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ABSTRACT

We present the development of an uncertainty quantification (UQ) methodology for the
CASMO-5 lattice physics code, used extensively at the Paul Scherrer Institut for stand-
alone neutronics calculations, as well as the generation of nuclear fuel segment libraries
for the downstream core simulator, SIMULATE-3. We focus here on propagation of nu-
clear data uncertainties and describe the framework required for “black box” UQ—in this
case minor modifications of the code are necessary to allow perturbation of the CASMO-5
nuclear data library. We then implement a basic first-order UQ method, direct perturba-
tion, which directly produces sensitivity coefficients and when folded with the input nuclear
data variance-covariance matrix (VCM) yields output uncertainties in the form of an output
VCM. We discuss the implementation, including how to map the VCMs of a different group
structure to the code library group structure (in our case the ENDF/B-VII-based 586-group
library in CASMO-5), present some results for pin cell calculations, and conclude with future
work.
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1. INTRODUCTION

Within the STARS project at the Paul Scherrer Institut, we are currently developing uncer-
tainty quantification (UQ) schemes for our code system consisting of CASMO-51 for lattice
physics, SIMULATE-31 for steady-state (core follow) calculations of the Swiss nuclear power
plants, SIMULATE-3K1 for core transients, TRACE2 for plant simulations, and MCNPX3 for
criticality, fluence, etc. [1]. We desire the following capabilities in our complete UQ system:

1. handle any uncertain inputs (Any Inp.),

2. report uncertainty in any output (Any Out.),

3. generate output VCM from input VCM (Out. VCM),

4. decompose output uncertainty by input sources (Unc. Dec.), and

1Provided by Studsvik Scandpower, Inc.
2Provided by the U.S. Nuclear Regulatory Commission.
3Provided by Los Alamos National Lab.
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5. include (or estimate) high-order effects (HO Eff.),

where the identifiers in parentheses (e.g. “Any Inp.”) are shorthand for the criteria used in the
evaluation of various UQ methods, shown as columns in Table I. Note that for the output VCM
generation (Out. VCM) criterion, it is assumed that the number of inputs is much greater than
the number of outputs, which is the usual case in nuclear simulations due to the vastness of the
underlying nuclear data.

Table I: Evaluation of UQ Methods.

Any Any Out. Unc. HO
Method Inp. Out. VCM Dec. Eff. Notes

Linear Perturbation Theory: Adjoint B C A A D `, i

Automatic Differentiation: Adjoint B B A A D c, i

Linear Perturbation Theory: Forward C B B B D `, o

Direct Perturbation A A C B C bb, a, o

Efficient Subspace B A A B D bb, r

Statistical Sampling A A D C A bb

Keys
A - fully and efficiently satisfies
B - partially satisfies
C - minimally satisfies
D - impossible (or not yet shown)

Notes
` - complex (non-linear) code linearization required
c - code fork/maintenance challenge

bb - “black box” method
a - accuracy challenge for parameters of much different scale
i - input-centric method—efficiency requires more inputs than outputs
r - efficiency requires rank deficient input VCM
o - output-centric method—efficiency requires more outputs than inputs

Beginning with adjoint-based methods of linear perturbation theory (PT) in Table I, the main
drawback is the required linearization of a complex, non-linear system and the programming of
various adjoint sources for the various responses of interest1. Unfortunately, this capability is
not available in CASMO-5 and implementation of such a capability is currently outside the scope
of our work in STARS. The power of adjoint methods for linear systems is undeniable: with each
run, all sensitivity coefficients Sij may be generated for a single output yj with respect to all
inputs xi, i = 1, 2, ..., NIN , where NIN is the number of input parameters. Thus perturbation
theory is first a sensitivity analysis (SA) method and becomes a first-order UQ method through
the law of error propagation,

VOUT = SVINST , (1)

1Although the transport equation itself is linear, a lattice physics code, which includes resonance and depletion
calculations, can be difficult to linearize. The difficulty is evidenced by the fact that there are no production-
quality lattice physics codes, to the author’s knowledge, that can solve the full set of adjoint equations with

responses for all outputs that become inputs to the core simulator, i.e. microscopic/macroscopic cross sections,
discontinuity factors, kinetics parameters.
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where VIN is the input (relative) VCM and S is the matrix of sensitivity coefficients [2]2.
Expanding Eq. (1), one has VOUT,jj′ =

∑

i

∑

i′ SijVIN,ii′Sj′i′ . Automatic differentiation (AD)
methods offer similar features to PT—basically every computer code is simply a collection of
basic operations (and built-in functions), which may be easily differentiated [4]. AD software
is language-specific and typically allows either forward or reverse (adjoint) modes, with exact
analog to forward and adjoint PT methods. However, for a large, complex, established code, AD
tools can have difficulty with complex dependencies and depending on the system, one or more
of the following applies: i) a developer must add additional “AD directives” to the code, ii) the
code itself is modified by the AD tool automatically, iii) a new “derivative code” is created which
must be separately maintained. Currently AD methods appear ideal for small, specific-purpose
codes, such as the self-shielding codes of SCALE [5]. Both PT-based adjoint and AD-based
adjoint methods generate one column of the sensitivity matrix, ~S∗j , per run.

In the case of more outputs than inputs, the linearized forward system from PT generates the
sensitivity matrix S more efficiently than the adjoint system. However this system of equations
is rarely used because the situation of more outputs than inputs is rarely encountered in nuclear
applications (due to the vastness of the nuclear data libraries) and forward PT shares most of the
same advantages/disadvantages with simple direct perturbation (DP), which refers to the “brute-
force” calculation of sensitivity coefficients by perturbing one xi at a time and calculating Sij,
for j = 1, 2, ..., NOUT , where NOUT is the number of outputs. One advantage with the linearized
forward system is the minimal round-off and truncation error in S, whereas DP methods must
take care to ensure linearity of the response, i.e. calculation of a tangent and not a secant,
while minimizing numerical errors. Ensuring linearity and robustness costs extra runs, and thus
DP is less efficient than the linearized forward system at generating S and VOUT—however it
is a “black box” method and can easily handle any input or output, including sensitivity with
respect to parameters like clad thickness and discretization parameters. Additionally, the extra
runs with DP allow one to estimate higher-order effects. Both the PT-based forward and DP
methods generate one row of the sensitivity matrix, ~Si∗, per run.

Now, the question arises: is it possible to select a more efficient set of perturbations than
simply perturbing each input one at a time? The Efficient Subspace Method (ESM) effectively
accomplishes this using a rank-revealing decompositions of VIN and VOUT , similar to principle
components analysis (PCA) [6]. Just like with PT-based forward methods, the sensitivity matrix
S is calculated a row, ~Si∗, at a time, but it is a row in the reduced-order subspace, which is then
projected back to the original space. Although attractive for linear systems, current versions
of ESM cannot estimate non-linear effects and thus cannot be used for strongly non-linear
phenomena, such as coupled neutronics/thermal hydraulics transients and stability analysis.

The last UQ method considered is statistical sampling (SS), which has been used in nuclear
power plant safety analysis with highly non-linear system codes—see [7] and [8] and the ref-
erences therein for details. The sampling approach is quite simple: probability distribution
functions (PDFs) are assigned to all uncertain inputs, N samples are generated, N code runs
are performed, and the set of N outputs is statistically analyzed. In safety analysis, N is chosen
in accordance with Wilk’s formula from order statistics [9],

1 − aN − N(1 − a)aN−1 ≥ b (2)

2Please refer to [3] and the references therein for a more complete review of PT methods based on the adjoint
used in nuclear applications.
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which ensures the minimum and maximum value of each output (out of N runs) forms a bounding
interval for the underlying output PDF with a coverage probability and b confidence. For
example, the two-sided coverage formula given by Eq. (2) with N = 93 guarantees that the
minimum and maximum values represent a = 95% coverage with b = 95% confidence level3. Note
that Wilk’s formula is only valid for simple random sampling—it is not available with pseudo-
random sampling or coverage sampling (e.g. stratified latin hypercube). In UQ, the interest is
shifted from proving the bounding interval lies within some safety envelope to quantifying the
uncertainty with a standard measure of error, e.g. the sample variance

V ar[y]
def
=

1

N − 1

N
∑

i=1

(

y(i) − y(0)
)2

, (3)

while choosing N(a, b) to guarantee the PDFs have been sampled adequately [10]. However, as
pointed out in [11], Wilk’s formula is only valid in the case of a single output PDF, for example
the variance of Eq. (3), i.e. it is not valid to define the coverage/confidence for a PDF of multiple
outputs such as the joint PDF describing the simultaneous ocurrance of two events, e.g. clad
failure and fuel melt. With multiple outputs, the number of code runs N required to satisfy a
particular a/b is dependent on the magnitude of the correlation coefficient ρ, N = N(a, b, |ρ|).
The result from [11] is summarized as follows:

• For any number of perfectly (anti-)correlated outputs, |ρ| = 1, the number of runs N is
given by Wilk’s formula for a single output, e.g. Eq. (2) for a two-sided interval.

• For completely uncorrelated outputs, |ρ| = 0, the number of runs required increases quickly
with the dimension of the joint PDF. For example, guaranteeing the same 95/95 with a
two- and three-dimensional joint PDF requires 153 and 207 runs, respectively.

This is the difficulty with using SS to construct the output VCM: VOUT is a moment of a
two-dimensional joint PDF and the VCM calculated from samples can exhibit large (spurious)
fluctuations for elements with ρ ≈ 0. The trick is simply to not create intermediate VCMs but
pass information directly from stage to stage, i.e. lattice physics to core simulator. The required
storage is quite large, but the problem is tractable. One weakness of the sampling-based UQ
is the lack of a robust SA to associate uncertainty in an output with a subset of uncertain
inputs. Correlations analysis has been used to rank the importance of various input parameters
[7, 8], but the fairly small number of parameters (< 100) and weak correlation between inputs
is not the case here, where the input multi-group nuclear data VCM library has on the order of
105 or more parameters and full correlation occurs frequently. For this purpose, a conventional
sampling code, SUSA [12], has been reworked for this purpose and called XSUSA [10].

Because one UQ method cannot satisfy all requirements, our goal becomes to implement a
set of complimentary methods. In particular, when we restrict ourselves to “black box” UQ
methods, i.e. those which do not require extensive code development (marked with a “bb” in
Table I), we only have three methods: direct perturbation (DP), efficient subspace methods
(ESM), and statistical sampling (SS). Here we discuss the implementation of DP—future work
will implement both SS and ESM. Although in our discussion of UQ methods, we considered the
general code system used within the STARS project at PSI, here we focus only on the propagation

3Two-sided 98/98 and 99/99 percent coverage/confidence are guaranteed with N = 289 and N = 661 runs,
respectively.
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of the fundamental nuclear data uncertainties through the lattice physics code CASMO-5 which
provides collapsed few-group data to the downstream core simulators, SIMULATE-3 (steady-
state) and SIMULATE-3K (transient). Unfortunately, for the time being, the CASMO-5 nuclear
data library does not include variance/covariance matrices (VCMs), so currently we use the
recently-released “low-fidelity” VCM library from SCALE6, with data for 401 nuclides/materials,
including so-called “high-fidelity” data for over 50 nuclides, i.e. where uncertainty information
was processed from actual evaluated data files, and “low-fidelity” (approximate) data for the
remainder of the nuclides [5].

2. DESCRIPTION

The CASMO-5 cross section model is described in Sec. 2.1, the nuclear data variance-covariance
matrices (VCM) in Sec. 2.2, the CASMO-5 modifications and nuclear data perturbation scheme
in Sec. 2.3, and the proposed direct perturbation (DP) scheme for UQ in Sec. 2.4.

2.1 CASMO-5 Cross Section Model

The CASMO-5 nuclear data library is based on ENDF/B-VII consisting of a 586-group structure
with 128 fast groups, 41 resonance groups, 375 narrow groups in the low eV range, and 42 thermal
groups below 0.625 eV. There are 408 materials, many of which are single nuclides, with 61
resonance absorbers and 40 with Pn scattering data. The microscopic cross section model of
CASMO-5 contains the fission cross section, σf ; the average, delayed, and prompt neutrons per
fission, ν̄, νd, νp; capture cross section, σc; (n, 2n) neutron production cross section, σn,2n; the
combined (elastic plus inelastic) scattering cross section (scattering matrix), σs; and average,
delayed, and prompt fission spectrum, χ̄, χd, χp.

Note that in CASMO-5, the components of the capture cross section are not available, i.e. only
σc = σn,γ+σn,α+σn,He+... is stored in the library. Additionally, inelastic and elastic components
of scattering are not available, i.e. only σs = σs,el + σs,in is stored on the library. Although
this is entirely appropriate for best-estimate calculations, it leads to difficulties with UQ as the
components can have drastically different uncertainties.

2.2 Variance-covariance Matrix Data

Currently, the nuclear data uncertainty are provided in the form of relative variance-covariance
matrices (VCMs) from the SCALE6 VCM library of over 401 materials from a variety of sources,
including evaluations from ENDF/B-VII, ENDF/B-VI, JENDL-3.1, and more than 300 approx-
imate uncertainties from a collaborative project performed by Brookhaven National Laboratory
(BNL), Los Alamos National Laboratory (LANL), and Oak Ridge National Laboratory (ORNL)
[5]. The following nuclear data VCMs are (with ENDF MT numbers listed in parentheses): the
fission cross section, σf (18); the average neutrons per fission, ν̄ (452); neutron capture cross
sections for various secondary particles, e.g. σc = σn,γ +σn,α +σn,d +σn,t + ... (102-109); (n, 2n)
neutron production cross section, σn,2n (16); the total elastic and inelastic scattering cross sec-
tions, σS,el and σS,in (2 and 4); and average fission spectrum, χ̄ (1018). Note the important
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distinction between the uppercase “S” for total scattering and lowercase “s” for the scattering

matrix, defined by the relation σS
def
=

∑

g′ σ
g→g′

s .

The major differences between the SCALE6 nuclear data VCM library and the CASMO-5 cross
section model is i) CASMO-5 has a single capture cross section while it is split into components
in the VCM library, ii) CASMO-5 has a combined scattering matrix (elastic plus inelastic) while
the VCM library only has uncertainties in terms of inelastic and elastic scattering vectors, i.e.
the uncertainty in the distribution of final energy groups resulting from scattering in a given
group is not available, and finally iii) the uncertainties in the prompt and delayed components of
neutrons per fission ν and the fission spectrum χ are not available in the SCALE6 VCM library.

In order to construct VCMs for the combined reactions (scattering and capture in CASMO-
5), we use the law of error propagation. Considering combined (total) scattering given as
σS = σS,el + σS,in, for which, by simple error propagation, the VCM for σS is given as

VS =
[

I I
]

[

VS,el CS,el,in

CS,in,el VS,in

] [

I
I

]

, (4)

where I is the identity matrix, Vs,el and Vs,in are the available VCMs for elastic and inelas-
tic scattering components, and Cs,el,in = Cs,el,in is the cross-reaction VCM. Note Eq. (4) is
valid only for the absolute VCMs—for relative VCMs modification is required. Constructing
“combined VCMs” in this manner was first suggested by M. Pusa [14].

2.3 CASMO-5 Nuclear Data Perturbation Scheme

The basis of our UQ methodology for nuclear data is the ability to perturb library data in a
relative sense. Currently, nominal (self-shielded) nuclear data x(0) are modified in a relative
sense according to

x = p x(0), (5)

where p is the relative perturbation and x is the (perturbed) result. Note that x(0) may be
decomposed as x(0) = αx̃(0) defining the self-shielding factor, α, and x̃(0), the infinitely dilute
value for the nuclear data.

However, due to the proprietary nature of the CASMO-5 nuclear data library, direct modifica-
tion of the library is impossible, thus auxiliary routines were added to CASMO-5 to read an
additional input file defining the perturbations p of Eq. (5). The nominal code flow (without bur-
nup routines) is shown in Fig. 1 with UQ components in pink. Following Fig. 1, first, resonance
data is read from the binary library file, then a resonance calculation is performed (at the proper
temperature) to determine microscopic cross sections for shielded nuclides, next additional data
is read from the binary library file, as a function of temperature, for all nuclides, macroscopic
cross sections are assembled, collision probabilities are used to calculate an approximate spec-
trum to collapse cross sections in the 586 library groups to the so-called “2D group structure”4,
and finally the 2D method of characteristics is solved on the lattice in this group structure. The
components of the perturbation procedure are shown in Fig. 1, including a “Perturbation File”
(the input to the PERTXS module), the PERTXS module which alters the CASMO-5M library

4Various energy group structures may be specified for the 2D calculation: 2, 3, 4, 8, 19, 31, 50, or 95.
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Figure 1: Code flow for PSI-modified CASMO-5.

cross sections, and a set of processing tools which operates on the standard output files to extract
information and perform calculations, such as the calculation of sensitivity coefficients, S. The
perturbation file and and PERTXS module will be described in further detail in the following
sections.

2.3.1 Perturbation file

The “Perturbation File” in Fig. 1 is quite general, defining an energy group structure, list of
nuclides, list of reactions, and the set of relative perturbations pg

x for valid nuclide/reaction
combinations x for each group g in the specified group structure. This file is read by the
PERTXS module, and the relative perturbations specified are mapped to the 586-group structure
of CASMO-5, described in the next section.

2.3.2 PERTXS module

Currently, the PERTXS module supports perturbation of fission, capture, and (n, 2n) cross
sections; neutrons per fission; fission spectrum; and scattering matrices according to

σg
f = pg

fσ
g(0)
f , (6a)
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σg
c = pg

cσ
g(0)
c , (6b)

σg
n,2n = pg

n,2nσ
g(0)
n,2n, (6c)

ν̄g = pg
ν̄ ν̄

g(0), (6d)

χ̄g = pg
χ̄χ̄g(0)/

∑

g

pg
χ̄χ̄g(0), (6e)

σg→g′

s = pg′

S σg→g′(0)
s , (6f)

where g, g′ are initial and final energy group indices and σg→g′

s is the P0 scattering matrix
for the combined (elastic plus inelastic) scattering. Note that we re-normalize the perturbed
fission spectrum in Eq. (6e). The delayed and prompt neutrons per fission (ν j

d, νp) and delayed

and prompt fission spectra (χj
d, χp), where j are delayed neutron group indices (j = 1, 2, ..., 6),

are modified to be consistent with ν̄ and χ̄ using pg
ν̄ and pg

χ̄. Due to VCM library limitations,

perturbations pg′

S are defined in terms of relative perturbation in the total, combined scattering,

σS
def
=

∑

g′ σ
g→g′

s , effectively “spreading” the perturbation over all “final” groups g ′. Uncertainty
in anisotropy in the higher-order Pn scattering is neglected. Currently, the self-shielding factor
α is held constant when data is perturbed, however [3] has shown that the effect is rather small.
Resonance parameters uncertainties’ are not currently integrated into the UQ system.

2.3.3 Mapping perturbations to another group structure

The perturbation file (Fig. 1) allows a set of perturbations in a different energy group structure
than used in CASMO-5, therefore a mapping of perturbation data to another group structure
must be defined. Although, it originates from standard flux weighting, the fact that the desired
parameter is the relative perturbation pg

x, makes the result slightly different. From the definition
of group data by flux-weighting, it is found

pg
x =

∑

h

wg,hxh
I ph

I

∑

h′

wg,h′

xh′

I

, (7)

where xh
I and ph

xI are the input data and relative perturbation, respectively, for a group structure
with group index h, with weights wg,h defined as

wg,h def
=

Eupper(g,h)
∫

Elower(g,h)

φ(E)dE /

Eg−1
∫

Eg

φ(E)dE, (8)

with bounds5

Eupper(g,h) def
= min(Eh−1

I , Eg−1),

Elower(g,h) def
= max(Eh

I , Eg).

A number of observations are reported.

5By convention, E0 denotes the maximum energy (usually 20 MeV) and the lower and upper energy bounds
of group g is given by Eg and Eg−1, respectively. The I subscript is used to denote variables in the input energy
group structure and the same convention applies.
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1. The mapping process may be interpreted as a linear mapping ~px = W ~pxI .

2. The weights wg,h satisfy
∑

h wg,h = 1, i.e. the sum of each row of W is unity.

3. In the case where the input group structure is coarser and group boundaries are aligned,
one has simply one h group at most per g group and we have the very simple relationship
pg

x = ph
xI , independent from weights wg,h and xh.

4. In the case where the input group structure is finer and group boundaries are aligned,
one must use the general formula of Eq. (7), but the expression for the integration limits
simplifies considerably.

5. In the general case of arbitrary mapping, one must use Eq. (7) as above, ~px = W(~xI)~pxI ,
where the matrix elements are defined as Wgh = wg,hxh

I /
∑

h′ wg,h′

xh′

I .

Therefore, the consistent mapping of input perturbation factors ph
xI onto an arbitrary group

structure (pg
xI) rigorously also requires the input reference data xh

I . Universally, we use “lethargy-
weighting” for the spectrum weight function, φ(E) = 1/E.

2.4 UQ with Direct Perturbation

According to direct perturbation (DP), the sensitivity coefficient of output yj with respect to
relative change in input xi may be calculated as,

Sij
def
=

x
(0)
i

y
(0)
j

∂yj

∂xi

=
∂qj

∂pi

, (9)

where qj
def
= yj/y

(0)
j and pi

def
= xi/x

(0)
i . An entire row of the sensitivity matrix S may be

calculated at a time, ~Si∗ = ∂~q/∂pi, and used in Eq. (1) to obtain the output VCM. One of the
difficulties, especially with a single precision code like CASMO-5, is to choose the perturbation
p large enough to obtain a noticeable response in q but remain in the local range of linearity.
The use of an interpolating polynomial (in our case a parabola) helps ensure we consider only
linear effects. Our algorithm is as follows, suppressing input i and output j indices.

1. Choose a desired (δ, ε) such that |p − 1| ≥ δ and |q − 1| ≥ ε6.

2. Perform a trial calculation with for example, p′ = 2 and obtain q′.

3. Perform a forward perturbation with p
′′

= 1 + max(δ, (p′ − 1)(ε/q′)) and obtain q
′′

.

4. Perform a backward perturbation with p
′′′

= 1 − max(δ, (p
′′

− 1)(ε/q′′)) and obtain q
′′′

.

5. Construct a parabola q(p) = a p2 + b p + c from p = (p
′′′

, 1, p
′′

) and q = (q
′′′

, 1, q
′′

).

6. The sensitivity coefficient is then SC = 2a + b, i.e. the slope at p = 1.

Basically, a trial calculation is performed to get the scale of input perturbations, then forward
(p > 1) and backward (p < 1) calculations are performed, seeking a relative response change of ε
without allowing perturbations smaller than δ. When calculating the Sij for all j simultaneously,
the expressions to choose perturbations should be modified as ε/q ′′ → ε/‖~q ′′‖. However as an

6We used δ = 10−3 and ε = 10−4 in this work.
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alternative, a single parameter which represents the system response in some way could be
used—we have found k∞ to be a good choice. Once sensitivity coefficients are available in a
certain group structure (naturally a coarse group structure based on the 586-groups), simple
lethargy-based mapping is also used to convert the input VCM to this group structure.

3. RESULTS

The test comes from the UAM benchmark for the Peach Bottom 2 (PB-2) pincell at hot zero
power [13]. The pin pitch is 1.875 cm; fuel pellet diameter 1.21158 cm; clad thickness 0.09398 cm;
fuel, clad, and moderator/coolant temperature 552.833K, 600K, and 600K, respectively; and
coolant density 0.753978 g/cm3. The UO2 fuel has enrichment 2.93%, density 10.42 g/cm3, and
234U content 0.05%. The cladding is Zircaloy-2 with density 6.55 g/cm3. Results are denoted
C5/DP and are compared to linear perturbation theory (generalized adjoint) results gener-
ated with XSDRN-PM (TSUNAMI-1D) and NEWT (TSUNAMI-2D) reported by Oak Ridge
National Lab (ORNL) in [3], denoted XSD/PT and NWT/PT, respectively; The difference be-
tween the 1D and 2D results reported by ORNL are very small, so in most instances only the 1D
results (XSD/PT) will be presented. Note that with C5/DP, (n, γ) corresponds to total capture
and inelastic or elastic scattering corresponds the total scattering. Additionally, with C5/DP,
sensitivity coefficients are generated in a 50-group structure of CASMO-5 and 44-group VCMs
are mapped to this structure (see Sec.2.3.3) using lethargy weighting.

3.1 Eigenvalue Uncertainty

Table II summarize the results for the uncertainty in k∞—approximately 500 pcm. The uncer-
tainty decomposition (i.e. sensitivity analysis) is shown for various nuclide/reactions in Table
III. The developed C5/DP scheme produces similar rankings and uncertainties compared to the
XSD/PT scheme.

Table II: Uncertainty Summary for k∞.

code/method institution k∞ 1-sigma (%)

XSD/PT ORNL 1.33612 ±0.522%

NWT/PT ORNL 1.33952 ±0.521%

C5/DP PSI 1.34539 ±0.532%

Differences are seen in Table III for the following reactions: 238U σn,γ , 238U σs,in, 235U χ̄, and
cross-reaction uncertainties which include either 238U σs,in or 238U σs,el. The 238U capture dif-
ference (0.329% XSD/PT vs. 0.368% C5/DP) is most likely introduced by neglecting the impact
of cross section perturbation on the resonance self-shielding as well as using lethargy-weighting
(φ(E) = 1/E) for mapping VCMs from 44 to 50 groups as the dominant regions are in the
resonance range, where the flux will not be 1/E. In [3], the self-shielding effect amounts to
approximately a 10% reduction of the total 238U capture uncertainty, which would result in
excellent agreement. With respect to 238U scattering, the inability to separately treat elastic
and inelastic uncertainties leads to a type of “catastrophic cancellation”, because the sensitiv-
ity coefficients for elastic and inelastic scattering have opposite signs and thus the combined
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sensitivity coefficient is close to zero and when used in Eq. (1) with the combined VCM, will
be much smaller than the sum of inelastic and elastic components. Such a behavior has been
observed in the development of other uncertainty propagation schemes with CASMO [14]. Fi-
nally, there is a difference in 235U χ̄ (0.085% XSD/PT vs. 0.104% C5/DP) which may be due to
differences in weighting factors used to determine “macroscopic” χ̄ from the nuclide-dependent
“microscopic” values (a nuclear data library effect). Otherwise, excellent agreement is observed,
e.g. uncertainties due to fission, scattering in hydrogen, capture in Zircaloy.

Table III: Uncertainty Decomposition for k∞.

matrix1 matrix2 XSD/PT C5/DP
nuclide1 reaction1 nuclide2 reaction2 1-sigma (%) 1-sigma (%)

238U σn,γ
238U σn,γ 4.4E-3 0.329 5.0E-3 0.368

235U ν̄ 235U ν̄ 3.6E-3 0.271 3.6E-3 0.270

235U σn,γ
235U σn,γ 2.4E-3 0.181 2.5E-3 0.186

238U σs,in
238U σs,in 1.7E-3 0.127 1.1E-4 0.008

235U σf
235U σn,γ 1.5E-3 0.113 1.5E-3 0.113

235U σf
235U σf 1.3E-3 0.094 1.3E-3 0.094

235U χ̄ 235U χ̄ 1.1E-3 0.085 1.4E-3 0.104

238U ν̄ 238U ν̄ 1.1E-3 0.079 9.8E-4 0.073

Zr σn,γ Zr σn,γ 7.4E-4 0.055 6.8E-4 0.051

1H σn,γ
1H σn,γ 3.9E-4 0.029 3.9E-4 0.029

1H σs,el
1H σs,el 3.4E-4 0.025 3.1E-4 0.023

238U σs,el
238U σn,γ -2.8E-4 -0.021 2.0E-5 0.001

238U σs,el
238U σs,el 2.6E-4 0.020 1.1E-4 0.008

238U σf
238U σf 2.4E-4 0.018 2.4E-4 0.018

238U σs,el
238U σs,in -2.2E-4 -0.016 n/a

234U σf
234U σf 2.5E-5 0.002

234U σn,γ
234U σn,γ 3.4E-4 0.026

234U all 3.5E-4 0.026

235U all 4.9E-3 0.368 5.0E-3 0.374

238U all 4.9E-3 0.363 5.1E-3 0.376

Total 7.0E-3 0.522 7.2E-3 0.532

3.2 One-group Cross Section Uncertainty

Next, we investigate uncertainties in 1-group cross sections, summarized in Table IV. Overall,
the results are quite agreeable, but we do see relatively large differences between 1-group fission
cross sections for 235U and 238U, for example 235U with C5/DP has 46 b±0.6% versus 49 b±1.0%

2011 International Conference on Mathematics and Computational Methods Applied to
Nuclear Science and Engineering (M&C 2011), Rio de Janeiro, RJ, Brazil, 2011

11/14



W. Wieselquist, et al.

with XSD/PT. In a more detailed investigation, it was found the 238U 1-group fission cross
section was most sensitive to the 235U fission spectrum and 1H scattering, shown in Fig. 2 with
input uncertainties. The 238U fission cross section is only significant at high energies, showing a
30% change in group g = 2 (in the CASMO-5 50-group structure) for each percent change in the
235U fission spectrum and large negative sensitivity coefficients in groups 3 to 6 indicates that
small interpolation error could cause large differences. However, the strong correlation of the
fission spectrum uncertainty in these groups (i.e. correlation approaching 1), could ameliorate
some of this effect. Inspection of the results of [3] shows that the most uncertainty in the 1-group
235U fission is due to 238U inelastic scattering, which our C5/DP scheme completely misses due
to the combined scattering treatment discussed earlier. Adding in this component would bring
our UQ results very close to [3] for both 238U and 235U fission.

Table IV: Uncertainty Summary for One-group Cross Sections.

response XSD/PT C5/DP
235U σn,γ 10.64 b ±1.67% 10.03 b ±1.52%
235U σf 49.04 b ±1.05% 45.87 b ±0.58%
238U σn,γ 0.840 b ±1.32% 0.786 b ±1.23%
238U σf 0.0949 b ±3.97% 0.0979 b ±2.39%
234U σn,γ 19.86 b ±5.91%
234U σf 0.481 b ±24.85%
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Figure 2: Impact to U-238 fission 1-group Cross Section.

4. CONCLUSIONS

As part of the development of an uncertainty quantification (UQ) system at PSI, we have re-
viewed the available methods and implemented a “black-box” direct perturbation (DP) method
in the lattice physics code CASMO-5 for UQ with respect to nuclear data uncertainty. In or-
der to perturb the proprietary 586-group nuclear data library of CASMO-5, the source code
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was modified to read a so-called “perturbation file”, which defines an energy group structure,
set of nuclides, set of reactions, and the relative perturbations which should be carried out
internally on the library. Because the CASMO-5 library does not contain variance/covariance
matrices (VCMs), the nuclear data uncertainty was taken (in a relative sense) from the SCALE6
VCM library, a state-of-the art compilation of uncertainty data from many sources, including
approximate uncertainties for nuclides without uncertainty measurements, instead of the non-
conservative assumption of zero uncertainty. Although it is formally inconsistent to apply the
44-group SCALE6 VCM ENDF/B-VI library to our 586-group CASMO-5 ENDF/B-VII data,
it is not too unreasonable because of the relatively small number of nuclear data measurements
leading to significant correlation among evaluated nuclear data sets, especially in the case of
ENDF/B-VI and ENDF/B-VII. In the future, it may be possible to provide a more consis-
tent VCM library, which the current framework easily supports via mapping formulas based on
relative perturbations, where it was found that if group boundaries are not aligned, one must
also carry reference values for the data with the relative perturbations to consistently perturb
the nuclear data library. A BWR pincell test from the UAM benchmark was then performed to
compare UQ results of CASMO-5 with DP (C5/DP) to XSDRN-PM of the SCALE6 package us-
ing TSUNAMI-1D generalized perturbation theory (XSD/PT). C5/DP predicts k∞ uncertainty
500 pcm, which agrees well with XSD/PT, although the actual k∞ values agree only to 300
pcm, indicating signficant nuclear data library and/or code differences. The notable difference
between C5/DP and XSD/PT is in the contributions to the uncertainty, where C5/DP signifi-
cantly underestimates the uncertainty due to combined scattering (elastic+inelastic) in 238U as
0.008% when it should, according to XSD/PT, be 0.12%—mostly due to inelastic scattering.
This exposes a difficulty with UQ for CASMO-5 with the “combined” treatment of scattering—
inelastic and elastic scattering are such different phenomena with different uncertaitnies and
their impact on a given response can be dramatically different. Consider for instance the worst
case, when the sensitivities are exactly equal in magnitude but opposite in sign. In this case,
the sensitivity coefficient of the combined scattering will be zero, i.e. increasing the combined
cross section does not change the response, and the resultant uncertainty in the response will
be zero, no matter what the nuclear data uncertainty is!

In future work, inelastic and elastic scattering effects must be separated as the current approach
significantly underpredicts uncertainty due to 238U scattering. It would also be ideal to have sep-
arate prompt and delayed variance/covariance matrices (VCMs), especially when burnup cases
are considered, as in the current SCALE6 VCM library only the average neutrons per fission ν̄
and fission spectrum χ̄ uncertainties are available. In terms of additional capabilities, we will
implement the ability to specify a spectrum to use (instead of 1/E) for mapping perturbations
and VCMs to different group structures and perturb resonance parameters (and estimate un-
certainties with respect to these parameters). Finally, it must be noted that the DP approach
presented here is aimed mainly at providing, for well-defined and limited problems, reference
UQ solutions to assess other types of methods. Among others, statistical sampling and ESM
methods are being implemented in parallel to the above-mentioned enhancements of the DP
approach for CASMO-5 applications.
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