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ABSTRACT 
 

Sensitivity analysis, including both its forward and adjoint applications, collectively referred to 
hereinafter as Perturbation Analysis (PA), is an essential tool to complete Uncertainty 
Quantification (UQ) and Data Assimilation (DA). PA-assisted UQ and DA have traditionally been 
carried out for reactor analysis problems using deterministic as opposed to stochastic models for 
radiation transport. This is because PA requires many model executions to quantify how variations 
in input data, primarily cross sections, affect variations in model’s responses, e.g. detectors 
readings, flux distribution, multiplication factor, etc. Although stochastic models are often sought 
for their higher accuracy, their repeated execution is at best computationally expensive and in 
reality intractable for typical reactor analysis problems involving many input data and output 
responses. Deterministic methods however achieve computational efficiency needed to carry out 
the PA analysis by reducing problem dimensionality via various spatial and energy 
homogenization assumptions. This however introduces modeling error components into the PA 
results which propagate to the following UQ and DA analyses. The introduced errors are problem 
specific and therefore are expected to limit the applicability of UQ and DA analyses to reactor 
systems that satisfy the introduced assumptions. This manuscript introduces a new method to 
complete PA employing a continuous cross section stochastic model and performed in a 
computationally efficient manner. If successful, the modeling error components introduced by 
deterministic methods could be eliminated, thereby allowing for wider applicability of DA and UQ 
results. Two MCNP models demonstrate the application of the new method - a Critical Pu Sphere 
(Jezebel), a Pu Fast Metal Array (Russian BR-1). The PA is completed for reaction rate densities, 
reaction rate ratios, and the multiplication factor. 
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1. INTRODUCTION 
 
Management of nuclear data introduced uncertainties is expected to play an integral role in the 
design and analysis of advanced nuclear systems. The literature is rich with studies quantifying 
and reducing the impact of nuclear data uncertainties for existing [1-3] as well as advanced 
reactor systems [4-5]. Nuclear data uncertainties are propagated via uncertainty quantification 
techniques (UQ) to estimate uncertainties in the system’s responses of interest. A sensitivity 
analysis (SA) helps identify the key sources of uncertainties contributing the most to the 
propagated responses’ uncertainties. Data assimilation employs the existing body of 
measurements to adjust nuclear data to improve the agreement between measured and predicted 
system’s responses. 
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UQ, SA, and DA analyses place a premium on computational efficiency to render feasible the 
numerous model executions required for a typical nuclear reactor model with many input data 
and output responses. As a consequence, deterministic models for radiation transport have 
primarily been employed to complete these analyses. This follows as stochastic models are 
challenged by the need to simulate many particle histories to reach an acceptable level of 
accuracy. With the startling growth in computer power, the emergence of advanced variance 
reduction techniques, and their inherent ability for coarse grained parallelization, the execution 
of stochastic models for complex geometries is becoming increasingly possible. Employing a 
stochastic model as opposed to a deterministic model would address one of the main challenges 
of deterministic models - choice of the flux shape employed to collapse continuous cross sections 
into a multi-group format. The collapsing procedure introduces modeling error components 
which propagate to the UQ, SA, and DA analyses. These errors, however minimized, limit the 
applicability of the analyses to systems with a consistent flux shape, e.g. the validity of fast 
spectrum DA results would be questionable if applied to a thermal spectrum reactor. By 
employing a stochastic model, one could remove these components of modeling errors which 
could extend the applicability of DA results to a wider class of reactor systems. To achieve that, 
this manuscript introduces a new method to complete the perturbation analysis (PA) (referring 
henceforth to both forward and adjoint sensitivity analyses) required to complete UQ and DA 
using a stochastic rather than a deterministic model and applied directly to the continuous cross 
sections. 
 

2. METHODOLOGY 

2.1 Perturbation Analysis 

Fundamentally, there are two approaches to completing perturbation analysis, the forward and 
adjoint approach. In the forward approach, input parameters are perturbed either simultaneously 
or one at a time, and the corresponding variations in output responses are recorded. To retrieve 
sensitivity information, one needs to execute the forward model as many times as the number of 
input data. In each forward model execution, employing finite differencing, one approximates 
the first order sensitivities of all responses with respect to perturbed input data. This makes the 
approach suitable for models with many responses and few inputs. Alternatively, the adjoint 
approach is preferred when the opposite is true, that is models with many inputs and few 
responses. For each response of interest, an adjoint problem is setup and solved once for an 
adjoint function which is then employed to estimate first order sensitivities with respect to all 
input data [1]. When both the number of input data and output responses become very large, 
hybrid methods such as the subspace methods are often sought to first reduce the dimensionality 
of either the input data or output responses before applying either the forward or adjoint 
approach [3]. Since subspace methods represent the starting point for our new method, the next 
subsection provides more details on their mechanics. 

2.2 Subspace Methods 
 
Subspace methods function best for models with many input data and output responses when 
there are high degrees of correlations between the output responses as introduced by the forward 
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model. The degree of correlations could be measured by calculating similarity indices [6] 
between the sensitivity profiles of the various responses. A sensitivity profile is a vector of first 
order sensitivities of a select response with respect to all input data. When two responses are 
highly correlated, the angle between their corresponding sensitivity profiles tends to be small. If 
they were independent, the sensitivity profiles tend to be close to orthogonal. For a model with 
highly correlated responses, earlier work has demonstrated that the associated sensitivity matrix 
[3], comprised of all responses’ sensitivity profiles, is extremely ill-conditioned with its singular 
values exhibiting large decline over several orders of magnitude. Subspace methods take 
advantage of this situation by identifying mathematical subspaces whose dimensions are much 
smaller than the original number of input data and output responses. The reduced subspaces 
identify the minimum number of independent directions required to represent all sensitivity 
profiles. The reduced input subspace is selected to be orthogonal to the effective null space of the 
sensitivity matrix. The reduced output subspace represents the effective range of the sensitivity 
matrix. Mathematically this may be described as follows: Let the relationship between output 
responses and input data be described by:  
 

( ) ,y x= Θ


                                                                  (1) 
 

where nx∈   and my∈   represent the n input data and m output responses, respectively. A 
sensitivity profile of the ith response iy  is defined by:  
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..i i i
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and the sensitivity matrix Θ  is given by:  
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∂

=
∂

Θ  

 
If the sensitivity matrix is available a priori, the reduced subspaces could be identified using 
principal component type analyses [7] or rank revealing type decompositions [8] such as: 
 

T=Θ USV                                                                 (2) 
 

where the r columns of the matrices U  and V  span respectively the reduced output and input 
subspaces. The S is a diagonal matrix whose entries approximate the singular values of the 
original sensitivity matrix. Since sensitivity matrices for models with large number of input and 
output responses are not available a priori, subspace methods approximate the reduced subspaces 
without ever calculating the full sensitivity matrices which represents their main advantage over 
forward and adjoint methods.  
 
Subspace methods are implemented in two steps. First a forward perturbation approach is 
employed to estimate the effective numerical rank of the sensitivity matrix r and the reduced 
subspace in the response space, R( )U . This is done by randomly perturbing the input data and 
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executing the forward model a number of times, i.e., substitute ( )0 1
(1 )

r

i i
x x δ

=
= +



  in Eq. (1), until 

an acceptable size r for the reduced subspace is identified. Employing random vectors is 
important to ensure that their projections onto the yet-to-be-determined reduced input data 
subspace are independent. After each forward run, a new direction in the input reduced subspace 
is generated until the entire subspace is spanned which happens when r forward runs are 
completed. Second, an adjoint perturbation approach is employed to identify the reduced input 
subspace, R( )V . This is important since the random perturbations introduced in the first step 
contain components along the null space of the sensitivity matrix. The results of both steps are 
combined to calculate a low rank approximation to the sensitivity matrix in the form of the three 
matrices in Eq. (2). In this manuscript we focus on the first step, the design of a forward random 
perturbation approach for continuous cross sections to approximate the rank of the sensitivity 
matrix. The objective is to show the dimension of the reduced subspace is small enough to render 
UQ, SA, and DA computationally feasible.  
 
For a typical Monte Carlo radiation transport model employing continuous cross section data in 
the point-wise energy format, hundreds of thousands of data points are employed per reaction per 
isotope to ensure cross section interpolation errors are bounded by user-defined limits. Direct 
application of the subspace approach implies random perturbations are applied to all data points 
that are used for cross section interpolation. On one hand, this would introduce unphysical non-
smooth perturbations in the cross section which should be a smooth function of energy as 
dictated by the physics of neutron interaction. On the other hand, treating each data point as an 
input data would result in an unmanageably large data field for the cross sections.  To address 
this problem, constrained perturbations are introduced to ensure that cross sections are perturbed 
using smooth functions, and completed in a random manner that satisfy the requirements of the 
subspace approach to determine the effective rank of the sensitivity matrix [9]. 

2.3 Subspace Polynomial Perturbations 
 
Relative perturbations for all cross sections are generated via a random series of quadratic 
piecewise polynomials (referred to hereinafter as rQuads) to maintain smoothness requirements. 
The rQuads are piecewise smooth continuous functions positioned randomly in energy with 
varying length and magnitude. These perturbations emulate a random vector by means of 
independent quadratic polynomials that are shown to span the input data space as effectively as 
random vectors do, an important requirement to determine the effective numerical rank of the 
sensitivity matrix.  
 
The construction of the rQuads depends on two Theorems developed by the co-author in 
previous work, abridged here for the sake of a complete discussion [10]. 
 
Theorem 1. Let n k×∈A   be a pre-defined matrix of rank q, k p×∈V   a matrix of randomly 
generated entries where p q≤ , and let n p×= ∈U AV  , then both V  and U  have full column 
ranks, i.e. rank( ) rank( ) p= =V U . 
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Theorem 2. Let nΩ∈  be a pre-defined subspace of dimension r , and 1,..., px x   are p  
randomly generated vectors such that p r≤ , then 1,..., px xG G   are independent where G  is the 
orthogonal projector onto the subspace Ω . 
 
We now show how these theorems are employed to generate rQuad polynomial perturbations. 
Let n  be the number of point-wise cross section data for a given reaction. Consider l  randomly 
selected ranges in the energy domain, i.e. 1, ]( , 0,..., 1j jE jE l+ = − . A quadratic function of 
random coefficients is assigned to each energy interval of the form: 
 

2
0 1 2 1( ],     0,..., , , 1j j j j j jc c x c E jQ lx x E ++ + ∈ = −=                             (3) 

 
Continuity of the perturbations at the 1l −  intervals’ interfaces is enforced such that:  
 

1( ) ( ),        1,..., 1j j j jQ E Q E j l− = = −  
 

The total number of free coefficients { }jc  that satisfy the above two conditions is 2 1l + . This 
follows since the continuity conditions reduce the effective number of free coefficients per 
interval (except the first) from three to two coefficients. Let [ ]1 2 1

T
lcc += …c  denote the vector of 

coefficients for all l  quadratics. Eq. (3) may be used to devise a linear transformation of the 
form: 

c δ=Z


                                                                     (4) 
 

where nδ ∈


  is a vector of n perturbations for the n point-wise cross section data, and 
( )2 1n l× +∈Z   is a block diagonal matrix operator of rank 2 1l +  defined by the choice of quadratic 

polynomials in Eq. (3); each block is 2 2×  matrix of rank two except the first block is 3 3×  of 
rank 3. 
 
According to theorem 1, if p  randomly generated vectors { } 1

p
i i

c
=

  are employed in Eq. (4) such 

that 2 1p l≤ + , then the resulting vectors of perturbations { }
1

p

i i
δ

=



 will also be independent. Next, 

let Ω  denote the unknown reduced input subspace R( )V  of dimension r, which is also the 
orthogonal complement of the null space. If p r≤ , then all random cross section perturbations 
will have independent projections 1,...., pδ δG G

 

 onto Ω  as required by the subspace approach. 
Each forward execution with a new random perturbation will generate a new projection that 
belongs to the reduced input subspace until the entire subspace is spanned after r forward 
executions.  
 
In our implementation all random perturbations are relative to ensure the original shape of the 
cross section is preserved. A sample random quadratic perturbation of 1.25% RMS (RMS 
denotes the root mean squares of all cross section perturbations) for the fission cross section 
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between 0.004 and 11 MeV for Pu-239 is shown in Figure 1 and compared to the original cross 
section reference values.  
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Figure 1. Sample rQuad Perturbation of Pu-239 Fission Cross Section. 
 
 
Before concluding this section, it is important to note that when recording response variations 
due to cross section perturbations, one must make sure that the statistical uncertainties of the 
Monte Carlo model are minimized; otherwise the responses variations will be contaminated by 
statistical uncertainties and hence could not be reliably used to extract sensitivity information. 
Therefore part of this work is to devise efficient techniques to reduce the variance for responses 
of interest which represents the focus of future work. In the current manuscript, we limit our 
sensitivity analysis to response perturbations that are sufficiently large compared to statistical 
uncertainties.  
 
3. Case Studies 
 
Two case studies are analyzed using the MCNP code [11]. The first test case is the “Fast 
Unreflected Critical Sphere – Jezebel”. The JEZEBEL model (PU-MET-FAST-001) is a 
critical homogenized unreflected metal sphere from the criticality safety benchmark experiments 
series [12]. Reaction rate densities are calculated in the sphere fuel volume. Calculations are 
made using KCODE with 15 inactive cycles, 85 active cycles, and 500,000 particles per cycle. 
Average run-time for a single simulation is approximately 15 minutes on a Windows PC. The 
second test case is the “Uranium Reflected Fast Pu Metal Core (BR-1)”. The Uranium 
reflected array of plutonium fuel rods (PU-MET-FAST-012) is also from the criticality safety 
benchmark experiments. The original MCNP model homogenizes the fuel region. Reaction rates 
densities are calculated in the fuel region and the reflector region. The original experiments also 
calculated reaction rate ratios for fissionable and non-fissionable isotopes [13]. To emulate the 
reaction rate ratios, small cylindrical shells were added at the center of the core model. A 
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reference axial flux weight was calculated so that all ratios could be calculated simultaneously in 
a MCNP run. The model outputs were found to be comparable to experimentally reported values. 
 
The computational models associated with all test cases could be represented by Eq. (1), where 
y  refers to outputs such as reaction rate densities and ratios, and x  refers to the point-wise 

tabulated cross section data for all isotopes and reaction types considered for perturbation.  
 
The objectives of the case studies are three fold: first, to illustrate the evaluation of first order 
derivatives; second, the determination of the numerical rank of the sensitivity matrix; and third, 
to demonstrate the effect of null space components that are currently part of random 
perturbations. Future work will execute the second step of the subspace approach to remove the 
null space components.  
 
3.1. Linearity Test 
 
To demonstrate the evaluation of first-order derivatives we employ the following two linearity 
tests, following notations in Eq. (1), a model is judged linear within the range of cross section 
perturbations if the following two conditions are satisfied: 
 

( ) ( ) ( ) ( )0 0 0 0(1 ) (1 )x x x xαδ α δ Θ + −Θ = Θ + −Θ 
    

                                (5) 

( ) ( ) ( )0 0 0 0
1 1

(1 ) (1 )
d d

i i
i i

x x x xδ δ
= =

   Θ + −Θ = Θ + −Θ      
∑ ∑

 

                           (6) 

 
The first condition implies that the variations in responses due to a cross section perturbation δ



 
scaled by α  are equal to the response’s variations scaled by the same value α  due to a cross 
section perturbation δ



. The second condition implies that the responses’ variations due to the 
sum of d different perturbations are equal to the sum of the individual responses’ variations due 
to the d perturbations taken one at a time. 
 
Figure 2 plots keff variation for a critical sphere for a random cross section perturbation δ



 scaled 
with different α  values.  
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Figure 2. Variation of A Critical Sphere’s keff with Cross section.  

 
 

Similar figures are given for a select scattering reaction rate density variation with cross sections 
in Figures 3 and 4. Statistical uncertainties for the responses are noted on both figures. Note that 
in Figure 3 statistical uncertainties are significantly high and therefore no reliable sensitivity 
information could be determined from the perturbation analysis. The statistical uncertainties in 
Figure 4 however are much lower and sensitivity information could be accurately recovered. 
 
 

 
Figure 3. Reaction Rate Density Variations with Cross sections,  

Low Energy Range 
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Figure 4. Reaction Rate Density Variations with Cross sections,  

Mid Energy Range 
 
 

Figures 5 and 6 demonstrate the second linearity condition described in Eq. (6). In Figure 4a the 
left and right hand sides of the equation are plotted simultaneously. The values should effectively 
be the same, but due to the stochastic nature of the problem some deviations exist. Figure 4b 
plots the discrepancy between these two values (dashed line) and compares them against the 
estimated statistical uncertainty (solid line). As shown, all discrepancies fall within the statistics 
of one standard deviation. 

 
 

 
Figure 5. Energy Dependent Reaction Rate Densities 
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Figure 6. Energy Dependent Reaction Rate Density Discrepancies 

 
 

3.2. Rank of the Sensitivity Matrix 
 
Figure 7 shows the singular values of the matrix of response variations recorded following 
forward model evaluations with random rQuad perturbations for the Critical Sphere model. The 
responses include the reaction rate densities between 10 KeV and 12 MeV for elastic, fission, 
and absorption reactions. Given a user-defined accuracy for responses’ variation, the effective 
rank of the sensitivity matrix could be determined. These preliminary results show that singular 
values drop by over four orders of magnitude after less than 100 random model evaluations, 
indicating that the rank of the sensitivity matrix will be in the order of 100 as well. This is a very 
small number compared to the size of input data for a typical Monte Carlo model where the 
point-wise data representing the continuous cross section variation often numbers in the 
hundreds of thousands and greater.  
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Figure 7. Normalized Singular Value Spectrum – Pu Sphere 

 
 
Similarly Figure 8 shows the singular values for the Pu Fast Metal Core variations from forward 
model evaluations. The responses include reaction rate densities in the fuel region, the reflector 
region, and core-centered reaction rate ratios to U-235 for some key actinides (Th-232, Pu-239, 
Pu-240, U-238, Np-237). Similar to Figure 5, results demonstrate a rapid falloff of singular 
values. 
 
 

 
Figure 8. Normalized Singular Value Spectrum – Pu Metal Assembly 

 
 
3.3 Null Space of the Sensitivity Matrix 
 
The objective of this exercise is to demonstrate that the null space of the sensitivity matrix is 
non-vanishing and must be removed before PA results could be used for SA and DA. A Method 
of Manufactured Solutions (MMS) inspired approach is employed [14]. In this approach, a 
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number r of random cross section perturbations { }
1

r

i i
δ

=



and corresponding responses variations 

are recorded initially { }
1

r

i i
ϑ

=



, such that: ( ) ( )0 0(1 )ii x xδϑ Θ + Θ= −
 

 



. Next, an additional random 

cross section perturbations is created, denoted by 1rδ +



, with corresponding responses’ variations 

1rϑ +



. A least-squares problem is solved as follows: 
 

{ }

2

1
1

min
i

r

r i i
iα

ϑ α ϑ+
=

−∑
 

                                                           (7) 

 
For an exactly rank-deficient matrix, if r is equal to or greater than the rank of the sensitivity 
matrix, then 1rϑ +



 must belong to the range of the matrix, i.e. 1 R( )rϑ + ∈ U


. According to Theorem 

1, the vectors { }iϑ


 span the subspace R( )U , hence the above minimization problem could be 
solved with the minimum exactly equal to zero. In practice, however, the sensitivity matrix is not 
exactly rank-deficient, but exhibits a large decline in singular values as shown before and r 
would correspond to the effective numerical rank. In this case, the minimum of the norm in Eq. 
(6) would be as small as determined by the user-defined accuracy requirements, but never 
exactly equal to zero. Using the results of the minimization problem, one could express this by 
defining: 
 

||
1

1

r

r i i
i

ϑ αϑ+
=

=∑
 

 

If the sensitivity matrix is exactly rank deficient, then the component ( )||
1 1r rϑ ϑ+ +−

 

 could not be 
explained by the first r random perturbations. By increasing the number of random perturbations, 
i.e., the effective numerical rank, this component could be made smaller until desired accuracy is 
reached. Now, using the linearity condition in Eq. (6), one can define: 
 

||
1

1

r

r i i
i

δ α δ+
=

=∑
 

 

 
Which may be interpreted as the cross sections perturbation required to induce the responses’ 
variation given by ||

1rϑ +



. If ( )||
1 1r rϑ ϑ+ +−

 

 is judged small enough, then ( )||
1 1r rδ δ+ +−

 

 represents a 
cross sections perturbation that has negligible impact on responses on interest. If the sensitivity 
matrix is exactly rank-deficient, this component would belong to the null space. For an ill-
conditioned matrix, this component would belong to the effective null space. To test this, one 
could evaluate the forward model again with cross section perturbations given by this 
component. If it indeed belongs to the null space, it should have negligible impact on the 
responses’ variations.  
 
For this exercise, the Pu Metal Sphere model was used with 100 random perturbation evaluations 
to determine the null space components. The corresponding responses’ variations are displayed 
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in Figure 9 in the form of a histogram. Given an a priori selected statistics threshold of 1%, it is 
shown that the majority of the responses’ variations fall within one standard deviation. 
 
 

 
Figure 9. Responses’ Variation due to Null Space Perturbations 

 
 

4. CONLUSIONS AND FUTURE WORK 
 
This work demonstrated preliminary results for a new perturbation analysis for Monte Carlo 
models with continuous input data. Results indicate that the selected polynomials span the input 
data space as required by the subspace approach. Moreover, with very few runs, the sensitivity 
matrices associated with different Monte Carlo transport models are shown to exhibit ill-
conditioned behavior, allowing for dimensionality reduction of the input and output spaces via a 
subspace approach. Rank reduction implies that a computationally efficient UQ approach is 
feasible for Monte Carlo models with continuous cross section data. 
 
Future work will focus on two different thrusts. First, an adjoint model will be executed to 
eliminate all null space components from the random perturbations employed to determine the 
effective numerical rank of the sensitivity matrix. Second, a variance reduction technique will be 
employed to accelerate the convergence of the additional model executions required by the 
perturbation analysis.  
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