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ABSTRACT 
 

The formation, transport and segregation of components in nuclear fuels fundamentally control 
their behavior, performance, longevity and safety. Most nuclear fuels enter service with a uniform 
composition consisting of a single phase with two or three components.  Fission products form, 
introducing more components. The segregation and transport of the components is complicated by 
the underlying microstructure consisting of grains, pores, bubbles and more, which is evolving 
under temperature gradients during service. As they evolve, components and microstructural 
features interact such that composition affects microstructure and vice versa. The ability to predict 
the interdependent compositional and microstructural evolution in 3D as a function of burn-up 
would greatly improve the ability to design safe, high burn-up nuclear fuels. 
We present a model that combines elements of Potts Monte Carlo, MC, and the phase-field model 
to treat coupled microstructural-compositional evolution.  This hybrid model uses an equation of 
state, EOS, based on the microstructural state and the composition.  The microstructural portion 
uses the traditional MC EOS and the compositional portion uses the phase-field EOS:
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Ev is the bulk free energy of each site i and J is the bond energy between neighboring sites i and j; 
thus, this term defines the microstructural interfacial energy.  The last term is the compositional 
interfacial energy as defined in the traditional phase-field model.  Evolution of coupled 
microstructure-composition is simulated by minimizing free energy in a path dependent manner.  
This model will be presented and will be demonstrated by applying it to evolution of nuclear fuels 
during service.  
 
Key Words: nuclear fuel, microstructural evolution, diffusion, computer simulation, Potts Monte 
Carlo model, phase-field model.  

 
 

1. INTRODUCTION 
 
Current fuel performance codes address engineering performance by empirically modeling 
thermal conductivity, fission gas release, strain due to swelling and other physical processes.  
They do not concern themselves with the underlying compositional changes due to changing 
chemistry or microstructural changes that cause these phenomena.  Thus, their predictive ability 
is limited.  Well-developed models exist for simulating microstructural evolution by processes 
such as grain growth, recrystallization, Ostwald ripening and sintering as well as for 
compositional evolution by diffusion and segregation.  However, models coupling the two have 
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Figure 1. Component segregation in U-Pu-Zr metallic fuel accompanied by regions of very different 

microstructural evolution1. 

 
Figure 2a.  Dynamic recrystallization at the outer rim of fuels containing 238U leads to nano-sized 

grains only at the rim as shown above2. 
2.  

 
Figure 2b. Accompanying the recrystallization in 2a are changes in porosity and Xe distribution in 

the rim2.  Simulating recrystallization, pores reconfiguration with fission gas distribution will 
require a coupled microstructure-composition evolution model. 
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been lagging.  This coupling would enable simulation and prediction of processes such as 
component segregation in metal fuels1 (shown in Figure 1), dynamic recrystallization and fission 
product distribution in light water reactor (LWR) fuels as a function of radial distance and in the 
rim region2 (shown in Figure 2), diffusion of fission products, coarsening of grains and gas 
bubble in the kernel and chemical attack of the outer layers in tri-structural isotropic (TRISO) 
fuels3 (shown in Figure 3), chemical interaction between the fuel and clad, restructuring of fast 
reactor fuels and many other microstructural-compositional evolution seen in all types of nuclear 
fuels.  In all these processes, the compositional and microstructural evolution are coupled, 
meaning that the evolution of one influences the other and therefore must be captured in the 
same model.  Treating them as separate and parallel processes does not capture its 
interdependence and therefore cannot be predictive. The composition, microstructure and their 
evolution during service controls the engineering performance, safety and longevity of fuels 
during normal and off-normal operation and post-service storage.  Should the spent fuel be 
reprocessed, the microstructure and composition may have implications for the particular process 
used for separation.  Thus controlling and predicting such behavior is important. 
 
The two primary models currently used for microstructural models are the Potts Monte Carlo 
(MC) method and the phase-field model. The Potts Monte Carlo is a statistical-mechanical model 
that populates a lattice with an ensemble of discrete particles to represent and evolve the 
microstructure.  The particles evolve in a variety of ways to simulate microstructural changes.  
MC methods have proven themselves to be versatile, robust and capable of simulating various 
microstructural evolution processes.  They have the great advantage of being simple and 
intuitive, while still being a rigorous method that can incorporate all the thermodynamic, kinetic 
and topological characteristics to simulate complex processes.  They are easy to code, readily 
extendable from 2D to 3D and can simulate the underlying physics of many materials evolution 
processes based on the statistical-mechanical nature of the model.  These processes include 
curvature-driven grain growth4, anisotropic grain growth5, recrystallization6, grain growth in the 
presence of a pinning phase7, Ostwald ripening8, and particle sintering9.  The equation of state 
characterizing the materials in MC is the sum of the bulk energy of each particle at each site i 
and the sum of all the interfacial energy of each particle as  
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where N is the total number of particles, Ev is the bulk energy the particle at site i, J is the 
neighbor interaction energy of particle at site i with its neighbor j for a total number of neighbors 
n and qi is the grain orientation and or phase of particle at site i.  Highly tailored equations of 
state for many different types of materials processes can be constructed using this basic equation.  
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Figure 3. Fission gas bubble formation and coarsening in TRISO fuel kernels with diffusion of 

fission products from the kernel into outer layers.  Fission product-layer chemical interactions can 
degrade outer layers3. 

 
In contrast, the phase-field model is a deterministic, continuum, thermodynamic model that 
describes the microstructure and its evolution in terms of continuum “phase-fields” that are 
evolving. The phase-fields can be grain orientations, composition, phases or other 
microstructural and compositional descriptors.  While phase-fields are continuum quantities, 
their evolution is simulated by solving their field equations on some predefined grid, typically 
square in 2D and cubic in 3D.  The size of the grid is such that the distance between solution 
points is much larger than atoms, but sufficiently small to resolve microstructural features such 
as grain boundaries.  The phase-field method is a powerful mesoscale modeling method that is 
widely used to model the kinetics of microstructural evolution in materials.  Their appeal is that 
they use directly constructed free energy functionals as functions of the “phase-fields” to 
describe their thermodynamics (equation of state) and use the time-dependent Ginzburg-Landau 
equation to treat the evolution of the non-conserved phase-fields and the Cahn-Hilliard equation 
for conserved phase-fields.  The phase field model has been used extensively to simulate many 
microstructural evolution processes including grain growth and Ostwald ripening10, gas bubbles 
in nuclear fuels11, void ensembles under irradiation12, precipitate morphology and evolution in 
alloys13, nucleation and growth near a dislocation14, coarsening of precipitates15 and 
solidification16.  The phase-field equation of state is again a sum of the bulk energy and 
interfacial energies as a function of all Q phase-fields ηi  integrated over the simulation volume V 
as: 
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where fo is the bulk free energy and is function of all the phase fields Q and their interaction with 
each other.  An example of one used for grain growth is: 
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where α, β, γ are phenomenological constants used to obtain the desired thermodynamics.  The 
second term with 

! 

"(#$i)  is the interfacial energy term where κ is again a phenomenological 
constant used to define the energy and width of the interface.  Like the MC model, highly 
tailored equations of state for many different types of materials processes can be constructed 
using this basic equation. 
 
However, both models do have drawbacks.  Since, the MC model uses an ensemble of particles 
to represent microstructure, smoothly varying compositions such as those required for the 
examples given in Figures 1 to 3 are difficult to represent and require very large simulations.  
Furthermore, diffusive transport has been simulated by random walk of particles; again requiring 
large ensembles for accurately sampling gradients in composition.  Phase-field models are able 
to represent compositional gradients overlaying microstructural features well by using different 
phase-fields, but construction of the free energy functionals Epf for coupling these phase-fields is 
very difficult and introduction of each set of couple phase-fields reduces the time and spatial 
increments to resolve them.  Thus, simulations with coupled phase-fields become very time 
consuming to develop the free energy functionals and very computationally intensive requiring 
massively parallel simulations.  Almost all phase-field simulations published in the literature 
apply the technique to small 2D simulations to demonstrate the technique rather than to 
production-scale materials process simulation that can be used to study mesoscale materials 
behavior. 
 

2.  MODEL 
 
To enable true mesoscale simulation of coupled compositional-microstructural evolution to 
characterize and study materials behavior, we propose to develop hybrid MC-phase-field 
techniques that capture the robustness of MC models while preserving the continuum 
compositional gradients terms of the phase-field model.  We will use both a particle ensemble 
with statistical-mechanics and continuum phase-fields to capture the microstructural features and 
compositional variations, respectively.  The microstructural representation is shown in Figure 4.  
A cubic grid is used in 3D to represent the microstructure where each voxel of the grid has an 
integer value that represents its phase state and possibly membership in a grain.  In addition, the 
same cubic grid has a phase-field value, which represents the composition as a continuum field. 
 
The equation of state for this hybrid model will become  
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with the bulk energy term Ev as a function of both the microstructural state qi and of 
composition, C, plus the term EdC = !c (!C)

2 dV"  that is only a function of the compositional 
gradients.  The coupling is handled entirely by the 

! 

Ev (qi,C) and κc terms and is much simpler 
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than the phase-field case of coupling all phase-fields including all Q orientation phase-fields.  In 
this representation, there is only one state locally and therefore the coupling is only between two 
variables rather than between all the phase-fields of each state that can be possible in the 
simulation.   
 

a  

b  
Figure 4.  Microstructural and compositional representation used in the hybrid model.  The 

microstructure (a) is overlaid on the same grid as the composition (b).  The color in (a) is discrete 
and represents membership in a microstructural feature such as a grain; in (b) it represents the 

local composition, which is a continuum value and is smoothly varying. 
 
Consider a simple two-component, two-phase system.  The components are A and B; phases are 
α and β.  At some temperature T, the bulk free energy of this system for the two phases as a 
function of component composition is: 
 

Ev = ! C !C1( )2 + C2 !C( )2"
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 (5) 

 
where C is the phase-field representing the composition and γ, a1, a2 

C1, C2, C3 and C4 are 
phenomenological constants chosen to obtain the desired free energy for each phase as a function 
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of composition.  The free energies of phases α and β given by eq. (4) as a function of 
composition for γ = 0.3, a1 = a2 = 0.5, C1 = 0.25, C2 = 0.75, C3 = 0.05 and C4 = 0.95 are plotted 
in Figure 5.  For this formulation of bulk free energy, the α−phase is the stable phase from 
composition CA = 0 to 0.3 and β is stable from CA = 0.7 to 1.0; in between, a mixture of the two 
phases is stable.   

 
Figure 5.  Free energy as a function of composition for α- and β-phases as defined by eq. (4). 

 
The microstructural-compositional evolution is handled by iteratively treating the particle 
ensemble and the compositional field with the coupling shown above.  The microstructural 
evolution by grain growth of each phase is handled as it is in Potts MC models and is described 
in detail in other works4.  For each Monte Carlo time step, MCS, every site in the simulation 
space attempts a change in its microstructural state.  Each site i attempts changing it grain state qi 
to that of one of its neighbors chosen at random.  The change in energy for such a change is 
evaluated using eq 1. with the volume free energy given by eq (5) and the curvature component 

of 
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" where J(qi,qj) = 1 when qi ≠ qj and J(qi,qj) = 0 when qi = qj.  Note, that the 

volume free energy portion only contributes should the site attempt a phase change.  The change 
is carried out using the Metropolis algorithm.  The probability of the change is calculated using 
Boltzmann statistics with the probability of change is a function of the change in energy as: 
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If P = 1, the change is carried out.  If P < 1, then a random number R that is evenly distributed 
from 0 to 1 is chosen.  If R ≤ P, then the site is changed to it new state. 
 
After one MCS where all the sites have attempted a microstructural change, the composition 
phase field is updated to simulate diffusion by using the Cahn-Hilliard equation 
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where Mc is the mobility and is related to the diffusion coefficient and κc gradient term.  At each 
site i, composition C is updated using eq (7) with standard numerical techniques for spatial 

differentiation of composition and C(i, t +1) = !C
!t i,t

!tpf +C(i, t) .  The time increment used for 

this is Δtpf = (1/100) MCS; in other words, we performed 100 iterations on the composition field 
for every MCS.  In the simulations presented in this work, Mc = 1.0 and κc = 1.0. 
 

3.  SIMULATION RESULTS 
 
A two-phase, two-component system, using the model described in the previous section, was 
simulated with grain growth, phase growth and composition segregation all occurring 
simultaneously.  The starting condition for the simulation was an ensemble of particles 
consisting of equal number of α- and β-particles populated the lattice in random positions.  The 
starting composition and microstructure are tiny grains of α- and β-particles with their 
compositions set to C = 0.25 and 0.75.  The bulk free energy of these tiny grains (both α and β) 
given by eq. (5) and plotted in figure 5 is the value corresponding to the intersection of the two 
curves in figure 5 where C = 0.5 for both phases.  The interfacial free energy of these tiny grains 
is the contribution from the last two terms in eq (4), the grain boundary (sum of bonds between 
unlike neighboring particles) and the gradient in concentration,

 
!c (!C)

2 .   However, since we 
are starting with a uniform composition, the initial structure only has bulk free energy and grain 
boundary energy contribution to its overall free energy.  Examination of figure 5 shows that in a 
system described by these thermodynamic characteristics, the α-phase will lower its bulk free 
energy by lowering its composition to C = 0.3 and β-phase will do so by moving towards 
composition C = 0.7.  Grains of both phases will lower their grain boundary energies by grain 
growth and minimizing interphase energies by coarsening of phase regions.  Simulation results 
show that this is indeed the case. 
 
Figure 6 shows the evolution of grains, phase and composition for such a system.  Grains of both 
phases are growing during the simulations.  The phase regions (clusters of grains of the same 
phase) are also growing.  These results are consistent with expected behavior as the interfacial 
free energy is minimized by coarsening.  This phase coarsening is accompanied by changes in 
composition by diffusion of the two components so that the α-regions are composition C ≈ 0.3 
and β-region are C ≈ 0.7.  This again is consistent with expected results as the overall interfacial 
free energy is minimized and the bulk energy of each phase is lowest when it is as its equilibrium 
composition.  While grain growth and phase coarsening occur by short-range diffusion, the 
compositional evolution is by long-range diffusion.  Thus, the overall phase coarsening will be 
controlled by the long-range diffusion of the two components.  There is higher solubility of the 
minor component at the phase edges and in higher curvature features, consistent with predictions 
for these systems. 
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Figure 6.  Microstructural and compositional evolution is shown as (a) grain growth, (b) phase-

region coarsening and (c) compositional evolution at t = 0, 5, 25 and 50 MCS. 
 

 
4. CONCLUSION 

 
This model simplifies the construction of free energy functional tremendously, and preserves 
MC’s ability to treat large highly-coupled multi-physics materials simulations while adding the 
phase-field ability to treat gradients quantities with long-range diffusion.  This has been 
demonstrated by applying the model to a two-component, two-phase system that forms a simple 
eutectic.  Coupled grain growth, phase coarsening and compositional evolution by long-range 
diffusion have been demonstrated.  Such capability will prove very useful for many nuclear 
materials and chemistry problems pertaining to fuel, clad, core and waste disposal materials.  
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Future work will consist of further developing the model and applying to nuclear materials for 
predictive capability during fabrication, operation and storage.  
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