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Abstract

The main theme of this thesis is an investigation into possible connections between loop quantum gravity
and quantum field theory on curved spacetimes:

On the one hand, we aim for the formulation of a general framework that allows for a derivation of quantum
field theory on curved spacetimes in a semi-classical limit.
On the other hand, we discuss representation-theoretical aspects of loop quantum gravity and quantum field
theory on curved spacetimes as both of the latter presumably influence each other in the aforesaid semi-
classical limit.

Regarding the first point, we investigate the possible implementation of the Born-Oppenheimer approxima-
tion in the sense of space-adiabatic perturbation theory in models of loop quantum gravity-type. In the
course of this, we argue for the need of a Weyl quantisation and an associated symbolic calculus for loop
quantum gravity, which we then successfully define, at least to a certain extent. The compactness of the
Lie groups, which models à la loop quantum gravity are based on, turns out to be a main obstacle to a
fully satisfactory definition of a Weyl quantisation. Finally, we apply our findings to some toy models of
linear scalar quantum fields on quantum cosmological spacetimes and discuss the implementation of space-
adiabatic perturbation theory therein.

In view of the second point, we start with a discussion of the microlocal spectrum condition for quantum
fields on curved spacetimes and how it might be translated to a background-independent Hamiltonian quan-
tum theory of gravity, like loop quantum gravity. The relevance of this lies in the fact that the microlocal
spectrum condition selects a class of physically relevant states of the quantum matter fields and is, therefore,
expected to play an important role in the aforesaid semi-classical limit of gravity-matter systems. Following
this, we switch our perspective and analyse the representation theory of loop quantum gravity. We find some
intriguing relations between the topological structure of the underlying (classical) Yang-Mills theory and the
centre of the quantum algebra. As an application, we show how this observation might lead to a θ-vacuum
structure in loop quantum gravity when the latter is coupled to fermions.
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Zusammenfassung

Das Hauptthema dieser Arbeit ist die Untersuchung möglicher Zusammenhänge zwischen der Schleifenquan-
tengravitation und Quantenfeldtheorien in gekrümmten Raumzeiten:

Einerseits wird dazu die Ableitung der Quantenfeldtheorie in gekrümmten Raumzeiten unter allgemeinen,
systematischen Gesichtspunkten im Sinne eines semiklassischen Grenzfalls angestrebt.
Andererseits werden Aspekte der Darstellungstheorie, sowohl der Schleifenquantengravitation als auch der
Quantenfeldtheorie in gekrümmten Raumzeiten, diskutiert, da diese Theorien sich, allen Erwartung nach,
gegenseitig in besagtem semiklassischen Grenzfall wechselseitig beeinflussen.

Den ersten Punkt betreffend wird eine mögliche Umsetzung der Born-Oppenheimer Näherung im Sinne der
raumadiabatischen Störungstheorie in Modellen, die auf Methoden der Schleifenquantengravitation beruhen,
untersucht. Im Zuge dieser Untersuchung stellt es sich als notwendig heraus, eine Weyl-Quantisierung, inklu-
sive des zugehörigen symbolischen Kalküls, für die Schleifenquantengravitation zu formulieren – etwas, das,
zumindest bis zu einem gewissen Grad, auch gelingt. Eine völlig zufriedenstellende Definition einer solchen
Weyl-Quantisierung wird durch die Kompaktheit der Lie-Gruppen, die Modellen des Typs der Schleifen-
quantengravitation zugrunde liegen, verhindert. Abschließend werden die erzielten Ergebnisse auf einfache
Modelle, die lineare skalare Quantenfelder in kosmologischen Raumzeiten beschreiben, angewandt. Ferner
wird diskutiert, inwieweit die raumadiabatische Störungstheorie innerhalb dieser Modelle verwirklicht wer-
den kann.

Hinsichtlich des zweiten Punktes wird zunächst die mikrolokale Spektrumsbedingung für Quantenfelder in
gekrümmten Raumzeiten unter dem Gesichtspunkt, in welchem Maße selbige in hintergrundunabhängige,
hamiltonsche Quantengravitationstheorien, wie beispielsweise die Schleifenquantengravitation, übertragen
werden kann, diskutiert. Einer etwaigen Überführung der mikrolokalen Spektrumsbedingung kommt beson-
dere Bedeutung zu, weil mittels dieser Bedingung eine Klasse physikalisch zulässiger Zustände der quantisier-
ten Materiefelder ausgezeichnet wird, und daher zu erwarten ist, dass selbige Bedingung eine entscheidende
Rolle in der Betrachtung des zuvor erwähnten semiklassischen Grenzfalls eines Quantensystems, bestehend
aus Gravitations- und Materiefeldern, spielt.
Im Anschluss an diese Diskussion wird die Perspektive gewechselt und eine Untersuchung der Darstellungs-
theorie der Schleifenquantengravitation durchgeführt. Dabei wird ein interessanter Zusammenhang zwischen
der topologischen Struktur der (klassischen) Yang-Mills-Theorie, auf der die Schleifenquantengravitation be-
ruht, und dem Zentrum der Quantenalgebra gefunden. Als mögliche Anwendung wird die Ableitung einer
θ-Vakuumstruktur innerhalb der Schleifenquantengravitation mittels dieser Beobachtung aufgezeigt, sofern
eine Kopplung an zusätzliche Fermionenfelder vorliegt.
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1. Introduction

About 100 years ago, the foundations of physics (in microcosm) were revolutionised by the appearance
of quantum theory through the discovery of h (Planck constant) by Planck in his work on radiation
laws and black-body radiation [Planck, 1900a, Planck, 1900b]. Following early successes, e.g. the Bohr
model [Bohr, 1913a,Bohr, 1913b] and the photo electric effect [Einstein, 1905a], quantum theory was soon
put on a firm basis – physically and mathematically (cf. [Heisenberg, 1925, Born and Jordan, 1925, Born
et al., 1926, Schrödinger, 1926e, Schrödinger, 1926a, Schrödinger, 1926b, Schrödinger, 1926c, Schrödinger,
1926d, Dirac, 1930, von Neumann, 1932]) – explaining many of the “discrete” phenomena of molecular
physics [Pauli, 1926, Born and Oppenheimer, 1927] (at least to first order) and correctly predicting new
“quantum” degrees of freedom such as spin [Gerlach and Stern, 1922b, Gerlach and Stern, 1922a, Pauli,
1927].
Meanwhile, another revolution was initialised by Einstein in form of his special [Einstein, 1905b] and general
theory of relativity [Einstein, 1908, Einstein, 1911, Einstein and Grossmann, 1913, Einstein, 1914, Einstein,
1915,Einstein, 1916], which turned over the predominant notions of space and time (cf. [Minkowski, 1909]
for the term “spacetime”), while interweaving the latter with the gravitational force (in macrocosm). Even
today, general relativity remains the basis of the precisest description of astrophysical phenomena (perihe-
lion advance of Mercury, bending of light in gravitational fields, structure formation in the universe, Λ-CDM
model in cosmology).
Early on, it has been attempted to unify quantum theory with the principles of special relativity, notably
by Dirac [Dirac, 1928,Dirac, 1927,Dirac, 1931], Heisenberg, Jordan, Pauli, and Weisskopf [Heisenberg and
Pauli, 1929, Jordan and Pauli, 1928,Weisskopf, 1934, Pauli and Weisskopf, 1934]. But, it took until the
invention of renormalisation (e.g. [Pauli and Villars, 1949]) that it was possible to reconcile the combina-
tion of quantum theory and special relativity, coined (relativistic) quantum field theory, with experiments
in the form of (perturbative) quantum electrodynamics as developed by Feynman, Schwinger, Tomonaga
and others. Even a mathematical underpinning of perturbative quantum electrodynamics could be estab-
lished [Bogolyubov and Parasyuk, 1955,Hepp, 1966, Epstein and Glaser, 1973], although the construction
of non-perturbative quantum field theory (in four spacetime dimensions) remains elusive to this day despite
many efforts and breakthroughs on the conceptual side (cf. [Streater and Wightman, 1964,Haag, 1996,Jaffe
and Glimm, 1981,Fernández et al., 1992]).
Nevertheless, perturbative quantum field theory has been extended further to unprecedented agreement with
experiments, incorporating the strong and weak nuclear force via Yang-Mills theories (cf. [Yang and Mills,
1954, Glashow, 1961,Weinberg, 1967, Salam, 1968, Englert and Brout, 1964, Higgs, 1964, Guralnik et al.,
1964, t’Hooft and Veltman, 1972,Weinberg, 1995,Weinberg, 1996]), culminating in the standard model of
quantum field theory, which has only recently passed a crucial experimental examination by the (probable)
detection of the Higgs boson at CERN. Non-perturbative effects of quantum field theory are, so far, taken
care of by discretised lattice theories, avoiding the most serious mathematical complications, or lower (than
four) dimensional exactly solvable models.
On the other hand, all attempts at incorporating the ideas of general relativity at a fundamental level
into quantum theory along similar lines turned out to fail due to severe technical issues (perturbative non-
renormalisability [t’Hooft and Veltman, 1974,Goroff and Sagnotti, 1986]). Therefore, the inclusion of the
gravitational force into quantum theory appears only to be possible in the sense of an effective field [Wein-
berg, 1995] in the framework of (perturbative) quantum field theory. For the reasons and motivations behind
quantum gravity research, we refer to an intriguing discussion by Kiefer [Kiefer, 2004].
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2 1. Introduction

Some of the modern approaches to quantum theories of gravity, notably string theory (cf. [Green et al.,
1998,Green et al., 1987]), but also asymptotic safety [Weinberg, 1979,Reuter and Wetterich, 1994,Reuter,
1998, Lauscher and Reuter, 2001, Lauscher and Reuter, 2002, Reuter and Saueressig, 2002] and causal dy-
namical triangulations [Ambjørn and Loll, 1998,Ambjørn et al., 2001,Ambjørn et al., 2010], turn the latter
into a guiding principle, i.e. a viable theory of quantum gravity is assumed to have general relativity only as
a low-energy effective limit (or as an emergent phenomenon in more general terms). The quantum nature
of those theories is typically formulated in terms of a path integral approach (“sum over histories”), which
allows for a rather immediate conceptual connection with perturbation theory.
In contrast, the approach we will stick to in this thesis known as loop quantum gravity (LQG) (cf. [Thie-
mann, 2008,Rovelli, 2007] for a general introduction, see also [Kiefer, 2004] for a overview of approaches to
quantum gravity), is based on the framework of canonical quantisation of classical (Hamiltonian) theories, as
formalised by Dirac [Dirac, 1925,Dirac, 1964]. At this point, it should be noted that the (constrained) Hamil-
tonian formulation of general relativity inevitably leads to the hypersurface deformation algebra (cf. [Dirac,
1964,Hojman et al., 1976]), the quantum theoretical implementation (Wheeler-DeWitt equation [Wheeler,
1968,DeWitt, 1967a,DeWitt, 1967b,DeWitt, 1967c]) of which is at the heart of any canonical quantisation
programme of general relativity – not only LQG.
Since LQG provides part of the theoretical background this work is embedded in, we give a brief, surely
incomplete, outline of its development and status. Regarding the latter, we focus on results related to this
thesis.

The research programme of LQG was initiated, almost 30 years ago, by a new parametrisation of the grav-
itational phase space due to Ashtekar [Ashtekar, 1986, Ashtekar, 1987], which gave general relativity the
formal structure of a Yang-Mills theory, although supplemented by constraints (the hypersurface deforma-
tion algebra, i.e. Hamiltonian and diffeomorphism constraints). Initial interest was sparked, partly because
of a great simplification of the Wheeler-DeWitt equation (the Hamiltonian constraint), which turned out to
be of polynomial form in the new variables making it easily accessible to quantisation techniques. Unfortu-
nately, Ashtekar’s variables being complex in nature required the presence of reality conditions to correctly
parametrise general relativity, and a successful implementation of these additional constraints could not be
achieved.
Further progress became possible when Barbero, 9 years later, introduced a real form of Ashtekar’s vari-
ables [Barbero G., 1995b,Barbero G., 1995a] rendering further reality conditions obsolete and entailing the
compactness of the structure group of the resulting Yang-Mills type formulation of general relativity. But,
there was a price to pay: The Hamiltonian constraint became a non-polynomial expression, again.
Nevertheless, leaving the implementation of the Hamiltonian constraint aside, the canonical formulation of
general relativity in terms of the Ashtekar-Barbero variables could be cast into a sound mathematical frame-
work (exploiting compactness of the structure group using projective limit techniques), notably by Ashtekar,
Baez, Isham, Lewandowski, Marolf, Mourão and Thiemann [Ashtekar and Isham, 1992, Ashtekar and
Lewandowski, 1994,Baez, 1994,Baez, 1996,Ashtekar and Lewandowski, 1995b,Ashtekar and Lewandowski,
1995a,Ashtekar et al., 1995] (see also [Abbati and Manià, 1999]): The Ashtekar-Isham-Lewandowski (AIL)
Hilbert space representation of the holonomy-flux algebra, which carries a natural representation of gauge
transformations (Gauß constraint) and spatial diffeomorphisms (diffeomorphism constraint). Some time
later, this representation was shown to have suitable uniqueness and irreducibility properties [Lewandowski
et al., 2006,Sahlmann and Thiemann, 2006a,Fleischhack, 2006,Fleischhack, 2007,Fleischhack, 2009].
In 1996, Thiemann completed the program of canonical quantisation to some extent by, for the first time,
constructing a well-defined representative of the Hamiltonian constraint within the AIL representation [Thie-
mann, 1996,Thiemann, 1998c,Thiemann, 1998d].
Furthermore, the AIL representation allowed for the (kinematical) implementation of certain geometric op-
erators, most prominently those associated with area and volume, and it was possible to prove discreteness
of their spectra [Rovelli and Smolin, 1995, Ashtekar and Lewandowski, 1997, Ashtekar and Lewandowski,
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1998,Thiemann, 1998a]. Also, the problem of black hole entropy [Smolin, 1995,Rovelli, 1996,Krasnov, 1997,
Ashtekar et al., 1998a,Ashtekar et al., 2000] and matter coupling [Morales Técotl and Rovelli, 1994,Morales
Técotl and Rovelli, 1995,Baez and Krasnov, 1998,Thiemann, 1998g,Thiemann, 1998b] could be addressed.
Moreover, LQG methods have been applied to symmetry reduced versions of general relativity, coined loop
quantum cosmology (LQC), which allowed for first results on the resolution of the big bang singularity [Bo-
jowald, 2001,Ashtekar et al., 2003a,Bojowald, 2005,Ashtekar and Singh, 2011].
Lately, regarding other approach to quantum gravity, especially string theory and the related supergrav-
ity, there are successful results on higher dimensional and supersymmetric extensions of LQG [Bodendorfer
et al., 2013c,Bodendorfer et al., 2013d,Bodendorfer et al., 2013e,Bodendorfer et al., 2013f,Bodendorfer et al.,
2014,Bodendorfer et al., 2013g,Bodendorfer et al., 2013h].

Besides these successes, a thorough understanding of the quantum dynamics has not been achieved in loop
quantum gravity. On the one hand, this is due to the complicated nature of the quantum hypersurface
deformation algebra. On the other hand, conceptual difficulties, related to the “problem of time”, arise in
view of the interpretation of solutions to the quantum constraints.

In view of the first issue, a new covariant approach to the quantum dynamics, named spin foam models,
was spawned, which combines (kinematical) LQG techniques with a path integral formulation [Barrett,
1995,Baez, 1998,Barrett, 2000,Baez, 2000,Rovelli, 2011,Perez, 2013]. As we are primarily concerned with
the canonical or Hamiltonian framework, we will not further comment on this research direction. But, it is
interesting to note that spin foam models fit into the more general context of group field theory [Freidel,
2005,Oriti, 2009,Krajewski, 2011]. Furthermore, there have been recent attempts aiming at a better under-
standing of the connection between the canonical and covariant setting [Alesci et al., 2012,Thiemann and
Zipfel, 2014].
On the canonical side, the master constraint programme [Thiemann, 2006b,Dittrich and Thiemann, 2006a,
Dittrich and Thiemann, 2006b,Dittrich and Thiemann, 2006c,Dittrich and Thiemann, 2006d,Dittrich and
Thiemann, 2006e] and later on algebraic quantum gravity [Giesel and Thiemann, 2007a,Giesel and Thie-
mann, 2007b, Giesel and Thiemann, 2007c, Giesel and Thiemann, 2010] were developed to deal with the
complications coming from the hypersurface deformation algebra: The master constraint programme re-
places the latter by a new equivalent algebra, which is simpler in structure. Algebraic quantum gravity,
on the other hand, places the (kinematical) framework of LQG into the setting of abstract graphs to avoid
difficulties in the definition of the quantum theory, which result from the topological and differential struc-
ture of the underlying spatial manifold in previous approaches. The latter data is, then, supposed to be
reintroduced at a later stage of the analysis of the quantum theory, e.g. in a semi-classical limit.

Progress on the second problem was made only recently by the introduction of deparametrised models [Giesel
and Thiemann, 2010,Domagała et al., 2010,Giesel et al., 2007a,Giesel et al., 2007a,Giesel and Thiemann,
2012] following ideas of Brown and Kuchař [Brown and Kuchař, 1995] as well as Dittrich, Rovelli, and Thie-
mann [Rovelli, 1991,Rovelli, 2002b,Rovelli, 2002a,Dittrich, 2006,Dittrich, 2007,Thiemann, 2006a]. Roughly
speaking, deparametrised models are formulated by adding a (physical) reference field (also: dust field)
to the gravitational and matter degrees of freedom, thus providing (physical) coordinates that allow for a
true Hamiltonian formulation of the theory, i.e. time evolution happens w.r.t. “dust time”. In this sense,
the evolution equations of deparametrised models are similar in spirit to the Friedmann equations of cos-
mology, which model the evolution of the universe w.r.t. the “dust” of supergalactic structures. Notably,
deparametrised models were already implicitly present in LQC models at an earlier stage [Ashtekar et al.,
2006a,Ashtekar et al., 2006c,Ashtekar et al., 2006b] (see also [Kiefer, 2004], Chapter 8, for the use of “matter
clocks” in quantum cosmology) and continue to be used in the most recent extension of these models to cover
cosmological perturbation theory [Agullo et al., 2012,Agullo et al., 2013a].

Connected with the construction of models is another active research area in LQG: The semi-classical analysis
of the theory, which is the main theme of this thesis. In the canonical framework such an analysis has so far
been performed with the help of (kinematical) coherent states to probe the semi-classical limit of quantum
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operators: The Hamiltonian constraint and its commutator derivation were shown to have the correct limit
at leading order [Thiemann, 2001a,Thiemann and Winkler, 2001a,Thiemann and Winkler, 2001b,Thiemann
and Winkler, 2001c,Sahlmann et al., 2001,Giesel and Thiemann, 2007b,Giesel and Thiemann, 2007c] similar
in spirit to a classical result of Hepp [Hepp, 1974]. Moreover, there are preliminary results on the derivation
of effective quantum field theories [Sahlmann and Thiemann, 2006b,Sahlmann and Thiemann, 2006c,Giesel
et al., 2009]. Mathematically, the construction of coherent states in LQG is based on a new form of the
Segal-Bargmann transform for compact Lie groups, which was developed by Hall [Hall, 1994,Hall, 1997,Hall,
1999,Hall and Mitchell, 2002].

In this thesis, we take up certain loose threads in the semi-classical analysis of LQG, specifically that of de-
parametrised gravity-matter systems. We try to build the basis for a more general semi-classical framework
for the latter in spirit of the Born-Oppenheimer approximation, thereby going beyond the use of coherent
states and keeping a strict relation between quantum and semi-classical dynamics.
But, before we further comment on the present work and outline its content and results, we comment on
the theory we expect to be relevant in the sought-after semi-classical limit: quantum field theory (QFT) on
curved spacetime (CS).

Thus, we are now closing the loop, although our discussion of LQG diverted from conventional (perturbative)
quantum field theory. More precisely, our investigation into the semi-classical limit of loop quantum gravity,
especially in the presence of matter, brings us into the realm of QFT on CS, which is the second cornerstone
of this thesis.

QFT on CS is a generalisation of (perturbative) quantum field theory to situations with an external gravita-
tional field (neglecting back reaction of the matter fields). This generalisation is done according to the princi-
ples of general relativity, i.e. the external gravitational field is modelled by a background spacetime, which is
different from Minkowski space (see e.g. [Fulling, 1989,Wald, 1994,Hollands and Wald, 2008]). Presumably,
one of the conceptually and mathematically most developed formulations of QFT on CS is the locally co-
variant algebraic approach [Brunetti et al., 2003], which is based upon the Gårding-Wightman [Streater and
Wightman, 1964] respectively Haag-Kastler [Haag and Kastler, 1964] axioms, and extends all the technology,
e.g. Feynman diagrams and renormalisation group methods [Brunetti et al., 1996,Brunetti and Fredenhagen,
2000,Hollands and Wald, 2001,Hollands and Wald, 2002,Hollands and Wald, 2003], familiar from standard
(perturbative) quantum field theory to non-trivial gravitational backgrounds (see [Fredenhagen and Rejzner,
2015] for a recent review). Besides scalar, Dirac and Yang-Mills fields, even a locally covariant treatment of
perturbative quantum gravity (around general backgrounds) is possible in this setting [Brunetti et al., 2013].
From the mathematical point of view, the extension of (perturbative) quantum field theory, to include classi-
cal gravitational fields, has been possible, because the (global) momentum space calculus in the Minkowskian
setting could be replaced by a suitable localised version by means of microlocal analysis (cf. [Hörmander,
1983a,Hörmander, 1983b,Hörmander, 1985a,Hörmander, 1985b]).
The inclusion of back reaction (of the matter fields to the gravitational field) is handled via the semi-classical
Einstein equations, which have the expectation value of the energy-momentum tensor operator of the matter
fields as a source term for the classical Einstein equations [Birrell and Davies, 1982,Wald, 1994, Brunetti
et al., 2003,Moretti, 2003,Hollands and Wald, 2005]. Extensive work on the semi-classical Einstein equations
has been done in cosmological scenarios [Dappiaggi et al., 2008,Dappiaggi et al., 2010,Hack, 2010,Pinamonti,
2011,Pinamonti and Siemssen, 2013,Fredenhagen and Hack, 2013,Pinamonti and Siemssen, 2014].
But, it should be said that a (rigorous) derivation of the semi-classical Einstein equations from a full quantum
gravity theory is still missing. Although, an argument along the lines of a Born-Oppenheimer approximation
might be possible (see [Kiefer, 2004], Section 5.4).

Let us now come back to the work at hand:
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1.1. Overview of the content & results

The work, this thesis is based on, was originally developed in four articles [Stottmeister and Thiemann,
2015a, Stottmeister and Thiemann, 2015b, Stottmeister and Thiemann, 2013b, Stottmeister and Thiemann,
2013a] (arXiv-preprints), corresponding to the four main chapters, under the supervision and in collabora-
tion with Thomas Thiemann.
In the following, we briefly outline the content and results presented throughout chapters 2 to 5, which are
sorted into two parts.

Two further publications [Bodendorfer et al., 2013a,Bodendorfer et al., 2013b] by the author and his collab-
orators Norbert Bodendorfer and Andreas Thurn are not part of this thesis, as the content of those articles
is only loosely connected with the research presented here.

1.1.1. Part I: Quantum Fields on Quantum Space Times

In the first part of this thesis, we investigate the implementability of the (time-dependent) Born-Oppenheimer
approximation in the sense of space-adiabatic perturbation theory [Panati et al., 2003b,Teufel, 2003] in LQG-
type models. In general, we make the assumption that the models of interest decompose into two sectors:
A fast sector and a slow sector, which are well-separated w.r.t. their time-scales regarding the dynamics.
Moreover, the quantum theory of the slow sector is assumed to be of LQG-type. The separation of scales is
encoded into a small parameter ε > 0, which serves as an order parameter for the perturbative treatment to
follow. The upshot of this is that our analysis aims at the treatment of gravity-matter systems in a combined
adiabatic and semi-classical limit (ε → 0), in which the quantum fluctuations of the gravitational field are
systematically frozen out to derive QFT on CS from LQG.
Overall, we point out the importance of constructing a suitable Weyl quantisation for such models as a major
technical tool necessary for a successful implementation of space-adiabatic perturbation theory.

Chapter 2

We take up certain issues raised in [Giesel et al., 2009] that hinder a direct application of the Born-
Oppenheimer approximation in its original form [Born and Oppenheimer, 1927,Chruściński and Jamiołkowski,
2004] to LQG-type models. Following some preliminary discussion of the original ansatz, we argue that a
main obstacle presents itself as the type of (de-)quantisation chosen to handle the slow (gravitational) degrees
of freedom, i.e. the Born-Oppenheimer ansatz relies on the use of an orthogonal pure state (de-)quantisation
(fibred operators in common mathematical terms). Next, we show that more general phase space quantisa-
tions like coherent state quantisation (also: Berezin or Wick/Anti-Wick quantisation) or Weyl quantisation
avoid this problem. Furthermore, we explain that space-adiabatic perturbation theory is an ideal general-
isation, assuming a Weyl quantisation is available, of the original Born-Oppenheimer approximation to be
applied to LQG-type models.
To make our argument and findings more explicit, we analyse a toy model of coupled spin systems in-
troduced in [Faure and Zhilinskii, 2001] (also in the context of generalised Born-Oppenheimer approxima-
tions) by means of space-adiabatic perturbation theory making use of the Stratonovich-Weyl quantisation
[Stratonovich, 1957,Varilly and Gracia Bondía, 1989].

Chapter 3

We start with a discussion of the Segal-Bargmann-Hall transform, which can be used to define a coherent
state (de-)quantisation for LQG-type models based on a compact Lie group G. Moreover, we conjecture a
new form of the aforesaid transform that provides a resolution of unity by normalised coherent states w.r.t.
the Liouville measure on T ∗G (in contrast with the original formulation in terms of non-normalised coherent
states and a heat kernel measure). We prove our conjecture for the (Abelian) case G = U(1)n and provide
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numerical evidence in support of it for G = SU(2).
Following this, we discuss and develop a Weyl (de-)quantisation for T ∗G respectively G × Ĝ [Landsman,
1998,Ruzhansky and Turunen, 2009] (G still compact, Ĝ the unitary dual of G). We find a generic dichotomy
between local (T ∗G) and global (G×Ĝ) aspects of the Weyl quantisation stemming from the compactness of
G. In the local setting, we formulate the basics of a Weyl calculus by defining a new class of symbol spaces
inside C∞(T ∗G), the Paley-Wiener-Schwartz symbols. These are function spaces with an analytic momentum
dependence that, again, reflects the compactness of G (compact support corresponds to analyticity via
fibrewise Fourier transform).
Moreover, we discuss the problem of defining a scalable Fourier transform for compact Lie groups, which we
would like to have at our disposal for the applications we have in mind. This is because we expect to find the
scale parameter ε to be entangled with the position variables (group elements) in some LQG-type models.
But, in the Weyl calculus, we have obtained so far, such a parameter is tied to the momentum variables
(co-vectors). Said problem is related to the asymmetric treatment of momentum and position variables: The
former correspond to co-tangent vectors (local) or equivalence classes of unitary irreducible representations
(global), while the latter are given in terms of group elements. In the course of the discussion, we invoke
the Stratonovich-Weyl transform, which we already know from the previous chapter, as a useful tool to
obtain an in-depth analysis of the problem in question. As might be expected, we find, once more, that the
main difficulty is due to the compactness of the Lie group G, this time in form of the rigid structure of the
representation theory of G (lattice of integral weights).
Following this, we make a short digression into the realm of coherent state quantisation and analyse the
question whether such a quantisation could be a viable substitute for the Weyl quantisation in our aim for
an implementation of space-adiabatic perturbation theory in LQG-type models. We argue in disfavour of
this possibility, because it is expected on quite general ground that coherent state quantisations do not lead
to suitable ?-products on the Poisson algebra of quantisable functions.
We conclude our discussion of Weyl quantisations for compact Lie groups with an extension of the case G =
U(1) to RBohr, which can be understood as a sort of relaxation or de-compactification of the representation
theory of U(1). The latter enables us to remove some of the above limitations for general compact Lie groups
leading us to the definition of a new class of pseudo-differential operators associated with RBohr, which we
term Bohrian pseudo-differential operators. As there is already another class of pseudo-differential operators
associated with RBohr, the almost-periodic pseudo-differential operators [Shubin, 1974, Shubin, 1978], we
investigate the relation between the former and latter class as well.
Finally, we turn to applications of the framework we have developed throughout the chapter. Firstly, we
show that the local and global Weyl quantisations are compatible with a projective phase space quantisation
approach to LQG, which was spelled out in [Thiemann, 2001b] (see aslo [Lanéry and Thiemann, 2014]).
In the course of this, we discover a subtle and seemingly unnoticed difference between the phase space
approach and the original one in terms of the holonomy-flux algebra. Unfortunately, a complete reunion of
both procedures is not completely obvious, but we will comment on this issue in the outlook 7. Secondly, we
apply the most developed case of our Weyl quantisations, namely those for G = U(1) and RBohr, to a class
of LQC-type toy models of linear scalar quantum fields on cosmological quantum spacetimes and discuss to
what extent the programme of space-adiabatic perturbation theory can be realised. It should be pointed out
that these toy models include back reaction of the quantum field onto the quantum spacetime, but a certain
kind of regularisation of the quantum field Hamiltonian is necessary to avoid an instance of Haag’s theorem,
i.e. we need to provide a common Fock space for quantum fields of different mass.

1.1.2. Part II: Representation Theory and Loop Quantum Gravity

The second part of the work at hand deals with questions regarding the representation theory of LQG.
Specifically, in chapter 4, we rise the question to which extent the Hadamard or microlocal spectrum con-
dition [Radzikowski, 1996], which features prominently in QFT on CS as characterisation of physically
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relevant states of the quantum field, has its place in background independent theories of quantum gravity of
Hamiltonian-type – like LQG. Following this, in chapter 5, we turn to a general analysis of the representation
theory of the holonomy-flux algebra underlying LQG and LQC focussing on the relation between central
operators and the geometry of the structure group.

Chapter 4

We analyse the microlocal spectrum condition from the point of view of Hamiltonian quantum theories that
rely on a 3 + 1-splitting of spacetime. Moreover, we formulate a condition that initial data for Hadamard
states, i.e. states subject to the microlocal spectrum condition, have to satisfy. This condition is independent
of the spacetime metric and, thus, can be transferred to background independent settings like loop quantum
gravity. Due to the dynamical nature of the microlocal spectrum condition, our condition captures only
parts of the former’s aspects. Nevertheless, our condition provides a minimal requirement to be imposed on
physically relevant states of quantum matter fields in a semi-classical limit of quantum gravity theories à la
loop quantum gravity (assuming QFT on CS can be obtained in this limit).

Chapter 5

We discuss the representation theory of the holonomy-flux algebra ALQG of LQG and the Weyl algebra
ALQC of LQC. To this end, we recall in some detail the construction of the holonomy-flux algebra from the
Ashtekar-Barbero variables. As an aside, we prove the non-existence of gauge invariant states that are regular
w.r.t. the holonomies for ALQG. We continue by showing the existence of central elements in both algebras,
which we trace back to the compactness of the structure group of the (classical) fibre bundles underlying
the construction of ALQG and ALQC. We relate the central elements to (possible) extensions of the algebras
ALQG and ALQC by so-called charged fields, which, in turn, give rise to charged automorphisms affecting the
representation theory of both algebras. More precisely, we prove existence of the charged automorphisms
for Abelian structure groups. The situation in the non-Abelian case appears to be much more complicated,
and we can only derive certain no-go theorems regarding the form of possible charged automorphisms.
Next, we apply the general results to the Koslowski-Sahlmann representations [Koslowski and Sahlmann,
2011], and we find that these require either an extension of ALQG by certain “central” terms or a redef-
inition of the flux vector fields by specific affine transformations of ALQG that are not implementable by
*-automorphisms in the non-Abelian setting.
A concrete solution to this problem, in which ALQG is modified by suitable operators, has recently been
found [Campiglia and Varadarajan, 2014b].
As a second application of our findings, we show that, under the assumption of an anomalous chiral symme-
try, the derivation of a θ-vacuum structure for LQG in the presence of fermions is possible. To this end, we
adapt the algebraic framework for chiral symmetry breaking put forward in [Morchio and Strocchi, 2009] to
our case.
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2. Coherent States, Adiabatic Perturbation
Theory and Quantum Gravity -
Preliminaries

2.1. Introduction

In this chapter, we begin our investigations into a framework that allows for the formulation of the (time-
dependent) Born-Oppenheimer approximation for physical models of the type of loop quantum gravity
(LQG) (cf. [Thiemann, 2008,Rovelli, 2007]).
To this end, we continue and generalise certain ideas and proposals for the extraction of quantum field
theory (QFT) on curved spacetime (CS) (cf. [Fulling, 1989,Wald, 1994,Hollands and Wald, 2008,Brunetti
et al., 2003] for some general accounts on the topic) from models of LQG present in the literature (no-
tably [Sahlmann and Thiemann, 2006b, Sahlmann and Thiemann, 2006c, Giesel et al., 2009]), and try to
put them into a rigorous and (computationally) effective mathematical framework. The latter is provided
by space-adiabatic perturbation theory as developed by Panati, Teufel and Spohn in [Panati et al., 2003b]
(cf. [Teufel, 2003], as well), which is a mathematically precise formulation, by means of pseudo-differential
calculus, of the intuitive content of the Born-Oppenheimer approximation [Born and Oppenheimer, 1927] in
a time-dependent setting. Namely, the quantum system under consideration is split into slow and fast sub-
systems, and (partially) dequantised in the slow sector (deformation quantisation). As a result, an algebra of
functions on a manifold (representing the slow subsystem) taking values in operators on the fast subsystem’s
Hilbert space is obtained. Moreover, the algebra of functions admits a non-commutative ?-product, which
captures the operator product of the slow subsystem and has an expansion that exploits the separation of
scales between the slow and fast sector. Then, assuming the spectral problem of the function, more pre-
cisely its principal part in an expansion w.r.t the separation of scales, quantising to the Hamiltonian of the
system is under sufficient control, the time evolution operator is analysed by means of the ?-product and
its expansion (see [Emmrich and Weinstein, 1996] for a general method). This latter analysis corresponds
to the perturbative analysis of molecular spectra by means of instantaneous electron configuration for fixed
distributions of nuclei in the original Born-Oppenheimer setup.
For the time-independent Born-Oppenheimer approximation originally formulated in [Born and Oppen-
heimer, 1927], as opposed to the time-dependent setting, the use of pseudo-differential operators to construct
locally isospectral effective Hamiltonians has some tradition. Classical works in this respect are [Klein et al.,
1992,Combes et al., 1981,Hagedorn, 1986,Hagedorn, 1988b,Hagedorn, 1988a]. A general reduction scheme
in the time-independent case, which is mathematically similar to space-adiabatic perturbation theory, and
therefore works for the more general type of models, we have in mind, as well, is depicted in [Martinez,
2002b].

Now, let us describe, in a little more detail, in which sense space-adiabatic perturbation theory provides a
suitable framework for the (time-dependent) Born-Oppenheimer approximation in models à la LQG, and
how QFT on CS fits into this perspective:

The Born-Oppenheimer approximation has a long tradition in applications to quantum gravity (cf. [Kiefer,
2004] for a historical overview). But, its use in the context of LQG is only quite recent, accompanying the
construction of (effective) models. A first attempt to incorporate the Born-Oppenheimer approximation into

11
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the canonical formulation of LQG was made in [Giesel et al., 2009] (an application in covariant LQG/spin
foam models can be found in [Rovelli and Vidotto, 2008]).
It is suggested in [Giesel et al., 2009], that the connection between LQG models with matter content and
QFT on CS, roughly, arises in the following way: Firstly, a deparametrised Hamiltonian formulation of the
considered model in the presence of additional, so-called dust fields, which provide a (physical) system of
spacetime coordinates (cf. [Brown and Kuchař, 1995], [Giesel et al., 2007a,Giesel et al., 2007b,Giesel and
Thiemann, 2012] for the use in LQG), is chosen and quantised by the methods of LQG. The deparametri-
sation is a generalisation of a similar procedure used to obtain the Friedmann equations in cosmological
models, where the (approximately) homogeneous and isotropic distribution of (super-)galactic structures in
the universe serves as a dust field. Secondly, the quantum system is separated into slow and fast subsystems
in accordance with the splitting into a gravitational and matter sector (in general, a mixing of gravitational
and matter degrees of freedom is conceivable). Such a separation is motivated, on the one hand, by the fact
that the natural mass scales, set by the coupling constants κ (Einstein’s constant) and λ (scalar field), are
typically well-separated, which is captured by the (small) dimensionless parameter ε2 = κ

λ , and, on the other
hand, by the observation that all experiments on gravity-matter systems, performed so far, are well described
by treating the gravitational field as a classical entity (notably, the accordance of (classical) Λ-CDM model
with recent observations of the cosmic microwave background by PLANCK). In specific models, a further
investigation of the separation of scales is necessary, as it has to be ensured that the physical states subject to
analysis respect this formal argument1. Thirdly, the Born-Oppenheimer ansatz is invoked to obtain effective
Hamiltonians for the (fast) matter sector, which are parametrised by (classical) configurations (or states)
of the slow system. Ideally, these effective Hamiltonians define quantum field theories for given (external)
classical gravitational fields, i.e. quantum field theories on CS. Finally, information on the spectral problem
of the effective Hamiltonians is used as input for the description of the total quantum system.

As pointed out in [Giesel et al., 2009], two main obstacles to a successful implementation of the outlined
program present themselves in the following form:

1. Non-commutative fast-slow coupling:

The third step, i.e. applying the Born-Oppenheimer ansatz in the construction of effective Hamiltoni-
ans, requires a peculiar structure of the Hamiltonian of the coupled quantum system: The part of the
Hamiltonian modelling the coupling between the slow and fast subsystems needs to implemented by a
family of mutually commuting, self-adjoint operators w.r.t. the slow variables. This property implies
that the coupling-part of the Hamiltonian admits a description as a fibred operator over some param-
eter space connected with the slow variables, i.e. the common spectrum of the slow-sector operators
mediating the coupling.
Due to the structure of the quantum algebra, the holonomy-flux algebra (or its spin-offs), constructed
in the quantisation of the gravitational field along the lines of LQG, the Hamiltonians of the models,
we are interested, do not have this feature: The operators representing the (spatial) metric, the flux
operators (short: fluxes), generate a non-commutative (sub)algebra, and it is the (spatial) metric that
couples to the matter fields in generic gravity-matter Hamiltonians.

2. Continuum limit:

Quantisations à la LQG of classical field theories including gravity are modelled on a projective limit,
Γ = lim←−i∈I Γi, of truncated configuration or phase spaces, Γi, i ∈ I. Typically, Γ has an interpretation
as a distributional completion of the classical smooth configuration or phase space, Γ. Thus, in the
quantum theory only Γ is naturally accessible, and the specification of elements of Γ, which contains
the classical gravitational field configurations or states, has to be achieved via observables admitting

1Thinking of the original Born-Oppenheimer ansatz applied to molecular Hamiltonians, it is easily understood that the separation
of scales between the electrons and the nuclei quantified by the mass ratio ε2 = me

mnuc
is not sufficient to justify the usual slow-

fast decomposition, but additional bounds on the total energy, and thus on the kinetic energy, of the molecular system are
necessary to conclude that time scale for the motion of the nuclei is, indeed, much larger than that for the electrons (cf. [Teufel,
2003]).
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a suitable continuum limit.
It is, therefore, a minimal requirement that we find a generalisation of the Born-Oppenheimer ansatz,
which is compatible with the projective limit structure arising in the quantisation process.

In the present chapter, we focus on a possible resolution of the first issue on rather general grounds by
means of space-adiabatic perturbation theory, which offers a more flexible framework than the original
Born-Oppenheimer ansatz. The second problem will be (partly) addressed in the following chapter, where
we also establish the mathematical basis necessary to realise the program of space-adiabatic perturbation
theory in models, which are structurally similar to LQG.

The remainder of the chapter is structured as follows:

In section 2.2, we recall, in an informal way, the Born-Oppenheimer ansatz, as it usually presented for
molecular Hamiltonians (or systems analogous to those, e.g. [Chruściński and Jamiołkowski, 2004]), and the
derivation of effective Hamiltonians, which govern the motion of the fast subsystem inside the adiabatically
decoupled subspaces and allow for the derivation of effective equations for the slow variables in semi-classical
limit. Following this, we argue that the treatment of more general quantum systems, which allow for
a splitting into slow and fast degrees of freedom, but do not have the peculiar form common to molecular
Hamiltonians, requires a generalisation of the Born-Oppenheimer ansatz. This generalisation manifests itself
in extending the (de-)quantisations procedure in terms of orthogonal (in the generalised sense) pure state
families (fibred or direct integral representations of operators), which is at the heart of the original Born-
Oppenheimer ansatz, to more general deformation (de-)quantisations, e.g. coherent pure state quantisations
(Wick/Anti-Wick or Berezin quantisations) or Kohn-Nirenberg and Weyl quantisations.
In section 2.3, we formulate the framework of space-adiabatic perturbation in rather general terms, rather
focusing on structural aspects than on technical details, due to the fact that its original formulation [Panati
et al., 2003b] is given in the context of Weyl quantisation on R2d for operators on L2(Rd), which is a setting
to narrow for the applications that we have in mind.
In section 2.4, we apply the general framework of the previous section to a simple, finite-dimensional model
of two coupled spin systems introduced by Faure and Zhilinskii [Faure and Zhilinskii, 2001] in a discussion
of topological aspects of the Born-Oppenheimer approximation. The (de-)quantisation we choose to analyse
this model of coupled spin systems is the so-called Stratonovich-Weyl quantisation for the 2-sphere S2

(cf. [Stratonovich, 1957,Varilly and Gracia Bondía, 1989]), which is a direct analogue of the Weyl quantisation
on R2. The reason, why we discuss this model, is that it constitutes a sort of minimal representative
of a quantum system, that is not amenable to the usual Born-Oppenheimer approximation because of the
structure of the su2-algebras describing its observables. Furthermore, the non-trivial topology of the manifold
S2 affects the applicability of space-adiabatic perturbation theory in an interesting way (cf. [Freund, 2013] for
a discussion in the context of periodic Schrödinger operators with external field and magnetic Bloch bands)
– a feature that is expected for LQG models, which are based on projective limits of co-tangent bundles
T ∗G of compact Lie groups G, as well. Due to compactness of S2 , reflecting the finite dimensionality of the
model, it is not of vital importance to pay to much attention to the technical details of the (de-)quantisation
procedure (all operators are bounded, C∞(S2) = C∞b (S2)).
Finally, we conclude the chapter in section 2.5, and comment on the implications of our findings, especially
in respect of the following chapter.
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2.2. On the Born-Oppenheimer ansatz

In this section, we discuss aspects of the time-dependent Born-Oppenheimer approximation in the analysis
of coupled quantum systems,

H = Hs⊗Hf , (2.2.1)

consisting of two sectors characterised by well-separated interaction/time scales (captured by a “small”
parameter ε), hereafter called the slow sector or slow degrees of freedom, Hs, and the fast sector or fast
degrees of freedom, Hf .
We explain on a rather formal level in which sense the conventional Born-Oppenheimer approximation
(cf. [Chruściński and Jamiołkowski, 2004]) fits into the picture of pure state (de-)quantisation (cf. [Simon,
1980,Landsman, 1998]) w.r.t. to a (generalised) orthogonal family of pure states in Hs (or a suitable extension
Hf ⊂ S

′

f ), which is adapted to the operators of the slow sector that couple non-trivially to the fast sector.
As observed in [Giesel et al., 2009], it turns out, that it is of vital importance, that the coupling operators
are assumed to be mutually commuting, for this approach to work.
Following this, we argue that a treatment of coupled quantum systems, where this restrictive assumption
is not satisfied (e.g. the Dirac equation with slowly varying external fields [Panati et al., 2003b], spin-orbit
coupling [Faure and Zhilinskii, 2001]), requires another type of (de-)quantisation, presumably not even by
pure states.

2.2.1. The Born-Oppenheimer ansatz

The ansatz of Born and Oppenheimer [Born and Oppenheimer, 1927] is usually derived in the context of
molecular Hamiltonians with external magnetic field [Chruściński and Jamiołkowski, 2004, Panati et al.,
2007],

Ĥmol = 1
2mnuc

(
P̂ +A(Q̂)

)2
+He(Q̂; q̂, p̂), (2.2.2)

defined on a dense domain D(Hmol) ⊂ L2(Rd,Hf ) ∼= L2(Rd) ⊗ Hf and self-adjoint there. The slow nuclei
are modelled on {(Q,P ), L2(Rd)} and the fast electrons constitute the fibre Hilbert space {(q, p),Hf}.
For simplicity, we do not include any (possibly internal) degrees of freedom besides position and momentum
of the nuclei and electrons into the discussion.
Due to the rather special form of (2.2.2), i.e. the coupling between slow and fast degrees of freedom
happens solely via the vector of mutually commuting operators Q̂, and He(Q̂; q̂, p̂) is fibred over the spectrum
σ(Q) = Rd of Q, it is possible to analyse the spectral properties of Ĥmol by means of spectral decomposition of
the (self-adjoint) electronic Hamiltonians H(Q; q̂, p̂), Q ∈ Rn for fixed configurations of the nuclei. Namely,
we introduce a Q-dependent orthonormal basis of Hf (or at least of a subspace of bound states Hbf ):

He(Q; q̂, p̂)ψn,dn(Q) = en(Q)ψn,dn(Q), ψn,dn(Q) ∈ Hf , Q ∈ Rd, n ∈ N, dn ∈ DN , (2.2.3)

where a discrete, possibly degenerate, fibred spectrum, {{en(Q)}n∈N}Q∈Rd , without eigenvalue crossings is
assumed to exists for the family {H(Q; q̂, p̂)}Q∈Rd . {en(Q)}Q∈Rd is called the n-th electronic band. Next, we
introduce the (generalised) complete product basis

{δ(d)
Q ⊗ ψn,dn(Q)}Q∈Rd ⊂ L2(Rd,Hf ), (2.2.4)

and project to the component equations of the eigenvalue equation,

ĤmolΨE = EΨE , ΨE ∈ L2(Rd,Hf ), (2.2.5)
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w.r.t. this basis (~ = 1):

E ΨE
n,dn(Q) = E

(
δ

(d)
Q ⊗ ψn,dn(Q),ΨE

)
=
(
δ

(d)
Q ⊗ ψn,dn(Q), ĤmolΨE

)
(2.2.6)

= 1
2mnuc

(
δ

(d)
Q ⊗ ψn,dn(Q),

(
P̂ +A(Q̂)

)2
ΨE

)
+
(
δ

(d)
Q ⊗ ψn,dn(Q), Ĥe(Q̂; q̂, p̂)ΨE

)
=

∑
n′′,dn′′

− 1
2mnuc

∑
n′,dn′

Dn′,dn′
n,dn ·D

n′′,dn′′
n′,dn′

+en(Q)δn,n′′δdn,dn′′

ΨE
n′′,dn′′

(Q),

where we used the resolution of unity

1L2(Rd,Hf ) =
∫
Rd
dQ
∑
n,dn

(δ(d)
Q ⊗ ψn,dn(Q))⊗

(
δ

(d)
Q ⊗ ψn,dn(Q), .

)
, (2.2.7)

and defined

Dn′,dn′
n,dn := δn,n′δdn,dn′ (∇Q + iA(Q))− iA(Q)n

′,dn′
n,dn

, A(Q)n
′,dn′
n,dn

:= i
(
ψn,dn(Q), (∇Qψn′,dn′ )(Q)

)
Hf
.

(2.2.8)

The adiabatic Born-Oppenheimer approximation of (2.2.6), improved by the Berry-Simon connection [Berry,
1984,Simon, 1983] or Mead potential [Mead and Truhlar, 1979], consists in ignoring the inter-band terms of
the operator D , which yields (in electronic units me = 1, me

mnuc
= ε2)

E ΨE
n,dn(Q) =

∑
d′′n

−ε2

2
∑
d′n

(Dn)d
′
n

dn
· (Dn)d

′′
n

d′n
+ en(Q)δdn,d′′n

ΨE
n,d′′n

(Q), (2.2.9)

where Dn is the diagonal part of D in n-th electronic band. Additionally, a perturbative expansion in the
adiabatic parameter ε of the eigenvalues E and eigenvector coefficients ΨE

n,dn
(Q) is performed2.

A slightly more educated guess, which is in spirit of Kato’s time-adiabatic theorem, proceeds by projecting
out the intra-band parts of the operator on the right hand side of (2.2.6). This amounts to using the band
projections,

Π̂n =
∫
Rd
dQ Πn(Q) δ(d)

Q ⊗
(
δ

(d)
Q , .

)
, Πn(Q) =

∑
dn

ψn,dn(Q)⊗ (ψn,dn(Q), . )Hf , (2.2.10)

which commute with He(Q̂; q̂, p̂), to define the intra-band effective Hamiltonians:

Ĥeff
mol,n = Π̂nĤmolΠ̂n (2.2.11)

=
∫
Rd
dQ

∑
dn,d′n

(
δ

(d)
Q ⊗ ψn,dn

)(
Π̂nĤmolΠ̂n

)d′n
dn

(Q,−iε∇Q)
(
δ

(d)
Q ⊗ ψn,d′n , .

)
,

(
Π̂nĤmolΠ̂n

)d′n
dn

(Q,−iε∇Q) =

(−iε∇Q + εA(Q)− εA(Q)n
)2 + ε2

2
∑
n′ 6=n

(
A(Q)n

′

n ·A(Q)nn′
)

+ en(Q)

d′n

dn

,

where the quantum geometric magnetic potential A(Q)n and electric potential Φ(Q)n =
∑
n′ 6=n A(Q)n′n ·

A(Q)nn′ appear. The relevance of the band projections and the effective Hamiltonians lies within the fact,
that the band subspaces are invariant to first order in ε for states of bounded kinetic energy, i.e.

[Ĥmol, Π̂n] = O(ε). (2.2.12)
2In their original paper Born and Oppenheimer perform the perturbative expansion in

√
ε, but they only obtain contribution in

zeroth, second and fourth order [Born and Oppenheimer, 1927]. Later, mathematical rigorous treatments of the perturbative
expansion make use of ε [Klein et al., 1992].
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Although, there is a subtlety associated with (2.2.12), because the relevant time scale for the slow sector is
of order ε−1 (cf. [Panati et al., 2007], Duhamel’s formula and gap conditions are important there).

First order time-adiabatic theorems concerning the approximation of the intra-band dynamics by means of
the first order expansion of (2.2.11) in ε (or its generalisations to collections of electronic bands) can be
found in e.g. [Spohn and Teufel, 2001,Teufel, 2003,Panati et al., 2007]. A systematic treatment of higher
order corrections requires more refined techniques to be discussed in section 2.3. Especially, the naive hope
that the second order expansion of (2.2.11) in ε is compatible with a second order adiabatic theorem is not
justified (cf. [Teufel, 2003,Panati et al., 2007]). Fortunately, these techniques also lift the restriction of the
above considerations to couplings of slow and fast degrees of freedom via mutually commuting operators in
the slow sector.

Semi-classical approximations to the dynamics of the slow variables can be obtained by ε-dependent pseudo-
differential techniques (Egorov’s theorem, cf. [Robert, 1987,Panati et al., 2003b,Teufel, 2003]), yielding in
zeroth order in ε classical dynamics governed by a Hamiltonian with potential energy given by the electronic
energy associated with the band (Peierls substitution), i.e.

Hmol,0(P,Q) = 1
2P

2 + en(Q). (2.2.13)

In the case of coupled observables on the slow and fast sector, we have to take into account first oder
corrections to (2.2.13) (matrix-valued in the presence of degeneracies):

Hmol,(1)(P,Q) = 1
2P

2 + 2εP (A(Q)−A(Q)n) + en(Q). (2.2.14)

2.2.2. The coherent-state Born-Oppenheimer ansatz

As pointed out in the previous section, the conventional Born-Oppenheimer approximation exploits to some
extent the special structure of (2.2.2) as being a perturbation, which acts on the slow degrees of freedom, of an
operator, He(Q̂; q̂, p̂), fibred over the common spectrum of the mutually commuting operators Q̂i, i = 1, ..., d,
of the slow sector, which provide the coupling to the fast degrees of freedom.

But, for the applications, that we have in mind, it would be advantageous to lift the restriction on the mutual
commutativity of the coupling operators Qi, i = 1, ..., d. Clearly, if we do not require the vector Q to have
mutually commuting components, we will have to find a viable substitute for the (generalised) product basis
(2.2.4). A property that makes (2.2.4) special, is that it provides a diagonalisation of the slow-fast coupling
operator He(Q̂; q̂, p̂), which supports the idea that electronic configuration ψn,dn(Q) for fixed configuration
of nuclei Q ∈ Rd can be used to determine the properties of a molecule.
One possibility to generalise this aspect to encompass the non-commutative setting is to move from a
configuration space approach to the slow variables to a phase space approach. More precisely, if we treat
He( . q̂, p̂) : Rd → L(Hf ) as a function on configuration space Rd subjected to the (operator-valued) pure
state quantisation (cf. [Landsman, 1998]),

F (Rd, L(Hf ))→ L(L2(Rd,Hf )), f( . q̂, p̂) 7→
∫
R
dQ f(Q, q̂, p̂)δ(d)

Q ⊗
(
δ

(d)
Q , .

)
, (2.2.15)

w.r.t. the system of (generalised orthonormal) pure states {δ(d)
Q }Q∈Rd , we replace the system of pure states

or even the type of quantisation to handle (operator-valued) functions F (T ∗Rd, L(Hf )) on phase space
T ∗Rd ∼= R2d. The reason for this lies within the fact that phase space quantisation typically allows for
a wider range of operators to be covered, as the orthogonality relation at the heart of (2.2.15) are lifted
(cf. [Simon, 1980]). Another important point to make in this respect is, that we are not so much interested
in a quantisation scheme, but a de-quantisation scheme , i.e. a way to assign functions (also called symbols),
f ∈ F (T ∗ Rd, L(Hf )), on the phase space of the slow degrees of freedom with values in operators on the
Hilbert space of the fast sector.
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The goal is then, assuming the spectral problem of the operators {f(Q,P ; q̂, p̂)}(Q,P )∈R2d is under sufficient
control, to systematically approximate the full spectral problem and the dynamics of f(Q̂, P̂ ; q̂, p̂), in terms
of configurations of the fast degrees of freedom for fixed phases or instantaneous states of the (classical) slow
sector:

f(Q,P ; q̂, p̂)ψn,dn(Q,P ) = en(Q,P )ψn,dn(Q,P ), ψn,dn(Q,P ) ∈ Hf , (Q,P ) ∈ R2d, n ∈ N, dn ∈ DN ,

(2.2.16)

in analogy with (2.2.3).

Before, we turn to the discussion of a systematic treatment of the outlined ideas in the framework of (space)
adiabatic perturbation theory [Panati et al., 2003b, Teufel, 2003], we take a look at what will happen to
(2.2.6), if we replace (2.2.15) by a coherent state quantisation (cf. [Landsman, 1998,Berezin, 1974,Klauder
and Skagerstam, 1985,Gazeau, 2009]) for electronic energies depending on the momenta of the nuclei as well,
He(Q̂, P̂ ; q̂, p̂).
To this end, we assume that He(Q̂, P̂ ; q̂, p̂) admits an upper or contravariant symbol, He,ε( . ; q̂, p̂), w.r.t.
the (ε-dependent) standard coherent states ζ(ε)

Z ∈ L2(Rd), Z ∈ Cd, for the canonical commutation relations
(CCR) algebra {Âε = 1√

2 (Q̂ε + iP̂ε), Â∗ε = 1√
2 (Q̂ε − iP̂ε), [Âε, Â∗ε] = ε} associated with the ε-scaled slow

sector {Q̂ε, P̂ε, [P̂ε, Q̂ε] = −iε}3:

He(Q̂ε, P̂ε; q̂, p̂) = He(Âε, Â∗ε; q̂, p̂) =
∫
Cd

d2Z

(επ)d He,ε(Z,Z; q̂, p̂) ζ(ε)
Z ⊗

(
ζ

(ε)
Z , .

)
L2(Rd)

. (2.2.17)

Next, we assume the existence of a family of bases {ψ(ε)
n,dn

(Z,Z)}Z∈Cd of Hf (or a subspace thereof) adapted
to the symbol He,ε( . ; q̂, p̂) in the sense of (2.2.16), from which construct the (overcomplete) family of
product states {ζ(ε)

Z ⊗ ψ
(ε)
n,dn

(Z,Z)}Z∈Cd ⊂ L2(Rd,Hf ). Stressing the analogy with the previous subsection
further, we introduce the (self-adjoint) complete family of operators:

Π̂ε
n =

∫
Cd

d2Z

(επ)dΠ(ε)
n (Z,Z) ζ(ε)

Z ⊗
(
ζ

(ε)
Z , .

)
L2(Rd)

, Π(ε)
n (Z,Z) =

∑
dn

ψ
(ε)
n,dn

(Z,Z)⊗
(
ψ

(ε)
n,dn

(Z,Z), .
)
Hf
,

(2.2.18)∑
n

Π̂n = 1L2(R,Hf ),

which are expected to be almost projections in the O(ε)-sense, because the coherent state family {ζ(ε)
Z }Z∈Cd

becomes orthogonal in this limit:

(Π̂ε
n)2 = Π̂ε

n + O(ε). (2.2.19)

On the same grounds, the electronic energy and the almost projections commute in the O(ε)-sense,

[He(Q̂ε, P̂ε; q̂, p̂), Π̂ε
n] = O(ε), (2.2.20)

and we may hope for (cp. (2.2.12)):

[Ĥmol, Π̂ε
n] = O(ε) (2.2.21)

on a suitable domain of bounded energy states.

Regarding the computation of effective Hamiltonians for the (almost) subspaces img Π̂ε
n in the sense of

(2.2.11), there is another catch, due to the coherent states not being orthogonal: In the conventional Born-
Oppenheimer ansatz the expression for the effective Hamiltonian can be obtained from the restriction of

3In the previous subsection, we worked in the representation Q̂ε = Q·, P̂ε = −iε∇Q.
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(2.2.6) to the n-th electronic band. This is no longer the case in the coherent state framework. While the
explicit expression for the effective Hamiltonian, Ĥeff,ε

mol,n = Πε
nĤmolΠε

n, becomes more involved because of
the absence of orthogonality relations, the analogue of (2.2.6) is still rather simple (A = 0),

E ΨE,(ε)
n,dn

(Z;Z,Z) =
∑
n′,dn′
n′′,dn′′

(
ε
(
ðA
)n′,dn′
n,dn

− 1
2Zδn,n

′δdn,dn′

)
·
(
ε
(
ðA
)n′′,dn′′
n′,dn′

− 1
2Zδn

′,n′′δdn′ ,dn′′

)
ΨE,(ε)
n′′,dn′′

(Z;Z,Z)

(2.2.22)

+
∫
Cd

d2Z ′

(επ)d
∑
n′,dn′

en,ε(Z ′, Z ′) K (ε)(Z,Z ′; (Z,Z), (Z ′, Z ′))n
′,dn′
n,dn

ΨE,(ε)
n′,dn′

(Z ′;Z ′, Z ′),

where we introduced the following objects:

ΨE,(ε)
n,dn

(Z;Z,Z) =
(
ζ

(ε)
Z ⊗ ψ

(ε)
n,dn

(Z,Z),ΨE
)
L2(Rd,Hf )

, (2.2.23)(
ðA
)n′,dn′
n,dn

= δn,n′δdn,dn′∇Z − iA(Z,Z)n
′,dn′
n,dn

, (2.2.24)

A(Z,Z)n
′,dn′
n,dn

= i
(
ψ

(ε)
n,dn

(Z,Z),∇Z ψ
(ε)
n′,dn′

(Z,Z)
)
Hf
, (2.2.25)

K (ε)(Z,Z ′; (Z,Z), (Z ′, Z ′))n
′,dn′
n,dn

= (ζ(ε)
Z , ζ

(ε)
Z′ )L2(Rd)(ψ

(ε)
n,dn

(Z,Z), ψ(ε)
n′,dn′

(Z ′, Z ′))Hf .

Here, K (ε) is a reproducing kernel in the Segal-Bargmann space SB2
ε(Cd,Hf ) defined by the coherent states

ζ
(ε)
Z , Z ∈ Cd:

Ψ(ε)
n,dn

(Z;Z,Z) =
∫
Cd

d2Z ′

(επ)d K (ε)(Z,Z ′; (Z,Z), (Z ′, Z ′))n
′,dn′
n,dn

∑
n′,dn′

Ψ(ε)
n′,dn′

(Z ′;Z ′, Z ′), (2.2.26)

and A is (a part of) a phase space generalisation (in complex (Z,Z)-coordinates) of the Berry-Simon connec-
tion (cp. (2.2.8)). Since the coherent states ζ(ε)

Z , Z ∈ Cd, are holomorphic up to a factor e− 1
2εZ·Z , (2.2.22)

has to be supplemented by a “flatness constraint”, which characterises elements of SB2
ε(Cd,Hf ) (apart from

L2-integrability):

∑
n′,dn′

ε
(
δn,n′δdn,dn′∇Z − iA(Z,Z)n

′,dn′
n,dn

)
︸ ︷︷ ︸

:=(ðA )
n′,d

n′
n,dn

ΨE,(ε)
n′,dn′

(Z;Z,Z) = −1
2ZΨE,(ε)

n,dn
(Z;Z,Z). (2.2.27)

Related to this aspect of the coherent state ansatz is the observation that the (upper) symbol of a coher-
ent state de-quantized operator is not immediately obtained from the (diagonal) expectation values of the
operator w.r.t. the coherent states, i.e. the lower or covariant symbol. Instead, we find:

Lεf (Z,Z)n,dnn′,dn′
(2.2.28)

=
(
ζ

(ε)
Z ⊗ ψ

(ε)
n,dn

(Z,Z), f(Âε, Â∗ε; q̂, p̂)ζ
(ε)
Z ⊗ ψ

(ε)
n′,dn′

(Z,Z)
)
L2(Rd,Hf )

=
∫
Cd

d2Z ′

(επ)d
∑

n′′,dn′′
n′′′,dn′′′

|(ζ(ε)
Z , ζ

(ε)
Z′ )L2(Rd)|2(ψ(ε)

n,dn
(Z,Z), ψ(ε)

n′′,dn′′
(Z ′, Z ′))Hf (ψ(ε)

n′′′,dn′′′
(Z ′, Z ′), ψ(ε)

n′,dn′
(Z,Z))Hf .

× f(Z,Z; q̂, p̂)n
′′,dn′′
n′′′,dn′′′

Therefore, the task of computing the upper symbol of the effective Hamiltonian, as a candidate for a generator
of the semi-classical dynamics of the slow degrees of freedom, is a rather cumbersome task, and might not even
be possible. Moreover, while the lower symbol of an operator is unambigously defined by the coherent states
(if it exists), and can even be argued to characterise the operator uniquely for certain kinds of complete
families of coherent states (not to be confused with completeness in the Hilbert basis sense, cf. [Simon,
1980,Klauder and Skagerstam, 1985]), the upper symbol will only be unique, if a suitable class of symbols
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is identified.
The dichotomy between upper and lower symbol can be further exemplified by their duality regarding the
trace:

trL2(Rd,Hf )

(
f(Âε, Â∗ε)F̂

)
=
∫
Cd

d2Z

(επ)d trHf
(
f(Z,Z)LεF (Z,Z)

)
, (2.2.29)

for f ∈ L1(Cd,S 1(Hf )) and F̂ ∈ B(L2(Rd,Hf )) (cf. [Simon, 1980]).

Let us now turn to the apparent questions and problems the sketched approach raises.

Firstly, we may ask, why we should only subject the electronic part of Ĥmol to the coherent state (de-
)quantisation, as this is not forced upon us, in comparison with the conventional Born-Oppenheimer ansatz,
where the range of the pure state quantisation associated with the mutually commuting coupling operators
Qi, i = 1, ..., d, is severely restricted by orthogonality relations.
Secondly, we should wonder, how we are supposed to obtain a systematic perturbation theory of the involved
ε-dependent objects, as already the leading order approximation of the restricted dynamics (to img Π̂ε

n)
presumably requires control of the first order ε-expansion of the effective Hamiltonian.
Thirdly, we might want to achieve a more symmetric form of (de-)quantisation, especially regarding (2.2.29).

In view of the next subsection and the fact that we should not expect a splitting, as in the example at hand,
for Hamiltonians describing more general systems, the answer to the first question is that we should not do
so (a very instructive example is provided by the Dirac equation with slowly varying potentials, cf. [Panati
et al., 2003b]).
Addressing the second problem is slightly more subtle, but a practicable answer, also justified by the successes
of adiabatic perturbation theory, is that, we should not only look for a phase space quantisation, but a
deformation quantisation with sufficiently broad range to cover interesting operators, i.e. we would like
to have a de-quantisation of a large enough (depending on the problem) algebra of operators on the total
Hilbert space (L2(Rd,Hf ) in our example) such that the operator product (in the slow sector) gets mapped
to a non-commutative (?ε-)product on a suitable class of phase space functions (with values in operators on
Hf ). Moreover, to be able to control the errors, arising in the perturbative expansion in ε, a certain notion
of continuity of the quantisation should be available.
The third point can be dealt with by replacing the coherent state quantisation with the Weyl quantisation,
and turns out to be intimately connected with the second point.
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2.3. Weyl quantisation and space-adiabatic perturbation theory

The issues, raised at the end of the previous subsection, can be addressed in the setting of space-adiabatic
perturbation theory, which was developed by Panati, Spohn and Teufel in [Panati et al., 2003b] (cf. also
[Panati et al., 2003a], and [Teufel, 2003] for a comprehensive review).
We recall in this section the main steps and ideas of this program, and what are the necessary ingredients
to implement them. The original work of Panati, Spohn and Teufel is phrased in terms of (equivariant)
Weyl quantisation, when the phase space of the slow variables can be realised as T ∗Rd ∼= R2d (or a quotient
thereof by a lattice Γ ⊂ Rd in the equivariant case).

To begin with, the quantum dynamical system, (H, (Ĥ,D(Ĥ))), to be considered, given in terms of a (self-
adjoint) Hamiltonian Ĥ acting on a (dense) domain D(Ĥ) in Hilbert space H, should admit the following
general description:

(a) There is a splitting of the Hilbert space, H, into slow, Hs, and fast, Hf , degrees of freedom. The
separation the two sectors is controlled by a (small) dimensionless parameter ε.

(b) There is a (continuous) deformation quantisation (with deformation parameter ε),

.̂ ε : S∞(ε; Γ,B(Hf )) ⊂ C∞(Γ,B(Hf )) −→ L(H), (2.3.1)

of the (classical) phase space, Γ, of the slow variables with values in linear operators, L(H), on H.
Here, S∞(ε; Γ,B(Hf )) is a class of (ε-dependent) quantisable functions, the semi-classical symbols, on
Γ with values in bounded operators, B(Hf ), on Hf . The operator product in L(H) is reflected in a
(continuous) ?ε-product on S∞(ε; Γ,B(Hf )). Elements of the latter admit an asymptotic expansion
in ε, increasing the regularity (boundedness) of (operator-)contributions with increasing order, and
compatible with a similar expansion of ?ε (Moyal-Weyl product). Quantisations of O(ε∞)-elements
in S∞(ε; Γ,B(Hf )) are “small” bounded operators (smoothing operators). Moreover, the quantisation
encompasses the Hamiltonian Ĥ, i.e. there is a semi-classical symbol Hε ∈ S∞(ε; Γ,B(Hf )) (taking
values in self-adjoint operators on Hf

4) with asymptotic expansion

Hε ∼
∞∑
k=0

εkHk, ∀k ∈ N0 : Hk ∈ C∞(Γ,B(Hf )), (2.3.2)

such that Ĥε

ε
= Ĥ.

(c) There is a relevant part, σ∗(H0), of the (point-wise) spectrum, σ(H0) = {σ(H0(γ))}γ∈Γ, of the principal
symbol H0, that is isolated from the (point-wise) remainder, σc∗(H0), by a finite gap (global over Γ)5.

Let us briefly explain the meaning the three conditions just stated:

Clearly, (a) describes the identification of the (two) sectors of the quantum system, which are to be considered
as being separated by different time scales w.r.t. the dynamics (ε quantifies the separation).
(b) provides a kind of minimal (formal) framework, that is necessary to establish a systematic perturbation
theory that exploits the separation of scales defined by (a) (adiabatic perturbation theory in orders of ε).
Thus, the existence of an appropriate deformation (de-)quantisation procedure (and a compatible symbolic
calculus) to handle operators in the slow sectors is the main technical building block, upon which the whole
program of space-adiabatic perturbation theory rests.
(c) defines the starting point of the perturbation theory in the limit of infinitely separated times scales
(ε→ 0, frozen dynamics of the slow system). That is, the spectral problem of the fast variables is assumed

4This is a typical feature of Weyl and coherent state quantisation, in contrast to Kohn-Nirenberg quantisation (cf. [Folland,
1989]). The technical advantage of self-adjoint symbols is a better control of their spectral properties, when Hf is infinite-
dimensional.

5Precise conditions characterising the gap need to be adapted to the type of Hamiltonian Ĥ (cf. [Teufel, 2003]).
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to be under sufficient control for fixed (classical) states of the slow variables, and is used as input for an
analysis of the dynamics of the coupled system (this is analogous to electronic structure calculations in the
conventional Born-Oppenheimer approach). A gap, isolating an interesting part, σ∗(H0), of the spectrum of
H0, is typically necessary to control the error in perturbation theory coming from non-adiabatic transitions,
as these are dealt with by bounds on the (local) resolvents of Ĥ0

ε
w.r.t. σ∗(H0)).

Assuming that the above conditions are satisfied, the program consists roughly of four steps:

1. Denoting the (smooth6) spectral projection of H0 onto the relevant part σ∗ by π0, an almost invariant
projection Π̂ε, i.e.

[Ĥ, Π̂ε] = O0(ε∞), (2.3.3)

is constructed, such that Π̂ε = π̂ε
ε + O0(ε∞) is close to the quantisation of a (bounded) semi-classical

symbol πε ∈ S∞(ε; Γ,B(Hf )). The notation O0(ε∞) indicates that the operator norm of the left hand
side should be bounded by any power of ε (uniformly for ε ∈ (0, ε0] for some ε0 > 0, see appendix A
as well as [Teufel, 2003], Appendix A, Definition A.17.).
The semi-classical symbol πε has an asymptotic expansion with principal symbol π0,

πε ∼
∞∑
k=0

εkπk, (2.3.4)

that qualifies as an invariant projection relative to Moyal-Weyl product (characterising it uniquely),
i.e.

πε ?ε πε = πε, π∗ε = πε, [Hε, πε]?ε = 0. (2.3.5)

The subspace Π̂ε H ⊂ H is called almost invariant subspace, as it remains approximately invariant
w.r.t. the dynamics (Duhamel’s formula):

[e−iĤs, Π̂ε] = O0(|s|ε∞). (2.3.6)

The limit ε→ 0 is not necessarily meaningful for Π̂ε H.

2. Next, a unitary operator Ûε ∈ B(H) is constructed, that identifies the almost invariant subspace Π̂ε H

with an ε-independent reference (sub)space Π̂r H, which allows for a simple description. Similar to Π̂ε,
Ûε is O(ε∞)-close to the quantisation of a semi-classical symbol uε ∈ S∞(ε; Γ,B(Hf )). The latter has
an asymptotic expansion,

uε ∼
∞∑
k=0

εkuk, (2.3.7)

with a (smooth) unitary-valued principal symbol u0, that defines a reference projection πr ∈ B(Hf )
by

u0(γ)π0(γ)u0(γ)∗ = πr. (2.3.8)

u0 is called the reference unitary. The quantisation, Π̂r = 1Hs ⊗ πr, of the reference projection πr

defines the reference space Π̂r H. It holds, that:

Π̂r = ÛεΠ̂ε(Ûε)∗. (2.3.9)

6This should be implied by the gap condition.
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The asymptotic expansion of uε is characterised (although not uniquely) by the following properties
w.r.t. the Moyal product:

uε ?ε u
∗
ε = 1 = u∗ε ?ε uε, uε ?ε πε ?ε u

∗
ε = πr. (2.3.10)

Clearly, u0 gives a (global) trivialisation of the adiabatic bundle π0 H→ Γ.

3. In a third step, the dynamics generated by Ĥ (almost) inside Π̂ε H is mapped to the reference space
Π̂r H, where it is generated by a (self-adjoint) effective Hamiltonian ĥ. Due to the fact that Π̂ε and Ûε

are O0(ε∞)-close to quantisations of a Moyal projection πε and a Moyal unitary uε, respectively, it is
possible to define ĥ as the quantisation of a self-adjoint semi-classical symbol hε ∈ S∞(ε; Γ,B(Hf )),
the effective Hamiltonian symbol:

hε ∼ uε ?ε Hε ?ε u
∗
ε. (2.3.11)

or

πr ?ε hε ?ε πr ∼ πr ?ε uε ?ε Hε ?ε u
∗
ε ?ε πr (2.3.12)

∼ uε ?ε πε ?ε Hε ?ε πε ?ε u
∗
ε,

which makes a computation of the O(εn)-truncations hε,(n) and πr ?ε hε,(n) ?ε πr computationally
feasible. The effective Hamiltonian ĥ satisfies by construction:

[ĥ, Π̂r] = 0, e−iĤs − (ûεε)∗e−iĥsûεε = O0(|s|ε∞), e−iĤs − (Ûε)∗e−iĥsÛε = O0((1 + |s|)ε∞),
(2.3.13)

which entails the space-adiabatic theorem with time scale t > 0:

e−iĤsΠ̂ε − (ûε,(n)
ε)∗e−i ̂hε,(n+k)

ε
sΠ̂rûε,(n)

ε = O0((1 + |t|)ε∞), for large enough n, k ∈ N0, |s| ≤ ε−kt
(2.3.14)

where ûε,(n)
ε and ̂hε,(n+k)

ε
are the quantisations of the O(εn+1)- and O(εn+k+1)-truncation of (2.3.7)

and (2.3.11), respectively.
The meaning of (2.3.14) is that the error of the adiabatic approximation is controlled, not only, by
the order of the expansion of the effective Hamiltonian, but, to the same extent, by the order of the
expansion of the reference projection Π̂ε and its associated unitary Ûε. Solely expanding the effective
Hamiltonian at a given level of the error, improves the time scale on which the adiabatic approximation
remains valid.
The requirement to choose n, k ∈ N0 large enough in the expansions of ûεε and ĥε

ε
is necessary, because

the leading orders of ĥε
ε
are typically unbounded upon quantisation.

4. Finally, if σ∗(H0) = {E∗} consists of a single (possibly degenerate) eigenvalue, a semi-classical ap-
proximation to the dynamics inside the almost invariant subspace can be made. From Heisenberg’s
equation on the reference space Π̂r H,

Ôε
ε
(t) = e

i
ε ĥtÔε

ε
e−

i
ε ĥt,

(
∂tÔε

ε
)

(t) = i

ε
[ĥ, Ôε

ε
(t)], (2.3.15)

Egorov’s hierachy is derived for semi-classical observables Oε ∈ S∞(ε; Γ,B(πr Hf )) (expansion on the
level of symbols):

⇒ (∂tO0) (t) = {E∗, O0(t)}+ i[h1, O0(t)] (2.3.16)

(∂tO1) (t) = {E∗, O1(t)}+ i[h1, O1(t)] + 1
2 ({h1, O0(t)} − {O0(t), h1}) + i[h2, O0(t)] (2.3.17)
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...

The latter can be solved for On, n ∈ N0 iteratively, because the equation at the n-th level only depends
on Om, m ≤ n. The solution at the lowest order, (2.3.16), i.e. the time evolution of the principal
symbol O0, is determined by the classical flow generated by the Hamiltonian function h0 = E∗, and, in
the case of a degenerate eigenvalue, the unitary evolution generated by h1 transported along the flow
of h0:

O0(γ, t) = V (γ, t)∗O0(Φt(γ))V (γ, t), O0(γ, 0) = O0(γ), γ ∈ Γ, (2.3.18)

where

∂tΦt(γ) = XE∗(γ), ∂tV (γ, t) = −ih1(Φt(γ))V (γ, t) (2.3.19)

Φ0(γ) = γ, V (γ, 0) = 1πr Hf ,

with XE∗ denoting the Hamiltonian vector field of E∗ w.r.t. the symplectic structure on Γ. For scalar
principal symbols O0 = o01πr Hf (2.3.18) reduces to

o0(γ, t) = o0(Φt(γ)), o0(γ, 0) = o0(γ), γ ∈ Γ, (2.3.20)

hence the name semi-classical approximation.
Under suitable assumptions (gap conditions) the quantisation of the O(εn+1)-expansion of a semi-
classical observable Oε, subject to semi-classical time-evolution, can be related to the quantum dy-
namics in the reference space. For example, regarding the lowest order semi-classical flow (2.3.19), a
first order Egorov’s theorem for the principal part O0 and its quantisation is conceivable (cf. [Panati
et al., 2003b]):

∀T ∈ R≥0 : ∃CT > 0 : ∀t ∈ [−T, T ] :
∣∣∣∣∣∣e iε ĥtÔ0

ε
e−

i
ε ĥt − Ô0(t)

ε∣∣∣∣∣∣
B(Π̂r H)

≤ ε CT . (2.3.21)

In view of the time evolution described by (2.3.15), it has to be kept in mind, that this equation encodes
the O(ε∞)-approximation of the original quantum dynamics generated by Ĥ, after mapping it to the
reference space Π̂r H. The upshot of this is, that semi-classical observables inside the reference space,
Oε ∈ S∞(ε; Γ,B(πr Hf )), correspond (up to O0(ε∞)) to semi-classical observables inside the almost
invariant subspace Π̂ε H (cf. [Teufel, 2003]). More precisely, semi-classical observables w.r.t. Π̂ε H are
modelled by operators Ô ∈ L(H) that are almost diagonal w.r.t. Π̂ε:

[Ô, Π̂ε] = O0(ε∞). (2.3.22)

The dynamics of general observables Ô ∈ L(H) can be considered in the weak sense of restricting to
expectation values w.r.t. states of the physical system in Π̂ε H. This amounts to projecting Ô to the
almost invariant subspace:

Ô|Π̂ε H = Π̂εÔΠ̂ε. (2.3.23)

Remarkably, 3. and 4. show that the adiabatic and semi-classical limit are completely decoupled in space-
adiabatic perturbation theory: While the third step fully takes place in the quantum domain, and the
ε-quantisation is merely a technical tool to control the perturbation theory (adiabatic limit), the fourth step
invokes the in build semi-classical properties of the (de-)quantisation procedure to establish a connection
between the classical and quantum domains (semi-classical limit).
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2.4. A model with non-commutative slow variables: Spin-orbit
coupling

We apply the general scheme of space-adiabatic perturbation theory to a simple finite dimensional model,
which describes the interaction of two spin systems (spin-orbit coupling), one of which is assumed to model
the fast degrees of freedom, while the other represents the slow sector. The choice of coupled spin systems is,
on the one hand, motivated by the fact that one part of the algebra of LQG takes values in su2 (cf. [Thiemann,
2008], also section 3.4 of chapter 3). On the other hand, the orbital angular momentum operator constitutes
an easily tractable model of a vector of coupling operators, such that its components are not mutually
commuting. Additionally, the model allows us to study effects of non-trivial topological structures of the
adiabatic line bundles.

Concretely, we choose a (slightly adapted) model used by Faure and Zhilinskii [Faure and Zhilinskii, 2001]
to discuss the manifestation of topological indices (e.g. the Chern number) of the adiabatic line bundle, to
which the Berry-Simon connection is associated, in the spectrum of the coupled system:

We consider two spin systems (su2-algebras), {J, [Ji, Jj ] = iεijkJk} and {S, [Si, Sj ] = iεijkSk}, (irreducibly)
represented on finite-dimensional Hilbert spaces Hj and Hs (dj := 2j + 1, ds := 2s+ 1 ∈ N, dimHj = dj and
dimHs = ds, dj > ds). The Hamiltonian governing the dynamics of the coupled system H = Hj ⊗Hs is:

Ĥλ
dj = (1− λ)1Hj ⊗ S3 + λ

2
dj
J · S, λ ∈ [0, 1]. (2.4.1)

Faure and Zhilinskii use the pre-factor 1
j , instead of 2

dj
, in front of the coupling term J ·S. But, the factor 1

dj

turns out to be the expansion parameter of the ?-product to be introduced in this context (cf. [Stratonovich,
1957, Varilly and Gracia Bondía, 1989, Li et al., 2013]), and is therefore better suited for our purposes7.
Anyway, in the (adiabatic) limit j →∞, the difference of the two factors becomes negligible.
For the purpose of de-quantisation of the slow sector, we employ the formalism of Stratonovich-Weyl quan-
tisation (cf. [Varilly and Gracia Bondía, 1989] for a lucid exposition of the detail with applications to spin
system), which can be summarised as follows8:

1. There is a B(Hj)-valued function ∆j on the Poisson manifold S2 = {n ∈ R3 | n2 = 1} (two sphere),
which can be used to quantise functions f ∈ C∞(S2) via the formula:

Â
dj
f = dj

4π

∫
S2
d2n f(n)∆j(n) ∈ B(Hj), (2.4.2)

where d2n denotes the 4π-normalised surface measure on S2.

2. The de-quantisation of an operator Â ∈ B(Hj) to a function ASW
dj
∈ C∞(S2), the Stratonovich-Weyl

symbol (for short: symbol), is achieved by

ASW
dj (n) = trHj

(
∆j(n)Â

)
. (2.4.3)

3. ∆j has the properties:

(a) ∀n ∈ S2 : ∆j(n)∗ = ∆j(n),

(b) dj
4π
∫
S2 d

2n ∆j(n) = 1Hj ,

(c) ∀n ∈ S2 : dj
4π
∫
S2 d

2m trHj
(
∆j(m)∆j(n)

)
∆j(m) = ∆j(n),

(d) ∀A,B ∈ B(Hj) : trHj
(
ÂB̂
)

= dj
4π
∫
S2 d

2n ASW
dj

(n)BSW
dj

(n),

7The 1
2 in the relation, 2

dj
= 1

j+ 1
2
, between the expansion parameters can be attributed to half the sum of the positive roots of

SU(2) (cf. [Schrader and Taylor, 1989]).
8We reconsider this formalism in the context of semi-simple compact Lie groups [Figueroa et al., 1990] in chapter 3, subsection
3.3.2.
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(e) ∀g ∈ SU(2) : πj(g)∆j(n)πj(g)∗ = ∆j(Adg(n)),

where πj : SU(2)→ B(Hj) is the irreducible representation of SU(2) defining Hj , and Ad : SU(2)→
SO(3) is the adjoint action of SU(2) under the identification su2 ∼= (R3,×).

4. The ?-product of two symbols ASW
dj

and BSW
dj

is given by:

(
ASW
dj ? BSW

dj

)
(n) = dj

4π

∫
S2
d2m

dj
4π

∫
S2
d2k trHj

(
∆j(n)∆j(m)∆j(k)

)
ASW
dj (m)BSW

dj (k). (2.4.4)

It should be noted that the quantisation, f 7−→ Â
dj
f , is not injective, because the range of the de-quantisation,

Â 7−→ ASW
dj

, is the d2
j -dimensional subalgebra C∞dj (S2) of C∞(S2) generated by spherical harmonics

{Ylm}l∈N0,m=−l,..,l ⊂ C∞(S2) with l ≤ 2j. This observation is in accordance with the fact that the spherical-
harmonic tensor operators {Ŷlm}l∈N0,m=−l,..,l constitute a basis for B(Hj) (cf. [Li et al., 2013]).
Nevertheless, the dj-expansion of the ?-product is computed w.r.t. C∞(S2) =

⋃
dj∈N C

∞
dj

(S2), since the quan-
tisation (2.4.2) projects out contribution from spherical harmonics with l > 2j anyway. The dj-expansion
of the ?-product (2.4.4) to order O(d−2

j ) follows from the techniques in [Li et al., 2013], although the first
order expansion displayed there is incorrect (see equation (53)):(
ASW
dj ? BSW

dj

)
(n) ∼

(
ASW
dj ? BSW

dj

)
0

(n) + d−1
j

(
ASW
dj ? BSW

dj

)
1

(n) + d−2
j

(
ASW
dj ? BSW

dj

)
2

(n) + O(d−3
j )

(2.4.5)

= ASW
0 (n)BSW

0 (n)

+ d−1
j

(
ASW

0 (n)BSW
1 (n) +ASW

1 (n)BSW
0 (n)− 1

2A
SW
0 (n)BSW

0 (n)

+
(
(n×∇n)2ASW

0
)

(n)BSW
0 (n) +ASW

0 (n)
(
(n×∇n)2BSW

0
)

(n)

+in ·
((
∇nASW

0
)
×
(
∇nBSW

0
))

(n)
)

+ d−2
j

(
ASW

0 (n)BSW
2 (n) +ASW

1 (n)BSW
1 (n) +ASW

2 (n)BSW
0 (n)

− 1
2
(
(n×∇n)2ASW

0
)
(n)
(
(n×∇n)2BSW

0
)
(n)+ 1

4 (n×∇n)2 ((∇nASW
0
)
·
(
∇nBSW

0
))

(n)

− 9
4
(((
∇n(n×∇n)2ASW

0
)
·
(
∇nBSW

0
))

(n) +
((
∇nASW

0
)
·
(
∇n(n×∇n)2BSW

0
))

(n)
)

− 7
2
((
∇nASW

0
)
·
(
∇nBSW

0
))

(n)

+
(
(n×∇n)2ASW

0
)

(n)BSW
1 (n) +

(
(n×∇n)2ASW

1
)

(n)BSW
0 (n)

+ASW
0 (n)

(
(n×∇n)2BSW

1
)

(n) +ASW
1 (n)

(
(n×∇n)2BSW

0
)

(n)

+in ·
(((
∇nASW

0
)
×
(
∇nBSW

1
))

(n) +
((
∇nASW

1
)
×
(
∇nBSW

0
))

(n)

−6
((
∇nASW

0
)
×
(
∇nBSW

0
))

(n)

+
((
∇n(n×∇n)2ASW

0
)
×
(
∇nBSW

0
))

(n) +
((
∇nASW

0
)
×
(
∇n(n×∇n)2BSW

0
))

(n)
))

+ O(d−3
j ),

where ASW
dj
∼
∑∞
k=0 d

−k
j ASW

k and BSW
dj
∼
∑∞
k=0 d

−k
j BSW

k are semi-classical symbols. Clearly, (2.4.5) gives
the expected behaviour in the leading order of the ?-commutator, i.e. the imaginary unit times the Poisson
bracket on S2: [

ASW
dj , B

SW
dj

]
?

(jcl) ∼ ijcl ·
((
∇jclASW

0
)
×
(
∇jclBSW

0
))

(jcl) + O(d−2
j ), (2.4.6)

where jcl = dj
2 n is the “classical” spin vector. In contrast to the Moyal-Weyl product for R2d, the O(d−2

j )-
contribution to the ?-commutator does not vanish, which can be traced back to the non-trivial geometry of
S2.

All of the above immediately generalises to the case of B(Hs)-valued symbols, due to finite dimensionality.
But, we have to be cautious about the ordering of symbols, as they are operator valued, e.g. (2.4.6) only
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holds for scalar symbols. But, (2.4.5) was derived without assuming commutativity of point-wise product of
the symbols.

Remark 2.4.1:

In principle, we can also define a Berezin-?-product for a spin coherent state quantisation of the scale of
Poisson algebras C∞(S2) =

⋃
dj∈N C

∞
dj

(S2), because a closed de-quantisation formula, similar to (2.4.3),
exists (cf. [Klauder and Skagerstam, 1985, Varilly and Gracia Bondía, 1989]). A dj-expansion of this ?-
product is arrived at via an easy, but extremely tedious, calculation along the lines of [Li et al., 2013]. We
state only the result up to O(d−2

j ), as we will not make further use of it:(
ASW
dj ? BSW

dj

)
(n) ∼ ASW

0 (n)BSW
0 (n) (2.4.7)

+ d−1
j

(
ASW

0 (n)BSW
1 (n)+ASW

1 (n)BSW
0 (n)− 1

2A
SW
0 (n)BSW

0 (n)

−
((
∇nASW

0
)
·
(
∇nBSW

0
))

(n)+in ·
((
∇nASW

0
)
×
(
∇nBSW

0
))

(n)
)

+ d−2
j

(
ASW

0 (n)BSW
2 (n) +ASW

1 (n)BSW
1 (n) +ASW

2 (n)BSW
0 (n)

−
((
∇nASW

0
)
·
(
∇nBSW

1
))

(n)−
((
∇nASW

1
)
·
(
∇nBSW

0
))

(n)

−3
((
∇nASW

0
)
·
(
∇nBSW

0
))

(n)

+ 1
2
((

(n×∇n)2ASW
0
)

(n)BSW
0 (n) +ASW

0 (n)
(
(n×∇n)2BSW

0
)

(n)
)

− 1
2
(
(n×∇n)2ASW

0
)

(n)
(
(n×∇n)2BSW

0
)

(n)

+ 1
2 (n×∇n)2 ((∇nASW

0
)
·
(
∇nBSW

0
))

(n)

− 1
2
(((
∇n(n×∇n)2ASW

0
)
·
(
∇nBSW

0
))

(n)+
((
∇nASW

0
)
·
(
∇n(n×∇n)2BSW

0
))

(n)
)

+in ·
(((
∇nASW

0
)
×
(
∇nBSW

1
))

(n) +
((
∇nASW

1
)
×
(
∇nBSW

0
))

(n)

−6
((
∇nASW

0
)
×
(
∇nBSW

0
))

(n)

+ 1
2
((
∇n(n×∇n)2ASW

0
)
×
(
∇nBSW

0
))

(n)+
((
∇nASW

0
)
×
(
∇n(n×∇n)2BSW

0
))

(n)
)

− i
2 (n×∇n)2 (n · ((∇nASW

0
)
×
(
∇nBSW

0
))

(n)
))

+ O(d−3
j ).

Now, let us elaborate on the model (2.4.1):

The symbol Hλ
dj

of Ĥλ
dj

is (cf. [Varilly and Gracia Bondía, 1989]):

Hλ
dj (n) = (1− λ)S3 + λ

√
1− d−2

j n · S = (1− λ)S3 + λn · S︸ ︷︷ ︸
=Hλ0 (n)

+λ
∞∑
k=1

(
2k
k

)
(1− 2k)−1(4dj)−2kn · S. (2.4.8)

Here, the semi-classical expansion is exact. Although, Faure and Zhilinskii use the lower symbol Ldj
Hλ

(n) =
(ζdjn , Ĥλ

dj
ζ
dj
n )Hj = (1 − λ)S3 + λ(1 − d−1

j )n · S w.r.t. a family of spin coherent states {ζdjn }n∈S2 ⊂ Hj ,
their analysis regards only the principal part Hλ

0 , which is the same as ours. Therefore, all their findings
apply to our case as well. Differences arise, when it comes of next-to-leading-order corrections, because the
Stratonovich-Weyl symbol has contributions in all even orders of d−1

j , while the lower symbol acquires only
a first order contribution. In view of the previous subsection, this is especially interesting in the context
of dynamics and the time-dependent Born-Oppenheimer approximation, because already the first order
adiabatic theorem requires us to take the d−1

j -order into account. A similar observation could be made, if
we were to use the upper symbol.
Denoting the eigenvectors of S3 by ψm, m = −s, ..., s, we can state spectral properties of Hλ

0 in the following
way:

Hλ
0 (n)ψm(n, λ) = Em(n, λ)ψm(nλ), Em(n, λ) = N(n, λ)m, m = −s, ..., s, (2.4.9)

ψm(nλ) = uλ0 (n)∗ψm, (1− λ)e3 + λn = N(n, λ)nλ,
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N(n, λ) =
√
λ2 + (1− λ)2 + 2λ(1− λ) cos(θ), cos(θ) = e3 · n.

Thus, the spectrum of Hλ
0 (n) is non-degenerate for all n ∈ S2, λ ∈ [0, 1], with the exception n = e3, λ = 1

2 ,
where a collective degeneracy appears, Hλ= 1

2 (−e3) = 0 (cf. [Faure and Zhilinskii, 2001]). Here, uλ0 (n) is a
SU(2)-element corresponding to the rotation of nλ to e3 via the adjoint action. It can be obtained explicitly,
e.g. in ZYZ-notation (standard spherical coordinates relative to {e1, e2, e3} ⊂ R3), as:

uλ0 (n) = e−iϕ(nλ)S3eiθ(nλ)S2eiϕ(nλ)S3 , (2.4.10)

where the rotation angles can be read from nλ to be:

cos(θ(nλ)) = N(n, λ)−1((1− λ) + λ cos(θ)), sin(θ(nλ)) = N(n, λ)−1 sin(θ), (2.4.11)

ϕ(nλ) = ϕ(nλ=0) = ϕ.

At this point, we should mention, that the spectral projections, πλm,0(n) = ψm(nλ) ⊗ (ψm(nλ), . )Hs , are
smooth (in n) and globally defined for all λ ∈ [0, 1

2 ) ∪ ( 1
2 , 1]. Cleary, this is not the case for the unitary

uλ0 (n), as can be deduced from the findings of Faure and Zhilinskii. Namely, every spectral projection πλm,0
gives rise to a line bundle,

πλm,0 Hs −→ S2, (2.4.12)

called the adiabatic line bundle of spectral index m. The natural connection in each of the line bundles is
given by the Berry-Simon connection,

Aλm(n) = i(ψm(nλ), dψm(nλ))Hs , (2.4.13)

and its curvature,

Fλm(n) = dAλm(n), (2.4.14)

gives the (first) Chern number of the line bundle,

Cλm = 1
2π

∫
S2
Fλm ∈ Z . (2.4.15)

Its value was found by Faure and Zhilinskii to be:

Cλm =
{

0 λ ∈ [0, 1
2 )

−2m λ ∈ ( 1
2 , 1]

. (2.4.16)

In this sense, the degeneracy at λ = 1
2 is said to have a topological charge (cf. [Faure and Zhilinskii, 2001]).

Since we are dealing with line bundles, the Chern number is a complete (topological) invariant (cf. [Bott
and Tu, 1982]), i.e. only for λ < 1

2 can the line bundles (2.4.12) be (smoothly) trivial for all m = −s, ..., s9.
Thus, only for λ < 1

2 can the unitary map uλ0 : S2 → U(Hs), be smooth and globally defined, and the
program of space-adiabatic perturbation theory can be made sense of (cf. [Panati et al., 2003b], uλ0 is the
natural candidate for the reference unitary). For λ > 1

2 , the program, presumably, has to be modified, e.g.
by adapting the (de-)quantisation to the non-trivial Berry-Simon connection Aλm, as was done in [Freund,
2013] for the case of magnetic, periodic Schrödinger operators with non-trivial Bloch bands, i.e. non-trivial
line bundles over the toric component in the Bloch-Floquet splitting of Rd.
That the non-triviality of the line bundles (2.4.12) for λ > 1

2 , and the entailed non-existence of a globally
smooth reference unitary uλ0 , is not just a minor technical drawback, can be understood from the results of

9Vanishing of Cλm only implies topological triviality of (2.4.12), but one can explicitly show smooth triviality.
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Faure and Zhilinskii, as well:

They argue that the Chern number manifests itself in the exact spectrum of the Hamiltonian Ĥλ
dj

of the
coupled system in the sense of a topological quantum number, which measures the dimension of the range
of the projection, Π̂λ,dj

m , onto the almost invariant subspace constructed from πλm,0 (which still exists) in the
limit dj →∞:

dim img Π̂λ,dj
m ∼

dj→∞
dj − Cλm = (2j + 1) + 2m. (2.4.17)

For λ = 1, this formula gives the exact degeneracy of spectrum for (pure) spin-orbit coupling, i.e. the
dimension of the dynamically stable subspaces.

But, from the perspective of space-adiabatic perturbation theory, the dimension of img Π̂λ,dj
m would be forced

to be:

dim img Π̂λ,dj
m = dj = 2j + 1, (2.4.18)

because of unitarily equivalence to the reference projection Π̂r = Û
λ,dj
m Π̂λ,dj

m

(
Û
λ,dj
m

)∗
, which, by construc-

tion, satisfies:

dim img Π̂r = dj . (2.4.19)

Therefore, if we were to apply space-adiabatic perturbation theory to Ĥλ
dj

with λ > 1
2 , we would necessarily

fail to predict the correct almost invariant subspaces for the dynamics. This is most prominently visible for
(pure) spin-orbit coupling (λ = 1).

We conclude the discussion of the model by providing the first order expansion of the effective Hamiltonian
symbol hλm,(1) restricted to the reference spaces in the case of λ < 1

2 and s = 1
2 (the fundamental represen-

tation of SU(2):

The Hamiltonian symbol is given in terms of the Pauli matrices:

Hλ
dj (n) = 1

2

(
(1− λ)σ3 + λ

√
1− d−2

j n · σ
)

= 1
2

(1− λ) + λn3

√
1− d−2

j λ(n1 − in2)
√

1− d−2
j

λ(n1 + in2)
√

1− d−2
j −(1− λ)− λn3

√
1− d−2

j


(2.4.20)

= 1
2

(
(1− λ) + λn3 λ(n1 − in2)
λ(n1 + in2) −(1− λ)− λn3

)
︸ ︷︷ ︸

=Hλ0 (n)

+ O(d−2
j ),

and its eigenvalues are

Eλ±(n) = ±1
2N(n, λ), (2.4.21)

which are globally separated by a gap |Eλ+(n) − Eλ−(n)| ≥ N(n, λ) ≥ minθ∈[0,π)N(n, λ) =: gλ1
2
> 0, as

long as λ 6= 1
2 . The eigenvectors, corresponding to m = ± 1

2 (abbreviated: ±), are (in standard spherical
coordinates):

ψ+(nλ) =
(

cos( θ(nλ)
2 )

eiϕ sin( θ(nλ)
2 )

)
, ψ−(nλ) =

(
−e−iϕ sin( θ(nλ)

2 )
cos( θ(nλ)

2 )

)
, (2.4.22)
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Figure 2.4.1.: Plots showing the behaviour of the spectral distance N(n, λ) as a function of θ ∈ [0, π) for
λ = 1

2 (1±100) (blue), 1
2 (1±10−1) (red), 1

2 (1±10−2) (yellow) and 1
2 (“=” 1

2 (1±10−∞)) (green).

which are well-defined for λ < 1
2 . For λ > 1

2 , these expression remain valid away from θ = π (n = −e3),
where ψ± are not uniquely defined. The projections,

πλ+,0(n) =
(

cos2( θ(nλ)
2 ) e−iϕ sin( θ(nλ)

2 ) cos( θ(nλ)
2 )

eiϕ sin( θ(nλ)
2 ) cos( θ(nλ)

2 ) sin2( θ(nλ)
2 )

)
, (2.4.23)

πλ−,0(n) =
(

sin2( θ(nλ)
2 ) −e−iϕ sin( θ(nλ)

2 ) cos( θ(nλ)
2 )

−eiϕ sin( θ(nλ)
2 ) cos( θ(nλ)

2 ) cos2( θ(nλ)
2 )

)
,

are well-defined for all λ ∈ [0, 1] except λ = 1
2 , as explained above. The reference projections are provided

by

π+,r = πλ=0
+,0 =

(
1 0
0 0

)
, π−,r = πλ=0

−,0 =
(

0 0
0 1

)
, (2.4.24)

and we choose

uλ0 (n) =
(

cos( θ(nλ)
2 ) e−iϕ sin( θ(nλ)

2 )
−eiϕ sin( θ(nλ)

2 ) cos( θ(nλ)
2 )

)
(2.4.25)

as reference unitary. The Berry-Simon connection and curvature are:

Aλ±(n) = ∓1
2 (1− cos(θ(nλ))) dϕ, Fλ±(n) = ∓1

2 sin(θ(nλ))dθ(nλ) ∧ dϕ. (2.4.26)

In accordance with the general statements above, we find that Cλ<
1
2

± = 0 and C
λ> 1

2
± = ∓1. Because

the projections (2.4.23) correspond to single, non-degenerate eigenvalues, Eλ±(n) = ± 1
2N(n, λ), of Hλ

0 ,
the effective Hamiltonian symbols are scalar, when restricted to the reference space, and the first order
contributions, hλ±,1, can be found from the formula (cf. [Panati et al., 2003b], equation (33)):

hλ±,(1)(n) ∼ hλ±,0(n) + d−1
j hλ±,1(n) + O(d−2

j ), (2.4.27)
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hλ±,0(n) = Eλ±(n)π±,r, (2.4.28)

hλ±,1(n) = π±,r((uλ0 ? Hλ
0 )1(n)− (Eλ± ? uλ0 )1(n))uλ0 (n)∗π±,r (2.4.29)

= Eλ±(n)π±,r
((

(n×∇n)2uλ0
)

(n)uλ0 (n)∗ + uλ0 (n)
(
(n×∇n)2(uλ0 )∗

)
(n)
)
π±,r

+ iπ±,r
(
n ·
(
(∇nuλ0 )× (∇nHλ

0 )
)

(n)− n ·
(
(∇nEλ±)× (∇nuλ0 )

)
(n)
)
uλ0 (n)∗π±,r

= Eλ±(n)π±,r
(
(∇nuλ0 )(n) · (∇n(uλ0 )∗)(n)

)
π±,r + π±,r(2in) ·

(
(∇nEλ±)× (uλ0∇n(uλ0 )∗)

)
(n)π±,r

− π±,r(in) ·
(
(∇nuλ0 )(n)× ((Hλ

0 − Eλ±)∇n(uλ0 )∗)(n)
)
π±,r

= −Eλ±(n)π±,r
(
(uλ0∇n(uλ0 )∗)(n)·(uλ0∇n(uλ0 )∗)(n)

)
π±,r

+π±,r(2in)·
(
(∇nEλ±)×(uλ0∇n(uλ0 )∗)

)
(n)π±,r

+ (Eλ∓(n)− Eλ±(n))π±,r(in) ·
(
(uλ0∇n(uλ0 )∗)(n)× ((1− π±,r)uλ0∇n(uλ0 )∗)(n)

)
π±,r

=
(

1
sin(θ)

(
2(∂θEλ±)(n)Aλ±(n)ϕ − (Eλ∓(n)− Eλ±(n))Fλ±(n)θϕ

)
+ 1

sin2(θ)E
λ
±(n)

((
2Eλ±(n)

λ Fλ±(n)θϕ
)2
∓Aλ±(n)ϕ

))
π±,r

=
(

1
sin(θ)

(
2(∂θEλ±)(n)Aλ±(n)ϕ+ 2Eλ±(n)Fλ±(n)θϕ

)
+ 1

sin2(θ)E
λ
±(n)

((
2Eλ±(n)

λ Fλ±(n)θϕ
)2
∓Aλ±(n)ϕ

))
π±,r.

Here, we used in the first line of (2.4.29) that Hλ
1 = 0. Apart from this, the third line of (2.4.29) is still

valid in general, and we observe that in addition to a familiar term containing the Berry-Simon connection
(second term, cp. (2.2.14)) two further terms appear, which can be attributed to the non-trivial geometry of
S2. The fourth to the sixth line are special to the model at hand, but we see that the Berry-Simon curvature
already affects the first order contribution.
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2.5. Conclusions & perspectives

In sections 2.2 & 2.3, we have seen how the original Born-Oppenheimer ansatz, and its restricted applicability
to slow-fast couplings via orthogonal pure state quantisations (fibred operators) in the analysis of multi-scale
quantum systems, can be superseded by the more flexible space-adiabatic perturbation theory, which is
formulated by means of a suitable deformation quantisation, e.g. Weyl quantisation (for slow variables with
a phase space isomorphic to R2d) or Stratonovich-Weyl quantisation (for spin systems, see section 2.4). Thus,
the non-commutativity obstacle raised in [Giesel et al., 2009] (see section 2.1) is lifted in way structurally
enriching and conceptually refining the perturbative treatment of scale-separated, coupled quantum systems.
It is worth to point out, that in space-adiabatic perturbation theory the (classical) parameter space of the
slow variables has the structure of a phase space, in contrast to the slow subsystem’s configuration space
appearing in the conventional Born-Oppenheimer approach to molecular quantum systems. In view of the
possible extraction of QFT on CS from LQG, the appearance of a phase space structure in the treatment of
the slow/gravitational subsystem is advantageous, because a point in phase space corresponds to a spacetime
metric via the effective classical time evolution arising in the semi-classical approximation of the coupled
system. But, it is precisely a spacetime metric, which is necessary for the construction of a QFT on a
curved spacetime. Furthermore, this indicates that QFT on CS is expected to be of relevance to the fourth
step, i.e. the semi-classical limit, of space-adiabatic perturbation theory, when the latter is applied to
LQG, and not so much to the preceding three steps, which are dominated by kinematical considerations
regarding the slow subsystem’s phase space. To elaborate on the last statement, we notice that without
invoking dynamics the correspondence between phase space point (initial data: spatial metric and extrinsic
curvature) and time evolution trajectories (spacetime metric) is lost. Another interesting aspect of the phase
space picture turning up in the semi-classical approximation, is, that the effective evolution equations are
tied to a certain adiabatically decoupled subspace, which is constructed from a spectral subspace (in the
fast subsystem) of the (partially) dequantised Hamiltonian. The upshot of it being, that, in applications to
quantised gravity-matter systems, the above mentioned emergent spacetime metric depends on the choice
of spectral subspace in fast sector. Such dependence of the spacetime metric on the spectral properties of
the matter field is commonly referred to as a rainbow metric (cf. [Lafrance and Myers, 1995,Magueijo and
Smolin, 2004,Assanioussi et al., 2014]), and arises naturally in the context of space-adiabatic perturbation
theory.
The spin-orbit model discussed in section 2.4 provides an idealised, though explicitly realised, testing ground
for the solution of the non-commutativity problem, while simultaneously showing the interplay between non-
trivial topological properties of the slow sector’s phase space and the structure of the total Hamiltonian.
Establishing parts of the main mathematical toolbox necessary to implement a deformation (de-)quantisation
and an associated symbolic calculus for LQG and other models, that are based on projective limit phase
spaces Γ = lim←−i∈I Γi built from co-tangent bundles, Γi = T ∗Gi, i ∈ I, of compact Lie groups, Gi, i ∈ I, is
the main topic of chapter 3. Moreover, we discuss therein the application of the above framework to models
of free scalar quantum fields on cosmological quantum space times, as these essentially fit into the standard
treatment in terms of Weyl quantisation on T ∗Rd.
In subsection 2.2.2, we discussed the possibility to employ a coherent state quantisation for the slow variables
to generalise the original Born-Oppenheimer ansatz. Noteworthy, the use of lower symbols (partial traces
w.r.t. coherent states projections) to obtain effective Hamiltonians in LQG models was already put forward
in [Sahlmann and Thiemann, 2006b,Sahlmann and Thiemann, 2006c], although a systematic way to connect
information on the spectral problem of the effective Hamiltonians with the spectral analysis of the total
Hamiltonian was not explored therein. As we have seen in section 2.3, the existence of a ?-product is of
vital importance to establish such a link, i.e. the (de-)quantisation of the slow sector has to be a (strict)
deformation quantisation. Regarding the latter, we argue in chapter 3, that coherent state quantisations are
generically, i.e. in the case of a non-compact phase space for the slow variables, too singular to serve as a
basis for deformation (de-)quantisation (cf. [Folland, 1989], chapter 2, section 7). This explains why we focus
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on the development of a less singular Weyl quantisation in 3 as pointed out above. Nevertheless, we devote
a section of 3 to the discussion of a new form of the Segal-Bargmann-Hall transform [Hall, 1994], because
this unitary map, represented as a resolution of unity, is at the heart of a coherent state quantisation of the
co-tangent bundle, T ∗G, of a compact Lie group G, and thus fits into the general discussion of phase space
quantisations and their relevance to generalised Born-Oppenheimer schemes (see subsection 2.2.2).



3. Coherent States, Adiabatic Perturbation
Theory and Quantum Gravity - Towards a
framework for Loop Quantum Gravity

3.1. Introduction

We have argued in the first chapter that a realisation of the (time-dependent) Born-Oppenheimer approxi-
mation for multi-scale quantum dynamical systems, which are modelled by techniques used in loop quantum
gravity (LQG), might be achieved along the lines of space-adiabatic perturbation theory. This is, because
space-adiabatic perturbation theory avoids some technical limitations of the original Born-Oppenheimer ap-
proach, which in turn allows us to circumvent the so-called “problem of non-commutative fast-slow coupling”
(see chapter 2, originally pointed out in [Giesel et al., 2009] in the context of LQG).
The main technical tool, necessary for a successful implementation of the ideas behind space-adiabatic per-
turbation theory, is a Weyl quantisation associated with part of the multi-scale quantum system. More
precisely, if the total quantum system is described as a coupled system decomposing into two sectors (for
simplicity), one of which is called the slow sector, and the other one the fast sector (thinking of different
relevant time scales), we will require the existence of a Weyl quantisation (in the sense of a real deformation
quantisation) for the description of the slow subsystem. Then, if we further assume that the Weyl quanti-
sation is scalable with a parameter ε quantifying the separation of scales between the subsystems, we can
introduce a systematic perturbation theory in the sense of Born and Oppenheimer by means of dequantising
the slow sector and exploiting the induced ε-dependent ?-product in the resulting function spaces (in analogy
with standard pseudo-differential operators and their symbolic calculus).
This said, it is the primary objective of the present chapter to investigate the possibility of formulating a
Weyl quantisation suitable for LQG-type models.

The second obstacle, which presents itself, if we intend to use the Born-Oppenheimer approach to extract a
continuum limes in the slow (gravitational) sector (cf. [Giesel et al., 2009], also chapter 2), can be addressed
in terms of compatibility conditions of the Weyl quantisation with the projective limit structures involved
in the construction of the models à la LQG. We expect, that such compatibility conditions, in addition to
a selection of admissible observables, play a major role in the possible extraction of quantum field theory
(QFT) on curved spacetime (CS) from LQG (with matter).

Before we come to the main part of the chapter, which is composed of three sections, let us briefly outline
its structure and content:

Section 3.2 introduces a new form of the Segal-Bargmann-Hall “coherent state” transform [Hall, 1994] for
compact Lie groups. This is motivated by the fact that unitary maps of this type provide the basis for the
construction of a coherent state quantisation (also known as Berezin or Wick/Anti-Wick quantisation) of
the co-tangent bundle, T ∗G, of a compact Lie group G. But, before we enter into the discussion of the
coherent state transform, we recall the definition of crossed product C∗-algebras, paying special attention to
the transformation group C∗-algebra C(G)oLG, as the latter is intimately connected with the Hilbert space
L2(G), of which the coherent states are specific elements. Moreover, in foresight of section 3.3, introducing
the C∗-algebra C(G) oL G is convenient, because it is fundamental to the construction of the Weyl quanti-
sation for compact Lie groups, we are aiming at. A relation between coherent state quantisation and Weyl
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quantisation for compact Lie groups will be established subsection 3.3.3 (with regard to their application
to space-adiabatic perturbation theory). For completeness, we provide the essential ingredients necessary to
define the coherent states for compact Lie groups introduced by Hall [Hall, 1994], as well.
In section 3.3, we present possible ways to obtain Weyl (and Kohn-Nirenberg) quantisations for compact
Lie groups. To this end, we follow the common philosophy [Ruzhansky and Turunen, 2009, Taylor, 1984]
of constructing quantisations of functions (pseudo-differential operators) from left (or right) convolution
kernels. Although, our constructions, which are based on results of Turunen and Rhuzhansky [Ruzhansky
and Turunen, 2009] and Landsman [Landsman, 1998], succeed to some extent, we are forced to deal with
the dichotomy of choosing between local and global structures at various points. The latter can be traced
back to the fact that the exponential map of a compact Lie group G, while still being onto, is no longer a
diffeomorphims like in the case of R2d (or nilpotent Lie groups in general). It appears, that the global for-
mulas are easier to handle, when it comes to the composition of pseudo-differential operators (at least in the
Kohn-Nirenberg formalism). But, it is the local setting, which is well adapted to deal with a semi-classical
approximation of the commutation relations underlying the transformation group algebra C(G) oL G, and
allows for a more direct analogy with the original treatment of space-adiabatic perturbation theory in [Panati
et al., 2003b]. The main difficulty with the global formulas can be reduced to a lack of scale transformations
compatible with the quantisation formulas and the algebraic structure of C(G) oL G, i.e. we are missing a
simple relation between pseudo-differential operators with different values of the quantisation parameter ε
(the adiabatic parameter in space-adiabatic perturbation theory). Therefore, while asymptotic expansions of
pseudo-differential operators are still conceivable in the global setting, a simple ordering in terms of powers
of ε is bound to fail. In subsection 3.3.2 and subsection 3.3.4, we further elaborate on this aspect: Namely,
we relate the latter to the necessity of having a ε-scaleable Fourier transform on G. Then, we show that a
partial solution can be achieved, if the so-called Stratonovich-Weyl transform for G [Figueroa et al., 1990] is
invoked, but, that a general solution seems to be obstructed by the rigidity of the representation theory of G
(integrality of highest weights). Only, in the case of G = U(1)n, we are able to proceed further by, first, lift-
ing everything to the universal covering group Rn, and, second, passing to the Bohr compactification RnBohr.
The resulting theory of pseudo-differential operators connected with RBohr is discussed and compared to the
theory of almost-periodic pseudo-differential operators [Shubin, 1978, Shubin, 1974] in subsection 3.3.4, as
well.
Section 3.4 is devoted to applications of the (abstract) methods introduced in the previous section. In sub-
section 3.4.1, we show how and to what extent the global and local Weyl quantisations for compact Lie
groups are compatible with the projective limit, Γ = lim←−l∈L

Γl, Γl ∼= T ∗Gnl (cf. [Thiemann, 2001b]), of
finite dimensional truncations of the gravitational phase space, Γ = |Λ|1T ∗AP (in Ashtekar-Barbero vari-
ables), thus allowing for a genuine Weyl quantisation of LQG-type models. In the course of this analysis,
we discover certain subtle differences between the phase space quantisation and the quantisation in terms
of the holonomy-flux algebra, that was so far only noticed in [Lanéry and Thiemann, 2014]. In subsection
3.4.2, we define a family of toy models describing linear scalar quantum fields propagating on cosmological
quantum space times (the latter are constructed in close analogy with models in loop quantum cosmology
(LQC)). These toy models present an ideal testing ground for the techniques developed in section 3.3, as
they fit into the framework of pseudo-differential operators associated with RBohr, for which we were able
to come closest to a full realisation of the program space-adiabatic perturbation theory. Moreover, allow-
ing for certain regularisations of the toy models, we import techniques from the theory of almost-periodic
pseudo-differential operators, which leads us to an implementation of space-adiabatic perturbation theory
even closer to the original treatment. Another reason, why we introduce the toy models, is that they allows
us to take a first step in exploring the relation between quantum field theory on curved space times and
LQG (with matter) by means of the Born-Oppenheimer approximation. In respect of the latter, the main
difference of our approach to previous ones (notably [Giesel et al., 2009]) is that we aim, already from the
beginning, for a technical setup, which is able to deal with full LQG (in its common realisations). Finally,
we present some concluding remarks and perspectives in section 3.5.
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3.2. A new look at the Segal-Bargmann-Hall “coherent state”
transform

Although, this chapter is mainly concerned with the development of a Weyl quantisation for LQG-type
models, it was already noted in the preceding chapter (cf. also [Folland, 1989,Figueroa et al., 1990]) that
the (Stratonovich-)Weyl and Wick/Anti-Wick (de-)quantisations are closely related from a conceptual point
of view (cf. [Rieffel, 1994] for a lucid overview), especially regarding their potential applicability in the
context of space-adiabatic perturbation theory (cf. [Panati et al., 2003b,Teufel, 2003]). In respect of their
importance for Wick/Anti-Wick correspondences, we give a short review of the construction of coherent
states on compact Lie Groups by Hall [Hall, 1994, Hall, 1997] and conjecture a new version of the Segal-
Bargmann-Hall transform (or resolution of unity) that is free from the “dual” heat kernel measure ν on the
complexification GC Lie group G. We prove the conjecture in the case G = U(1) and support it by some
numerical evidence for G = SU(2).
Since our constructions can be related to the so-called crossed product C∗-algebra C(G) oL G, which will
also be important for the other sections, we briefly recall its construction (cf. [Williams, 2007,Bratteli and
Robinson, 1987]).

3.2.1. Locally compact groups and crossed products

Given a locally compact groupG, a C∗-algebra A and a (strongly) continuous representation α : G→ Aut(A),
one makes the

Definition 3.2.1:

The triple (A, G, α) is called a (C∗-)dynamical system. A covariant representation of (A, G, α) is a triple
(H, π, U) consisting of a (non-degenerate) representation π : A → B(H) and (strongly) continuous unitary
representation U : G→ U(H), s.t.

∀g ∈ G,A ∈ A : π(αg(A)) = Ugπ(A)U∗g . (3.2.1)

Let us illustrate this definition by giving a few

Examples 3.2.2:

1. Clearly, (A, {e}, id) and (C, G, id) are trivial examples of dynamical systems. The covariant represen-
tations of these correspond to (non-degenerate) representations of A in the former, and to strongly
continuous unitary representation of G in the latter case.

2. The left action L of G on itself gives rise to a continuous representation αL : G→ Aut(C0(G)) on the
C∗-algebra of continuous functions on G vanishing at infinity by (cf. [Williams, 2007], Lemma 2.5.)

∀f ∈ C0(G), g ∈ G : αL(g)(f) = L∗g−1 f. (3.2.2)

An important covariant representation of the dynamical system (C0(G), G, αL) comes from the multi-
plier representation M : C0(M) → B(L2(G)) and the left regular representation λ : G → U(L2(G)),
where L2(G) is defined with respect to a (left) Haar measure. The compatibility of the pair (M,λ)
reflects the covariance condition (3.2.1):

∀f ∈ C0(G), g ∈ G : M(αL(g)(f)) = λgM(f)λ∗g. (3.2.3)

3. In analogy with the preceding example, we consider the C∗-algebra Cb(R) of bounded continuous
function on R, and the (left) action τ of R on itself by translations. The triple (Cb(R),R, (τ−1)∗) forms
a dynamical system, and the triple (L2(R),M, λ) is a covariant representation. Now, let us introduce
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the notation U(x) := M(eix( . )), V (ξ) := λ−ξ, x, ξ ∈ R. This family of unitary operators in L2(R)
satisfies the canonical commutation relations (CCR) in Weyl form:

V (ξ)U(x)V (ξ)∗ = λ−ξM(eix( . ))λξ (3.2.4)

= M(αL(−ξ)(eix( . )))

= M(eix(( . )+ξ))

= eixξM(eix( . ))

= eixξU(x).

Thus, we obtain the Weyl algebra of 1-particle quantum systems as a dynamical system.

The importance of example 2 will become clear after the definition of the crossed product C∗-algebra AoαG
associated with a dynamical system, and the statement of theorem 3.2.7, which will be related to our
conjecture of a new Segal-Bargmann-Hall transform for compact Lie groups. But, before we turn to the
definition of the crossed product, we add an remark on dynamical systems with commutative A (cf. [Williams,
2007], especially Proposition 2.7.).
Remark 3.2.3:

The Gelfand-Naimark theorem (cf. [Bratteli and Robinson, 1987]) tells us that A ∼= C0(X), whereX is the set
of characters of A with the locally compact Hausdorff weak∗-topology. Thus, the dynamical system (A, G, α)
is isomorphic to the dynamical system (C0(X), G, α). But, a dynamical system of the form (C0(X), G, α)
comes from a left G-space (X,G), which is why these are called transformation group C∗-algebras, and we
may consider the fibration, p : X → G \X, of X over the space of (left) orbits G \X. Since every G-orbit
G · x, x ∈ X can be identified with a quotient G/Hx, where Hx is the stabiliser subgroup of x ∈ X, it is
possible to associate dynamical systems (C0(G/HG·x), G, αG/HG·x), G · x ∈ G \X with sufficiently regular
fibrations.
Interestingly, example 3, above, tells us that the associated R-space is not R acting on itself by translations,
but rather (β R,R), i.e. an action of R on its Stone-Čech compactification β R, since Cb(R) ∼= C0(β R).

Coming to the discussion of the crossed product of a dynamical system (A, G, α), we indicate that it will be
a C∗-algebra, denoted by AoαG, such that its (non-degenerate) representations correspond in a one-to-one
fashion to covariant representations of the dynamical system. Furthermore, the crossed product is built in
close analogy with the group C∗-algebra C∗(G), which turns out to be the special case CoidG.
Definition 3.2.4 (cf. [Bratteli and Robinson, 1987], Definition 2.7.2.):

Given a dynamical system (A, G, α), we denote by dg and ∆, respectively, a (left) Haar measure and its
modular function on G. The completion of the pre-Banach *-algebra Cc(G,A), equipped with

1. (multiplication, twisted convolution)

(x ∗ y)(g) :=
∫
G

x(h)αh(y(h−1g))dh, (3.2.5)

2. (involution)

x∗(g) := ∆(g)−1αg(x(g−1))∗, (3.2.6)

3. (norm)

||x||1 :=
∫
G

||x(h)||Adh, x, y ∈ Cc(G,A), g ∈ G, (3.2.7)

is L1(G,A), the convolution Banach *-algebra of (A, G, α).
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Next, we need a C∗-norm on L1(G,A) to define AoαG.

Lemma 3.2.5 (cf. [Bratteli and Robinson, 1987], p. 138, and [Williams, 2007], p. 52):

||x|| := sup{||π(x)|| | π : L1(G,A)→ B(Hπ)− a Hilbert space representation} (3.2.8)

defines a C∗-seminorm on L1(G,A), called the universal norm. The universal norm || . || is dominated by
|| . ||1. The completion of L1(G,A) w.r.t. || . || is a C∗-algebra.

Definition 3.2.6:

The C∗-algebra L1(G,A)
|| . ||

is called the (C∗-)crossed product, AoαG, of (A, G, α).

The one-to-one correspondence between covariant representations (H, π, U) of (A, G, α) and (non-degenerate)
representations (H, ρ) of AoαG is achieved via the integrated form of the former (cf. [Williams, 2007],
Proposition 2.40.):

ρ(x) :=
∫
G

π(x(h))Uhdh, x ∈ Cc(G,A). (3.2.9)

As we already mentioned above, example 2 is closely related to our conjectured new Segal-Bargmann-Hall
transform for L2(G), where G is a compact Lie group, which is why we state the following theorem concerning
the properties of C0(G)oLG, and its representation coming from the covariant representation (L2(G),M, λ).

Theorem 3.2.7 (Stone-von Neumann, cf. [Williams, 2007], Theorem 4.24.):

Given a locally compact group G, we have

C0(G) oL G ∼= K (L2(G)). (3.2.10)

Moreover, the integrated form of the covariant representation (L2(G),M, λ) of (C0(G), G, αL) is a faithful
irreducible representation of C0(G) oL G onto K (L2(G))1.

3.2.2. Covariant coherent states

In this subsection, we recall the definition of the coherent states given by Hall [Hall, 1994,Hall, 1997] for
compact Lie groups. To this end, let G denote an arbitrary compact Lie group (dimG = n) with Lie algebra
g. On g, we fix an Ad-invariant inner product 〈 , 〉g, e.g. the negative of the Killing form, and we normalise
the Haar measure dg on G to coincide with the Riemannian volume measure coming from former. The inner
product on g gives rise to a Laplace-Beltrami operator ∆ on G, which is a Casimir operator for G, and the
associated heat equation,

∂tft = 1
2∆ft, (3.2.11)

has a fundamental solution ρt, t > 0, the heat kernel, at the identity in G. ρt has a series expansion in terms
of representation theoretical data of G:

ρt(g) =
∑
π∈Ĝ

dπe
− t2λπχπ(g), (3.2.12)

where Ĝ is the set of isomorphism classes of irreducible unitary representations of G, dπ is the dimension,
λπ the value of the Casimir operator ∆ and χπ the character of π ∈ Ĝ. An important property of ρt is, that

1Recall, that the defining representation is the unique, up to equivalence, irreducible representation of K (L2(G)) (cf. [Landsman,
1998], Theorem I.2.2.6.).
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it is a strictly positive C∞-class-function on G for t > 0.
The Lie group G has a unique complexification GC

2 (cf. [Bröcker and tom Dieck, 1985, Hall, 1994]) with
Lie algebra gC, which is the complexification of g. The inner product 〈 , 〉g extends to a real-valued inner
product on gC via

〈X1 + iY1, X2 + iY2〉gC = 〈X1, X2〉g + 〈Y1, Y2〉g, X1, X2, Y1, Y2 ∈ g, (3.2.13)

giving rise to left-invariant Riemannian metric on GC. As for G, the Haar measure dz on GC is normalised
w.r.t. to the Riemannian volume measure coming from 〈 , 〉gC . There is also a unique antiholomorphic
antiautomorphism ∀z ∈ GC : z 7→ z∗ extending the inversion ∀g ∈ G : g 7→ g−1 on G. It is related to the
inversion on GC via complex conjugation ∀z ∈ GC : z∗ = z̄−1.
The coherent states for G are constructed as result of the observation that ρt admits a unique analytic
continuation from G to GC (proved in [Hall, 1994]). In terms of the series expansion, one makes the

Definition 3.2.8:

The functions

Ψt
z(g) := ρt(g−1z) =

∑
π∈Ĝ

dπe
− t2λπχπ(g−1z), g ∈ G, z ∈ GC. (3.2.14)

are called (covariant) coherent states for G. Here, “covariance” refers to the behaviour of Ψt
z under the (left)

regular representation of G:

(λhΨt
z)(g) = Ψt

z(h−1g) = ρt((h−1g)−1z) = ρt(g−1(hz)) (3.2.15)

= Ψt
hz(g).

Clearly, this G-action on the set coherent states extends to a (simply) transitive, although non-unitary w.r.t.
L2(G), GC-action.

Before we comment on further properties of these functions, we need to introduce some further notation
(following closely [Hall, 1997]). Namely, we need an analogue of ρt on the GC-homogeneous space GC/G.
The latter admits a unique GC-invariant Riemannian structure, which agrees at the identity coset with the
restriction of 〈 , 〉gC to i g ⊂ gC. The analogue of ρt is the fundamental solution νt at the identity coset of
the heat equation,

∂tft = 1
4∆ft, (3.2.16)

on GC/G. νt can be identified with a left and right G-invariant function, also denoted νt, on GC, which is
normalised as ∫

GC

νt(z) dz = vol(G). (3.2.17)

In addition to the structures introduced so far, we need some typical objects from the structure theory of
compact Lie groups. That is, we fix a maximal torus T ⊂ G with Lie algebra t, and real roots R ⊂ t∗ ∼= t,

α ∈ R :⇔ α 6= 0,∃0 6= X ∈ gC : ∀H ∈ t : [H,X] = 2πiα(H)X. (3.2.18)

Furthermore, we pick a set of positive roots R+ and denote by δ = 1
2
∑
α∈R+ α half the sum of the positive

roots. W is the Weyl group of T , C a fundamental Weyl chamber and Γ ⊂ t the kernel of the exponential
map restricted to t.

2In view of the later sections of this chapter, we mention that the complexifications of U(1) and SU(2) are, respectively, C∗ and
SL2(C).
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For GC, we invoke the (right) polar decomposition, z = geiX ∈ GC, g ∈ G, X ∈ g, which gives a diffeomor-
phism,

Φ : T ∗G ∼= G× g −→ GC, Φ(g,X) = geiX , (3.2.19)

that turns the “phase space”, T ∗G, in a natural way into a Kähler manifold. The Haar measure dz on GC

and the Liouville measure dg dX on T ∗G ∼= G× g (by right translation), the latter being the product of the
Haar measure on G and the Lebesgue dX, normalised by means of 〈 , 〉g, on g, fit together in the following
way (cf. [Hall, 1997], Lemma 5):

∀f ∈ Cc(GC) :
∫
GC

f(z) dz =
∫
G

∫
g

f(geiX) dg σ(X) dX. (3.2.20)

Here, σ is the Ad-G-invariant function on g determined by

∀H ∈ t : σ(H) =
∏
α∈R+

(
sinhα(H)
α(H)

)2
. (3.2.21)

The explicit formula for the measure νt(z) dz under (right) polar decomposition is (cf. [Hall, 1997], Lemma
5):

νt(z) dz = 1
(πt)n2

e−|δ|
2
g∗ te−

1
t |X|

2
gη(X) dg dX, (3.2.22)

where η is an analytic square root of σ:

∀H ∈ t : η(H) =
∏
α∈R+

sinhα(H)
α(H) . (3.2.23)

Finally, it is important to observe that every element z ∈ GC has as decomposition of the form

z = geiHh, g, h ∈ G,H ∈ t, (3.2.24)

because every element in G is conjugate to some element in the maximal torus T .

Let us now come back to the coherent states (3.2.14) and their properties. Firstly, they belong to the Hilbert
space L2(G), which follows from the (analytically continued) heat kernel identity (cf. [Hall, 1994], Theorem
6):

(Ψt
z,Ψt

z′)L2 =
∫
G

ρt(g−1z)ρt(g−1z′) dg (3.2.25)

= ρ2t(z′−1z̄) <∞.

Moreover, one has an explicit formula for the norm of the coherent states (cf. [Hall, 1997], Eq. 8) derived
from Urakawa’s Poisson summation formula for the restriction of ρt to the maximal torus T [Urakawa, 1975]:

(Ψt
z,Ψt

z)L2 = ρ2t(z−1z̄) = ρ2t((z∗z)−1) (3.2.26)
(3.2.24)= ρ2t(h−1e−2iHh)

= ρ2t(e−2iH),

ρ2t(e−2iH) = 1
(4πt)n2

e|δ|
2
g∗ e

1
t |H|

2
g η(H)−1

∑
γ0∈Γ∩C

eiδ(γ0) e−
1
4t |γ0|2g

∑
γ∈W ·γ0

e−
i
t 〈γ,H〉g

∏
α∈R+ α

(
H + 1

2iγ
)∏

α∈R+ α(H) .

(3.2.27)
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Secondly, the coherent states provide a resolution of unity in L2(G), thus providing a unitary transformation,
the (anti-)Segal-Bargmann-Hall transform, L2(G) → H L2(GC, νt),∀z ∈ GC : Φ 7→ (Ψt

z,Φ)L2 , which maps
square integrable functions on G isometrically onto antiholomorphic square integrable, w.r.t. νt(z) dz,
functions on GC:

∀Φ1,Φ2 ∈ L2(G) : (Φ1,Φ2)L2 =
∫
GC

(Φ1,Ψt
z)L2(Ψt

z,Φ2)L2 νt(z) dz. (3.2.28)

Alternatively, we will use the mnemonic (in the weak sense, using Dirac’s notation):

1 =
∫
GC

|Ψt
z〉〈Ψt

z| νt(z) dz. (3.2.29)

A new Segal-Bargmann-Hall “coherent state” transform

Although, the coherent states (3.2.14) can be thought of as a generalisation of the standard coherent states
in L2(Rn) there is a certain asymmetry, already pointed out in [Hall and Mitchell, 2002], which results from
the coherent states not being normalised, as would be standard in quantum physical treatments due to the
need for a probabilistic interpretation of the "overlap functions" (Φ1,Φ2)L2 , Φ1,Φ2 ∈ L2(G). Furthermore,
the measure νt(z) dz is not proportional to t-scaled Liouville measure (2πt)−n dg dX as one would expect
in relation to the "correspondence principle". With regard to the resolution of unity (3.2.29), one has in the
Rn-case (RnC = Cn, z = x+ ip):

1 =
∫
Cn
|Ψt
z〉〈Ψt

z| νt(z) dz (3.2.30)

= Ct

∫
Cn
|Ψt
z〉〈Ψt

z| (〈Ψt
z|Ψt

z〉)−1 dz,

where Ψt
z(x) = (2πt)−n2 e−

1
2t (z−x)2

, νt(z) = (4πt)−n2 e−
1
t=(z)2

, dz = dnx 2ndnp and Ct = (4πt)−n. The
equality between the first and second line in (3.2.30) follows immediately, because

Ct((Ψt
z,Ψt

z)L2)−1 = νt(z). (3.2.31)

But, the interesting point about (3.2.30) is, that we already know that the first line carries over to arbitrary
compact Lie groups, while the second line can be written down for arbitrary compact Lie groups as well,
as it involves no additional structures. Moreover, the constant Ct may be computed from the norm of the
coherent states (Ψt

z,Ψt
z)L2 as a function of z ∈ Cn. Explicitly, it is obtained as an integral over the imaginary

directions in C:

C−1
t =

∫
Rn

((Ψt
z,Ψt

z)L2)−1 2n dn=z. (3.2.32)

Unfortunately, equation (3.2.31) is not valid for arbitrary compact Lie groups, but, as we will argue below,
the bounds on (Ψt

z,Ψt
z)L2 given in [Hall, 1997] suffice to make sense out of an analogue of the second line of

(3.2.30). Having made this observation, we come to the main conjecture of this section.

Conjecture 3.2.9:

Given an arbitrary Lie group G, there exists a resolution of unity

1 = Ct

∫
G

∫
g

|Ψt
Φ(g,X)〉〈Ψt

Φ(g,X)| (〈Ψt
Φ(g,X)|Ψt

Φ(g,X)〉)−1 dg dX, (3.2.33)

C−1
t = vol(G)

∫
g

(〈Ψt
Φ(g,X)|Ψt

Φ(g,X)〉)−1 dX ∝ t−n.

for small enough t > 0. For commutative G or G = SU(2) (3.2.33) holds for all t > 0.
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We notice, that in contrast to (3.2.29) the resolution of unity (3.2.33) lives on the phase space T ∗G ∼= G×g,
which is natural from a quantum physical perspective.

A possible strategy for a proof could be provided by the fact, that L2(G) is an irreducible representation of
the transformation group C∗-algebra C(G) oL G (see theorem 3.2.7). Thus, if the operator defined by the
right hand side of the first line of (3.2.33) commuted with all representatives of C(G) oL G, the conjecture
would be (partly) proved by an appeal to Schur’s lemma.

Before, we argue in the favour of the conjecture, and prove it for G = U(1), we obtain as a corollary an
extension to (connected) Lie groups of compact type, i.e. those that admit an Ad-invariant inner product
on their Lie algebras. The structure of these Lie groups is clarified by

Proposition 3.2.10 (cf. [Hall, 2002], Proposition 2.2.):

Given a connected Lie group K of compact type with Ad-invariant inner product 〈 , 〉 on its Lie algebra k,
there exists a compact connected Lie group G and natural number n ∈ N, such that

K ∼= G× Rn (3.2.34)

as Lie groups and the associated Lie algebra isomorphism k ∼= g×Rn is orthogonal.

This implies

Corollary 3.2.11:

The resolution of unity (3.2.33) holds for arbitrary (connected) Lie groups K ∼= G× Rn of compact type, if
the coherent states for K are chosen as product states of the coherent states for G and the standard coherent
states for Rn. The Liouville measure on K is then the product measure of the Liouville measures on G and
Rn, respectively.

We conclude this section with an extended
Remark 3.2.12 (on Conjecture 3.2.9):

From (3.2.20), (3.2.22), (3.2.26) and (3.2.27), we have the following formula for the product of (Ψt
z,Ψt

z)L2

and νt(z):

(Ψt
z,Ψt

z)L2 νt(z)
z=geiHh= (2πt)−nσ(H)−1

∑
γ0∈Γ∩C

eiδ(γ0) e−
1
4t |γ0|2g

∑
γ∈W ·γ0

e−
i
t 〈γ,H〉g

∏
α∈R+ α

(
H + 1

2iγ
)∏

α∈R+ α(H) .

(3.2.35)

Now, Hall shows in [Hall, 1997], Proposition 3, that the absolute value of sum over γ ∈ W · γ0 is bounded
from above by an expression P (|γ0|g/

√
t)
∏
α∈R+ α(H), where P is a polynomial of degree equal to twice the

number of positive roots #R+. This, immediately, leads to the conclusion that, for small enough t > 0, we
have constants at, bt > 0 with limt→0+ at = 1 = limt→0+ bt exponentially fast3, such that

(2πt)−nbt ≤ (Ψt
Φ(g,X),Ψt

Φ(g,X))L2 νt(X) σ(X) ≤ (2πt)−nat. (3.2.36)

But, this shows the equivalence of the measures νt(X) σ(X) dg dX and ((Ψt
Φ(g,X),Ψt

Φ(g,X))L2)−1 dg dX on
G× g, and due to the finiteness and positivity of at, bt, we know that the integrals in (3.2.33) makes sense.
Namely, for all Φ1 ∈ L2(G) we have:

(2πt)n

at
||(Ψt

( . ),Φ1)L2 ||2L2(GC,νt) ≤ ||(Ψ
t
Φ( . ),Φ1)L2 ||2L2(G×g,(||Ψt||2

L2 )−1) ≤
(2πt)n

bt
||(Ψt

( . ),Φ1)L2 ||2L2(GC,νt)

(3.2.37)

⇒ (Ψt
( . ),Φ1)L2 ∈H L2(GC, νt) ⇔ (Ψt

Φ( . ),Φ1)L2 ∈H L2(G× g, (||Ψt
Φ( . )||

2
L2)−1)

3For G commutative or G = SU(2) Hall shows that at, bt exist for all t > 0.
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Next, we analyse the operator

At := Ct

∫
G

∫
g

|Ψt
Φ(g,X)〉〈Ψt

Φ(g,X)| (〈Ψt
Φ(g,X)|Ψt

Φ(g,X)〉)−1 dg dX (3.2.38)

in some detail. To this end, we introduce the representative functions

∀π ∈ Ĝ, m, n = 1, ..., dπ : 〈π,m, n|g〉 = π(g)mn, g ∈ G, (3.2.39)

and find, because 〈π,m, n|Ψt
Φ(g,X)〉 = e−

t
2λππ(geiX)mn,

〈π,m, n|At|π′,m′, n′〉 = Ct

∫
G

∫
g

〈π,m, n|Ψt
Φ(g,X)〉〈Ψt

Φ(g,X)|π
′,m′, n′〉 (〈Ψt

Φ(g,X)|Ψt
Φ(g,X)〉)−1 dg dX

(3.2.40)

= Ct

∫
G

∫
g

(ρ2t(e−i2X))−1e−
t
2 (λπ+λπ′ )π(geiX)mnπ′(geiX)m′n′ dg dX

= Ct

∫
g

(ρ2t(e−i2X))−1e−
t
2 (λπ+λπ′ )

dπ,dπ′∑
k,k′=1

π(eiX)knπ′(eiX)k′n′
∫
G

π(g)mkπ′(g)m′k′ dg dX

= Ct vol(G) d−1
π δπ,π′ δm,m′

∫
g

(ρ2t(e−i2X))−1e−tλππ(ei2X)n′n dX.

Defining an operator Atπ ∈ End(Vπ) by the matrix elements

(Atπ)n′n =
∫
g

(ρ2t(e−i2X))−1e−tλππ(ei2X)n′n dX, n, n′ = 1, ..., dπ, (3.2.41)

we see that it commutes with all π(g), g ∈ G, because ρ2t is an even class function and dX is Ad-invariant:

(π(g)Atπ)mn =
dπ∑
k=1

π(g)mk(Atπ)kn =
dπ∑
k=1

π(g)mk
∫
g

(ρ2t(e−i2X))−1e−tλππ(ei2X)kn dX (3.2.42)

=
∫
g

(ρ2t(e−i2X))−1e−tλππ(gei2X)mn dX =
dπ∑
k=1

∫
g

(ρ2t(e−i2X))−1e−tλππ(gei2Xg−1)mkπ(g)kn dX

=
dπ∑
k=1

∫
g

(ρ2t(e−i2X))−1e−tλππ(ei2Adg(X))mkπ(g)kn dX

=
dπ∑
k=1

∫
g

(ρ2t(e−i2Adg−1 (X)))−1e−tλππ(ei2X)mkπ(g)kn dX

=
dπ∑
k=1

∫
g

(ρ2t(g−1e−i2Xg))−1e−tλππ(ei2X)mkπ(g)kn dX

=
dπ∑
k=1

∫
g

(ρ2t(ei2X))−1e−tλππ(ei2X)mkπ(g)kn dX =
dπ∑
k=1

(Atπ)mkπ(g)kn

= (Atππ(g))mn.

Thus, by Schur’s lemma we have Atπ = d−1
π tr(Atπ)1, and our conjecture is equivalent to the formula:

C−1
t dπ = tr(Atπ) =

∫
g

(ρ2t(ei2X))−1e−tλπχπ(ei2X) dX =
∫
g

e−tλπχπ(ei2X)∑
π′∈Ĝ dπ′e

−tλπ′χπ′(ei2X) dX (3.2.43)

=
∫
g

χπ(et∆ei2X)∑
π′∈Ĝ dπ′χπ′(et∆ei2X) dX =

∫
g

χπ(et∆+i2X)∑
π′∈Ĝ dπ′χπ′(e∆+i2X) dX
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=
∫
g

χπ(e
(tτ+iX)2

t +X2
t )∑

π′∈Ĝ dπ′χπ′(e
(tτ+iX)2

t +X2
t )

dX =
∫
g

χπ(e
(tτ+iX)2

t )∑
π′∈Ĝ dπ′χπ′(e

(tτ+iX)2
t )

dX

=
∫
g

trVπ (e
(tτ+iX)2

t )

trL2(G)(e
(tτ+iX)2

t )
dX.

Here, we introduced the object τ =
∑n
i=1 τi ⊗ τi for some orthonormal basis {τi}i=1,...,n ⊂ g, such that

τ · τ =
∑n
i,j=1 τiτj〈τi, τj〉g =

∑n
i=1 τ

2
i = ∆ and τ ·X =

∑n
i=1 τiXj〈τi, τj〉g. From a physicist’s point of view,

the last line in (3.2.43) is especially attractive, because it resembles the average over g of the Boltzmann-like
distribution

p(Vπ|L2(G))(X) := trVπ (e
(tτ+iX)2

t )

trL2(G)(e
(tτ+iX)2

t )
,
∑
π∈Ĝ

dπp(Vπ|L2(G))(X) = 1 X ∈ g . (3.2.44)

Since characters, χπ, π ∈ Ĝ, and the (analytically continued) heat kernel ρt are class functions, we may
further simplify the expression (3.2.43) by Weyl’s integration formula on g (cf. [Dooley and Wildberger,
1993]):

∀f ∈ Cc(g) :
∫
g

f(X) dX =
∫
C∗

∏
α∈R+

α(H)2
∫
G

f(Adg(H)) dg dH (3.2.45)

= 1
|W |

∫
t

∏
α∈R+

α(H)2
∫
G

f(Adg(H)) dg dH.

Here, C∗ ⊂ t corresponds to the Weyl chamber C via 〈 , 〉, |W | is the number of elements in W , and dH is
a suitably normalised Lebesgue measure on t. Thus, we find for (3.2.43):

C−1
t dπ = tr(Atπ) =

∫
g

(ρ2t(ei2X))−1e−tλπχπ(ei2X) dX (3.2.46)

= vol(G)
|W |

∫
t

( ∏
α∈R+

α(H)2

)
(ρ2t(ei2H))−1e−tλπχπ(ei2H) dH.

To provide further evidence for our conjecture, we will prove it forG = U(1), which also implies the conjecture
for G = U(1)n, n ∈ N. Subsequently, we give numerical results that suggest the validity of the conjecture
for G = SU(2).

If G = U(1), we have GC = C∗. The coherent state overlap function is found to be (cf. [Kowalski et al.,
1996]):

〈Ψt
ξ|Ψt

ξ〉 =
∑
j∈Z

e−tj
2
e2jl = ϑ3

(
il

π

∣∣∣∣ itπ
)

= ϑ3

(
l

t

∣∣∣∣ iπt
)√

π

t
e

1
t l

2
, (3.2.47)

where we chose coordinates ξ = ei(ϕ+il), (ϕ, l) ∈ [0, 2π)×R and ϑ3 denotes the third Jacobi theta function.
The characters of the irreducible representations of U(1) can be labeled by j ∈ Z, χj(ξ) = ξl, dj = 1, and
the eigenvalues of the Casimir operator are λj = j2. Putting everything together, (3.2.43) gives:

C−1
t =

∫
R
e−tj

2
e−2jl

(
ϑ3

(
l

t

∣∣∣∣ iπt
)√

π

t
e

1
t l

2
)−1

dl =
∫
R

√
t

π
e−

1
t (l+tj)2

(
ϑ3

(
l

t

∣∣∣∣ iπt
))−1

dl (3.2.48)

=
∫
R

√
t

π
e−

1
t l

2
(
ϑ3

(
l

t

∣∣∣∣ iπt
))−1

dl = t

∫
R

(∑
n∈Z

e
(l+iπn√

t
)2

)−1

dl.

The last line follows from the Z-invariance of ϑ3 in the first argument. Clearly, this establishes the conjecture
for G = U(1). A Numerical evaluation of (3.2.48) indicates Ct = 1

t .
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For G = SU(2), the formulas become slightly more involved, although we end up with a 1-dimensional
integral as rank(SU(2)) = 1. The characters of irreducible representations of SU(2) are labeled by n ∈ N,
χn(e2iH) = sinh(2np)

sinh(2p) , for some suitable coordinate p on t ∼= R. The dimension and the eigenvalue of the
Casimir operator are dn = n and λn = n2−1

4 , respectively. The positive root is given by α(H) = p. This
allows for the computation of all objects involved in (3.2.46):

C−1
t dn = 2π2

2

∫
R
p2e−

t
4 (n2−1) sinh(2np)

sinh(2p)

(∑
m∈N

me−
t
4 (m2−1) sinh(2mp)

sinh 2p

)−1

dp (3.2.49)

= π2

4

∫
R
p2e−

1
t (p− t2n)2

(∑
m∈Z

me−
1
t (p− t2m)2

)−1

dp

= π2

4

∫
R

(
p+ t

2n
)2
e−

1
t p

2

(∑
m∈Z

(m+ n)e− 1
t (p− t2m)2

)−1

dp

= π2

4

∫
R
p2e−

1
t (p− t2n)2

(
e−

1
t p

2
(∂pϑ3)

( p

2πi

∣∣∣ it4π

))−1
dp

= i
π3

2

∫
R
p2e−

1
t (p− t2n)2

(
e−

1
t p

2
ϑ′3

( p

2πi

∣∣∣ it4π

))−1
dp.

Again, we need to prove an integral formula involving the Jacobi theta function ϑ3. Only this time, we have
do deal with the derivative of ϑ3, which is why a simple shift p 7→ p + t

2n does not suffice to prove the
formula. Nevertheless, a numerical evaluation of the integral (see table 3.2.1 and figures 3.2.1)

I(t, n) := 2i
∫
R
p2e−

1
t (p− t2n)2

(
e−

1
t p

2
ϑ′3

( p

2πi

∣∣∣ it4π

))−1
dp (3.2.50)

hints at the correctness of conjecture 3.2.9 forG = SU(2), since the integral relation between I(t, n) = nI(t, 1)
seems to be a rather strong requirement. Furthermore, table 3.2.1 indicates the relation I(t, n) = t3I(1, n),
and thus I(t, n) = t3n

8 ⇒ Ct = 24
(πt)3 .

t
n 1 2 3 4 5

1 0.125 0.25 0.375 0.5 0.625
2 1 2 3 4 5
e ∼2,51069 ∼5,02138 ∼7,53208 ∼10,0428 ∼12,5535
π ∼3.87578 ∼7,75157 ∼11,6274 ∼15,5031 ∼19,3789
4 8 16 24 32 40

Table 3.2.1.: Numerical evaluation of I(t, n).
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(a) Plots of I(t, n) (t fixed): I(1, n) (blue), I(2, n) (red),
I(e, n) (yellow) and I(π, n) (green).
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(b) 3D Plot of I(n,t).

Figure 3.2.1.: Plots of I(t, n).
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3.3. On Weyl and Kohn-Nirenberg calculi for compact Lie groups

In this section, we discuss local and global Weyl and Kohn-Nirenberg calculi for compact Lie groups G
(dimG = n) to provide a (pseudo-differential) framework for the Born-Oppenheimer approximation [Mar-
tinez, 2002b] or space-adiabatic perturbation theory [Panati et al., 2003b, Teufel, 2003] in LQG (see also
section 3.4). The need for local as well as global calculi is due to the fact that the exponential map is, while
still onto, no longer a diffeomorphism for compact groups. Both, local and global calculi, are advantageous in
certain situations: On the one hand, it is quite natural to handle the "semi-classical limit" of the (quantum)
commutation relations,

[f, f ′] = 0, (3.3.1)

[PX , f ] = −iε RXf,

[PX , PY ] = iε P[X,Y ],

where f, f ′ ∈ C∞(G), X, Y ∈ g and RXf = d
dt |t=0L

∗
etXf , in local calculi via the Baker-Campbell-Hausdorff

formula, on the other hand, the composition and computation of symbols of operators is simpler for the
global calculi, and the class of admissible symbols is larger.
The local calculi are based on a generalised Weyl quantisation introduced by Landsman (cf. [Landsman,
1993, Landsman, 1998]) based on (strict) Rieffel deformations (cf. [Rieffel, 1990b, Rieffel, 1990a]), while
the global calculi are closely related to the Kohn-Nirenberg quantisation of Ruzahnsky and Turunen (cf.
[Ruzhansky and Turunen, 2009, Ruzhansky and Turunen, 2013]). In contrast to those existing accounts
on (pseudo-differential) quantisation on compact Lie groups, we arrive at the calculi from the perspective
of de-quantisation of the transformation group C∗-algebra C(G) oL G ∼= K (L2(G)), which is a natural
quantum algebra over a single edge of LQG (see section 3.4). Furthermore, it is important to note, from
the point of view of applications, that the Weyl calculi are favored over the Kohn-Nirenberg calculi, because
the former are real, i.e. hermitean/self-adjoint operators tend to have hermitean/self-adjoint symbols (cp.
chapter 2, section 2.3).
We start, in subsection 3.3.1, with the definition of the global calculi. In subsection 3.3.1 we introduce the
local calculi and the “Paley-Wiener-Schwartz” symbol spaces SK,mPW,ρ,δ. For the latter, we prove a completeness
result w.r.t. asymptotic expansions by adopting the method of kernel cut-off operators from the calculus
of Volterra-Mellin operators (cf. [Krainer, 2002b, Krainer, 2002a]). For the global calculi we provide a
reformulation in terms of the Stratonovich-Weyl transform of Figueroa, Gracia-Bondía and Várilly (cf.
[Figueroa et al., 1990, Varilly and Gracia Bondía, 1989]) in subsection 3.3.2, which additionally gives rise
to a scaled ε-scaled integral transform on G. As a byproduct, we prove strictness of the Stratonovich-Weyl
quantisation.
Following this, we comment on the relation of the calculi to coherent state quantisation in subsection 3.3.3.
We conclude the section with a closer look a the special case G = U(1) and a possible extension of the global
calculi to G = RBohr, where we will argue that the global calculus is suitable for dealing with symbols that
are not analytic in the momenta.

3.3.1. Pseudo-Differential Operators on Compact Lie groups

Before we state the definitions for the types of pseudo-differential operators on compact Lie groups that we
intend to discuss, we start with a (informal) motivation, i.e. we refrain from defining the function spaces on
which the following formulae will be well-defined:

For quantum mechanics on Rn the commutation relations (3.3.1) correspond to the CCR for position and
momentum,

[Qi, Qj ] = 0 = [Pi, Pj ] (3.3.2)
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[Pi, Qj ] = −iε δi,j , ∀i, j = 1, ..., n,

which are often presented in their Weyl form obtained by considering the (formal) exponentials W (x, ξ) :=
ei(x·Q+ξ·P ), x, ξ ∈ Rn, (Weyl elements). In the Schrödinger representation on L2(Rn) the action of the Weyl
elements is defined to be:

(W (x, ξ)Ψ)(q) = e
iε
2 x·ξeiξ·qΨ(q + εξ), Ψ ∈ L2(Rn). (3.3.3)

Moreover, the Weyl elements provide a means of quantising functions σ on phase space T ∗ Rn ∼= Rn×Rn to
operators Aσ on L2(Rn) by Fourier transformation, i.e.:

Aσ := 1
(2π)n

∫
R2n

dx dξ F [σ](x, ξ)W (x, ξ) =
∫
R2n

dq dp σ(q, p)Ŵ (q, p) = (Ŵ , σ)L2(R2n), (3.3.4)

where we introduce the Fourier-Weyl elements Ŵ (q, p) := 1
(2π)2n

∫
R2n dx dξ e−i(x·q+ξ·p)W (x, ξ), Ŵ (q, p)∗ =

Ŵ (q, p), and F [σ](x, ξ) = 1
(2π)n

∫
R2n dq dp σ(q, p)e−i(x·q+ξ·p) is the Fourier transform of σ. Combining (3.3.3)

and (3.3.4), we find

(AσΨ)(q) = 1
(2πε)n

∫
R2n

dx dξ σ( 1
2 (q + x), ξ)e iε ξ·(q−x)Ψ(x). (3.3.5)

Thus, Aσ is pseudo-differential operator on L2(Rn) with amplitude oder symbol σ. In addition to the quanti-
sation formula (3.3.4), the Fourier-Weyl elements also give rise to a useful formula for the de-quantisation of
an operator A on L2(Rn), i.e. finding a symbol σA s.t. AσA = A, because of the (distributional) orthogonality
relations( ε

2π

)n
(W (x, ξ),W (x′, ξ′))HS =

( ε

2π

)n
tr(W (x, ξ)∗W (x′, ξ′)) = δ(n)(x− x′)δ(n)(ξ − ξ′) (3.3.6)

(2πε)n(Ŵ (q, p), Ŵ (q′, p′))HS = (2πε)n tr(Ŵ (q, p)∗Ŵ (q′, p′)) = δ(n)(q − q′)δ(n)(p− p′).

Applying (3.3.6) to the product Aρ = AσAτ of two operators Aσ and Aτ , we find the well-known formula
for the twisted or Moyal-Weyl product ρ = σ ?ε τ of the symbols σ and τ , and its asymptotic expansion
(cf. [Folland, 1989]):

ρ(q, p) = 1
(2π)n

∫
R2n

dq′ dp′ ei(q·q
′+p·p′) 1

(2π)n

∫
R2n

dq′′ dp′′ F [σ](q′′, p′′)F [τ ](q′ − q′′, p′ − p′′)e iε2 (q′·p′′−p′·q′′)

(3.3.7)

∼ exp
(
− iε2 (∇p · ∇x −∇q · ∇ξ)

)
|(q,p)=(x,ξ)

σ(q, p)τ(x, ξ).

Clearly, to arrive at (3.3.7) we need to evaluate the tri-kernel tr(Ŵ (q, p)∗Ŵ (q′, p′)Ŵ (q′′, p′′)), which is
possible, because linear combinations of (Fourier-)Weyl elements are closed under products.

Thus, we conclude that the structures required for a theory of pseudo-differential operators adapted to
quantum systems defined by the commutation relations (3.3.1) or their exponential form (which we recognise
as covariant representation of (C(G), G, αL)4,5),

[f, f ′] = 0, (3.3.8)

UgfU
∗
g = L∗g−1f

UgUg′ = Ugg′ , f, f ′ ∈ C(G), g, g′ ∈ G,

4Strictly speaking, we suppressed the deformation parameter ε. We will comment on this issue below.
5We incorporate a minus sign in the definition of the group translations, Ug = L∗

g−1 , because we intend to work with right
invariant vector fields on G while maintaining a left action.
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are a set of (Fourier-)Weyl elements, closed under product if possible, and a notion of Fourier transform.
Moreover, to obtain a practical calculus for the application of the Born-Oppenheimer scheme and space-
adiabatic perturbation theory we should require the existence of a formula similar to (3.3.7) for symbols of
operator products, which admits a suitable asymptotic expansion.

Let us also add a short comment on the choice of Weyl elements (3.3.3): Namely, we could make the
alternative definitions

WR(x, ξ) := eix·Qeiξ·P , WL(x, ξ) := eiξ·P eix·Q, (3.3.9)

which lead to the Kohn-Nirenberg pseudo-differential operators ALσ , ARσ associated with a symbol σ (cf. [Fol-
land, 1989]), which are standard in treatments of pseudo-differential operators on manifolds (cf. [Hörmander,
1985a,Ruzhansky and Turunen, 2009]):

(ARσΨ)(q) = 1
(2πε)n

∫
R2n

dx dξ σ(q, ξ)e iε ξ·(q−x)Ψ(x), (ALσΨ)(q) = 1
(2πε)n

∫
R2n

dx dξ σ(x, ξ)e iε ξ·(q−x)Ψ(x).

(3.3.10)

Although, the Kohn-Nirenberg pseudo-differential operators generalise in a much more straightforward man-
ner to manifolds, because (3.3.10) can be localised in the position variable q (cf. [Rieffel, 1994]), and thus
to general (compact) Lie groups, they are disadvantageous w.r.t. to the Born-Oppenheimer scheme and
space-adiabatic perturbation theory, because they do not provide a real quantisation in contrast to (3.3.5),
i.e.

(
A
R/L
σ

)∗
6= A

R/L
σ∗ , due to the asymmetric treatment of Q and P .

A global calculus

Having identified the ingredients necessary for the definition of pseudo-differential operators, we will now
explain how these are realised for a compact Lie group G in a global fashion. With regard to the notation,
we stick to section 3.2. As noted above, the commutation relations (3.3.1) correspond in exponential form
(3.3.8) to a covariant representation of (C(G), G, αL), and thus to the transformation group C∗-algebra
C(G)oL G. In the (faithful) integrated representation ρL on L2(G) a function F ∈ C(G×G) ⊂ C(G)oL G

acts according to

(ρL(F )Ψ)(g) =
∫
G

dh F (h, g)(UhΨ)(g) =
∫
G

dh F (h, g)Ψ(h−1g) =
∫
G

dh F (gh−1, g)Ψ(h), Ψ ∈ L2(G).

(3.3.11)

Clearly, (3.3.11) still to makes sense as a continuous operator ρL(F ) : C∞(G)→ D ′(G) for F ∈ D ′(G×G) ∼=
D ′(G)⊗̂D ′(G), and if we restrict F to be in D ′(G,C∞(G)) ∼= D ′(G)⊗̂C∞(G) it defines a continuous operator
on C∞(G)6. Therefore, it is possible to make

Definition 3.3.1:

For FR(π,m, n;h) := π( . )mnδh, FL(π,m, n;h) := π(h−1 . )mnδh ∈ D ′(G,C∞(G)), where π ∈ Ĝ, m, n =
1, ..., dπ is a unitary irreducible representation, we obtain the operators

(
ρL
(
FR(π,m, n;h)

)
Ψ
)

(g) = π(g)mnΨ(h−1g), (3.3.12)(
ρL
(
FL(π,m, n;h)

)
Ψ
)

(g) = π(h−1g)mnΨ(h−1g), Ψ ∈ C∞(G),

which extend to operators on L2(G) by continuity.

In view of (3.3.9), these operators generalise the Weyl elements used in the definition of the Kohn-Nirenberg
pseudo-differential operators (3.3.10). In the following, we will restrict attention to the (right) elements

6We endow C∞(G) = D(G) and D ′(G) with their usual nuclear topologies. ⊗̂ denotes the complete tensor product of nuclear
locally convex spaces. Clearly, the adjective "nuclear" is a misnomer for "nucular", but the former is by now well established.
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FR(π,m, n;h), although all statements hold in slightly modified form for FL(π,m, n;h), as well. The
analogy with (3.3.10) becomes even clearer, when we consider the Weyl elements in context of the (global)
Fourier transform between G and its (unitary) dual Ĝ7, and its inverse,

F [Ψ](π) = Ψ̂(π) :=
∫
G

dg Ψ(g)π(g), Ψ ∈ L2(G), (3.3.13)

F−1[Φ](g) = Φ̌(g) :=
∑
π∈Ĝ

dπ tr(π(g)∗Φ(π)), Φ ∈ L2(Ĝ) :

We define the Fourier-Weyl elements

F̂R(g;π,m, n) :=
∑
π′∈Ĝ

dπ′

dπ′∑
m′,n′=1

π′(g)m′n′
∫
G

dh π(h)mnFR(π′,m′, n′;h) = δgπ( . )mn ∈ C∞(G,D ′(G)).

(3.3.14)

Then, for σ ∈ D̂ ′(Ĝ, C∞(G)) = F1(D ′(G,C∞(G))), we have

FRσ (h, g) =
∑
π∈Ĝ

dπ

dπ∑
m,n=1

∫
G

dg′ σ(π, g′)mnF̂R(g′;π,m, n)(h, g) =
∑
π∈Ĝ

dπ tr(π(h)∗σ(π, g)) = σ̌1(h, g),

(3.3.15)

which is analogous to (3.3.4), and continuous to be well-defined in the distributional sense for σ ∈ F1(D ′(G×
G)). The representation of σ̌ on C∞(G) via ρL leads to the pseudo-differential operators of Ruzhansky and
Turunen [Ruzhansky and Turunen, 2009] (up to the fact that those authors employ the right convolution
algebra C(G) oR G):

(
ρL
(
FRσ
)

Ψ
)

(g) =
∫
G

dh FRσ (gh−1, g)Ψ(h) =
∫
G

σ̌(gh−1, g)Ψ(h) =
∑
π∈Ĝ

dπ tr(π(g)∗σ(π, g)Ψ̂(π)). (3.3.16)

As a consequence of the Peter-Weyl theorem and the fact that (left) convolution is well-defined on D ′(G)
the (Fourier-)Weyl elements satisfy (distributional) orthogonality relations:

tr
(
ρL
(
FR(π,m, n;h)∗

)
ρL
(
FR(π′,m′, n′;h′)

))
= d−1

π δπ,π′δm,m′δn,n′δh(h′), (3.3.17)

tr
(
ρL
(
FR(g;π,m, n)∗

)
ρL
(
FR(g′;π′,m′, n′)

))
= δg′(g)d−1

π δπ,π′δm,m′δn,n′ ,

where the adjoint ( . )∗ has to be taken the sense of (3.2.6). Furthermore, the linear span of Weyl elements
is closed under products due to complete reducibility of unitary representations of G. in fact, we have:

(
FR(π,m, n;h) ∗L FR(π′,m′, n′;h′)

)
(g, g′) (3.3.18)

= π(g′)mnπ′(h−1g′)δhh′(g) =
dπ′∑
k′=1

π′(h−1)m′k′π(g′)mnπ′(g′)k′n′δhh′(g)

=
dπ′∑
k′=1

π′(h−1)m′k′
∑
π′′∈Ĝ

Nπ
′′

π,π′∑
s=0

dπ′′∑
M,N=1

C(π,m;π′, k′|π′′,M ; s)C(π, n;π′, n′|π′′, N ; s)π′′(g′)MNδhh′(g)

=
dπ′∑
k′=1

π′(h−1)m′k′
∑
π′′∈Ĝ

Nπ
′′

π,π′∑
s=1

dπ′′∑
M,N=1

C(π,m;π′, k′|π′′,M ; s)C(π, n;π′, n′|π′′, N ; s)FR(π′′,M,N ;hh′)(g, g′),

7Note, that we sometimes abuse notation and explicitly use a representative of an isomorphism class π ∈ Ĝ, but the appearance
of traces on the representation space in the right places makes all formulae independent of the representative.
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where we denote by the C’s the Clebsch-Gordan coefficients associated with the decomposition

π ⊗ π′ ∼=
⊕
π′′∈Ĝ

Nπ
′′

π,π′⊕
s=1

π′′ with multiplicities Nπ′′

π,π′ ∈ N0. (3.3.19)

De-quantisation of a continuous operator A on C∞(G) takes the form:

σA(π, g)mn := tr
(
ρL

(
F̂R(g;π,m, n)∗

)
A
)
, (3.3.20)

which agrees with the formula of Ruzhansky and Turunen [Ruzhansky and Turunen, 2009] forA = ρL(F ), F ∈
D ′(G,C∞(G)):

σF (π, g)mn = tr
(
ρL

(
F̂R(g;π,m, n)∗

)
ρL(F )

)
=
∫
G

dh F (h, g)π(h)mn = F̂ (π, g)mn. (3.3.21)

By the Schwartz kernel theorem (cf. [Amann, 2003,Ruzhansky and Turunen, 2009]) this covers already the
general case of continuous operators on C∞(G).

Before we try to deform the Kohn-Nirenberg quantisation, defined so far, to obtain a Weyl quantisation, i.e.
a real quantisation, we collect some of the properties of the former in a

Proposition 3.3.2:

Given continuous operators A,B : C∞(G) → D ′(G) with FA, FB ∈ D ′(G × G), the symbols σA, σB ∈
F1(D ′(G×G)) satisfy:

1. The map A 7→ σA is a linear homeomorphism between L(C∞(G),D ′(G)) and D̂ ′(Ĝ×G) with σ1(π, g) =
π(e).

2. σA∗(π, g) = σF∗A(π, g) = σα−1
L (FA)(π, g)∗, where (α−1

L (F ))(h, g) := F (h, hg) for F ∈ D ′(G×G).

3. σUhAU∗h (π, g) = σ(αh−1×Lh−1 )∗FA(π, g) = π(h)σA(π, h−1g)π(h)∗, where αh(g) = hgh−1.

4. If UR : G→ U(L2(G)) denotes the right regular representation, i.e. (URh Ψ)(g) = (αR(h)Ψ)(g) = Ψ(gh)
for Ψ ∈ L2(G), h, g ∈ G, we have: σURh AUR∗h (π, g) = σ(id×Rh)∗FA(π, g) = σA(π, gh).

5. (A,B)HS = tr(A∗B) = (FA, FB)L2(G×G) = (σA, σB)L2(Ĝ×G), if A,B are Hilbert-Schmidt operators.
Moreover, the maps HS(L2(G)) 3 A 7→ FA ∈ L2(G×G) and HS(L2(G)) 3 A 7→ σA ∈ L2(Ĝ×G) are
unitary.

6. σAB(π, g) =
∫
G
dh FA(h, g)π(h)σB(π, h−1g), if A,B : C∞(G)→ C∞(G).

7. The symbol σA can be computed by

σA(π, g) = (πAπ∗)(g) = π(g)
∫
G

dh FA(gh−1, g)π(h)∗. (3.3.22)

Proof:

1. The linearity of A 7→ σA and σ1(π, g) = π(e) are evident from the definition. The homeomorphism
property follows from the Schwartz kernel theorem and the fact that the (partial) Fourier transform
sets up a homeomorphism between D ′(G×G) and D̂ ′(Ĝ×G).

2. For Ψ ∈ C∞(G), we have

(σA∗(π),Ψ) =
∫
G

dg

∫
G

dh FA∗(h, g)π(h)Ψ(g) =
∫
G

dg

∫
G

dh F ∗A(h, g)π(h)Ψ(g) (3.3.23)

=
∫
G

dg

∫
G

dh FA(h−1, h−1g)π(h)Ψ(g) =
∫
G

dg

∫
G

dh FA(h, hg)π(h)∗Ψ(g)
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=
∫
G

dg

(∫
G

dh FA(h, hg)π(h)
)∗

Ψ(g) =
∫
G

dg

(∫
G

dh α−1
L (FA)(h, g)π(h)

)∗
Ψ(g).

3. Referring to the definition of A = ρL(FA), we find:

UhAU
∗
h = UhρL(FA)U∗h = ρL((αh−1 × Lh−1)∗FA). (3.3.24)

Therefore, we have:

σUhAU∗h (π, g) = σ(αh−1×Lh−1 )∗FA(π, g) =
∫
G

dh′ (αh−1 × Lh−1)∗FA(h′, g)π(h′) (3.3.25)

=
∫
G

dh′FA(h′, h−1g)π(αh(h′)) = π(h)
∫
G

dh′ FA(h′, h−1g)π(h′)π(h)∗

= π(h)σA(π, h−1g)π(h)∗.

4. This follows along the same lines as 3.

5. It is well known (cf. [Reed and Simon, 1972]), that A,B are Hilbert-Schmidt operators if and only if
FA, FB ∈ L2(G×G), which gives the second equality and the unitarity of A 7→ FA. The third equality
and the unitarity of A 7→ σA follow, because the (partial) Fourier transform is a unitary map from
L2(G×G) to L2(Ĝ×G).

6. By assumption the product AB is well-defined and gives rise to a (left) convolution kernel FAB , which
is found from

AB = ρL(FA)ρL(FB) = ρL(FA ∗L FB). (3.3.26)

The formula for σAB follows from direct computation:

σAB(π, g) =
∫
G

dh (FA ∗L FB)(h, g)π(h) =
∫
G

dh

∫
G

dh′FA(h′, g)FB(h′−1h, h′−1g)π(h) (3.3.27)

=
∫
G

dh

∫
G

dh′FA(h′, g)π(h′)FB(h′−1h, h′−1g)π(h′−1h)

=
∫
G

dh′ FA(h′, g)π(h′)
∫
G

dh FB(h, h′−1g)π(h)

=
∫
G

dh FA(h, g)π(h)σB(π, h−1g).

7. Employing (3.3.21), we find:

F̂A(π, g) =
∫
G

dh FA(h, g)π(h) = π(g)
∫
G

dh FA(h, g)π(g−1h) = π(g)
∫
G

dh FA(gh, g)π(h) (3.3.28)

= π(g)
∫
G

dh FA(gh−1, h)π(h)∗ = (πAπ∗)(g).

The last property is very useful in the actual computation of symbols σA of operators A : C∞(G)→ D ′(G),
as it does not require the computation of the (left) convolution kernel FA. To see how this works, we compute
the symbols of PX = −iεRX , X ∈ g, and f ∈ C∞(G):

σPX (π, g) = (πPXπ∗) = π(g)(PXπ∗)(g) = −iεπ(g)( d
dt |t=0

π(etXg)∗) (3.3.29)

= −iεπ(g) d
dt |t=0

π(g)∗π(e−tX) = iεdπ(X),

σf (π, g) = (πfπ∗)(g) = π(g)f(g)π(g)∗ = f(g)1Vπ .
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Combining this with the sixth property, gives rise to the commutation relations (3.3.1):

σff ′(π, g) = π(g)(ff ′π∗)(g) = f(g)f ′(g)1Vπ = σf (π, g)σf ′(π, g), (3.3.30)

σPXf = π(g)(PXfπ∗)(g) = π(g)(PXπ∗)(g)f(g)− iε(RXf)(g)1Vπ = σPX (π, g)σf (π, g)− iεσRXf (π, g),

σPXPY (π, g) = π(g)(PXPY π∗)(g) = iεπ(g)(PXπ∗)(g)dπ(Y ) = −ε2dπ(X)dπ(Y ) = σPXσPY .

The second property of the above proposition gives a measure to which extent the quantisation D̂ ′(Ĝ×G) 3
σ 7→ ρL(FRσ ) ∈ L(C∞(G),D ′(G)) fails to be real. Interestingly, there is a simple way to cure this, if we
were allowed to take square roots in G, which is indeed possible for compact Lie groups by means of the
exponential map exp : g → G, as the latter is onto (cf. [Bröcker and tom Dieck, 1985]). Moreover, we can
define √g, ∀g ∈ G, s.t.

√
g−1 = √g−1, but there is also a price to pay: Namely, √ . : G→ G is in general

not a smooth homomorphism, but only a measurable map.

Definition 3.3.3:

For σ ∈ D̂ ′(Ĝ × G), s.t. α
1
2
L
(
FRσ
)

(h, g) = FRσ (h,
√
h
−1
g) is in D ′(G × G), e.g. if √ . is smooth on

sing supp1(FRσ ), we define the Weyl quantisation FWσ of σ by

FWσ (h, g) := α
1
2
L
(
FRσ
)

(h, g). (3.3.31)

The Weyl elements FW (π,m, n;h) are the Weyl quantisations of the symbols
(σ(π,m,n;h)(π′, h′))m′n′ := d−1

π δπ,π′δm′,mδn,n′δh(h′), where π, π′ ∈ Ĝ, m, n = 1, ..., dπ, m′, n′ = 1, ..., dπ′ ,
h, h′ ∈ G. Explicitly, we have

FW (π,m, n;h)(h′, g) = π(
√
h
−1
g)mnδh(h′) =

dπ∑
k=1

π(
√
h
−1

)mkπ(g)knδh(h′) (3.3.32)

=
dπ∑
k=1

π(
√
h
−1

)mkFR(π, k, n;h)(h′, g).

The following lemma shows that the Weyl quantisation is real, and that the Weyl element satisfies appropriate
orthogonality relations.

Lemma 3.3.4:

For σ ∈ D̂ ′(Ĝ×G) as in definition 3.3.3, we have

ρL
(
FWσ

)∗ = ρL
(
FW∗σ

)
= ρL

(
FWσ∗

)
. (3.3.33)

Moreover, the Weyl elements satisfy

tr
(
ρL
(
FW (π,m, n;h)∗

)
ρL
(
FW (π′,m′, n′;h′)

))
= d−1

π δπ,π′δm,m′δn,n′δh(h′). (3.3.34)

Proof:

The first statement is a consequence of the adjointness property (2.) in proposition 3.3.2:

FW∗σ (h, g) = FWσ (h−1, h−1g) = FRσ (h−1,
√
hh−1, g) = FRσ (h−1,

√
h
−1
g) (3.3.35)

=
∑
π∈Ĝ

dπtr
(
π(h)σ(π,

√
h
−1
g)
)

=
∑
π∈Ĝ

dπ tr
(
π(h)∗σ(π,

√
h
−1
g)∗
)

= FRσ∗(h,
√
h
−1
g) = FWσ∗ (h, g).

The second statement follows from the orthogonality relations (3.3.17) and (3.3.32):

tr
(
ρL
(
FW (π,m, n;h)∗

)
ρL
(
FW (π′,m′, n′;h′)

))
(3.3.36)
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=
dπ∑
k=1

dπ′∑
k′=1

π(
√
h
−1

)mkπ′(
√
h′
−1

)m′k′ tr
(
ρL
(
FR(π, k, n;h)∗

)
ρL
(
FR(π′, k′, n′;h′)

))
= d−1

π δπ,π′δn,n′δh(h′)
dπ∑
k=1

π(
√
h)kmπ(

√
h
−1

)m′k = d−1
π δπ,π′δm,m′δn,n′δh(h′),

where the last line makes sense because √ . : G→ G admits a unique point-wise evaluation.

Remark 3.3.5:

Unfortunately, the definition of Fourier-Weyl elements seems to be problematic, as can be seen from a
(formal) calculation:

F̂W (g;π,m, n)(h, g′) =
∑
π′∈Ĝ

dπ′

dπ′∑
m′,n′=1

π′(g)m′n′
∫
G

dh′ π(h′)mnFW (π′,m′, n′;h′)(h, g′) (3.3.37)

= π(h)mnδ√hg(g
′)

From the last line, we infer that the definition of F̂W (g;π,m, n) would require the composition of δ with
√
. , which is not necessarily well-defined, because √ . is in general not even continuous.

Nevertheless, we can define a de-quantisation map, if we restrict ourselves to operators A : C∞(G)→ D ′(G),
s.t. α−

1
2

L (FA) (h, g) = FA(h,
√
hg) is in D ′(G×G), in analogy with definition 3.3.3.

Definition 3.3.6:

The Weyl symbol of an operator A : C∞ → D ′(G), s.t. α−
1
2

L (FA) (h, g) = FA(h,
√
hg) is in D ′(G×G), is

σWA (π, g) := F1

[
α
− 1

2
L (FA)

]
(π, g) =

∫
G

dh α
− 1

2
L (FA) (h, g)π(h). (3.3.38)

From the definitions it is obvious, that we have

Corollary 3.3.7:

The Weyl quantisation σ 7→ FWσ and the Weyl symbol map A 7→ σWA are inverse to each other.

In accordance with proposition 3.3.2, we collect some properties of the Weyl (de-)quantisation, although, at
this point, we refrain from specifying the sets of operators or symbols for which the procedure is well-defined
any further. We will cure this in the following subsection, where we define the local calculi.

Proposition 3.3.8:

Given continuous operators A,B : C∞(G) → D ′(G), s.t. the Weyl symbols σWA , σWB ∈ D̂ ′(Ĝ × G) are
well-defined, then we have

1. σWUhAU∗h (π, g) = π(h)σW(id×Lh−1 )∗FA(π, g)π(h)∗.

2. σW
URh AU

R∗
h

(π, g) = σWA (π, gh).

3. If the product AB and its Weyl symbol σWAB are well-defined, we have

σWAB(π, g) =
∑

π′,π′′∈Ĝ

dπ′dπ′′

∫
G

dg′
∫
G

dg′′π(g′)π(g′′) tr(π′(g′)∗σWA (π′,
√
g′−1

√
g′g′′g)) tr(π′′(g′′)∗ (3.3.39)

× σB(π′′,
√
g′′−1g′−1

√
g′g′′g)).

Proof:

The properties 1.-3. are proved in a completely analogous way as the corresponding properties in proposition
3.3.2.
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Remark 3.3.9:

The Weyl symbols of the elementary operators appearing in (3.3.1) equal their Kohn-Nirenberg symbols,
since we have FPX (h, g) = −iε(RXδe)(h), X ∈ g, and Ff (h, g) = δe(h)f(g), f ∈ C∞(G):

α
− 1

2
L (Ff )(h, g) = δe(h)f(

√
hg) = δe(h)f(g) ⇒ σWf (π, g) = f(g)1Vπ (3.3.40)

α
− 1

2
L (FPX )(h, g) = −iε(RXδe)(h) ⇒ σWPX (π, g) = iεdπ(X),

where there first line makes sense, because √ . : G → G is uniquely defined everywhere, although it is not
continuous.

Remark 3.3.10:

If we choose G = Rn, and therefore Ĝ = Rn, and σA, σB ∈ S (R2n), we can make still make sense out of the
product formula (3.3.39), and a simple calculation shows that it is equivalent to the twisted product (3.3.7):

σWAB(p, x) =
∫
R2n

dp′ dx′

(2π)n

∫
R2n

dp′′ dx′′

(2π)n eip·(x
′+x′′)e−ip

′·x′e−ip
′′·x′′σWA (p′, 1

2x
′′ + x)σWB (p′′,− 1

2x
′ + x)

(3.3.41)
x′ 7→ −2(x′−x)
x′′ 7→ 2(x′′−x)=

∫
R2n

dp′ dx′

(4π)n

∫
R2n

dp′′ dx′′

(4π)n e−2i(p−p′)·x′e2i(p−p′′)·x′′e2i(p−p′)·xe−2i(p−p′′)·xσWA (p′, x′′)σWB (p′′, x′)

=
∫
R2n

dp′ dx′

(4π)n

∫
R2n

dp′′ dx′′

(4π)n e2i((p−p′)·(x−x′)−(p−p′′)·(x−x′′))σWA (p′, x′′)σWB (p′′, x′),

where we recognize the last line as an alternative formula for the twisted product (3.3.7) (cf. [Folland, 1989]).

So far, we have not dealt with the question of the existence of an asymptotic expansion for the symbol σ(W )
AB of

an operator product AB : C∞(G)→ C∞(G). This will be done in the next subsection, where we introduce
an ε-dependent expansion of σ(W )

AB in the local calculi. In contrast, Ruzhansky and Turunen [Ruzhansky
and Turunen, 2009] define a global symbolic calculus, but the ε-dependence remains rather opaque in their
setting. We will come back to this point in subsections 3.3.4 and 3.4.2.

A local calculus of Paley-Wiener-Schwartz symbols

Following Rieffel and Landsman [Rieffel, 1990b, Landsman, 1993, Landsman, 1998], we localise the quanti-
sations discussed in the previous subsection in the sense, that we pass from global symbols σ ∈ D̂ ′(Ĝ×G),
living on G and its unitary dual Ĝ, to local symbols σ ∈ D ′(T ∗G), living on T ∗G ∼= G × g∗ (by right
translation), via the exponential map exp : g→ G.

More precisely, this works as follows: exp defines a diffeomorphism between an open neighbourhood U ⊂ g

of 0 ∈ g (possibly Ad-invariant) and an open neighbourhood V ⊂ G of e ∈ G8. Additionally, we define
Fourier transform and its inverse between functions on g and g∗:

F [F ](θ) = F̂ (θ) :=
∫
g

dX e−iθ(X)F (X), F ∈ L1(g), θ ∈ g∗ (3.3.42)

F−1[σ](X) = σ̌(X) :=
∫
g∗

dθ

(2π)n e
iθ(X)σ(θ), σ ∈ L1(g∗), X ∈ g,

where we fix the normalisation of the Lebesque measures dX and dθ via the exponential map and the Haar
measure dg on G (cp. section 3.2):∫

V

dg f(g) =
∫
U

dX j(X)2f(exp(X)), f ∈ Cc(V ). (3.3.43)

8For G = U(1), SU(2) we can choose the maximal neighbourhood V = G \ {−1}.
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Here, j is the analytic function j(H) =
∏
α∈R+

sin(α(H))
α(H) , H ∈ t ⊂ g, in the notation of section 3.2 (see

especially (3.2.20) and (3.2.21)). Now, we are in a position to make the

Definition 3.3.11:

Given a function σ ∈ C∞PW,U (g∗)⊗̂C∞(G)9, i.e. σ̌1, the inverse Fourier transform of σ in the first variable,
is in D(g)⊗̂C∞(G) with supp1(σ̌1) ⊂ U , we define Fσ ∈ C∞(G)⊗̂C∞(G) by:

Fσ(h, g) := σ̌1(Xh, g) =
∫
g∗

dθ

(2π)n e
iθ(Xh)σ(θ, g) for Xh := exp−1(h), (3.3.44)

which is well-defined due to the support properties of σ̌1. We also define an ε-scaled version of (3.3.44):

∀ε ∈ (0, 1] : F εσ(h, g) := ε−nσ̌1(ε−1Xh, g) =
∫
g∗

dθ

(2πε)n e
i
ε θ(Xh)σ(θ, g). (3.3.45)

We call F (ε)
σ the (ε-scaled) Kohn-Nirenberg quantisation of σ, as it defines a compact operator on L2(G) via

the left integrated representation ρL : C(G) oL G → K (L2(G)). Clearly, the ε-scaled quantisation extends
to those σ, s.t. supp1(σ̌1) ⊂ ε−1U =: Uε.

By standard distributional reasoning, the quantisation extends to distributions σ ∈ Ê ′U (g∗)⊗̂D ′(G), i.e.
σ̌1 ∈ E ′U (g)⊗̂D ′(G), where E ′U (g) is the space of compactly supported distributions in U ⊂ g.

Furthermore, if we define the (smooth) square root √ . : V ⊂ G → V ⊂ G by √g = exp( 1
2Xg), we can

deform the Kohn-Nirenberg quantisation to a Weyl quantisation in analogy with the previous subsection:

FW,εσ (h, g) := α
1
2
L (F εσ)(h, g) = F εσ(h,

√
h−1g). (3.3.46)

The Weyl quantisation will, in general, not be well-defined for σ ∈ Ê ′U (g∗)⊗̂D ′(G), but surely for
σ ∈ Ê ′U (g∗)⊗̂C∞(G).

Corollary 3.3.12:

The Kohn-Nirenberg and Weyl quantisation have following adjointness (in the sense of (3.2.6)) and covari-
ance (w.r.t. to G) properties (cp. proposition 3.3.2 & 3.3.8):

1.
(
F

(ε)
σ

)∗
= αL(F (ε)

σ ) and
(
F
W,(ε)
σ

)∗
= F

W,(ε)
σ ,

2. UhF (ε)
σ U∗h = αL(h)

(
F

(ε)
(Ad∗

h−1)∗σ

)
and UhFW,(ε)σ U∗h = αL

(
h
√
h−1( . )h

√
( . )−1

)(
F
W,(ε)
(Ad∗

h−1)∗σ

)
,

3. URh F
(ε)
σ UR∗h = αR(h)

(
F

(ε)
σ

)
= F

(ε)(
R∗
g−1

)∗
σ
and URh F

W,(ε)
σ UR∗h = αR(h)

(
F
W,(ε)
σ

)
= F

W,(ε)(
R∗
g−1

)∗
σ
,

where σ ∈ Ê ′U (g∗)⊗̂D ′(G), h ∈ G, αR is the right regular representation of G, R∗ is the pullback (right)
action on T ∗G and Ad∗ : G→ GL(g∗) denotes the coadjoint action.

Proof:

We prove the statements for σ ∈ C∞PW,U (g∗)⊗̂C∞(G), which implies them by standard distributional rea-
soning for σ ∈ Ê ′U (g∗)⊗̂D ′(G) or Ê ′U (g∗)⊗̂C∞(G).

1.

(F εσ)∗ (h, g) = F εσ(h−1, h−1g) = ε−nσ̌1(ε−1Xh−1 , h−1g) (3.3.47)

= ε−nσ̌1(−ε−1Xh, h−1g) = ε−nσ̌
1(ε−1Xh, h

−1g) = αL(F εσ)(h, g).

Here, the third equality follows from h−1 = exp(Xh)−1 = exp(−Xh), while the fourth equality follows
from the interplay of the inverse Fourier transform and complex conjugation. By the same reasoning,

9The subscript PW stands for "Paley-Wiener", because of the Paley-Wiener-Schwartz theorem (cf. [Hörmander, 1983a]), which
characterises the image of D(Rn) (and even E ′(Rn)) under the Fourier transform.
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we find:

(
FW,εσ

)∗ (h, g) = F εσ(h−1,
√
hh−1g) = ε−nσ̌1(ε−1Xh−1 ,

√
h−1g) (3.3.48)

= ε−nσ̌1(−ε−1Xh,
√
h−1g) = ε−nσ̌

1(ε−1Xh,
√
h−1g) = FW,εσ (h, g).

2.

(UhF εσU∗h)(h′, g) = F εσ(h−1h′h, h−1g) = ε−nσ̌1(ε−1Xh−1h′h, h
−1g) (3.3.49)

= ε−nσ̌1(ε−1Adh−1(Xh′), h−1g) = ε−nF−1
1 [(Ad∗h−1)∗σ](ε−1Xh′ , h

−1g)

= αL(h)
(
F ε(Ad∗

h−1)∗σ

)
(h′, g).

The third equality follows from the definition of the adjoint action Ad : G → GL(g), and the fourth
equality follows from the Ad-invariance of the Lebesgue measure dθ and the definition of the coadjoint
action. Analogously, we find:

(UhFW,εσ U∗h)(h′, g) = F εσ(h−1h′h,
√

(h−1h′h)−1h−1g) (3.3.50)

= ε−nσ̌1(ε−1Xh−1h′h,
√
h′−1
√
h′
√

(h−1h′h)−1h−1g)

= ε−nσ̌1(ε−1Adh−1(Xh′),
√
h′−1
√
h′
√

(h−1h′h)−1h−1g)

= ε−nF−1
1 [(Ad∗h−1)∗σ](ε−1Xh′ ,

√
h′−1
√
h′
√

(h−1h′h)−1h−1g)

= αL(h
√
h−1h′h

√
h′−1)

(
FW,ε(Ad∗

h−1)∗σ

)
(h′, g).

3. By commutativity of left and right action, it follows:

(UhF εσU∗h)(h′, g) = F εσ(h′, gh) = ε−nσ̌1(ε−1Xh′ , gh) = F ε(
R∗
g−1

)∗
σ
, (3.3.51)

(UhFW,εσ U∗h)(h′, g) = F εσ(h′,
√
h′−1gh) = ε−nσ̌1(ε−1Xh′ ,

√
h′−1gh) = FW,ε(

R∗
g−1

)∗
σ
. (3.3.52)

Our definition of the Weyl quantisation is indeed equivalent to the one given by Landsman in terms of a
"geodesic midpoint construction" (cf. [Landsman, 1998], Definition II.3.4.4.)

Lemma 3.3.13:

The operator defined by the Weyl quantisation FW,εσ of σ ∈ C∞PW,U (g∗)⊗̂C∞(G) is equivalent to the operator
defined by the Weyl kernel

KW,(ε)
σ (h, g) = ε−nσ̌1(ε−1ν−1

δ (h, g)), (3.3.53)

where ν−1
δ : V × V → TV ∼= V × g maps (h, g) to the tangent vector at the midpoint of the geodesic from h

to g (w.r.t. an invariant metric on G).

Proof:

By definition the operator corresponding to the Weyl quantisation FW,εσ is:

∀Ψ ∈ L2(G) :
(
ρL
(
FW,εσ

)
Ψ
)

(g) =
∫
G

dh FW,εσ (h, g)Ψ(h−1g) =
∫
G

dh FW,εσ (gh−1, g)Ψ(h). (3.3.54)
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Thus, the kernel of ρL
(
FW,εσ

)
is

KρL(FW,εσ )(h, g) = FW,εσ (gh−1, g) = ε−nσ̌1(ε−1Xgh−1 ,
√
gh−1−1

g) = ε−nσ̌1(ε−1Xgh−1 , exp(− 1
2Xgh−1)g).

(3.3.55)

But, (exp(− 1
2Xgh−1)g,Xgh−1) is exactly the point in V × g corresponding to the tangent vector at the

midpoint of the geodesic γh→g : [0, 1] → V, γh→g(t) = exp(tXgh−1)h, under right translation, because
exp( 1

2Xgh−1)h = exp((1− 1
2 )Xgh−1)h = exp(− 1

2Xgh−1) exp(Xgh−1)h = exp(− 1
2Xgh−1)g. We conclude:

KρL(FW,εσ )(h, g) = ε−nσ̌1(ε−1ν−1
δ (h, g)) = KW,(ε)

σ (h, g). (3.3.56)

Therefore, we have the following theorem proven by Landsman in the context of Riemannian manifolds.

Theorem 3.3.14 (cf. [Landsman, 1998], Theorem II.3.5.1. & Theorem III.2.8.1):

The composition of ρL and the Weyl quantisation

QWε := ρL ◦ FW,ε( . ) : C∞PW,U (g∗)⊗̂C∞(G)→ K (L2(G)) (3.3.57)

is a non-degenerate strict quantisation of C∞PW,U (g∗)⊗̂ C∞(G) ⊂ C0(G × g∗) ∼= C0(T ∗G) on ε ∈ (0, 1], i.e.
we have for all σ, τ ∈ C∞PW,U (g∗,R)⊗̂C∞(G,R):

1. (non-degeneracy): ∀ε ∈ (0, 1] : QWε (σ) = 0⇔ σ = 0.

2. (Rieffel’s condition): ε 7→ ||QWε (σ)|| is continuous on (0, 1], especially limε→0 ||QWε (σ)|| = ||σ||∞.

3. (von Neumann’s condition): limε→0
∣∣∣∣ 1

2
(
QWε (σ)QWε (τ) +QWε (τ)QWε (σ)

)
−QWε (στ)

∣∣∣∣ = 0.

4. (Dirac’s condition): limε→0
∣∣∣∣ i
ε

[
QWε (σ), QWε (τ)

]
−QWε ({σ, τ}T∗G)

∣∣∣∣ = 0.

Here, { , }T∗G is the canonical Poisson structure on T ∗G, which takes the following for on G× g∗ by right
translation (cp. [Landsman, 1998], Proposition III.1.4.1):

∀σ, τ ∈ C∞(T ∗G) : {σ, τ}T∗G = 〈∂θσ,Rτ〉 − 〈Rσ, ∂θτ〉+ {σ, τ}−, (3.3.58)

where (〈X,Rf〉)(g) = (RXf)(g) = d
dt |t=0f(exp(tX)g) is the right differential on G, and

{f, f ′}−(θ) = −θ([∂θf, ∂θf ′]) is the (minus) Lie-Poisson structure on g∗.

Remark 3.3.15:

For σ ∈ C∞PW,U (g∗)⊗̂C∞(G), we haveK
ρL(F (W ),ε

σ ) ∈ C
∞(G)⊗̂C∞(G) ∼= C∞(G×G) by definition. Therefore,

Q
(W )
ε (σ) is not only a compact operator on L2(G), but preserves C∞(G) and extends to a smoothing operator

from D ′(G) to C∞(G) by the properties of convolution (cf. [Hörmander, 1983a], Theorem 4.1.1.).

Before we introduce the Paley-Wiener-Schwartz symbol spaces SK,mPW,ρ,δ ⊂ Ê ′U (g∗)⊗̂C∞(G), we discuss the
quantization of symbols that are polynomial in the momentum variables θ ∈ g∗. To make this precise, we
recall that the left and right pullback actions of G on T ∗G are strongly Hamiltonian and compatible, i.e. we
have bi-equivariant Poisson momentum maps (cf. [Landsman, 1998], section III.1.4):

J
L∗( . )−1 : T ∗(G)→ g∗, J

L∗( . )−1 (θ, g) = θ, J
L∗( . )−1 (L∗h−1(θ, g)) = Ad∗h

(
J
L∗( . )−1 (θ, g)

)
,

(3.3.59)

{J
L∗( . )−1

X , J
L∗( . )−1

Y }T∗G = −J
L∗( . )−1

[X,Y ] , J
L∗( . )−1 (R∗h−1(θ, g)) = J

L∗( . )−1 (θ, g),

J
R∗( . )−1 : T ∗(G)→ g∗, J

R∗( . )−1 (θ, g) = −Ad∗g−1(θ), J
R∗( . )−1 (R∗h−1(θ, g)) = Ad∗h

(
J
R∗( . )−1 (θ, g)

)
,
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{J
R∗( . )−1

X , J
R∗( . )−1

Y }T∗G = −J
R∗( . )−1

[X,Y ] , J
R∗( . )−1 (L∗h−1(θ, g)) = J

R∗( . )−1 (θ, g),

{J
L∗( . )−1

X , J
R∗( . )−1

Y }T∗G = 0, X, Y ∈ g (3.3.60)

where we identified T ∗G ∼= G×g∗ by right translation, as above, and defined J•X(θ, g) := J•(θ, g)(X), X ∈ g.
This allows us, to make the notion of polynomial symbols precise:
Definition 3.3.16:

Given a (smooth) function σ on T ∗G ∼= G × g∗ with values in multilinear maps from R⊕
⊕N

n=1 g
⊕n to R,

N ∈ N0, of the form

σ(θ, g)(⊕X) = f0(g) +
N∑
n=1

∑
i1,...,in

fi1...in(g)J
L∗( . )−1

Xi1
(θ, g)...J

L∗( . )−1

Xin
(θ, g) (3.3.61)

= f0(g) +
N∑
n=1

∑
i1,...,in

fi1...in(g)θ(Xi1)θ(Xin), ⊕X ∈
N⊕
n=1

g⊕n, {f0, fi1...in}i1,...,in ⊂ D ′(G),

we call each σ(⊕X) ∈ Ê ′U (g∗)⊗̂D ′(G) a polynomial symbol of degree ≤ N . If σ(⊕X) ∈ Ê ′U (g∗)⊗̂C∞(G),
we say that σ is smooth.

The Paley-Wiener-Schwartz theorem [Hörmander, 1983a] allows us to characterise the quantisation of poly-
nomial symbols:
Corollary 3.3.17:

For N ∈ N0: σ is a polynomial symbol of degree ≤ N ⇔ σ̌1 is a distribution of order ≤ N in g with
values in D ′(G) and supp1(σ̌1) ⊂ {0} ⇔ F

(ε)
σ is a distribution of order ≤ N in G with values in D ′(G) and

supp1(F (ε)
σ ) ⊂ {e}.

Among the polynomial symbols, we find the special cases σf (θ, g) := f(g), f ∈ C∞(G), and σX(θ, g) :=
J
L∗( . )−1

X (θ, g), X ∈ g,. After a moments reflection, we see that the quantisation of these symbols gives rise
to the commutation relations (3.3.1):

∀Ψ ∈ C∞(G) :
(
Q(W )
ε (σf )Ψ

)
(g) = f(g)Ψ(g),

(
Q(W )
ε (σX)Ψ

)
(g) = −iε(RXΨ)(G), (3.3.62)

Q(W )
ε ({σf , σf ′}T∗G) = i

ε [Q(W )
ε (σf ), Q(W )

ε (σf ′)] = 0, (3.3.63)

Q(W )
ε ({σX , σf}T∗G) = i

ε [Q(W )
ε (σX), Q(W )

ε (σf )] = RXf,

Q(W )
ε ({σX , σY }T∗G) = i

ε [Q(W )
ε (σX), Q(W )

ε (σY )] = iεR[X,Y ].

Let us come to the definition of the Paley-Wiener-Schwartz symbol spaces SK,mPW,ρ,δ, which are analogous to
the (classical) symbol spaces Smρ,δ in the theory of pseudo-differential operators and Weyl quantisation on Rn

(cf. [Hörmander, 1983a,Hörmander, 1985a,Folland, 1989]). The main obstacle to such a definition is the fact
that the exponential is no longer a diffeomorphism, which is why we need to deal with compactly supported
instead of tempered distributions in g, and thus by the Paley-Wiener-Schwartz theorem with entire analytic
functions on g∗ by means of the Fourier transform. Concerning the development of an asymptotic calculus,
the analyticity requirement forbids the use of 0-excision functions, which are standard in pseudo-differential
calculus. Luckily, this alleged shortcoming can be dealt with by the method of kernel cut-off operator from
the theory of Volterra-Mellin pseudo-differential operators (cf. [Krainer, 2002b,Krainer, 2002a]).
Definition 3.3.18:

Let K < g be a convex compact subset and m ∈ R, 0 ≤ δ ≤ ρ ≤ 1. A function σ ∈ C∞(g∗C, C∞(G)) belongs
to the space of Paley-Wiener-Schwartz symbols SK,mPW,ρ,δ if the following conditions are satisfied:
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1. σ : g∗C → C∞(G) is (weakly) holomorphic10,

2. ∀α, β ∈ Nn0 : ∃Cαβ > 0 : ∀θ ∈ g∗C : supg∈G |(Rα∂
β
θ σ)(θ, g)| ≤ Cαβ〈θ〉m−|β|ρ+|α|δeHK(=(θ)),

where 〈θ〉 := (1+ |θ|2g∗C) 1
2 is the standard regularised distance, HK(=(θ)) := supX∈K =(θ)(X) is the support-

ing function of K, and we use the standard multi index notation (w.r.t. a fixed ordered basis {τi}ni=1 ⊂ g

and its dual in g∗). Clearly, the definition is independent of the ordering of the right multi-differentials
Rα = Rα1

1 ...Rαnn , because the commutator [Ri, Rj ] = fkijRk reduces the order and δ ≥ 0.
SK,mPW,ρ(g∗C) denotes the analogue of SK,mPW,ρ,δ with C∞(G) replaced by C.

Clearly, smooth polynomial symbols of degree ≤ N belong to SK,NPW,1,0 for all K < g. The following relations
among the symbol spaces are immediate consequences of the definition:

SK,mPW,ρ,δ ⊂ S
K,m
PW,ρ′,δ, ρ ≥ ρ

′, SK,mPW,ρ,δ ⊂ S
K,m
PW,ρ,δ′ , δ ≤ δ

′ (3.3.64)

SK,mPW,ρ,δ ⊂ S
K′,m
PW,ρ,δ, K ⊂ K

′, SK,mPW,ρ,δ ⊂ S
K,m′

PW,ρ,δ, m ≤ m
′.

This suggests the definition of the following spaces:

SK,∞PW,ρ,δ :=
⋃
m∈R

SK,mPW,ρ,δ, SK,−∞PW :=
⋂
m∈R

SK,mPW,ρ,δ. (3.3.65)

The Kohn-Nirenberg andWeyl quantisation of the restriction σ| g∗ of σ ∈ SK,mPW,ρ,δ to g∗ ⊂ g∗C define continuous
operators on C∞(G). In the following, we will abuse notation and suppress the restriction index.

Corollary 3.3.19:

Given σ ∈ SK,mPW,ρ,δ, there exists ε ∈ (0, 1] s.t. K ⊂ Uε. Then FW,εσ defines a continuous operator on C∞(G)
via ρL. Moreover, if σ ∈ SK,−∞PW,ρ,δ, then ρL

(
FW,εσ

)
is a smoothing operator from D ′(G) to C∞(G).

Proof:

By the Paley-Wiener-Schwartz theorem, σ̌1 is a distribution of order ≤ N , for N ∈ N0 s.t. m ≤ N , in g with
values in C∞(G) and supp1(σ̌1) ⊂ K, which implies the first statement. The second statement follows from
remark 3.3.15.

The optimal constants Cαβ > 0 in definition 3.3.18 turn the symbol spaces SK,mPW,ρ,δ into Fréchet spaces.

Proposition 3.3.20:

Fix a convex compact subset K < g and m ∈ R, 0 ≤ δ ≤ ρ ≤ 1. The countable family of (ordered) seminorms

||σ||(K,m,ρ,δ)k := sup
α,β∈Nn0
|α|+|β|≤k

sup
(g,θ)∈G×g∗C

〈θ〉−m+|β|ρ−|α|δe−HK(=(θ))|(Rα∂βθ σ)(θ, g)|, k ∈ N0, σ ∈ SK,mPW,ρ,δ,

(3.3.66)

defines a Fréchet space topology on SK,mPW,ρ,δ.

Proof:

We show that SK,mPW,ρ,δ is Hausdorff and complete in the locally convex topology defined by the seminorms.
Since metrisability follows, because the family of seminorms is countable, we may conclude that the spaces
are Fréchet.

1. Assuming ||σ||(K,m,ρ,δ)k = 0 for some k ∈ N0, we have ||σ||(K,m,ρ,δ)0 = 0, implying u ≡ 0. Therefore,
SK,mPW,ρ,δ is separated, and thus Hausdorff.

10Since C∞(G) is a Fréchet space in its natural topology, there is no need to distinguish between weak and strong holomorphicity
(cf. [Rudin, 1973], Theorem 3.31).
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2. Let us assume that {σi}∞i=1 ⊂ SK,mPW,ρ,δ is a Cauchy sequence, i.e. {σi}∞i=1 is Cauchy for all semi-
norms || . ||(K,m,ρ,δ)k , k ∈ N0. By the definition of the seminorms, we know that the convergence of
{Rασi}∞i=1 is uniform on compact sets in G × g∗C for all α ∈ Nn0 , which implies the existence of limit
σ ∈ C∞(g∗C, C∞(G)) in this sense. Similarly, we have compact convergence of {Λ(Rασi)}∞i=1 for all
Λ ∈ E ′β(G), α ∈ Nn0 , where E ′β(G) is the dual of C∞(G) with its strong topology (cf. [Robertson
and Robertson, 1964]), which implies the existence (holomorphic) limits σΛ,α ∈ O(g∗C) with linear
dependence on Λ ∈ E ′β(G). Next, we show that the maps Λ 7→ σΛ,α(θ), θ ∈ g∗C, are bounded, which
allows us to conclude that there exists σα(θ) ∈ C∞(G) s.t. σΛ,α(θ) = Λ(σα(θ)), because E ′β(G) is
Fréchet-Montel, and thus reflexive:

∀θ ∈ g∗C : ∀ε > 0∃i0 ∈ N : ∀i ≥ i0 : |σΛ,α(θ)| ≤ |σΛ,α(θ)− σΛ,α
i (θ)|+ |σΛ,α

i (θ)| ≤ ε+ |σΛ,α
i (θ)|

(3.3.67)

≤ ε+ sup
σk(θ)∈{σj(θ)}∞j=1

k∈N

|Λ((Rασk)(θ))|.

As {(Rασj)(θ)}∞j=1 ⊂ C∞(G) is (weakly) bounded, the boundedness of the maps Λ 7→ σΛ,α(θ), θ ∈ g∗C,

follows:

∀Λ ∈ E ′β(G) : ∃kΛ ∈ N0, CΛ,α > 0 : sup
σi(θ)∈{σj(θ)}∞j=1

i∈N

|Λ(σαi (θ))| (3.3.68)

≤ CΛ,α sup
i∈N

sup
g∈G
|γ|≤kΛ

|(Rα+γσi)(θ, g)|

≤ CΛ,α〈θ〉m+(kΛ+|α|)δeHK(=(θ)) sup
i∈N
||σi||(K,m,ρ,δ)kΛ+|α|

≤ 〈θ〉m+kΛδeHK(=(θ))MkΛ+|α|.

By construction, the map θ 7→ σ(θ) is weakly holomorphic, and σα(θ) = (Rασ)(θ), because the above
implies:

∀α ∈ Nn0 , θ ∈ g∗C : ∀ε > 0∃i0 ∈ N ∀i, j ≥ i0 : sup
g∈G
|(Rασi)(θ, g)− (Rασ)(θ, g)| < ε (3.3.69)

⇒ ∀Λ ∈ E ′β(G), α ∈ Nn0 , θ ∈ g∗C : ∀ε > 0 : ∃i0 ∈ N : ∀i ≥ i0 :

|Λ(σα(θ))− Λ((Rασ)(θ))| ≤ |Λ(σα(θ))− Λ(σαi (θ))|+ |Λ((Rασi)(θ))− Λ((Rασ)(θ))|

≤ |Λ(σα(θ))− Λ(σαi (θ))|+ CΛ,α sup
g∈G
|γ|≤kΛ

|(Rασi)(θ, g)− (Rασ)(θ, g)|

< ε

Furthermore, we know from the assumptions that the sequences

{τK,m,ρ,δα,β,i = 〈 . 〉−m+ρ|β|−δ|α|e−HK(=( . ))(Rα∂βθ σi)}
∞
i=1 ⊂ Cb(g∗C×G) (3.3.70)

uniformly converge to limits τK,m,ρ,δα,β ∈ Cb(g∗C×G). It remains to be concluded that:

τK,m,ρ,δα,β (θ, g) = 〈θ〉−m+ρ|β|−δ|α|e−HK(=(θ))(Rα∂βθ σ)(θ, g), (3.3.71)

which follows from the convergence properties established so far:

∀α, β ∈ Nn0 , (g, θ) ∈ G× g∗C : ∀ε > 0 : ∃i0 ∈ N : ∀i ≥ i0 : (3.3.72)

|τK,m,ρ,δα,β (θ, g)− 〈θ〉−m+ρ|β|−δ|α|e−HK(=(θ))(Rα∂βθ σ)(θ, g)|
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≤ |τK,m,ρ,δα,β (θ, g)− 〈θ〉−m+ρ|β|−δ|α|e−HK(=(θ))(Rα∂βθ σi)(θ, g)|

+ 〈θ〉−m+ρ|β|−δ|α|e−HK(=(θ))|(Rα∂βθ σi)(θ, g)− (Rα∂βθ σ)(θ, g)|

< ε

Remark 3.3.21:

By the preceding proposition, we can give SK,∞PW,ρ,δ a strict inductive limit topology (cf. [Amann, 2003]),
which makes it an LF-space.

Lemma 3.3.22:

For σ ∈ SK,mPW,ρ,δ, τ ∈ S
K′,m′

PW,ρ′,δ′ s.t. max(δ, δ′) ≤ min(ρ, ρ′), we have continuous maps:

1. ∀α, β ∈ Nn0 : σ 7→ Rα∂βθ σ ∈ S
K,m−|β|ρ+|α|δ
PW,ρ,δ .

2. (σ, τ) 7→ στ ∈ SK+K′,m+m′
PW,min(ρ,ρ′),max(δ,δ′).

This implies that the Poisson bracket (3.3.58) defines a bilinear operation

{ , } : SK,mPW,ρ,δ × S
K′,m′

PW,ρ,δ → S
K+K′,m+m′−min(ρ−δ,2ρ−1)
PW,ρ,δ . (3.3.73)

Proof:

1. From the commutation relations [Ri, Rj ] = fkijRk and δ ≥ 0, we conclude:

sup
g∈G
|(Rγ∂εθ(Rα∂

β
θ σ))(θ, g)| ≤ sup

g∈G
|(Rα+γ∂β+ε

θ σ)(θ, g)|+
∑
ε∈Nn0

|ζ|<|α|+|γ|

sup
g∈G
|(Rζ∂β+ε

θ σ)(θ, g)| (3.3.74)

≤ 〈θ〉m−|β+ε|ρeHK(=(θ))

C(α+γ)(β+ε)〈θ〉|α+γ|δ +
∑
ε∈Nn0

|ζ|<|α|+|γ|

Cζ(β+ε)〈θ〉|ζ|δ


≤ C ′(α+γ)(β+ε)〈θ〉

m−|β+ε|ρ+|α+γ|δeHK(=(θ)).

2. Using the Leibniz formula and the fact that HK +HK′ = HK+K′ , we find:

sup
g∈G
|(Rα∂βθ (στ))(θ, g)| (3.3.75)

≤
∑
γ∈Nn0
γ≤α

(
α

γ

) ∑
ε∈Nn0
ε≤β

(
β

ε

)
sup
g∈G
|(Rγ∂εθσ)(θ, g)| sup

g∈G
|(Rα−γ∂β−εθ τ)(θ, g)|

≤
∑
γ∈Nn0
γ≤α

(
α

γ

) ∑
ε∈Nn0
ε≤β

(
β

ε

)
Cγε〈θ〉m−|ε|ρ+|γ|δeHK(=(θ))C ′(α−γ)(β−ε)〈θ〉

m′−|β−ε|ρ′+|α−γ|δ′eHK′ (=(θ))

≤ C ′′αβeHK(=(θ))+HK′ (=(θ))〈θ〉m+m′
∑
γ∈Nn0
γ≤α

(
α

γ

)
〈θ〉|γ|δ+|α−γ|δ

′ ∑
ε∈Nn0
ε≤β

(
β

ε

)
〈θ〉|ε|ρ−|β−ε|ρ

′

≤ C ′′′αβ〈θ〉m+m′−|β|min(ρ,ρ′)+|α|max(δ,δ′)eHK+K′ (=(θ)).

As a preparation for the main theorem of this subsection, we define the kernel cut-off operator.
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Definition 3.3.23 (cp. [Krainer, 2002b], Definition 3.6):

For ϕ ∈ C∞(g), we define the kernel cut-off operator by

(H(ϕ)σ)(θ, g) := σ̌1(e−iθ( . )ϕ) =
∫
g

dX e−iθ(X)ϕ(X)
∫
g∗

dθ′

(2π)n e
iθ′(X)σ(θ, g), σ ∈ SK,mPW,ρ,δ, (g, θ) ∈ G× g∗C .

(3.3.76)

Remark 3.3.24:

If θ ∈ g∗ ⊂ g∗C, we have

(H(ϕ)σ)(θ, g) = σ̌1(e−iθ( . )ϕ) = σ̌1(e−iθ( . )ϕχ) =
∫
g

dX e−iθ(X)ϕ(X)χ(X)
∫
g∗

dθ′

(2π)n e
iθ′(X)σ(θ, g)

(3.3.77)

=
∫
g

dX ϕ(X)χ(X)
∫
g∗

dθ′

(2π)n e
−iθ′(X)σ(θ − θ′, g),

for some cut-off function χ ∈ C∞c (g) about supp1(σ̌1), i.e. χ ≡ 1 on some relatively compact neighbourhood
U of supp1(σ̌1) and χ ≡ 0 on g \U ′ for some relatively compact neighbourhood U ′ ⊃ U . Clearly, both sides
define holomorphic functions of θ, that are equal on g∗ ⊂ g∗C, and thus are equal on g∗C. The holomorphicity
of the last expression can be concluded from∫

g

dX ϕ(X)χ(X)
∫
g∗

dθ′

(2π)n e
−iθ′(X)σ(θ − θ′, g) =

∫
g∗

dθ′

(2π)n e
−iθ′(X)σ(θ − θ′, g)F [φχ](θ′) (3.3.78)

and the fact that differentiation under the integral is permitted, because σ(θ − ( . ), g)F [φχ] ∈ C∞PW(g∗).
But, the last line in (3.3.77) is independent of χ due to the support properties of σ̌1, which gives us

(H(ϕ)σ)(θ, g) =
∫
g

dX ϕ(X)
∫
g∗

dθ′

(2π)n e
−iθ′(X)σ(θ − θ′, g). (3.3.79)

Let us establish some important properties of the kernel cut-off operator.

Theorem 3.3.25 (cp. [Krainer, 2002b], Theorem 3.7.):

The kernel cut-off operator H : C∞b (g) × SK,mPW,ρ,δ → SK,mPW,ρ,δ continuous. If ρ > 0 we have the asymptotic
expansion

H(ϕ)σ ∼
∑
α∈Nn0

(−1)|α|

α! ((−i∂X)αϕ)(0)∂αθ σ (3.3.80)

in SK,mPW,ρ,δ.

Proof:

Since SK,mPW,ρ,δ is a Fréchet space it suffices to prove that the || . ||(K,m,ρ,δ)k -seminorms of H(ϕ)σ are bounded
by the || .‖|(K,m,ρ,δ)k -seminorms of σ and the || . ||∞,k-seminorms of ϕ. By standard regularization techniques
for oscillatory integrals, we have, for large enough M ∈ N0:

∀α, β ∈ Nn0 : |(Rα∂βθH(ϕ)σ)(θ, g)| = |(H(ϕ)(Rα∂βθ σ))(θ, g)| (3.3.81)

=
∫
g

dX

〈X〉2n
(

(1−∆X)M ϕ
)

(X)
∫
g∗

dθ′

(2π)n e
−iθ′(X)

(
(1−∆θ′)n 〈θ′〉−2M (Rα∂βθ σ)(θ − θ′, g)

)
.

The contribution of ϕ to the integral can be estimated by:

∣∣∣((1−∆X)M ϕ
)

(X)
∣∣∣ ≤ M∑

m=0

(
M

m

)
|(∆m

Xϕ) (X)| ≤ 2M ||ϕ||∞,2M . (3.3.82)
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Applying the Leibniz rule and the estimates

|∂γθ′〈θ
′〉−2M | ≤ Cγ,M 〈θ′〉−2M−|γ|, (3.3.83)

|(Rα∂β+γ
θ σ)(θ − θ′, g)| ≤ Cα,β+γe

HK(=)(θ−θ′)〈θ − θ′〉m−|β+γ|ρ+|α|δ

≤
θ′∈g∗

Peetre’s ineq.

C ′α,β+γe
HK(=)(θ)〈θ〉m−|β+γ|ρ+|α|δ〈θ′〉|m−|β+γ|ρ+|α|δ|,

we get: ∣∣∣((1−∆θ′)n 〈θ′〉−2M (Rα∂βθ σ)(θ − θ′, g)
)∣∣∣ (3.3.84)

≤ C ′′α,β,n,Me
HK(=)(θ)〈θ〉m−|β|ρ+|α|δ〈θ′〉−2M+|m|+(2n+|β|)ρ+|α|δ||ϕ||∞,2M ||σ||(K,m,ρ,δ)|α|+|β|+2n,

and thus the seminorm estimate:

||H(ϕ)σ||(K,m,ρ,δ)k (3.3.85)

≤ C ′′′k,n,M

(∫
g

dX

〈X〉2n

)
︸ ︷︷ ︸

=:C2n<∞

(∫
g∗

dθ′

(2π)n 〈θ
′〉−2M+|m|+(2n+k)ρ+kδ

)
︸ ︷︷ ︸

<∞ for large M

||ϕ||∞,2M ||σ||(K,m,ρ,δ)k+2n .

To obtain the asymptotic expansion, we consider the Taylor expansion of ϕ at X = 0 of order N − 1:

ϕ(X) =
∑

|α|≤N−1

1
α! (∂

α
Xϕ)(0)Xα + 1

(N − 1)!
∑
|α|=N

(
N

α

)
Xα

∫ 1

0
ds (1− s)N−1(∂αXϕ)(sX)︸ ︷︷ ︸

=:ϕα(N)(X)∈C∞b (g)

. (3.3.86)

Plugging this expression into the kernel cut-off operator and integrating by parts, we find:

(H(ϕ)σ)(θ, g) =
∑

|α|≤N−1

1
α! (∂

α
Xϕ)(0)

∫
g

dX

∫
g∗

dθ′

(2π)n e
−iθ′(X)σ(θ − θ′, g)Xα (3.3.87)

+ 1
(N − 1)!

∑
|α|=N

(
N

α

)∫
g

dX

∫
g∗

dθ′

(2π)n e
−iθ′(X)σ(θ − θ′, g)Xα

∫ 1

0
ds (1− s)N−1(∂αXϕ)(sX)︸ ︷︷ ︸

=:ϕα(N)(X)∈C∞b (g)

=
∑

|α|≤N−1

(−1)|α|

α! (−i∂αXϕ)(0)
∫
g

dX

∫
g∗

dθ′

(2π)n e
−iθ′(X)(∂αθ σ)(θ − θ′, g)

+ (−i)N

(N − 1)!
∑
|α|=N

(
N

α

)∫
g

dX

∫
g∗

dθ′

(2π)n e
−iθ′(X)(∂αθ σ)(θ − θ′, g)

∫ 1

0
ds (1− s)N−1(∂αXϕ)(sX)

=
∑

|α|≤N−1

(−1)|α|

α! (−i∂αXϕ)(0)(∂αθ σ)︸ ︷︷ ︸
∈SK,m−|α|ρPW,ρ,δ

(θ, g) + (−i)N

(N − 1)!
∑
|α|=N

(
N

α

)
(H(ϕα(N))((∂αθ σ)))︸ ︷︷ ︸

∈SK,m−NρPW,ρ,δ

(θ, g),

where the statement in the last line follows from lemma 3.3.22 and the continuity property of H, which was
shown before. The result follows by the definition of asymptotic expansions, i.e.:

Given {mk}∞k=1 ⊂ R, s.t. limk→∞mk = −∞ and m := maxk∈Nmk, and σk ∈ SK,mkPW,ρ,δ, σ ∈ S
K,m
PW,ρ,δ, we say

that
∑∞
k=1 ak is asymptotic to a, a ∼

∑∞
k=1 ak, if

∀M ∈ R : ∃k0 ∈ N : ∀k′ ≥ k0 : a−
k′∑
k=1

ak ∈ SK,MPW,ρ,δ. (3.3.88)

a is unique up to SK,−∞PW,ρ,δ (smoothing symbols).

The preceding theorem implies the important
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Corollary 3.3.26 (cp. [Krainer, 2002b], Corollary 3.8.):

Given a cut-off function ϕ ∈ C∞c (g) around X = 0, we have continuous operator

id−H(ϕ) : SK,mPW,ρ,δ −→ SK,−∞PW,ρ,δ. (3.3.89)

Proof:

The Taylor expansion of 1− ϕ at X = 0 vanishes to infinite order, and id−H(ϕ) = H(1− ϕ).

Now, we can state the main theorem of this section (cp. [Krainer, 2002b], Theorem 3.16.).

Theorem 3.3.27 (Asymptotic completeness of the Paley-Wiener-Schwartz symbols):

The symbol spaces SK,mPW,ρ,δ are asymptotically complete in the following sense:

Given {mk}∞k=1 ⊂ R, s.t. limk→∞mk = −∞ and m := maxk∈Nmk, and σk ∈ C∞(G,SK,mkPW,ρ,δ), there exists
σ ∈ C∞(G,SK,mPW,ρ,δ) s.t. a ∼

∑∞
k=1 ak. We call a a resummation of

∑∞
k=1 ak.

Before we prove the theorem, we need some lemmata, following the idea of proof for Volterra symbols by
Krainer [Krainer, 2002b].

Lemma 3.3.28:

Given β ∈ Nn0 , ϕ ∈ C∞c (g) and σ ∈ SK,−(2(n+1)+|β|)
PW,ρ (g∗C), we have:

sup
θ∈g∗C

e−2r|=(θ)||(H((−i∂X)βϕc)(eirτn( . )σ))(θ)| ≤ kn(ϕ, β) 1
cn+1 ||e

irτn( . )σ||(2r,−(2(n+1)+|β|),ρ,δ)
0 , (3.3.90)

for some constant kn(ϕ, β) > 0, where c ∈ [0,∞), ϕc(X) = ϕ(cX), r := inf{r′ ∈ [0,∞) | K ⊂ Br′(0) =
{X ∈ g | |X| ≤ r′}} and eirτn( . )(θ) := eirθ(τn) with τn the nth basis vector of g.

Proof:

First, observe that multiplication of σ with eirτn( . ) shifts the support of σ̌, F−1[eirτn( . )σ] = σ̌( . +rτn) =:
σ̌r, s.t. 0 ∈ g is not an interior point of supp(F−1[eirτn( . )σ]) ⊂ K − rτn ⊂ B2r(0). Second, we have the
equivalent estimates:

sup
θ∈g∗C

|α|=|β|+2(n+1)

e−2r|=(θ)||θα(eirτn( . )σ)(θ)| <∞⇔ sup
θ∈g∗C

e−2r|=(θ)|〈θ〉|β|+2(n+1)|(eirτn( . )σ)(θ)| <∞. (3.3.91)

Now, the assumptions imply that:

1. F−1[eirτn( . )σ]| g+
≡ 0, where g+ := {X ∈ g | θn(X) > 0} (θn is the dual basis vector to τn in g∗).

2. F−1[eirτn( . )σ] ∈ C |β|+n+1, since

(∂αXF−1[eirτn( . )σ])(X) = i|α|
∫
g∗

dθ

(2π)n θ
αeiθ(X)eirθ(τn)σ(θ) (3.3.92)

= i|α|
∫
g∗

dθ

(2π)n 〈θ〉
−(n+1)

(
〈θ〉n+1θαeiθ(X)eirθ(τn)σ(θ)

)
is finite for |α| ≤ β + n+ 1 by (3.3.91).

The Taylor expansion of F−1[eirτn( . )σ] at X = 0 up to order |β|+ n reads:

F−1[eirτn( . )σ](X) =
∑

|α|=|β|+n+1

Rα(0)Xα, |Rα(0)| ≤ 1
α! sup

X∈K−rτn
|γ|=|α|

|∂γXF−1[eirτn( . )σ](X)| (3.3.93)

= 1
α! sup

X∈K
|γ|=|α|

|(∂γX σ̌)(X)|
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since ∂αXF−1[eirτn( . )σ] vanishes at X = 0 for all |α| < |β|+ n+ 1. Now, we come to the proof of (3.3.90):

sup
θ∈g∗C

e−2r|=(θ)||(H((−i∂X)βϕc)(eirτn( . )σ))(θ)| = sup
θ∈g∗C

e−2r|=(θ)||
∫
g

dX e−iθ(X)((−i∂X)βϕc)(X)σ̌r(X)|

(3.3.94)

≤ sup
θ∈g∗C

e−2r|=(θ)|
∫
g

dX e|=(θ)||X||((−i∂X)βϕc)(X)σ̌r(X)|

≤
∫
g

dX |((−i∂X)βϕc)(X)σ̌r(X)|

=
∫
g

dX

〈X〉n+1
2
〈X〉

n+1
2 |((−i∂X)βϕc)(X)σ̌r(X)|

≤

1
2(∫

g

dX

〈X〉n+1

)
︸ ︷︷ ︸

=:Cn+1<∞

(∫
g

dX 〈X〉n+1|((−i∂X)βϕc)(X)σ̌r(X)|2
) 1

2

≤ C
1
2
n+1

∫
g

dX〈X〉n+1|((−i∂X)βϕc)(X)|2
 ∑
|α|=|β|+n+1

|Xα||Rα(0)|

2


1
2

≤ C
1
2
n+1 sup

X∈K
|γ|=|β|+n+1

|(∂γX σ̌)(X)| ×

∫
g

dX〈X〉n+1|((−i∂X)βϕc)(X)
∑

|α|=|β|+n+1

1
α!X

α|2
 1

2

≤ C
1
2
n+1

Cn+1

(2π)n

(
sup
θ∈g∗C

e−2r|=(θ)|〈θ〉|β|+2(n+1)|(eirτn( . )σ)(θ)|
)∫

g

dX〈X〉n+1|((−i∂X)βϕc)(X)
∑

|α|=|β|+n+1

1
α!X

α|2
 1

2

= C
1
2
n+1

Cn+1

(2π)n ||e
irτn( . )σ||(2r,−(2(n+1)+|β|),ρ,δ)

0

c−(3n+2)
∫
g

dX 〈c−1X〉n+1︸ ︷︷ ︸
≤〈X〉n+1

|((−i∂X)βϕ)(X)
∑

|α|=|β|+n+1

1
α!X

α|2


1
2

≤ C
1
2
n+1

Cn+1

(2π)n ||e
irτn( . )σ||(2r,−(2(n+1)+|β|),ρ,δ)

0

c−2(n+1)
∫
g

dX〈X〉n+1|((−i∂X)βϕ)(X)
∑

|α|=|β|+n+1

1
α!X

α|2
 1

2

= C
1
2
n+1

Cn+1

(2π)n

∫
g

dX〈X〉n+1|((−i∂X)βϕ)(X)
∑

|α|=|β|+n+1

1
α!X

α|2
 1

2

︸ ︷︷ ︸
=:kn(ϕ,β)

c−(n+1)||eirτn( . )σ||(2r,−(2(n+1)+|β|),ρ,δ)
0

Lemma 3.3.29:

Let N ∈ N0, {Mαβ}|α|+|β|≤N ⊂ N, ϕ ∈ C∞c (g) and σ ∈ O(g∗C, C∞(G)), s.t.

sup
(g,θ)∈G×g∗C
|α|+|β|≤N

e−r|=(θ)|〈θ〉2
⌈
Mαβ

2

⌉
+2(n+1)|(Rα∂βθ σ)(θ, g)| <∞, (3.3.95)

then we have:

sup
(g,θ)∈G×g∗C
|α|+|β|≤N

e−2r|=(θ)|〈θ〉Mαβ |(Rα∂βθH(ϕc)(eirτn( . )σ))(θ, g)| (3.3.96)

≤ k̃n(ϕ,N, {Mαβ})
1

cn+1 sup
(g,θ)∈G×g∗C
|α|+|β|≤N

e−2r|=(θ)|〈θ〉2
⌈
Mαβ

2

⌉
+2(n+1)|(Rα∂βθ (eirτn( . )σ))(θ, g)|
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for some constant k̃n(ϕ,M,N) > 0, where the notation of lemma 3.3.28 is employed.

Proof:

The assumptions imply:

sup
(g,θ)∈G×g∗C
|α|+|β|≤N

e−2r|=(θ)|〈θ〉2
⌈
Mαβ

2

⌉
+2(n+1)|(Rα∂βθ (eirτn( . )σ))(θ, g)| <∞, (3.3.97)

as multiplication of σ with eirτn( . ) shifts the support of σ̌1, and modifies the decay properties of σ in the
imaginary directions of g∗C according to the Paley-Wiener-Schwartz theorem. Next, we observe, that the
following properties hold, due to the definition of H:

1. Rα∂βθH(ϕc)(eirτn( . )σ) = H(ϕc)(Rα∂βθ (eirτn( . )σ)).

2. θα(H(ϕc)(eirτn( . )σ))(θ, g) =
∑
β≤α

(
α
β

)
H((−i∂X)βϕc)(( . )α−βeirτn( . )σ)(θ, g).

3. 〈θ〉Mαβ ≤
∑⌈

Mαβ
2

⌉
k=0

(⌈Mαβ
2

⌉
k

)∑
|γ|=k

(
k
γ

)
θ2γ .

Combining these properties with lemma 3.3.28, we find:

sup
(g,θ)∈G×g∗C
|α|+|β|≤N

e−2r|=(θ)|〈θ〉Mαβ |(Rα∂βθH(ϕc)(eirτn( . )σ))(θ, g)| (3.3.98)

≤ sup
(g,θ)∈G×g∗C
|α|+|β|≤N

e−2r|=(θ)|

⌈
Mαβ

2

⌉∑
k=0

(⌈Mαβ

2

⌉
k

) ∑
|γ|=k

(
k

γ

)
|θ2γ(Rα∂βθH(ϕc)(eirτn( . )σ))(θ, g)|

≤ sup
(g,θ)∈G×g∗C
|α|+|β|≤N

e−2r|=(θ)|

⌈
Mαβ

2

⌉∑
k=0

(⌈Mαβ

2

⌉
k

)∑
|γ|=k

(
k

γ

)∑
ζ≤2γ

(
2γ
ζ

)
|H((−i∂X)ζϕc)(( . )2γ−ζRα∂βθ (eirτn( . )σ))(θ, g)|

≤ sup
|α|+|β|≤N

e−2r|=(θ)|

⌈
Mαβ

2

⌉∑
k=0

(⌈Mαβ

2

⌉
k

)∑
|γ|=k

(
k

γ

)∑
ζ≤2γ

(
2γ
ζ

)
× sup

(g,θ)∈G×g∗C
|H((−i∂X)ζϕc)(( . )2γ−ζRα∂βθ (eirτn( . )σ))(θ, g)|

≤
(3.3.90)

sup
|α|+|β|≤N

⌈
Mαβ

2

⌉∑
k=0

(⌈Mαβ

2

⌉
k

)∑
|γ|=k

(
k

γ

)∑
ζ≤2γ

(
2γ
ζ

)
k(ϕ, ζ)
cn+1

× sup
(g,θ)∈G×g∗C

e−2r|=(θ)|〈θ〉|ζ|+2(n+1)|(θ2γ−ζRα∂βθ (eirτn( . )σ))(θ, g)|

≤ sup
|α|+|β|≤N

⌈
Mαβ

2

⌉∑
k=0

(⌈Mαβ

2

⌉
k

)∑
|γ|=k

(
k

γ

)∑
ζ≤2γ

(
2γ
ζ

)
k(ϕ, ζ)
cn+1︸ ︷︷ ︸

≤ 1
cn+1 k̃(ϕ,N,{Mαβ})

× sup
(g,θ)∈G×g∗C

e−2r|=(θ)|〈θ〉2
⌈
Mαβ

2

⌉
+2(n+1)|(Rα∂βθ (eirτn( . )σ))(θ, g)|,

which concludes the proof.

With the help of the preceding lemmata, we can prove a crucial convergence result for the symbol spaces
(cp. [Krainer, 2002b], Proposition 3.14.).
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Proposition 3.3.30:

Given {mk}∞k=1 ⊂ R, s.t. mk ≥ mk+1 −→
k→∞

−∞, and a countable system of bounded sets {Skj}j∈N ⊂ S
K,mk
PW,ρ,δ

for every k ∈ N, then there exists a sequence {ci}∞i=1 ⊂ [1,∞), with ci < ci+1 −→
i→∞

∞, s.t.

∞∑
i=k

sup
σ∈Sij

p(H(ϕdi)(eirτn( . )σ)) <∞, (3.3.99)

for all j, k ∈ N, all continuous seminorms p on SB2r(0),mk
PW,ρ,δ and all sequences {di}∞i=1 ⊂ [1,∞) with ∀i ∈ N :

di ≥ ci. Here, we use again the notation of lemma 3.3.28.
Proof:

Without loss of generality, we may assume that {mk}∞k=1 ⊂ R− and Skj ⊂ Skj+1 for all j, k ∈ N. For all
l ∈ N, we define (ordered) seminorms

q2r,ρ,δ
l (σ) := sup

(g,θ)∈G×g∗C
|α|+|β|≤l

e−2r|=(θ)|〈θ〉−ml+|β|ρ−|α|δ|(Rα∂βθ σ)(θ, g)|, q2r,ρ,δ
l ≤ q2r,ρ,δ

l+1 . (3.3.100)

Using the preceding lemmata, we find for suitable σ and c ∈ [1,∞):

q2r,ρ,δ
l (H(ϕc)(eirτn( . )σ)) = sup

(g,θ)∈G×g∗C
|α|+|β|≤l

e−2r|=(θ)|〈θ〉−ml+|β|ρ−|α|δ|(Rα∂βθH(ϕc)(eirτn( . )σ))(θ, g)| (3.3.101)

≤ 1
cn+1 k̃(ϕ, l, {Mαβ}) sup

(g,θ)∈G×g∗C
|α|+|β|≤l

e−2r|=(θ)|〈θ〉2
⌈
Mαβ

2

⌉
+2(n+1)|(Rα∂βθ (eirτn( . )σ))(θ, g)|,

where Mαβ := d−ml + |β|ρ− |α|δe. By assumption on the sequence {mk}∞k=1, we can find i0 ∈ N, i0 ≥ l,
s.t. 2

⌈
Mαβ

2

⌉
+ 2(n+ 1) ≤ −mi0 + |β|ρ− |α|δ, for |α|+ |β| ≤ l, i.e. we need mi0 + 2(n+ 2) + 1 ≤ ml. Thus,

we get the estimate:

∀l ∈ N : ∃i0 ∈ N : ∀i ≥ i0 : q2r,ρ,δ
l (H(ϕc)(eirτn( . )σ)) ≤ 1

cn+1 k̃(ϕ, l, {Mαβ})q2r,ρ,δ
i (eirτn( . )σ), σ ∈ SK,miPW,ρ,δ.

(3.3.102)

The existence of the sequence {ci}∞i=1 ⊂ [1,∞) with the prescribed properties follows by induction. Following
Krainer [Krainer, 2002b], we construct sequences {cli}∞i=1 ⊂ [1,∞) for l ∈ N, and take {c := cii}∞i=1:

1. Let l = 1: By (3.3.102), we can find a sequence {c1i}∞i=1 ⊂ [1,∞), ci < ci+1 −→
i→∞

∞, s.t. for all i ∈ N
with mi + 2(n+ 2) + 1 ≤ m1

sup
σ∈Si1

q2r,ρ,δ
1 (H(ϕdi)(eirτn( . )σ)) < 2−i (3.3.103)

holds for all {di}∞i=1 ⊂ [1,∞) with ∀i ∈ N : di ≥ c1i .

2. Let {cli}∞i=1 ⊂ [1,∞) be constructed: By (3.3.102), we find a subsequence {c(l+1)i}∞i=1 ⊂ {cli}∞i=1, s.t.
for all i ∈ N with mi + 2(n+ 2) + 1 ≤ ml+1

sup
σ∈Sil+1

q2r,ρ,δ
l+1 (H(ϕdi)(eirτn( . )σ)) < 2−i (3.3.104)

holds for all {di}∞i=1 ⊂ [1,∞) with ∀i ∈ N : di ≥ c(l+1)i .

3. By construction, the diagonal sequence {c := cii}∞i=1 ⊂ [1,∞), has the property ci ≥ cli for i ≥ l and
ci < ci+1 −→

i→∞
∞.

4. Let j, k ∈ N and p be a continuous seminorm on S
B2r(0),mk
PW,ρ,δ , then there exist l0 s.t. the restriction



3.3.1 Pseudo-Differential Operators on Compact Lie groups 67

of p to SB2r(0),mi
PW,ρ,δ is dominated by q2r,ρ,δ

l0
with a constant independent of i and Sij ⊂ Sil0 for almost

all i ∈ N. These assertions follow from the inclusion properties of the symbol spaces (see (3.3.64)).
Employing the continuity of H (see theorem 3.3.25), we conclude that the series (3.3.99) is indeed
convergent for given data j, k ∈ N and p.

Proof (of Theorem 3.3.27):

Without loss of generality, we may assume mk ≥ mk+1 −→
k→∞

−∞. For j, k ∈ N, we define Skj :=

{(Rα1 σk)(g) | g ∈ G, |α| ≤ j} ⊂ SK,mkPW,ρ,δ. Here, R1 is the right differential in the first group variable.
Since σk ∈ C∞(G,SK,mkPW,ρ,δ), we know that the sets Skj are bounded in SK,mkPW,ρ,δ. Now, we choose a cut-off
function ϕ ∈ C∞c (g) around X = 0, and apply proposition 3.3.30 to obtain a sequence {ci}∞i=1 ⊂ [1,∞), s.t.

∞∑
i=k

sup
{
p
(

(H(ϕci)(eirτn( . )Rασ))(g)
)
| g ∈ G, |α| ≤ j

}
<∞ (3.3.105)

for all continuous seminorms p on SB2r(0),mk
PW,ρ,δ . Therefore, the sum

a(r) :=
∞∑
i=1

H(ϕci)(eirτn( . )σ) (3.3.106)

is unconditionally convergent in C∞(G,SK−rτn,mPW,ρ,δ ). Now, we define:

a := e−irτn( . )a(r), (3.3.107)

which is in C∞(G,SK,mPW,ρ,δ). It follows that the a ∼
∑∞
k=1 ak:

a−
k∑
i=1

ai = e−irτn( . )

(
ar −

k∑
i=1

eirτn( . )ai

)
(3.3.108)

= e−irτn( . )
∞∑

i=k+1
H(ϕci)(eirτn( . )σ) + e−irτn( . )

k∑
i=1

(id−H(ϕci))(eirτn( . )σ)

= e−irτn( . )
∞∑

i=k+1
H(ϕci)(eirτn( . )σ)︸ ︷︷ ︸

∈C∞
(
G,S

K,mk+1
PW,ρ,δ

)
+ e−irτn( . )

k∑
i=1

H(1− ϕci)(eirτn( . )σ)︸ ︷︷ ︸
∈C∞(G,SK,−∞PW,ρ,δ) Cor. 3.3.26

.

We conclude the subsection by showing that the operator product of two Weyl quantisations FW,εσ , FW,ετ of
Paley-Wiener-Schwartz symbols σ ∈ SK,mPW,ρ,δ, τ ∈ S

K′,m′

PW,ρ,δ, assuming that ε ∈ (0, 1] is small enough, has a
formal expansion in ε that qualifies as an asymptotic series for certain values of 0 ≤ δ ≤ ρ ≤ 1. Moreover
the series has finitely many non-vanishing terms if σ and τ are polynomial. Unfortunately, we can (so far)
not establish that this series is asymptotic to the de-quantisation of the operator product, because the image
of the Weyl quantisation is not obviously closed under products11. To this end, we recall that the group
product in V ⊂ G can be pulled back to U ⊂ g, and the Dynkin-Baker-Campbell-Hausdorff formula tells us,
that we may write

Xhg = exp−1(hg) = exp−1(Xh) ∗ exp−1(Xg) = Xh +Xg +
∞∑
k=1

Pk(Xh, Xg) (3.3.109)

= Xh +Xg + 1
2[Xh, Xg] + 1

12([Xh, [Xh, Xg]] + [Xg, [Xg, Xh]]) + higher orders,

11This would amount to the fact that the Weyl quantisation is a strict deformation quantisation.
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for sufficiently small Xh, Xg ∈ U (cf. [Blanes and Casas, 2004] for convergence properties of (3.3.109)).
Here, the Pk, k ∈ N, are Lie-Polynomials. The ε-scaled version of the product, exp(ε(Xh ∗ε Xg)) =
exp(εXh) exp(εXg), is:

ε−1((εXh) ∗ (εXg)) = Xh ∗ε Xε = Xh +Xg +
∞∑
k=1

εkPk(Xh, Xg) (3.3.110)

= Xh +Xg + ε

2 [Xh, Xg] + ε2

12([Xh, [Xh, Xg]] + [Xg, [Xg, Xh]]) + O(ε3).

If we apply this formula to the twisted convolution (3.2.5) of the Weyl quantisations of FW,εσ , FW,ετ , we get
for ε small enough:

(
FW,εσ ∗ FW,ετ

)
(h, g) =

∫
G

dh′ FW,εσ (h′, g)FW,ετ (h′−1h, h′−1g) =
∫
G

dh′ F εσ(h′,
√
h′−1g)F ετ (h′−1h,

√
h−1h′h′−1g)

(3.3.111)

= ε−2n
∫
G

dh′ σ̌1(ε−1Xh′ , exp(− 1
2Xh′)g)τ̌1(ε−1Xh′−1h, exp(− 1

2Xh′−1h) exp(−Xh′)g)

= ε−2n
∫
G

dh′ σ̌1(ε−1Xh′ , exp(− 1
2Xh′)g)τ̌1(ε−1((−Xh′) ∗Xh), exp(− 1

2 ((−Xh′) ∗Xh)) exp(−Xh′)g)

= ε−2n
∫
g

dXh′ j(Xh′)2 σ̌1(ε−1Xh′ , exp(− 1
2Xh′)g)τ̌1(ε−1((−Xh′)∗Xh), exp(− 1

2 ((−Xh′)∗Xh)) exp(−Xh′)g)

= ε−n
∫
g

dXh′ j(εXh′)2 σ̌1(Xh′ , exp(− ε2Xh′)g)τ̌1(ε−1((−εXh′)∗Xh), exp(− 1
2 ((−εXh′)∗Xh)) exp(−εXh′)g)

= ε−n
∫
g

dXh′ j(εXh′)2 σ̌1(Xh′ , exp(− ε2Xh′)g)

× τ̌1(((−Xh′)∗ε(ε−1Xh)), exp(− ε2 ((−Xh′)∗ε(ε−1Xh))) exp(−εXh′)g)

= ε−n
∫
g

dXh′ j(εXh′)2 σ̌1(Xh′ , exp(− ε2Xh′) exp( ε2 (ε−1Xh)) exp(− 1
2 (Xh))g)

× τ̌1(((−Xh′)∗ε(ε−1Xh)), exp(− ε2 ((−Xh′)∗ε(ε−1Xh))) exp(−εXh′) exp( ε2 (ε−1Xh)) exp(− 1
2 (Xh))g)

= ε−n
∫
g

dXh′ j(εXh′)2 σ̌1(Xh′ , exp(ε((− 1
2Xh′)∗ε( 1

2 (ε−1Xh)))) exp(− 1
2 (Xh))g)

× τ̌1(((−Xh′)∗ε(ε−1Xh)), exp(ε((− 1
2 ((−Xh′)∗ε(ε−1Xh)))∗ε(((−Xh′)∗ε( 1

2 (ε−1Xh)))))) exp(− 1
2 (Xh))g),

where we switched integration from G to g by means of the exponential map (see (3.3.43)), which is permitted
due to the support properties of σ̌1 and τ̌1, changed integration variables Xh′ 7→ ε−1Xh′ , and successively
replaced the group product in V by its ε-scaled pullback ∗ε in U .

Now, we would like to write
(
FW,εσ ∗ FW,ετ

)
(h, g) = FW,ερ (h, g) for some ρ ∈ SK+K′,m+m′

PW,ρ,δ , which would define
the twisted product of symbols ρ = σ ?ε τ . The shift in the support (K,K ′) 7→ K + K ′ is to be expected,
because of the relation of ?ε to the convolution of σ̌1 and τ̌1. Unfortunately, as already mentioned above,
the last line in (3.3.111), is not obviously of the form FW,ερ (h, g). Nevertheless, if we apply (3.3.110), we can
deduce an asymptotic series in SK+K′,m+m′

PW,ρ,δ by successive integration by parts. To this end, we explicitly
write out the inverse Fourier transforms in (3.3.111):

(
FW,εσ ∗ FW,ετ

)
(h, g) (3.3.112)

= ε−n
∫
g

dXh′ j(εXh′)2
∫
g∗

dθ

(2π)n e
iθ(Xh′ )σ(θ, exp(ε((− 1

2Xh′) ∗ε ( 1
2 (ε−1Xh)))) exp(− 1

2 (Xh))g)

×
∫
g∗

dθ′

(2π)n e
iθ′(((−Xh′ )∗ε(ε

−1Xh)))

× τ(θ′, exp(ε((− 1
2 ((−Xh′) ∗ε (ε−1Xh))) ∗ε (((−Xh′) ∗ε ( 1

2 (ε−1Xh)))))) exp(− 1
2 (Xh))g).
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From the Dynkin-Baker-Campbell-Hausdorff formula (3.3.109), and the fact that the Pk, k ∈ N, are Lie-
Polynomials, we infer that

(−Xh′) ∗ε (ε−1Xh) = −(Xh′ − ε−1Xh) +
∞∑
k=1

εkP ′k(Xh′ , Xh′ − ε−1Xh), (3.3.113)

for some (new) Lie-Polynomials P ′k, k ∈ N.
Therefore, we can achieve the following rewriting of eiθ′(((−Xh′ )∗ε(ε−1Xh))):

eiθ
′(((−Xh′ )∗ε(ε

−1Xh))) = eiθ
′(((−Xh′ )∗ε(ε

−1Xh))+(Xh′−ε
−1Xh))e−iθ

′(Xh′−ε
−1Xh) (3.3.114)

=
∞∏
k=1

eiε
kθ′(P ′k(Xh′ ,Xh′−ε

−1Xh))e−iθ
′(Xh′−ε

−1Xh)

=
∞∏
k=1

εkQk(ε,Xh′ , θ
′, ∂θ′)e−iθ

′(Xh′−ε
−1Xh),

where Qk(ε,Xh′ , θ
′, ∂θ′), k ∈ N, are differential operators of infinite order. If we continue by performing Tay-

lor expansions of j(εXh′)2, σ(θ, exp(ε((− 1
2Xh′)∗ε( 1

2 (ε−1Xh)))) exp(− 1
2 (Xh))g) and τ(θ′, exp(ε((− 1

2 ((−Xh′)∗ε
(ε−1Xh))) ∗ε (((−Xh′) ∗ε ( 1

2 (ε−1Xh)))))) exp(− 1
2 (Xh))g) in ε, trade all Xh′ - and (Xh′ − ε−1Xh)-dependence

by differentiation of eiθ(Xh′ ) and e−iθ
′(Xh′−ε

−1Xh) for θ- and θ′-differentials, and finally perform repeated
integrations by parts, culminating in an expression where the dXh′ integration gives an oscillatory integral
representation of δ(n)(θ − θ′), we will get an infinite sum in orders of ε

(
FW,εσ ∗L FW,ετ

) ?∼
∞∑
k=0

εkCW,εk (σ, τ) (3.3.115)

consisting of expressions of the form CW,εk (σ, τ), where each order εk can be written as products of differentials
of σ and τ of total order ≤ k each. Due to the fact, that j 6= 1 for general compact Lie groups G, the
differential operations on σ and τ will not solely be determined by the Dynkin-Baker-Campbell-Hausdorff
formula, and thus by the Poisson bracket (3.3.58), but also be affected by differential operators determined
by the structure of the (positive) roots of G. Nevertheless, it follows from the Taylor series of j that those
additional differential operators will lead to lower order terms in SK+K′,m+m′

PW,ρ,δ , than those coming from the
Poisson bracket, if ρ > δ. Taking a closer look at the formula for the Poisson bracket (3.3.58) and (3.3.73), we
realise that the condition ρ > δ, known from the Rn-case, has to be supplemented by ρ > 1

2 for the expression
(3.3.115) to qualify as an asymptotic sum. We note that, by theorem 3.3.27, there exists a resummation
of the right hand side of (3.3.115), which is unique up to smoothing symbols in SK+K′,−∞

PW,ρ,δ . Thus, from a
practical point of view it would suffice to show that the difference between the operators defined by the left
hand side and the resummation of the right hand side is sufficiently “small" in a sense to be made precise,
if asymptoticity in SK+K′,m+m′

PW,ρ,δ were to fail.

Finally, let us be a bit more explicit, and give the expression for (3.3.115) up to order ε. Additionally, we
provide the expression up to order ε2 before partial integration:

j(εXh′)2eiθ
′(((−Xh′ )∗ε(ε

−1Xh)))σ(θ, exp(ε((− 1
2Xh′) ∗ε ( 1

2 (ε−1Xh)))) exp(− 1
2 (Xh))g) (3.3.116)

× τ(θ′, exp(ε((− 1
2 ((−Xh′) ∗ε (ε−1Xh))) ∗ε (((−Xh′) ∗ε ( 1

2 (ε−1Xh)))))) exp(− 1
2 (Xh))g)

∼
O(ε3)

e−iθ
′(Xh′−ε

−1Xh)
(
σ(θ,
√
h−1g)τ(θ′,

√
h−1g)

+ ε

2

(
iθ′([Xh′ , Xh′ − ε−1Xh])σ(θ,

√
h−1g)τ(θ′,

√
h−1g)

−(RXh′−ε−1Xhσ)(θ,
√
h−1g)τ(θ′,

√
h−1g)− σ(θ,

√
h−1g)(RXh′ τ)(θ′,

√
h−1g)

)
+ ε2

4

((
− 4

3
∑
α∈R+

α(Xh′)2 − 1
2(θ′([Xh′ , Xh′ − ε−1Xh]))2
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− 1
3 iθ
′(2[Xh′ , Xh′ − ε−1Xh](2) + [Xh′ − ε−1Xh, Xh′ ](2))

)
σ(θ,
√
h−1g)τ(θ′,

√
h−1g)

+ 1
2

(
σ(θ,
√
h−1g)

(
(R2

Xh′
τ)(θ′,

√
h−1g) + (R[Xh′ ,Xh′−ε−1Xh]τ)(θ′,

√
h−1g)

)
+
(

(R2
Xh′−ε−1Xh

σ)(θ,
√
h−1g) + (R[Xh′ ,Xh′−ε−1Xh]σ)(θ,

√
h−1g)

)
τ(θ′,

√
h−1g)

)
+ (RXh′−ε−1Xhσ)(θ,

√
h−1g)(RXh′ τ)(θ′,

√
h−1g)

− iθ′([Xh′ , Xh′−ε−1Xh])
(
(RXh′−ε−1Xhσ)(θ,

√
h−1g)τ(θ′,

√
h−1g)+σ(θ,

√
h−1g)(RXh′ τ)(θ′,

√
h−1g)

)))
.

Integrating this expression at order ε, we have:

(
FW,εσ ∗L FW,ετ

)
∼O(ε2) FW,εστ −

iε

2 F
W,ε
{σ,τ}T∗G

, (3.3.117)

σ ?ε τ ∼O(ε2) στ − iε

2 {σ, τ}T
∗G

as expected from theorem 3.3.14.

3.3.2. Scaled Fourier transforms, the Stratonovich-Weyl transform and
coadjoint orbits

The global and local definitions of pseudo-differential operators we introduced in the previous subsection
appear to be intimately tied to the natural representation L2(G) of the transformation group C∗-algebra
C(G)oαLG, and its regularity properties w.r.t. the group translations Ug, g ∈ G, up to this point. Especially,
the expansion (3.3.115) associates the ε-dependence with the “momentum variables” PX , X ∈ g, in (3.3.1).
But, in view of applications in Born-Oppenheimer reduction schemes and adiabatic perturbation theory it
seems to be useful to be able to shift the ε-dependence to the variables dual to the “momenta”, thereby
changing from the microscopic scale to the macroscopic scale (X ′g = εXg, g

′ = exp(εXg)). This will become
particularly clear in subsection 3.4.2, where we discuss adiabatic perturbation theory in the context of loop
quantum cosmological models coupled to matter fields, since in these models the parameter ε, governing
the strength of the interaction between the gravitational and the matter sector, appears in front of the
“position variables” f ∈ C∞(G). Furthermore, it can be advantageous to switch the roles of “momenta” and
“positions” by means of a suitable integral transform on L2(G), as seen form [Teufel, 2003] (Section 5).

To exemplify this point, we recall how the Fourier transform, and its ε-scaled version, affect the case of
pseudo-differential operators on Rn. Namely, if we consider a symbol σ ∈ Smρ,δ or S ′(R2n), and its action on
S (Rn) via Weyl quantisation,

(AσΨ)(q) = 1
(2πε)n

∫
R2n

dx dξ σ( 1
2 (q + x), ξ)e iε ξ·(q−x)Ψ(x), (3.3.118)

which is adapted to the representation of the commutation relations (3.3.2) by Q = q· and P = −iε∇q,
we may interchanges the roles of Q and P w.r.t. to the Weyl quantisation by applying the ε-scaled Fourier
transform,

Fε[Ψ](p) = Ψ̂(ε)(p) :=
∫
Rn
dq e−

i
εp·qΨ(q), (3.3.119)

F−1
ε [Φ](q) = Φ̌(ε)(q) :=

∫
Rn

dp

(2πε)n e
i
εp·qΦ(p),

to obtain

(ÂσΨ̂(ε))(p) = 1
(2πε)n

∫
R2n

dx dξ σ(x, 1
2 (p+ ξ))e− iε (p−ξ)·xΨ̂(ε)(ξ), (3.3.120)
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which is adapted to the representation of (3.3.2) by Q = −iε∇p and P = p· . Consider, for example, a
standard Born-Oppenheimer type Hamiltonian

H = −ε
2

2 (∇q + iA(q))2 ⊗ 1Hf + V (q) (3.3.121)

acting on the coupled quantum system H = L2(Rn)⊗Hf . (3.3.121) is obtained as Weyl quantisation (3.3.118)
of the ε-dependent symbol

σH(q, p) = 1
2(p− εA(q))2 ⊗ 1Hf + V (q). (3.3.122)

On the Fourier transformed side, the Hamiltonian takes the form (3.3.120):

Ĥ = ε2

2 (p−A(i∇p))2 ⊗ 1Hf + V (i∇p) (unscaled), (3.3.123)

Ĥε = 1
2(p− εA(iε∇p))2 ⊗ 1Hf + V (iε∇p) (ε-scaled).

While these observation are almost trivial at this level, equation (3.3.121) and (3.3.123) illustrate the fact,
that it is beneficial to have suitable integral transforms, possibly with ε-scaling, at hand to decide whether
a given operator can be written as Weyl quantisation of a, possibly operator valued, symbol to apply
Born-Oppenheimer reduction or space-adiabatic perturbation theory. A less trivial example is given by a
Hamiltonian with periodic potential VΓ (Γ ⊂ Rn is the periodicity lattice of VΓ) and slowly varying external
electromagnetic fields A, φ considered by Panati, Teufel and Spohn [Panati et al., 2003a,Teufel, 2003]:

H = 1
2(−i∇q −A(εq))2 + VΓ(q) + φ(εq), (3.3.124)

which can be rewritten as Weyl quantisation of an operator valued symbol by means of the Bloch-Floquet
transform U : L2(Rn)→ HΓ∗ (cf. [Folland, 1989], Chapter 1.10):

U [Ψ](p, q) :=
∑
γ∈Γ

e−ip·(q+γ)Ψ(q + γ), (q, p) ∈ Rn, Ψ ∈ S (Rn), (3.3.125)

where HΓ∗ = {Φ ∈ L2
loc(R

n, L2(Tn)) | Φ(p+γ∗, q) = e−iγ
∗·qΦ(p, q)} and Γ∗ is the lattice dual to Γ. Applying

U to (3.3.124) gives:

UHU∗ = 1
2(−i∇per

q + p+A(iε∇p))2 + VΓ(q) + φ(iε∇p), (3.3.126)

which can be understood as the Weyl quantisation of a Γ∗-equivariant symbol with values in bounded oper-
ators from H2(Tn) to L2(Tn), and thus makes (3.3.124) accessible to space-adiabatic perturbation theory.

This said, we return to the case of compact and simply connected Lie groups12, where we apply the
Stratonovich-Weyl-Fourier transform introduced by Figueroa, Gracia-Bondía and Várilly [Figueroa et al.,
1990,Varilly and Gracia Bondía, 1989], based on ideas of Stratonovich [Stratonovich, 1957], to the pseudo-
differential operators defined in the previous section, which gives rise to an alternative to the common Fourier
transform from L2(G) to L2(Ĝ), and additionally makes the effect of (radial) scaling particularly transpar-
ent. Since this transform is somewhat non-standard, we recall the main steps of its construction in some
detail:

According to [Figueroa et al., 1990], we construct the Stratonovich-Weyl operator ∆π : Oπ → End(Vπ),
which allows us to map functions on Oπ to operator in Vπ, via the coherent state formalism for compact
semisimple Lie groups [Perelomov, 1986,Simon, 1980,Landsman, 1998]:

12General compact Lie groups can be dealt with by an appeal to the structure theorem for compact Lie groups (cf. [Bröcker and
tom Dieck, 1985]).
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1. For a unitary irreducible representation, π ∈ Ĝ, we choose the corresponding (real) highest weight
λπ ∈ t∗ ⊂ g∗. Let Oπ = {θ ∈ g∗ | ∃g ∈ G : θ = Ad∗g(λπ)} ⊂ g∗ be the coadjoint orbit of G through
λπ. Oπ ∼= G/Gλπ is homogeneous space, where Gλπ is the stabiliser of λπ. It is the content of the
Borel-Weil theorem that the correspondence π ↔ λπ is one-to-one up to unitary equivalence13.

2. Next, we choose a normalised weight vector vπ ∈ Vπ of λπ. Moreover, we define the equivariant
momentum map

Jπ(v)(X) := 1
2πi (v, dπ(X)v)Vπ , v ∈ Vπ, X ∈ g, (3.3.127)

which satisfies Jπ(π(g)v) = Ad∗g(Jπ(v)), g ∈ G, Jπ(vπ) = λπ and J−1
π ({λπ}) = {zvπ | z ∈ C, |z| = 1}

because the weight space of λπ is one-dimensional. Then, we have J−1
π (Oπ) = {π(g)vπ | g ∈ G}.

3. For θ ∈ Oπ we choose gθ ∈ G s.t. Ad∗gθ (λπ) = θ and gλπ = e. θ 7→ gθ is a measurable section w.r.t. to
the Liouville measure dµπ on Oπ (µπ(Oπ) = dimVπ = dπ) induced by the natural invariant symplectic
form ωπ.

4. We define the coherent state vθ := π(gθ)vπ ∈ Vπ for θ ∈ Oπ, which is uniquely determined by θ up to
a phase, since Jπ(vθ) = θ.

5. For an operator A ∈ End(Vπ), we have the covariant or lower symbol

LπA(θ) := (vθ, Avθ)Vπ , (3.3.128)

which uniquely determines A, since the coherent states {vθ}θ∈Oπ are complete by means of the natural
K’́ahler structure on Oπ (cf. [Simon, 1980,Figueroa et al., 1990,Wildberger, 1994]). The lower symbol
is covariant w.r.t. G:

Lππ(g)Aπ(g)∗(θ) = LπA(Ad∗g−1(θ)), g ∈ G. (3.3.129)

6. By duality and the Riesz-Fréchet theorem (dπ < ∞14), we obtain the contravariant or upper symbol
A 7→ UπA:

(A,B)HS = tr(A∗B) =
∫

Oπ

dµπ(θ) UπA(θ)LπA(θ). (3.3.130)

The normalisation of dµλ ensures that Uπ1Vπ = 1. The upper symbol is covariant, as well:

Uππ(g)Aπ(g)∗(θ) = UπA(Ad∗g−1(θ)), g ∈ G. (3.3.131)

8. The map UπA 7→ LπA defines a positive G-invariant invertible operator Kπ
15 on the finite dimensional

space of functions Sπ := spanC{UπA | A ∈ End(Vπ)} ⊂ L2(Oπ). G-invariance is to be understood w.r.t.
the quasiregular representation (ρ(g)f)(θ) = f(Ad∗g−1(θ)), f ∈ L2(Oπ). Form the definition of lower
and upper symbols, we infer that the kernel of Kπ is determined by the overlap function of the coherent
states:

LπA(θ) = (vθ, Avθ)Vπ =
∫

Oπ

dµπ (θ′)|(vθ, vθ′)Vπ |2 UπA(θ′). (3.3.132)

13It is even onto, if we restrict to integral coadjoint orbits
14For complete systems of coherent states, the upper symbol still exist for a (strongly) dense set of operators in B(H) in the case
of infinite dimensional Hilbert spaces H, and it is still dual to the lower symbol (cf. [Simon, 1980]).

15We have chosen Kπ to be the inverse of the operator defined in [Figueroa et al., 1990], because in this way Kπ is a smoothing
operator, as we will see in the next subsection 3.3.3.
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By means of Kπ, the Stratonovich-Weyl symbol of A is defined to be:

Wπ
A := K

1
2
π U

π
A = K

− 1
2

π LπA, (3.3.133)

where K
1
2
π is the positive square root of Kπ. It has the following properties:

End(Vπ) 3 A 7→Wπ
A ∈ Sπ is linear and bijective, Wπ

A∗ = Wπ
A, (3.3.134)

Wπ
1Vπ

= 1, Wπ
π(g)Aπ(g)∗ = ρ(g)(Wπ

A),

(A,B)HS = tr(A∗B) =
∫

Oπ

dµπ(θ) Wπ
A(θ)Wπ

B(θ).

9. Finally, the Stratonovich-Weyl operator ∆π : Oπ → End(Vπ) is constructed in spirit of the (Fourier-
)Weyl elements, already familiar from the previous subsection (see (3.3.4)). Namely, we look for an
operator valued function ∆π = (∆π)∗ s.t.:

Wπ
A(θ) = tr(∆π(θ)A) = (∆π(θ), A)HS , (3.3.135)

A =
∫

Oπ

dµπ(θ) Wπ
A(θ)∆π(θ) = (∆π,Wπ

A)L2(Oπ).

To construct ∆π, we decompose Sπ ∼= End(Vπ) ∼= Vπ ⊗ Vπ ∼=
⊕

η V
⊕Nηπ
η∈Ĝ

∼=
⊕

η∈Ĝ
⊕Nηπ

s=1 Vη
16, where

Nη
π ∈ N0 is the multiplicity of η in π⊗π. Now, we can introduce the generalised spin-weighted spherical

harmonics as an orthonormal basis of Sπ:(
Y πηsk(gθ)l

)
l=1,...,dη

:= (ηs(gθ)kl)l=1,...,dη , s = 1, ..., Nη
π , k = 1, ..., dη, θ ∈ Oπ, (3.3.136)

where the matrix elements are computed w.r.t. to a basis, {vη,si }
dη
i=1, v

η,s
dη

= vη,s, adapted to the
weight decomposition Vη,s = Vλη ⊕

⊕
λ Vλ of the s-th copy of Vη in Vπ ⊗ Vπ. We use the same

notation for any adapted basis for a unitary irreducible representation of V of G. Here, λη denotes the
highest weight of η, and vη is a normalised weight vector of λη. The generalised spherical harmonics
Y π(η,lη)sk(θ) := Y π(η,lη)sk(gθ) are obtained from the decomposition

π(g)idππ(g)jdπ =
∑

η,lη,s,k

C(π, i;π, j|η, k; s)C(π, dπ;π, dπ|η, 0lη ; s)Y π(η,lη)sk(g), (3.3.137)

since vπ ⊗ vπ has (real) weight 0. The C(π,m; ζ, n|η, k; s)’s denote the Clebsch-Gordan coefficients of
the decomposition π ⊗ ζ ∼=

⊕
η∈Ĝ

⊕Nηπ,ζ
s=1 Vη. These function on Oπ (weight 0!) diagonalise the kernel

Kπ (cf. [Figueroa et al., 1990]),

Kπ(θ, θ′) = |(vθ, vθ′)|2 = |(π(gθ)vπ, π(gθ′)vπ)|2 =

∣∣∣∣∣
dπ∑
i=1

π(gθ′)idππ(gθ)jdπ

∣∣∣∣∣
2

(3.3.138)

=
∑

η,lη,s,k

η′,l′
η′ ,s
′,k′

dπ∑
i,j=1

C(π, i;π, j|η, k; s)C(π, i;π, j|η′, k′; s′)
× C(π, dπ;π, dπ|η, 0lη ; s)C(π, dπ;π, dπ|η′, 0l′

η′
; s′)Y π(η,lη)sk(gθ)Y

π

(η′,l′
η′ )s

′k′(gθ′)

=
∑

η,lη,s,k

C(π, dπ;π, dπ|η, 0lη ; s)2Y π(η,lη)sk(θ)Y π(η,lη)sk(θ′), θ, θ′ ∈ Oπ,

16The ambiguity in taking a square root of Kπ is reflected by the fact that Sπ is in general not irreducible as representation Vρ
of G.
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and thus determine the Stratonovich-Weyl operator ∆π,

∆π(θ) =
∑

η,lη,s,k

C(π, dπ;π, dπ|η, 0lη ; s)−1Y π(η,lη)sk(θ)
∫

Oπ

dµπ(θ′)Y π(η,lη)sk(θ′)Pθ′ (3.3.139)

= K
− 1

2
π Pθ.

Here, Pθ = vθ ⊗ v∗θ denotes the projection onto the coherent state vθ. The phase convention for the
Clebsch-Gordan coefficients is chosen s.t. C(π, dπ;π, dπ|η, 0lη ; s) > 0.

Remark 3.3.31:

From (3.3.139), we see that the operator norm of ∆π(θ) is uniformly bounded in θ ∈ Oπ. Therefore, the
quantisation formula,

Af :=
∫

Oπ

dµπ(θ) f(θ)∆π(θ), (3.3.140)

defines an element of End(Vπ) for any f ∈ L1(Oπ). Since the generalised spherical harmonics are smooth,
(3.3.140) even makes sense for f ∈ D ′(Oπ). By restricting to f ∈ Sπ ⊂ C∞(Oπ) the quantisation, f 7→ Af ,
becomes non-degenerate, but in contrast to C∞(Oπ), which can be interpreted as the analog of the space
S∞ρ,δ, Sπ is not closed under multiplication.

Let us state the properties of the Stratonovich-Weyl quantisation (3.3.140) as a

Theorem 3.3.32:

The Stratonovich-Weyl quantisation

QSW
ε (f) :=

∫
Oπ

dµε−1π(θ) f(θ) ∆ε−1π(θ), QSW
0 (f) := f, ε−1 ∈ N0, (3.3.141)

is a degenerate strict deformation17 quantisation of C∞(Oπ) into End(Vε−1π) in the sense of theorem 3.3.14
(cf. [Landsman, 1998], Definition II.1.1.1.). Here, ε−1π ∈ Ĝ is determined by the highest weight ε−1λπ ∈
C ∩ Ir, the intersection of the closed fundamental Weyl chamber C and the lattice of (real) integral weights
I∗r . The Poisson structure on Oπ is induced from the (minus) Lie-Poisson structure on g∗.

Proof:

Degeneracy of the quantisation follows, because dim(End(Vε−1π)) < ∞. For f ∈ C∞(Oπ), we observe that
the Stratonovich-Weyl quantisation QSW

ε (f) is related to Berezin quantisation QB
ε (f) =

∫
Oπ
dµπ(θ) f(θ) Pθ

(cf. [Landsman, 1998], Section III.1.11) by the operator Kε−1π:

QSW
ε (f) = QB

ε (K
1
2
ε−1πf). (3.3.142)

But, Landsman proves in [Landsman, 1998], section II.1.11, that QB
ε is a strict quantisation of C∞(Oπ).

Although, we need to slightly correct the ε-expansion of QB
ε , which is erroneous in [Landsman, 1998]. Thus,

if we controlled the ε-expansion of K
1
2
ε−1π to order ε, we would be able to decide the strictness of QSW

ε from
the strictness of QB

ε . To find the required ε-expansion of K
1
2
ε−1π, we compute the ε-expansion of Kε−1π,

Kε−1π = K(0)
π + εK(1)

π + O(ε2), (3.3.143)

and apply functional calculus, i.e.

K
1
2
ε−1π =

(
idC(Oπ) +

(
Kε−1π − idC(Oπ)

)) 1
2 (3.3.144)

= idC(Oπ) +1
2 (Kε−1π − 1) + O(ε2) = idC(Oπ) +1

2εK
(1)
π + O(ε2),

17im(QSW
ε ) is closed.
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since limε→0Kε−1π = K
(0)
π = idC(Oπ) (cf. [Landsman, 1998], Theorem III.1.11.1.), and ∀f ∈ C(Oπ) :

||Kε−1πf ||∞ ≤ ||f ||∞. Now, let us show that Kε−1π actually has an expansion of the form (3.3.143). To this
end, we analyse Kε−1π in the form of (3.3.132):

(Kε−1πf) (θ) =
∫

Oπ

dµε−1π(θ′) |(vθ, vθ′)Vε−1π
|2 f(θ′) (3.3.145)

=
∫

Oπ

dµε−1π(θ′) |(vε−1π, (ε−1π)(g−1
θ gθ′)vε−1π)Vε−1π

|2 f(θ′)

= dε−1π

∫
Gλπ

dh

∫
G/Gλπ

dgθ′ |(vε−1π, (ε−1π)(g−1
θ gθ′)vε−1π)Vε−1π

|2 F (gθ′h)

= dε−1π

∫
G

dg |(vε−1π, π(g−1
θ g)vε−1π)Vε−1π

|2 F (g)

= dε−1π

∫
G

dg |(vε−1π, π(g)vε−1π)Vε−1π
|2 F (gθg),

where we have used the (right) Gλπ -invariance of g 7→ |(vε−1π, π(g−1
θ g)vε−1π)Vε−1π

|2, as vε−1π is a highest
weight vector. Here, F = f ◦p ∈ C∞(G) is the (right) Gλπ -invariant functions corresponding to f ∈ C∞(Oπ)
via p : G→ G/Gλπ

∼= Oπ. Again, exploiting the fact that vε−1π is a highest weight vector, we find:

∀g ∈ G : (vε−1π, π(g)vε−1π)Vε−1π
= (vπ, π(g)vπ)ε

−1

Vπ , (3.3.146)

since the Cartan composite Vλ1+λ2 of two highest weights λ1, λ2 ∈ C ∩ I∗r has multiplicity 1 in Vλ1 ⊗ Vλ2

(cf. [Bröcker and tom Dieck, 1985], VI.2.8). This allows us to write (3.3.145) in the form

(Kε−1πf) (θ) = dε−1π

∫
G

dg |(vπ, π(g)vπ)Vπ |2ε
−1

F (gθg) (3.3.147)

= dε−1π

∫
G

dg e−2ε−1S(g) f(p(gθg))

= dε−1π

∫
G/Gλπ

dgθ′ e
−2ε−1S(gθ′ ) f(p(gθgθ′))

= dε−1π

∫
Oπ

dµπ(θ′) e−2ε−1Sπ(θ′) f(gθ · θ′)

= dε−1π

∫
Uλπ

dµπ(θ′) e−2ε−1Sπ(θ′) f(gθ · θ′) + O(ε∞),

where S(g) := − log |(vπ, π(g)vπ)Vπ |, which descends to Sπ on Oπ by (right) Gλπ -invariance. The restriction
to an arbitrary open neighbourhood Uλπ of λπ is justified by the fact that the positive function Sπ assumes
its sole absolute minimum at λπ, Sπ(λπ) = 0, and the simple estimate:∣∣∣∣∣dε−1π

∫
Oπ\Uλπ

dµπ(θ′) e−2ε−1Sπ(θ′) f(gθ · θ′)

∣∣∣∣∣ ≤ dε−1π

∫
Oπ\Uλπ

dµπ(θ′) e−2ε−1Sπ(θ′) |f(gθ · θ′)| (3.3.148)

≤ dε−1π||f(gθ · ( . ))||∞e
−2ε infθ′∈Oπ\Uλπ

Sπ(θ′) ∈ O(ε∞),

as dε−1π ∈ O(ε− 1
2 dim Oπ ) by Weyl’s formula (cf. [Bröcker and tom Dieck, 1985], VI.1.7). Next, we choose

Uλπ small enough to identify it with a neighbourhood Wλπ ⊂ TλπOπ ∼= g / gλπ of 0 via the exponential
map. Due to the decomposition of gC = tC⊕

⊕
α∈R+ gα⊕ g−α in to root spaces g±α, α ∈ R+, we have

gλπ = t⊕
⊕

α∈R+

〈λπ,α〉g∗=0
(g∩(gα⊕ g−α)), which leads to complex coordinates (z, z) = {(zα, zα)}α∈R+

λπ

via

gθ(z,z) = exp

 ∑
α∈R+

λπ

(zαEα − zαE−α)

 , (3.3.149)
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where we defined R+
λπ

:= {α ∈ R+ | 〈λπ, α〉g∗ 6= 0}, and introduced a Cartan-Weyl basis
{Hi}ri=1 ⊂ t, {Eα, E−α}α∈R+ , E±α ∈ gα, for gC (cf. [Humphreys, 1972]):

[Hi, Hj ] = 0, i, j = 1, ..., r , (3.3.150)

[Hi, E±α] = ±2πiα(Hi)E±α, i = 1, ..., r , α ∈ R+ ,

[Eα, E−α] = Hα, α ∈ R+,

[Eα, Eβ ] = Nα,βEα+β , α, β ∈ R+ ∪ (−R+), α+ β 6= 0, Nα,β 6= 0 iff α+ β ∈ R+ ∪ (−R+).

Here, Hα = 2Tα
〈Tα,Tα〉g is the co-root associated with α = 1

2πi 〈Tα, . 〉g ∈ R
+18. Thus, we arrive at

(Kε−1πf) (θ) = dε−1π

∫
Wλπ⊂g / gλ

 ∏
α∈R+

λπ

dzαdzα
2π


︸ ︷︷ ︸
:=
√

2π− dim(Oπ)
dzdz

J(z, z)e−2ε−1Sπ(z,z)f(gθ · (z, z)) + O(ε∞), (3.3.151)

where J is the Jacobian associated with the exponential map. With (3.3.151) at hand, we are in a position
to determine the ε-expansion of Kε−1π to order ε by an appeal to Laplace’s method (cf. [Erdélyi, 1956]),
i.e. we insert the Taylor expansion of Sπ(z, z) = − 1

2 log |(vπ, π(gθ(z,z))vπ)Vπ |2 around (zλπ , zλπ ) = 0 up
to fourth(!) order into (3.3.151), and invoke the unique extension of the unitary representation π to a
holomorphic representation of GC:

(vπ, π(gθ(z,z))vπ)Vπ =
∞∑
n=0

1
n! (vπ,

 ∑
α∈R+

λπ

(zαdπ(Eα)− zαdπ(E−α))


n

vπ)Vπ (3.3.152)

= 1 +
∑

α∈R+
λπ

(zα (vπ, dπ(Eα)vπ)Vπ︸ ︷︷ ︸
=0

−zα (vπ, dπ(E−α)vπ)Vπ︸ ︷︷ ︸
=0

)

+ 1
2

∑
α,β∈R+

λπ

zαzβ (vπ, dπ(Eα)dπ(Eβ)vπ)Vπ︸ ︷︷ ︸
=0

+zαzβ (vπ, dπ(E−α)dπ(E−β)vπ)Vπ︸ ︷︷ ︸
=0

−zαzβ (vπ, dπ(Eα)dπ(E−β)vπ)Vπ︸ ︷︷ ︸
=δα,β(vπ,dπ(Hα)vπ)Vπ=δα,β〈λπ,α〉g∗ (〈α,α〉g∗ )−1

−zαzβ (vπ, dπ(E−α)dπ(Eβ)vπ)Vπ︸ ︷︷ ︸
=0



+ 1
6

∑
α,β,γ∈R+

λπ

zαzβzγ (vπ, dπ(Eα)dπ(Eβ)dπ(Eγ)vπ)Vπ︸ ︷︷ ︸
=0

−zαzβzγ (vπ, dπ(Eα)dπ(Eβ)dπ(E−γ)vπ)Vπ︸ ︷︷ ︸
=δα,γ−βNβ,−γ〈λπ,α〉g∗ (〈α,α〉g∗ )−1

(3.3.153)

−zαzβzγ (vπ, dπ(Eα)dπ(E−β)dπ(Eγ)vπ)Vπ︸ ︷︷ ︸
=0

+zαzβzγ (vπ, dπ(Eα)dπ(E−β)dπ(E−γ)vπ)Vπ︸ ︷︷ ︸
=δα−β,γNα,−β〈λπ,γ〉g∗ (〈γ,γ〉g∗ )−1

−zαzβzγ (vπ, dπ(E−α)dπ(Eβ)dπ(Eγ)vπ)Vπ︸ ︷︷ ︸
=0

+zαzβzγ (vπ, dπ(E−α)dπ(Eβ)dπ(E−γ)vπ)Vπ︸ ︷︷ ︸
=0

+zαzβzγ (vπ, dπ(E−α)dπ(E−β)dπ(Eγ)vπ)Vπ︸ ︷︷ ︸
=0

−zαzβzγ (vπ, dπ(E−α)dπ(E−β)dπ(E−γ)vπ)Vπ︸ ︷︷ ︸
=0


+ 1

24
∑

α,β,
γ,ζ
∈R+

λπ

zαzβzγzζ(vπ, dπ(Eα)dπ(Eβ)dπ(Eγ)dπ(Eζ)vπ)Vπ︸ ︷︷ ︸
=0

− zαzβzγzζ(vπ, dπ(Eα)dπ(E−β)dπ(Eγ)dπ(Eζ)vπ)Vπ︸ ︷︷ ︸
=0

18〈 , 〉g is extends to a non-degenerate bilinear form on gC.
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+ zαzβzγzζ (vπ, dπ(Eα)dπ(E−β)dπ(E−γ)dπ(Eζ)vπ)Vπ︸ ︷︷ ︸
=0

− zαzβzγzζ (vπ, dπ(Eα)dπ(E−β)dπ(E−γ)dπ(E−ζ)vπ)Vπ︸ ︷︷ ︸
6=0

+ zαzβzγzζ (vπ, dπ(Eα)dπ(E−β)dπ(Eγ)dπ(E−ζ)vπ)Vπ︸ ︷︷ ︸
6=0

+ zαzβzγzζ (vπ, dπ(Eα)dπ(Eβ)dπ(E−γ)dπ(E−ζ)vπ)Vπ︸ ︷︷ ︸
6=0

− zαzβzγzζ (vπ, dπ(Eα)dπ(Eβ)dπ(E−γ)dπ(Eζ)vπ)Vπ︸ ︷︷ ︸
=0

− zαzβzγzζ (vπ, dπ(Eα)dπ(Eβ)dπ(Eγ)dπ(E−ζ)vπ)Vπ︸ ︷︷ ︸
6=0

+ zαzβzγzζ (vπ, dπ(E−α)dπ(Eβ)dπ(Eγ)dπ(Eζ)vπ)Vπ︸ ︷︷ ︸
=0

− z−αzβzγzζ (vπ, dπ(Eα)dπ(E−β)dπ(Eγ)dπ(Eζ)vπ)Vπ︸ ︷︷ ︸
=0

+ zαzβzγzζ(vπ, dπ(E−α)dπ(E−β)dπ(E−γ)dπ(Eζ)vπ)Vπ︸ ︷︷ ︸
=0

− zαzβzγzζ(vπ, dπ(E−α)dπ(E−β)dπ(E−γ)dπ(E−ζ)vπ)Vπ︸ ︷︷ ︸
=0

+ zαzβzγzζ(vπ, dπ(E−α)dπ(E−β)dπ(Eγ)dπ(E−ζ)vπ)Vπ︸ ︷︷ ︸
=0

+ zαzβzγzζ(vπ, dπ(E−α)dπ(Eβ)dπ(E−γ)dπ(E−ζ)vπ)Vπ︸ ︷︷ ︸
=0

− zαzβzγzζ (vπ, dπ(E−α)dπ(Eβ)dπ(E−γ)dπ(Eζ)vπ)Vπ︸ ︷︷ ︸
=0

−zαzβzγzζ (vπ, dπ(E−α)dπ(Eβ)dπ(Eγ)dπ(E−ζ)vπ)Vπ︸ ︷︷ ︸
=0


+O((z, z)5)

where we repeatedly exploited the fact that vπ is a highest weight vector, the commutation relations (3.3.150)
and the (unitary) representation π implements the adjointness relations dπ(Eα)∗ = dπ(E−α), α ∈ R+19.
At this point it is important to note that non-zero contributions at order (z, z)3 only arise for terms with
α 6= β, α 6= γ, β 6= γ due to the geometry of root systems, i.e. the only multiples of a root α occurring in the
decomposition of gC are ±α. (3.3.152) and (3.3.153) imply:

|(vπ, π(gθ(z,z))vπ)Vπ |2 = 1−
∑

α∈R+
λπ

〈λπ, α〉g∗
〈α, α〉g∗

zαzα + 1
6


∑

α,β,γ∈R+
λπ

α6=β,α 6=γ,
β 6=γ

(−zαzβzγ(vπ, dπ(Eα)dπ(Eβ)dπ(E−γ)vπ)Vπ

(3.3.154)

+zαzβzγ(vπ, dπ(Eα)dπ(E−β)dπ(E−γ)vπ)Vπ )

19This can be seen from the fact that {HαEα, E−α} generates an sl2-subalgebra, and the Verma module construction (cf. [Hall,
2003]).
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+
∑

α,β,γ∈R+
λπ

α6=β,α 6=γ,
β 6=γ

(
−zαzβzγ(vπ, dπ(Eα)dπ(Eβ)dπ(E−γ)vπ)Vπ


︸ ︷︷ ︸

=0, due to dπ(Eα)∗=dπ(E−α), α∈R+

+zαzβzγ(vπ, dπ(Eα)dπ(E−β)dπ(E−γ)vπ)Vπ
)

+ 1
12

3
∑

α,β∈R+
λπ

〈λπ, α〉g∗
〈α, α〉g∗

〈λπ, β〉g∗
〈β, β〉g∗

zαzαzβzβ +
∑

α,β,
γ,ζ
∈R+

λπ

(−zαzβzγzζ(vπ, dπ(Eα)dπ(E−β)dπ(E−γ)dπ(E−ζ)vπ)Vπ


+ zαzβzγzζ(vπ, dπ(Eα)dπ(E−β)dπ(Eγ)dπ(E−ζ)vπ)Vπ
+ zαzβzγzζ(vπ, dπ(Eα)dπ(Eβ)dπ(E−γ)dπ(E−ζ)vπ)Vπ
−zαzβzγzζ(vπ, dπ(Eα)dπ(Eβ)dπ(Eγ)dπ(E−ζ)vπ)Vπ )

+O((z, z)5). (3.3.155)

Thus, we find by expanding the logarithm in Sπ:

Sπ(z, z) = 1
2
∑

α∈R+
λπ

〈λπ, α〉g∗
〈α, α〉g∗

zαzα (3.3.156)

+ 1
24

3
∑

α,β∈R+
λπ

〈λπ, α〉g∗
〈α, α〉g∗

〈λπ, β〉g∗
〈β, β〉g∗

zαzαzβzβ

−
∑

α,β,γ,ζ∈R+
λπ

(−zαzβzγzζ(vπ, dπ(Eα)dπ(E−β)dπ(E−γ)dπ(E−ζ)vπ)Vπ

+O((z, z)5)

+ zαzβzγzζ(vπ, dπ(Eα)dπ(E−β)dπ(Eγ)dπ(E−ζ)vπ)Vπ
+ zαzβzγzζ(vπ, dπ(Eα)dπ(Eβ)dπ(E−γ)dπ(E−ζ)vπ)Vπ
−zαzβzγzζ(vπ, dπ(Eα)dπ(Eβ)dπ(Eγ)dπ(E−ζ)vπ)Vπ )

= 1
2
∑

α∈R+
λπ

〈λπ, α〉g∗
〈α, α〉g∗

zαzα + P4(z, z) +O((z, z)5).

The integration in (3.3.151) can be extended from Wλπ to g / gλπ at the expense of a term of order ε∞

by an estimate similar to (3.3.148), if the integrands are suitably continued beyond Wλπ , which leads to
(〈λπ, α〉g∗ > 0 for α ∈ R+

λπ
):

(Kε−1πf) (θ) = (2π)−
dim(Oπ)

2 dε−1π

∫
g / gλ

dz dz J(z, z)e−2ε−1Sπ(z,z)f(gθ · (z, z)) + O(ε∞) (3.3.157)

= (2π)−
dim(Oπ)

2 dε−1π

∫
g / gλ

dz dz J(z, z)e
−ε−1(

∑
α∈R+

λπ

〈λπ,α〉g∗
〈α,α〉g∗

zαzα+2P4(z,z)+O((z,z)5))
f(gθ · (z, z))

+ O(ε∞)

=
( ε

2π

) dim(Oπ)
2

dε−1π

∫
g / gλ

dz dz J(
√
εz,
√
εz)e

−(
∑
α∈R+

λπ

〈λπ,α〉g∗
〈α,α〉g∗

zαzα+2εP4(z,z))
f(gθ · (

√
εz,
√
εz))

+ O(ε3)

=
(ε

2

) dim(Oπ)
2

dε−1π

( ∏
α∈R+

λπ

〈α, α〉g∗
〈λπ, α〉g∗

)(
J(0, 0)f(gθ · (0, 0))

+ ε

( ∑
α∈R+

λπ

〈α, α〉g∗
〈λπ, α〉g∗

∂zα∂zα(Jf(gθ · ( . )))(0, 0) + J(0, 0)f(gθ · (0, 0))C4(λπ)
))

+ O(ε2)
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=
( ∏
α∈R+

λπ

〈α, α〉g∗
2〈δ, α〉g∗

)(
J(0, 0)f(gθ · (0, 0)) + ε

( ∑
α∈R+

λπ

〈α, α〉g∗
〈λπ, α〉g∗

∂zα∂zα(Jf(gθ · ( . )))(0, 0)

+ J(0, 0)f(gθ · (0, 0))
(
C4(λπ) +

∑
α∈R+

λπ

〈δ, α〉g∗
〈λπ, α〉g∗

)))
+ O(ε2).

Here, C4(λπ) results from contribution of e−2εP4(z,z) to the order ε. The half-integer orders of ε coming from
the Taylor expansions of J and f(gθ · ( . )) vanish, because∫

g / gλπ

dz dz e
−
∑
α∈R+

λπ

zαzα
zβzγ =

√
π

dim(Oπ)
β!δβ,γ , β, γ ∈ N

1
2 dim(Oπ)
0 . (3.3.158)

Furthermore, we have

J(0, 0) =

 ∏
α∈R+

λπ

〈α, α〉g∗
2〈δ, α〉g∗


−1

, (3.3.159)

as we know that limε→0Kε−1π = idC(Oπ). This allows us to (3.3.157) into a slightly simpler form:

(Kε−1πf) (θ) = f(θ) + ε


 ∏
α∈R+

λπ

〈α, α〉g∗
2〈δ, α〉g∗

 ∑
α∈R+

λπ

〈α, α〉g∗
〈λπ, α〉g∗

∂zα∂zα(Jf(gθ · ( . )))(0, 0) (3.3.160)

+f(θ)

C4(λπ) +
∑

α∈R+
λπ

〈δ, α〉g∗
〈λπ, α〉g∗


+ O(ε2)

= f(θ) + ε
(
K(1)
π f

)
(θ) + O(ε2).

Now, following Landsman (cf. [Landsman, 1998], Theorem III.1.11.4.), given any Φε ∈ Vε−1π, ||Φε|| = 1, we
have:

∀f, f ′ ∈ C∞(Oπ,R) : (Φε, (QSW
ε (f)QSW

ε (f ′)−QSW
ε (ff ′))Φε)Vε−1π

(3.3.161)

= (Φε, (QB
ε (K

1
2
ε−1πf)QB

ε (K
1
2
ε−1πf

′)−QB
ε (K

1
2
ε−1π(ff ′)))Φε)Vε−1π

= (Φε, (QB
ε (f)QB

ε (f ′)−QB
ε (ff ′))Φε)Vε−1π

+ ε

2(Φε, (QB
ε (K(1)

π f)QB
ε (f ′) +QB

ε (f)QB
ε (K(1)

π f ′)−QB
ε (K(1)

π (ff ′)))Φε)Vε−1π

+ O(ε2).

At this point it is important to recall the equality ||A|| = sup||Φε||=1 |(Φε, AΦε)Vε−1π
| for A ∈ End(Vε−1π),

A∗ = A. Clearly, the terms in O(ε) satisfy bounds of the form Cεk||f ||∞,m||f ′||∞,n||Φε||2 for k ∈ N, m, n ∈
N0, C > 0, which will imply Dirac’s condition (see theorem 3.3.14) in the proof of strictness of QSW

ε , if QB
ε

is strict. Similarly, Rieffel’s and von Neumann’s conditions will follow from the strictness of QB
ε due to:

(Φε, QSW
ε (f)Φε)Vε−1π

= (Φε, QB
ε (f)Φε)Vε−1π

+ ε(Φε, QB
ε (K(1)

π f)Φε)Vε−1π

+ O(ε2), (3.3.162)

(Φε, ( iε [QSW
ε (f), QSW

ε (f ′)]−QSW
ε ({f, f ′}−))Φε)Vε−1π

= (Φε, ( iε [QB
ε (f), QB

ε (f ′)]−QB
ε ({f, f ′}−))Φε)Vε−1π

+ O(ε).

Finally, the strictness of QB
ε can be concluded from Landsman’s argument subject to some minor modifica-
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tions. More precisely, Landsman considers the first term in the last line of (3.3.161) in the form:

(Φε, (QB
ε (f)QB

ε (f ′)−QB
ε (ff ′))Φε)Vε−1π

= dε−1π

∫
G

dg F (g)(Φε, (ε−1π)(g)vε−1π)Vε−1π
Iε(g), (3.3.163)

Iε(g) := dε−1π

∫
G

dh (vπ, π(h)vπ)ε
−1

Vπ Fε−1π(g, h),

F ′ε−1π(g, h) := ((ε−1π)(gh)vε−1π,Φε)Vε−1π
(F ′(gh)− F ′(g)),

and then subjects Iε(g) to an asymptotic expansion by Laplace’s method analogous to that of (Kε−1πf) (θ).
In contrast to the previous calculation, neither Iε nor F ′ε−1π are (right) Gλπ -invariant, but are only (right)
Gλπ -equivariant:

F ′ε−1π(g, hgλπ ) = e−
i
εφ(gλπ )F ′ε−1π(g, h), F ′ε−1π(ggλπ , h) = e−

i
εφ(gλπ )F ′ε−1π(g, gλπhg−1

λπ
), (3.3.164)

Iε(ggλπ ) = e−
i
εφ(gλπ )Iε(g), gλπ ∈ Gλπ , φ : Gλπ → R

which ensures the invariance of (3.3.163). Nonetheless, the functions h 7→ (vπ, π(h)vπ)ε−1

Vπ
Fε−1π(g, h) are

(right) Gλπ -invariant for every g ∈ G. By the same arguments used in (3.3.147), (3.3.148) and (3.3.151), as
|F ′ε−1π(g, h)| ≤ 2||f ′||∞, we have

Iε(g) =
√

2π
− dim(Oπ)

dε−1π

∫
g / gλπ

dz dz J(z, z) e−ε(− log(vπ,π(gθ(z,z))vπ)Vπ )F ′ε−1π(g, gθ(z,z)) + O(ε∞).

(3.3.165)

Employing (3.3.152) and (3.3.153), we find:

− log(vπ, π(gθ(z,z))vπ)Vπ = −(
(
vπ, π(gθ(z,z))vπ)Vπ − 1

)
− 1

2
(
(vπ, π(gθ(z,z))vπ)Vπ − 1

)2 +O((z, z)5)

(3.3.166)

= 1
2
∑

α∈R+
λπ

〈λπ, α〉g∗
〈α, α〉g∗

zαzα −
1
6

∑
α,β,γ∈R+

λπ
α6=β,α 6=γ,

β 6=γ

(
−zαzβzγδα,γ−βNβ,−γ〈λπ, α〉g∗(〈α, α〉g∗)−1

+zαzβzγδα−β,γNα,−β〈λπ, γ〉g∗(〈γ, γ〉g∗)−1)
+ 1

24

3
∑

α,β∈R+
λπ

〈λπ, α〉g∗
〈α, α〉g∗

〈λπ, β〉g∗
〈β, β〉g∗

zαzαzβzβ

−
∑

α,β,γ,ζ∈R+
λπ

(−zαzβzγzζ(vπ, dπ(Eα)dπ(E−β)dπ(E−γ)dπ(E−ζ)vπ)Vπ


+ zαzβzγzζ(vπ, dπ(Eα)dπ(E−β)dπ(Eγ)dπ(E−ζ)vπ)Vπ
+ zαzβzγzζ(vπ, dπ(Eα)dπ(Eβ)dπ(E−γ)dπ(E−ζ)vπ)Vπ
−zαzβzγzζ(vπ, dπ(Eα)dπ(Eβ)dπ(Eγ)dπ(E−ζ)vπ)Vπ )

+O((z, z)5),

which yields the corrected expansion of Iε(g) to order ε:

Iε(g) =
( ∏
α∈R+

λπ

〈α, α〉g∗
〈δ, α〉g∗

)(
J(0, 0)F ′ε−1π(g, e)︸ ︷︷ ︸

=0

+ε
( ∑
α∈R+

λπ

2 〈α, α〉g
∗

〈λπ, α〉g∗
∂zα∂zα(JF ′ε−1π(g, gθ( . , . )))(0, 0)

(3.3.167)
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+ J(0, 0)F ′ε−1π(g, e)︸ ︷︷ ︸
=0

(
C3(λπ) + 2C4(λπ) +

∑
α∈R+

λπ

〈δ, α〉g∗
〈λπ, α〉g∗

)))
+ O(ε2)

= ε
√

2
dim(Oπ)

J(0, 0)−1

 ∑
α∈R+

λπ

2 〈α, α〉g
∗

〈λπ, α〉g∗
∂zα∂zα(JF ′ε−1π(g, gθ( . , . )))(0, 0)

+ O(ε2)

=
(∂zαJ)(0,0)=0
(∂zαJ)(0,0)=0

ε
√

2
dim(Oπ)

 ∑
α∈R+

λπ

2 〈α, α〉g
∗

〈λπ, α〉g∗
∂zα∂zα(F ′ε−1π(g, gθ( . , . )))(0, 0)

+ O(ε2)

The terms of order (z, z)3 do not yield contributions containing first derivatives of F ′ε−1π, because of the
constraints α 6= β, α 6= γ, β 6= γ and (3.3.158). Clearly, the expansion is compatible with (right) Gλπ -
equivariance, as can be seen from (3.3.164) and the Gλπ -invariance of the differential operator:

∆λπ :=

 ∑
α∈R+

λπ

2 〈α, α〉g
∗

〈λπ, α〉g∗
∂zα∂zα


|z=0,z=0

. (3.3.168)

Now, strictness of QB
ε follows from Landsman’s argument.

Remark 3.3.33:

The Stratonovich-Weyl quantisation on coadjoint orbits can be interpreted as the analog of Weyl quantisation
on Rn. In view of (3.3.134) it is distinguished from Berezin quantisation by the “tracial property” leading to
the Stratonovich-Weyl-Fourier transform as pointed out by Figueroa, Gracia-Bondía and Várilly [Figueroa
et al., 1990].

Now, we are in a position to define the Stratonovich-Weyl-Fourier transform:

Definition 3.3.34 (cf. [Figueroa et al., 1990]):

The Stratonovich-Weyl-Fourier transform is the composition of the Fourier transform F : L2(G) ⊂ L1(G)→
L2(Ĝ) with the Stratonovich-Weyl symbol map W : Ĝ→ L2(

⋃
π∈Ĝ Oπ) =: L2(OG), i.e.:

FSW[Ψ](π, θ) = Ψ̂SW(π, θ) := Wπ
F [Ψ](θ) =

∫
G

dg Ψ(g) tr(∆π(θ)π(g)) (3.3.169)

=
∫
G

dg Ψ(g)E(g;π, θ), Ψ ∈ L1(G), π ∈ Ĝ, θ ∈ Oπ,

where we introduced the integral kernel E(g;π, θ) = tr(∆π(θ)π(g)) = Wπ
π(g)(θ). The space of integral coad-

joint orbits, OG, is endowed with the integral:∫
OG

dµOG(π, θ)Φ(π, θ) :=
∑
π∈Ĝ

dπ

∫
Oπ

dµπ(θ) Φ(π, θ), Φ ∈ L1(OG). (3.3.170)

It follows from the next theorem that the Stratonovich-Weyl-Fourier transform is well-defined and isometric
from L2(G) to L2(OG) (the range is

⊕
π∈Ĝ Sπ). Moreover, it intertwines the convolution product and the

twisted product coming from:

Wπ
AB(θ) = (Wπ

A ? W
π
B)(θ) =

∫
Oπ

dµπ(θ′)
∫

Oπ

dµπ(θ′′) tr(∆π(θ)∆π(θ′)∆π(θ′′))Wπ
A(θ′)Wπ

B(θ′′). (3.3.171)
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Theorem 3.3.35 (cf [Figueroa et al., 1990], Theorem 5):

The Stratonovich-Weyl-Fourier transform satisfies the inversion formula

Ψ(g) =
∫

OG

dµOG(π, θ)E(g;π, θ)FSW[Ψ](π, θ), (3.3.172)

and the Parseval-Plancherel identity∫
G

dg |Ψ(g)|2 =
∫

OG

dµOG(π, θ) |FSW[Ψ](π, θ)|2. (3.3.173)

Furthermore, the convolution product ∗ on L1(G) is intertwined with the twisted product ?:

FSW[Ψ ∗ Φ] = FSW[Ψ] ?FSW[Φ]. (3.3.174)

The integral kernel E : G× OG → C has important properties that entail its independence of the represen-
tative in π ∈ Ĝ (property 2).

Proposition 3.3.36 (cf. [Figueroa et al., 1990], Theorem 4):

The integral kernel E satisfies:

1. E(g;π, θ) = E(g−1;π, θ),

2. E(αh(g);π, θ) = E(g;π,Ad∗h−1(θ)),

3.
∫

Oπ
dµπ(θ) E(g;π, θ) = tr(π(g)) = χπ(g),

4.
∫
G
dg E(g;π, θ)E(g;π, θ′) = d−1

π Iπ(θ, θ′),

5. (E(g; . ) ?FSW[Ψ])(π, θ) = FSW[UgΨ](π, θ), Ψ ∈ L2(G),

6. E(g; . ) ? E(h; . ) = E(gh; . ).

Remark 3.3.37:

Property 5 & 6 of proposition 3.3.36 tell us that the action of the exponentials Ug, g ∈ G, of the “momenta”
PX , X ∈ g, in (3.3.1) is turned in to (non-commutative) multiplication with the functions E(g; . ), g ∈ G
by the Stratonovich-Weyl-Fourier transform. Thus, the range of the latter qualifies as (non-commutative)
flux representation for LQG in the terminology of [Baratin et al., 2011].

As mentioned in the beginning of this subsection, the Stratonovich-Weyl-Fourier transform allows us to
study the effect of scaling in the global Fourier correspondence for compact Lie groups. To this end, we
distinguish to types of ε-scaled Stratonovich-Weyl-Fourier transforms (ε = 1

k , k ∈ N):

1. (“position” scaling): F ε
SW[Φ](π, θ) :=

∫
G
dg E(g 1

ε ;π, θ)Ψ(g),

2. (“momentum” scaling): FSW,ε[Φ](π, θ) :=
∫
G
dg E(g; ε−1π, θ)Ψ(g),

where ε−1π is the unitary irreducible representation of G with highest weight ε−1λπ.

As above, the restriction to discrete scalings, ε = 1
k , k ∈ N, is necessary as otherwise the powers g 1

ε would
not be uniquely defined, and ε−1λπ would not belong to C ∩ I∗r . Clearly, these transformations coincide
for commutative Lie groups, where the Stratonovich-Weyl-Fourier transform coincides with usual Fourier
transform. Structurally, the “momentum” scaled transform seems to be favoured, as it can be expressed in
terms of the unscaled transform:

FSW,ε[Φ](π, θ) =
∫
G

dg E(g; ε−1π, θ)Ψ(g) = FSW[Ψ](ε−1π, θ). (3.3.175)
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In contrast, the “position” scaled transform is not related to unscaled transform, because the ε-th power
is not a diffeomorphism of G (unless ε = 1). Therefore, we stick to the “momentum” scaled transform
in the following. Unfortunately, we immediately recognize, that the scaled transform no longer defines an
invertible map, as it restricts the Stratonovich-Weyl-Fourier transform to those integral coadjoint orbits
associated with the sub-lattice ε−1I∗r ⊂ I∗r . Again, this is a feature forced upon us by the rigidity of compact
Lie groups. In subsection 3.3.4, we will discuss a possible way to remove this restriction for G = U(1).

Nonetheless, the Stratonovich-Weyl-Fourier transform provides us with a ε-scaled transform for systems
modelled on integral coadjoint orbits Oπ, which was already exploited in section 2.4 of chapter 2 for G =
SU(2). To see how this works in the general case, we note that λπ and ε−1λπ have the same, possibly
degenerate, orbit type Oπ, since Gλπ = Gε−1λπ . Thus, we may study the “semi-classical” limit, ε → 0, of
sequences of operators {Aε}ε−1∈N, Aε ∈ End(Vε−1π), in terms of their Stratonovich-Weyl symbols W ε−1π

Aε
∈

Sε−1π ⊂ C∞(Oπ) ⊂ L2(Oπ) and the twisted products ?ε, e.g.

Aε = iε

n∑
i=1

Bid(ε−1π)(τi) ⇔ W ε−1π
Aε (θ) = iε

n∑
i=1

Bi
d

dt |t=0
E(etτi ; ε−1π, θ), (3.3.176)

which is a generalisation of the magnetic part of the Pauli Hamiltonian to G. Here, {τi}ni=1 is a basis of g
and B = (Bi)i=1,..,n ∈ Rn. Another physical application, apart from spin-orbit coupling discussed in chapter
2 (cf. [Faure and Zhilinskii, 2001]), where these structures feature prominently, is the description of classical
and quantum particles with internal symmetry in external gauge fields, which are governed by the classical
respectively quantum Wong equations (cf. [Landsman, 1993,Landsman, 1998]), and its relation to quantum
chaos (cf. [Schrader and Taylor, 1989,Taylor and Uribe, 1992,Guillemin and Uribe, 1986,Zelditch, 1992]).

If we wanted to avoid working with degenerate coadjoint orbits, i.e. those corresponding to singular integral
weights λ, 〈α, λ〉g∗ = 0 for some α ∈ R+, we could incorporate the usual shift by half the sum of the positive
roots, δ = 1

2
∑
α∈R+ α, in to the correspondence between dominant integral weights and integral coadjoint

orbits,

λπ → Oδ
π := {θ ∈ g∗ | ∃g ∈ G : θ = Ad∗g(λπ + δ)}, (3.3.177)

which allows us to work solely with coadjoint orbits of strongly dominant integral weights, since

λ ∈ C ∩ I∗r ⇔ λ+ δ ∈ C ∩ I∗r (3.3.178)

(cf. [Bröcker and tom Dieck, 1985,Humphreys, 1972]). The coadjoint orbits of strongly dominant integral
weights are isomorphic to the simply connected generalised flag variety G/T ∼= GC/B

+, where B+ is the
standard Borel subgroup associated with the positive roots R+ (cf. [Bröcker and tom Dieck, 1985,Perelomov,
1986]).

Another advantage of the Stratonovich-Weyl-Fourier transform is that it enables us to pass from matrix
valued symbols on G× Ĝ in the definition of the global pseudo-differential calculus of subsection (3.3.1) to
genuine functions on G×OG. Namely, the Stratonovich-Weyl symbol of a symbol σ ∈ D̂ ′(Ĝ×G) is just the
Stratonovich-Weyl-Fourier transform of its left convolution kernel Fσ:

σSW(π, θ; g) = Wπ
σ(π,g)(θ) = tr(∆π(θ)σ(π, g)) (3.3.179)

=
∫
G

dh E(h;π, θ)Fσ(h, g) = F̂SW(π, θ; g).

In this way, the action of the symbol σ on C∞(G) is related to the twisted product ?:

(ρL(Fσ)Ψ) (g) =
∫

OG

dµOG

(
E(g; . ) ? σSW( . ; g)

)
(π, θ)Ψ̂SW(π, θ). (3.3.180)
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Also, the composition of two symbols σ, τ becomes expressible in terms of the twisted product (cp. propo-
sition 3.3.2, 6.):

FSW[Fσ ∗L Fτ ](π, θ; g) =
∫
G

dh Fσ(h, g)
(
E(h; . ) ? τSW( . ;h−1g)

)
(π, θ). (3.3.181)

3.3.3. Coherent states & quantisation

In the previous subsection, we have encountered the concept of Berezin quantisation w.r.t. a (complete)
system of coherent states (cf. [Berezin, 1974, Berezin, 1975]), and its close relation to Stratonovich-Weyl
quantisation on coadjoint orbits. As explained in section 3.2.2, we have a (complete) system of coherent
states for any compact Lie group G at our disposal, which naturally leads to the question how Berezin
quantisation on T ∗G in terms of these coherent states relates to the Kohn-Nirenberg and Weyl quantisation
discussed in subsection 3.3.1. Moreover, it is important to understand, whether this Berezin quantisation
of T ∗G gives a suitable framework for the Born-Oppenheimer approximation and adiabatic perturbation
theory. As we will argue, the equivalent roles played by Berezin and (Stratonovich-)Weyl quantisation on
coadjoint orbits with regard to such a framework is quite special to the case of compact phase spaces, and
therefore finite dimensional Hilbert spaces, while the existence of an analog of the (smoothing) operator K

1
2
π

(3.3.133) will be the reason, why Weyl quantisation is favoured, if the construction of a twisted product for
phase space functions is intended.

Let us start by defining Berezin quantisation on T ∗G in terms of the coherent states from section 3.2.2. To
this end, we note that the coherent states Ψt

z ∈ L2(G), t ∈ R, z ∈ GC, (3.2.14) provides us with a coherent
pure state quantisation of T ∗G (in the sense of [Landsman, 1998]). Therefore, the following definition makes
sense for small enough t > 0 (see (3.2.36), cf. also [Simon, 1980]):

Definition 3.3.38:

Given f ∈ Lp(T ∗G, dg dX), 1 ≤ p ≤ ∞, its Berezin quantisation is

QB
t (f) :=

∫
GC

dz νt(z) f(Φ−1(z)) |Ψt
z〉〈Ψt

z|, (3.3.182)

which defines an operator in Sp(L2(G)), the pth Schatten class in B(L2(G)), since tr
(
|QB

t |p
)
≤ ||f ||pp) for

1 ≤ p < ∞ and ||QB
t (f)|| ≤ ||f ||∞. f ◦ Φ−1 is called the upper or contravariant symbol of the operator

QB
t (f). The lower or covariant symbol of an operator A ∈ B(L2(G)) is

LtA(z, z) := 〈Ψ
t
z|A|Ψt

z〉
〈Ψt

z|Ψt
z〉

, (3.3.183)

which satisfies ||LtA||∞ ≤ ||A||, and ||LtA|p||pp ≤ tr (|A|p) for A ∈ Sp(L2(G)).

Remark 3.3.39:

Berezin quantisation would take a more natural form if the conjecture 3.2.9 turned out to be true, as in
that case the normalised projection Pt(z, z) onto the coherent state vectors Ψt

z would provide a resolution
of unity w.r.t. to the Liouville measure on T ∗G, and (3.3.182) would take the form:

QB
t (f) = Ct

∫
G

∫
g

dg dX f(g,X) Pt(geiX , ge−iX). (3.3.184)

Corollary 3.3.40 (cf. [Simon, 1980], Appendix 1):

Berezin quantisation is real, QB
t (f)∗ = QB

t (f), and positive, QB
t (f) ≥ 0 if f ≥ 0 a.e.. The upper and lower
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symbols associated with Berezin quantisation are dual to one another20, i.e.

tr(AQB
t (f)) =

∫
GC

dz νt(z)
〈Ψt

z|Ψt
z〉
LtA(z, z)f(Φ−1(z)), A ∈ Sq(L2(G)), f ∈ Lp(T ∗G, dg dX), (3.3.185)

for 1
q + 1

p = 1. Moreover, the normalised coherent state projections Pt(z, z) are complete, i.e. img(QB
t )

is sequentially strongly dense in B(L2(G)), due to the analyticity of the coherent states Ψt
z, as the latter

implies ∀A ∈ S1(L2(G)): LtA = 0 if and only if A = 0.

While the corollary tells us, that the upper symbol exists for a sequentially strongly dense subspace of
operators in B(L2(G)), it does not ensure that all operators in B(L2(G)) can be obtained from Berezin
quantisation, as L2(G) is infinite dimensional in contrast to the representation spaces Vπ considered in the
previous subsection. Therefore, the existence of an upper symbol for a product of Berezin quantisations
QB
t (f)QB

t (f ′) cannot be concluded. Nevertheless, we might wonder whether there exists a set of functions
StB on T ∗G, such that on the one hand QB

t : StB → B(L2(G)) is non-degenerate, and ∀f, f ′ ∈ StB : ∃f ′′ ∈ StB :
QB
t (f)QB

t (f ′) = QB
t (f ′′) =: QB

t (f ?t f ′), while on the other hand Berezin quantisation of StB encompasses
sufficiently many “interesting” operators, and ?t can be (asymptotically) expanded w.r.t. the Poisson bracket
on T ∗G. To analyse this question in some detail, we first consider the relation between upper and lower
symbol, if both exist, of a given Berezin quantisation. Similar to (3.3.132), the lower symbol of QB

t (f) can
be expressed in terms of the upper symbol and the overlap function of the coherent states:

LtQB
t (f)(z, z) = (〈Ψt

z|Ψt
z〉)−1

∫
GC

dz′ νt(z′) |〈Ψt
z|Ψt

z′〉|2 f(Φ−1(z′)). (3.3.186)

This expression is also valid in the case of standard coherent states for Rn, where it takes the well-known
explicit form (see the discussion at the beginning of subsection 3.2.2, cp. [Folland, 1989,Landsman, 1998]):

LtQB
t (f)(z, z) =

∫
Cn

d<(z) d=(z)
(2πt)n e−

1
2t (z−z′)(z−z′) f(Φ−1(z)) =

(
e2t∂z∂zf ◦ Φ−1) (z), (3.3.187)

from which it can be inferred that Lt
QB
t
is the restriction of an entire function on C2n even if f ∈ S ′(R2n)

due to the smoothing nature of e2t∂z∂z = e
t
2 ∆(q,p) , z = q + ip = Φ(q, p). Moreover, Weyl quantisation (see

(3.3.4)), QB
t (f) = Aσ, fits into the picture in the same way as for the coadjoint orbits (3.3.133) (cp. [Folland,

1989]):

LtQB
t (f)(q, p) =

(
e
t
4 ∆(q,p)σ

)
(q, p), σ(q, p) =

(
e
t
4 ∆(q,p)f

)
(q, p), (3.3.188)

which tells us that Weyl symbols are typically better behaved than upper symbols. Especially, since we
would expect the (asymptotic) expansion of a twisted product ?t to be determined by local products of
derivatives of the factors, which would be problematic in case of distributional symbols.

A similar situation is to be expected for a compact Lie group G, and the Berezin quantisation (3.3.182)
of T ∗G, as the latter is non-compact. We will show this explicitly for G = U(1)21, or more precisely for
U(1)-equivariant Berezin quantisation. The coherent states from section 3.2.2 take the following explicit
form for G = U(1) (cp. [Kowalski et al., 1996]):

Considering the Hilbert spaces

Hj0 := {Ψ ∈ L2
loc(R) | ∀j ∈ Z : Ψ(ϕ+ 2πj) = e2πij0jΨ(ϕ)}, j0 ∈ [0, 1), (3.3.189)

20This shows that Berezin quantisation lacks the “tracial property” of Kohn-Nirenberg and (Stratonovich)-Weyl quantisations
(cp. proposition 3.3.2, property 5 and (3.3.134)).

21A generalisation to G = U(1)n is straightforward, and will be omitted.
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equipped with the scalar product

(Ψ1,Ψ2)j0 :=
∫

[0,2π)

dϕ

2π Ψ1(ϕ)Ψ2(ϕ), (3.3.190)

we have the following orthonormal bases of eigenfunction of J := −i∂ϕ, D(J) := Hj0 ∩H1
loc(R) (subject to

the boundary conditions associated with (3.3.189)):

Ψj0
j ∈ Hj0 : Ψj0

j (ϕ) := ei(j+j0)ϕ = 〈ϕ|j + j0〉, j ∈ Z . (3.3.191)

Moreover, the Hilbert spaces Hj0 are representation spaces of the U(1)-Weyl algebra (cp. (3.3.8))

(Vt(β)Ψ)(ϕ) := Ψ(ϕ+ tβ), (Ut(m)Ψ)(ϕ) := eimϕΨ(ϕ), Ψ ∈ Hj0 , (3.3.192)

Vt(β)Ut(m) = eitmβUt(m)Vt(β),

Ut(m)Ut(n) = Ut(m+ n), Vt(β)Vt(γ) = Vt(β + γ),

Ut(0) = 1 = Vt(0), Ut(m)∗ = Ut(−m), Vt(β)∗ = Vt(−β), m, n ∈ Z, β, γ ∈ R .

In terms of the bases the (equivariant) coherent states are:

Ψt,j0
ξ ∈ Hj0 : Ψt,j0

ξ (ϕ) =
∑
j∈Z

(ξetj0)−je− t2 j
2
Ψj0
j (ϕ) = 〈ϕ|ξ, j0〉t, ξ ∈ C∗ = U(1)C ∼= T ∗U(1). (3.3.193)

These vectors are eigenfunctions of the annihilation operators Xt := e−
t
2Ut(1)e−tJ ,

Xt|ξ, j0〉t = ξ|ξ, j0〉t, (3.3.194)

where the former can be obtained from the complexifier method, Xt := e−
t
2J

2
Ue

t
2J

2 (cf. [Thiemann,
2001a, Thiemann and Winkler, 2001a, Thiemann and Winkler, 2001b, Hall and Mitchell, 2002]). Now,
given a Berezin quantisation QB

t (f) of f ∈ C∞b (T ∗U(1)), the formula connecting the upper symbol f ◦
Φ−1, Φ(eiϕ, l) = eiϕe−l = e−l+iϕ, and the lower symbol Lt

QB
t (f) is:

LtQB
t (f)(ξ, ξ) =

∫
C∗

dξ′ ∧ dξ′

4πi
√
πt
f(Φ−1(ξ′)) |ξ′|−2 e−

(log |ξ′|−j0t)2
t

|t〈ξ, j0|ξ′, j0〉t|2

t〈ξ, j0|ξ, j0〉t
(3.3.195)

=
∫

[0,2π)

∫
R

dϕ′ dl′

2π
√
πt
f(ϕ′, l′) e−

(l′−j0t)2
t
|t〈ξ, j0|Φ(eiϕ′ , l′), j0〉t|2

t〈ξ, j0|ξ, j0〉t
,

where we chose to base the Berezin quantisation on the resolution of unity (3.2.29). Putting ξ = e−l+iϕ and
using

t〈Φ(eiϕ, l), j0|Φ(eiϕ
′
, l′), j0〉t =

∑
j∈Z

e−tj
2
ej((l+l

′)+i(ϕ−ϕ′)−2j0t) (3.3.196)

= ϑ3( i
2π (−(l + l′)− i(ϕ− ϕ′) + 2j0t)| itπ )

=
√
π

t
e

1
4t (−(l+l′)−i(ϕ−ϕ′)+2j0t)2

ϑ3( 1
2t (−(l + l′)− i(ϕ− ϕ′)) + j0| iπt )

=
√
π

t

∑
j∈Z

e
1
4t (((l−j0t)+(l′−j0t))+i(ϕ−ϕ′)−2πij)2

,
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we have:

LtQB
t (f)(Φ(eiϕ, l)) = e−

(l−j0t)2
t

ϑ3( lt − j0|
iπ
t )

∫
[0,2π)

∫
R

dϕ′ dl′

2πt f(ϕ′, l′) e−
(l′−j0t)2

t

∑
j,k∈Z

e
1
4t (((l−j0t)+(l′−j0t))+i(ϕ−ϕ′)−2πij)2

(3.3.197)
e

1
4t (((l−j0t)+(l′−j0t))−i(ϕ−ϕ′)+2πik)2

=
∫

[0,2π)

∫
R

dϕ′ dl′

2πt ϑ3( lt − j0|
iπ
t )

f(ϕ′, l′) e− 1
2t ((l−j0t)−(l′−j0t))2

×
∑
j,k∈Z

e−
1
2t (ϕ−ϕ′−2πj)2

e−
1
4t (2π(j−k))e−

1
2t (2π(j−k))(ϕ−ϕ′−2πj+i((l−j0t)+(l′−j0t)))

=
n=j−k

(SL2(Z) transform)

∫
[0,2π)

∫
R

dϕ′ dl′

2πt ϑ3( lt − j0|
iπ
t )

f(ϕ′, l′) e− 1
2t ((l−j0t)−(l′−j0t))2

×
∑
j,n∈Z

e−
1
2t (ϕ−ϕ′−2πj)2

e−
π2
t n

2
e−

π
t n(ϕ−ϕ′−2πj+i((l−j0t)+(l′−j0t)))

=
∑
n∈Z

e−
π2
t n

2
e−2πin( lt−j0)

∫
R

dl′

2πt ϑ3( lt − j0|
iπ
t )

∫
[0,2π)

dϕ′ f(ϕ′, l′)

×
∑
j∈Z

e−
1
2t ((l−l′−iπn)2+(ϕ−ϕ′+πn−2πj)2)

=
∑
n∈Z

e−
π2
t n

2
e−2πin( lt−j0)

︸ ︷︷ ︸
=ϑ3( lt−j0|

iπ
t )

∫
R

dl′

2πt ϑ3( lt − j0|
iπ
t )

∫
[0,2π)
dϕ′ f(ϕ′, l′)

∑
j∈Z

e−
1
2t ((l−l′)2+(ϕ−ϕ′+2πj)2)

= 1
2πt

∫
R
dl′
∑
j∈Z

∫
[2πj,2π(j+1)

dϕ′ f(ϕ′ − 2πj, l′)︸ ︷︷ ︸
=f(ϕ′,l′)

e−
1
2t ((l−l′)2+(ϕ−ϕ′)2)

= 1
2πt

∫
R
dl′

∫
R
dϕ′ f(ϕ′, l′) e− 1

2t ((l−l′)2+(ϕ−ϕ′)2)

=
(
e
t
2 ∆(ϕ,l)f

)
(ϕ, l),

where we used the invariance of the measure dl ∧ dϕ = (2πi|ξ|2)−1dξ ∧ dξ under the substitution ϕ′ 7→
ϕ + πn, l′ 7→ l′ − iπn, because Φ(eiϕ, l) = e−l+ϕ = e−(l−iπn)+i(ϕ+πn) = Φ(e(−1)niϕ, l − iπn), and identified
f with its periodic extension to T ∗ R.

Remark 3.3.41:

The relation Lt
QB
t (f)(Φ(eiϕ, l)) = (e t2 ∆(ϕ,l)f)(ϕ, l) is in accordance with the covering R → R /2π Z ∼= U(1)

and the observation that ϑ3 arises from a 2π Z-periodisation of the Euclidean heat kernel, 1
2πϑ3( l

2π |
it
2π ) =∑

j∈Z
1√
2πte

− (l−2πj)2
2t . Furthermore, an analogous calculation as in (3.3.195) shows that the lower symbol of

a product of two Berezin quantisations QB
t (f), QB

t (f ′) satisfies

LtQB
t (f)QB

t (f ′)(Φ(eiϕ, l)) =
∫
R2

dϕ′dl′

2πt e−
1
2t (ϕ′+il′)(ϕ′−il′)f(ϕ+

√
2tϕ′, l +

√
2tl′) (3.3.198)

×
∫
R2

dϕ′′dl′′

2πt e−
1
2t (ϕ′′+il′′)(ϕ′′−il′′)e−

1
2t (ϕ′−il′)(ϕ′′+il′′)f ′(ϕ+

√
2tϕ′′, l +

√
2tl′′),

which is familiar from the Rn-case, as well.

If we were to base the Berezin quantisation on the resolution of unity (3.2.33),

LtQB
t (f)(ξ, ξ) = Ct

∫
C∗

dξ′ ∧ dξ′

4πi |ξ′|−2f(Φ−1(ξ′)) |t〈ξ, j0|ξ′, j0〉t|2

t〈ξ, j0|ξ, j0〉t t〈ξ′, j0|ξ′, j0〉t︸ ︷︷ ︸
=tr(P j0t (ξ,ξ)P j0t (ξ′,ξ′))

, (3.3.199)
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which was already proven for G = U(1), we would obtain a similar result:

LtQB
t (f)(Φ(eiϕ, l)) =

∑
n∈Z

e−
π2
t n

2
e−2πin( lt−j0)

ϑ3( lt − j0|
iπ
t )

∫
R

Ctdl
′

2π ϑ3( l
′

t − j0|
iπ
t )

(3.3.200)

×
∫

[0,2π)
dϕ′ f(ϕ′, l′)

∑
j∈Z

e−
1
2t ((l−l′−iπn)2+(ϕ−ϕ′+πn−2πj)2)

= Ct
2π

∫
R
dl′

ϑ3(( lt − j0) + ( l
′

t − j0)| i2πt )
ϑ3( lt − j0|

iπ
t )ϑ3( l

′

t − j0|
iπ
t )

∫
R
dϕ′ f(ϕ′, l′) e− 1

2t ((l−l′)2+(ϕ−ϕ′)2).

There is yet another interesting way to obtain the relation between the upper and lower symbols, namely
via applying the commutation relation between creation and annihilation operators, XtX

∗
t = e2tX∗tXt, to

any operator A ∈ B(L2(U(1))) in (anti-)Wick-ordered form:

A =
∑
m,n∈Z

(
AWt

)
mn

(X∗t )mXn
t =

∑
m,n∈Z

(
AWt

)
mn

e−2tmn︸ ︷︷ ︸
=:(AaWt )

mn

Xn
t (X∗t )m. (3.3.201)

From the resolution of unity (3.2.29) and (3.3.194), we infer that the upper and lower symbol of A are given
by the Laurent series:

fA(Φ−1(ξ)) = AaWt (ξ, ξ) =
∑
m,n∈Z

(
AaWt

)
mn

ξm ξ
n
, LtA(ξ, ξ) = AWt (ξ, ξ) =

∑
m,n∈Z

(
AWt

)
mn

ξm ξ
n
,

(3.3.202)

=
∑
m,n∈Z

e−2tmn (AWt )mn ξm ξ
n

which evidently satisfy

LtA = e
t
2 ∆fA. (3.3.203)

Unfortunately, such simple reasoning is not available for general compact Lie groups, because the commu-
tation relations of the creation and annihilation operators do not close among themselves.

To conclude this section, we also compute the analogs of the relations (3.3.188) for U(1)-equivariant Kohn-
Nirenberg22 symbols (cp. (3.3.14) and (3.3.16)). In this case, the Weyl elements are obtained from the Weyl
algebra (3.3.192):

W j0
t (ϕ, k) := t

2π
∑
m∈Z

∫
[0,2π/t)

dβ e−i(mϕ+β(k+j0))Ut(m)Vt(β), (3.3.204)

which satisfy the relation

trHj0 (W j0
t (ϕ, k)∗W j0

t (ϕ′, k′)) = 2π
∑
m∈Z

δ(ϕ− ϕ′ − 2πm)δk,k′ . (3.3.205)

Now, Kohn-Nirenberg quantisation and de-quantisation takes the form:

Aσ,t := 1
2π
∑
k∈Z

∫
[0,2π)

dϕ σt(ϕ, k)W j0
t (ϕ, k), σA,t(ϕ, k) := trHj0 (W j0

t (ϕ, k)∗At), (3.3.206)

(Aσ,tΨ) (ϕ) = 1
2π
∑
k∈Z

∫
[0,2π)

dϕ′ eik(ϕ−ϕ′)σt(ϕ, k)Ψ(ϕ′) =
∑
k∈Z

eikϕσt(ϕ, k)Ψ̂(k), Ψ ∈ C∞b (R) ∩ Hj0 .

22We stick to the Kohn-Nirenberg quantisation in this subsection, because it avoids the use of square roots in the group, and
leads to similar results regarding the regularity of symbols as Weyl quantisation.
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There are natural symbol spaces associated with (3.3.206) (cf. [Ruzhansky and Turunen, 2009]), which are
in close analogy with those familiar from pseudo-differential operators on Rn:

σ ∈ Smρ,δ(U(1)× Z) :⇔ ∀k ∈ Z : σ( . , k) ∈ C∞(U(1)) (3.3.207)

m ∈ R, 0 ≤ δ ≤ ρ ≤ 1 & ∀α, β ∈ N0 : ∀(ϕ, k) ∈ U(1)× Z : ∃Cαβ > 0 : |(∂αϕ∆β
kσ)(ϕ, k)| ≤ Cαβ〈k〉m−ρβ+δα,

S−∞(U(1)× Z) :=
⋂
m∈R

Smρ,δ(U(1)× Z), S∞ρ,δ(U(1)× Z) :=
⋃
m∈R

Smρ,δ(U(1)× Z).

Here, (∆kf)(k) := f(k + 1)− f(k) for f : Z→ C is the forward difference. If we allow for U(1)-equivariant
symbols, i.e. σ(ϕ+ 2πj, k) = e2πijj0σ(ϕ, k)e−2πijj′0 , we can encompass operators Aσ : Hj′0 → Hj0 , as well.
Clearly, we could have invoked U(1)-equivariant symbols Smρ,δ,(j0,j′0)(R

2) := {σ ∈ Smρ,δ(R
2) | ∀j ∈ Z : σ(q +

2πj, p) = σ(ϕ+2πj, k) = e2πijj0σ(q, p)e−2πijj′0} ⊂ Smρ,δ(R
2) from the usual symbol classes instead of (3.3.207):

(Aσ,tΨ)(q) = 1
2πt

∫
R
dp

∫
[0,2π)

dq e
i
tp(q−q

′)σ(q, p)Ψ(q′) = 1
2πt

∫
R
dp e

i
tpqσ(q, p) F t[Ψ](p), Ψ ∈ C∞b (R) ∩ Hj0 .

(3.3.208)

We will comment on a similar dichotomy for almost-periodic pseudo-differential operators in the following
subsection 3.3.4. In the present case the distinction is only apparent, because symbols in Smρ,δ(U(1)×Z) can
be interpolated by those in Smρ,δ(R

2) (cf. [Ruzhansky and Turunen, 2009], Corollary 4.6.13.).

To conclude the present subsection, we provide the relations between upper, lower and Kohn-Nirenberg
symbols, which display a smoothing from upper to Kohn-Nirenberg to lower symbols similar to (3.3.188):

LtAσ,t(Φ(eiϕ, l)) =
√

2
2πϑ3( lt − j0|

iπ
t )
∑
k∈Z

∫
[0,2π)

dϕ′σt(ϕ′, k)e− 1
t (l−t(k+j0))2 ∑

j∈Z
e−

1
2t ((ϕ−ϕ′−2πj)−i(l−t(k+j0)))2

(3.3.209)

=
√

2
2πϑ3( lt − j0|

iπ
t )
∑
k∈Z

∫
R
dϕ′σt(ϕ′, k)e− 1

t (l−t(k+j0))2
e−

1
2t ((ϕ−ϕ′)−i(l−t(k+j0)))2

=
√

2
2πϑ3( lt − j0|

iπ
t )
∑
k∈Z

∫
R
dϕ′σt(ϕ′, k)e− 1

2t ((l−t(k+j0))2+(ϕ−ϕ′)2)e
i
t (ϕ−ϕ′)(l−t(k+j0))

σt(ϕ, k) =
√

2
2πt

∫
R
dl′
∫
R
dϕ′fAσ,t(ϕ′, l′)e−

1
2t ((t(k+j0)−l)2+(ϕ−ϕ′)2)e−

i
t (ϕ−ϕ′)(t(k+j0)−l).

These formulas are obtained by a calculation completely analogous to (3.3.197).

3.3.4. Scaled Fourier transforms for G = U(1) and an extension to RBohr

In subsection 3.3.2, we have discussed the issue of defining a ε-scaled integral transform for a compact
(simply connected) Lie group G by means of the Stratonovich-Weyl-Fourier transform. While the resulting
transform (3.3.175) on L2(G) is has its merits, when applied to systems modelled on coadjoint orbits of G,
its use is limited in the analysis of pseudo-differential operators on C∞(G) as it is not invertible due to the
fundamental discreteness inherent to representation theory of G, i.e. any irreducible representation of G is
uniquely (up to isomorphism) determined by an integral dominant (real) weight λπ ∈ C ∩ I∗r .

In the following, first restricting to semisimple G, we will pursue the question, whether it is possible to lift
this discreteness by associating a representation πλ to any dominant weight λ ∈ C (C ⊂ t∗ admits a natural
R+-action as it is a convex cone). To be a bit more precise, we will consider (complex linear) representations
dπλ of gC resp. U(gC)23 instead of G to lift the integrality condition. A natural way to achieve this is to

23U(gC) denotes the universal enveloping algebra of gC.
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exploit the construction of irreducible representations of G by means of Verma modules (cf. [Humphreys,
1972, Humphreys, 2008, Hall, 2003]). Since the representation theory of gC is typically formulated with
respect to (infinitesimal) integral weights λ ∈ 2πiI∗r = I∗, and their complex linear extensions to t∗C, instead
of integral real weights, we will switch to using the former for the reminder of the section. The same applies
to the roots of g, and the subset of positive roots R+.

Definition 3.3.42 (cf. [Humphreys, 2008], I.1.3.):

Given λ ∈ t∗, the U(gC)-module

M(λ) := U(gC)⊗U(b+) Cλ (3.3.210)

is called the Verma module of highest weight λ. Here,

b+ := tC⊕
⊕
α∈R+

gα︸ ︷︷ ︸
=:n+

(3.3.211)

is the standard Borel subalgebra of gC associated with R+, and Cλ is the 1-dimensional U(b+)-module
defined by

dπλ(H +N)1 := λ(H)1, H ∈ tC, N ∈ n+ . (3.3.212)

We denote by L(λ) := M(λ)/N(λ) the unique irreducible quotient module w.r.t. to the unique maximal
submodule N(λ) ⊂M(λ) (cf. [Humphreys, 2008], Theorem I.1.2.).

Remark 3.3.43:

The Verma module construction (3.3.210) also works for G = U(1)n. Since R+ = ∅ and gC = tC ∼= Cn in
this case, we have M(λ) = Cλ, which is irreducible.
For semisimple G, the irreducible representation L(λ) of gC is finite dimensional if and only if λ is dominant
integral. M(λ) is freely generated by U(n−)(1⊗ 1), n− :=

⊕
α∈R+ g−α.

Unfortunately, the reason, why L(λ) does not integrate to a (unitary) representation of G, when λ is not
dominant integral, can be traced back to the fact, that there is no Hilbert space structure on L(λ) compatible
with the adjointness relations dπλ(Eα)∗ = dπλ(E−α), α ∈ R+, and dπλ(Hi)∗ = dπλ(Hi), i = 1, ..., r, for a
choice of Cartan-Weyl basis (3.3.150) (cf. [Fuchs, 1995]), but only a Krein space structure. This is easily
seen, in the case of gC = sl2(C ∩ I∗ ∼= N, R+ = {2}):

(dπλ(E−2)kvλ, dπλ(E−2)kvλ)λ = (vλ, dπλ(E2)kdπλ(E−2)kvλ)λ (3.3.213)

= (vλ, dπλ(E2)k−1(dπλ(E−2)dπλ(E2) + dπλ(H2))dπλ(E−2)k−1vλ)λ
= k(λ(H2) + 1− k)(dπλ(E−2)k−1vλ, dπλ(E−2)k−1vλ)λ

=
(

k∏
l=1

l(λ(H2) + 1− l)
)

(vλ, vλ)λ, k ∈ N0

where we denoted the highest weight vector 1 ⊗ 1 ∈ M(λ) by vλ, and invoked the commutation relations
(3.3.150). The last line in (3.3.213) shows that the inner product of vkλ = dπλ(E−2)kvλ, k ∈ N0, becomes
negative for certain k > λ(H2) + 1, if λ(H2) /∈ N. Moreover, the modules M(λ), λ(H2) /∈ N, are irreducible
implying that there is no compatible Hilbert space structure. For λ(H2) ∈ N, we obtain the submodule
N(λ) = spanC{vkλ | k ≥ λ(H2) + 1} of null vectors, which can be factored out. A similar argument applies
to general semisimple gC by an appeal to the sl2-submodules generated by {Eα, E−α, Hα}, α ∈ R+.

In contrast, if G = U(1)n the set of roots is empty, and the standard inner product on Cλ ∼= C is compatible
with the adjointness relations. Furthermore, the representation Cλ integrates to a (unitary) representation
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of Rn:

π(x ·H)λ1 = ei
∑n
i=1 xiλ(Hi)1, x ·H =

n∑
i=1

xiHi, x ∈ Rn . (3.3.214)

Thus, for G = U(1)n we may form the direct sums of Hilbert spaces

Hn :=
⊕

{λ(Hi)}ni=1∈Rn
Cλ, n ∈ N, Hn ∼= H⊗n1 . (3.3.215)

The Hilbert space H1 = l2(R) can be identified with L2(RBohr), the L2-space on the Bohr compactification
of R, which can be defined as the L2-closure of spanC{eλ : R→ T | λ ∈ R}, eλ(x) := eiλx, w.r.t. the ergodic
mean (the Haar measure on RBohr)

(f, f ′)Bohr =
∫
RBohr

dµBohr(x) f(x)f ′(x) := lim
T→∞

1
2T

∫
[−T,T ]

dx f(x)f ′(x). (3.3.216)

L2(RBohr) is also naturally isomorphic with the space of Besicovitch almost periodic functions B2(R) on R
(cf. [Shubin, 1978, Besicovitch, 1954]). In analogy with the Bloch-Floquet transform of L2(R), we have a
direct sum (instead of direct integral) decomposition over the elementary cell [0, 1) (Brillouin zone) w.r.t.
the Hilbert spaces Hj0 (see (3.3.189)):

L2(RBohr) ∼=
⊕

j0∈[0,1)

Hj0 . (3.3.217)

Interestingly, a similar function space realization can be obtained for the simple quotients of the Verma
modules of sl2. Namely, we realise L(λ), λ = λ(H2), as a subspace of L2

loc(R2) by

vλ(x, y) := eλ(x), dπλ(H2) := −i(∂x − ∂y) (3.3.218)

dπλ(E2) := −ie1(x− y)∂y, dπλ(E−2) := −ie−1(x− y)∂x.

Then, L(λ) is spanned by the weight vectors:

vkλ(x, y) :=
(
dπλ(E−2)kvλ

)
(x, y) =

(
k∏
l=1

(λ+ 1− l)
)
eλ−k(x)ek(y), k ∈ N0, (3.3.219)

v0
λ(x, y) := vλ(x, y),

which satisfy vkλ(x + 2πm, y + 2πn) = e2πijλmvkλ(x, y), jλ = λ mod 1 ∈ [0, 1), m, n ∈ Z. Therefore,
L(λ) constitutes a (diagonal) subspace of Hjλ ⊗H0 ∼= {Ψ ∈ L2

loc(R2) | ∀m,n ∈ Z : Ψ(x + 2πm, y + 2πn) =
e2πijλmΨ(x, y)} =: L2

(jλ,0)(R
2). If L(λ) is endowed with the inner product ( . , . )(jλ,0) coming from Hjλ ⊗H0,

we will have:

(vkλ, vk
′

λ )(jλ,0) =
(
k!
(
λ

k

))2
δk,k′ , k, k

′ ∈ N0, (3.3.220)

implying the (modified) adjointness relations

dπλ(H2)∗ = dπλ(H2), (3.3.221)

dπλ(E2)∗ (λ+ dπλ(H2)) vkλ = (λ− dπλ(H2)) dπλ(E−2)vkλ, k ∈ N0 .

Here, we consistently set dπλ(E2)∗vλλ = 0 for λ ∈ N0. Thus, as in (3.3.213), we find that the tension between
Hilbert space structure and adjointness relations is due to the root vectors E2, E−2, while the adjointness
relation for the generator of the Cartan subalgebra H2 is the expected one. The completion L̂(λ) of L(λ)
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w.r.t. the Hilbert space structure induced by ( . , . )(jλ,0) is given by (possibly finite) l2-series w.r.t. the
vectors vkλ, k ∈ N0:

Ψ ∈ L̂(λ) :⇔ Ψ =
∑
k∈N0

Ψk

(
k!
(
λ

k

))−1
vkλ,

∑
k∈N0

|Ψk|2 <∞. (3.3.222)

The realisation (3.3.218) of L(λ) is closely related to the Schwinger representation of sl2 on C[X,Y ]:

a∗+ = X := e1(x), a+ = ∂X := −ie−1(x)∂x, (3.3.223)

a∗− = Y := e1(y), a− = ∂Y := −ie−1(y)∂y,

E±2
.= a∗±a∓, H2

.= a∗+a+ − a∗−a−,

which can be readily generalised to abtritrary gC. Namely, given a (complex) linear, finite dimensional
representation dπ : gC → End(Vπ) and dπ copies of the CCR algebra, e.g. creation and annihilation
operators on the (bosonic) Fock space Fs(Cdπ ) =

⊕∞
n=0 Sym

nCdπ , we define

Sg1,g2
π (X) :=

dπ∑
m,n=1

dπ(X)mn (a∗man + g1a
∗
m + g2an + g1g2) , X ∈ gC, g1, g2 ∈ C, (3.3.224)

which satisfies [Sg1,g2
π (X), Sg1,g2(Y )] = Sg1,g2

π ([X,Y ]), X, Y ∈ gC, and coincides with the Schwinger repre-
sentation of sl2 for g1 = 0 = g2 and π = π 1

2
, the fundamental representation24.

For the remainder of the subsection, we return to G = U(1)n, and further restrict to n = 1, in view
of (3.3.215) and (Rn)Bohr ∼= (RBohr)n, since in this case the extension from integral weights to arbitrary
weights works to full extent. Moreover, the “decompactification” from the spaces Hj0 , as representations of
the U(1)-Weyl algebra (3.3.192), to the space H1 = l2(R) ∼= B2(R) ∼= L2(RBohr), which is a representation
of the standard 1-particle Weyl algebra (obtained from the algebraic state ω0(W (α, β)) = δα,0), not only
lifts the problem of ε-scaling, but additionally allows to handle the square root necessary for replacing the
Kohn-Nirenberg quantisation by a genuine Weyl quantisation. There are essentially two of the latter, the
first is natural in view of the isomorphism l2(R) ∼= B2(R) (cf. [Shubin, 1978,Shubin, 1974]), while the second
is tied to the identification l2(R) ∼= L2(RBohr), and extends the one proposed by Fewster and Sahlmann
(cf. [Fewster and Sahlmann, 2008]):

The Weyl elements are as usual (cp. (3.3.192)):

Wε(α, β) := e
iε
2 αβUε(α)Vε(β), (3.3.225)

Wε(α, β)∗ = Wε(−α,−β), Wε(0, 0) = 1,

Wε(α, β)Wε(γ, δ) = e−
iε
2 (αδ−γβ)Wε(α+ γ, β + δ), α, β, γ, δ ∈ R .

Let us also introduce some frequently used test function and Sobolev spaces on RBohr and its (topological)
dual group Rdisc (R with the discrete topology, cf. [Shubin, 1978]):

d(R) := {Ψ̂ : R→ C | supp(Ψ̂) finite}, ď(R) := spanC{eλ |λ∈R} = Trig(R),

(3.3.226)

d′(R) := CR, ď′(R) := {T =
∑
λ∈R

T̂ (λ)eλ | T̂ ∈CR} = Trig′(R),

Hs
p(RBohr) := Trig(R)

|| . ||(s,p)
,

∣∣∣∣∣
∣∣∣∣∣∑
λ∈R

Ψ̂(λ)eλ(x)

∣∣∣∣∣
∣∣∣∣∣
(s,p)

:=
(∑
λ∈R

(〈λ〉s|Ψ̂(λ)|)p
) 1
p

, s ∈ R, p ∈ [0,∞),

24Setting g = g1 = g2 enforces the adjointness relations of π onto Sgπ .
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Hs
∞(RBohr) := {T ∈ Trig′(R) | ||T ||s,∞<∞}, ||T ||(s,∞) := sup

λ∈R
|〈λ〉sT̂ (λ)|

H∞p (RBohr) :=
⋂
s∈R

Hs
p(RBohr), H−∞p (RBohr) :=

⋃
s∈R

Hs
p(RBohr).

The space d(R) bears some similarities with the space of test functions D(R) = C∞0 (R), especially we may
endowed it with the strict inductive limit topology coming from

d(R) =
⋃
F⊂R
|F |<∞

dF (R), dF (R) := {Ψ̂ : R→ C | supp(Ψ̂) ⊂ F} ∼= C|F |, (3.3.227)

||Ψ̂||F,k := max
λ∈F
|〈λ〉kΨ̂(λ)|, k ∈ N0,

although the limit is uncountable in this case. There is a natural isomorphism, Trig(R)
|| . ||∞ = CAP (R) ∼=

C(RBohr), between the uniformly almost periodic functions on R and the continuous function on RBohr,
which allows to define the space of smooth functions on RBohr:

C∞(RBohr) = CAP∞(R) := CAP (R) ∩ C∞b (R), (3.3.228)

carrying the natural Fréchet space topology induced by C∞b (R). Furthermore, we have H0
2 (RBohr) =

L2(RBohr) ∼= B2(RBohr), and H0
1 (RBohr) ⊂ CAP (R) ⊂ H0

2 (RBohr), H∞1 (RBohr) ⊂ CAP∞(R) ⊂ H∞2 (RBohr),
Hs
p(RBohr) ⊂ Hs′

p′ (RBohr), p ≤ p′, s′ ≤ s25. But H∞p (RBohr) is not embedded in CAP (R) for p > 1 (in
contrast with the usual situation for Sobolev spaces on R or T), which can be related to Rdisc not being
σ-finite w.r.t. the counting measure, e.g. the function,

Ψ̂(λ) :=
{ 1
n : λ = 1

n , n ∈ N

0 : else
, (3.3.229)

belongs to
⋂
p>1H

∞
p (RBohr), since ∀n ∈ N : 2−|ps| ≤ 〈 1

n 〉
ps ≤ 2|ps|, while it is not in H∞1 (RBohr), because the

harmonic series is divergent. The inner products of the various realizations of H1 induce dualities between
Hs
p(RBohr), d(R), Trig(R) and H−sq (RBohr), d′(R), Trig′(R) for 1

p + 1
q = 1, and ̂ (or )̌ in (3.3.226) indicates

that the corresponding vectors or spaces are related via the (inverse) Fourier transform on RBohr (or Rdisc):

Ψ̂(λ) := (e−λ,Ψ)Bohr, Ψ ∈ H0
1 (RBohr), Φ̌(x) := (ex,Φ)l2(R), Φ ∈ l1(R). (3.3.230)

The images of the spaces Hs
p(RBohr) under the Fourier transform are denoted by hsp(R). Before we introduce

the aforementioned Weyl quantisations, we add a short

Remark 3.3.44:

We might ask, whether there is a analogue s(R) ⊂ l2(R) of the Schwartz space S (R) ⊂ L2(R). Since S (R) is
typically defined in terms of the uniform boundedness of expression of the form (〈x〉m∂nxf)(x), m, n ∈ N0, we
need a viable substitute for the partial derivatives as elements of l2(R) are never differentiable. Additionally,
we expect š(R) ⊂ H∞p (RBohr) ∀p ∈ [1,∞] to hold, which requires a summability condition on the elements
of s(R), because decay conditions at infinity do not suffice in view of (3.3.229). A natural discretised
replacement of the partial derivatives, already familiar from the context of s(Z) ⊂ l2(Z), is the (scaled)
forward difference (∆x,x0f)(x) := f(x+x0)−f(x), and because of the relative nesting of the Sobolev spaces,
we could propose the following definition:

s(R) := {Ψ̂ : R→ C |
∑
λ∈R
〈λ〉m|(∆n

λ,λ0
Ψ̂)(λ)| <∞}, λ0 ∈ R, m, n ∈ N0 . (3.3.231)

25The space H0
1 (RBohr) =: CAPa(R) of uniformly almost periodic functions with absolutely convergent Fourier series is a gener-

alisation of the Wiener algebra.
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But, as (∆n
λ,λ0

Ψ̂)(λ) =
∑n
k=0(−1)n−k

(
n
k

)
Ψ̂(λ + kλ0), it is easy to see that š(R) = H∞1 (RBohr) in this case.

Similar observations hold if we replace the forward difference by the backward or central difference.
Interestingly, there is a useful duality between S (R) ⊂ L2(R) and s(R) ⊂ l2(R) respectively H∞1 (RBohr) ⊂
L2(RBohr), which is compatible with inner products, Fourier transforms and multiplier actions (cp. [Fewster
and Sahlmann, 2008]). Namely, for f ∈ S (R) and Ψ̂ ∈ s(R) (Ψ ∈ H∞1 (RBohr)), we have

(F [f ], Ψ̂)l2(R) =
∑
λ∈R

F [f ](λ)Ψ̂(λ), |(F [f ], Ψ̂)l2(R)| ≤
(

sup
λ∈R
〈λ〉−s|F [f ](λ)|

)
||Ψ||(s,1) <∞, (3.3.232)

(F [f ], Ψ̂)l2(R) = ( ˇF [f ],Ψ)Bohr = (f,Ψ)L2(R) = (F [f ],F [Ψ])L2(R), Ψ · f ∈ S (R), F [f ] · Ψ̂ ∈ s(R).

Furthermore, the duality is compatible with the representations πF and π0 of the Weyl algebra on L2(R)
and l2(R), respectively:

(πF (Wε(α, β)∗)f,Ψ)L2(R) = (πF (Wε(β,−α)∗) F ε[f ], Ψ̂(ε))l2(R) (3.3.233)

= (F ε[f ], π0(Wε(β,−α))Ψ̂(ε))l2(R) = (f, π0(Wε(α, β))Ψ)L2(R).

Here, we used the ε-scaled version of (3.3.230): Ψ̂(ε)(λ) = (e−λε ,Ψ)Bohr (cp. also (3.3.119), although we
switched the sign of the Fourier exponential, as to fit with the use of left convolution kernels in the case of
compact Lie groups).

The two choices of Weyl quantisation associated with B2(R) and l2(R), respectively, L2(RBohr) resemble the
dichotomy already mentioned in the previous subsection 3.3.3 (see the comment below (3.3.207)), and arise
from (so far formal) expressions:

(AσΨ)(x) = 1
2πε

∫
R
dλ

∫
R
dx′ σ( 1

2 (x+ x′), λ)e−λ(x−x
′

ε )Ψ(x′), Ψ ∈ Trig(R) or CAP∞(R), (3.3.234)

and

(AσΦ)(λ) =
∑
λ′∈R

∫
RBohr

dµBohr(x) σ(x, 1
2 (λ+ λ′))eλ−λ′

ε

(x)Φ(λ′), Φ ∈ d(R) or Φ̌ ∈ H∞1 (RBohr), (3.3.235)

(AσΨ)(x) =
∑
λ∈R

∫
RBohr

dµBohr(x′) σ( 1
2 (x+ x′), λ)e−λ(x−x

′

ε )Ψ(x′), Ψ ∈ Trig(R) or H∞1 (RBohr).

Fundamentals on the theory of operators defined by (3.3.234) in Kohn-Nirenberg form can be found in the
works of Shubin [Shubin, 1978,Shubin, 1974] (cf. also [Coburn et al., 1973]), which we recall to some extent,
as to allow for immediate comparison with operators of the form (3.3.235). Following this, we will make
precise the definition of the latter.

Pseudo-differential operators like (3.3.234) with σ ∈ Smρ,δ(R
2) (Hörmander’s symbol classes) can be defined

on C∞b (R), which contains Trig(R) and CAP∞(R), by the usual means of oscillatory integrals (cf. [Shubin,
1974]). In the context of almost periodic functions, the admissible symbols26 APSmρ,δ(R

2) ⊂ Smρ,δ(R
2) are

adapted to preserve the property of almost periodicity, i.e.

σ ∈ APSmρ,δ(R2) ⊂ C∞(R2) :⇔ R 3 λ 7→ σ( . , λ) ∈ CAP (R) is continuous (3.3.236)

m ∈ R, 0 ≤ δ ≤ ρ ≤ 1 & ∀α, β ∈ N0 : ∀(x, λ) ∈ R2 : ∃Cαβ > 0 : |(∂αx ∂
β
λσ)(x, λ)| ≤ Cαβ〈λ〉m−ρβ+δα,

APS−∞(R2) :=
⋂
m∈R

APSmρ,δ(R2), APS∞ρ,δ(R2) :=
⋃
m∈R

APSmρ,δ(R2).

26We only consider the largest of the admissible symbol classes introduced by Shubin.



3.3.4 Scaled Fourier transforms for G = U(1) and an extension to RBohr 95

Definition 3.3.45:

An operator Aσ on CAP∞(R) defined by (3.3.234) with σ ∈ APSmρ,δ(R
2) is called an almost-periodic pseudo-

differential operator.

Statements familiar form the theory of pseudo-differential operators on Rn about composition, adjoints,
asymptotic expansions and continuity w.r.t. to CAP∞(R) and the scales of Sobolev spaces Hs

p(RBohr)
remain valid, as expected, because all necessary operations on the symbols preserve almost-periodicity. An
especially interesting and useful property of almost-periodic pseudo-differential operators is

Proposition 3.3.46 (cf. [Shubin, 1974]):

Given Aσ with σ ∈ APSmρ,δ(R
2), δ < ρ, there exist the formal adjoint A∗σ w.r.t. to ( , )L2(R) and ( , )Bohr,

i.e.

(A∗σΨ,Φ)L2(R) = (Ψ, AσΦ)L2(R), Ψ,Φ ∈ S (R), (3.3.237)

(A∗σΨ,Φ)Bohr = (Ψ, AσΦ)Bohr, Ψ ∈ H∞p (RBohr), Φ ∈ H∞q (RBohr) ( 1
p + 1

q = 1). (3.3.238)

The symbol of A∗σ is σ.

Furthermore, Shubin [Shubin, 1978] proves the equality ||Aσ||B(L2(R)) = ||Aσ||B(B2(R)) for bounded Aσ,
which entails the equality of spectra specB(L2(R))(Aσ) = specB(B2(R))(Aσ) by the preceding proposition
(this continues to hold for (hypo)elliptic Aσ). Nevertheless, the quality of the spectra w.r.t. L2(R) and
B2(R) can differ significantly, e.g. the spectrum of the Laplace operator ∆, which is essentially self-adjoint
on S (R) and Trig(R), respectively, is absolutely continuous in the first and pure point in the second case.

Now, we come to the definition of pseudo-differential operators in terms of (3.3.235), which we will call
Bohrian pseudo-differential operators. Let us first remark that the formulas (3.3.235) are closer in structure
to those applied in the definition of pseudo-differential operators on compact Lie groups (see subsection
3.3.1), while the almost-periodic pseudo-differential operators heavily exploit the special relation between
R and RBohr. The same reasoning applies to U(1)-equivariant pseudo-differential operators (see subsection
3.3.3), where the special relation between R and U(1) via the covering morphism R → R /2π Z ∼= U(1) is
of avail. But, in contrast with U(1)-equivariant operators, where the analogues, (3.3.206) and (3.3.208),
of (3.3.234) and (3.3.235) are essentially equivalent due to the sparseness of Z ⊂ R and the possibility of
smooth interpolation, the situation will be different in the present case.

Definition 3.3.47:

A function σ : Rdisc×RBohr → C is called a symbol in Smρ,δ(RBohr×Rdisc) = smρ,δ, where m ∈ R, 0 ≤ δ <

ρ ≤ 1, if ∀λ ∈ R : σ( . , λ) ∈ H∞1 (RBohr) and ∀α, β ∈ N0 : ∃Cα,β > 0 s.t.:

∀(x, λ) ∈ RBohr×Rdisc : |(∂αx∆β
λσ)(x, λ)| ≤ Cαβ〈λ〉m−ρβ+δα. (3.3.239)

We set:

s−∞ =
⋂
m∈R

smρ,δ, s∞ρ,δ =
⋃
m∈R

smρ,δ. (3.3.240)

A simple application of the (discrete) Leibniz formula and Peetre’s inequality, ∀r, λ, λ′ ∈ R : 〈λ + λ′〉r ≤
2|r|〈λ〉|r|〈λ′〉r, gives:

Corollary 3.3.48:

Let σ ∈ smρ,δ and τ ∈ sm′ρ′,δ′ . Then ∀α, β ∈ N0 : ∂αx∆β
λσ ∈ sm−ρβ+δα and στ ∈ sm+m′

min(ρ,ρ′),max(δ,δ′).

In view of remark 3.3.44, the definition of symbol classes smρ,δ for (3.3.235) requires summability conditions
or restrictions on the Fourier spectrum supplementing the usual decay conditions.
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Definition 3.3.49:

A symbol σ ∈ smρ,δ is said to have polynomially bounded spectral growth of order γ, γ′ ∈ R, if |supp(σ̂1( . , λ))∩
Kλ′ | =: Nλ′(λ) ≤ Cγ,γ′〈λ〉γ〈λ′〉γ

′ for Kλ′ = [−λ′, λ′] ⊂ R, λ′ ∈ R, where

σ̂1(λ′, λ) :=
∫
RBohr

dµBohr(x)eλ′(x)σ(x, λ). (3.3.241)

Clearly, symbols of polynomially bounded spectral growth of order γ form a subspace sm,(γ,γ
′)

ρ,δ ⊂ smρ,δ. Fur-
thermore, the property to be of polynomially bounded spectral growth is, on the one hand, preserved under
multiplication in the Fourier domain and, on the other hand, not preserved under convolution in the Fourier
domain.

An important subclass of symbols is given by
Definition 3.3.50:

A symbol σ in s
m,(γ,γ′=1)
ρ,δ is called U(1)λ0-equivariant, λ0 ∈ R, if ∀λ ∈ R : supp(σ̂1( . , λ)) ⊂ Zj0λ0

:=
λ0(Z+j0) for j0 ∈ [0, 1). Similarly, T ∈ Trig′(R) is U(1)λ0-equivariant, if supp(T̂ ) ⊂ Zj0λ0

. The various
Fourier images of the U(1)λ0-equivariant versions of the function spaces on RBohr (see(3.3.226) and below)
are denoted by d(Zj0λ0

), d′(Zj0λ0
), hsp(Z

j0
λ0

), etc.

Next, we give meaning to (3.3.235) for σ ∈ sm,(γ,γ
′)

ρ,δ , Φ ∈ d(R) in a similar fashion as one does for (3.3.234)
with σ ∈ Smρ,δ, Ψ ∈ C∞b (R). To this end, we will work primarily with the first formula in (3.3.235), and
interpret the second formula as a mnemonic for the dual operator defined by the ε-scaled Fourier transform.
On the contrary, Fewster and Sahlmann [Fewster and Sahlmann, 2008] construct operators by means of the
second formula. It will become apparent in the following section 3.4, that the first formula is natural, when
working with the “volume representation” in LQC models.
Proposition 3.3.51:

Let σ ∈ sm,(γ,γ
′)

ρ,δ , then Aσ : d(R)→ h∞1 (R). If σ is U(1)λ0-equivariant and λ′0 ∈ R satisfies λ′0
λ0

= p
q ∈ Q, we

have Aσ : h∞1 (Zj
′
0
λ′0

)→ h∞1 (Zj
′′
0
λ′′0

) for some λ′′0 ∈ R and j′′0 ∈ [0, 1) (ε = 1).
In general, if σ ∈ Trig′(R)⊗ d′(R), Aσ defines a quadratic form Qσ on d(R):

Qσ(Φ1,Φ2) := (Φ1, AσΦ2)l2(R), Φ1,Φ2 ∈ d(R). (3.3.242)

The formal adjoint A∗σ, defined by

(A∗σΦ1,Φ2)l2(R) = (Φ1, AσΦ2)l2(R), Φ1,Φ2 ∈ d(R), (3.3.243)

has symbol σ.
Proof:

For simplicity, we restrict to ε = 1, since the general case only leads to some trivial rescaling in the formula
to follow. First, let σ ∈ sm,γρ,δ and Φ ∈ d(R), then we use eλ(x) = 〈λ〉−2M (1−∆x)Meλ(x), M ∈ N0, and the
translation invariance of µBohr to regularize (3.3.235):

(AσΦ)(λ) =
∑

λ′∈supp(Φ)

Φ(λ′)
∫
RBohr

dµBohr(x′)〈λ− λ′〉−2M ((1−∆x′)Mσ)(x′, 1
2 (λ+ λ′)))eλ−λ′(x′).

(3.3.244)

By assumption, i.e. |supp(Φ)| < ∞ and σ ∈ s
m,(γ,γ′)
ρ,δ , |supp(AσΦ) ∩ Kλ| ≤ Cγ′′〈λ〉γ

′′ for some γ′′ ∈ R.
Therefore, for arbitrary s ∈ R and large enough M ∈ N0

||AσΦ||(s,1) ≤
∑

λ∈supp(AσΦ)

〈λ〉s
∑

λ′∈supp(Φ)

〈λ− λ′〉−2M
M∑
α=0

(
M

α

)
sup
x′∈R
|(∂2α

x′ σ)(x′, 1
2 (λ+ λ′))||Φ(λ′)| (3.3.245)
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≤
M∑
α=0

(
M

α

)
C2α0

∑
λ′∈supp(Φ)

|Φ(λ′)|
∑

λ∈supp(AσΦ)

〈λ〉s〈λ− λ′〉−2M 〈 12 (λ+ λ′)〉m+2δα

≤ 2|s|+2M
M∑
α=0

(
M

α

)
C2α022|m+2δα|

∑
λ′∈supp(Φ)

〈λ′〉2M+|m+2δα||Φ(λ′)|
∑

λ∈supp(AσΦ)

〈λ〉−2(M−δα)+s+m

<∞.

Here, we used Peetre’s inequality to arrive at the next to last line, and concluded finiteness of the last sum
from, using the polynomial growth bound on |supp(AσΦ) ∩Kλ|,∑

λ∈supp(AσΦ)

〈λ〉−2(M−δα)+s+m ≤
∑

λ∈supp(AσΦ)

〈λ〉−2M(1−δ)+s+m (3.3.246)

= lim
n→∞

n∑
m=0

∑
λ∈supp(AσΦ)∩Km\Km−1

〈λ〉−2M(1−δ)+s+m, K−1 = ∅

≤ lim
n→∞

n∑
m=0
〈m− 1〉−2M(1−δ)+s+m(Nm −Nm−1)

≤ C ′γ′′ lim
n→∞

1∑
m=0
〈m− 1〉−2M(1−δ)+s+m+γ′′ ,

which is finite for large enough M , because δ < 1.

To prove the second assertion, we observe that for Φ ∈ h∞1 (Zj
′
0
λ′0

) and U(1)λ0-equivariant σ:

(AσΦ)(λ) 6= 0 (3.3.247)

⇔ λ = λ− λ′︸ ︷︷ ︸
∈Zj0λ0

+ λ′︸︷︷︸
∈Z

j′0
λ′0

∈ Zj0λ0
+Zj

′
0
λ′0

= {(λ0m+ λ′0n) + (λ0j0 + λ′0j
′
0) | m,n ∈ Z} ⊂ λ0

q Z+λ0
q (qj0 + pj′0).

Thus, setting λ′′0 := λ0
q = λ′0

p and j′′0 := (qj0 + pj′0) mod 1, we have AσΦ ∈ d′(Zj
′′
0
λ′′0

). Now, we regularise the

expression for AσΦ in the same way as above to show that we even have AσΦ ∈ h∞1 (Zj
′′
0
λ′′0

):

∀s ∈ R : ||AσΦ||(s,1) ≤
∑
λ∈Z

j′′0
λ′′0

〈λ〉s
∑

λ′∈Z
j′0
λ′0

〈λ− λ′〉−2M
M∑
α=0

(
M

α

)
sup
x′∈R
|(∂2α

x′ σ)(x′, 1
2 (λ+ λ′))||Φ(λ′)| (3.3.248)

≤ 2|s|+2M
M∑
α=0

(
M

α

)
C2α022|m+2δα|

∑
λ′∈Z

j′0
λ′0

〈λ′〉2M+|m+2δα||Φ(λ′)|
∑
λ∈Z

j′′0
λ′′0

〈λ〉−2(M−δα)+s+m

<∞,

where, again, we employed Peetre’s inequality, Φ ∈ h∞1 (Zj
′
0
λ′0

) and the finiteness of the last sum for large
enough M (δ < 1).
The statements concerning the quadratic form defined by general Aσ and the formal adjoint A∗σ are obvious
from the finiteness of all sums and the behaviour of the Fourier transform w.r.t. complex conjugation.

Remark 3.3.52:

Taking a look at (3.3.247), it becomes evident that the condition λ′0
λ0
∈ Q in proposition 3.3.51 cannot be

relaxed easily, because two relatively irrational lattices may generated arbitrary dense support for AσΦ in
the bounded intervals Kλ.

Definition 3.3.53:

Two operators Aσ, Aτ with U(1)λσ0 -, respectively, U(1)λτ0 -equivariant symbols σ, τ , defined on the (rational
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scales of) spaces

h∞1 (λσ0 ) :=
⋃
λ′0∈R
λ′0
λσ0
∈Q

⋃
j′0∈[0,1)

h∞1 (Zj
′
0
λ′0

), h∞1 (λτ0) :=
⋃
λ′′0∈R
λ′′0
λτ0
∈Q

⋃
j′′0 ∈[0,1)

h∞1 (Zj
′′
0
λ′′0

) (3.3.249)

are called relatively rational, if λσ0
λτ0
∈ Q (ε = 1). Clearly, in this case h∞1 (λσ0 ) = h∞1 (λτ0) (other function

space are defined similarly27).

Corollary 3.3.54:

Relatively rational operators generate an algebra with common domain h∞1 (λ0) for some λ0 ∈ R.

Corollary 3.3.55:

Let σ be a U(1)λ0-equivariant symbol, then A(ε)
σ and A(ε′)

σ are relatively rational if and only if ε
′

ε ∈ Q. Here,
we made the ε-dependence of (3.3.235) explicit.

If we want to use symbolic calculus in the analysis of Bohrian pseudo-differential operators, we will need a
statement concerning the asymptotic summation of symbols in smρ,δ.

Proposition 3.3.56:

Let {mj}∞j=1 ⊂ R be such that limj→∞mj = −∞, m := maxj∈Nmj, and σj ∈ s
mj
ρ,δ for all j ∈ N. Then,

there exists a symbol σ ∈ smρ,δ, unique up to s−∞, such that a ∼
∑∞
j=1 σj, i.e.:

∀n ∈ N : ∃kn ∈ N : ∀k ≥ kn : σ −
k∑
j=1

σj ∈ smnρ,δ . (3.3.250)

If the symbols σj , j ∈ N, are of polynomially bounded spectral growth of order (γ, γ′) or U(1)λ0-equivariant,
then so is σ.
Proof:

Using standard excision function techniques and literally repeating the argument in [Ruzhansky and Turunen,
2009], Theorem 4.4.1, accomplishes the proof. The statement concerning polynomially bounded spectral
growth and equivariance follows, because the excision functions only touch the second argument of the
symbols.

We close this section with a discussion of the differences between almost-periodic pseudo-differential operators
and Bohrian pseudo-differential operators:

Our first observation is, as already mentioned above, that almost-periodic pseudo-differential operators are
not equivalent to Bohrian pseudo-differential operators, at least not without extending the symbol classes for
almost-periodic pseudo-differential operators to include non-smooth elements, in contrast with the analogous
situation in the U(1)-equivariant case. This is most easily inferred from an explicit example (important in
section 3.4):

A : hsp(R)→ hs−1
p (R), s ∈ R, (AΦ)(λ) := |λ|Φ(λ), Φ ∈ hs+1

p (R), (3.3.251)

which has the symbol σA(x, λ) = |λ|, which makes sense for (3.3.234) as well as (3.3.235). Clearly,
σA ∈ s

1,(0,0)
1,0 , but σ /∈ APSmρ,δ for any m, ρ, δ, because this require smoothness in the second argument.

Since an element Φ ∈ hsp(R) can have support at any point λ ∈ R, there is no smooth interpolation of σA
(the same observation holds for the spaces h∞1 (λ0)).
Second, since symbols of almost-periodic pseudo-differential operators form a subclass of Hörmander’s sym-
bols, it is possible to transfer much of the usual symbolic calculus to their setting. This remains partially

27In contrast with d(R), the test function space d(λ0) can be given a countable strict inductive limit topology, because Q is
countable.
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true for Bohrian pseudo-differential operator, if we replace the symbolic calculus with a discrete version
familiar from the U(1)-equivariant case (cf. [Ruzhansky and Turunen, 2009]). From a conceptional point
of view it is useful to introduce Fourier-Weyl elements, and the associated (de-)quantisation formulas (cp.
(3.3.4), and below):

Ŵε(λ, x) =
∑
β∈R

∫
RBohr

dµBohr(α) e−λ(α)e−β(x) Wε(α, β), trl2(R)(Ŵε(λ, x)Ŵε(λ′, x′)) = δλ,λ′δBohr(x− x′),

(3.3.252)

Aσ =
∑
λ∈R

∫
RBohr

dµBohr(x) σ(x, λ) Ŵε(λ, x), σA(x, λ) = trl2(R)(Ŵε(λ, x)A),

which are to interpreted in a distributional sense with δBohr =
∑
λ∈R e−λ ∈ H0

∞(RBohr). These formulas
can be used to derive the product formula for symbols, ρ = σ ?ε τ , corresponding to the operator product
Aρ = AσAτ (if defined):

ρ(x, λ) =
∑
λ′∈R

∫
RBohr

dµBohr(x′) e−λ′(x)eλ(x′)
∑
λ′′∈R

∫
RBohr

dµBohr(x′′) σ̂(λ′′, x′′)τ̂(λ′−λ′′, x′−x′′) (3.3.253)
× e− ε2λ′′(x

′−x′′)e ε
2 (λ′−λ′′)(x′′)

=
∑
λ′∈R

∑
λ′′∈R

e−λ′(x)e−λ′′(x) σ̂1(λ′′, λ+ ε
2λ
′)τ̂1(λ′, λ− ε

2λ
′′),

ρ̂1(λ′, λ) =
∑
λ′′∈R

σ̂1(λ′′, λ+ ε
2 (λ′ − λ′′))τ̂1(λ′ − λ′′, λ− ε

2λ
′′),

which is completely analogous with the formula for the standard Moyal-Weyl product (3.3.7). For σ, τ ∈
Trig(R) ⊗ d(R) the expression (3.3.253) is convergent, but in general, e.g. for Aσ, Aτ relatively rational, it
has to be interpreted in an oscillatory sense, i.e. it should be regularised in the way we used to define Aσ.
Remark 3.3.57:

The formula (3.3.253) shows that the composition Aρ = AσAτ of relatively rational operators Aσ, Aτ is also
relatively rational to Aσ, Aτ .

Finally, we look into possible asymptotic expansions of (3.3.253). Let us first assume that σ and τ are smooth
in the second argument, and belong to Hörmander’s symbol classes. Then, we apply a Taylor expansion of
the product of σ̂1 and τ̂1 in (3.3.253):

ρ(x, λ) =
∑
λ′∈R

e−λ′(x)
∑
λ′′∈R

e−λ′′(x)
N∑
n=0

1
n!

(
−iε
2

)n n∑
k=0

(
n

k

)
(−1)n−k

(
̂(∂kx∂n−kλ σ)

1
(λ′′, λ) ̂(∂n−kx ∂kλτ)

1
(λ′, λ)

)

+
(
−iε
2

)N+1
R(N)
σ,τ (x, λ), (3.3.254)

=
N∑
n=0

1
n!

(
−iε
2

)n n∑
k=0

(
n

k

)
(−1)n−k

(
(∂kx∂n−kλ σ)(λ′′, λ)(∂n−kx ∂kλτ)(λ′, λ)

)
+
(
−iε
2

)N+1
R(N)
σ,τ (x, λ),

R(N)
σ,τ (x, λ) = 1

N !
∑
λ′∈R

e−λ′(x)
∑
λ′′∈R

e−λ′′(x)
N+1∑
k=0

(
N + 1
k

)
(−1)N+1−k

×
∫ 1

0
dt(1− t)N ̂(∂kx∂n−kλ σ)

1
(λ′′, λ+ tε

2 λ
′) ̂(∂n−kx ∂kλτ)

1
(λ′, λ− tε

2 λ
′′),

which resembles the well-know formulas from the Rn-case, besides the fact that we have to deal with the
Fourier series on Rdisc instead of the Fourier transform, which leads to different convergence properties
(see above). If we do not want to impose smoothness of the symbols and work with the classes smρ,δ (see
definition 3.3.47), we will have to replace the Taylor expansion by some non-smooth analogue. A least, in
the case of relatively rational operators, this is achieved by the discrete Taylor expansion or Newton series
(cf. [Ruzhansky and Turunen, 2009], Theorem 3.3.21), because this essentially reduces the situation to the



100 3.3 On Weyl and Kohn-Nirenberg calculi for compact Lie groups

U(1)-equivariant case. For Φ : Zn → C, we have (in multi-index notation):

Φ(λ+ λ′) =
∑
α∈N0
|α|≤N

1
α!λ

′(α)(∆α
λΦ)(λ) + rNΦ (λ, λ′), λ′(α) =

n∏
i=1

λ
′(αi)
i , λ

′(αi)
i := λ′ · ... · (λ′ − αi + 1),

=
∑
α∈N0
|α|≤N

(
λ′

α

)
(∆α

λΦ)(λ) + rNΦ (λ, λ′), = α!
(
λ′

α

)
(3.3.255)

where the remainder r(N)
Φ (λ, λ′) satisfies:

|(∆β
λr

(N)
Φ )(λ, λ′)| ≤ max

|α|=N+1
λ′′∈Q(λ′)

|λ′(α)(∆α+β
λ Φ)(λ+ λ′′)|, Q(λ′) := {λ′′ ∈ Zn | |λ′′i | ≤ |λ′i|, i = 1, ..., n}.

(3.3.256)

Therefore, if Aσ and Aτ are relatively rational operators with σ ∈ smσρ,δ and σ ∈ smτρ,δ , their composition
Aρ = AσAτ is defined, and we find:

ρ(x, λ) =
∑

λ′∈Z
jτ0
λτ0

∑
λ′′∈Z

jσ0
λσ0

e−λ′(x)e−λ′′(x) σ̂1(λ′′, λ+ ε
2λ
′)τ̂1(λ′, λ− ε

2λ
′′) (3.3.257)

= e−(λσ0 jσ0 +λτ0 jτ0 )(x)
∑
mτ∈Z

∑
mσ∈Z

e−(λσ0mσ+λτ0mτ )(x) σ̂1(λσ0 (mσ + jσ0 ), λ+ ε
2λ

τ
0(mτ + jτ0 ))

× τ̂1(λτ0(mτ + jτ0 ), λ− ε
2λ

σ
0 (mσ + jσ0 ))

= e−(λσ0 jσ0 +λτ0 jτ0 )(x)
∑
mτ∈Z

∑
mσ∈Z

e(λσ0mσ−λτ0mτ )(x)
N∑
n=0

1
n!

×
n∑
k=0

(
n

k

)
m(k)
τ

(
∆k
λ, ε2λ

τ
0
σ̂1
)

(λσ0 (−mσ+jσ0 ), λ+ ε
2λ

τ
0j
τ
0 )m(n−k)

σ

(
∆n−k
λ, ε2λ

σ
0
τ̂1
)

(λτ0(mτ+jτ0 ), λ− ε
2λ

σ
0 j
σ
0 )

+ r(N)
σ,τ (x, λ; ε2 )

=
N∑
n=0

1
n!

n∑
k=0

(
n

k

)((
D
jσ0
x,λσ0

)(n−k)
∆k
λ, ε2λ

τ
0
σ

)
(x, λ+ ε

2λ
τ
0j
τ
0 )
((

D
jτ0
x,λτ0

)(k)
∆n−k
λ, ε2λ

σ
0
τ

)
(x, λ− ε

2λ
σ
0 j
σ
0 )

+ r(N)
σ,τ (x, λ; ε2 ),

where Dj0
x,λ0

:= − i
λ0
∂x− j0, and we employed the scaled forward difference (∆λ,λ0f)(λ) = f(λ+ λ0)− f(λ).

To arrive at the last line, we applied the inverse Fourier transform (the series are in h∞1 (R)) together with
the identity:

λ(k)Ψ̂(λ) =
∫
RBohr

dµBohr(x) eλ(x)(i∂x)(k)Ψ(x), Ψ ∈ H∞1 (RBohr). (3.3.258)

The formula (3.3.257) constitutes a discrete analogue of the usual asymptotic Weyl product formula. Al-
though, the expansion is not manifestly given in orders of ε, it still has the crucial property that the
contribution at order n belong to the symbol classes smσ+mτ−n(ρ−δ)

ρ,δ leading to contributions by strictly
smaller operators (assuming a suitable version of the Calderón-Vaillancourt theorem holds, cf. [Calderón
and Vaillancourt, 1972, Folland, 1989, Shubin, 1974]) with every increase in the order of the expansion for
δ < ρ (use corollary 3.3.48). Finally, we would like to conclude that (3.3.257) qualifies as an asymptotic
expansion, which would hold true, if we were to show that r(N)

σ,τ ∈ smσ+mτ−(N+1)(ρ−δ)
ρ,δ . In view of the posi-

tive results of Ruzhansky and Turunen for the U(1)-Kohn-Nirenberg calculus (cf. [Ruzhansky and Turunen,
2009], Theorem 4.7.10), we fully expect this to be the case.

A simple boundedness theorem of Sobolev type for U(1)λ0-equivariant operators Aσ with σ ∈ sm0,0 (this
encompasses the important case σ ∈ smρ,0 ⊂ sm0,0) can be proved by means of the (discrete) Young’s inequality
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(cf. [Ruzhansky and Turunen, 2009], where a similar reasoning is applied to U(1)-Kohn-Nirenberg operators,
Proposition 4.2.3):

Lemma 3.3.58:

Given a function h : Zj0λ0
×Zj

′
0
λ′0
→ C, s.t.

C1 := sup
λ∈Zj0λ0

∑
λ′∈Z

j′0
λ′0

|h(λ, λ′)| <∞, C2 := sup
λ′∈Z

j′0
λ′0

∑
λ∈Zj0λ0

|h(λ, λ′)| <∞, (3.3.259)

we may define (KhΦ) (λ) :=
∑
λ′∈Z

j′0
λ′0

h(λ, λ′)Φ(λ′) for all Φ ∈ h0
p(Z

j′0
λ′0

), and have:

||KhΦ||(0,p) ≤ C
1
p

1 C
1
q

2 ||Φ||(0,p), 1 ≤ p, q ≤ ∞, 1
p + 1

q = 1. (3.3.260)

Proof:

The results is a simple repetition of the argument presented in [Ruzhansky and Turunen, 2009] for scales
affine Z-lattices.

Another useful result presented in [Ruzhansky and Turunen, 2009], which generalises to our case, is

Lemma 3.3.59 (cp. [Ruzhansky and Turunen, 2009], Lemma 4.2.1):

Given σ ∈ smρ,δ, its Fourier transform w.r.t. the first variable satisfies:

∀r ∈ R≥0, β ∈ N0 :
∣∣∣(∆β

λσ̂
1
)

(λ′, λ)
∣∣∣ ≤ Cr,β〈λ′〉−r〈λ〉m−ρβ+δr. (3.3.261)

Proof:

In analogy with the usual regularisation arguments, we have for M ∈ N0∣∣∣(∆β
λσ̂

1
)

(λ′, λ)
∣∣∣ =

∣∣∣∣∫
RBohr

dµBohr(x) eλ′(x)σ(x, λ)
∣∣∣∣ (3.3.262)

=
∣∣∣∣∫

RBohr

dµBohr(x) 〈λ′〉−2M ((1− ∂2
x)Meλ′(x)

)
σ(x, λ)

∣∣∣∣
=
∣∣∣∣∫

RBohr

dµBohr(x) 〈λ′〉−2Meλ′(x)(1− ∂2
x)Mσ(x, λ)

∣∣∣∣
≤ 〈λ′〉−2M

M∑
α=0

(
M

α

)
C2αβ〈λ〉m−ρβ+δ2α

≤

(
M∑
α=0

(
M

α

)
C2αβ

)
︸ ︷︷ ︸

=:C2M,β

〈λ′〉−2M 〈λ〉m−ρβ+δ2M .

The boundary term arising from the partial integrations vanishes, because ∀λ ∈ R : σ( . , λ) ∈ C∞b (R). The
result follows for M = p

q ∈ Q≥0 from

∣∣∣(∆β
λσ̂

1
)

(λ′, λ)
∣∣∣ =

(∣∣∣(∆β
λσ̂

1
)

(λ′, λ)
∣∣∣2q) 1

2q

(3.3.263)

≤
(
C2p,β〈λ′〉−2p〈λ〉m−ρβ+δ2p) 1

2q
(
C0,β〈λ〉m−ρβ

) 2q−1
2q

= C p
q ,β
〈λ′〉−

p
q 〈λ〉m−ρβ+δ pq ,

and for M = r ∈ R≥0 by continuity.
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Now, a Calderón-Vaillancourt type result can be proved:
Theorem 3.3.60:

A U(1)λ0-equivariant operator Aσ : h∞1 (Zj
′
0
λ′0

) → h∞1 (Zj
′′
0
λ′′0

) as in proposition 3.3.51 with σ ∈ smρ,δ extends

uniquely to bounded operator from hsp(Z
j′0
λ′0

) to hs−tp (Zj
′′
0
λ′′0

) for p ∈ [1,∞) and any s, t ∈ R, s.t.

∃r ∈ R≥0 : δr ≤ t−m & (1− δ)r > (|m| − 1 + |t|+ |s− t|). (3.3.264)

In particular, this justifies to call operators with σ ∈ s−∞ (infinitely) smoothing. Moreover, if δ = 0, we can
choose t = m.
Proof:

For any t ∈ R, we estimate by Peetre’s inequality:

||AσΦ||p(s−t,p) =
∑

λ′′∈Z
j′′0
λ′′0

〈λ′′〉p(s−t)
∣∣∣∣ ∑
λ′∈Z

j′0
λ′0

σ̂1(λ′′ − λ′, 1
2 (λ′′ + λ′))Φ(λ′)

∣∣∣∣p (3.3.265)

≤ 2p|s−t|
∑

λ′′∈Z
j′′0
λ′′0

∣∣∣∣ ∑
λ′∈Z

j′0
λ′0

〈λ′′ − λ′〉|s−t|〈λ′〉−tσ̂1(λ′′ − λ′, 1
2 (λ′′ + λ′))〈λ′〉sΦ(λ′)

∣∣∣∣p.
Now, setting hσ(λ′′, λ′) := 〈λ′′ − λ′〉|s−t|〈λ′〉−tσ̂1(λ′′ − λ′, 1

2 (λ′′ + λ′)), we would like to employ Young’s
inequality (see lemma 3.3.58), which will be possible since for any r ∈ R≥0:

Cσ1 := sup
λ′′∈Z

j′′0
λ′′0

∑
λ′∈Z

j′0
λ′0

|hσ(λ′′, λ′)| ≤ Cr,0 sup
λ′′∈Z

j′′0
λ′′0

∑
λ′∈Z

j′0
λ′0

〈λ′′ − λ′〉|s−t|〈λ′′〉−t〈λ′′ − λ′〉−r〈 12 (λ′′ + λ′)〉m+δr

(3.3.266)

≤ 23|m+δr|+|t|Cr,0 sup
λ′′∈Z

j′′0
λ′′0

∑
λ′∈Z

j′0
λ′0

〈λ′′ − λ′〉−r(1−δ)+|m|+|t|+|s−t|〈λ′′〉−t+m+δr

≤ 23|m+δr|+|t|Cr,0

 sup
λ′′∈Z

j′′0
λ′′0

〈λ′′〉−t+m+δr

 ∑
λ′∈Z

j′′0
λ′′0

〈λ′〉−r(1−δ)+|m|+|t|+|s−t|,

Cσ2 := sup
λ′∈Z

j′0
λ′0

∑
λ′′∈Z

j′′0
λ′′0

|hσ(λ′′, λ′)| ≤ Cr,0 sup
λ′∈Z

j′0
λ′0

∑
λ′′∈Z

j′′0
λ′′0

〈λ′′ − λ′〉|s−t|〈λ′′〉−t〈λ′′ − λ′〉−r〈 12 (λ′′ + λ′)〉m+δr

≤ 23|m+δr|Cr,0 sup
λ′∈Z

j′0
λ′0

∑
λ′′∈Z

j′′0
λ′′0

〈λ′′ − λ′〉−r(1−δ)+|m|+|s−t|〈λ′〉−t+m+δr

≤ 23|m+δr|Cr,0

 sup
λ′∈Z

j′0
λ′0

〈λ′〉−t+m+δr

 ∑
λ′′∈Z

j′′0
λ′′0

〈λ′′〉−r(1−δ)+|m|+|s−t|,

where we used the estimate on σ̂1 from lemma 3.3.59 and, repeatedly, Peetre’s inequality. In each case, the
last line follows from the rationality of λ′0

λ′′0
. Thus, if (3.3.264) holds, we will have Cσ1 < ∞ and Cσ2 < ∞

(0 ≤ δ < 1), from which we conclude by Young’s inequality:

||AσΦ||p(s−m,p) ≤ 2p|s−m|||Khσ (〈 . 〉sΦ)||p0,p ≤ 2p|s−m|Cσ1 (Cσ2 )
p
q ||Φ||ps,p. (3.3.267)

Finally, because h∞1 (R) ⊂ hsp(R) is dense for s ∈ R, p ∈ [1,∞), the existence of a unique bounded extension
of Aσ follows. The remaining statements are obvious.
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3.4. Applications

While the previous sections were of a rather abstract mathematical character, the present section is devoted
to discussing applications of the outlined framework to models of quantum gravity, especially LQG and LQC.
The structure of the section is as follows:

In the first subsection 3.4.1, we show how the transformation group C∗-algebra C(G) oL G makes a, quite
natural, appearance in the phase space quantisation of LQG-type models that are based on a gauge theory
with compact (Lie) structure group G, and discretisations w.r.t. graphs (cf. [Thiemann, 2001b] and references
therein). Furthermore, we discuss how Weyl and Kohn-Nirenberg quantisation enter the picture. In the
second subsection 3.4.2, we discuss the possibility of applying the framework of adiabatic perturbation theory
(see section 2.3 of chapter 2) as well as the Born-Oppenheimer approximation to quantum field theory on
quantum cosmological spacetimes in the context of Wheeler-DeWitt theory and LQC (cf. [Ashtekar and
Singh, 2011] and references therein).

3.4.1. Loop quantum gravity and phase space quantisation

To begin with, we recall some basic notions from LQG. We follow closely [Thiemann, 2001b] (see also chapter
5, section 5.2), although we refine certain aspects of the presentation:

LQG is based on a Hamiltonian formulation of general relativity in terms of a constrained Yang-Mills-type
theory, i.e. in a field theoretic description the phase space of the classical theory is given by the (densitiesed)
cotangent bundle |Λ|1T ∗AP to the space of connections A P on a given (right, semi-analytic28) principal
G-bundle P π→ Σ, where Σ is the spatial manifold in a 3+1-splitting of a (globally hyperbolic) spacetime
M ∼= R×Σ. In general relativity, we have G = SU(2),Spin4, or central quotients of these groups, but for
most of what follows we only need to assume that G is a compact Lie group.

The basic variables, the theory is phrased in, are the Ashtekar-Barbero connection A ∈ AP and its conjugate
momentum E ∈ Γ

(
TΣ⊗Ad∗(P)⊗ |Λ|1(Σ)

)
. Strictly speaking, we further require E to be non-degenerate

as a (densitiesed) section of the bundle of linear operators L(Ad(P), TΣ). In general relativity, the existence
of E is ensured by the triviality of the orthogonal frame bundle PSO(Σ). This mathematical setup also
appears to be valid in the context of the new variables proposed in [Bodendorfer et al., 2013c,Bodendorfer
et al., 2013d]. Here, Ad∗(P) := P×Ad∗ g

∗ and |Λ|1(Σ) denotes the bundle of 1-densities on Σ. Since AP is an
affine space modelled on Ω1(Ad(P)) := Γ(T ∗Σ⊗Ad(P)), Ad(P) := P×Ad g , the following Poisson structure

{Eai (x), Ajb(y)} = δab δ
j
i δ(x, y) (3.4.1)

is meaningful in local coordinates φ : U ⊂ Σ→ V ⊂ R3 subordinate to a local trivialisation ψ : P|U → U×G,
i.e.

((φ ◦ ψ)−1)∗A|P|U = Ajbdx
b ⊗ τj , (φ ◦ ψ)∗E|P|U = Eai

∂

∂xa
⊗ τ∗i. (3.4.2)

Here, {τj}j is a basis of g and {τ∗i}i its dual in g∗.

The variables (A,E) are directly related to the Arnowitt-Deser-Misner variables (q, P ). Namely, Eai is a
densitiesed triad for the spatial metric qabEai Ebj = det(q)δij , and Aia = Γia+Ki

a is built out of the Levi-Civita
connection Γ of the spatial metric q and the extrinsic curvature K determined by the momentum P .

What makes the variables (A,E) special, is that they allow to carry out a canonical quantisation of general
relativity, i.e. LQG (cf. [Rovelli, 2007,Thiemann, 2008] for general accounts on the topic). Especially, it is
possible to construct mathematically well-defined operators for all constraints acting in a suitable Hilbert
space within this approach, most prominently the Wheeler-DeWitt constraint (cf. [Thiemann, 1998c,Thie-
mann, 1998d,Thiemann, 1998e,Thiemann, 1998f,Thiemann, 1998g,Thiemann, 1998h,Thiemann, 2001b]).

28An elementary introduction to the semi-analytic category can be found in [Thiemann, 2008].
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The canonical quantisation of Γ := |Λ|1T ∗AP, adapted optimally to our framework, starts from the following
functionals of the basic variables (A,E):

Definition 3.4.1:

Let γ ∈ Γsa,↑
0 be an oriented, embedded, semi-analytic, compactly supported, finite graph in Σ, Pγ an oriented,

semi-analytic, polyhedronal decomposition of Σ dual to γ, and Πγ a system of oriented, semi-analytic paths
adapted to γ and Pγ , i.e. for every edge e ∈ E(γ) there exists a unique face Se of Pγ having unique
transversal intersection xe = e ∩ Se in an interior point, and a collection of paths {ρe(x) | x ∈ Se} ⊂ Πγ

from any x ∈ Se to xe. Moreover, Se carries a compatible orientation of its normal bundle, i.e. aligned with
the orientation of the edge e. As usual, the edges (connected, oriented semi-analytic submanifolds, possibly
with two-point boundary) and vertices (boundary points of edges) of a graph γ are denoted by e ∈ E(γ),
respectively, v ∈ V (γ). An edge will be treated as an embedded submanifold e : [0, 1]→ Σ. The orientations

The triple l = (γ, Pγ ,Πγ) is called a finite, oriented, semi-analytic structured graph in Σ, and we associate
with it the following functionals of (A,E) ∈ Γ:

ge(A;σ)(s, t) ∈ G, s ≤ t ∈ [0, 1] s.t. holAe (s(e(s))) = Rge(A;σ)(s,t)(s(e(t))), (3.4.3)

P eX(A,E;σ) =
∫
Se

∗
((

Ad∗ge(A;σ)(se,1)gρe (A;σ)(0,1)(Eσ)
)

(X)
)
, X ∈ g,

where σ : Σ→ P is a (measurable) section, which defines a (measurable) equivalences Σ×G ∼σ P, ψσ(x, g) =
Rg(σ(x)), and Σ× g∗ ∼σ Ad∗(P), Ad∗(ψσ)(x, θ) = [(σ(x), θ)]. In this sense, Eσ is the vector density valued
section of Σ× g corresponding to E, and ∗(Eσ(X)) is the pseudo-2-form dual the vector density E(X). The
parameter se ∈ [0, 1] is determined from e(se) = xe.

The set of all finite, oriented, semi-analytic structured graphs is called L , and we abbreviate ge(A;σ)(0, 1) =
ge(A, σ) in the following. The images of Γ under the functionals (3.4.3) (s=0,t=1), when varied w.r.t. l ∈ L ,
are the truncated phase spaces Γl :=×e∈E(γ)(T

∗G)e ∼= T ∗G|E(γ)| (w.r.t. the right trivialisation). The images
of Γ under the holonomy functionals alone are the truncated configurations spaces Cl :=×e∈E(γ)Ge

∼=
G|E(γ)|, which are naturally covered by the Γl via the cotangent bundle projection T ∗G→ G.

A detailed discussion of these functionals, and the issue of imposing boundary conditions on (A,E), can be
found in [Thiemann, 2001b], where a regularised Poisson (even symplectic) structure on the truncated phase
spaces Γl = T ∗G×|E(γ)|, l = (γ, Pγ ,Πγ) ∈ L , compatible with (3.4.1) is derived, as well:

Proposition 3.4.2 (cf. [Thiemann, 2001b], Theorem 3.2):

Let l = (γ, Pγ ,Πγ) ∈ L and f, f ′ ∈ C∞(G), then the regularised Poisson structure on Γl w.r.t. to the func-
tionals (3.4.3) agrees with the Poisson structure on (smooth) polynomial symbols coming from the canonical
symplectic form on T ∗G×|E(γ)| ∼= (G× g)×|E(γ)| (cp. theorem 3.3.14, and (3.3.62) & (3.3.63)) on , i.e.:

{f(ge( . ;σ)), f ′(ge′( . , σ))}Γl(A,E) = 0, (3.4.4)

{P eX( . , . ;σ), f ′(ge′( . , σ))}Γl(A,E) = δe,e
′
(RXf ′)(ge′(A;σ)),

{P eX( . , . ;σ), P e
′

Y ( . , . ;σ)}Γl(A,E) = −δe,e′P e[X,Y ](A,E;σ).

Since the functionals (3.4.3) provide coordinates for the truncated phase spaces Γl, l ∈ L , we may extend the
Poisson structure (3.4.4) to C∞(T ∗G|E(γ)|) ∼= C∞(T ∗G)⊗̂|E(γ)|, γ ∈ l (the isomorphism is to be understood
in the nuclear Fréchet space topology, cf. [Amann, 2003]).
The functionals (3.4.3) behave naturally w.r.t. to composition and inversion of edges:

Lemma 3.4.3:

Let e = e2 ◦ e1, i.e. e(t) = e1(2t), t ∈ [0, 1
2 ], e(t) = e2(2t − 1), t ∈ [ 1

2 , 1], and e−1(t) = e(1 − t), t ∈ [0, 1],
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then we have:

ge(A;σ)(s, t) =


ge1(A;σ)(2s, 2t) : s ≤ t ≤ 1

2
ge2(A;σ)(0, 2t− 1)ge1(A;σ)(2s, 1) : s ≤ 1

2 ≤ t
ge2(A;σ)(2s− 1, 2t− 1) : 1

2 ≤ s ≤ t
, ge−1(A;σ)(s, t) = ge(A;σ)(1− t, 1− s)−1

(3.4.5)

and

P e
−1

X (A,E;σ) = −P eAdge(A;σ)(X)(A,E;σ). (3.4.6)

Proof:

(3.4.5) is a simple consequence of the properties of the holonomy map of a connection A ∈ AP. (3.4.6)
follows from (3.4.5), if we assume that the polyhedronal decomposition of an edge-inverted graph γ−1

(corresponding to γ) is chosen s.t. Se−1 = Se carries the orientation opposite to Se, and the systems of paths
satisfy ρe−1(x) = ρe(x), x ∈ Se, se−1 = 1− se.

The behaviour under the group of gauge transformations G P is natural, as well, and even vertex local (see
subsection 5.2.1 of chapter 5 for a detailed exposition).

Lemma 3.4.4:

Let λ ∈ G P, and denote by fλ ∈ C(P, G)α the corresponding α-equivariant G-valued function on P (α is the
conjugation in G). Then, the transformations,

A 7→ (λ−1)∗A, E 7→ λ∗E, (3.4.7)

where E is identified with its Ad∗-equivariant extension to P, induce the following transformations on the
functionals (3.4.3):

ge((λ−1)∗A;σ)(s, t) = fλ(σ(e(t)))ge(A;σ)fλ(σ(e(s)))−1, P eX((λ−1)∗A, λ∗E;σ) = P eAdfλ(σ(e(1)))−1 (X)(A,E;σ).

(3.4.8)

Proof:

This is a simple application of the transformation behaviour of (A,E) ∈ |Λ|1T ∗AP, which can be found in
subsection 5.2.1 of chapter 5 (lemma 5.2.15).

Let us add an extend remark concerning the structure of the functionals (3.4.3), and their dependence on
the choice of an auxiliary (measurable) section σ : Σ→ P.

Remark 3.4.5:

The space of connections AP can be modelled as an affine space on the space of Ad-equivariant, horizontal, g-
valued 1-forms on P, Λ1(P, g)Ad, which serves as configuration space in the Ashtekar-Barbero formulation of
general relativity (and also in higher dimensional generalisations, cf. [Bodendorfer et al., 2013c,Bodendorfer
et al., 2013d]). The momentum variables, on the other hand, are elements of Γ

(
TΣ⊗Ad∗(P)⊗ |Λ|1(Σ)

)
.

But, to make the (densitiesed) cotangent bundle structure explicit, i.e. (A,E) ∈ |Λ|1T ∗AP, we have to
identify Γ (TΣ⊗Ad∗(P)) with T ∗AAP = (Λ1(P, g)Ad)∗, which, indeed, is possible because (Λ1(P, g)Ad)∗ is
isomorphic with the space of Ad∗-equivariant, horizontal (w.r.t. A), g-valued vector fields on P, X(P, g)Ad∗ .
Thus, E can be realised as an element of |Λ|1T ∗AAP, and does depend on the base point A.

Therefore, the impression that the use of the position functionals ge(A;σ) is the sole source of dependence
of the momentum functional P eX(A,E;σ) on A is only apparent, because the usual definition of (A,E)
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employs the trivialisation |Λ|1T ∗AP ∼= AP×Γ
(
TΣ⊗Ad∗(P)⊗ |Λ|1(Σ)

)
, which is structurally similar to the

trivialisation T ∗G ∼= G× g∗, shrouding the (densitiesed) cotangent bundle structure.
This said, we may appreciate the special form of the Poisson algebra (3.4.4) generated by the functionals
(3.4.3), which intertwines the (right) trivialisations of |Λ|1T ∗AP and T ∗G×|E(γ)|.

Now, the dependence of the functionals (3.4.3) on the (measurable) section σ : Σ→ P remains to be clarified:
Clearly, if we are given two sections σ, σ′ : Σ→ P, the fibre-transitive (right) action of G on P will provide
us with a measurable function g : Σ→ G, s.t. σ′(x) = Rg(x)(σ(x)). Inspecting the definitions (3.4.3) closely,
and making use of the equivariance of the constructions, we find:

ge(A;σ′)(s, t) = g(e(t))−1ge(A;σ)(s, t)g(e(s)), P eX(A,E;σ′) = P eAdg(e(1))(X)(A,E;σ). (3.4.9)

Thus, comparing (3.4.8) and (3.4.9), we see that a change of section from σ to σ′ is similar in effect to a
gauge transformation, which could also be inferred from the observation that λ ◦ σ defines a section of P
for λ ∈ G P. But, although these operations of changing the section σ and acting with gauge transformation
λ effect the functionals (3.4.3) in a similar fashion, they are strictly speaking not equivalent, because the
transformations induced by changes of sections are only measurable, while the gauge transformations come
with additional regularity properties (semi-analytic in our case), which are influenced by the possible non-
triviality of the bundle P. Nevertheless, as long as we are concerned with a finite collection of structured
graphs, or at least locally finite collections29, and the regularity properties allow for a suitable localisation
of gauge transformations, e.g. semi-analyticity, the overall effect of the gauge group G P accounts for all
possible changes of sections σ, as well, due to the vertex local character of (3.4.9) and (3.4.8).
But, if the action of the gauge group G P is essentially equivalent to the action of all (measurable) maps
g : Σ→ G, we may wonder, whether the topological (and differential geometric) properties of the bundle P
are in any way reflected in the quantum theory, and thus if (principal) fibre bundles are important to question
in the quantum theory at all. The answer to this question is quite subtle, but it can be shown that non-trivial
topological properties of the gauge group G P (e.g. existence of large gauge transformation) leave an imprint
on the structure of the algebra of observables (e.g. θ-sectors) under certain conditions (e.g. chirally coupled
fermions with chiral anomaly, see chapter 5, section 5.5) [Morchio and Strocchi, 2009]. An observation
along similar lines was made by Landsman [Landsman, 1998], i.e. domains of definition for (unbounded)
observables of (quantum) particles coupled to external gauge fields can be affected by topological properties
of the (classical) bundle P.

Coming back to Poisson relation (3.4.4), proposition 3.4.2 tells us that it makes sense to identify the functional
P e( . )( . , . ;σ) with the momentum map of the strongly Hamiltonian left G-action L∗( . )−1 on the e-th
component of Γl (cp. (3.3.59)). Furthermore, the behaviour under edge inversion (3.4.6), e 7→ e−1 (l 7→ l′ in
L ), is precisely such that it turns P e−1

( . )( . , . ;σ) into the momentum map of the compatible right action
R∗( . )−1 :

{P e
−1

X ( . , . ;σ), f ′(ge′−1( . , σ))}Γl′ (A,E) = δe,e
′
(RXf ′)(ge′−1(A;σ)) (3.4.10)

= δe,e
′ d

dt |t=0
f ′(exp(tX)ge′(A;σ)−1)

= δe,e
′ d

dt |t=0
(f ′ ◦ ( . )−1)(ge′(A;σ) exp(−tX))

= δe,e
′ d

dt |t=0
(f ′ ◦ ( . )−1)(exp(−tAdge′ (A;σ)(X))ge′(A;σ))

= −δe,e
′
(RAdg

e′ (A;σ)(X)(f ′ ◦ ( . )−1))(ge′(A;σ))

= {−P eAdge( . ;σ)(X)( . , . ;σ), (f ′ ◦ ( . )−1)(ge′( . , σ))}Γl(A,E).

29Unfortunately, this excludes fractal graphs, which are sometimes assumed to be of relevance for LQG.
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In the (right) trivialisation T ∗G|E(γ)| ∼= (G× g∗)|E(γ)| these actions are given explicitly as:

L∗h−1(θ, g) = (Ad∗h(θ), hg), R∗h−1(θ, g) = (θ, gh−1), (3.4.11)

where g, h ∈ G, θ ∈ g∗. This, in turn, allows us to associate with each edge e of γ ∈ l the C∗-dynamical system
(C(G), G, αL), which is determined by the integrated form (3.3.8) of (3.4.4), and thus the transformation
group C∗-algebra C(G) oL G. The edge inversion fits into this (global) picture in the following sense:

Proposition 3.4.6:

Given a structured graph l ∈ L , we consider the collection of C∗-dynamical systems (C(G), G, αL)e, e ∈
E(γ), associated with Γl via the functionals (3.4.3). The edge inversion, e 7→ e−1, induces the isomorphism

(C(G), G, αL)e−1 ∼= (C(G), G, αR)e, e ∈ E(γ). (3.4.12)

Additionally, we have a natural isomorphism (C(G), G, αL) ∼= (C(G), G, αR), which induces an isomorphism
of the assignment e 7→ (C(G), G, αL)e form the edge inversion.
From the collection of C∗-dynamical systems (C(G), G, αL)e, e ∈ E(γ), we may form the tensor product of
the associated transformation group C∗-algebras, Al := (C(G) oL G)⊗|E(γ)| (which is unambiguous, because
C(G) oL G is nuclear (cf. [Williams, 2007], G is amenable), and the order of the tensor factors is irrel-
evant, because associativity and commutativity for the tensor product, e.g. the spatial tensor product, are
implemented by natural isomorphisms (cf. [Raeburn and Williams, 1998])). The latter satisfies:

(C(G) oL G)⊗|E(γ)| ∼= C(Cl) oL Cl. (3.4.13)

Proof:

The isomorphism (3.4.12) is immediate from the behaviour of the functionals (3.4.3) under edge inversion
and the comment preceding the proposition. Thus, we only need to prove the isomorphism (C(G), G, αL) ∼=
(C(G), G, αR). We do this via the natural left and right regular integrated representations on L2(G)

(ρL(f)Ψ) (g) =
∫
G

dh f(h, g)Ψ(h−1g), (ρR(f)Ψ) (g) =
∫
G

dh f(h, g)Ψ(gh), f ∈ C(G,C(G)), Ψ ∈ L2(G),

(3.4.14)

which provide isomorphisms of the transformation group C∗-algebras C(G) oL G and C(G) oR G with
K (L2(G)) (see definition 3.2.4 & theorem 3.2.7).

The algebras C∗-algebras C(G)oLG and C(G)oRG are defined as completions of C(G,C(G)) in the norm
(3.2.8) together with an involution (3.2.6) and a product (3.2.5), which involve the left respectively right
action of G on itself. We prove the isomorphism by providing an isomorphism of C(G,C(G)) that intertwines
these structures via ρL and ρR.

∀f ∈ C(G,C(G)) : I(f)(h, g) := f(αg(h−1), g) = f(gh−1g−1, g), (3.4.15)

I−1(f)(h, g) = f(αg−1(h−1), g), h, g ∈ G.

Clearly, I : C(G,C(G)) → C(G,C(G)) is an isomorphism (with inverse I−1), because group multiplication
and inversion are continuous. Next, let us see how ρL and ρR are related via I:

(ρR(I(f))Ψ) (g) =
∫
G

dh I(f)(h, g)Ψ(gh) =
∫
G

dh f(αg(h−1), g)Ψ(gh) (3.4.16)

=
∫
G

dh f(h−1, g)Ψ(hg) =
∫
G

dh f(h, g)Ψ(h−1g)

= (ρL(f)Ψ) (g).



108 3.4 Applications

The involutions and multiplications are intertwined w.r.t. I as well:

∀f ∈ C(G,C(G)) : I (f∗L) (h, g) = f∗L(αg(h−1), g) (3.4.17)

= f(αg(h), αg(h)g)

= f(αgh(h), gh)

= f((αgh(h−1))−1, gh)

= I(f)(h−1, gh)

= I(f)∗R(h, g),

∀f.f ′ ∈ C(G,C(G)) : I (f ∗L f ′) (h, g) = (f ∗L f ′)(αg(h−1), g) (3.4.18)

=
∫
G

dk f(k, g)f ′(k−1αg(h−1), k−1g)

=
∫
G

dk f(αg(k), g)f ′(αg(k−1h−1), gk−1)

=
∫
G

dk f(αg(k−1), g)f ′(αgk((k−1h)−1), gk)

=
∫
G

dk I(f)(k, g)I(f ′)(k−1h, gk)

= (I(f) ∗R I(f ′)) (h, g).

(3.4.13) follows from the isomorphisms C(G) oL G ∼= K (L2(G)) and K (L2(G))⊗2 ∼= K (L2(G×2)) (cf.
[Raeburn and Williams, 1998]).

Remark 3.4.7:

Noteworthy, the isomorphism (3.4.12) (or its inverse) reflects the cotangent bundle structure T ∗G ∼= G× g∗

on the (global) level of G×G, because it is related to the momentum maps (in the right trivialisation, see
(3.3.59) & (3.3.42)):

f(h, g)=f(exp(Xh), g), I(f)(h, g−1)=f(αg−1(h−1), g−1) (3.4.19)

=f(exp(−Adg−1(Xh)), g−1)

=
∫
g∗

dθ

(2π)n e
iθ(Xh)f̂1

exp(θ, g), =
∫
g∗

dθ

(2π)n e
iθ(Xh)f̂1

exp(−Ad∗g−1(θ), g−1)

=
∫
g∗

dθ

(2π)n e
iθ(Xh)f̂1

exp

(
J
L∗( . )−1 (θ, g), g

)
, =

∫
g∗

dθ

(2π)n e
iθ(Xh)f̂1

exp

(
J
R∗( . )−1 (θ, g), g−1

)
,

where fexp(X, g) = f(exp(X), g) and exp(Xh) = h.

So far, we have only analysed the relations between the functionals (3.4.3) associated with structured graphs
l, l′ ∈ L that are related via edge inversion, but it is possible to introduce partial orders, ≤ and ., on L

that leads to a projective structure on the collection of truncated phase spaces Γl, l ∈ L (see below). ≤
turns out to be compatible with the Poisson algebra (3.4.4) and certain generalisations of the C∗-dynamical
systems introduced in proposition 3.4.6. This will also explain, why we have not made the dependence of
the functionals (3.4.3) on l ∈ L explicit, but only indicated a dependence on γ ∈ l.

Definition 3.4.8 (cp. [Thiemann, 2001b] & [Lanéry and Thiemann, 2014]):

Given two structured graphs l = (γ, Pγ ,Πγ), l′ = (γ′, P ′γ′ ,Π′γ′) ∈ L , we say that l ≤ l′ if γ ⊆ γ′, i.e. the
oriented graph γ ∈ l is an oriented subgraph of the oriented graph γ′ ∈ l′.
If l ≤ l′ and l′ ≤ l, we say that l and l′ are equivalent, l ∼ l′.
Alternatively, we say that l . l′, if |γ| ⊆ |γ′| (the non-oriented graphs underlying γ and γ′ agree). If l . l′

and l′ . l, we say that l and l′ are equivalent up to orientation, l ' l′.
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Two other, but somewhat different, partial orders are the following (cf. [Lanéry and Thiemann, 2014], p.
52-53):

We say l lL l
′, if |γ| ⊆ |γ′|, and

∀e ∈ E(γ) : ∃e′ ∈ E(γ′) : ∃s0 ∈ [0, 1) : e|[s0,1] = e′. (3.4.20)

We write, l .=L l
′, if l lL l

′ and l′ lL l.
We say l lR l

′, if |γ| ⊆ |γ′|, and

∀e ∈ E(γ) : ∃e′ ∈ E(γ′) : ∃s0 ∈ (0, 1] : e|[0,s0] = e′. (3.4.21)

We write, l .=R l
′, if l lR l

′ and l′ lR l.
Clearly, l .=L l′ or l .=R l′, if and only if γ = γ′ (s0 = 0 is necessary). Loosely speaking, lL and lR

encode the condition that a graph γ′, which is finer (and possibly larger) than another graph γ, contains an
(oriented) edge e′ ∈ E(γ′) corresponding to the last respectively first part of an (oriented) edge e ∈ E(γ).

It follows from the discussion in [Thiemann, 2001b] that (L ,≤) and (L ,.) are partially ordered sets30.
Moreover, (L ,.) is directed, in contrast with (L ,≤), which follows, because any two non-oriented, finite,
semi-analytic graphs γ, γ′ have a common refined graph γ′′, that admits an orientation and a dual polyhe-
dronal decomposition (cf. [Thiemann, 2001b], see also [Thiemann, 2008], Section 6.2.2).
It is also easy to see that (L ,lL) and (L ,lR) are partially ordered and directed (cf. [Lanéry and Thiemann,
2014]), because γ′′ can be oriented s.t. (3.4.20) respectively (3.4.21) are satisfied w.r.t. the edge sets E(γ),
E(γ′′) and E(γ′), E(γ′′).
In case we are not in danger of ambiguities, we will use L as a short hand for (L ,≤), (L ,.), (L ,lL) and
(L ,lR).
In the next theorem (3.4.9), we show that the partial orders ≤, lL and lR on L are compatible with the
Poisson structures defined on Γl, l ∈ L . We also show, why we have, at this point, to deal, with oriented
graphs, Γsa,↑

0 , although edge inversion e → e−1 induces and isomorphism of Γl and Γl′ (see lemma 3.4.3 &
(3.4.10)), when γ and γ′ agree up to some edge orientations.
The reason for this lies in a compatibility condition of edge inversion and composition, that is not necessarily
satisfied for the corresponding maps between the truncated phase spaces Γl, l ∈ L 31.
In contrast, the Ashtekar-Isham-Lewandowski Hilbert space, L2(A ), which is a fundamental building block
of loop quantum gravity, arises from a projective structure constructed w.r.t. finite, non-oriented, semi-
analytic graphs Γsa

0 instead of L (cf. [Thiemann, 2008] for a general exposition, and original references).
Thus, there seems to be a certain tension between the phase space quantisation for loop quantum gravity pre-
sented here (cf. [Thiemann, 2001b,Thiemann, 2001a,Thiemann and Winkler, 2001a,Thiemann and Winkler,
2001a,Thiemann and Winkler, 2001c,Freidel et al., 2013]), and the framework based on the holonomy-flux
algebra and its Hilbert space representation on L2(A ).

The link between the two can be roughly understood as follows:
If we consider only the images of the holonomy functionals (3.4.3), we will obtain the truncated configuration
spaces Cl ∼= G|E(γ)|, l ∈ L , which admit the coarsening . of the partial order ≤ introduced above. Then,
we will have projections pll′ : Cl′ → Cl, if l . l′, which are compatible with ., i.e. pll′′ = pll′ ◦ pl′l′′ for
l . l′ . l′′. Furthermore, these maps can be lifted to symplectic projections p̃ll′ : Γl′ → Γl, but these lifts
are not unique, and therefore turn out to be only compatible with ≤, lL and lR instead of ..
We will further comment on the implications of this issue on the relation between phase space quantisation
and holonomy-flux algebras in theorem 3.4.10 and the outlook 7.

30The partial order ≤ is essentially the one, ≺, defined in [Thiemann, 2001b].
31It seems that this non-trivial condition has been overlooked in the main part of the literature with the exception of [Lanéry
and Thiemann, 2014], where the partial orders lL and lR are defined making the use of edge inversions obsolete at the phase
space level..
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Theorem 3.4.9:

Given l, l′ ∈ L , s.t. ł . l′. Then, we have smooth projections p̃cll′ : Γl′ → Γl, c = {ce′(l, l′)}e′∈E(γ′) ⊂ R,
defined by

ge(A;σ) = ge′m(A;σ)sm ...ge′1(A;σ)s1 , (3.4.22)

P eX(A,E;σ) = ce′m(l, l′)P e
′sm
m

X (A,E;σ) + ...+ ce′1(l, l′)P e
′s1
1

Ad(g
e′m

(A;σ)sm...g
e′2

(A;σ)s2 )−1 (X)(A,E;σ),

m∑
n=1

ce′n(l, l′) = 1,

where e ∈ E(γ), e′1, ..., e′m ∈ E(γ′) s.t. e = e′smm ◦ ... ◦ e′s11 with sn ∈ {±1} ∀ n = 1, ...,m, because |γ| ⊆ |γ′|.

If ce′n = 1 for n = 1 or n = m in the decomposition of an edge e = e′smm ◦ ...◦e′s11 , we denote the corresponding
maps by pRll′ and pLll′ , which have the properties:

1. The dual maps p̃R,L ∗ll′ : C∞(Γl)→ C∞(Γl′) are injective, continuous Poisson maps w.r.t. (3.4.4):

∀f, f ′ ∈ C∞(Γl) : p̃R,L ∗ll′ {f, f
′}Γl = {p̃R,L ∗ll′ f, p̃R,L ∗ll′ f ′}Γl′ . (3.4.23)

2. In case, l is equivalent to l′ (l ' l′), p̃R ∗ll′ = p̃L ∗ll′ and p̃R ∗l′l = p̃L ∗l′l , are Poisson isomorphisms that are
inverse to one another.

3. If l ≤ l′ ≤ l′′, the maps p̃R,Lll′ , p̃
R,L
l′l′′ and p̃

R,L
ll′′ are compatible with transitivity of ≤, i.e. p̃R,Lll′ ◦ p̃

R,L
l′l′′ = p̃R,Lll′′

(edge orientations coincide, ∀n = 1, ...,m : sn = 1).
If llR,L l

′lR,L l
′′, the maps p̃R,Lll′ , p̃

R,L
l′l′′ and p̃

R,L
ll′′ are compatible with transitivity of ≤, i.e. p̃R,Lll′ ◦ p̃

R,L
l′l′′ =

p̃R,Lll′′ (edge orientations coincide for n = m respectively n = 1, i.e. sm = 1 or s1 = 1).

4. If γ ⊂ γ′ and l−1, l′−1 denote the structured graphs with all edge orientations reversed, and
pl−1l : Γl → Γl−1 , l ∈ L , are the edge inversion maps (p̃Rl−1l = p̃Ll−1l), we have:

Γl′
p̃l′−1l′ //

p̃L
ll′

��

Γl′−1

p̃R
l−1l′−1

��

Γl
p̃l−1l

// Γl−1

(3.4.24)

In general, pc∗ll′ , l ≤ l′ will only be Poisson for those choices of c, s.t. for every composition e = e′smm ◦ ...◦e′s11 ,
we have ce′n(l, l′) = 1 for some n = 1, ...,m (all other ce′n(l, l′)’s vanish).

Proof:

Let us first explain, why the maps p̃cll′ are natural lifts of the maps pll′ (the latter arise from the holonomy
part of (3.4.22)), i.e.

Γl′
p̃c
ll′ //

$l′

��

Γl

$l

��

Cl′ pll′
// Cl

(3.4.25)

If we consider a function f on Ge, where e ∈ E(γ) decomposes in γ′ as e = e′smm ◦ ... ◦ e′s11 for some
e′1, .., e

′
m ∈ E(γ′), we can pull it back to×m

n=1Ge′n via pll′ (to this end, we extend f by 1 on the other copies
of G in Γl). Especially, we may pull back ReXf for some X ∈ ge, where Re is the right invariant derivation
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on the e-th copy of G:

(p∗ll′(RXf)) (ge′m , ..., ge′1) = d

dt |t=0
f
(
etXgsme′m ...g

s1
e′1

)
(3.4.26)

= d

dt |t=0
f

(
etce′mXgsme′m ...e

tce′1
Ad(gsm

e′m
...g

s2
e′2

)−1 (X)
gs1e′1

)
=
((

ce′mR
e′smm
X + ...+ ce′1R

e
′s1
1
Ad(gsm

e′m
...g

s2
e′2

)−1 (X)

)
(p∗ll′f)

)
(ge′m , ..., ge′1),

m∑
n=1

ce′m = 1.

But, since the right invariant derivation Re is generated by the Poisson bracket with P e, if we interpret f as
a function on Γl via the cotangent bundle projection, we see that P e should arise from the P e′n , n = 1, ...,m,
in precisely the way given in (3.4.22).

That p̃cll′ : Γl′ → Γl, c = {ce′}e′∈E(γ′) are projections is obvious from the definition (we suppress the possible
dependence of c on l, l′ at this point), and the fact, that a subgraph |γ| ⊆ |γ′| is obtained by removing and
composing edges. Smoothness of p̃cll′ is implied by the smoothness of the group operations.

Next, we show that p̃c∗ll′ is Poisson if and only if ce′n = 1 for some n = 1, ...,m (all other c’s vanish). To
deduce this, we realise that any p̃cll′ , l . l′, is obtained from the successive application of three fundamental
operations:

1. Removal of an edge e′ from γ′, i.e. r̃ : T ∗G×2 → T ∗G, r̃((θ2, g2), (θ1, g1)) = (θ2, g2).

2. Composition of two edges, e = e2 ◦ e1,
i.e. p̃c : T ∗G×2 → T ∗G, p̃c((θ2, g2), (θ1, g1)) = (cAd∗g2

(θ1) + (1− c)θ2, g2g1).

3. Inversion of an edge e 7→ e−1, i.e. ι̃ : T ∗G→ T ∗G, ι(θ, g) = (−Ad∗g−1(θ), g−1).

It is obvious, that r̃∗ : C∞(T ∗G)→ C∞(T ∗G×2) is Poisson, i.e.

∀f, f ′ ∈ C∞(T ∗G) : {r̃∗f, r̃∗f ′}T∗G×2((θ2, g2), (θ1, g1)) = r̃∗ ({f, f ′}T∗G) ((θ2, g2), (θ1, g1)), (3.4.27)

because r̃∗f and r̃∗f ′ depend only on (θ2, g2). A short calculation shows, what conditions on c are implied,
if p̃c∗ : C∞(T ∗G)→ C∞(T ∗G×2) is assumed to be Poisson.

{p̃c∗f, p̃c∗f ′}T∗G×2((θ2, g2),(θ1, g1)) = 〈∂θ1 p̃c∗f,R1p̃
c∗f ′〉((θ2, g2),(θ1, g1))−〈∂θ1 p̃c∗f ′, R1p̃

c∗f〉((θ2, g2),(θ1, g1))
(3.4.28)− θ1([∂θ1 p̃c∗f, ∂θ1 p̃c∗f ′]((θ2, g2), (θ1, g1)))

+ 〈∂θ2 p̃c∗f,R2p̃
c∗f ′〉((θ2, g2),(θ1, g1))−〈∂θ2 p̃c∗f ′, R2p̃

c∗f〉((θ2, g2),(θ1, g1))

− θ2([∂θ2 p̃c∗f, ∂θ2 p̃c∗f ′]((θ2, g2), (θ1, g1)))

= p̃c∗ (〈∂θf,Rf ′〉 − 〈∂θf ′, Rf〉) ((θ2, g2), (θ1, g1))

− (2− c)cAd∗g2
(θ1) ((p̃c∗[∂θf, ∂θf ′])((θ2, g2), (θ1, g1)))

− (1− c)2θ2 ((p̃c∗[∂θf, ∂θf ′])((θ2, g2), (θ1, g1)))

= p̃c∗ (〈∂θf,Rf ′〉 − 〈∂θf ′, Rf〉) ((θ2, g2), (θ1, g1))

− (2− c)θp̃c((θ2,g2),(θ1,g1)) ((p̃c∗[∂θf, ∂θf ′])((θ2, g2), (θ1, g1)))

+ (1− c)θ2 ((p̃c∗[∂θf, ∂θf ′])((θ2, g2), (θ1, g1)))

= p̃c∗ ({f, f ′}T∗G) ((θ2, g2), (θ1, g1))

− (1− c)θp̃c((θ2,g2),(θ1,g1)) ((p̃c∗[∂θf, ∂θf ′])((θ2, g2), (θ1, g1)))

+ (1− c)θ2 ((p̃c∗[∂θf, ∂θf ′])((θ2, g2), (θ1, g1))) ,

for all f, f ′ ∈ C∞(T ∗G×2). Here, we used the formula (3.3.58) for { , }T∗G and { , }T∗G×2 . The last line
shows, that the only possible choices for c, to make p̃c∗ a Poisson map, are c = 1 or c = 0. Clearly, a similar
phenomenon occurs for compositions involving more than 2 edges. Even, if we were to relax the condition
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∑m
n=1 ce′n = 1, this phenomenon would persist.

Another short calculation shows that ι̃∗ : C∞(T ∗G)→ C∞(T ∗G) is Poisson.

{ι̃∗f, ι̃∗f ′}T∗G(θ, g) = 〈∂θ ι̃∗f,Rι̃∗f ′〉(θ, g)− 〈∂θ ι̃∗f ′, Rι̃∗f〉(θ, g)− θ([∂θ ι̃∗f, ∂θ ι̃∗f ′](θ, g)) (3.4.29)

= ι̃∗(〈∂θf,Rf ′〉)(θ, g)− ι̃∗(〈∂θf ′, Rf〉)(θ, g) + Ad∗g−1(θ)(ι̃∗[∂θf, ∂θf ′](θ, g))

= ι̃∗{f, f ′}T∗G(θ, g).

If l and l′ are equivalent, l ' l′, p̃cll′ = p̃ll′ (no c-dependence) is induced from the map ι̃ on single edges.
Since ι̃ is an involution, ι̃ ◦ ι̃ = idT∗G, we conclude that

∀c : ∀l ' l : (p̃ll′)−1 = p̃l′l. (3.4.30)

Moreover, because ι̃∗ is Poisson, p̃∗ll′ is Poisson for all l ' l′.

To understand what conditions are imposed on the set c = {ce′}e′∈E(γ′) by demanding compatibility with
transitivity w.r.t. ≤, lR or lL, we take a look at the implications coming from the associativity of edge
composition. This certainly encompasses the case of composing three edges in the forms (e3 ◦ e2) ◦ e1 =
e2′ ◦ e1 = e and e3 ◦ (e2 ◦ e1) = e3 ◦ e1′ = e:

p̃c2′1 : T ∗G2′ × T ∗G1 → T ∗G, (3.4.31)

p̃c2′1((θ2′ , g2′), (θ1, g1)) = (c2
′1

1 Ad∗g2′
(θ1) + (1− c2

′1
1 )θ2′ , g2′g1),

p̃c(32)1 : T ∗G3 × T ∗G2 × T ∗G1 → T ∗G2′ × T ∗G1,

p̃c(32)1((θ3, g3), (θ2, g2), (θ1, g1)) = ((c(32)1
2 Ad∗g2

(θ2) + (1− c(32)1
2 )θ3, g3g2), (θ1, g1)),

p̃c31′ : T ∗G3′ × T ∗G1 → T ∗G,

p̃c31′((θ3, g3), (θ2, g2), (θ1, g1)) = ((1− c31′
3 )Ad∗g3′

(θ1) + c31′
3 θ3′ , g3′g1),

p̃c3(21) : T ∗G3 × T ∗G2 × T ∗G1 → T ∗G3 × T ∗G1′ ,

p̃c3(21)((θ3, g3), (θ2, g2), (θ1, g1)) = ((θ3, g3)(c3(21)
1 Ad∗g1

(θ1) + (1− c3(21)
1 )θ2, g2g1)),

p̃c321 : T ∗G3 × T ∗G2 × T ∗G1 → T ∗G,

p̃c((θ3, g3), (θ2, g2), (θ1, g1)) = (c321
1 Ad∗g3g2

(θ1) + c321
2 Ad∗g3

(θ2) + c321
3 θ3, g3g2g1),

⇒ (p̃c2′1◦pc(32)1)((θ3, g3),(θ2, g2),(θ1, g1))=(p̃c31′ ◦p̃c3(21))((θ3, g3),(θ2, g2),(θ1, g1))= p̃c((θ3, g3),(θ2, g2),(θ1, g1))
(3.4.32)

⇔ c321
1 = c2

′1
1 = (1− c31′

3 )c3(21)
1 ∧ c321

2 = (1− c2
′1

1 )c(32)1
2 = (1− c31′

3 )(1− c3(21)
1 )

∧ c321
3 = (1− c2

′1
1 )(1− c(32)1

2 ) = c31′
3 ,

where we used the constraints c321
1 + c321

2 + c321
3 = 1, c2′11 + c2

′1
2′ = 1, c31′

1′ + c31′
3 = 1, c(32)1

2 + c
(32)1
3 = 1 and

c
3(21)
1 + c

3(21)
2 = 1.

Since we are only interested in Poisson maps, the only interesting cases to check are c321
n = δn1, c

321
n = δn2 and

c321
n = δn3, n = 1, 2, 3. The first imposes p̃c2′1 = p̃R2′1, p̃

c
(32)1 = p̃R(32)1 or p̃L(32)1, p̃

c
31′ = p̃R31′ , p̃

c
3(21) = p̃R3(21).

The second case forces us to set p̃c2′1 = p̃L2′1, p̃
c
(32)1 = p̃R(32)1, p̃

c
31′ = p̃L31′ , p̃

c
3(21) = p̃L3(21). The third case gives

p̃c2′1 = p̃L2′1, p̃
c
(32)1 = p̃L(32)1, p̃

c
31′ = p̃L31′ , p̃

c
3(21) = p̃L3(21) or p̃R3(21).

Thus, we infer that choosing p̃Lll′ or p̃Rll′ for all l ≤ l′ generates a system of maps compatible with transitivity
of ≤, because outer left or right (w.r.t. edge orientation, i.e. n = 1 or n = m in a composition chain) θ-labels
are preserved in composition sequences. This property is not affected by edge removal, because the latter
only generates new (left or right) edge boundaries, which must be present in a subgraph independent of the
specific sequence of composing and removing edges.
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An analogous argument works for lR and lL in combination with p̃Rll′ and p̃Lll′ respectively, because these
partial orders preserve the notion of first respectively last part of an edge between an oriented graph and its
oriented subgraphs (cf. [Lanéry and Thiemann, 2014], p. 52-53).

The continuity of p̃L ∗ll′ can be reduced to the continuity of p̃L ∗ :C∞(T ∗G)→ C∞(T ∗G×2),
(p̃L ∗f)((θ1, θ2), (g1, g2)) := f(θ2, g2g1), which corresponds to the fundamental operation of composing two
edges e = e2 ◦ e1.

||p̃L ∗f ||m,(K1,K2) = sup
α1,α2,β1,β2∈Nn0

|α1|+|α2|+|β1|+|β2|≤m

sup
(θ1,θ2)∈K1×K2

g1,g2∈G

∣∣∣(Rα1
1 Rα2

2 ∂β1
θ1
∂β2
θ2

(p̃L ∗f)
)

((θ1, θ2), (g1, g2))
∣∣∣ (3.4.33)

= sup
α1,α2,β2∈Nn0

|α1|+|α2|+|β2|≤m

sup
θ2∈K2
g1,g2∈G

∣∣∣(Rα1
1 Rα2

2 ∂β2
θ2
f
)

(θ2, g2g1)
∣∣∣

≤ Cm sup
α1,α2,β2∈Nn0

|α1|+|α2|+|β2|≤m

sup
θ∈K2
g∈G

∣∣∣(Rα1+α2∂β2
θ f
)

(θ, g)
∣∣∣

= Cm||f ||m,K2 , for some Cm > 0,

where m ∈ N0 and K1,K2 < g∗ are compact. To arrive at the inequality in the next to last line,
we used the fact that the commutator [Ri, Rj ] = −fkijRk reduces the order of derivatives. The proof
of the continuity of p̃R ∗ll′ is analogous: First, we reduce it to showing that the map p̃R ∗ : C∞(G) →
C∞(G×2), (p̃R ∗f)((θ1, θ2), (g1, g2)) := f(Ad∗g2

(θ1), g2g1), is continuous. Second, we use that Ad∗ : G →
GL(g∗) gives orthogonal transformations w.r.t. to some G-invariant metric on g∗, and (θ, g) 7→ ||Ad∗g(θ)||g∗
is bounded on G×K for some compact subset K < g∗.

Finally, commutativity of the diagram (3.4.24) follows from:

(p̃Rl−1l′−1 ◦ p̃l′−1l′)({(θe′ , ge′)}e′∈E(γ′)) = p̃Rl−1l′−1({(−Ad∗
g−1
e′

(θe′), g−1
e′ )}e′∈E(γ′)) (3.4.34)

= {(Ad∗
g−1
e′1e

...g−1
e′(m−1)e

(−Ad∗ge′me
(θe′me )), g−1

e′1e
...g−1

e′me
)}e∈E(γ)

= {(−Ad∗(ge′me ...ge′1e )−1(θe′me ), (ge′me ...ge′1e )−1)}e∈E(γ)

= p̃l−1l({(θe′me , ge′me ...ge′1e )}e∈E(γ))

= (p̃l−1l ◦ p̃Lll′)({(θe′ , ge′)}e′∈E(γ′)).

On the (quantum) level of continuous, linear operators L(C∞(Cl)) (which is associated with C(G)oLG
⊗|E(γ)|

in a natural way) acting on C∞(Cl) ⊂ L2(Cl), we have *-morphisms αR,Ll′l correspomding to the Poisson
maps p̃R,L ∗ll′ : C∞(Γl)→ C∞(Γl′)32 via quantisation (Kohn-Nirenberg and Weyl, see section 3.3.1).

Theorem 3.4.10:

Given l, l′ ∈ L , s.t. l . l′, we represent the continuous, linear operators in L(C∞(Cl)) and L(C∞(Cl′))
by their (left) convolution kernels (obtained from Schwartz’ kernel theorem). Then, we have injective *-
morphisms (*-isomorphisms for l ' l′)

αR,Ll′l : D ′(Cl)⊗̂C∞(Cl)→ D ′(Cl′)⊗̂C∞(Cl′), (3.4.35)

induced from the four fundamental injective *-morphisms:

η : L(C∞(G))→ L(C∞(G2)), η(F )((h2, g2),(h1, g1)) := δe(h1)F (h2, g2), (3.4.36)

γ : L(C∞(G))→ L(C∞(G)), γ(F )(h, g) := I(F )(h, g−1) = F (αg−1(h−1), g−1),

32We consider only *-morphisms corresponding to p̃R ∗
ll′ and p̃L ∗

ll′ , because generic p̃c∗
ll′ are not Poisson maps. Furthermore, we

have compatibility with transitivity of ≤, and the commutative diagram (3.4.24) w.r.t. to edge inversion for p̃R ∗
ll′ and p̃L ∗

ll′ .



114 3.4 Applications

αR : L(C∞(G))→ L(C∞(G2)), αR(F )((h2, g2),(h1, g1)) := δe(h2)((α∗g2
⊗ L∗g2

)F )(h1, g1)

= δe(h2)F (αg2(h1), g2g1),

αL : L(C∞(G))→ L(C∞(G2)), αL(F )((h2, g2),(h1, g1)) := δe(h1)(R∗g1
F )(h2, g2)

= δe(h1)F (h2, g2g1),

for F ∈ D ′(G)⊗̂C∞(G). Furthermore, we have commutative diagrams for l . l′:

Ê ′Ul(c
∗
l )⊗̂C∞(Cl)

p̃R,L ∗
ll′ //

F (W ),ε

��

Ê ′Ul′ (c
∗
l′)⊗̂C∞(Cl′)

F (W ),ε

��

D ′(Cl)⊗̂C∞(Cl)
αR,L
l′l

// D ′(Cl′)⊗̂C∞(Cl′),

(3.4.37)

where we used the notation of subsection 3.3.1, and c∗l , l ∈ L , denotes the dual of the Lie algebra of Cl.

The maps αR,Ll′l respect transitivity of ≤, i.e. αR,Ll′′l′ ◦ α
R,L
l′l = αR,Ll′′l for l ≤ l′ ≤ l′′.

Also for lR,L, we have transitivity of the corresponding collections of maps αR,Ll′l , i.e. αR,Ll′′l′ ◦ α
R,L
l′l = αR,Ll′′l

for l lR,L l
′ lR,L l

′′.
If γ ⊂ γ′ and l−1, l′−1 denote the structured graphs with all edge orientations reversed, and
αll−1 : D ′(Cl−1)⊗̂ C∞(Cl−1) → D ′(Cl)⊗̂ C∞(Cl), l ∈ L , are the edge inversion *-isomorphisms (αRll−1 =
αLll−1), we have:

D ′(Cl−1)⊗̂C∞(Cl−1)
αll−1

//

αL
l′−1l−1

��

D ′(Cl)⊗̂C∞(Cl)

αR
l′l

��

D ′(Cl′−1)⊗̂C∞(Cl′−1)
αl′l′−1

// D ′(Cl′)⊗̂C∞(Cl′)

(3.4.38)

Proof:

Since l . l′, we know that |γ| ⊆ |γ′|, i.e. γ is obtained from γ′ by removing, inverting and composing
edges. These operations are modelled by the four fundamental maps (3.4.36). Therefore, we only need to
understand how an operator in L(C∞(G)) behaves w.r.t these, and whether the prescriptions really define *-
morphisms. Thus, we may reduce the proof to showing that the maps (3.4.36) define injective *-morphisms.

Let us first show injectivity: The injectivity of γ follows from the injectivity of I (see proposition 3.4.6
and (3.4.15)). Injectivity of αL, αR & η can be deduced in the following way: Assume we are given
F, F ′ ∈ D ′(G)⊗̂ C∞(G) s.t. α(F ) = α(F ′). Then, we define Ψ1 ∈ C∞(G×2) : Ψ1(g1, g2) := Ψ(g2) and
Ψ2 ∈ C∞(G×2) : Ψ2(g1, g2) := Ψ(g2g1) for Ψ ∈ C∞(G). Applying ρL(η(F )) and ρL(η(F ′)) to Ψ1, we find:

(ρL(η(F ))Ψ1)(g1, g2) =
∫
G

dh1

∫
G

dh2 η(F )((h2, g2), (h1, g1))Ψ1(h−1
1 g1, h

−1
2 g2) (3.4.39)

=
∫
G

dh2 F (h2, g2)Ψ(h−1
2 g2)

= (ρL(F )Ψ)(g2)

(ρL(η(F ′))Ψ1)(g1, g2) =
∫
G

dh1

∫
G

dh2 η(F ′)((h2, g2), (h1, g1))Ψ1(h−1
1 g1, h

−1
2 g2)

=
∫
G

dh2 F
′(h2, g2)Ψ(h−1

2 g2)

= (ρL(F ′))Ψ)(g2),

which shows that ρL(F ) = ρL(F ′), and therefore F = F ′.
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Applying ρL(αL(F )) and ρL(αL(F ′)) to Ψ2, we find:

(ρL(αL(F ))Ψ2)(g1, g2) =
∫
G

dh1

∫
G

dh2 α
L(F )((h2, g2), (h1, g1))Ψ2(h−1

1 g1, h
−1
2 g2) (3.4.40)

=
∫
G

dh2 F (h2, g2g1)Ψ(h−1
2 g2g1)

= (ρL(F )Ψ)(g2g1)

(ρL(αL(F ′))Ψ2)(g1, g2) =
∫
G

dh1

∫
G

dh2 α
L(F ′)((h2, g2), (h1, g1))Ψ2(h−1

1 g1, h
−1
2 g2)

=
∫
G

dh2 F
′(h2, g2g1)Ψ(h−1

2 g2g1)

= (ρL(F ′)Ψ)(g2g1),

which shows that ρL(F ) = ρL(F ′), and therefore F = F ′. An analogous calculation works for αR.

The *-morphism property needs to be proved w.r.t. to the involution (3.2.6) and convolution product (3.2.5),
because we work with (left) convolution kernels (linearity of η, γ & αR,L is evident). ∀F, F ′ ∈ D ′(G)⊗̂C∞(G):

αL(F ∗LF ′)((h2, g2), (h1, g1)) = δe(h1)(F ∗LF ′)(h2, g2g1) (3.4.41)

= δe(h1)
∫
G

dh F (h, g2g1)F ′(h−1h2, h
−1g2g1)

=
∫
G

dh′
∫
G

dh δe(h′)F (h, g2g1)δe(h−1h1)F ′(h−1h2, h
−1g2h

′−1g1)

=
∫
G

dh′
∫
G

dh αL(F )((h, g2), (h′, g1))αL(F ′)((h−1h2, h
−1g2), (h′−1h1, h

′−1g1))

= (αL(F )∗LαL(F ′))((h2, g2), (h1, g1)).

αL(F ∗L)((h2, g2), (h1, g1)) = δe(h1)F ∗L(h2, g2g1)

= δe(h1)F (h−1
2 , h−1

2 g2g1)

= δe(h−1
1 )F (h−1

2 , h−1
2 g2h

−1
1 g1)

= αL(F )((h−1
2 , h−1

2 g2), (h−1
1 , h−1

1 g1))

= αL(F )∗L((h2, g2), (h1, g1)),

αR(F ∗LF ′)((h2, g2),(h1, g1))=δe(h2)(F ∗LF ′)(αg2(h1), g2g1) (3.4.42)

=δe(h2)
∫
G

dhF (h, g2g1)F ′(h−1αg2(h1), h−1g2g1)

=
∫
G

dh′
∫
G

dh δe(h′)F (h, g2g1)δe(h′−1h2)F ′(h−1αg2(h1), h′−1h−1g2g1)

=
∫
G

dh′
∫
G

dh δe(h′)F (αh′−1g2(h), g2g1)δe(h′−1h2)F ′(αh′−1g2(h−1h1), h′−1g2h
−1g1)

=
∫
G

dh′
∫
G

dhαR(F )((h′, g2), (h, g1))αR(F ′)((h′−1h2, h
′−1g2), (h−1h1, h

−1g1))

=(αR(F )∗LαR(F ′))((h2, g2), (h1, g1)).

αR(F ∗L)((h2, g2), (h1, g1))=δe(h2)F ∗L(αg2(h1), g2g1)

= δe(h2)F (αg2(h1)−1, αg2(h1)−1g2g1)

=δe(h−1
2 )F (αh−1

2 g2
(h1)−1, h−1

2 g2h
−1
1 g1)

=αR(F )((h−1
2 , h−1

2 g2), (h−1
1 , h−1

1 g1))

=αR(F )∗L((h2, g2), (h1, g1)),
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η(F ∗L F ′)((h2, g2), (h1, g1)) = δe(h1)(F ∗L F ′)(h2, g2) = δe(h1)
∫
G

dh F (h, g2)F ′(h−1h2, h
−1g2) (3.4.43)

=
∫
G

dh′
∫
G

dh δe(h′)F (h, g2)δe(h′−1h1)F ′(h−1h2, h
−1g2)

=
∫
G

dh′
∫
G

dh η(F )((h, g2), (h′, g1))η(F ′)((h−1h2, h
−1g2), (h′−1h1, h

′−1g1))

= (η(F ) ∗L η(F ′))((h2, g2), (h1, g1)).

η(F ∗L)((h2, g2), (h1, g1)) = δe(h1)F ∗L(h2, g2) = δe(h1)F (h−1
2 , h−1

2 g2) = δe(h−1
1 )F (h−1

2 , h−1
2 g2)

= η(F )((h−1
2 , h−1

2 g2), (h−1
1 , h−1

1 g1)) = η(F )∗L((h2, g2), (h1, g1)),

γ(F ∗LF ′)(h, g) = I(F ∗LF ′)(h, g−1) =
∫
G

dk F (k, g−1)F ′(k−1αg−1(h−1), k−1g−1) (3.4.44)

=
∫
G

dk F (αg−1(k), g−1)F ′(αg−1(hk)−1, (kg)−1)

=
∫
G

dk F (αg−1(k−1), g−1)F ′(αg−1k(k−1h)−1, (k−1g)−1)

=
∫
G

dk γ(F )(k, g)γ(F ′)(k−1h, k−1g)

= (γ(F ) ∗Lγ(F ′))(h, g).

γ(F ∗L)(h, g) = F ∗L(αg−1(h−1), g−1)

= F (αg−1(h), g−1h)

= γ(F )(h−1, h−1g)

= γ(F )∗L(h, g).

Now, let σ ∈ Ê ′U (g∗)⊗̂ C∞(G).Then, p̃L ∗σ ∈ Ê ′U×U ((g∗)×2)⊗̂ C∞(G×2), because (θ1, θ2) 7→ σ(θ2, g2g1) is
analytic for any g1, g2 ∈ G, with constant growth bound in θ1, and (g1, g2) 7→ σ(θ2, g2g1) is smooth for any
θ2 ∈ g∗. Similarly, p̃R ∗σ, r̃∗σ ∈ Ê ′U×U ((g∗)×2)⊗̂C∞(G×2) and ι̃∗σ ∈ Ê ′U (g∗)⊗̂C∞(G) (the coadjoint action,
Ad∗, is analytic). Finally, we observe:

FW,ε
p̃L ∗σ

((h2, g2), (h1, g1)) =
∫
g∗

dθ1

(2πε)n

∫
g∗

dθ2

(2πε)n e
i
ε (θ1(Xh1 )+θ2(Xh2 ))(p̃L ∗σ)((θ2,

√
h−1

2 g2), (θ1,

√
h−1

1 g1))

(3.4.45)

=
∫
g∗

dθ1

(2πε)n

∫
g∗

dθ2

(2πε)n e
i
ε (θ1(Xh1 )+θ2(Xh2 ))σ(θ2,

√
h−1

2 g2

√
h−1

1 g1)

= δ
(n)
0 (Xh1)

∫
g∗

dθ2

(2πε)n e
i
ε θ2(Xh2 )σ(θ2,

√
h−1

2 g2

√
h−1

1 g1)

=
j(0)=1, see (3.3.43)

δe(h1)
∫
g∗

dθ2

(2πε)n e
i
ε θ2(Xh2 )σ(θ2,

√
h−1

2 g2g1)

= δe(h1)FW,εσ (h2, g2g1)

= αL(FW,εσ )((h2, g2), (h1, g1)),

FW,ε
p̃R ∗σ

((h2, g2), (h1, g1)) =
∫
g∗

dθ1

(2πε)n

∫
g∗

dθ2

(2πε)n e
i
ε (θ1(Xh1 )+θ2(Xh2 ))(p̃R ∗σ)((θ2,

√
h−1

2 g2), (θ1,

√
h−1

1 g1))

(3.4.46)

=
∫
g∗

dθ1

(2πε)n

∫
g∗

dθ2

(2πε)n e
i
ε (θ1(Xh1 )+θ2(Xh2 ))σ(Ad∗g2

(θ1),
√
h−1

2 g2

√
h−1

1 g1)
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= δ
(n)
0 (Xh2)

∫
g∗

dθ1

(2πε)n e
i
εAd

∗
g
−1
2

(θ1)(Xh1 )
σ(θ1,

√
h−1

2 g2

√
h−1

1 g1)

=
j(0)=1, see (3.3.43)

δe(h2)
∫
g∗

dθ1

(2πε)n e
i
ε θ1(Xαg2 (h1))σ(θ1, g2

√
h−1

1 g−1
2 g2g1)

=
g2
√
h−1

1 g−1
2 =
√
αg2 (h1)−1

δe(h2)FW,εσ (αg2(h1), g2g1)

= αR(FW,εσ )((h2, g2), (h1, g1)),

FW,εr̃∗σ ((h2, g2), (h1, g1)) =
∫
g∗

dθ1

(2πε)n

∫
g∗

dθ2

(2πε)n e
i
ε (θ1(Xh1 )+θ2(Xh2 ))(r̃∗σ)((θ2,

√
h−1

2 g2), (θ1,

√
h−1

1 g1))

(3.4.47)

=
∫
g∗

dθ1

(2πε)n

∫
g∗

dθ2

(2πε)n e
i
ε (θ1(Xh1 )+θ2(Xh2 ))σ(θ2,

√
h−1

2 g2)

= δ
(n)
0 (Xh1)

∫
g∗

dθ2

(2πε)n e
i
ε θ2(Xh2 )σ(θ2,

√
h−1

2 g2)

=
j(0)=1, see (3.3.43)

δe(h1)
∫
g∗

dθ2

(2πε)n e
i
ε θ2(Xh2 )σ(θ2,

√
h−1

2 g2)

= η(FW,εσ )((h2, g2), (h1, g1)),

FW,ει̃∗σ (h, g) =
∫
g∗

dθ

(2πε)n e
i
ε θ(Xh)(ι̃∗σ)(θ,

√
h−1g) =

∫
g∗

dθ

(2πε)n e
i
ε θ(Xh)σ(−Ad∗

g−1
√
h
(θ), g−1

√
h) (3.4.48)

=
∫
g∗

dθ

(2πε)n e
− iεAd

∗√
h−1g

(θ)(Xh)
σ(θ, g−1

√
h) =

∫
g∗

dθ

(2πε)n e
i
ε θ(Xα

g−1√h(h−1))
σ(θ, g−1

√
h)

=
∫
g∗

dθ

(2πε)n e
i
ε θ(Xα

g−1 (h−1))
σ(θ, g−1

√
hgg−1) = FW,εσ (αg−1(h−1), g−1)

= γ(FW,εσ )(h, g),

which proves (3.4.37) for Weyl quantisation. The proof for the Kohn-Nirenberg quantisation is analogous.

To show the transitivity property, we argue in the same fashion as in the proof of theorem 3.4.9. First, we
analyse the maps (cp. (3.4.31)):

αL2′1 : D ′(G)⊗̂C∞(G))→ D ′(G2′ ×G1)⊗̂C∞(G2′ ×G1)), (3.4.49)

αL2′1(F )((h2′ , g2′), (h1, g1)) = δe(h1)F (h2′ , g2′g1),

αL(32)1 : D ′(G2′ ×G1)⊗̂C∞(G2′ ×G1))→ D ′(G3 ×G2 ×G1)⊗̂C∞(G3 ×G2 ×G1)),

αL(32)1(F )((h3, g3), (h2, g2), (h1, g1)) = δe(h2)F ((h3, g3g2), (h1, g1)),

αL31′ : D ′(G)⊗̂C∞(G))→ D ′(G3 ×G1′)⊗̂C∞(G3 ×G1′)),

αL31′(F )((h3, g3), (h1′ , g1′)) = δe(h1′)F (h3, g3g1′),

αL3(21) : D ′(G3 ×G1′)⊗̂C∞(G3 ×G1′))→ D ′(G3 ×G2 ×G1)⊗̂C∞(G3 ×G2 ×G1)),

αL3(21)(F )((h3, g3), (h2, g2), (h1, g1)) = δe(h1)F ((h3, g3), (h2, g2g1)),

αL321 : D ′(G)⊗̂C∞(G))→ D ′(G3 ×G2 ×G1)⊗̂C∞(G3 ×G2 ×G1)),

αL321(F )((h3, g3), (h2, g2), (h1, g1)) = δe(h1)δe(h2)F (h3, g3g2g1)

⇒ (αL(32)1 ◦ α
L
2′1)(F ) = (αL3(21) ◦ α

L
31′)(F ) = αL321(F ).

From this we understand, that the αLl′l embed the h-dependence of an edge splitting into the outmost tensor
factor corresponding to the final edge in a composition chain. Since this property is preserved under successive
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splittings and adding of new edges to a composition chain (this is capture by η), we obtain transitivity of
the αLl′l w.r.t. ≤. A similar argument works for the maps αRl′l, l ≤ l′, as in this case the embedding, which
arises from edge splitting, is into the outmost tensor factor corresponding to the initial edge in a composition
chain.
As before, the argument also works for lR and lL in combination with αRl′l and αLl′l respectively, because
these partial orders preserve the notion of first respectively last part of an edge between an oriented graph
and its oriented subgraphs (cf. [Lanéry and Thiemann, 2014], p. 52-53).

If we take edge inversion into account, the situation will change, because the notion of initial and finial edge
in a composition chain gets permuted. This is essentially captured in the diagram (3.4.38), which follows
from: ∀F ∈ D ′(Cl)⊗̂C∞(Cl):

(αRl′l ◦ αll−1)(F )
(
{(he′ , ge′)}e′∈E(γ′)

)
=

 ∏
e∈E(γ)

δe(he′2e )...δe(he′me )

 (3.4.50)

× αll−1(F )
(
{(αge′me ...ge′2e

(he′1e ), ge′me ...ge′1e )}e∈E(γ)

)
=

 ∏
e∈E(γ)

δe(he′2e )...δe(he′me )

F

(
{(αg−1

e′1e

(h−1
e′1e

), g−1
e′1e
...g−1

e′me
)}e∈E(γ)

)

=

 ∏
e∈E(γ)

δe(αg−1
e′2e

(h−1
e′2e

))...δe(αg−1
e′me

(h−1
e′me

))


× F

(
{(αg−1

e′1e

(h−1
e′1e

), g−1
e′1e
...g−1

e′me
)}e∈E(γ)

)
= αLl′−1l−1(F )

(
{(αg−1

e′
(h−1
e′ ), g−1

e′ )}e′∈E(γ′)

)
= (αl′l′−1 ◦ αLl′−1l−1)(F )({(he′ , ge′)}e′∈E(γ′)).

The next corollary explains how the system of Hilbert spaces {L2(Cl)}l∈L fits into the picture.
On the one hand, the inductive limit of {L2(Cl)}l∈L w.r.t. . is the Ashtekar-Isham-Lewandowski (AIL)
Hilbert space, i.e. lim−→(L ,.) L

2(Cl) = L2(A ).
The same holds for the inductive limits w.r.t. lL and lR

lim−→
(L ,lL,R)

L2(Cl) = L2(A ), (3.4.51)

although the edge inversion is not explicitly implemented. This can be inferred from the following argument:

If we consider the structured graphs l, l−1 obtained from a single edge e : [0, 1] → Σ, i.e. γ = e and
γ−1 = e−1, we can find a decomposition of e into edges e1, e2, s.t. e = e2 ◦ e−1

1 . Therefore, if we construct
a structured graph l′ from the edges e1, e2, we will have l lL l

′ and l−1 lL l
′, as well as l lR (l′)−1 and

l−1 lR (l′)−1. But then, we have for Ψ ∈ L2(G):

(p∗ll′Ψ)(g2, g1) = Ψ(g2g
−1
1 ) (3.4.52)

= (ι∗Ψ)(g1g
−1
2 )

= (p∗l−1l′(ι
∗Ψ))(g2, g1),

(p∗l−1(l′)−1Ψ)(g1, g2) = Ψ(g1g
−1
2 ) (3.4.53)

= (ι∗Ψ)(g2g
−1
1 )

= (p∗l(l′)−1(ι∗Ψ))(g1, g2).

Thus, the edge inversion ι∗ : L2(G)→ L2(G), (ι∗Ψ)(g) := Ψ(g−1), is automatically enforced as a symmetry
in the limit (3.4.51), i.e. p∗ll′(L2(Cl)) = pl−1l′(ι∗(L2(Cl−1))) and p∗l−1(l′)−1(L2(Cl−1)) = pl(l′)−1(ι∗(L2(Cl))).
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This justifies, why we do not differentiate between lL and lR on the Hilbert space level.
Moreover, the action of Weyl (and Kohn-Nirenberg) quantisation FW,ε via ρL on the scale of Hilbert spaces
{L2(Cl)}l∈L is compatible with this additional symmetry (cp. diagram (3.4.59)). Explicitly, we have for
σ ∈ Ê ′U (g∗)⊗̂C∞(G) and Ψ ∈ C∞(G) w.r.t. lL:

(
QWε (p̃L ∗ll′ σ)(p∗ll′Ψ)

)
(g2, g1) =

∫
G

dh2

∫
G

dh1 F
W,ε

p̃L ∗
ll′ σ

((h2, g2), (h1, g1))(p∗ll′Ψ)(h−1
2 g2, h

−1
1 g1) (3.4.54)

=
∫
G

dh2

∫
G

dh1 α
L
l′l(FW,εσ )((h2, g2), (h1, g1))Ψ(h−1

2 g2g
−1
1 h1)

=
∫
G

dh2

∫
G

dh1 δe(h1)FW,εσ (h2, g2g
−1
1 )Ψ(h−1

2 g2g
−1
1 h1)

=
∫
G

dh2 F
W,ε
σ (h2, g2g

−1
1 )Ψ(h−1

2 g2g
−1
1 )

= (p∗ll′(QWε (σ)Ψ))(g2, g1)

=
∫
G

dh1 F
W,ε
σ (h1, g2g

−1
1 )Ψ(h−1

1 g2g
−1
1 )

=
∫
G

dh1 F
W,ε
σ (αg2g

−1
1

(h−1
1 ), g2g

−1
1 )Ψ(αg2g

−1
1

(h−1
1 )g2g

−1
1 )

=
∫
G

dh2

∫
G

dh1 δe(h2)FW,εσ (αg2g
−1
1

(h−1
1 ), g2g

−1
1 )Ψ(h−1

2 g2g
−1
1 h1).

=
∫
G

dh2

∫
G

dh1 δe(h2)γ(FW,εσ )(h1, g1g
−1
2 )Ψ(h−1

2 g2g
−1
1 h1)

=
∫
G

dh2

∫
G

dh1 δe(h2)FW,ει̃∗σ (h1, g1g
−1
2 )Ψ(h−1

2 g2g
−1
1 h1)

=
∫
G

dh2

∫
G

dh1 α
L
l′l−1(FW,ει̃∗σ )((h2, g2), (h1, g1))(ι∗Ψ)(h−1

1 g1g
−1
2 h2)

=
∫
G

dh2

∫
G

dh1 F
W,ε

p̃L ∗
l−1l′

ι̃∗σ
((h2, g2), (h1, g1))(p∗l−1l′ι

∗Ψ)((h2, g2), (h1, g1))

=
(
QWε (p̃L ∗l−1l′ ι̃

∗σ)(p∗l−1l′ι
∗Ψ)

)
(g2, g1),

where we used the invariance properties of the Haar measure on G. Similarly, we have w.r.t. lR:(
QWε (p̃R ∗l−1(l′)−1 ι̃∗σ)(p∗l−1(l′)−1Ψ)

)
(g1, g2) = (p∗l−1(l′)−1(QWε (σ)Ψ))(g1, g2) (3.4.55)

=
(
QWε (p̃R ∗l(l′)−1 ι̃∗σ)(p∗l(l′)−1ι∗Ψ)

)
(g1, g2).

On the other hand, the would-be inductive limit

lim−→
(L ,≤)

L2(Cl) = L2(A ↑) (3.4.56)

of {L2(Cl)}l∈L w.r.t. ≤ might give rise to a Hilbert space on “oriented” generalised connections A
↑ (edge

inversion is not necessarily a symmetry). We refer to (3.4.56) as a would-be inductive limit, because (L ,≤)
is not directed, and thus the limit is does not necessarily exist in the category of Hilbert spaces. In analogy
with the C∗-algebraic construction of A , it could be possible to realise A

↑ as the spectrum of the C∗-closure
of (3.4.56) (in the inductive sup-norms), if the limit existed.

Corollary 3.4.11:

For l ∈ L , the action of L(C∞(Cl)) on C∞(Cl)⊂L2(Cl) in terms of left convolution kernels D ′(Cl)⊗̂C∞(Cl))
is induced from the integrated left regular representation ρL : D ′(G)⊗̂C∞(G))→ L(C∞(G)):

(
ρlL(F )Ψ

) (
{ge}e∈E(γ)

)
=
∫
G×|E(γ)|

 ∏
e∈E(γ)

dhe

F
(
{(he, ge)}e∈E(γ)

)
Ψ
(
{h−1

e ge}e∈E(γ)
)

(3.4.57)
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for all F ∈ D ′(Cl)⊗̂C∞(Cl), Ψ ∈ C∞(Cl). Moreover, the action is covariant w.r.t. to the families of maps
{pR,L ∗ll′ , αR,Ll′l }l≤l′ , {pL ∗ll′ , αLl′l}llLl′ and {pR ∗ll′ , αRl′l}llRl′ (all (sub)diagrams commute):

C∞(Γl)⊃ Ê ′Ul(c
∗
l )⊗̂C∞(Cl)

p̃R,L ∗
ll′ ��p̃R,L ∗

ll′′

))

F (W ),ε
//

Q(W )
ε

++

D ′(Cl)⊗̂C∞(Cl)

αR,L
l′l
��

αR,L
l′′l

ww

ρlL // L(C∞(Cl)) � C∞(Cl)⊂L2(Cl)

p∗
ll′
�� p∗

ll′′

tt

C∞(Γl′)⊃ Ê ′Ul′ (c
∗
l′)⊗̂C∞(Cl′)

p̃R,L ∗
l′l′′
��

F (W ),ε
//

00

Q(W )
ε

00D ′(Cl′)⊗̂C∞(Cl′)

αR,L
l′′l′
��

ρl
′

L // L(C∞(Cl′)) � C∞(Cl′)⊂L2(Cl′)

p∗
l′l′′
��

C∞(Γl′′)⊃ Ê ′Ul′′ (c
∗
l′′)⊗̂C∞(Cl′′)

F (W ),ε
//

Q(W )
ε

33
D ′(Cl′′)⊗̂C∞(Cl′′)

ρl
′′

L

// L(C∞(Cl′′)) � C∞(Cl′′)⊂L2(Cl′′)

(3.4.58)

Consistency w.r.t. to edge inversion and the partial order . is so far only achieved in the following sense
(all (sub)diagrams commute, cp. (3.4.38), we abuse notation and use the same notation for the *-morphisms
between operators spaces L(C∞(Cl)) as for those between kernel spaces D ′(Cl)⊗̂C∞(Cl), l ∈ L ):

C∞(Cl)	L(C∞(Cl))

p∗
ll′
��

αR,L
l′l
��

p∗
ll−1

,,
αl−1l

,,

Ê ′Ul(c
∗
l )⊗̂C∞(Cl)

Q(W )
εoo

p̃∗
ll−1
//

p̃R,L ∗
ll′
��

Ê ′Ul−1
(c∗l−1)⊗̂C∞(Cl−1)

Q(W )
ε //

p̃L,R ∗
l−1l′−1
��

L(C∞(Cl−1))�C∞(Cl−1)

αL,R
l′−1l−1

��

p∗
l−1l′−1
��

C∞(Cl′)	L(C∞(Cl′))

p∗
l′l′−1

22
αl′−1l′

22

Ê ′Ul′ (c
∗
l′)⊗̂C∞(Cl′)

Q(W )
ε

oo
p̃∗
l′l′−1

// Ê ′Ul′−1
(c∗l′−1)⊗̂C∞(Cl′−1)

Q(W )
ε

// L(C∞(Cl′−1))�C∞(Cl′−1)

(3.4.59)

Proof:

The statements follow from theorems 3.4.9 and 3.4.10, and because the p̃(R,L)
ll′ are lifts of the pll′ .

We close this subsection with two extended remarks: The first concerns the construction of inductive limit
C∗-algebras from the Al, l ∈ L , which serve as “non-commutative topological phase spaces” underlying
LQG. The second deals with the issue of gauge invariance in the framework presented here.
Remark 3.4.12:

On the level of operators ρL(F ) : C∞(G)→ C∞(G), the *-morphisms αR,L, γ, η : L(C∞(G))→ L(C∞(G×2))
are explicitly given by:

ρL(αR(F )) = UαR(1⊗ ρL(F ))U∗αR , (UαRΨ)(g2, g1) := Ψ(g2, g2g1), Ψ ∈ L2(G×2), (3.4.60)

ρL(αL(F )) = UαL(ρL(F )⊗ 1)U∗αL , (UαLΨ)(g2, g1) := Ψ(g2g1, g1), Ψ ∈ L2(G×2),

ρL(γ(F )) = UιρL(F )U∗ι , (UιΨ)(g) := Ψ(g−1), Ψ ∈ L2(G),

ρL(η(F )) = ρL(F )⊗ 1, UαR,L ∈ UB(L2(G×2)), Uι ∈ UB(L2(G)).

In this sense αR and αL are “twisted” versions (by the left respectively right action) of the embedding on
the second respectively first tensor factor.

At this point, it is interesting to note that these maps, apart from γ, cannot be defined at the level of trans-
formation group C∗-algebras C(G)oLG and C(G)oL (G)⊗2, which feature in proposition 3.4.6 (Al, l ∈ L ),
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because these algebras are not unital. More precisely, for A ∈ K (L2(G)), operators of the form 1 ⊗ A or
A ⊗ 1 are not compact, and therefore not in K (L2(G×2)). Thus, if we intend to define a directed system
of C∗-algebras ({Cl}l∈L , {αR,Ll′l }) as non-commutative analogue of |Λ|1T ∗A , we need to extend the algebras
Al to make sense out of (3.4.60).
One way to achieve this, which is inspired by the compactification of A to A , is to choose unitisations
il : Al ↪→ Cl, l ∈ L (corresponding to compactifications of the state spaces Sl of the Al), i.e. embed-
dings of Al into unital C∗-algebras Cl s.t. il(Al) is an essential ideal in Cl (cf. [Raeburn and Williams,
1998]). At this point it is not clear which unitisations should be chosen, although it is easy to see that
the minimal unitisations A1l

∼= C1 + K (L2(Cl)) via adjoining identites are not sufficient, because 1 ⊗ A
and A ⊗ 1 are not in C1 + K (L2(G×2)) for A ∈ K (L2(G)). Therefore, we stick to the unique maximal
unitisations M(Al) ∼= B(L2(Cl)), the multiplier algebras of Al. The latter can be defined as the C∗-algebras
of adjointable operators Bad(Al) on Al as a (left) Hilbert module over itself. The unitisations are then the
embeddings iLl : Al ↪→ Bad(Al), iLl (a)b = ab, a, b ∈ Al, via (left) multiplication. M(Al) enjoys several useful
properties:

1. (unique extension of morphisms): For every C∗-algebra B, X Hilbert B-module and non-degenerate
*-morphism πl : Al → Bad(X), there exists a unique extension π̄l : M(Al)→ Bad(X) s.t. π̄l ◦ iLl = πl.
Moreover, if πl is faithful (surjective), so is π̄l, because iLl (Al) ⊂ M(Al) is essential (Al is σ-unital,
cf. [Raeburn and Williams, 1998]).

2. (embedding of Cl and C(Cl)): The building blocks Cl ∼= G×|E(γ)| and C(Cl) are embedded in M(Al)
in the following sense (a similar statement for Al is not true, cf. [Williams, 2007]): There exist a non-
degenerate, faithful *-morphism iC(Cl) : C(Cl) ↪→M(Al and a strictly continuous, injective morphism
iCl : Cl ↪→ UM(Al) (taking values in unitaries), s.t.

(a) ∀F ∈ C(Cl, C(Cl)), g, h ∈ Cl and f ∈ C(Cl):

(iC(Cl)(f)F )(h) = fF (h), , (iCl(g)F )(h) = αL(g)(F (g−1h)). (3.4.61)

(b) The maps are covariant, i.e.

iC(Cl)(αL(g)(f)) = iCl(g)iC(Cl)(f)iCl(g)∗. (3.4.62)

(c) For every non-degenerate, covariant representation (π, U) of (C(Cl), Cl, αL), the unique extension
ρ̄ of its integrated form ρ satisfies:

ρ̄(iC(Cl)(f)) = π(f), ρ̄(iCl(g)) = Ug. (3.4.63)

3. (recovery of Sl): The state space Sl ⊂ A∗l can be recovered from M(Al) in the following way. Since
Al ∼= K (L2(Cl)), we have have A∗l

∼= S1(L2(Cl)) (the trace class operators on L2(Cl)). On the other
hand, M(Al) ∼= B(L2(Cl)), and therefore M(Al) inherits the structure of a von Neumann algebra
with predual M(Al)∗ ∼= S1(L2(Cl)). Now, Sl corresponds to the set of positive, normalised elements
of S1(L2(Cl)) (density matrices), which are equivalently characterised as the normal or σ-weakly
continuous states on B(L2(Cl)). But, σ-weakly continuous functionals are the same as σ-strongly*
continuous functionals on B(L2(Cl)) (cf. [Bratteli and Robinson, 1987]), and the σ-strong* topology
on B(L2(Cl)) coincides with the strict topology coming from M(Al) ∼= B(L2(Cl)). Thus, Sl can be
characterised as the set of strictly continuous states on M(Al). In general, the norm dual of a C∗-
algebra B is isometrically isomorphic to the strict dual of M(B) with the strong topology (cf. [Taylor,
1970]).

Using property 1, we see that the maps (3.4.60) can be defined forM(C(G)oLG) andM(C(G×2)oL (G×2)),
if we replace ρL by its unique extension ρ̄L. Actually, ρ̄L provides the natural isomorphismM(C(G)oLG) ∼=
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B(L2(G)). Unfortunately, there is also a drawback in passing from Al to M(Al). Namely, while all the
Al’s are nuclear, and thus are very well-behaved as C∗-algebras (an inductive limit of such algebras would
preserve this porperty), the M(Al)’s are generically not (unless G is finite), as these are type I|G| factors
(|G| is the number of elements in G, with |G| =∞ for non-finite groups). Therefore, in the present case, it
might be advantageous to consider the M(Al)’s as von Neumann algebras, and thus as “non-commutative
measure spaces” in the usual philosophy. This is further supported by the observation

M(Al⊗Al′) ∼= M(K (L2(Cl))⊗K (L2(Cl′))) ∼= M(K (L2(Cl)⊗ L2(Cl′))) (3.4.64)
∼= B(L2(Cl)⊗ L2(Cl′)) ∼= B(L2(Cl))⊗̄B(L2(Cl′))
∼= M(K (L2(Cl)))⊗̄M(K (L2(Cl′)))
∼= M(Al)⊗̄M(Al′),

where ⊗̄ is the (spatial) tensor product of von Neumann algebras.

Commentary 3.4.13:

Before we proceed with the definition of the non-commutative analogue of |Λ|1T ∗A , we add a further
comment concerning the partial orders ≤ and .. We have noted after equation (3.4.56), that the partial
order ≤ is not directed as opposed to ., lL and lR.
Therefore, the existence of inductive limits w.r.t. (L ,≤) is not ensured, and we would like to pass to limits
w.r.t. (L ,.). Unfortunately, in view of the non-trivial compatibility conditions between edge composition
and inversion, as depicted by the diagrams (3.4.24), (3.4.38) and (3.4.59), it not obvious that this is possible.
Nevertheless, we will assume in remainder of this remark, that compatible collections of maps {p̃∗ll′}l.l′ and
{αl′l}l.l′ exist. We will further comment on this issue in the outlook 7.
Alternatively, we may define inductive limits w.r.t. the partial orders lL and lR (cf. [Lanéry and Thiemann,
2014]). Clearly, lL and lR do not require the implementation of edge inversions as isomorphisms on the
level of phase spaces Γl as well as algebras Al (or M(Al)), because two structured graphs l, l′ are only
considered to be equivalent in case the underlying oriented graphs are equal γ = γ′.

In summary, we obtain directed systems of (unital) C∗-algebras ({M(Al)}l∈L , {αl′l}l.l′),
({M(Al)}l∈L , {αRl′l}llRl′) and ({M(Al)}l∈L , {αLl′l}llLl′), which define unique (unital) inductive limit C∗-
algebras (cf. [Kadison and Ringrose, 1986], Section 11.4.)

C∗− lim−→
l∈(L ,.)

M(Al) = Aα, C∗− lim−→
l∈(L ,lR,L)

M(Al) = AαR,L . (3.4.65)

Moreover, since we have compatible directed systems of faithful representations ({(ρ̄lL, L2(Cl))}l∈L , {Ul′l}l≤l′),
({(ρ̄lL, L2(Cl))}l∈L , {Ul′l}llRl′) and ({(ρ̄lL, L2(Cl))}l∈L , {Ul′l}llLl′), we have unique inductive limit repre-
sentations

lim−→
l∈(L ,.)

(ρ̄lL, L2(Cl)) = (ρ̄L, L2(A )), lim−→
l∈(L ,lR,L)

(ρ̄lL, L2(Cl)) = (ρ̄L, L2(A )). (3.4.66)

Here, the isometries Ul′l : L2(Cl)→ L2(Cl′) are those induced from the maps p∗ll′ : C∞(Cl)→ C∞(Cl′).
Aα(R,L) could be interpreted as the “non-commutative topological phase space” of LQG (or a “non-commutative
measure space” associated with it, if we take the von Neumann algebra point of view).
It can be characterised as the C∗-algebra, s.t. for each l ∈ L there exists an injective *-morphism
α

(R,L)
l : Al → Aα(R,L) satisfying α(R,L)

l = α
(R,L)
l′ ◦ α(R,L)

l′l for l . l′ (l lR,L l
′), and

⋃
l∈L α

(R,L)
l (Al) ⊂ Aα(R,L)

is everywhere dense.
By duality, we also have directed systems of states spaces ({Sl})l∈L , {α∗l′l}l.l′), ({Sl})l∈L , {αR,L ∗l′l }llR,Ll′)
and ({S(M(Al))})l∈L , {α∗l′l}l.l′), ({S(M(Al))})l∈L , {αR,L ∗l′l }llR,Ll′), which give rise to projective limit
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state spaces

lim←−
l∈(L ,.)

Sl = SN
α , lim←−

l∈(L ,.)
S(M(Al)) = Sα, (3.4.67)

lim←−
l∈(L ,lR,L)

Sl = SN
αR,L , lim←−

l∈(L ,lR,L)
S(M(Al)) = SαR,L . (3.4.68)

Sα(R,L) is isomorphic (continuously in weak* topology) with the state space of Aα(R,L) , and SN
α(R,L) is basic

in the latter (cf. [Takeda, 1955]. This implies that we can find a representation π(R,L) of Aα(R,L) s.t. the
distinguished states (density matrices) of π(R,L)(Aα(R,L)) coincide with SN

α(R,L) . Then, the normal states of
the weak closure, π(R,L)(Aα(R,L))′′, of π(R,L)(Aα(R,L)) are the σ-weakly continuous extensions of elements in
SN
α(R,L) , and

W ∗− lim−→
l∈(L ,.)

M(Al) = π(Aα)′′, W ∗− lim−→
l∈(L ,lR,L)

M(Al) = πR,L(AαR,L)′′, (3.4.69)

which are unique up to (normal) isomorphisms [Takeda, 1955].

In view of (3.4.67), a state ω on Aα(R,L) can be determined from a collection of states {ωl}l∈L , ωl ∈ Sl or
S(M(Al)), subject to the consistency conditions coming from the collection of *-morphisms {αl′l}l.l′ (or
{αR,Ll′l }llR,Ll′), i.e.ωl = ω ◦ α(R,L)

l , ωl = ωl′ ◦ α(R,L)
l′l .

That the consistency conditions are non-trivial, is due to the composition maps, αR,L, (3.4.36) used to built
the collection {αl′l}l.l′ (or {αR,Ll′l }llR,Ll′), as those make Aα(R,L) different from an infinite tensor product⊗

l∈LM(Al), which would be the result of (3.4.65), if we were to use only the map η as a building block.
On the infinite tensor product any collection of states {ωl}l∈L , ωl ∈ Sl or S(M(Al)), would give rise to a
infinite product state

⊗
l∈L ωl (cf. [Kadison and Ringrose, 1986]).

It is easy to see that the representations ρlL : Al → K (L2(Cl)) arise from the states

ωl(F ) =
∫
G×2|E(γ)|

 ∏
e∈E(γ)

dhedge

F
(
{(he, ge)}e∈E(γ)

)
, F ∈ C(Cl, C(Cl)), (3.4.70)

and that these states form a consistent collection. The corresponding consistent collection of complex regular
Borel measures {µl}l∈L , µl ∈ C(Cl)∗ obtained from the embeddings iC(Cl) : C(Cl) ↪→ M(Al) determines
the AIL measure.
Remark 3.4.14:

In lemma 3.4.8, we have seen how the functionals (3.4.3) transform w.r.t. gauge transformations λ ∈ G P.
On the truncated phase spaces Γl, l ∈ L , this action corresponds to an action of Gl := G|V (γ)| via the
strongly Hamiltonian G-actions (3.4.10):

λ̃l : Gl × Γl → Γl, (3.4.71)

({gv}v∈V (γ), {(θe, ge)}e∈E(γ)) 7→ λ̃l
(
{gv}v∈V (γ), {(θe, ge)}e∈E(γ)

)
:= {L∗

g−1
e(1)

R∗
g−1
e(0)

(θe, ge)}e∈E(γ)

= {(Ad∗ge(1)
(θe), ge(1)geg

−1
e(0))}e∈E(γ).

For l . l′, we define (smooth) projections πll′ : Gl′ → Gl, πll′({gv′}v′∈V (γ′)) = {gv′}v′=v∈V (γ), which are
compatible with the projections p̃R,Lll′ : Γl′ → Γl, because

Gl′ × Γl′
λ̃l′ //

πll′×p̃
R,L
ll′
��

Γl′

p̃R,L
ll′
��

Gl × Γl
λ̃l

// Γl

(3.4.72)
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are commutative diagrams for l . l′. Furthermore, we have the transitivity property πll′′ = πll′ ◦ πl′l′′
for l . l′ . l′′, and λ̃l is compatible with the cotangent bundle projection, i.e. it is a lift of the action
λl : Gl × Cl → Cl.

Again, the action (3.4.71) can be transferred to the “quantum” level, where Gl acts in an automorphic
fashion:

αλl : Gl → Aut(Al), αλl ({gv}v∈V (γ))(F )({((he, ge)}e∈E(γ)) = F ({(αg−1
e(1)

(he), g−1
e(1)gege(0))}e∈E(γ)),

(3.4.73)
αλl : Gl → D ′(Cl)⊗̂C∞(Cl),

for F ∈ C(Cl, C(Cl)) or D ′(Cl)⊗̂C∞(Cl).
The automorphism group αλl (Gl), as well as its extension ᾱλl (Gl) to M(Al), is unitarily implemented in
(ρlL, L2(Cl)) respectively (ρ̄lL, L2(Cl)):

Uλl : Gl → UB(L2(Cl)),
(
Uλl ({gv}v∈V (γ))Ψ

)
({ge}e∈E(γ)) = Ψ({g−1

e(1)gege(0)}e∈E(γ)), (3.4.74)

for Ψ ∈ L2(Cl). Since ρ̄lL is an isomorphism, the implementation is even inner in M(Al).
Furthermore, the various actions (3.4.71), (3.4.73) & (3.4.74) are consistent with (L ,≤), (L ,lL) and
(L ,lR) and quantisation via F (W ),ε (or Q(W )

ε ).

Ê ′Ul
(c∗l )⊗̂C∞(Cl)

p̃
R,L ∗
ll′ ��p̃

R,L ∗
ll′′

&&

F (W ),ε
// D ′(Cl)⊗̂C∞(Cl)�C∞(Cl)

α
R,L
l′l
��

α
R,L
l′′l

&&

p∗
ll′

��
p∗
ll′′

zz

Gl×Ê ′Ul
(c∗l )⊗̂C∞(Cl)

λ̃∗l 22

p̃
R,L ∗
ll′

��

p̃
R,L ∗
ll′′

&&

F (W ),ε
// Gl×(D ′(Cl)⊗̂C∞(Cl) � C∞(Cl))

α
R,L
l′l ��

α
R,L
l′′l

&&

p∗
ll′
��

p∗
ll′′

||

(αλl ,λ
∗
l) 11

Ê ′Ul′
(c∗
l′ )⊗̂C

∞(Cl′ )

p̃
R,L ∗
l′l′′

��

F (W ),ε
// D ′(Cl′ )⊗̂C∞(Cl′ )�C∞(Cl′)

α
R,L
l′′l′

��

p∗
l′l′′

��

Gl′×Ê ′Ul′
(c∗
l′ )⊗̂C

∞(Cl′ )

λ̃∗
l′ 22

p̃
R,L ∗
l′l′′

��

F (W ),ε
// 00Gl′×(D ′(Cl′ )⊗̂C∞(Cl′ ) � C∞(Cl′))

α
R,L
l′′l′

��

p∗
l′l′′

��

(αλ
l′,λ
∗
l′) 11

Ê ′Ul′′
(c∗
l′′ )⊗̂C

∞(Cl′′ )
F (W ),ε

// D ′(Cl′′ )⊗̂C∞(Cl′′ )�C∞(Cl′′)

Gl′′×Ê ′Ul′′
(c∗
l′′ )⊗̂C

∞(Cl′′ )

λ̃∗
l′′ 22

F (W ),ε
// Gl′′×(D ′(Cl′′ )⊗̂C∞(Cl′′ ) � C∞(Cl′′))

(αλ
l′′ ,λ

∗
l′′) 11

(3.4.75)

Here, we refrained from displaying the projection between the Gl’s.

3.4.2. Free quantum fields on quantum cosmological space times

This subsection is devoted to a discussion of the applicability of adiabatic perturbation theory [Teufel,
2003] and the Born-Oppenheimer approximation [Martinez, 2002b] to models describing the propagation
of quantum fields on quantum cosmological spacetimes. Models of this type arise in quantum gravity
motivated extension of cosmological perturbation theory33 [Agullo et al., 2012,Agullo et al., 2013a,Agullo
et al., 2013b], and as testing grounds for ideas employed in approaches to full-fledged theories of quantum
gravity [Ashtekar et al., 2009, Domagała et al., 2010]. But, so far the analysis of the dynamics of those
models is limited by test field approximations, which avoid back reactions of the quantum fields onto the
gravitational sector. Adiabatic perturbation theory offers a systematic approach via parameter dependent
phase space quantisation to lift this limitation in cases, where a splitting into slowly and fast varying degrees
of freedom is feasible, and a restriction to (isolated34) spectral subspaces is of interest. Relying on essentially
the same techniques, the Born-Oppenheimer approximation allows for a complementary point of view: A
time-independent approximation of the spectrum of a Hamiltonian, which admits a suitable “slow-fast”-
decomposition.

In the following, we will focus on models obtained from the formal expression for the Hamiltonian governing
33Although, it should be admitted that those models are not always subject to a strictly Hamiltonian evolution.
34There are also means to deal with adiabatic approximations without gap conditions [Teufel, 2003].



3.4.2 Free quantum fields on quantum cosmological space times 125

the evolution of a flat (k = 0) Friedmann-Lemaître-Robertson-Walker (FLRW) cosmological spacetime,
M ∼= R×Σ, ds2 = −N2dt2 + a2〈dx, dx〉Σ3 , a > 0, with cosmological constant, Λ, and a free scalar field,
φ : R×Σ → R, propagating on it, together with a timelike dust field (homogeneous, isotropic), u : R → R,
with energy density ρ, w.r.t. which we deparametrise [Brown and Kuchař, 1995,Giesel and Thiemann, 2012].
The Hamiltionian can be obtained via a canonical analysis of the following (formal) action functional (we
choose units s.t. ~ = 1 = c):

S = SG + Sφ + SDust, (3.4.76)

SG = 1
κ

∫
R
dt Na

(
−
(
ȧ

N

)2
− Λ

3 a
2 + k

)
,

Sφ = − 1
2λ

∫
R×Σ

dt d3x Na3

(
−
(
φ̇

N

)2

+ 1
a2 〈∂xφ, ∂xφ〉Σ3 +m2φ2

)
,

SDust = −1
2

∫
R
dt Na3ρ

(
−
(
u̇

N

)2
+ 1
)
.

To avoid infrared divergences due to infinite spatial volume, we use flat 3-tori as spatial sections, Σ ∼= T3
l (l

is the length scale introduced by this compactification35), in the flat case, k = 0. After reduction w.r.t. the
dust field u, the (formal) reduced Hamiltonian takes the form:

H = HG +Hφ, (3.4.77)

HG = − κ

4ap
2
a + a3

κ

(
Λ
3 −

k

a2

)
,

Hφ = λ

2a3

∑
s∈Σ̂

(
p2
s + 1

λ2

(
s2a4 +m2a6) q2

s

)
,

with the canonical pairs (pa, a) ∈ R×R>0, (ps, qs) ∈ R2, s ∈ Σ̂. Here, the scalar field Hamiltonian, Hφ, is
given w.r.t. the reciprocal space Σ̂ = 2π

l Z3 (cp. [Ashtekar et al., 2009]). Strictly speaking, this expression is
only valid under the supplementary conditions N > 0, pu > 0, ρ > 0 and ρ = − 1

a3 (HG +Hφ), which arise
during the reduction procedure. Especially, the last condition is of importance, as it resembles the analogue
of the first Friedmann equation, and makes the conservation of energy and momentum, d

dt (a
3ρ) = {H, ρ} = 0,

manifest. The second Friedmann equation is obtained from the Hamiltonian equations of the pair (pa, a).

Next, we cast (3.4.77) into a form, which is closer to models in LQC. To this end, we switch to a new
conjugate pair (pω, ω) ∈ R2 in the gravitational sector (ω is the signed volume and pω the Hubble rate;
degenerate volume configurations, ω = 0, are included):

{pω, ω} = 1, |ω| = a3l3, (3.4.78)

HG = −3
4(2l3κ)|ω|p2

ω + 2Λ
3(2l3κ) |ω| −

2l2k
(2l3κ) |ω|

1
3 = −3

4κ
′|ω|p2

ω + 2Λ
3κ′ |ω| −

2l2k
κ′
|ω| 13 , κ′ = 2l3κ, (3.4.79)

Hφ = λ′

2|ω|
∑
s∈Σ̂

(
p2
s + 1

λ′2

(
(ls)2|ω| 43 +m2|ω|2

)
q2
s

)
, λ′ = l3λ,

which is related to the usual LQC variables (b, ν):

{b, ν} = 2, ω = κ′γ

4 ν, pω = 2
κ′γ

b, (3.4.80)

35The issues connected with rescaling the spatial sections, T3
l → T3

cl, c ∈ R>0, will be addressed in subsection 3.4.2. T3
l is called

the fiducial cell in the LQC literature (cf. [Ashtekar and Singh, 2011]).
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HG = − 3
4γ |ν|b

2 + Λ
6 γ|ν| −

(
2γ
κ′2

) 1
3

l2k|ν| 13 , (3.4.81)

Hφ = 2
γ|ν|

(
λ′

κ′

)∑
s∈Σ̂

(
p2
s + γ2

16

(
κ′

λ′

)2
((

4
κ′γ

) 2
3

(ls)2|ν| 43 +m2|ν|2
)
q2
s

)
,

where γ is the Immirzi parameter (cf. [Ashtekar and Singh, 2011]). A short dimensional analysis shows
([H] = [l−1] = [m]), that [λ′] = [l2] = [κ′] and [qs] = [l−2], [ps] = [l2], s ∈ Σ̂. Therefore, the quotient
κ′

λ′ = ε2 is dimensionless, and
√
λ = lφ = m−1

φ sets the typical length/mass scale of the scalar field, while√
κ′ ∼ lPlanck = m−1

Planck, showing that ε ∼ mφ
mPlanck

is typically very small (it will later on serve as adiabatic
parameter). Thus, if we use scalar field units, λ′ = 1, for the Hamiltonian with k = 0,Λ = 0, we obtain an ε-
dependent Hamiltonian, which after quantisation will be admissible to ε-dependent phase space quantisation:

H = HG +Hφ = −3
4 |ω|(εpω)2 + 1

2|ω|
∑
s∈Σ̂

p2
s +

(
(ls)2|ω| 43 +m2|ω|2

)
︸ ︷︷ ︸

=Ωs(|ω|;l,m)2

q2
s

 (3.4.82)

= −3
4 |ω|(εpω)2 + 1

2|ω|
∑
s∈Σ̂

(
p2
s + Ωs(|ω|; l,m)2q2

s

)
.

Remark 3.4.15:

In the literature on LQC dealing with analytically soluble models, the Hamiltonian H is usually presented
in a form, which describes evolution w.r.t. a harmonic time parameter (cf. [Ashtekar and Singh, 2011]).
Formally, this corresponds to a multiplication of H with |ω|, which removes the non-analytic dependence on
ω and the inverse volume 1

|ω| for homogeneous scalar fields. Such a strategy is not viable for inhomogeneous
scalar fields due to the presence of the “gradient term” involving |ω| 43 , and we stick to the form (3.4.82), as
its also requires us, besides the non-analytic ω-dependence, to deal with (loop) quantisations of the inverse
volume 1

|ω| .

Wheeler-DeWitt/Schrödinger quantisation

Regarding quantisation of a system subject to a Hamiltonian of the form (3.4.82), we start with a Schrödinger
type quantisation in the gravitational sector. But, we will use the analogue of the LQC version of the
gravitational Hamiltonian HG (see below, cf. [Ashtekar and Singh, 2011]). The scalar field sector will be
subjected to a Fock type quantisation common to quantisation of relativistic free fields. But, already at
this point there is a catch, because we need to realise the scalar field Hamiltonian Hφ on a common Fock
space for all values of (pω, ω) ∈ R2 to allow for the application of adiabatic perturbation theory. For the
Hamiltonian (3.4.82) this appears to be impossible by standard means, because ω affects the “mass term”
of Hφ, and the Bogoliubov transformations between annihilation and creation operators for different values
of ω will not be implementable (a particular instance of the phenomenon often phrased as Haag’s theorem,
cf. [Haag, 1955,Fulling, 1989,Reed and Simon, 1975]):(

zs(|ω|; l,m)

z̄s(|ω|; l,m)

)
:= 1√

2

(
Ωs(|ω|; l,m) 1

2 iΩs(|ω|; l,m)− 1
2

Ωs(|ω|; l,m) 1
2 −iΩs(|ω|; l,m)− 1

2

)
︸ ︷︷ ︸

:=As(|ω|;l,m)

(
qs

ps

)
, (3.4.83)

{zs(|ω|; l,m), z̄s′(|ω|; l,m)} = i

2 ({ps, qs′} − {qs, ps′}) = iδs,s′ ,(
zs(|ω′|; l,m)

z̄s(|ω′|; l,m)

)
= As(|ω′|; l,m)As(|ω|; l,m)−1

(
zs(|ω|; l,m)

z̄s(|ω|; l,m)

)
.
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Therefore, we introduce a regularised version of (3.4.82), which, on the one hand, (formally) breaks relativistic
invariance of the model, but, on the other hand, allows us retain an infinite number of degrees of freedoms
(we do not necessarily choose a cut-off regularisation in reciprocal space).

Let us now define the quantum theory:
The gravitational sector is represented on the Hilbert space L2(R, dω) together with the (essentially self-
adjoint) operators (ω̂Ψ)(ω) = ωΨ(ω), Ψ ∈ Dess(ω̂) = D(R), and (p̂ωΨ)(ω) = −iε(∂ωΨ)(ω), Ψ ∈ Dess(p̂ω) =
D(R).
The scalar field sector is represented on the symmetric Fock space F s(l2(Σ̂)), built out of the “one particle”
Hilbert space l2(Σ̂) = {{fs}s∈Σ̂ ⊂ C |

∑
s∈Σ̂ |fs|2 < ∞}, together with the annihilation and creation

operators a(f), a∗(f), f ∈ l2(Σ̂), which admit the common dense domain Fs(l2(Σ̂)) of finite sums of
(symmetrised) tensor products of elements in l2(Σ̂) (cf. [Bratteli and Robinson, 1997]). The actions of a(f)
and a∗(f) on the non-symmetrised Fock space F (l2(Σ̂)) = CΩ⊕

⊕∞
n=1 l

2(Σ̂)⊗n are defined by

a(f)Ω = 0, a(f)(f1 ⊗ ...⊗ fn) =
√
n (f, f1)l2(Σ̂)(f2 ⊗ ...⊗ fn), (3.4.84)

a∗(f)Ω = f, a∗(f)(f1 ⊗ ...⊗ fn) =
√
n+ 1 (f ⊗ f1 ⊗ ...⊗ fn),

for all f ∈ l2(Σ̂), n ∈ N, f1 ⊗ fn ∈ l2(Σ̂)⊗n. The action on F s(l2(Σ̂)) is obtained by restriction. For
f = es := {δs,s′}s′∈Σ̂ ∈ l2(Σ̂), the operators as := a(es), a∗s = a∗(es) represent quantisations of the
(complex) canonical pairs (zs = 1√

2 (qs + ips), z̄s = 1√
2 (qs − ips)), s ∈ Σ̂, where we chose the scalar field

length scale, λ′ = 1, to achieve a dimensionally consistent combination of qs and ps36.

Now, we are in a position to give meaning to a regularised version of (3.4.82):
Theorem 3.4.16:

Given f ∈ h1
2(Σ̂) ⊂ l2(Σ̂), the operators

Ĥf,∓
` = ±ĤG,` + Ĥf

φ,` (3.4.85)

= ∓3
4

̂sin(ω0pω)
ω0

|̂ω|`
̂sin(ω0pω)
ω0

+ 1
2 |̂ω|

−1
`

∑
s∈Σ̂

((
p̂fs
)2 + Ωs(|̂ω|`; l,m)2 (q̂fs )2)

= ∓3
4

̂sin(ω0pω)
ω0

|̂ω|`
̂sin(ω0pω)
ω0

+ 1
2 |̂ω|

−1
`

∑
s∈Σ̂

(
|fs|2(Ωs(|̂ω|`; l,m)2 + 1)(a∗sas + 1

2 )

+(Ωs(|̂ω|`; l,m)2 − 1) 1
2 (f2

sa
2
s + f2

s (a∗s)2)
)
,

where ω0 = 1
2
( 3

4
) 1

4 ε2(γλ′) 3
2 , are symmetric and densely defined on D(Ĥf,∓

` ) := C∞c (R) ⊗ Fs(l2(Σ̂)) ⊂
L2(R, dω)⊗F s(l2(Σ̂)) =: HG,φ. D(Ĥf,∓

` ) is an invariant domain of analytic vectors for ĤG,` and Ĥf
φ,`, and

an invariant domain of semi-analytic vectors for Ĥf,∓
` . Here, | . |`, ` ∈ R>0, is the smoothed absolute value

function

∀ω ∈ R : |ω|` := (δ` ∗ | . |) (ω) =
∫
R
dω′ δ`(ω′)|ω − ω′|, (3.4.86)

δ`(ω) :=

C`e
− 1

1−(ω` )2
: ω ∈ (−`, `)

0 : else
, C−1

` := `

∫
(−1,1)

dω e
− 1

1−ω2 ,

and p̂fs := −i√
2 (fsas − fsa∗s), q̂fs := 1√

2 (fsas + fsa
∗
s).

Proof:

We start the proof by showing that ĤG,` and Ĥf
φ,` are well-defined on the space C∞c (R)⊗F (l2(Σ̂)) and leave

it invariant. Equivalent statements on D(Ĥf,∓
` ) ⊂ HG,φ follow via the projection to the symmetric subspace

36In principle, there is a freedom to introduce canonical pairs (zδs = δ2√
2

(qs + iδ−4ps), z̄δs = δ2√
2

(qs− iδ−4ps)), s ∈ Σ̂, with a scale
parameter δ > 0. But, the choice δ = 1 appears to be natural for scalar field variables at this point.
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F (l2(Σ̂))→ Fs(l2(Σ̂)).

Let Ψ ∈ C∞c (R)⊗ F (l2(Σ̂)):

||ĤG,φΨ||2HG,φ
(3.4.87)

=
(

3
4ω2

0

)2 ∫
R
dω||(ĤG,φΨ)(ω)||2

F(l2(Σ̂))

=
(

3
16ω2

0

)2 ∫
R
dω|||ω + εω0|`(Ψ(ω + 2εω0)−Ψ(ω))− |ω − εω0|`(Ψ(ω)−Ψ(ω − 2εω0))||2

F(l2(Σ̂))

=
(

3
16ω2

0

)2 ∫
R
dω
(
|ω + εω0|2` ||Ψ(ω + 2εω0)−Ψ(ω)||2

F(l2(Σ̂)) + |ω − εω0|2` ||Ψ(ω)−Ψ(ω − 2εω0)||2
F(l2(Σ̂))

− 2|ω + εω0|`|ω − εω0|`<(Ψ(ω + 2εω0)−Ψ(ω),Ψ(ω)−Ψ(ω − 2εω0))F(l2(Σ̂))

)
≤
(

3
16ω2

0

)2(∫
R
dω
(
|ω + εω0|2` ||Ψ(ω + 2εω0)−Ψ(ω)||2

F(l2(Σ̂)) + |ω − εω0|2` ||Ψ(ω)−Ψ(ω − 2εω0)||2
F(l2(Σ̂))

)
+ 2
(∫

R
dω|ω + εω0|2` ||Ψ(ω + 2εω0)−Ψ(ω)||2

F(l2(Σ̂))

)1
2
(∫

R
dω|ω − εω0|2` ||Ψ(ω)−Ψ(ω − 2εω0)||2

F(l2(Σ̂))

)1
2
)

≤
(

3
16ω2

0

)2(∫
R
dω
(
|ω + εω0|2`

(
||Ψ(ω + 2εω0)||2

F(l2(Σ̂)) + ||Ψ(ω)||2
F(l2(Σ̂))

)
+|ω − εω0|2`

(
||Ψ(ω)||2

F(l2(Σ̂)) + ||Ψ(ω − 2εω0)||2
F(l2(Σ̂))

))
+ 2

(∫
R
dω|ω + εω0|2` ||Ψ(ω + 2εω0)||2

F(l2(Σ̂))

) 1
2
(∫

R
dω|ω + εω0|2` ||Ψ(ω)||2

F(l2(Σ̂))

) 1
2

+ 2
(∫

R
dω|ω − εω0|2` ||Ψ(ω)||2

F(l2(Σ̂))

) 1
2
(∫

R
dω|ω − εω0|2` ||Ψ(ω − 2εω0)||2

F(l2(Σ̂))

) 1
2

+ 2
(∫

R
dω
(
|ω + εω0|2`

(
||Ψ(ω + 2εω0)||2

F(l2(Σ̂)) + ||Ψ(ω)||2
F(l2(Σ̂))

))
+2
(∫

R
dω|ω + εω0|2` ||Ψ(ω + 2εω0)||2

F(l2(Σ̂))

) 1
2
(∫

R
dω|ω + εω0|2` ||Ψ(ω)||2

F(l2(Σ̂))

) 1
2
) 1

2

(∫
R
dω
(
|ω − εω0|2`

(
||Ψ(ω)||2

F(l2(Σ̂)) + ||Ψ(ω − 2εω0)||2
F(l2(Σ̂))

))
+2
(∫

R
dω|ω − εω0|2` ||Ψ(ω)||2

F(l2(Σ̂))

) 1
2
(∫

R
dω|ω − εω0|2` ||Ψ(ω − 2εω0)||2

F(l2(Σ̂))

) 1
2
) 1

2


≤
(

3
4ω2

0

)2
|ωΨ + εω0|2` ||Ψ||2HG,φ

,

where ωΨ := supω∈supp(Ψ) |ω|, and we made repeated use of the Cauchy-Schwarz inequality and the mono-
tonicity of the square root and | . |`. It is obvious that ĤG,` is symmetric on and preserves C∞c (R)⊗F (l2(Σ̂)).
More generally, we infer from (3.4.87):

∀n ∈ N : ||Ĥn
G,φΨ||2HG,φ

≤
(

3
4ω2

0

)2n
(

n∏
m=1
|ωΨ + (2m− 1)εω0|2`

)
||Ψ||2HG,φ

(3.4.88)

≤
(

3
4ω2

0

)2n( (2n)!
2nn!

)2
|ωΨ + εω0|2n` ||Ψ||2HG,φ

,

which shows that Ψ is analytic for ĤG,`. Here, we used |kω|` = k|ω| `
k
≤ k|ω|` for k ≥ 1.

The situation for Ĥf
φ,` is slightly more complicated. To begin with, we note that the action of Ĥf

φ,` on
Ψ ∈ C∞c (R)⊗ F (l2(Σ̂)) is given as follows:

||Ĥf
φ,`Ψ||

2
HG,φ

=
∫
R
dω||Hf

φ,`(ω)Ψ(ω)||2
F(l2(Σ̂)) (3.4.89)
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with

Hf
φ,`(ω) = 1

2|ω|`

∑
s∈Σ̂

(
|fs|2(Ωs(|ω|`; l,m)2 + 1)(a∗sas + 1

2) + (Ωs(|ω|`; l,m)2 − 1)1
2(f2

sa
2
s + f2

s (a∗s)2)
)
, ω ∈ R .

(3.4.90)

(3.4.89) shows that Ĥf
φ,` does not affect the ω-support of Ψ. Thus, we only need to show that family of

operators {Hf
φ,`(ω)}ω∈R is well-defined on and preserves F (l2(Σ̂)). In the course of this, we will obtain a

bound on (3.4.89), which implies analyticity of Ψ.

Since, f = {fs}s∈Σ̂ ∈ h1
2(Σ̂) ⊂ l2(Σ̂), we know that {

√
Ωs(|ω|`; l,m)2 + 1fs}s∈Σ̂, {

√
Ωs(|ω|`; l,m)2 − 1fs}s∈Σ̂

and {
√

Ωs(|ω|`; l,m)2 − 1fs}s∈Σ̂ ⊂ l2(Σ̂)37, because

∑
s∈Σ̂

|
√

Ωs(|ω|`; l,m)2 + 1fs|2 =
∑
s∈Σ̂

(Ωs(|ω|`; l,m)2 + 1)|fs|2 =
∑
s∈Σ̂

((ls)2|ω|
4
3
` +m2|ω|2` + 1)|fs|2 (3.4.91)

≤ (|ω|
4
3
` +m2|ω|2` + 1)︸ ︷︷ ︸

:=h(|ω|`;m)

∑
s∈Σ̂

(1 + (ls)2)|fs|2 = h(|ω|`;m)||f ||2
h1

2(Σ̂) <∞,

∑
s∈Σ̂

|
√

Ωs(|ω|`; l,m)2 − 1fs|2 =
∑
s∈Σ̂

|Ωs(|ω|`; l,m)2 − 1||fs|2 ≤
∑
s∈Σ̂

(Ωs(|ω|`; l,m)2 + 1)|fs|2

≤ h(|ω|`;m)||f ||2
h1

2(Σ̂) <∞,∑
s∈Σ̂

|
√

Ωs(|ω|`; l,m)2 − 1fs|2 =
∑
s∈Σ̂

|Ωs(|ω|`; l,m)2 − 1||fs|2 ≤
∑
s∈Σ̂

(Ωs(|ω|`; l,m)2 + 1)|fs|2

≤ h(|ω|`;m)||f ||2
h1

2(Σ̂) <∞.

Now, it is sufficient to show that the operators
∑
s∈Σ̂ |gs|2a∗sas,

∑
s∈Σ̂ g

2
sa

2
s and

∑
s∈Σ̂ g

2
s(a∗s)2 are well-defined

on and preserve F (l2(Σ̂)) for g = {gs}s∈Σ̂ ∈ l2(Σ̂).

||
∑
s∈Σ̂

|gs|2a∗sasΨn||l2(Σ̂)⊗n = ||(a∗(g)a(g)−
∑
s,s′∈Σ̂
s6=s′

gsgs′a
∗
sas′Ψn||l2(Σ̂)⊗n (3.4.92)

≤ ||a∗(g)a(g)Ψn||l2(Σ̂)⊗n + ||
∑
s,s′∈Σ̂
s6=s′

gsgs′a
∗
sas′Ψn||l2(Σ̂)⊗n

≤ 2n||g||2
l2(Σ̂)||Ψ||l2(Σ̂)⊗n ,

because

||a∗(g)a(g)Ψn||2l2(Σ̂)⊗n = ||
∑

s,s1,...,sn∈Σ̂

n(Ψn)s1,...,sngs1gses ⊗ es2 ⊗ ...⊗ esn ||
2
l2(Σ̂)⊗n (3.4.93)

= n2
∑

s,s2,...,sn∈Σ̂

|
∑
s1∈Σ̂

(Ψn)s1,...,sngs1gs|
2 = n2||g||2

l2(Σ̂)

∑
s2,...,sn∈Σ̂

|
∑
s1∈Σ̂

(Ψn)s1,...,sngs1 |
2

≤ n2||g||4
l2(Σ̂)

∑
s1,...,sn∈Σ̂

|(Ψn)s1,...,sn |2 = n2||g||4
l2(Σ̂)||Ψ||

2
l2(Σ̂)⊗n ,

||
∑
s,s′∈Σ̂
s6=s′

gsgs′a
∗
sas′Ψn||2l2(Σ̂)⊗n = ||

∑
s,s1,...,sn∈Σ̂

s6=s1

n(Ψn)s1,...,sngs1gses ⊗ es2 ⊗ ...⊗ esn ||
2
l2(Σ̂)⊗n

=
∑

s,s2,...,sn∈Σ̂

n2|
∑
s1∈Σ̂
s6=s1

(Ψn)s1,...,sngs1gs|
2 = n2

∑
s,s2,...,sn∈Σ̂

|gs|2|
∑
s1∈Σ̂
s6=s1

(Ψn)s1,...,sngs1 |
2

37√Ωs(|ω|`; l,m)2 − 1 is an arbitrary complex square root of Ωs(|ω|`; l,m)2 − 1.
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= n2
∑

s,s2,...,sn∈Σ̂

|gs|2|(gs, (Ψn)( . ),s2,...,sn)l2(Σ̂)|
2

≤ n2
∑

s,s1,...,sn∈Σ̂

|gs|2||gs||2l2(Σ̂)|(Ψn)s1,...,sn)l2(Σ̂)|
2 ≤ n2||g||4

l2(Σ̂)||Ψ||
2
l2(Σ̂)⊗n ,

for all Ψn =
∑
s1,...,sn∈Σ̂(Ψn)s1,...,snes1 ⊗ ...⊗ esn ∈ l2(Σ̂)⊗n, and gs = {gss′}s′∈Σ̂ := {(1− δs,s′)gs′}s′∈Σ̂. We

also see that ∀n ∈ N0 :
∑
s∈Σ̂ |gs|2a∗sas : l2(Σ̂)⊗n → l2(Σ̂)⊗n.

By an analogous argument, we find:

||
∑
s∈Σ̂

g2
sa

2
sΨn||l2(Σ̂)⊗n ≤ 2

√
n(n− 1)||g||2

l2(Σ̂)||Ψ||l2(Σ̂)⊗n , (3.4.94)

||
∑
s∈Σ̂

g2
s(a∗s)2Ψn||l2(Σ̂)⊗n ≤ 2

√
(n+ 2)(n+ 1)||g||2

l2(Σ̂)||Ψ||l2(Σ̂)⊗n ,

for all Ψn =
∑
s1,...,sn∈Σ̂(Ψn)s1,...,snes1 ⊗ ... ⊗ esn ∈ l2(Σ̂)⊗n, and ∀n ∈ N0 :

∑
s∈Σ̂ g

2
sa

2
s : l2(Σ̂)⊗n →

l2(Σ̂)⊗n−2,
∑
s∈Σ̂ g

2
s(a∗s)2 : l2(Σ̂)⊗n → l2(Σ̂)⊗n+2.

From this we find:

||Hf
φ,`(ω)Ψ(ω)||F(l2(Σ̂)) ≤

h(|ω|`;m)
2|ω|`

||f ||2
h1

2(Σ̂)

(
2nΨ+ 1

2 +
√
nΨ(nΨ+1)+

√
(nΨ+2)(nΨ+1)

)
||Ψ(ω)||F(l2(Σ̂))

(3.4.95)

≤ 2h(|ω|`;m)
|ω|`

||f ||2
h1

2(Σ̂)(nΨ + 1)||Ψ(ω)||F(l2(Σ̂)),

and in general:

∀n ∈ N : ||Hf
φ,`(ω)nΨ(ω)||F(l2(Σ̂)) ≤

(
2h(|ω|`;m)
|ω|`

||f ||2
h1

2(Σ̂)

)n( n∏
m=1

(nΨ + 2m− 1)
)
||Ψ(ω)||F(l2(Σ̂))

(3.4.96)

=
(

2h(|ω|`;m)
|ω|`

||f ||2
h1

2(Σ̂)

)n (nΨ + 2n− 1)!!
(nΨ − 1)!! ||Ψ(ω)||F(l2(Σ̂)),

for Ψ =
∑nΨ
j=0 Ψj ∈ C∞c (R)⊗F (l2(Σ̂)), Ψj ∈ C∞c (R)⊗ l2(Σ̂)⊗j . Thus, the family {Hf

φ,`(ω)}ω∈R has a dense
set of analytic vectors in the ω-fibres, Fω ∼= F (l2(Σ̂)), of L2(R, dω)⊗F (l2(Σ̂))38, and (3.4.89) satisfies the
bound

||(Ĥf
φ,`)

nΨ||2HG,φ
≤
(

2||f ||2
h1

2(Σ̂)

)2n
(

(nΨ + 2n− 1)!!
(nΨ − 1)!!

)2 ∫
R
dω

(
h(|ω|`;m)
|ω|`

)2n
||Ψ(ω)||2

F(l2(Σ̂)) (3.4.97)

≤
(

2||f ||2
h1

2(Σ̂)

)2n
(

(nΨ + 2n− 1)!!
(nΨ − 1)!!

)2
sup

ω∈supp(Ψ)

(
h(|ω|`;m)
|ω|`

)2n
||Ψ||2HG,φ

,

implying analyticity of Ψ for Ĥf
φ,`. Symmetry of Ĥf

φ,` is obvious.

To conclude the proof of the theorem, we need to show semi-analyticity of Ψ ∈ C∞c (R) ⊗ F (l2(Σ̂)). The
statement for Ψ ∈ D(Ĥf,∓

` ) follows via symmetrisation. From the above we know that

supp(Ĥf,∓
` Ψ) ⊂ [−(ωΨ + εω0), ωΨ + εω0], nĤf,∓` Ψ ≤ nΨ + 2, (3.4.98)

for Ψ =
∑nΨ
j=0 Ψj ∈ C∞c (R)⊗ F (l2(Σ̂)), Ψj ∈ C∞c (R)⊗ l2(Σ̂)⊗j .

Moreover, from h(|ω|`;m)
|ω|` =

(
m2|ω|`+|ω|

1
3
` + 1

|ω|`

)
, we see that ω`,m := inf{ω ∈ R≥0 | ∀ω′ ≤ ω : h(|ω′|`;m)

|ω′|` ≤
h(|ω|`;m)
|ω|` } exists and is finite, and h(|kω|`;m)

|kω|` ≤ k h(|ω|`;m)
|ω|` for all ω ≥ ω`,m, k ≥ 1. Therefore, setting

38Each Hf
φ,`(ω), ω ∈ R, is essentially self-adjoint on F (l2(Σ̂)) ⊂ F (l2(Σ̂)).
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ωΨ,`,m := max{ωΨ, ω`,m}, we have the bound:

∀n ∈ N : ||(Ĥf,∓
` )nΨ||HG,φ ≤ (2n)!!

(
3

4ω2
0
|ωΨ,`,m + εω0|+ 2nΨ||f ||2h1

2(Σ̂)
h(|ωΨ,`,m + εω0|`;m)
|ωΨ,`,m + εω0|`

)n
||Ψ||HG,φ ,

(3.4.99)

which proves semi-analyticity of Ψ for Ĥf,∓
` . Symmetry of Ĥf,∓

` follows from the symmetry of ĤG,` and
Ĥf
φ,`.

Remark 3.4.17:

The gravitational part, ĤG,`, of the Hamiltonian (3.4.85) is the analogue of the corresponding expression in
LQC:

ĤLQC
G = − 3

4γ
̂sin(λLQCb)
λLQC

|̂ν|
̂sin(λLQCb)
λLQC

, (3.4.100)

where λLQC = 2
ελ′γω0.

The smoothing of the absolute value function (3.4.86)39 can be easily removed in the LQC quantisation,
as we will see below. It is introduced at this point to avoid complicated domain issues in the definition of
Ĥ, and to allow for the immediate application of adiabatic perturbation theory (Ĥf

` has a smooth (Weyl)
symbol).
The smoothing we have chosen has certain favourable properties:

1. The difference | . | − | . |` is in Cc(R) and the convergence | . |` −→
`→0+

| . | is uniform.

2. The derivatives of | . |` of order α ≥ 2 are test functions, i.e. ∀α ≥ 2 : ∂αω | . |` ∈ C∞c (R). This is easily
understood from the fact that ∂2

ω| . | = 2δ, as therefore ∂2
ω| . |` = 2δ`.

3. The inequality | . | ≤ | . |` ≤ | . |+ `C`=1(C(1)
`=1)−1 holds, where (C(1)

` )−1 := `2
∫

(−1,1) dω |ω|e
− 1

1−ω2 .

4. | . |` is symmetric w.r.t. to the origin, and | . |` = | . | on R \(−`, `).

5. | . |` ≥ `C`=1(C(1)
`=1)−1 > 0, which implies ∀ω ∈ R : Ωs(|ω|`; l,m)2 > 0 (the spectrum of Ĥf

φ,` is
stabilised at ω = 0).

Theorem 3.4.16 provides us with the means to answer, whether the operators ĤG,`, Ĥf
φ,` and Ĥf,∓

` have
self-adjoint extensions, and thereby are admissible as Hamiltonians of physical model systems (well-defined
spectrum and associated functional calculus, existence of dynamics).
The situation is especially satisfying for the operators ĤG,`, Ĥf

φ,` and Ĥ
f,+
` , as these turn out to be essentially

self-adjoint on the specified domains, i.e. the physics of the (euclideanised) model given by Ĥf,+
` is already

determined without further input.
In the case of the physically more viable model Hamiltonian Ĥf,−

` , we are only, at this point, able to show
existence of self-adjoint extensions, when f = f , i.e. the deficiency subspaces have equal dimension, due to
a lack of positivity. This lack of positivity will also affect the applicability of adiabatic perturbation theory
(see below).

Corollary 3.4.18:

The operators ĤG,`, Ĥf
φ,` and Ĥ

f,+
` are essentially self-adjoint on D(Ĥf,∓

` ) ⊂ HG,φ.

Proof:

Essential self-adjointness of ĤG,` and Ĥf
φ,` follows from Nelson’s analytic vector theorem [Nelson, 1959,Reed

and Simon, 1975]. Essential self-adjointness of Ĥf,+
` follows from positivity of −ĤG,` and Ĥf

φ,` and Simon’s

39δ` is known as a Friedrich’s mollifier.
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Figure 3.4.2.: Plots of δ` and ∂2
ωδ`.
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(a) Plots of | . | (blue) and | . |`=1 (red).
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(b) Plot of ∂2
ω| . |`=1 = 2δ`=1 (cp. figure 3.4.2a, ∂2

ω| . | =
2δ).

Figure 3.4.3.: Plots of | . |, | . |`=1 and ∂2
ω| . |`=1.

theorem on semi-analytic vectors [Simon, 1971].

(Ψ,−ĤG,`Ψ)HG,φ = 3
4ω2

0

∫
R
dω|ω|` ||Ψ(ω + εω0)−Ψ(ω − εω0)||2

Fs(l2(Σ̂)) ≥ 0, (3.4.101)

(Ψ, Ĥf
φ,`Ψ)HG,φ =

∫
R
dω
∑
s∈Σ̂

|fs|2
Ωs(|ω|`; l,m)

|ω|`

(
||Afs (|ω|`; l,m)Ψm(ω)||2

Fs(l2(Σ̂)) + 1
2 ||Ψ(ω)||2

Fs(l2(Σ̂))

)
≥0,

for all Ψ ∈ D(Ĥf,∓
` ). Here, we defined a new set of annihilation operators

Afs (|ω|`; l,m) =
(

Ωs(|ω|`; l,m)
2|fs|2

) 1
2 (
qfs + iΩs(|ω|`; l,m)−1pfs

)
, s ∈ Σ̂, (3.4.102)

which bring Ĥf
φ,` into standard form:

Ĥf
φ,` =

∑
s∈supp(f)⊂Σ̂

|fs|2 |̂ω|−1
`

̂Ωs(|ω|`; l,m)
(
Âfs (|ω|`; l,m)∗Âfs (|ω|`; l,m) + 1

2

)
. (3.4.103)

Proposition 3.4.19:

There exists a conjugation C : HG,φ → HG,φ (anti-unitary involution) such that C : D(Ĥf,∓
` ) → D(Ĥf,∓

` )
and CĤf,−

` = Ĥf,−
` C for f = f .
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Proof:

C is defined on elementary tensors ψ ⊗Ψn, ψ ∈ C∞c (R), Ψn ∈ l2(Σ̂)⊗n by

C(ψ ⊗Ψn) := ψ ⊗Ψn, (3.4.104)

where ψ(ω) = ψ(ω) and Ψn =
∑
m1,...,mn

fm1⊗fmn , fmi = {(fmi)s}s∈Σ̂, i = 1, ..., n. Clearly, on elementary
tensors C2 = idHG,φ , and C extends (anti-linear) to a densely defined, anti-unitary involution C : D(Ĥf,∓

` )→
D(Ĥf,∓

` ), because it preserves the ω-support and the natural grading (and symmetry) of F (s)(l2(Σ̂)), and
satisfies

(CΨ, CΨ′)HG,φ = (Ψ′,Ψ)HG,φ , Ψ,Ψ′ ∈ D(Ĥf,∓
` ). (3.4.105)

Finally, C extends to HG,φ due to boundedness.

It remains to show that CĤf,−
` = Ĥf,−

` C for f = f . Since, sin and | . |` are real-valued functions, it
is obvious that CĤG,` = ĤG,`C. To show that CĤf

φ,` = Ĥf
φ,`C it is sufficient to show Ca∗sas = a∗sasC,

Ca2
s = a2

sC and C(a∗s)2 = (a∗s)2C for all s ∈ Σ̂, because Ωs(| . |`; l,m) is real-valued for all s ∈ Σ̂, and f = f

by assumption.

C(as(f1 ⊗ ...⊗ fn)) =
√
n (es, f1)l2(Σ̂) f2 ⊗ ...fn (3.4.106)

=
√
n (es, f1)l2(Σ̂) f2 ⊗ ...fn

=
√
n (es, f1)l2(Σ̂) f2 ⊗ ...fn

= as(C(f1 ⊗ ...⊗ fn)),

C(a∗s(f1 ⊗ ...⊗ fn)) =
√
n+ 1 es ⊗ f1 ⊗ ...⊗ fn

=
√
n+ 1 es ⊗ f1 ⊗ ...⊗ fn

= a∗s(C(f1 ⊗ ...⊗ fn)),

because es = es for all s ∈ Σ̂. Here, we restricted the computation to elementary tensors f1⊗ ...⊗fn ∈ l2(Σ̂),
because the action of as and a∗s is induced from these vectors (cp. (3.4.84)).

Corollary 3.4.20:

The operator Ĥf,−
` : D(Ĥf,∓

` ) ⊂ HG,φ → D(Ĥf,∓
` ) ⊂ HG,φ has self-adjoint extensions, if f = f .

Proof:

This is a consequence of proposition 3.4.19 and von Neumann’s theorem on self-adjoint extensions of sym-
metric operators [Reed and Simon, 1975].

Having established the existence of self-adjoint extension for our model Hamiltonians Hf,∓
` , we make some

preparations for the discussion of the Born-Oppenheimer approximation and adiabatic perturbation theory
within these models. As pointed out in chapter 2 (cf. [Panati et al., 2003b,Teufel, 2003,Klein et al., 1992,
Martinez, 2002b] for original references), the main tool for this is the (operator valued) parameter dependent
Weyl calculus, i.e. we write Hf,∓

` as the ε-Weyl quantisation on D(Ĥf,∓
` ) of the L(Fs(l2(Σ̂)),F s(l2(Σ̂)))-

valued symbol

Hf,∓
` (ω, pω) = ±HG,`(ω, pω) +Hf

π,`(ω) (3.4.107)

= ± 3
8ω2

0

(
cos(2ω0pω)|ω|` −

1
2 (|ω + εω0|` + |ω − εω0|`)

)
1F(l2(Σ̂)) +Hf

φ,`(ω)

= ∓ 3
4ω2

0
sin2(ω0pω)|ω|`1F(l2(Σ̂)) +Hf

φ,`(ω)∓ 3
8ω2

0

(
1
2 (|ω + εω0|` + |ω − εω0|`)− |ω|

)̀
︸ ︷︷ ︸

:=σ(1)
` (ω,εω0), σ(1)

` ( . ,εω0)∈C∞c (R)

1F(l2(Σ̂)),
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where we have isolated the leading O(ε0)-contribution in the last line, the principal symbol. The subprincipal
symbol, ∓σ(1)

` ( . , εω0)1F(l2(Σ̂)), defines an operator in O0(ε) in the notation of [Teufel, 2003] (Appendix A),

i.e. there is C1 > 0 such that || ̂
σ

(1)
` (ω, εω0)||B(L2(R,dω)) ≤ C1ε for all ε ∈ [0, ε0) for some ε0 > 0. It follows

from the proof of theorem 3.4.16 that the symbols Hf,∓
` take values in essentially self-adjoint operators on

Fs(l2(Σ̂)). Moreover, if Hf

φ,`(ω) denotes the (self-adjoint) closure of Hf
φ,`(ω) for ω ∈ R, we know from the

Kato-Rellich theorem that Hf,∓
` (ω, pω) := ±HG,`(ω, pω) + H

f

φ,`(ω) is self-adjoint on D(Hf

φ,`(ω)). If the
latter is given the (Hilbert) graph norm40 (cf. [Kato, 1966])

|| . ||
D(Hfφ,`(ω)),∓ :=

(
|| . ||2

Fs(l2(Σ̂)) + ||Hf

φ,`(ω)( . )||2
Fs(l2(Σ̂))

) 1
2
, (3.4.108)

we know that Hf

φ,`(ω), Hf,∓
` (ω, pω) ∈ B(D(Hf

φ,`(ω)),F s(l2(Σ̂))).

So far, we have only considered the macroscopic configuration variable ω (|ω| = a3l3 is the volume of the
spatial section), but we could equivalently switch to the microscopic configuration variable $ = ε−1ω (in
the sense of adiabatic perturbation theory). If this change is accompanied by ε-scaled Fourier transform
(3.3.119) on the level of operators, we will preserve the applicability of ε-Weyl quantisation with the same
symbol (cp. (3.3.120)). Thus, the analysis w.r.t. the microscopic scale can be performed with (3.4.107)
in the ε-scaled Fourier domain L2(R, dp$) of the gravitational sector (p$ is the microscopic Hubble rate).
This is the domain used in exactly solvable models of LQC up to an additional factor of ε (cf. [Ashtekar and
Singh, 2011]).
Regarding the splitting in the last line of (3.4.107) working w.r.t. the microscopic scale in L2(R, dp$) has

the advantage that ∓ ̂
σ

(1)
` ($, εω0) ⊗ 1F(l2(Σ̂)) = ∓σ(1)

` (iε∂p$ , εω0) ⊗ 1F(l2(Σ̂)) is a smoothing operator, i.e.
Hf,∓
` ($, p$) = ∓ 3

4ω2
0

sin2(ω0p$)|$|`1F(l2(Σ̂)) + Hf
φ,`($) up to O−∞(ε). Furthermore, this shows that the

principal symbol belongs to the operator valued Hörmander’s class S1
1,0(B(D(Hf

φ,`(ω)),F s(l2(Σ̂)))) w.r.t.
ε-Weyl quantisation in L2(R, dp$) (see appendix A; to determine the symbol class w.r.t. L2(R, dω), we
would have to pass to symbol spaces with more general order functions, gm(ω, pω) = 〈ω〉m, cf. [Martinez,
2002a,Dimassi and Sjöstrand, 1999]; see also Appendix A & B of [Teufel, 2003], for a concise overview of
operator valued symbol classes).
But, from the perspective of volume observables is seems natural to work w.r.t. the macroscopic scale in
L2(R, dω), where approximations to the dynamics generated by self-adjoint extensions of Ĥf,∓

` (denoted by
the same symbol),

i∂sΨ(s) = Ĥf,∓
` Ψ(s), Ψ(0) = Ψ, (3.4.109)

for macroscopic time scales t = εks, k ∈ N, are of interest. The upshot of this is that any perturbative result
in orders of ε derived in L2(R, dp$), i.e. w.r.t. to the dynamics

i∂sΦ(s) = F ε ◦Ĥf,∓
` ◦F−1

ε Φ(s), Φ(0) = Φ, (3.4.110)

needs to be modified by the ε-scaled Fourier transform to be valid for Ĥf,∓
` .

We conclude this subsection by providing the semi-classical expansion of the subprincipal symbol σ(1)
` ( . , εω0)

(cf. [Teufel, 2003,Martinez, 2002a]). From Taylor’s theorem we find:

σ
(1)
` (ω, εω0) = 3

8ω2
0

N∑
n=1

(εω0)2n

(2n)! (∂2n
ω | . |`)(ω) (3.4.111)

+ 3
8ω2

0

(εω0)2N+2

(2N + 1)!

∫ 1

0
dt (1− t)2N+1 1

2
(
(∂2N+2
ω | . |`)(ω + tεω0) + (∂2N+2

ω | . |`)(ω − tεω0)
)
, N ∈ N .

40This makes D(Hf
φ,`(ω)) ∼= Γ(Hf,∓

` (ω, pω)) ⊂ F s(l2(Σ̂))×2 a Hilbert (sub)space, where Γ(Hf,∓
` (ω, pω)) is the graph of

H
f,∓
` (ω, pω).
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Due to the fact that ∂αω | . |` ∈ C∞c (R) for all α ≥ 2, we have the bound:

∃ε0 > 0 : ∀ε ∈ [0, ε0),m ∈ R, α, β ∈ N0, N ∈ N : ∃C(N,`)
αβm > 0 : (3.4.112)

sup
(ω,pω)∈R2

〈ω〉−m
∣∣∣∣∣∂αω∂βpω

(
σ

(1)
` ( . , εω0)− 3

8ω2
0

N∑
n=1

(εω0)2n

(2n)! (∂2n
ω | . |`)

)∣∣∣∣∣ ≤ C(N,`)
αβm ε2N+2.

Thus σ(1)
` ( . , ( . )ω0) : [0, ε0) → S0

1,0(T ∗Rω), respectively σ
(1)
` ( . , ( . )ω0) : [0, ε0) → S−∞(T ∗Rp$ ), is

a semi-classical symbol, i.e. σ
(1)
` ( . , ( . )ω0) ∈ S0

1,0(ε) respectively S−∞(ε) in the notation of [Teufel,
2003]. Now, it is obvious that σ(1)

` ( . , ( . )ω0)1F(l2(Σ̂)) ∈ S0
1,0(ε,B(D(Hf

φ,`(ω)),F s(l2(Σ̂)))), respectively
σ

(1)
` ( . , ( . )ω0)1F(l2(Σ̂)) ∈ S−∞(ε,B(D(Hf

φ,`(ω)),F s(l2(Σ̂)))), is semi-classical, as well41.
The leading order in the semi-classical expansion of σ(1)

` is O(ε2):

σ
(1)
` (ω, εω0) ∼ −ε2 3

8δ`(ω) + O(ε4), (3.4.113)

which will suffice for all that is to follow, as we will not go beyond O(ε2) in adiabatic perturbation theory.
We see from (3.4.113) that the leading order in the semi-classical expansion directly reflects the choice of
regulator, δ`, ` ∈ R>0, for absolute value function | . |, and is independent of the LQC regulator ω0. For a
general regulator r` ∈ C∞(R), ` ∈ R>0, r` −→

`→0+
δ, we have

σ(1)
r`

(ω, εω0) ∼ −ε2 3
8r`(ω) + O(ε4) (3.4.114)

−→
`→0+

−ε2 3
8δ(ω) + O(ε4),

where convergence is in the weak*-sense.

Loop quantum cosmology quantisation

The LQC quantisation of a system with Hamiltonian (3.4.82) is formally similar to the Schrödinger type
quantisation presented in the previous subsection, the main difference being that the Hilbert space rep-
resentation of the gravitational (Weyl) algebra on L2(R, dω) is replaced by a representation on l2(R) (see
subsection 3.3.4), which is best understood by means of the (anti-linear) duality between the rigged Hilbert
spaces42 C∞c (R) = D(R) ⊂ L2(R, dω) ⊂ D ′(R) and d(R) ⊂ l2(R) ⊂ d′(R) introduced in remark 3.3.44:

The gravitational sector is represented on the Hilbert space l2(R) together with the (essentially self-adjoint)
operator (ω̂Ψ)(ω) = ωΨ(ω), Ψ ∈ Dess(ω̂) = d(R), and the (unitary) 1-parameter group (Vε(βω0)Ψ)(ω) =
Ψ(ω + βεω0), Ψ ∈ l2(R), β ∈ R.
The scalar field sector is represented on the (symmetrised) Fock space F s(l2(Σ̂)) as in the previous subsec-
tion.

On hG,φ := l2(R)⊗F s(l2(Σ̂)), we have the analogue of theorem 3.4.85

Theorem 3.4.21:

Given f ∈ h1
2(Σ̂) ⊂ l2(Σ̂), the operators

Ĥf,∓
` = ±ĤG,` + Ĥf

φ,` (3.4.115)

= ∓3
4

̂sin(ω0pω)
ω0

|̂ω|`
̂sin(ω0pω)
ω0

+ 1
2 |̂ω|

−1
`

∑
s∈Σ̂

((
p̂fs
)2 + Ωs(|̂ω|`; l,m)2 (q̂fs )2)

41In the following, we will often abbreviate the semi-classical symbol spaces Smρ,δ(ε,B(H1,H2)) by Smρ,δ(ε), if the operator space
B(H1,H2) is unambigiuous from the context, or not of considerable importance.

42We call d(R) ⊂ l2(R) ⊂ d′(R) a rigged Hilbert space [Gel’fand and Vilenkin, 1964] because of it formal similarity with
D(R) ⊂ L2(R, dω) ⊂ D ′(R), although d(R) is naturally topologised as an uncountable inductive limit of the finite dimensional
spaces dF (R) ∼= C|F | (see (3.3.227)). Clearly, the inclusions dF (R) ↪→ dF ′ (R), F ⊂ F ′, are nuclear due to finite-dimensionality
(or Hilbert-Schmidt if we use the standard inner product on C|F |).
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= ∓3
4

̂sin(ω0pω)
ω0

|̂ω|`
̂sin(ω0pω)
ω0

+ 1
2 |̂ω|

−1
`

∑
s∈Σ̂

(
|fs|2(Ωs(|̂ω|`; l,m)2 + 1)(a∗sas + 1

2 )

+(Ωs(|̂ω|`; l,m)2 − 1) 1
2 (f2

sa
2
s + f2

s (a∗s)2)
)
,

are symmetric and densely defined on d(Ĥf,∓
` ) := d(R)⊗Fs(l2(Σ̂)) ⊂ l2(R)⊗F s(l2(Σ̂)) = hG,φ. d(Ĥf,∓

` ) is
an invariant domain of analytic vectors for ĤG,` and Ĥf

φ,`, and an invariant domain of semi-analytic vectors
for Ĥf,∓

` .

Proof:

The proof works in essentially the same way as for theorem 3.4.16, because Ψ ∈ d(Ĥf,∓
` ) has bounded

ω-support, and ωΨ := supω supp(Ψ) |ω| is well-defined.

By the same reasoning as before, we find

Corollary 3.4.22:

The operators ĤG,`, Ĥf
φ,` and Ĥf,+

` are essentially self-adjoint on d(Ĥf,∓
` ) ⊂ hG,φ. The operator Ĥf,−

` :
d(Ĥf,∓

` ) ⊂ hG,φ → d(Ĥf,∓
` ) ⊂ hG,φ has self-adjoint extensions, if f = f .

Remark 3.4.23:

The (anti-linear) duality between D(R) ⊂ L2(R, dω) and d(R) ⊂ l2(R) extends to D(Ĥf,∓
` ) ⊂ HG,φ and

d(Ĥf,∓
` ) ⊂ hG,φ, because F s(l2(Σ̂)) is (anti-linearly) self-dual via its scalar product. Due to (3.3.233), we

have:

∀Ψ ∈ D(Ĥf,∓
` ),Φ ∈ d(Ĥf,∓

` ) : (Ψ, Ĥf,∓
` Φ)l2(R) = (Ĥf,∓

` Ψ,Φ)l2(R) (3.4.116)

and (
F ε[Ψ], (U(ε) ◦ Ĥf,∓

` ◦ U−1
(ε) )Φ̌(ε)

)
L2(R,dp$)

=
(

(F ε ◦Ĥf,∓
` ◦F−1

ε ) F ε[Ψ], Φ̌(ε)

)
L2(R,dp$)

, (3.4.117)

where U(ε) : l2(R)→ B2(R) ∼= L2(RBohr) is the Fourier transform.

Now, that we have also established the existence of dynamics and a spectral calculus in the LQC setting,
we are ready to discuss the Born-Oppenheimer approximation and adiabatic perturbation theory within
the model of this subsection and the preceding one. But, before we do so, we need to address the issue of
rescaling the spatial sections T3

l → T3
cl, c ∈ R>0.Clearly, the classical variables are affected in the following

way:

(ω, pω)→ (c3ω, pω), (qs, ps)→ (qs, c3ps). (3.4.118)

While the classical Hamiltonian (3.4.82) rescales correctly as

H → c3H, (3.4.119)

we obtain a “renormalisation flow" on the family of quantum Hamiltonians (3.4.85) & (3.4.115):

Ĥf,∓
` → c3Ĥf,∓

c−3`, (3.4.120)

because |c3ω|` = c3|ω|c−3`. Thus, the “infrared limit", c → ∞, corresponds to removing the regulator
δ` −→

`→0+
δ. As similar observation can be made in standard LQC models, when inverse volume corrections

are included. More precisely, as it is not possible to define the inverse volume operator |̂ω|−1 on a dense
domain d(|̂ω|−1) ⊂ l2(R) by functional calculus of ω̂, those models typically invoke a regularisation of | . |−1
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inspired by LQG (cf. [Ashtekar and Singh, 2011]):(
|̂ω|− 1

2ψ

)
(ω) := 1

εω0
||ω + εω0|

1
2 − |ω − εω0|

1
2 |ψ(ω), ψ ∈ l2(R), (3.4.121)

where 1
εω0
||ω+ εω0|

1
2 −|ω− εω0|

1
2 | −→

ω0→0+
|ω|− 1

2 point-wise on R 6=0. Using (3.4.121), we can define genuinely

-4 -2 0 2 4

1

2

3

4

5

Figure 3.4.4.: Plots of | . |− 1
2 (blue) and 1

εω0
||( . ) + εω0|

1
2 − |( . ) − εω0|

1
2 | for εω0 = 1(red), 1

2 (yellow), 1
4

(green) and 1
8 (purple).

LQC Hamiltonians Ĥf,∓ : d(R)⊗ Fs(l2(Σ̂))→ hG,φ corresponding to (3.4.82):

Ĥf,∓ = ±ĤG + Ĥf
φ (3.4.122)

= ∓3
4

̂sin(ω0pω)
ω0

|̂ω|
̂sin(ω0pω)
ω0

+ 1
2 |̂ω|

− 1
2

2∑
s∈Σ̂

((
p̂fs
)2 + Ωs(|̂ω|; l,m)2 (q̂fs )2)

= ∓3
4

̂sin(ω0pω)
ω0

|̂ω|
̂sin(ω0pω)
ω0

+ 1
2 |̂ω|

− 1
2

2∑
s∈Σ̂

(
|fs|2(Ωs(|̂ω|; l,m)2 + 1)(a∗sas + 1

2 )

+(Ωs(|̂ω|; l,m)2 − 1) 1
2 (f2

sa
2
s + f2

s (a∗s)2)
)
.

Since the function 1
εω0
||( . ) + εω0|

1
2 − |( . )− εω0|

1
2 | is bounded and asymptotes to | . |− 1

2 for |ω| → ∞, the
methods of the proof of theorem 3.4.16 (and the follow-up results) show that:

1. Ĥf,∓ are symmetric and densely defined with invariant domain of semi-analytic vectors d(Ĥf,∓) :=
d(R)⊗ Fs(l2(Σ̂)).

2. Ĥf
φ is a fibered operator (over R) with invariant dense domain of analytic vectors d(Ĥf,∓). The fibred

operators Hf
φ (ω), ω ∈ R, have the common invariant dense domain of analytic vectors Fs(l2(Σ̂))43.

3. Ĥf,+ and Ĥf
φ are essentially self-adjoint on d(Ĥf,∓). Ĥf,− has self-adjoint extensions for f = f .

Now, inspecting the behaviour of (3.4.122) under rescaling the spatial sections, we obtain a rather irregular
transformation law:

43Note, that Ĥf
φ(ω = 0) = 0.
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While the gravitational part rescales like its classical counterpart, ĤG → c3ĤG, the rescaling of the scalar
field part is affected by (3.4.121), Ĥf

φ (εω0) → c3Ĥf
φ (c−3εω0), where we indicated the dependence on the

product of the adiabatic parameter and the LQC regulator. Thus, the behaviour of the latter appears to
inconsistent with that of the former (εω0 does not change for ĤG), unless we introduce an additional scaling
parameter, ` ∈ R>0, into the regularisation scheme (3.4.121):(

|̂ω|− 1
2 (`)ψ

)
(ω) := 1

`εω0
||ω + `εω0|

1
2 − |ω − `εω0|

1
2 |ψ(ω), ψ ∈ l2(R), (3.4.123)

which leads to another family of quantum Hamiltonians

Ĥf,∓
(`) = ±ĤG + Ĥf

φ,(`) (3.4.124)

= ±ĤG + 1
2 |̂ω|

− 1
2

2

(`)

∑
s∈Σ̂

((
p̂fs
)2 + Ωs(|̂ω|; l,m)2 (q̂fs )2) , l ∈ R>0,

defined on d(R)⊗ Fs(l2(Σ̂)), transforming under rescaling as

Ĥf,∓
(`) → c3Ĥf,∓

(c−3`). (3.4.125)

The families of operators {Ĥf,∓
` }`∈R>0 and {Ĥf,∓

(`) }`∈R>0 are almost-periodic respectively Bohrian pseudo-
differential operators with Weyl symbols (cp. subsection 3.3.4):

Hf,∓
` (ω, pω) = ∓ 3

4ω2
0

sin2(ω0pω)|ω|`1Fs(l2(Σ̂)) +Hf
φ,`(ω)∓ 3

8ω2
0
σ

(1)
` (ω, εω0)1Fs(l2(Σ̂)), (3.4.126)

Hf,∓
(`) (ω, pω) = ∓ 3

4ω2
0

sin2(ω0pω)|ω|1Fs(l2(Σ̂)) +Hf
φ,(`)(ω, εω0)∓ 3

8ω2
0
σ

(1)
0 (ω, εω0)1Fs(l2(Σ̂)),

where σ(1)
0 (ω.εω0) = 1

2 (|ω + εω0|+ |ω − εω0|)− |ω|.

Perturbation theory

The application of ε-dependent pseudo-differential calculus to construct approximations for the gravity-scalar
field quantum systems roughly divides into two complementary parts. On the one hand, we may address
the question of adiabatically approximating the full dynamics inside almost invariant subspaces obtained
from the spectral problem of the ε0-order of the Weyl symbols Hf,∓

` and Hf,∓
(`)

44. On the other hand, we
can consider the time-independent spectral problem of Hf,∓

` and Hf,∓
(`) , and construct effective Hamiltonians

that are locally isospectral to the former, again, via spectral analysis of the ε0-order of the Weyl symbols
Hf,∓
` and Hf,∓

(`) .
As pointed out in [Teufel, 2003], although, the results obtained in the two cases are somewhat disjoint, both
are approximation schemes make use of a mathematical rather similar analysis.

We will mainly discuss adiabatic perturbation theory (cf. [Panati et al., 2003b, Teufel, 2003]), which will
also provide the means to give certain estimates on the spectrum in the time-independent setting. The
construction of isospectral, effective Hamiltonians following [Martinez, 2002b] will be explained elsewhere.

We start our discussion with the (almost-periodic) pseudo-differential operator Ĥf,±
` , and comment on

the changes necessary to treat the Bohrian pseudo-differential operator Ĥf,±
(`) afterwards (see remark 3.4.29).

Employing the duality between D(R) and d(R) (see (3.4.116) & (3.4.117)), we may restrict our considerations
to Ĥf,±

` defined on D(R) ⊗F s(l2(Σ̂)) ⊂ L2(R, dω) ⊗F s(l2(Σ̂)) (or C∞PW(R) ⊗F s(l2(Σ̂)) ⊂ L2(R, dp$) ⊗
F s(l2(Σ̂)) in the Fourier domain; see also the discussion following remark 3.3.44). All asymptotic expansions
in terms of the Moyal-Weyl product, ?ε, we will invoke on the level of symbols of pseudo-differential operators

44From this point on, we will no longer explicitly distinguish between Hf,∓
` , Hf,∓

(`) and their self-adjoint closures Hf,∓
` , H

f,∓
(`) ,

unless necessary.
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transfer to the case of almost-periodic pseudo-differential operators in l2(R) respectively B2(R) (APSmρ,δ ⊂
Smρ,δ, cf. [Shubin, 1978]).

The ε0-order Weyl symbol of Ĥf,∓
` is given by

Hf,∓
`,0 (ω, pω) = ∓ 3

4ω2
0

sin2(ω0pω)|ω|`1Fs(l2(Σ̂)) +Hf
φ,`(ω). (3.4.127)

Thus, the spectral problem of {Hf,∓
`,0 (ω, pω)}(ω,pω)∈R2 reduces to that of {Hf

φ,`(ω)}ω∈R. To study the spec-
trum of {Hf

φ,`(ω)}ω∈R, we write it in its standard form (3.4.103)

Hf
φ,`(ω) =

∑
s∈supp(f)⊂Σ̂

|fs|2 |ω|−1
` Ωs(|ω|`; l,m)

(
Afs (|ω|`; l,m)∗Afs (|ω|`; l,m) + 1

2

)
, (3.4.128)

with

Afs (|ω|`; l,m) = 1
2|fs|

((
Ωs(|ω|`; l,m) 1

2 + Ωs(|ω|`; l,m)− 1
2

)
fsas +

(
Ωs(|ω|`; l,m) 1

2 − Ωs(|ω|`; l,m)− 1
2

)
fsa
∗
s

)
(3.4.129)

= αfs (|ω|`; l,m)as + βfs (|ω|`; l,m)a∗s,

Afs (|ω|`; l,m)∗ = β
f

s (|ω|`; l,m)as + αfs (|ω|`; l,m)a∗s.

Now, the spectrum of (3.4.128) is well-understood, when it is defined on the adapted Fock space F s(|ω|`; l,m)
constructed from the annihilation and creation operators (3.4.129), as it acts diagonally there. To understand
the spectrum on the ω-fibres Fω ∼= F s(l2(Σ̂)) of HG,φ, we take a look at the (diagonal) Bogoliubov transfor-
mations from the pairs {(as, a∗s)}s∈Σ̂ to the pairs {(Afs , Af∗s )}s∈Σ̂ defined by the function αfs , βfs . These trans-
formations are implementable by intertwining unitary operators Uf (|ω|`; l,m) : F s(l2(Σ̂))→ F s(|ω|`; l,m)
if and only if the Hilbert-Schmidt condition,∑

s∈supp(f)⊂Σ̂

|βfs (|ω|`; l,m)|2 <∞, (3.4.130)

is satisfied (cf. [Fulling, 1989]). Since

|βfs (|ω|`; l,m)|2 = 1
4
(
Ωs(|ω|`; l,m) + Ωs(|ω|`; l,m)−1 − 2

)
= (Ωs(|ω|`; l,m)− 1)2

4Ωs(|ω|`; l,m) −→
|s|→∞

∞, (3.4.131)

the condition (3.4.130) will hold, if and only if f = {fs}s∈(̂Σ) is supported on a finite subset of Σ̂ (| supp(f)| <
∞). An analogous observation can be made regarding the existence of intertwining unitaries
Uf (|ω′|`, |ω|`; l,m) : F s(|ω|`; l,m)→ F s(|ω′|`; l,m), where we have:

βfs (|ω′|`, |ω|`; l,m) = βfs (|ω′|`; l,m)αfs (|ω|`; l,m)− αfs (|ω′|`; l,m)βfs (|ω|`; l,m), (3.4.132)

|βfs (|ω′|`, |ω|`; l,m)|2 = (Ωs(|ω′|`; l,m)− Ωs(|ω|`; l,m))2

4Ωs(|ω′|`; l,m)Ωs(|ω|`; l,m) −→
|s|→∞

|ω′|
4
3
` + |ω|

4
3
`

4(|ω′|
4
3
` |ω|

4
3
` ) 1

2︸ ︷︷ ︸
≥ 1

2 (= 1
2⇔ω′=±ω)

−1
2 .

Remark 3.4.24:

On the level of the Weyl algebra W (l2(Σ̂)) associated with the symplectic space (l2(Σ̂),=( , )l2(Σ̂)), the
Bogoliubov transformations (3.4.129) can be implemented by *-automorphisms γf (|ω|`; l,m) : W (l2(Σ̂)) →
W (l2(Σ̂)), as the former arise from symplectic transformations of (l2(Σ̂),=( , )l2(Σ̂)) (cf. [Bratteli and Robin-
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son, 1997]):

Tf (|ω|`; l,m) : l2(Σ̂) −→ l2(Σ̂), (3.4.133)

Tf (|ω|`; l,m)(gs) = (αfs (|ω|`; l,m)<(gs)+βfs (|ω|`; l,m)=(gs))

+i(αfs (|ω|`; l,m)<(gs)+βfs (|ω|`; l,m)=(gs)), s ∈ Σ̂.

The Fock space representation on F s(l2(Σ̂)) can be obtained via the GNS representation associated with
the (algebraic) state:

ωF (W (g)) = e
− 1

4 ||g||
2
l2(Σ̂) = e−

1
4=(g,ig)l2(Σ̂) , W (g) ∈ W (l2(Σ̂)). (3.4.134)

A short calculation shows that possible invariance of ωF under γf (|ω|`; l,m), which would entail unitary
implementability of the latter, gives rise to another instance of (3.4.130) & (3.4.131):

∀W (g) ∈ W (l2(Σ̂)) : ωF (γf (|ω|`; l,m)(W (g))) = ωF (W (Tf (|ω|`; l,m)(g))) (3.4.135)

= e−
1
4=(Tf (|ω|`;l,m)(g),iTf (|ω|`;l,m)(g))l2(Σ̂)

!= e−
1
4=(Tf (|ω|`;l,m)(g),Tf (|ω|`;l,m)(ig))l2(Σ̂)

= e−
1
4=(g,ig)l2(Σ̂) = ωF (W (g))

⇔ ∀s ∈ Σ̂ : Ωs(|ω|`; l,m) = 1, fs = fs,

although this condition is always violated (not even for | supp(f)| < ∞ do we get invariance). A similar
statement follows regarding (3.4.132).

Nevertheless, for f ∈ s(Σ̂) (see below), we can make sense out of the (local) ground states Ωf (|ω|`; l,m) ∈
F s(|ω|`; l,m), ω ∈ R, which are characterised by ∀s ∈ Σ̂ : Afs (|ω|`; l,m)Ωf (|ω|`; l,m) = 0, as (continuous)
functionals on the dense subspace (cp. subsection 3.3.4)

Fs(s(Σ̂)) := {Ψ = {Ψn}n∈N0 ∈ Fs(l2(Σ̂)) | Ψn ∈ s(Σ̂n)} ⊂ F s(l2(Σ̂)), (3.4.136)

s(Σ̂) := {f = {fs}s∈Σ̂ | ∀k ∈ N0 : sup
s∈Σ̂
|〈s〉kfs| <∞},

hk2(Σ̂) := s(Σ̂)
|| . ||(k,2)

||f ||(k,2) :=

∑
s∈Σ̂

〈s〉2k|fs|2
 1

2

, k ∈ Z,

as well as their (finite) excitations

ψfn(|ω|`; l,m) := 1√
n!
(
Af (|ω|`; l,m)∗

)n Ωf (|ω|`; l,m), n ∈ d(Σ̂,N0) (multi-index notation),

(3.4.137)

(g1 ⊗s ...⊗s gn)f (|ω|`; l,m) := Af (|ω|`; l,m)∗(g1)...Af (|ω|`; l,m)∗(gn)Ωf (|ω|`; l,m), g1, ..., gn ∈ s(Σ̂).

The space s(Σ̂) is nuclear and co-nuclear, and satisfies [Amann, 2003,Ruzhansky and Turunen, 2009]):

1. s(Σ̂) =
⋂
k∈Z h

k
2(Σ̂),

2. s′(Σ̂) =
⋃
k∈Z h

k
2(Σ̂),

3. ∀n ∈ N : s(Σ̂n) = s(Σ̂)⊗n,

4. ∀n ∈ N : s′(Σ̂n) = s′(Σ̂)⊗n.
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The space Fs(s(Σ̂)) can be topologised by the (countable) family of Hilbert norms

||Ψ||(k,m,2) =
(
|Ψ0|2 +

∞∑
n=1
〈n〉2m||Ψn||2(k,2)

) 1
2

, k,m ∈ Z, (3.4.138)

for Ψ =
∑∞
n=0 Ψn ∈ Fs(s(Σ̂)). Clearly, Fs(s(Σ̂))

|| . ||(k,0,2)
= F s(h2

k(Σ̂)), and we define:

H mF s(hk2(Σ̂)) := Fs(s(Σ̂))
|| . ||(k,m,2)

. (3.4.139)

Fs(s(Σ̂)) becomes a countably (nuclear45) pre-Hilbert space, and we may consider its various completed
closures (cf. [Gel’fand and Vilenkin, 1964,Gould, 1968]):

H mF s(s(Σ̂)) =
⋂
k∈Z

H mF s(h2
k(Σ̂)), (3.4.140)

SF s(s(Σ̂)) =
⋂
m∈Z

⋂
k∈Z

H mF s(h2
k(Σ̂)).

Nuclearity of the (countable) scale of Hilbert spaces {H mF s(hk2(Σ̂))}(m,k)∈Z2 can be infered from the
natural mappings

T
(m′,k′)
(m,k) : H mF s(hk2(Σ̂)) −→H m′F s(hk

′

2 (Σ̂)), m′ ≤ m, k′ ≤ k, (3.4.141)

T
(m′,k′)
(m,k) (f) = f0 +

∞∑
n=1

∑
s1,...,sn∈Σ̂

〈n〉m
′−m

(
n∏
i=1
〈si〉k

′−k

)(
e(m,k)
s1,...,sn , f

)
(k,m,2)

e(m′,k′)
s1,...,sn ,

where e(m,k)
s1,...,sn =

{{
〈n〉−m

(∏n
i=1〈si〉−k

)
es1 ⊗ ...⊗ esn

}
s1,...,sn∈Σ̂

}∞
n=1

.

For (k,m) sufficiently larger than (k′,m′), we see that T (m′,k′)
(m,k) is nuclear:

∞∑
n=1
〈n〉m

′−m
∑

s1,...,sn∈Σ̂

(
n∏
i=1
〈si〉k

′−k

)
=
∞∑
n=1
〈n〉m

′−m

∑
s∈Σ̂

〈s〉k
′−k

n

︸ ︷︷ ︸
=:c(k′−k)

(3.4.142)

=
∞∑
n=1
〈n〉m

′−mc(k′ − k)n <∞.

Trying to implement the defining equations of Ωf (|ω|`; l,m) in F s(l2(Σ̂)),

∀s ∈ Σ̂ : Afs (|ω|`; l,m)Ωf (|ω|`; l,m) = 0 ⇔ asΩf (|ω|`; l,m) = −β
f
s (|ω|`; l,m)
αfs (|ω|`; l,m)︸ ︷︷ ︸
=:γfs (|ω|`;l,m)

a∗sΩf (|ω|`; l,m),

(3.4.143)

we (formally) find (cf. [Fulling, 1989]):

Ωf (|ω|`; l,m) = Nf (|ω|`; l,m) e 1
2
∑
s∈Σ̂ γ

f
s (|ω|`;l,m)(a∗s)2

Ω, Nf (|ω|`; l,m) ∈ C,Ω ∈ F s(l2(Σ̂)) : ∀s ∈ Σ̂ : asΩ = 0.
(3.4.144)

45Nuclearity is preserved by countable inductive limits, especially direct sums, and arbitrary projective limits ( [Smolyanov,
2011,Litvinov, 2011]).
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The (formal) dual of the operator e 1
2
∑
s∈Σ̂ γ

f
s (|ω|`;l,m)(a∗s)2

can be defined on Fs(s(Σ̂)) and extended to
SF s(s(Σ̂)):

1
2

∑
s∈Σ̂

γfs (|ω|`; l,m)a2
s : Fs(s(Σ̂)) −→ Fs(s(Σ̂)), (3.4.145)

 1
2

∑
s∈Σ̂

γfs (|ω|`; l,m)a2
s

Ψ =
N∑
n=2

√
n(n− 1)

∑
s3,...,sn∈Σ̂

 1
2

∑
s∈Σ̂

γfs (|ω|`; l,m)(Ψn)s,s,s3,...,sn

 es3 ⊗ ...⊗ esn ,

for all Ψ = Ψ0+
∑N
n=1

∑
s1,...,sn∈Σ̂(Ψn)s1,...,snes1⊗...⊗esn ∈ Fs(s(Σ̂)), because ∀s ∈ Σ̂ : 0 ≤ |γfs (|ω|`; l,m)|2 =

(Ωs(|ω|`;l,m)−1)2

(Ωs(|ω|`;l,m)+1)2 < 1:

∣∣∣∣∣∣
∣∣∣∣∣∣
 1

2

∑
s∈Σ̂

γfs (|ω|`; l,m)a2
s

Ψn

∣∣∣∣∣∣
∣∣∣∣∣∣
2

(k,2)

≤ n(n− 1)
4 ||γf (|ω|`; l,m)||2(−2,2)||Ψn||2(max(k,1),2). (3.4.146)

The exponential is well-defined, because (3.4.145) is obviously nilpotent. Thus, we can define (3.4.137) by:

ψfn(|ω|`; l,m) (Ψ) := Nf (|ω|`; l,m)√
n!

(
Ω, e 1

2
∑
s∈Σ̂ γ

f
s (|ω|`;l,m)a2

s
(
Af (|ω|`; l,m)

)n Ψ
)

Fs(l2(Σ̂))
, (3.4.147)

(g1 ⊗s ...⊗s gn)f (|ω|`; l,m) (Ψ)

:= Nf (|ω|`; l,m)
(

Ω, e 1
2
∑
s∈Σ̂ γ

f
s (|ω|`;l,m)a2

sAf (|ω|`; l,m)(gn)...Af (|ω|`; l,m)(g1)Ψ
)

Fs(l2(Σ̂))
.

Since Hf
φ,`(ω) : Fs(s(Σ̂)) −→ Fs(s(Σ̂)) for f ∈ s(Σ̂), which can be extended to SF s(s(Σ̂)) because of the

bounds ∣∣∣∣∣∣
∣∣∣∣∣∣
∑
s∈Σ̂

|fs|2a∗sas

Ψn

∣∣∣∣∣∣
∣∣∣∣∣∣
2

(k,2)

≤ n2||f2||2∞||Ψn||2(k,2), (3.4.148)

∣∣∣∣∣∣
∣∣∣∣∣∣
∑
s∈Σ̂

f2
s (a∗s)

2

Ψn

∣∣∣∣∣∣
∣∣∣∣∣∣
2

(k,2)

≤ (n+ 2)(n+ 1)||f2||2(2k,2)||Ψn||2(k,2),

∣∣∣∣∣∣
∣∣∣∣∣∣
∑
s∈Σ̂

f
2
sa

2
s

Ψn

∣∣∣∣∣∣
∣∣∣∣∣∣
2

(k,2)

≤ n(n− 1)||f2||2(−2k,2)||Ψn||2(k,2), f ∈ s(Σ̂), Ψn ∈ s(Σ̂n),

the generalised eigenvalue (cf. [Gel’fand and Vilenkin, 1964,Gould, 1968]) equation may be applied (in the
rigged Hilbert space SF s(s(Σ̂)) ⊂ F s(l2(Σ̂)) ⊂ SF ′s(s(Σ̂))):

ψfn(|ω|`; l,m)
(
Hf
φ,`(ω)Ψ

)
=

∑
s∈Σ̂

|fs|2
Ωs(|ω|`; l,m)

|ω|`
(ns + 1

2 )

ψfn(|ω|`; l,m) (Ψ) , (3.4.149)

(g1 ⊗s ...⊗s gn)f (|ω|`; l,m)
(
Hf
φ,`(ω)Ψ

)
= Efφ,`(ω)(g1 ⊗s ...⊗s gn)f (|ω|`; l,m) (Ψ) ,

for n ∈ d(Σ̂,N0), Ψ ∈ SF s(s(Σ̂)), Efφ,`(ω) ∈ σ(Hf
φ,`(ω)). The spectral theorem for (essentially) self-adjoint

operators on rigged Hilbert spaces (cf. [Gel’fand and Vilenkin, 1964,Gould, 1968], Section 4.5.46) tells us
that we have a realisation of Hf

φ,`(ω), and therefore Hf,∓
` (ω, pω), as multiplication operator,

F s(l2(Σ̂)) =
∫ ⊕
σ(Hfφ,`(ω))

dµf(|ω|`;l,m)(λ) Hf(|ω|`;l,m)(λ), (3.4.150)

46Countability of a rigged Hilbert space S ⊂ H ⊂ S ′, as in our case, ensures that S is a nuclear, reflexive Frechét space, which
entails the validity of the closed graph theorem and the open mapping theorem.
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(
Hf
φ,`(ω)Ψ

)
(λ) = λΨ(λ), ∀Ψ s.t.

∫
σ(Hfφ,`(ω))

dµf(|ω|`;l,m)(λ) λ2||Ψ||2
Hf(|ω|`;l,m)(λ) <∞,

which is given in terms of its generalised eigenvectors, ψfλ(|ω|`; l,m)◦Hf
φ,`(ω) = λψfλ(|ω|`; l,m), ψfλ(|ω|`; l,m) ∈

SF ′s(s(Σ̂)), λ ∈ σ(Hf
φ,`)(ω), for all Φ,Ψ ∈ SF s(s(Σ̂)) :

Φ(λ) =
∑
i∈I

ψfλ(|ω|`; l,m)i (Φ) ψ̃fλ(|ω|`; l,m)i, (3.4.151)

Ψ(λ) =
∑
i∈I

ψfλ(|ω|`; l,m)i (Ψ) ψ̃fλ(|ω|`; l,m),

(Φ,Ψ)Fs(l2(Σ̂)) =
∫
σ(Hfφ,`(ω))

dµf(|ω|`;l,m)(λ) (Φ(λ),Ψ(λ))Hf(|ω|`;l,m)(λ),

(Φ, Hf
φ,`(ω)Ψ)Fs(l2(Σ̂)) =

∫
σ(Hfφ,`(ω))

dµf(|ω|`;l,m)(λ) λ (Φ(λ),Ψ(λ))Hf(|ω|`;l,m)(λ).

Here, {ψ̃fλ(|ω|`; l,m)i}i∈I is a Hilbert basis of Hf(|ω|`;l,m)(λ), which (continuously) corresponds to a set of
generalised eigenvectors {ψ̃fλ(|ω|`; l,m)i}i∈I ⊂ SF ′s(s(Σ̂)). Also, we indicated a possible dependence of
the spectral measure, µf(|ω|`;l,m), on phase space and the input parameters, as these may affect degeneracy
structure of the spectral subspaces (eigenvalue crossings).

Now, let us take a closer look at the spectrum, σ(Hf
φ,`(ω)), especially the generalised eigenvalues correspond-

ing to the excitations ψfn(|ω|`; l,m) of Ωf (|ω|`; l,m):

For f ∈ s(Σ̂), s.t. ∀s ∈ Σ̂ : fs 6= 0, we know that |fs|2Ωs(|ω|`; l,m) −→
|s|→∞

0, which implies

∀d > 0 : ∃s ∈ Σ̂ : 0 < |fs|2
Ωs(|ω|`; l,m)

|ω|`
< d. (3.4.152)

Thus, given n ∈ d(Σ̂,N0), the corresponding generalised eigenvalue (cp. (3.4.149))

Efn(|ω|`; l,m) =
∑
s∈Σ̂

|fs|2
Ωs(|ω|`; l,m)

|ω|`
(ns + 1

2 ) (3.4.153)

cannot be isolated. Moreover, for generic f , we expect that {Efn(|ω|`; l,m)}n∈d(Σ̂,N0)⊂[Ef0 (|ω|`; l,m),∞) is
dense, i.e. σ(Hf

φ,`(ω)) = [Ef0 (|ω|`; l,m),∞), and is essential and continuous.
In the more general case, f ∈ s(Σ̂) \ d(Σ̂), a similar statement is valid for the restriction of Hf

φ,`(ω) to the
invariant subspace Fs(s(supp(f))) ⊂ F s(l2(supp(f))) ⊂ F s(l2(Σ̂)).

In contrast, the situation completely opposite for f ∈ d(Σ̂). In this case, it is also natural to pass from
Fs(l2(Σ̂)) to the invariant subspace Fs(l2(supp(f))) ∼= Fs(Cnf ), nf = | supp(f)| < ∞, in the analysis
of Hf

φ,`(ω). Then, because dmin := mins∈supp(f) |fs|2 Ωs(|ω|`;l,m)
||` > 0 exists, we know that σ(Hf

φ,`(ω)) =
{Efn(|ω|`; l,m)}n∈d(Σ̂,N0)⊂[Ef0 (|ω|`; l,m),∞) is discrete, and Ef0 (|ω|`; l,m) is separated by a gap of width
dmin from the rest of the spectrum.

In the following, we ourselves restrict to the case, f ∈ d(Σ̂), since adiabatic perturbation theory and the Born-
Oppenheimer approximation as developed in [Panati et al., 2003b, Teufel, 2003,Martinez, 2002b] require,
either the existence of a subset σ(Hf

φ,`(ω))∗ ⊂ σ(Hf
φ,`(ω)), which is (locally) uniformly (in ω) bounded

in width and, at least (locally) uniformly (in ω) separated form the remainder of the spectrum, or the
existence of a “band subspace" {πfφ,`(ω) F s(l2(Σ̂))}ω∈R associated with an “eigenvalue band" {Efφ,`(ω)}ω∈R
of {Hf

φ,`(ω)}ω∈R (not necessarily isolated from the remainder of the spectrum, cf. also [Teufel, Stefan,
2002,von Keler and Teufel, 2012]).
The Stone-von Neumann theorem [Bratteli and Robinson, 1997] tells us that the unitaries Uf (|ω|`; l,m) :
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F s(Cnf )→ F s(|ω|`; l,m) exist, and we find (cp. (3.4.144)):

Ωf (|ω|`; l,m) = Nf (|ω|`; l,m) e
1
2
∑
s∈supp(f) γ

f
s (|ω|`;l,m)(a∗s)2

Ω (3.4.154)

= e
1
2
∑
s∈supp(f)γ

f
s (|ω|`;l,m)(a∗s)2

e
1
2
∑
s∈supp(f)log(1−|γfs (|ω|`;l,m)|2)(a∗sas+ 1

2 )e−
1
2
∑
s∈supp(f)γ

f
s (|ω|`;l,m)a2

sΩ

= e
1
2
∑
s∈supp(f)

(
ξfs (|ω|`;l,m)(a∗s)2−ξfs (|ω|`;l,m)a2

s

)
Ω

= Uf (|ω|`; l,m)Ω,

where ξfs (|ω|`; l,m) = Θ(γfs (|ω|`; l,m)) γfs (|ω|`;l,m)
|γfs (|ω|`;l,m)|

, Θ(γfs (|ω|`; l,m)) = cosh−1
(

(1− |γfs (|ω|`; l,m)|2)− 1
2

)
and the normalisation factor Nf (|ω|`; l,m) = e

1
4
∑
s∈supp(f) log(1−|γfs (|ω|`;l,m)|2) =

∏
s∈supp(f) |αfs (|ω|`; l,m)|− 1

2 .
From the relation

∀s ∈ supp(f), z ∈ C : e
1
2 (z(a∗s)2−za2

s)a∗se−
1
2 (z(a∗s)2−za2

s) = cosh(|z|)a∗s −
z

|z|
sinh(|z|)as, (3.4.155)

we obtain the relation between the excitations of Ω and Ωf (|ω|`; l,m):

∀n ∈ Nnf0 : ψfn(|ω|`; l,m) = 1√
n!
(
Af (|ω|`; l,m)∗

)n
Uf (|ω|`; l,m)Ω (3.4.156)

=

 ∏
s∈supp(f)

(
fs
|fs|

)nsUf (|ω|`; l,m) 1√
n!

(a∗)n Ω =
(
f

|f |

)n
Uf (|ω|`; l,m)ψn,

where we used multi-index notation. Interestingly, Uf (|ω|`; l,m) represents what is usually called a squeezing
operator in the context of coherent states, especially in quantum optics (cf. [Gazeau, 2009]). Thus, the ground
states Ωf (|ω|`; l,m) and their excitations could be referred to as squeezed versions of the GNS-Fock vector
Ω and its excitations.
Moreover, the graph norms (3.4.108) are all equivalent, because, apart from a conjugation by the unitaries
Uf (|ω|`; l,m), the operators Hf

φ,`(ω) depend on ω via countably many bounded (above and below) smooth

functions m ≤ Ωs(|ω|`;l,m)
|ω|` =

√
m2 + (ls)2|ω|−

2
3

` ≤
√
m2 + (ls)2(`C`=1(C(1)

`=1)−1)− 2
3 , |s| ∈ sc, i.e.

∀ω′ ∈ R : ∃C1, C2 > 0 : C1|| . ||D(Hfφ,`(ω′)),∓
≤ || . ||

D(Hfφ,`(ω)),∓ ≤ C2|| . ||D(Hfφ,`(ω)),∓, (3.4.157)

for some ω ∈ R. Since all Hf
φ,`(ω), ω ∈ R, have a common dense domain of essential self-adjointness,

Fs(Cnf ), and the domain of their unique self-adjoint closures Hf

φ,`(ω), ω ∈ R, is the closure of Fs(Cnf ) in
the graph norms || . ||

D(Hfφ,`(ω)),∓, we have a common domain, Df
(`;l,m), of self-adjointness for H

f

φ,`(ω) and

H
f,∓
` (ω, pω) for all (ω, pω) ∈ R2 (use, first, Γ(T ) = Γ(T ) w.r.t. to the graph norm, for the minimal closed

extension T of a closable operator T , and, second, the Kato-Rellich theorem).
The excitations (3.4.156) constitute a complete system of eigenvectors of Hf

φ,`(ω) and Hf,∓
`,0 (ω, pω):

Hf
φ,`(ω)ψfn(|ω|`; l,m) =

 ∑
s∈supp(f)

|fs|2
Ωs(|ω|`; l,m)

|ω|`
(ns + 1

2 )

ψfn(|ω|`; l,m), (3.4.158)

Hf,∓
`,0 (ω, pω)ψfn(|ω|`; l,m) =

∓ 3
4ω2

0
sin2(ω0pω)|ω|` +

∑
s∈supp(f)

|fs|2
Ωs(|ω|`; l,m)

|ω|`
(ns + 1

2 )

ψfn(|ω|`; l,m).

For simplicity, we further restrict ourselves to Hamiltonians Ĥf,∓
` with f ∈ d(Σ̂), s.t. fs = 1 for |s| ≤ sc

and fs = 0 for |s| > sc, as this provides a “sharp” cut-off, closest to the “relativistic” Hamiltonians47 with

47The symbols {Hf≡1,∓
` (ω, pω)}(ω,pω)∈R2 can only be defined on the adapted Fock spaces F s(|ω|`; l,m). There is no common

representation space as for the symbols with f ∈ h1
2(Σ̂).
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fs = 1 for all s.
For these Hamiltonians, Ĥsc,∓

` , we will attempt to analyse the dynamics inside almost invariant subspaces
associated with the low lying spectrum of their ε0-Weyl symbols Hsc,∓

`,0 (ω, pω). The information obtained
in this process gives some estimates on the low lying spectrum of Ĥsc,∓

`,0 , as well (cf. [Teufel, 2003]). Al-
ternatively, it would be possible to follow the strategy outline in [Martinez, 2002b], but this will be done
elsewhere.
The (low lying) spectrum of the ε0-order symbol, Hsc,∓

`,0 (ω, pω) has the following properties:

1. The minimal distance between the discrete eigenvalues,

Esc,∓n (|ω|`, pω; l,m) = ∓ 3
4ω2

0
sin2(ω0pω)|ω|` +

∑
|s|≤sc

Ωs(|ω|`; l,m)
|ω|`

(ns + 1
2 ), n = {ns}|s|≤sc ,

(3.4.159)

is dmin = Ω0(|ω|`;l,m)
|ω|` = m, because min|s|≤sc Ωs(|ω|`; l,m) = Ω0(|ω|`; l,m) = m|ω|`.

2. The ground state energy, Esc,∓0 (|ω|`, pω; l,m) = ∓ 3
4ω2

0
sin2(ω0pω)|ω|` + 1

2
∑
|s|≤sc

Ωs(|ω|`;l,m)
|ω|` , and the

lowest eigenvalue above it, Esc,∓1 (|ω|`, pω; l,m) = m+Esc,∓0 (|ω|`, pω; l,m), n = e0, are non-degenerate.

3. For sufficiently large volumes, |ω|
2
3
` >

4π2

3m2 , the second lowest eigenvalue,

Esc,∓2 (|ω|`, pω; l,m) =
√
m2 + 4π2|ω|−

2
3

` + Esc,∓0 (|ω|`, pω; l,m), (3.4.160)

above the ground state energy, corresponding to n = es with |s| = 2π
l , is sixfold degenerate (s =

± 2π
l ex,±

2π
l ey or ± 2π

l ez). This can be deduced from the following two facts: First, any excitation of
the ground state with |s| > 2π

l gives a larger contribution to the eigenvalue, than those with s = 2π
l ,

because Ωs(|ω|`; l,m) is strictly monotonous in s. Second, excitations with |s| = 0 can only contribute
to Esc,∓2 (|ω|`, pω; l,m) if the following condition can be satisfied:

∃n ∈ N : nΩ0 =
√
m2 + 4π2|ω|−

2
3

` (3.4.161)

⇔ ∃n ∈ N : n2 = 1 + 4π2

m2 |ω|
− 2

3
` .

(3.4.161) requires n ≥ 2, which leads to the condition on ω stated above.
For smaller volumes, |ω|

2
3
` ≤

4π2

3m2 , the second lowest eigenvalue above the ground state energy becomes
2m + Esc,∓0 (|ω|`, pω; l,m). Moreover, there are “accidental” degeneracies over the set Ω(2)

deg × R :=
{(ω, pω) ∈ R2 | ∃n ∈ N≥2 : |ω|

2
3
` = 4π2

(n2−1)m2 } ⊂ R2, corresponding to intersection of the eigenvalue
band (3.4.160) with nm+Esc,∓0 (|ω|`, pω; l,m), n ∈ N≥2. A similar, but more intricate, situation occurs
for all larger eigenvalues.
Interestingly, we see from (3.4.161) that choosing ` large enough removes the “accidental” degeneracies
(|ω|` ≥ `C`=1(C(1)

`=1)−1, cf. remark 3.4.17). But, in view of the fact, that the removal of the “infrared”
regulator l→∞ induces `→ 0+ (see (3.4.119)), a fixed choice for ` seems to be rather artificial from a
physical perspective. Nevertheless, the regulator ` gives us, in a controlled way, the possibility to study
changes in the adiabatic perturbation theory, when an “accidental degeneracy” affects the spectrum.

4. As ∀s ∈ Σ̂ : lim|ω|→∞ Ωs(|ω|`;l,m)
|ω|` = m, we have lim|ω|→∞ |Esc,∓n (|ω|`, pω; l,m)−Esc,∓n′ (|ω|`, pω; l,m)| =

0 for all n, n′ such that
∑
|s|≤sc ns =

∑
|s|≤sc n

′
s.

By 1., the ground state energy, Esc,∓0 (|ω|`, pω; l,m), constitutes a part of the spectrum that is uniformly
isolated by a gap of distance dmin = m from the remainder of the spectrum.
4. implies that the lowest eigenvalue, Esc,∓1 (|ω|`, pω; l,m), above the ground state energy is uniformly
separated from larger eigenvalues only on ω-bounded subsets of the form K ×R ⊂ R2, K < R. In this case
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the separation distance is at least minω∈K Esc,∓2 (|ω|`, pω; l,m).
Combining 3. and 4., we see that only for ω ∈ Ω(2)

ω±,ωc := [−ω−,−ωc] ∪ [ωc, ω+] with ( 4π2

3m2 ) 3
2 < ωc ≤ ω± ∈

R does the eigenvalue Esc,∓2 (|ω|`, pω; l,m) constitute a uniformly separated part of the spectrum. More
precisely, we can find continuous functions f± : Ω(2)

ω±,ωc × R→ R, f− ≤ f+, such that:

(a) ∀(ω, pω) ∈ Ω(2)
ω±,ωc × R : Esc,∓2 (|ω|`, pω; l,m) ∈ [f−, f+].

(b) ∃Cg > 0 : dist(σ(Hsc,∓
`,0 (ω, pω))) \ {Esc,∓2 (|ω|`, pω; l,m)}, [f−, f+]) ≥ Cg.

(c) ∃Cd > 0 : sup(ω,pω)∈Ω(2)
ω±,ωc×R

|f+ − f−| ≥ Cd.

In the terminology of [Panati et al., 2003b,Teufel, 2003], the eigenvalue band (3.4.160) satisfies the condition
(Gap)0 on Ω(2)

ω±,ωc × R. The functions f± can be given explicitly as:

f+(ω, pω) :=

 2m− d+ + Esc,∓0 (|ω|`, pω; l,m) : |ω|
2
3
` <

8π2

3m2√
m2 + 8π2|ω|−

2
3

` + Esc,∓0 (|ω|`, pω; l,m) : |ω|
2
3
` ≥

8π2

3m2

, d+ := 1
2

(
2m−

√
m2+4π2|ωc|

− 2
3

`

)
(3.4.162)

f−(ω, pω) := m+ d− + Esc,∓0 (|ω|`, pω; l,m), d− := max
ω∈{ω+,ω−}

1
2

(√
m2 + 4π2|ω|−

2
3

` −m
)
.

Analogues of Ω(2)
ω±,ωc , where similar separability conditions apply, can be defined for larger eigenvalues, as

well. To this end, it would be necessary to determine the corresponding subsets over which “accidental”
degeneracies occur.

Unfortunately, we have, w.r.t. to ε-Weyl quantisation in L2(R, dp$), Hsc,∓
` ∈ S1

1,0(ε) (instead of Hsc,∓
` ∈

S0
0,0(ε)) together with (Gap)0 (instead of (Gap)1, which would require a spectral gap, (b), increasing

with Cg〈ω〉, at least.). Therefore, the results on space-adiabatic perturbation theory in [Panati et al.,
2003b,Teufel, 2003] do not immediately apply, although it is generally expected that a constant spectral gap
is sufficient to prove adiabatic decoupling for Hamiltonians with a symbol of linear growth (cf. [Nenciu and
Sordoni, 2004,Panati et al., 2003b], at least for simple growth functions, see [Teufel, 2003], Section 4.3).
Nevertheless, it is still possible to perform most parts of the underlying calculations irrespective of the precise
prequesites, and we will comment on potential issues in the process. Before we begin, let us shortly recall
the essential steps, and the result they are aimed at (cf. [Panati et al., 2003b] for the original reference):

1. (a) Identification of a (smooth) spectral projection πsc,∓`,0 ∈ S0
1,0 of Hsc,∓

`,0 corresponding to a suitably
isolated part of its spectrum.

(b) Construction of an orthogonal projection Π, such that

[Πsc,∓
` , Ĥsc,∓

`,0 ] = O0(ε∞), (3.4.163)

and Πsc,∓
` = π̂sc,∓` + O0(ε∞), where π̂sc,∓` is the ε-Weyl quantisation of a semi-classical symbol,

the Moyal projection,

πsc,∓` ∼
∞∑
k=0

εkπsc,∓`,k ∈ S0
1,0(ε), (3.4.164)

with principal symbol πsc,∓`,0 .

2. (a) Identification of a reference projection πr and a (smooth) reference unitary usc,∓`,0 ∈ S0
1,0, such

that

usc,∓`,0 πsc,∓`,0 (usc,∓`,0 )∗ = πr. (3.4.165)
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(b) Construction of a unitary Usc,∓` , such that

Usc,∓` Πsc,∓
` (Usc,∓` )∗ = 1L2(R,dp$) ⊗ πr =: Πr, (3.4.166)

and Usc,∓` = ûsc,∓` + O0(ε∞), where ûsc,∓` is the ε-Weyl quantisation of a semi-classical symbol,
the Moyal unitary,

usc,∓` ∼
∞∑
k=0

εkusc,∓`,k ∈ S0
1,0(ε), (3.4.167)

with principal symbol usc,∓`,0 .

3. Construction of the effective Hamiltonian symbol by means of the Moyal product ?ε,

hsc,∓` ∼ usc,∓` ?ε H
sc,∓
` ?ε (usc,∓` )∗ ∈ S1

1,0(ε), (3.4.168)

the (essentially self-adjoint) ε-Weyl quantisation of which satisfies (cf. [Panati et al., 2003b], Theorem
4.1, and the follow-up discussion):

[ĥsc,∓` ,Πr] = 0, (3.4.169)

e−iĤ
sc,∓
` s − (ûsc,∓` )∗e−iĥ

sc,∓
` sûsc,∓` = O0(ε∞|s|),

e−iĤ
sc,∓
` s − (Usc,∓` )∗e−iĥ

sc,∓
` sUsc,∓` = O0(ε∞(1 + |s|)), s ∈ R .

It is 1.(b), where the condition (Gap)1 enters in an essential way to prove smallness of (3.4.166) in the
sense of bounded operators. Namely, (3.4.166) rests on [Hsc,∓

` , πsc,∓` ]?ε = O(ε∞) in S1
ρ,0(ε) with ρ > 0, as

for ρ = 0 the ε-Weyl quantisation of the Moyal commutator would not necessarily be a bounded operator.
This can be seen from the neat example (taken from [Panati et al., 2003b]):

σε(ω, pω) = e−
1
ε pω = O(ε∞) in S1

0,0(ε). (3.4.170)

The O(εn+1), n ∈ N0, approximations, hsc,∓`,(n) =
∑∞
k=1 ε

khsc,∓`,k , of (3.4.168) give the important result regard-
ing adiabatic time evolution (cf. [Teufel, 2003], Corollary 3.22.):

e−iĤ
sc,∓
` sΠsc,∓

` = (ûsc,∓` )∗e−iĥ
sc,∓
` sΠrû

sc,∓
` + O0(ε∞|s|) (3.4.171)

= (ûsc,∓`,(n))
∗e
−iĥsc,∓

`,(n+k)sΠrû
sc,∓
`,(n) + (1 + τ) O0(εn+1), n+ k ≥ 0, |s| ≤ ε−kτ.

where usc,∓`,(n) =
∑∞
k=1 ε

kusc,∓`,k . (3.4.171) shows that the size of the error, O0(εn+1), made in the adia-
batic approximation w.r.t. to the almost invariant subspace is essentially determined by the expansion of
unitary usc,∓` , while the time scale, τ , is controlled by the expansion of the effective Hamiltonian hsc,∓` .
The assumption n + k ≥ 0 is necessary to have a small error term in the sense of bounded operators, i.e.
ĥsc,∓` − ĥsc,∓`,(n+k) ∈ B(L2(R,Dsc

(`;l,m)), L
2(R,F s(Cnsc ))).

As remarked in [Panati et al., 2003b], it should be stressed at this point, that (3.4.169) and (3.4.171) are
statements in the quantum domain, as no semi-classical approximation has been invoked so far. The advan-
tage of this is that (3.4.171) is typically valid on much larger time scales than a semi-classical approximation,
as the latter is confined to the Ehrenfest time scale.
Nevertheless, the adiabatic approximation can be used a starting point for a semi-classical approximation,
which, in the case of an eigenvalue band {E(ω, pω)}(ω,pω)∈R with finite degeneracy (img πr ∼= Cndeg , ndeg ∈
N), leads to the usual Egorov’s hierachy

Ô(t) = e
i
ε ĥ
sc,∓
` tÔe−

i
ε ĥ
sc,∓
` t,

(
∂tÔ

)
(t) = i

ε
[ĥsc,∓` , Ô(t)] (3.4.172)
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⇒ (∂tO0) (t) = {E,O0(t)}+ i[hsc,∓`,1 , O0(t)] (3.4.173)

(∂tO1) (t) = {E,O1(t)}+ i[hsc,∓`,1 , O1(t)] + 1
2

(
{hsc,∓`,1 , O0(t)} − {O0(t), hsc,∓`,1 }

)
+ i[hsc,∓`,2 , O0(t)]

(3.4.174)
...

for O ∈ S0
1,0(ε,B(img πr)). Then, condition (Gap)1 would imply a first order Egorov’s theorem (cf. [Panati

et al., 2003b], Theorem 5.1):

∀T ∈ R≥0 : ∃CT > 0 : ∀t ∈ [−T, T ] :
∣∣∣∣∣∣e iε ĥsc,∓` tÔ0e

− iε ĥ
sc,∓
` t − Ô0(t)

∣∣∣∣∣∣ ≤ εCT , (3.4.175)

where O0 ∈ S0
1,0(B(img πr)), and O0(t) is the solution to (3.4.173) with O0(0) = O0. Notably, the flow

associated with (3.4.173) is affected by the first order effective Hamiltonian symbol hsc,∓`,1 on the slow time
scale t = εs as expected.

Let us apply the algorithm, sketched above, to Hsc,∓
` = Hsc,∓

`,0 +ε2Hsc,∓
`,2 +O(ε4) ∈ S1

1,0(ε), and its uniformly
isolated ground state band {Esc,∓0 (|ω|`, pω; l,m)}(ω,pω)∈R2 . We have:

Hsc,∓
`,0 (ω, pω) = Usc(|ω|`; l,m)

Esc,∓0 (|ω|`, pω; l,m)1Fs(Cnsc ) +
∑
|s|≤sc

Ωs(|ω|`; l,m)
|ω|`

a∗sas

Usc(|ω|`; l,m)∗,

(3.4.176)

Hsc,∓
`,2 (ω, pω) = −3

8δ`(ω)1Fs(Cnsc ),

πsc,∓`,0 (ω) = Ωsc(|ω|`; l,m)⊗ (Ωsc(|ω|`; l,m), . )Fs(Cnsc ),

usc,∓`,0 (ω) = Usc(|ω|`; l,m)∗ =
∏
|s|≤sc

e−
1
2 ξ
sc
s (|ω|`;l,m)((a∗s)2−a2

s), πr = Ω⊗ (Ω, . )Fs(Cnsc ).

It is easy to see that ξscs is smooth for all s ∈ Σ̂ : |s| ≤ sc, and it follows from |ξscs (|ω|`; l,m)| ∼
|ω|→∞

1
2 log(m|ω|`) that πsc,∓`,0 and usc,∓`,0 belong to the correct symbol class.
Since we are dealing with an eigenvalue band, the computation of the effective Hamiltonian symbol simplifies
greatly. Using (3.4.168), one finds the following formulas up to order O(ε3), when restricting to the reference
subspace defined by πr48 (cf. [Panati et al., 2003b]):

hsc,∓`,0 (ω, pω)πr=πsc,∓`,0 (ω)Hsc,∓
`,0 (ω, pω)πsc,∓`,0 (ω)=Esc,∓0 (|ω|`, pω; l,m)πr, (3.4.177)

hsc,∓`,1 (ω, pω)πr=πr

(
usc,∓`,0 (ω)Hsc,∓

`,1 (ω, pω)+
(
usc,∓`,0 ?ε H

sc,∓
`,0

)
1
(ω, pω) (3.4.178)

−
(
Esc,∓0 ?ε u

sc,∓
`,0

)
1
(ω, pω)

)
usc,∓`,0 (ω)∗πr,

hsc,∓`,2 (ω, pω)πr=πr

(
usc,∓`,0 (ω)Hsc,∓

`,2 (ω, pω)+usc,∓`,1 (ω)Hsc,∓
`,1 (ω, pω) (3.4.179)

−hsc,∓`,1 (ω, pω)usc,∓`,1 (ω)+
(
usc,∓`,0 ?εH

sc,∓
`,1

)
1
(ω, pω)

+
(
usc,∓`,1 ?ε H

sc,∓
`,0

)
1
(ω, pω)−

(
Esc,∓0 ?ε u

sc,∓
`,1

)
1
(ω, pω)−

(
hsc,∓`,1 ?ε u

sc,∓
`,0

)
1
(ω, pω)

+
(
usc,∓`,0 ?ε H

sc,∓
`,0

)
2
(ω, pω)−

(
Esc,∓0 ?ε u

sc,∓
`,0

)
2
(ω, pω)

)
usc,∓`,0 (ω)∗πr,

with

(usc,∓`,1 )∗ = (usc,∓`,0 )∗
(

1
4i{u

sc,∓
`,0 , (usc,∓`,0 )∗}+ [usc,∓`,0 (πsc,∓`,1 )OD(usc,∓`,0 )∗, πr] (3.4.180)

− 1
4i [({u

sc,∓
`,0 , πsc,∓`,0 }(u

sc,∓
`,0 )∗ + usc,∓`,0 {π

sc,∓
`,0 , (usc,∓`,0 )∗}), πr]

)
,

48By construction, we have [hsc,∓` , πr] = 0.
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(πsc,∓`,1 )OD = πsc,∓`,0 πsc,∓`,1 (1− πsc,∓`,0 ) + (1− πsc,∓`,0 )πsc,∓`,1 πsc,∓`,0

= i

2

(
(Hsc,∓

`,0 − Esc,∓0 )−1(1− πsc,∓`,0 ){Hsc,∓
`,0 + Esc,∓0 , πsc,∓`,0 }π

sc,∓
`,0

+πsc,∓`,0 {π
sc,∓
`,0 , Hsc,∓

`,0 + Esc,∓0 }(Hsc,∓
`,0 − Esc,∓0 )−1(1− πsc,∓`,0 )

)
+ (Hsc,∓

`,0 − Esc,∓0 )−1(1− πsc,∓`,0 )Hsc,∓
`,1 πsc,∓`,0 + πsc,∓`,0 Hsc,∓

`,1 (Hsc,∓
`,0 − Esc,∓0 )−1(1− πsc,∓`,0 ).

Apparently, the fact that πsc,∓`,0 and usc,∓`,0 depend on ω only, leads to further simplifications. A simple,
though tedious, calculation gives:

hsc,∓`,1 (ω, pω)πr = ∓i 3
4ω0

sin(2ω0pω)|ω|`πr
(
∂ωu

sc,∓
`,0 (ω)

)
usc,∓`,0 (ω)∗πr (3.4.181)

= ∓i 3
4ω0

sin(2ω0pω)|ω|`πr

 ∑
|s|≤sc

∂ωξ
sc
s (|ω|`; l,m)

2
(
(a∗s)2 − a2

s

)πr

= 0,

hsc,∓`,2 (ω, pω)πr = −3
8δ`(ω)πr ±

3
4 cos(2ω0pω)|ω|`

((
πr

(
∂ωu

sc,∓
`,0 (ω)

)
usc,∓`,0 (ω)∗πr

)2
(3.4.182)

+ πr

(
∂ωu

sc,∓
`,0 (ω)

)
usc,∓`,0 (ω)∗(1− πr)

(
∂ωu

sc,∓
`,0 (ω)

)
usc,∓`,0 (ω)∗πr

)

−
(

3
4ω0

sin(2ω0pω)|ω|`
)2

πr

(
∂ωu

sc,∓
`,0 (ω)

)(
Hsc,∓
`,0 (ω, pω)− Esc,∓0 (|ω|`, pω; l,m)

)−1

|(1−πsc,∓`,0 (ω))

(
∂ωu

sc,∓
`,0 (ω)∗

)
πr

= −3
8δ`(ω)πr ∓

3
4 cos(2ω0pω)|ω|`

 ∑
|s|≤sc

(∂ωξscs (|ω|`; l,m))2

2

πr

−
(

3
4ω0

sin(2ω0pω)|ω|`
)2
 ∑
|s|≤sc

(∂ωξscs (|ω|`; l,m))2|ω|`
4Ωs(|ω|`; l,m)

πr,

usc,∓`,1 (ω, pω)=usc,∓`,0 (ω)
[
πsc,∓`,0 (ω), πsc,∓`,1 (ω, pω)OD

]
, (3.4.183)

πsc,∓`,1 (ω, pω)OD=± 3i
4ω0

sin(2ω0pω)|ω|`(
πsc,∓`,0 (ω)

(
∂ωπ

sc,∓
`,0 (ω)

)(
Hsc,∓
`,0 (ω, pω)−Esc,∓0 (|ω|`, pω; l,m)

)−1(
1−πsc,∓`,0 (ω)

)
−
(

1− πsc,∓`,0 (ω)
)(
Hsc,∓
`,0 (ω, pω)−Esc,∓0 (|ω|`, pω; l,m)

)−1 (
∂ωπ

sc,∓
`,0 (ω)

)
πsc,∓`,0 (ω)

)
.

We infer from the second term in (3.4.182) that hsc,∓` /∈ S1
1,0(ε), because this term does not decay like

〈ω〉−1 for large |ω| as required, but merely remains bounded. This is consistent with the failure of condition
(Gap)1.

At this point a comment on the nature of the various terms is in order. But, before that, let us give a
complete account of the O(ε3) effective Hamiltonian symbol. The first lines in (3.4.181) and (3.4.182) are
arrived at by the sole ω-dependence of πsc,∓`,0 and usc,∓`,0 , and are thus valid in a wider setting. The second
lines are special to case at hand:

hsc,∓`,(2)(ω, pω)πr =
(
Esc0 (|ω|`; l,m)− (εω0)2 3

8ω2
0
δ`(ω)

)
πr (3.4.184)

∓ 3
4ω2

0
|ω|`

(
sin(ω0pω) + i(εω0) cos(ω0pω)πr

(
∂ωu

sc,∓
`,0 (ω)

)
usc,∓`,0 (ω)∗πr

)2
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∓ (εω0)2 3
4ω2

0
sin2(ω0pω)|ω|`

(
πr

(
∂ωu

sc,∓
`,0 (ω)

)
usc,∓`,0 (ω)∗πr

)2

− (εω0)2
(

3
4ω2

0
sin(2ω0pω)|ω|`

)2

πr

(
∂ωu

sc,∓
`,0 (ω)

)(
Hsc,∓
`,0 (ω, pω)− Esc,∓0 (|ω|`, pω; l,m)

)−1

|(1−πsc,∓`,0 (ω))

(
∂ωu

sc,∓
`,0 (ω)∗

)
πr

± (εω0)2 3
4ω2

0
cos(2ω0pω)|ω|`πr

(
∂ωu

sc,∓
`,0 (ω)

)
usc,∓`,0 (ω)∗(1− πr)

(
∂ωu

sc,∓
`,0 (ω)

)
usc,∓`,0 (ω)∗πr

=

1
2
∑
|s|≤sc

Ωs(|ω|`; l,m)
|ω|`

− (εω0)2 3
8ω2

0
δ`(ω)

πr (3.4.185)

∓ 3
4ω2

0
|ω|` (sin(ω0pω) + iε · 0)2

∓ ε2 · 0

− ε2
(

3
4ω0

sin(2ω0pω)|ω|`
)2
 ∑
|s|≤sc

(∂ωξscs (|ω|`; l,m))2|ω|`
4Ωs(|ω|`; l,m)

πr

∓ ε2 3
4 cos(2ω0pω)|ω|`

 ∑
|s|≤sc

(∂ωξscs (|ω|`; l,m))2

2

πr,

where we completed the square in the first line at the expense of the third term (∼ ε2). The O(ε)-term,

A|πr (ω, pω) := −iω0 cos(ω0pω)πr
(
∂ωu

sc,∓
`,0 (ω)

)
usc,∓`,0 (ω)∗πr (3.4.186)

= iω0 cos(ω0pω)(Ωsc(|ω|`; l,m), ∂ωΩsc(|ω|`; l,m))Fs(Cnsc )πr,

inside the completed square has the interpretation of a generalised Berry-Simon connection (or quantum
geometric magnetic potential) over the gravitational phase space R2, i.e. it picks up a gradient contribution
under (non-abelian) internal unitary rotations of img πsc,∓`,0

49. In the specific case under consideration it and
the associated third term vanish. The last term is a generalisation of the well-known quantum geometric
electric potential (cf. [Chruściński and Jamiołkowski, 2004,Shapere and Wilczek, 1989]):

Φ|πr (ω, pω) := −3
4 cos(2ω0pω)|ω|`πr

(
∂ωu

sc,∓
`,0 (ω)

)
usc,∓`,0 (ω)∗(1− πr)

(
∂ωu

sc,∓
`,0 (ω)

)
usc,∓`,0 (ω)∗πr (3.4.187)

= 3
4 cos(2ω0pω)|ω|` πr

(
∂ωu

sc,∓
`,0 (ω)

)
(1− πsc,∓`,0 (ω))2

(
∂ωu

sc,∓
`,0 (ω)∗

)
πr︸ ︷︷ ︸

≥0

.

The remaining term,

K|πr(ω, pω) :=
(

3i
4ω0

sin(2ω0pω)|ω|`
)2

πr

(
∂ωu

sc,∓
`,0 (ω)

)
(3.4.188)(

Hsc,∓
`,0 (ω, pω)− Esc,∓0 (|ω|`, pω; l,m)

)−1

|(1−πsc,∓`,0 (ω))

(
∂ωu

sc,∓
`,0 (ω)∗

)
πr,

involving the (reduced) resolvent (Hsc,∓
`,0 − Esc,∓0 )−1

|(1−πsc,∓`,0 )
, is of a dynamical nature, and not determined

by the Hilbert bundle, img πsc,∓`,0 → R2, alone (cf. [Weigert and Littlejohn, 1993, Teufel, 2003], this term
is missing in less systematic treatments of the ε-expansion, see e.g. [Chruściński and Jamiołkowski, 2004],
Section 6.3.5). The quantum geometric electric potential and the dynamical term are gauge invariant, i.e.
invariant under (non-abelian) internal unitary rotations of img πsc,∓`,0 .
It is also illustrative to perform the limit ω0 → 0 for the effective Hamiltonian symbol, i.e. we remove the

49In the case at hand, this corresponds to Ωsc (|ω|`; l,m) 7→ eiλ(ω,pω)Ωsc (|ω|`; l,m) for some smooth function λ ∈ C∞(R2).
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LQC regulator, which, at least heuristically, corresponds to the passage from the Hamiltonian ĤLQC
G (cp.

(3.4.100)) to the Wheeler-DeWitt Hamiltonian,

ĤWDW
G = −3

4 p̂ω |̂ω|p̂ω = − 3
4γ b̂|̂ν|b̂, (3.4.189)

in the gravitational sector:

hsc,∓`,(2)(ω, pω)πr ∼
ω0→0

(
Esc0 (|ω|`; l,m)− ε2 3

8δ`(ω)
)
πr (3.4.190)

∓ 3
4 |ω|`

(
pω + iεπr

(
∂ωu

sc,∓
`,0 (ω)

)
usc,∓`,0 (ω)∗πr

)2

− ε2
(

3
2pω|ω|`

)2

πr

(
∂ωu

sc,∓
`,0 (ω)

)(
Hsc,∓
`,0 (ω, pω)− Esc,∓0 (|ω|`, pω; l,m)

)−1

|(1−πsc,∓`,0 (ω))

(
∂ωu

sc,∓
`,0 (ω)∗

)
πr

± ε2 3
4 |ω|`πr

(
∂ωu

sc,∓
`,0 (ω)

)
usc,∓`,0 (ω)∗(1− πr)

(
∂ωu

sc,∓
`,0 (ω)

)
usc,∓`,0 (ω)∗πr,

which resembles in many aspects the form of the effective Hamiltonian symbol of molecular Hamiltonians,

Ĥmol = 1
2 p̂

2 +He(q̂), (3.4.191)

in the usual Born-Oppenheimer setup (cp. [Teufel, 2003], Section 4.2 & 4.5). Namely, due to the quadratic
dependence of HWDW

G,` on pω the quantum geometric potentials depend on ω only, and the main difference
results from an additional ω-dependence via | . |` and its second derivative 2δ`. Moreover, the limit ω0 → 0
restores the negativity (−) respectively positivity (+) of the quantum geometric electric potential (3.4.187)
as an operator, which is indeterminate for finite ω0 due to a cos(2ω0pω) factor. This might affect the influence
of eigenvalue crossings on the dynamics (see remark 3.4.26 below).
Connected with the limit ω0 → 0 there is a potential issue regarding the ε-dependence of ω0 (cp. theorem
3.4.16). In fact,

ω0 = 1
2

(
3
4

) 1
4

ε2(γλ′) 3
2 , (3.4.192)

which means that ω0 should be regarded as a small quantity in scalar field units (λ′ = 1). Moreover, the
limit ε → 0 would automatically entail the limit ω0 → 0, and we might wonder, whether we should have
included the ε-dependence via ω0 in the expansion of the symbol Hf,∓

` . But, it is clear from the Taylor’s
series,

sin(ω0pω)
ω0

=
∞∑
n=0

(−1)n

(2n+ 1)!ω
n
0 p

2n+1
ω , (3.4.193)

that this would not result in a semi-classical symbol, as higher order contribution in ε would be tied to symbols
with stronger divergencies. Even worse, the dual interpretation between pseudo-differential operators in
C∞PW(R) ⊂ L2(R, dp$) and almost-periodic pseudo-differential operators in Trig(R) ⊂ B2(R) would cease to
hold, because (3.4.193) makes no sense in APS∞ρ,δ.
Thus, strictly speaking the calculations above explicitly require that ω0 is kept fixed in the adiabatic limit
ε → 0 to preserve the nature of the LQC regularisation of the gravitational Hamiltonian (cp. (3.4.82) &
(3.4.100)), and to discern it from the Wheeler-DeWitt Hamiltonian (3.4.189). Interestingly, this can be
restated as demanding the product ε4γ3 = const. in the limit ε → 0 (cp. (3.4.192)), which is somewhat
similar in spirit to the WKB approximation of the LQC path integral presented in [Ashtekar et al., 2010],
where the product ~γ3 = const. in the limit ~ → 0 to see the effects of quantum geometry in the saddle
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point approximation.

We conclude the final subjection with various remarks concerning energy cut-off techniques to address the
viability of the adiabatic approximation without the necessary gap conditions, eigenvalue crossings, the role
of observables defined w.r.t. the reference space img πr, the use of the effective Hamiltonian symbol in
determining the spectrum of the Hamiltonian and the nature of the adiabatic expansion in the case of the
Bohrian pseudo-differential operator Ĥf,∓

(`) .

Remark 3.4.25 (Energy cut-offs, ellipticity and the cosmological constant):

We seen above that the rigorous results of adiabatic perturbation theory do not immediately apply to the
Hamiltonian Ĥsc,±

` , because of a failure of the condition (Gap)1, which demands the existence of a part of
the spectrum of Hsc,±

`,0 ∈ S1
1,0 separated by an increasing (with 〈ω〉) gap.

A possible way out of this problem in the case of a positive50, elliptic symbol H0 ∈ Smρ,0(B(H)) (valued in
bounded operators), i.e.

∃C > 0 : ∀(ω, pω) : ||H0(ω, pω) + i|| ≥ C〈ω〉m, (3.4.194)

is possible by the use of energy cut-offs (cf. [Sordoni, 2002,Martinez and Sordoni, 2002,Panati et al., 2003b]).
The crucial observation in this respect is, that a high volume cut-off in phase space will be achieved, if we
place an energy cut-off on Ĥ0, which is dynamically stable due to energy conservation. For elliptic symbols
it is possible to do this by means of a semi-classical pseudo-differential calculus, i.e. for any χ ∈ C∞c (R) the
operator χ(Ĥ0) exists and is the ε-Weyl quantisation of a semi-classical symbol in S−∞(ε,B(H)). Moreover,
if χ is chosen, s.t. χ|[0,Ec] ≡ 1 and χ[Ec+∆c,∞) ≡ 0 for E0,∆c > 0, the ε-Weyl symbol of χ(Ĥ0) is
asymptotically equal to 1 on Γ<Ec := {(ω, pω) ∈ R2 | ||H0(ω, pω)|| < Ec} and identical to 0 on Γ≥Ec+∆c

:=
{(ω, pω) ∈ R2 | ||H0(ω, pω)|| ≥ Ec+∆c} (cf. [Dimassi and Sjöstrand, 1999], Theorem 8.7 and the subsequent
discussion).
Then, we define an auxiliary symbol Haux ∈ S0

0,0, which agrees with H0 on Γ<Ec+∆c
, satisfies (in the operator

sense)

∀(ω, pω) ∈ Γ≥Ec+∆c
, (ω′, p′ω) ∈ Γ<Ec+∆c

: Haux(ω, pω) > H0(ω′, p′ω) (3.4.195)

and (Gap)0. Now, it follows from the ε-Weyl calculus and the (Borel) functional calculus that (cf. [Panati
et al., 2003b]):

• (Ĥ0 − Ĥaux)χ(Ĥ0) = O−∞(ε∞) (equivalence up to smoothing operators),

• χ(Ĥ0)E(−∞,Ec] = E(−∞,Ec], where E(−∞,Ec] is the spectral projection of Ĥ0 on to the subspace of
energies up to Ec,

• (Ĥ0 − Ĥaux)E(−∞,Ec] = (Ĥ0 − Ĥaux)χ(Ĥ0)E(−∞,Ec] = O0(ε∞),

• (e−iĤ0s − e−iĤauxs)E(−∞,Ec] = O0(|s|ε∞).

In this sense, Ĥ0 can be replaced by Ĥaux at the expense of O0(ε∞)-errors on the subspace of energies below
Ec. The locality of the Moyal product ensures that all computations with the symbol Haux restricted to
Γ<Ec can be replaced by those with the symbol H0.

Having explained the method of energy cut-offs, the immediate question is, whether it is applicable to our
Hamiltonian Ĥsc,±

` for its (principal) symbol is neither positive and elliptic nor does it take values in bounded
operators on F s(Cnsc ).
In respect of positivity and ellipticity, it is interesting to note that we have so far not included a contribution
to the Hamiltonian Ĥsc,±

` coming from a cosmological constant, 2Λ
3ε2 |̂ω|` (cp. (3.4.79), using scalar field units

50An extension to the semi-bounded case is achieved by adding a suitable constant to H0.
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λ′ = 1). If we assume a suitable scaling of the cosmological constant w.r.t. to the adiabatic parameter, i.e.
Λ = ρΛε

2, we find the following modified principal symbol

Hsc,±
`,0 (ω, pω) =

(
2
3ρΛ ∓

3
4ω2

0
sin2(ω0pω)

)
|ω|` +Hsc

φ,`(ω), (ω, pω) ∈ R2 . (3.4.196)

The scaling Λ = ρΛε
2 can be achieved if we stick to the usual interpretation that the cosmological constant

yields a “vacuum energy” contribution to Einstein’s equations Λ = κ′ρΛ, where ρΛ is the energy density of
the vacuum attributed to Λ (recall from the discussion at the beginning of section 3.4.2 that κ′ is essentially
Einstein’s constant). Thus, positivity and ellipticity hold for Hsc,+

`,0 with cosmological constant term, as long
as ρΛ > 0, while for Hsc,−

`,0 this requires ρΛ > 9
8ω2

0
.

Regarding the boundedness of Hsc,±
`,0 as an operator in F s(Cnsc ), we can, so far only rather crudely, impose

a bound on the energy that can be stored in the modes of the scalar field for a given classical (pure) state
Hsc
φ,`(ω), which roughly corresponds to a constraint on the accessible excitation number configurations. More

precisely, we replace Hsc
φ,`(ω) by ϕ(Hsc

φ,`(ω)) for ϕ ∈ C∞c (R), s.t. ∃Eφ > 0 : ϕ|[0,Eφ](λ) ≡ λ. With respect to
the orthonormal basis (3.4.158), ϕ(Hsc

φ,`(ω)) takes the form:

Hsc
φ,`(ω) = usc,∓`,0 (ω)∗

 ∑
|s|≤sc

Ωs(|ω|`; l,m)
|ω|`

(
a∗sas + 1

2
)usc,∓`,0 (ω) (3.4.197)

= usc,∓`,0 (ω)∗
 ∑
n∈Nnsc0

 ∑
|s|≤sc

Ωs(|ω|`; l,m)
|ω|`

(
ns + 1

2
)πn

usc,∓`,0 (ω),

⇒ ϕ(Hsc
φ,`(ω)) = usc,∓`,0 (ω)∗

 ∑
n∈Nnsc0

ϕ

 ∑
|s|≤sc

Ωs(|ω|`; l,m)
|ω|`

(
ns + 1

2
)πn

usc,∓`,0 (ω)

where πn = ψn ⊗ (ψn, . )Fs(Cnsc ), n ∈ Nnsc0 . Clearly, Hsc
φ,`(ω) and ϕ(Hsc

φ,`(ω)) agree on the subspace of
energies below Eφ, i.e.

(ϕ(Hsc
φ,`(ω))−Hsc

φ,`(ω))Escφ,`|(−∞,Eφ] = 0, (3.4.198)

where Escφ,`|(−∞,Eφ] is the corresponding spectral projection of Hsc
φ,`(ω).

Thus, for elliptic, positive choices of (3.4.196), we can prove adiabatic decoupling in a rigorous fashion, if we
additionally control the total energy and the energy that can be stored in scalar field modes by Ec and Eφ.

Remark 3.4.26 (Error terms and eigenvalue crossings):

So far, the adiabatic parameter ε has been used as an object that controls the size of operator contributions
in adiabatic perturbation theory in an asymptotic sense, and may subsequently be used to handle the semi-
classical limit of the dynamics in the reference space.
In the quantum gravitational model, we are considering in this subsection, the adiabatic parameter ε =

√
κ′

λ′

is given by the ratio between the Planck length scale lPlanck and the scalar field length scale lφ (derived from
λ′ in units with ~ = 1 = c), and thus typically extremely small (ε << 1). Thus, we may wonder whether the
expansion (adiabatic or semi-classical) gives any corrections to the leading order that are not in principle
negligible in all viable experiments. To deal with this problem, we would need a handle on the rather generic
issue in parametric perturbative arguments, that not only control on the order of the expansion in terms of
ε is necessary, but estimates on the size of contribution at a given order of ε, as well.
Although, we have no intention to deal with this long standing problem in this chapter, it is interesting to
observe in this respect that the geometric potentials (3.4.186) & (3.4.187) and the dynamical term (3.4.188)
appearing in the expansion of the effective Hamiltonian symbol are expected to exhibit divergencies at
eigenvalue crossings (indicating a breakdown of the adiabatic approximation, [Teufel, 2003]). Thus, even
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effects contributed to O(ε2)-terms in the dynamics of the adiabatically decoupled subspace img Πsc,∓
` can be

important, if a state becomes sufficiently concentrated near an eigenvalue crossing. On the contrary, these
effects have to be weighted against non-adiabatic transistion between the crossing subspaces (Landau-Zener
formula).

In contrast, the model defined by Ĥsc,∓
` , does not exhibit divergencies in the geometric potentials A|πr and

Φ|πr , because (
∂ωu

sc,∓
`,0

)
(usc,∓`,0 )∗ = −1

2
∑
|s|≤sc

∂ωξ
sc
s

(
(a∗s)2 − a2

s

)
(3.4.199)

is sufficiently regular in ω. Similarly, the dynamical termK|πr develops no divergencies at eigenvalue crossings
(3.4.199), because

(a∗s)2ψn = 1√
n!

(a∗)nΩ =

∏
s′ 6=s

1√
ns′ !

(a∗s′)ns′
 √(ns + 2)(ns + 1)√

(ns + 2)!
(a∗s)ns+2Ω, (3.4.200)

necessarily has an eigenvalue larger than ψn, and by duality a2
sψn necessarily has a smaller one. Thus, the

rather special nature of the generator of the squeezing operator usc,∓`,0 prevents the occurrence of divergencies
near eigenvalue crossings up to O(ε2)-contributions.

Remark 3.4.27 (Semi-classical observables):

If we are interested in approximating the dynamics of observables in the (slow) gravitational sector by means
of an Egorov’s theorem like (3.4.175) (or its higher order analogues), we have to keep in mind that (3.4.175)
is a statement about semi-classical observables w.r.t. the reference space img Πr (cf. [Teufel, 2003], Section
3.4.3). Namely, if we consider an observable Ô0 defined by a symbol O0 ⊗ 1Fs(Cnsc ) ∈ Smρ,δ(B(F s(Cnsc )))
it agrees, in general, with the reference space observable Ôr defined by O0 ⊗ 1imgπr ∈ Smρ,δ(B(img πr))
only to O(ε). By (3.4.163) and (3.4.166), the symbol Oε of the transfer of Ô0 to the reference space,
Usc,∓` Πsc,∓

` Ô0Πsc,∓
` (Usc,∓` )∗, satisfies:

Oε ∼ πrusc,∓` ?ε (O0 ⊗ 1Fs(Cnsc )) ?ε (usc,∓` )∗πr = O0 ⊗ 1imgπr + O(ε). (3.4.201)

Regarding the model at hand, the symbols of gravitational observables ω̂ ⊗ 1Fs(Cnsc ) and p̂ω ⊗ 1Fs(Cnsc )

are equivalent to those of the reference space observables ω̂ ⊗ 1imgπr and p̂ω ⊗ 1imgπr to O(ε2):

ωε = ω ⊗ 1imgπr − iε2πr

(
∂pωu

sc,∓
`,1 (ω, pω)

)
usc,∓`,0 (ω)∗πr + O(ε3), (3.4.202)

pω,ε = pω ⊗ 1imgπr

+iε2πr

((
∂ωu

sc,∓
`,1 (ω, pω)

)
+
(
∂ωu

sc,∓
`,0 (ω, pω)

)
usc,∓`,0 (ω)∗(1−πr)usc,∓`,0 (ω)πsc,∓`,1 (ω, pω)OD

)
usc,∓`,0 (ω)∗πr

+ O(ε3).

In physical terms his means that observables satisfying

[Ô,Πsc,∓
` ] = O0(ε∞), (3.4.203)

which correspond to reference space observables like Ôr under Usc,∓` , are those that admit a well-behaved
semi-classical limit w.r.t. the dynamics in the almost invariant subspace img Πsc,∓

` , and not the (slow)
gravitational observables Ô0 that operate trivially in the second factor of L2(R, dp$) ⊗ F s(Cnsc ). For
general observables, we can find semi-classical behaviour in the sense of expectation values w.r.t. states in
img Πsc,∓

` [Teufel, 2003].
As noted in [Teufel, 2003], the relation between observables satisfying (3.4.203) and (slow) gravitational
observables compares to the use of the standard position or the Newton-Wigner position operator in the
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non-relativistic limit of the Dirac equation.

Remark 3.4.28 (Approximation of eigenvalues):

The O(εn+1) effective Hamiltonian ĥsc,∓`,(n) provides a relatively simple, in computational terms, scheme to
obtain asymptotic information on the spectrum of Ĥsc,∓

` (cf. [Panati et al., 2003b]). Namely, solving

ĥsc,∓`,(n)Ψ
sc,∓
`,(n) = Esc,∓`,(n)Ψ

sc,∓
`,(n) + O(εn+1), Ψsc,∓

`,(n) ∈ img Πr (3.4.204)

implies

Ĥsc,∓
` (ûsc,∓` )∗Ψsc,∓

`,(n) = Esc,∓`,(n)(û
sc,∓
` )∗Ψsc,∓

`,(n) + O(εn+1), Ψsc,∓
`,(n) ∈ img Πr, (3.4.205)

because by (3.4.168): ĥsc,∓` = ûsc,∓` Ĥsc,∓
` (ûsc,∓` )∗ + O−∞(ε∞) and ûsc,∓` (ûsc,∓` )∗ = 1+ O−∞(ε∞) (equality

up to smoothing operators). By (3.4.166), this gives:

Ĥsc,∓
` (Usc,∓` )∗Ψsc,∓

`,(n) = Esc,∓`,(n)(U
sc,∓
` )∗Ψsc,∓

`,(n) + O(εn+1), Ψsc,∓
`,(n) ∈ img Πr, (3.4.206)

which shows that the O(εn+1)-eigenvalue, Esc,∓`,(n), obtained via the effective Hamiltonian (3.4.204) is an
O(εn+1)-eigenvalue of Ĥsc,∓

` w.r.t. the almost invariant subspace Πsc,∓
` (cp. (3.4.163)), as well. Moreover,

Esc,∓`,(n) can be computed solely from the effective Hamiltonian without explicit knowledge of Usc,∓` . Never-
theless, a word of caution is in order, when using (3.4.204), because in the absence of a priori knowledge
about the existence of an eigenvalue of Ĥsc,∓

` close to Esc,∓`,(n), we should not treat Esc,∓`,(n) as an eigenvalue,
but as a sort of resonance w.r.t to the almost invariant subspace img Πsc,∓

` .

In the case of the ground state band of Hsc,∓
`,0 , we see from (3.4.185) that no corrections to the leading order

(Peierls substitution) appear at O(ε2) in the reference space img πr, i.e. ĥsc,∓`,1 = 0:

ĥsc,∓`,(1) =

∓ 3
4ω2

0
|ω|` sin2(ω0pω) +

1
2
∑
|s|≤sc

Ωs(|ω|`; l,m)
|ω|`

̂⊗ πr (3.4.207)

=

∓ 3
4ω2

0

(
Wε(0, ω0)|̂ω|`Wε(0, ω0)−2|̂ω|`+Wε(0, ω0)∗ |̂ω|`Wε(0, ω0)∗

)
+ 1

2
∑
|s|≤sc

|̂ω|`
−1

Ω(|̂ω|`; l,m)

⊗πr.
Remark 3.4.29 (Effective Hamiltonian symbols for Bohrian pseudo-differential operators):

The determination of the effective Hamiltonian and its associated effective equations is achievable for the
LQC motivated model defined by Ĥf,∓

(`) (see subsection 3.4.2), if we employ the calculus developed for Bohrian
pseudo-differential operators in subsection 3.3.4. Although, we cannot, at this point, arrive in a completely
rigorous fashion at results analogous to those of adiabatic perturbation theory for ε-Weyl quantisation, it is
still possible to reproduce many of the steps outlined above in the context of relatively rational operators
(see definition 3.3.53). Moreover, theorem 3.3.60 tells us that for relatively rational operators with symbols
in smρ,0 a notion of “small” bounded operators between Sobolev spaces is available, and we may speak of
equivalence up to smoothing operators similar to the O−∞(ε∞)-notation.
A major difference for Bohrian pseudo-differential operators is that we no longer have a notion of semi-
classical symbols Smρ,δ and their associated expansion in terms of the adiabatic parameter ε due to the
inherent discreteness of the constructions (see the discussion below remark 3.3.57). But, this is a rather
small drawback, as it only makes parts of the reasoning less intuitive. Still, we retain a notion of asymptotic
expansion in the symbol classes smρ,δ, where an increase in order is tied to symbols of decreasing order (see
proposition 3.3.56). Furthermore, for symbol classes smρ,δ with 0 ≤ δ < ρ ≤ 151 such an asymptotic expansion
is (formally52) compatible with the expansion of the twisted product of symbols (see (3.3.257), and below).

51Unfortunately, this excludes the class s00,0, which was available for (almost-periodic) pseudo-differential operators, and suitable
to treat a constant spectral gap (Gap)0.

52We have, so far, not prove the appropriate bounds on the remainder in the twisted product expansion.
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There is even an advantage due to this slight complication, because this shifts away our attention from the
adiabatic parameter ε to the more important fact, that the expansion is in terms of symbols of decreasing
order. Since the adiabatic parameter ε takes a finite value in physical applications, and may even be
introduced artificially to encode a separation of scales between certain terms in a model Hamiltonians (e.g.
slowly varying potentials), there is anyway no significance attached to the limit ε → 0. Only if the latter
is accompanied by a suitable notion of asymptotic expansion, optimally together with numerical control on
the expansion terms, can there be any clear physical meaning attached to it (cf. [Teufel, 2003]).

Now, let us see what happens to the algorithm of adiabatic perturbation theory on the level of manipulation
of (formal) symbols. Similar to the above, we will restrict ourselves to the model Hamiltonian symbol

Hsc,∓
(`),ε (ω, pω) = ∓ 3

4ω2
0

sin2(εω0pω)|ω|1Fs(Cnsc ) +Hsc
φ,(`)(ω, εω0)∓ 3

8ω2
0
σ

(1)
0 (ω, εω0)1Fs(Cnsc ), (3.4.208)

which has only a finite number of scalar field modes coupled to the gravitational sector. Due to 2π
εω0

Z-
periodicity of Hsc,∓

(`),ε in pω its Weyl quantisation in l2(R) is compatible with the direct sum decomposition
of l2(R) w.r.t. a Brillouin zone of the dual lattice εω0 Z (ε-sectors of LQC, cf. [Ashtekar and Singh, 2011]):

l2(R) ∼=
⊕

j0∈[0,1)

l2(Zj0εω0
). (3.4.209)

Since we do not expect the ε-Weyl quantisation in the Bohrian setting to be particularly well-behaved w.r.t.
limit ε→ 0, we will use the quantisation formula (3.3.235) with ε = 1, which is the reason why we absorbed
all ε-dependence of Ĥsc,∓

(`),ε into its symbol (3.4.208). In the terminology of subsection 3.3.4 Ĥsc,∓
(`),ε ∈ s

1
1,0 is

U(1)εω0-equivariant (even invariant).
It is evident from (3.4.208) that the spectral analysis of Hsc,∓

(`),ε reduces to that of Hsc
φ,(`)( . , εω0). For

volumes |ω| > `εω0, the situation is quite similar to the one discussed above. For volumes 0 < |ω| ≤ `εω0

the degeneracy structure of spectrum shows a rather complicated behaviour, because the regularised inverse
volume function (3.4.121) tends zero there. On the Lagrangian subspace Rpω := {(ω, pω) ∈ R2 | ω = 0} ⊂ R2

we find Hsc,∓
(`),ε (0, pω) = 0, i.e. the spectrum of the symbol Hsc,∓

(`),ε completely degenerates (even the ground
state energy).
But, as before, we can bring Hsc,∓

(`),ε into standard form by means of a squeezing operator Usc(|ω|; l,m), which
is completely analogous to the one defined in (3.4.154) (only the dependence on |ω|` has to be replaced by
a dependence on |ω|):

Hsc,∓
(`),ε (ω, pω) = Usc(|ω|; l,m)

(
Esc,∓(`),ε (|ω|, pω; l,m)1Fs(Cnsc ) (3.4.210)

+
∑
|s|≤sc

(
1

`εω0
||ω+`εω0|

1
2−|ω−`εω0|

1
2 |
)2

Ωs(|ω|; l,m)a∗sas

Usc(|ω|; l,m)∗,

Esc,∓(`),ε (|ω|, pω; l,m) = ∓
(

3
4ω2

0
sin2(ω0pω)|ω|+ 3

8ω2
0
σ

(1)
0 (ω, εω0)

)
(3.4.211)

+ 1
2

∑
|s|≤sc

(
1

`εω0
||ω+`εω0|

1
2−|ω−`εω0|

1
2 |
)2

Ωs(|ω|; l,m).

Thus, if we focus on the ground state band, as before, in the j0 = 0-sector (the typical choice in LQC
calculations, also technicalities are minimised), we may define (for ω 6= 0):

usc,∓0 (ω) = Usc(|ω|; l,m)∗, πr = Ω⊗ (Ω, . )Fs(Cnsc ), πsc,∓0 (ω) = usc,∓0 (ω)∗πrusc,∓0 (ω), (3.4.212)

and compute, using (3.3.257), the first order contribution hsc,∓(`),ε,(1) to the effective Hamiltonian symbol on
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img πr by the analogue of (3.4.178) (cp. (3.4.168) as well) with Hsc,∓
(`),ε in place of Hsc,∓

`,0 , and Hsc,∓
`,1 = 0:

hsc,∓(`),ε,(1) = ∓i 3
2ω2

0
sin(2ω0pω)|ω|πr

(
usc,∓0 (ω + ε

2ω0)usc,∓0 (ω)∗ − 1
)
πr, (3.4.213)

which (formally) reproduces (3.4.181) for ` = 0 in the limit ε→ 0. While, in the limit ω0 → 0, we obtain the
O(ε)-term of the Wheeler-DeWitt theory (3.4.190). But, in contrast to hsc,∓`,(1) and its Wheeler-DeWitt limit,
we observe that hsc,∓(`),ε,(1) is non-vanishing for the ground state band. Moreover, in view of remark 3.4.26 it
is noteworthy to see that the functions ξscs , |s| ≤ sc, used to define the squeezing operator Usc(|ω|; l,m), are
divergent along the degeneracy subspace Rpω .
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3.5. Conclusions & perspectives

In the main part of this chapter, we have introduced and analysed a Weyl quantisation for LQG-type mod-
els aiming at the implementation of the program space-adiabatic perturbation theory in the latter. As we
have argued, a complete implementation requires the Weyl quantisation to be scalable with the quantisa-
tion parameter ε (also called adiabatic parameter) for a perturbation theory in orders of ε to be possible.
Unfortunately, due to the fact, that models à la LQG are constructed via projective limits of function alge-
bras living on the co-tangent bundles of compact Lie groups (in the phase space approach), there results a
fundamental asymmetry in the treatment of configuration and momentum space degrees of freedom in the
quantum theory. This asymmetry entails the scalability (with ε) of the local Weyl quantisation w.r.t. to
the AIL representation, if and only if the adiabatic parameter ε is associated with the momentum variables:
An effect that its easily understood from the observation that the momentum space degrees of freedom are
modelled by the co-tangent space directions, which possess a (local) vector space structure. In contrast,
the configuration space degrees of freedom, which are modelled by the compact Lie group underlying the
co-tangent bundle, do not admit suitable, i.e. compatible with the (local) commutation relations defining
the transformation group algebra, ε-scale transformations, because the existence of the latter would require
exponential map to be a homomorphism of Lie groups (existence of arbitrary (real) powers of group element
in a homomorphic way). In the global Weyl quantisation, where the co-tangent bundle spaces are replaced
by the representation theoretical dual of the Lie group, the problem of scalability also shows up for the mo-
mentum space degrees of freedom (unitary equivalence classes of irreducible representations), and manifest
itself in the rigid structure of the lattice of integral highest weights. Since the representation theoretical dual
and the group itself are in a one-to-one correspondence (Tannaka-Krein duality [Bröcker and tom Dieck,
1985], Doplicher-Roberts theorem [Doplicher and Roberts, 1989]), the question of scalability in the local
and global setting can be unified under the theme of ε-scalable Fourier transforms, which we discussed in
subsection 3.3.2 & 3.3.4).
One reason, why we are not satisfied with the local Weyl quantisation, and its scalability w.r.t. to the
momentum variables, is exemplified by the toy models of subsection 3.4.2. There, we have seen that its is
quite natural for the adiabatic parameter ε to be associated with the configuration space degrees of freedom
(holonomies of U(1)) of the LQC-type models: A feature that may well persist in full LQG-type models.
Another reason is implicit in the construction of the (local) calculus Paley-Wiener-Schwartz symbols, which
requires an analytic momentum dependence of the quantisable functions, because, after a fibre-wise Fourier
transform from the co-tangent bundle to the tangent bundle, the dual distribution is required to be of com-
pact support. Thus, again the non-global nature of the exponential map of a compact Lie group is of some
disadvantage, as it severely restricts (analyticity!) the class of quantisable function, and therefore the class
of dequantisable operators.
Such analyticity condition are not necessary in the global calculus, but the problems due to compactness
show up in the way mentioned before.
An almost satisfactory solution to the difficulties introduced by the compactness of the (truncated) con-
figuration spaces, can, up to this point, only be achieved in U(1)n-models, where its possible to proceed
from U(1) to the still compact, but representation theoretically less rigid, Bohr compactification of the reals
RBohr. Regrettably, this appears not to be a viable strategy in non-Abelian models (cf. [Shubin, 1978]).
In the discussion of the toy models of subsection 3.4.2, we employ the method of passing to the Bohr com-
pactification RBohr, where it allows us to push the implementation of space-adiabatic perturbation theory
quite far. Although, it must be admitted that we will obtain the best results via the theory of almost-periodic
pseudo-differential operators, if we allow for certain smooth approximations of the LQC-type quantisations
of the gravitational sector in these models.

Since we also discussed the use of coherent state/Berezin quantisations for compact Lie groups (section 3.2
and subsection 3.3.3) in our research on the implementability of the ideas of Born and Oppenheimer in
LQG-type models, it should be once more pointed out, that, unless a suitable ?-product is constructed from
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these quantisations, the existence of which is highly questionable for non-compact (truncated) phase spaces,
it seems to be very difficult to construct a systematic perturbation theory. Thus, while the use of coherent
states is conceptually tempting, it seems to be technically and computationally disfavoured.

In view of the extraction of QFT on CS from LQG, the toy models present us with another type of diffi-
culty, which originates in the well-know methods used to construct linear quantum field theories. Namely,
space-adiabatic perturbation theory relies on the construction of a bundle of Hilbert spaces, Hγ ∼= Hf , of
the fast sector over the phase space, Γ, of the slow variables via the (principal symbol of the) projection
onto the adiabatically decoupled subspace, 0 → Hf → π0 H → Γ → 0. Moreover, it is necessary to require
the existence of unitary maps between the fibres, Hγ , which is typically obstructed by a version of Haag’s
theorem, unless we allow for some sort of regularisation (in the toy models without regularisation, every
fibre carries a quantum field with a different “mass”).
To this end, it is legitimate to say, that the program of adiabatic perturbation theory will require some
(substantial) modifications, if a fully satisfactory derivation of QFT on CS inside LQG is to be obtained
along its lines.
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4. Initial Value Problems, Background
Independence and the Microlocal
Spectrum Condition

4.1. Introduction

Quantum field theory (QFT) on curved spacetime (CS) is nowadays a well-developed subject, which allows
for the rigorous treatment of perturbative quantisation of classical field theories on curved spacetimes (see
[Fredenhagen and Rejzner, 2015] for a recent review), including scalar fields, Dirac fields, Yang-Mills fields,
and even the treatment of perturbative quantum gravity in a locally covariant fashion [Brunetti et al., 2013].
At the basis of this approach are the linear(ised) field theories and their quantum theories, which are probably
the most studied examples of quantum field theories. In the framework of algebraic quantum field theory, the
concept of Hadamard states for linear quantum fields plays an important role (see e.g. [Wald, 1994,Brunetti
and Fredenhagen, 2000,Hollands and Wald, 2002,Brunetti et al., 2003]). These states replace the concept of
vacuum state in a locally covariant manner by mimicking the short-distance behaviour of the latter in purely
spacetime geometric fashion. It is know that there are sufficiently many of these states on arbitrary globally
hyperbolic spacetimes (cf. [Fulling et al., 1981, Junker, 1996,Gérard and Wrochna, 2014]). A particularly
elegant characterisation of Hadamard states is the so-called microlocal spectrum condition [Radzikowski,
1996], which is a prescription for the wave front set of the associated two-point function(al), and can be
interpreted as a remnant of the spectrum condition in quantum field theory on Minkowski space.
In this chapter, we analyse the relation between the microlocal spectrum condition and the initial value
formulation of the quantum field theory with the aim to extract a condition that is manifestly independent
of the spacetime metric. Such a condition could be used as a filter for physically interesting states in the
matter sector of approaches to quantum gravity, where a (classical) spacetime metric is not available, e.g.
loop quantum gravity (LQG). Furthermore, our analysis provides a first step to elucidate the structures that
need to be present in a theory of quantum gravity coupled to matter, such that quantum field theory on
curved spacetime can be extracted in a semi-classical limit. Potential candidates for a semi-classical analysis
of LQG in this regard are the deparametrising models (see [Giesel and Thiemann, 2012] for an overview).
Notably, the concept of adiabatic vacua, which is related to that of Hadamard states [Lüders and Roberts,
1990, Junker and Schrohe, 2002], has already been applied in the framework of loop quantum cosmology
(LQC), a loop quantisation of symmetry reduced models, to treat cosmological perturbations [Agullo et al.,
2013a,Agullo et al., 2013b].

The organisation of the chapter is as follows:

The main part of the chapter is section 4.2. It deals with the quantum theory of linear field theories
in the context locally covariant quantum field theory [Brunetti et al., 2003], and the important notion of
Hadamard states, which are characterised by prescription for the wave front set of the two-point correlation
function(al). In the first subsection 4.2.1, beside recalling important results about linear field theories on
Lorentzian manifolds, we prove, building on work by Dimock [Dimock, 1980], a theorem on the initial value
problem for generalised wave equations with distributional initial data. In subsection 4.2.2, we discuss the
microlocal spectrum/Hadamard condition, and prove the main theorem of this chapter: A bound on the
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wave front sets of the initial data for a quasi-free Hadamard state of a linear quantum field theory, which is
independent of the spacetime metric.
In section 4.3, we discuss the wave front sets’ bound for the initial data in view of dynamical aspects of the
microlocal spectrum condition and available construction procedures for Hadamard states. Furthermore, we
outline how the wave front sets’ bound could be applied as an a priori condition for semi-classical states of
quantum matter fields in background independent theories like LQG.
Appendix B provides some essential material from the theory of distributions and their wavefront sets.
Functional spaces, we frequently use in the following, are:

1. The compactly supported, smooth functions on M or Σ, and their distributional duals:

D(M), D(Σ) and D ′(M), D ′(Σ).

2. The smooth functions on M or Σ, and their distributional duals:

E (M), E (Σ) and E ′(M), E ′(Σ).

3. The smooth functions with “spacelike compact” support on M , and their dual:

E sc(M) and E ′sc(M) (cf. [Bär et al., 2007])1.

4. The generalisations of these spaces to sections in a vector bundle E over M or its restriction EΣ to Σ:

D(M,E), D ′(M,E∗) etc. (cf. [Bär et al., 2007]).

5. Distribution spaces with specified wave front sets:

D ′Γ, E ′Λ,

where Γ,Λ are conical subsets of T ∗M or T ∗Σ (see definition B.2.7, cf. [Hörmander, 1971,Dabrowski
and Brouder, 2014]).

Throughout the chapter, (M, g), or M for short, denotes spacetime, i.e. a globally hyperbolic, time-/space-
oriented, Hausdorff, second-countable, σ-compact C∞-manifold (dim(M) = m < ∞). The metric-induced
volume form on M is dVg. A Cauchy surface for M is called Σ, i.e. M ∼= R×Σ. The induced volume
form on Σ is dAg. For the causal future/past of a subset K ⊂ M , we use the usual notation J±(K)
(J(K) := J+(K)∪J−(K)). K < M indicates a compact subset. E π→M , or simply E, is a finite dimensional,
(real) vector bundle over M (rank(E) = e), and E∗ its dual. If we have two such vector bundles E,E′, we
denote the exterior tensor product over M ×M ′ by E � E′, and the interior tensor product, for M = M ′,
over M by E ⊗E′. If we do not specify a connection in the tangent bundles TM , TΣ, these are given resp.
induced by the Levi-Civita connection of g.

Embeddings of the type D(M,E) ↪→ D ′(M,E) (vector-valued test functions to vector-valued distributions)
are understood by means of the volume form dVg and the fibre metric gE , i.e.

∀f ′ ∈ D(M,E) : (f, f ′) :=
∫
M

gE(f, f ′)dVg, (4.1.1)

associates a unique distribution to every f ∈ D(M,E). All spaces will be equipped with one of their usual
topologies. Thus, we refrain from restating the various definitions and refer the interested reader to the
appendices and references. Let us also issue a word of caution regarding the notions of continuity and
sequential continuity: In general, sequentially continuous maps between locally convex topological vector

1E sc(M) are the smooth functions on M which are “spacelike compact”, i.e. if f ∈ E sc(M) there exists a compact set K < M
s.t. supp(f) ⊂ J(K).
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spaces are not necessarily continuous in the topological sense. Although, equality of the concepts holds for
bornological topologies (cf. [Kriegl and Michor, 1997]), it may fail for non-bornological spaces like D ′Γ, Γ a
closed, but open at the tip, cone (cf. [Dabrowski and Brouder, 2014]). In this chapter, we restrict ourselves
to the simpler case of sequential continuity.

4.2. Linear quantum fields in curved spacetimes

We start this section by a brief outline of some essential facts for the understanding of linear quantum
fields in curved space time and our analysis of the microlocal spectrum/Hadamard condition (cf. [Dimock,
1980, Friedlander, 1975, Bär et al., 2007, Brunetti et al., 2003]). We conclude the first subsection 4.2.1 by
proving that the distributional initial value problem for generalised wave equations can be considered well-
posed. After this, we proceed to the discussion of the microlocal spectrum/Hadamard condition for the
quantum theory, and prove the main theorem of the chapter.

4.2.1. The initial value formulation for generalised wave equations

Let us consider a spacetime M , and a vector bundle E on M equipped with a (non-degenerate) fibre metric
gE . The fibre metric gE provides an identification of E and E∗, which we will use freely. Global hyperbolicity
implies the existence of a 3 + 1-split of spacetime, M ∼= R×S in the C∞-sense (cf. [Bernal and Sánchez,
2005]), and we have a well-posed initial value problem (cf. [Bär et al., 2007]), with initial data in D(Σ, EΣ),
for generalised wave equations

Pu = 0, u ∈ E (M,E), (4.2.1)

where P : E (M,E)→ E (M,E) is a formally self-adjoint, normally hyperbolic differential operator, i.e.∫
M

gE(Pu, v)dVg =
∫
M

gE(u, Pv)dVg, (4.2.2)

and the principal symbol of P is given by the spacetime metric g:

P = gij(x) ∂2

∂xi∂xj
+ ak(x) ∂

∂xk
+ b(x) (4.2.3)

in local coordinates x = (x1, ..., xm) on U ⊂ M subordinate to a local trivialization E|U ∼= U × Re with
matrix valued coefficients a, b : U → Re. Moreover, there exist unique advanced and retarded fundamental
solutions

G± : D(M,E) −→ E sc(M,E), (4.2.4)

P ◦G± = idD(M,E), G
± ◦ PD(M,E) = idD(M,E) (4.2.5)

∀f ∈ D(M,E) : supp(G±(f)) ⊂ JM± (supp(f)), (4.2.6)

and we may write (cp. [Dimock, 1980])

f = (G′ ◦ (ι∗)′)(f1)− (G′ ◦ (ν∗)′)(f0), f0, f1 ∈ D(Σ, E∗Σ) ∼= D(Σ, EΣ) ⊂ D ′(Σ, E∗Σ), (4.2.7)

where ι : Σ ↪→M is the inclusion of the Cauchy surface, G′ : E ′sc(M,E∗)→ D ′(M,E∗) is the (formal) adjoint
of the causal propagator G = G− − G+, and (ι∗)′, (ν∗)′ : D ′(Σ, E∗Σ) → E ′sc(M,E∗) denote the adjoints of
the maps

ι∗ : E sc(M,E)→ D(Σ, EΣ), u 7→ u|Σ = ι∗u (4.2.8)
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ν∗ : E sc(M,E)→ D(Σ, EΣ), u 7→ (∇nu)|Σ = ι∗(∇nu),

where n ∈ E (Σ, TMΣ) denotes the timelike, future oriented, unit normal to Σ, and ∇ is the unique P -
compatible connection in E (cf. [Baum and Kath, 1996,Bär et al., 2007]). We notice that the adjoints of the
advanced and retarded fundamental solutions satisfy G± = (G∓)′, because of the formal self-adjointness of
P . From [Dimock, 1980,Bär et al., 2007], we know that the restrictions

G′ ◦ (ι∗)′, G′ ◦ (ν∗)′ : D(Σ, E∗Σ) ⊂ D ′(Σ, E∗Σ)→ E sc(M,E∗) ⊂ D ′(M,E∗) (4.2.9)

are (sequentially) continuous maps, and one finds the identities

ι∗ ◦G ◦ (ι∗)′ = 0, ι∗ ◦G ◦ (ν∗)′ = − idD(Σ,EΣ), (4.2.10)

ν∗ ◦G ◦ (ι∗)′ = idD(Σ,EΣ), ν
∗ ◦G ◦ (ν∗)′ = 0,

G = G ◦ (ι∗)′ ◦ ν∗ ◦G−G ◦ (ν∗)′ ◦ ι∗ ◦G, (4.2.11)

and a short exact sequence of (sequentially) continuous maps

0 // D(M,E) P // D(M,E) G // E sc(M,E) P // E sc(M,E). (4.2.12)

Furthermore, it follows from the results of [Dimock, 1980], and (4.2.12), that (4.2.7) can be utilised to
construct solutions with distributional initial data u0, u1 ∈ D ′(Σ, E∗|Σ), i.e.

u = (G′ ◦ (ι∗)′)(u1)− (G′ ◦ (ν∗)′)(u0) ∈ D ′(M,E∗). (4.2.13)

Remark 4.2.1:

Equation (4.2.13) admits an important refinement, because there exists a strong constraint on the wave front
set of any distributional solution u ∈ D ′(M,E∗) to a linear partial differential equation Pu = 0 (see theorem
B.2.15 ,cf. [Hörmander, 1983a]):

WF(u) ⊂ CharP. (4.2.14)

The conical subset CharP ⊂ T ∗M \ {0}, called the characteristic set of P , is defined in theorem B.2.15
of the appendix. The definition of the wave front set of a distribution can be found in the appendix (see
definition B.2.2), as well. We conclude that (4.2.13) can be replaced by

u = (G′ ◦ (ι∗)′)(u1)− (G′ ◦ (ν∗)′)(u0) ∈ D ′CharP (M,E∗). (4.2.15)

What is not achieved in [Dimock, 1980], although one finds a contrary statement in [Junker, 1996], is an
answer to the questions, which distributional solutions u ∈ D ′(M,E∗) arise in this way, and in which sense
the initial value problem can be considered well-posed for initial data in D ′(Σ, E∗Σ). A (partial) answer to
these questions can be given in form of the following theorem.

Theorem 4.2.2 (The distributional initial value problem):

Let E be a vector bundle over a globally hyperbolic spacetime M , equipped with a non-degenerate fibre metric
gE. Furthermore, let P be a formally self-adjoint, normally hyperbolic operator acting in E. Then, given
u0, u1 ∈ D ′(Σ, E∗Σ), there exists a unique, proper, distributional solution u ∈ D ′CharP (M,E∗) to the equation
Pu = 0, s.t. u|Σ = u0, (∇nu)|Σ = u1. Here, a distributional solution u is called proper (cp. [Lindblad,
1996]), if it can be approximated by a sequence of regular solutions {uj}∞j=1 ⊂ E (M,E∗) in the (weak)
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topology of D ′CharP (M,E∗), i.e.

∀f ∈ D(M,E) : (u, f) = lim
j→∞

(uj , f), (4.2.16)

∀j : Puj = 0.

Moreover, the map

D ′(Σ, E∗Σ)⊕2 → D ′CharP (M,E∗) (4.2.17)

sending (u0, u1) to the solution u, s.t. Pu = 0, u|Σ = u0, (∇nu)|Σ = u1, is (sequentially) continuous.

Before we start the proof of this theorem, we state useful results concerning a generalised Green’s identity
and the continuity of some of the maps introduced above.

Lemma 4.2.3 (Green’s identity, cf. [Bär et al., 2007]):

Let P : E (M,E) → E (M,E) be normally hyperbolic, and ∇ be the unique P -compatible connection in E2.
Then, we have for every u ∈ E (M,E∗) and f ∈ E (M,E) the identity

(u, Pf)− (P ∗u, f) = divg(W ), (4.2.18)

where W ∈ E (M,TM) is defined by

g(W,X) = (∇Xu, f)− (u,∇Xf), ∀X ∈ E (M,E). (4.2.19)

Here, divg denotes the divergence operator associated with the Levi-Civita connection of g.

This lemma and the following corollary are essential to prove uniqueness in theorem 4.2.2.

Corollary 4.2.4 (Fresnel-Kirchhoff integral, cp. [Dimock, 1980]):

Assume that P is also formally self-adjoint. If u ∈ E (M,E∗) is a solution to Pu = 0, we have:

∀f ∈ D(M,E) :
∫
M

(u, f)dVg = −
∫

Σ
((∇nu,G(f))− (u,∇nG(f))) dAg. (4.2.20)

Proof:

We integrate (4.2.18) with f replaced by G∓(f) in the domains J±(Σ) with the common boundary ∂J±(Σ),
and apply Gauss’ theorem:∫

J±(Σ)
(u, f) = ∓

∫
Σ

(
(∇nu,G∓(f))− (u,∇nG∓(f))

)
dAg. (4.2.21)

Adding the two expression gives the result.

Clearly, the formulas for the solution (4.2.7) and (4.2.13) mimic (4.2.20).

Lemma 4.2.5:

The maps ι∗, ν∗ : E sc(M,E)→ D(Σ, EΣ) (see (4.2.8)) are sequentially continuous.

Proof:

For f ∈ E sc(M,E), take a converging sequence {fj}∞j=1 ⊂ E sc(M,E), i.e. there exists a compact subset
K < M , s.t.

∀j : supp(f), supp(fj) ⊂ J(K), (4.2.22)
2∇ induces a connection in E∗, which we denote by the same symbol.
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∀k ∈ N0,K
′ < M cpt. : lim

j→∞
||f − fj ||Ck(K,E) = 0, (4.2.23)

where ||f ′||Ck(K′,E) := maxn=1,...,k supx∈K′ ||∇nf ′(x)||g,gE for f ′ ∈ E (M,E)3. We need to show that
limj→∞ ι∗fj = ι∗f and limj→∞ ν∗fj = ν∗f in D(Σ, EΣ). Because M is globally hyperbolic and Σ is a
Cauchy surface, we know that J(K) ∩ Σ =: K ′′ is compact. Moreover by the definition of the maps in
question, we have

supp(ι∗f), supp(ι∗fj), supp(ν∗f), supp(ν∗fj) ⊂ K ′′, (4.2.24)

and

||ι∗f − ι∗fj ||Ck(K′′,EΣ) ≤ ||f − fj ||Ck(K′′′,E) (4.2.25)

||ν∗f − ν∗fj ||Ck(K′′,EΣ) ≤ ||f − fj ||Ck(K′′′,E) (4.2.26)

for some compact subset K ′′′ < M , s.t. K ′′ ⊂ K ′′′, and all k ∈ N0. This proves the statement.

Proposition 4.2.6:

The compositions of adjoint maps G′ ◦ (ι∗)′, G′ ◦ (ν∗)′ : D ′(Σ, E∗Σ) → D ′CharP (M,E∗) are sequentially
continuous w.r.t. Hörmander’s (pseudo-)topology on D ′CharP (M,E∗) (see definition B.2.7 & [Hörmander,
1971,Dabrowski and Brouder, 2014]).

Proof:

For u ∈ D ′(Σ, E∗Σ), take a converging sequence {uj}∞j=1 ⊂ D ′(Σ, E∗Σ), i.e.

∀f ∈ D(Σ, E∗) : lim
j→∞

(uj , f) = (u, f). (4.2.27)

To show that limj→∞(G′ ◦ (ι∗)′)(uj) = (G′ ◦ (ι∗)′)(u) and limj→∞(G′ ◦ (ν∗)′)(uj) = (G′ ◦ (ν∗)′)(u), we use
a characterisation of convergence in D ′Γ(M,E∗), Γ ⊂ T ∗M \ {0} closed and conical, proven in [Dabrowski
and Brouder, 2014]:

Given a sequence {uj}∞j=1 ⊂ D ′Γ(M,E∗), s.t. limj→∞(uj , v) = λv ∈ C exists for all v ∈ E ′Λ(M,E), then
limj→∞ uj = u ∈ D ′Γ(M,E∗) exists, s.t. (u, v) = λv for all v ∈ E ′Λ(M,E).

Here, Λ ⊂ T ∗M \ {0} is the complement of the inversion of Γ:

Λ := (Γ′)c = {(x, k) ∈ T ∗M \ {0} | (x,−k) /∈ Γ}. (4.2.28)

Next, we observe that we have an extension G : E ′Λ(M,E)→ E sc(M,E) in the sense of theorem B.2.13. To
achieve this, we use the fact that Schwartz’ kernel theorem gives us a distribution KG ∈ D ′(M×M,E�E∗),
and check that the composition KG ◦ v for v ∈ E ′Λ(M,E) is well-defined. The wave front set of KG is
well-known (cf. [Duistermaat and Hörmander, 1972,Radzikowski, 1996]):

WF(KG) = {(x, k;x′, k′) ∈ (CharP )×2 | (x, k) ∼HP (x′,−k′)}, (4.2.29)

where (x, k) ∼HP (x′, k′) means that (x, k), (x′, k′) ∈ T ∗M lie on the same integral curve of the Hamiltonian
vector field HP of the principal symbol of P 4. Because P is normally hyperbolic, its principal symbol is
given by the (inverse) metric σP (x, k) = gij(x)kikj . Thus, CharP = C∗M \ {0} is the co-light cone bundle
without the zero section, and an integral curve of HP joining (x, k) and (x′, k′) is a null geodesic strip in
T ∗M , which projects to the null geodesic in M from x to x′ with co-tangents k ∈ T ∗xM and k′ ∈ T ∗x′M

(cf. [Radzikowski, 1996]). Clearly, the Hamiltonian flow in T ∗M is in one-to-one correspondence with the

3See appendix B.1 for the construction of the norms
4At coinciding point x = x′, we have k = k′ 6= 0.
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null geodesics flow in TM via the metric g. To apply theorem B.2.13, we need to check that

WF(v) ∩ (−WF(KG)M2|M1) = ∅. (4.2.30)

This is trivially satisfied, because −WF(KG)M2|M1 = {(x′, k′) ∈ T ∗M \ {0} | (x, 0;x′, k′) ∈ WF(KG)} = ∅
by (4.2.29). Theorem B.2.13 gives us information on the wave front set of G(v), as well:

WF(G(v)) ⊂WF(KG)M1|M2︸ ︷︷ ︸
=∅

∪WF′(KG) ◦WF(v)︸ ︷︷ ︸
=∅

= ∅, (4.2.31)

by the definition of Λ and (4.2.29). It follows that G(v) ∈ E (M,E). What remains to be checked, is that
G(v) ∈ E sc(M,E). To see this, we notice that supp(v) < M is compact, because v ∈ E ′Λ(M,E), which
implies:

(G(v), f) = −(v,G(f)) (4.2.32)

= 0

for all f ∈ D(M,E∗), s.t. supp(f) < (J(supp(v)))c. Putting everything together, we find:

lim
j→∞

((G′ ◦ (ι∗)′)(uj), v) = lim
j→∞

−((ι∗)′(uj), G(v)︸ ︷︷ ︸
∈E sc(M,E)

) (4.2.33)

= lim
j→∞

−(uj , ι∗G(v)︸ ︷︷ ︸
∈D(Σ,E∗Σ)

)

= −(u, ι∗G(v))

= ((G′ ◦ (ι∗)′)(u), v) ∀v ∈ E ′Λ(M,E).

The argument for G′ ◦ (ν∗)′ is analogous.

Now, we are in the position to prove theorem 4.2.2.

Proof:

1. Existence:

Given u0, u1 ∈ D ′(Σ, E∗Σ), we use equation (4.2.15) to define a solution u ∈ D ′CharP (M,E∗):

u := (G′ ◦ (ι∗)′)(u1)− (G′ ◦ (ν∗)′)(u0). (4.2.34)

We need to show that this solution satisfies ι∗u = u0, ν
∗u = u1. To this end, we observe that the

extended maps

ι∗, ν∗ : D ′CharP (M,E∗)→ D ′(Σ, E∗Σ) (4.2.35)

are well-defined and (sequentially) continuous by virtue of theorem B.2.8, because the co-normal Nι
of ι : Σ ↪→M has empty intersection with the co-light cone bundle CharP = C∗M \ {0}:

Nι ∩ CharP = ∅. (4.2.36)

Since D(Σ, E∗Σ) is (sequentially) dense in D ′(Σ, E∗Σ), we find sequences {u0,j}, {u1,j} ⊂ D(M,E∗), s.t.
limj→∞ u0,j = u0 and limj→∞ u1,j = u1. Using the continuity of the maps (4.2.35) and proposition
4.2.6, we may write:

ι∗u = ι∗(G′ ◦ (ι∗)′)(u1)− ι∗(G′ ◦ (ν∗)′)(u0) (4.2.37)
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= ι∗(G′ ◦ (ι∗)′)( lim
j→∞

u1,j)− ι∗(G′ ◦ (ν∗)′)( lim
j→∞

u0,j)

= lim
j→∞

(ι∗(G′ ◦ (ι∗)′)(u1,j)− ι∗(G′ ◦ (ν∗)′)(u0,j))

= lim
j→∞

u0,j

= u0,

where we used the identities (4.2.10) after the next-to-last line. The argument for ν∗u = u1 is analogous.

2. Uniqueness:

If we want prove uniqueness of the solution (4.2.34) among the proper solutions of Pu = 0, we first
need to check that u is indeed proper, and second, that any other proper solution u′ ∈ D ′CharP (M,E∗)
with ι∗u′ = u0, ν

∗u = u1 is identical to u, i.e. u′ ≡ u.

To see that u is proper, we choose sequences {u0,j}, {u1,j} ⊂ D(M,E∗), s.t. limj→∞ u0,j = u0 and
limj→∞ u1,j = u1, as before. Then, we set

∀j : uj := (G′ ◦ (ι∗)′)(u1,j)− (G′ ◦ (ν∗)′)(u0,j) ∈ E sc(M,E∗), (4.2.38)

which is a sequence of smooth solutions, s.t. limj→∞ uj = u in D ′CharP (M,E∗), by proposition 4.2.6,
(4.2.7) and (4.2.9).

For the second statement, we observe that another solution u′ 6= u would imply the existence of a
non-trivial, proper solution with vanishing initial data, i.e.

0 6= u′′ := u− u′ ∈ D ′CharP (M,E∗) : Pu′′ = 0, ι∗u′′ = 0, ν∗u′′ = 0. (4.2.39)

Thus, to conclude uniqueness, we need to show that the only proper solution with vanishing initial data
is u′′ ≡ 0. This can be done by an appeal to corollary 4.2.4: Assume we are given a proper solution u′′

as in (4.2.39). Then, we choose a approximating sequence {u′′j }∞j=1 ⊂ E (M,E∗), limj→∞ u′′j = u′′, ∀j :
Pu′′j = 0, and compute:

∀f ∈ D(M,E) : (u′′, f) = lim
j→∞

(u′′j , f) (4.2.40)

Cor.4.2.4= − lim
j→∞

((ν∗u′′j , ι∗G(f))− (ι∗u′′j , ν∗G(f)))

= 0,

where we use the continuity of ι∗, ν∗ in the last line. But this contradicts u′′ 6= 0.

3. Continuous dependence on initial data:

This is precisely the content of proposition 4.2.6.

Remark 4.2.7:

Clearly, the statement of theorem 4.2.2 can be improved, if M is a linear manifold and P has constant
coefficients, e.g. Minkowski space M and P is the d’Alembertian. Namely, every distributional solution u ∈
D ′CharP (M,E∗) is then a proper solution by virtue of the existence of an approximate identity {φε} ⊂ D(M),
limε→0 φε = δ0, Hörmander’s density theorem (see [Hörmander, 1983a], p.262-263) and the convolution
identities:

φε ∗ u ∈ E (M,E∗), lim
ε→0

φε ∗ u = u in D ′CharP (M,E∗), (4.2.41)

P (φε ∗ u) = φε ∗ (Pu) = 0.

Interestingly, (4.2.4) and (4.2.11) tell us that KG is a proper, distributional (bi-)solution.
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4.2.2. Quasi-free states and the microlocal spectrum/Hadamard condition

We are now ready to turn our attention to the quantum theory associated with the classical setup of the
previous subsection. From the exact sequence (4.2.12), the well-posedness of the Cauchy problem for P
with initial data in D(Σ, EΣ) and the identities (4.2.10), we know, that we have a pair of isomorphic linear,
symplectic spaces representing the space of (smooth) solution Sol∞0 (P ) with compactly supported (smooth)
initial data

D(M,E)/ imP|D(M,E) ∼= D(Σ, EΣ)⊕2. (4.2.42)

The symplectic structures are given by (cf. [Bär et al., 2007])

σM ([f ], [f ′]) :=
∫
M

gE(G(f), f ′)dVg (4.2.43)

Cor.4.2.4= −
∫

Σ
(gE(∇nG(f), G(f ′))− gE(G(f),∇nG(f ′))) dAg =: σΣ((f0, f1), (f ′0, f ′1)),

for [f ], [f ′] ∈ D(M,E)/ imP|D(M,E) and (f0, f1), (f ′0, f ′1) ∈ D(Σ, EΣ)⊕2, which are identified by virtue of
the isomorphism (4.2.42). The expressions are well-defined, because ∀f ∈ D(M,E) : G(Pf) = 0 and
(∇nG(f))|Σ, G(f)|Σ defines the initial data for the solution G(f) ∈ Sol∞0 (P ).

This allows us to consider the space Sol∞0 (P ) as a symplectic space, with symplectic structure σ, and it is
well-known that we can associate a (C∗-)Weyl algebra W P with it5. This algebra is generated by the Weyl
elements W (G(f)), G(f) ∈ Sol∞0 (P ), subject to the canonical commutation relations (CCR) in Weyl form:

W (G(f))W (G(f ′)) = e−
i
2σ(G(f),G(f ′))W (G(f + f ′)). (4.2.44)

A Hilbert space representation of the quantum system defined by the Weyl algebra W P is obtained by
specifying an (algebraic) state ω : W P → C and passing to the GNS representation (Hω, πω,Ωω) (see [Bratteli
and Robinson, 1987, Bratteli and Robinson, 1997] for a detailed account on the algebraic formulation of
quantum theory). An important class of states on W P is given by the (regular) quasi-free states, i.e. states
ω, which are solely determined via their two-point function(al) (cf. [Brunetti et al., 2003]):

ω(W (G(f))) = e−
1
2ω2(f,f), (4.2.45)

ω2(f, f ′) := − ∂2

∂t∂s |t,s=0
ω(W (G(tf))W (G(sf ′))).

It is important for the following that this definition requires ω2 : D(M,E)×2 → C to be a distributional
(bi-)solution for P , i.e. ∀f, f ′ ∈ D(M,E) : ω2(Pf, f) = 0 = ω2(f, Pf ′). Among the quasi-free states
are the physically important Hadamard states, which can be regarded as a replacement for the vacuum
state of quantum field theory on Minkowski space, since they can be characterised as having a short-distance
singularity structure analogous to that of the Minkowski vacuum (cf. [Wald, 1994], and [Brunetti et al., 2003]
for important structural properties of the folium of Hadamard states). In a seminal paper [Radzikowski,
1996], Radzikowski showed that Hadamard states are equivalently characterised by a specific form of the
wave front set of their two-point function(al) (cp. (4.2.29)):

WF(ω2) = WF(KG) ∩ (C∗+M × C∗−M) (4.2.46)

= {(x, k;x′, k′) ∈ (CharP )×2 | (x, k) ∼HP (x′,−k′), k is future-directed},

5See [Bär et al., 2007] for a detailed exposition with an emphasis on local covariance [Brunetti et al., 2003] and functoriality
of the construction. The are alternative algebraic structures, as well, e.g. the Resolvent algebra [Buchholz and Grundling,
2008, Buchholz, 2014]. These could be worthwhile to consider, since the Weyl algebra only admits a very restricted set of
dynamics (C∗-automorphism 1-parameter groups).
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where C∗±M are the future-/past-directed, co-light cone bundles of M6. Thus, the two-point function(al)
of a Hadamard state has a wave front set resembling the spectral condition, i.e. positivity of the energy, of
quantum field theory on Minkowski space in a microlocal fashion, which justifies the namemicrolocal spectrum
condition for (4.2.46). What is even more remarkable, is the fact that the microlocal spectrum condition
admits a generalisation to allow for locally covariant treatment of interacting quantum field on curved
spacetimes in a perturbative setting [Brunetti et al., 1996, Brunetti and Fredenhagen, 2000, Hollands and
Wald, 2002,Kratzert, 1999,Hollands, 2001,D’Antoni and Hollands, 2006,Dappiaggi et al., 2009,Sanders, 2010,
Rejzner, 2011,Hollands, 2008,Fredenhagen and Rejzner, 2012a,Fredenhagen and Rejzner, 2013,Fredenhagen
and Rejzner, 2012b]. A crucial observation in this respect is the fact, that a Hadamard state defines a
Feynman propagator [Radzikowski, 1996]:

ωF := iω2 −KG− , (4.2.47)

such that it agrees with the state-independent Feynman parametrix KGF of Duistermaat and Hörmander
[Duistermaat and Hörmander, 1972]. Since we are interested in the application of this condition in quantum
theories, which are based on an initial value or Hamiltonian formulation, we need a to transfer (4.2.46) to
such a framework. One possibility to achieve this, suggests itself by the observation that ω2 ∈ D ′CharP (M ×
M,E∗ �E∗) is a distributional (bi-)solution for P . If we additionally assume that ω2 is proper in the sense
of theorem 4.2.2, we may associate unique initial data in D ′(Σ× Σ, E∗Σ � E∗Σ) with it:

ω2,00 := (ι∗ × ι∗)ω2, ω2,01 := (ι∗ × ν∗)ω2, (4.2.48)

ω2,10 := (ν∗ × ι∗)ω2, ω2,00 := (ν∗ × ν∗)ω2,

ω2 = ((G′ ◦ (ν∗)′)× (G′ ◦ (ν∗)′))ω2,00 − ((G′ ◦ (ν∗)′)× (G′ ◦ (ι∗)′))ω2,01 (4.2.49)

− ((G′ ◦ (ι∗)′)× (G′ ◦ (ν∗)′))ω2,10 + ((G′ ◦ (ι∗)′)× (G′ ◦ (ι∗)′))ω2,11.

Equation (4.2.49) tells us that the data (4.2.48) is exactly what we need to evaluate (4.2.45), if we use the
initial data description for the solution space Sol∞0 (P ) ∼= D(Σ, EΣ)⊕2 (see (4.2.42)):

ω2(f, f ′) = ω2,00(f1, f
′
1)− ω2,01(f1, f

′
0)− ω2,10(f0, f

′
1) + ω2,11(f0, f

′
0). (4.2.50)

This motivates our main theorem:
Theorem 4.2.8 (The microlocal spectrum of Hadamard initial data):

Given a quasi-free Hadamard state ω. If the two-point function(al) ω2 ∈ D ′CharP (M ×M,E∗�E∗) is proper
(in the sense of theorem 4.2.2), the initial data (4.2.48) satisfies the bound

1⋃
i,j=0

WF(ω2,ij) = N∆ \ {0}, (4.2.51)

where N∆ = {(∆(x), (k, k′)) ∈ T ∗Σ×2 | k = −k′} is the co-normal of the diagonal map ∆ : Σ→ Σ× Σ.

Before we start the proof, let us outline the rough idea and why (4.2.51) is plausible from the point of view
of canonical quantisation on Σ, we will follow:

The wave front set of an initial datum u|Σ ∈ D ′(Σ, E∗Σ) for a (proper) solution u ∈ D ′(M,E∗) can be
estimated by the tools of microlocal analysis from WF(u), because, on the one hand, u arises from u|Σ by
composition with the causal propagatorKG of P (see (4.2.49)), and on the other hand, u|Σ is the restriction of
u. Thus, the knowledge of WF(ω2) gives us a two-sided estimate on the wave front sets WF(ω2,ij), i, j = 0, 1.

6Along the diagonal ∆M ⊂M ×M we have WF(ω2)|∆M = {(x, k;x− k) ∈ (T ∗M)×2 \ {0} | k ∈ C∗+|xM \ {0}}.
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Furthermore, since the KG propagates singularities along the co-light cone bundle (see theorem B.2.15), the
initial data for a Hadamard state must contain enough singular directions to satisfy the microlocal spectrum
condition, which is the reason for (4.2.51). In view of canonical quantisation, where

“[Φ|Σ(x), (∇nΦ)|Σ(x′)] ∼ δm−1(x, x′)”, (4.2.52)

and (4.2.68) below, this seems adequate.
Proof:

We prove the theorem by showing the inclusions
⋃1
i,j=0 WF(ω2,ij) ⊂ N∆ \ {0} and

⋃1
i,j=0 WF(ω2,ij) ⊃

N∆ \ {0}.

1.
⋃1
i,j=0 WF(ω2,ij) ⊂ N∆ \ {0}:

Because WF(Pu) ⊂ WF(u) for any differential operator (see corollary B.2.5), we have WF(ν∗u) ⊂
ι∗WF(u) for any u ∈ D ′CharP (M,E∗). Thus, if we show WF(ω2,00) ⊂ N∆ \ {0}, the first inclusion
follows. Using theorem B.2.8, we find:

WF(ω2,00) ⊂ (ι∗ × ι∗)WF(ω2) (4.2.53)
(4.2.46)= {(x, dι∗|xk;x′, dι∗|x′k′) ∈ (T ∗Σ)×2 \ {0} | (ι(x), k) ∼HP (ι(x′),−k′), k ∈ C∗+|ι(x)M}

= {(x, κ;x,−κ) ∈ (T ∗Σ \ {0})×2} = N∆ \ {0}.

The last line follows, because:

(a) (ι(x), k) ∼HP (ι(x′),−k′) requires ι(x), ι(x′) ∈ Σ to lie on a common null geodesic or be equal.
Thus, the only possibility is (ι(x′), k′) = (ι(x),−k), since Σ is acausal (cf. [Barrett O’Neill, 1983]).

(b) dι∗|x : CharP|ι(x) ∩ C∗±|ι(x)M → T ∗xΣ is an isomorphism of conical sets for every x ∈ Σ.

2.
⋃1
i,j=0 WF(ω2,ij) ⊃ N∆ \ {0}:

From equation (4.2.49), we find:

WF(ω2) ⊂WF(((G′ ◦ (ν∗)′)× (G′ ◦ (ν∗)′))ω2,00) ∪WF(((G′ ◦ (ν∗)′)× (G′ ◦ (ι∗)′))ω2,01) (4.2.54)

∪WF(((G′ ◦ (ι∗)′)× (G′ ◦ (ν∗)′))ω2,10) ∪WF(((G′ ◦ (ι∗)′)× (G′ ◦ (ι∗)′))ω2,00).

Thus, we may derive the second inclusion, if we compute a bound on the wave front set of the individual
contributions in (4.2.49). This can be done with the help of theorem B.2.13, because

((G′ ◦ (ν∗)′)× (G′ ◦ (ν∗)′))ω2,00 = ω2,00 ◦ ((ι∗ ◦G)× (ι∗ ◦G)) (4.2.55)

= ω2,00 ◦ ((ι∗ × id∗M )KG)⊗2 etc.,

where the last line is interpreted as composition of distribution

D ′(Σ×2, (E∗Σ)�2)×D ′(Σ×2 ×M×2, E�2
Σ � (E∗)�2) // D ′(M×2, (E∗)�2). (4.2.56)

Furthermore, it is important that we have (see corollary B.2.5 & theorem B.2.8):

WF((ν∗ × id∗M )KG) ⊂ (ι∗ × id∗M )WF (KG) (4.2.57)
(4.2.46)= {(x, (dι|x)∗k;x′, k′) ∈ (T ∗Σ \ {0})× CharP | (ι(x), k) ∼HP (x′,−k′)}.

By virtue of proposition B.2.10, we can determine the wave front set of ((ι∗ × id∗M )KG)⊗2:

WF(((ι∗ × id∗M )KG)⊗2) ⊂WF((ι∗ × id∗M )KG)×2 (4.2.58)
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∪ (supp((ι∗ × id∗M )KG)× {0})×WF((ι∗ × id∗M )KG)

∪WF((ι∗ × id∗M )KG)× (supp((ι∗ × id∗M )KG)× {0}).

Theorem B.2.13 tells us that the wave front set of (4.2.55) obeys:

WF(((G′ ◦ (ν∗)′)× (G′ ◦ (ν∗)′))ω2,00) ⊂WF(((ι∗ × id∗M )KG)⊗2)M×M |Σ×Σ (4.2.59)

∪WF′(ω2,00) ◦WF(((ι∗ × id∗M )KG)⊗2) etc.

Putting (4.2.57), (4.2.58) & (4.2.59) together (see also (B.2.24)), we find:

WF(((G′ ◦ (ν∗)′)× (G′ ◦ (ν∗)′))ω2,00) ⊂WF′(ω2,00) ◦WF(((ι∗ × id∗M )KG)⊗2) etc., (4.2.60)

because WF((ι∗×id∗M )KG)M |Σ = {(x′, k′) ∈ T ∗M\{0} | (x, 0;x′, k′) ∈WF((ι∗×id∗M )KG), x ∈ Σ} = ∅.
Thus, what remains to be computed, is the composition of wave front sets WF′(ω2,00) ◦WF(((ι∗ ×
id∗M )KG)⊗2), which can be done by means of (4.2.57) (second line):

WF′(ω2,00) ◦WF(((ι∗ × id∗M )KG)⊗2) (4.2.61)

= {(x, k;x′k′) ∈ (T ∗M)×2 \ {0} | (x′′,−κ;x′′′,−κ′) ∈WF(ω2,00),

(x′′, κ;x′′′, κ′;x, k;x′, k′) ∈WF(((ι∗ × id∗M )KG)⊗2)}

⊂ {(x, k;x′k′) ∈ (T ∗M)×2 \ {0} | (x′′,−(dι|x′′)∗k′′;x′′′,−(dι|x′′′)∗k′′′) ∈WF(ω2,00),

(x′′, (dι|x′′)∗k′′;x′′′, (dι|x′′′)∗k′′′;x, k;x′, k′) ∈ (T ∗Σ)×2 × (T ∗M)×2 \ {0},

(ι(x′′), x), (ι(x′′′), x′) ∈ supp(KG), (ι(x′′), k′′;x, k), (ι(x′′′), k′′′;x′, k′) ∈ (CharP )×2 ∪ {0},

(ι(x′′), k′′) ∼HP (x,−k), (ι(x′′′), k′′′) ∼HP (x′,−k′) if k 6= 0, k′ 6= 0} etc.

If we combine the rather complicated looking expression in the last line with the requirement (4.2.54)
and microlocal spectrum condition (4.2.46), we realise that we have to require that the wave front sets
WF(ω2,00) etc. contain elements (x′′,−(dι|x′′)∗k′′;x′′, (dι|x′′)∗k′′) ∈ (T ∗Σ)×2 \ {0}, k′′ ∈ C∗−|ι(x′′)M .
This is the case, because the relations

(x, k) ∼HP (x′,−k′), k ∈ C∗+|xM, (4.2.62)

(ι(x′′),−k′′) ∼HP (x, k)

(ι(x′′′), k′′′) ∼HP (x′,−k′)

have to hold simultaneously, which can only be satisfied if ι(x′′) = ι(x′′′), implying −k′′ = k′′′, since
Σ is acausal (cf. [Barrett O’Neill, 1983]). But, elements of the form (x′′,−(dι|x′′)∗k′′;x′′, (dι|x′′)∗k′′) ∈
(T ∗Σ)×2 \{0} are exactly those of the co-normal set N∆ \{0}, and dι∗|x : CharP|ι(x)∩C∗±|ι(x)M → T ∗xΣ
is an isomorphism of conical sets for every x ∈ Σ. This implies the second inclusion.

To illustrate (4.2.51), we consider the ground state of Klein-Gordon field of mass m > 0 on an ultra-static
spacetime, which is known to be Hadamard [Fulling et al., 1981], and includes the important case of the
vacuum state in Minkowski space.
Example 4.2.9:

Take an ultra-static spacetime (M, g) = (R,−dt2) × (Σ, h), where (Σ, h) is a complete, 3-dimensional,
Riemannian manifold, e.g. R3 with its standard metric. The analysis of Klein-Gordon operator

g
+m2 =

∂2
t −∆h+m2 is conveniently phrased in terms of the strictly positive (m > 0), elliptic operatorD = −∆h+m2

(cf. [Fulling, 1989] for a detailed exposition), which is essentially self-adjoint together with all its natural
powers on L2(Σ, dVh) with dense domain D(Σ) [Chernoff, 1973]. In an abuse of notation, we denote the
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closure of D by the same letter. Then, the operator
√
D is a strictly positive, elliptic, self-adjoint, pseudo-

differential operator, and we have the important property [Junker, 1996,Hörmander, 1985a]

WF(
√
Du) = WF(u), u ∈ E ′(Σ). (4.2.63)

Moreover,
√
D admits a suitable (Borel) functional calculus [Junker, 1996]. Since D(Σ) is nuclear, we can

find a spectral resolution of the kernel KD ∈ D ′(Σ×Σ) of D as an integral operator in L2(Σ, dVh) [Gel’fand
and Vilenkin, 1964,Dunford and Schwartz, 1963]:

KD =
∫
σ(
√
D)
ω2fω f̄ωdµ(ω), (4.2.64)

where fω ∈ E (Σ), Dfω = ω2fω, and σ(K) 3 ω ≥ m > 0. This said, the two-point function(al) of the ground
state for the quantum field theory of the Klein-Gordon field can be expressed as an integral operator in
L2(Σ, dVh), as well:

ω2,∞(t, x; t′, x′) =
∫
σ(
√
D)

e−iω(t−t′)

2ω fω(x)f̄ω(x′)dµ(ω), (4.2.65)

which allows us to compute the initial data relative to Σ0 = {0} × Σ:

ω2,∞,00(x, x′) =
∫
σ(
√
D)

1
2ωfω(x)f̄ω(x′)dµ(ω) = 1

2
√
D
−1 δ(d)(x, x′)√

h(x)
, (4.2.66)

ω2,∞,01(x, x′) = −ω2,∞,10(x, x′) =
∫
σ(
√
D)
fω(x)f̄ω(x′)dµ(ω) = −i δ

(d)(x, x′)
2
√
h(x)

,

ω2,∞,11(x, x′) =
∫
σ(
√
D)

ω

2 fω(x)f̄ω(x′)dµ(ω) = 1
2
√
D
δ(d)(x, x′)√

h(x)
.

This implies for the wave front sets

WF(ω2,∞,00) = WF(ω2,∞,01) = WF(ω2,∞,10) = WF(ω2,∞,11) = WF(
√
hδ(d)), (4.2.67)

because of (4.2.63) and the smoothness of
√
h. Furthermore, we have in a local coordinate system U ⊂ Rd

(
√
hδ(d))(fe−ik( . ), ge−ik

′( . )) =
∫
U

f(x)g(x)e−i(k+k′)x
√
h(x)ddx, f, g ∈ D(U), (4.2.68)

and thus WF(
√
hδ(d)) = N∆ \ {0}. This shows that (4.2.51) holds and is maximally saturated.



176 4.3 Conclusions & perspectives

4.3. Conclusions & perspectives

In the previous section, we have shown that the initial data of a Hadamard state with proper two-point
function(al) must satisfy the bound

1⋃
i,j=0

WF(ω2,ij) = N∆ \ {0}, (4.3.1)

where N∆ = {(∆(x), (k, k′)) ∈ T ∗Σ×2 | k = −k′} is the co-normal of the diagonal map ∆ : Σ → Σ × Σ.
This bound on the wave front sets of the initial data could be regarded as optimal in the following sense: If
the two-point function(al) ω2 has only a single non-smooth initial datum, e.g. WF(ω2,00) 6= ∅, the bound
(4.2.51) is strict:

ω2 satisfies the microlocal spectrum condition⇒WF(ω2,00) = N∆ \ {0}. (4.3.2)

But, as we will see below ((4.3.10)) (cp. also (4.2.49)), the requirement that only one initial datum is
non-smooth is unstable w.r.t. the dynamics. Furthermore, the theorem tells us that the wave front sets
of the initial data are already restricted in terms of the geometry of the Cauchy surface Σ, only. There is
no reference to the metric (or causal) structure of M , besides the fact that Σ is Cauchy. Although, it is
true that assigning initial data to a solution depends on the spacetime metric via the maps (4.2.8), choosing
initial data does not depend on this structure. (4.3.2) is background independent in this sense. Thus, we
have a condition that is applicable to settings, where no spacetime metric is available, e.g. LQG.
Interestingly, the proof of theorem 4.2.8 shows that the form of the (primed!) wave front set WF′(ω2) required
by the microlocal spectrum condition represents a minimal, conical, HP -invariant (cf. theorem B.2.15) subset
of (C∗M \ {0})×2, s.t. the pullback of the restriction of WF(ω2) (unprimed!) to the diagonal ∆M in M ×M
gives the full, non-zero co-normal of the diagonal ∆Σ in Σ × Σ, i.e. (ι × ι)∗WF(ω2)|∆M

= N∆ \ {0}7. The
minimality of WF′(ω2) follows from the fact that a subset V ⊂ (T ∗M)×2 \ {0} with these properties must
contain d∆|x(C∗±|xM \ {0}), x ∈M, when restricted to the diagonal ∆M

8.
On the other hand, the proof also shows that initial data subject to (4.3.1) does not uniquely correspond to
a (bi-)solution with a wave front set satisfying the microlocal spectrum condition. For example, the initial
data of the recently proposed S-J vacuum [Afshordi et al., 2012] for the Klein-Gordon field of mass m > 0
on an ultra-static slab spacetime (M, g) = (Iτ ,−dt2) × (Σ, h) satisfies, and even saturates, this bound, as
well, but does not define a Hadamard state in general [Fewster and Verch, 2012,Brum and Fredenhagen,
2014]. Here, Iτ = (−τ, τ), τ > 0 and (Σ, h) is a compact, d-dimensional, Riemannian manifold. To see that
the initial data of the S-J vacuum respects (4.3.2), we argue in same way as in example 4.2.9:

Since Σ is assumed to be compact, the spectral measure µ in (4.2.64) is supported in a countable set of points
{ωj}j∈J , and the two-point function(al) of the S-J vacuum is given by (cf. [Fewster and Verch, 2012]):

ω2,S-J(t, x; t′, x′) =
∑
j∈J

1
2ωj(1− δj)

(e−iωjt + iδj sin(ωjt))(eiωjt
′
− iδj sin(ωjt′))fωj (x)f̄ωj (x′), (4.3.3)

where 1−δj =
√

1−sinc(2ωjτ)
1+sinc(2ωjτ) , j ∈ J . It is important for the following that 1−δj is strictly bounded away from

zero and bounded above as a function of ωj , because ωj ≥ m > 0. The initial data relative to Σ0 = {0} ×Σ
takes form:

ω2,S-J,00(x, x′) =
∑
j∈J

1
2ωj(1− δj)

fωj (x)f̄ωj (x′) = 1
2(
√
D(1− δ)(

√
D))−1 δ

(d)(x, x′)√
h(x)

, (4.3.4)

7−WF(ω2) satisfies these conditions, too, which would correspond to choosing the opposite time orientation on M .
8We denote the diagonal map M →M ×M also by ∆.
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ω2,S-J,01(x, x′) = −ω2,S-J,10 = − i2
∑
j∈J

fωj (x)f̄ωj (x′) = −i δ
(d)(x, x′)
2
√
h(x)

,

ω2,S-J,11(x, x′) =
∑
j∈J

ωj(1− δj)
2 = 1

2
√
D(1− δ)(

√
D)δ

(d)(x, x′)√
h(x)

.

Here, we defined the elliptic, self-adjoint, pseudo-differential operator (1−δ)(
√
D) by the functional calculus

of
√
D (see example 4.2.9). By a similar argument as above, we have:

WF(ω2,S-J,00) = WF(ω2,S-J,01) = WF(ω2,S-J,10) = WF(ω2,S-J,11) = N∆ \ {0}. (4.3.5)

Summarising, we expect that (4.3.1) does not capture the full dynamical content of the microlocal spectrum
condition.
Let us phrase this in more physical terms: A Hadamard two-point function(al) ω2 has only singularities with
positive/negative frequencies w.r.t. to its first/second argument, while the causal propagator kernel KG has
singularities with positive and negative frequencies equally contributing to both arguments. Nevertheless,
the restriction of both distributions and their future normal derivatives to a Cauchy surface Σ gives rise to
(4.3.1). But, the propagation of singularities is a problem of the dynamical law governing the identification of
initial data and actual solutions (see (4.2.42)), and the microlocal spectrum condition constrains the relevant
state space subject to this evolution in a dynamical manner, which is only to a partial extent covered by
(4.3.1). In a sense, we may view this as an instance of Haag’s theorem, which tells us that kinematical and
dynamical aspects are tightly entangled in quantum field theory. This point is further elucidated by the
fact that Hadamard states are suitable to define locally covariant, renormalised Wick products, time-ordered
product and a stress-energy tensor, which are related to (perturbative) dynamical questions.
Therefore, let us have a short look at the dynamical law defined by P in terms of initial data. Given two
Cauchy surfaces Σ1,Σ2 ⊂M , the causal propagator G can be used to define a canonical transformation (see
(4.2.43))

D(Σ1, EΣ1)⊕2 // D(Σ2, EΣ2)⊕2

(fΣ1
0 , fΣ1

1 ) � // αGΣ2,Σ1
(fΣ1

0 , fΣ1
1 ) := (fΣ2

0 , fΣ2
1 )

(4.3.6)

with

fΣ2
0 = ι∗Σ2

((G′ ◦ (ι∗Σ1
)′)(fΣ1

1 )− (G′ ◦ (ν∗Σ1
)′)(fΣ1

0 )), (4.3.7)

fΣ2
1 = ν∗Σ2

((G′ ◦ (ι∗Σ1
)′)(fΣ1

1 )− (G′ ◦ (ν∗Σ1
)′)(fΣ1

0 )). (4.3.8)

This induces a *-isomorphism, also denoted by αGΣ2,Σ1
, of the corresponding Weyl algebras by

W Σ1
// W Σ2

W (fΣ1
0 , fΣ1

1 ) � // αGΣ2,Σ1
(W (fΣ1

0 , fΣ1
1 )) := W (fΣ2

0 , fΣ2
1 )

(4.3.9)

which can be pulled back to the their state spaces (αGΣ2,Σ1
)∗ : SΣ1 → SΣ2 . From and (4.2.49) and (4.2.50),

we infer that

((αGΣ2,Σ1
)∗ωΣ2)2,00(fΣ1

1 , f ′Σ1
1 ) = ωΣ2

2,00(ν∗Σ2
(G′ ◦ (ι∗Σ1

)′)(fΣ1
1 ), ν∗Σ2

(G′ ◦ (ι∗Σ1
)′)(f ′Σ1

1 )) (4.3.10)

− ωΣ2
2,01(ν∗Σ2

(G′ ◦ (ι∗Σ1
)′)(fΣ1

1 ), ι∗Σ2
(G′ ◦ (ι∗Σ1

)′)(f ′Σ1
1 ))

− ωΣ2
2,10(ι∗Σ2

(G′ ◦ (ι∗Σ1
)′)(fΣ1

1 ), ν∗Σ2
(G′ ◦ (ι∗Σ1

)′)(f ′Σ1
1 ))

+ ωΣ2
2,00(ι∗Σ2

(G′ ◦ (ι∗Σ1
)′)(fΣ1

1 ), ι∗Σ2
(G′ ◦ (ι∗Σ1

)′)(f ′Σ1
1 )) etc.
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Thus, *-automorphisms of this form associated with two Cauchy surface are another way to state the corre-
spondence between initial data and solutions. Now, we may say that Hadamard condition gives additional
constraints on the initial data for two-point function(al)s, such that these data fit together via the dynamical
law (4.3.10) to yield the positive/negative frequencies for the singularities.
In [Junker, 1996,Gérard and Wrochna, 2014], we find explicit prescriptions in terms of pseudo-differential
calculus how to construct and characterise Hadamard states on globally hyperbolic spacetimes, but these
methods rely on the metric structure of the given spacetime, as we would expect, and therefore do not
directly transfer to settings without such a structure, e.g. LQG. More precisely, these construction use
factorisations of the differential operator P in terms of pseudo-differential operators to construct an explicit
parametrisation of Hadamard states. Interestingly, the construction in [Gérard and Wrochna, 2014] works
with a characterisation of Hadamard states in terms of optimal data as above, which is obtained from generic
data by pullback with a pseudo-differential operator (see theorem 7.1 of [Gérard and Wrochna, 2014]). We
observe, that the bound (4.3.1) is compatible with the conditions for the construction of a Hadamard state
given in the said theorem.
In LQG, such methods could only be applied in a certain semi-classical regime, where one reconstructs a
spacetime metric g, or at least a spatial metric q on Σ, from the geometric operators of the quantum theory.
To further elaborate on this point, let us consider a quantum algebra AΦ of initial data on a Cauchy surface
Σ for a matter field onM , which is classically defined by a normally hyperbolic operator P (or a quasi-linear
version to include interactions), e.g. a Klein-Gordon field, a (gauge fixed) Maxwell-Yang-Mills field or a
Higgs field. A state ωΦ : AΦ → C of the quantum field may or may not depend on the spacetime metric g or
its restriction q to Σ, e.g. a Hadamard state ωH in the first case, or a background independent state based
on a cylindrical measure for functions of point-holonomies “exp(iΦ)” in the second case (cf. [Thiemann,
1998b,Thiemann, 1998g]). The second possibility is what we expect to happen in LQG, or any theory, where
a (classical) spacetime metric is not directly available in the quantum theory. In such cases, an application
of the microlocal spectrum condition to quantum states of matter will require the restriction of the theory to
some sort of semi-classical sector, which provides us with an effective spacetime metric geff. Assuming this,
we can ask whether the quantum state ωΦ is, at least approximately, Hadamard w.r.t. geff. Clearly, we can
only expect the microlocal spectrum condition to be satisfied in an approximate sense, if we use irregular
states for the quantum matter field as proposed in [Thiemann, 1998b], because the microlocal spectrum
condition requires the existence of the two-point function(al) of the state ωΦ. A detailed discussion of the
latter issue for the Maxwell field, quantised by LQG methods, will be presented elsewhere.
A proposal for the construction of a semi-classical sector within (canonical) LQG, which roughly follows
ideas presented in [Sahlmann and Thiemann, 2006b, Sahlmann and Thiemann, 2006c, Giesel et al., 2009],
is the content of the previous part I of this work. Methods that achieve this in symmetry reduced models,
i.e. LQC, and make contact with the theory of adiabatic vacua, have already been established and been
applied to cosmological perturbation theory [Agullo et al., 2013b,Agullo et al., 2013a]. Alternatively, one
could try to adapt the factorisation techniques to deparametrising models and their quantum Hamiltonians
(see [Giesel and Thiemann, 2012]) to find analogues of the positive/negative frequency condition.
Finally, let us point out that the microlocal spectrum condition is tailored to (linear) quantum fields defined
by normally hyperbolic operators, because the characteristic set of such operators is the co-light cone bundle
of (M, g), a fact that could remain true only to zeroth order in lPlanck in quantum gravity.
Nevertheless, let us also note that a Hadamard state allows for the perturbative construction of interactions,
because Wick products and time-ordered products exist [Brunetti and Fredenhagen, 2000,Hollands andWald,
2001,Hollands and Wald, 2002], due to the fact that the products of distributions ω2(x, y)n, n ∈ N, are well-
defined by Hörmander’s theorem B.2.11. Although, distributions of this form, e.g. : Φn :, will no longer
satisfy the microlocal spectrum condition, there are generalised bounds on their wave front sets [Brunetti
and Fredenhagen, 2000]. But, a restriction of these product distributions to a Cauchy surface does in general
not exist (Schwinger terms).



5. Aspects of the Representation Theory of
Loop Quantum Gravity

5.1. Introduction

As we already mentioned in subsection 3.4.1 of chapter 2, loop quantum gravity (LQG) is based on a
Hamiltonian formulation of general relativity in terms of a constrained Yang-Mills-type theory, i.e. in a field
theoretic description the phase space of the classical theory is given by the (densitiesed) cotangent bundle
|Λ|1T ∗AP to the space of connections on a given (right) principal G-bundle P π→ Σ, where Σ is the spatial
manifold in a 3+1-splitting of a (globally hyperbolic) spacetime M ∼= R×Σ. In general relativity, we have
G = SU(2),Spin4, or central quotients of these groups.

The basic variables, the theory is phrased in, are the Ashtekar-Barbero connection A ∈ AP and its conjugate
momentum E ∈ Γ

(
TΣ⊗Ad∗(P)⊗ |Λ|1(Σ)

)
, which were introduced in the aforesaid subsection.

The process of canonical quantisation of constrained system in the sense of Dirac can roughly be divided into
four steps: First, a point-separating Poisson algebra of function(al)s on the classical phase space is identified.
Second, an abstract quantum *-algebra based on the Poisson algebra is defined. Third, a representation of
the quantum *-algebra is chosen. Fourth, operators corresponding to the constraint are constructed in the
chosen representation, and invariant (sub)spaces w.r.t. to these are selected as physical Hilbert spaces.

In this chapter, we focus on the third step of this program. That is, we will analyse structures of LQG
related to the representation theory of a choice of quantum *-algebra. We will mainly work in the setting of
the F/LOST theorem [Lewandowski et al., 2006,Fleischhack, 2009], which is an analog of the von Neumann
uniqueness theorem for diffeomorphism invariant theories. Therefore, the classical Poisson algebra will be
given by the Ashtekar-Corichi-Zapata algebra [Ashtekar and Lewandowski, 1997,Ashtekar and Lewandowski,
1998, Ashtekar et al., 1998b], which is based on the Ashtekar-Isham configuration space [Ashtekar and
Isham, 1992] of generalised connections and its associated differential calculus [Ashtekar and Lewandowski,
1995a] (see also [Abbati and Manià, 1999]). As quantum *-algebra, we will use the holonomy-flux algebra
in the semi-analytic category, which was defined in [Lewandowski et al., 2006], or a certain Weyl form
of this algebra [Sahlmann and Thiemann, 2003]. Although, the F/LOST theorem states the uniqueness
of a diffeomorphism invariant, pure state on the holonomy-flux algebra or a (concrete) Weyl form of it,
which leads to a unitary implementation of the diffeomorphisms in the associated GNS representation, the
Ashtekar-Isham-Lewandowski (AIL) representation, it was pointed out by several authors [Varadarajan,
2008,Dziendzikowski and Okołów, 2010, Sahlmann, 2010,Koslowski and Sahlmann, 2011] that some of the
underlying assumptions of the theorem have a rather technical flavour and could be weakened from a physical
perspective while others are not strictly necessary to achieve a unitary implementation of the diffeomorphisms
from a mathematical point of view. Another issue, which was raised in [Koslowski, 2007] and followed upon
in [Sahlmann, 2010,Koslowski and Sahlmann, 2011], is the peculiar nature of the GNS vacuum of the AIL
representation describing the extremely degenerate situation of an empty geometry. While this appears to
be a valid ground state for the deep quantum regime of a quantum theory of gravity, where geometry is built
from excitations of the gravitational field, such a state is not well suited for semi-classical considerations,
where a classical background geometry needs to be approximated. Therefore, candidates for representations
with ground states capturing information on a fixed background geometry were proposed: The Koslowski-
Sahlmann representations. Quite recently [Varadarajan, 2013,Campiglia and Varadarajan, 2014a,Sengupta,
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2013, Sengupta, 2014], these candidates were analysed with a focus on their applicability to asymptotically
flat boundary conditions for the gravitational field, which require a non-degenerate geometry at spatial
infinity.

Although, we will discuss certain aspects of the Koslowski-Sahlmann representations, and point out the need
to extend the standard holonomy-flux algebra to make these representations well-defined, e.g. by admitting
additional “central terms” in the commutation relations of the fluxes, the main focus of the chapter lies on
structural aspects of the quantum *-algebras, which are related to non-trivial geometrical and topological
features of the structure group of the underlying Yang-Mills-type theory. More precisely, we observe that
the use of a compact structure group G leads to a non-trivial centre in the Weyl form of the holonomy-
flux algebra, which clearly affects the representation theory, because central elements need to be given by
multiples of the identity in irreducible representations. Similar features are known in quantum mechanical
models [Strocchi, 2008, Löffelholz et al., 2003, Strocchi, 2013,Morchio and Strocchi, 2007]. Moreover, we
point out distinctive features between the cases where G is Abelian or non-Abelian, and find that the
representation theory is severely more constrained in the latter case. The Koslowski-Sahlmann representation
can be interpreted in this setting, as well. We also identify a purely topological feature, which leaves its
imprint in the representation theory. Namely, the existence of a sequence of coverings

G̃→ ...→ G→ ...→ G̃/Z(G̃), (5.1.1)

where G̃ is the simply connected cover of G and Z(G̃) its centre, accompanied by a sequence of non-trivial
bundle coverings

PG̃ → ...→ P→ ...→ PG̃/Z(G̃) (5.1.2)

allows for the construction of a sequence of extensions of *-algebras

AG̃ → ...→ A→ ...→ AG̃/Z(G̃). (5.1.3)

Such a sequence of extensions gives rise to another type of candidates for new representations of the quantum
*-algebra, which are in some sense complementary to the Koslowski-Sahlmann representations.

These structures resemble in many aspects a rigorous, fully quantum theoretical discussion of chiral sym-
metry breaking and the related θ-vacua in quantum field theory [Jackiw, 1985,Morchio and Strocchi, 2009].
That is, the existence of large gauge transformations, π3(G) 6= {1}, is reflected in a non-trivial centre of
the (observable) algebra, and the anomalous chiral symmetry does not leave the centre point-wise invariant,
thus leading to a spontaneous breakdown of the chiral symmetry and the appearance of the θ-sectors. Inter-
estingly, the main arguments of [Morchio and Strocchi, 2009] can be transferred to the framework of LQG,
if the existence of an anomalous chiral symmetry is assumed. This provides a first step towards a discussion
of anomalies in LQG, which is a important issue in the analysis of the semi-classical limit of the theory,
especially in the presence of additional matter degrees of freedom. More precisely, since anomalies lead to
non-trivial prediction concerning the matter content of quantum field theory, it is necessary to establish a
relation to such results in this limit. Thus, our observation will allow to draw conclusions in LQG similar
those of quantum field theory, if the presence of a chiral anomaly is achieved, either in full quantum theory
or the semi-classical limit only. An arena for detailed investigations of these issue could be given by the
so-called deparametrised models (see [Giesel and Thiemann, 2012] for an overview).

The chapter is organised as follows:

In section 5.2, we provide a review of the mathematical background required to give precise definitions of
the algebraic structures employed in LQG. Specifically, we use subsection 5.2.1 to recall some facts from the
theory of (principal) fibre bundles, which are the basis for the (classical) phase space formulation of LQG. In
subsection 5.2.2 and 5.2.3, we introduce the (quantum) algebras and states, which form the standard setting
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of LQG. Readers, which are familiar with these topics and/or are mainly interested in the results, can skip
this section and use it as a reference.

In section 5.3, we show that those algebras possess non-trivial centres, which are closely related to geo-
metric and topological properties of the structure group, and affect their representation theory, e.g. by
the appearance of the Koslowski-Sahlmann representations. Moreover, if the structure group is not simply
connected, π1(G) 6= {1}, we provide a mechanism to construct extended (field) algebras, which admit au-
tomorphic actions by the centres, and contain the original algebras in their fix-point algebras w.r.t. these
actions (cp. [Morchio and Strocchi, 2007, Strocchi, 2008]). This, in turn, allows us to understand parts of
the representation theory from a constructive point of view.

In section 5.4, we analyse the Koslowski-Sahlmann representations in more detail, and point out the neces-
sity to extend the algebras if G is non-Abelian, e.g. by admitting central terms in the basic commutation
relations. The case, when G is Abelian, can be understood in terms of the results of section 5.3.

In section 5.5, we explain, how the algebraic explanation of chiral symmetry breaking and the occurrence
of the θ-vacua in quantum field theory (cf. [Jackiw, 1985,Morchio and Strocchi, 2009]) can be imported
into the framework of LQG. Again, the non-trivial structure in the representation theory, i.e. the θ-sectors,
manifests itself as a consequence of a non-trivial centre of the (quantum) algebra, which is closely related to
topological properties of the structure group.

5.2. Preliminaries

In this section, we review the definition of the (quantum) algebras PLQG and ALQG/LQC (cf. [Thiemann,
2008,Fleischhack, 2009,Ashtekar and Singh, 2011]) based on the (classical) variables (A,E), and provide the
necessary formalism for the analysis of the following sections.

5.2.1. Some fibre bundle theoretic digressions

Before we explain the construction of the algebras PLQG & ALQG/LQC , we need some formalism from the
theory of principal fibre bundles.

As above, let P π→ Σ be a principal G-bundle. Since A ∈ AP (A P), it defines a parallel transport (or
holonomy)

hAe : P|e(0) = π−1(e(0)) −→ P|e(1) = π−1(e(1)) (5.2.1)

for every (broken, C∞) path e : [0, 1]→ Σ.

Definition 5.2.1 (cf. [Kobayashi and Nomizu, 1963,Bishop and Crittenden, 1964]):

Given a path e : [0, 1]→ Σ, for every p ∈ Pe(0) we consider the unique, horizontal (w.r.t. A) lift ẽ : [0, 1]→ P
defined by

1. ∀t ∈ [0, 1] : A|ẽ(t)(ẽ′(t)) = 0 (5.2.2)

2. π ◦ ẽ = e (5.2.3)

3. ẽ(0) = p. (5.2.4)

The parallel transport (or holonomy) of A along e is the map

hAe : P|e(0) // P|e(1)

p � // hAe (p) := ẽ(1).

(5.2.5)



182 5.2 Preliminaries

Clearly, the parallel transport is right equivariant, because the connection A is Ad-equivariant, i.e.

∀g ∈ G : hAe ◦Rg = Rg ◦ hAe , (5.2.6)

and satisfies

hAe2◦e1 = hAe2 ◦ h
A
e1 , h

A
e−1 = (hAe )−1, (5.2.7)

where e2 ◦ e1 is the composition of the paths e1, e2 (e1(1) = e2(0)), and e−1 is the reversion of the path e.

To set up a correspondence between parallel transports, hAe : P|e(0) → P|e(1), and elements g ∈ G, we fix a
set of reference points px ∈ P|x, x ∈ Σ, and use the relation

hAe (pe(0)) = Rg(e,A,{px}x∈Σ)(pe(1)) (5.2.8)

to define the element g(e,A, {px}x∈Σ) ∈ G, which is well-defined by the free and fibre transitive action of G
on P (cf. [Lewandowski et al., 2006,Fleischhack, 2009]).
Definition 5.2.2:

Given a path e : [0, 1]→ Σ and set of reference points {px}x∈Σ ⊂ P (5.2.8) defines the map

g(e, . , {px}x∈Σ) : AP
// G

A
� // g(e,A, {px}x∈Σ).

(5.2.9)

This map inherits the properties (5.2.7) in the following sense:

g(e2 ◦ e1, A, {px}x∈Σ) = g(e2, A, {px}x∈Σ)g(e1, A, {px}x∈Σ), (5.2.10)

g(e−1, A, {px}x∈Σ) = g(e,A, {px}x∈Σ)−1.

Due to the equivariance of the parallel transport, a change of reference points {px}x∈Σ 7→ {p′x = pxgx}x∈Σ,
where the set {gx}x∈Σ ⊂ G is, again, well-defined by the free and fibre transitive action of G on P, effects
the map (5.2.9) in a equivariant way:

g(e,A, {p′x}x∈Σ) = g−1
e(1)g(e,A, {px}x∈Σ)ge(0). (5.2.11)

For the purposes of LQG, it is important that the map (5.2.9) separates points in AP, if we allow the path
e : [0, 1]→ Σ to vary among a suitable class of paths PΣ (cf. [Giles, 1981]). Furthermore, (5.2.9) allows to
identify the space of generalised connections A with the groupoid homomorphisms Hom (PΣ, G),

A ∼= Hom(PΣ, G) (5.2.12)

where G is considered as the action groupoid over a single object {∗}.

Recall, that elements of A are defined as sets of parallel transports w.r.t. the class of paths PΣ.
Definition 5.2.3:

A generalised connection A ∈ A is given by maps

hAe : P|e(0) −→ P|e(1) (5.2.13)

for every e ∈PΣ with the properties

hAe2◦e1 = hAe2 ◦ h
A
e1 , h

A
e−1 = (hAe )−1. (5.2.14)

The space of connections AP is naturally identified with a subset of A via the holonomies.
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Next, let us consider the conjugate momentum E ∈ Γ
(
TΣ⊗Ad∗(P)⊗ |Λ|1(Σ)

)
, which similar to a connec-

tion A ∈ AP that is given as an Ad-equivariant 1-form on P with values in g, i.e. an element of Λ1(P, g)Ad,
has an interpretation as a geometric entity on P rather than on Σ. To this end, we need the following
proposition (cf. [Kobayashi and Nomizu, 1963,Bleecker, 1981]).

Proposition 5.2.4:

A section ω ∈ Γ(ΛkΣ⊗ (P×ρV )) =: Ωk(P×ρV ), where P×ρV is the bundle associated with P via a (linear)
representation ρ : G → Aut(V ), corresponds in a one-to-one fashion to an element ω̃ ∈ Λk(P, V )ρ, the
horizontal, ρ-equivariant k-forms on P with values in V , or shortly ρ-tensorial k-forms on P.

Proof:

Given an element ω ∈ Γ(ΛkΣ⊗ (P×ρV )), we define ω̃ in the following way:

ω̃|p(X̃1, ..., X̃k) := p−1ωπ(p)(dπ|p(X̃1), ..., dπ|p(X̃k)), p ∈ P, X̃1, ..., X̃k ∈ Tp P, (5.2.15)

where p−1 is the inverse of p : V → (P×ρV )|π(p), p(v) := [(p, v)]ρ. Clearly, ω̃ is well-defined and horizontal, as
dπ|p : Tp P→ Tπ(p)Σ vanishes on vertical vectors, i.e. elements of Tp(P)|π(p). Furthermore, it is ρ-equivariant:

((Rg)∗ω̃)|p(X̃1, ..., X̃k) = ω̃|pg(dRg|p(X̃1), ..., dRg|p(X̃k)) (5.2.16)

= (pg)−1ωπ(pg)(dπ|pg(dRg|p(X̃1)), ..., dπ|pg(dRg|p(X̃k)))

= ρ(g−1) · p−1ωπ(p)(dπ|p(X̃1), ..., dπ|p(X̃k))

= ρ(g−1) · ω̃|p(X̃1, ..., X̃k),

since dπ|pg ◦ dRg|p = dπ|p and (pg)(v) = p(ρ(g)v).

Conversely, if ω̃ ∈ Λk(P, V )ρ we construct ω by:

ω|x(X1, ..., Xk) := pω̃|p(X̃1, ..., X̃k), (5.2.17)

for any p ∈ P|x and any X̃1, ..., X̃k ∈ Tp P, s.t. dπ|p(X̃i) = Xi, i = 1, ..., k, which is well-defined, because ω̃
is horizontal and ρ-equivariant.

Similarly, we may set up a correspondence between sections X ∈ Γ(TΣ ⊗ (P×ρV )) and horizontal, ρ-
equivariant vector fields on P with values in V , X̃ ∈ X(P, V )ρ, or ρ-tensorial vector fields on P for short.
In contrast to Λk(P, V )ρ, X(P, V )ρ requires a connection A ∈ AP to be defined, as only horizontal k-forms
and vertical vector fields on P are defined naturally. On the other hand, we expect this to be the case, as
we expect the Ashtekar-Barbero connection A and its conjugate momentum E to provide coordinates for
T ∗AP, and we have

TAAP = Λ1(P, g)Ad = (X(P, g∗)Ad∗)∗. (5.2.18)

Proposition 5.2.5:

If we fix a connection A ∈ AP, there is a one-to-one correspondence between sections X ∈ Γ(TΣ⊗ (P×ρV ))
and elements X̃ of X(P, V )ρ.

Proof:

Given X ∈ Γ(TΣ ⊗ (P×ρV )), let X ∈ Γ(T P⊗(P×ρV )) be its unique horizontal lift w.r.t. to A (cf.
[Kobayashi and Nomizu, 1963]), which is right invariant,

((Rg)∗X)|p = X |p, p ∈ P, g ∈ G, (5.2.19)
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by the Ad-equivariance of A. We define

X̃|p := p−1X |p, p ∈ P . (5.2.20)

We only have to check ρ-equivariance.

((Rg)∗X̃)|p = dRg|pg−1(X̃|pg−1) = dRg|pg−1((pg−1)X |pg−1) = ρ(g) · p−1X |p (5.2.21)

= ρ(g) · X̃|p.

Conversely, let X̃ ∈ X(P, V )ρ, and set

X|x = dπ|p(pX̃|p) (5.2.22)

for an arbitrary p ∈ P|x. This is well-defined, because

dπ|p′(p′X̃|p′) = dπ|pg′((pg′)X̃|pg′) = (dπ|pg′ ◦ dRg′|p)(p(ρ(g′) · ρ(g′−1) · X̃|p)) (5.2.23)

= dπ|p(pX̃|p),

for any pair p, p′ ∈ P|x.

Clearly, (5.2.22) does not depend on the choice of connection A, which will be important in the following.

In analogy with the pairing between connections A ∈ AP and paths e : [0, 1] → Σ yielding group elements
g(e,A, {px}x∈Σ) ∈ G,

AP ×PΣ // G

(A, e) � // g(e,A, {px}x∈Σ),

(5.2.24)

there is a pairing

Γ(TΣ⊗Ad∗(P)⊗ |Λ|1(Σ))× Γ(Ad(P))×SΣ // C

(E,n, S) � //
∫
S
∗(E(n)),

(5.2.25)

where SΣ is a suitable class of hypersurfaces in Σ, E(n) ∈ Γ(TΣ ⊗ |Λ|1(Σ)) denotes the fibre-wise pairing
between E and n, and ∗(E(n)) is the pseudo-2-form associated with E(n):

∗(E(n)) = εabcE(n)adxb ∧ dxc (5.2.26)

in local coordinates φ : U ⊂ Σ→ V ⊂ R3. Here, εabc := δ1
[aδ

2
b δ

3
c] denotes the invariant pseudo tensor density

of weight −1. Noteworthy, the duality

Γ(TΣ⊗Ad∗(P)⊗ |Λ|1(Σ))× Γ(Ad(P)) // Γ(TΣ⊗ |Λ|1(Σ))

(E,n) � // E(n),

(5.2.27)

is compatible with the corresponding pairing

Γ(T P⊗|Λ|1(P), g∗)Ad∗ × Λ0(P, g)Ad // Γ(T P⊗|Λ|1(P))G

(Ẽ, ñ) � // Ẽ(ñ),

(5.2.28)
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in the sense, that

dπ|p(Ẽ(ñ)|p) = E(n)|π(p), p ∈ P|x . (5.2.29)

Gauge transformations

In this subsection, we will analyse the behaviour of the variables

(A, Ẽ) ∈ |Λ|1T ∗AP :=
⊔

A∈AP

Γ(T P⊗|Λ|1(P), g∗)Ad∗ (5.2.30)

under the action of the gauge transformations G P of P1, i.e. right equivariant diffeomorphisms of P,

P

�

λ //

Rg
��

P

Rg
��

P λ // P

(5.2.31)

that reduce to the identity π ◦ λ = π on Σ. First, let us derive some properties of gauge transformations.
Lemma 5.2.6 (cf. [Bleecker, 1981]):

There is an isomorphism between the group of gauge transformations G P and the group of α-equivariant
maps from G to P, C(P, G)α, where

αg : G // G

g′ � // αg(g′) := gg′g−1.

(5.2.32)

In analogy with proposition 5.2.4, we also have the isomorphism C(P, G)α ∼= Γ(P×αG).
Proof:

Let λ ∈ G P and define fλ ∈ C(P, G)α by

λ(p) = pfλ(p), p ∈ P . (5.2.33)

fλ is well-defined by right equivariance of λ and the free and fibre transitive action of G on P.

Conversely, for f ∈ C(P, G)α we obtain λf ∈ G P by

λf (p) := pf(p), p ∈ P . (5.2.34)

Similarly, we get sf ∈ Γ(P×αG) for the second isomorphism,

sf (x) := pf(p) (5.2.35)

for any p ∈ P|x. Here p : G → P×αG is the map we get from the associated bundle construction. (5.2.35)
is independent of the choice of p by α-equivariance,

p′f(p′) = (pg′)f(pg′) = pαg′ · αg′−1 · f(p) (5.2.36)

= pf(p)

for any pair p, p′ ∈ P|x. The inverse of the second isomorphism is

fs(p) := p−1s(π(p)), p ∈ P (5.2.37)
1It is possible to consider the action of general bundle automorphism Aut(P) on |Λ|1T ∗AP (see e.g. [Lewandowski et al.,
2006,Bahr and Thiemann, 2009]). Furthermore, in local trivialisation ψ : P|U → U×G of P we have Aut(P|U ) ∼= Diff(U)nG P|U
(cf. [Thiemann, 2008]).
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for s ∈ Γ(P×αG).

Remark 5.2.7:

In general, the right action Rg : P→ P is not a gauge transformation, as this would require

Rg ◦Rg′ = Rg′g = Rg′ ◦Rg, ∀g, g′ ∈ G, (5.2.38)

which holds if and only if G is Abelian.

The Ad-tensorial 0-forms on P, Λ0(P, g)Ad, can be regarded as the Lie algebra of G P.

Theorem 5.2.8 (cf. [Bleecker, 1981]):

Λ0(P, g)Ad has a natural Lie algebra structure inherited from g,

[ñ, ñ′]|p := [ñ|p, ñ′|p], ñ, ñ′ ∈ Λ0(P, g)Ad, p ∈ P . (5.2.39)

Proof:

Given ñ, ñ′ ∈ Λ0(P, g)Ad, we need to verify that [ñ, ñ′] ∈ Λ0(P, g)Ad.

(Rg)∗[ñ, ñ′]|p = [ñ, ñ′]|pg (5.2.40)

= [ñpg, ñ′|pg]

= [Adg−1 · ñ|p,Adg−1 · ñ′|p]

= Adg−1 · [ñ, ñ′]|p, p ∈ P .

Definition 5.2.9 (cf. [Bleecker, 1981]):

The gauge algebra GP of P is the space Λ0(P, g)Ad of Ad-tensorial 0-forms on P with the Lie algebra structure
given in theorem 5.2.8.

Furthermore, there is an exponential map

expG P
: GP −→ G P . (5.2.41)

Theorem 5.2.10 (cf. [Bleecker, 1981]):

There is a map exp : Λ0(P, g)Ad → C(P, G)α defined by exp(ñ)(p) = expG(ñ|p), ñ ∈ Λ0(P, g)Ad, p ∈ P with
the properties

1. d

dt |t=0
exp(tñ) = ñ (5.2.42)

2. d2

dtds |t,s=0
αexp(tñ)(exp(sñ′)) = [ñ, ñ′]. (5.2.43)

exp : Λ0(P, g)Ad → C(P, G)α induces expG P
: GP −→ G P by

expG P
(ñ)(p) = p exp(ñ)(p). (5.2.44)

Proof:

Clearly, α-equivariance of exp(ñ) follows from the properties of expG : g→ G.

(Rg)∗ exp(ñ)(p) = exp(ñ)(pg) (5.2.45)
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= expG(ñ|pg)

= expG(Adg−1 · ñ|p)

= αg−1(expG(ñ|p))

= αg−1 · exp(ñ)(p).

The properties 1. & 2. are proved along the same lines, and are omitted at this point. expG P
: GP −→ G P

is well-defined by appealing to the isomorphism of lemma 5.2.6.

Remark 5.2.11:

The notation ñ ∈ Λ0(P, g)Ad is intentional, when compared with (5.2.27) & (5.2.28), as it will be important
to consider ñ as generator of a gauge transformation in the regularisation of the Poisson structure (3.4.1).

Next, we define the (left) action of G P on |Λ|1T ∗AP.
Definition 5.2.12:

The gauge transformations G P act on |Λ|1T ∗AP to the left by pullback and pushforward, i.e.

Lλ : |Λ|1T ∗AP // |Λ|1T ∗AP

(A, Ẽ) � // Lλ(A, Ẽ) := ((λ−1)∗A, λ∗Ẽ).

(5.2.46)

This action is well-defined by the duality between pullback and pushforward

((λ−1)∗A)(λ∗Ẽ) = A(λ−1
∗ (λ∗Ẽ)) = A(Ẽ) = 0, (A, Ẽ) ∈ |Λ|1T ∗AP. (5.2.47)

By the definition 5.2.12, we only need the differential dλ : T P → T P to obtain an explicit expression for
((λ−1)∗A, λ∗Ẽ).
Lemma 5.2.13 (cf. [Bleecker, 1981]):

The differential dλ : T P→ T P of λ ∈ G P is given by

dλ|p(X̃|p) = dRfλ(p)|p(X̃|p) + (dLfλ(p)−1|fλ(p) ◦ dfλ|p(X̃|p))∗λ(p), p ∈ P, X̃|p ∈ Tp P, (5.2.48)

where ∗ : g→ X(P ) gives the fundamental vector fields:

T ∗|p := d

dt |t=0
p expG(tT ), p ∈ P, T ∈ g, (5.2.49)

which have the properties

1. (Rg)∗T ∗|p = (Adg−1 · T )∗|p (5.2.50)

2. λ∗T
∗
|p = T ∗|p. (5.2.51)

Proof:

Let λ ∈ G P and γ : [0, 1]→ P, γ(0) = p, γ′(0) = X̃|p, then

dλ|p(X̃|p) = d

dt |t=0
λ(γ(t)) (5.2.52)

= d

dt |t=0
γ(t)fλ(γ(t))

= dRfλ(p)|p(X̃|p) + d

dt |t=0
pfλ(γ(t))

= dRfλ(p)|p(X̃|p) + d

dt |t=0
λ(p)Lfλ(p)−1(fλ(γ(t)))
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= dRfλ(p)|p(X̃|p) + dλ(p)|e ◦ dLfλ(p)−1|fλ(p) ◦ dfλ|p(X̃|p)

= dRfλ(p)|p(X̃|p) + (dLfλ(p)−1|fλ(p) ◦ dfλ|p(X̃|p))∗|λ(p).

The properties of the fundamental vector fields are evident from their definition.

Corollary 5.2.14:

The action of the gauge transformations G P on |Λ|1T ∗AP is explicitly given as

(λ−1)∗A|p = A|λ−1(p) ◦ dλ−1
|p (5.2.53)

= Adfλ(p) ·A|p + dLfλ(p)|fλ(p)−1 ◦ dfλ|p

λ∗Ẽ|p = dλ|λ−1(p)(Ẽλ−1(p)) (5.2.54)

= Ad∗fλ(p) · (Ẽ|p + (dRfλ(p)−1|fλ(p) ◦ dfλ|p(Ẽ|p))∗|p).

Proof:

Recall that A(T ∗) = T, T ∈ g for A ∈ AP.

The map expG P
: GP −→ G P allows us to derive the (infinitesimal) action of GP on |Λ|1T ∗AP.

Lemma 5.2.15:

The explicit form of the action of GP on |Λ|1T ∗AP is

d

dt |t=0
((λtñ)−1)∗A = −(dñ+ [A, ñ]) = −dAñ (5.2.55)

d

dt |t=0
(λtñ)∗Ẽ = (dñ(Ẽ))∗ + ad∗ñ · Ẽ,

where λtñ = expG P
(tñ) ∈ G P, ñ ∈ GP, and ad∗ : g→ g∗ is the coadjoint representation of g.

Proof:

Note that for γ : [0, 1]→ P, γ(0) = p, γ′(0) = X̃|p we have

d

dt |t=0
dRexpG(−tñ|p)| expG(tñ|p) ◦ d expG(tñ|( . ))|p(X̃|p) = d2

dtds |t,s=0
RexpG(−tñ|p)(expG(tñ|γ(s))) (5.2.56)

= d2

dsdt |t,s=0
RexpG(−tñ|p)(expG(tñ|γ(s)))

= dñ|p(X̃|p).

Then apply corollary 5.2.14.

For completeness, we also state the transformation behaviour of ρ-tensorial k-forms on P, since TAAP ∼=
Λ1(P, g)Ad.

Lemma 5.2.16 (cf. [Bleecker, 1981]):

The gauge transformations G P and the gauge algebra GP act on Λk(P, V )ρ (to the left) in the following way:

(λ−1)∗ω̃ = ρ(fλ) · ω̃ (5.2.57)

d

dt |t=0
((λtñ)−1)∗ω̃ = dρ(ñ) · ω̃. (5.2.58)

Here ω ∈ Λk(P, V )ρ, λ ∈ G P, ñ ∈ GP, λtñ = expG (tñ), and dρ : g → End(V ) is the differential of
ρ : G→ Aut(V ).
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Proof:

Use lemma 5.2.13 and ρ-equivariance of ω̃.

Now, that we understand how the gauge transformations G P act on pairs (A, Ẽ) ∈ |Λ|1T ∗AP, we are
able to derive their action on parallel transports hAe , e ∈ PΣ, and projected, 1-density, vector fields E ∈
Γ(TΣ⊗Ad∗(P)⊗ |Λ|1(Σ)).

Proposition 5.2.17 (cf. [Lewandowski et al., 2006]):

A Gauge transformation λ ∈ G P affects the parallel transports hAe , e ∈ PΣ, of a connection A ∈ AP via
conjugation, i.e.

h(λ−1)∗A
e = λ ◦ hAe ◦ λ−1. (5.2.59)

The associated group elements g(e,A, {px}x∈Σ) ∈ G (see definition 5.2.2) behave in an equivariant way, as
well:

g(e, (λ−1)∗A, {px}x∈Σ) = fλ(pe(1))g(e,A, {px}x∈Σ)fλ(pe(0))−1, (5.2.60)

which is compatible with changes of reference points {px}x∈Σ → {p′x}x∈Σ. The corresponding infinitesimal
actions of ñ ∈ GP are:

d

dt |t=0
h((λtñ)−1)∗A
e (p) = (ñ|hAe (p))∗|hAe (p) − (ñ|p)∗|hAe (p) (5.2.61)

d

dt |t=0
g(e, ((λtñ)−1)∗A, {px}x∈Σ) = ñi|pe(1)

Ri|g(e,A,{px}x∈Σ)−ñj|pe(0)
Lj|g(e,A,{px}x∈Σ), (5.2.62)

where {Ri}, {Lj} ⊂ X(G) are the right and left invariant vector fields on G associated with the generators
{τi}.

Proof:

First, observe that λ ∈ G P acts on horizontal lifts in the appropriate way, i.e. if ẽ : [0, 1]→ P is a horizontal
lift of e : [0, 1]→ P w.r.t A, then λ ◦ ẽ : [0, 1]→ P is a horizontal lift w.r.t (λ−1)∗A by (5.2.48). Second, we
have:

hAe (ẽ(0)) = ẽ(1) (5.2.63)

= λ−1(λ(ẽ(1)))

= λ−1(h(λ−1)∗A
e (λ(ẽ(0)))).

(5.2.60) and compatibility follow from the right equivariance of λ ∈ G P resp. α-euqivariance of fλ ∈
C(P, G)α. To prove (5.2.61) & (5.2.62) we merely stick to the definition of fundamental, left invariant and
right invariant vector fields.

Remark 5.2.18:

The action (5.2.60) is opposite to the one employed in parts of the literature (cf. [Fleischhack, 2009,Thiemann,
2008]), where instead we find

g(e, (λ−1)∗A, {px}x∈Σ) = fλ(pe(0))g(e,A, {px}x∈Σ)fλ(pe(1))−1. (5.2.64)

This could be achieved if we worked with left principal bundles, or if we changed the defining identity (5.2.8)
to

hAe (pe(0)) = Rg(e,A,{px}x∈Σ)−1(pe(1)). (5.2.65)
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The former would, in the case of trivial bundles, P ∼= Σ×G, lead to a right action of the gauge transformations
G P ∼= C(Σ, G), which is not the typical choice in the majority of the literature. On the other hand, the
latter would make the homomorphism (5.2.9) an anti-homomorphism, i.e. reverse the order in the first line
of (5.2.10).

It remains to discuss how gauge transformations G P and gauge algebra GP act on Γ(TΣ⊗Ad∗(P)⊗|Λ|1(Σ)).

Proposition 5.2.19:

The compatible actions of G P and GP on Γ(TΣ⊗Ad∗(P)⊗ |Λ|1(Σ)) are

λ . E|x := p Ad∗fλ(p) · p−1E|x (5.2.66)

ñ . E|x := p ad∗ñ|p · p
−1E|x.

Here x ∈ Σ, p ∈ P|x and λ ∈ G P, ñ ∈ GP. As before, we regard p : G→ Ad∗(P) as a map.

Proof:

The actions are well-defined, i.e. independent of the choice of p ∈ P|x, because of α-equivariance of fλ resp.
Ad-equivariance of ñ. To prove compatibility, we only need to combine proposition 5.2.5, corollary 5.2.14,
lemma 5.2.15 and the fact that dπ : T P→ TΣ vanishes on vertical vectors.

dπ|p(p(λ∗Ẽ)|p) = dπ|p(p Ad∗fλ(p) · p−1E|p) (5.2.67)

= p Ad∗fλ(p) · p−1 dπ|p(E|p)

= p Ad∗fλ(p) · p−1E|x,

d

dt |t=0
dπ|p(p((λtñ)∗Ẽ)|p) = dπ|p(p ad∗ñ|p · p

−1E|p) (5.2.68)

= p ad∗ñ|p · p
−1 dπ|p(E|p)

= p ad∗ñ|p · p
−1E|x,

where Ẽ ∈ Γ(T P⊗|Λ|1(P), g∗)Ad∗ corresponds to E via proposition 5.2.5.

In view of lemma 5.2.16, identical formulas hold for k-forms in associated bundles.
Proposition 5.2.20:

There are compatible actions of G P and GP on Ωk(P×ρV ):

λ−1 . ω|x := p ρ(fλ(p)) · p−1ω|x (5.2.69)

−ñ . ω|x := p dρ(ñ) · p−1ω|x,

where x ∈ Σ, p ∈ P|x and λ ∈ G P, ñ ∈ GP. As before, we regard p : V → P×ρV as a map.

Proof:

Just apply lemma 5.2.16 and proposition 5.2.4.

These induced actions on spaces of section in associated bundles have a property that is essential in the
following subsection 5.2.2.
Corollary 5.2.21:

The actions given in propositions 5.2.19 & 5.2.20 are transpose w.r.t. to the duality pairing (5.2.28), i.e.

(λ . E)(n) = E(λ . n) (5.2.70)

(ñ′ . E)(n) = E(ñ′ . n). (5.2.71)
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Let us make a closing remark for this subsection regarding the formalism in trivial bundles P ∼= Σ×G.

Remark 5.2.22:

If the bundle P is isomorphic to the trivial bundle Σ×G, the gauge transformations G P are isomorphic to
the G-valued functions on Σ, C(Σ, G). The isomorphism is defined by the relation:

fλ(x, g) = αg−1(gλ(x)), (x, g) ∈ Σ×G. (5.2.72)

5.2.2. The algebras of loop quantum gravity PLQG,ALQG and the
Ashtekar-Isham-Lewandowski representation

In this subsection, we will stick to the semi-analytic category (cf. [Lewandowski et al., 2006, Fleischhack,
2009] for the original utilisation in the context of LQG).

Given a (right, semi-analytic) principal G-bundle P π→ Σ (G compact Lie group), as before, we consider
the groupoid of (semi-analytic) paths PΣ in Σ. Fixing a system of reference points {px}x∈Σ, we have the
isomorphism

A ∼= Hom (PΣ, G) (5.2.73)

by definition 5.2.2.

The construction of PLQG and ALQG is guided by the observation that A may be endowed with a com-
pact, Hausdorff topology, which makes it accessible to measure theoretic consideration (cf. [Ashtekar and
Lewandowski, 1995a, Ashtekar and Isham, 1992, Ashtekar and Lewandowski, 1994, Baez, 1994,Marolf and
Mourão, 1995,Ashtekar and Lewandowski, 1995b] for the original literature). This topology is induced by
giving an isomorphism

Hom(PΣ, G) ∼= lim←−
l∈L

Hom (l, G) ⊂
∏
l∈L

Hom(l, G), (5.2.74)

where the projective limit is taken over subgroupoids L of PΣ generated by embedded, semi-analytic,
compactly supported, finite graphs γ ∈ Γsa

0 in Σ. The projection pl : Hom(PΣ, G)→ Hom(l, G), l ∈ L , are
simply the restrictions of the homomorphisms. It follows that the projective limit is a closed subset of the
product space

∏
l∈L Hom(l, G), where the latter carries the Tikhonov topology. The spaces pl(A ) =: A |l ∼=

Hom (l, G) acquire their compact topology by the map (5.2.9)

Hom(l, G) ∼= G|E(γl)|, (5.2.75)

which makes
∏
l∈L Hom(l, G) compact. Here, |E(γl)| denotes the number of edges in γl. Furthermore, this

allows for the definition of a smooth and an analytic structure on A , since these structures are left and right
invariant, and thus are invariant under a change of reference points {px}x∈Σ [Ashtekar and Lewandowski,
1995a,Abbati and Manià, 1999].

Following this, let us introduce the basic building blocks of the algebra PLQG, which is constructed form
certain (point-separating) functionals on |Λ|1T ∗AP. We loosely follow the notation of [Thiemann, 2008].

Definition 5.2.23 (Cylindrical functions):

The C∗-algebra Cyl is the closure of the cylindrical functions Cyl :=
⋃
l∈L C(A l)/ ∼ in the sup-norm

‖ . ‖∞. The equivalence is defined to be

fl ∼ fl′ :⇔ ∃l′′ ⊇ l, l′ : p∗l′′lfl = p∗l′′l′fl′ , (5.2.76)

where pl′′l : A l′′ → A l, l, l
′′ ∈ L , is the restriction map. Every f ∈ Cyl is given as a projective family of
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functions {fl}l∈L . Explicitly, we have

f(Ā) = p∗l fl(Ā) = fl(pl(Ā)) = fl({hĀe }e∈E(γl)) (5.2.77)

= Fγl({g(e, Ā, {px}x∈Σ)}e∈E(γl)).

Here Fγl ∈ C(G|E(γl)|) is the function corresponding to fl ∈ C(A l) via (5.2.75).

It is well known that the spectrum of Cyl can be identified with the space of generalised connections A ,
thus leading to the isomorphism

Cyl ∼= C(A ). (5.2.78)

Definition 5.2.24 (Flux vector fields, cf. [Lewandowski et al., 2006]):

The flux vector fields XFlux on A considered as derivations on Cyl1 are the (regularised2) Hamiltonian vector
fields of the functions

En(S) :=
∫
S

∗(E(n)) (5.2.79)

on T ∗A defined by the pairing (5.2.25), where S is a face, i.e. an embedded, semi-analytic, connected hyper-
surface (without boundary) with oriented normal bundle NS, and n ∈ Γsa

0 (Ad(P|S)), a compactly supported,
semi-analytic section of adjoint pullback bundle P|S := ι∗S P. The action of the flux vector fields on f ∈ Cyl1

is obtained as follows:

By proposition 5.2.4, we find a unique ñ ∈ Λ0(P|S , g)Ad, which gives rise to a 1-parameter group of gauge
transformation λtñ ∈ G P|S by theorem 5.2.10. These gauge transformations define generalised gauge trans-
formations on A in the following way:

h
λ∗1

2 tñ
Ā

e := hĀe ◦ (λ 1
2 tñ

)ε(e,S) (5.2.80)

where

ε(e, S) :=


+1 e ∩ S = e(0) ∧ e is positively outgoing from S

−1 e ∩ S = e(0) ∧ e is negatively outgoing from S

0 e ∩ S = ∅ ∨ e ∩ S̄ = e

(5.2.81)

is the indicator function of S w.r.t. to adapted edges3. It is at this point, where semi-analyticity is crucial
to ensure that an arbitrary edge e′ decomposes into a finite number of adapted edges e, which is necessary to
get a well-defined action on Cyl. On the group elements g(e, Ā, {px}x∈Σ) ∈ G this leads to

g(e, λ∗1
2 tñ

Ā, {px}x∈Σ) = g(e, Ā, {px}x∈Σ) expG( 1
2 tε(e, S)ñ|pe(0)) (5.2.82)

A flux vector field En(S) is the generator of a generalised gauge transformation on Cyl1.

(En(S) · FγSl )({g(e, Ā, {px}x∈Σ)}e∈E(γl)) := d

dt |t=0
FγSl ({g(e, λ∗1

2 tñ
Ā, {px}x∈Σ)}e∈E(γl)) (5.2.83)

= 1
2

∑
e∈E(γSl )

ε(e, S)ñi|pe(0)
(Lei FγSl )({g(e, Ā, {px}x∈Σ)}e∈E(γSl )).

FγSl denotes the representative of f ∈ Cyl1 w.r.t. an adapted decomposition γSl of an underlying graph
2See [Thiemann, 2008] for a detailed account of the regularisation of (3.4.1).
3The factor 1

2 in (5.2.80) is a remnant of the regularisation procedure for the Hamiltonian vector field of En(S) (see [Thiemann,
2008] for further explanations).
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γl ∈ Γsa
0 and its associated groupoid l ∈ L . In the following, we will always assume to work with an adapted

decomposition of a graph, when we consider the action of a flux vector field.

Remark 5.2.25:

Note that we stick to the realisation of the flux vector fields by left invariant vector fields on the structure
group G. This is, again, due to the use of right principal bundles, and the requirement of an isomorphism
A ∼= Hom(PΣ, G) rather than an anti-isomorphism (cp. remark 5.2.18). Contrary, we could change the
definition of adapted edges in such a way that the non-vanishing contributions would be due to edges ending
at a face, i.e. e ∩ S = e(1), if we wanted to arrive at a formulation in terms of right invariant vector fields
on G.

Our definition of the flux vector field appears to differ slightly from those existing in the literature (cf.
especially [Lewandowski et al., 2006]), but is nevertheless equivalent by the following lemma.

Lemma 5.2.26:

Instead of defining the flux vector field in terms of S ⊂ Σ and n ∈ Γsa
0 (Ad(P|S)), we may equivalently define

them by S ⊂ Σ and X̃ ∈ Xsa
0 (P|S)Gvert, a semi-analytic, compactly supported, right invariant, vertical vector

field on P|S (cf. [Lewandowski et al., 2006]).

More precisely, we consider the flow

φX̃t : P|S −→ P|S , t ∈ R (5.2.84)

generated by X̃, which is a gauge transformation of P|S by the right invariance of X̃. Then, we may replace
λ± 1

2 tñ
in (5.2.80) by φX̃± 1

2 t
and define flux vector fields EX̃(S) according to this relation.

Proof:

Note that for ñ ∈ Λ0(P|S , g)Ad we have by theorem 5.2.10:

d

dt |t=0
expG P|S

(tñ)(p) = d

dt |t=0
p expG(tñ|p) (5.2.85)

= (ñ|p)∗|p, p ∈ P|S .

Clearly, (ñ)∗ ∈ X(P|S) is semi-analytic and compactly supported if and only if ñ is. Moreover, due to the
definition of ∗ : g→ X(P|S)G and the Ad-equivariance of ñ, (ñ)∗ is right invariant and vertical.

Conversely, since φX̃t , t ∈ R, is a 1-parameter group (connected to the identity, φX̃t=0 = idP|S ), we find a
corresponding 1-parameter group fX̃,t ∈ C(P|S , G)α, t ∈ R, by lemma 5.2.6. Then, by theorem 5.2.10, we
find ñX̃ , s.t.

φX̃t = expG P
(tñX̃), ∀t ∈ R . (5.2.86)

In view of the calculations which will be performed in the following section of the chapter, we state a useful
result about the flux vector fields.

Lemma 5.2.27 (cf. [Sahlmann and Thiemann, 2003]):

The action of the flux vector fields on Cyl1 can be computed as follows:

En(S) · f =
∑
x∈Σ

∑
[e]x∈K

ε([e]x, S)ni|px L
[e]x
i|x f, (5.2.87)

where ε denotes the indicator function of S w.r.t. the edge germs [e]x, x ∈ Σ. The set of edge germs Kx
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does not depend on x ∈ Σ in this setting. The action of the elementary vector fields Lix,[e]x is defined to be:

L[e]x
i|x p∗l fl := p∗l

1
2
∑

ē∈E(γl)

δx,ē(0)δ[e]x,[ē]ē(0) L
ē
i fl

 , (5.2.88)

where an adapted representative fl of f was chosen. The commutation relations between these vector fields
are [

L[e]x
i|x ,L

[e′]x′
j|x′

]
= 1

2fij
kδx,x′δ[e]x,[e′]x L

k
x,[e]x , (5.2.89)

where [τi, τj ] = fij
kτk defines the structure constants of g.

From the cylindrical functions Cyl and the flux vector fields (short: fluxes) we construct the *-algebra PLQG

and a certain Weyl form ALQG of it. We denote by 〈XFlux〉 the Lie algebra span of XFlux.

Definition 5.2.28 (The holonomy-flux algebra, cf. [Lewandowski et al., 2006]):

The *-algebra PLQG is the *-algebra given by the quotient F/I of the tensor algebra F generated by Cyl∞

and 〈XFlux〉 ⊂ X(A ) by the two-sided -*-ideal I defined by the elements:

V f − fV − V · f (5.2.90)

V V ′ − V ′V − [V, V ′]X(A )

ff ′ − f ′f = 0, ∀f, f ′ ∈ Cyl∞, V, V ′ ∈ 〈XFlux〉.

The tensor product is taken relative to the algebra structure of Cyl resp. Cyl∞ to make F a Cyl∞-module. The
involution ∗ is defined by complex conjugation on Cyl∞, by V · f = V · f on 〈XFlux〉, and extends to an anti-
automorphism of F. Note that the flux vector fields satisfy the reality condition En(S) = −En(S)∗, En(S) ∈
XFlux.

At this point, it is important to note, that there is a natural action by semi-analytic gauge transformations
G sa
P and, more generally, semi-analytic automorphisms Autsa(P) on the algebra PLQG. In general, the latter

cover diffeomorphisms, Diffsa(Σ), different from the identity:

P χ
//

π

��

P

π

��

Σ
φχ
// Σ

(5.2.91)

with χ ∈ Autsa(P), φχ ∈ Diffsa(Σ). For general bundles, it is not necessarily the case that every diffeomor-
phism φ ∈ Diffsa(Σ) is covered by an automorphism χφ ∈ Autsa(P), as this amounts to a non-trivial lifting
problem (cf. [Abbati et al., 1989]).

P

π

��

P

χφ

??

φ◦π
// Σ

(5.2.92)

In the smooth category, one finds a short exact sequence of NLF-manifolds [Abbati et al., 1989]

1 // G∞P // Aut∞(P) // Diff∞\ (Σ) // 1 (5.2.93)

with an open subgroup Diff∞\ (Σ) of Diff∞(Σ) containing the connected component of the identity. This issue
does not arise for the Ashtekar-Barbero variables, since then the bundle P comes from the natural bundle
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PSO(Σ) [Kolár et al., 1993]. The actions of both groups of transformations on the basic elements, i.e. the
cylindrical functions and the fluxes, look as follows:
Definition 5.2.29:

The transformations G sa
P and automorphisms Autsa(P) have natural (right) actions on Cyl and XFlux induced

by those of corollary 5.2.14 and lemma 5.2.16.

αλ(f)(Ā) := p∗l fl((λ−1)∗Ā) = Fγl({fλ(pe(1))g(e, Ā, {px}x∈Σ)(fλ(pe(0)))−1}e∈E(γ(l))) (5.2.94)

αλ(En(S)) := (λ . E)n(S) = Eλ.n(S)

αχ(f)(Ā) := p∗l fl((χ−1)∗Ā) = fl({χ ◦ hAφ−1
χ (e) ◦ χ

−1}e∈E(γl)) (5.2.95)

= Fγl({g(e, (χ−1)∗A, {px}x∈Σ)}e∈E(γl))

= Fφ−1
χ (γl)({gχ(ē(1))g(ē, A, {px}x∈Σ)gχ(ē(0))−1}ē∈E(φ−1

χ (γl))),

αχ(En(S)) := (χ∗E)n(S) = Eχ∗n(φ−1
χ (S)), f ∈ Cyl, En(S) ∈ XFlux, λ ∈ G sa

P , χ ∈ Autsa(P),

where gχ : Σ → G, s.t. χ(px) = Rgχ(x)(pφχ(x))4, and χ∗n := χ−1 ◦ n ◦ φχ. These actions extend to
*-automorphic actions on PLQG.

Since the algebra PLQG is supposed to be generated by the cylindrical functions and the fluxes, it is necessary
to allow only semi-analytic gauge transformations or automorphisms, as otherwise the action of the transfor-
mations groups would not preserve the elementary operators of the algebra. Nevertheless, (distributional)
extensions of these transformations groups have been discussed in the literature [Velhinho, 2005,Bahr and
Thiemann, 2009], and can be shown to have a well-defined action on Cyl∞, but which do not preserve XFlux.
As an example, we show that, in case of a trivial bundle P ∼= Σ × G, the extension of G sa

P
∼= Csa(Σ, G) to

GΣ = {g : Σ→ G} leads to elements that are not generated from finite linear combinations of fluxes (unless
Ad : G→ Aut(g) is trivial):

Let us consider a flux En(S) and w.l.g. a generalised gauge transformation {gx}x∈S , s.t. Adg−1(n)(x) =
m(x) ∦ n(x) and ∀y 6= x : Adg−1(n)(y) = n(y). Then the element

αg(En(S)) = EAdg−1 (n)(S) (5.2.96)

is not of the form required of a flux. Furthermore, this leads to

[En(S), αg(En(S))] = E[n,Adg−1 (n)](|S|) = 1
2
∑

[e]x∈K

ε([e]x, S)2[n,m]j(x)L[e]x
j|x , (5.2.97)

which is a point-localised vector field on Cyl∞. Although, it is not a point-localised flux, as it contains
the squared type indicator function of S. Clearly, such a point-localised object cannot be obtained from
fluxes, as these are defined w.r.t. to open, semi-analytic surfaces S and compactly supported, semi-analytic
functions n ∈ Csa

0 (S, g) thereon.

Interestingly, this subtlety indicates, that the available proof of the uniqueness of the AIL representation
[Lewandowski et al., 2006], which requires the algebra PLQG to be generated by finite linear combinations
of products of the cylindrical functions and the fluxes, strictly speaking only holds without considering
the action of GΣ. On the other hand, this subtlety poses no problem for the uniqueness proof given in
[Fleischhack, 2009] involving a generalised Weyl form of PLQG.
From a practical point of view the extension of G sa

P to GΣ appears to be unnecessary, because the action of the
semi-analytic gauge transformations is sufficiently localisable due to the existence of semi-analytic partitions
of unity (cf. [Lewandowski et al., 2006] and references therein). Additionally, the use of G sa

P entails the
4This implies: gχ−1 ◦ φχ = g−1

χ . Furthermore, this definition has the necessary equivariance properties w.r.t. a change of
reference system {px}x∈Σ 7→ {p′x}x∈Σ.
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occurrence of large gauge transformation, i.e. gauge transformation not homotopic to the identity, which
might be useful in the discussion of chiral symmetry breaking in LQG (see below).

The algebra ALQG is obtained by partially extending and exponentiating the generators of PLQG, and
providing it with the formal commutation relations induced by the Lie bracket on X(A ). The reason for
not exponentiating the cylindrical functions is due to the fact, that they are essentially continuous functions
of holonomies, the latter being already a sort of exponential of the connection 1-form A. In contrast, the
flux vector fields are not exponentiated up to this point, being essentially Hamiltonian vector fields of the
(smeared) vector densities E.

Definition 5.2.30 (The *-algebra in Weyl form, cf. [Sahlmann and Thiemann, 2003]):

The *-algebra ALQG is generated by the elements of Cyl and the Weyl elements WS(tn) := etEn(S) = αλ∗1
2 tñ

subject to the following relations (cp. (5.2.80) & (5.2.94)):

f∗ := f, WS(0) := 1, WS(tn)∗ := WS(tn)−1 = WS(−tn), (5.2.98)

ff ′ := f ·Cyl f ′, WS(tn)WS(t′n) := WS((t+ t′)n),

WS(tn)fWS(tn)−1 := WS(tn) · f = αλ∗1
2 tñ

(f)

WS(tn)WS′(t′n′)WS(tn)−1WS′(t′n′)−1 := αλ∗1
2 tñ
◦ αλ∗1

2 t
′ñ′
◦ α−1

λ∗1
2 tñ
◦ α−1

λ∗1
2 t
′ñ′
,

where f, f ′ ∈ Cyl and λ∗1
2 tñ

, λ∗1
2 t
′ñ′

are as in definition 5.2.24. The action of the Weyl elements on Cyl

implements the formal identity WS(tn) · f =
∑∞
k=0

tk

k!En(S)k · f on Cylω. The set of Weyl elements will be
denoted by W , and the group generated by this set by 〈W 〉.

Remark 5.2.31:

This definition of the algebra ALQG is not equivalent to the definition in [Fleischhack, 2009], because we do
not regard ALQG as a (closed) subalgebra of B(L2(A , dµ0)) (see below, (5.2.101)), and thus do not require
all relations among the generating elements that would follow from such a definition. We will further explain
the consequences of this difference in the next section.

Additionally, we consider the extended algebra Aext
LQG of ALQG generated by elementary, point-localised fluxes

(5.2.88) and the cylindrical functions. The extended algebra allows us to obtain an explicit expression for
the commutator between the fluxes

[En(S), En′(S′)] = 1
2
∑

x∈S∩S′

∑
[e]x∈K

ε([e]x, S)ε([e]x, S′)[n, n′]k(x)L[e]x
k|x , (5.2.99)

which will be important in the following sections. It is interesting to note that the commutator does not
close among the fluxes in the non-Abelian case5 precisely because of the indicator function ε, i.e. the product
ε([e]x, S)ε([e]x, S′) is in general not of the form ε([e]x, S′′) for a suitable surface S′′. Although, there are
certain special cases where iterated commutators lead to fluxes again, e.g.

[En(S), [En′(S), En′′(S)]] = 1
4
∑

x∈S∩S′

∑
[e]x∈K

ε([e]x, S)[n, [n′, n′′]k(x)L[e]x
k|x = 1

4E[n,[n′,n′′]](S), (5.2.100)

since ε([e]x, S)3 = ε([e]x, S). This is a feature that is missed by a restriction to Abelian groups G, e.g.
G = U(1)3(“Abelian artefact”, cf. [Bojowald, 2013]).

As a Hilbert space representation of PLQG resp. ALQG, one typically invokes the AIL representation defined

5In the Abelian case the relation (5.2.99) is trivially closed, i.e. [En(S), En′ (S′)] = 0.
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by the irregular (algebraic) state

ω0(fEn1(S1)...Enj (Sj)) =
{
µ0(f) if {1, .., j} = ∅

0 else
, ∀f ∈ Cyl∞, En1(S1)...Enj (Sj) ∈ XFlux, (5.2.101)

ω0(fWS1(n1)...WSj (nj)) = µ0(f), ∀f ∈ Cyl, WS1(n1)...WSj (nj) ∈ ALQG,

where µ0 denotes the AIL measure induced by the Haar measure on G. In terms of (gauge-variant) spin
network functions Ts, s ∈ S, (see below), which form a special orthonormal basis in Hω0

∼= L2(A , dµ0),
(5.2.101) reads

ω0(TsEn1(S1)...Enj (Sj)) =
{
δs,0 if {1, .., j} = ∅

0 else
, ∀f ∈ Cyl, En1(S1)...Enj (Sj) ∈ XFlux, (5.2.102)

ω0(TsWS1(n1)...WSj (nj)) = δs,0, ∀s ∈ S, WS1(n1)...WSj (nj) ∈ ALQG,

where s = 0 denotes the spin network label corresponding to the empty graph γ = ∅. This representation
enjoys a uniqueness property under certain natural assumptions [Lewandowski et al., 2006].

At this point, we want to state a short lemma regarding the regularity and gauge invariance of states on
PLQG and ALQG for compact, connected G.

Lemma 5.2.32:

Let ω be a gauge invariant state, i.e. ω ◦ αλ = ω, λ ∈ G sa
P , on PLQG or ALQG. Then, ω is irregular w.r.t.

the gauge-variant spin network functions (cf. [Thiemann, 2008]),

Tγ,~π,~m,~n(Ā) :=
∏

e∈E(γ)

√
dim(πe) πe(g(e, Ā, {px}x∈Σ))me,ne , (5.2.103)

with γ ∈ Γsa
0 , {[πe]}e∈E(γ) ∈ (Ĝ \ {[πtriv]})|E(γ)|, me, ne = 1, ...,dim(πe). Here, irregularity is understood in

the sense that for any πe 6= πtriv there exist me, ne = 1, ...,dim(πe), s.t.

[0, 1] 3 s 7−→ ω(Tes,πe,me,ne), e ∈PΣ, es(t) := e(st), t ∈ [0, 1] (5.2.104)

is not continuous from the right in [0, 1] at s = 0.

Proof:

The action of the gauge transformations λ ∈ G sa
P on the gauge-variant spin network functions looks as follows:

αλ(Tγ,~π,~m,~n)(Ā) =
∏

e∈E(γ)

√
dim(πe) πe(fλ(pe(1))g(e, Ā, {px}x∈Σ)fλ(pe(0))−1)me,ne (5.2.105)

=
∏

e∈E(γ)

√
dim(πe)

dim(πe)∑
ke,le=1

πe(fλ(pe(1)))me,keπe(g(e, Ā, {px}x∈Σ))ke,leπe(fλ(pe(0))−1)le,ne .

Now, let us choose maximal torus T ⊂ G and consider spin network functions Tes,πe,me,ne defined on single
edges {es}s∈[0,1] ⊂PΣ, and gauge transformations λes(1) localised at the vertex es(1) of es, s.t. ∀ 1 ≥ s > 0:
fλ(pes(1)) = t 6= 1G ∈ T ⊂ G and fλ(pes(0)) = 1G. Such gauge transformations exist because of the existence
of semi-analytic partitions of unity [Lewandowski et al., 2006, Fleischhack, 2009]. Next, we notice that
[πe] 6= [πtriv] implies the non-triviality of

πe|T : T→ Aut(Vπe), ∃t ∈ T : πe|T(t) 6= 1Vπe , (5.2.106)

since every g ∈ G is conjugate to some tg ∈ T [Bröcker and tom Dieck, 1985]. Thus, we obtain, by
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diagonalising the representation of T, a non-trivial decomposition

Vπe
∼=
⊕
ρe

Vρe , πe|T
∼=
⊕
ρe

ρe, (5.2.107)

where ρe : T→ T, dim(Vρe) = 1, are irreducible representations of T, i.e. characters of the maximal torus,
ρe ∈ T̂. From (5.2.105), (5.2.106) and (5.2.107), we conclude that we find an element t ∈ T, s.t.

ω(Tes,πe,me,ne) = ω(αλs(Tes,πe,me,ne)) (5.2.108)

= ρe(t)︸ ︷︷ ︸
6=1

ω(Tes,πe,me,ne), s ∈ [0, 1],

for some me, ne, and we have ∀1 ≥ s > 0 : ω(Tes,πe,me,ne) = 0. We may even choose me = ne. But,
ω(Te0,πe,me,ne) =

√
dim(πe)δme,ne , because g(e0, A, {px}x∈Σ) = 1. Thus, discontinuity follows for diagonal

expectation value functions [0, 1] ∈ s 7→ ω(Tes,πe,me,me), me = 1, ...,dim(πe).

This result is inspired by a similar statement in the algebraic formulation of quantum gauge field theories
[Löffelholz et al., 2003]. Interestingly, in quantum field theory the only way to avoid irregular representations
of the gauge field variable A ∈ AP, seems to be the use of indefinite inner product (Krein) spaces (cf.
[Löffelholz et al., 2003,Strocchi, 2013]).

5.2.3. The algebra of loop quantum cosmology ALQC and the Bohr
representation

The algebra ALQC of (homogeneous, isotropic) loop quantum cosmology (LQC) is given by the Weyl
algebra associated with the space R2 = {(λ, θ) | λ, θ ∈ R} with the (canonical) symplectic structure
σ((λ1, θ1), (λ2, θ2)) = λ1θ2 − λ2θ1 (cf. [Strocchi, 2008]).

Definition 5.2.33:

The algebra ALQC is the *-algebra generated by the elements U(λ) = eiλb, λ ∈ R, and V (θ) = eiθν , θ ∈ R,
subject to the relations

U(λ)∗ = U(−λ) = U(λ)−1, U(0) = 1 V (θ)∗ = V (−θ) = V (θ)−1, V (0) = 1 (5.2.109)

U(λ1)U(λ2) = U(λ1 + λ2), V (θ1)V (θ2) = V (θ1 + θ2), U(λ)V (θ) = e−iλθV (θ)U(λ).

ALQC can be made a C∗-algebra by completing it w.r.t. the maximal C∗-norm (cf. [Bär et al., 2007])

||W ||max := sup{||W || | || . || is a C∗ − norm on ALQC}, W ∈ ALQC. (5.2.110)

The generators b, ν defined w.r.t. a regular representations are related to the Hubble parameter and the
oriented volume respectively. These elementary variables are related to those in standard treatments of
LQC, where {b, v} = 2γ, by rescaling the volume ν = 1

2γ v. Alternatively, this algebra is written in terms of
the combined operators W (λ, θ) = ei(λb+νθ) = ei

λθ
2 U(λ)V (θ), (λ, θ) ∈ R2.

W (λ, θ)∗ = W (−λ,−θ) = W (λ, θ)−1, W (0, 0) = 1 (5.2.111)

W (λ1, θ1)W (λ2, θ2) = e−
i
2σ((λ1,θ1),(λ2,θ2))W (λ1 + λ2, θ1 + θ2) = e−iσ((λ1,θ1),(λ2,θ2))W (λ2, θ2)W (λ1, θ1).

This algebra is obtained by restricting the holonomies to a cubic graph and the fluxes to surfaces dual to this
graph, and exploiting isotropy to reduce from SU(2) to U(1), followed by a “decompactification” to RBohr

(cf. [Ashtekar and Singh, 2011,Bojowald, 2013]).

In analogy with the Hilbert space representation typically chosen for ALQG, one selects a preferred (irregular)
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representation induced by the (algebraic) state

ω0(W (λ, θ)) = δλ,0, ∀λ, θ ∈ R. (5.2.112)

The representation of this state can be understood in terms of almost-periodic functions, i.e. Hω0
∼=

L2(RBohr, dµBohr) (cf. [Löffelholz et al., 1995, Strocchi, 2008]). The uniqueness of this state was recently
justified [Ashtekar and Campiglia, 2012] along the same lines as the uniqueness of the AIL representation
for ALQG [Lewandowski et al., 2006]. In contrast, the usual Fock or Schrödinger representation is obtained
from the (regular) state

ωF (W (λ, θ)) = e−
λ2+θ2

4 , ∀λ, θ ∈ R. (5.2.113)

Dynamically induced “superselection” sectors in LQC

The quantisation of the (gravitational) Hamiltonian constraint H in the spatially flat case (k = 0) that is
derived w.r.t. the GNS representation (Hω0 , πω0 ,Ωω0) of the state (5.2.112) takes the form (up to numerical
constants) [Ashtekar and Singh, 2011] (cp. theorem 3.4.21 & remark 3.4.17):

H ∼ ν sin(λ0b)
λ0

ν
sin(λ0b)
λ0

∼ ν=(U(λ0))ν=(U(λ0)), λ0 ∈ R, (5.2.114)

where =(U(λ0)) denotes the imaginary part, λ0 is a minimal length scale connected to the (kinemati-
cal) minimal area eigenvalue of LQG6, and ν is the (densely defined) generator of the 1-parameter group
{πω0(V (θ))}θ∈R, which exists by the continuity of the state w.r.t. θ (cf. [Kamiński and Lewandowski, 2008]
for details regarding the domain D(H )). It is easy to see that H commutes with πω0(V (θ = π

λ0
)), and the

representation admits a direct sum decomposition w.r.t. the spectrum of the latter (σ(πω0(V (θ = π
λ0

))) =
S1 = {eiϑ | ϑ ∈ [0, 2π)}):

Hω0
∼=

⊕
ϑ∈[0,2π)

Hϑ, πω0
∼=

⊕
ϑ∈[0,2π)

πϑ, (5.2.115)

where the summands (Hϑ, πϑ), ϑ ∈ [0, 2π), are preserved by the subalgebra Aλ0
LQC ⊂ ALQC

Aλ0
LQC := 〈{W (2λ0n, θ) | (n, θ) ∈ Z× R ⊂ R2}〉, (5.2.116)

i.e. the Weyl algebra associated with the cotangent bundle T ∗U(1) ∼= S1×R. Thus, the parameter λ0 is one
half of the inverse radius of the S1-factor, and plays the role of a “compactification scale”. In the literature,
it is argued that this gives rise to a “superselection” structure induced by H , and Dirac observables are
computed w.r.t. one of the ϑ-sectors (cf. [Ashtekar et al., 2006a,Ashtekar and Singh, 2011]).

In the following sections we will explain further similarities between this structure in LQC and the Koslowki-
Sahlmann representations [Koslowski and Sahlmann, 2011].

5.3. Central operators and the structure group

The algebras ALQG and Aλ0
LQC have a common feature that will be in focus of this section. Namely, both

algebras, as defined in 5.2.33 and 5.2.30, have non-trivial centres, which implies that they have no irreducible,
faithful representations. Furthermore, there is a common cause for the appearance of non-trivial central
elements in these algebras, as both can be related to quantisations of the cotangent bundle of a compact
group, i.e. the structure group G and the dual U(1) of the invariance group Z of H respectively. This feature
affects the representations theory of both algebras, since irreducible representation require that elements of

6The presence of the minimal length scale λ0 serves as an argument for the use of the irregular representation, as the limit
λ0 → 0 is supposed to be forbidden in the quantum theory.
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the centre are represented by multiples of the identity (superselection structure). In the subsequent discussion
of these aspects, we will repeatedly encounter a unifying algebraic structure consisting of the following data
(cf. [Strocchi, 2008]):

1. An algebra A of observables with a non-trivial centre Z.

2. An extended algebra F ⊃ A, which is called the field algebra.

3. A group of automorphisms G representing the adjoint action of Z on F, s.t. A ⊆ FG is contained in
the fix-point algebra of F w.r.t. this action. G is called global gauge group.

4. A group of automorphisms of A, which does not leave the centre Z point-wise invariant, i.e. ρ(Z) 6= Z

for ρ ∈ C , Z ∈ Z. Elements of C are called charged automorphisms.

Let us briefly explain the nomenclature (see also remark 5.3.6 below): The algebra A is the algebra of which
we intend to understand the representation theory. In many cases this will be the algebra of observables of
a given quantum system. The centre Z of A reflects the superselection structure of the quantum system.
Moreover, if we are dealing with a gauge theory, we will have to deal with the question of gauge invariance,
and the issue of charged fields (charged with respect to the global gauge group G) from which we construct
observables. As the observables should be invariant under the global gauge group G, and the charged fields
cannot be part of A, but should belong to an (extended) field algebra F, we need to require that A ⊂ FG.
On the other hand, the centre Z embeds into the gauge group G via the adjoint action and is, therefore, part
of the global gauge group, while the adjoint action of a (unitary) charged field can lead to an automorphism
of A (charge and conjugate charge combine to zero charge) that moves the elements of centre among each
other, which amounts to a shift in the superselection structure.

Thus, we see that the construction of a field algebra F from a given algebra A with centre Z provides
candidates of charged automorphisms, ρ ∈ C , which can be combined with known representations π of A to
give new, inequivalent representations π ◦ ρ.

Furthermore, the inequivalence of the representations π and π ◦ ρ can be understood as an instance of
spontaneous symmetry breaking (in the algebraic sense, cf. [Bratteli and Robinson, 1987]). Namely, in spite
of the fact that ρ is an automorphisms (a symmetry) of A, a pure (or primary) algebraic state ω on A cannot
be invariant w.r.t. ρ, i.e. ω ◦ ρ 6= ω. To see this, we recall that a state ω is pure (or primary) if and only if
the associated GNS representation (πω,Hω,Ωω) has a 1-dimensional commutant πω(A)′ = C ·1Hω (or centre
Zω = πω(A)′ ∩ πω(A)′′ = C ·1Hω ). But, this implies non-invariance of ω, because πω(Z) ⊂ πω(A)′ = C ·1Hω ,
and ρ acts non-trivially on Z, which are incompatible requirements.
If we intended to consider an invariant state ω on A, we will have an extremal (or central) decomposition
into pure (or primary) states ωx, x ∈ X,:

ω =
∫
X

ωxdµ(x). (5.3.1)

The central decomposition of ω is related to the central decomposition of the von Neumann algebra πω(A)′′

with respect to its centre Zω = πω(A)′ ∩ πω(A)′′, which is especially important in physics, because elements
in the centre describe invariants of the quantum system, which assume specific values in the states ωx, x ∈ X
[Bratteli and Robinson, 1987]. This point of view will be important in the discussion of chiral symmetry
breaking in section 5.5.
The algebraic formulation of spontaneous symmetry breaking connects with the standard formulation, in
which a symmetry of the Hamiltonian of a quantum system does not entail a symmetric (ground) state of
the latter, in the following way: Symmetries ρ of the algebra A of observables, to which the Hamiltonian is
affiliated, are not necessarily symmetries of a state ω on A.
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5.3.1. Central operators in Aλ0
LQC

Our analysis of the algebra Aλ0
LQC, and how the structure of its centre Zλ0

LQC reflects the decomposition
(5.2.115), follows closely the analysis of the Weyl algebra for a quantum particle on a circle as given in
[Strocchi, 2008].

The centre Zλ0
LQC is generated by the elementW (0, πλ0

), and we may regard the algebra Aλ0
LQC as the fix-point

algebra AZLQC w.r.t the Z-action

αm(W (λ, θ)) := ei
π
λ0
mλW (λ, θ), m ∈ Z. (5.3.2)

In this setting, Z is called the global gauge group, and ALQC the field algebra. The extension of Aλ0
LQC to

ALQC is minimal in a precise sense (cf. [Acerbi et al., 1993a]). Clearly, the action of the global gauge group
is implemented by the adjoint action generator W (0, πλ0

) of the centre Zλ0
LQC on ALQC:

αm(W (λ, θ)) = W (0, πλ0
)mW (λ, θ)W (0,− π

λ0
)m. (5.3.3)

We observe that the irregular state ω0 (5.2.112) is gauge invariant, in contrast to the regular Fock state
ωF (5.2.113). On the other hand, requiring a gauge invariant state ω ◦ αm = ω immediately leads to
ω(W (λ, θ)) = 0 if λ /∈ 2λ0Z. Additionally, we have the so-called charged automorphisms of Aλ0

LQC:

ρϑ(W (2λ0n, θ)) := e−iϑ
λ0
π θW (2λ0n, θ), ϑ ∈ [0, 2π), (5.3.4)

which are necessarily outer automorphisms, as they do not the leave the centre Zλ0
LQC point-wise invariant.

These automorphisms are inner in the larger algebra ALQC

ρϑ(W (2λ0n, θ)) = W (ϑλ0
π , 0)W (2λ0n, θ)W (−ϑλ0

π , 0), (5.3.5)

and they intertwine inequivalent irreducible representations of Aλ0
LQC. The latter follows, because every

irreducible representation π requires that we have for the generator of the centre π(W (0, πλ0
)) = eiϑ, ϑ ∈

[0, 2π). Thus, an irreducible representation πϑ is labeled by an “angle” ϑ ∈ [0, 2π), and we find that

π0 := πϑ ◦ ρϑ (5.3.6)

is a representation satisfying

π0(W (0, πλ0
)) = 1. (5.3.7)

One can show that any two irreducible representations of Aλ0
LQC supplemented by (5.3.7), which are regular

w.r.t. the 1-parameter group {W (0, θ)}θ∈R, are unitarily equivalent. The representations πϑ can be realised
by the GNS representation of the state

ωϑ(W (2λ0n, θ)) = eiϑ
λ0
π θδn,0, ∀n ∈ Z, θ ∈ R . (5.3.8)

The difference between the representations with distinct values of ϑ are also seen on the level of the generator
νϑ of {πϑ(V (θ))}θ∈R, i.e. we have Hϑ ∼= L2([0, πλ0

), db) and νθ is the self-adjoint extension of −i∂b subject
to the boundary condition ψ( πλ0

) = eiϑψ(0).

The occurrence of these structures can be related to the topology of group U(1), which is the dual of the
invariance group Z acting according to (5.3.2) (cf. [Morchio and Strocchi, 2007]). The Z-action corresponds
geometrically to translations of the variable b, i.e. b 7→ b + π

λ0
m, m ∈ Z. In the restricted setting of the

algebra Aλ0
LQC, it can be interpreted as the action of the large gauge transformations with winding number m,

which are the rotations by 2πm of the underlying circle group U(1) ⊂ T ∗U(1). As argued in [Acerbi et al.,
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1993b, Löffelholz et al., 2003, Strocchi, 2013], there is a strong analogy between these algebraic structures
and those present in the context of chiral symmetry breaking and the vacuum structure of QCD (see section
5.5). To this end the following remark is in order:

Although the charged automorphisms ρϑ, which play the role of the chiral automorphisms of QCD, and
gauge automorphisms αm commute, i.e.

ρϑ ◦ αm = αm ◦ ρϑ, ϑ ∈ [0, 2π),m ∈ Z, (5.3.9)

the implementers of the gauge transformationsW (0,m π
λ0

) ∈ Zλ0
LQC are not invariant under the charged auto-

morphisms ρϑ by (5.3.4). Thus, the charge symmetry is necessarily spontaneously broken in any irreducible
representation πϑ of Aλ0

LQC.

Interestingly, there is also way to relate the ϑ-sectors to a purely imaginary topological term contributing to
the action of a free particle on the circle via the functional integral point of view (cf. [Strocchi, 2008]):

S = m

2

∫
ẋ(τ)2dτ + iϑ

λ0

π

∫
ẋ(τ)dτ. (5.3.10)

We conclude this subsection by pointing out how the appearance of these structures differs in the GNS
representation of the Fock state (5.2.113) from that in the Bohr state (5.2.112). The Fock state leads to a
representation (HF , πF ,ΩF ) of ALQC that is unitarily equivalent to the Schrödinger representation by von
Neumann’s uniqueness theorem, but this representation is reducible for Aλ0

LQC. In fact, we have a central
decomposition of the representation over the spectrum of W (0, πλ0

):

HF ∼=
∫
ϑ∈[0,2π)

Hϑ dϑ, πF ∼=
∫
ϑ∈[0,2π)

πϑdϑ. (5.3.11)

In comparison with (5.2.115), which reflects that πω0(W (0, πλ0
)) has only pure point spectrum, the spectrum

of πF (W (0, πλ0
)) is purely absolutely continuous, and the GNS vectors Ωϑ are its improper eigenvectors.

5.3.2. Central operators in ALQG

In the construction of ALQG, it is assumed that the structure group of the principal bundle P is a compact
Lie group G. By compactness, G is the finite extension of its (connected) identity component G0 by G/G0 ∼=
π0(G). On the other hand, it is well-known [Bröcker and tom Dieck, 1985] that G0 is isomorphic to the
quotient of the product of a n-torus U(1)n and a compact, connected, simply connected Lie group K by a
central, finite, Abelian subgroup A. Furthermore, K is isomorphic to a finite product of compact, connected,
simply connected, simple Lie groups.

G0 ∼= (K × U(1)n)/A (5.3.12)

Therefore, we will give separate discussions of the structure of ALQG in the two cases:

1. G ∼= U(1)n for some n ∈ N.

2. G ∼= K is compact, connected, simply connected and simple.

In the second case, we will also comment on the case G ∼= K/A, A ⊂ Z(G) & finite, i.e. π1(G) 6= {1}.

G ∼= U(1)n

If G ∼= U(1)n, we notice that the only non-trivial relation among the generators of ALQG is (cp. (5.2.98))

WS(tn)f = αλ∗1
2 tñ

(f)WS(tn). (5.3.13)
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Furthermore, the generators {τi}i=1,...,n ⊂ u(1)⊕n (u(1) := Lie(U(1)) = iR) can be treated independently,
because U(1)n is Abelian. Thus, it is sufficient to discuss the relation (5.3.13) for n = 1.

Since the C∗-algebra C(U(1)) is generated by the characters ( . )n : U(1) → C, g 7→ gn, let us consider
(5.3.13) for the spin (or charge) network functions

Tγ,~m(Ā) :=
∏

e∈E(γ)

g(e, Ā, {px}x∈Σ)me , γ ∈ Γsa
0 , Ā ∈ A , (5.3.14)

where ~m = (me)e∈E(γ) ∈ Z
|E(γ)|
6=0 :

WS(tn)Tγ,~m =

 ∏
e∈E(γS)

e
mSe

1
2 tε(e,S)ñ|pe(0)

Tγ,~mWS(tn). (5.3.15)

The labels {mS
e }e∈E(γS) are those defined by Tγ,~m for the adapted graph γS . This relation basically resembles

the commutation relations of Aλ0
LQC (cp. (5.2.109)), apart from the complication due to the intersection

properties of γ and S. Therefore, the centre ZLQG of ALQG is generated by elements WS(tn) with tñ|px =
4πi ∀x ∈ S. But by definition 5.2.24, this is only possible if S is closed and compact, as otherwise n ∈
Γ(Ad(P)) is not allowed to be constant on S. Examples of such closed and compact S are given by embedded
compact Riemann surfaces, e.g. S = S2 or T2. Thus, we have:

ZLQG = 〈WS(4πi)〉, S closed and compact. (5.3.16)

As in the previous subsection, we conclude that in any irreducible representation π of ALQG the generators
of ZLQG are represented by multiples of the identity, i.e.

π(WS(4πi)) = eiϑS , ϑS ∈ [0, 2π) ∀S closed and compact, (5.3.17)

which implies that any irreducible representation π = πϑ is labeled by family of “angles” ϑ := {ϑS}S , where
we set ϑS = 0 if S is not closed and compact.

If we define a type of (charged) automorphisms ρϑ,E(0) := {ρϑS ,E}S by

ρϑS ,E(0)(WS(tn)) :=

e
i

ϑS
4π vol

∗E(0)(i)
(S) t

∫
S
∗E(0)(n)

WS(tn) S closed and compact
WS(tn) otherwise

, (5.3.18)

for some E(0) ∈ Γ(TΣ⊗Ad∗(P)⊗ |Λ|1(Σ))7, we find a relation analogous to (5.3.6):

π0 = πϑ ◦ ρϑ,E(0) . (5.3.19)

Clearly, the AIL representation (5.2.101) is a representation with ϑ = {0}S , and is singled out by automor-
phism invariance or diffeomorphism and gauge invariance (cf. [Lewandowski et al., 2006,Fleischhack, 2009]).
The question, if this is the only representation with ϑ = {0}S , is more subtle, and will be discussed elsewhere.
Inspecting (5.3.18) more closely, we may even choose ϑS 6= 0 for arbitrary faces S, and set ϑS = ϑ0 ∀S

ρϑ0,E(0)(WS(tn)) := e
i

ϑ0
4π vol

∗E(0)(i)
(S) t

∫
S
∗E(0)(n)

WS(tn) ∀S, (5.3.20)

which would lead us to the Koslowski-Sahlmann representations πϑ0,E(0) = πω0 ◦ ρ−1
ϑ0,E(0) [Koslowski and

Sahlmann, 2011] (see below).

Following the discussion of the previous subsection, we can also ask, whether we can regard ALQG as the
7vol∗E(0)(i)(S) :=

∫
S ∗E

(0)(i) is the volume of S relative to the pairing of E(0) and the generator i of u(1), and serves as a
normalisation factor.
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fix-point algebra of a larger field algebra FLQG under the adjoint action of the generators of the centre ZLQG.
To this end, we exploit the similarity of (5.3.15) and (5.2.109):

First, we use the covering homomorphism π0 : R→ U(1), ϕ 7→ eiϕ, which coincides with the exponential map
exp : u(1)→ U(1), to lift the functions Fγl on U(1)|E(γl)| ∼= Hom(l, U(1)) to functions F̃γl := Fγl ◦π

×|E(γl)|
0 to

R|E(γ)| ∼= Hom(l,R). Clearly, the lifting is isometric w.r.t the sup-norm and compatible with the projective
structure of Hom(PΣ,R). Thus, we are allowed to consider F̃γl as defining a cylindrical function on the
latter via pl : Hom(PΣ,R) → Hom(l,R). This is possible, because the construction of A does not require
the compactness of G. Only the construction of the AIL measure requires a compact structure group.
Especially, we may lift the spin network functions T̃γ,~m, which form a subset of the Fourier network functions
on Hom(PΣ,R):

T̃γ,~β({ϕe}e∈E(γ)) :=
∏

e∈E(γ)

eiαeϕe , γ ∈ Γsa
0 ,
~β = (βe)e∈E(γ) ∈ R|E(γ)|

6=0 . (5.3.21)

Second, we note that the action of the Weyl elements WS(tn) on the cylindrical functions, which defines the
commutation relation (5.3.13), is compatible with lift through ξ0 : R→ U(1), as well.

(WS(tn) · F̃γSl )({ϕe}e∈E(γSl )) = F̃γSl ({ϕe − i
1
2 tε(e, S)ñ|pe(0)}e∈E(γSl )) (5.3.22)

= FγSl ({eiϕee
1
2 tε(e,S)ñ|pe(0)}e∈E(γSl )).

Third, we define the field algebra FLQG to be generated by the Fourier network functions T̃γ,~β and the Weyl
elements WS(tn) subject to the equivalent set of relations as in (5.2.98), but involving the lifted action
(5.3.22).

Remark 5.3.1:

The lifting of the structure group U(1) to R by the covering homomorphism π, requires on the classical level,
i.e. for the construction to be related to structures in principal G-bundles, the existence of a non-trivial
covering of the principal U(1)-bundle P by a principal R-bundle PR

PR

�

ξ
//

πR

��

P

π

��

Σ idΣ // Σ

PR

�

ξ
//

Rϕ

��

P

Rξ0(ϕ)

��

PR
ξ
// P

(5.3.23)

with a diagram of fibrations:

R

��

ξ0 // U(1)

��

Z

88

''
PR

ξ
//

πR ''

P
πwwΣ

(5.3.24)

By construction, the adjoint action of the generators of ZLQG on FLQG fixes the algebra ALQG
8, which we

infer from:

αSm(Tγ,~β) := WS(4πi)mT̃γ,~βWS(−4πi)m =

 ∏
e∈E(γS)

e2πiβSe ε(e,S)m

 T̃γ,~β , (5.3.25)

αSm(WS′(tn)) := WS(4πi)mWS′(tn)WS(−4πi)m = WS′(tn),

8Strictly speaking, it fixes an algebra containing the lift of ALQG in FLQG.
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where we defined Z-actions αS : Z → Aut(FLQG) (the “global” gauge group) for every closed, compact
face S. On the other hand, we get (charged) automorphisms by the adjoint action of the Fourier network
functions T̃γ,~β , ~β = (ϑe2π )e∈E(γ) ∈ [0, 1]|E(γ)| on ALQG:

ργ~β
(Tγ′,~m) := T̃γ,~βTγ′,~mT̃γ,−~β = Tγ′,~m, (5.3.26)

ργ~β
(WS(tn)) := T̃γ,~βWS(tn)T̃γ,−~β =

 ∏
e∈E(γS)

e
−βSe 1

2 tε(e,S)ñ|pe(0)

WS(tn).

On the generators of the centre ZLQG these automorphisms lead to

ργ~β
(WS(4πi)) := e−i

∑
e∈E(γS) ε(e,S)ϑSeWS(4πi) = e−iϑSWS(4πi), (5.3.27)

where we defined ϑS :=
∑
e∈E(γ) ε(e, S)ϑSe . Thus, we arrive at a second type of (charged) automorphisms

(cp. (5.3.18) & (5.3.20)) labeled by a graph γ ∈ Γsa
0 and an associated set of angles {ϑe}e∈E(γ). As in the

previous section, we have (cp. (5.3.9))

ρϑS ,E(0) ◦ αSm = αSm ◦ ρϑS ,E(0) , (5.3.28)

ργ~β
◦ αSm = αSm ◦ ρ

γ
~β
.

Similar to the discussion of ϑ-representations of Aλ0
LQC, the difference between representations of ALQG with

distinct labels {ϑS}S , which are regular w.r.t. the Weyl elements WS(tn), can be seen on the level of the
fluxes, e.g. in the GNS representation of ω0 (5.2.101):

Eϑ,E
(0)

S (n) = ES(n) + i
ϑ0

4π vol∗E(0)(i)(S)

∫
S

∗E(0)(n) (5.3.29)

Eγ,ϑS (n) = ES(n) + 1
4π

∑
e∈E(γS)

ε(e, S)ϑSe ñ|pe(0) .

Actually, this is the starting point for the construction of Koslowski-Sahlmann representations (see below).

G ∼= K is compact, connected, simply connected and simple

In this subsection, we assume that G ∼= K is a compact, connected, simply connected and simple Lie group,
which is the most important case for LQG, because in a version of the theory in the Ashtekar-Barbero
variables G = SU(2). A variant of LQG w.r.t. the new variables has G = Spin4 [Bodendorfer et al., 2013c],
which is compact, connected, simply connected and semi-simple, because Spin4

∼= SU(2)×SU(2) [Michelson
and Lawson Jr., 1989], and thus can be reduced to the simple case.

In view of the previous subsection, we have additional non-trivial relations among the generators of ALQG

(cp. (5.2.98)):

WS(tn)fWS(tn)−1 = WS(tn) · f = αλ∗1
2 tñ

(f) (5.3.30)

WS(tn)WS′(t′n′)WS(tn)−1WS′(t′n′)−1 = αλ∗1
2 tñ
◦ αλ∗1

2 t
′ñ′
◦ α−1

λ∗1
2 tñ
◦ α−1

λ∗1
2 t
′ñ′
.

As in the case of the Weyl algebra associated with a linear symplectic space (cp. (5.2.111)), the second
relation sets up a strong relation between the product of Weyl elements WS(tn) and the composition of the
maps αλ∗1

2 tñ
, and thus the group product of K. But, the relation leaves room for the existence of non-trivial

central elements.
To be more precise, the existence of the central elements is due to the relations (5.3.30) and the fact that
for a compact Lie group we can find 0 6= X ∈ k s.t. expK(X) = 1K , because there exist maximal tori in
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K. Moreover, since we assume K to be simple, it has a non-degenerate, negative definite (by compactness)
Killing form (X,Y )k := trgl(k)(adX ◦ adY ), which is Ad-invariant, i.e. AdK ⊂ SO(k). This implies, that all
elements in the adjoint orbit of X ∈ k, s.t. expK = 1K , are mapped to 1K :

expK(Adg(X)) = αg(expK(X)) = αg(1K) = 1K , ∀g ∈ K. (5.3.31)

In general, a similar observation can be made for all elements g ∈ Z(K), since then Stab(g) = K. But by
the first line of (5.3.30), only the cut locus exp−1

K ({1K}) of 1K in k will define central elements of ALQG:

ZLQG = 〈WS(tn)〉, 1
2 tñ|px = X ∈ exp−1

K ({1K}) for all reference points px, S closed and compact.

(5.3.32)

The restriction to closed and compact faces S is again necessary, because of the support properties of n. By
(5.3.31), the Ad-equivariance of ñ implies that 1

2 tñ|p ∈ exp−1
K ({1K}) ∀p ∈ P. In the case K = SU(2), we

have:

exp−1
K ({1K}) =

{
4π(~e · ~τ) | ~e ∈ S2 ⊂ R3, τi = − i2σi

}
, (5.3.33)

where {σi}i=1,2,3 are the Pauli matrices. As above, we conclude that ZLQG is non-trivial, and that in any
irreducible representation π the identities

π(WS(2X)) = eiϑS(2X), ϑS(2X) ∈ [0, 2π) ∀X ∈ exp−1
K ({1K}), S closed and compact, (5.3.34)

hold, with ϑS(2X + 2X ′) = ϑS(2X) + ϑS(2X ′) mod 2π if X = µX ′ for some µ ∈ R. Unfortunately, we
cannot define (charged) isomorphisms by the analog of (5.3.18), because we have non-trivial relations among
Weyl elements.

For example, since we have that K is simply connected, we know that Ad(P) is spin [Michelson and Lawson
Jr., 1989]. Therefore, we find that Ad(P|S) ∼= S × k [Michelson and Lawson Jr., 1989], which gives the
identification Γsa

0 (Ad(P|S)) ∼= Csa
0 (S, k). Now, we specialised to K = SU(2) choose two constant, orthonor-

malised functions f in ∈ Csa
0 (S, k), i = 1, 2, i.e. (f in, f jn)k = −δij and f in(x) = Xi ∈ k∀x ∈ S, and consider

the associated Weyl element WS(ni), i = 1, 2. By the second line of (5.3.30) and the Ad-equivariance of
ñi, i = 1, 2, we obtain

WS(4πn1)WS(−n2)WS(4πn1)−1WS(−n2)−1 = WS(2n2). (5.3.35)

On the level of the holonomy-flux algebra, the presence of non-trivial relations is exemplified by (5.2.100).
Clearly, an analogue of this construction works for G = Spin4 by the isomorphism Spin4 = SU(2)× SU(2).
We summarise this observation in the following proposition.

Proposition 5.3.2:

For G compact, connected and simply connected, assume that ∀X ∈ g∃gX : AdgX (X) = −X. Then, the
subgroup 〈W0〉 ⊂ 〈W 〉, generated by the Weyl elements

WS(tn), S closed and compact, n ∈ Γsa
0 (Ad(P|S)) constant w.r.t. some triv. of Ad(P|S), (5.3.36)

is perfect, i.e. 〈[〈W0〉, 〈W0〉]〉 = 〈W0〉.

Proof:

From the simply connectedness of G, we deduce the triviality of Ad(P|S) ∼= S×g, as above. Thus, WS(tn) ∈
〈W0〉 is determined by a constant function fn : S → g. By assumption, we are allowed to choose an element
gn ∈ G, s.t. Adgn(fn) = −fn, and by compactness and connectedness of G, we find 0 6= Xn ∈ g, s.t.
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expG(Xn) = gn. If we define a constant section sn ∈ Γsa
0 (Ad(P|S)) by S 3 x 7→ Xn ∈ g, we have

WS(sn)WS(− 1
2 tn)WS(sn)−1WS(− 1

2 tn)−1 = WS(tn). (5.3.37)

This implies the proposition.

Corollary 5.3.3:

By proposition 5.3.2, representations π of ALQG with ϑS 6= 0, for some closed and compact S, cannot be
induced by character automorphisms

ρχ(WS(tn)) := χ(WS(tn))WS(tn) (5.3.38)

of the Weyl group 〈W 〉, where χ : 〈W 〉 → U(1) is a character.

Proof:

The generators of the centre ZLQG are contained in the subgroup 〈W0〉, which is perfect. Therefore, the
restriction χ|〈W0〉 is trivial.

Remark 5.3.4:

The proof of the proposition 5.3.2 clearly fails in this form for G = SU(2), if we remove the condition that n
is constant. To see this, choose S ∼= S2 subordinate to a coordinate chart of Σ, and define n : S2 → g ∼= R3 to
be the (outward) unit normal vector field on S2. This implies that n⊥|x ∼= TxS

2. But, TS2 admits no nowhere
vanishing, continuous section m : S2 → TS2, since the Euler characteristic is positive, χ(S2) = 2 [Steenrod,
1951].

A similar result can formulated for the algebra of flux vector fields 〈XFlux〉 (cp. (5.2.100)).

Proposition 5.3.5:

Assume that g is perfect, which will be the case, if g is simple or semi-simple, i.e. [g, g] = g. Then, the
subalgebra 〈XFlux,0〉 ⊂ 〈XFlux〉 generated by the elements

En(S), S closed and compact, n ∈ Γsa
0 (Ad(P|S)) constant w.r.t. some triv. of Ad(P|S), (5.3.39)

is perfect, i.e. 〈[〈XFlux,0〉, 〈XFlux,0〉]〉 = 〈XFlux,0〉.

Proof:

This follows immediately from equation (5.2.100) and the perfectness of g.

Remark 5.3.6:

The subalgebra 〈XFlux,0〉 and subgroup 〈W0〉 also exist in the Abelian case, where they admit a natural,
heuristic interpretation in terms of Gauß’ law. Formally, we have WS(tn) = etEn(S), and for S closed and
compact, n ∈ Γsa

0 (Ad(P|S)) constant, we find from the (classical) formula (5.2.79) and the Gauß’ theorem:∫
V

(divTΣ(E))(n) =
∫
S

∗E(n), ∂V = S, (5.3.40)

where n is extended constantly to the region V bounded by S, and the adjoint bundle is assumed to
trivialise over V , i.e. Ad(P|V ) ∼= V × g. Thus, 〈XFlux,0〉 and subgroup 〈W0〉 are quantisations of the
smeared Gauß’ constraints (divTΣ(E))n(V ) :=

∫
V

(divTΣ(E))(n), and can serve as implementers of the
gauge transformations generated by n ∈ Γ(Ad(P|V )), n = constant. This justifies the terminology “global”
gauge group for the Z-automorphisms αS defined by the adjoint action of the centre ZLQG on the field
algebra FLQG:

ZLQG ⊂ G LQG = 〈W0〉 = αG sa,0
P
. (5.3.41)
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The relations (5.3.28) generalize accordingly

ρϑS ,E(0) ◦ αWS(n) = αWS(n) ◦ ρϑS ,E(0) , (5.3.42)

ργ~β
◦ αWS(n) = αWS(n) ◦ ργ~β ,

and we conclude that the charged automorphisms are spontaneously broken w.r.t. gauge invariant, pure
states ω.

An interpretation along these lines is not available in the non-Abelian setting, because the Gauß’ law is given
by the vanishing of the smeared horizontal (or covariant) divergences:∫

V

(divATΣ(E))(n) = −
∫
V

Ẽ(dAñ) = 0, (A, Ẽ) ∈ |Λ|1T ∗AP, (5.3.43)

which spoils the applicability of the Gauß’ theorem. Here, Ẽ(dAñ) denotes the projection of the right
invariant density Ẽ(dAñ) on P to Σ (cp. (5.2.29)).

Corollary 5.3.7:

There are no representations π of PLQG satisfying

π(En(S)) = πω0(En(S)) + cn(S) · 1Hω0
, cn(S) ∈ C, (5.3.44)

with cn(S) 6= 0 for closed and compact S, n ∈ Γsa
0 (Ad(P|S)) constant w.r.t. some triv. of Ad(P|S). ω0 is the

AIL state (5.2.101)

Proof:

Let En(S) ∈ 〈XFlux,0〉. Then, we have by proposition 5.3.5 and (5.2.100):

π(En(S)) = π([En′ , [En′′(S), En′′′(S)]]) (5.3.45)

= [π(En′(S)), [π(En′′(S)), π(En′′′(S))]]

= [πω0(En′(S)), [πω0(En′′(S)), πω0(En′′′(S))]]

= πω0([En′(S), [En′′(S), En′′′(S)]])

= πω0(En(S)),

where we chose n′, n′′, n′′′, s.t. [n′, [n′′, n′′′]] = n by the perfectness of g. Thus, cn(S) = 0.

Applying the same reasoning to general En(S) ∈ 〈X〉, we conclude, that for arbitrary faces S, we are forced
to set cn(S) = 0 ∀ n ∈ Γsa

0 (Ad(P|S)), s.t. ñ ∈ [Gsa,0
P|S , [G

sa,0
P|S ,G

sa,0
P|S ]], where Gsa,0

P|S denotes the semi-analytic,
compactly supported gauge algebra of P|S (see definition 5.2.9).

Finally, we want to consider the case G ∼= K/A, for some Abelian, finite group A ⊂ Z(K). With minor
modifications, similar results holds for semi-simple K, e.g. Spin4. In the same way, as in the discussion of
G = U(1), we use the covering homomorphism ξA : K → G to construct a lift of the algebra ALQG to an
extended algebra FLQG. Because G is compact, the spin network functions of G,

Tγ,~π,~m,~n(Ā) :=
∏

e∈E(γ)

√
dim(πe)πe(g(e, Ā, {px}x∈Σ))me,ne , (5.3.46)

generate the algebra CylG by the Peter-Weyl theorem, where we introduced the notation CylG to indicate
the Lie group the cylindrical functions are based on. Here, we denote by πe( . )me,ne , e ∈ E(γ), a matrix
entry of a non-trivial, unitary, irreducible representation of G. Therefore, we only need to define the lifts of
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these functions and the Weyl elements. The lift of a spin network function is defined via pullback:

T̃γ,~π,~m,~n({ge}e∈E(γ)) :=
∏

e∈E(γ)

√
dim(πe)πe(ξA(ke))me,ne , {ke}e∈E(γ) ∈ K |E(γ)|, (5.3.47)

which embeds these function, isometrically w.r.t. sup-norm, into the spin network functions of K, and is
compatible with the projective structure of Hom(PΣ,K):

T̃γ,~η,~i,~j({ke}e∈E(γ)) :=
∏

e∈E(γ)

√
dim(ηe)ηe(ke)ie,je , {[ηe]}e∈E(γ) ∈ (K̂ \ {[ηtriv]})|E(γ)|, {ke}e∈E(γ) ∈ K |E(γ)|.

(5.3.48)

The naturalness of the exponential maps, expG ◦ dξA|1K = ξA ◦ expK , and the fact that dξA|1K : k→ g is an
isomorphism, gives rise to a compatible action of the Weyl elements:

(WS(tn) · T̃γS ,~π,~m,~n)({ke}e∈E(γS)) = T̃γS ,~π,~m,~n({ke expK(1
2 tε(e, S)(dξA|1K )−1(ñ|pe(0)))}e∈E(γS)) (5.3.49)

= TγS ,~π,~m,~n({ξA(ke) expG(1
2 tε(e, S)ñ|pe(0))}e∈E(γS)).

This action respects the Ad-equivariance of ñ, because Adk = (dξA|1K )−1 ◦ AdξA(g) ◦ dξA|1K , k ∈ K. The
field algebra FLQG is defined as the algebra generated by the cylindrical functions on Hom(PΣ,K) and the
Weyl elements of ALQG subject to the relations (5.2.98) and the compatible action (5.3.49).

In view of remark 5.3.1, the construction requires on the level of the principal G-bundle P the existence of
a non-trivial covering

PK
�

ξ
//

πK

��

P

π

��

Σ idΣ // Σ

PK
�

ξ
//

Rk

��

P

RξA(k)

��

PK
ξ
// P

(5.3.50)

with a diagram of fibrations:

K

��

ξA // G

��

A

77

''
PK

ξ
//

πK ''

P
πxxΣ

(5.3.51)

The fact that Ad : K → Aut(K) descends to the central quotient G ∼= K/A, since ker(Ad) = Z(K), implies
the equivalence of the adjoint bundles of P and PK :

Ad(P) ∼= Ad(PK). (5.3.52)

Thus, we can regard the field algebra FLQG as the a Weyl algebra of PK . The algebra ALQG embeds into
FLQG via the lifting procedure, and its image is contained in fix-point algebra under the adjoint action of
the generators of ZLQG, i.e. WS(tn), 1

2 tñ = X ∈ exp−1
G ({1G}), S closed and compact:

αSm(Tγ,~η,~i,~j) := WS(tn)mT̃γ,~η,~i,~jWS(−tn)m = WS(tn)m · T̃γ,~η,~i,~j , (5.3.53)

αSm(WS′(t′n′)) := WS(tn)mWS′(t′n′)WS(−tn)m = WS′(t′n′), WS(tn) ∈ ZLQG, m ∈ Z.

In fact, the first line of (5.3.53) is trivial for those irreducible representations ηe, e ∈ E(γ), of K that
are trivial on A, which are precisely the irreducible representation of G. Moreover, the algebra FLQG is
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not equal to the fix-point algebra, which can be seen by considering the action (5.3.53) on spin network
functions T̃e,ηe,ie,je defined on single edges e ∈PΣ. The actions of the gauge transformations G sa

PK and G sa
P

are compatible with the covering, as we will show next.
Lemma 5.3.8:

Given a bundle covering ξ : PK → P as in (5.3.50) & (5.3.51), every λK ∈ G sa
PK induces a (λK)G ∈ G sa

P by

(λK)G(p) := ξ(λK(q)) (5.3.54)

for some q ∈ PK , s.t. ξ(q) = p. The map ( . )G : G sa
PK → G sa

P is a homomorphism.
Proof:

Clearly, (5.3.54) is well-defined: If q′ ∈ PK is another element, s.t. ξ(q′) = p, we know by (5.3.51) that
q′ = qa, a ∈ A. This implies:

ξ(λK(q′)) = ξ(λK(qa)) (5.3.55)

= ξ(λK(q)a)

= ξ(λK(q))ξA(a)

= ξ(λK(q)).

Semi-analyticity follows from the semi-analyticity of the involved maps, and we have (λK)−1
G = (λ−1

K )G, (λK◦
λ′K)G = (λK)G ◦ (λ′K)G. Now, we only need to verify that (λK)G is a right equivariant bundle map covering
the identity.

π((λK)G(p)) = π(ξ(λK(q))) (5.3.56)

= πK(λK(q))

= πK(q)

= π(ξ(q))

= π(p), q ∈ PK : ξ(q) = p

(λK)G(pg) = ξ(λK(qk)) (5.3.57)

= ξ(λK(q))ξA(k)

= (λK)G(p)g, q ∈ PK : ξ(q) = p, k ∈ K : ξA(k) = g.

The lemma tells us that the action of G sa
PK on ALQG ⊂ FLQG descends to the action of induced gauge

transformations in G sa
P . If we assume that PK and P are path-connected, we may conclude that ( . )G :

G sa
PK → G sa

P is onto.

Proposition 5.3.9 (Lifting of gauge transformations):

Assume that PK and P are path-connected. Given λG ∈ G sa
P and two points q, q′ ∈ PK , s.t. λG(ξ(q)) = ξ(q′),

there exist a unique lift λ̃G ∈ G sa
PK , s.t. λG ◦ ξ = ξ ◦ λ̃G and λ̃G(q) = q′. The diagram of pointed spaces is

(PK , q′)

ξ

��

(PK , q)

λ̃G

99

λG◦ξ
// (P, p)

(5.3.58)

Proof:

Form the assumptions, we deduce the existence of a lift λ̃G ∈ Diffsa((PK , q), (PK , q′)) by the lifting theorem
for covering spaces [Bredon, 1993], which applies, because [λG ◦ ξ](π1(PK , q)) = [ξ](π1(PK , q′)) since λG is
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a diffeomorphisms. That λ̃G covers the identity, is evident from the definition of the lift:

πK ◦ λ̃G = π ◦ ξ ◦ λ̃G (5.3.59)

= π ◦ λG ◦ ξ

= π ◦ ξ

= πK .

Finally, we need to check that λ̃G is right equivariant. We know that ∀ k ∈ K : Rk ◦ λ̃G and λ̃G ◦Rk are lifts
of λG ◦ RξA(k) by the equivariance of λG. Furthermore, we find Rk(λ̃G(q)) = q′k and λ̃G(Rk(q)) = q′ka(q)
for some continuous a : PK → A. But, A is discrete by assumption, which implies ∀ q ∈ PK : a(q) = a0 ∈ A.
Thus, we have ∀k ∈ K : λ̃G ◦Rk = Ra0 ◦Rk ◦ λ̃G, which leads to a0 = 1K for k = 1K and the free action of
K on PK .

A similar reasoning applies to the actions of the automorphisms Autsa(PK) and Autsa(P).

Candidates for (charged) automorphisms of ALQG can be defined by unitary cylindrical function f on
Hom(PΣ,K) that do not descend through A, i.e. f = p∗l fl ∈ CylK s.t. flf̄l = 1 and fl does not de-
fine a function on G|E(γl)|:

ρf (Tγ,~π,~m,~n) := f Tγ,~π,~m,~n f
∗ = Tγ,~π,~m,~n, (5.3.60)

ρf (WS(tn)) := f WS(tn) f∗ = f(WS(tn) · f∗)WS(tn).

Two examples of such functions are:

f<
γ,~η,~i,~j

:= ei<(Tγ,~η,~i,~j), (5.3.61)

f=
γ,~η,~i,~j

:= ei=(Tγ,~η,~i,~j),

for irreducible representations ηe, e ∈ E(γ), of K that do not reduce to G. To arrive at a true automorphism
of ALQG, we need to ensure that ∀ WS(tn) : f(WS(tn) · f∗) gives a cylindrical function on Hom(PΣ, G).
We call functions f ∈ CylK satisfying these requirements (K,A)-admissible, and denote them by U(CylK)A.
Examples of (K,A)-admissible functions could be generated from 1-dimensional, unitary representations
χ : K → T, s.t. χ|A 6= 1. But, unfortunately compact, connected, semi-simple Lie groups are (topologically)
perfect, and thus do not posses non-trivial 1-dimensional, unitary representations [Gotô, 1949]. Therefore it
seems possible that there are no (K,A)-admissible functions, i.e. U(CylK)A = ∅. Nevertheless, we observe
that U(CylK)A is preserved by gauge transformations and automorphisms (see lemma 5.3.8).

Thus, we conclude the section with the observation that for structure groups G admitting non-trivial cov-
erings ξ : K → G, together with a bundle covering (5.3.50) & (5.3.51), we can construct an embedding of
algebras ALQG ⊂ FLQG, which allows to construct candidates for (charged) automorphisms ρf , f ∈ CylK as
in (5.3.60). If we find among the latter a true automorphism of ALQG that acts non-trivially on the centre
ZLQG, we will obtain a new irreducible representations of ALQG from the state (cp. (5.2.101)):

ωf := ω0 ◦ ρf . (5.3.62)

Let us also shortly comment on the issue of gauge and automorphism invariance of the state ωf . From the
invariance of ω0, we find:

ωf ◦ αλ = ωαλ−1 (f) (5.3.63)

ωf ◦ αφ = ωαφ−1 (f), λ ∈ G sa
PK , φ ∈ Diffsa(Σ).
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Thus, gauge invariance could be achieved by the additional requirement αλ(f) = f ∀λ ∈ G sa
PK , although it is

not obvious that this condition can be satisfied non-trivially in combination with the additional constraints
on f . Requiring automorphism invariance poses a much more severe constraint, because the analogous
requirement αχ(f) = f ∀χ ∈ Autsa(P) can probably not be satisfied non-trivially [Mourão et al., 1999], i.e.
it leads to f ≡ 1.

In general, we could follow the same strategy as in [Koslowski and Sahlmann, 2011] to obtain a unitary
implementation of the gauge transformations and automorphisms in a representation constructed from states
of the form (5.3.62). That is, we make use of the AIL representation (Hω0 , πω0 ,Ωω0) of the field algebra
FLQG, w.r.t. which the (charged) automorphisms ρf , f ∈ U(CylK)A, of ALQG are unitarily implemented,
because they are inner automorphisms of FLQG. Therefore, we find ALQG-invariant subspaces

Hf := πω0(f∗)(πω0(ALQG)Ωω0), πf := πω0|Hf . (5.3.64)

The implementers of the gauge transformations and automorphisms U(λ), λ ∈ G sa
PK , and U(χ), χ ∈

Autsa(PK) map these subspaces into each other according to (5.3.63):

U(λ)Hf = U(λ)πω0(f∗)(πω0(ALQG)Ωω0) (5.3.65)

= πω0(αλ(f∗))(πω0(αλ(ALQG))Ωω0)

= πω0(αλ(f)∗)(πω0(ALQG)Ωω0)

= Hαλ(f)

U(χ)Hf = U(χ)πω0(f∗)(πω0(ALQG)Ωω0)

= πω0(αχ(f∗))(πω0(αχ(ALQG))Ωω0)

= πω0(αχ(f)∗)(πω0(ALQG)Ωω0)

= Hαχ(f) .

If we denote by [f ] the equivalence class of f ∈ U(CylK)A under the actions of G sa
PK and Autsa(PK), we can

form the direct sum

H[f ] :=
⊕
f ′∈[f ]

Hf ′ , π[f ] :=
⊕
f ′∈[f ]

πf ′ . (5.3.66)

This gives us a (reducible) representation of ALQG with a unitary implementation of G sa
PK and Autsa(PK).

On it, we can apply the usual group averaging procedure to obtain gauge or automorphism invariant spaces
(HG ), (H)Aut (cf. [Ashtekar and Lewandowski, 1997,Thiemann, 2008]).

5.4. The Koslowski-Sahlmann representations

Now, we turn to the discussion of the Koslowski-Sahlmann representations, mainly for non-Abelian structure
group G, [Koslowski and Sahlmann, 2011] in view of the results of the previous section. The discussion will
be split into two parts related to a similar division in [Koslowski and Sahlmann, 2011]:

1. “Central extensions” of holonomy-flux algebras an non-degenerate backgrounds,

2. Weyl forms of the holonomy-flux algebra and non-degenerate backgrounds.

5.4.1. “Central extensions” of holonomy-flux algebras and non-degenerate
backgrounds

The holonomy-flux algebras considered in [Koslowski and Sahlmann, 2011] are essentially of the form,
we defined in subsection 5.2.2 (see 5.2.28). That is, the algebras are generated by elements f ∈ Cyl∞,
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Yn(S), S a face, n ∈ Γsa
0 (Ad(P|S)) together with the commutation relation

[Yn(S), f ] = En(S) · f, [f, f ′] = 0 (5.4.1)

and the reality and linearity conditions

f∗ = f̄ , Yn(S)∗ = −Yn(S), Yn+n′(S) = Yn(S) + Yn′(S). (5.4.2)

But, in contrast to definition 5.2.28, the higher commutation relations for the elements Yn(S) are not
specified, but only required to satisfy the Jacobi identity, i.e.

[[Yn(S), Yn′(S′)], f ] = [Yn(S), [Yn′(S′), f ]]− [Yn′(S′), [Yn(S), f ]] (5.4.3)

= [En(S), En′(S)]X(A ) · f,

and similar higher order relations. While, in the case of an Abelian structure group, e.g. G = U(1), this poses
no specific constraints9 on the algebraic relations for the elements Yn(S) to make the Koslowski-Sahlmann
representations well-defined, this is not the case for a non-Abelian structure group, e.g. G = SU(2). In the
latter case, we find (cp. (5.2.100)):

[[Yn(S), [Yn′(S), Yn′′(S)]], f ] = [En(S), [En′(S), En′′(S)]X(A )]X(A ) · f (5.4.4)

= 1
4E[n,[n′,n′′]](S) · f

= 1
4[Y[n,[n′,n′′]](S), f ].

Thus, we are forced to require the additional relation

[Yn(S), [Yn′(S), Yn′′(S)]] = 1
4Y[n,[n′,n′′]](S) + c[n,[n′,n′′]](S), (5.4.5)

where c[n,[n′,n′′]](S) is an element of the algebra that commutes with the subalgebra Cyl∞. If we additionally
assume that c[n,[n′,n′′]](S) commutes with the generators Ym(S), the Jacobi identity will give us a “co-cycle
condition”:

c[n,[n′,n′′]](S) + c[n′,[n′′,n]](S) + c[n′′,[n,n′]](S) = 0. (5.4.6)

Clearly, c[n,[n′,n′′]](S) also needs to satisfy linearity conditions related to (5.4.2), as well. Having said this,
we return to the Koslowski-Sahlmann representations, which are proposed to be defined by an E(0) ∈
Γ(TΣ⊗Ad∗(P)⊗ |Λ|1(Σ)):

πE(0)(Yn(S)) := πω0(En(S)) + i

∫
S

∗E(0)(n) · 1Hω0
, (5.4.7)

πE(0)(f) := πω0(f),

w.r.t. to the AIL representation (πω0 ,Hω0 ,Ωω0). A similar construction applies in the temporal gauge
to algebraic formulation of quantum electrodynamics [Löffelholz et al., 2003]. The interpretation of these
representation is obtained from the consideration of the limit

lim
R→∞

(ω0 ◦ ρE(0))(WSR(n)) = eiθ(n) (5.4.8)

9Although, we are allowed to consider modifications, e.g. a central extension [Yn(S), Yn′ (S′)] = c[n,n′](S, S′).
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in the Abelian case (cp. (5.3.18)) for Σ = R3, where we chose SR = S2
R, n = n(ϑ, ϕ), (ñ, ñ)g =

1, E(0)
|S2(r, ϑ, ϕ) ∼ θ(ϑ,ϕ)

r2 . Thus, the choice of E(0) affects the asymptotic flux configuration (cp. [Buch-
holz, 1982]).

We will analyse the Koslowski-Sahlmann representations of the holonomy-flux algebras, in the above sense,
from two different, though related, points of view. First, we will argue that the Koslowski-Sahlmann repre-
sentations require a modification of the commutation relations by a non-trivial “central term”, if we want the
Yn(S) to correspond to the fluxes En(S). Second, we will show, that we can interpret the Yn(S) as shifted
fluxes En(S) + i

∫
S
∗E(0)(n), which leads to the conclusion that the Koslowski-Sahlmann representations are

the AIL representations w.r.t. the shifted fluxes. The two points are related by the observation that the
shift transformation

ρE(0) : En(S) 7→ En(S) + i

∫
S

∗E(0)(n) (5.4.9)

is not a *-automorphism of PLQG but only an affine transformation. Thus, in contrast to section 5.3 the
charged transformations ρE(0) are already broken on the level of the algebra PLQG, and not on the level of
a state or representation.

As we discussed in subsection 5.3.2, the Koslowski-Sahlmann representations can be understood in terms of
charged automorphisms of the Weyl algebra ALQG (c ≡ 0) in the Abelian case (cp. (5.3.20) & (5.3.29)). In
the non-Abelian setting, the question, whether (5.4.7) defines representations of a holonomy-flux algebra is
more subtle, because of (5.4.5):

πE(0)([Yn(S), [Yn′(S), Yn′′(S)]]) = [πE(0)(Yn(S), )[πE(0)(Yn′(S)), πE(0)(Yn′′(S))]] (5.4.10)

= πω0([En(S), [En′(S), En′′(S)]X(A )]X(A ))

= 1
4πω0(E[n,[n′,n′′]](S)),

πE(0)([Yn(S), [Yn′(S), Yn′′(S)]]) = πE(0)(Y[n,[n′,n′′]](S)) + πE(0)(c[n,[n′,n′′]](S)) (5.4.11)

= 1
4πω0(E[n,[n′,n′′]](S)) + i

4

∫
S

∗E(0)([n, [n′, n′′]]) · 1Hω0
+ πE(0)(c[n,[n′,n′′]](S)).

Therefore, we find, that the Koslowski-Sahlmann representations require the presence of a non-trivial “central
term” in the higher commutation relations (cp. corollary 5.3.7):

πE(0)(c[n,[n′,n′′]](S)) = − i4

∫
S

∗E(0)([n, [n′, n′′]]) · 1Hω0
. (5.4.12)

This relation could be easily satisfied by

cE
(0)

[n,[n′,n′′]](S) = − i4

∫
S

∗E(0)([n, [n′, n′′]]) · 1, πE(0)(c[n,[n′,n′′]](S)) = πω0(cE
(0)

[n,[n′,n′′]](S)), (5.4.13)

which satisfies the “co-cycle condition” due to the linearity of the integral and the Jacobi identity of [ . , . ] :
g× g→ g. But, we would still have to check that there is compatible definition for [Yn(S), Yn′(S)], and that
there are no other higher order relations in conflict with it. Moreover, we have to extend the actions of the
gauge transformation G sa

P and automorphisms Autsa(P) to account for the “central term”.

αλ(c[n,[n′,n′′]](S)) := cλ.[n,[n′,n′′]](S) (5.4.14)

αχ(c[n,[n′,n′′]](S)) := cχ∗[n,[n′,n′′]](φ−1
χ (S)), λ ∈ G sa

P , χ ∈ Autsa(P),

where we assumed that the actions are natural w.r.t. to the generators Yn(S), i.e. identical to those on the
flux vector fields En(S) (see definition 5.2.29). Unfortunately, this leads to the conclusion that (5.4.13) and
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(5.4.14) are incompatible, i.e. the “central term” cannot be proportional to the unit element. Moreover, the
unitary implementers of the gauge transformations and automorphisms in the AIL representation are not
compatible with the choice (5.4.12), and an extension like (5.4.14) for generic E(0):

πE(0)(αλ(c[n,[n′,n′′]](S))) = − i4

∫
S

∗E(0)(λ . [n, [n′, n′′]]) · 1Hω0
(5.4.15)

= − i4

∫
S

∗(λ . E(0))([n, [n′, n′′]]) · 1Hω0

6= Uω0(λ)
(
− i4

∫
S

∗E(0)([n, [n′, n′′]]) · 1Hω0

)
Uω0(λ)∗

= Uω0(λ)πE(0)(c[n,[n′,n′′]](S))Uω0(λ)∗.

πE(0)(αχ(c[n,[n′,n′′]](S))) = − i4

∫
φ−1
χ (S)

∗E(0)(χ∗[n, [n′, n′′]]) · 1Hω0
(5.4.16)

= − i4

∫
S

∗(χ∗E(0))([n, [n′, n′′]]) · 1Hω0

6= Uω0(χ)
(
− i4

∫
S

∗E(0)([n, [n′, n′′]]) · 1Hω0

)
Uω0(χ)∗

= Uω0(χ)πE(0)(c[n,[n′,n′′]](S))Uω0(χ)∗.

The latter issue can be fixed in the same way a proposed in [Koslowski and Sahlmann, 2011], i.e. the unitary
implementers intertwine between representations with different background.

πE(0)(αλ(Yn(S))) = Uω0(λ)πλ∗E(0)(Yn(S))Uω0(λ)∗, (5.4.17)

πE(0)(αλ(c[n,[n′,n′′]](S))) = Uω0(λ)πλ∗E(0)(c[n,[n′,n′′]](S))Uω0(λ)∗,

πE(0)(αχ(Yn(S))) = Uω0(χ)πχ∗E(0)(Yn(S))Uω0(χ)∗, (5.4.18)

πE(0)(αχ(c[n,[n′,n′′]](S))) = Uω0(χ)πχ∗E(0)(c[n,[n′,n′′]](S))Uω0(χ)∗.

The second way of thinking about the Koslowski-Sahlmann representations, which is more along the lines of
section 5.3, is offered by the following observation:

There is a shift transformation of the holonomy-flux algebra PLQG defined by:

ρE(0)(En(S)) := En(S) + i

∫
S

E(0)(n) · 1, (5.4.19)

ρE(0)(f) := f.

It resembles the (classical) moment map problem, i.e. the association of a phase space function with a Hamil-
tonian vector field is only unique up to constant terms. By the same argument as before, this transformation
is not a *-automorphism of the holonomy-flux algebra PLQG, but only an affine transformation:

ρE(0)([En(S), [En′(S), En′′(S)]]) 6= [ρE(0)(En(S)), [ρE(0)(En′(S)), ρE(0)(En′′(S))]], (5.4.20)

and we will be forced to introduce “central” elements as above, if we want it to be a *-isomorphism. Thus,
the shift transformations ρE(0) can be considered as charged transformations that are already broken on
the level of the algebra PLQG. The Koslowski-Sahlmann representations arise by the identification Yn(S) =
ρE(0)(En(S)) and the use of the AIL representation (πω0 ,Hω0 ,Ωω0). In terms of an algebraic state ω, we
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have:

ω(fYn1(S1)...Ynj (Sj)) =

µ0(f)
(
i
∫
S1
E(0)(n1)

)
...
(
i
∫
Sj
E(0)(nj)

)
if {1, .., j} = ∅

0 else
, (5.4.21)

for every f ∈ Cyl∞, Yn1(S1)...Ynj (Sj) ∈ XFlux.

Let us summarise our findings in this subsection:

1. The Koslowski-Sahlmann representations require, at least, the modification of the commutation re-
lations of the standard holonomy-flux algebra (see definition 5.2.28) by a “central term” (5.4.5) to
be well-defined (cp. corollary 5.3.7) w.r.t. the identification Yn(S) = En(S). But, it is so far un-
clear, whether the addition of a “central term” suffices to satisfy all relation imposed by higher order
commutators.

2. If the extension exists, and the “central term” commutes with the generators Yn(S), it has to satisfy
the “co-cycle condition” (5.4.6). The actions of the gauge transformations and automorphisms have
to be modified to account for the presence of the “central term”. If the gauge transformations and
automorphisms are supposed to act naturally on the generators Yn(S), i.e. the actions are identical
to those on the flux vector fields En(S), the standard unitary implementers of both groups of trans-
formations in the Koslowski-Sahlmann representations do not implement the modified actions, but
intertwine between different backgrounds.

3. The Koslowski-Sahlmann representations can be viewed as an instance of the AIL representation after
shifting the generators of PLQG by ρE(0) . But, the shift transformation is not a *-automorphism, and
thus broken on the level of the algebra.

4. An important difference between the first and the second point of view is the relation to gauge and
automorphism invariance, because the second perspective does not allow to treat different choices of
E(0) as representations of the same generators, i.e. ρE(0)(En(S)) 6= ρE′(0)(En(S)) for generic E(0) 6=
E′(0). Although, the various generators are realised in the AIL representation, there is only the standard
vacuum Ωω0 . Thus, a treatment along the lines of [Koslowski and Sahlmann, 2011] requires the first
attitude towards the Koslowski-Sahlmann representations.

5.4.2. Weyl form of the holonomy-flux algebras and non-degenerate
backgrounds

Regarding the Weyl form of the holonomy-flux algebra in relation to non-degenerate backgrounds, we will
only comment on the version defined by Fleischhack in [Fleischhack, 2009]. Koslowski and Sahlmann also
consider a different version generated by “exponentials of area operators”, which we will not discuss in this
work (cf. [Koslowski and Sahlmann, 2011]).

The C∗-Weyl algebra defined by Fleischhack is similar to the concrete realisation of the algebra ALQG for
G = SU(2) via the AIL representation, i.e.

πω0(ALQG)
|| . ||B(Hω0 ) ⊂ B(Hω0). (5.4.22)

Especially, both algebras contain the perfect subgroup of Weyl elements πω0(〈W0〉) (see proposition 5.3.2).
Thus, by corollary 5.3.3, there is a severe constraint on the definition of new representations via character
automorphisms (5.3.38) as suggested in [Koslowski and Sahlmann, 2011]. This observation is in accordance
with the result of the previous subsection that the Koslowski-Sahlmann representations for holonomy-flux
algebras cannot be defined for the algebra PLQG. Therefore, it appears to be necessary to look for Weyl
forms of the (possibly) modified holonomy-flux algebras proposed above. On the other hand, there is the
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second possibility, in analogy with the preceding discussion, to consider the representation of Weyl form
ALQG defined by the state

ω0(fVS1(n1)...VSj (nj)) = µ0(f) ei
∫
S1
∗E(0)(n1) · ... · ei

∫
Sj
∗E(0)(nj)

, ∀f ∈ Cyl, VS1(n1)...VSj (nj) ∈ ALQG

(5.4.23)

w.r.t. the shifted generators Vn(S) := ei
∫
S
∗E(0)(n)Wn(S). The GNS representation realises the Koslowski-

Sahlmann representation with E(0) for ALQG:

πω(Vn(S)) = ei
∫
S
∗E(0)(n)πω0(Wn(S)) (5.4.24)

πω(f) = πω0(f),

but again the shift transformation Wn(S) 7→ Vn(S) is not a *-automorphism of ALQG.

5.5. Chiral symmetry breaking and θ-vacua in loop quantum
gravity

In the last section of this chapter, we would like to present another application of the relation between
central operators and representation theory (see section 5.3), and outline a setup for the discussion of chiral
symmetry breaking and occurrence of θ-vacua in the framework of LQG. This setup is inspired by and
strongly resembles a discussion of these topics in the setting of algebraic quantum field theory, which was
given by Morchio and Strocchi in [Morchio and Strocchi, 2009] (see also [Jackiw, 1985] for the original account
on the ideas involving the topology of the gauge group without the use of semi-classical approximations).

Let us briefly, recall the problem of chiral symmetry breaking and the θ-vacuum structure in quantum field
theory. If we consider a field theory on Minkowski space M in the temporal gauge given in terms of gauge
field variables (A,E) chirally coupled to fermion field variables (Ψ, Ψ̄) (notably the standard model), we will
have a chiral symmetry associated with the transformation

ρζ(Ψ) := eζγ5Ψ, ρζ(A) := A (5.5.1)

ρζ(Ψ̄) := Ψ̄eζγ5 , ρζ(E) := E,

where γ∗5 = −γ5. If this symmetry were preserved in the quantisation of the field theory, we would expect the
presence of associated parity doublets. In the case of the standard model, such parity doublets are missing,
and the chiral symmetry is said to be broken. Since the standard model is also missing Goldstone bosons
related to breaking of the chiral symmetry, we arrive at the so-called axial U(1)-problem [Weinberg, 1975],
the solution of which is argued to be the chiral anomaly and its relation to the large gauge transformations
[t’Hooft, 1976, Jackiw, 1985] in standard treatments. The arguments goes, loosely speaking, as follows
[Jackiw, 1985]:

The regularised expression for the symmetry generating axial current j5
µ = iΨ̄γ5γµΨ acquires the famous

gauge dependent axial anomaly, which is crucial for the theoretical explanation of the π0 → γγ decay:

∂µj5
µ = −2P = −2∂µCµ, (5.5.2)

where P denotes the Pontryagin density, which equals the divergence of the Chern-Simons form

Cµ = − 1
16π2 ε

µνρσ tr(FAνρAσ −
2
3AνAρAσ) (5.5.3)
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Thus, the conserved current J5
µ := j5

µ + 2Cµ gives rise to a gauge dependent symmetry generator10

Q5 =
∫

Σ
J5

0d
3x

λ7−→
∫

Σ
J5

0 + 2n[λ], λ ∈ G 0 (5.5.4)

and is therefore rejected. Here, n[λ] is the winding number of the extension of λ to the 1-point compactifi-
cation Ṙ3 = R3 ∪ {∞} = S3, i.e. λ : S3 = Ṙ3 → G, which is defined by λ(∞) = 1G, since λ differs from 1G
only on a compact set.

On the other hand, it is argued in [Morchio and Strocchi, 2009] that this line of thought is incomplete in
view of the results of Bardeen [Bardeen, 1974], who showed that J5

µ gives rise to a well-defined symmetry on
the observable algebra in perturbation theory in local gauges. Furthermore, in [Morchio and Strocchi, 2009]
Morchio and Strocchi put forward a way to close this gap, which we will argue could apply in the framework
of LQG, as well. This is of particular interest in the setting of deparametrising models, which provide an
arena for the discussion of the standard model and related theories in the context of LQG (see [Giesel and
Thiemann, 2012] for a review), and for which the AIL representation can provide the physical Hilbert space.

The main ingredients necessary for a discussion of chiral symmetry breaking along the lines of [Morchio and
Strocchi, 2009], are an algebra of (localised) observables A, containing unitary elements U(λ) implementing
the (localised) gauge transformations G 0, and a 1-parameter group of chiral automorphisms ρζ : A → A,
interacting non-trivially with elements associated with large gauge transformation λ, 0 6= [λ] ∈ π3(G)( ∼= Z

in many relevant cases, e.g. SU(n), n ≥ 2):

ρζ(U(λ)) = e−i2ζn[λ]U(λ). (5.5.5)

In the following, we will argue that, if we assume the existence of a 1-parameter group of automorphisms
of the form (5.5.5) for the algebra ALQG (or a slightly extended version of it), we will have all ingredients
at our disposal. A discussion of the possibility to obtain a chiral symmetry (5.5.5) in LQG will be given
elsewhere.

5.5.1. An extension of the algebra ALQG

We start our discussion with the observation that the algebra ALQG admits an extension by operators
U(λ), λ ∈ G sa,0

P , representing the semi-analytic, compactly supported gauge transformations, in the following
way:

Definition 5.5.1:

The extension G sa,0
P nALQG of ALQG is given along the lines of definition 5.2.30, but with the additional

elements U(λ), λ ∈ G sa,0
P and relations

U(λ)∗ = U(λ−1), U(λ ◦ λ′) = U(λ′)U(λ), (5.5.6)

U(λ)f = αλ(f)U(λ), U(λ)WS(tn) = αλ(WS(tn))U(λ),

for any f,WS(tn) ∈ ALQG. The action of the automorphims Autsa(P) extends to this algebra by conjugation
on the gauge transformations G sa,0

P , i.e.

αχ(U(λ)) = U(χ−1 ◦ λ ◦ χ). (5.5.7)

Evidently, there is an analogous construction on the basis of the holonomy-flux algebra PLQG, and it is
possible to extend by the automorphisms Autsa(P) in a similar way. As a simple corollary we have:

10The expression for Q5 is heuristic, but there are known strategies to regularise such expressions [Schroer and Stichel, 1966,
Morchio and Strocchi, 2003].
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Corollary 5.5.2:

The AIL representation (πω0 ,Hω0 ,Ωω0) extends to a representation of G sa,0
P nALQG of ALQG, which can be

defined by the (algebraic) state:

ωext0 (fWS(n)...WS′(n′)U(λ)) = µ0(f), ∀f ∈ Cyl, WS(n)...WS′(n′), U(λ) ∈ G sa,0
P nALQG. (5.5.8)

Proof:

This is immediate from the invariance properties of ω0.

Interestingly, if we extend the algebra ALQG only by the subgroup of gauge transformations close to the
identity GaussP := expG P

(GP), this will correspond to the inclusion of (smeared) generators of the gauge
transformation into PLQG, and fits with their separate quantisation (cf. [Thiemann, 2008], cp. also (5.2.62)):

GV (Λ) :=
∫
V

divATΣ(E)(Λ), Λ ∈ Γsa
0 (Ad(P|V )), V ⊂ Σ open and semi-analytic. (5.5.9)

Thus, the extension GaussP n ALQG appears to be natural from the point of view that the algebra ALQG

contains (smeared) functions of the (classical) variables (A, Ẽ) ∈ |Λ|1T ∗AP.

5.5.2. Chiral symmetry breaking and θ-vacua for Σ = R3 and P = R3×G

For the discussion of chiral symmetry breaking in the context of LQG it is important to note, that the
formalism, recalled here, is capable of treating gravitational and Yang-Mills degrees of freedom at the same
time. At the given structural level, this is reflected in the choice of structure group G. Further differences
would arise at the level of dynamics and the associated Hamiltonian constraints. In the following, we
will not distinguish between the different types of degrees of freedom, and therefore in principle allow for
chiral symmetry breaking w.r.t. the gravitational degrees of freedom. Furthermore, it is possible to include
fermions into the treatment (cf. [Thiemann, 1998b]), which points out a potential direction to investigate the
existence of a gauge dependent chiral symmetry (5.5.5). Interestingly, the anomaly (5.5.2) can be generated
by a gauge invariant regularisation procedure by point-split objects like

j5
µ(e(1), e(0)) = iΨ̄(e(1))γ5γµ holAe Ψ(e(0)), (5.5.10)

which have natural analogs in the LQG framework (cf. [Morales Técotl and Rovelli, 1995,Morales Técotl and
Rovelli, 1994,Baez and Krasnov, 1998]). But, these objects behave complicated w.r.t. general automorphisms
Autsa(P) [Thiemann, 1998b], which might restrict their applicability to deparametrised models.

Let us now turn to the mechanism for chiral symmetry breaking in the LQG framework. To simplify the
discussion, we will restrict to a spatial manifold Σ = R3 and a trivial bundle P = R3×G. The quantum field
algebra will be GaussP n ALQG or G sa,0

P nALQG, and the existence of a chiral symmetry {ρζ}ζ∈R with the
property (5.5.5) will be assumed in the latter case.

This has the important implication, that G sa,0
P
∼= Csa

0 (R3, G). Thus every λ ∈ G sa,0
P determines uniquely a

map (see above)

gλ : Ṙ3 = S3 → G, (5.5.11)

and a homotopy class [λ] := [gλ] ∈ π3(G). From this point on, let us assume that π3(G) ∼= Z, which holds
for G = SU(n), n ≥ 2 or G = SO(n), n ≥ 3, n 6= 411. Then, [λ] is uniquely determined by the winding

11Note that this excludes the case G = Spin4, π3(Spin4) ∼= Z × Z, which is important in the treatment of the new variables
[Bodendorfer et al., 2013c].
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number or instanton number [Chruściński and Jamiołkowski, 2004]

n[λ] := 1
24π2

∫
R3

tr(g−1
λ dgλ ∧ g−1

λ dgλ ∧ g−1
λ dgλ). (5.5.12)

Gauge transformations λ with n[λ] 6= 0 are called large gauge transformations.

Next, we analyse the difference between GaussP-invariance and gauge invariance for GaussPnALQG. Again,
the argument follows Morchio and Strocchi [Morchio and Strocchi, 2009], who exploit the localisation prop-
erties of operators in the quantum algebra, which is also possible for the algebra GaussP n ALQG.

Lemma 5.5.3:

Any GaussP-invariant state ω on GaussPnALQG is also gauge invariant, and the large gauge transformations
are unitarily implemented in the GNS representation (πω,Hω,Ωω). Furthermore, any GaussP-invariant
operator in GaussP n ALQG is also gauge invariant.

Proof:

Let λ ∈ Csa
0 (R3, G) be a large gauge transformation, and define λa(x) = λ(x− a), x, a ∈ R3. Then, λ · λ−1

a

and λ−1
a · λ are GaussP transformations. This implies

(ω ◦ αλ)(f) = (ω ◦ αλ)(αλ−1
af

(f)) (5.5.13)

= (ω ◦ αλ−1
af
·λ)(f)

= ω(f)

(ω ◦ αλ)(WS(tn)) = (ω ◦ αλ)(αλ−1
aS,n

(WS(tn))) (5.5.14)

= (ω ◦ αλ−1
aS,n
·λ)(WS(tn))

= ω(WS(tn)).

(ω ◦ αλ)(U(λ′)) = (ω ◦ αλ)(αλ−1
a
λ′

(U(λ′))) (5.5.15)

= (ω ◦ αλ−1
a
λ′
·λ)(U(λ′))

= ω(U(λ′)),

where f,WS(tn), U(λ′) are generators of GaussPnALQG, and we chose af , aS,n, aλ′ ∈ R3 in accordance with
the respective localisation regions. The unitary implementability follows from a standard argument. The
other statement follows from the same argument.

The implementers of the (large) gauge transformations are unique up to phases in irreducible (or factorial)
representations, i.e. w.r.t. to pure (or primary), GaussP-invariant states ω, of GaussP n ALQG.

In view of this result, and corollary 5.5.2, we will use the algebra G sa,0
P nALQG to discuss the spontaneous

breakdown of the chiral symmetry and its relation to the topology of G sa,0
P . To this end, we need a further

result concerning the implementers of the (large) gauge transformations.

Proposition 5.5.4 (cp. [Morchio and Strocchi, 2009]):

In a GNS representation of a GaussP-invariant state with GaussP-invariant GNS-vacuum

πω(U(λ))Ωω = Ωω, λ ∈ GaussP, (5.5.16)

the implementers πω(U(λ)) of the gauge transformations λ ∈ G sa,0
P are of the form:

πω(U(λ))Ωω = Cωn[λ]
Ωω. (5.5.17)
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The non-trivial elements Cωn[λ]
are central, and belong to the strong closure of πω(G sa,0

P nALQG). Furthermore,
we have

Cωn[λ]
Cωn[λ′]

= Cωn[λ]+n[λ′]
. (5.5.18)

Proof:

For λ ∈ G sa,0
P , we (densely) define

Sω(λ)πω(O)Ωω = πω(αλ(O))Ωω, O ∈ G sa,0
P nALQG. (5.5.19)

Clearly, Sω(λ) is isometric on dense subspace of Hω, and extends to an unitary element of B(Hω), which we
denote by Sω(λ), as well. Then, by the same argument as in lemma 5.5.3, we have

Sω(λ) = s-lim
|a|→∞

πω(U(λ−1
a · λ)). (5.5.20)

This operator has the properties

Sω(λ)πω(O)Sω(λ)∗ = πω(αλ(O)), O ∈ G sa,0
P nALQG, (5.5.21)

Sω(λ)Ωω = Ωω.

These allow us to define Cωn[λ]
:= πω(U(λ))Sω(λ)∗, which are central and belong to the strong closure of

πω(G sa,0
P nALQG). Clearly, the Cωn[λ]

’s depend only on the topological quantities n[λ] and satisfy (5.5.18), since
for any λ, λ′ ∈ G sa,0

P with n[λ] = n[λ′] the operator πω(U(λ′)∗)πω(U(λ)) represents a GaussP transformation,
which leaves Ωω invariant. The (general) non-triviality of the elements Cωn[λ]

follow from (5.5.5).

The proposition implies that the central elements {Cωn }n∈Z represent the quotient G sa,0
P /GaussP. Similar

to the preceding sections, we find non-trivial, central elements associated with the algebra G sa,0
P nALQG,

reflecting the topology of the group of gauge transformations G sa,0
P . The property (5.5.5) of the chiral

automorphisms leads to their spontaneous breakdown w.r.t. pure (or primary), GaussP-invariant states, and
the appearance of the θ-sectors.

Corollary 5.5.5 (cp. [Morchio and Strocchi, 2009]):

Given a pure (or primary), GaussP-invariant state ω on G sa,0
P nALQG, the chiral automorphisms {ρζ}ζ∈R

are necessarily spontaneously broken. Moreover, every such state is labeled by an angle θ ∈ [0, π), Cωn =
ei2nθ · 1Hω . The GNS representation of a chirally invariant, GaussP-invariant state ω′ admits a central
decomposition, w.r.t. Cω′1

Hω′ =
∫

[0,θ)
Hθ dµ(θ), Cω

′

n Hθ = ei2nθ Hθ, (5.5.22)

with translation invariant measure µ.
Proof:

Assume that the chiral symmetry is unbroken. Then, we find a 1-parameter group of unitaries {Uω5 (ζ)}ζ∈R
that implements the symmetry by conjugation

πω(ρζ(O)) = Uω5 (ζ)πω(O)Uω5 (ζ)∗, O ∈ G sa,0
P nALQG, ζ ∈ R . (5.5.23)

This leads to a unique extension of the ρζ ’s to the strong closure of πω(G sa,0
P nALQG), and we find by (5.5.5)

and (5.5.20) (since n[λ] = n[λa]):

ρζ(Sω(λ)) = Sω(λ), ζ ∈ R . (5.5.24)
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This implies, again by (5.5.5) and the definition of Cωn :

ρζ(Cωn[λ]
) = e−i2ζn[λ]Cωn[λ]

, ζ ∈ R, (5.5.25)

which is incompatible with the purity (or primarity) of ω, as this implies irreducibility (or factoriality) of
(πω,Hω,Ωω), and thus Cωn[λ]

= ei2n[λ]θ · 1Hω , θ ∈ [0, π).

The central decomposition (5.5.22) follows from the observation that (5.5.24) implies σ(Cω′1 ) = {ei2θ | θ ∈
[0, π)}. The unitaries Uω′5 (ζ) act as intertwiners between the θ-sectors:

Uω
′

5 (ζ)Hθ = Hθ−ζ mod π . (5.5.26)

5.6. Conclusions & perspectives

To conclude the chapter, we comment on our findings in the various sections, and offer some future perspec-
tives.

Section 5.2 mainly provided a review of the mathematical structures behind the (canonical) formulation of
LQG with two exceptions: Equation (5.2.100), which states an algebraic relation among the flux vector fields
that affects the representation theory of the holonomy-flux algebra PLQG in a non-trivial way (see section
5.4), and lemma 5.2.32, which shows that Hilbert space representations of PLQG and its Weyl form ALQG

induced by gauge invariant states ω are necessarily discontinuous w.r.t. to the spin network functions, i.e.
the two-point function “ω(A(x)A(y))” of the “quantum connection” A cannot exist in such representations.
The latter result is in accordance with results in of quantum field theory in the temporal gauge [Löffelholz
et al., 2003], where the only alternative appears to be the use of (non-positive) Krein space representations,
e.g. the Feynman-Gupta-Bleuler quantisation of QED. Thus, it would be interesting, whether such an alter-
native is possible in LQG, as well, and how it connects to the standard approach.

In section 5.3, we focused on aspects of the representation theory of ALQG with an emphasis on the presence
of non-trivial central operators, and their relation to topological and geometrical structures of the structure
group G. We found, that a non-trivial first homotopy group π1(G), supplemented by an associated bundle
covering, can be related to the existence of a field algebra extension FLQG, that can be used to generate
new, inequivalent representations from existing ones with the help of charged automorphisms defined by the
adjoint action of unitary, charged fields. While this construction works well for Abelian structure groups,
where it offers a new perspective on the Koslowski-Sahlmann representations and the ε-sectors of LQC, it
is accompanied by further difficulties in the non-Abelian case, which are due to restrictive topological and
geometrical properties of G (see proposition 5.3.2 & 5.3.5). Especially, there might exist no suitable unitary,
charged fields in the extension FLQG to define charged automorphisms. In the future, it could be gratifying
to investigate the algebraic structure of ALQG resp. PLQG on a deeper level, e.g. its structure of ideals,
its universal enveloping von Neumann algebra etc., to improve control on the representation theory and the
possible dynamics supported by the algebra. Especially, in view of the deparametrising models (see [Giesel
and Thiemann, 2012] for an overview), where ALQG and PLQG become algebras of elementary observables,
instead of purely kinematical objects, such an analysis will offer immediate insight into physical questions.

We continued our analysis of the Koslowski-Sahlmann representations, started in section 5.3 for Abelian
structure groups, in section 5.4, where we concentrated on the non-Abelian case. We showed, that the
general line of thought, which places these representations into the framework of section 5.3, bifurcates for
non-Abelian structure groups, and one is left with two possible interpretations:

1. The Koslowski-Sahlmann representations are defined for an (centrally) extended algebra, and the
elementary operators Yn(S) are identified with the fluxes En(S).
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2. The Koslowski-Sahlmann representations are defined for the holonomy-flux algebra, but the elementary
operators Yn(S) are identified with shifted fluxes En(S) + i

∫
S
∗E(0)(n).

This bifurcation is explained by the fact that the shift transformation ρE(0) : En(S) 7→ En(S) + i
∫
S
∗E(0)(n)

is not a *-automorphism of PLQG, but only an affine transformation, in the non-Abelian setting. Thus,
the first point of view represents the idea to define a modified holonomy-flux algebra PE(0)

LQG, s.t. ρE(0) :
PE(0)

LQG → PLQG becomes a *-isomorphism, while the second point of view changes the interpretation of the
elementary operators Yn(S) of the Koslowski-Sahlmann framework. Clearly, the second option avoids the
obstruction posed by corollary 5.3.7, and shows that the Koslowski-Sahlmann representations reduce to the
AIL representation for the shifted fluxes, but it forbids the treatment of gauge and automorphism invariance
along the lines of [Koslowski and Sahlmann, 2011], as well (see the summary at the end of section 5.4). The
first option, which offers a richer mathematical structure, suffers from the fact that the “central extension”
of the holonomy-flux algebra is only a necessary ingredient, but probably not sufficient due to further higher
order commutation relations imposed by the basic commutation rule

[Yn(S), f ] = En(S) · f. (5.6.1)

Thus, this approach is weakened, because control on all higher order relation appears to be out of reach at
the present stage.
Nevertheless, it is interesting to analyse the recent work on the Koslowski-Sahlmann representation, which is
focused on the implementation of diffeomorphisms and possible applications to asymptotically flat scenarios
[Varadarajan, 2013,Campiglia and Varadarajan, 2014a,Campiglia and Varadarajan, 2014b,Sengupta, 2013,
Sengupta, 2014], in view of our findings. Especially, in [Campiglia and Varadarajan, 2014b] it has been
pointed out that it is possible to introduce a slightly modified algebra, AB

LQG, called holonomy-background
exponential-flux algebra, which admits the Koslowski-Sahlmann representation as a true representation.
The latter is possible because of a modification of the generators of AB

LQG in comparison to ALQG, not only
involving the fluxes, En(S), but also the cylindrical functions, which are made background dependent, E(0),
by means of so-called background exponentials

βE(0)(A) = ei
∫
Σ E(A). (5.6.2)

These background exponentials lead to an additional U(1)N -factor accompanying the structure group G, on
which the cylindrical functions are based (N is the number of background fields). Thus, the modification
of the fluxes can be realised by additional derivations that act on the U(1)N -factors, avoiding our corollary
5.3.7 on central extensions of ALQG. Put differently, the additional U(1)N -structure resolves the obstruction
posed by (5.4.4), rendering it invalid in AB

LQG.

Finally, in section 5.5, we applied the general formalism of section 5.3 to adapt the discussion of chiral
symmetry breaking and θ-vacua by Morchio and Strocchi [Morchio and Strocchi, 2009] to the framework
of LQG. We showed that under the assumption of an anomalous, chiral symmetry (5.5.5) this adaption is
possible, and has some of the expected properties (a discussion of the Goldstone spectrum of the generator
of the chiral symmetry is missing). Our analysis is intended to stimulate the discussion of gauge anomalies in
LQG, especially in the matter sector, because anomalies have important physical consequences for the matter
content of the standard model. Thinking of the semi-classical limit of LQG, it is necessary to make contact
with the predictions of quantum field theory, and to offer an explanation of the consequences of anomalies in
the latter, e.g. the solution of the U(1)-problem and the restriction of matter to so-called safe representations.
Thus, in spite of the fact that an anomaly like (5.5.5) appears to be a rather strong requirement, we would
expect that a structure of this type arises in LQG, at least in a limiting sense connected to the aforesaid
semi-classical limit. A natural starting point for an investigation, of how anomalies could occur in LQG,
is suggested by symmetry generating currents of the form (5.5.10), which, on the one hand, are natural
objects in the framework of LQG and, on the other hand, are the central objects in the study of anomalies in
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quantum field theory. More precisely, an understanding of the coincidence limit of these point-split currents,
possibly in combination with a semi-classical limit, could offer first insights. At a preliminary stage, it might
be easiest to consider these objects in the context of deparametrising models (see [Giesel and Thiemann,
2012] for an overview), which avoid complications due to the diffeomorphism and Hamiltonian constraints.
A further simplification might be achieved, if the discussion is restricted to cosmological or other symmetry
reduced models.
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Conclusion & Outlook
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6. Summary and concluding remarks

We summarise our findings once more and add further comments to the conclusions already presented after
each of the main chapters.

In this thesis, we have investigated possible relations between loop quantum gravity (LQG) and quantum
field theory (QFT) on curved spacetime (CS). In the first part, we analysed the problem of deriving the
latter from the former by means of a generalised Born-Oppenheimer approximation, termed space-adiabatic
perturbation theory. In the second part, we discussed possible implications that result from the impact of
the respective representation theories on one another.

Regarding the first theme, we started by arguing in favour of space-adiabatic perturbation theory as a
generalised Born-Oppenheimer ansatz, which avoids certain limitations of the original one. Notably, space-
adiabatic perturbation theory relieves us from the requirement to model the adiabatic (and later semi-
classical) limit of quantum systems consisting of slow and fast degrees of freedom with the help of perturbed
fibred operators. We referred to the latter restriction as the problem of non-commutative slow-fast coupling
(first pointed out in [Giesel et al., 2009] in the context of LQG), and showed explicitly how it is avoided in
a simple quantum mechanical model of coupled spin system (spin-orbit coupling, cf. [Faure and Zhilinskii,
2001]) by the use of space-adiabatic perturbation theory.
Since the implementation of the latter poses the need for a suitable deformation quantisation and an associ-
ated symbolic calculus, e.g. Weyl quantisation and pseudo-differential calculus in the case of quantum system
with classical phase space R2d, we set out to formulate such a quantisation procedure for LQG-type models.
Explicitly, we discussed and built upon existing proposals for Weyl quantisations with classical phase space
T ∗G ∼= G × g or its “quantum global” analogue G × Ĝ (for some compact Lie group G, cf. [Landsman,
1998,Ruzhansky and Turunen, 2009]), because LQG-type models can be constructed from projective limits,
Γ = lim←−l∈L

Γl, over (structured) graphs, l ∈ L , such that every edge, e ∈ E(γl), of a graph, γl ∈ l, carries
a (truncated) phase space, Γl ∼= T ∗G×E(γl). The precise formulation of the projective limits poses some
technical difficulties, which we address below and in the outlook 7.
From a general perspective, we analysed the relation between local (T ∗G) and global (G× Ĝ) Weyl quanti-
sations, a distinction which is forced upon us due to the compactness of the Lie group G, which entails that
the exponential map is not a diffeomorphism. Furthermore, we developed the basis of a (local) calculus of
Paley-Wiener-Schwartz symbols, because the local Weyl quantisation seems to be preferred in regard to the
adiabatic and semi-classical limit, we are interested in. In our discussion of the local and global quantisation
procedures, we observed a reduced flexibility of the formalism in comparison with the well-known Weyl
quantisation for R2d, or more precisely for the nilpotent Heisenberg group Hd. Namely, the deformation
parameter ε (also: adiabatic or semi-classical parameter) appears to be tied to the momentum variables
in the commutation relations underlying a quantisation of T ∗G, which is in stark contrast to the situation
for R2d (or Hd). Similar to the necessity to discriminate between local and global aspects, we related the
decrease in flexibility to the compactness of the Lie group G, which manifest itself in a certain rigidity of
the dual object Ĝ (lattice of integral weights). In respect of LQG, the decrease in adaptability is a direct
consequence of the asymmetric treatment of position and momentum variables, i.e. holonomies and fluxes,
and thus the discontinuity of the Ashtekar-Isham-Lewandowski (AIL) state w.r.t. the holonomies or spin
network functions. Anticipating the results of the second part, we showed that this asymmetry is an imme-
diate ramification of the gauge invariance of a state, e.g. the AIL state, on the holonomy-flux algebra, or
any other algebra containing the spin network functions (see lemma 5.2.32).
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We elaborated further on the issue of compactness by introducing the Stratonovich-Weyl-Fourier transform
for compact (and simply connected) Lie groups. This transform replaces the usual Fourier transform between
G and its unitary dual Ĝ by identifying the latter with the set of integral coadjoint orbits OG, and it is
precisely the discrete nature of the space OG, which hinders a transfer of the deformation parameter ε from
the momenta (co-vectors) to the position variables (group elements).
The reason, why we are so eager to have a quantisation that allows for a ε-scaling w.r.t. the position vari-
ables, can be understood from our analysis of the toy models describing linear scalar quantum fields on
quantum cosmological spacetimes (see below). In these models the deformation parameter ε is naturally
associated with the non-regularly represented variables, i.e. the group elements, which appear in the kinetic
term of the gravitational part of the Hamiltonian. Clearly, we would expect a similar situation in full LQG,
at least, if we were to consider gravity-matter system in an adiabatic limit w.r.t. the gravitational dynamics.

Additionally, we made a digression, and showed that the Stratonovich-Weyl quantisation of coadjoint orbits,
which can be defined by restricting the Stratonovich-Weyl-Fourier transform to single (integral) coadjoint
orbits, is a degenerate strict deformation quantisation in the sense of [Landsman, 1998]. Interestingly, the
discreteness of OG leads to a quantisation of the deformation parameter, ε−1 ∈ N0, of the Stratonovich-Weyl
quantisation. We remark, that the Stratonovich-Weyl quantisation will be potentially useful, if we intend
to apply space-adiabatic perturbation theory to models, which can be constructed from coadjoint orbits as
phase spaces. An example of such a model is given by the coupled spin systems mentioned before, where
the phase space is S2, a coadjoint orbit of SU(2).

From a more specific point of view, we showed that the local and global Weyl quantisations are compatible
with the truncated phase space approach for LQG-type models developed in [Thiemann, 2001b], which is
formulated in terms of the aforesaid projective limits over structured graphs, Γ = lim←−l∈L

Γl. It is in this
sense that the Weyl quantisations might allow us to handle the second problem, which was posed in [Giesel
et al., 2009], i.e. the treatment of the continuum limit. But, we also discovered a subtle difference be-
tween the truncated phase space approach, and the common quantisation of LQG models by means of the
holonomy-flux algebra. While the truncated phase space quantisation utilises structured graphs, which in
particular carry an orientation on their edges, as an index set for the construction of the projective limit
of (truncated) phase spaces, the holonomy-flux algebra has a well-defined action on an inductive limit of
Hilbert spaces, H = lim−→|γ|∈Γsa

0
H|γ|, indexed by non-oriented graphs, i.e. the AIL Hilbert space, H = HAIL.

This inductive limit of Hilbert spaces appears in the phase space quantisation as well, but it is its “refined”
limit, H↑ = lim−→γ∈Γsa,↑

0
Hγ , labelled by oriented graphs, which admits an obvious action by the inductive limit

of quantum (multiplier) algebras, A = lim−→l∈L
M(Al), and operators affiliated to it. A further discussion of

this “refinement” will be given in the outlook 7.
Similar to the semi-classical techniques, which have been developed so far for LQG and employ (kinematical)
coherent states, the Weyl quantisations are most suitable for the treatment of graph-preserving operators.
The latter typically arise in deparametrising models, e.g. [Giesel et al., 2007a, Giesel et al., 2007b, Giesel
and Thiemann, 2010], which invoke a reduction of the spatial diffeomorphism constraint at the classical
level (cf. [Giesel and Thiemann, 2012] and references therein). If we intend to deal with graph-changing
operators, as e.g. constructed in [Domagała et al., 2010], where the diffeomorphism constraint was solved at
the quantum level, we will probably have to modify the techniques presented here, not only because of the
graph-modifying nature of the operators, but also because of the need to work with diffeomorphism invariant
states.
For models with G = U(1)n, we showed that the problems, which obstruct a full-fledged implementation of
space-adiabatic perturbation theory, can be partially avoided, if we pass to the Bohr compactification RnBohr

of the universal cover Rn. In the coadjoint orbit picture, this step corresponds to a completion of the space
OG by including non-integral orbits, which makes ε-scaling possible. Moreover, we developed the basics of
a pseudo-differential calculus for RBohr (Bohrian pseudo-differential operators, cf. [Fewster and Sahlmann,
2008] for some preliminary work), which we compared to existing accounts on pseudo-differential operators
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associated with RBohr (almost-periodic pseudo-differential operators, cf. [Shubin, 1978,Shubin, 1974]).
As a concrete application of the methods, which we have developed, we discussed toy models of linear scalar
quantum fields on cosmological quantum spacetimes, in which the latter were constructed in close analogy
with existing models in loop quantum cosmology (LQC). Since these models admit representation spaces of
Wheeler-DeWitt/Schrödinger- as well as LQC-type, i.e. L2(R) and L2(RBohr), we were able to analyse in
detail, by means of standard, almost-periodic and Bohrian pseudo-differential operators, to what extent an
application of space-adiabatic perturbation theory is viable. On the one hand, we found that standard and
almost-periodic pseudo-differential operators are easier to handle than Bohrian pseudo-differential operators
with regard to perturbation theory in ε. An observation that is in accordance with the higher regularity of the
symbols of the former in comparison with those of the latter. On the other hand, the use of almost-periodic
pseudo-differential operators in the LQC-type representation was not permitted in the volume representa-
tion on l2(R) (the Fourier dual of L2(RBohr)), and the treatment of LQC-regularised singular operators like
the inverse volume (Thiemann’s trick) was only possible by means of Bohrian pseudo-differential operators.
Interestingly, it became apparent at various points that the nature of the contribution of the gravitational
field to the Hamiltonian of the gravity-matter system introduces complications, e.g. non-positivity, which
are atypical for pure matter systems, and may well persist in full LQG. Further issues, that concern repre-
sentation theoretical aspects of the toy models, are discussed below (following the review of the second part,
which has a bearing upon this topic).

Furthermore, we discussed the possibility to use a coherent state quantisation instead of a Weyl quantisation
to implement the programme of space-adiabatic perturbation theory. To this end, we reviewed parts of the
construction of the Segal-Bargmann-Hall transform for a compact Lie group G, which provides a way to
formulate a coherent state quantisation for LQG-type models. In the course of this, we were lead to conjec-
ture the existence of a new form of this integral transform, which is in some respects closer to a physicist’s
point of view. Namely, the resolution of unity connected with the new form is given in terms of normalised
coherent states and the Liouville measure on T ∗G. This contrasts the original resolution of unity, which
is an integral over non-normalised coherent states w.r.t. an averaged heat kernel measure. We proved our
conjecture in the case of G = U(1)n, and provided some numerical evidence in favour of it for G = SU(2).
But, apart from this result, which is interesting in its own right, we pointed out that coherent state quanti-
sations are typically less well-behaved regarding the existence of symbolic calculi in comparison with Weyl
quantisations, which is why expect them to be of limited use to us in our aim for the implementation of
space-adiabatic perturbation theory.

Concerning the second theme, we tried to transfer parts of the Hadamard or microlocal spectrum condition,
which is important in QFT on CS as selection criterion for physically admissible states, to a background
independent Hamiltonian framework like LQG. Although, the microlocal spectrum condition is of a dynam-
ical nature, since it restricts the propagation of singularities of the two-point functions of linear quantum
fields. We showed that it has a background independent kinematical content, which already restricts the
singularity structure of the initial data of a state’s two-point function. We expect, that this kinematical
condition will be particularly useful in combination with semi-classical methods to locate physically relevant
parts of the state space of the matter sector in gravity-matter systems. But, it must be said, that due to the
use of irregular states for the matter fields in LQG-type models, the kinematical condition will presumably
only hold in an approximate sense, as it requires the existence of the two-point function.
Following this, we contemplated the representation theory of the holonomy-flux algebra PLQG (or its ex-
ponential form ALQG). Apart from the aforementioned result on the non-existence of (completely) regular
gauge invariant states for quantum algebras containing the spin network functions, we discovered the exis-
tence of higher order commutation relations among the flux vector fields in case the structure group G of the
classical principal bundle underlying the holonomy-flux algebra is non-Abelian. Furthermore, we linked the
geometry of G to the structure of the centre ZLQG of the quantum algebra ALQG, and used methods from
algebraic quantum field theory to construct a (charged) field algebra FLQG, which contains ALQG as a fixed-
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point algebra w.r.t. to the adjoint action of the centre ZLQG (global gauge group). For Abelian G, we were
able to relate this construction to the recently proposed Koslowski-Sahlmann representations [Koslowski and
Sahlmann, 2011], which arise from the AIL representation via the action of charged automorphisms, which
are induced by the action of FLQG on ALQG. An analogous reasoning was shown to lead to the θ-sectors
occurring in LQC. For non-Abelian G, we found that this construction principle is severely obstructed by
the non-trivial geometry of G (and g), which is reflected in the non-trivial commutation relations among
the fluxes. Moreover, we proved that the latter affect the Koslowski-Sahlmann representations in a way
that makes it necessary, either, to reinterpret the meaning of the elementary fluxes in the sense that these
acquire a non-automorphic background shift already at the algebraic level, or to modify the holonomy-flux
algebra by certain central terms. Unfortunately, the latter possibility, although structurally and mathemati-
cally richer, appears to be difficult to implement, because of the existence of further non-trivial higher order
commutation relations, at least at every even order.
Finally, in view of quantum field theory, we indicated how the algebraic treatment of the θ-sectors and
the chiral anomaly in quantum field theory [Morchio and Strocchi, 2009] might find its place in LQG-type
models. To this end, we assumed the existence of an anomalous chiral symmetry for certain extensions of
ALQG by (small) gauge transformations, and showed that the large gauge transformations leave a non-trivial
imprint on the centre of the extended algebra. The non-triviality of centre in turn affects the representation
theory, leading to the θ-sectors, and is an immediate consequence of the anomalous symmetry. Motivated
by this observation, we pointed out that, in quantum field theory, the anomalous chiral symmetry results
from a gauge invariant regularisation of (point-split) chiral fermion currents, which are quite natural objects
in LQG-type models. Therefore, the requirement of an anomalous chiral symmetry seems to be less strong
than first expected.

Albeit the apparent distinction between the topics of the first and second part, we have already seen that
both are intimately related. This latter aspect, is made particularly visible by the discussion of the toy
models, which describe linear scalar quantum fields on quantum cosmological spacetimes. Already the im-
plementation of these rather simple models posed restrictions on the allowed representations for the matter
degrees of freedom, when a representation for the gravitational sector was fixed. More precisely, we were
forced to require the existence of a (smooth) unitary connection in the adiabatic bundle over the phase
space of the slow degrees of freedom, which implies the unitary equivalence of the representation spaces of
the matter fields (fibres) for different instantaneous (classical) states of the gravitational field (phase space
points). So far, this could only be achieved in the toy models, if we regularised the part of the Hamiltonian,
which models the matter degrees of freedom (coupled to the gravitational sector). Such a need for a regu-
larisation is well-known from quantum field theory in any approach to the implementation of dynamics that
employs a sort of interaction picture. Clearly, space-adiabatic perturbation theory fits into the category of
such approaches, because the matter interaction, which is contained in the (principal part of the) Hamil-
tonian symbol, is typically phase space dependent, even in linear scalar field theories. On the other hand,
in full LQG, we expect that necessary regularisations in the matter sector are a natural consequence of the
combined quantisation of gravitational and matter degrees of freedom (cf. [Thiemann, 1998g]), wherefore the
status of the interaction picture might be not as problematic as in pure quantum field theory. For example,
in [Thiemann, 1998b,Thiemann, 1998g], we find the means to implement LQG-regularised versions of the
gravitational and standard matter Hamiltonians ( or constraints) on a common Hilbert space, which would
let us avoid the problem of unitarily inequivalent fibres in a phase space de-quantisation of the gravitational
sector.



7. Outlook and future research

It is clear, that we have only taken some first few steps into the direction of implementing the programme of
space-adiabatic perturbation in LQG-type models, and using the latter to derive QFT on CS. Therefore, we
feel inclined to point out several open problems and possible directions for future research, that are related
and/or amenable to the techniques developed in this work.

7.1. Further investigation into phase space quantisations of loop
quantum gravity

We have seen that a Weyl or deformation quantisation, preferably accompanied by a suitable symbolic cal-
culus, is an indispensable tool to do space-adiabatic perturbation theory.

The Weyl quantisation for LQG-type models, which we have constructed in this work, is in some aspects
similar to the coherent state techniques, which are usually employed in the discussion of semi-classical limits
of LQG, because both are based on the truncated phase space formalism for [Thiemann, 2001b]. There-
fore, both methods are best suited to handle semi-classical limits of graph-preserving operators. Clearly,
the computation of coherent state expectation values w.r.t. to coherent states, that are built on a single
(structured) graph, as was, for example, done in [Thiemann, 2001a, Thiemann and Winkler, 2001a, Thie-
mann and Winkler, 2001b,Thiemann and Winkler, 2001c, Sahlmann et al., 2001,Sahlmann and Thiemann,
2006b,Sahlmann and Thiemann, 2006c,Giesel and Thiemann, 2007a,Giesel and Thiemann, 2007b,Giesel and
Thiemann, 2007c], is only meaningful for graph-preserving operators. This was also nicely pointed out in a
review on deparametrising models [Giesel and Thiemann, 2012], which require the use of graph-preserving op-
erators. Namely, in the AIL representation, diffeomorphism-invariant operators have to be graph-preserving.
Thus, if the (active) diffeomorphism invariance of the physical Hamiltonian in deparametrising models is to
be retained upon quantisation, it is necessary to implement it in a graph-preserving manner. Although, if
the framework of algebraic quantum gravity [Giesel and Thiemann, 2007a] and its infinite tensor product
representation is used, it is sufficient for an operator to preserve the underlying, infinite abstract graph,
but not necessarily all possible subgraphs associated with different sectors of the infinite tensor product.
On the other hand, if a quantisation by means of graph-changing operators is to be constructed, as e.g.
in [Domagała et al., 2010], where the (physical) Hamiltonian is implemented via graph-changing operators
on certain classes of partially diffeomorphism-invariant states, new tools will be necessary.
Nevertheless, some preliminary results on the semi-classical limit of graph-changing operators might be ob-
tained through the use of the proposed Weyl quantisation in the following way:

Let us consider a graph-changing operator O and a finite scale of Hilbert spaces, L2(A .l) =
⋃
l′.l L

2(Cl′),
which is a subspace of L2(A). Since we have L2(Cl′) ⊂ L2(Cl) for all l′ . l, and thus L2(A .l) = L2(Cl),
we will obtain a non-trivial restriction O|L2(A .l)

for a large and refined enough “cut-off graph” l1, which is
amenable to Weyl quantisation w.r.t. Γl. Therefore, the Weyl quantisation can be used to study the family
{O|L2(A .l)

}l∈L of “graph cut-off” operators associated with O.

A similar scheme can be applied to the coherent state quantisation based on the Segal-Bargmann-Hall trans-
form (see definition 3.3.38).

A somewhat different line of thought that could be pursued further concerns the compactness problem, which

1This means, that l should contain as least one pair of subgraphs, which are changed into one another
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affects the flexibility of the potential implementation of space-adiabatic perturbation theory in LQG-type
models. Namely, it would be interesting to find out, whether it is possible to choose modified Ashtekar-
Barbero variables for LQG that are connected to a nilpotent or, more generally, an exponential Lie group.
This would make the exponential map a diffeomorphism and lift the problems related to the discrete nature
the space of coadjoint orbits. Clearly, such variables would render the AIL representation ill-defined, but the
construction of the quantum algebras Al ∼= C(Cl)oL Cl (l ∈ L , a structured graph) would still be possible,
and the construction of a suitable new representation could be discussed in terms of the projective limit of
state spaces, S = lim←−l∈L

Sl (cf. [Lanéry and Thiemann, 2014] for a similar point of view).

7.1.1. Projective limits, semi-classical observables and the continuum limit

In the present work, we have not said much about the problem of recovering the phase space Γ = |Λ|1T ∗AP

of the continuum theory. We have mainly pointed out that the compatibility of the Weyl quantisation is a
minimal requirement to discuss the continuum limit by the techniques presented here. In principle, it should
be possible to obtain Γ along the lines of [Thiemann, 2001b], but the correct interplay of the procedure
proposed therein with the methods of space-adiabatic perturbation should be verified. Additionally, it might
be necessary to adapt the Weyl quantisation to infinite graphs and the associated infinite tensor product
construction [Thiemann and Winkler, 2001c,Sahlmann et al., 2001] to allow for a discussion of infinite vol-
ume limits.

At this point, we also want to address the technical issue concerning the construction of the projective limit,
Γ = lim←−l∈L

Γl, over structured graphs l ∈ L in the (truncated) phase space quantisation, as it is of utmost
importance to the validity of this approach. We have observed in subsection 3.4.1 (see e.g. commentary
3.4.13), that the projective structure on the family of (truncated) phase spaces {Γl}l∈L is only compatible
with the (finer) partial orders ≤, lL and lR and not necessarily with the partial order .. But, the relations
., lL and lR are those, that identify the AIL Hilbert space, L2(A ) = lim−→l∈L

L2(Cl), as a representation
space for the quantum algebra A = lim−→l∈L

Al. This, is in compliance with the fact that a generalised con-
nection Ā ∈ A is completely determined by its values on an oriented representative of a non-oriented graph
class.
In the commentary 3.4.13, we only assumed that its is possible to choose collections of maps, {p̃ll′ : Γl′ →
Γl}l.l′ and {αl′l : L(C∞(Cl)) → L(C∞(Cl′))}l.l′ , that satisfy all transitivity conditions induced by the
directed partial order .. Since the main complication in providing such a choice comes from the non-trivial
interaction of composition and inversion of edges (diagrams (3.4.24), (3.4.38) and (3.4.59)), it is obvious that
any oriented representative γ, together with its oriented subgraphs γ′ ⊂ γ, of a given non-oriented graph |γ|
can be given a consistent (w.r.t. ≤) choice of maps, {p̃ll′}l≤l′ and {αl′l}l≤l′ . But, then its is conceivable that,
due to the mutual exchange of left and right composition under edge inversion, it is possible to generate
relatively consistent choices of maps w.r.t. ., because any other oriented representative γ̃ of |γ| can be
accessed from γ via a finite number of single edge inversions.
Clearly, this argument only makes the existence of a .-compatible choice of maps for a single non-oriented
graph, and its non-oriented subgraphs, plausible. A statement regarding the set of all graphs appears to
be difficult. For example, transfinite induction, which would be available, because (L ,.) is well-founded
(l ∈ L with γl = ∅ is a minimal element), is not applicable in this case, as it is not necessarily possible
to obtain a consistent choice of maps for a given non-oriented graph from its already consistently labelled
non-oriented subgraphs without allowing for a relabelling of the latter.
Thus, on the one hand, it must be admitted that a reconciliation of the (truncated) phase space approach
w.r.t. the partial order . with the usual treatment in terms of the holonomy-flux algebra is still an open
problem, which might require further attention. Clearly, this problem also affects the coherent state formal-
ism, which is also based on the (truncated) phase space quantisation considered here.
But, on the other hand, in case we use the relation lL and lR, everything works fine, and we obtain quan-
tum algebras AL and AR, that act in a well-defined fashion on L2(A ). The dichotomy between lL and
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lR reflects the fact, that we have to choose between the left and the right action of the structure group G
on itself. These actions are equal for Abelian groups, but they are only isomorphic via group inversion for
non-Abelian groups, which explains why the projective structures w.r.t. lL and lR are related via edge
inversion (cp. 3.4.24 & 3.4.38).

In respect of the aforesaid, it would be interesting to check, whether the Weyl quantisation proposed in
this work is also compatible with the projective family of phase spaces constructed in [Lanéry and Thie-
mann, 2014]. At first sight this seems possible, because the (truncated) phase spaces used therein are of the
cotangent bundle form, Γη ∼= T ∗Gnη (η is some label).

7.1.2. Symmetric observables

With a Weyl quantisation, which is compatible with the (truncated) phase space approach to LQG-type
models, at our disposal, it appears to be possible to investigate symmetric observables at the classical
and quantum level simultaneously. More precisely, if we realise a symmetry by a subgroup of the spatial
diffeomorphisms, which act in a natural way on the truncated phase spaces Γl, l ∈ L , by permutations on
the label set L (structured graphs), we will be in a position to talk about symmetric functions in C∞(Γl),
and thus in Cyl∞(Γ) := lim−→l∈L

C∞(Γl). Moreover, we expect the Weyl quantisation to be covariant w.r.t.
to the action of the spatial diffeomorphisms due to the formula (3.4.57), which would entail the invariance
of any operator arising as the quantisation of a symmetric function.
But, in view of the solution of the spatial diffeomorphism constraint in LQG, which makes use of the
distributional dual of the linear span of spin network functions, it might be necessary to adapt the Weyl
quantisation to handle a suitable distributional extension of Cyl∞(Γ).
Insights into this aspects of the Weyl quantisation could shed a light onto the question of how to implement
semi-classical techniques in a diffeomorphism invariant setting, as well (see above).

7.2. Space-adiabatic perturbation theory and quantum field
theory

The above discussion of the results of this work, especially concerning the quantum field theoretical toy
models, shows that, even if we were able to implement space-adiabatic perturbation theory to its full extent,
we would still have to address certain difficulties regarding the representation of the matter fields, before a
(rigorous) derivation of QFT on CS would be obtained.
On the one hand, we have argued, that the construction of quantum field theories, which have a depen-
dence on the phase space of the gravitational degrees of freedom, is expected to lead to an adiabatic bundle
that lacks a (smooth) unitary connection, and therefore requires the introduction of suitable regularisation
schemes. On the other hand, the usual constructions in LQG, which are invoked to quantise gravity-matter
systems [Thiemann, 1998b, Thiemann, 1998g] (see also [Sahlmann and Thiemann, 2006b, Sahlmann and
Thiemann, 2006c]), are not anticipated to have this problem due to a natural regularisation of the matter
fields by means of the quantisation scheme employed in the gravitational sector, and the use of irregular
representations.
Thus, further work needs to be invested to gain a better understanding of how the typically regular repre-
sentations of QFT on CS arise in a semi-classical limit of LQG with matter content.
Another related problem is the actual construction of quantum field theories on specific curved spacetimes
via the space-adiabatic approach to LQG with matter. Namely, the derivation of spacetime metrics will only
be possible, if we extract effective Hamiltonian equations for the gravitational degrees of freedom that give
rise to a correspondence between the slow sector’s phase space points and said spacetime metrics. But, effec-
tive equations, that are obtained in space-adiabatic perturbation theory via a semi-classical limit (Egorov’s
hierachy), are tied to almost invariant subspaces, which are constructed from spectral bands of the (princi-
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pal) Hamiltonian symbol that defines the quantum field theories in the fibres of the adiabatic bundle. The
upshot of this is, that the resulting spacetime metrics might have a spectral dependence on the quantum
matter fields, so-called rainbow metrics [Assanioussi et al., 2014]. Clearly, a further investigation into this
aspect is desirable.
But, it should be said, that a direct attempt to tackle this problem is only conceivable in symmetry reduced
LQC-type models, at the moment. Nevertheless, it would already be a major achievement to rigorously de-
rive the recently constructed LQC-extension of cosmological perturbation theory [Agullo et al., 2012,Agullo
et al., 2013a], which invoke a test field approximation (no back reaction), from a model of quantum field
theory on a quantum cosmological spacetime (including back reaction) by the methods of space-adiabatic
perturbation theory. Regarding full LQG, we expect further progress on the extraction of a continuum phase
space to be necessary beforehand (see above).

7.2.1. Hadamard states and semi-classical limits

Since we have formulated a background independent condition, which a Hadamard state for a linear quantum
field has to satisfy, it would be interesting to analyse in which sense such a condition can be realised in LQG
with matter. As we already pointed out in the summary, we have to require the existence of the two-point
function of the matter field in question to be able to state the condition. Thus, the use of irregular states
in LQG presumably forbids a direct application of the condition: Maybe, it has to be replaced by a suitable
approximate version, or it can only be satisfied w.r.t. some semi-classical limit (also a combination of both
possibilities is imaginable). Hence, this question seems to be connected to the problem of matter field
representation in space-adiabatic perturbation theory, which we mentioned before.
As an example, we take a look at the so-called polymer representation of a linear scalar field, φ, which is
obtained from the following irregular state on the Weyl algebra,

W (λδx, f) = e
i
2λδx(f)U(x, λ)V (f), (7.2.1)

W (λδx, f)W (λ′δx′ , f ′) = e−
i
2 (δx(f ′)−δx′ (f))W (λδx + λ′δx′ , f + f ′),

W (λδx, f)∗ = W (−λδx,−f),

generated by point-holonomies, U(x, λ) = eiλδx(φ) = eiλφ(x), x ∈ Σ, λ ∈ R, and exponentials of smeared
momenta, V (f) = eiπ(f), f ∈ C∞c (Σ), (cf. [Thiemann, 1998b,Ashtekar et al., 2003b], see also [Thiemann,
2008], Chapter 12):

ω0

(
W

(
m∑
i=1

λiδxi , f

))
=

m∏
i=1

δλi,0, m ∈ N, λ1, ..., λm ∈ R, f ∈ C∞c (Σ), (7.2.2)

where x1, ..., xm are mutually distinct. This state, clearly, resembles the AIL state on ALQG. As the point
fields, φ(x), x ∈ Σ, are not well-defined in the polymer representation because of the irregularity of ω0, we
need to introduce regularised substitutes to apply our condition to the initial data of the two-point function
of ω0, at least in an approximate sense. To this end, we define

φλ(x) := 1
2iλ (U(x, λ)− U(x, λ)∗) , λ > 0, (7.2.3)

in analogy with LQC. Using the (7.2.1), we find:

ω0 (φλ(x)π(f)) = i

2f(x)δλ,0 =
λ>0

0, ω0 (π(f)φλ(x)) = − i2f(x)δλ,0 =
λ>0

0, (7.2.4)

ω0 (φλ(x)φλ′(x′)) = 1
2λ2 (δλ,λ′ + δλ,−λ′)δx,x′ , ω0(π(f)π(f ′)) = 0.
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Hence, the wave front sets of the (regularised) initial data of the two-point function of ω0 are empty, and
our condition does not apply. But, since irregular states like ω0 are typically used in LQG-type approaches
to quantum gravity, in which spacetime is expected to be of a granular, discrete nature, the immediate
application of our condition might be bound to fail anyhow, because the Hadamard condition is a statement
about the ultra-short distance behaviour of the two-point function, becoming meaningless in such contexts.
Indeed, to make sense of a condition on the ultra-short distance behaviour of a quantum field’s two-point
function, it might be necessary to introduce a coarse graining procedure that allows us to recover an effective
continuum theory describing the quantum field. Some intriguing work in this direction can be found in
[Varadarajan, 2000,Varadarajan, 2001,Ashtekar et al., 2003b] and be fitted into our example:

In the case Σ = R3, we define a ε-scale of Fock states,

ωF,ε(W (f, f ′)) = e−
1
4 (ε−1||f ||2

L2+ε||f ′||2
L2), f, f ′ ∈ C∞c (R3), (7.2.5)

together with an r-scale of coarse graining maps (algebra isomorphisms)

αr : W (λδx,Kr ∗ f) 7−→W (λKr ◦ τ−x, f) (7.2.6)

along flat background metrics. Here, Kr(x) = 1√
2πr3 e−

|x|2
2r is the heat kernel on R3 at time r, and τ−x(x′) =

x′ − x is the translation map. The regularised initial data of ωF,ε take the form:

ωF,ε(αr(φλ(x)π(f))) = i

2(Kr ∗ f)(x)e−λ
2

4ε
√

4πr−3
, (7.2.7)

ωF,ε(αr(π(f)φλ(x))) = − i2(Kr ∗ f)(x)e−λ
2

4ε
√

4πr−3

ωF,ε(αr(φλ(x)φλ′(x′))) = 1
λλ′ sinh

(
λλ′

2ε (Kr ◦ τ−x,Kr ◦ τ−x′)L2

)
e−

λ2+(λ′)2
4ε

√
4πr−3

,

ωF,ε(αr(π(f)π(f ′))) = ε

2(f, f ′)L2 .

In limit ε→ 0+, succeeded by r → 0+, we recover (7.2.4), which is consistent with ωF,ε ◦ αr → ω0, while in
the limit λ, λ′ → 0+, followed by r → 0+, we have:

ωF,ε(φ(x)π(x′)) = i

2δx(x′), ωF,ε(π(x)φ(x′)) = − i2δx(x′), (7.2.8)

ωF,ε(φ(x)φ(x′)) = 1
2εδx(x′), ωF,ε(π(x)π(x′)) = ε

2δx(x′).

The latter are consistent with our condition on initial data of a Hadamard state’s two-point function, but
could only be obtained because the ε-scaled Fock states are sufficiently regular to allow for the existence of
the point fields φ(x), x ∈ Σ, in a distributional sense.

7.2.2. Implications by coupling matter to gravity

Throughout our discussion of how the algebraic treatment [Morchio and Strocchi, 2009] of the θ-sectors and
the related chiral anomaly in quantum field theory can be realised in LQG, we assumed the existence of
an anomalous chiral symmetry, which acts on an extension of the quantum algebra ALQG. As we already
mentioned, such an anomalous symmetry results in quantum field theory from the gauge invariant regulari-
sation of (point-split) chiral fermion currents, which have their natural analogues in LQG including fermionic
matter fields. Thus, an investigation into possible gauge anomalies in the matter sector of LQG appears
to be possible. Research along these lines is further motivated by the fact, that we ultimately intend to
make contact with the predictions of quantum field theory, where gauge anomalies lead to the restriction of
matter fields to so-called safe representations and, specifically, the chiral anomaly is used to solve the U(1)-
problem [Weinberg, 1975]. Clearly, the analysis of symmetry generating fermion currents by semi-classical
methods as developed in this work has a potential bearing on this issue.
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A. Elementary Weyl calculus for R2d

This appendix presents a basic collection of ingredients of the Weyl calculus for R2d (cf. [Folland, 1989,
Ruzhansky and Turunen, 2009, Teufel, 2003, Dimassi and Sjöstrand, 1999, Martinez, 2002a, Hörmander,
1985a]), which we already referred to at various points in the main part of this work. We refrain from
stating any proofs, but point out suitable references.

The Weyl quantisation for R2d is a rule to assign operators on the Hilbert space L2(Rd) to functions on
the phase space R2d. It is subject to the minimal requirement that the functions R2d 3 (q, p) 7→ q ∈ Rd

(position) and R2d 3 (q, p) 7→ p ∈ Rd (momentum) are mapped to multiplication by q and derivative w.r.t.
q respectively, i.e. for Ψ ∈ S (Rd):

(q̂εiΨ)(q) := qiΨ(q), (p̂εjΨ)(q) := −iε(∂qjΨ)(q), i, j = 1, ..., d, (A.0.1)

where ε > 0 is a parameter controlling the canonical commutation relations (CCR) :

∀i, j = 1, ..., d : [q̂εi , p̂εj ] = iεδij1, [q̂εi , q̂εj ] = 0 = [p̂εi , p̂εj ]. (A.0.2)

Due to the latter the Weyl quantisation for R2d is intimately related with the Heisenberg group Hd [Folland,
1989], which is the (nilpotent) Lie group corresponding to the CCR (treating 1 as a general central element).
It is via this connection, that the Weyl quantisation for R2d fits into the general framework of constructing
quantisations (in the sense of pseudo-differential operators) from left (right) convolution algebras of Lie
groups (see chapter 3, section 3.3 & subsection 3.2.1).
Namely, following Folland [Folland, 1989], the (reduced) Heisenberg group H(red)

d
∼= R2d+1(R2d×T) admits

the Schrödinger representation (cp. expamples 3.2.2)

Uε(q, p, t) := e2πi(q·q̂ε+p·p̂ε+t1) (A.0.3)

on L2(Rd)1, which can be integrated to a representation of L1(Hred
d ) (w.r.t. to the convolution product ∗):

ρε(F ) :=
∫
R2d

dq dp

∫
R /Z

dt F (q, p, t)Uε(q, p, t) (A.0.4)

=
∫
R /Z

dt e2πit
∫
R2d

dq dpF (q, p, t)e2πi(q·q̂ε+p·p̂ε).

Assuming that F ∈ L1(Hred
d ) can be expanded into a Fourier series w.r.t. t ∈ T = R /Z

F (q, p, t) =
∑
k∈Z

Fk(q, p)e−2πikt, (A.0.5)

it follows that

ρε(F ) =
∫
R2d

dq dpF1(q, p)e2πi(q·q̂ε+p·p̂ε). (A.0.6)

1The reduced Heisenberg group Hred
d is defined by means of the kernel of ρε: Hred

d := Hd/ ker ρε.
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Thus, ρε essentially reduces to a representation of L1(R2d) (with a convolution product inherited from the
group product of Hred

d ). By putting

F1(q, p) = F [σ](q, p) =
∫
R2d

dx dξ σ(x, ξ)e−2πi(q·x+p·ξ), (A.0.7)

we obtain a standard formula for the Weyl quantisation Âεσ of a function σ on R2d (cp. (3.3.4) & (3.3.5)):

(ÂεσΨ)(q) = (ρε(F1e
2πi( . ))Ψ)(q) (A.0.8)

=
∫
R2d

dx dξ

(2πε)d σ( 1
2 (q + x), ξ)e iε ξ·(q−x)Ψ(x), Ψ ∈ S (Rd).

A.1. Operator-valued symbol classes

If the integral in formula (A.0.8) is interpreted as a Bochner integral, the Weyl quantisation can be generalised
to operator valued functions σ : R2d → B(H1,H2) to obtain operators form L2(Rd,H1) ∼= L2(Rd) ⊗ H1 to
L2(Rd,H2) ∼= L2(Rd)⊗ H2.
Treating (A.0.8) as an oscillatory integral, a wide range of operators, so-called pseudo-differential operators,
can be obtained as the quantisation of suitable functions σ. In general, the Schwartz kernel theorem can
invoked to show that every continuous operator from S (Rd,H1) to S ′(Rd,H2) is the Weyl quantisation of
a unique σ ∈ S ′(R2d,B(H1,H2)) (cf. [Folland, 1989], Section 2.1). But, this class is too general to be of
much use, as the composition of operators is not necessarily well-defined.
Commonly employed classes of pseudo-differential operators are defined by operator-valued Hörmander’s
symbols Smρ,δ(R

2d,B(H1,H2)) .

Definition A.1.1 (cp. [Teufel, 2003], Definition A.1.):

A function σ ∈ C∞(R2d,B(H1,H2)) is in Smρ,δ(R
2d,B(H1,H2)) for m ∈ R, 0 ≤ δ ≤ ρ ≤ 1 and δ < 1, if and

only if

∀p :∈ Rd ∀α, β ∈ Nd0 : ∃Cαβ > 0 : sup
q∈Rd

||(∂αq ∂βp σ)(q, p)||B(H1,H2) ≤ Cαβ〈p〉m−|β|ρ+|α|δ, (A.1.1)

where we used multi-index notation, and 〈p〉 = (1 + p2) 1
2 .

The symbols Smρ,δ(R
2d,B(H1,H2)) can be turned into Fréchet spaces by the using the optimal constants Cαβ

in (A.1.1) to define a directed set of semi-norms:

||σ||(m,ρ,δ)k := max
|α|+|β|≤k

sup
(q,p)∈R2d

〈p〉−m+|β|ρ−|α|δ||(∂αq ∂βp σ)(q, p)||B(H1,H2), k ∈ N0 . (A.1.2)

Differentiation, multiplication and point-wise adjoint define continuous operations between among symbols:

Corollary A.1.2 (cp. lemma 3.3.22 & [Folland, 1989], Proposition 2.25):

The maps,

Smρ,δ(R2d,B(H1,H2))× Sm
′

ρ′,δ′(R2d,B(H2,H3)) −→ Sm+m′
min(ρ,ρ′),max(δ,δ′)(R

2d,B(H1,H3)), (σ, τ) 7−→ στ,

(A.1.3)

Smρ,δ(R2d,B(H1,H2)) −→ S
m−|β|ρ+|α|δ
ρ,δ (R2d,B(H1,H2)), σ 7−→ ∂αq ∂

β
p σ, α, β ∈ Nd0 (A.1.4)

and

Smρ,δ(R2d,B(H1,H2)) −→ Smρ,δ(R2d,B(H2,H1)), σ 7−→ σ∗, (A.1.5)
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are well-defined and continuous.

It is also common to define the spaces

S∞ρ,δ(R2d,B(H1,H2)) :=
⋃
m∈R

Smρ,δ(R2d,B(H1,H2)), (A.1.6)

S−∞(R2d,B(H1,H2)) :=
⋂
m∈R

Smρ,δ(R2d,B(H1,H2)).

Another important property of the symbols is their nice behaviour regarding asymptotic sums .

Proposition A.1.3 (cp. [Folland, 1989], Proposition 2.26):

Given sequences {mj}∞j=0 ⊂ R, mj > mj+1 −→
j→∞

−∞, and {σj}∞j=0, σj ∈ S
mj
ρ,δ (R2d,B(H1,H2)), there exists

a symbol σ ∈ Sm0
ρ,δ (R2d,B(H1,H2)), such that

σ ∼
∞∑
j=0

σj , (A.1.7)

in the sense that

σ −
n∑
j=0

σj ∈ Smn+1
ρ,δ (R2d,B(H1,H2)). (A.1.8)

σ is unique up to S−∞(R2d,B(H1,H2)).

For σ ∈ Smρ,δ(R
2d,B(H1,H2)) (or Smρ,δ for short, if unambiguous from the context), we get a densely defined

operator Âεσ from L2(Rd,H1) to L2(Rd,H2) by Weyl quantisation:

Proposition A.1.4 (cp. [Teufel, 2003], Proposition A.4.):

Given σ ∈ Smρ,δ(R
2d,B(H1,H2)), the Weyl quantisation Âεσ : S (Rd,H1) → S (Rd,H2) is well-defined and

continuous.

A result answering the question under which conditions the Weyl quantisation of a symbol σ leads to a
bounded operator from L2(R,H1) to L2(R,H2) is the following:

Theorem A.1.5 (Calderon-Vaillancourt, cp. [Folland, 1989], Theorems 2.60, 2.73 & 2.80):

Given σ ∈ S0
ρ,δ, the Weyl quantisation Âεσ extends to bounded operator from L2(R,H1) to L2(R,H2). If

σ ∈ C2d+1
b (R2d,B(H1,H2)), we have

||Âεσ||B(L2(R,H1),L2(R,H2)) ≤ Cd||σ||
(0,0,0)
2d+1 , (A.1.9)

for some Cd > 0.

Concerning the boundedness of pseudo-differential operators between Sobolev spacesHs
2(Rd,H1),Hs′

2 (Rd,H2),
we have
Corollary A.1.6 (cp. [Folland, 1989], Corollary 2.61):

Given σ ∈ Smρ,δ(R
2d,B(H1,H2)) with ρ > δ, the Weyl quantisation Âεσ extends to a bounded operator from

Hs
2(Rd,H1) to Hs−m

2 (Rd,H2) for all s ∈ R.

By duality, we obtain operators from S ′(Rd,H1) to S ′(Rd,H2):

Proposition A.1.7 (cp. [Ruzhansky and Turunen, 2009], Proposition 2.2.4):

For T ∈ S ′(Rd,H1) and Ψ ∈ S ′(Rd,H2), the expression

((Âεσ)′T )(Ψ) := T (Âεσ∗Ψ) (A.1.10)
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is well-defined, and gives rise to a continuous operator (Âεσ)′ : S (Rd,H1)→ S (Rd,H2), which is compatible
with the embedding

S (Rd,H2) 3 Ψ 7−→ TΨ ∈ S ′(Rd,H2), TΨ(Φ) :=
∫
Rd
dq (Ψ(q),Φ(q))H2 , Φ ∈ S (Rd,H2). (A.1.11)

The meaning of the latter property is that the action of (Âεσ)′ on the image of (A.1.11) is in agreement with
the definition of the formal adjoint , (Âεσ)∗, on S (Rd,H2):

(Âεσ)′TΨ = TÂεσΨ, (A.1.12)

because ∫
Rd
dq ((Âεσ)∗Ψ(q),Φ(q))H2 =

∫
Rd
dq (Ψ(q), ÂεσΦ(q))H2 (A.1.13)

=
∫
Rd
dq (Âεσ∗Ψ(q),Φ(q))H2 .

Noteworthy, (A.1.13) means that the Weyl quantisation is real, i.e. (Âεσ)∗ = Âεσ for σ∗ = σ2. Operators
defined by functions σ ∈ S−∞(R2d,B(H1,H2)) can be regarded as smoothing operators .

Proposition A.1.8 (cp. [Folland, 1989], Corollary 2.54):

Given σ ∈ S−∞(R2d,B(H1,H2)), the Weyl quantisation Âεσ extends to an operator from S ′(Rd,H1) to
C∞(Rd,H2).

The classes of pseudo-differential operators defined by the symbol spaces are denoted by

OPSmρ,δ(H1,H2) := {Âεσ | σ ∈ Smρ,δ(R2d,B(H1,H2))}, (A.1.14)

OPS∞ρ,δ(H1,H2) := {Âεσ | σ ∈ S∞ρ,δ(R2d,B(H1,H2))},

OPS−∞(H1,H2) := {Âεσ | σ ∈ S−∞(R2d,B(H1,H2))}.

In section A.2, we will see that OPS∞ρ,δ(H) forms an algebra.

A.1.1. Semi-classical symbols

In view of the ε-dependence of the Weyl quantisation, it is natural to introduce ε-dependent symbol classes,
the semi-classical symbols .

Definition A.1.9 (cp. [Martinez, 2002a], Definition 2.3.1, [Teufel, 2003], Definition A.12):

A function

σ : (0, ε0] −→ Smρ,δ(R2d,B(H1,H2)), (A.1.15)

ε 7−→ σε,

is a semi-classical symbol in Smρ,δ(ε;R
2d,B(H1,H2)) (or Smρ,δ(ε) for short, if unambiguous from the context)

for some ε0 > 0, if and only if there exists sequence {σj}∞j=0, σj ∈ S
m−j(ρ−δ)
ρ,δ (R2d,B(H1,H2)), such that

∀n, k ∈ N0 : ∃Cn,k > 0 : ∀ε ∈ (0, ε0] : ||σε −
n∑
j=0

εjσj ||(m−n(ρ−δ),ρ,δ)
k ≤ Cn,kεn+1. (A.1.16)

2The question of self-adjointness of Âεσ as a densely defined, hermitean operator for real σ is more subtle, cf. [Dimassi and
Sjöstrand, 1999].
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In place of (A.1.16), we write

∀n ∈ N0 : σε ∼O(εn+1)

n∑
j=0

εjσj (∈ Smρ,δ(ε)) (A.1.17)

or

σε ∼O(ε∞)

∞∑
j=0

εjσj (∈ Smρ,δ(ε)). (A.1.18)

A0 is called the principal symbol of A3.

Similar to the symbol spaces Smρ,δ the semi-classical symbols admit asymptotic expansions.

Proposition A.1.10 (cp. [Martinez, 2002a], Proposition 2.3.2):

Given a sequence {σj}∞j=0, σj ∈ S
m−j(ρ−δ)
ρ,δ , there exist a semi-classical symbol σ ∈ Smρ,δ(ε), such that (A.1.16)

holds. Moreover, σ is unique up to O(ε∞).

In analogy with (A.1.6), we define

S∞ρ,δ(ε;R2d,B(H1,H2)) :=
⋃
m∈R

Smρ,δ(ε;R2d,B(H1,H2)), (A.1.19)

S−∞(ε;R2d,B(H1,H2)) :=
⋂
m∈R

Smρ,δ(ε;R2d,B(H1,H2)).

The pseudo-differential operator classes associated with semi-classical symbols are denoted by

OPSmρ,δ(ε;H1,H2) := {Âεσε | σ ∈ S
m
ρ,δ(ε;R2d,B(H1,H2))}, (A.1.20)

OPS∞ρ,δ(ε;H1,H2) := {Âεσε | σ ∈ S
∞
ρ,δ(ε;R2d,B(H1,H2))},

OPS−∞(ε;H1,H2) := {Âεσε | σ ∈ S
−∞(ε;R2d,B(H1,H2))}.

A.2. The composition formula and its asymptotic expansion

Since the pseudo-differential operators OPSmρ,δ(H1,H2) map S (Rd,H1) to S (Rd,H2), and it is possible to
show that the composition

OPSmρ,δ(H2,H3)×OPSmρ′,δ′(H1,H2) −→ OPSm+m′
min(ρ,ρ′),max(δ,δ′)(H1,H3), (A.2.1)

(Âεσ, Âετ ) 7−→ ÂεσÂ
ε
τ ,

is well-defined for 1 ≥ min(ρ, ρ′) ≥ max(δ, δ′) ≥ 0, 1 > max(δ, δ′). Precisely, we have

Theorem A.2.1 (cp. [Folland, 1989], Theorem 2.47, [Martinez, 2002a], Theorem 2.7.4):

For Âεσ ∈ OPSmρ,δ(H2,H3) and Âετ ∈ OPSm
′

ρ′,δ′(H1,H2) with 1 ≥ min(ρ, ρ′) ≥ max(δ, δ′) ≥ 0, 1 > max(δ, δ′),
we have

ÂεσÂ
ε
τ = Âεσ?ετ , (A.2.2)

where

?ε : Smρ,δ(R2d,B(H2,H3))× Sm
′

ρ′,δ′(R2d,B(H1,H2)) −→ Sm+m′
min(ρ,ρ′),max(δ,δ′)(R

2d,B(H1,H3)), (A.2.3)

(σ, τ) 7−→ σ ?ε τ,

3For A0 6= 0, Martinez calls a semi-classical symbol A classical, since an additional ε-dependence of the Aj ’s could be assumed,
cf. [Martinez, 2002a], Remark 2.7.7.
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is well-defined and continuous .

Moreover, σ ?ε τ is semi-classical and has an asymptotic expansion in terms of the Moyal-Weyl product .

Theorem A.2.2 (cp. [Folland, 1989], Theorem 2.49, [Martinez, 2002a], Theorem 2.7.4):

Given σ ∈ Smρ,δ(R
2d,B(H2,H3)) and τ ∈ Sm

′

ρ′,δ′(R
2d,B(H1,H2)) with 1 ≥ min(ρ, ρ′) ≥ max(δ, δ′) ≥ 0,

1 > max(δ, δ′), we have σ ?( . ) τ ∈ Sm+m′
min(ρ,ρ′),max(δ,δ′)(ε;R

2d,B(H1,H3)) with

(σ ?ε τ)(q, p) ∼O(ε∞)

∞∑
j=0

εj
(
i
2
)j (∇ξ · ∇y −∇x · ∇η)j σ(x, ξ)τ(y, η)|x=q=y

|ξ=p=η
. (A.2.4)

Both theorem, A.2.1 & A.2.2, extend to semi-classical pseudo-differential operators and symbols. We only
state the analogue of theorem A.2.2:

Theorem A.2.3 (cp. [Teufel, 2003], Theorem A.15):

Given σ ∼O(ε∞)
∑∞
j=0 ε

jσj ∈ Smρ,δ(ε;R
2d,B(H2,H3)) and τ ∼O(ε∞)

∑∞
j=0 ε

jτj ∈ Sm
′

ρ′,δ′(ε;R
2d,B(H1,H2))

with 1 ≥ min(ρ, ρ′) ≥ max(δ, δ′) ≥ 0, 1 > max(δ, δ′), we have σ?( . )τ ∈ Sm+m′
min(ρ,ρ′),max(δ,δ′)(ε;R

2d,B(H1,H3)).

Most important for all calculations, where we employ the Weyl calculus for R2d (see subsection 3.4.2), are
the zero and first order of the asymptotic expansion in ε of σε ?ε τε, which can be obtained by inserting the
asymptotic expansions of σε and τε into (A.2.4)

(σε ?ε τε)0 = σ0τ0, (A.2.5)

(σε ?ε τε)1 = σ0τ1 + σ1τ0 + i

2{σ0, τ0}. (A.2.6)

Here, {σ0, τ0} := (∇pσ0) · (∇qτ0)− (∇qσ0) · (∇pτ0) is the non-commutative Poisson structure (σ0 and τ0 are
operator-valued).

A.3. Operators close to zero: The O(ε∞)-notation
In the formulation of space-adiabatic perturbation theory two notions of asymptotic equivalence of ε-dependent
(pseudo-differential) operators play a major role (cf. [Panati et al., 2003b,Teufel, 2003]): The first notion
only applies to semi-classical pseudo differential operators with ρ > δ, as going to higher order terms in their
asymptotic expansions improves the decay w.r.t. the momentum directions in R2d.

Definition A.3.1 (cp. [Teufel, 2003], Definition A.16):

Given two semi-classical pseudo-differential operators Âεσε , Â
ε
τε ∈ OPS

m
ρ,δ(ε;H1,H2) with ρ > δ, we say that

Âεσε = Âετε + O−∞(ε∞), (A.3.1)

if and only if σε ∼O(ε∞) τε ∈ Smρ,δ(ε). This means that Âεσε − Â
ε
τε is O(ε∞) in OPS−∞(ε;H1,H2).

The second notation is a weaker concept, but is meaningful for arbitrary ε-dependent operators.

Definition A.3.2 (cp. [Teufel, 2003], Definition A.17):

Given two ε-dependent operators Âε1, Âε2 between Hilbert spaces H1 and H2 (ε ∈ (0, ε0], ε0 > 0), we say that

Âε1 = Âε2 + O0(ε∞), (A.3.2)

if and only if

∀n ∈ N0 : ∃Cn > 0 : ∀ε ∈ (0, ε0] : ||Âε1 − Âε2||B(H1,H2) ≤ Cnεn. (A.3.3)



B. Elements of Microlocal Analysis

This appendix is intended to provide some mathematical background material and key results from microlocal
analysis (cf. [Hörmander, 1983a], see also [Junker, 1996,Sahlmann and Verch, 2001,Dabrowski and Brouder,
2014]). The definitions for distributions on manifolds follow those in [Bär et al., 2007] (see also [Friedlander,
1975,Rudin, 1973,Werner, 1995]).

B.1. Distributions on manifolds

Let M be a finite dimensional, Hausdorff, second-countable, σ-compact1 (C∞-)manifold. Given a vector
bundle E π→ M , we denote by D(M,E) := Γ∞0 (M,E) the space of smooth, compactly supported sections.
This space can be made into a nuclear, strict LF-space (see the explanation following (B.1.2)) by the following
semi-norms:

Fix an arbitrary Riemmanian metric g onM and an arbitrary fibre metric gE (hermitian in the complex case)
on E. Additionally, choose arbitrary connections in T ∗M and E, such that we have induced connections2

∇ : Γ∞(M,T ∗M⊗k ⊗ E) → Γ∞(T ∗M⊗k+1 ⊗ E), ∀k ∈ N0. The metrics g, gE induce norms || . ||g,gE :
T ∗M⊗k ⊗ E → R≥0, ∀k ∈ N0, and we define for f ∈ D(M,E):

||f ||Cn(K,E) := max
j=1,...,n

sup
x∈K
||∇jf(x)||g,gE , n ∈ N0,K < M compact. (B.1.1)

Clearly, different choices of metrics and connections lead to equivalent semi-norms, because K is compact.
Now, we introduce the spaces:

DK(M,E) := {f ∈ D(M,E) | supp(f) ∈ K}, K < M compact, (B.1.2)

which we turn into Frechét spaces with the families of semi-norms {|| . ||Cn(K,E)}n∈N. The nuclear, strict
LF-topology on D(M,E) is defined as the topology generated by all semi-norms p : D(M,E) → R≥0, s.t.
all the restrictions p|DK(M,E), K < M compact, are continuous (in DK(M,E)). This topology has the
important property that it turns D(M,E) into a barrelled space (in which the Banach-Steinhaus theorem
or principle of uniform boundedness holds, cf. [Robertson and Robertson, 1964]), and entails the following
notions of convergence in D(M,E):

Proposition B.1.1:

A sequence {fj}∞j=1 ⊂ D(M,E) converges to f ∈ D(M,E), if and only if

1. ∃K < M compact : ∀j : supp(fj), supp(f) ⊂ K,

2. ∀n ∈ N0 : limj→∞ ||fj − f ||Cn(K,E) = 0.

D(M,E) with its nuclear, strict LF-topology is called the space of test section in E on M . Distributions in
E∗3 on M with values in a real or complex, finite dimensional vector space V can be defined as sequentially
continuous maps D(M,E)→ V , where we fix some arbitrary norm || . ||V on V .

1This means, there is a countable exhaustion {Kn}∞n=1 of M by compact sets Kn < M .
2All connections are denoted by the same symbol ∇.
3E∗ is the fibre-wise dual of E.
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Definition B.1.2:

We denote the space of sequentially continuous maps D(M,E) → V endowed with the weak∗-topology is by
D ′(M,E∗, V ), and call it the space of distributions in E∗ on M with values in V . If V = R,C, we abbreviate
the notation by D ′(M,E∗).

Equivalently, we can characterise distributions in the following way.
Proposition B.1.3:

For a map u : D(M,E)→ V the following conditions are equivalent:

1. u ∈ D ′(M,E∗, V ),

2. ∀K < M compact ∃k ∈ N0,∞ > C > 0 : ∀f ∈ D(M,E) : ||u(f)||V ≤ ||f ||Ck(K,E).

If M is orientable, we may choose a (smooth) volume form dV on it4. This gives rise to a continuous
embedding:

D(M,E∗) �
�

// D ′(M,E∗)

f � //
(
f ′ 7→

∫
M

(f, f ′)dV =: uf,dV (f ′)
) (B.1.3)

where f ′ ∈ D(M,E). Since two volume forms dV, dV ′ onM differ by a nowhere vanishing function fdV,dV ′ ∈
C∞(M), any two embeddings of this kind are equivalent. This motivates the definition of derivatives of
distributions.
Definition B.1.4:

A linear differential operator P : Γ∞(M,E)→ Γ∞(M,E) uniquely extends to a continuous, linear operator
P ′ : D ′(M,E∗)→ D ′(M,E∗) by

∀u ∈ D ′(M,E∗) : (P ′u)(f) := u(Pf), f ∈ D(M,E). (B.1.4)

Equation (B.1.4) is compatible with the definition of the formal adjoint P ∗ : Γ∞(M,E∗) → Γ∞(M,E∗) of
P relative to dV , because of the identity:∫

M

(P ∗f, f ′)dV =
∫
M

(f, Pf ′)dV, f ∈ D(M,E∗), f ′ ∈ D(M,E). (B.1.5)

Next, we define the support of a distribution, as the generalisation of the support of a function resp. section..

Definition B.1.5:

The support supp(u) of a distribution u ∈ D ′(M,E∗, V ) is the complement of the set

{x ∈M | ∃U ⊂M open, x ∈ U : u(f) = 0 ∀f ∈ D(M,E), supp(f) ⊂ U}. (B.1.6)

Clearly, supp(u) is closed in M .

The distributions with compact support D ′0(M,E∗) can be considered as the (distributional) dual of the
smooth section in E, Γ∞(M,E), because of the identity:

u(f) = u(ϕf), (B.1.7)

where ϕ ∈ D(M) is a test function with ϕ ≡ 1 on a neighbourhood of supp(u). We can turn the smooth sec-
tions Γ∞(M,E) into a nuclear Frechét space E (M,E) by the semi-norms (B.1.1), s.t. its weak∗-topological,
V -valued dual is the space of distributions with compact support E ′(M,E∗, V ) = D ′0(M,E∗, V ). The spaces
DK(M,E) are closed subspaces of E (M,E). The notion of convergence in E (M,E) is given by:

4More generally, we can use a nowhere vanishing density on M .
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Proposition B.1.6:

A sequence {fj}∞j=1 ⊂ E (M,E) converges to f ∈ E (M,E), if and only if

∀K < M compact, n ∈ N0 : lim
j→∞

||fj − f ||Cn(K,E) = 0. (B.1.8)

There is a characterisation of the elements in E ′(M,E∗, V ) similar to proposition B.1.3, as well.

Proposition B.1.7:

For a map u : E (M,E)→ V the following conditions are equivalent:

1. u ∈ E ′(M,E∗, V ),

2. ∃K < M compact, k ∈ N0,∞ > C > 0 : ∀f ∈ D(M,E) : ||u(f)||V ≤ ||f ||Ck(K,E).

B.2. The wavefront set - Tools from microlocal analysis

A main advantage in the theory of distribution on Rn is the applicability of the Fourier transform to
investigate smoothness properties. This can be, at least partly, cast into a local notion generalisable to
(C∞-)manifolds, namely the so-called wave front set

WF(u) ⊂ T*M \ {0}, u ∈ D ′ (M) (B.2.1)

which will be as indicated a subset of the cotangent bundle of M . This set captures information on the
(co-)directions along which the singularities of u “propagate”, and e.g. allows for a refined analysis of the
operations possible with distributions.

To define the wave front set explicitly we need the following “localisation” of the decay properties of distri-
butions on Rn:
Definition B.2.1:

For u ∈ D ′ (Rn) we call (x, k) ∈ Rn× (Rn \{0}) a regular direction of u at x, if there exists φ ∈ D (Rn) with
φ(x) 6= 0 and a conic open neighbourhood Γ ⊂ Rn \{0} of k, s.t.

∀N ∈ N : sup
k′∈Γ

(1 + |k′|)N |φ̂u(k′)| ≤ CN <∞ (B.2.2)

Recall that a set Γ is called conic if k ∈ Γ⇔ rk ∈ Γ, r ∈ R>0.

Let Σx(u) denote the complement of the regular directions at x.

We observe that this definition is local in the sense that suppφ can arbitrarily concentrated around x, i.e.
∀φ ∈ D (Rn) : φ(x) 6= 0 : Σx(φu) = Σx(u).

Definition B.2.2:

The wave front set of u ∈ D ′ (Rn) is given by the set

WF(u) = {(x, k) ∈ Rn× (Rn \{0}) | k ∈ Σx} (B.2.3)

Clearly, WF(u) is conic in the sense that it is invariant under multiplication of the second component by
positive scalars, i.e. (x, k) ∈WF(u)⇔ (x, rk) ∈WF(u), r > 0.

An immediate consequence of the definition is that the wave front set naturally generalises the notion of
singular support of a distribution.

Corollary B.2.3:

The projection of WF(u) onto the first component is sing suppu.



248 B.2 The wavefront set - Tools from microlocal analysis

Another observation following from the interplay of the Fourier transform and the complex conjugation is:
Corollary B.2.4:

For u ∈ D ′ (Rn) one has

WF(ū) = {(x, k) ∈ R× (R \{0}) | (x,−k) ∈WF(u)} = −WF(u), (B.2.4)

where ū denotes the complex conjugate.

Moreover, in analogy with the support of a distribution, we have the following local behaviour of the wave
front set.
Corollary B.2.5:

For any linear (C∞-)differential operator P the wave front set has the property

WF(Pu) ⊂WF(u) (B.2.5)

To realise the wave front set as part of the cotangent bundle of a manifold one needs its transformation
behaviour under (C∞-)maps Φ : U ⊂ Rn −→ V ⊂ Rm between open sets.
Definition B.2.6:

The co-normal of Φ is the set

NΦ = {(Φ(x), η) ∈ V × Rm | (dΦx)∗η = 0} . (B.2.6)

Obviously we have NΦ = {0} if Φ is a submersion, i.e. dΦ is everywhere onto.

As the main obstacle in defining the composition of distributions with (C∞-)maps is due to the presence of
singularities one is led to consider spaces of distributions with certain restrictions on their wave front set.
This paves the way to extending operations (e.g. multiplication) from (C∞-)functions to distributions.

Definition B.2.7 (Hörmander’s pseudo-topology):

For an open subset U ⊂ Rn and a closed cone Γ ⊂ U × (Rn \{0}) consider the set

D ′Γ(U) =
{
u ∈ D ′(U) | WF(u) ⊂ Γ

}
. (B.2.7)

A sequence {ui} ⊂ D ′Γ(U) is said to converge to u ∈ D ′Γ(U) (ui → u) within D ′Γ(U) if5

(i) ui → u in D ′(U)

(ii) ∀N ∈ N : ∀φ ∈ D(U) : ∀V ⊂ Rn closed cone : Γ ∩ (suppφ× V ) = ∅

sup
V
|k|N |φ̂ui(k)− φ̂u(k)| → 0, i→∞. (B.2.8)

There are several topologies on D ′Γ(U) compatible with this notion of convergence (cf. [Dabrowski and
Brouder, 2014]). Now we are in the position to state the main theorem:

Theorem B.2.8 (Theorem 8.2.4. [Hörmander, 1983a]):

Let Φ : U ⊂ Rn −→ V ⊂ Rm be as above. There is one and only one way to define the pullback Φ∗u for
u ∈ D ′ (Rn) with

NΦ ∩WF(u) = ∅ (B.2.9)

such that Φ∗u = u ◦ Φ for u ∈ C∞, and for any closed conic subset Γ ⊂ V × (Rm \{0}) with Γ ∩NΦ = ∅

Φ∗ : D ′Γ (V ) −→ D ′Φ∗Γ (U) (B.2.10)
5This entails that D(U) ⊂ D ′Γ(U) is a dense subset.
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Φ∗Γ = {(x, (dΦx)∗η) | (Φ(x), η) ∈ Γ} is continuous.

Moreover the wave front set satisfies
WF(Φ∗u) ⊂ Φ∗WF (u) (B.2.11)

Interestingly this makes precise the intuition that the singularities of a distribution (as a geometrical object
on a manifold) should “propagate” along tangential direction and not along the co-normal.

Consider now a (C∞-)manifold M and a distribution u ∈ D ′(M). Utilising theorem B.2.8 we define the
wave front set WF(u) ⊂ T*M \ {0} by

(x, k) ∈WF(u)⇔ (κ(x), (dκ−1
x )∗k) ∈WF((κ−1)∗u) (B.2.12)

for any chart κ : U ⊂ M −→ V ⊂ Rn. In case of a (C∞-)vector bundle E over M and u ∈ D ′(M,E) one
defines WF(u) :=

⋃
i=1,...,eWF(ui) w.r.t. a local trivialisations s.t. (u = (u1, ..., ue)). This is independent

of the trivialisation since the passage between two trivialisation is given by the multiplication of (u1, ..., ue)
by an invertible (C∞-)matrix.

Another important implication of theorem B.2.8 is the possibility to define restrictions of distributions to
submanifolds in certain cases:

Corollary B.2.9:

Let ι : S −→M be a(n) (embedded) submanifold. For every u ∈ D ′(M) with WF(u)∩Nι = ∅ the restriction

u|S = ι∗u (B.2.13)

is a well defined distribution in S (u|S ∈ D ′(S)).

Next we take a closer look at the wave front set of the (exterior) tensor product of distributions, which will
be important due to the fact, that the product of (C∞-)functions can be given as

fg(x) = ∆∗(f ⊗ g)(x), (B.2.14)

where ∆ : M −→M ×M is the diagonal map.

Proposition B.2.10:

For u ∈ D ′(M), v ∈ D ′(M ′) the wave front set of the (exterior) tensor product u⊗ v ∈ D ′(M ×M ′) obeys
the restriction

WF(u⊗ v) ⊂ (WF(u)×WF(v)) ∪ ((suppu× {0})×WF(v)) ∪ (WF(u)× (supp v × {0})) . (B.2.15)

Proof:

The Fourier transform of (φu)⊗ (ψv) is given by φ̂uψ̂v (φ(x) 6= 0, ψ(y) 6= 0). According to relation (B.2.2)
we have for the regular directions at (x, y) (w.r.t. to a local coordinate system):

∀N ∈ N : sup
(k,k′)∈Γ⊂(T∗xM×T∗yM ′)\{0}

(1 + |(k, k′)|︸ ︷︷ ︸
=|k|+|k′|

)N |φ̂u(k)ψ̂v(k′)| ≤ CN <∞. (B.2.16)

So we infer that
Σx(u⊗ v) ⊂ (Σx(u)× Σy(v)) ∪ ({0} × Σy(v)) ∪ (Σx(u)× {0}) , (B.2.17)

which implies the result.
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Obviously, the co-normal of the diagonal map ∆ is given by

N∆ =
{

(∆(x), (k, l)) ∈ T*M×2 | k = −l
}
, (B.2.18)

leading together with proposition B.2.10 to the extension theorem for multiplication:

Theorem B.2.11 (Theorem 8.2.10. [Hörmander, 1983a]):

For u, v ∈ D ′(M) the product uv is well-defined if WF(u ⊗ v) ∩N∆ = ∅, i.e. there is no (x, k) ∈ T*M s.t.
(x, k) ∈WF(u) and (x,−k) ∈WF(v), and given by

uv = ∆∗(u⊗ v). (B.2.19)

Furthermore the wave front WF(uv) satisfies

WF(uv) ⊂WF(u)⊕WF(v) ∪WF(u)| supp v ∪WF(v)| suppu. (B.2.20)

Another class of important theorems concerns the composition of distributions as linear maps. The first is
essentially a refined version of theorem 8.2.12. in [Hörmander, 1983a].

Theorem B.2.12:

Let U ⊂ Rn and V ⊂ Rm be open sets and K ∈ D ′(U × V ). Denote by K the corresponding map
D(V ) −→ D ′(U). Then the wave front set WF(K ψ) for ψ ∈ D(V ) satisfies

{(x, k) ∈ U × (Rn \{0}) | (x, y; k, 0) ∈WF(K), y ∈ supp◦ ψ} ⊂ (B.2.21)

WF(K ψ) ⊂ (B.2.22)

{(x, k) ∈ U × (Rn \{0}) | (x, y; k, 0) ∈WF(K), y ∈ suppψ}, (B.2.23)

where ◦ denotes the interior of a set. Defining

WF(K)U |V = {(x, k) ∈ U × (Rn \{0}) | (x, y; k, 0) ∈WF(K), y ∈ V } (B.2.24)

one has
WF(K)U | supp◦ ψ ⊂WF(K ψ) ⊂WF(K)U | suppψ. (B.2.25)

Proof:

For x0 ∈ U take φ ∈ D(U) with φ(x0) = 1 and define

K1 = (φ⊗ ψ)K ∈ E ′(U × V ), ψ ∈ D(V ). (B.2.26)

To analyse the wave front set we look at φ̂(K ψ):

φ̂(K ψ)(k) = φ(K ψ)
(
e−ik·( . )

)
= K

(
φe−ik·( . ),ψ

)
= K̂1(k, 0). (B.2.27)

If u ∈ E ′(Rp) is a compactly supported distribution we denote by Σ(u) the complement of the regular
directions of its Fourier transform, s.t. π2(WF(u)) = Σ(u)6. Moreover one can show7 for χ ∈ D(Rp)

Σ(χu) ⊂ Σ(u) and Σ(χu)→ Σx(u) for suppχ→ {x}, χ(x) 6= 0. (B.2.28)

6πi, i = 1, 2 denotes the projection on the respective component.
7see [Hörmander, 1983a] p. 253 et seq.
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This directly leads to
⋃

(x,y)∈supp◦ φ⊗ψ Σ(x,y)(K) ⊂ Σ(K1) and Σ(x,y)(K1) ⊂ Σ(x,y)(K). So we find:

π2
(
WF(K)| supp◦ φ⊗ψ

)
⊂ Σ(K1) = π2 (WF(K1)) ⊂ π2 (WF(K)suppφ⊗ψ) (B.2.29)

⇒ π2 (WF(K)supp◦ φ⊗ψ)|l=0 ⊂ Σ(φ(K ψ)) ⊂ π2 (WF(K)suppφ⊗ψ)|l=0 . (B.2.30)

Letting suppφ→ {x0} proves the theorem.

Along similar lines one obtains an extension theorem to the latter

Theorem B.2.13 (cf. Theorem 8.2.13. [Hörmander, 1983a]):

The exists a unique extension of K to those u ∈ E ′(V ) with WF(u) ∩
(
−WF(K)V |U

)
= ∅, s.t.

E ′(M) ∩D ′Γ(V ) 3 u −→ K u ∈ D ′(U) (B.2.31)

is continuous for all compact sets M ∈ V and closed cones Γ with Γ ∩
(
−WF(K)V |U

)
= ∅. Define

WF′(K) = {(x, y; k, l) | (x, y; k,−l) ∈WF(K)} , ′WF(K) = {(x, y; k, l) | (x, y;−k, l) ∈WF(K)} .
(B.2.32)

One has
WF(K u) ⊂WF′(K) ◦WF(u) ∪WF(K)U | suppu, (B.2.33)

where ◦ denotes the composition, i.e. WF′(K) ◦WF(u) = {(x, k) | (x, y; k,−l) ∈WF(K), (y, l) ∈WF(u)}8.

and a composition theorem for this type of maps.

Theorem B.2.14 (cf. Theorem 8.2.14. [Hörmander, 1983a]):

Let U ⊂ Rn, V ⊂ Rm and W ⊂ Rp be open sets and K1 ∈ D ′(U × V ), K2 ∈ D ′(V ×W ). Furthermore
assume the projection

π2 : suppK2 −→W (B.2.34)

to be proper, i.e. preimages of compact sets are compact, and

WF′(K1)V |U ∩WF(K2)V |W = ∅. (B.2.35)

Then the composition K1 ◦K2 is defined and its kernel K satisfies the following condition on its wave front
set

WF(K) ⊂ WF′(K1) ◦WF(K2) (B.2.36)

∪{(x, z; k, 0) | (x, y; k, 0) ∈WF(K1), (y, z) ∈ suppK2} (B.2.37)

∪{(x, z; 0,m) | (x, y) ∈ suppK1, (y, z; 0,m) ∈WF(K2)} (B.2.38)

⊂ WF′(K1) ◦WF(K2) ∪
(
WF(K1)U |π1(suppK2) × (π2(suppK2)× {0})

)
(B.2.39)

∪
(
(π1(suppK1)× {0})×WF(K2)W |π2(suppK1)

)
(B.2.40)

Finally we need a theorem shedding light on the interplay between wave front sets on (C∞-)differential
operators (cf. Theorem 8.3.1. [Hörmander, 1983a] and Theorem 26.1.1. [Hörmander, 1985b]).

Theorem B.2.15:

Let P =
∑
n≤m Pn(x, ∂x) be a linear (C∞-)differential operator of order m on a (C∞-)manifold M , then

WF(u) \WF(Pu) ⊂ CharP, u ∈ D ′(M), (B.2.41)
8From theorem B.2.12 one additionally has WF((1⊗ u)K)U| supp◦ u ⊂WF(K u)
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where CharP = {(x, k) ∈ T*M \ {0} | Pm(x, k) = 0} denotes the characteristic set of P .
If additionally the principal symbol Pm is real and homogeneous of degree m, WF(u) \WF(Pu) will be
invariant under the flow of the Hamiltonian vector field associated with Pm w.r.t. to the natural symplectic
structure on T ∗M .



List of Symbols & Acronyms

Here, we provide a list of frequently used symbols and acronyms. Symbols, not available in this list, are
explained in the places they occur first.

General symbols

∗ involution in a ∗-algebra or adjoint of operators
AoαG crossed product algebra of the C∗-dynamical system

(A, G, α)
C0(g) oL G crossed product algebra of the C∗-dynamical system

coming from the left/right regular action αL of a
locally compact group G on C0(G)

M(A) multiplier algebra of the C∗-algebra A

∼O(εn) asymptotic equivalence of two expressions up to
O(εn), n ∈ N0 w.r.t. to some scale parameter (ε)

∼ asymptotic equivalence of two expressions w.r.t. to
some scale parameter (ε), i.e. ∼ “=” ∼O(ε)

[ , ] a commutator of two algebra elements or operators
complex conjugation

∗(L /R) (left/right) convolution of functions
NΦ co-normal of a map Φ
WF(u) wave front set of a distribution u
( , )H inner product of the Hilbert space H

H⊗H′ (closed) tensor product of two Hilbert spaces H and
H′

H a Hilbert space
D(A) domain of a linear operator A
L(H,H′) linear operators from a Hilbert space H to another

Hilbert space H′

B(H,H′) bounded operators from a Hilbert space H to an-
other Hilbert space H′

L(H) linear operators on a Hilbert space
B(H) bounded operators on a Hilbert space H

K (H) compact operators on a Hilbert space H

HS(H) Hilbert-Schmidt operators on a Hilbert space H

S p(H) p-th Schatten class on a Hilbert space H

σ(A) spectrum of a linear operator A
trH trace w.r.t. the Hilbert space H

1H unit operator on the Hilbert space H

O0(εn) Aε = O0(εn), n ∈ N0 for A : [0, ε0) → B (B a
Banach space) ⇔ ∃Cn > 0 : ||Aε||B ≤ εnCn

O0(ε∞) Aε = O0(ε∞) ⇔ ∀n ∈ N0 : Aε =O0(εn)
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254 Symbols related to Lie groups

O−∞(ε∞) Aε = O−∞(ε∞) for Aε ∈ Smρ,δ(ε), ρ > δ > 0 ⇔ Aε

is asymptotically close to zero in Smρ,δ(ε)
〈 . 〉 the function defined by 〈x〉 = (1+ |x|2) 1

2 for x ∈ Rd,
also know as standard regularised distance

{ , } Poisson bracket of two functions
.̂ (ε) possibly parameter dependent (ε) quantisation of

function
?(ε) possibly parameter dependent (ε) non-commutative

product of functions induced by the quantisation
.̂ (ε)

[ , ]?(ε) commutator w.r.t. ?(ε)

M a spacetime
J+(K) causal future of K ⊂M
J−(K) causal past of K ⊂M
G+ advanced fundamental solution of a normally hyper-

bolic differential operator
G the causal propagator
G− retarded fundamental solution of a normally hyper-

bolic differential operator
ω2 two-point function of a state ω
T ∗M co-tangent bundle of M
g spacetime metric
dVg volume form onM induced by the spacetime metric

g

Σ spatial section in a 3+1-decomposition of spacetime
M ∼= R×Σ

T ∗Σ co-tangent bundle of Σ
dAg volume form on the spatial section Σ induced by the

spacetime metric g
⊗̂ (unique) topological tensor product of nuclear vec-

tor spaces
F (ε) (ε-scaled) Fourier transform
E short hand for a vector bundle E π→M

gE fibre metric in the vector bundle E π→M

E ⊗ E′ inner tensor product of the vector bundle E and E′

over M
E ⊗ E′ outer tensor product of the vector bundle E and E′

over M and M ′, respectively
EΣ restriction of a vector bundle E π→M to the spatial

section Σ
M⊗̄N von Neumann tensor product of two von Neumann

algebrasM and N , e.g. M = B(H) and N = B(H′)

Symbols related to Lie groups

G a Lie group
Ad the adjoint action of G on g

Ad∗ the coadjoint action of G on g∗
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ad the adjoint action of g on g

ad∗ the coadjoint action of g on g∗

g the Lie algebra of the Lie group G
gC the complexification of g
g∗ the dual of the Lie algebra g

GC the complexification of G (compact)
α the conjugate action of G on itself, i.e. αg(g′) =

gg′g−1 for g, g′ ∈ G, or a (real) root of G (compact)
T ∗G the co-tangent bundle of the Lie group G
exp the exponential map of G, also denoted by e( . ) or

expG
Γ the kernel of the exponential map of G when re-

stricted to t

dg a (normalised, bi-invariant) Haar measure on G
dz a Haar measure on GC normalised via 〈 . 〉gC

ρt the heat kernel on G (compact) at time t
νt the density of the averaged heat kernel measure on

GC at time t
Hd the (nilpotent) Heisenberg group
Hred
d the reduced (nilpotent) Heisenberg group
〈 . 〉g an Ad-invariant inner product on g (G compact)
〈 . 〉gC real-valued extension of 〈 . 〉g to gC

| . |gC the norm induced by 〈 . 〉gC

| . |g the norm induced by 〈 . 〉g
{τi}ni=1 an orthonormal basis of g relative to 〈 . 〉g
T a maximal torus of G (compact)
t the Lie algebra of T
t∗ the dual of t
Φ the (right) polar decomposition from T ∗G ∼= G× g

to GC

σ the determinant of Φ relative to dz and the Liouville
measure dg dX

η an analytic square root of σ
R the real roots of G (compact)
δ half the sum of the positive roots
R+ a set of positive roots of G (compact)
TG the tangent bundle of the Lie group G
dθ a Haar/Lebesgue measure on g∗ (normalised by

〈 . 〉g)
dX a Haar/Lebesgue measure on g (normalised by 〈 .〉g)
Ĝ the unitary dual, i.e. equivalence classes of irre-

ducible unitary representations, of G
π a (unitary, irreducible) representation of G
χπ the character of π
Oπ a coadjoint orbit corresponding to π
dπ the dimension of π
πtriv the trivial representation of G
λπ a highest integral weight corresponding to π or the

value of the Casimir element in π
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W the Weyl group of G (compact)
C a fundamental Weyl chamber of G (compact)
{ , }T∗G the canonical Poisson structure on T ∗G
{ , }± the ±-Lie-Poisson structure on g∗

QB
(ε) (ε-scaled) Berezin quantisation

QSW
(ε) (ε-scaled) Stratonovich-Weyl quantisation

QW
(ε) (ε-scaled) Weyl quantisation

∆j the Stratonovich-Weyl kernel in the spin j represen-
tation of G = SU(2)

∆π the Stratonovich-Weyl operator in the unitary ir-
reducible representation π of G (compact, simply
connected)

F SW,(ε) (ε-scaled) Stratonovich-Weyl-Fourier transform

Symbols related to loop quantum gravity

ALQC Weyl algebra of loop quantum cosmology (LQC)
ZLQC centre of ALQC

FLQC field algebra of ALQC

g(e,A, {px}x∈Σ) holonomy functional, i.e. an element of the struc-
ture group associated with the holonomy of a (gen-
eralised) connection A along an edge e relative to a
set of reference point {px}x∈Σ)

Cyl cylindrical function relative to the projective limit
structure on A

Cyl C∗-closure of Cyl
Tγ,~m a gauge-variant charge network function relative to

a graph γ with U(1)-representation labels {~m}
Tγ,~β a gauge-variant charge network function relative to

a graph γ with R-representation labels {~β}
Tγ,~π,~m,~n a gauge-variant spin network function relative to a

graph γ with representation labels {~π, ~m,~n}
WS(tn) a Weyl element of ALQG

G sa,0
P nALQG extension of ALQG by G sa,0

P
GaussPnALQG extension of ALQG by GaussP
XFlux space of flux vector field over A

PLQG holonomy-flux algebra of loop quantum gravity
(LQG)

ALQG Weyl algebra of loop quantum gravity (LQG)
ZLQG centre of ALQG

Aext
LQG extended Weyl algebra of loop quantum gravity

(LQG)
FLQG field algebra of ALQG

En(S) a flux vector field or functional
ε(e, S) indicator function of an edge e relative to a face S
ε([e]x, S) indicator function of an edge germ [e]x relative to a

face S
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P a (right) semi-analytic principal bundle P π→ Σ over
the spatial section

A P space of connections on P
A space of generalised connections
G

(sa)
P (semi-analytic) gauge transformations of P

GP gauge algebra of P
G 0
P compactly supported gauge transformations of P

GaussP gauge transformation of P connected to the identity
Γsa

0 embedded, semi-analytic, compactly supported, fi-
nite graph in Σ

Γsa,↑
0 oriented, embedded, semi-analytic, compactly sup-

ported, finite graph in Σ
γ an element of Γsa

0 or Γsa,↑
0

Pγ an oriented, semi-analytic polyhedronal decomposi-
tion of Σ dual to γ ∈ Γsa,↑

0

Πγ an oriented, semi-analytic path system adapted to
γ ∈ Γsa,↑

0 and Pγ
E(γ) set of edges of γ
V (γ) set of vertices of γ
L the set of structured graphs l = (γ, Pγ ,Πγ)
l a structured graph, i.e. an element of L

Al (quantum) C∗-algebra associated with l
Sl state space of the algebra Al

Cl (truncated) configuration space associated with a
structured graph l

Gl (truncated) gauge group associated with a struc-
tured graph l

P eX(A,E;σ) momentum functional relative to an edge e ∈ l, a
Lie algebra element X ∈ g, an element (A,E) ∈
|Λ|1T ∗AP and a reference section σ

Γl (truncated) phase space associated with a struc-
tured graph l

Spaces of functions and other maps

C(X) continuous functions on a manifold X
Cb(X) bounded continuous functions on a manifold X
Cc(X) continuous functions with compact support on a

manifold X
C0(X) continuous functions decaying to zero at infinity on

a manifold X
C∞(X) smooth functions on a manifold X
C∞b (X) bounded (including all derivatives) smooth func-

tions on a manifold X
C∞c (X) smooth functions with compact support on a man-

ifold X
C∞0 (X) smooth functions decaying to zero at infinity on a

manifold X
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C∞PW(X∗) Fourier dual of C∞c (X) for a linear manifold X with
dual X∗

Cm(X) m-times continuously differentiable functions on a
manifold X

Cmb (X) bounded (including all derivatives) m-times contin-
uously differentiable functions on a manifold X

Cmc (X) m-times continuously differentiable functions with
compact support on a manifold X

Cm0 (X) m-times continuously differentiable functions decay-
ing to zero at infinity on a manifold X

L2(X, dµ) Hilbert space built from square integrable functions
w.r.t. some measure space (X,µ)

L2(G) L2-space for a Lie group G w.r.t. a Haar measure
L∞(X, dµ) Banach space built from essentially bounded func-

tions w.r.t. some measure space (X,µ)
Lp(X, dµ) Banach space built from p-integrable functions

w.r.t. some measure space (X,µ), p ∈ [p,∞)
S (X) Schwartz functions on a linear manifold X
S ′(X) weak-* topological dual of S (X)
H L2(GC, νt) image of L2(G) under holomorphic Segal-

Bargmann-Hall transform
H L2(GC, νt) image of L2(G) under anti-holomorphic Segal-

Bargmann-Hall transform
E (X) smooth functions on a manifold X, cp. C∞(X)
E ′(X) weak-* topological (distributional) dual of E (X)
E ′Λ(X) compactly supported distributions with specified

wavefront set Λ ⊂ T ∗X, see definition B.2.7
E sc(M,E) smooth section of E π→ X which are “spacelike com-

pactly supported”, i.e. if f ∈ E sc(X) for a space-
time X, there exists a compact set K < X s.t.
supp(f) ⊂ J(K)

E ′sc(X,E) weak-* topological (distributional) dual of
E sc(X,E)

smρ,δ Symbols of order m and weights (ρ, δ) for Bohrian
pseudo-differential operators

Smρ,δ Hörmander’s symbols of order m and weights (ρ, δ)
OPSmρ,δ Pseudo-differential operators constructed from sym-

bols in Smρ,δ
OPSmρ,δ(ε) Semi-classical pseudo-differential operators con-

structed from symbols in Smρ,δ(ε)
Smρ,δ(ε) semi-classical Hörmander’s symbols of order m and

weights (ρ, δ)
SmPW,ρ,δ Paley-Wiener-Schwartz symbols of order m and

weights (ρ, δ)
D(X) smooth, compactly supported functions on a mani-

fold X, cp. C∞c (X)
D ′(X) weak-* topological (distributional) dual of D(X)
D ′Γ(X) distributions with specified wavefront set Γ ⊂ T ∗X,

see definition B.2.7
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D(X,E) smooth, compactly supported sections of the vector
bundle E π→ X

D ′(X,E) weak-* topological (distributional) dual of D(X,E)

X(X) vector fields on a manifold X
Λk(X) k-forms on a manifold X
Ωk(E) k-form valued sections of the vector bundle E π→ X

Γ(X,E) sections of the vector bundle E π→ X, also denoted
Γ(E)

Acronyms

AIL Ashtekar-Isham-Lewandowski

CCR canonical commutation relations
CS curved spacetime

FLRW Friedmann-Lemaître-Robertson-Walker

LQC loop quantum cosmology
LQG loop quantum gravity

QFT quantum field theory
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for loop quantum cosmology (LQC), 201
for loop quantum gravity (LQG), 204
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holonomy-flux, 194

Weyl form, 196
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for loop quantum cosmology (LQC), see also
U(1)-Weyl algebra, 199

transformation group C∗-, 36, 45
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of loop quantum cosmology (LQC), 198

anomalous current, 219
ansatz

Born-Oppenheimer, 14
coherent state, 18

approximation
semi-classical, 22
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connection, 103
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for loop quantum cosmology (LQC), 201
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bundle
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gauge algebra, 186
gauge transformation, 185
holonomy, 181
holonomy functional, see holonomy functional
parallel transport, 181
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vector, 245

calculus
Kohn-Nirenberg, 45
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for R2d, 239–244
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causal past, 164
chiral symmetry, 217
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asymptotic, 63

condition
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Dirac’s, 56
Hadamard, 171
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microlocal spectrum, 171
Rieffel’s, 56
von Neumann’s, 56

connection
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Berry-Simon, 15, 27, 150
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Berry-Simon, 27
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distribution
compactly supported, 246
product of, 250
pullback of, 248
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support of, 246
tensor product of, 249
vector-valued, 246
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dual
unitary, 37

dynamical system
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edge, see graph
composition, 104
inversion, 104

element
Fourier-Weyl, 46
for compact Lie groups, 48, 52

Weyl, 46, 92
for U(1), 88
for compact Lie groups, 47, 51
of the holonomy-flux algebra, 196

energy cut-off, 152

equation
Friedmann
first, 125
second, 125

equivalence
asymptotic, 244
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O0(ε∞), 244

ergodic mean, 91
expansion

asymptotic, 20, 243
discrete Taylor, 99

flux vector field, see also flux functional, 192
action on cylindrical functions, 193
commutator, 196
double commutator, 196
point-localised, 194

formula
Dynkin-Baker-Campbell-Hausdorff, 67

Friedrich’s mollifier, 127, 131
function

charge network, 203
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Fourier network, 204
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for an edge germ relative to a face, 193
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Paley-Wiener, 54
spin network
for U(1), see also charge network function
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two-point, 171

functional
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momentum/flux, 104
functions

spin network (gauge-variant), 197

gauge group
global, 200
for loop quantum cosmology (LQC), 201
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gauge transformation, see principal bundle
GaussP, 219
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infinitesimal, see principal bundle, gauge algebra

gauge transformations
large, 220

graph
adapted, 192
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embedded, semi-analytic, compactly supported,

finite, 191
oriented, 104

equivalence, 108
finite, oriented, semi-analytic structured, 104
vertex, 104

group
Heisenberg
reduced, Hred

d , 239
Heisenberg, Hd, 239

Hamiltonian
effective, 15, 22

hierachy
Egorov’s, 22, 147

identity
Green’s, 167

inequality
Peetre’s, 95

kernel
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reproducing, 18
Weyl, 55

limit
adiabatic, 23
semi-classical, 23

measure
Ashtekar-Isham-Lewandowski (AIL), 197
Liouville
for compact Lie groups, 39

module
irreducible quotient, 90
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momentum map, 56

operator
annihilation
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creation
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differential
extension, 246
normally hyperbolic, 165

kernel cut-off, 61
pseudo-differential, 240, 242
almost-periodic, 95
Bohrian, 95
Kohn-Nirenberg, 47
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semi-classical, 243

relatively rational, 98
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Stratonovich-Weyl, 71, 73

orbit
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perturbation theory
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potential
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product
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projection

almost, 17
almost invariant, 21
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coherent state, 74

for compact Lie groups, 84
Moyal, 146
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Feynman, 172

quantisation
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Kohn-Nirenberg, 45
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strict, 56
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Bohr, 199
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integrated form, 37
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Schrödinger, 239
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section
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sector
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solution
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advanced, 165
retarded, 165
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space
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spacetime, 164
spectrum
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state
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Bohr
on the Weyl algebra, 199
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for compact Lie groups, 37, 38

Fock
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Hadamard, 171
inducing the Koslowski-Sahlmann representation,
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quasi-free, 171

structure
Lie-Poisson, 56
Poisson
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for truncated LQG-type models, 104
non-commutative, 244
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symplectic
for linear field, 171

subspace
almost, 17
almost invariant, 21
band, 15
reference, 21

sum
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surface
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symbol, 46
U(1)λ0-equivariant, 96
almost-periodic, 94
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effective Hamiltonian, 22, 29, 147, 148
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Hörmander’s
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Kohn-Nirenberg
U(1)-equivariant, 88
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for compact Lie groups, 84

of polynomially bounded spectral growth, 96
Paley-Wiener-Schwartz, 56, 57
polynomial
for compact Lie groups, 57

principal, 20, 243
relatively rational, 98
semi-classical, 20, 25, 242
Stratonovich-Weyl, 24, 73
upper, 17
for coadjoint orbits, 72
for compact Lie groups, 84

Weyl
for compact Lie groups, 52

theorem
Calderón-Vaillancourt
for relatively rational operators, 102

Egorov’s, 23, 148
space-adiabatic, 22
Stone-von Neumann, 37

topology
for generalised connections, 191
H’́ormander’s pseudo-, 248

transform
ε-scaled Fourier, 70
Bloch-Floquet, 71, 91
Bogoliubov, 126
Fourier
for Lie algebras, 53

Segal-Bargmann-Hall, 40
Stratonovich-Weyl
inversion formula, 82
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unitary
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vertex, see graph

wave front set, 247, 247
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