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Centre de Mathématiques et Informatique (CMI), Université de Provence
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ABSTRACT

The solution of the time-independent neutron transport equation in a deterministic way
invariably consists in the successive discretization of the three variables: energy, angle and
space. In the SNATCH solver used in this study, the energy and the angle are respectively
discretized with a multigroup approach and the discrete ordinate method. A set of spatial
coupled transport equations is obtained and solved using the Discontinuous Galerkin Finite
Element Method (DGFEM). Within this method, the spatial domain is decomposed into
elements and the solution is approximated by a hierarchical polynomial basis in each one.
This approach is time and memory consuming when the mesh becomes fine or the basis order
high.
To improve the computational time and the memory footprint, adaptive algorithms are
proposed. These algorithms are based on an error estimation in each cell. If the error is
important in a given region, the mesh has to be refined (h−refinement) or the polynomial
basis order increased (p−refinement). This paper is related to the choice between the two
types of refinement. Two ways to estimate the error are compared on different benchmarks.
Analyzing the differences, a hp−refinement method is proposed and tested.

Key Words: hp−refinement, error estimates, multigroup discretization, discrete ordinate
method

1. INTRODUCTION

Adaptive Mesh Refinement (AMR) method is increasingly used in various fields [12] in order to
improve convergence and/or reduce the computational efforts. This is of particular interest for
the simulation of cores with homogenized assemblies in transport theory due to the dimension-
ality of the problem and embedded iterations required to solve it. Actually, once this equation
has been discretized according to the energy with a multigroup approach and to the angle by a
discrete ordinate method, a set of coupled transport equations has to be solved. The flux φg

n in
the group g and direction ~Ωn satisfies [9]

~Ωn · ~∇φg
n(~r) + Σg

t (~r)φ
g
n(~r) =

∑

g′

∑

n′

Qg′→g
n′→n(~r) (1)
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where Σg
t is the total cross-section in group g and Qg′→g

n′→n(~r) is the neutron source containing
the sources resulting from scattering and fission. In the following, the energy g and angular n
indices are omitted unless necessary for the sake of clarity.

To enable hp− refinement process, a Discontinuous Galerkin Finite Element Method (DGFEM)
is implemented. The domain is decomposed into a Cartesian grid which can be non-conforming,
i.e. a node can be located on an edge (or a face in 3D), in order to perform h−refinement. In
each cell, the solution of Eq. 1 is approximated on a hierarchical polynomial basis [14] allowing
to easily implement p−refinement. A criterion for the choice between the two types of refinement
has to be addressed.

An approach has been proposed in [15] for the multigroup diffusion equations. Wang and
coworkers compared the flux φh,p with the flux φh

2
,p+1 obtained by increasing the polynomial

basis order and dividing the mesh size. This method leads to an exponential rate of convergence
but requires the computation of two numerical solutions. Prior to this work, Bey proposed
hp−methods based on mesh-dependent norms [2] and Houston used the dual problem in order
to perform hp−refinement to minimize a given functional [7].

In this work, we want to avoid the calculation of additional numerical solutions and to use the
regularity of the solution in order to choose between h− and p−refinement. In [3], Cockburn
shows that the L2−norm of the error converges as O

(

hmin(p+1,s)
)

, where h is related to the
mesh size, p is the polynomial basis order and s the regularity of the solution (φ ∈ Hs). An
illustration of this theoretical bound is discussed in Section 2. in order to study the impact of both
types of refinements on the convergence for analytically discontinuous solutions and continuous
solutions with non-continuous first derivatives. These two cases encompasses the regularity
conditions encountered in real core calculations. As regularity seems important to control the
rate of convergence, two estimators are used in the following. The first one [1], presented in
Section 3., requires high regularity hypotheses whereas the finite volume inspired estimator
described in Section 4. is derived without any regularity assumptions. Their comparison is done
in Section 5. leading to strategies to choose between h− and p−refinement which are then tested
and compared in Section 6..

2. ANALYSIS OF REFINEMENT STRATEGIES

Considering a given group g and angular direction n, the spatial error ep,h is defined as the
difference between the exact solution Φ and the computed one φh in the V p

h−space

ep,h = Φ− φh with φh ∈ V p
h =

{

v ∈ L2(D) s.t. ∀κ, v κ ∈ Qp

}

(2)

where Qp denotes the space of polynomial of degree at most p.

The convergence analysis is performed as a function of the number of degrees of freedom dof .
If the spatial mesh is decomposed into parallelograms κ and φh κ ∈ Qp , dof is defined by

dof =
∑

κ∈D

(pκ + 1)d (3)
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where pκ represents the polynomial basis order on cell κ and D ⊂ Rd (d = 2, 3) is the complete
spatial mesh. We shall also analyze the influence of the refinement strategy on the computa-
tional time for some numerical cases. The relationship between dof and time is generally not
possible to establish in a general framework.

We denote by ǫp,h the L2−norm of ep,h and analyze its convergence versus dof when h− or
p−refinements are performed. The comparison is done on benchmarks with solutions of escalat-
ing degrees of smoothness obtained in the framework of the Method of Manufactured Solutions
(MMS) [10]. The domain contains only one medium with Σt = 1 and Σs = 0. Two configurations
are of particular interest:

• The MMS0 benchmark generates non continuous solutions. It corresponds to the regularity
obtained for cores with embedded void regions. It is obtained by imposing a discontinuous
flux at incoming boundaries, leading to a discontinuous solution along the characteristic
lines. As an S2 quadrature is used, the characteristics are the two diagonal lines.

• The MMS1 benchmark generates continuous solutions but with discontinuous first deriva-
tives by imposing a constant incoming flux. As for the MMS0, the non-regularity is located
on the characteristic lines. This case is of particular interest because the regularity of the
solution is near from the one observed in real core configurations.

As mentionned in the introduction, assuming that Φ belongs to Hs, Richter [13] and more
recently Cockburn [3] proved that

ǫp,h = O
(

hmin(p+1,s)
)

(4)

This result was verified in [16] for variants of Larsen’s test case. They showed that the rate of
convergence is limited by the regularity except if the mesh is aligned with singularities. In this
last case, a hp+1 convergence is observed. In this section, an analysis of the behavior of the error
depending on h and p is performed to understand the results of hp−methods.

In the MMS0 or MMS1 context, as s is respectively equal to 1/2 and 3/2, Eq. 4 implies, in the
2D case, that there exists Cp independent of the mesh size such that

ǫp,h = Cph
s =

C
′

p

dofs/2
(5)

Thus,

log(ǫp,h) = log(C
′

p)−
s

2
log(dof) (6)
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Figure 1: L2−error for the MMS0 benchmark
with uniform refinement
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Figure 2: L2−error for the MMS1 benchmark
with uniform refinement

This result can be verified numerically on the MMS0 and MMS1 benchmarks by representing
ǫp,h(κ) on one diagonal cell as a function of the dof as shown in Figures 1 and 2. As the flux
minimum regularity is located on the diagonals, it is equivalent to study this cell or the whole
domain. The slope is independent of p and is equal to 1

4 (resp. 3
4) for the MMS0 (resp. MMS1)

case as expected by Eq. 6. As the power of h is limited by s, one may consider that increas-
ing the polynomial basis order is useless to improve the accuracy of the solution. However, as
the value of the parameter Cp strongly depends on p, this previous assumption has to be adapted.

To compare the different strategies, we use a quantity of interest representing the variation of
the logarithm of the error over the variation of the logarithm of dof i.e.















Jp→p+1,h =
|log(ǫp+1,h)−log(ǫp,h)|

log(dofp+1,h)−log(dofp,h)
for p-refinement

Jp,h→h/2 =
|log(ǫp,h/2)−log(ǫp,h)|

log(dofp,h/2)−log(dofp,h)
for h-refinement

(7)

The larger this quantity is, the better the strategy. In particular, p−refinement is better than
h−refinement according to this quantity if

Jp→p+1,h > Jp,h→h/2 (8)
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Inserting Eq. 5 in Eq. 8 leads to

|log(Cp+1h
s)− log(Cph

s)|

log(h−d(p+ 2)d)− log(h−d(p+ 1)d)
>

∣

∣

∣
log

(

Cp

(

h
2

)s
)

− log (Cph
s)
∣

∣

∣

log((p+ 1)dh−d2d)− log((p+ 1)dh−d)
(9)

|log(Cp+1)− log(Cp)|

d log
(

p+2
p+1

) >

∣

∣

∣

∣

s log(2)

−d log(2)

∣

∣

∣

∣

(10)

Cp+1 < Cp

(

p+ 1

p+ 2

)s

= Cpγp,s (11)

The left and right side of Eq. 11 for the MMS0 (resp. MMS1) benchmark in the 2D-case are
represented in Figure 3 (resp. Figure 4). While p ≤ 4, p−refinement is the best strategy.
Beyond this value, performing h− or p−refinement is quite equivalent. Thus, if the quality of
the strategy is only analysed in terms of dof , p−refinement may always be selected.
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Figure 3: Cp+1 and Cpγp,s coefficients as a
function of p for the MMS0 benchmark
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Figure 4: Cp+1 and Cpγp,s coefficients as a
function of p for the MMS1 benchmark

A finer analysis is performed to analyse the relationship between Cp and p. In Figure 5 (resp.
Figure 6), the logarithm of Cp is plotted against the logarithm of p for the MMS0 (resp. MMS1)
benchmark and a straight line with a slope close to the regularity s is observed. It implies

Cp = βp−s (12)

where β is an h and p independent constant.

Introducing Eq. 12 into Eq. 5 leads to

ǫp,h = β

(

h

p

)s

(13)
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Using this form, Eq. 11 can be rewritten as

1 >
log

(

p+2
p+1

)

log
(

p+1
p

) = f(p) (14)

f is an increasing function which rapidly tends to its asymptotic value of 1 (f(5) ≈ 0.85). This
is consistent with Figures 3 and 4.
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Figure 5: Cp versus p curvefitting in the
MMS0 benchmark
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Figure 6: Cp versus p curvefitting in the
MMS1 benchmark

This analysis, performed for uniform refinements, gives a first interesting conclusion for selecting
between h− and p−refinements. Despite the lack of regularity of the solution, performing
p−refinement seems to be a better strategy for small p values. When p becomes larger (≥ 4),
h−refinement may be preferred in regions where the flux is less regular in particular to limit the
increase of the computational cost. To choose the best strategy, two estimators with a different
behavior regarding the solution regularity are now presented and compared.

3. RADAU ESTIMATOR

This estimator was derived in [1] for a conforming mesh with a uniform polynomial basis order.
The proof requires the decomposition of the flux in a Taylor-serie which implies that the flux is
analytical (and in particular belongs to C∞). This estimator is based on the Radau polynomials
Rp+1 defined by

Rp+1(s) = Lp+1(s)− sgn(Ωs)Lp(s) (15)

where Lp is the Legendre polynomial of order p and sgn is the sign function.
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If Φ is the exact solution of Eq. 1 and φ the approximate one, then the local error e is given by

e(x, y) =
∞
∑

k=p+1

hkQk(x, y) with Qp+1(x, y) = βxRp+1(x) + βyRp+1(y) (16)

The estimator Er is obtained by neglecting the terms of order greater than (p+ 1) i.e.

Er = βxRp+1(x) + βyRp+1(y) (17)

where βx and βy are the solutions of







(

4Ωx + 2Σt ‖Rp+1‖
2
)

βx =
∫

κ

(

Qg
n − ~Ω · ~∇φ− Σtφ

)

Rp+1(x)dxdy
(

4Ωy + 2Σt ‖Rp+1‖
2
)

βy =
∫

κ

(

Qg
n − ~Ω · ~∇φ− Σtφ

)

Rp+1(y)dxdy
(18)

Computing such an estimator only requires to project the residual on a given polynomial basis.
The calculation is done locally (cell by cell) for each energy group and each direction. Thereby,
it is easy and fast to compute. Besides, it is efficient, i.e. its behavior is close to the real error,
when the solution is regular [6]. This latter reference also contains an analysis of the impact of
non-conformities, non uniform polynomial basis order and regularity on this estimator.

4. FINITE VOLUME INSPIRED ESTIMATOR

Eymard and coworkers [4] proved the existence and uniqueness of the approximate finite volume
solution and derived an error estimate for a general transport equation. This estimate which
only depends on the approximate solution was used to drive a refinement process in [8] and
extended to a Finite Element Method in [11].

It assumes a low regularity on the flux which should only belong to
the space of functions with bounded variation (BV). In our context,
the estimator is the overall jump in the inflow cell boundaries

Efv
κ = |Ωy|

∫

∂κx

|φκ − φbottom| dx+ |Ωx|

∫

∂κy

|φκ − φleft| dy (19)

The notations are given in Figure 7.

φκ

φbottom

φleft ∂κy

∂κx

�~Ω

Figure 7: Notations in
the FV context

This estimator is also easy and fast to compute and gives a good indication on the regularity of
the solution by measuring the jump of the solution between two cells.

Finally, note that the extension of the two estimators to the three dimensional case is straight-
forward.
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5. COMPARISON OF THE TWO ESTIMATORS

The main goal of this paper is to find a way to combine the two estimators in order to choose
between h− and p−refinement. If the solution is regular, the two estimators should exhibit the
same behavior and p−refinement is preferred. On the opposite, when the regularity hypotheses
required by Er are not satisfied, differences should appear and h−refinement has certainly to be
performed, at least for large values of p in order to reduce the computational cost as explained
in Section 2.. To validate these ideas and to find a strategy to choose between the two types of
refinement, the estimators are compared on the MMS0 and MMS1 benchmarks.

To make possible the comparison, the two error estimators Er and Efv are normalized to their
maximum. In the following, tilde-notation is used for normalized quantities. Their behaviors
are compared with a local L1−error norm between the calculated solution φ and the reference
Φ. On a given element κ,

ǫκL1 =

∫

κ
|Φ− φ| (20)

In the following, the different directional errors are combined as

Eκ =
∑

n

wnE
n
κ (21)

where wn are the angular quadrature weights. The refinement process is then driven by such a
quantity in order to keep the same spatial mesh for all directions.

Starting from a uniform mesh with a constant polynomial basis order equal to 1, the adaptive
refinement process is performed with the FV inspired estimator. A cell κ is refined if

Efv
κ > αmax

i
Efv

i with α ∈ [0, 1] (22)

For this study, we choose α = 0.9 in order to slowly refine the mesh. In this section, the
polynomial order is fixed to 1. Modifying this order does not change the conclusions presented
in the following. At each step, the estimators and the real error are compared.

5.1 Comparison on the MMS0 Benchmark

The behavior of the two estimators and the real error is presented in Figures 8 to 10 for the
initial mesh and after 6 refinement steps in Figures 11 to 13.
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Figure 8: Ẽfv (64 cells) Figure 9: Ẽr (64 cells) Figure 10: ǫ̃L1 (64 cells)

Figure 11: Ẽfv (208 cells) Figure 12: Ẽr (208 cells) Figure 13: ǫ̃L1 (208 cells)

As the solution is discontinuous accross the diagonals, its representation is more difficult in this
region. It explains why the error ǫL1 is located along the characteristic lines. The estimators
are expected to have the same behavior and locate the discontinuities in order to refine these
parts.

Efv locates the error on the characteristic lines. It begins by refining the corners (cells with the
larger error in Figure 8) and then progresses along the diagonals (Figure 11). On the opposite,
the behavior of Er is not correct. Figures 9 and 12 show that the most important errors are lo-
cated just above and below the characteristics but not along these lines. Leading the refinement
with such an estimator for a discontinuous solution gives an unadapted final mesh as shown in
Figure 15 contrary to the one obtained with Efv (Figure 14).

This first benchmark gives us some indications in order to perform hp−refinement. In the cells
where the solution is discontinuous, cells are tagged to be refined by Efv but not by Er. In this
case, h−refinement has to be done. If cells are only tagged by Er, e.g. the cells located above
and below the diagonals, the relative error (normalized by the maximum) is probably made high
by the maximum that is poorly approximated. In this case, the cell is not modified at this step.
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Figure 14: Mesh obtained when refining with
Efv (724 cells)

Figure 15: Mesh obtained when refining with Er

(724 cells)

5.2 Comparison on the MMS1 Benchmark

The estimators and the real error are compared in Figures 16 to 21 for this benchmark with a
non-continuous first derivative solution.

Figure 16: Ẽfv (256 cells) Figure 17: Ẽr (256 cells) Figure 18: ǫ̃L1 (256 cells)

Figure 19: Ẽfv (460 cells) Figure 20: Ẽr (460 cells) Figure 21: ǫ̃L1 (460 cells)

Even if it is only the first derivative of the solution that is discontinuous, the maximum error
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is still located along the characteristic lines (Figures 18 and 21). The behaviors of the two
estimators are closer than in the MMS0 benchmark. Particularly for the conforming mesh, it
is difficult to distinguish between the two estimators (Figures 16 and 17). It means that the
solution is sufficiently regular to make Er and Efv equivalent. In this case, p−refinement could
be performed.

Figures 19 and 20 lead to the same conclusion than MMS0. As Er underestimates the error in
some parts, it could lead to refine some cells where the real error is not important. Actually, due
to non-conformities, the error on the diagonal cells is underestimated, as the error is normalized
by the poorly approximated maximum, it leads to an artificial increase of the error in regions
where the flux is regular. If the mesh presented in Figure 20 is refined according to Er, it leads
to select many cells outside the diagonal lines where the real error ǫL1 is low. On the opposite,
a refinement according to Efv chooses the cells on the characteristic lines where ǫL1 is the most
important.

The analysis of these two benchmarks confirms the choice of Efv to lead the refinement process.
The estimator Er can be used to give additional information about the regularity of the solution
in a given region when compared to Efv. It leads to two strategies for the hp−refinement sum-
marized in Table I and II. The first one is only based on the analysis of the two estimators, the
second one takes into account the remarks made in Section 2., that is, to perform p−refinement
for p ≤ 4.

Er > criterion Er < criterion

Efv > criterion p−refinement h−refinement

Efv < criterion wait no refinement required

Table I: First refinement strategy (hp1−strategy)

Er > criterion Er < criterion & p ≤ 4 Er < criterion & p > 4

Efv > criterion p−refinement p−refinement h−refinement

Efv < criterion wait no refinement required no refinement required

Table II: Second refinement strategy (hp2−strategy)

6. HP-REFINEMENT STRATEGY

The strategies presented in Table I and II are implemented and tested on the MMS0 and MMS1
benchmarks. The representation of ǫp,h as a function of dof for the different refinement strategies
on the MMS0 (resp. MMS1) benchmark is given in Figure 22 (resp. Figure 24). Two regions
can be distinguished in these Figures.
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Figure 22: L2−error versus dof for the MMS0
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Figure 23: L2−error versus time for the MMS0
benchmark with different refinement strate-
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While dof ≤ 2000, p−refinement is the best strategy. As explained in Section 2., it is more
efficient to increase p and therefore decrease Cp at the beginning than to split the mesh. Sur-
prisingly, both proposed hp−strategies are less efficient. With the hp1−strategy, as the solution
is discontinuous, h−refinement is often performed. For the MMS0 benchmark, it is the case
from the points 0 to 1 (referring to the numbered points in Figure 22) and beyond point 2;
p−refinement is done only between points 1 and 2. As detailed in Section 2., even if the solution
is non-regular, p−refinement converges faster for small values of p. The improvement obtained
with the hp2−algorithm is clear. Up to point 1, only p−refinement is performed, leading to the
best convergence rate. Then the refinement progresses by alternating h−refinement (from 1 to 2,
3 to 4, 5 to 6 with the same convergence slope than the exclusive h−methods) and p−refinement
(from 2 to 3 and 4 to 5), leading to the same accuracy as the exclusive p−refinement method
for dof ≈ 2000. Thus, the order of the polynomial basis and therefore the computational cost
has been limited without damaging the convergence.

The analysis becomes different for dof larger than 2000. p−refinement converges more slowly,
becoming less interesting than all the other strategies. This result is surprising as a regard of
Eq. 13. For uniform refinement, the logarithm of the error converges proportionnaly to the
logarithm of p and it is no more the case in the adaptation process. Actually, the estimator
tends to refine more than expected the corner cells (Figures 16 and 19) and not enough the
central ones where the error is underestimated. For large values of p, this phenomenon is more
important and, at each step, only corner cells are refined. The choice of α close to 1 exacerbates
the effect as only few cells are selected to be refined: a bad estimation of the maximum error
location can lead to a very poor adaptive process. It is still an open problem to understand the
bad behavior of the estimator for large values of p.
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On the opposite of p−methods, h−refinement has a constant convergence rate which is equal to
the regularity of the solution. If such strategies are less interesting for a small number of dof
because of the decay of Cp with p, they unconditionally ensure the convergence. A combination of
the h and p strategies in the hp2−method is really efficient. Actually, we combine the advantages
of p−refinement at the beginning to decrease the value of Cp and then ensure a constant rate
of decay. This analysis remains valid regarding the calculation time (Figure 23). Therefore,
problems due to large values of p are enhanced and the performance of hp2 method is confirmed.
The interested reader is referred to [5] for further illustrations of the relationship between time
and dof .
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Figure 25: L2−error versus time for the MMS1
benchmark with different refinement strate-
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The conclusions are quite similar for the MMS1 benchmark. The behavior of p−refinement is
the same and h−refinement with p = 1 is less efficient compared to other strategies than for
the MMS0 benchmark. The two hp−strategies and the h−refinement with p = 2 are equivalent.
An other interesting aspect is the oscillation in the convergence of the h−refinement with p = 1
observed in Figure 25. This phenomenon is related to the choice of the constant α in Eq. 22.
To compare more precisely the different strategies, α is chosen close to 1 which can cause
instabilities. The proper choice of α is still an open problem not only from the spatial AMR
point of view but also in a larger perspective. Indeed, Eq. 1 has to be solved for each energy group
and each direction and the source-flux coupling implies embedded iterations. The choice of α
may be linked to the global convergence of the transport solution and related to the convergence
reached by the different iteration loops.

7. CONCLUSIONS

We have presented different ways to perform hp−adaptive refinement for the neutron transport
equation. The first one is solely based on the comparison of the two error estimators, Efv and
Er, in order to choose between h− or p−strategy. This approach relies on the theoretical order of

2011 International Conference on Mathematics and Computational Methods Applied to
Nuclear Science and Engineering (M&C 2011), Rio de Janeiro, RJ, Brazil, 2011

13/15



D. Fournier and R. Le Tellier

convergence of the computed solution which is limited by the regularity of the solution. However,
this analysis is partial because it considers only the asymptotic convergence rate and not the
behavior for a small number of dof which is highly dependent on the polynomial basis order
(through the Cp parameter in Cph

s, the a priori convergence rate). The convergence behavior
has been studied leading to the conclusion that p−refinement is always the best strategy for small
values of p. Taking into account this observation, a second strategy favouring p−refinement while
p is smaller than 4 has been proposed. This strategy has been tested and compared to other
methods on the MMS0 and MMS1 benchmarks giving good convergence results both in terms
of dof and calculation time. Tests on real core configurations have to be performed.
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