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ABSTRACT 

 
In support of adjoint-based sensitivity analysis, this manuscript presents a new 
method to efficiently transfer adjoint information between components in a multi-
component model, whereas the output of one component is passed as input to the 
next component. Often, one is interested in evaluating the sensitivities of the 
responses calculated by the last component to the inputs of the first component in 
the overall model. The presented method has two advantages over existing 
methods which may be classified into two broad categories: brute force-type 
methods and amalgamated-type methods. First, the presented method determines 
the minimum number of adjoint evaluations for each component as opposed to the 
brute force-type methods which require full evaluation of all sensitivities for all 
responses calculated by each component in the overall model, which proves 
computationally prohibitive for realistic problems. Second, the new method treats 
each component as a black-box as opposed to amalgamated-type methods which 
requires explicit knowledge of the system of equations associated with each 
component in order to reach the minimum number of adjoint evaluations. 
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1. INTRODUCTION 
 
The challenges facing sensitivity analysis algorithms continue to grow as engineering systems’ 
models become more complex. In particular, a modeling strategy that has found wide application 
in many engineering disciplines is the so-called multi-scale multi-physics phenomena modeling. 
In this modeling strategy, several models are employed to describe system behavior starting with 
detailed first principles fine scale models and ending with coarse scale models to predict the 
system’s macroscopic performance metrics. From a high level, this modeling strategy may be 
viewed as an assembly of numerous models coupled together in various manners to account for 
the different scales and physics that affect system behavior. The interconnectivity of the models 
complicates the manner in which sensitivity information is transferred between the models. In 
particular, we focus in this manuscript on adjoint sensitivity analysis. Although, powerful adjoint 
sensitivity analysis tools may exist for the individual scales and/or physics models (often referred 
to as single-physics or single-scale adjoints, and hereinafter denoted by single-component 
adjoints), there is often no generally accepted way to formulating a global adjoint for the multi-
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scale multi-physics model (denoted hereinafter by multi-component model). A global adjoint is 
often much more complicated to implement and must be planned in advance for the particular set 
of components’ models. Given the dynamic nature of code development and the need to utilize 
and exchange models frequently, it is paramount to design sensitivity analysis algorithms that 
can generate sensitivity information for multi-component models from the single-components’ 
adjoints. This is a challenging task since a global adjoint for a multi-component model depends 
on the manner in which the single-components’ models are connected. 
 
This manuscript discusses a new method to elucidate the coupling of adjoint sensitivity 
information between different components’ models in a multi-component model [1]. The method 
combines the advantages of two existing methods for evaluating sensitivity information for a 
multi-component model: the brute force methods1

2. MATHEMATICAL DESCRIPTION OF THE PROBLEM 

 [2] and the amalgamated methods [3]. The 
brute force method is simple to implement but as will be shown in the next section requires 
significant computational overhead. The amalgamated method minimizes the number of adjoint 
evaluations but requires great insight into the components’ models. Revealed in the next section 
are the differences between these two methods and the new method to combine their advantages. 
 

 
Consider a general multi-component model composed of K components models (each 
component’s model is implemented in the form of a computer code), where each component’s 
model may represent a different scale and/or physics. This general representation supports the 
generic manner proposed to transfer information between the various components’ models. Let 
Θ


 denote the corresponding mathematical operator for the overall model which may be 
comprised of linear and/or nonlinear equations: 
 

( )y x= Θ


  ,                                                                  (1) 
 
where the input data (independent variables) are denoted by an n-tuples vector nx∈  ( n

  is 
referred to as the input space); and the output responses (dependent variables) are denoted by a 
vector my∈  ( m

  is the output space). The various components’ models comprising the overall 
model can be described by: 
  

( ) ( ) ( ) ( ) ( )1 1 1 2 1 2 2 1 1 1, ,......., ,...., , .K K K K K k k ky z z z z z z z z x− − − − −= Θ = Θ = Θ = Θ = Θ
    

         ,       (2) 
 
where kz  is the output (assumed to consist of km  elements, km

kz ∈  ) of the kth component, kΘ


, 
which is passed as input to the next component, 1k+Θ



. Using the chain rule of differentiation, the 
first-order derivatives of the output responses y  with respect to the input data x  are given by: 
 

                                                 
1 The terminology ‘brute force’ does not refer to its common usage for calculating first order derivatives using a finite difference 
approach. In this context, it refer to the brute force transfer of sensitivity information between different codes according to the 
chain rule of differentiation, see Eq. (3). 
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1 2 1

1 2 1 1

1 2 1

... ...

      ...   ...   

kK

K K k

K K k

dzdz dz dzdy dy
dx dz dz dz dz dx

−

− − −

−

= × × × × × ×

= × × × × × ×Θ Θ Θ Θ Θ Θ

    

                                       (3) 

 
This is a product of K  matrices, each representing the sensitivity matrix associated with one 
component. For example, the sensitivity matrix 1k k kdz dz −=Θ    contains the sensitivities of the 

km  responses calculated by the kth component with respect to its 1km −  inputs and therefore has 
dimensions 1k km m −× . The matrix Θ , representing the product of all sensitivities matrices, will 
be denoted hereinafter by the global sensitivity matrix. Evaluating the global sensitivity matrix 
with minimized executions of each component’s model represents the goal of this paper.  
 
Two types of methods may be utilized to determine the global sensitivity matrix. The first 
method, denoted hereinafter by the brute force method, determines the sensitivity matrix 
associated with each component’s model, and then performs the K-matrix products in Eq. (3). In 
this method, one could use either the forward or the adjoint sensitivity analysis approach for each 
component, depending on which approach would be computationally more favorable2

bruteforce 1 2 1total adjoint evals .... ....K K km m m m m−= + + + + + +

. To 
simplify the initial discussion, we assume that the adjoint approach is considered more favorable 
for all the components. With only the adjoint SA employed, each component model has to be 
executed in an adjoint mode a number of times equal to the number of its output responses, 
thereby requiring a total number of adjoint evaluations for all components that is given by: 
 

                       (4) 
 
The second method, referred to hereinafter as the amalgamated method, recognizes that if the 
equations describing each component’s model are available, one could combine all equations to 
form one overall model with m  output responses. Given the equations describing the overall 
model, one could formulate the associated global adjoint problem which would require only m 
adjoint executions of the overall model to evaluate the global sensitivity matrix. If implemented 
carefully, each adjoint execution of the overall model implies one adjoint execution for each 
component. With K  components comprising the overall model, the total number of adjoint 
evaluations (as compared to the brute force approach) would be: 

 
amalgamatedtotal adjoint evals K m= ×                                                    (5) 

 
which is independent of the number of output responses of the first 1K −  components. To 
achieve that, one needs to write down all the equations corresponding to the overall model, set up 

                                                 
2 The forward sensitivity analysis suits problems with few inputs and many output responses. The derivatives are calculated 
using a finite differencing approach by running the code as many times as the number of input data. In each run, one input data is 
perturbed and the corresponding derivatives of all responses with respect to the perturbed input data are calculated. The adjoint 
sensitivity analysis is employed for problems with few responses and many input data. In this approach, the derivatives of one 
response with respect to all input data could be calculated in one execution of the adjoint code. The adjoint code is executed once 
for each response of interest. 
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the associated adjoint problem, and break it down into K adjoint problems, each associated with 
a component’s model as done by amalgamated-type methods [3].  
 
We present below an alternative method to reach the same goal but without access to the 
equations comprising each of the K components. The discussion in this manuscript is confined to 
well-conditioned sensitivity matrices only. Earlier work has shown that sensitivity matrices 
associated with reactor calculations are extremely ill-conditioned, and has demonstrated that one 
may exploit this ill-conditioning to reduce the amount of computational burden required to 
propagate sensitivity information [4]. Generalization of our new method to ill-conditioned 
sensitivity matrices may be found in Ref [1]. 
 
To reveal the mechanics of the new method, we need to recall some properties of the adjoint 
sensitivity analysis approach. To avoid clouding the discussion with too many subscripts, we 
adopt simplified notations in which the kth component’s model and its associated inputs and 
outputs are described by: 

 
( )u v= Θ


  ,                                                                   (6) 
 
where km

kz ∈  , 1
1

km
kz −
− ∈


 , and kΘ


 are replaced, respectively, by mu∈  , nv∈  , and Θ


. 
The sensitivity matrix Θ  associated with this component’s model is given by: 
 

[ ] ,  and m ni
ij

j

du
dv

×= ∈Θ Θ                                                      (7) 

 
In the adjoint sensitivity analysis approach, the above system of equations is broken up into two 
systems of equations, one for the state dependent variable φ



 and one for the response of interest, 
written below for the ith response iu  as: 
 

( , ) ( );  and ( , )i iv Q v u u vφ φΠ = =
  



                                                   (8) 
 
A change in the input data v  induces changes in the operator Π



 and the right hand side Q


, 
which perturbs the state dependent variable φ



 and consequently the response iu . In the adjoint 
sensitivity analysis approach one avoids solving for the state dependent variable perturbations by 
setting up an adjoint problem of the form: 
 

*
* ( , )( , ) i

i
u vv φφ φ

φ φ
  ∂∂Π

= ∂ ∂ 








                                                       (9) 

 

where the ( )*( , )v φ φ∂Π ∂
 

 represents the adjoint of the operator ( , )v φ φ∂Π ∂
 

  taking into account 
the appropriate boundary conditions (see reference [3] for detailed discussion on the construction 
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of the adjoint operator). The adjoint solution *
iφ


 is then used to evaluate the sensitivities of iu  
with respect to the inputs employing an inner product of the form: 
 

*( , ) ( , ),i i
i

du u v Q v
dv v v v

φ φφ
 ∂ ∂ ∂Π

= + − ∂ ∂ ∂ 

  


 



   

,                                   (10) 

 
where the first term denotes the direct effect on the response resulting from changes in the 
inputs, and the second, the indirect effect, from changes in the state dependent variable. This 
process produces the ith row of the sensitivity matrix Θ  in Eq. (7). Therefore, it has to be 
repeated for each response, implying a total of m adjoint executions to build the sensitivity 
matrix Θ .  
 
Now, consider repeating the process above for a different response of the following form:  

 

1
( , )

m

i i
i

u w u v φ
=

=∑




                                                          (11) 

 
This pseudo response represents a linear combination (with { }iw  defining the weights) of the 

original model’s responses { }iu . Next, differentiate the above equation with respect to φ


: 

 

1

( , )m
i

i
i

du vdu w
d d

φ
φ φ=

=∑






 

 
 

Determine the adjoint solution (denote it by *φ


 ) associated with this pseudo response from: 

 
*

*

1

( , )( , ) m
i

i
i

u vv w φφ φ
φ φ=

  ∂∂Π
= ∂ ∂ 
∑










 

 
 

Given that the above equation is linear with respect to the right hand side, one can re-write the 
resulting adjoint solution *φ



  as: 
 

* *

1

m

i i
i

wφ φ
=

=∑
 

 , 

 
where *

iφ


 is the adjoint solution associated with the ith response as obtained from Eq. (9). Now, 
forming the associated inner product in a similar manner to Eq. (10) yields: 
 

*

1 1

( , ) ( , ),
m m

Ti i
i i i

i i

u v dudu Q vw w w
dv v v v dv

φ φφ
= =

  ∂ ∂ ∂Π = + − = =  ∂ ∂ ∂   
∑ ∑ Θ

  


 







    

                (12) 
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This result implies that one can calculate linear combination of the rows of the matrix Θ  by 
executing the adjoint mode only one time employing a pseudo response as defined in Eq. (11).  
 
To illustrate how the property in Eq. (12) could be utilized to minimize the number of adjoint 
model executions, we consider a simplified chain consisting of two components only, with 
component #1 receiving n inputs and producing 1m  outputs and component #2 receiving the 1m  
outputs from component #1 as inputs and calculating one response. In this case, the system in 
Eq. (2) and Eq. (3) reduces to: 
 

 ( ) ( ) 1
2 1 1 1

1

,  and ,  and dzdy dyy z z x
dx dz dx

= Θ = Θ = ×


 

 

                                   (13) 

 
Note that 1

1
mdy dz ∈   is a row vector, and 1

1
m ndz dx ×∈

  a matrix. Let: 1
Tw dy dz=  , and 

1dz dx=Θ  , and based on the previous discussion, one can determine the vector matrix product 
in Eq. (13) by designing a pseudo response for component #2 as defined in Eq. (11). This 
requires one to adjoint-execute component #2 first to determine 1dy dz , followed by the adjoint 
execution of component #1 for the pseudo response. Note that, in this approach, the full 
sensitivity matrix of component #1, Θ , is never calculated. A generalization of this procedure 
for a multi-component model consisting of K components may be found in Ref [1]. 
 

3. CASE STUDY 
 
This section demonstrates the proposed algorithm for a simplified sodium-cooled fast reactor 
core model. The reactor core consists of several regions that represent the various fuel 
assemblies (e.g., driver assemblies, reflectors, etc.), coolant channels, and shielding materials. 
Each region is assumed to have homogenous cross-sections. The selected model’s response is the 
k-eigenvalue which describes whether the reactor is critical, supercritical, or subcritical, and the 
input data represent the various regions cross-sections (fission, capture, elastic and inelastic 
scattering) in a 33 energy group format. To simulate a multi-component model, the calculations 
are broken down into 3 steps, each with a different level of cross-sections homogenization. The 
first component’s model employs the ERANOS code to solve for the flux in a 33 group format 
and employs the flux to energy-collapse cross-sections into a 19 group format. The collapsed 
cross-sections are then employed by the second component’s model, which is a diffusion code 
employed to further collapse cross-sections in energy and space into a 3 energy group structure. 
Finally, the third component model calculates the critical eigenvalue using a 1D one-group 
model. The buckling for the 1D model is selected to preserve the neutron leakage from diffusion 
calculations. Table 1 lists the components’ models, and their associated input data and output 
responses. 
 

Table 1. k-eigenvalue Multi-Component Model 
Component # Model Input Data Output Responses Sensitivity 

Analysis 
1 33G/3D nx∈  :  1

1
mz ∈  :  Adjoint 
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Transport 33G 3D-Region-
Dependent Cross-
Sections 

19G 2D-z-Averaged-
Region-Dependent 
Cross-Sections 

1dz
dx





 

2 19G/2D 
Diffusion 

1
1

mz ∈   2
2

mz ∈  :  
1G-zy-Averaged-
Region-Dependent 
Cross-Sections 

Adjoint 
2

1

dz
dz





 

3 1G/1D 
Diffusion 

2
2

mz ∈   1y∈ : k-eigenvalue Forward 

2

dy
dz

 

 
The sensitivity matrices associated with component’s #1, #2, and #3 are evaluated using, 
respectively, the adjoint, adjoint, and forward sensitivity approaches as described in Table 1.  
 
The resultant sensitivity matrices for each component’s model are then multiplied as in Eq. (1) to 
give the overall model sensitivity profile shown in Table 2 (for some region inside the core). The 
sensitivity profile is a vector of relative sensitivity coefficients of the response with respect to 
model’s input data. Instead of showing the sensitivities coefficients for the 33 group values for 
all the microscopic cross-sections, Table 2 condenses the results into 3 group format for easier 
viewing in terms of the macroscopic cross-sections, defined by: 

( )

relative

( )

i xg
g S G xgxG

xG xG
i xg

g S G

dkN
dddk dk

d k N

σ
σσ

σ σ σ

∈

∈

  = =  
   

∑

∑
 

where n denotes ‘normalization’, G is an index that runs over the coarse groups, i.e., G=1, 2, 3, 
and g runs over the 33 group values, g=1, 2, …, 33; and S(G) is a set of fine group indices that 
belong to a coarse group. 
 
Also, compared in the Table 2, are the sensitivities obtained using the proposed approach, 
wherein one proceeds as follows: 
1. Employing component #3’s model, calculate the sensitivity of k-eigenvalue with respect to 

the 1G-zy-Averaged-Region-Dependent Cross-Sections, that’s 
2

dy
dz

.  

2. Let 2
2

dyw
dz

=


 

3. Design a pseudo response for component #2 adjoint model given by: 
2

2 2 2
1

m

i i
i

z w z
=

=∑  

4. Execute component #2’s adjoint model to determine 2

2 1

dzdy
dz dz

×


 

 

5. Let 2
1

2 1

dzdyw
dz dz

= ×
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6. Design a pseudo response for component #1 adjoint model given by: 
1

1 1 1
1

m

i i
i

z w z
=

=∑  

7. Execute component #1’s adjoint model to determine 2 1

2 1

dz dzdy dy
dz dz dx dx

× × =
 

  

 

8. END 
 

Table 2. Comparison of the Brute-Force and Proposed Sensitivity Analysis 
 

idk dσ  Brute Force Proposed 

1fdk dσ  0.611669232 0.611669231 

2fdk dσ  0.011692153 0.011692174 

3fdk dσ  3.08698E-05 3.08708E-05 

1cdk dσ  -0.198198048 -0.198198051 

2cdk dσ  -0.012071877 -0.012071796 

3cdk dσ  -3.16785E-05 -3.16924E-05 

1eldk dσ  0.033764106 0.033764218 

2eldk dσ  0.000779559 0.000780262 

3eldk dσ  -7.12252E-07 -7.19768E-07 

1ineldk dσ  -0.016820447 -0.016820434 

2ineldk dσ  8.31728E-11 5.95223E-11 

3ineldk dσ  2.26718E-11 4.16052E-11 
 
In the table above f, c, el, and inel denote fission, capture, elastic, and inelastic cross-sections 
respectively, with the numbers (1,2, and 3) denote the three coarse groups indices that collapse 
the 33 fine group cross-sections that are input to the overall model. All values are in agreement 
except for the smallest ones. This is to be expected as the stopping criteria for the forward and 
adjoint flux convergence was selected to be 1.0-9, therefore all values below that are essentially 
zero. 
 

4. CONCLUSIONS AND FUTURE WORK 
 
This manuscript discusses a new method for communicating adjoint information between 
different components in a multi-component model. The objective is to evaluate first order 
derivatives of the overall model responses (calculated by the last component) with respect to its 
basic input data (input to its first component). The method utilizes only single-component 
adjoints, treats each component model as a black-box like the brute force methods, and finds the 
minimum number of adjoint evaluations like the amalgamated methods. This is done by 
employing a pseudo response for each component’s adjoint model. The pseudo response is a 
linear combination of all responses generated by the component’s model. By utilizing this pseudo 
response, one can achieve two goals. First, determine the matrices’ product comprising the global 
sensitivity matrix directly without ever having to form the full components’ sensitivity matrices. 
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Second, exploit the correlations between the responses by projecting the information transferred 
between the components along the components’ input- and response-effective subspaces. 
 
This work has focused on evaluation of first-derivatives information only. Our current research 
on nonlinear sensitivity analysis has demonstrated the potential of employing subspace methods 
to determine higher order derivatives of responses with respect to input data, including cross-
product terms, in a computationally efficient manner [5]. We intend to employ the results of this 
work to extend the algorithms presented here to enable the evaluations of higher-order global 
adjoints for multi-component models. 
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