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ABSTRACT

This paper proposes a new set of Krylov solvers, CG and GMRes, as an alternative of the
Red-Black (RB) algorithm on on solving the steady-state one-speed neutron transport equa-
tion discretized with PN in angle and hybrid FEM (Finite Element Method) in space. A
preconditioner with the low-order RB iteration is designed to improve their convergence.
These Krylov solvers can reduce the cost of pre-assembling the response matrices greatly.
Numerical results with the INSTANT code are presented in order to show that they can be
a good supplement on solving the PN-HFEM system.

Key Words: Neutron transport equation, PN Hybrid Finite Element Method, Red-Black al-
gorithm, Preconditioning.

1. INTRODUCTION

This paper analyzes the use of two Krylov solvers applied to the neutron transport equation
discretized in angle by the spherical harmonics (PN method) and by the Hybrid Finite Ele-
ment Method in space (HFEM). PN-HFEM, also known as variational nodal method (VNM),
has been developed long ago [1][2] and implemented in VARIANT [3], ERANOS [4]. The tra-
ditional solver for this discretized formulation is the Red-Black (RB) algorithm with nodal re-
sponse matrices, and has been extensively optimized [5][6]. This algorithm requires the pre-
assembly of the response matrices for all different types of elements in the problem to be solved.
Elements differentiate by material property (cross sections), geometry size, local spatial and
angular discretization order, and etc. There are cases, like in depletion calculations, where the
number of unique elements could be easily thousands. In such situations, when the overall
approximation order is high, pre-assembling the response matrices is indeed expensive both
in term of memory and computational time. This cost could be even dominant with respect to
the cost of the iterative solver. Even after accounting for the benefit of the parallelization with
domain decomposition, this pre-assembly cost could be still prohibitive. Few works have been
presented in the past [9][10] showing the effect of the application of the GMRes on solving the
response matrix equation. Differently from our study the pre-assembly cost was not a focus in
these researches and the matrices were still assembled.

This paper proposes a new set of Krylov solvers with CG and GMRes as an alternative, in
which parts of operations during iteration are accomplished in the matrix-free fashion. As the
results, the pre-assembly cost, both in memory and CPU time, can be reduced significantly. The
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drawback is that iterations of Krylov solvers generally take more time than the RB algorithm.
The convergence of CG have been proved to be dependent on the mesh size and material prop-
erties. When the problem is highly diffusive, CG converges very slowly. GMRes algorithm
always converges slowly. To increase their performance, we designed a preconditioner for the
Krylov solvers using the low-order RB iteration. Since the order in the RB preconditioner is
low and fixed for all elements, evaluating and storing the response matrices are not expensive
and preconditioning cost can be kept low.

In Section 2., we first revisit equations of PN-HFEM in the Galerkin form and the RB algorithm
for the completeness of the presentation. This Galerkin form is equivalent to the saddle-point
variational form in [1] and has been studied by S. V. Criekingen within the more general sce-
nario [7] of the mixed-hybrid FEM. Krylov solvers without preconditioning are also formulated
in this section. Then the preconditioner using the lower-order RB algorithm for the Krylov
solvers is presented in Section 3.. Numerical results are shown in Section 4. and conclusions
are drawn at the end.

2. PN-HFEM FORMULATION AND RED-BLACK ALGORITHM

In this section, we re-formulate the PN-HFEM equations and the RB algorithm for the com-
pleteness of the presentation. It is sufficient to use the one-speed neutron transport equation to
demonstrate the method.

2.1 The One-Speed Transport Equation and Its Even-Odd Parity Form

The one-speed transport equation for~r ∈ D, ~Ω ∈ S is

~Ω · ~∇Ψ + σt(~r)Ψ(~r, ~Ω) =
Ns

∑
n=0

σs,n(~r)
n

∑
m=−n

Φn,m(~r)Yn,m(~Ω) +
Ne

∑
n=0

n

∑
m=−n

Sn,m(~r)Yn,m(~Ω) (1)

with the vacuum and the reflecting boundary conditions

Ψ(~rb, ~Ω) =

{
0, ~rb ∈ ∂Ds

Ψ(~rb, ~Ωr), ~rb ∈ ∂Dr for ~Ω ·~nb < 0

where the reflecting angle is defined by:

~Ωr = ~Ω − 2(~Ω ·~nb)~nb. (2)

~nb is the outward unit vector at a point~rb on the boundary. Because the vacuum boundary is the
homogeneous case of the general surface source boundary, we use superscript s to represent it.

The angular flux Ψ is the dependent variable to be solved. Yn,m(~Ω) is the normalized spherical
harmonics. Flux moments and external source moments are defined as

Φn,m(~r) =
∫

4π
Yn,m(~Ω)Ψ(~r, ~Ω)dΩ (3)

Sn,m(~r) =
∫

4π
Yn,m(~Ω)S(~r, ~Ω)dΩ. (4)
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The scattering kernel is expanded using Legendre polynomials. Ns is the order of scattering
anisotropy. Ne is the expansion order of the external source. σt and σs,n are the total and scat-
tering cross sections respectively.

By defining

ψ ≡
1

2
(Ψ(~r, ~Ω) + Ψ(~r,−~Ω)) (5)

χ ≡
1

2
(Ψ(~r, ~Ω) − Ψ(~r,−~Ω)) (6)

S+ ≡
Ne

∑
n even

n

∑
m=−n

Sn,m(~r)Yn,m(~Ω) (7)

S− ≡
Ne

∑
n odd

n

∑
m=−n

Sn,m(~r)Yn,m(~Ω) (8)

H[ f +(~Ω)] ≡ σt(~r) f +(~Ω) −
Ns

∑
n even

σs,n(~r)
n

∑
m=−n

Yn,m(~Ω)
∫

4π
Yn,m(~Ω′) f +(~Ω′)dΩ′ (9)

G−1[g−(~Ω)] ≡ σt(~r)g−(~Ω) −
Ns

∑
n odd

σs,n(~r)
n

∑
m=−n

Yn,m(~Ω)
∫

4π
Yn,m(~Ω′)g−(~Ω′)dΩ′ (10)

G[G−1[g−(~Ω)]] ≡ g−(~Ω), (11)

we can write the even- and odd-parity equation from the transport equation Eq. (1):

~Ω · ~∇χ + Hψ = S+ (12)

~Ω · ~∇ψ + G−1χ = S−. (13)

Note that operator H and G−1 only operate on the even and odd functions respectively. G is
the inverse operator of G−1, which is used later in the weak formulation. One can easily verify,

G[g−(~Ω)] ≡
∞

∑
n odd

1

σt − σs,n

n

∑
m=−n

Yn,m(~Ω)
∫

4π
Yn,m(~Ω′)g−(~Ω′)dΩ′. (14)

2.2 Weak Formulation with Domain Partition

Let Th be a subdivision of a d-dimensional solution domain D into disjoint open elements
K such that D = ∪K∈Th

K. We assume that all elements are shape-regular. We let Γi =
∪K∈Th

∂K\∂D be the set of all interior interfaces and Γ = ∪K∈Th
∂K be the set of all faces.

By adding together the local weighted residual formulation of all elements from the Eq. (12),
we can obtain the Galerkin weak formulation (Galerkin means that the function space of the
test functions and the space where we seek the solution are identical):

To find ψ ∈ XD , χ ∈ Wr
Γ and ψ̂ ∈ W∂Ds , such that

b(ψ, ψ∗, χ, χ∗, ψ̂, ψ̂∗) = l(ψ∗) ∀ψ∗ ∈ XD , χ∗ ∈ Wr
Γ and ψ̂ ∈ W∂Ds , (15)
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where

b(ψ, ψ∗,χ, χ∗, ψ̂, ψ̂∗)

≡ ∑
K∈Th

((
~Ω · ~∇ψ∗, G[~Ω · ~∇ψ]

)

K
+ (ψ∗, H[ψ])K

)
− ∑

e∈Γi

(〈[[ψ∗]], χ〉e + 〈χ∗, [[ψ]]〉e) +

2 ∑
e∈∂Ds

〈
ψ̂∗, ψ̂

〉−
e
− ∑

e∈∂Ds

(〈
ψ̂∗, χ

〉
e
− 〈ψ∗, χ〉e +

〈
χ∗, ψ̂

〉
e
− 〈χ∗, ψ〉e

)
+

∑
e∈∂Dr

(〈ψ∗, χ〉e + 〈χ∗, ψ〉e) (16)

l(ψ∗) ≡ ∑
K∈Th

((
ψ∗, S+

)
K

+
(
~Ω · ~∇ψ∗, G[S−]

)

K

)
(17)

XD =
{

ψ ∈ L2(S ×D) such that ∀K ∈ Th, ~∇ψ|S×K ∈
[
L2(S ×D)

]d
}

Wr
Γ =

{
χ defined on S × Γ such that ~n · ~Ωχ ∈ H−1/2(S × Γ) and χ(~Ω) = χ(~Ωr), ∀~rb ∈ ∂Dr

}

Wr
∂Ds =

{
ψ̂ defined on S × ∂Ds such that ψ̂ ∈ H1/2(S × ∂Ds)

}
.

Notations used in the above formulation are defined

(
a(~r, ~Ω), b(~r, ~Ω)

)

K
=

∫

K

∫

4π
a(~r, ~Ω)b(~r, ~Ω)dΩd~r (18)

〈
a(~r, ~Ω), b(~r, ~Ω)

〉

e
=

∫

e

∫

4π

~Ω ·~ne a(~r, ~Ω)b(~r, ~Ω)dΩds (19)

〈
a(~r, ~Ω), b(~r, ~Ω)

〉−

e
=

∫

e

∫

~Ω·~ne<0

∣∣∣~Ω ·~ne

∣∣∣ a(~r, ~Ω)b(~r, ~Ω)dΩds (20)

ψ+ ≡ lim
s→0+

ψ(~r + s~ne, ~Ω) (21)

ψ− ≡ lim
s→0−

ψ(~r + s~ne, ~Ω) (22)

[[ψ]] ≡ ψ+ − ψ−. (23)

It should be noted that~ne is arbitrarily defined for an interior interface, but on boundary inter-
faces, it is always outward. The weak continuity condition is enforced on the interior interface
e by:

〈
χ∗, ψ+

〉
e
=

〈
χ∗, ψ−

〉
e

. (24)

On the vacuum boundary faces, we introduce an auxiliary variable ψ̂, so that we can have
the odd flux showing up in the formulation. This variable is also used to obtain the vacuum
boundary condition for the Red-Black algorithm. On the reflecting boundary, two additional
terms are included in the bilinear form Eq. (16) so that the essential boundary condition is
cast on the odd parity. This weak formulation is equivalent to the saddle-point variational
form, which can be found in [1]. This formulation can be easily extended to the multigroup
equation. When we have the P1 approximation, χ will be the net current on the face and the
weak formulation is reduced to a simple hybrid formulation for the diffusion equation. The
fractional Sobolev spaces Wr

Γ and Wr
∂Ds are a result of function analysis, which is not the focus

of this paper.
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2.3 Discretization and Krylov Solves

We discretize the equation with spherical harmonics in angle and elementary polynomials in
space as shown below

ψ(~r, ~Ω) = gT(~Ω) ⊗ fT(~r)ψ (25)

ψ̂(~r, ~Ω) = gT(~Ω) ⊗ hT(~r)ψ̂ (26)

χ(~r, ~Ω) = kT(~Ω) ⊗ hT(~r)χ (27)

S(~r, ~Ω) = gT(~Ω) ⊗ fT(~r)s+ + oT(~Ω) ⊗ fT(~r)s−. (28)

f(~r) is the vector of interior shape functions of an element K. h(~r) is the shape function of an
interface e. Their definitions depend on the geometry of the element and the interface. For
simplicity neither the element nor the interface identification numbers are included. The even

parity ψ defined on an element is expanded with the even spherical harmonics g(~Ω) up to N,
while the odd parity χ defined on an interface is expanded with the odd spherical harmonics

k(~Ω). It should be noted that the interface continuity condition restricts the number of odd
expansion must be equal to the number of even expansion. This is achieved by setting the lower
limit and upper limit of m to −(n − 1) and n − 1, i.e., in odd expansion all spherical harmonics
Yn,±n are excluded [8]. For the quadrilateral elements in 2D and cube elements in 3D, we use the
product of normalized Legendre polynomials as f(~r). Faces in 2D are line segments, on which
we use normalized Legendre polynomials as h(~r). Faces of cubes in 3D are quadrilaterals,
on which we use product of normalized Legendre polynomials as h(~r). If we denote local
element polynomial order with pint and face polynomial order with psur f , the local number of

unknowns for an element Nelem is
N×(N+1)×(pint+1)3

2 in 3D and
(N+1)2×(pint+1)2

4 in 2D and the local

number of unknowns for a face N f ace is
N×(N+1)×(psur f +1)2

2 in 3D and
(N+1)2×(psur f +1)

4 in 2D. To

expand the external source, all odd spherical harmonics o(~Ω) are used. If the external source
expansion order Ne is higher than N, all higher moments will be truncated. If the external
source expansion order Ne is lower than N, we simply let all Si

n>Ne,m = 0.

Note that Eq. (25) to Eq. (27) can also be used to expand the test functions. After substituting
the discretization into the Galerkin weak formulation and eliminating the arbitrary test vectors
on both sides, we end up with an equation in the matrix form




A 0 B

0 Â C

BT CT 0








ψ

ψ̂

χ



 =




sv

sb

si



 , (29)

where ψ is the solution vector of the volumetric even-parity, ψ̂ is the solution vector of the
auxiliary even-parity on the surface-source boundaries, and χ is the solution vector of the odd-
parity of all partitioned faces. sv is the volumetric source and sb is from the non-homogeneous
surface source. sb and si are always zero because there is no source on the interior surfaces
and boundaries in this presentation. A and Â are block-diagonal SPD (Symmetric Positive
Definite) matrices. The number of non-zero blocks of A is equal to the number of elements,
and the number of non-zero blocks of Â is equal to the number of vacuum faces. The numbers
of column blocks of B and C is equal to the number of faces. The number of non-zero blocks on
each row block of B is equal to number of faces of the elements, while the number of non-zero
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blocks on each row block of C is always equal to one. Although the global system is symmetric,
it is not positive definite. Readers can spell out A, Â and C with the weak formulation and the
discretization or find the the details in the VARIANT manual [3] because our notation closely
parallels that used in VARIANT.

The above equation can be rewritten into

[
A B

BT 0

] [
ψ

χ

]
=

[
b

0

]
. (30)

This equation can be solved with GMRes. The matrix-vector multiplication required by GMRes
can be done in the matrix-free fashion completely. Practice shows that GMRes solve without
any preconditioner converges very slowly.

The equation can be recast into

BTA−1Bχ = BTA−1b. (31)

Because the matrix BTA−1B is SPD, we can use CG to solve the above equation. Once χ is
solved, ψ can be obtained with

ψ = A−1b − A−1Bχ. (32)

It can be seen that in every CG iteration, a matrix-vector multiplication requires three sequential
operations with B, A−1 and BT. Its computing time is roughly six times of one B operation.
Although operations with B, BT can be done in the matrix-free fashion, we can not invert A on
the fly due to the fact that all even flux moments are coupled together and have to pre-assemble
the matrix A−1.

2.4 Red-Black Algorithm

Although the weak continuity condition Eq. (24) allows us to define the even flux on an inter-
face, we usually define the interface even flux in a different way. The application of the test
function χ∗ for any interior faces e ∈ Γi gives us

MT
e,+ψ+ = MT

e,−ψ−. (33)

We define

Oe =
Le

3
I, (34)

where the factor 1
3 is introduced by the way we normalize spherical harmonics and Le is the

length of the face in 2D or the area in 3D. Then the equation is equivalent to

ϕ+
e = ϕ−

e = ϕe, (35)

where

ϕ+
e =O−1

e MT
e,+ψ+ (36)

ϕ−
e =O−1

e MT
e,−ψ−. (37)
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For every interior face, we can define the even-parity ϕe, which has the same length as the
odd-parity χe.

For a row block of ψ in Eq. (29), corresponding to an element, we have

AKψK + ∑
γ

Mγ,Kχγ = sK, (38)

where γ is the face index of the element. This equation says that the interior even flux can
be evaluated once the volumetric source and the odd flux on all element faces are known.
AK depends on the total and scattering cross sections, while Mγ,K depends only on the local
ordering of faces and is cross-section irrelevant. The details of AK, Mγ,K and sK are not required
to demonstrate the methodology. One can spell out them by using the weak formulation and
the discretization. By defining

MK = [M1,K, M2,K, · · · ] (39)

OK = [O1,K, O2,K, · · · ], (40)

and rearranging Eq. (38), and dropping the K subscript, we have

Oϕ = MTA−1s − MTA−1Mχ. (41)

We define the partial current on all faces of an element

j± =
1

4
ϕ±

1

2
(~ne ·~n)χ. (42)

Note that the superscript + and − now mean respectively outgoing from and incoming to the
element. This is in agreement with the sign of the inner product ~ne ·~n, where ~n is the outward
unit norm vector with respect to the element. We have

ϕ = 2(j+ + j−) (43)

χ = (~ne ·~n)(j+ − j−). (44)

By substituting them into Eq. (38), with some rearrangements, we obtain,

j+ = KMTA−1s + Rj−, (45)

where

R = I − 2[G + I]−1 (46)

K = [G + I]−1 1

2
O−1 (47)

G =
1

2
O−1MTA−1MP (48)

P = diag[(~ne,1 ·~n1)I, (~ne,2 ·~n2)I, · · · ]. (49)

Practice shows that evaluating A−1 and G takes most of the pre-assembly time. R is the element
response matrix. The local matrix K is used later in the R-B preconditioner.
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The essential condition on the reflecting boundaries gives us

j−e = j+e (50)

j−o = −j+o . (51)

Here subscript e denotes all even m terms while o denotes all odd m terms.

On the vacuum boundary faces, we have

j− = Nj+, (52)

where N is a constant matrix independent on the orientation of boundary faces.

Eqs. (45), (50), (51), and (52) are a system of equations where the partial currents are the un-
knowns. The number of unknowns is equal to 2 × (Number of unknowns per face) × N f ace. To
solve the system, we first paint all elements with minimum number of colors so that every two
neighboring elements have always different colors. For regular Cartesian grid, two colors, red
and black, are sufficient. Then, we do Gauss-Seidel iteration alternating colors until the con-
vergence is reached. For each color, we use the latest available out-going partial currents as the
input and update the out-going partial currents. This solving strategy is usually referred as the
Red-Black (RB) algorithm.

3. USE RB ALGORITHM TO PRECONDITION THE KRYLOV SOLVES

3.1 RB Preconditioning for CG

The key challenge that needs to be solved to design a RB preconditioner for CG and GMRes
is to derive the source for the RB iteration from the CG source vector and from the RB partial
current solution to reconstruct the interface odd fluxes. The difficulty of this issue is from the
fact that the solution vector of RB algorithm contains the partial currents on faces, which is
not exactly the odd flux. It can be seen that the length of the R-B solution vector is doubled
comparing with the CG solution vector.

The volumetric source of a cell is distributed to its faces through the operator ±MTA−1s in
the CG formulation. If the defined face norm ~ne is the same as the outward direction with
respect to the cell, we have plus sign, otherwise, the contribution to the face is negative. It is
clear that the source of an interior face for the CG is a combination of contributions from the
two elements sharing the face. This fact implies that the matrices B and A in Eq. (31) are not
anymore independent available, so the knowledge of the CG solution vector alone does not
allow us to reconstruct the even flux both on the interfaces and on the interiors of elements.
The CG solution is in fact represented only by the interface odd fluxes.

All faces of two neighboring cells are coupled through their common face. Considering one
interior face e, we can write:

MT
e−A−1

− M−χ− − MT
e+A−1

+ M+χ+ = se = MT
e−A−1

− s− − MT
e+A−1

+ s+. (53)

Subscript ± means downwind and upwind with respect to the face norm. Note that Me+ is the
part of M+ just corresponding to the face we are considering for the downwind element. So
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does Me− for the upwind element. If we are considering a regular 2D Cartesian geometry, the
system matrix of the CG equation is a 7-block diagonal matrix.

Although the CG source vector se, generated by a combination of contributions, is different
from the cell-based MTA−1s in the RB local system Eq. (45), we can split the CG vector in a
way such that the odd flux on faces can be reconstructed. For an interior face e we can define

f−e = se = MT
e−A−1

− s− − MT
e+A−1

+ s+ (54)

f +
e = 0.

Then we substitute these face sources with the distributed surface sources directly from the
volumetric sources underlined in Eq. (45). This is equivalent to reformulate

Oeϕe+ = MT
e+A−1

+ s+ − MT
e+A−1

+ M+χ+

Oeϕe− = MT
e−A−1

− s− − MT
e−A−1

− M−χ−

into the following

Oeϕe+ = f +
e − MT

e+A−1
+ M+χ+

Oeϕe− = f−e − MT
e−A−1

− M−χ−.

By subtracting the above two equations we retrieve the original CG equation for the face e.
This proofs that we are preserving the odd flux on faces. Note that, because the split Eq. (54) is
arbitrary, we can not expect to obtain from Eq. (43) the correct even flux on faces, which is not
of our interest.

On vacuum boundary faces, we can write

f−e = MT
e A−1s (55)

f +
e = 0

and

Oeϕe = f +
e + MT

e A−1Mχ

Oeϕ̂e = f−e + DT
e Â−1Deχe.

By combining the last two equations we obtain the CG formulation for the vacuum boundary
face e:

MT
e A−1Mχ − DT

e Â−1Deχe = MT
e A−1s, (56)

where De is the non-zero block of the global matrix C. It should be noted that because the CG
source is only from the volumetric source, due to the homogeneous boundary condition, we
are also able to obtain the correct even flux on the vacuum boundary faces.

On reflecting boundary faces, CG is equivalent to,

Oeϕe = MT
e A−1s − MT

e A−1Mχ

χeven
e = 0

ϕodd
e = 0,
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which means that we can use the same split as in the vacuum boundary faces:

f−e = MT
e A−1s (57)

f +
e = 0.

No matter what the even part of the CG source vector contains, the solution does not change.
This is due to the essential boundary condition.

So in summary, given the CG source vector, we go through all cells. For each cell, we construct
the RB source as following: We consider all the faces of the element, if the face is downwind,
we copy to a vector the CG source corresponding to that face, otherwise use zero, then we
multiply the resulting vector by the K matrix to obtain the local RB source.

Preconditioning CG solve with the R-B algorithm is quite strait-forward. Given a CG vector,
we use the R-B iteration to invert the lower-order part of the vector as mentioned above, and
let the higher-order part unchanged. In implementation, we need to converge R-B iteration
tightly enough so that the preconditioner is close to symmetry. Otherwise, preconditioned CG
iteration may not be stable or even diverge. If the discretization orders of the CG solve and the
R-B iteration are the same, preconditioned CG iteration will converge in one iteration with the
converged R-B iteration.

3.2 RB Preconditioning for GMRes

Preconditioning GMRes formulation with the RB algorithm is essentially to find the approxi-
mation of the solution of the equation

[
A B

BT 0

] [
ψ

χ

]
=

[
b

c

]
, (58)

where

[
b

c

]
is a generic vector living in the source-residual space on which the preconditioner

could operate on. The preconditioning consists of the following four steps:

1. Since the preconditioning operator acts on the χ space, we formulate Eq. (58) as following

BTA−1Bχ = y = BTA−1b − c.

2. Then the operator BTA−1B is replaced by an approximation BTA−1B constructed using
the lower order in space and angle. The inversion of the resulting approximation problem
is achieved by the RB algorithm:

χ = (BTA−1B)−1y

3. The solution obtained is then used to correct the lower order part of the χ as

χ =

[
χ

y

]
.
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4. The even flux is reconstructed

ψ = A−1(b − Bχ).

The combination of ψ and χ will be the preconditioning result. Because GMRes is a general-
purpose solver, there is no restriction on the convergence of R-B iteration. We can even just
do fixed few RB iterations to precondition the GMRes solve. Again, if the discretization orders
of the GMRes solve and the RB iteration are the same, preconditioned GMRes iteration will
converge in one iteration with the converged RB iteration.

4. NUMERICAL RESULTS

A PN-HFEM solver for the multigroup neutron transport equation has been implemented with
modern Fortran at INL in the code INSTANT (Intelligent Nodal and Semistrucured Treatment
for Advanced Neutron Transport). INSTANT includes a mesh handler to facilitate calcula-
tions on triangular, hexagonal and Cartesian geometries in both 2D and 3D and has been made
parallel with domain decomposition and MPI to take advantage of the development of super-
computing techniques. Different transport solution schemes such as the first-order SN with
the discontinuous FEM, MOC, the second-order SN with the continuous FEM are planned to
be implemented into INSTANT.

4cm

Reflecting

R
ef

le
ct

in
g

Vacuum

V
ac

uu
m

−3 = 1.0 cm   sQ −1
tσ −1 = 1.0 cm

Figure 1 Mesh of the test problem.

The RB algorithm has been optimized with all techniques in [5], [6]. If not said otherwise, ω-
acceleration is turned on to accelerate RB iteration. Both A and A−1 are assembled also for CG
solves. If there is no RB preconditioning, only A is assembled for GMRes solves, otherwise
both the full A and A−1 are assembled like for CG solves.

A homogeneous 1-group 2D source problem is used to test the method as illustrated in Fig. 1.
The entire solution domain is covered by 10 × 10 grids. All grids are 4 by 4 cm squre. The left
and bottom boundaries are reflective; the right and top boundaries are vacuum. The total cross
section is 1.0cm−1. The external source is uniform isotropic with 1.0cm−3s−1. All results are
obtained with a PC on a single core of Intel Core 2 Duo CPU E8400 at 3.00 GHz.
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PN order N and the interface polynomial order psur f of the low-order RB preconditioner or-
der are set to 1 and 0 respectively. Combinations with different scattering cross sections σs =
{0.5, 0.7, 0.9, 0.99, 0.999, 0.9999}cm−1, different interface polynomial orders psur f = 0, 1, · · · , 4,
different PN orders from 3 to 13 and different uniform mesh refinement levels from 0 to 2 are
tested. The interior polynomial order pint is set to psur f + 2 to meet the rank condition for
hybrid FEM.

The stopping criterion for the RB iteration is

maxe∈Γ

(
j
±,(n)
e − j

±,(n−1)
e

)

maxe∈Γ j
±,(n)
e

< ǫRB. (59)

We have employed the CG and GMRes drivers developed by CERFACS, which can be obtained
at: http://www.cerfacs.fr/algor/. The stopping criterion in CG solves is

∥∥BTA−1Bχ − BTA−1b
∥∥

2

‖χ‖2

< ǫCG. (60)

The stopping criterion in GMRes solves is similar to the one of CG. The control parameters that
we used to control the iteration are: α = 1, β = 0; αP = 1, βP = 0. (Readers are referred to the
manual on CERFACE website for more details.) The convergence tolerance ǫRB on the scalar
partial currents is set to 10−8. Due to the difference on the convergence criteria of Krylov solvers
and the RB iteration, we numerically choose the convergence criteria of Krylov solvers so that
the same-order RB preconditioning make them converge in one iteration. Results show that
depending on the tolerance satisfying the above criterion changes. The convergence tolerance
ǫCG to match RB 10−8 for the set of tested cross sections are {10−9, 10−9, 10−9, 10−7, 10−5, 10−4}.
The convergence tolerance ǫGMRes are {10−9, 10−9, 10−9, 10−8, 10−7, 10−5} respectively. GMRes
is restarted every 50 iterations.

Table I shows the averaged CPU time in the iterations in micro-seconds per iteration per el-
ement. These grind times are obtained on a grid with 1 level of global refinement, i.e., with
400 elements. Sufficient numbers of iterations are conducted to assure that the statistical error
of the grind times are small. Scattering ratio and the convergence criterion are irrelevant on
gathering these results. We can see that when PN order increases by 2 or face polynomial order
increase by 1, the grind time is about doubled. Grind time of RB iteration for diffusion calcula-
tions is smaller than 1µs. Ratio of grind times between RB and CG is about 5 to 7. Investigation
reveals that the number of non-zeros in A is few times smaller than number of non-zeros in
A−1. And their ratio is decreasing with orders, which explains why the ratio of grind times
between GMRes and RB is varying with orders..

To investigate how the number of elements affects the grind time. Another set of calculations is
done with 100 elements and results are collected in Table II. It can be seen that the grind times
for RB and CG scale with number of elements. With more elements, grind times for RB and CG
are slightly reduced. With more elements, grind time for GMRes is reduced, which is due to
some non-scalable operations (overheads) in GMRes algorithm.

A sparse-matrix module is designed for assembling all elementary matrices. The memory cost
on one set of elementary matrices of RB, CG (A and A−1) and GMRes (only A) are shown
in Table III in kB. The memory cost increases considerablely with the PN order. The CPU time
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on assembling one set of elementary matrices of RB, CG and GMRes are shown in Table IV in
milliseconds. Calculation is repeated 100 times to reduce the statistical error in the CPU-time.

Results about the low-order RB preconditioner of a representative problem with Ncell = 400,
PN = 7, psur f = 3 are presented in Table V and Table VI to different refinement levels. The
partitioned algorithm can be seen as a preconditioned RB iteration. The pre-computing times
are obtained by assuming that types of all elements are different. Partitioned algorithm can
reduce CPU time of RB iterations notably higher scattering ratio c > 0.9. Using low-order RB
iteration as the preconditioner for CG can reduce CPU time notably when the scattering ratio
c > 0.9. The ratio between the preconditioner cost and the total computing time for CG in-
creases with the scattering ratio magnitude due to higher number of RB iterations are required
to sufficiently invert the low-order system. Using low-order RB iteration as the preconditioner
for CG makes CG a reasonable choice with scattering ratio close to 1. Using low-order RB iter-
ation as the preconditioner for GMRes makes GMRes also an option for solving the PN-hybrid
FEM system. The ratio between the preconditioner cost and the total computing time for GM-
Res is notably high due to the cost related to the application of the restriction and prolongation
operators. Investigations show 10 low-order RB iteration are sufficient to precondition GMRes.
For scattering ratio close to 1, this number should be slightly increased. These computational
time results agree with the grind time results presented above.

Table I Grind times of RB, CG and GMRes.

Face polynomial PN order
order psur f 3 5 7 9 11 13

0 0.89 a 2.04 4.28 9.00 16.15 27.67

0.9 b 6.6 7.1 5.9 5.5 4.9
0.9 c 8.0 7.9 6.2 5.2 4.3

1 1.44 4.44 11.87 26.24 51.30 92.60
7.9 6.8 6.0 5.5 5.0 4.7
9.0 7.1 5.3 4.0 3.1 2.7

2 2.66 10.02 25.82 58.80 115.11 209.20
7.2 5.6 5.4 4.9 4.7 4.5
7.9 5.1 3.9 2.9 2.6 2.1

3 3.55 14.27 40.77 95.54 198.81 361.01
8.3 6.8 6.2 5.7 5.3 5.2
8.7 5.6 3.9 3.1 2.4 1.9

4 5.86 24.01 65.86 155.18 306.08 564.58
7.7 6.7 6.4 6.1 6.2 6.7
7.8 5.3 4.0 3.2 2.5 1.9

a The grind times of RB iterations in µs.
b Ratio between the grind time of CG solves and of RB iterations.
c Ratio between the grind time of GMRes solves and of RB iterations.

Although RB iteration is highly optimized, when the number of element types is large, pre-
computing the elementary matrices will dominate the CPU time and put constraints on mem-
ory usage. For CG, on the other hand, the iteration time is about one order of magnitude higher
than RB iteration, but after considering the pre-computing time, it is comparable with the RB
algorithm. Although GMRes performs worse than CG in general, it can out-perform CG when
scattering ratio is close to 1. With higher PN order and/or surface polynomial order, the more
the numbers of elements, the better is the performance of CG and GMRes vs RB. There is still
room for optimizing CG and GMRes further that will be subject of future works.

Convergence of a selected problem with Ncell = 400, PN = 7, psur f = 3 and c = 0.999 are
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Table II Scalability of grind times of RB, CG and GMRes.

Face polynomial PN order
order psur f 3 5 7 9 11 13

0 1.69 a 1.25 1.14 1.07 1.03 1.02

1.19 b 1.10 1.05 1.04 1.01 1.01
1.07 c 0.98 0.95 0.94 0.94 0.95

1 1.43 1.07 1.05 1.03 1.02 1.01
1.10 1.03 1.00 0.99 1.00 1.00
1.03 0.93 0.92 0.93 0.93 0.87

2 1.21 1.06 1.03 1.02 1.01 1.00
1.06 1.02 1.02 1.01 1.00 1.00
0.97 0.94 0.95 0.93 0.81 0.77

3 1.18 1.04 1.04 1.01 1.00 1.01
1.08 1.02 1.01 1.00 1.00 1.00
0.95 0.92 0.93 0.82 0.76 0.77

4 1.12 1.02 1.00 1.00 1.01 1.01
1.03 1.00 1.00 1.00 1.00 1.00
0.95 0.94 0.89 0.80 0.80 0.82

a Ratio of the RB grind times between with 100 elements and with 400 elements.
b Ratio of the CG grind times between with 100 elements and with 400 elements.
c Ratio of the GMRes grind times between with 100 elements and with 400 elements.

Table III Memory cost on elementary matrices of RB, CG and GMRes.

Face polynomial PN order
order psur f 3 5 7 9 11 13

0 0.8 a 2.5 4.9 8.3 12.7 18.0

2 b 2 3 4 5 6
5 c 6 9 12 16 20

1 2.2 7.7 16.3 28.3 43.7 62.5
3 3 5 6 8 10
7 9 13 17 23 29

2 4.5 15.8 33.8 59.0 91.4 130.9
3 4 5 7 9 12
8 10 14 20 26 33

3 9.1 32.8 71.2 124.9 194.0 278.4
3 4 5 7 9 12
7 9 13 18 24 30

4 20.7 75.7 166.2 293.2 456.7 656.6
3 4 5 6 8 9
6 7 10 14 18 22

a Memory cost of one set of elementary matrices of GMRes in kB.
b Ratio between the memory cost of CG and of GMRes.
c Ratio between the memory cost of RB and of GMRes.
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Table IV CPU-time cost on elementary matrices of RB, CG and GMRes.

Face polynomial PN order
order psur f 3 5 7 9 11 13

0 0.03 a 0.07 0.13 0.22 0.34 0.47

2.0 b 2.4 2.9 3.3 4.0 5.0
7.4 c 8.4 11.5 14.1 18.4 23.8

1 0.07 0.20 0.39 0.70 0.97 1.37
2.5 3.0 4.1 5.6 8.9 13.2
8.2 10.6 15.8 22.1 34.9 50.5

2 0.11 0.37 0.76 1.30 1.95 2.78
2.9 3.7 5.7 8.8 14.2 21.1
9.9 13.1 20.4 32.0 49.1 71.1

3 0.21 0.72 1.50 2.56 3.96 5.99
3.0 4.2 7.0 11.8 18.8 26.8
9.4 13.3 22.2 35.9 55.5 76.4

4 0.48 1.58 3.39 6.32 10.11 15.63
2.9 4.3 7.3 11.4 17.5 24.9
7.6 11.5 19.2 29.2 43.5 59.1

a The CPU time on evaluating one set of elementary matrices for un-preconditioned GM-
Res in milliseconds.

b Ratio between the CPU time of CG and of GMRes on elementary matrices.
c Ratio between the CPU time of RB and of GMRes on elementary matrices.

Table V Lower-order RB accelerations for RB, CG and GMRes with Ncell = 100, PN = 7,
psur f = 3.

c RB CG GMRes

0.5000 70 a 56 b 0.29 c 0.06 d 0.28 e 3.7 f 3.98g 105 106 2.69 0.08 2.75 1.4 4.15 - h 98 - h 4.16 6.62 1.3 7.92
0.7000 68 55 0.28 0.05 0.27 3.7 4.00 108 110 2.77 0.02 2.88 1.4 4.28 - 102 - 4.50 6.90 1.3 8.20
0.9000 69 58 0.36 0.02 0.30 3.7 4.00 131 120 3.37 0.06 3.16 1.4 4.56 - 108 - 4.75 7.25 1.3 8.55
0.9900 65 61 0.27 0.02 0.32 3.6 3.95 229 100 5.77 0.45 3.05 1.3 4.35 - 95 - 4.38 6.51 1.3 7.81
0.9990 104 57 0.43 0.11 0.35 3.7 4.00 338 73 8.47 1.77 3.60 1.3 4.90 - 80 - 3.55 5.41 1.3 6.71
0.9999 308 49 1.27 0.25 0.46 3.7 4.16 421 56 10.54 2.48 3.96 1.4 5.36 - 46 - 2.17 3.21 1.4 4.61
a un-preconditioned number of iterations.
b preconditioned number of iterations.
c un-preconditioned iteration time.
d time spent in the preconditioner.
e preconditioned iteration time including time in the preconditioner.
f estimated pre-computing time.
g total computing time (summation of (e) and (f)).
h No data because numbers of cycles of unpreconditioned GMRes are thousands.

Table VI Lower-order RB accelerations for RB, CG and GMRes with Ncell = 400, PN = 7,
psur f = 3.

c RB CG GMRes
0.5000 96 77 1.57 0.25 1.49 15.2 16.69 158 159 16.06 0.19 16.37 6.0 22.37 - 142 - 24.75 39.16 5.6 44.76
0.7000 92 79 1.51 0.23 1.54 15.0 16.54 159 164 16.16 0.31 16.96 5.6 22.56 - 144 - 25.16 39.83 5.6 45.43
0.9000 92 83 1.51 0.30 1.65 15.3 16.95 202 169 20.43 0.64 17.84 6.0 23.84 - 145 - 25.28 40.21 5.6 45.81
0.9900 82 79 1.35 0.38 1.70 15.0 16.70 401 126 40.25 3.84 16.65 5.6 22.25 - 121 - 21.70 33.66 5.6 39.26
0.9990 145 67 2.35 0.72 1.86 15.1 16.96 657 79 65.65 12.41 20.58 6.0 26.58 - 94 - 16.88 26.36 5.6 31.96
0.9999 437 61 7.09 1.73 2.72 15.4 18.12 845 61 84.47 17.88 24.34 6.0 30.34 - 49 - 9.00 14.19 5.6 19.79
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Figure 2 Convergence of a selected problem.

showed in Fig. 2. Low-order RB preconditioner can reduce number of iterations for CG and
GMRes significantly.

5. CONCLUSIONS

In this paper, the formulations of PN-HFEM or VNM are revisited. A solution approach of
the PN-HFEM system of equations based on preconditioned CG and GMRes is investigated.
Preconditioning is strictly required for high-order CG calculations for problems with high scat-
tering ratio and optically thick cells, while preconditioning is a prerequisite for GMRes solver
always. The preconditioner cost with the RB iteration in terms of both memory and CPU time
can be kept low. Compared to the RB algorithm, Krylov solvers generally spend more CPU
times on iterations but get rid of part of pre-assembling cost in terms of CPU time and mem-
ory. When the number of element types is comparable with the total number of elements, these
savings will be significant compared to the iteration time. This could potentially make Krylov
solvers a reasonable alternative. The more the number of elements and the higher the dis-
cretization order, the more benefit we can gain from using the preconditioned Krylov solvers.
Further studies on optimization of Krylov solvers, both in matrix-vector operations and in pro-
longation and restriction of preconditioning, need to be conducted.
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