉

= 0 . (4.14)

Furthermore, the equations of motion for the chiral auxiliaries as given in eq. (4.10) can be
simplified by using eq. (4.14) and are of the form

〈

D̄W̄ − e−2K/3

(

K̄
∂

∂M
− ∂

∂F̄ ̄

)

Vhd

〉

= 0 . (4.15)

The equations of motion in eq. (4.14) and in eq. (4.15) have several consequences. Firstly,
the value of the cosmological constant is determined by 〈M〉 via eq. (4.7) and, hence, differs
from the two-derivative result. Secondly, eq. (4.15) is in general satisfied for 〈DiW 〉 6= 0.
Therefore, the position of the supersymmetric vacuum is shifted. More importantly, in general
we expect 〈Vi〉 = 〈V̄〉 = 0 to be independent conditions and no longer satisfied just by means
of eqs. (4.14),(4.15). In turn, generically the vacua should not admit any flat directions. In
particular, in situations where Vhd constitutes a small correction to the ordinary scalar potential
and, hence, the supersymmetric vacuum is shifted to a nearby position, we expect that the
supplementary conditions 〈Vi〉 = 〈V̄〉 = 0 lift any flat direction which may have existed in
the two-derivative theory. This observation is also in agreement with the existing literature on

20In the same appendix we argue that further higher-curvature terms will not affect the conclusions.
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(N = 1, D = 3) superconformal field theories (SCFT) which are expected to be dual to AdS4-
supergravities via the AdS/CFT correspondence [36]. The moduli space of the AdS4 vacua
corresponds to the space of deformations of exactly marginal operators in the respective SCFT.
In particular, as stated in [37] generically one expects that there are no such deformations in
the (N = 1, D = 3) SCFTs and, therefore, no moduli spaces in the dual AdS4 vacua.

Of course the above arguments merely describe the general expectation and do not represent
strict bounds on the moduli space. It would be interesting to check whether rigorous statements
about the moduli spaces can be made. In particular, one may try to derive a bound on the
dimension, similar to the discussion in the ordinary two-derivative theory where the moduli
space has dimension ≤ nc [38]. To perform such a discussion it would be necessary to make an
explicit analysis for the most general higher-derivative theory (including also the dependence
on the chiral auxiliary fields) which is outside the scope of this paper. We leave these issues to
future research.

In summary, supersymmetric AdS4 vacua are defined by eq. (4.15) and eq. (4.14) together
with the conditions 〈Vi〉 = 〈V̄〉 = 0 and 〈M〉 6= 0. As in the ordinary theory the curvature
constraint in eq. (4.7) is automatically satisfied on-shell.

5 Application to Stringy No-Scale Models

The main result of sec. (3) is a catalog of higher-derivative operators and respective component
identities. We may now proceed and study their relevance for the particular examples studied
in [9]. More precisely, we want to study the higher-derivative operators for the situation where
L(0) is a no-scale supergravity. No-scale models are special examples, where extra corrections to
the scalar potential are generally of interest, since they are defined by the property that V(0) = 0
[39]. In string compactifications one often deals with no-scale supergravities which additionally
possess a Peccei-Quinn shift-symmetry. These no-scale supergravities have recently been clas-
sified in [40]. In particular, we are motivated by the low-energy effective N = 1 supergravity
obtained from orientifold-compactifications of type IIB string theory with background fluxes.
Among the chiral multiplets of those theories are the Kähler moduli, which are at leading order
described by such a no-scale model.

The shift-symmetry implies that up to Kähler transformations we can choose the superpo-
tential to be given by a constant. The defining condition for a no-scale model then reads

KīKiK̄ = 3 . (5.1)

Using eq. (3.25) the above equation implies that

M(0) = 0 . (5.2)

Let us now turn our attention to the minimal list of higher-derivative operators in tab. 2.
Eq. (5.2) implies that the component forms simplify considerably and, in particular, that at
leading order many operators do not contribute to the scalar potential. More specifically, among
the operators which contribute four-derivative terms at the linearized level only O(4|2) and O(2|1)
induce new terms in the scalar potential. In fact, both operators lead to the same correction,
which is of the form

|F |4 . (5.3)
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This type of correction was already studied in detail in [9] where it was claimed that |F |4
is the only correction to the scalar potential that can be linked via supersymmetry to four-
supercovariant derivative operators which also induce four-derivative terms (at the linearized
level). We have now explicitly demonstrated this statement.21

6 Conclusions

Higher-derivative operators are universally present in effective field theories. In supersymmetric
theories these operators require corrections to the scalar potential which, in turn, modify the
vacuum structure of the theory but are also relevant for instance in the context of inflation. In
addition, these corrections are already present in globally supersymmetric theories and, thus,
dominate over the Planck-suppressed operators appearing in the scalar potential of supergravity.
Here we initiated a systematic study of higher-derivative operators for theories in N = 1, D = 4
flat and curved superspace with particular emphasis on the scalar potential.

In flat superspace we displayed a superspace action for the most general scalar potential
in eq. (2.19). This action is determined by a 2nc-dimensional (pseudo-) Kähler potential and
superpotential together with the supplementary constraints in eq. (2.18). The additional de-
grees of freedom are chiral (higher-derivative) multiplets and their scalar components are given
by the chiral auxiliary fields which are now generically propagating. However, note that care
must be taken with the proper geometric understanding of this theory, since the constraints
in eq. (2.18) are incompatible with a 2nc-dimensional target-space invariance. If we constrain
ourselves to the discussion of the scalar potential alone, then the action is geometrically un-
derstood in the context of the cotangent-bundle over the manifold of the chiral scalars. In
eq. (2.24) and eq. (2.27) we also displayed an alternative higher-derivative Lagrangian which,
contrary to the aforementioned theory, does not induce kinetic terms for the chiral auxiliary
fields.

The theories in eq. (2.19) and eq. (2.27) are off-shell by construction. Obtaining the on-
shell theory is a daunting task, since the equations of motion for the auxiliary fields are now
arbitrary algebraic equations. The algebraic nature of the auxiliary fields remains true even if
they obtain kinetic terms, since as we discussed in sec. 2.5 their masses sit at the cut-off scale
of the EFT. For local theories the equations of motion for F i are polynomial equations and,
hence, induce a multiplet of on-shell theories. We extended the analysis of the equations of
motion in the context of effective field theories initiated in [9] and illustrated that there exists
only a single solution that produces a physically viable Lagrangian. We interpret the remaining
solutions as artifacts of a truncation of an infinite sum of higher-derivative operators.

For N = 1 old-minimal supergravity we conjectured a possible extension of eq. (2.19) given
in eq. (3.30). However, due to the complicated form of the algebra of super-covariant derivatives
we did not attempt to prove this conjecture. Instead, we classified the leading order (denoted as
N = 2) and next-to-leading order (N = 4) higher-derivative operators for the chiral multiplets

21Let us emphasize that this observation goes beyond the particular analysis in [9], where higher-derivatives
induced by 10D (α′)3-corrections were investigated, but would equally hold if other leading order corrections
to the scalar potential coming from higher-derivative corrections of different origin, such as gs-corrections, were
determined.
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including also a brief review of higher-curvature operators. The classification of the N = 4
operators performed in appendix D was substantially more involved, the results being displayed
in tab. 2. To compute the component actions of higher-derivative operators we developed several
tools. Firstly, we provided a catalogue of component identities for higher-derivative superfield in
appendix C extending the results of [11]. Secondly, we developed an algorithm to compute the
(on-shell) component action. In particular, we emphasized the importance of performing the
Weyl-transformation to the Einstein-frame before integrating out the auxiliary fields. Moreover,
we demonstrated that for the computation of the linearized on-shell action it suffices to insert
the leading order solutions for the auxiliary fields in the Lagrangian. Thus, in this context
it is not necessary to solve the equations of motion for the auxiliary fields. Henceforth, we
constrained ourselves to give only the off-shell component results, as the respective linearized
on-shell theories are obtained readily. The component forms of the N = 2 operators and a
subclass (more precisely all operators which induce four-derivative terms for the component
fields) of N = 4 are displayed in sec. 3.7 and sec. 3.8. These results are universally applicable
for computing leading-order higher-derivative corrections to a generic supergravity with chiral
multiplets.

In the last sections we discussed two particular applications of the aforementioned results.
Firstly, we investigated the vacuum structure of the (general) higher-derivative theories. On
the one hand, the supersymmetric Minkowski vacua of the higher-derivative theory coincide
with the two-derivative vacua, in agreement with the earlier investigation [1]. On the other
hand, the higher-derivative operators modify the structure of the supersymmetric AdS4-vacua.
While we found that the Killing spinor equation is still automatically satisfied, we expect that
the supersymmetric points are not necessarily extremal anymore. Therefore, generically we
anticipate that there is no moduli space. This expectation also agrees with corresponding
observations for the dual three-dimensional SCFTs [37]. Note also, that as already discussed in
[29], supersymmetry-breaking no longer requires the non-vanishing of the F -terms, but can be
induced by higher-curvature operators alone. Finally, we investigated the form of the higher-
derivative corrections for shift-symmetric no-scale models.

Let us outline possible future directions and open questions that remain. Firstly, the discus-
sion of higher-derivative operators may be generalized to gauged theories with vector multiplets.
Furthermore, it would be interesting to understand how the target space invariance, in partic-
ular for the theory in eq. (2.19), is restored at the level of the full Lagrangian. Moreover, being
equipped with tab. 2 and the component forms of the operators displayed in sec. 3.8 one may
now perform a full matching of UV-derived four-derivative terms with the operators in tab. 2.
For the particular case of [9] four-derivative terms for the chiral scalars were inferred by per-
forming a Kaluza-Klein reduction of ten-dimensional higher-derivative operators and matched
to O(4|2) alone. In turn, the operator was only computed up to a constant. However, via a
complete matching to the operators in tab. 2 one would be able to fully determine the super-
symmetric completion of these four-derivative component terms. This will be performed in a
separate future paper.22 Finally, one might also study the relevance of the higher-derivative
operators in inflationary dynamics. However, such an investigation would have to determine
the target-space invariant versions of the higher-derivative operators presented here.

22There has also been recent work on determining supersymmetric embeddings of the Dirac-Born-Infeld action
which describes the effective action of D-branes [5, 13, 41, 42]. The operators displayed in sec. 3.8 might also
be relevant for a matching in this context.
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A Derivation of Superspace Action for General Scalar

Potential

In this appendix we provide the derivation of the superspace effective scalar potential which
we presented in sec. 2.2. More precisely our goal is to simplify eq. (2.15) assuming that we
only consider operators in the action that manifestly contribute to the scalar potential. To this
end we evaluate the general action at the supersymmetric condition in eq. (2.16). Therefore,
we can ignore all operators in Sgen which involve the spacetime-derivatives ∂a. Moreover,
the condition in eq. (2.16) also restricts the dependence on the spinorial component of the
superspace-derivatives. To begin with, all mixed-type combinations of spinorial superspace-
derivatives acting on Φ or Φ̄ vanish when evaluated at eq. (2.16). With mixed-type we mean
that the combination involves at least one power of Dα as well as D̄β̇ . This can be seen

iteratively. For two superspace-derivatives the possible combinations are given by DαD̄β̇Φ̄ and

D̄β̇DαΦ. Making use of eq. (2.6) one indeed finds that these terms vanish at the condition in
eq. (2.16). The possible terms with three superspace-derivatives are given by

DαD̄β̇D̄γ̇Φ̄ , DαDβD̄γ̇Φ̄ , D̄α̇DβD̄γ̇Φ̄ , D̄α̇D̄β̇DγΦ ,

DαD̄β̇DγΦ , D̄α̇DβDγΦ .
(A.1)

Again via eq. (2.6) one finds that these terms vanish after inserting eq. (2.16). From eq. (2.8)
we learn that terms with more than three superspace-derivatives are simply further superspace
derivatives acting on the terms in eq. (A.1) and, thus, the claim holds in general. Furthermore,
eq. (2.8) implies that we have to consider only terms with at most two superspace-derivatives
acting on Φ or Φ̄. Finally, eq. (2.9) shows that it suffices to consider a dependence of Seff on
DαΦ, D̄α̇Φ̄ as well as D2Φ and D̄2Φ̄.

After the above considerations we can express the effective superspace action evaluated at
eq. (2.16) as follows

Seff =

∫

d8zK(Φ, Φ̄, D2Φ, DαΦD
αΦ, D̄2Φ̄, D̄α̇Φ̄D̄

α̇Φ̄)

+

∫

d6z W (Φ, D̄2Φ̄) +

∫

d6z̄ W̄ (Φ̄, D2Φ) .

(A.2)

Let us turn more closely to W . We consider the superpotential to be a power series in Φ and
D̄2Φ̄. An arbitrary term in this series is of the form

Φk(D̄2Φ̄)l = D̄2(Φk(D̄2Φ̄)l−1Φ̄) , k, l ∈ N0 , (A.3)
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where equality holds due to eq. (2.10) and eq. (2.8). Using the following identity
∫

d6zD̄2f(x, θ, θ̄) = −4
∫

d8zf(x, θ, θ̄) , (A.4)

where f is an arbitrary superfield, we observe that the dependence ofW on D̄2Φ̄ can be entirely
absorbed into K. Therefore, we confine the discussion of Seff to K. Moreover, we focus on the
bosonic part of Seff from now on. In this case we can simplify K even further. To see this, as a
first step we compute

(DαΦD
αΦ)2

∣

∣

∣

bos
= 0 . (A.5)

The above identity can either be computed directly or alternatively be derived from integration
by parts identities in superspace such as eq. (A.6). Consequently within K we only have to
consider terms with up to a single factor of DαΦD

αΦ and D̄α̇Φ̄D̄
α̇Φ̄. Up to boundary terms as

well as mixed type superspace-derivative terms, which yield purely kinetic contributions, the
following integration by parts identities hold for arbitrary functions T 23

∫

d8zD2ΦT (Φ, Φ̄, D2Φ, D̄2Φ̄)

=

∫

d8z (DαΦD
αΦ) ∂ΦT (Φ, Φ̄, D

2Φ, D̄2Φ̄) ,

∫

d8z D̄2Φ̄T (Φ, Φ̄, D2Φ, D̄2Φ̄)

= −
∫

d8z (D̄α̇Φ̄D̄
α̇Φ̄) ∂Φ̄T (Φ, Φ̄, D

2Φ, D̄2Φ̄) ,

∫

d8z D2ΦD̄2Φ̄T (Φ, Φ̄, D2Φ, D̄2Φ̄)

= −
∫

d8z (DαΦD
αΦ)(D̄α̇Φ̄D̄

α̇Φ̄) ∂Φ∂Φ̄T (Φ, Φ̄, D
2Φ, D̄2Φ̄) .

(A.6)

Thus, we infer that the factorsDαΦD
αΦ and D̄α̇Φ̄D̄

α̇Φ̄ in K can always be recast into additional
factors of D2Φ and D̄2Φ̄ respectively. The equivalence between the superfields DαΦD

αΦ and
D̄α̇Φ̄D̄

α̇Φ̄ as well as D2Φ and D̄2Φ̄ can also be understood from the fact that while D2Φ (D̄2Φ̄)
are anti-chiral (chiral) superfields, DαΦD

αΦ and D̄α̇Φ̄D̄
α̇Φ̄ are complex linear superfields, that

is they satisfy
D2(DαΦD

αΦ) = D̄2(D̄α̇Φ̄D̄
α̇Φ̄) = 0 . (A.7)

In total we find that, without loss of generality, the general superspace action for the effective
scalar potential is of the form

Seff =

∫

d8zK(Φ, Φ̄, D2Φ, D̄2Φ̄) +

∫

d6z W (Φ) +

∫

d6z̄ W̄ (Φ̄) . (A.8)

In sec. 2.3 we proceed to generalize this action to the multi-field case and to discuss its respective
component version.

23These integration by parts identities can also be understood as arising in the rigid limit of the curved
superspace identities in appendix D.
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B More on Propagating Auxiliary Fields

In this appendix we consider the action

Sg =

∫

d8zE g(R) + h.c. , (B.1)

and study the dynamics of the auxiliary M described by Sg. Quite similar to the discussion in
sec. 2.5 M is a propagating degree of freedom. Here we want to demonstrate that M , despite
having the correct sign of the kinetic terms, is unphysical in the context of effective field theory
since it generically has a mass at the cutoff-scale of the EFT. Firstly, in a generic EFT we
expect g(R) to be an expansion

g(R) = −3(1 + aR + . . . ) . (B.2)

The superfield R has mass dimension one and so, if our EFT is subject to the cut-off Λ, we
expect that a ∼ Λ−1. The component version of eq. (B.1) with eq. (B.2) reads [29]

Lg/e = −1
2
R(1 − a

3
(M + M̄)) + 1

3
bab

a(1− a
3
(M + M̄))− i

3
aba∂a(M − M̄)

+ 1
3
|M |2(1− a

6
(M + M̄)) + . . . .

(B.3)

It is convenient to split the complex auxiliary M into real and imaginary parts as follows

µ ≡ M + M̄

2
, ν ≡ M − M̄

2i
. (B.4)

Let us take the description of the new degree of freedom by performing first a Weyl transfor-
mation in eq. (B.3)

gmn → Ωgmn , Ω = 1− 2a
3
µ . (B.5)

The resulting Einstein-frame Lagrangian is of the form

Lg/e = −
1

2
R− a2

3Ω2
(∂µ)2 +

1

3
bab

a +
2

3Ω
aba∂aν +

µ2 + ν2

3Ω2
(1− a

3
µ) , (B.6)

where we introduced the abbreviation (∂µ)2 ≡ ∂mµ∂
mµ. Integrating out the auxiliary ba we

find
ba = −

a

Ω
∂aν , (B.7)

such that the on-shell Lagrangian reads

Lg/e = −
1

2
R− a2

3Ω2

[

(∂µ)2 + (∂ν)2
]

+
µ2 + ν2

3Ω2
(1− a

3
µ) . (B.8)

We proceed to canonically normalize the scalars µ and ν. The relation between M and the
canonical field φ is given by

M =
1

a
M̃(φ) , (B.9)

where M̃(φ) is a dimensionless function. The scalar potential for φ in eq. (B.6) has a global
factor of a2 ∼ Λ2 after replacing M via eq. (B.9), which demonstrates the mass of the new
degree of freedom is generically at the cut-off scale Λ and, hence, this new degree of freedom is
unphysical and should be integrated out.

40



C Component Identities for Superfields in Curved Su-

perspace

In this appendix we provide the necessary formulae to compute the component actions for
matter coupled supergravity in sec. 3.2, in particular for the four covariant derivative operators
in sec. 3.8. We start by giving a catalog of component identities for higher super-covariant
derivatives acting on the superfields (Φ, Φ̄, R, R̄, Gαα̇). A useful list of component identities
that goes beyond the formulas presented in [10] was already given in [11]. Our results below
partially overlap with that reference, but we also compute new identities which are required
for the discussion in sec. (3.8). Here we derive all components starting from the solution to
the Bianchi identities and the algebra of super-covariant derivatives. As a cross-check we also
re-derive component identities which appeared in [11]. We find some minor disagreements with
the results in that reference on some component identities which we indicate explicitly later on.

The tool for the computation of component identities are the (anti-) commutation relations
in eq. (3.6), which relate the covariant derivatives to the torsion defined in eq. (3.4) and the
super-curvature tensor in eq. (3.5). After imposing the constraints of old minimal supergravity
on the torsion and solving the Bianchi identities, the only non-zero components of the torsion
are given by [10]

Tαα̇
a = Tα̇α

a = 2iσa
αα̇

Tα̇a
α = −Taα̇α = −iRǫα̇β̇σ̄β̇α

a

Tαa
α̇ = −Taαα̇ = −iR̄ǫαβ σ̄α̇β

a

Tβa
α = −Taβα = i

8
σ̄γ̇γ
a (δαγGβγ̇ − 3δαβGγγ̇ + 3ǫβγG

α
γ̇ )

Tβ̇a
α̇ = −Taβ̇ α̇ = i

8
σ̄γ̇γ
a (δα̇γ̇Gγβ̇ − 3δα̇

β̇
Gγγ̇ + 3ǫβ̇γ̇G

α̇
γ ) ,

(C.1)

as well as the components T α
ab and T

α̇
ab which we do not display here as they are not required.

Additionally, we need certain components of the curvature tensor. The following list contains
some of the frequently used components 24

Rδγβα = 4(ǫδβǫγα + ǫγβǫδα)R̄

Rδ̇γ̇β̇α̇ = 4(ǫδ̇β̇ǫγ̇α̇ + ǫγ̇β̇ǫδ̇α̇)R

Rδγ̇βα = Rγ̇δβα = −ǫδβGαγ̇ − ǫδαGβγ̇

Rδγ̇β̇α̇ = Rγ̇δβ̇α̇ = −ǫγ̇β̇Gδα̇ − ǫγ̇α̇Gδβ̇

Rδ̇cβ̇α̇ = −Rcδ̇β̇α̇ = −1
2
σ̄γ̇γ
c

[

i(ǫδ̇β̇ǫγ̇α̇ + ǫδ̇α̇ǫγ̇β̇)D̄ǫ̇G
ǫ̇
γ +

i
2
(ǫδ̇γ̇D̄β̇ + ǫδ̇β̇D̄γ̇)Gγα̇

+ i
2
(ǫδ̇γ̇D̄α̇ + ǫδ̇α̇D̄γ̇)Gγβ̇

]

Rαα̇ab = 2iǫabcd σ
d
αα̇G

c

(C.2)

24The last component below is not displayed explicitly in [10]. However, it can be computed directly from
the Bianchi identities given in that reference.
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It is also useful to note the following relations

DαGαα̇ = D̄α̇R̄ , D̄α̇Gαα̇ = DαR . (C.3)

From the components of the torsion and curvature we also derive the useful identities

Tα̇a
α̇ = Tαa

α = 2iGa , Rα̇βα
β = 3Gαα̇ . (C.4)

Furthermore, by using the Bianchi identities in [10] we deduce the following equations

DαGββ̇ −DβGαβ̇ = ǫαβD̄β̇R̄ , (C.5)

D̄α̇Gββ̇ − D̄β̇Gβα̇ = ǫα̇β̇DβR . (C.6)

We now proceed to present a catalog of those component identities for the chiral superfields
which are required for the computation of the component forms of the higher-derivative opera-
tors in eq. (3.47) and tab. 2. The lowest order components for Φ and Φ̄ can be found from their
definition in eq. (3.11). Since we are interested only in those bosonic components, we start by
identifying purely fermionic terms. In general, these are components with an odd number of
spinorial covariant derivatives acting on Φ or Φ̄. A simple example is given by

1√
2
DαD2Φ| = −4

3
χαM̄ , (C.7)

which can be checked by means of eq. (3.17).

The bosonic terms are those with an even number of spinorial covariant derivatives. In the
remainder of this appendix we display only the bosonic terms of the components. In particular,
at the level of two-superspace derivatives we find

D̄α̇DαΦ| = {D̄α̇,Dα}Φ| = −Tαα̇ADAΦ| = −2iσa
αα̇DaΦ| = −2iσa

αα̇e
m
a ∂mA , (C.8)

where we used eq. (C.1) and we displayed only the bosonic terms. It is also useful to note the
following identities

DαDβΦ = 1
2
ǫαβD2Φ , D̄α̇D̄β̇Φ̄ = −1

2
ǫα̇β̇D̄2Φ̄ . (C.9)

Components of O(D4) acting on Φ, Φ̄

Furthermore, there are several components involving four spinorial super-covariant derivatives
which are of relevance for the computation of the component action of the operators in sec. 3.8.
Using eq. (3.17) and the components of torsion and curvature in eq. (C.1) we find the following
identities

D2D2Φ| = 16
3
FM̄

D̄2D̄2Φ̄| = 16
3
F̄M

DαD̄2DαΦ| = −16
3
MF

D2D̄2Φ̄| = 16�Ā+ 32
3
ibm∂mĀ+ 32

3
M̄F̄

DαD̄α̇D̄2Φ̄| = 8
3
iMσa

αα̇e
m
a ∂mĀ

DαD̄α̇D2Φ| = 8iσa
αα̇e

m
a (∂mF − 1

3
M̄∂mA) .

(C.10)
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Components of O(D6) acting on Φ, Φ̄

We also need certain components with six spinorial super-covariant derivatives, which read

1
64
D2D̄2D̄2Φ̄| = 1

3
F̄
(

1
2
R− 4

3
|M |2 − 1

3
bab

a + iDmb
m
)

− 1
3
M�Ā

− 2i
9
Mbm∂mĀ

1
64
D̄2D2D̄2Φ̄| = 1

3
F̄
(

1
2
R− 2|M |2 − 1

3
bab

a + iDmb
m
)

−�F̄ − 1
3
M�Ā

+ 2
3
∂mM∂mĀ+ 2i

3
bm(∂mF̄ −M∂mĀ)

(C.11)

Components of R

For the convenience of the reader it is useful to display the relevant components of the superfield
R here.

R| = −1
6
M

DaR| = −1
6
ema ∂mM

D2R| = 2
3

(

−1
2
R+ 2

3
|M |2 + 1

3
bab

a − iDmb
m
)

D̄2D2R| = −8
3
�M + 16

9
ibm∂mM − 16

9
M

(

−1
2
R+ 2

3
|M |2 + 1

3
bab

a − iDmb
m
)

(C.12)

In addition, several components involving super-covariant derivatives of DaΦ̄ and DaΦ are
relevant, in particular for the computation of O(2|3) in tab. 2. The important identities involving
two spinorial covariant derivatives are given by

D2DaΦ̄| = 2
3
M̄ema ∂mĀ

D̄2DaΦ| = 2
3
Mema ∂mA

DαD̄α̇DaΦ| = i
3
MFσ̄aα̇α

D2DaΦ| = −8i
3
Fba − 2

3
M̄ema ∂mA− 4ema ∂mF

DαD̄α̇DaΦ̄| = −2iσ̄α̇α
b (1

3
ǫcd

abbcedm∂
mĀ + ebme

a
nDm∂nĀ)− i

3
σ̄aα̇αM̄F̄ .

(C.13)

The above components were also determined in [11]. Note that we find agreement with the
results in that reference, apart from the last component identity which differs by a minus sign
in the first and last term.

Finally, there are also components with four spinorial covariant derivatives acting on DaΦ̄
and DaΦ and they read

1
16
D2D̄2DaΦ| = −1

6
(−1

2
R+ 5

6
|M |2 + 1

3
bcb

c − iDmb
m)∂aA

− i
9
MFba − 1

6
M∂aF

1
16
D2D̄2DaΦ̄| = ema

[

Dm(�Ā + 2
3
ibn∂nĀ)− i

3
F̄ M̄bm + 1

3
F̄ ∂mM̄

− (Rmn +
2
9
bmbn +

2
3
iDnbm − 1

3
ǫpmqnDqbp)∂nĀ

+ 5
6
M̄∂mF̄ + ( 1

12
R+ 1

12
|M |2 + 1

6
bcb

c − i
6
Dnb

n)∂mĀ
]

.

(C.14)
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Note that the first identity differs from the result in [11] by a factor multiplying the first term.

Components of Ga

For the computation of higher-components of the superfield DaΦ and its conjugate we need
certain components of Ga. The relevant identities read

D2Ga| = 2
3
(M̄ba − iema ∂mM̄) , (C.15)

σ̄β̇β
b D̄β̇DβGd| = Rbd − ηbd(16R+ 1

9
|M |2 + 1

9
bab

a) + 2
9
bbbd

− 2i
3
emb Dmbd +

1
3
ǫabcd e

c
mDmba .

(C.16)

These results perfectly agree with [11].

Derivation of Component Identities

Let us now give some of the derivations of the component identities which listed in the previous
section. Here we constrain ourselves to the discussion of the more involved computations. In
particular, the identities in eq. (C.10) are easily obtained by means of eq. (3.17) together with
the (anti-)commutation relations and the components of the torsion and curvature and, hence,
do not discuss them any further here. Instead let us demonstrate the identities in eq. (C.11).
We rewrite the first component expression using eq. (3.17) as follows

D2D̄2D̄2Φ̄| = 8D2R| D̄2Φ̄| + 8R| D2D̄2Φ̄| . (C.17)

Inserting the required components we directly arrive at the result in eq. (C.11). The second
identity in eq. (C.11) reads

D̄2D2D̄2Φ̄| = D̄2D2(D̄2 − 8R)Φ̄|+ 8Φ̄| D̄2D2R|+ 8D̄2Φ̄| D2R| . (C.18)

Here, only the first term on the r.h.s. needs further attention, the remaining terms can be read
off from eq. (C.12). Since (D̄2 − 8R)Φ̄ is a covariantly chiral superfield, we need to determine
the Θ-expansion of this chiral superfield and then use eq. (C.10). Fortunately, this expansion
was already given in [10] and we simply insert the respective components here. Altogether, we
then find the result in eq. (C.11).

Next, we turn to eq. (C.14) together with the necessary auxiliary results in eqs. (C.15),
(C.16). Let us mention again that these have already been derived in [11], but as a cross-check
we re-derive them here. In particular, since we find disagreement regarding the first identity
in eq. (C.14), it important to explain why we obtain a different result. This identity can be
computed rather straightforwardly by using the algebra of super-covariant derivatives together
with the torsion components. More precisely, we find

D2D̄2DaΦ| = −4(D2R| DaΦ|+R| D2DaΦ|) (C.19)

After inserting the necessary superfield-component identities we indeed find the displayed result
in eq. (C.14).
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Next, we turn to the auxiliary results in eqs. (C.15), (C.16). Firstly, by acting with a super-
covariant derivative Dα on eq. (C.5) we find eq. (C.15). Alternatively, we can act with D̄α̇ on
eq. (C.5) which yields

D̄α̇DαGββ̇ − D̄α̇DβGαβ̇ = −1
2
ǫαβǫα̇β̇D̄2R̄ . (C.20)

Analogously, from eq. (C.6) we derive the following identity

DαD̄α̇Gββ̇ −DαD̄β̇Gβα̇ = 1
2
ǫαβǫα̇β̇D2R . (C.21)

We can decompose σ̄β̇β
b D̄β̇DβGd into symmetric and anti-symmetric components as

σ̄β̇β
b D̄β̇DβGd =

1
2
(σ̄β̇β

b D̄β̇DβGd + σ̄δ̇δ
d D̄δ̇DδGb) +

1
2
(σ̄β̇β

b D̄β̇DβGd − σ̄δ̇δ
d D̄δ̇DδGb) . (C.22)

The anti-symmetric part can be easily computed by using eqs. (C.20), (C.21) and the commu-
tation relations.25 We find

σ̄β̇β
b σ̄δ̇δ

d (D̄β̇DβGδδ̇ − D̄δ̇DδGββ̇) = 4i(DdGb −DbGd)− 4ǫadcbDcGa . (C.23)

The symmetric component of σ̄β̇β
b D̄β̇DβGd can be derived by computing

ηacRabcd =
1
16
ηacσ̄α̇α

a σ̄β̇β
b σ̄γ̇γ

c σ̄δ̇δ
d Rαα̇ββ̇γγ̇δδ̇ (C.24)

from the formula displayed in [10] which is determined by the solution to the Bianchi identities.
To simplify the resulting expression we use trace identities for the σ-matrices and eq. (C.20)
such that

1

2

(

σ̄β̇β
b D̄β̇DβGd + σ̄δ̇δ

d D̄δ̇DδGb

)

= Rbd − ηbd
[

12RR̄+ 2GaG
a − 1

4

(

D2R + D̄2R̄
)

]

+ 2GbGd + i(DbGd +DdGb) .

(C.25)

Altogether, this demonstrates eq. (C.16). We are now in a position to derive the missing identity
in eq. (C.14). Making iterative use of the (anti-)commutation relations we find

D2D̄2DaΦ̄ = −D2D̄α̇(Tα̇a
β̇D̄β̇Φ̄)−D2(Rα̇aδ̇

α̇D̄δ̇Φ̄)−D2(Tα̇a
γDγD̄α̇Φ̄)

+D2(Tα̇a
γ̇D̄γ̇D̄α̇Φ̄) +Dα(−TαaγDγD̄2Φ̄ + Tαa

γ̇D̄γ̇D̄2Φ̄)

+Rαaδ
αDδD̄2Φ̄ + Tαa

γDγDαD̄2Φ̄− Tαaγ̇D̄γ̇DαD̄2Φ̄ +DaD2D̄2Φ̄ .

(C.26)

This precisely coincides with the respective result in [11]. To determine the final component
form one has to compute the individual terms. The first and second term in eq. (C.26) require
most effort. The remaining terms in eq. (C.26) are easier to compute and we omit their details
here. After some work, using the algebra of super-covariant derivatives and eqs. (C.1), (C.2),
(C.6) we find

−D2D̄α̇(Tα̇a
β̇D̄β̇Φ̄)| − D2(Rα̇aδ̇

α̇D̄δ̇Φ̄)|

= iD2Ga| D̄2Φ̄|+ iGa| D2D̄2Φ̄|+ 64iDbGa| DbΦ̄| − 16DbΦ̄| σ̄β̇β
b D̄β̇DβGa|

(C.27)

To obtain the final component expression, it remains to insert the required component formu-
lae which, in particular, encompass eqs. (C.15), (C.16). Finally, we arrive at the displayed
component form in eq. (C.14) which agrees with the result in [11].

25It is also necessary to use the σ-matrix trace identity Tr(σaσ̄bσcσ̄d) = 2(ηabηcd − ηacηbd + ηadηbc − iǫabcd).
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D Classification of Four-Superspace Derivative Opera-

tors

In this appendix we classify the possible four superspace-derivative operators and reduce them
to a minimal set of relevant operators by using the commutation relations in eq. (2.6) as well as
integration by parts identities. As mentioned in sec. 3.3 we have to include also the gravitational
superfields R,Ga andWαβγ into the analysis. R and Ga count as the equivalent of two andWαβγ

as the equivalent of three spinorial covariant derivatives. Operators which are directly related
via the identity {Dα, D̄α̇}Φ ∼ DaΦ, via eq. (C.9) or via the chirality condition in eq. (3.17)
are easy to identify and, therefore, for the sake of brevity we do not need to distinguish them
explicitly here.

We conduct the classification stepwise by listing those operators first which depend only
on super-covariant derivatives acting on Φ, Φ̄ (and, hence, do not involve the gravitational
superfield). Any operator of this type can be labeled by the number of chiral or anti-chiral
superfields on which covariant derivatives act. This number ranges between four and one. All
remaining operators carry an explicit dependence on the superfields R, R̄ and Ga. The results
are displayed in table 3. Note that we did not include the higher-curvature operators in table 3.
These were already displayed in eq. (3.35) and briefly discussed in sec. 3.4.26

The list of operators in table 3 is highly degenerate and displays several redundant operators.
One of the tools that allow us to identify redundant operators is the algebra of super-covariant
derivatives given in eq. (2.6). Making repetitive use of eq. (2.6) and occasionally also of eq. (C.3)
we deduce the following list of relations among the operators in table 3

O(1|1) = −5
2
O(R|D) − 10iO(G|1) − 1

2
O(1|5)

O(1|5) = 8O(1|2) + 8O(R|2) − 8O(R|D)

O(1|4) = −8O(R|2) + 8O(R|D)

O(1|3) = 16O(1|2) + 16O(R|2) + 32iO(G|1) − 8O(R|D)

O(2|5) = −8O(G|2) − 2O(2|7)

O(2|6) = −8O(R|1)

O(R|D2) − h.c. = 4iO(G|D) .

(D.1)

In total this reduces the list in table 3 by eight operators. In the following we make the particular
choice to delete the operators {O(1|5), O(1|4), O(1|3), O(1|1), O(2|7), O(2|6), O(G|D)} from the list
of relevant operators. To indicate this we marked these operators in blue color in table 3.

To further reduce the number of independent operators we now apply a second tool, namely
integration by parts identities in curved superspace. These identities can be stated as the fact
that the following integrals are equivalent to superspace-surface terms [19]

∫

d8zEDαV
α ,

∫

d8zED̄α̇Vα̇ ,

∫

d8zEDaV
a , (D.2)

26One may wonder why the superfield Wαβγ does not appear in table 3. The reason for this is that, since
Wαβγ has mass dimension three, we have to contract two of its indices to build a scalar operator. However, as
Wαβγ is completely symmetric, such operators vanish identically.
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Label Form of Operator Real

O(4|1) (DαΦDαΦ)2

O(4|2) DαΦDαΦD̄α̇Φ̄D̄α̇Φ̄ X

O(3|1) D2ΦDαΦDαΦ

O(3|2) D̄2Φ̄DαΦDαΦ

O(3|3) D̄α̇DαΦDαΦD̄α̇Φ̄

O(2|1) D2ΦD̄2Φ̄ X

O(2|2) (D2Φ)2

O(2|3) DaΦDaΦ̄ X

O(2|4) DaΦDaΦ

O(2|5) D̄α̇D2ΦD̄α̇Φ̄

O(2|6) D2D̄α̇Φ̄D̄α̇Φ̄

O(2|7) DαD̄α̇DαΦD̄α̇Φ̄

O(1|1) iσ̄aα̇αD̄α̇DaDαΦ

O(1|2) DaDaΦ

O(1|3) D̄2D2Φ

O(1|4) DαD̄2DαΦ

O(1|5) D̄α̇DαD̄α̇DαΦ

O(R|1) RDαΦDαΦ

O(R|2) RD2Φ

O(R|3) R2

O(R̄|1) R̄DαΦDαΦ

O(R̄|2) R̄D2Φ

O(G|1) GaDaΦ

O(G|2) Gαα̇DαΦD̄α̇Φ̄ X

O(R|D2) D2R

O(R|D) DαRDαΦ

O(G|D) DaGa X

Table 3: List of operators at four superspace-derivative level. Operators whose θ = θ̄ = 0-component
is not real-valued have to be completed by their conjugate expressions at the level of the action as
in eq. (3.29). The individual operators are understood as being multiplied by a superfield T (Φ, Φ̄)
(and T̄ (Φ, Φ̄) for their conjugate parts, in case that the operator is not real). Operators, which are
displayed in blue color can be recast in terms of other (black) operators by means of the algebra of
covariant derivatives eq. (2.6). Note that we omitted several operators here, for which it can be seen
quite easily that they are redundant and, therefore, be recast in terms of other operators.
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where V A is an arbitrary covariant superfield. As a first example we now consider

V α = S(Φ, Φ̄)DαΦ , (D.3)

where S is an arbitrary scalar superfield and depends on the superfields Φ, Φ̄. For the above
V α we find that up to boundary terms

0 =

∫

d8zEDα(S(Φ, Φ̄)DαΦ) =

∫

d8zE(−S(Φ, Φ̄)D2Φ +
∂S

∂Φ
DαΦDαΦ) , (D.4)

which together with the analogous result for Vα̇ = S̄(Φ, Φ̄)D̄α̇Φ̄ shows that the operators O(1)

and O(2) in eq. (3.47) are equivalent.

Next we turn to integration by parts identities at the four-superspace derivative level. Dif-
ferent identities arise from choosing distinct superfields V a, V α, Vα̇. However, it suffices to take
into account only those identities which arise from superfields with an undotted spinor index
V α, since for any superfield Vα̇ there exists a conjugate superfield V α whose integration by
parts identity expresses the conjugate of the integration by parts identity for Vα̇. Moreover,
superfields V a fulfill the relation

DaV
a = − i

4
{Dα, D̄α̇}V αα̇ = − i

4
(DαṼ

α − D̄α̇Ṽα̇) , (D.5)

where Ṽ α = D̄α̇V
αα̇ and Ṽα̇ = −DαVαα̇ and, hence, yield integration by parts identities that

can be rewritten in terms of the spinorial superfields Ṽ α, Ṽα̇. Our task is, therefore, to classify
all possible higher-derivative spinorial superfields V α, such that the collective mass-dimension
of the objects (DA, R, R̄, Ga,Wαβγ, W̄α̇β̇γ̇) appearing in V α equals three (i.e. superfields of order
N = 3). Again care must be taken, since some of these superfields are related via the algebra
of covariant derivatives in eq. (2.6). To give some examples, consider V α = D̄α̇Gα

α̇ which is
equivalent to DαR via eq. (C.3). Further examples are given by

V α = D̄2DαΦ = 8RDαΦ , V α = DαD̄2Φ̄ = −8Gα
α̇D̄α̇Φ̄ + 2D̄α̇DαD̄α̇Φ̄ . (D.6)

We collect the remaining, independent integration by parts identities in table 4. It can be
explicitly checked that the resulting system of constraints is non-degenerate by computing the
rank of the corresponding matrix and, hence, that each identity is independent from the others.
In total we find 11 constraints which together with the redundancy coming from the use of the
commutation relations reduces the number of relevant operators down to a set of 9. According
to the identities in table 4, there is some freedom in choosing this set of operators.27 Here we
make the following choice of a basis of independent operators

{O(4|2),O(3|1),O(3|3),O(2|1),O(2|2),O(2|3),O(R|1),O(R|2),O(R|3)} . (D.7)

Note that six of these operators induce four-derivative terms for the chiral scalar off-shell.
These are precisely the operators which involve an equal number of spinorial and anti-spinorial
covariant derivatives and they read 28

{O(4|2),O(3|3),O(2|1),O(2|3),O(R|1),O(R|2)} . (D.8)

27For instance, we find that the following operators are equivalent to each other O(3|2) ←→ O(3|3) and
O(2|3) ←→ O(G|1) ←→ O(G|2). In fact the last equivalence was identified as a generalized Kähler transformation
in [11] and used to simplify the component Lagrangian.

28In the counting of spinorial super-covariant derivatives we consider R̄ ∼ D2 and R ∼ D̄2.
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V α Equivalence of operators

T (Φ, Φ̄)DβΦDβΦDαΦ O(4|1) ≃ 0

T (Φ, Φ̄)D̄α̇Φ̄D̄α̇Φ̄DαΦ O(3|2) ≃ O(4|2) +O(3|3)

T (Φ, Φ̄)D̄2Φ̄DαΦ O(2|5) ≃ O(2|1) +O(3|2)

T (Φ, Φ̄)D̄α̇Φ̄D̄α̇DαΦ O(2|7) ≃ O(3|3) +O(2|3)

T (Φ, Φ̄)D̄α̇Φ̄DαD̄α̇Φ̄ O(3|3) ≃ O(2|4) +O(2|6)

T (Φ, Φ̄)D2ΦDαΦ O(R̄|1) ≃ O(3|1) +O(2|2)

T (Φ, Φ̄)D̄α̇DαD̄α̇Φ̄ O(1|5) ≃ O(2|7)

T (Φ, Φ̄)RDαΦ O(R|D) ≃ O(R|2) +O(R|1)

T (Φ, Φ̄)R̄DαΦ O(R̄|1) ≃ O(R̄|2)

T (Φ, Φ̄)DαR O(R|D2) ≃ O(R|D)

T (Φ, Φ̄)Gα
α̇D̄α̇Φ̄ O(G|1) ≃ O(G|2) +O(R|D)

Table 4: Table of independent integration by parts identities. Here the symbol ≃ is understood as
merely indicating that the particular operator can be recast into a combination of other operators
(up to some numerical coefficients). Here we display only those identities which give rise to a set of
linearly independent constraints.

The minimal list of operators in eq. (D.7) is the result of the classification of the N = 4
operators. One may now proceed to compute the component versions of these operators. In
sec. 3.8 we display the component forms of the operators in eq. (D.8).

E Curvature Constraints from Killing Spinors

As we stated in sec. 4.2 the preservation of supersymmetry in vacua of N = 1 supergravity
requires that

〈R〉 = 4
3
〈|M |2〉 , (E.1)

which also follows from the integrability condition for the Killing spinor and is associated
with the vanishing of the gravitino variation in the vacuum. For the ordinary two-derivative
supergravity this equation is satisfied at the level of the Einstein equations after evaluating the
action at the supersymmetric condition 〈F i〉 = 0 and after integrating out the auxiliary field
M . In this appendix we investigate the situation for the general higher-derivative supergravity.
In principle, we need to compute the component form of the general higher-derivative action
which is displayed in eq. (3.29). However, it is not necessary to use the most general higher-
derivative theory, but it suffices to analyse a simpler Lagrangian. Since we are interested in
the Lagrangian at the supersymmetric points, we want to evaluate the action at 〈F i〉 = 0.
Higher-derivative operators for the chiral superfields, such as operators involving DAΦ

i and
DAΦ̄

̄, neither contribute to the scalar potential nor to the gravitational part of the action
after evaluating at 〈F i〉 = 0. Therefore, without loss of generality it is sufficient to ignore
these operators here. What remains are higher-order operators involving only the gravitational
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superfields.29 We are interested on examining whether the general form of the scalar potential,
which is now corrected by higher-powers of M and M̄ , still allows the condition in eq. (E.1) to
be satisfied. To this end it is convenient to discuss the following Lagrangian

L =

∫

d4θE

(

−3U(Φ, Φ̄, R, R̄) + W (Φ)

2R
+
W̄ (Φ̄)

2R̄

)

. (E.2)

Note that there is an infinite tower of purely gravitational higher-order operators which we
excluded here. The excluded operators involve super-covariant derivatives acting on R, R̄ and
the superfields Ga orWαβγ. In particular, these operators can also contribute higher monomials
in M and M̄ to the scalar potential. However, any contribution of that type can equivalently
be generated via operators of the form RnR̄m and, therefore, be rewritten via operators in-
volving only R, R̄. These considerations are also in agreement with the conjectured action in
eq. (3.30). Therefore, by choosing the Lagrangian in eq. (E.2) we only constrain the allowed
higher-curvature terms, but not the form of the scalar potential. More specifically, eq. (E.2)
implies off-shell only a R+R2 gravity. Naturally, the form of the higher-curvature terms has
an effect on the vacuum-structure of the theory [43]. For instance, this can be seen when we
rewrite the f(R)-degree of freedom in terms of a scalar field, which may induce supersymmetry
breaking [28, 29]. However, while in higher-curvature theories additional non-supersymmetric
vacua may exist, they still admit supersymmetric vacua where eq. (E.1) holds. To conclude,
from now on we consider eq. (E.2) and return to the discussion of the higher-curvature terms
at the end of this appendix.

The component version of eq. (E.2) can easily be computed following the steps in sec. 3.2.
Evaluating the result at the vacuum conditions

〈F i〉 = 〈∂aAi〉 = 〈∂aĀ̄〉 = 〈∂aM〉 = 〈ba〉 = · · · = 0 , (E.3)

we arrive at the component Lagrangian

L/e = −1
2
ΩR− 3

4
UMM̄R2 − VJ

Ω = U +MUM + M̄UM̄ − 4|M |2UMM̄

VJ =WM̄ + W̄M + 1
3
|M |2Ξ

Ξ = U − 2MUM − 2M̄UM̄ + 4|M |2UMM̄

(E.4)

For clarity we set the kinetic terms for M to zero, since in an EFT we expect that we must
integrate M out and, hence, contributions to L involving ∂aM generate kinetic terms for the
chiral scalars.30 Furthermore, we do not explicitly indicate anymore that all quantities are
understood as being evaluated in the supersymmetric vacuum. After performing the Weyl
transformation to the Einstein frame we arrive at the following action

L/e = −1
2
RE − 3

4
UMM̄R2

E − VE , VE =
VJ
Ω2

, (E.5)

29The couplings of these operators are allowed to depend on the chiral multiplets.
30It is also possible that higher-derivatives terms for the spacetime-metric are introduced this way. However,

for the maximally symmetric solutions to the Einstein equations these terms are irrelevant as well.
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where RE denotes the Einstein frame scalar curvature. Let us first have a look at the respective
Einstein equations for eq. (E.5). In the vacuum 〈VE〉 sets the value of the cosmological constant
via

Λ = −VE . (E.6)

Since we have evaluated the Lagrangian at eq. (E.3) the coupling UMM̄ does not carry any
dependence on the space-time metric and, hence, the Einstein equations read

9UMM̄�RE +RE = −4Λ , (E.7)

where we used the general Einstein equations for R2-gravity as displayed in [26, 27]. Since we
are looking for maximally symmetric backgrounds we set �RE = 0 and, hence, we obtain

RE = −4Λ = 4VE , (E.8)

which coincides with the solution of the ordinary Einstein-equations. At the level of eq. (E.8)
the curvature constraint in eq. (E.1) can thereby be recast as

VJ = −1
3
Ω|M |2 . (E.9)

It remains to check whether this condition is indeed fulfilled after replacing M in VJ via the
solution to its respective equations of motion. The equations of motion for M̄ read

W +
1

3
MΞ +

1

3
|M |2 ∂Ξ

∂M̄
− 2

VJ
Ω

∂Ω

∂M̄
+

3

4
Ω2UMM̄M̄R2

E = 0 . (E.10)

Let us instead analyse a real-valued version of this equation. For instance, we may investigate

M̄
∂L
∂M̄

+M
∂L
∂M

= 0 . (E.11)

Eliminating the terms involving the superpotential via eq. (E.4) and replacing RE via eq. (E.8)
we find that the above expression reduces to

1

3
|M |2

(

Ξ + M̄
∂Ξ

∂M̄
+M

∂Ξ

∂M

)

+
VJ
Ω

(

Ω− 2M̄
∂Ω

∂M̄
− 2M

∂Ω

∂M

)

+ 12

(

VJ
Ω

)2
(

MUMMM̄ + M̄UMM̄M̄

)

= 0

(E.12)

We read this equation as a quadratic equation determining VJ/Ω. Inserting the expressions for
Ξ,Ω in eq. (E.4) we find that the above simplifies to

E
(

1

3
|M |2 + VJ

Ω

)

+ (MUMMM̄ + h.c.)

(

4

3
|M |4 + 8|M |2VJ

Ω
+ 12

V 2
J

Ω2

)

= 0 (E.13)

where E is an expression inM, M̄, U and derivatives thereof. It is now easily seen that one of the
two solutions of eq. (E.13) is precisely given by eq. (E.9). This concludes the demonstration that
the curvature constraint as displayed in eq. (E.1) is still automatically satisfied for eq. (E.2).

There exists a second solution of eq. (E.13) which leads to a violation of eq. (E.9) and,
hence, corresponds to a non-supersymmetric vacuum. We already mentioned at the beginning
of this appendix that higher-curvature terms may lead to supersymmetry breaking. Here we
indeed find a second non-supersymmetric vacuum induced by the R2-term. If we had allowed
for additional higher-curvature terms in L then further vacua might have appeared. However,
the supersymmetric vacuum where eq. (E.9) is satisfied should still be allowed.
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