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ABSTRACT

The industrial calculations of third generation nuclear reactors are based on sophisticated strategies
of homogenization and collapsing at different spatial and energetic levels. An important issue to en-
sure the quality of these calculation models is the choice of the collapsing energy mesh. In this work,
we show a new approach to generate optimized energy meshes starting from the SHEM 281-group
library. The optimization model is applied on 1D cylindrical cells and consists of finding an energy
mesh which minimizes the errors between two successive collision probability calculations. The
former is realized over the fine SHEM mesh with Livolant-Jeanpierre self-shielded cross sections
and the latter is performed with collapsed cross sections over the energy mesh being optimized. The
optimization is done by the particle swarm algorithm implemented in the code AEMC and multi-
group flux solutions are obtained from standard APOLLO2 solvers. By this new approach, a set of
new optimized meshes which encompass from 10 to 50 groups has been defined for PWR and BWR
calculations. This set will allow users to adapt the energy detail of the solution to the complexity
of the calculation (assembly, multi-assembly, two-dimensional whole core). Some preliminary ver-
ifications, in which the accuracy of the new meshes is measured compared to a direct 281-group
calculation, show that the 30-group optimized mesh offers a good compromise between simulation
time and accuracy for a standard 17x17 UO2 assembly with and without control rods.
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1. INTRODUCTION

The industrial calculations of third generation nuclear reactors are based on sophisticated strategies of
spatial homogenization and collapsing at different energetic levels. At the CEA elaborate methodologies
for thermal reactors have been proposed based on two-[1] or three-level [2] transport calculations. De-
spite the wide variety of calculation schemes, often the following approach is executed. First, an energy
detailed calculation (eg. 172 or 281 groups) is performed with a rough description of the geometry. This
step is accomplished by quick flux solvers, like collision probabilities (CP), which provide realistic self-
shielded cross sections and local spectra. Then, the results of the calculation (reaction rates essentially)
are collapsed over a coarser energy mesh (ranging from a dozen to fifty groups) in the form of cross sec-
tions, and with these data, more detailed spatial and angular calculations are performed with the method
of characteristics (MOC) [3] or discrete ordinate solvers. During the collapsing step, no equivalence
procedure is applied to preserve the accuracy in this calculation scheme. Therefore, the optimization of
the energy mesh becomes a crucial point to improve the precision of the solution.
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In this context, we propose to optimize the energy mesh for the collapsing step. The method is inspired by
recent works which were realized to generate new fast reactor multigroup meshes [4],[5] and is adapted
to the context of multi-level calculation schemes for thermal reactors. It consists in adapting the energy
mesh bounds to minimize the mean square error between fine reference and coarser multigroup solutions
of 1D cylindrical cells.

The structure of this paper is as follow. First, we introduce the mesh optimization model and we de-
scribe its implementation. Then, we show some numerical results of the mesh optimization and of the
verification on a 17x17 UO2 assembly. We end with a brief conclusion.

2. OPTIMIZATION MODEL

The optimization of an energy mesh depends on the type of neutron spectrum of the applications for
which it will be used. This observation allows to avoid the complex geometry, on which the multi-level
scheme currently is applied, and to perform the optimization on simplified geometries provided that
the solutions are physically representative of average reactor spectral solutions. Moreover, how cross
sections are calculated influence the necessary number of groups for a target accuracy. Therefore, it
is essential to ‘mime’ the cross section calculation method that is applied in the multi-level calculation
scheme during the optimization.

For these reasons, the optimization is accomplished on 1D cylindrical cells, in which the moderation
ratio is adjusted to ensure average assembly spectral conditions. Energy mesh bounds are adapted in
order to minimize the errors between two successive CP calculations without leakage or with leakage in
critical conditions. The reference calculation is realized over the fine 281-group SHEM mesh [6] with
Livolant-Jeanpierre self-shielded cross sections [7] and the approximate one is obtained from collapsed
cross sections by flux homogenization over a coarser energy mesh.

To accomplish the optimization, we define a functional which depends on a coarse mesh Mc with NG

groups:

F (Mc) =
N∑

n=1

αn [Fn(Mc)]2 +

NG∑
n=1

[Gn(Mc)]2 , (L2 norm), (1)

where N = NG × NC × NM × NI × NR × NS is the number of components, NC is the number of pin
cells considered, NM is the number of media in each pin cell, NI is the total number of isotopes in each
medium and NR is the number of reactions (NR = 3 corresponding to absorption, scattering and fission).

The Fn components of functional (1) represent the discrepancy between the reference isotopic reaction
rate T r,G

ρ,x,i and its approximate value T a,G
ρ,x,i:

Fn(Mc) =

T r,G
ρ,x,i(Mc)

T r
ρ,x,i(Mc)

−
T a,G
ρ,x,i(Mc)

T a
ρ,x,i(Mc)

 ,
x = 1,NI , i = 1,NC ,G = 1,NG, ρ = 1,NR,

where T r
ρ,x,i(Mc), T a

ρ,x,i(Mc) are the reference and approximate total isotopic rates. The use of an absolute
error permits to neglect the energy ranges where reaction rates are negligible. The normalization avoids
that the functional is dominated by reactions with the highest cross sections. The weight rescaling αn =

T r
ρ,x,i/T

r
ρ,i is applied to reduce the impact on the functional of isotopes with a negligible rate.
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The Gn components of functional (1) are only calculated for problems in critical conditions and they
represent the discrepancy between the global (axial and radial) reference leakage from the pin cell Jr,G

and its approximate value Ja,G:

Gn(Mc) =
[

Jr,G(Mc)
Jr(Mc)

− Ja,G(Mc)
Ja(Mc)

]
,

G = 1,NG,

where Jr(Mc), Ja(Mc) are the reference and approximate total leakages.

We note Ng the number of groups of the reference mesh. During the optimization, the total number of
groups of the coarse mesh NG is fixed by the user and its energy bounds are constrained to coincide
with energy bounds of the reference fine meshM f . We also constrain the coarse mesh to contain all the
energy bounds of the user’s defined meshMb. These lead to the constraints

Mb ⊂ Mc ⊂ M f . (2)

We note by nb the number of reference fine groups in user’s macrogroup Gb and by Nb the number of
macrogroups affected by the optimization in Gb. We can write then the supplementary constraints

1 ≤ Nb ≤ nb,
∑

b

Nb = NG. (3)

The coarse mesh optimization is posed as a monocriterion minimization problem. It consists of finding
the optimal meshMopt with NG groups such that

F : Q→ R+
F (Mopt) = min

M∈Q
F (M), (4)

where R+ is the set of positive real numbers and Q is the set of the possible meshes, i.e., satisfying
conditions (2, 3). The optimization consists of determining the better NG − NB free bounds from the
Ng − NB free bounds of the reference mesh, where NB denotes the number of user’s macrogroups inMb.

The optimization is done by the particle swarm algorithm implemented in the code AEMC. Details
about this algorithm in the context of the energy mesh optimization can be found in [5]. Multigroup
flux solutions are obtained from standard APOLLO2 [8] solvers, while a specific module for APOLLO2
code has been written to evaluate functional (1). Data transferring among the processes of these codes is
provided by named pipes.

3. NUMERICAL RESULTS

In this section we show the results of the energy mesh optimization. We describe at first some simplified
preliminary tests for the energy mesh optimization. Then we treat the different steps for the optimization:
search of the optimized meshes and verification of the accuracy in assembly calculations.

For this analysis, we consider a standard UO2 17x17 pin pattern (see fig. 1), in which the initial U235
content is 4.9%. Because of the assembly symmetries, only 45 pins have to be considered for the calcu-
lations. The geometrical dimensions can be found in the report [9]. The assembly cells are grouped in
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homogeneous self-shielding cell sets and for each of them self-shielded cross sections are calculated in
1D cylindrical geometries. Six different cell types are defined for self-shielding: L-type for the fuel cell
at the right, C-Type for the fuel cell at the right-up corner, 3 standard fuel cells depending on the position
in the assembly, and eventually an absorber cell when AIC rods are inserted in the guide tubes. Fuel and
absorber pellets are divided into 4 rings that correspond to 50%, 30%, 15% and 5% of the total volume.
The self-shielding model is based on the mixture Livolant-Jeanpierre method [10].

The applied double-level scheme is inspired by the REL2005 one [1]. In the first step, we perform on
the 2D assembly geometry a 281-group calculation by using the self-shielded cross sections and the CP
method, in which a linearly anisotropic interface flux approximation is used. The results of this calcu-
lation are collapsed over different optimized meshes without equivalence to volume flux weighted cross
sections. In the second step, these cross sections are employed in a MOC calculation over detailed 2D
geometries with 682 or 750 regions, depending on whether the control rods are or are not inserted. In this
calculation we use 24 planar trajectory directions with a spacing of 0.1 cm, a Bickley order quadrature
equal to 2 [11] and a P0 corrected approximation. When a depletion calculation is realized, this scheme
is repeated for each evolution step. Fluxes obtained from the MOC solver are used in the depletion
module to update nuclide concentrations in each ring of the CP geometry. Self-shielding calculations
are accomplished at certain burn-up with concentrations resulting from a volume homogenization of the
grouped cells in a self-shielding set.

The accuracy of the optimized meshes is measured in relation to a direct 281-group calculation with
the same geometry and calculation parameters of the double-level calculation. The following estimators
of accuracy are used: reactivity bias, root mean square error and uniform norm. The reactivity bias is
defined as

∆ρ = 105 · ln
(
ka
∞

kr
∞

)
,

where kr
∞ and ka

∞ are the reference infinite multiplication factor and the one computed in the double-level
calculation. The root mean square error and uniform norm are respectively given by

RMS =

√√√√√√√√
N∑

n=0

(
1 − T a

n

T r
n

)2

N
,

L∞ =
N∑

n=0

max
n

∣∣∣∣∣1 − T a
n

T r
n

∣∣∣∣∣ ,
where T r

n, T a
n are the reference and the approximate rates.
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Figure 1: Detailed geometry for 1/8th of a 17x17 UO2 assembly.

3.1 Preliminary tests

Table I shows the weak impact of the leakage model on the accuracy of the meshes, when the leakage
errors are taken into account in the functional during the mesh optimization (CWL). Indeed, if one does
not include leakage errors in the functional (CNL), then only the total leakage is correctly calculated
by the optimized mesh. Consequently, since the simulation time is faster without critical leakage, mesh
optimizations for fuel cells are performed without leakage.

Table I: Root mean square error for power, absorption and fission for an assembly using 30-group
meshes optimized by considering: No-Leakage (NL), Criticality No-Leakage check (CNL) and
Criticality With Leakage check (CWL).

RMS [%]
assembly without leakage critical assembly

Mesh 30g NL 30g CNL 30g CWL 30g NL 30g CNL 30g CWL

Power 0.0738 0.2183 0.0808 0.0764 0.2222 0.0837

Absorption 0.0908 0.2204 0.0979 0.0975 0.2186 0.1017

Fission 0.0475 0.1373 0.0483 0.0501 0.1401 0.0515

Table II shows the small influence of the moderation ratio on the mesh optimization. The best results are
obtained for a moderation ratio of 1.96. This value, as depicted in fig. 2, guarantees that the average flux
spectrum of the cell is close to that of the assembly.

Finally, Table III shows the weak influence of the moderator density on the accuracy of a 30-group
optimized mesh. Thus, it is not necessary to consider different values of the moderator density in the
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optimization problem set described in the section 3.2.

Table II: Root mean square error for power, absorption and fission for an assembly without leakage
by using a 30-group optimized mesh for different moderation ratios.

RMS [%]

Moderation ratio 0.1 1.96 10.0

Power 0.1164 0.0738 0.0965

Absorption 0.1292 0.0908 0.1055

Fission 0.0681 0.0475 0.0653
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Figure 2: Normalized average fluxes of UO2 cell with different moderation ratios and of the same
cell in an assembly environment.

2011 International Conference on Mathematics and Computational Methods Applied to
Nuclear Science and Engineering (M&C 2011), Rio de Janeiro, RJ, Brazil, 2011

6/13



Energy mesh optimization for multi-level calculation schemes

Table III: Root mean square error for power, absorption and fission for an assembly without leak-
age by using a 30-group optimized mesh for different moderator densities.

RMS [%]

Moderator density [g/cm3] 1.0 0.71 0.4278

Power 0.0680 0.0738 0.0919

Absorption 0.0769 0.0908 0.1201

Fission 0.0428 0.0475 0.0592

3.2 Search of the optimized meshes

Since at the present the mesh optimization with AEMC is too time consuming to be used simultaneously
with a multi-level calculation, the new meshes are ‘statically’ optimized for a set of neutron problems.
As these meshes are a subset of the 281-group one, it is convenient to define a set of problems which
covers the most often treated by the SHEM mesh, i.e. thermal reactors.

For the mesh optimization, the following critical problems are considered:

• a UO2 cell with an enrichment of 5% and a moderation ratio of 1.96;

• a MOX cell with a plutonium enrichment of 20% with a moderation ratio of 0.83 and 1.26, be-
longing to new under-moderate assembly concepts to attain a high burn-up;

• a cell with an isotopic mixture accounting for 95% of the absorption rates in a UO2 fuel with a
burn-up of 60 GWd/t and with a moderation ratio of 1.96;

• a UO2 cell with gadolinium and a moderation ratio of 3.5;

• a UO2 cell with erbium mixed in the clad and a moderation ratio of 1.6.

To ensure a correct calculation of neutron slowing-down inside control rods, we include the following
source problems:

• a AIC cell with a moderation ratio of 2.0;

• a B4C cell with a moderation ratio of 2.5;

• a hafnium cell with a moderation ratio of 2.0.

Moderation ratios were adjusted so that the normalized 281-group average flux in each of these cells fit
the average normalized flux of the same cells in an assembly environment. Different energy mesh opti-
mizations were performed to trace the curve of accuracy versus the number of groups. Each optimization
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needed between 12 000 and 18 000 functional evaluations, corresponding to up to 8 hours of sequential
computing on a SunOS (Sun-Fire-V490) machine with a total memory of 4 gigabytes.

Figure 3 depicts the converged functional value versus the number of groups for the neutron problem set
chosen for the optimization. A satisfying accuracy is attained around 50 groups and for higher number
of groups the gain in precision is much lower. The cumulative distribution of the number of groups
for different optimized meshes is shown in the figure 4. Groups are concentrated in the thermal and
epithermal energy range (10−4 - 102 eV), where the neutron spectrum is dominant in a thermal reactor.
Figure 5 shows that, except the 10-group mesh, the other ones have been automatically refined around
the resonances of the most important absorber isotopes in MOX and UOX fuels: Pu239 (0.6 eV), Pu240
(1 eV) and U238 (7 and 20 eV).
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Figure 3: Functional versus number of groups in double-level calculation.
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Figure 4: Cumulative distribution of the number of groups versus energy for different optimized
meshes.
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Figure 5: Lethargy width versus energy for different optimized meshes.

3.3 Verification of the accuracy in a 17x17 UO2 assembly with depletion

We ran depletion calculations up to a burn-up of 60 GWd/t for 10 to 50-group optimized meshes. Each
simulation comprised 94 flux calculations. The first 12 calculations had small burn-up increments, to
account for the appearance of minor actinides and fission products, the following 40 calculations a 1000
MWd/t step and the remaining ones a 2000 MWd/t step.

Figure 6 depicts the evolution of the reactivity bias for the different optimized meshes up to the final
burn-up. The reactivity bias diminishes with increasing number of groups and does not exceed 40 pcm
from the 30-group optimized mesh.
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Figure 6: Reactivity bias at different burn-up for a 17x17 UO2 assembly.

Tables IV and V give the RMS and infinite norm estimators at 0 and 60 GWd/t. With the 50-group mesh
the RMS and the uniform norm are lower than 0.1 % and 0.278 %. This result is consistent with that
obtained during the mesh optimization with 1D cell calculations (see fig. 3). However, the 30-group
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mesh already gives reasonable accurate results. The highest RMS and uniform norm are 0.163 %, 0.417
% for power and 0.16 %, 0.385 % for absorption rates.

Finally, Table VI compares the simulation time of the depletion calculation run on OSF1 machine (alpha
V5.1) for the optimized and the SHEM meshes. MOC time increases linearly with the number of groups
while self-shielding, CP and cross-section collapsing add an important and nearly constant time term.
Consequently, passing from 281-group to coarser meshes, the total simulation time cannot have the same
MOC trend. In this calculation, the new 30-group optimized mesh reduces by a factor 3 the simulation
time of the 281-group calculation, while preserving a good accuracy of the calculation. It is thus a good
compromise between simulation time and precision. This test penalizes the 10 and 20-group optimized
meshes, because the cost of the MOC calculation is lower than the CP and cross section collapsing steps.
However, the utility of these meshes could emerge when more complex geometries (multi-assembly
or two-dimensional whole core) are treated and the MOC time accounts for a larger part of the total
simulation time.

Table IV: Root mean square error and uniform norm for power, absorption and fission for a 17x17
UO2 assembly without leakage at 0 GWd/t for different optimized meshes.

RMS / L∞ [%]

Mesh 10 20 30 40 50

Power 0.278 / 0.591 0.09 / 0.284 0.047 / 0.14 0.038 / 0.11 0.04 / 0.12

Absorption 0.32 / 0.769 0.131 / 0.319 0.062 / 0.153 0.061 / 0.133 0.045 / 0.118

Fission 0.231 / 0.583 0.034 / 0.089 0.016 / 0.041 0.011 / 0.028 0.009 / 0.022

Table V: Root mean square error and uniform norm for power, absorption and fission of a 17x17
UO2 assembly without leakage at 60 Gwd/t for different optimized meshes.

RMS / L∞ [%]

Mesh 10 20 30 40 50

Power 0.606 / 1.34 0.287 / 0.652 0.163 / 0.417 0.151 / 0.35 0.106 / 0.278

Absorption 0.681 / 1.652 0.297 / 0.637 0.16 / 0.385 0.147 / 0.314 0.104 / 0.252

Fission 0.474 / 1.338 0.181 / 0.475 0.073 / 0.191 0.094 / 0.238 0.041 / 0.099
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Table VI: Simulation time for the depletion calculation until 60 GWd/t for a 17x17 UO2 assembly
without leakage for different optimized meshes.

Mesh 10 20 30 40 50 SHEM 281

Self-shielding [s] 383 389 376 378 384 378

CP [s] 877 898 895 911 927 0

Cross section collapsing [s] 464 519 570 624 685 0

MOC [s] 385 654 951 1328 1612 9647

Total [s] 3026 3384 3700 4152 4538 12096

3.4 Verification of the accuracy in a 17x17 UO2 assembly with control rods

In this test we consider at 0 GWd/t the 17x17 UO2 assembly depicted in the Fig. 1 with AIC control
rods. The accuracies of the different meshes are displayed in Tables VII and VIII. From 30-group mesh
on, we observe that:

• the reactivity bias and the control rod efficiency error are less than 89 pcm and 34 pcm respectively;

• the root mean square error and the uniform norm are lower than 0.142 %, 0.545 % for power and
0.157 %, 0.667 % for absorption rates.

The highest relative discrepancy of absorption rates, as shown in the Fig. 7, is attained in the instrumented
cell with the 30-group optimized mesh. Since in this cell the absorption rate is the lowest of the assembly,
the influence on the precision of the calculation is negligible. Compared to the calculation without control
rods at 60 GWd/t, the order of accuracy is similar.

Table VII: Reactivity bias and control rod efficiency of a 17x17 UO2 assembly with AIC control
rods for different optimized meshes.

RMS / L∞ [%]

Mesh 10 20 30 40 50 281

∆ρ [pcm] -303 -160 -89 -85 -67 0

Control rod efficiency [pcm] -39270 -39156 -39111 -39095 -39103 -39077
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Table VIII: Root mean square error and uniform norm for power, absorption and fission of a 17x17
UO2 assembly with AIC control rods for different optimized meshes.

RMS / L∞ [%]

Mesh 10 20 30 40 50

Power 1.483 / 7.159 0.245 / 1.17 0.142 / 0.545 0.088 / 0.374 0.082 / 0.356

Absorption 1.478 / 8.163 0.276 / 1.421 0.157 / 0.667 0.098 / 0.411 0.087 / 0.428

Fission 1.075 / 3.858 0.148 / 0.543 0.11 / 0.303 0.059 / 0.133 0.051 / 0.145
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Figure 7: Relative discrepancy of absorption rates for a 17x17 UO2 assembly with AIC control
rods by using the 30-group optimized mesh.

4. CONCLUSIONS

This work shows a new approach for the optimization of the energy mesh applied in multi-level calcu-
lation schemes. A set of new optimized meshes encompassing from 10 to 50 groups has been defined
for thermal reactor calculations. This set will allow users to adapt the energy detail of the solution to
the complexity of the calculation (assembly, multi-assembly, two-dimensional whole core). Some pre-
liminary verifications on a standard 17x17 UO2 assembly with and without control rods show that the
30-group optimized mesh offers a good compromise between simulation time and accuracy for stan-
dard PWR lattices. More extended analysis, in which Monte Carlo comparisons will be shown, are in
progress.

We can expect that these meshes are fit to treat PWR and BWR assemblies which have different geome-
tries than those used in the verification step, because the influence of moderation ratio and water density
is low. For any change of fuels, absorbers or structural materials than those used for the optimization, it
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will be better to perform new energy mesh optimizations considering a wider problem set in which the
new compositions are taken into account.

For fast spectrum assemblies, the generation of new multi-level optimized meshes will be needed. A
similar approach to that presented in this article can be used, but by running the whole procedure from
meshes more accurate than the SHEM one and over a new set of optimization problems.
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