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ABSTRACT

A general expression for temperature-dependent Legendre moments of a double-di!erential
elastic scattering cross section was derived by Ouisloumen and Sanchez [Nucl. Sci. Eng.
107, 189-200 (1991)]. Attempts to compute this expression are hindered by the three-fold
nested integral, limiting their practical application to just the zeroth Legendre moment of
an isotropic scattering. It is shown that the two innermost integrals could be evaluated
analytically to all orders of Legendre moments, and for anisotropic scattering, by a recursive
application of the integration by parts method. For this method to work, the anisotropic an-
gular distribution in the center of mass is expressed as an expansion in Legendre polynomials.
The first several Legendre moments of elastic scattering of neutrons on 238U are computed
at T=1000 K at incoming energy 6.5 eV for isotropic scattering in the center of mass frame.
Legendre moments of the anisotropic angular distribution given via Blatt-Biedenharn coef-
ficients are computed at 1 keV. The results are in agreement with those computed by the
Monte Carlo method.

Key Words: Doppler, broadening, elastic, di!erential, scattering, resonance

1. INTRODUCTION

Computation of accurate temperature-dependent Legendre moments of elastic scattering cross
sections contributes to accuracy of deterministic transport codes that use them, such as the
CENTRM module of the SCALE Code System [1]. Wigner and Wilkins studied the thermal
agitation e!ects on the scattering kernel and derived in 1944 an expression for the zeroth-order
moment of an energy-independent isotropic scattering cross section [2]. In 1967 Blackshaw



G. Arbanas et al.

and Murray derived the zeroth- and the first-order Legendre moments of an energy-dependent
isotropic elastic scattering cross section [3]. In 1991 Ouisloumen and Sanchez derived a general
expression for Legendre moments of any order for an energy-dependent and anisotropic1 scat-
tering cross section [4]. The expression derived by Ouisloumen and Sanchez includes a threefold
nested integral that was an obstacle to its practical application to all but the zeroth Legendre
moment for which the nested integration is trivial. In this paper it is shown that the compu-
tation of higher-order Legendre moments can be simplified by analytical evaluation of the two
innermost integrals via recursive applications of integration by parts. The derived expressions
and algorithms enable deterministic computation of Legendre moments of the scattering kernel
for deterministic simulations, obviating the need to compute these moments by the Monte Carlo
method [5].

Independently, Rothenstein and Dagan [6] derived an exact expression for a temperature-
dependent double-di!erential cross section and demonstrated that its Legendre moments are
equivalent to those of Ouisloumen and Sanchez [4]. Mathematical improvements by Rothen-
stein [7] were helpful in quantifying the improved accuracy due to the exact scattering kernel
[8]. A stochastic implementation of thermal e!ects called Doppler Broadened Rejection Correc-
tion (DBRC) was proved and implemented in [9]; DBRC was used in this work to validate the
computation of Legendre moments.

2. DERIVATION

A double-di!erential elastic scattering cross section in the laboratory frame at temperature T
can be expanded in Legendre polynomials Pn as

!T
s (E ! E!, µlab) =

!

n"0

2n + 1

2
!T
n (E ! E!)Pn(µlab) (1)

where µlab " cos # ("v,"v!), "v and "v! are the initial and the final velocity corresponding to the
initial and the final energy E and E! in the laboratory frame, respectively, and Pn(µlab) are the
Legendre polynomials.

2.1 Legendre moments derived by Ouisloumen and Sanchez

It will be useful to repeat the general expression for Legendre moments of a double-di!erential
elastic scattering cross section derived in [4] for a Maxwellian velocity distribution:

!T
n (E ! E!) =

#5/2

4E
eE/kT

" $

0
t!tab

s (ECM)e%t2/A$n(t)dt, (2)

where E and E! are the incident and outgoing energies in the laboratory frame. The integration
variable t is related to the energy in the center of mass frame by ECM = kT t2/A, where T is
the temperature in units of Kelvin, k is the Boltzmann constant, A is the target mass in units
of neutron mass, and # = (A + 1)/A. !tab

s (ECM) is a tabulated elastic scattering cross section

1The isotropic and anisotropic designation refer to the angular distribution in the center of mass frame.
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at zero degrees Kelvin. In Eq. (2), $n(t) is:

$n(t) = H(t+ # t)H(t# t%)Gn(t; %max # t, t+ %min)+ (3)

H(t# t+)Gn(t; t# %min, t+ %min).

Here H is the Heaviside step function and Gn is an auxiliary function defined for later conve-
nience in derivation as

Gn(t, x1, x2) "
4$
&

" x2

x1

e%x2
" 2!

0
Pn(µlab)P (µCM)d'dx, (4)

where

µlab = (C +B cos')/(4x2%min%max) (5)

µCM = (A+B cos')/(2tx)2 (6)

with

A = (%2max # x2 # t2)(%2min # x2 # t2), (7)

C = (%2max + x2 # t2)(%2min + x2 # t2), (8)

B2 = [(t+ x)2 # %2max][(t+ x)2 # %2min] (9)

% [%2max # (t# x)2][%2min + (t# x)2],

%min
max

= (A+1)min
max(E,E!)/kT , and t± = (%max± %min). While these expressions could in principle

be used to compute Legendre moments to all orders, the nested integration generally renders
them too di"cult to compute for all but the two lowest-order moments (n = 0, 1), and only
for the isotropic scattering P (µCM) = 1. For n = 0 the evaluation of the nested integral
is straightforward because the integrand is a constant, while for n = 1 the integral can be
eliminated via integration by parts, as was originally done in [3] and later in [4]. A careful
examination of the pattern of the integration by parts for n = 1 cleared the path to generalizing
the method to all orders, and for anisotropic angular distribution P (µCM).

2.2 Analytical evaluation of the nested integration

The evaluation of the nested integration for all orders of Legendre moments and for anisotropic
scattering is achieved by a recursive application of the integration by parts. To this end it is
convenient to express a normalized angular distribution, i.e. anisotropy, in the center of mass
frame as a Legendre expansion

P (ECM, µCM) =
1

4&

!

m

Bm(ECM)Pm(µCM), (10)

where Bm(ECM) " Bm(ECM)/B0(ECM) are normalized Blatt-Biedenharn coe"cients Bm(ECM),
and where ECM and µCM are the energy and the cosine of the scattering angle in the center of
mass frame. With this expansion the Legendre moment !T

n (E ! E!) in Eq. (2) can be written
as

!T
n (E ! E!) =

!

m

!T
nm(E ! E!) (11)
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where

!T
nm(E ! E!) =

#5/2

4E
eE/kT

" $

0
tBm(ECM)!tab

s (ECM)e%t2/A$nm(t)dt (12)

and where all quantities are defined as in section 2.1. The $n(t) in Eq. (2) thus acquires a new
index m corresponding to the order of the Legendre moment Bm(ECM) in the center of mass
frame:

$nm(t) = H(t+ # t)H(t# t%)Gnm(t; %max # t, t+ %min)+ (13)

H(t# t+)Gnm(t; t# %min, t+ %min),

where for convenience we defined2

Gnm(t, x1, x2) =
4$
&

" x2

x1

e%x2
" 2!

0
Pn(µlab)Pm(µCM)d'dx (14)

A method for computing Gnm(t, x1, x2) used here is:

• Expand Legendre polynomials in powers of x and ' .

• Perform the integration over ' analytically for each term.

• Perform the integration over x analytically for each term by repeated integration by parts.

Following the outline, the Legendre polynomial expansion Pn(µ) =
#n

i=0 pniµ
i inserted into

Gnm(t, x1, x2) yields

Gnm(t, x1, x2) = 2
n!

i=0

m!

j=0

pnipmj(ij(t, x1, x2) (15)

where

(ij(t, x1, x2) =
2$
&

" x2

x1

e%x2
" 2!

0
µi
labµ

j
CMd'dx. (16)

Expressions for µlab and µCM were derived in [1] and are expressed here in an equivalent form:

µlab = (c+ b cos')/(4%min%max) (17)

µCM = (a+ b cos')/(2t)2 (18)

where a " A/x2, b2 " (B/x2)2, and c " C/x2 are here expanded in even powers of x:

a = x2 # s2 + q4x%2 (19)

c = x2 + s2 + q4x%2 (20)

b2 = a2 # 8t2x2 + 8t2(s2 + 2t2)# 4t2(s4 # 2q4)x%2 (21)

where s2 " %2min + %2max # 2t2 and q2 " (%min # t2)(%max # t2). Inserting Eqs. (17) and (18) for
µlab and µCM into Eq. (16) and integrating over ' yields3

(ij(t, x1, x2) = 2&
i!

k=0

j!

l=0

$
i

k

%$
j

l

%
"[(k+l)mod2],0

(4#min#max)i(2t)2j
(k+l%1)!!
(k+l)!! (̃ijkl(t, x1, x2) (22)

2This choice is explained in Appendix A.
3The convention for the double factorial is (!1)!! = 0!! = 1!! = 1.
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where4

(̃ijkl(t, x1, x2) =
2$
&

" x2

x1

e%x2
ci%kaj%lb(k+l)dx. (23)

Since a, b2, and c are expanded in even powers of x, their product in the integrand is likewise

cast as an expansion in even powers of x, namely ci%kaj%lbk+l =
#2(i+j)

$=%2(i+j) dijkl;$x
2$ so that

(̃ijkl(t, x1, x2) =

2(i+j)!

$=%2(i+j)

dijkl;$(t))$(x1, x2) (24)

where the explicit dependence on t was brought out in dijkl;$(t), and where

)$(x1, x2) "
2$
&

" x2

x1

e%x2
x2$dx (25)

could be integrated by parts

)$(x1, x2) =

&
# 1&

!
x2$%1e%x2 |x2

x1
+ 2$%1

2 )$%1(x1, x2) if * > 0
2&

!(2$+1)
x2$+1e%x2 |x2

x1
+ 2

2$+1)$+1(x1, x2) if * < 0
(26)

until )0(x1, x2) = erf(x2)# erf(x1) is reached. The integral over t remains to be performed, as in
[1]. Note that the expressions for the first two Legendre moments for the isotropic scattering in
the center of mass frame, the $0(t) and $1(t) of [1], or, the equivalent expressions in Eqs. (81)
and (82) of Blackshaw and Murray [3], may be seen as special cases of this formalism. Starting
the computation with $00 and computing the first several Legendre moments appears to be
achievable for an arbitrary angular distribution of the scattering cross section in the center of
mass frame.

If the above expansion is dominated by a few terms, it may be worthwhile to identify them to
simplify the computation. Furthermore, identifying the dominant terms in a future work may
explain the apparent success of the FLANGE method for constant cross section.

2.3 Variance of a Doppler-broadened double-di!erential elastic cross section

An approximation of the variance of Doppler-broadened double-di!erential elastic cross section
is derived assuming that the entire uncertainty in the computation of the Legendre moments
comes from the uncertainty in the elastic scattering cross section, since all other quantities in
the expression for Legendre moments can be computed more precisely by, for example, refining
the integration mesh in Eq. (12). First, the expression for the Legendre moments is written for
convenience as

!T
n (E ! E!) =

!

m"0

" $

0
fT
nm(E ! E!, t)!tab

s (ECM)dt (27)

where

fT
nm(E ! E!, t) " #5/2

4E
eE/kT tBm(ECM)e%t2/A$nm(t). (28)

4Since
! 2!

0
cos !d! = 0 and

! 2!

0
cosn !d! = n!1

n

! 2!

0
cosn!2 !d!, only the even powers of cos! yield a non-zero

integral. This fact is embodied by the Kronecker-delta function that ensures k + l is even. Since k + l is even, b
is always raised to an even power, and thus the expression for b2 in Eq. (21) is used directly.
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A covariance matrix of Legendre moments is then

&+!T
n (E ! E!)+!T

n"(E ! E!)' =
!

m,m""0

" $

0

" $

0
fT
nm(E ! E!, t)fT

n"m"(E ! E!, t!)

% &+!tab
s (ECM)+!tab

s (E!
CM)'dtdt! (29)

where &+!tab
s (ECM)+!tab

s (E!
CM)' is the covariance matrix of the elastic scattering cross section.

Combining Eqs. (1), (27), and (29) yields a covariance matrix of a double-di!erential cross
section:

&(+!s(E ! E!, µlab))
2' =

!

n,n"

2n+ 1

2

2n! + 1

2
Pn(µlab)Pn"(µlab)&+!T

n (E ! E!)+!T
n"(E ! E!)' (30)

Computation of this variance will be reported on in a future publication.

3. RESULTS

The moments of the e!ective scattering kernel Pn(E ! E!) plotted in Figs. (1) and (2) are
defined as

P T
n (E ! E!) " !T

n (E ! E!)'$
0 !T

0 (E ! E!)dE! (31)

and are to be distinguished from the Legendre moments Pn(µ) by virtue of their arguments.
The full scattering kernel for use in the Boltzmann equation in this notation is

P T
s (E ! E!, µlab) =

!

n"0

P T
n (E ! E!)Pn(µlab). (32)

We note that the integral Doppler broadened elastic scattering cross section

!T
s (E) =

" $

0
!0(E ! E!)dE! (33)

can be computed by other means. This constraint was successfully used as a numerical test of
our computation of !0(E ! E!).

3.1 Isotropic scattering

In Fig. 1 a good agreement can be seen between the Legendre moments of the e!ective scat-
tering kernel computed by this method and a Monte Carlo computation [10]. The moments
demonstrate that a neutron incoming at E = 6.5 eV, being just below the 6.67 eV resonance,
will on average have gained energy after the scattering. The opposite would be the case if the
incoming energy were to be slightly greater than the resonance energy.

2011 International Conference on Mathematics and Computational Methods Applied to
Nuclear Science and Engineering (M&C 2011), Rio de Janeiro, RJ, Brazil, 2011

6/10



Doppler broadening of double-di!erential elastic cross section

Figure 1: A plot of the first six Legendre moments (P0%5) computed via Eqs. (11) and (12)
(labeled “OS 0-5”) and via the Monte Carlo method (labeled “MC 0-5”) indicates a good
agreement between their respective Legendre moments.

3.2 Anisotropic scattering

For anisotropic angular distributions of elastic scattering on 238U, the expressions for Blatt-
Biedenharn coe"cients [12] for a spin zero target were taken from [11]. The anisotropy grows
with energy by virtue of the p-wave scattering phase shift that is suppressed by the centrifugal
barrier. Therefore the incoming energy has to be su"ciently high for the e!ect to manifest. In
Fig. 2 at the incoming energy E = 9985 eV, the e!ect of the anisotropy can be seen in a 10%
increase (decrease) in the moments at E! ( E (E! ( 9830) eV. At such high energy the e!ect
of the thermal agitation is small because the moments resemble the asymptotic ones, i.e., those
for zero temperature.

4. CONCLUSIONS AND OUTLOOK

A method for computing temperature-dependent Legendre moments of a double-di!erential
elastic scattering based on the result in [4] is presented and applied. The method eliminates the
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Figure 2: The lowest order Legendre moment P0 for the isotropic (“iso”) and the anisotropic
(“B.-B.”) scattering described by the Blatt-Biedenharn coe"cients are plotted. The agreement
between the new method (“OS”) and the Monte Carlo (“MC”) is reasonable. A relatively high
incoming energy of E = 9985 eV was chosen because the anisotropy is negligible below a few
hundred eV where the s-wave scattering contribution is dominant.

computationally cumbersome triple-nested integral by making extensive use of the integration
by parts toward analytical evaluation of the two innermost integrals. An essential step in this
derivation is to express the angular distribution in the center of mass frame as an expansion in
Legendre polynomials; without it the integration by parts could not be used the same way. A
comparison of the Legendre moments computed with this method shows good agreement with
the established Monte Carlo method. The new method could be used to compute accurate
Legendre moments for deterministic transport computations.

5. APPENDIX A

Some of the expressions for Legendre moments derived in this paper may be seen as generaliza-
tions of respective expressions found in [4]. For the isotropic scattering, where P (µCM) = 1/4&,
the #nm ! #n0 is identical to #n of [4], and similarly for !nm ! !n0 and !n. The quantity
defined in [4],

Qn(x, t) =
4$
&

" 2!

0
Pn(µlab)P (µCM)d', (34)
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Figure 3: Plot of the first-order Legendre moment P1; for an explanation see the caption of
Fig. 2.

would likewise be generalized into Qnm(x, t), where m is the order of the Legendre polynomial
Pm(µCM). However, evaluating this quantity would be impractical in view of the integration by
parts, and therefore the use of Gnm(...) is preferred.
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