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1. Introduction

In magnetized plasmas the dynamics parallel and perpendicular to the magnetic
field lines is highly anisotropic. While plasma can move essentially unrestricted
along the magnetic field lines, it is constrained by the rapid gyromotion of its
constituent particles in the perpendicular directions. This effect justifies the use of
toroidally shaped magnetic fields to contain plasmas with temperatures of the order
10keV [1, 2]. At these temperatures thermonuclear fusion of hydrogen isotopes
occurs. However, although the movement perpendicular to the magnetic field is
restricted it is not altogether prohibited. Drift instabilities and turbulence, driven
by the large gradients in temperature and density deteriorate the confinement.
Much of the past and nowadays research has been devoted to the understanding
and suppression of radial transport of particles and heat towards the surrounding
vessel walls.

We show a typical cross-section of a magnetic fusion device in Fig. 1.1. In this
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Figure 1.1.: Typical cross-section of the magnetic geometry of a diverted fusion
device.

divertor tokamak the hot dense core region is nested inside the cooler edge region
(T ∼ 100eV) and the so-called scrape-off layer (SOL). The edge and SOL are
separated by the separatrix, or last closed flux-surface. All magnetic field lines
in the SOL intersect material walls, either the so-called divertor targets or, to a



1. Introduction

lower extent, the main chamber wall. Only the field lines at the X- and O-point
are purely toroidal, while all other field lines have a poloidal component and lie on
flux-surfaces.

The edge and SOL regions have received much attention from experimentalists
since these regions are easy to access by diagnostics. Moreover, it was found in
the last decades of the past century, that the suppression of turbulence in the edge
region improves the confinement of the overall device and decreases the transport
of plasma towards the main chamber wall. The downside of this high-confinement
mode (H-mode) are MHD-instabilities, so-called ELMs (edge localized modes),
which disrupt the confinement and release significant amounts of heat and particles
towards the vessel wall. This is not observed in the low-confinement mode (L-
mode).

The physical picture of SOL dynamics had been dominated by the ’classical’,
diffusive model [3] until before the turn of the centuries. Turbulent transport in the
edge carries plasma across the separatrix into the SOL. Particles then rapidly move
along the magnetic field lines towards a limiter or divertor, where they interact
with material surfaces and form the sheath. The sheath is a microscopical layer
of plasma on the order of the Debye length that forms the boundary between
plasma and material walls and is a topic of active research of its own [4]. The
effective perpendicular diffusion is assumed to be weak compared to the fast parallel
dynamics, such that the width of the SOL is rather short and no plasma hits the
main chamber walls.

At the same time it had already been known that the relative density fluctua-
tions amplitudes of edge and SOL turbulence can approach or even exceed unity [5].
Moreover, the turbulence has an intermittent character. Later, the advent of fast
cameras and gas-puff imaging techniques revealed the appearance of coherent, fila-
mentary structures that are elongated along the magnetic field lines and propagate
through the SOL in the tokamak C-Mod [6, 7]. These structures were often called
blobs due to their typical shape in two-dimensional cross-section images. It soon
became clear that blobs are ubiquitous phenomena in tokamaks and stellarators
and that these structures are responsible for the intermittent transport measured
with probe arrays in the SOL.

However, only when measurements in Alcator C-Mod were published [8] the
implications of filamentary transport were fully recognized. It was found that a
large part of the SOL plasma does not flow to the divertor targets as assumed
in the classical picture but hits the main chamber wall instead. This indicates
that convective rather than diffusive transport is dominant in the SOL. Since the
particle and energy flux towards the main chamber wall is ultimately important in
reactor design these observations triggered an intensive study on blob dynamics by
the turn of the century.

Experimentally it was found that filaments or blobs are field-aligned structures
that are highly localized in the perpendicular planes with amplitudes of the order
of the background root-mean-square density [5, 6, 9, 10, 11]. The typical blob
signal measured by Langmuir probes inside the SOL is a steep rise followed by a
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long tail, which indicates a sharp blob front. The ion temperature in the SOL and
in particular inside a blob is equal to or exceeds the electron temperature [12, 13,
14, 15]. In fact, there can be temperature gradients inside the filament since the
blobs, born in the edge by e.g. drift-waves [16], transport hot, dense plasma from
the edge region into the cooler far SOL region. The perpendicular velocities of
filaments is of the order km/s with cross sections of the order 1cm [11].

The focus of theoretical and computational attention can be roughly divided to
two topics [11]. The first is the question of how blobs are generated, at what rate,
and by what parameters their generation is controlled. It has been clear early on
that blobs are generated by the nonlinear saturation of edge turbulence and in-
stabilities near the last closed flux surface. Yet, precisely because of these highly
nonlinear phenomena, an analytical prediction of blob generation rates or the expla-
nation of the mechanisms involved is still missing. Most theoretical publications on
this topic rely on numerical simulations of edge or SOL turbulence. Reference [17]
used a two-dimensional drift-fluid code to study the ejection of blobs into the SOL
by interchange turbulence. The recent work by [18] discribes SOL turbulence sim-
ulations in three dimensions. Reference [19] presents another approach by using a
stochastic model to describe random, intermittent fluctuations and finds a universal
probability density function for the fluctuation amplitudes.

The second question is the description of the dynamics of a single, isolated blob,
especially its lifetime and velocity scaling with various parameters, which is directly
related to the particle flux towards the first wall. The first qualitative theoretical
model emerged in the beginning of the century explaining the fundamental dynam-
ics of isolated filaments by the interchange mechanism [20]. In this and subsequent
models the blob is treated as a quasi two-dimensional object that is highly localized
in the drift-plane perpendicular to the magnetic field. Curvature and Grad-B drifts
poloidally separate ions and electrons, which builds up a dipolar electric potential
in the drift-plane. The resulting E × B drift drives the blob radially outwards
towards the wall. The question of how to treat the effects of parallel currents in
these models is of major importance for the velocity scaling. Several closures have
been proposed [3]. In the sheath-connected regime the parallel gradients of density
and potential inside the filament are assumed to vanish. The filament is perfectly
aligned with the magnetic field and extends from divertor to divertor. Moreover,
electrons are assumed to follow a Boltzmann distribution inside the sheath. The
model equations are then averaged along field lines [21] and the current boundary
conditions at the sheath close the two-dimensional equations. The radial velocity-
scaling is predicted to be vx ∼

√
σ⊥ for small σ⊥ and vx ∼ σ−2

⊥ for large σ⊥,
where σ⊥ is the perpendicular blob diameter. A sheath-connected filament is thus
expected to have maximum velocity for some intermediate cross-field size. In the
opposing inertial regime the parallel currents rather than the parallel gradients are
neglected, which results in a scaling vx ∼

√
σ⊥ for all σ⊥.

For computational studies so-called seeded blob simulations have been estab-
lished. A seeded blob is a Gaussian shaped initial condition on a homogeneous
background density profile. The dynamics of the blob is given by the resulting sim-
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1. Introduction

ulation. First, comprehensive, two-dimensional simulation results were presented
in [22, 23, 21, 24, 25]. A recent publication [26] supplemented a study on finite
Larmor radius (FLR) effects, yet remains the only work on temperature effects on
blob dynamics prior to the present thesis. Also, most work on blob dynamics is
based on partly linearized models that are unable to capture the effects of high
amplitudes. Although there have been efforts to incorporate high amplitudes into
numerical simulations [27, 28] a thorough study of their effects is absent from the
literature.

The detailed dynamics of filaments in the field-aligned direction is supposed to be
the reason for much of the discrepancies between theory and experiment [11]. Little
work has been devoted to fully three-dimensional simulations of blob dynamics so
far due to the prohibitively large demands in computational resources. With the
exponential growth of computing power first simulations are becoming feasible.
Results by [29] using drift-reduced Braginskii equations suggest that the magnetic
field geometry might play an important role, while [30] investigated velocity scalings
with the blob diameter. Recent publications [31, 28] also using drift-fluid models
report that the blob can be affected by drift-waves, which was not confirmed by
the first gyrofluid simulation in [32].

This work contributes to the theoretical modelling, the simulation, and the anal-
ysis of plasma filaments in the SOL of magnetic fusion devices. A gyrofluid model
that explicitly incorporates high fluctuation amplitudes and finite Larmor radius
(FLR) effects is used. The author reviews the derivation path and offers a geometri-
cal interpretation. The numerical code implements a careful selection of numerical
methods, while being able to harness the computational power of today’s parallel
hardware architecture. A GPU, an OpenMP, and an MPI version of the source
code for two- and three-dimensional simulations have been carefully planned, im-
plemented, and tested by the author. During development the author found a
new numerical algorithm that was put on a sound mathematical foundation by
L. Einkemmer1 and was jointly published in [L. Einkemmer and M. Wiesenberger.
“A conservative discontinuous Galerkin scheme for the 2D incompressible Navier–
Stokes equations”. In: Comput. Phys. Commun. 185.11 (Nov. 2014), pp. 2865–
2873]. A fruitful collaboration with theorist J. Madsen2 led to the publication of
an extensive parameter study on two-dimensional blob dynamics in [M. Wiesen-
berger, J. Madsen, and A. Kendl. “Radial convection of finite ion temperature, high
amplitude plasma blobs”. In: Phys. Plasmas 21 (2014), p. 092301]. The three-
dimensional model is still under development and is a close and active collaboration
with M. Held3, who contributed the implementation of geometrical quantities, an
electromagnetic version of the code, and the energy theorem. The author presents
a thorough review of three-dimensional effects on field-aligned filament dynamics
that were reported in the existing literature. The discussion is supplemented by
simulations of global, field-aligned filament dynamics, which confirm the theoretical

1 Department of Mathematics, University of Innsbruck, Austria.
2 Department of Physics, Technical University of Denmark, Denmark.
3 Institute for Ion Physics and Applied Physics, University of Innsbruck, Austria.
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considerations.
The rest of this work is organized as follows. We review how the gyrofluid

model can be consistently derived in a variational formalism in Chapter 2. In
Chapter 3 we present various numerical methods that are used in the computational
modelling, among others we introduce discontinuous Galerkin (dG) methods on
Cartesian grids as well as a discretization of parallel derivatives in non field-aligned
coordinate systems. Chapter 4 is the adapted reprint of a recent publication on
the topic of a conservative discretization of the two-dimensional Poisson bracket in
the dG framework [33]. Chapter 5 shows results of two-dimensional seeded blob
simulations and includes an extended literature review. These results were also
published recently in [34]. Finally, Chapter 6 discusses three-dimensional filament
dynamics. We conclude in Chapter 7.
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2. Gyrokinetic and gyrofluid theory

Gyrofluid models are an alternative to other fluid plasma models like MHD, Bra-
ginskii equations [35, 2], or the widely used drift-fluid equations [36]. The basic
idea is to formulate equations in terms of gyrocenter densities instead of particle
densities. A gyrocenter is the midpoint of the rapid gyromotion of a particle in the
magnetic field. Advantages are the ability to consistently incorporate finite Larmor
radius (FLR) effects and a fundamental energy conservation law resulting from the
Hamiltonian structure of the underlying kinetic equations. Moreover, in recent
years theoretical efforts lead to fully nonlinear sets of equations, in which back-
ground profiles and fluctuations can evolve self-consistently [37, 38, 39, 40]. At the
same time, a gyrocenter density is not a measurable physical quantity, which is the
main drawback of the gyrofluid approach. Transformations have to be introduced
in order to obtain the observable particle densities again.

In this chapter we review the derivation process that leads to a nonlinear gyrofluid
model. We begin with a coordinate independent formulation of Hamilton’s equa-
tions of motion [41, 42] of a charged particle in a strong background magnetic field.
The first step is to decouple the fast gyromotion from the slow drift dynamics of the
so-called guiding-center. To this end, we present the Lie transform perturbation
theory. This form of perturbation theory is not restricted to canonical coordinates,
but nevertheless conserves the Hamiltonian nature of the equations, i.e. the con-
servation of phase-space area, to every order of the expansion. The construction
of an invariant that is called magnetic moment and the resulting action-angle pair
in every order effectively reduces the dimensionality of the problem to four. We
apply the Lie perturbation method again when low-frequency electromagnetic per-
turbations are added to the system, which then leads to the gyrocenter equations
of motion. During these first two steps we basically follow the review article [43]
and also recommend the more pedagogical article [44]. However, when deriving the
equations of motion from a given Poincaré 1-form γ and Hamiltonian function H
we do not construct a Lagrangian function as is done by these authors. Instead,
we show an alternative and direct way of deriving Hamilton’s equations by con-
structing and inverting the symplectic 2-form ω = dγ and thus explicitly exploit
the geometrical nature of phase-space. We show how area preservation is written in
coordinate independent form and how the volume form naturally drops out of the
derivation. Furthermore, we discuss how nonautonomous systems can be treated
in this framework.

We proceed with the formulation of a particle-field action integral [45, 40]. The
gyrokinetic Vlasov-equation and the field equations can be derived by variational
principles [46, 47]. Reference [44] shows how the polarization drift, which does not
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explicitly appear as a particle drift, reappears in the gyrokinetic Maxwell equa-
tions. By taking the first two moments of the gyrokinetic Vlasov equation we
show how gyrofluid equations emerge [40]. Finally, we explicitly derive the energy
conservation of the resulting model.

The rest of this chapter is organized as follows. We begin to introduce the
reader to a geometrical setting of Hamilton’s equation of motion, establish the
necessary notation, and introduce the Lie transform methods in Section 2.1. We
will then apply the Lie transform perturbation methods and derive the gyrokinetic
equations of motion in Section 2.2. In Section 2.3 we derive a consistent set of
equations consisting of the gyrokinetic Vlasov equation and Maxwell’s equations
from a variational principle. From there we will derive the gyrofluid set of equations
that is studied in this work together with its energy theorem in Section 2.4.

2.1. The symplectic nature of phase-space

In terms of differential geometry phase space is an even dimensional manifold
equipped with a symplectic 2-form ω [41, 42]. Recall that a 2-form ω is called
symplectic if it is closed (i.e. dω = 0, where d denotes the exterior differential)
and non-degenerate (which in local coordinates just means that det(ωij) 6= 0). The
symplectic form can be naturally constructed in given canonical coordinates (q, p)
via the fundamental 1-form γ = pldql, l = 1, . . . n and the relation ω = dγ. In a
local coordinate system zi this relation reads

ωij =
∂γj
∂zi
− ∂γi
∂zj

, i, j = 1, 2, . . . , 2n. (2.1)

Conversely γ always exists for given ω via Poincaré’s lemma. It is unique up to the
total differential of a function S, i.e. γ′ = γ + dS, since d ◦ d = 0.

Being a 2-form, ω provides a way to measure areas in phase-space via integration
and thus plays a role similar to the metric tensor g, which provides a way to measure
angles and distances in ordinary space. Of course, without a metric tensor there is
no notion of distance in phase-space. There is the notion of a volume however and
the volume form vol of the 2n-dimensional phase space is given by

vol = ωn = ω ∧ ω ∧ . . . ∧ ω =
√

det(ωij)dz1dz2 · · · dz2n, (2.2)

where zi are local coordinates and ∧ denotes the wedge- or exterior product. Vol-
umes are measured by integrating the volume form.

The important difference between g and ω is that, being the coordinate represen-
tation of a 2-form, the matrix ωij is always skew-symmetric rather than symmetric.
However, ω does provide a way to associate contravariant vectors to covectors (or
1-forms) as we shall see in Section 2.1.1.
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2.1 The symplectic nature of phase-space

2.1.1. Hamiltonian dynamics

A vector field X on a symplectic manifold M is called a Hamiltonian vector field if

LXω = 0, (2.3)

where LX is the Lie-derivative along X.
This definition states that the flow generated by a Hamiltonian vector field X

(recall here that any vector field generates a flow or streamlines) is area preserving.
Imagine a set of points on a given area in phase-space and follow these points along
the streamlines of X for a fixed amount of time. The endpoints will make up an
area of the same size. As a side note let us remark that area preservation is also
the defining property of symplectic integrators, which might be of interest for the
numerical treatment of Hamiltonian systems.

Recall Cartan’s useful formula

LX = iX · d + d · iX , (2.4)

where iX is the interior product with the vector field X. With this formula we can
rewrite Eq. (2.3) as

0 = LXω = iX · dω + d(iXω) = d(iXω). (2.5)

Note that α = iXω is a 1-form. In coordinates we have αj = X iωij, where sum-
mation over repeated indices is implied. This is the way to associate covectors, or
1-forms, to vectors in phase-space and reminds of the index lowering formalism in
special relativity.

Since dα = 0 we can find a differentiable function H, the Hamiltonian, such that

iXω = −dH, (2.6)

which is Hamilton’s equation in coordinate independent form. In reverse, from
Eq. (2.6) and (2.3) we conclude that any differentiable function H on a symplectic
manifold defines a Hamiltonian vector field X.

In order to derive the familiar form of Hamilton’s equation we choose a local
coordinate system zi and rewrite Eq. (2.6) as

X iωij = −∂H
∂zj

. (2.7)

Since det(ωij) 6= 0, ωij has an inverse J ij := (ω−1)ij and we get

X i = J ij
∂H

∂zj
. (2.8)

The differential equations for the integral curves, or streamlines, of X, parameter-
ized by time t, read

dzi

dt
= X i = J ij

∂H

∂zj
. (2.9)

9



2. Gyrokinetic and gyrofluid theory

This is the familiar form of Hamilton’s equation of motion, especially if we choose
canonical coordinates z = (q, p). ω and J then take their canonical forms

ω =

(
0 −1
1 0

)
and J =

(
0 1
−1 0

)
. (2.10)

In Appendix A we show the equivalence to Lagrangian theory.
Let us remark that ω is sometimes called the matrix of Lagrange brackets while

J is called the matrix of Poisson brackets of the coordinates zi among themselves.
We define the Poisson bracket of two functions f and g on M in a local coordinate
system

{f, g} :=
∂f

∂zi
J ij

∂g

∂zj
. (2.11)

With this definition we can write the total time derivative of a function along the
flow of X as

d

dt
f(z) = żi

∂f

∂zi
= J ij

∂H

∂zj
∂f

∂zi
= {f,H} (2.12a)

= X i ∂f

∂zi
= LXf. (2.12b)

Also note that a Hamiltonian flow not only preserves areas but also volumes,
since

d

dt

∫
V (t)

vol =
d

dt

∫
V (t)

ωn =

∫
V (t)

LXω
n = 0. (2.13)

In the last equality we used the Leibnitz (or product) rule and the defining property
of a Hamiltonian vector field (2.3). Eq. (2.13) is precisely Liouville’s theorem in
coordinate independent form. We finally remark that H is a constant of the motion
via

d

dt
H = LXH = iXdH = −iXiXω = 0, (2.14)

where we used Cartan’s identity and the fact that ω is a 2-form.

2.1.2. Nonautonomous systems

In differential geometry time can formally be treated as any other variable. Given
a time dependent Hamiltonian function H we extend phase-space by an energy-like
variable h conjugated to time t. We thus have the 2n+ 2 dimensions (zi, h, t). We
then define the extended Hamiltonian

H = H − h (2.15)

and the extended 1-form

γE = γidz
i − hdt, (2.16)

10



2.1 The symplectic nature of phase-space

from which ωEµν = ∂γEν
∂zµ
− ∂γEµ

∂zν
can be computed. We use roman letters to indicate the

spatial coordinates zi and Greek letters to indicate extended coordinates including
h and t.

We formally write

ωE =

(ωij) 0 −∂tγi
0 0 −1
∂tγj 1 0

 and JE = (ωE)−1 =

(J jk) −cj 0
ck 0 1
0 −1 0

 , (2.17)

with ck = (ω−1)kj∂tγj = Jkj∂tγj. Together with

dH =

∂kH−1
∂tH

 (2.18)

we get

dzi

dτ
= J ij

(
∂H

∂zj
− ∂γj

∂t

)
, (2.19a)

dh

dτ
= −Xj

H

∂γj
∂t

+
∂H

∂t
, (2.19b)

dt

dτ
= 1, (2.19c)

which reveals that τ = t, where τ is the flow parameter.
Some authors prefer to introduce the transformation h = H(q, p, t), which leads

to

γE = γidz
i −Hdt (2.20)

and H = 0 and thus effectively remove the energy-like variable h. We refrain from
doing so since in our approach t and h can be treated on equal footing with all
other coordinates. Finally, since the Hamiltonian flow conserves the Hamiltonian
H = H − h = const., we have h = H + const. automatically along the flow.

2.1.3. On the transformation of Hamilton’s equations

In Section 2.1.1 we introduced the coordinate independent form of Hamilton’s
equation iXω = −dH with ω = dγ. That means that for an arbitrary coordinate
system zi we simply have to find the representation of H and ω in this specific
system. Suppose we know the components ωij. We can then transform to another
system z̄i directly using the transformation properties of ω. Since ω, as a 2-form,
transforms two times covariant, we have

ω̄ij(z̄) = ωkl(z(z̄))
∂zk

∂z̄i
∂zl

∂z̄j
(2.21)

11



2. Gyrokinetic and gyrofluid theory

in the new coordinates z̄i. Even better, if we know the components X i, we can
directly use the transformation properties of a vector to get

X̄ i(z̄) = Xj(z)
∂z̄i

∂zj
. (2.22)

This is a very useful formula for coordinate transformations of the form z̄ = z̄(z).
As an example we take the Hamiltonian of a charged particle of mass m and charge

e in an electromagnetic field H(q,p) = (p−eA(q))2

2m
+ eφ(q) in canonical coordinates

γ = p · dq. We get with Eq. (2.8)

X =

(
1
m

(p− eA(q))
−e∇φ+ 1

m
∇A · (p− eA)

)
. (2.23)

The equations of motion are simplified if we transform to the system (q,p)→ (q,v)
with v(q,p) = 1

m
(p− eA(q)):

X̄ =

(
v

e(E + v ×B)

)
, (2.24)

where E = −∇φ and B = ∇ ×A. In these coordinates the Poincaré 1-form and
the Hamiltonian read

γ = (v + A) · dx and H =
1

2
mv2 + eφ, (2.25)

i.e. in this formulation the magnetic field alters the geometric structure in which
the particle moves.

If B(x) = B0b̂, the solution to Eq. (2.9) is a drifting particle moving with the

E ×B drift velocity vE = b̂×∇φ
B

. We split the particle velocity in a part parallel

and perpendicular to b̂ according to v = v‖b̂ + v⊥, with v⊥ = −b̂ × b̂ × v. In
the reference frame moving with velocity vE the particle moves in a closed circular
orbit with gyro-frequency Ω = eB

m
and gyroradius ρ = v⊥

Ω
. If the particle moves

with thermal velocity vth =
√

T
m

, we have ρ =
√
mT
eB

, the thermal gyroradius. The

parallel velocity equation is unaffected by the magnetic field (v̇‖ = e
m
E‖). This

motion leaves the magnetic moment µ =
mv2
⊥

2B
invariant. Note that µ, as defined

here, is still approximately invariant in a spatially varying magnetic field and when
the system is perturbed by low-frequency electromagnetic fluctuations. In later
sections we will use this as the starting point for a perturbation analysis.

2.1.4. Lie transform methods

We noticed in the last section that we could simplify the equations of motion by an
appropriate coordinate transformation. In general, the problem is to find a suitable
coordinate system in which the equations of motion simplify. We now introduce
a technique that is part of Lie transform methods. Consider a vector field G on

12



2.1 The symplectic nature of phase-space

R2n. We can consider R2n as a manifold on its own. The idea is that we generate
a coordinate transformation by going along the flow of G in R2n. We know that
the Lie derivative LG generates the flow of G via exponentiation:

T±1 := e±LG . (2.26)

We call T+1 the pull-back and T−1 the push-forward operator. The push-forward
operator shifts a function along the streamlines of G in positive direction whereas
the pull-back transforms in negative direction with respect to G. As an example
consider G = aêx and a function f(x)

f̄(x) ≡ T−1f(x) =
∞∑
n=0

(−1)n

n!

∂n

∂xn
f(x) = f(x)− a∂xf +

a2

2
∂2
xf + · · ·

= f(x− a) = f(T−1x) (2.27)

i.e. T−1 shifts f(x) to the right. We immediately see that f(x) = f̄(x+ a) = f̄(x̄)
with x̄ = T+1x. We thus see that if f(x) is the representation of f on M in the
coordinate system x then f̄ = T−1f is the representation of f in the coordinate
system x̄ = T+1x. It is important to note that we change the coordinate system
of M and not R2n in this process. x and x̄ are just dummy variables to indicate
that we use the active transformation in R2n as passive transformations of objects
in M . In that way we don’t claim that the functions f and f̄ are equal but the
values of f at x and of f̄ at x̄. We generalize that if we transform coordinates
via the pull-back x̄ = T+1x, then the representations of objects on M in R2n are
transformed by the push-forward operator T−1.

Let us now introduce the more versatile expression

T±1
ε := e±

∑
n ε

nLGn = 1± εLG1 ± ε2(LG2 ±
1

2
LG1 ◦ LG1) + · · · (2.28)

on R2n, with LGn the Lie-derivative generated by the vector field Gn on R2n. The
parameter ε is a small perturbation parameter of the physical system, which is why
we call a transformation of the form Eq. (2.28) a near identity Lie transform.

The idea now is to set G1, G2, . . . such that the transformed Hamiltonian system
can be more easily solved up to order ε1, ε2, . . . than the original one. The problem
is of course that “more easily” is a vague term and there might be several sets
of vector fields Gn that satisfy this condition, depending on what “more easily”
actually means. This has to be specified for every system at hand. It turns out that
if we pose enough conditions on the pair (γ̄n, H̄n) at order εn, we get equations
that can be uniquely solved for Gn. In a way, a part of the solution will hide in
the vector fields after this process.

Consider the perturbed system γ = γ0 + εγ1, H = H0 + εH1 in R2n. The action
of the push-forward on this system is

γ̄(z) = T−1
ε γ(z) + dS(z), H̄(z) = T−1

ε H(z), z ∈ R2n, (2.29)

13



2. Gyrokinetic and gyrofluid theory

where we use the freedom to add the differential dS to γ̄. We evaluate this expres-
sion in orders of ε:

γ̄0 = γ0 + dS0 H̄0 = H0 (2.30a)

γ̄1 = γ1 − iG1ω0 + dS1 H̄1 = H1 − iG1dH0 (2.30b)

· · · H̄2 = −iG2dH0 −
1

2
iG1d(H1 + H̄1) (2.30c)

where d(iGnγ) was absorbed in the gauge terms dSn. If we now fix γ̄n and H̄n, we
can solve for Gn and Sn, e.g. to order ε:

Gi
1 = J ij0

∂S1

∂zj
+ J ij0 (γ1j − γ̄1j) (2.31)

and

{H0, S1}0 = H1 −X i
H0

(γ1i − γ̄1i)− H̄1. (2.32)

Note that {H0, S1}0 ≡ d0S1

dt
= J ij0

∂H0

∂zi
∂S1

∂zi
is the derivative along the unperturbed

orbit. Given γ̄1i and H̄1 this can be solved for S1. This process can be repeated to
get Gn and Sn to arbitrary order.

Let us remark here that if we choose γ̄n = γn + dSn, we fall back to canonical
perturbation theory i.e. the symplectic structure remains in canonical form. To
first order it is generated by

Gi
1 = J ij0

∂S1

∂zj
⇒ T−1

ε f = f − {S1, f}0. (2.33)

Also note that from Hamilton-Jacobi theory we know that it is possible to choose a
set of action-angle pairs of coordinates such that all action variables are conserved.
We will use this to construct a coordinate transformation in which the transformed
magnetic moment, which is almost conserved in the unperturbed system, is an
invariant of the flow.

The remaining task is now to compute the equations of motion, starting from
the system (γ̄(z), H̄(z)). This can be done by computing ω̄ = dγ̄ and inverting
the resulting matrix. The determinant of ω̄ij yields the volume form. In practice
this is either done by hand or computer algebra systems.

At this point we might ask ourselves why we use the complicated Lie transform
methods over other forms of perturbation theory. The answer is that we want our
perturbed solution to conserve phase-space area, which is an important invariant of
the system. This is apparent in our derivation, but might be difficult to guarantee
in other methods. Also note that higher order equations are more easily derived
than in canonical perturbation methods.

We also note that the freedom we have in choosing γn and Hn allows us to
interpret the Lie transform perturbation method to be an approximation to a co-
ordinate transformation rather than an approximation to γ and H. Suppose we
choose γn = 0 for n > 1 and Hn = 0 for all n > 2. Then the system (γ0 + εγ1,
H0 + εH1 + ε2H2) and all of the equations derived from it are exact in the trans-
formed, yet unknown coordinate system. We approximate the coordinate transfor-
mation to a certain order via the generating vector fields.

14



2.2 Application of Lie transform perturbation theory to gyrokinetics

2.2. Application of Lie transform perturbation theory
to gyrokinetics

We return to the system of a charged particle in a strong magnetic background
field B0(x) which is perturbed by small, low-frequency electromagnetic fluctua-
tions δB(x, t), δE(x, t). We use the standard gyrokinetic ordering for the following
perturbation analysis [43]. The order parameter ε is given by ω/Ωi ∼ k‖/k⊥ ∼
δB/B0 ∼ eφ/T ∼ ε � 1, where Ωi = emi/B0 is the ion gyrofrequency, φ is the
electric potential and ω, k‖, and k⊥ are characteristic fluctuation time and length
scales of the system. We split the perturbation analysis because ρi/LB ∼ ε in the

first, but ρik⊥ ∼ 1 in the second perturbation [48]. Here, ρi =
√
miT
eB0

is the thermal

ion gyroradius, LB = (∇ lnB)−1 is the variation length scale of the background
field. Thus, we perform two successive near-identity phase-space transformations:

• The time-independent “guiding-center” transformation, which removes the
small space-time scales associated with B0(x).

• The time-dependent “gyrocenter” phase-space transformation, which removes
the small time-scales associated with the perturbation fields.

Let us point out here that the fast dynamics is not entirely removed from the
system. It is merely shifted to the generating vector fields/functions. This will make
the gyrokinetic Vlasov equation easier to tackle but will return in the gyrokinetic
Maxwell equations.

2.2.1. Guiding-center transformation

We start again with H = 1
2
(p −A0(x))2, γ = pidx

i and B0 = ∇ ×A0 = B0(x).
We first transform (x,p) to the more suitable pair (x,v) and get H(x,v) = 1

2
v2,

γ = (A + v)dx as we did in Section 2.1.3. For simplicity we set e = m = c = 1.
The aim of the guiding-center transformation is to remove the fast gyromotion

time scale associated with the background magnetic field B0. As pointed out earlier
we order the perturbation by a small dimensionless parameter ε = ρi/LB � 1.

We first note that we can split any vector v in parts parallel and perpendicular
to b̂ = B/B via

v(x) = v‖b̂(x) + v⊥ĉ(x), (2.34)

which implicitly defines the unit vector ĉ. From this we can define â = b̂× ĉ and
an angle Θ by

â = cos(Θ)ê1 − sin(Θ)ê2, (2.35)

ĉ = − sin(Θ)ê1 − cos(Θ)ê2, (2.36)

where ê1 and ê2 are arbitrary, perpendicular reference vectors with b̂ = ê1 × ê2.
We will call Θ the gyrophase or gyroangle. Our first step is to transform (x,v) to
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2. Gyrokinetic and gyrofluid theory

(x, v‖,0, µ0,Θ0) according to

v‖,0 = v · b̂(x), (2.37a)

µ0 =
v2
⊥

2B(x)
, (2.37b)

where v⊥ = v−v‖b̂(x) and Θ0 defined by Eq. (2.36). The transformed Hamiltonian
reads

H̄(x, v‖,0, µ0,Θ0) =
1

2
v2
‖ + µ0B(x) (2.38)

and the transformed Poincaré 1-form

γ =

[
1

ε
A(x) + v‖,0b̂(x) + v⊥(x, µ0,Θ0)

]
· dx (2.39)

with v⊥ =
√

2µ0B(x)ĉ(x,Θ).
The next step is to construct coordinates (X, v‖, µ,Θ) using the methods intro-

duced in Section 2.1.4 such that µ is conserved and the dynamics of Θ decouples
from the system. This is achieved when all the components γi and H are indepen-
dent of Θ, which is a form of Noether’s theorem: if the components γi and H are
independent of one of the coordinates zα, then γα is an invariant of the flow. The
proof is simple:

dγα
dτ

=
∂γα
∂zi

dzi

dτ
=

(
∂γα
∂zi
− ∂γi
∂zα

)
dzi

dτ

= ωiαJ
ij ∂H

∂zj
=
∂H

∂zα
= 0.

With an appropriate choice of the vector fields Gn and gauge fields Sn we can
remove the gyroangle dependence of the components γi (for details see [49, 50, 51,
43]). To first order in ε we choose

γgc =

[
1

ε
A(X) + v‖b̂(X)

]
· dX + εµdΘ, (2.40)

from which we get the transformation X = x + ερ0. Reference [48] derived higher
order terms. Reference [52] introduced a (second order) gyrogauge vector field
noting that the guiding-center one-form should not only be independent of the
gyroangle but also of how it is measured.

Our final result is

γgc = A∗ · dX + µdΘ, Hgc =
1

2
v2
‖ + µB(X), (2.41)

where A∗(X) = A(X) + v‖b̂(X), B = |∇ × A| and we omitted the perturbation
parameter.
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2.2 Application of Lie transform perturbation theory to gyrokinetics

2.2.2. Guiding-center motion

Starting from Eq. (2.41) we easily compute ωgc directly using Eq. (2.1)

ωgcij =


(B∗×) −b̂ 0 0

b̂T 0 0 0
0 0 0 1
0 0 −1 0

 (2.42)

with B∗ = ∇× A∗ = B + v‖∇× b̂. We use the abbreviation

(B×) =

 0 −B3 B2

B3 0 −B1

−B2 B1 0

 (2.43)

to simplify the notation. We see with the Laplacian expansion rule and the Pfaffian
of a 4D skew-symmetric matrix that det(ωgcij ) = (b̂ ·B∗)2 ≡ (B∗‖)

2, from which we
get the phase-space volume

vol6 = B∗‖d
3Xdµdv‖dΘ. (2.44)

ωgc can be easily inverted if we note that for square matrices A and B(
A 0
0 B

)−1

=

(
A−1 0

0 B−1

)
(2.45)

and the inversion rule for 4D skew-symmetric matrices:

J ijgc =


− 1
B‖
b̂× B∗

B∗‖
0 0

−B∗T

B∗‖
0 0 0

0 0 0 −1
0 0 1 0

 , dHgc =


µ∇B
v‖
B
0

 . (2.46)

We finally get

(Xgc
H )i = J ijgc∂jH

gc =


v‖

B∗

B∗‖
− µ b̂×∇B

B∗‖

−µB∗

B∗‖
· ∇B

0
B

 (2.47)

from which we explicitly see that µ̇ = 0 and Θ̇ = B = Ω.

2.2.3. Gyrocenter transformation

Consider now the low frequency electromagnetic field fluctuations φ1(x, t) and
A1‖(x, t)b̂(x), which perturb the guiding-center system (γgc, Hgc) by

γgc
′
= εA1(x, t) · dx, (2.48a)

H ′gc = εφ1(x, t). (2.48b)
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2. Gyrokinetic and gyrofluid theory

Since the guiding-center system already uses the transformed coordinates we have
to first transform the fluctuations to these coordinates. To first order we can write

γ′gc = εA1(X + ρ0) · d(X + ρ0(X, µ,Θ)), (2.49a)

H ′gc = εφ1(X + ρ0(X, µ,Θ)). (2.49b)

These perturbations destroy the invariance of µ through their dependence on Θ.
We wish to find a transformation in which the transformed one-form in extended
phase-space takes the form

γ̄ =
[
A0(X̄) + εJ0(A1‖)b̂ + v̄‖b̂

]
· dX̄ + µ̄dΘ̄ + h̄dt, (2.50)

which is called the symplectic formulation [43]. We introduced the gyroaveraging
operator

J0[f ](X, µ) :=

∫ 2π

0

dΘf(X + ρ0(X, µ,Θ)), (2.51)

which is called J0 because it takes the form of the zeroth Bessel function in
wavenumber space [45]. From Eq. (2.31) we immediately get the first order vector
fields, which we do not explicitly write down here. In order to get an expression for
S1 we demand that

∫ 2π

0
dΘ{H0, S1}0 = 0, otherwise this term will produce secular-

ities. Averaging Eq. (2.32) and noting that
∫ 2π

0
dΘ(γ1i − γ̄1i) = 0 we immediately

get

H̄1 = J0(φ1). (2.52)

We insert this result back into Eq. (2.32) to get

{H0, S1} = φ1 − J0(φ1)−X i
gc(γ1i − γ̄1i) ≈ φ̃1 − v‖Ã1‖, (2.53)

where φ̃1 is the fluctuating part of φ1. We formally solve for S1 as

S1 =
1

B0

∫
Θ

(φ̃gc − Ãgc‖v‖). (2.54)

Furthermore, from [53] the second order gyrocenter Hamiltonian reads

H̄2 =
∂

∂µ

[
J0(φ2

1)− (J0(φ1))2
]
. (2.55)

As [43] points out the second order gyrocenter Hamiltonian must be supple-
mented to guarantee energetic consistency in the gyrokinetic Vlasov-Maxwell sys-
tem that we present in Section 2.3.

We are now ready to derive the equations of motion in gyrocenter coordinates.
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2.2 Application of Lie transform perturbation theory to gyrokinetics

2.2.4. Gyrocenter motion

The spatial part of the gyrocenter one-form and the Hamiltonian read omitting
overbars and ε

γgy = (A0(X) + J0(A1‖)(X, µ, t)b̂ + v‖b̂) · dX + µdΘ ≡ A∗ · dX + µdΘ, (2.56a)

Hgy =
1

2
v2
‖ + µB0(X) + ψ1(X, µ, t), (2.56b)

where ψ1 = J0(φ1) + ∂
∂µ

[J0(φ2
1)− (J0(φ1))2] contains the φ1 dependent parts. In

our models we will use

ψ1 ≈ J0φ+
1

2

(
b̂×∇φ
B

)2

, (2.57)

where the second term is the kinetic energy of the E×B velocity. This is the long
wavelength limit (LWL) of the actual gyroscreening potential [45]. We get

ωgyij =


(B∗×) −b̂ 0 0

b̂T 0 0 0
0 0 0 1
0 0 −1 0

 , ∂tγi =


[
∂tJ0(A1‖)

]
b̂

0
0
0

 , (2.58)

where we redefine B∗ = B+v‖∇× b̂+∇×
[
J0(A1‖)b̂

]
=: ∇×A∗. We immediately

get det(ωgy) = (B∗ · b̂)2 ≡ (B∗‖)
2 and

(Jgy)
ij =


− 1

B∗‖
b̂× B∗

B∗‖
0 0

−B∗T

B∗‖
0 0 0

0 0 0 −1
0 0 1 0

 , (dHgy)j =


∇Hgy

v‖
B0

0

 . (2.59)

From here we deduce with the help of Eq. (2.19)

Xgy
H =


1
B∗‖

(v‖B
∗ − b̂×∇Hgy)

−B∗

B∗‖
· ∇Hgy

0
B0

+


0

−∂J0(A1‖)

∂t

0
0

 (2.60)

and

dh

dτ
= −v‖∂tJ0(A1‖) + ∂tψ1 =

dHgy

dτ
, (2.61)

from which we conclude that H cannot be interpreted as the total energy of the
particle, which is

dE

dt
= v · E = −v ·

[
∂tJ0(A1‖)b̂ +∇ψ

]
. (2.62)

19



2. Gyrokinetic and gyrofluid theory

Let us now take a closer look at the equations of motion that we derived. From
Eq. (2.60) we get

Ẋ‖ = Ẋ · b̂ = v‖, (2.63a)

Ẋ⊥ =
1

B∗‖

(
v‖∇×

[
J0(A1‖)b̂

]
+ v2

‖∇× b̂− µb̂×∇B0 − b̂×∇ψ1

)
⊥
, (2.63b)

v̇‖ = −B∗

B∗‖
· ∇ (µB0 + ψ1) , (2.63c)

µ̇ = 0, (2.63d)

Θ̇ = B0. (2.63e)

The first equation simply states that v‖ is indeed the parallel velocity. The per-
pendicular dynamics is determined by the motion along the perturbed magnetic
field, the curvature drift, the ∇B drift and the E×B drift velocity. Note here that
we can approximate (∇ × b̂)‖ = 0, which makes the curvature drift and the per-
turbed magnetic field purely perpendicular to the unperturbed field. Also, terms
containing 1/B∗‖ are often simplified to 1/B0. The parallel motion is determined
by the magnetic mirror force and the parallel electric field. The magnetic moment
is conserved and the angle is given by the gyrofrequency. No polarization drift
appears in the single particle dynamics. Reference [44] shows how this drift later
reappears in the gyrokinetic Maxwell’s equations.

2.3. The Vlasov-Maxwell system

Given the Hamiltonian vector field Xgy
H of a single particle we now turn to an

ensemble of particles, which is described by the gyrokinetic distribution function
f =

∑
α fα(X, v‖, µ, t), where α is a species label and f is gyroangle independent.

The distribution function in gyrocenter coordinates obeys the Vlasov-equation

d

dτ
fα(X, v‖, µ, t) = LXfα = Xν

H∂νfα = Ẋ · ∇f + v̇‖
∂f

∂v‖
+
∂f

∂t
!

= 0. (2.64)

This equation simply states that the particle distribution may not change along
the flow of Xgy

H . Inserting Eq. (2.60) into Eq. (2.64) and reintroducing mass m and
charge e we get

B∗‖
∂f

∂t
− 1

e
∇Hgy · (b̂×∇f) + v‖B

∗ · ∇f − 1

m
B∗ · ∇Hgy ∂f

∂v‖
= 0. (2.65)

The Vlasov equation is closed by Maxwell’s equations for the instantaneous po-
tentials φ and A in Lorentz gauge

∆φ(x, t) = ρ(x, t), (2.66a)

∆A(x, t) = j(x, t), (2.66b)
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2.3 The Vlasov-Maxwell system

where ρ and j are related through the continuity equation ∂tρ + ∇ · j = 0. How-
ever, these equations are given in particle coordinates x rather than gyrocenter
coordinates X. Traditionally, ρ and j are found by taking moments of the gyroki-
netic distribution function (2.65) with a subsequent pull-back operation to perform
the appropriate coordinate transformations (see e.g. [44]). The drawback of this
approach is that energetic consistency must be checked separately.

A consistent way of deriving a closed set of equations is possible by setting up a
Lagrangian action for the entire particle/fields system [47, 46]. The equations are
then derived by variational principles. Noether’s theorem guarantees that any ap-
proximation to the Lagrangian density leads to an energetically consistent theory.
All approximations should therefore go into the Lagrangian, since later approxi-
mations could possibly destroy this consistency. Modern gyrokinetic theory thus
rests on three pillars [43]. The gyrokinetic Vlasov equation, the set of gyrokinetic
Maxwell equations written in terms of the gyrokinetic distribution function and
the gyrokinetic energy conservation law for the Vlasov-Maxwell system.

We note the mixed Eulerian-Lagrangian action integral [45]

S =
∑
α

∫
dΛfLp −

∫
dV

1

2µ0

|∇⊥A‖|2, (2.67)

where dΛ is the phase-space volume

dΛ = d3X ∧ dW (2.68)

with dW = 2π
m
B∗‖dv‖dµ. dV is the volume form of ordinary space and Lp is the

particle Lagrangian, which can be constructed from γ, XH and H via (cf. Ap-
pendix A)

Lp = iXγ −H. (2.69)

In the time-dependent case we have Lp = iXγ −H = Xνγν −H + h = X iγi −H.
Using Eqs. (2.56) and (2.60) we get

Lp = eA∗ · dX

dt
+ µ

m

e

dΘ

dt
−Hgy. (2.70)

The second term in Eq. (2.67) is the field energy, in which we neglect the
electric field energy assuming quasineutrality in the plasma. Also, we neglect
the perpendicular part of the potential fluctuations A, thus neglecting compres-
sional Alfvén waves, and approximate the parallel field energy via |∇⊥A‖|2 with

∇⊥ := −b̂× b̂×∇.

The consistent set of Vlasov-Maxwell equations is now obtained by variational
principles. Variation of particle coordinates yields the Vlasov-equation (2.65). Vari-
ations of φ and A‖ yield the field equations for φ and A‖. We note that the
Hamiltonian is the only term that depends on the electric potential φ. Thus, from
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2. Gyrokinetic and gyrofluid theory

Eq. (2.57) we get the term

δ

δφ(x)

∫
dΛfJ0(φ) =

δ

δφ(x)

∫
d3XdWf(X, µ, v‖)

∫
dΘφ(X + ρ0)

=
δ

δφ(x)

∫
d3x′d3XdWdΘf(X, µ, v‖)φ(x′)δ(X + ρ0 − x)

=

∫
d3x′dWdΘf(x− ρ0, µ, v‖)δ(x− x′) =

∫
dΛJ0(f),

where we used that to first order the particle coordinates are given by x = X− ρ0.
If higher order equations are derived, the pull-back operator has to be explicitly
used. The second term is

δ

δφ

∫
f

1

2

(
b̂×∇φ
B

)2

dΛ =
1

2

∫
dΛf

∂

∂(∇φ)

(
b̂×∇φ
B

)2

· δ(∇φ)

δφ

=

∫
dΛ∇ ·

(
f
−b̂× b̂×∇φ

B

)
δ(x− x′)

=

∫
dW∇ ·

(
f
∇⊥φ
B2

)
.

The polarization equation thus reads

∑
α

∫
dW

[
J0f +∇

(
f
∇⊥φ
B2

)]
= 0. (2.71)

Similarly, variation with respect to A‖ yields the parallel component of Ampere’s
law

1

µ0

∇2
⊥A‖ = −

∑
α

∫
dWev‖J0f. (2.72)

2.4. The gyrofluid model

The gyrofluid model is obtained by taking moments of the gyrokinetic Vlasov
equation (2.65) and by expressing the field equations (2.71) and (2.72) in terms of
these moments. When deriving a gyrofluid set of equations special attention has
to be paid on the consistent closure procedure [54].

We will only consider the first two moments (omitting the species labels)

N :=

∫
dWf, (2.73a)

U :=
1

N

∫
dWv‖f (2.73b)
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2.4 The gyrofluid model

and follow [40] and express the gyrokinetic distribution function by a shifted
Maxwellian via

f = FM(x, v‖, µ) =
N

(2πmT )3/2
exp

(
−m(v‖ − U)2

2T
− µB(x)

T

)
(2.74)

in order to close the fluid hierarchy. Furthermore, we define

Γ1φ :=
1

N

∫
dWFMJ0(φ) and Γ†1N :=

∫
dWJ0F

M (2.75)

and note that Γ1 and Γ†1 are Hermitian adjoint [40], at least as long as boundary
terms vanish.

The two operators are gyrofluid imprints of the gyrokinetic ring average J0. Phys-
ically they express the fact that the position of particles/charges and gyrocenters
do not coincide. Since to first order in the perturbation theory the orbit of the
particle is a ring around its gyrocenter we interpret N as a distribution of charged
rings rather than point particles. In the equations of motion the generalized poten-
tial (2.57) accounts for the fact that particles, not gyrocenters, interact with the
electric field potential φ. A gyrocenter then “feels” the ring averaged potential,
since the charge lies on the ring and not in its center.

In the field equations (2.71) and (2.72) the gyroaverages give the average charge
contribution of charged particles orbiting through x. In other words, the charge
carried by a gyrocenter generates an electromagnetic field on the ring rather than
at its center.

We take the Padé approximant [55, 45]

Γ1 = Γ†1 =

(
1− 1

2
ρ2∇2

⊥

)−1

, (2.76)

which is easy to implement numerically. In this work we neglect contributions of
Γ2 appearing in terms of the form

∫
dW∇J0(φ).

The gyrofluid equations for density and parallel momentum derived from the
gyrokinetic Vlasov-Maxwell system under the assumption (∇× b̂)‖ = 0 with first
order FLR corrections read [40]:

∂tN +∇ ·
(
N
(
Ub + vE + vC + v∇B

))
= ΛN , (2.77a)

mN∂tU +mN
(
Ub + vE + vC + v∇B

)
· ∇U +∇ · (mNUv′C)

−mNU (vE + v∇B) · κ̂
= −b · ∇(NT )− qNb · ∇ψ − qN∂t〈A‖〉+NΛU . (2.77b)

The corresponding Maxwell equations are:∑
z

(
qΓ1N +∇ ·

(
mN

B2
∇⊥φ

))
= 0, (2.78a)

1

µ0

∇ ·
(
∇⊥A‖

)
+
∑
z

qΓ1(UN) = 0, (2.78b)
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2. Gyrokinetic and gyrofluid theory

where we define

vE =
b̂×∇ψ
B

(2.79a)

vC =
T +mU2

q

b̂× κ̂
B

=:
T +mU2

q
Kκ (2.79b)

v′C =
2T

q

b̂× κ̂
B

=
2T

q
Kκ (2.79c)

v∇B =
T

q

b̂×∇ lnB

B
=:

T

q
K∇B (2.79d)

b := b̂ +
∇×

(
〈A‖〉b̂

)
B

=
B + δB⊥

B
(2.79e)

with ψ := Γ1φ − m
2q

(∇φ
B

)2
, and κ̂ = b̂ · ∇b̂ = −b̂ × (∇ × b̂). These are the

E×B velocity, the curvature drift velocities, where v′C only appears in the parallel
momentum equation, and the ∇B drift velocity. The terms on the right hand
side of the parallel momentum equation are the pressure gradient and the parallel
electric field. The dissipative terms ΛN and ΛU are left unspecified at this point.

The terms proportional to v · κ̂ can be understood considering

ρ∂tv + ρv · ∇v = F | · b̂
ρ∂tv‖ + ρv · ∇v‖ − ρv‖κ̂ · v⊥ = F‖

where we split v = v‖b̂ + v⊥ and used that if the vectors â ⊥ b̂ we have â · ∇b̂ ⊥
â ⊥ b̂ using covariant derivatives.

Note that vC · κ̂ = v′C · κ̂ = 0 and b̂×∇f = b̂×∇⊥f .

2.4.1. Energy Theorem

The energy theorem is derived by multiplying the density equation (2.77a) by
T (1 + lnN) + qψ and the parallel momentum equation (2.77b) by U and adding
and subtracting the term 1/2mU2∂tN . Integration over the whole volume and
assuming boundary terms to vanish yields

∂t
∑
z

∫
V

d3x

[
1

2
mNU2 +

(∇⊥A‖)2

2µ0

+
1

2
mN

(∇⊥φ
B

)2

+ TN ln(N)

]
=

∑
z

∫
V

d3x

[
T (1 + lnN)ΛN + qψΛN +NUΛU +

1

2
mU2ΛN

]
, (2.80)

where we sum over all species.
The integrand of the left hand side is the total energy density of the system.

As Reference [45] discusses, this energy should be interpreted as a free energy. It
consists, in the order of appearance, of the parallel kinetic energy, the fluctuating
field energy, the perpendicular kinetic energy of the E × B drift velocity, and a
Helmholtz free-energy term. The right hand side describes the total dissipation.
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2.4 The gyrofluid model

2.4.2. The curvature operator

We define the curvature operators

Kκ := Kκ · ∇ =
1

B
(b̂× κ̂) · ∇, (2.81a)

K∇B := K∇B · ∇ =
1

B
(b̂×∇ lnB) · ∇, (2.81b)

K := Kκ +K∇B ≡ K · ∇, (2.81c)

with K = Kκ + K∇B. Note that

∇ ·K = 0, (2.82a)

∇ ·
(
b̂×∇f
B

)
= K(f), (2.82b)

∇ ·Kκ = K∇B · κ̂, (2.82c)

∇ · b = −b · ∇ lnB. (2.82d)

These are, together with (∇× b̂)‖ = 0, in fact necessary conditions for the energy
theorem Eq. (2.80) to hold even if approximations to the curvature operators are

made. From here on, we will approximate δB⊥ = ∇×
(
〈A‖〉b̂

)
≈ ∇〈A‖〉 × b̂, but

note that this approximation to the perpendicular magnetic field perturbation is
not divergence-free.

We define the Poisson bracket operator

[f, g]⊥ := (∇f ×∇g) · b̂, (2.83)

which has the properties

[f, g]⊥ = −[g, f ]⊥, (2.84a)

[f, gh]⊥ = g[f, h]⊥ + [f, g]⊥h. (2.84b)

With these definitions and ∇̄‖f := b ·∇f = ∇‖f − 1
B

[〈A‖〉, f ]⊥ we can finally write

∂tN + ∇̄‖ (NU)−NU∇̄‖ lnB +
1

B
[ψ,N ]⊥ +NK(ψ) +

m

q
Kκ(NU2)

+
m

q
K∇B · κ̂NU2 +

T

q
K(N) = ΛN , (2.85a)

mN∂tU +mNU∇̄‖U +mN
1

B
[ψ,U ]⊥ +

mT

q
NK(U) +

m2

q
NU2Kκ(U)

+
2mT

q
Kκ(NU) +

mT

q
K∇B · κ̂NU +mNUKκ(ψ)

= −T ∇̄‖N − qN∇̄‖ψ − qN∂t〈A‖〉+NΛU , (2.85b)

which, together with the field equations (2.78), forms the set of equations that we
study in this work.
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3. Basic numerical methods and
implementation model

In this chapter we review and discuss the numerical methods that are used in this
work and briefly highlight some implementation details thereafter. Sections 3.1.1,
3.1.2 and 3.4.1 are found in Reference [33] and are published work by the author,
while the remaining chapter contains new, unpublished results of the author.

The simulation of the global gyrofluid equations (2.85) requires the use of elab-
orate numerical methods. The use of simple spectral schemes is prohibited mainly
because of the intricately nonlinear nature of the polarization equation (2.78a). To
be competitive with the highly optimized and fast spectral codes we have to use
algorithms that are parallelizable and portable to a variety of today’s hardware
architectures.

In recent years, discontinuous Galerkin (dG) methods have been investigated as
an excellent alternative to finite difference and finite volume schemes in numerical
simulations involving both parabolic as well as hyperbolic problems (for the ad-
vection dominated case see, for example, the review article [56]). Such methods
combine many advantages of finite element methods (such as the ease of handling
complicated geometry) with properties more commonly associated with finite dif-
ference approximations. Examples of the latter includes the absence of a global
mass matrix. The main idea of a dG method is to approximate the solution of a
differential equation by a polynomial in each grid-cell. Higher/lower order methods
can be constructed by simply increasing/decreasing the degree of the polynomials
used in each cell. In classical finite element methods continuity is required across
cell boundaries. In contrast, dG methods allow discontinuities across cell bound-
aries, which adds to the flexibility of the method.

For the discretization of second derivatives we discuss the so-called local discon-
tinuous Galerkin (LDG) method [57]. The LDG method and its advantages can
also be used for the discretization of elliptic equations (including Poisson’s equa-
tion). Reference [58] highlights the relation of the method to interior penalty and
other alternative methods. A superconvergence result for the LDG approach was
proven on Cartesian grids [59], where the order of convergence is 1/2 better than on
arbitrary meshes. Reference [60] later showed a similar result for general, nonlinear
elliptic equations.

The downside of the dG methods is their rather complex and unintuitive nota-
tion in the existing mathematical literature. Often, algorithms are described in
terms of arbitrary sets of polynomials and spatial grids. We propose an adapted,
simplified, and in our view more practical notation for orthogonal grids and Legen-
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dre polynomials, which can be implemented straightforwardly. We reformulate the
LDG method in terms of adjoint matrices and naturally develop the symmetry of
the resulting discretization. Doing so, we also propose a new discretization for the
general elliptic equation. Unfortunately, our discretization has a wider stencil than
the existing ones, but our numerical experiments indicate superconvergent proper-
ties and the resulting matrix equation is better conditioned than the old one. To
the knowledge of the author these findings are unpublished to date.

We use dG methods for the discretization of all perpendicular derivatives in
Eqs. (2.85). For the discretization of field-aligned derivatives some issues arise that
are important to keep in mind. As discussed in the introduction 1, the parallel dy-
namics in magnetized plasmas is typically much faster than the perpendicular one,
such that numerical errors in the field-aligned terms can affect the perpendicular
transport. Also, the mean free paths and thus the diffusivities of particles along the
magnetic field is orders of magnitude higher than the perpendicular ones [61]. The
problem is effectively solved by using field-aligned coordinates [62], yet singularities
appear near the X- and O-points and the resulting grid is nonorthogonal. Another
idea is to propose a finite difference scheme in a field-aligned coordinate system
and then transform back to a non field-aligned cylindrical coordinate system. This
was done for diffusive terms by Reference [61, 63] and shown to work for the im-
portant X-point geometry by Reference [64]. The transformation is performed by
integrating magnetic field lines. Reference [65] proposed centered differences for
the parallel advection terms. We note that the approach naturally fits into the
dG framework since a high order interpolation scheme is automatically available
by the piecewise polynomial function approximations. We reformulate the scheme
in terms of pull-back and push-forward operators and present the connection with
the dG discretization, which has not yet been done before.

One of the main advantages of the dG methods is their high level of paralleliz-
ability due to the locality of the resulting stencils. In this context it is notable
that during the last decade the paradigm in CPU architecture shifted. The further
improvement and development of single-core processors was considered inefficient
and inferior to multi-core parallel architectures. These compete with the massively
parallel graphics processing units (GPUs), which have experienced a development
boost due to the growing gaming industries. Todays programmers are thus faced
with a wealth of different parallel systems, reaching from small desktop shared
memory systems and GPUs, to expensive distributed memory systems and clus-
ters. We promote the use of an implementation model that separates the imple-
mentation of numerical algorithms from low-level data models. In this way, the
programmer can write algorithms that are independent of the hardware that is
finally used. This approach was originally proposed by [66] and is also used by the
cusp library [67].

The remaining chapter is organized as follows. We introduce and discuss dG
methods for the discretization of the spatial parts of our differential equations in
Section 3.1. To this end, we introduce Legendre polynomials in Section 3.1.1 and
derive the coefficients of first derivatives in Section 3.1.2. The discretization of el-
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liptic equations is presented in Section 3.1.3 and we present numerical experiments
of our new discretization in Section 3.1.4. This is then followed by a discussion on
how to discretize field-aligned derivatives, ∇‖ = b̂ · ∇, in a non field-aligned coor-
dinate system in Section 3.2.1. Closely related, we also propose an algorithm for
field line mappings in Section 3.2.2. We briefly present and discuss semi-implicit
multistep and Runge-Kutta time-stepping algorithms taken from the existing lit-
erature in Section 3.3. In Section 3.4 we present the implementation model and
some benchmark results for our GPU and MPI implementations in Sections 3.4.1
and 3.4.2.

3.1. Introduction to discontinuous Galerkin methods

In this section we introduce dG methods and show how to discretize first and
second derivatives. To this end we will first familiarize ourselves with the Legendre
polynomials and explain how they are employed in our dG scheme. We establish the
necessary notation and show the close connection to Gauss–Legendre quadrature
which yields a natural discrete scalar product. In the following section we then
derive the matrix coefficients of discrete derivatives for various boundary conditions.
We then propose a discretization for elliptic equations and show results of numerical
experiments that verify the predicted order of the method.

3.1.1. The Legendre polynomials

First, let us consider the one-dimensional case. For simplicity and ease of imple-
mentation we choose an equidistant grid with N cells Cn = [xn−1/2, xn+1/2] of size
h; with this choice we are able to construct basis functions of P (Cn), the space of
polynomials of degree at most P − 1 on Cn, by using orthogonal Legendre polyno-
mials1. The Legendre polynomials can be recursively defined on [−1, 1] by setting
p0(x) = 1, p1(x) = x and (see e.g. [68])

(k + 1)pk+1(x) = (2k + 1)xpk(x)− kpk−1(x). (3.1)

The so constructed Legendre polynomials are orthogonal on [−1, 1]. We write xaj
and wj, j = 0, . . . , P −1 denoting the abscissas and weights of the Gauss–Legendre
quadrature on the interval [−1, 1]. Then we note that for k, l = 0, . . . , P − 1

∫ 1

−1

pk(x)pl(x) dx =
P−1∑
j=0

wjpk(x
a
j )pl(x

a
j ) =

2

2k + 1
δkl, (3.2)

since Gauss–Legendre quadrature is exact for polynomials of degree at most 2P−1.

1 Often, in the literature the order of the polynomials is denoted by k. Pay attention, that we
use the number of polynomial coefficients P instead. We have P = k + 1
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The discrete completeness relation can then be written as

P−1∑
k=0

2k + 1

2
wjpk(x

a
i )pk(x

a
j ) = δij. (3.3)

Given a real function f : [−1, 1]→ R we define fj := f(xaj ) and

f̄k :=
2k + 1

2

P−1∑
j=0

wjpk(x
a
j )fj (3.4)

Now let us define the forward transformation matrix by F kj := 2k+1
2
wjpk(x

a
j ) and

the backward transformation matrix by Bkj := pj(x
a
k). Then, using Eq. (3.4), we

get

f̄k =
P−1∑
j=0

F kjfj (3.5a)

fj =
P−1∑
k=0

Bjkf̄
k, (3.5b)

We call f̄k the values of f in L-space and fj the values of f in X-space.
Let us now consider an interval [a, b] and an equidistant discretization by N cells

with cell center xn and grid size h = b−a
N

; in addition, we set xanj := xn + h
2
xaj .

Given a function f : [a, b]→ R we then define fnj := f(xanj) and note that

f̄ = (1⊗ F )f (3.6a)

f = (1⊗B)f̄ , (3.6b)

where fnj are the elements of f , 1 ∈ RN×N is the identity matrix and F,B ∈ RP×P .
Furthermore, we use ⊗ to denote the Kronecker product which is bilinear and
associative. The discontinuous Galerkin expansion fh of a function f in the interval
[a, b] can then readily be given as

fh(x) =
N∑
n=1

P−1∑
k=0

f̄nkpnk(x), (3.7)

where

pnk(x) :=

{
pk
(

2
h
(x− xn)

)
, for x− xn ∈

[
−h

2
, h

2

]
0, else.

(3.8)

As an example, we plot Eq. (3.7) for f(x) = sin(2x) in Fig. 3.1. Already with a very
low resolution of P = 3 and N = 5 we get an acceptable function approximation.
We clearly see the discontinuities at the cell boundaries.
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Figure 3.1.: Discretization of a sine function with second order polynomials, P = 3,
on N = 5 grid cells. Dotted lines depict the cell boundaries.

The use of Legendre polynomials yields a natural approximation of the integrals
of f via Gauss–Legendre quadrature

〈fh, gh〉 :=

∫ b

a

fhgh dx =
N∑
n=1

P−1∑
j=0

hwj
2
fnjgnj =

N∑
n=1

P−1∑
k=0

h

2k + 1
f̄nkḡnk (3.9a)

‖fh‖2
L2

:=

∫ b

a

|fh|2 dx =
N∑
n=1

P−1∑
j=0

hwj
2
f 2
nj =

N∑
n=1

P−1∑
k=0

h

2k + 1

(
f̄nk
)2
. (3.9b)

With these formulas we have a simple, accurate, and fast method to evaluate
integrals. This is applied, for example, to compute errors in the L2-norm.

We now define some useful quantities that simplify our notation (note that i, j =
0, . . . , P − 1)

Sij :=

∫ h/2

−h/2
pi

(
2

h
x

)
pj

(
2

h
x

)
dx =

h

2i+ 1
δij (3.10a)

T ij := S−1
ij =

2i+ 1

h
δij (3.10b)

W ij :=
hwj

2
δij (3.10c)

Vij := W−1
ij =

2

hwj
δij. (3.10d)

Employing these relations we can write

〈fh, gh〉 =fT(1⊗W )g = f̄T(1⊗ S)ḡ (3.11)

and

F = TBTW. (3.12)
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Furthermore, we note that

Mij :=

∫ h/2

−h/2
pi

(
2

h
x

)
∂xpj

(
2

h
x

)
dx (3.13a)

Rij := pi(1)pj(1) = 1 = RT
ij (3.13b)

Lij := pi(−1)pj(−1) = (−1)i+j = LT
ij (3.13c)

RLij := pi(1)pj(−1) = (−1)j (3.13d)

LRij := pi(−1)pj(1) = (−1)i = RLT
ij. (3.13e)

In order to compute the elements of Mij we first note that Mij = 0 for i > j−1 as
∂xpj(x) is a polynomial of degree j − 1. Then we use integration by parts to show
that

(M + L) = (R−M)T. (3.14)

Therefore, we conclude that Mij = 1− (−1)i+j for i ≤ (j − 1).
We introduce the notation (3.10) and (3.13) mainly for ease of implementation.

If a block-matrix class is written and the operations +, − and ∗ are defined on it,
the assembly of the derivative matrices is simplified to a large extent.

3.1.2. Discretization of first derivatives

From here on we write fh(x) = f̄nipni(x) and imply the summation over cell index
n and polynomial index i. The first naive idea to get an approximation to the first
derivative of fh(x) is to simply set fx(x) = ∂xfh(x) = f̄ni∂xpni(x) in the interior
of each cell n. Unfortunately, in this approach we loose one polynomial order and
the discretization for P = 1 is plain wrong. We would like our discretization to
become finite differences in the limit P = 1.

On cell boundaries the derivative of pni(x) is actually not well defined, which is
why we now retain to a weak formulation of derivatives. Consider∫

Cn

∂xfh(x)pni(x) dx = fhpni|xn+1/2
xn−1/2 −

∫
Cn

fh(x)∂xpni(x) dx. (3.15)

The approximation fh(x) is double valued on the cell boundaries, which is why we
replace the boundary terms by∫

Cn

fxpni(x) dx = f̂pni|xn+1/2
xn−1/2 −

∫
Cn

f̄nkpnk∂xpni dx, (3.16)

where f̂(x) is the numerical flux across cell boundaries and we call fx(x) the nu-
merical approximation to the first derivative. We will use three different fluxes in
this work.

f̂C(x) = 1
2
( lim
ε→0,ε>0

fh(x+ ε) + lim
ε→0,ε>0

fh(x− ε)), (3.17a)

f̂F (x) = lim
ε→0,ε>0

fh(x+ ε), (3.17b)

f̂B(x) = lim
ε→0,ε>0

fh(x− ε), (3.17c)
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which we call the centered, the forward and the backward flux respectively. For
f : [a, b]→ R and periodic boundary conditions, we assume that

lim
ε→0,ε>0

f(b+ ε) = lim
ε→0,ε>0

f(a+ ε), lim
ε→0,ε>0

f(a− ε) = lim
ε→0,ε>0

f(b− ε), (3.18)

for homogeneous Dirichlet boundary conditions we assume that

f̂(a) = f̂(b) = 0, (3.19)

and for homogeneous Neumann boundaries we assume that

f̂(a) = lim
ε→0,ε>0

fh(a+ ε), f̂(b) = lim
ε→0,ε>0

fh(b− ε). (3.20)

As we see the choice of f̂ is not unique. It actually is the crucial ingredient in every
dG method. Depending on what flux we choose, we arrive at various approxima-
tions to the derivative, e.g. for P = 1 (i.e. a piecewise constant approximation in
each cell) our scheme reduces to the classic centered, forward and backward finite
difference schemes respectively. In a way all the ingenuity of a dG method lies in
the choice of the numerical flux.

For the following discussion we choose the centered flux f̂C and note that the
derivation is analogous for f̂F and f̂B. We arrive at

f̄nix = T ij
[

1

2

(
f̄ (n+1)kpk(−1) + f̄nkpk(1)

)
pj(1)

− 1

2

(
f̄nkpk(−1) + f̄ (n−1)kpk(1)

)
pj(−1)− f̄nkMkj

]
(3.21)

where we used that pnk(xn+1/2) ≡ pk(1) and pnk(xn−1/2) ≡ pk(−1) holds true for
all n. Together with the previously defined quantities in (3.13) we can write

f̄x = (1⊗ T ) ◦
[

1

2
(1+ ⊗RL+ 1⊗ (M −MT)− 1− ⊗ LR)

]
f̄

=: (1⊗ T ) ◦ D̄0
x,per f̄ , (3.22)

using M +MT = R− L from Eq. (3.14) and

1−fn := fn−1 (3.23)

1+fn := fn+1. (3.24)

We define

D0
x,per := (1⊗ F T ) ◦ D̄0

x,per ◦ (1⊗ F ).

If our coefficients are given in X-space, we note with the help of Eq. (3.12)

fx = (1⊗ V ) ◦D0
x,perf , (3.25)
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3. Basic numerical methods and implementation model

where D̄per
x and Dper

x are skew-symmetric matrices.
From Eq. (3.22) we are now able to show the matrix representation of the one-

dimensional discrete derivative for periodic boundary conditions that can be used
in the implementation

D̄0
x,per =

1

2


(M −MT) RL −LR
−LR (M −MT) RL

−LR . . .
. . . RL

RL −LR (M −MT)

 (3.26)

We also write down the expressions resulting from the forward and backward fluxes
f̂F and f̂B respectively:

D̄+
x,per =


−(M + L)T RL 0

0 −(M + L)T RL
0 . . .

. . . RL
RL 0 −(M + L)T

 (3.27)

and

D̄−x,per =


(M + L) 0 −LR
−LR (M + L) 0

−LR . . .
. . . 0

0 −LR (M + L)

 . (3.28)

Note that for P = 1 we recover the familiar finite difference approximations of the
first derivative. Finally we note the boundary terms for homogeneous Dirichlet

Table 3.1.: Upper left and lower right matrix entries for various boundary condi-
tions. For Dirichlet and von Neumann BC the upper right and lower left entries
are zero.

D+
x (forward) D−x (backward) D0

x (centered)
left right left right left right

periodic −(M + L)T −(M + L)T (M + L) (M + L) 1
2

(M −MT) 1
2

(M −MT)

Dirichlet −MT −(M + L)T (M + L) −MT 1
2

(M −MT + L) 1
2

(M −MT −R)

Neumann −(M + L)T M M (M + L) 1
2

(M −MT − L) 1
2

(M −MT +R)

and Neumann boundaries in Table (3.1) noticing that only the corner entries of
the matrices change.

In our notation the local character of the dG method is apparent. To compute the
derivative in one cell we only use values of neighboring cells. Therefore, the method
is well suited for parallelization which we will exploit in our implementation.
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3.1 Introduction to discontinuous Galerkin methods

The generalization to higher dimensions is immediate. All the matrices derived
above can readily be extended via the appropriate Kronecker products. The space
complexity of the matrices derived is O(P 2N) in one and O(P 3N2) in two dimen-
sions.

Finally, let us remark that we found it practical to always operate on coefficients
in X-space, i.e. we use Eq. (3.25) for our implementations and thus use f rather
than f̄ to represent the approximation. Function products are easily computed
coefficient-wise in X-space, i.e. we use

(fg)ni = fnigni (3.29)

to represent the corresponding products.

3.1.3. Discretization of elliptic equations

We are now ready to discretize the one-dimensional general elliptic equation

− ∂

∂x

(
χ(x)

∂φ

∂x
(x)

)
= ρ(x) (3.30)

on the interval [a, b]. Here, χ(x) and ρ(x) are given functions.
We either choose periodic, Dirichlet, or Von-Neumann boundary conditions on

the left and right border for φ. As a first step we rewrite Eq. (3.30) into two first
order differential equations and a function product:

j′ = ∂xφ, (3.31a)

j = χj′, (3.31b)

ρ = −∂xj. (3.31c)

Our plan is to simply use one of the discretizations developed in the last section for
the first equation (3.31a) and its negative adjoint for the third equation (3.31c).
Recall that the adjoint of a square matrix A is defined by the scalar product, i.e.

fT(1⊗W ) ◦ Ag = gT(AT ◦ (1⊗W ))f =: gT(1⊗W )A†f .

From here we immediately get the relation

A† ≡ (1⊗ V ) ◦ AT ◦ (1⊗W ). (3.32)

There is a close connection between symmetric, A = AT, and self-adjoint, A = A†,
matrices. If and only if the matrix A is symmetric, then (1⊗V ) ◦A is self-adjoint.
Of course, we have (AB)† = B†A† and (A†)† = A.

The function product in Eq. (3.31b) is computed pointwisely on the Gaussian
abscissas.

j′ = (1⊗ V ) ◦Dxφ,

j = χj′,

ρ = (1⊗ V ) ◦DT
x j = (1⊗ V )DT

x ◦ χ ◦ (1⊗ V ) ◦Dxφ, (3.33)
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3. Basic numerical methods and implementation model

where Dx is either D+
x , D−x , or D0

x with the correct boundary terms. Note, that [59]
originally only proposed to use the forward or backward discretization for Dx.
Equation (3.33) is indeed a self-adjoint discretization for the second derivative.
However, it turns out that Eq. (3.33) is inconsistent for given ρ(x). The solution
does not converge. This problem is solved according to [59] by adding a jump term
to the flux of j:

ĵ(xn+1/2)→ ĵ(xn+1/2) + [φ(xn+1/2)], (3.34)

where [φ(xn+1/2] := φn(xn+1/2) − φn+1(xn+1/2) is the jump term of φ at xn+1/2.
That means we have to alter our discretization (3.33) according to

ρ = (1⊗ V )[DT
x ◦ χ ◦ (1⊗ V ) ◦Dx + J ]φ (3.35)

where

J̄ =


(L+R) −RL −LR
−LR (L+R) −RL

−LR . . .
. . . −RL

−RL −LR (L+R)

 . (3.36)

for periodic boundaries. Again we give the correct boundary terms for Dirichlet
and Neumann boundary conditions in Table 3.2. Note that J is symmetric, thus

J
left right

periodic L+R L+R
Dirichlet L+R L+R
Neumann R L

Table 3.2.: Top left and bottom right entries for jump matrix

the overall discretization remains self-adjoint. Indeed, with Dx = D+
x Eq. (3.35)

recovers the discretization proposed by [59]. In addition, we remark that the cen-
tered discretization in Eq. (3.35) is symmetric with respect to an inversion of the
coordinate system x→ −x even for double Dirichlet or Neumann boundaries, while
the forward and backward discretization is not.

We note again that the generalization to two or more dimensions is straightfor-
ward in a rectangular grid using Kronecker products.

3.1.4. Numerical experiments

As an example we solve Eq. (3.30) in two dimensions for

χ(x, y) = 1 + sin(x) sin(y)

ρ(x, y) = 2 sin(x) sin(y) [sin(x) sin(y) + 1]− sin2(x) cos2(y)− cos2(x) sin2(y)
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3.1 Introduction to discontinuous Galerkin methods

on the domain D = [0, π] × [0, π] for double Dirichlet boundary conditions. The
analytical solution is given by φ(x, y) = sin(x) sin(y).

Do not try to insert φ into Eq. (3.35) directly. The result sub-optimally con-
verges to the analytical ρ or may not converge at all, a phenomenon that is called
supraconvergence [69]. Only as a discretization for elliptic or parabolic equations
the stencil (3.35) works fine.

We note that Eq. (3.35), when multiplied by (1⊗W ), has the form of a symmetric
matrix equation Ax = b. This equation is solved by a conjugate gradient method
with 1 ⊗ V as a diagonal preconditioner. We use a truncation criterion based on
the norm of the residuum

||rk|| < εres||b||L2 + εres (3.37)

where rk = Axk − b is the residuum of the k − th iteration. In Table 3.3 we
summarize our results. We observe that the forward and backward discretizations

Table 3.3.: Accuracy for the dG method proposed for various number of cells N
and polynomial degrees in each cell P .

Forward Backward Centered
# of cells εres iterations L2 error iterations L2 error Order iterations L2 error Order

P = 1
172 1.0E-04 33 1.40E-01 33 1.40E-01 - 13 1.10E-01 -
342 1.0E-05 78 7.50E-02 78 7.50E-02 0.90 25 6.17E-02 0.83
682 1.0E-06 175 3.87E-02 175 3.87E-02 0.95 54 3.29E-02 0.91
1362 1.0E-07 396 1.97E-02 396 1.97E-02 0.98 124 1.70E-02 0.95

P = 2
172 1.0E-05 102 2.46E-03 102 2.46E-03 - 47 4.10E-03 -
342 1.0E-06 226 5.93E-04 226 5.93E-04 2.05 114 1.10E-03 1.90
682 1.0E-07 485 1.46E-04 485 1.46E-04 2.02 259 2.86E-04 1.94
1362 1.0E-08 1052 3.64E-05 1052 3.64E-05 2.01 580 7.30E-05 1.97

P = 3
172 1.0E-06 181 4.77E-05 181 4.77E-05 - 113 5.37E-06 -
342 1.0E-07 403 5.22E-06 403 5.22E-06 3.19 259 3.67E-07 3.87
682 1.0E-08 893 5.93E-07 892 5.93E-07 3.14 583 2.64E-08 3.80
1362 1.0E-09 1946 6.97E-08 1946 6.97E-08 3.09 1277 1.92E-09 3.78

P = 4
172 1.0E-08 357 4.62E-07 357 4.62E-07 - 221 7.60E-07 -
342 1.0E-09 793 2.47E-08 795 2.47E-08 4.22 498 5.54E-08 3.78
682 1.0E-09 1637 1.48E-09 1637 1.48E-09 4.06 1035 3.80E-09 3.87
1362 1.0E-10 3505 9.13E-11 3505 9.13E-11 4.02 2223 2.49E-10 3.93

P = 5
172 1.0E-09 581 1.57E-08 580 1.57E-08 - 354 2.16E-09 -
342 1.0E-10 1277 3.62E-10 1277 3.62E-10 5.44 782 3.51E-11 5.95
682 1.0E-11 2751 8.39E-12 2752 8.39E-12 5.43 1697 6.68E-13 5.71
1362 1.0E-12 5816 2.03E-13 5816 2.03E-13 5.37 3597 4.01E-14 4.06

give the same results, which is due to the symmetry of the sine functions. The
order of the relative error in the L2-norm coincides with the predicted convergence
of order P for all P .

On the other side, the centered discretization needs significantly less iterations to
achieve the same error in the residuum. This indicates that the centered discretiza-
tion is better conditioned than the forward and backward discretizations. Also, we
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3. Basic numerical methods and implementation model

observe a superconvergent error of order P + 1 for P = 3 and P = 5. In order
to exclude symmetry reasons for these phenomena, we repeated the computations
on the domain D = [0, π/2] × [0, π/2] using Dirichlet boundaries on the left and
Neumann boundaries on the right side. We find equal results; only the equality in
the results for forward and backward discretization is broken. To the knowledge of
the author this superconvergence has not yet been observed before.

3.2. Semi-Lagrangian schemes

In this section we show how to numerically treat parallel derivatives in a non field
aligned coordinate system. We introduce the method in Section 3.2.1 and discuss
some problems arising from the boundaries of the computational domain. Finally,
we propose a field line mapping for variable initialization in Section 3.2.2.

3.2.1. Discretization of parallel derivatives

One idea to discretize b̂ · ∇ is to simply use the dG discretization developed in
the last section directly, i.e. discretize bR∂R + bZ∂Z + bϕ∂ϕ, where (R,Z, ϕ) are
cylindrical coordinates. However, a very restrictive CFL-condition due to the high
resolution in the R-Z planes and the fast parallel motion makes this approach
impractical. We therefore decided to use a Lagrangian approach for the parallel
derivatives.

We begin with the formulation of a field-aligned discretization. If s denotes the
field line following coordinate, then the one-dimensional discrete derivative along
the field line reads

df

ds
→ fk+1 − fk−1

sk+1 − sk−1

. (3.38)

From differential geometry we know that to every smooth vector field b̂ there is
a unique curve of which the tangent in a point is the value of b̂ at that point. It is
given by the solution of the differential equation

dzi

ds
= b̂i(z) (3.39)

where zi is one of (R,Z, ϕ) and b̂i are the contravariant components of b̂ in cylin-
drical coordinates. Moreover, by definition we have

df(z(s))

ds
= b̂ · ∇f |z(s) (3.40)

along a field line parameterized by distance s, i.e. instead of ∇‖f we can choose to

discretize df
ds

.
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3.2 Semi-Lagrangian schemes

Let us divide the ϕ direction into Nϕ equidistant planes of distance ∆ϕ. Un-
fortunately, from Eq. (3.39) we cannot easily determine the distance ∆s for given
∆ϕ. It is better to integrate

dzi

dt
=
bi

bϕ
=
Bi

Bϕ
(3.41)

since in this case dϕ/dt = 1⇒ t = ϕ. We get

dR

dϕ
=
BR

Bϕ
, (3.42a)

dZ

dϕ
=
BZ

Bϕ
, (3.42b)

together with the equation

ds

dϕ
=

1

|b̂ϕ|
=

B

|Bϕ| (3.42c)

for the length of the field line s. Eqs. (3.42) are integrated from ϕ = 0 to ϕ = ±∆ϕ.
We characterize the flow generated by b̂/bϕ by

T±1
∆ϕz := T±1

∆ϕ[R,Z, ϕ] := (R(±∆ϕ), Z(±∆ϕ), ϕ±∆ϕ), (3.43)

where (R(ϕ), Z(ϕ), s(ϕ)) is the solution to Eqs. (3.42) with initial condition

(R(0), Z(0), s(0)) = (R,Z, 0). (3.44)

Obviously we have T−1
∆ϕ◦T+1

∆ϕ = 1, but T±∆ϕ is not unitary since b̂/bϕ is not divergence
free.

The proposed centered discretization (3.38) for the parallel derivative then reads

∇‖f ≡
df

ds
=
df

dϕ

dϕ

ds
→

f
(
T+

∆ϕz
)
− f

(
T−∆ϕz

)
s(+∆ϕ)− s(−∆ϕ)

, (3.45)

which is slightly different from Reference [64], where the relation (3.42c) was used
to replace dϕ/ds. Previous derivations now needed to construct an interpolation
scheme in order to evaluate functions on the transformed coordinates. Since the
R and Z coordinates are still discretized in the dG framework we note that in our
work the interpolation of f on the transformed points T±1

∆ϕz is naturally given by
Eq. (3.7) (the extension to two dimensions is immediate). Let us for a moment
omit the Z coordinate for ease of notation. If (Rnj, ϕk) are the grid points, we
call (R+

nj, ϕk+1) := T+
∆ϕ[Rnj, ϕk] and (R−nj, ϕk−1) := T−∆ϕ[Rnj, ϕk] the transformed

coordinates along the field lines. We then have

f(T+
∆ϕz) = f(R+

nj, ϕk+1) = f̄mlk+1pml(R
+
nj) =: (I+)mlnj f(k+1)ml, (3.46a)

f(T−∆ϕz) = f(R−nj, ϕk−1) = f̄mlk−1pml(R
−
nj) =: (I−)mlnj f(k−1)ml, (3.46b)
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3. Basic numerical methods and implementation model

where the backward transformations of f̄ are hidden in I. Thus the interpolation
of all the necessary points can simply be written as a matrix-vector product, where
the interpolation matrices I+ and I− are independent of time since the field lines
are constant in time. The order of this interpolation is given by P , the number of
polynomial coefficients. A consistency check is the relation I+ ◦ I− = 1.

The discretization (3.45) can now be written as a matrix vector product

∇‖f → S ◦
[
1+ ⊗ I+ − 1− ⊗ I−

]
f , (3.47)

where S is the diagonal matrix that contains the entries 1/(s(+∆ϕ) − s(−∆ϕ)).
This discretization is not skew-symmetric since the field lines are not volume-
preserving, or (I+)T 6= I−. In fact, the adjoint of the parallel derivative is

∇†‖ = −∇ · (b̂ .) 6= −∇‖. (3.48)

Note that with this relation we can define the parallel diffusion operator as

∆‖ := −∇†‖∇‖ = (∇ · b̂)∇‖ +∇2
‖, (3.49)

which is indeed the parallel part of the full Laplacian ∆ = ∇ · (b̂∇‖ +∇⊥). The
second order derivative ∇2

‖ can be discretized using

d2f

ds2
→ 2fk+1

(sk+1 − sk)(sk+1 − sk−1)
− 2fk

(sk+1 − sk)(sk − sk−1)

+
2fk−1

(sk − sk−1)(sk+1 − sk−1)
(3.50)

and repeating the procedure of this section.

The main problem with the above scheme is the question what to do when a
field line crosses the simulation boundaries. Boundary conditions are formulated
in cylindrical coordinates. One idea is to simply cut the contribution from field lines
that leave the computational domain. While this works in practice it is unclear
what numerical and physical side-effects this procedure might have. Another idea
is to check to every point z whether T∆ϕz lies inside our simulation box or not. If
not, we have to find where exactly the field line intersects the simulation box. We
have to find ϕb such that the result of the integration of Eq. (3.42) from 0 to ϕb
lies on the boundary. The angle ϕb can be found by a bisection algorithm knowing
that 0 < ϕb < ∆ϕ. This kind of procedure is known as a shooting method. When
all points are found, ghost cells can be constructed in the correct way.

A poloidal limiter can simply be implemented via a boundary condition in ϕ. As
long as the form of the limiter is a flux-function we do not have to integrate a field
line in order to determine which points lie in the limiter-shadow. It is therefore
straightforward to implement ghost-cells in that case.
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3.2.2. Field aligned initialization

An important aspect of our simulations is a judicious initialization of the fields.
We want structures to be field-aligned in the beginning of the simulation with a
possible modulation along the direction of the field line. If a Gaussian shape is
used, we call σ‖ the extension in parallel direction and write

f0(R,Z, ϕ) = F (R,Z, ϕ) exp

(
−(ϕ− ϕ0)2

2σ2
‖

)
, (3.51)

where F is a function that is invariant under the field line transformations

T+
∆ϕF (z) = F (T+

∆ϕz)
!

= F (z) (pull-back), (3.52a)

T−∆ϕF (z) = F (T−∆ϕz)
!

= F (z) (push-forward). (3.52b)

We can use these relations to construct aligned structures by active transformations
of some given field. Our idea is to initialize a two-dimensional field F (R,Z, ϕk)
in a given plane k and transform this field to all other planes using the recursive
relations

F (R,Z, ϕk+1) = T−∆ϕF (R,Z, ϕk+1) = F (R−, Z−, ϕk), (3.53a)

F (R,Z, ϕk−1) = T+
∆ϕF (R,Z, ϕk−1) = F (R+, Z+, ϕk), (3.53b)

which is the statement that F in the next plane equals the push-forward and F in
the previous plane equals the pull-back of F in the current plane. Note here that
Eq. (3.46) applies for the required interpolation procedures.

3.3. Time-stepping

Having discretized all spatial derivatives, the partial differential equations can be
written as an ordinary differential equation in the form

∂tv = F(v). (3.54)

A discretization in time can now be chosen independently of the spatial discretiza-
tion. This is known as the method of lines.

We implemented several time-steppers, among others the standard explicit Runge-
Kutta and Adams-Bashforth methods of various orders. We generally prefer ex-
plicit multistep methods over Runge-Kutta methods as these require only one right
hand side evaluation per step. However, we note that for purely hyperbolic equa-
tions the time step for Runge-Kutta methods can be chosen higher than for mul-
tistep methods which somewhat outweighs this alleged disadvantage. The general
form of a k-th order Adams-Bashforth multistep method is given by

vn+1 = vn + ∆t
k∑
j=0

bjF(vn−j). (3.55)
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The drawback is that the time step cannot be varied easily within multistep meth-
ods, which is done easily in Runge-Kutta methods. Finally, like all explicit methods
both Runge-Kutta and multistep schemes suffer from a CFL condition that is un-
fortunately more severe for higher order than for lower order polynomials.

In order to overcome the restrictions on the time step stemming from the stiff
diffusive terms, we turn towards semi-implicit methods. These methods combine
the cost-effectiveness of explicit algorithms with the stability of purely implicit
time-steppers. We split the right hand side F of Eq. (3.54) in terms according to
whether we want to solve them explicitly (E) or implicitly (I)

∂tv = E(v) + I(v). (3.56)

The implicit part I is assumed to be linear.
We implemented a semi-implicit multistep scheme of 3rd order known as the

Karniadakis scheme [70], as well as a modern version of a semi-implicit Runge-
Kutta (SIRK) scheme [71] of the same order. The Karniadakis scheme consists of
the following two substeps:

v̂n =
2∑
q=0

αqv
n−q + ∆t

[
2∑
q=0

βqE
(
vn−q

)]
(3.57a)

(γ01−∆tI) vn+1 = v̂n (3.57b)

with coefficients

α0 = 3 β0 = 3

α1 = −3

2
β1 = −3 γ0 =

11

6
(3.58)

α2 =
1

3
β2 = 1

The SIRK algorithm reads

vn+1 = vn +
2∑
i=0

wiki (3.59a)

ki = ∆t

[
E

(
vn +

i−1∑
j=0

bijkj

)
+ I

(
vn +

i−1∑
j=0

cijkj + diki

)]
(3.59b)

with rational coefficients

w0 =
1

8
b10 =

8

7
d0 =

3

4
c10 =

5589

6524

w1 =
1

8
b20 =

71

252
d1 =

75

233
c20 =

7691

26096
(3.60)

w2 =
3

4
b21 =

7

36
d2 =

65

168
c21 = −26335

78288

42



3.4 Container free numerical algorithms

We solve the implicit substeps by a conjugate gradient method, which works as
long as the implicit part remains symmetric and linear.

To our experience the implicit treatment of diffusive or hyperdiffusive terms can
significantly reduce the required number of time steps. This far outweighs the
increased computational cost of the additional matrix inversions in Eq. (3.57b)
or (3.59b).

We finally remark that, given the explicit and implicit parts E and I, an imple-
mentation of the time-steppers discussed in this section only require linear algebra
vector space operations. In fact, all of the up to now discussed algorithms can
be implemented using basic vector-vector operations and a sparse matrix-vector
product. These considerations lead to a code design discussed in the next section.

3.4. Container free numerical algorithms

Our code uses a design principle based on template metaprogramming (TMP).
TMP is a programming technique, which was (accidentally) discovered in C++
noticing that a C++ compiler is capable of actually computing results of a pro-
gram during its compilation. This is, in principle, possible because a C++ compiler
has to generate source code from templates prior to the actual compilation. That
means e.g. that the resolution of if-else statements can be moved from runtime to
compile-time, which of course is a performance gain in the resulting executable.
Templates are also very useful in the design of generic and reusable library func-
tions and have been a major part of modern design principles in C++ since the
development of the standard template library (STL). In recent years, it has also
found applications in the scientific community under the name container free nu-
merical algorithms [66]. The abundance of available user-defined container types
has, up to that point, greatly impeded the development of reusable scientific soft-
ware in C++. The idea behind the design is to separate numerical code, the “front
end“, from the specification, optimization, and implementation of vector and ma-
trix data structures and operations, which we call the “back end“. We formulate
numerical algorithms using only a limited set of templated functions, that execute
e.g. vector addition, dot products or matrix vector multiplications. Lightweight
so-called traits classes hold the necessary information for the compiler to gener-
ate the correct source code based on the given container. An algorithm can thus
be written without knowing the specific data layout of the container class that is
finally used and can be executed and reused for any container that provides the
necessary functionality.

For our algorithms in particular, the back end needs to

• provide a vector, a preconditioner, and a (sparse) matrix data type together
with the necessary traits classes,

• provide a grid class that stores information about the numerical grid, i.e. the
dimensionality, the number of grid points, the boundaries of the grid, . . . ,
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• provide a method to evaluate an analytical function on this grid and return
an instance of the vector class holding the dG coefficients of this function,

• provide methods to generate an instance of the preconditioner on the given
grid,

• provide methods to generate the sparse matrices that hold the coefficients for
backward, forward and centered derivatives in x and y direction on the grid,

• and finally provide the methods for vector addition, dot products, pointwise
multiplication and division, and matrix-vector multiplications for the matrix,
the vector, and the preconditioner class.

We have implemented single core CPU, multi core OpenMP and GPU back ends
through the use of the CUDA thrust [72] and the cusp [67] library. Also an MPI
back end is available. Let us emphasize again, that the extension to new hard-
ware (e.g. multi-GPU systems) or the use of other optimized library functions
is done solely by providing the back end functionality. The numerical code re-
mains untouched in this process. The source code FELTOR (Full-F ELectromag-
netic model in TORoidal geometry) can be downloaded online from https://

github.com/mwiesenberger/feltor . Additional information is contained in the
extensive user documentation, which can be compiled using the Doxygen software
http://www.stack.nl/~dimitri/doxygen/index.html. Furthermore, a wealth
of test and benchmark codes for individual algorithms and back ends is included
in the project.

3.4.1. Parallel efficiency GPU

Although there is still room for optimization, both on the GPU as well as on the
CPU side, we observe good parallel efficiency of the code due to the high degrees
of parallelism intrinsic to the discontinuous Galerkin discretization. We compare
the average run time of a single evaluation of the Arakawa bracket (an algorithm
described in Chapter 4 essentially it is a succession of matrix-vector products and
pointwise vector-vector operations) on a Nvidia GeForce GTX 570 to an Intel Xeon
CPU E3 1225 V2 using 4 threads. For the computation under consideration we fix
N = 100 and vary the number of polynomial coefficients P . The speedup is given
by S = TCPU/TGPU and the result is shown in Table 3.4. We observe a speedup
of 2 to 6 in favor of the GPU dependent on problem size. As usual in scientific
applications we employ double precision floating point numbers both on the CPU
as well as on the GPU.

Note that the theoretical peak performance (measured in GFlops/s) of NVIDIA
GPUs is usually more than an order of magnitude above that of the Intel Xeon
CPU E3 1225 V22. Corresponding gains in performance are only achieved for ex-

2This is true for both single and double precision on Tesla cards. However, on gaming cards such
as the GTX 570 the double precision performance of the Fermi chip is reduced by a factor of
1/8 as compared to the single precision case.
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P TGPU/ms TCPU/ms speedup
1 0.05 0.08 1.5
2 0.26 0.52 2.0
3 0.71 3.85 5.4
4 1.47 9.08 6.2

Table 3.4.: Average run time on NVIDIA’s GeForce GTX 570 compared to Intel’s
quadcore Xeon CPU E3 1225 V2 using four threads. Problem size is O(P 3N2),
P is varied while N is fixed to 100.

tremely compute bound problems (such as Monte Carlo integration, see e.g. [73]).
The problem considered in this chapter is, due to the required parallelization of the
linear algebra subroutines, memory bound. Therefore, memory throughput (not
GFlops/s) is the factor that has the most influence on performance in our case. The
CPU system uses DDR3-1600 memory with a (theoretical) memory throughput of
12.8 GB/s3 while the GPU system uses GDDR5 memory with a memory throughput
of 152 GB/s4. This would yield a theoretical speedup of up to a factor 12. However,
due to the requirement of coalesced memory access on the GPU such a speedup
is usually not achieved in practice. Implementations of sparse matrix-vector mul-
tiplication on GPUs yield, depending on the specific details of the problem and
the problem size, performance gains from about a factor of 2 to a factor of 10 as
compared to CPU systems (see e.g. [74], [75], or [76]). The results obtained in our
implementation are consistent with these observations.

3.4.2. Parallel efficiency MPI

As a second example we investigate the strong and weak scaling of the same al-
gorithm on the LEO3 compute cluster at the university of Innsbruck. The nodes
at LEO3 are equipped with two six-core Intel X5650 CPUs with 12MB L3-caches
each.

We fix the problem size while increasing the number of threads. In an ideal
parallelization the execution time would decrease with the number of used threads.
The strong scaling efficiency is defined as

Es(M) =
T (1)

MT (M)
, (3.61)

where T (M) is the execution time using M threads. We use various Nx = Ny = N
and P = 3 and use up to M = 512 threads and present the result in Table 3.5. We
observe a good efficiency for a small number of threads M ≤ 4, then the efficiency
drops to around 50% for M < 64. For higher thread numbers the efficiencies

3http://ark.intel.com/products/65733/Intel-Xeon-Processor-E3-1225V2-(8M-Cache-3_

20-GHz).
4http://www.geforce.com/hardware/desktop-gpus/geforce-gtx-570/specifications.
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Table 3.5.: Execution times and strong scaling efficiency of the Arakawa algorithm
for various problem sizes and thread numbers on the LEO3 compute cluster.

# procs T (N = 256)/ms Es T (N = 512)/ms Es T (N = 1024)/ms Es
1 76.50 1.00 294 1.00 1160 1.00

2 39.70 0.96 175 0.84 627 0.93

4 19.90 0.96 99.90 0.74 362 0.80

8 14.20 0.67 71.50 0.51 249 0.58

16 7.61 0.63 36.00 0.51 157 0.46

32 4.76 0.50 16.80 0.55 87.00 0.42

64 3.91 0.31 8.38 0.55 40.10 0.45

128 10.30 0.06 11.50 0.20 24.50 0.37

256 8.60 0.03 7.10 0.16 17.80 0.25

512 9.87 0.02 11.10 0.05 14.00 0.16

severely decrease for all problem sizes. The execution times reach a minimum at
M = 64 and M = 256 for N = 256 and N = 512 respectively. Obviously this
indicates a constant minimum workload per thread. If more threads are used,
the parallelization decreases performance. This performance drop is most likely
due to the communication and synchronization overhead for large thread numbers
which surpasses the actual computation time for each thread. Synchronization is
e.g. used when boundary terms have to be communicated between two threads in
matrix vector multiplications. Also, the communication traffic of other users might
interfere with our communication and thus influence the runtime of the program.
As a side remark we note that TGPU = 4.9ms for N = 256 and TGPU = 21ms for
N = 512. We conclude that our desktop GPU equals approximately 30 CPU cores
on LEO3.

Weak scaling aims at keeping the computation-to-communication ratio constant
when comparing different numbers of threads. This is done by increasing the prob-
lem size N with the number of threads M . In a perfectly parallelized environment
the execution time stays constant. We define the weak scaling efficiency as

Ew(M) =
T (1)

T (M)
. (3.62)

We use various values for Nx = Ny = N and P = 3 for one thread and plot
the average result of four runs in Fig. 3.2. Again we observe perfect scaling for
M ≤ 4 followed by an efficiency loss for higher thread numbers. For M > 32 the
efficiency is constant around 20%− 40% for high problem sizes and less than 10%
for the very small problem size N = 16. Since the communication per thread is
constant for weak scaling we cannot explain the efficiency loss in that way. In the
previous discussion however, we established that our problem is memory bound
and that performance is mainly dominated by memory throughput. Knowing that
main memory, the memory controllers, and caches are shared between CPU cores
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Figure 3.2.: Average weak scaling efficiency of the Arakawa algorithm using up
to 512 threads for various fixed problem sizes per thread on the LEO3 compute
cluster.

especially if more than half a node is occupied we expect the efficiency to deteriorate
for M > 6.
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4. A conservative discontinuous
Galerkin method

The contents of this chapter are taken and adapted from “L. Einkemmer and M.
Wiesenberger. “A conservative discontinuous Galerkin scheme for the 2D incom-
pressible Navier–Stokes equations”. In: Comput. Phys. Commun. 185.11 (Nov.
2014), pp. 2865–2873”. L. Einkemmer contributed the mathematical theory in Sec-
tions 4.1 and 4.2, while the author is responsible for the implementation and the
numerical experiments in Section 4.3.

The purpose of this chapter is to develop a novel conservative space discretization
for the two-dimensional incompressible Navier–Stokes equations

∂tω + {ψ, ω} = D∆ω (4.1a)

−∆ψ = ω, (4.1b)

where the Poisson bracket is given by {ψ, ω} = ψxωy − ψyωx, ω is the vorticity
and ψ the streamfunction.

In 1966 Arakawa introduced a finite difference approximation that conserves
the single linear (vorticity) and the two quadratic invariants (kinetic energy and
enstrophy) of Eq. (4.1) for D = 0. The conservation properties of this scheme
are important as they enable the long time integration of this equation without
introducing numerical instabilities and other unphysical artifacts.

Despite these advantages, Arakawa’s scheme was not appreciated in many phys-
ical applications because it is not generalizable to three dimension. However, in
recent years it has received increasing attention from the plasma physics commu-
nity. In magnetized plasmas the time- and length-scales of low-frequency drift
wave dynamics parallel and perpendicular to the magnetic field can be separated.
The fluid-like advection and transport by drift wave turbulence is thus, essen-
tially, a quasi two-dimensional phenomenon. This was exploited early, e.g. by
the Hasegawa-Wakatani standard model [77] for dissipative drift wave turbulence.
Also, in more recent gyrofluid models [45] the advection operators split into deriva-
tives along and perpendicular to the magnetic field line, making two-dimensional
Poisson brackets reappear in a three dimensional model. The numerical simulation
of these equations is a challenging task and there is a need for efficient methods
that are parallelizable and accurate.

In this context Arakawa’s scheme has been re-considered in Reference [78] and is
regarded as preferable compared to specific spectral and finite difference schemes
with respect to conservation properties. In Reference [79] the Arakawa method
has been compared to higher-order extrema preserving upwind methods, which in
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contrast are designed to ensure positivity. Positivity preserving methods would be
favorable for applications where strong variations in advected quantities appear,
like in shocks or in scrape-off layer fusion plasmas, whereas energy and enstrophy
preservation is essential to ensure accuracy of long time scale phenomena, like the
generation of zonal flows and mean equilibrium shear flows in the edge of fusion
plasmas.

Our goal in this chapter is to extend the scheme proposed by Arakawa to a high
order dG method. That is, we propose a dG method that conserves the vorticity,
kinetic energy, and enstrophy and show that such a scheme exhibits significant
gains in accuracy as compared to finite difference approximations.

The outline of this chapter is as follows. In Section 4.1 we provide a derivation
of the finite difference scheme introduced in [80] without explicitly using the con-
ditions imposed by the conservation of the linear and quadratic invariants. This
then allows us to extend the before mentioned approach to dG methods, resulting
in a conservative dG scheme (Section 4.2). We numerically verify the previously
claimed conservative properties of our newly derived scheme in Section 4.3. There,
we also present results from the time-integration of the two-dimensional incom-
pressible Navier–Stokes equations. We evaluate the order of our discretization and
examine the conservation properties using the well known Lamb dipole solution [81]
as well as a double shear layer problem.

4.1. Arakawa’s scheme as a consequence of the
product rule

In the absence of viscosity, Eq. (4.1) conserves the total vorticity V , the kinetic
energy E, and the enstrophy Ω, as given by

V :=

∫
C

ω d(x, y), E :=
1

2

∫
C

(∇ψ)2 d(x, y), Ω :=
1

2

∫
C

ω2 d(x, y), (4.2)

if periodic or impermeable walls are imposed on the boundary of the domain C.
Note that Green’s formula yields the following practical identity for the energy
E = 1

2

∫
C
ψω d(x, y). The conservation of vorticity is derived by integrating over

the whole domain.

∂

∂t
V =

∫
C

ω̇ d(x, y) =

∫
C

{ω, ψ} d(x, y) = 0. (4.3)

For the last equality we integrate by parts and use the boundary conditions. We
derive the conservation of E and Ω by multiplying Eq. (4.1) by ψ and ω respectively
(before conducting the integration). This yields

∂

∂t
E =

∫
C

ψω̇ d(x, y) =

∫
C

ψ{ω, ψ} d(x, y) = 0 (4.4a)

∂

∂t
Ω =

∫
C

ωω̇ d(x, y) =

∫
C

ω{ω, ψ} d(x, y) = 0. (4.4b)
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Here we have used the product rule on the right hand side and integration by parts
to show the last identity.

In the seminal paper by Arakawa [80] a finite difference approximation of the
Poisson bracket {f, g} = fxgy − fygx is constructed such that the discrete versions
of the integrals ∫

C

{f, g} d(x, y) = 0 (4.5a)∫
C

f{f, g} d(x, y) = 0 (4.5b)∫
C

g{f, g} d(x, y) = 0 (4.5c)

hold true. These requirements imply, that V is exactly conserved in a linear time
integration scheme, while E and Ω are conserved up to errors of the time-stepping
scheme only.

Arakawa proceeds by determining conditions on the coefficients of a general finite
difference scheme such that the constraints given by Eqs. (4.5a)-(4.5c) are satisfied.
However, we will introduce a different approach here. This approach provides a
simpler construction of the finite difference scheme obtained in [80] and makes the
generalization to the dG methods considered in this paper straightforward.

To that end let us remark that in the continuous case, by using the product
rule and integration by parts as shown above, the constraints (4.5a)-(4.5c) are
immediately satisfied, if periodic or homogeneous Dirichlet boundary conditions are
assumed. However, contrary to integration by parts, the product rule is no longer
true, in general, if the constraints are discretized. This is most easily demonstrated
with second order centered differences. In this case, we have

(fg)x ≈
fi+1gi+1 − fi−1gi−1

2h
6= fi+1gi − fi−1gi + figi+1 − figi−1

2h
≈ fxg + fgx,

where we have used h to denote the cell size.
We now argue that the violation of the product rule lies at the heart of the

problem, as instead of {f, g} = fxgy−fygx we could just as well discretize {f, g} =
(fgy)x − (fgx)y or {f, g} = (fxg)y − (fyg)x. All of these representations are equiv-
alent in the continuous case, by virtue of the product rule, but are, in general,
different if a space discretization is considered. Thus, instead of choosing a single
representation let us use an equal superposition, i.e.

J := 1
3
(J++ + J+x + Jx+) (4.6a)

J++ := Dx(f)Dy(g)−Dy(f)Dx(g) (4.6b)

J+x := Dx(fDy(g))−Dy(fDx(g)) (4.6c)

Jx+ := Dy(Dx(f)g)−Dx(Dy(f)g), (4.6d)

where Dx and Dy denote the finite difference operator in the x and y-direction,
respectively. It is straightforward to see why this construction works. For the
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purpose of this demonstration we consider Eq. (4.5b), which once discretized by
the above scheme can be written as∫

C

f(J++ + J+x + Jx+) d(x, y) = 0,

where the integral in the finite difference case is defined as the appropriate sum-
mation weighted by the cell size. Using integration by parts (but not the product
rule) and neglecting boundary terms, we find at once that∫

C

f(J++ + J+x) d(x, y) = 0.

Thus, we are left with∫
C

fDy(Dx(f)g) d(x, y)−
∫
C

fDx(Dy(f)g) d(x, y)

= −
∫
C

Dy(f)Dx(f)g d(x, y) +

∫
C

Dx(f)Dy(f)g d(x, y) = 0,

which yields zero, as is necessary to satisfy Eq. (4.5b).
Note that the scheme given by Eq. (4.6) is exactly the scheme obtained by

Arakawa. However, it has been constructed without explicitly deriving rather te-
dious conditions on the coefficients of the finite difference scheme. In [80] an addi-
tional term, denoted by Jxxij , is considered. It results from the space discretization
of

(fx + fy)(gy − gx)− (fy − fx)(gx + gy),

but it is found that the coefficient of this term vanishes, if conservation is to be
achieved. This, however, is evident in our framework as it is not connected to the
product rule (even though it clearly does satisfy the order conditions and consti-
tutes a valid approximation of second order).

Let us further note that this discussion gives a more accessible argument why
the coefficients of Jxxij , as given in [80], vanish. This term results from the space
discretization of

(fx + fy)(gy − gx)− (fy − fx)(gx + gy)

which is not an alternative discretization of the Poisson bracket that can be reached
by applying the product rule (even though it clearly does satisfy the order condi-
tions and constitutes a valid approximation of second order).

4.2. A conservative discontinuous Galerkin
approximation

In the previous section we have demonstrated that the failure of the classic finite
difference approximations to conserve certain invariants can be analyzed by consid-
ering the violation of the product rule in the discrete setting. This approach then
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leads to an alternative way of deriving the conservative finite difference scheme
discovered by Arakawa.

Let us now employ a dG method to discretize the problem in space. To that end
let us approximate a function f(x) by projecting it on the space generated by a set
of orthonormal basis functions pn0, pn1, . . . , pn,P−1, where the cell index is denoted
by n. The coefficients fni are then given by

fni =

∫
Cn

f(x)pni(x) dx,

where the n-th cell is defined as Cn = [xn−1/2, xn+1/2]. The extension to two
dimensions is immediate for a tensor product grid; therefore, we will restrict the
discussion in this section to the case of a single dimension.

In addition, it is necessary to discretize the derivative of f . For the following
discussion let us assume that1

f(x) = fnipni(x).

Since we discretize an advection equation we set (see e.g. [82])

fnix := f̂pni|xn+1/2
xn−1/2 −

∫
Cn

f∂xpni dx, (4.7)

where the numerical flux is denoted by f̂ (We will consider an explicit form of the
numerical flux later in this section). From this expression, it can be deduced, using
integration by parts, that

fnix −
∫
Cn

fxpni dx = f̂pni|xn+1/2
xn−1/2 − fpni|

xn+1/2
xn−1/2 . (4.8)

From the discussion in the previous section we know that we need to employ inte-
gration by parts as well as the product rule to show conservation of the invariants
under consideration. It is now our goal to investigate if these properties hold true
in the present context. For that purpose let us consider the following expression∫

Cn

fxg dx ≈
∫
Cn

(
fnix pni

) (
gnjpnj

)
dx.

Using Eq. (4.8) we get∫
Cn

(
fnix pni

) (
gnjpnj

)
dx

=

∫
Cn

fxg dx+
(
f̂pni|xn+1/2

xn−1/2 − fpni|
xn+1/2
xn−1/2

)∫
Cn

gpni dx.

1In the following, we employ the Einstein summation convention in case of repeated indices,
if appropriate. As common in the literature on dG methods, we extend the orthonormal
polynomials pni by zero outside the n-th cell.
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By employing the orthonormality condition as well as integrating by parts we obtain∫
Cn

(
fnix pni

) (
gnjpnj

)
dx = f̂ g|xn+1/2

xn−1/2 −
∫
Cn

fgx dx,

which upon using Eq. (4.8) gives∫
Cn

(
fnix pni

) (
gnjpnj

)
dx = −

∫
Cn

(
fnipni

) (
gnjx pnj

)
dx

+ f̂ g|xn+1/2
xn−1/2 + ĝf |xn+1/2

xn−1/2 − gf |
xn+1/2
xn−1/2 . (4.9)

This expression relates the error made in the integration by parts to the value at
the boundaries and the error in the numerical flux.

In the preceding discussion we have used a generic numerical flux. That is, all
the results in this section, up to this point, are true independently of the specific
numerical flux under consideration. To be more concrete let us now choose the
centered flux, i.e. we assume

f̂(x) = 1
2

lim
ε→0,ε>0

f(x+ ε) + 1
2

lim
ε→0,ε>0

f(x− ε), (4.10)

where for f : [a, b]→ R and periodic boundary conditions, we assume that

lim
ε→0,ε>0

f(b+ ε) = lim
ε→0,ε>0

f(a+ ε), lim
ε→0,ε>0

f(a− ε) = lim
ε→0,ε>0

f(b− ε) (4.11)

and for homogeneous Dirichlet boundary conditions we assume that

f̂(a) = f̂(b) = 0 (4.12)

The centered flux is usually not used for purely hyperbolic systems (i.e. in the
case D = 0) as it can lead to unphysical oscillations (see e.g. [56] and our discus-
sion in Section 4.3). However, this disadvantage is balanced by the conservative
properties of our scheme and by the, at least, weak diffusion which is present in
most physical systems (cf. Section 4.3). Let us also note that for the centered flux
and P = 1 (i.e. using a piecewise constant approximation in each cell) the scheme
reduces to the classic centered difference scheme of second order.

Continuing our discussion of the dG method, where we now assume that the
numerical flux is given by Eq. (4.10), we observe that∑

n

fg|xn+1/2
xn−1/2 =

∑
n

(
f−n+1/2g

−
n+1/2 − f+

n−1/2g
+
n−1/2

)
,

where we have used the notation

f+
n−1/2 = lim

ε→0,ε>0
f(xn−1/2 + ε)

f−n−1/2 = lim
ε→0,ε>0

f(xn−1/2 − ε).
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In addition, the following expression for the numerical flux holds true∑
n

f̂ g|xn+1/2
xn−1/2 =

1

2

∑
n

([
f+
n+1/2 + f−n+1/2

]
g−n+1/2 −

[
f+
n−1/2 + f−n−1/2

]
g+
n−1/2

)
which, by using summation by parts, can be written as∑

n

f̂ g|xn+1/2
xn−1/2 =

1

2

∑
n

[
f+
n−1/2 + f−n−1/2

] [
g−n−1/2 − g+

n−1/2

]
.

If we now compute the sum of the three terms in Eq. (4.9) together, we immediately
see that ∑

n

(
f̂ g|xn+1/2

xn−1/2 + fĝ|xn+1/2
xn−1/2 − fg|

xn+1/2
xn−1/2

)
= 0.

This is the desired result which implies that we can use integration by parts for
our dG method. Furthermore, we are now in a position to construct a conservative
dG scheme by approximating the Poisson bracket as follows

J = 1
3
(J++ + J+x + Jx+),

where analogous to Arakawa’s scheme J++, J+x, and Jx+ are the dG approxi-
mations corresponding to {f, g} = fxgy − fygx, {f, g} = (fgy)x − (fgx)y, and
{f, g} = (fxg)y − (fyg)x, respectively. This scheme then, in accordance with the
discussion in the previous section, conserves the vorticity, the kinetic energy, and
the enstrophy as the semi-discretized differential is evolved in time.

Based on the discussion in this and the previous sections one might be tempted
to conjecture that the constructed scheme is also conservative in the case of ho-
mogeneous Dirichlet boundary conditions (as opposed to periodic boundary con-
ditions). However, this is not true as, for example, on the right boundary the
term Dx(Dy(f)g) does not vanish. This is confirmed by the numerical experiments
conducted in Section 4.3. In the context of the present discussion let us, however,
emphasize that this problem also exists for the finite difference scheme proposed
by Arakawa.

4.3. Numerical experiments

In this section we present numerical experiments that verify our theoretical con-
siderations. We numerically show that the invariants of the Jacobian are indeed
conserved for periodic boundary conditions. Thereafter, we present numerical sim-
ulations of the two-dimensional incompressible Navier–Stokes equations (4.1).

4.3.1. Conservation properties

Let us first consider the functions

f(x, y) = sin(x) cos(y) (4.13a)

g(x, y) = e0.1(x+y) (4.13b)
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on the domain [0, π]× [0, π]. We fix P = 3 and Nx = Ny = 112. Then we numeri-
cally compute the Jacobian and compare the conservation properties for J++, Jx+,
J+x as defined in Eq. (4.6) using periodic boundary conditions. In addition, we
perform a computation with the discretized Jacobian that has been developed in
this chapter (for both periodic and homogeneous Dirichlet boundary conditions).
The result is shown in Table 4.1. We observe that only the proposed discretiza-∫

J d(x, y)
∫
fJ d(x, y)

∫
gJ d(x, y)

J++ 1.67E-016 0.068 -0.038
J+x -3.89E-016 -0.068 -6.66E-016
Jx+ 5.55E-016 4.16E-016 0.038

periodic 3.89E-016 -6.38E-016 7.77E-016
Dirichlet -0.19 0.034 -0.79

Table 4.1.: Conservation properties of various discretization methods as defined in
equation (4.6).

tion conserves all of the invariants in the case of periodic boundary conditions.
In addition, we see that for all three invariants this conservation is violated for
homogeneous Dirichlet boundary conditions (as was expected from the theoretical
considerations in Section 4.2).

4.3.2. Order of the dG method

Let us note that Eqs. (4.1) have an analytical solution for the following initial
condition

ω(x, y, 0) = 2 sin(x) sin(y) (4.14)

on the domain [0, 2π]× [0, 2π]. This solution is given by

ω(x, y, t) = 2 sin(x) sin(y)e−2Dt = 2ψ(x, y, t), (4.15)

which fulfills periodic as well as Dirichlet boundary conditions. We use this to
numerically test the order of our discretization. The Laplacian is discretized using
formula (3.35) with χ = 1 and the forward discretization (3.27). The dG discretiza-
tion of the Poisson equation thus leads to a symmetric matrix equation that we
solve iteratively by using a conjugate gradient method. An initial guess is computed
by extrapolating previous solutions. In time we use a three-step Adams-Bashforth
method (3.55) with coefficients b1 = 23/12, b2 = −4/3, and b3 = 5/12. Together
with the discretization developped in this section the result is an implementation
that completely relies on a dG discretization in space, i.e. we do not employ any
continuous finite element methods to solve the Poisson equation (as is done in [82],
for example). We integrate from 0 to 2 respecting the CFL condition and compute
absolute errors in the L2-norm, i.e.

ε = ‖ω − ωh‖L2 , (4.16)
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for various values of P and N using Eq. (3.9b). The results are shown in Table 4.2.
We observe convergence of order P in all cases with P ≥ 2. For P = 1 and periodic
boundaries we fall back to the finite difference discretization which explains the
order 2 convergence in the finite diffusion case. For D = 0 Poisson’s equation
happens to be exactly solved which leads to an exact cancellation of errors. This,
however, is not the case for a different numbers of cells (152 for example). In the
case of Dirichlet boundary conditions we only achieve first order convergence.

Table 4.2.: Accuracy for the dG method proposed for various number of cells N
and polynomial coefficients in each cell P .

D = 0 D = 0.01
Periodic BC Dirichlet BC Periodic BC Dirichlet BC

# of cells L2 error order L2 error order L2 error order L2 error order
P = 1

162 0.00E+00 - 4.00E-01 - 2.63E-03 - 3.79E-01 -
322 0.00E+00 - 3.30E-01 0.28 6.59E-04 2.00 3.07E-01 0.30
642 0.00E+00 - 2.00E-01 0.72 1.79E-04 1.88 1.90E-01 0.69
1282 0.00E+00 - 1.10E-01 0.86 4.48E-05 2.00 1.00E-01 0.93

P = 2
162 5.96E-02 - 5.46E-02 - 5.63E-02 - 5.71E-02 -
322 1.48E-02 2.01 1.38E-02 1.98 1.49E-02 1.92 1.51E-02 1.92
642 3.74E-03 1.98 3.60E-03 1.94 3.83E-03 1.96 3.87E-03 1.96
1282 9.44E-04 1.99 9.20E-04 1.97 9.74E-04 1.98 9.80E-04 1.98

P = 3
162 2.59E-03 - 2.47E-03 - 1.80E-03 - 1.69E-03 -
322 3.36E-04 2.95 3.27E-04 2.92 2.32E-04 2.96 2.25E-04 2.91
642 4.34E-05 2.95 4.28E-05 2.93 2.95E-05 2.98 2.91E-05 2.95
1282 5.51E-06 2.98 5.47E-06 2.97 3.73E-06 2.98 3.70E-06 2.98

P = 4
162 3.16E-05 - 3.33E-05 - 4.33E-05 - 4.49E-05 -
322 1.84E-06 4.10 1.91E-06 4.12 2.78E-06 3.96 2.84E-06 3.98
642 1.11E-07 4.05 1.13E-07 4.08 1.76E-07 3.98 1.78E-07 4.00
1282 6.79E-09 4.03 6.84E-09 4.05 1.11E-08 3.99 1.12E-08 3.99

4.3.3. The Lamb dipole

In order to test the conservation properties of the scheme developed in this chapter
we integrate the Lamb dipole [81]. The Lamb dipole is a stationary solution to the
Euler equations (Eqs. (4.1) with D = 0) in an infinite domain:

ω =

{
2λU
J0(λR)

J1(λr) cos θ, r < R,

0, r > R,
(4.17)

where r and θ are given in polar coordinates. The parameter U denotes the velocity
of the dipole, Ji is the i-th Bessel function of the first kind, R is the radius of the
dipole, and λR is the first zero of J1 which is given by

λR = 3.83170597020751231561. (4.18)
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4. A conservative discontinuous Galerkin method

The dipole will be at rest in the frame of reference moving with constant velocity
U in the negative y direction. A finite box will slightly decrease the actual velocity
of the dipole.

For the Lamb dipole the total vorticity exactly vanishes, while energy and en-
strophy are exactly conserved. The integrals can be naturally evaluated using
Gauss–Legendre quadrature in our numerical scheme. We consider the following
measure of error in these variables

εV := V (4.19a)

εΩ :=

∣∣∣∣Ω− Ω0

Ω0

∣∣∣∣ (4.19b)

εE :=

∣∣∣∣E − E0

E0

∣∣∣∣ . (4.19c)

Let us fix lx = ly = 1, U = 1 and R = 0.1. In order to evaluate the conservation
properties of our proposed scheme in connection with a time-stepping scheme, we
choose P = 1, N = 100 and P = 4, N = 50 and integrate from 0 to 0.01 with the
K-step Adams–Bashforth formula. The result is shown in Table 4.3. We indeed
recover order K for the K-step algorithm, except for K = 2, where error cancella-
tions might explain the 3rd order convergence. Note that the resulting error in the

Table 4.3.: Error in the enstrophy and kinetic energy for an Adams-Bashforth
multistep method of order K. The Lamb dipole is integrated to a final time of
0.01. The table shows that the error in the conserved quantities is due to the
error in the time stepping scheme only (and thus independent of the the number
of cells N and the order of the discontinuous Galerkin approximation P ).

# of steps εΩ order εE order εΩ order εE order
K = 1, P = 1, N = 100 K = 1, P = 4, N = 50

10 3.06E-003 - 1.65E-003 - - - - -
20 1.53E-003 1.00 8.24E-004 1.00 - - - -
40 7.62E-004 1.00 4.12E-004 1.00 1.94E-003 - 4.38E-004 -
80 3.81E-004 1.00 2.06E-004 1.00 4.34E-004 2.16 2.18E-004 1.00
160 1.90E-004 1.00 1.03E-004 1.00 2.16E-004 1.01 1.09E-004 1.00
320 9.51E-005 1.00 5.14E-005 1.00 1.08E-004 1.00 5.46E-005 1.00

K = 2, P = 1, N = 100 K = 2, P = 4, N = 50
10 1.38E-006 - 4.66E-007 - - - - -
20 1.59E-007 3.12 5.39E-008 3.11 - - - -
40 1.66E-008 3.26 5.64E-009 3.26 1.93E-004 - 1.13E-007 -
80 1.27E-009 3.71 4.32E-010 3.71 2.90E-008 12.70 1.17E-009 6.60
160 4.39E-011 4.85 1.41E-011 4.94 3.45E-009 3.07 1.42E-010 3.03
320 5.60E-011 -0.35 1.88E-011 -0.41 3.98E-010 3.12 1.70E-011 3.07

K = 3, P = 1, N = 100 K = 3, P = 4, N = 50
10 1.86E-006 - 6.33E-007 - - - - -
20 2.55E-007 2.87 8.65E-008 2.87 - - - -
40 3.32E-008 2.94 1.13E-008 2.94 2.47E-007 - 1.32E-008 -
80 4.24E-009 2.97 1.44E-009 2.97 4.31E-008 2.52 1.75E-009 2.91
160 5.35E-010 2.99 1.82E-010 2.99 5.47E-009 2.98 2.21E-010 2.98
320 6.72E-011 2.99 2.28E-011 2.99 6.88E-010 2.99 2.78E-011 2.99

conserved quantities is almost independent of the space discretization employed.
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4.3 Numerical experiments

Thus, we conclude that the errors originate in the time stepping algorithm only. Let
us further remark that the CFL condition of the explicit time integrator severely
restricts the time step for higher order dG methods and that machine precision is
quickly reached for high order time integrators.

Finally, we present plots of the Lamb dipole at t = 0.5 for low and high order
discretizations in Fig. 4.1 and Fig. 4.2, respectively. We compare the simulation of
the scheme proposed in this chapter to the straightforward discretization of J++ as
given by Eq. 4.6. The Lamb dipole should exactly keep its form during a simulation.
We observe that for both the low and high order discretization the scheme developed
in this chapter achieves superior results in respecting the structure of the dipole.
For the naive scheme unphysical oscillations are observed.

(a) J++ (b) 1
3 (J++ + J+x + Jx+)

Figure 4.1.: Vorticity plot of the Lamb Dipole at t = 0.5 for P = 1 and N = 100.
Both schemes show visible errors, but the discretization developed in this chapter
retains the dipolar form much better than the naive discretization.

4.3.4. The double shear layer problem

As a second example we integrate a double shear layer problem on the domain
[0, 2π]× [0, 2π]. We follow [82] and take

ω(x, y, 0) =

δ cos(x)− 1
ρ

cosh−2
(
y−π/2
ρ

)
for y ≤ π

δ cos(x)− 1
ρ

cosh−2
(

3π/2−y
ρ

)
for y > π

(4.20)

with ρ = π/15 and δ = 0.05. We fix N = 100 and integrate from 0 to 8 using 6400
time steps and various P .

In Fig. 4.3 we plot the relative loss of energy and enstrophy defined in Eq. 4.19.
In accordance with the previous example shown in Table 4.3 we notice that for
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4. A conservative discontinuous Galerkin method

(a) J++ (b) 1
3 (J++ + J+x + Jx+)

Figure 4.2.: Vorticity plot of the Lamb Dipole at t = 0.5 for P = 4 and N = 50.
Also in this high order simulation our novel discretization retains the dipolar form
much better than the naive discretization.
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(b) enstrophy

Figure 4.3.: Relative error of energy (a) and enstrophy (b) for N = 100, 6400 time
steps and various P . Dashed lines show the case with Diffusion D = 10−4 and
solid lines show the case with diffusion D = 0. We added a small offset to the
lines with diffusion in order to separate them from each other.
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vanishing diffusion the errors are only due to the time step and independent of the
spatial discretization. Our scheme is, as is the discretization originally proposed
by Arakawa, prone to oscillations behind regions where strong gradients in the
advected quantity appear. In our example these oscillations coincide with a deteri-
oration of the energy and enstrophy conservation at about t = 4 (cf. Fig. 4.3). The
oscillations can be damped by using a small viscosity (the case D = 10−4 is shown
in Fig. 4.4). The advantage of this approach over numerical dissipation mechanisms
is that energy and enstrophy are damped by a well-understood physical term. In
Fig. 4.3 we also plot the energy and enstrophy loss for a finite diffusion. The loss
is approximately linear in t.

In Fig. 4.4 we compare two simulation results with and without viscosity. We
see that the oscillations are effectively damped by adding a small viscosity (this
is in fact the case we are most interested in), but note that the oscillations also
disappear by increasing either N or P .

(a) D = 0 (b) D = 10−4

Figure 4.4.: Vorticity plot of the double shear layer problem at t = 8 for P = 3
and N = 100. Our scheme is prone to oscillations (a) which can be damped by
adding a small viscosity (b).

We conclude that our scheme is not well suited for problems where strong vari-
ations in the advected quantities appear (as e.g. in shocks). However, as we noted
in the introduction, it is essential to ensure energy and enstrophy conservation in
simulations of long time scale phenomena (e.g. the generation of zonal flows in the
edge region of fusion plasmas).
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5. Two-dimensional blob simulations

This chapter is an adapted version of “M. Wiesenberger, J. Madsen, and A. Kendl.
“Radial convection of finite ion temperature, high amplitude plasma blobs”. In:
Phys. Plasmas 21 (2014), p. 092301“. J. Madsen contributed the theoretical con-
siderations in Section 5.1. The simulations and analysis of the results presented in
Section 5.2 were carried out by the author.

Radially propagating filaments elongated along magnetic field lines are responsi-
ble for a major part of particle density, momentum, and energy cross-field transport
in the scrape-off-layer (SOL) in Tokamaks [83, 11, 10]. These filaments are widely
known as blobs in L-mode operation and ELM filaments in H-mode operation. The
particle density amplitude of such structures compared to the background density
can be well above unity [5, 6, 9, 10, 11]. This can be seen as a consequence of
the non-local nature of blobs. Blobs are born in the vicinity of the last closed flux
surface, where the plasma is denser, hotter, and has steeper gradients than in the
SOL region [84, 85]. Furthermore, in the SOL region the ion temperature can be
equal to or even higher than the electron temperature [12, 13, 14, 15].

Despite these facts, most existing simulations of seeded blob dynamics are based
on models invoking a thin layer approximation [20, 26, 21, 24, 25]. Essentially,
the thin-layer approximation linearizes the charge balance equation assuming that
the ion mass entering the polarization density is constant. Sometimes this approx-
imation is called Boussinesq-approximation, a term more commonly found in the
context of thermal convection in ordinary fluids. In fact, there are close similarities
between thermal convection in fluids and the interchange motion in magnetically
confined plasmas [24]. We refer to these models as “local” models. The lineariza-
tion is done to avoid severe costs in runtime and/or major challenges in algorithmic
development for the solution of the nonlinear polarization equation in the form of a
generalized Poisson problem. For this kind of problem fast Fourier methods, which
are highly effective for linear problems, are inefficient.

Our work is based on the “global” model derived from the full-F gyrokinetic
equations derived in Chapter 2 retaining the full nonlinear polarization density. We
use the discontinuous Galerkin methods developed in Chapter 3 to discretize spatial
derivatives. Our GPU implementation is able to efficiently solve the nonlinear
polarization equation in each time step.

In the past mostly local drift-fluid models without FLR effects were used for
seeded blob simulations [21, 31]. Yet, there has also been efforts to incorporate the
fully nonlinear polarization density [27, 28], or at least a reduced form of it [86,
87], into these models. References [27, 28] showed that the cross-field transport
is enhanced by the nonlinear polarization equation compared to its reduced form.

http://dx.doi.org/10.1063/1.4894220


5. Two-dimensional blob simulations

In three-dimensional simulations the blob is affected by drift waves, which can
dominate the cross field transport for parameters typical of current tokamaks [31,
28]. References [86, 87] focussed on deriving scaling laws for the blob velocity, which
for small amplitudes increases with the square root of blob width and amplitude.
Moreover, the effects of sheath dissipation and dynamical friction on blob motion
were investigated. Reference [88] estimated the velocity scalings for warm ions.
None of these works, however, discussed energetic consistency of the underlying
model.

The influence of FLR effects on the convection of seeded blobs was investigated
in Reference [26]. A local, energetically consistent gyrofluid model was used. It was
shown that FLR effects can have a profound influence on the cross-field blob trans-
port in certain parameter regimes. In particular, FLR effects break the poloidal
up-down symmetry in the particle density field and reduce fragmentation compared
to the zero Larmor radius limit.

Here, we present seeded blob simulations using a two-dimensional global gyrofluid
model including FLR effects, which allows studies of the cross-field transport of
high amplitude, finite ion temperature blobs. We investigate transport properties
and, furthermore, compare our global model with a local model in order to test the
validity of the thin-layer approximation.

This chapter is organized as follows. In Section 5.1.1 we introduce the “global”
gyrofluid model equations as well as a mass and an energy theorem. We then discuss
“local” model equations in Section 5.1.2 that we use to investigate the implications
of lifting the thin-layer approximation and derive the correspondence to existing
isothermal drift-fluid models in 5.1.3. In Section 5.2 we present results of seeded
blob simulations. In Section 5.2.1 we discuss the cold ion limit, in which FLR
effects are eliminated. Then we explore the parameter range where FLR effects
dominate the blob evolution in Section 5.2.2. We present results of global, hot ion,
and high amplitude simulations in Section 5.2.3.

5.1. Gyrofluid models

As already discussed in Chapter 2 gyrofluid models [89, 55, 45, 40] emerge when
taking gyrofluid moments of the gyrokinetic Vlasov-Maxwell equations [43]. The
exact gyrokinetic system is highly complex, so for practical applications [90] limit-
ing forms are used. Generally, two paths have been pursued: 1) delta-F models, in
which gyrokinetic distribution functions are split into stationary background and
small perturbed parts and 2) full-F models, like our model, in which finite Lar-
mor radius (FLR) corrections to the polarization and magnetization densities in
Maxwell equations (2.71) are neglected, but in which the gyrokinetic distribution
functions are not linearized. No a priori assumptions about fluctuation amplitudes
are made in full-F models. Full-F models are therefore well suited for studies of
edge and scrape-off-layer turbulence and the associated transport in magnetically
confined fusion plasmas.

64



5.1 Gyrofluid models

5.1.1. Global gyrofluid model

Here, we will use the gyrofluid model (2.85) derived from the full-F gyrokinetic
model. The gyrofluid model retains all relevant nonlinearities including the full
nonlinear polarization density, while also retaining FLR effects. The gyrofluid
model therefore allows us to investigate the interchange dominated convection of
plasma filaments having large amplitudes and finite ion temperatures. We restrict
ourselves to a simple paradigmatic two-field model, which describes the time evo-
lution of the electron particle density n and the ion gyrocenter density N in a
simple, quasi-neutral, isothermal, electrostatic plasma in the plane perpendicular
to the magnetic field B at the outboard midplane. Parallel dynamics along mag-
netic field lines as well as sheath boundary physics are absent from the model.
We employ a right-handed slab geometry with orthonormal unit vectors (x̂, ŷ, ẑ)
with ẑ aligned with the magnetic field and x̂ anti-parallel to the magnetic field
gradient. The inverse magnetic field strength is given as 1

B
= 1

B0

(
1 + x

R

)
, where

R is the radial distance to the inner edge of the plane at the outboard mid-plane.
Eqs. (2.85) in two dimensions simplify to

∂n

∂t
+

1

B
{φ, n}+ nK(φ)− Te

e
K(n) = ν∇2

⊥n, (5.1a)

∂N

∂t
+

1

B
{ψ,N}+NK(ψ) +

Ti
e
K(N) = ν∇2

⊥N, (5.1b)

Γ1N +∇ ·
(
N

ΩB
∇⊥φ

)
= n, (5.1c)

where Te and Ti denote electron and ion temperature, respectively, ν is the colli-
sional diffusion coefficient, Ω = eB

mi
, and ∇⊥ = −ẑ×(ẑ×∇). The E×B -advection

terms are written in terms of Poisson brackets, which for two arbitrary functions
f and g are defined as

{f, g} =
∂f

∂x

∂g

∂y
− ∂f

∂y

∂g

∂x
. (5.2)

The compressibility of the perpendicular fluxes is described by the operator

K = −κ ∂
∂y
, (5.3)

with κ = 2/(B0R). The third and fourth terms on the left hand side of Eq. (5.1a)
represent the compression of the E ×B and the electron grad-B particle-density-
fluxes, respectively. The latter is equivalent to the compression of the electron
diamagnetic particle density flux, which is only finite when the magnetic field is
inhomogeneous.

Ion FLR effects appear in the quasi-neutrality constraint Eq. (5.1c) and in the
generalized ion E × B -velocity explicitly through the Padé approximant Γ1 =(
1 − 1

2
ρ2
i∆
)−1

to the gyroaveraging operator [55], where ρi =
√

Ti
miΩ2

0
denotes the

thermal ion gyroradius with the constant ion gyrofrequency Ω0 = eB0/mi. The
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5. Two-dimensional blob simulations

gyroaveraging operator Γ1 enters the generalized ion E ×B -velocity through the
generalized potential ψ := Γ1φ − m

2q
|uE|2, where uE = ẑ×∇φ

B
denotes the E ×B -

velocity. The second term on the left hand side of the quasi-neutrality constraint
Eq. (5.1c) is the nonlinear polarization density, which is the gyrofluid representation
of ion inertia i.e. the ion polarization drift. The first term is the gyroaveraged
charge contribution of ion gyroorbits belonging to gyrocenters described by N .
The right hand side describes the electron charge contribution.

The time-evolution of the total particle and ion gyrocenter densities is governed
by

d

dt

∫
D

dxn = ν

∫
D

dx∇2
⊥n, (5.4)

d

dt

∫
D

dxN = ν

∫
D

dx∇2
⊥N, (5.5)

where D is the total simulation domain. In the absence of diffusion, n as well as
N are therefore conserved.

To derive the energy conserved by the gyrofluid equations (5.1), the electron
particle density equation (5.1a) is multiplied by Te(1 + lnn)− eφ and is integrated
over space. In the same way, the ion gyrocenter density equation (5.1b) is multiplied
by Ti(1 + lnN) + eψ and is integrated over space. The equations are integrated
by parts and surface terms are dropped. Note that the gyroaveraging operator
Γ1 is self-adjoint. Summing the resulting equations and using the quasi-neutrality
constraint Eq. (5.1c), the energy invariant becomes

d

dt

∫
D

dx (Ue + Ui + UE) =

∫
D

dxUΛ. (5.6)

The electron Helmholtz free energy Ue and the ion Helmholtz-free-like energy Ui
are given as

Ue = Ten lnn, Ui = TiN lnN. (5.7)

The ion gyrocenter density N can be expressed in terms of n and φ through the
quasi-neutrality constraint Eq. (5.1c). Therefore, Ui describes ion Helmholtz free
energy only to lowest order and will inevitably also include φ-dependent terms.
The E ×B -energy is defined as

UE =

∫
D

dx
1

2
miNu

2
E. (5.8)

An essential observation is that the full ion gyrocenter density N enters UE. In
delta-F based models the ion gyrocenter density entering the E × B -energy is
constant and hence weighs all ion gyrocenter densities equally. This approxima-
tion is crude in the presence of high amplitude plasma filaments. Finally, energy
dissipation due to particle density diffusion and ion gyrocenter diffusion becomes

UΛ =

∫
D

dx
[
eψ + Ti(1 + lnN)

]
ν∇2
⊥N −

[
eφ− Te(1 + lnn)

]
ν∇2
⊥n. (5.9)
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5.1.2. Local gyrofluid model

In most previous works local models were used to investigate the convection of
seeded blobs [21, 11, 26, 24]. Here, we denote a model “local” when the polarization
density is linearized. In order to quantify how the nonlinear polarization influences
blob convection and in order to determine in which regimes local models are valid,
we compare the global model Eqs. (5.1) with the following local gyrofluid model [26]

∂ñ

∂t
+

1

B0

{φ, ñ}+ n0K(φ)− Te
e
K(ñ) = ν∇2

⊥ñ, (5.10a)

∂Ñ

∂t
+

1

B0

{Γ1φ, Ñ}+N0K(Γ1φ) +
Ti
e
K(Ñ) = ν∇2

⊥Ñ , (5.10b)

Γ1Ñ +
eN0

Ti
(Γ0 − 1)φ = ñ, (5.10c)

where the gyroaverage operator Γ0 =
(
1 − ρ2

i∇2
⊥
)−1

describes local finite iner-
tia effects as well as higher order FLR corrections to the polarization drift [26];
n0 = N0 denote constant reference particle and ion gyrocenter densities, respec-
tively. We explicitly denote the local electron and ion gyrocenter densities ñ and
Ñ in order to distinguish local and global gyrofluid models. We stress that the
thin-layer approximation is invoked in the model, which can be seen from the po-
larization density in Eq. (5.10c), which in the long wavelength limit (LWL) equals
eN0T

−1
i (Γ0−1)φ ' eN0∇2

⊥φ. In the absence of collisional effects the local gyrofluid
model [36, 26] is a superset of local drift fluid models e.g. [24, 20]. More detailed
comparisons between local and global gyrofluid models as well as drift fluid models
will be given in the next sections.

5.1.3. Local and global models

Gyrofluid models are remarkably simple compared with drift fluid models, which
include FLR effects e.g. [91, 92]. The reason why gyrofluid models are able to
retain relatively simple functional forms is that much of the complexities associated
with FLR effects have been incorporated into the gyrofluid moments themselves
through the underlying gyrocenter coordinate transformation. The downside to the
simple functional forms is that the corresponding gyrofluid moments do not directly
describe well-known physical quantities like particle density, electric potential etc.
Consider the global quasi-neutrality constraint Eq. (5.1c). It is clear that we cannot
express N in terms of n and φ on a closed form. However, in the long wavelength
limit (LWL) we obtain

N = n− ρ2
i

2
∇2
⊥n−∇ ·

(
n

ΩB
∇⊥φ

)
, (5.11)

demonstrating that N depends on particle density, the magnetic field-aligned com-
ponent of the E ×B -vorticity, and the ion diamagnetic vorticity [26]. Therefore,
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5. Two-dimensional blob simulations

it is important always to keep the composite nature of gyrofluid moments in mind
whenever gyrofluid models are used to describe plasma dynamics and when gy-
rofluid models are compared with other models.

To obtain a clearer picture of the dynamics described by the global gyrofluid
model given in Eq. (5.1), we derive a charge continuity equation. The charge conti-
nuity equation describes the time-evolution of the magnetic field aligned component
of the E × B -vorticity ẑ · ∇ × uE and is therefore often referred to as the vor-
ticity equation. This global LWL vorticity equation is derived by taking the time
derivative of the quasi-neutrality equation (5.1c) using Eq. (5.11) to eliminate N

∇ ·
(

n

ΩB

[
∂

∂t
+

1

B
{φ, }

]
∇⊥φ∗

)
=
Te + Ti

e
K(n). (5.12)

Here, diffusive terms are neglected and we have defined

φ∗ = φ+
Ti
e

lnn. (5.13)

The vorticity equation shows that the global gyrofluid model is a superset of cor-
responding global drift fluid models [93, 86] in the absence of collisions.

Similarly, for the local gyrofluid model Eqs. (5.10) the approximate LWL repre-
sentation of the ion gyrocenter density becomes

Ñ = ñ− ρ2
i

2
∇2
⊥ñ−

n0

Ω0B0

∇2
⊥φ, (5.14)

which can be used to derive the local LWL vorticity equation

∇ ·
(

n0

Ω0B0

[
∂

∂t
+

1

B0

{φ, }
]
∇⊥φ̃∗

)
=
Te + Ti

e
K(ñ), (5.15)

where

φ̃∗ := φ+
Ti
e

ñ

n0

. (5.16)

The local vorticity equation equals the drift-fluid vorticity equation [94, 36, 95] in
the absence of collisions, showing that the local gyrofluid model is a superset of
corresponding local drift-fluid models.

The right hand sides of the LWL local Eq. (5.15) and global Eq. (5.12) vorticity
equations are identical. The right hands sides describe the compression of the
electron and ion diamagnetic fluxes and transfer energy between Helmholtz free
energy and kinetic energy [54].

The left hand sides describe the compression of the ion polarization flux, which
consists of the magnetic field aligned components of E ×B -vorticity and ion dia-
magnetic vorticity. The ion diamagnetic vorticity, i.e. the ion pressure dependent
part, can be shown to be the manifestation of LWL FLR effects [36, 26] in the
vorticity equations. In the local model Eq. (5.15) the particle density is taken as a
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5.1 Gyrofluid models

constant. This has two immediate consequences. First, the nonlinearity ∝ ∇n ·∇φ
entering the global vorticity equation is absent in the local model. The implica-
tions of this “thin-layer” approximation is a priori difficult to predict. In the local
model, if the ions are cold, the early blob evolution is characterized by a poloidal
dipole structure in the electric potential, which is π/2 phase shifted with respect
to the density field. Therefore, one could expect that the nonlinearity in the initial
phase plays a minor role. When the ion temperature is finite, the dipole part of
the electric field is accompanied by an electric field, which circumferences the den-
sity field representing FLR effects [26]. Therefore, the nonlinearity is expected to
influence the blob convection even in the initial phase when the ion temperature is
finite.

Second, in the local model vorticity is everywhere weighted by n0, which implies
that plasma inertia is everywhere constant and therefore independent of the local
plasma density. This approximation enters the “inertial” blob velocity scaling
estimated by dimensional analysis [24, 86, 26], which in previous works has shown
good agreement with numerical simulations in the high Reynolds number regime.
Neglecting the nonlinearity, the inertial scaling emerges by balancing the electric
field dependent part of the vorticity with the compression of the diamagnetic flux.
The resulting local and global perpendicular velocity scalings become

Vlocal = cs

√
σ

R

∆n

n0

, (5.17a)

Vglobal = cs

√
σ

R

∆n

(n0 + ∆n)
. (5.17b)

Here, ∆n is the blob amplitude, cs =
√
n0(Te + Ti)/mi is the acoustic speed, and

σ denotes the characteristic blob size. Eq. (5.17) also defines the interchange rates

γlocal =
Vlocal

σ
and γglobal =

Vglobal

σ
. (5.18)

The global scaling reduces to the local velocity scaling [86] for small perturbation
amplitudes ∆n/n0 � 1, which predicts a scaling V⊥/cs ∝

√
∆n. The local and

global scalings predict very different blob velocities when ∆n/n0 ≥ 1. The local
scaling does not differentiate small or high perturbation amplitudes, whereas the
global scaling predicts that the blob velocity asymptotically approaches cs

√
σ/R.

Another difference between the global and the local models is that the diamag-
netic part of the vorticity is linearized in the local model (see Eq. (5.16)), whereas
the corresponding diamagnetic term in the global model has a logarithmic depen-
dence. Since the diamagnetic vorticity is the representation of FLR effects in the
vorticity equation, the local model could potentially overestimate the importance
of FLR effects in the presence of high fluctuation amplitudes.

Finally, we note a distinct difference between the local and the global model re-
garding the extent to which FLR corrections are made to the polarization density.
By taking the low-amplitude limit of the global polarization equation (5.1c), the lo-
cal polarization equation (5.10c) is not recovered because FLR corrections residing
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5. Two-dimensional blob simulations

in the “(Γ0 − 1)” operator in the local quasi-neutrality constraint Eq. (5.10c) are
not included in the global model. The local model is therefore more precise than
the global model when gradient length scales are comparable to the ion gyroradius
and amplitudes are small. Gyrokinetic models, which can handle large fluctuations
amplitudes and gradient length scales comparable to the ion gyroradius, have been
formulated [96]. However, compared with traditional nonlinear gyrokinetic models,
these extended models are significantly more complex. Gyrofluid models based on
extended gyrokinetic models have not been derived yet.

5.2. Simulations

In this section we present results from numerical simulations of the local gyrofluid
model Eqs. (5.10a)-(5.10c) and the global gyrofluid model Eqs. (5.1a)-(5.1c). All
results in this section describe simulations of blobs initialized as

n(x, y, 0) = Γ1N(x, y, 0) = n0 + ∆n exp

(
−(x− x0)2 + (y − y0)2

2σ2

)
, (5.19)

where σ is the initial blob width, (x0, y0) the initial position, and ∆n the initial blob
amplitude. In this way the potential φ(x, y, 0) = 0 via the polarization equation.
The simulation domain is a square box D := [0, L] × [0, L], where the box size
is set to L = 40σ in order to mitigate the influence of the boundaries. For the
global gyrofluid model the y boundaries are periodic, whereas Dirichlet boundary
conditions are chosen at the x boundaries

n(0, y, t) = n(L, y, t) = N(0, y, t) = N(L, y, t) = n0, (5.20a)

φ(0, y, t) = φ(L, y, t) = 0. (5.20b)

The local gyrofluid model is solved on a doubly periodic domain.
We carefully verified our global code with the help of the conservation equa-

tions (5.5) and (5.6). In addition, we made quantitative convergence tests in the
L2-norm (3.9b) of density and potential. With 3002 grid cells, using third order
polynomials in each cell, we ensured that convergence is very well reached in our
global simulations. Note that third order polynomials are defined by 4 coefficients,
which makes a total of (4 · 300)2 = 12002 discretization points.

For the local model (5.10) we use a pseudospectral scheme (3.57) combined with
a 2nd order discretization for the Poisson brackets [80]. The diffusive part is inte-
grated implicitly. The local simulations use 40962 grid points, which also ensures
convergence for all parameters discussed.

We scanned the parameter space varying τ = Ti/Te, the initial blob width σ
and the initial amplitude ∆n. When comparing global to local simulations, we
use equal physical parameters and initial conditions. The major radius is set to
R = 4000ρs with ρs =

√
miTe
eB0

. We fix the ratio of the effective gravity to the

dissipative forces (1+τ)σ3κ∆n
ν2 = 2·105 and thereby determine the diffusion coefficient

ν given blob width and amplitude. Note that we also tried to fix the diffusive
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coefficient to ν = 10−2Ω0ρ
2
s and found only marginal differences compared to the

results presented here. This means that we are well in the high Reynolds number
regime. The initial blob position is x0 = 0.25L, y0 = 0.5L, and we simulate from
0 to Tmax = 30γ−1

local (both local and global simulations) using approximately 30000
time steps. Unless otherwise indicated, we fix these parameters throughout the
rest of this chapter.

5.2.1. Cold ion limit

First, we present results from simulations with τ = 0. The gyroaveraging operators
reduce to Γ1 = 1 and 1

τ
(Γ0 − 1) = ρ2

s∇2
⊥, respectively, and hence FLR effects are

absent from the models. In this limit the global model Eqs. (5.1) is a superset of
the local model Eqs. (5.10). Therefore, the global model can be used to test the
validity of the local model in this limit. For small amplitudes we expect the global
and local models to show similar results. In fact we can use the limit ∆n

n0
� 1 as a

consistency check for our numerical implementations.
We first raise the question whether the nonlinearity qualitatively changes the blob

evolution into a mushroom like structure, which was observed previously in local
models [21]. Fig. 5.1 shows a global simulation with initial blob width σ = 10ρs and
amplitude ∆n = 4n0. What is shown are contour plots of the particle density and

Figure 5.1.: Density n (top) and vorticity ∇2
⊥φ/B0 (bottom) of global blob for

τ = 0, σ = 10ρs, and ∆n = 4n0. The first column corresponds to t = 0. Going
from left to right, the time increment is 500Ω−1

0 . The color scales remains constant.

the magnetic field-aligned component of the E×B -vorticity b̂ ·∇×uE ≈ ∇2
⊥φ/B0.

Here and in following plots we always show the total simulation domain of (40σ)2.
In the initial phase of the evolution the interchange drive term creates a vorticity
dipole that accelerates the blob radially. The dipole accelerates the blob center
faster in the radial direction than the blob front and its edges. This then leads to
a steepening and vertical stretching of the blob front. The resulting short length
scales are subject to strong diffusion, which in turn leads to a decay of the maximum
amplitude. The ultimate result is the characteristic mushroom shape with a fast
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5. Two-dimensional blob simulations

moving blob cap and two lobes that roll-up and are subject to turbulent mixing.
A thorough discussion of these phenomena is given in Reference [21].

We observe that all our global simulations for zero ion temperature retain this
behaviour, in particular the up-down symmetry as seen in Fig. 5.1. The reason
is that the nonlinearity ∇N · ∇φ in the polarization equation (5.1c) is small since
gradients in N and φ are mostly perpendicular. Note that both the local, as well
as the global model contain the symmetry breaking term κ∂yn. This is seen by
considering the symmetries in the Eqs. (5.1a) with (5.12) and (5.10a) together
with (5.15) respectively. This term is however small as long as ρs

√
κ
σ
� 1.
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Figure 5.2.: Radial particle density profiles of local and global blob at y = 0 for
τ = 0, σ = 10ρs, and ∆n = 2n0 at various time steps. The first dashed line shows
the initial blob. Going from left to right, the time increment is 500Ω−1

0 .

In order to determine if and what “global effects” are present in our simulations,
we need to present more quantitative results. We show radial profiles taken at
the symmetry axis y = 0 in Fig. 5.2, where we compare a global high amplitude
simulation to a simulation of the local model with equal parameters. Note that we
reset the origin of the coordinate system to the initial blob position. We observe
that the global blob is actually much slower than the local blob in the initial phase
of the evolution. We also observe a weaker radial density gradient at the global
blob front when compared to the very steep local one. This results in a reduced
particle density diffusion for the global blob. While the global blob keeps a high
maximal amplitude at later times, the local blob quickly looses more than half
of its initial amplitude and slows down. Both blobs thus travel almost the same
distance after 2000Ω−1

0 , yet at this point in time the amplitude of the global blob
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is twice as high as the local one. We conclude that the global model must indeed
be used to simulate blob convection in this regime.
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Figure 5.3.: Maximum amplitude (a) and radial maximum amplitude position (b)
for τ = 0, and σ = 10ρs, and various initial amplitudes as a function of time.
Solid lines show global, broken lines local simulations.

To quantify our findings further, we plot the maximum amplitude and the radial
maximum amplitude position for various initial amplitudes in Fig. 5.3a and 5.3b
respectively. The maximum amplitude at time t is nmax(t) := maxx∈D{n(x, t)−n0},
and xmax denotes the corresponding position. The curves for low amplitudes almost
fall on top of each other as expected. We observe that in both the local and the
global model the amplitude is reduced with time for all initial amplitudes. However,
the amplitude in the local model is clearly smaller when compared to the global
one, especially for higher initial amplitudes. We can also confirm that in the initial
phase the radial maximum amplitude positions for global blobs lag behind those of
local blobs. Only at later times global blobs catch up and the maximum amplitude
positions coincide.

The next step in our discussion is to investigate center of mass positions and
velocities. We define the center of mass of a blob by

XC :=
1∫

[n− n0] dx

∫
x [n− n0] dx . (5.21)

The center of mass velocity, which is also a measure for the advective E × B -
flux [26], then follows as

VC :=
d

dt
XC . (5.22)

We plot center of mass velocities of local and global blobs for various amplitudes
and fixed blob width σ = 10ρs in Fig. 5.4. We used the standard Gyro-Bohm
scaling in Fig. 5.4a. Again, the center of mass velocities for the blobs with the
smallest amplitudes almost coincide as expected. In accordance with the radial
profiles shown in Fig. 5.2 we observe that in the beginning of the blob evolution
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Figure 5.4.: Global and local blob simulations for τ = 0 and σ = 10ρs. We show
the radial center of mass velocity as a function of time normalized by (a) the ion
gyration time Ω−1

0 and (b) the ideal global interchange time γ−1
global. Solid lines

show global, broken lines local simulations, respectively.

the high amplitude global blobs accelerate less and thus have lower velocities when
compared with local blobs having identical parameters. The local blobs reach
their maximum velocity earlier in their evolution and then quickly decelerate. The
global blobs take longer times to reach their maximal velocities and retain increased
speeds in the later phases. This is in line with the global model using the correct
ion inertia, while the local model uses a constant background one. However, the
maximum velocity is slightly reduced for global, high amplitude blobs. In order
to test whether blob amplitude variations are captured by the previously derived
scaling law for global blob velocities (5.17b), we show the same simulation results
using the global interchange rate and velocity as scaling parameters in Fig. 5.4b.
The curves do not fall on top of each other as we might have expected, yet the
global scaling seems to capture the dynamics fairly well.

Reference [86] has used a drift fluid model to describe the behaviour of global
blobs in the zero ion temperature limit. The local velocity scaling Eq. (5.17a) was
validated very well for small amplitudes. We note that their model resembles our
model if the term ∇ lnN ·∇φ in the polarization equation is neglected and if τ = 0.
We plot the maximum velocity scaled by the global interchange velocity (5.17b) as
a function of amplitude in Fig. 5.5. The scaling is apparently flawed as neither for
low nor for high amplitudes the curves are constant horizontal lines. Note that [86]
also failed to recover the velocity scaling in the high amplitude regime although
even higher amplitudes than ours were used in the simulations. One reason might
be that the amplitude of the blobs can be significantly decreased by the time the
maximum velocity is actually reached (cf. Fig. 5.3a). The initial amplitude might
thus not be the one that should be used for the plot. The variation in width is well
captured for amplitudes higher than ∆n = 1n0. We remark that [86] did not vary
the blob width, which was absorbed in their scaling. All in all, we see that the
amplitude dependence of the velocity scaling in Eq. (5.17b) is not well described
by the theoretical estimate.
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Figure 5.5.: Global blob simulations for τ = 0 and various blob widths. We show
the maximum radial velocity scaled by the global interchange velocity (5.17b) as
a function of amplitude.

5.2.2. Finite ion temperature

We now discuss simulations taking a constant finite ion temperature into account.
Local simulations with amplitude ∆n = 0.5n0 including FLR effects were first
published in [26]. It was found that the blob dynamics is significantly altered by
retaining FLR effects in the model. Blobs move radially as well as poloidally and
stay more coherent compared to zero ion temperature simulations.

Our main point in this section is to investigate differences between the local
and the global gyrofluid model. As described in the theory Section 5.1.3, FLR
corrections to the polarization density are only present in the local model. These
corrections enter as powers of (ρik⊥)2 as seen e.g. in Eq. (5.14). However, only the
global model retains the nonlinear polarization density in the polarization equation.

As a first example we choose τ = 4, σ = 5ρs, and ∆n = 0.5n0. From both local
and global simulations we plot the particle density and vorticity fields in Fig. 5.6

and 5.7 respectively. We loosely estimate (ρik⊥)2 =
(

ρi∆n
σ(n0+∆n)

)2

≈ 0.02 � 1

and thus expect only weak FLR effects, at least during the first time steps. From
the particle density plots we see that the qualitative blob movement in the initial
phase is indeed similar in both cases. Both blobs accelerate radially as well as in
the poloidal direction, which in our case is in fact the b̂ × ∇B direction, where b̂
points out of the paper (cf. also [26]). However, in the later phase of the evolution
clear differences can be seen. The global blob is slower and looses more mass
to dissolving vortices that separate from the main blob. The local blob travels
much farther in the radial direction and retains its initial form during the whole
simulation period. Also the poloidal movements differ. The local blob reverses its
poloidal velocity twice, the global blob only once.
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5. Two-dimensional blob simulations

Figure 5.6.: Particle density n of local (top) and global (bottom) blob for τ = 4,
σ = 5ρs, ∆n = 0.5n0. The first column corresponds to t = 0. Going from left to
right, the time increment is 475Ω−1

0 . The color scale remains constant.

Figure 5.7.: Vorticity ∇2
⊥φ/B0 of local (top) and global (bottom) blob for τ = 4,

σ = 5ρs, ∆n = 0.5n0. Time increment is 475Ω−1
0 . Note that the color scale for

the global vorticity is 20 times lower than that of the local one.
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In Fig. 5.7 we observe very pronounced differences in the vorticity between the
local and the global model. The local blob quickly develops a strong and highly
localized sheared flow around the blob. Note that the color scale for the local case
is 20 times higher than that for the global case. This sheared flow is the reason
for the enhanced stability of the blob shape, which is persistent over the whole
simulation period [26]. The global blob lacks such a violent vorticity roll-up and
is thus unable to maintain its shape loosing mass in Kelvin-Helmholtz like vortices
at later times. Moreover, we observe more internal structures in the vorticity field.

A possible explanation for the observed differences between the local and global
vorticity fields could be the absence of the ∇N · ∇⊥φ nonlinearity in the local
polarization equation (5.1c). We observe that the particle density and the electric
potential gradients align at the blob edge. However, a closer inspection reveals
that the particle density amplitude is very small where the gradients align, so the
effects of the nonlinearity is expected to be small. Another possible explanation is
the absence of FLR corrections to the polarization density in the global polarization
equation. These enter the local polarization equation as:

Γ0 − 1 = (ρi∇⊥)2
[
1 + (ρi∇⊥)2 + . . .

]
.

To check whether the differences in the vorticity fields are indeed due to this factor,
we repeated our local simulations replacing Γ0 − 1 by a Laplacian in Eq. (5.10c):

Γ1Ñ +
en0

Te
ρ2
s∇2
⊥φ = ñ. (5.23)

We denote this as the modified local model. We plot the center of mass velocities
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Figure 5.8.: Comparison of global and local blobs for τ = 4 and σ = 5ρs. In
addition, we modified the local model replacing Γ0−1 by ρ2

i∇2
⊥ in the polarization

equation (cf. Eq. (5.23)). We show center of mass velocity as a function of time.

of local, modified, and global blobs in Fig. 5.8. As in the zero ion temperature case
the velocity in the initial phase is slightly higher in both local models than in the

77



5. Two-dimensional blob simulations

global model. At later times we see that the local blob is up to two times faster than
its global and modified counterparts. As a side remark we note that velocity peaks
coincide with poloidal turns. The global blob as well as the modified local blob
quickly slows down after the first velocity peak, probably because the surrounding
velocity field, which prevents blob fragmentation, is not as strong in the global and
modified blob as it is in the local blob (cf. Fig. 5.7). From Fig. 5.8 we conclude
that the FLR corrections to the polarization density are indeed responsible for the
different behaviour of local and global blobs in the late phase of the blob evolution.
All in all, we conclude that for low amplitudes, small blob widths, and high ion
temperatures, the local model is the preferable model since FLR corrections are
consistently maintained in the polarization equation, which is not the case in the
global model.

5.2.3. High amplitude blobs

We now show global, high amplitude blob simulations with moderate FLR effects.
In this parameter regime the local model is not valid. We reduce the ion temper-
ature and increase the blob width compared to the previous section. This reduces
the ratio of ion gyroradius to gradient length scale, which measures the strength
of FLR effects as discussed in the previous section. We exemplarily show contour
plots of the particle density and vorticity for τ = 2, σ = 10ρs, and ∆n = 2n0 in
Fig. 5.9. The evolution is best described as a mixture of the high temperature blobs

Figure 5.9.: Density n (top) and vorticity ∇2
⊥φ/B0 (bottom) plot of global blob

for τ = 2, σ = 10ρs, and ∆n = 2n0. The first column corresponds to t = 0.
Going from left to right, the time increment is 430Ω−1

0 . The color scales remains
constant.

in the last section and the cold ion blobs in Section 5.2.1. The blob accelerates
radially as well as poloidally in the initial phase with the vorticity slightly rolling
up. Two side-arms with a pronounced cap develop afterwards, which resembles
the mushroom shapes of cold ion blobs. In the poloidal turn the blob becomes
stretched and separates from its lobes, streaming upwards thereafter. Scanning
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the parameter range we found that the blob evolution either becomes more mush-
room like for low ion temperature and large blob widths or more compact for high
ion temperature and small widths. Yet, before we come back to this observation
of blob shapes, we want to examine radial profiles, maximum amplitude position,
and center of mass velocities as we did in Section 5.2.1.
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Figure 5.10.: Radial particle density profiles for σ = 10ρs, ∆n = 2n0, and τ = 2.
The profiles are taken at the poloidal maximum amplitude position at time (from
left to right) 287, 2 · 287, 3 · 287, 4 · 287, and 5 · 287Ω−1

0 .

First, we show radial profiles of the plasma density in Fig. 5.10. Since the up-
down symmetry of the cold ion blobs is broken, we take the profiles at the poloidal
maximum amplitude position of the blob. Profiles from local and global models
resemble each other. In the vicinity of the maximal particle density the profiles
are approximately Gaussian shaped with a fluctuating, low amplitude tail. There
are slightly more fluctuations present in the global curves. When compared to the
profiles in Fig. 5.2, where τ = 0, we see that the low temperature blobs have steeper
profiles than the blobs with τ = 2. Also the loss of maximum amplitude is not as
pronounced for the warm ion case as it is for the cold ion case. Furthermore, the
local blob always stays ahead of the global one.

Next, we plot the maximum amplitude as a function of time in Fig. 5.11. As ex-
pected the small amplitude curves coincide. Contrary to Fig. 5.3a in Section 5.2.1,
which is the zero ion temperature version of Fig. 5.11, we find that now local blobs
retain their amplitude better than their global counterparts. With regard to the
preceding discussion of blob stability this does not come as a surprise. Local blobs
stay coherent during the whole simulation time and keep mass and hence amplitude
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Figure 5.11.: Maximum amplitude for σ = 10ρs and τ = 2 as a function of time.
Solid lines show global, broken lines local simulations.

almost constant.
In order to test the global velocity scaling (5.17b), we examine the radial center

of mass velocity as a function of time. In Fig. 5.12a we see that the global scaling
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Figure 5.12.: Radial center of mass velocity as a function of time, for σ = 10ρs. We
vary the ion temperature for fixed amplitude ∆n/n0 = 2 (a) and the amplitude
for fixed ion temperature τ = 2 (b).

captures the ion temperature variation very well. The variation of amplitude is,
like in Section 5.2.1, only partly captured. In both figures we see that the velocity
in the initial phase increases almost linearly until it reaches a maximum and de-
creases again. At about 7γ−1

global there is a sudden transition where the blob velocity
stabilizes at an almost constant value until it finally drops down to smaller values
again. When inspecting the particle density plots in Fig. 5.9, the transition takes
place at the point where the lobes of the blob start to curl and roll up. The second
drop of velocity occurs when the blob starts to fragment at about 13γ−1

global.
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5.2 Simulations

We now come back to the observation that blobs have a tendency to either
develop a mushroom shape, to retain a more coherent blob-like structure, or a
mixture of both. We use the definition of blob compactness [26]

IC(t) :=

∫
D

dx (n(x, y, t)− n0)h(x, y, t)∫
D

dx (n(x, y, 0)− n0)h(x, y, 0)
, (5.24)

where h is defined as a Heaviside function

h(x, y, t) :=

{
1 if (x− xmax(t))2 + (y − ymax(t))2 < σ2,

0 else.
(5.25)

The integration is thus performed on a circular field of radius σ around the maxi-
mum amplitude position.
IC is a measure for the ability of the blob to retain its form and mass. A small

compactness means that the blob has lost most of its initial mass or is spread out
over a large area. The mushroom shapes in Section 5.2.1 should e.g. have a small
compactness. A high compactness means that the blob preserves its initial particle
density. The high ion temperature blobs in Section 5.2.2 should correspondingly
have a high compactness. In Fig. 5.13 we show the blob compactness at time
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Figure 5.13.: Blob compactness IC of global blobs as a function of FLR strength
at time t = 10γ−1

global for various amplitudes and blob widths.

t = 10γ−1
global as a function of the FLR strength modeled by the control parameter

r =
ρi
σ

∆n

(n0 + ∆n)
. (5.26)
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5. Two-dimensional blob simulations

r is the ratio between the ion gyroradius and the initial gradient length scale,
which we have already used in the preceding discussions. In line with the results
presented in [26] we identify a transition between r = 0 and r = 0.075 where IC
increases significantly. For higher values of r the compactness constantly fluctuates
around 0.8 for all parameters investigated in this regime. For low values of r the
compactness is a factor 2− 3 times smaller, showing that blob mass in this regime
will rather spread out or diffuse away. Furthermore, blobs with very low FLR effects
show a significant variation of compactness when amplitude is varied. The smallest
values for IC in our plot can be observed for the low amplitude ∆n = 0.1n0. When
amplitude is increased, the blob compactness increases as well.

We remark that the cold ion simulations in Section 5.2.1 are found on the left
side of the plot at r = 0. The high temperature simulations in Section 5.2.2 are
on the far right side, while the simulations presented in this section are found in
between. Our plot thus shows that r, being a combination of blob parameters τ ,
∆n, and σ only, is a very good indicator of whether a blob can retain its mass
during its evolution or not.
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6. Three-dimensional filament
simulations

Few fully three-dimensional simulations of filament propagation exist to date due to
the prohibitively large demands in computational resources. With the exponential
growth of computing power first simulations are becoming feasible. Reference [31]
together with subsequent works [97, 98] was the first to study effects of parallel
electron dynamics on plasma blob transport. The model used was a drift-reduced
Braginskii fluid model for density and vorticity, closed by parallel Ohm’s law for
the current. It was reported that the resistive drift-wave instability dominates the
blob evolution, dissipates the blob and results in very little radial transport.

Reference [29] used the same model in a more realistic flux tube geometry in-
cluding shear and parallel curvature variations. The simulations were stable to
drift-wave instabilities. It was found that parallel density gradients appear as a
natural consequence of the realistic geometry and do not need to be initialized as
in [31]. The resulting Boltzmann response depends on temperature through col-
lisionality. Moreover, it was reported that in the realistic geometry the dynamics
of a filament at the midplane can become independent of the sheath boundary
conditions.

Reference [30] computed results in a simple magnetized torus geometry, in which
drift-planes were assumed to coincide with the Cartesian x-y planes while parallel
derivatives were computed along a small helical field superimposed on a strong
toroidal field. The analysis focussed on the radial velocity of the maximum ampli-
tude position. Perpendicular and parallel blob diameters were varied. A similar
velocity scaling as in two dimensions was found. Contrary to previous results blobs
were not influenced by drift-waves or Boltzmann spinning. Also, only marginal
dependence of σ‖ on the blob dynamics was observed.

At the same time Reference [28] showed the feasibility of large amplitude sim-
ulations in three dimensions and observed that still drift-wave instabilities are
dominating the blob evolution. To the knowledge of the author this remains the
only work beside the present thesis that includes the fully nonlinear polarization
equation.

Finally, the recently submitted article [99] investigates the dependence of three-
dimensional blob dynamics on the perpendicular and parallel blob size and its
amplitude. A strong influence of the perpendicular size on the blob motion is
found and drift-waves only appear for large amplitudes. Also, the three-dimensional
simulations are compared to two-dimensional closure schemes.

None of the just mentioned works present an energy theorem, include FLR ef-



6. Three-dimensional filament simulations

fects, or, with the exception of [29], a consistent magnetic field geometry. Across
the board, results were presented for simulations with blob amplitudes between
1 and 10 times the background density, a regime in which the local thin layer
approximation is not valid. In continuation of Chapter 5 we are able to simu-
late high blob amplitudes and include FLR effects in the three-dimensional global
gyrofluid model. Furthermore, we apply our model to a realistic and consistent
magnetic field geometry. Previously, geometrical effects were mostly neglected by
using straight magnetic field lines [31, 99] and artificially inserting curvature terms
in the evolution equations.

We note that the first three-dimensional gyrofluid simulation of a seeded fila-
ment was presented in [32], where the turbulent transport of trace impurities was
investigated. Contrary to Reference [31] no drift-waves were observed even though
roughly the same parameter regime was used.

In this Chapter we first close the previously derived gyrofluid model equations
from Chapter 2. Parallel resistivity and diffusive terms that were left undefined
are discussed. We then derive a consistent magnetic field geometry starting with
a generic, analytical solution of the Grad-Shafranov equation [100]. We present
simplified expressions for the curvature and E ×B drift velocities, which are valid
in low-β plasmas. These simplifications are based on the assumption that drift-
planes can be approximated by R-Z planes in a cylindrical coordinate system and
are consistent in the sense that the energy theorem is preserved. We present expres-
sions for flux-surface averages and the q-profile and evaluate these for two different
equilibrium profiles.

Two different blob regimes are observed in the existing literature. We review
the interchange and Boltzmann regime and discuss the role of the sheath, which
we neglect in our initial simulations. With two different values of the parallel
resistivity we recover both regimes in our simulations, which are set in a circular
flux-surface geometry.

The rest of this Chapter is organized as follows. In Section 6.1 we discuss diffusive
terms, followed by the derivation of simplified drift velocities in Section 6.2, where
we also present the model equations. In Section 6.3 we specify the axisymmetric
magnetic field that we use in our simulations. We present a circular geometry and
one including an X-point. Finally, we discuss three-dimensional filament dynamics
in Section 6.4.

6.1. Diffusion and parallel resistivity

The diffusive terms ΛN and ΛU in (2.85) are up to now undefined. For both ions
and electrons we choose

ΛN = −ν⊥∆2
⊥N − ν‖∆‖N, (6.1a)

ΛU = −ν⊥∆2
⊥U − ν‖∆‖U − qη‖J‖, (6.1b)
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6.2 The toroidal field line approximation

where ν⊥ and ν‖ are perpendicular and parallel diffusive parameters,

η‖ = 0.51
meνei
Nee2

(6.2)

is the parallel Spitzer resistivity and J‖ := eNe(Ue−Ui) is the approximate version
of the parallel current. Note that diffusion in magnetized plasmas can be highly
anisotropic perpendicular and parallel to the magnetic field lines [61]. The mean
free path of particles along the magnetic field is typically much longer than the
mean free path perpendicular to it, which is given by ρs. Also, note that the true
form of the parallel current is J = e(NeUe − NiUi) = ene(ue − ui) where capital
letters denote gyrofluid quantities and lowercase letters denote the fluid quantities.
We have Ne = ne and Ue = ue because of the vanishing gyroradius, but Ui 6= ui.
However, in this simplified version the parallel momentum is conserved. Using
the relation ∇ = b̂∇‖ + ∇⊥ we define the parallel and perpendicular Laplacians
according to

∆‖f :=∇ · (b̂∇‖f) = [∇2
‖ + (∇ · b̂)∇‖]f, (6.3a)

∆⊥f :=∇ · (∇⊥f) = −∇ · (b̂× b̂×∇f). (6.3b)

6.2. The toroidal field line approximation

We choose a cylindrical coordinate system (R,Z, ϕ). For computational reasons
we will make approximations to the operators defined in Eqs. (2.81). Energetic
consistency is maintained as long as the properties in Eqs. (2.82) are fulfilled.
Our basic idea is to approximate drift-planes by R-Z planes. This essentially
corresponds to approximating the magnetic field direction by the purely toroidal
direction b̂ = êϕ in all terms except the parallel derivatives. Reference [30] uses a

similar approximation. Here, êϕ is the unit vector in ϕ-direction and b̂ϕ � b̂R, b̂Z .
Moreover, we assume k‖ � k⊥. For the Poisson bracket operator (2.83), the
perpendicular diffusion operator (6.3b) and the Grad-B curvature operator (2.81b)
we immediately get

[f, g]⊥ = (∂Rf∂Zg − ∂Rg∂Zf) ≡ [f, g]RZ , (6.4a)

∇ · (∇⊥f) =
1

R
∂R (R∂Rf) + ∂2

Zf, (6.4b)

K∇B(f) :=
1

B
êϕ ×∇ lnB · ∇f =

1

B
[lnB, f ]RZ . (6.4c)

From there we get ∇̄‖ = ∇‖f − 1
B

[〈A‖〉, f ]RZ . Note that the correct perpendicular
Laplacian is different from ∂2

R + ∂2
Z , which is the form taken by many authors. We

present two slightly different approaches for the curvature operator.
The first one directly computes κ̂ = − 1

R
êR and yields Kκ = − 1

BR
êZ . We then

fulfill all necessary conditions in Eqs. (2.82) and thus retain energetic consistency.
The second one uses that we know from MHD equilibrium equations that κ ≈
−∇⊥ lnB for β � 1. We therefore take Kκ = K∇B and K = 2K∇B. Also,
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6. Three-dimensional filament simulations

K∇B ·κ = 0. In this limit we only approximately fulfill Eqs. (2.82) but the equations
simplify.

We scale all spatial lengths by ρs =
√
Temi
eB0

and time by the ion gyrofrequency

Ω0 = eB0

mi
. The magnetic field B0 is a reference field, which we define later. The

densities are scaled by a reference density N0 and the parallel velocity is scaled by

cs =
√

Te
mi

. Furthermore, we introduce the dimensionless quantities

βe =
µ0Ne0Te
B2

0

, az =
ZNz0

Ne0

, τz =
Tz
ZTe

, and µz =
mz

Zmi

, (6.5)

where z = {e, i} is the species label that we normally omit. Finally, we define

C := −0.51µe
νei
Ωi

= 0.51
νei
Ωe

= 8.45 · 10−5 lnλ
( ne

1019m3

)( Te
eV

)−3/2(
B

T

)−1

.

(6.6)

We arrive at

∂tN + ∇̄‖ (NU)−NU∇̄‖ lnB +
1

B
[ψ,N ]RZ

+NK(ψ) +
µ

2
K(NU2) + τK(N) = −ν⊥∆2

⊥N + ν‖∆‖N, (6.7a)

∂t

(
U +

β

µ
A‖

)
+ U∇̄‖U +

1

B
[ψ,U ]RZ +

(
2τ +

µ

2
U2
)
K(U)

+τUK(lnN) +
1

2
UK(ψ) = −τ

µ
∇̄‖ lnN − 1

µ
∇̄‖ψ

+
C

µ
(Ue − Ui)− ν⊥∆2

⊥U + ν‖∆‖U, (6.7b)

together with

∇ ·
(
N

B2
∇⊥φ

)
= Ne − Γ1Ni, (6.8a)

∇ ·
(
∇⊥A‖

)
= NeUe − UiNi, (6.8b)

Equations (6.7) together with (6.8) can now be discretized entirely with the meth-
ods developed in Chapter 3. As boundary conditions we use U = φ = 0 as well as
N = 1 on the R− Z boundary. The cylindrical domain is periodic in ϕ.

6.3. Axisymmetric Fields

An axisymmetric magnetic field can be written as (in dimensionless form)

B =
R0

R
(I(ψp)êϕ +∇ψp × êϕ), (6.9)
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6.3 Axisymmetric Fields

where I is the current of the magnetic field coils, êϕ is a unit vector and ψp(R,Z)
is the poloidal flux-function [2]. By construction we have ∂ϕB = 0 with

B = R0

√
I2 + |∇ψp|2

R2
. (6.10)

Furthermore, we have

KR
∇B = − 1

B2
∂ZB, KZ

∇B =
1

B2
∂RB, Kϕ

∇B = 0, (6.11a)

∇̄‖ lnB =
R0

RB2
[B,ψp]− βK∇B(〈A‖〉). (6.11b)

In contravariant components B reads

B = BR∂R +BZ∂Z +Bϕ∂ϕ =
R0

R

∂ψp
∂Z

∂R −
R0

R

∂ψp
∂R

∂Z +
R0I

R2
∂ϕ. (6.12)

The magnetic field is normalized such that B(R0, 0) = 1 and is obviously divergence
free. Equation (6.12) can be used in Eq. (3.42) for the field line integrations. In
practice we use an analytical solution to the Grad-Shafranov equation presented
in [100] for ψp. This solution depends on thirteen parameters, A, c1, . . . , c12, and
describes a variety of shapes with and without X-point. Since the form of ψp is
analytic we are able to evaluate all geometrical quantities analytically.

6.3.1. Flux surface average and Safety factor

The flux surface average of a function f(R,Z, ϕ) is given by the formula

〈f〉ψp0 :=

∫
ψp=ψp0

fdA∫
ψp=ψp0

dA
. (6.13)

The surface integrals can be transformed to volume integrals by the formula∫
ψp=ψp0

fdA =

∫
Ω

δ(ψp(R,Z)− ψp0)|∇ψp|fdV. (6.14)

A numerically tractable approximation to the delta function reads

δ(ψp − ψp0) =
1√

2πε2
exp

(
−(ψp − ψp0)2

2ε2

)
, (6.15)

where ε is a small, free parameter. In the dG framework the integral in Eq. (6.14)
can now be evaluated using Gauss-Legendre quadrature (cf. Eq. (3.9)).

The safety factor q can be computed with the formula [2]

q =
1

2π

∮
1

R

Bϕ

Bp
ds, (6.16)
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6. Three-dimensional filament simulations

where Bp :=
√

(BR)2 + (BZ)2 is the poloidal magnetic field strength and the in-
tegration is performed over the intersection of a flux-surface and the R-Z plane.
Integrating both sides over ϕ we can rewrite Eq. (6.16) as a flux-surface integral

q(ψp0) =
1

4π2

∫
ψp=ψp0

1

R2

Bϕ

Bp
dA, (6.17)

where we used that dA = Rdsdϕ. Again, we can compute this formula numerically
with the help of Eq. (6.14) and (6.15).

6.3.2. The circular field

As an example we take parameters from the COMPASS tokamak in Prague [101].
The major radius is R = 0.557m and the minor one is a = 0.232m. We take a
magnetic field strength of B0 = 1T and construct circular flux-surfaces without
elongation, triangularity, or X-point. The coefficients are given by A = 1 and

c1 = 0.104225846989823495731985393840,

c2 = −0.109784866431799048073838307831,

c3 = 0.172906442397641706343124761278,

c4 = −0.0325732004904670117781012296259,

c5 = 0.0100841711884676126632200269819,

c6 = −0.00334269397734777931041081168513,

c7 = −0.000108019045920744348891466483526,

and ci = 0 for i > 7. We plot the resulting flux-surfaces in Fig. 6.1a. The box
is quadratic in the R-Z plane and given by [R0 − a,R0 + a] × [−a, a]. We note a
slight Shafranov shift to the right. The surface ψp = 0 marks the minor radius a.
The safety factor is numerically computed with the help of Eq. (6.17) and plotted
in Fig. 6.1b. The q-profile lies between 2 in the middle and 2.8 further outside and
increases monotonically in between. The downwards tic at ψp = 0 is caused by the
quadratic box. The flux - surfaces with ψp > 0 do not lie inside the box as a whole.
We also plot the result of field line integrations in Fig. 6.2. Indeed, field lines are
very flat in the sense that they intersect R-Z planes at a very low angle.

We initialize a field-aligned blob on a homogeneous background profile. To this
end, we use the algorithm proposed in Section 3.2.2. We initialize a blob in the
plane ϕ = π with

Ne(R,Z, π) = 1 + ∆N exp

(
−(R−R0)2 + (Z − Z0)2

2σ2
⊥

)
, (6.18)

where σ⊥ is the perpendicular blob width, (R0, Z0) the initial position and ∆N
the initial amplitude. We then use Eqs. (3.53) and (3.51) to initialize the field on

all other toroidal planes. Note the modulation with exp

(
− (ϕ−π)2

2σ2
‖

)
. The result is

plotted in Fig. 6.3. Although our filament has a circular cross-section in the plane
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(a) Flux surfaces
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Figure 6.1.: Flux surfaces (a) and Safety factor q(ψp) (b) of the COMPASS equi-
librium profile. A slight Shafranov shift to the right is visible. The box center is
marked with a cross, the minimum of ψp with a dot. The tic in the q-profile is
where flux surfaces start to intersect the box boundaries.

Figure 6.2.: Magnetic field lines of the COMPASS equilibrium profile.
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6. Three-dimensional filament simulations

Figure 6.3.: Poloidal planes at equidistant toroidal angles ϕ, where the middle
plane corresponds to ϕ = π. We plot the field-aligned electron density field. The
filament has σ⊥ = 7ρs and σ‖ = 2π. The white lines depict the flux-surfaces.

ϕ = π, it gets distorted by the magnetic shear as we follow the field lines. For
one toroidal turn the filament travels halfway poloidally and closes on itself after
another toroidal turn. This is consistent with our q-profile in Fig. 6.1b, which is
approximately q = 2. Two blobs thus appear in every plane.

6.3.3. A field with X-point

As a second example we construct a fictive tokamak equilibrium with X-point. We
take Te = 10eV, B0 = 0.07T, and µe = −2.72121 · 10−4, i.e. a hydrogen plasma,
with a major radius of R0 = 129.989ρs, and an inverse aspect ratio of a/R0 = 1/6.
This is approximately the size of the TJ-K torsatron [102]. The elongation is 1.75
and the triangularity 0.47, which are values of ASDEX-Upgrade. The coefficients
are given by A = 0 and

c1 = 0.463367239574238028200162852041, c7 = −0.178005850926558405926813062204,

c2 = 6.65202728454447263599126205902, c8 = 0.971120830533771291869694622563,

c3 = −6.71942109121886843145906798662, c9 = 4.74764960631475224001540258785,

c4 = −2.93403723806251490588869975542, c10 = −2.85650294349998520711660154347,

c5 = 4.81093133290415990164671336235, c11 = −0.706024300488225648764912247713,

c6 = −4.31583547884168587436001023405, c12 = 0.0801296101152246351600534987187.

In Fig. 6.4 we plot the flux surfaces and the q-profile inside the last closed flux
surface. The q-profile is much steeper than the profile in Fig. 6.1b resulting in a
sheared magnetic profile. The values range between 1.5 near the O-point and 3.5
near the last closed flux surface. In Fig. 6.5 we observe much more distortion to
the field-aligned blob as in Fig. 6.3. Furthermore, the filament does not close on
itself, which means that density that moves along field lines will eventually be lost
to the blob.
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6.3 Axisymmetric Fields

(a) Flux surfaces (b) q-profile

Figure 6.4.: Flux surfaces (a) and Safety factor q(ψ) inside the separatrix (b) of
the TJ-K equilibrium profile with X-point.

Figure 6.5.: Poloidal planes at equidistant toroidal angles ϕ, where the middle
plane corresponds to ϕ = π. We plot the field-aligned electron density in the
TJ-K equilibrium field. The filament has σ⊥ = 3ρs and σ‖ = 2π. The white lines
depict the flux-surfaces.
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6. Three-dimensional filament simulations

6.4. Three-dimensional effects

In order to estimate the importance of collisions on the electron dynamics we
gather and equate terms ∼ 1/µe in Eq. (6.7b), ∇‖ lnN − ∇‖ψ + CUe = 0, where
we neglect the ion velocity Ui. This is exactly parallel Ohm’s law. An order of

magnitude estimate yields lnN − ψ − 0.51µe
νei
Ωi

L‖
ρs
Ue ∼ 0, where L‖ is the parallel

gradient length scale, i.e. the length over which the filament is field-aligned. In
the context of a sheath connected blob L‖ is also called parallel connection length.
Following [103] we define the parameter

Λ := 0.51
νei
Ωe

L‖
ρs

= 0.83 lnλ

(
Te
eV

)−2 ( n

1019m−3

)(L‖
m

)(
mi

mp

)−1/2

, (6.19)

where lnλ ≈ 10 is the Coulomb logarithm andmp is th proton mass. The parameter
Λ can be interpreted as the ratio of the plasma to the effective sheath resistivity,
η‖/ηsh [3].

6.4.1. The interchange and the Boltzmann regime

In support of [29] we discuss two blob regimes, the interchange and the Boltzmann
regime, as two extremes of the parameter Λ. If Λ � 1, the parallel currents are
inhibited, Ue = Ui ∼ 0, and the dynamics inside a drift-plane is decoupled from
other drift-planes. This happens either if the collisional frequency νei or the parallel
gradient length scale L‖ is sufficiently large. We then observe two-dimensional
interchange dynamics in this regime. If a filament is initialized as in Fig. 6.3, the
two-dimensional interchange mechanism in each plane will drive the blob towards
êR, i.e. the torus outside. Here, we assume K ∼ 1

RB
êZ for simplicity. Obviously, this

will break the field-alignment of the filament since e.g. the blob on the torus inside
will move inwards, i.e. to lower ψp flux surfaces, while the blob on the torus outside
will move to higher ψp surfaces. In this regime parallel gradients thus appear as a
natural consequence of the magnetic field geometry. Note that in a purely toroidal
magnetic field an initially field-aligned filament will stay field-aligned at least if
there is no amplitude variation along the field. An initially sheath-connected blob,
i.e. a blob that extends from divertor to divertor without parallel gradients along
the field lines, will thus disconnect from the sheath in a realistic geometry. The
subsequent dynamics far away from the sheath (e.g. in the outboard midplane) is
not influenced by sheath boundary conditions any more. According to [103, 29]
this happens if Λ is larger than

Θ :=

(
σ⊥

σopt⊥

)5/2

=

(
σ⊥
ρs

)5/2
(
ρsR

L2
‖

)1/2

(6.20)

= 9.58 · 102

(
Te
eV

)−1(
B

T

)2(
mi

mp

)−1 (σ⊥
cm

)5/2
(
R

m

)1/2(L‖
m

)−1

(6.21)
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The parameter Θ describes the ratio of the blob diameter to the fastest moving
blob diameter in the sheath-connected regime.

On the other side, if Λ → 0, the electron motion is adiabatic. Note that this
can happen either if νei → 0 or if the parallel connection length L‖ → 0. We
just discussed that a filament in the interchange regime disconnects during its mo-
tion through the SOL such that L‖ will always tend to zero. We conclude that
after a sufficient amount of time the blob will always be affected by the Boltz-
mann regime. From the right hand side of Eq. (6.7b) we gather terms ∼ 1

µe
and

evaluate ∇‖(lnNe − φ) = 0, i.e. the electrons follow a Boltzmann distribution,
Ne = Ne0 exp (φ− φ0), along field lines. Here, Ne0 and φ0 are integration con-
stants that may depend on R and Z. In the case of a filament with a parallel
density gradient as in Fig. 6.3 this leads to a monopolar potential that spins the
blob about its axis. This phenomenon is called Boltzmann spinning [31, 29, 99].
In the Boltzmann regime the radial blob velocity is reduced, mainly because the
E × B advection term, the main ingredient for the interchange drive, vanishes,
[φ,Ne]RZ ∼ [φ, exp(φ)]RZ = 0.

The simulations in [31, 97, 28] are in the Boltzmann regime, while the simula-
tions by [30, 32] are visibly in the interchange regime. Reference [29] investigated
the transition from interchange to Boltzmann regime by temperature variations,
while [99] also varies L‖ to find the same transition.

A drift-wave can appear if a filament in the Boltzmann regime is placed on
top of a background density gradient. The spinning about the blob axis leads to
the convection of background density, which triggers a density wave that moves
perpendicular to the pressure gradient and the magnetic field. If we allow a small
but finite collisionality, there is a phase shift between the potential and the resulting
electron response. For high enough gradients and amplitudes the resulting resistive
drift-wave is almost always unstable and leads to turbulence through secondary
instabilities [2].

One might be tempted to regard the density gradient inside the blob itself as a
background gradient that triggers drift waves [31]. We refrain from doing so since
the blob dynamics is highly nonlinear and we don’t make any distinction between
the background and perturbed fields. Thus, we interpret simulations only in terms
of interchange and Boltzmann regime and do not regard drift-waves as a separate
regime.

Finally, let us remark that in the Boltzmann regime the global polarization
equation (6.8a) is important to retain. If density and potential align, so do their
gradients ∇N and ∇φ and the term ∇φ · ∇N is of the same order as N∆φ.

6.4.2. Three-dimensional blob simulations

For our initial simulations we use an electrostatic version, i.e. A‖ = 0, of the
code neglecting the effect of Alfvén waves on the blob. We use the circular flux
geometry and fix Te = Ti = 50eV, (i.e. τ = 1), B0 = 1T, and µe = −5.44617 · 10−4,
i.e. a Deuterium plasma. In these units the major radius is R0 = 547.892ρs with
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6. Three-dimensional filament simulations

ρs = 1mm and the inverse aspect ratio is a/R0 = 0.410714. We initialize the
electron density according to Eq. (6.18) and use Ne = Γ1Ni to compute the initial
ion gyrocenter density. We use σ⊥ = 7ρs, σ‖ = 2π and ∆N = 1 and simulate from
t = 0 until t = 600Ω−1

0 . In the first time step there is no potential and no parallel
velocity. The numerical resolution is Px = Py = 3 and Nx = Ny = 160, Pz = 1 and
Nz = 15, and the time step is ∆t = 0.01Ω−1

0 . The viscosities are ν⊥ = 10−3 and
ν‖ = 1.

In order to numerically test the discussion in the previous section we choose two
different values for the parameter Λ and keep Θ fixed. With the given σ‖ and q = 2
we estimate the initial parallel gradient length scale L‖ = 2πR = 3437ρs. For
C = 10−3 this results in Λ = CL‖/ρs = 3.4, while for C = 10−4, we have Λ = 0.34.
Furthermore, with σ⊥ = 7ρs we have Θ = 0.9. We thus expect the simulation with
C = 10−3 to be in the interchange and the simulation with C = 10−4 to be in the
Boltzmann regime.

We plot the density fields for various time steps in Fig. 6.6, where we overlay
the fields of two opposing toroidal planes. In total we observe four cross-sections

(a) C = 10−3

(b) C = 10−4

Figure 6.6.: Summed Density ne of two opposite toroidal planes, ϕ = 0 and with
less opacity ϕ = π for C = 10−3 (a) and C = 10−4 (b) at various time steps.
The contour lines show the flux surfaces. The box shows the field [450ρs, 650ρs]×
[−100ρs, 100ρs]. The colorscale is as in Fig. 6.3.

of the same filament in each box, one at the torus inside, one at the top, one at the
torus outside, and one at the torus bottom. This is exactly what we expect for a
q = 2 equilibrium magnetic field. Due to the parallel variation of the filament the
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6.4 Three-dimensional effects

blob on the inside has less amplitude than the outside blob, i.e. there is an initial
pressure gradient along the field lines.

For the high collisionality C = 10−3 in Fig. 6.6a we observe the outside, as
well as bottom and top blob to move in the radial direction êR in the typical
mushroom shaped form. This is similar to what was observed in [32, 30]. The
inside and outside blob move radially outwards and experience poloidal stretching
in the second half of the evolution. The stretching coincides with a clear breaking
of the field-aligning. In the last phase between t = 400 and t = 600Ω−1

0 the blob
amplitudes decrease as density moves in the field aligned direction. Clearly, this is
the behaviour we predicted for a filament in the interchange regime. In the initial
phase all blobs move independently of each other, which brakes the alignment.
When the resulting parallel density gradients are high enough the blobs start to
dissipate.

The same filament behaves differently for C = 10−4 in Fig. 6.6b. Now, the four
different blobs stay on the same flux surfaces and thus field aligned. We do not
observe the typical mushroom shape any more. As the blob closes on itself the
inside blob gains in maximum amplitude and also the outside, and bottom and top
blobs retain their amplitude better than the blob for C = 10−3.

In order to test the predicted alignment of density and potential in the Boltzmann
regime we plot the potential φ together with density contour lines in Fig. 6.7.
Surprisingly, the potential dipole in Fig. 6.7a turns with the field lines and does
not point in the radial direction for all four blobs. The dipole is created by the
interchange mechanism as discussed in the previous section, where the curvature
in the circular equilibrium is dominated by the term K(f) = 1

R0B
∂Zf due to the

almost toroidal field lines. If there were no parallel motion allowed in the system,
i.e. if the R-Z planes were truly independent of each other, we would have expected
a dipolar potential in every plane towards the torus outside. Obviously, the fast
electron motion keeps the potential field aligned even for high collisionality. In the
first half of the evolution the potential is not in phase with the density while even for
the high collisionality the potential is aligned to the density in the second half. This
behaviour is seen throughout the blob evolution in Fig. 6.7b, where the potential
for low collisionality is plotted. The potential is weaker in this case. Another
difference to the interchange dominated case is that the potential dipole is shifted
from the blob maximum to the side of the blob. This creates the aforementioned
Boltzmann spinning that makes the blob turn as seen in Fig. 6.6b.
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6. Three-dimensional filament simulations

(a) C = 10−3

(b) C = 10−4

Figure 6.7.: Summed potential φ of two opposite toroidal planes, ϕ = 0 and with
less opacity ϕ = π, for C = 10−3 (a) and C = 10−4 (b) at various time steps. The
contour lines depict the density field. The box shows the field [450ρs, 650ρs] ×
[−100ρs, 100ρs]. The colorscale is equal in both figures.
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7. Conclusion and outlook

The main aspect of the present thesis was to contribute to the theoretical and com-
putational understanding of filament dynamics in a gyrofluid model. To this end,
first, the derivation of gyrofluid equations was thoroughly reviewed. Lie transform
perturbation methods are able to remove the fast space-time scales associated with
the fast gyration of particles in a strong background magnetic field. This form
of perturbation theory conserves the Hamiltonian nature of the system while not
being restricted to canonical coordinates. Variational methods led to the gyrofluid
equations. We explicitly derived an energy theorem and consistency equations that
are necessary for the theorem to hold.

The next step was to carefully choose, describe, and implement numerical meth-
ods necessary for computational studies. The discontinuous Galerkin methods
proved very flexible and easy to implement in our newly developed formulation.
Furthermore, we showed how field-aligned derivatives can be numerically treated
in a cylindrical coordinate system.

In the course of this work, we developed a novel conservative space discretization
of the two-dimensional Poisson bracket combining the well-known Arakawa scheme
with a high order discontinuous Galerkin method. Together with an existing dG
discretization for the Laplacian we were able to discretize the two-dimensional in-
compressible Navier–Stokes and Euler equations. Simulations confirm the high
order and the conservative properties of our method. In addition, we have demon-
strated that an efficient parallel implementation on both CPUs as well as GPUs is
feasible.

Finally, we showed that we can numerically solve the nonlinear polarization
equation in the context of a mass and energy conserving, two-dimensional and
three-dimensional gyrofluid model. To the knowledge of the author we are the first
to achieve this. The models were used to investigate blob dynamics of seeded blobs
in the tokamak scrape-off-layer. In two dimensions we identified two regimes of
blob convection. Blobs, defined as the vicinity of the maximal amplitude position,
quickly loose mass in the first and retain their mass in the second regime as they
propagate radially. Our simulations indicate that over a wide range of parameters,
namely ion temperature, initial blob width, and initial blob amplitude, these two
regimes are characterised by the ratio of ion gyroradius to the initial gradient scale
length. This ratio is interpreted as a measure for the strength of FLR effects. Blobs
with a low ratio belong to the first, blobs with strong FLR effects belong to the
second regime.

Furthermore, we investigated the importance of using a global, fully nonlinear
model in contrast to a local thin layer approximation for blob simulations. For low
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ion temperatures and high blob amplitudes we find that global blobs stay more
coherent and have an increased cross-field transport compared to local model sim-
ulations. The amplitude in global simulations remains significantly higher than
in local simulations with equal initial amplitudes. When the ion temperature is
comparable to the electron temperature, global blob simulations show a decreased
cross-field transport in comparison with local blob simulations. Yet, for low am-
plitudes we find that the local model is preferable since FLR corrections to the
polarization density are absent from the global model.

Three-dimensional effects enter the filament dynamics in two regimes, namely
the interchange and the Boltzmann regime. These regimes are characterized by
the collisionality, the parallel gradient length scale and the perpendicular blob size.
Our initial blob simulations confirm that for high collisionality the blob dynamics
is essentially two-dimensional at least in the initial blob phase. The interchange
motion is shown to break the field-alignment. This effect pushes the filament into
the Boltzmann regime in which potential and density align.

In the future we want to further improve our numerical methods especially the
discretization of the parallel diffusion and advection terms. It is important that the
numerical discretization of these operators conserves mass and does not artificially
induce perpendicular currents that affect the drift motion. Having done this, we
can concentrate on the parallel dynamics of three-dimensional blob simulations.
It is of interest to investigate the parallel transport of density and vorticity and
further discuss the role of parallel resistivity. Hereby, it is important to separate
geometrical effects like blob distortion from the effects of the fast electron dynamics.
Therefore, it is advisable to first use a purely toroidal field as the simplest possible
three-dimensional geometry. After that, a poloidal limiter can model the effects
of the sheath in the SOL. When this is understood geometrical effects can be
taken into account again. Also, electromagnetic effects like Alfvén-waves or three-
dimensional FLR effects can be a topic of future research.

Finally, our FELTOR code is in principle not restricted to flat background density
profiles and we are also able to simulate edge turbulence. In order to observe blob
generation in this regime it is necessary to include sheath physics in form of a limiter
or divertor boundary condition. Blobs then separate from the turbulence inside the
last closed flux surface and travel through the SOL. With the X-point geometry
introduced in this thesis the perpendicular boundary conditions can act as sheath
boundaries. Future works can thus investigate birth rates and other statistics of
filaments and thus contribute to these scarcely investigated but important issues
of theoretical blob physics.
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A. Equivalence to Lagrangian theory

We start with

γ(z) = γi(z)dzi and H = H(z). (A.1)

Then we get

0 = δ

∫
γ −Hdt = δ

∫
(γiż

i −H)dt =:δ

∫
Ldt

⇔ d

dt

∂L

∂żj
− ∂L

∂zj
=0

⇔ d

dt
γj − żi

∂γi
∂zj

+
∂H

∂zj
=0

⇔ żi(∂iγj − ∂jγi) =− ∂jH
⇔ żiωij =− ∂jH.

With żi = X i
H this leads to

iXω = −dH (A.2)

and L = iXγ −H.
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