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ABSTRACT

In many applications of radiation transport, it is important to consider the changes in the
index of refraction that occur when the physical domain being studied consists of material
regions with distinct electromagnetic properties. When polarization effects are taken into
account, the radiation field is characterized by a vector of four components known as Stokes
vector. At an interface between two different material regions, the reflected and transmitted
Stokes vectors are related to the incident Stokes vector by means of reflection and transmis-
sion matrices, which are derived from the Fresnel formulas for the amplitude coefficients of
reflection and transmission. Having seen that most works on polarized radiation transport
that allow for changes in the index of refraction exhibit discrepancies in their expressions for
the transmission matrix, we present in this work a careful derivation of the relations between
the reflected and transmitted Stokes vectors and the Stokes vector incident on an interface.
We obtain a general form of a transmission factor that is required to ensure conservation of
energy and we show that most of the discrepancies encountered in existing works are due
to the use of improper forms of this factor. In addition, we derive explicit and compact
expressions for the Fresnel boundary and interface conditions appropriate to the study of
polarized radiation transport in a multilayer medium.
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1. INTRODUCTION

Along with its continued use in the fields of astrophysics [1,2], atmospheric sciences [3,4], remote
sensing [5], mechanical engineering [6,7], hydrological optics [8], and electromagnetic-wave prop-
agation [9], radiation transport is being used in new kinds of applications, such as biomedical
optics [10], optical tomography [11], radiation protection [12], analysis of paintings [13], model-
ing of lamp envelope and optical fiber fabrication processes [14,15], and modeling of photovoltaic
modules [16]. In many cases, to obtain a good description of the radiation field, it is important
to consider the changes in the index of refraction that occur when the physical domain being
studied consists of material regions with distinct electromagnetic properties.

For the scalar case, where only the radiation intensity is of interest and polarization effects can
be neglected, some authors have been able to treat a change in the index of refraction when an
interface between two dissimilar planar media is crossed [17–19]. Other authors have done the
same for systems with two or more planar interfaces [20–30].
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While working on an extension of previous papers on the scalar case [28–30] to the case with
polarization, we were able to find various works where polarized radiation transport with changes
in the index of refraction is considered and discussed in some detail [5,31–39]. To this end, one
needs to work with a vector of four components—the so-called Stokes vector—instead of a
single quantity, as in the scalar case, and the Fresnel formulas for the amplitude coefficients of
reflection and transmission for the parallel and perpendicular components of the electric field.
Surprisingly, we have found discrepancies in most of the works that we have examined [5,31–39],
especially in the expressions for the transmission matrix.

And so, starting with the Fresnel formulas, we present in this work a detailed derivation of the
reflection and transmission matrices that relate the reflected and transmitted Stokes vectors to
the Stokes vector incident on an interface. We also derive the Fresnel boundary and interface
conditions appropriate to the study of polarized radiation transport in a multilayer medium.

2. FUNDAMENTALS

In this section, we summarize the theoretical background of radiation transport with polariza-
tion. Details can be found in many sources, e.g. [1,2,40–43]. We also discuss briefly the Fresnel
formulas for the reflection and transmission coefficients at an interface between two dissimilar
media [44,45].

2.1 The Radiative Transfer Equation (RTE)

Following Siewert [46], we can write the equation that describes polarized radiation transport
in a plane-parallel medium as

µ
∂

∂τ
I(τ, µ, φ) + I(τ, µ, φ) =

$

4π

∫ 1

−1

∫ 2π

0
P(µ, µ′, φ− φ′)I(τ, µ′, φ′) dµ′dφ′ + S(τ, µ, φ), (1)

where the optical variable τ ∈ (τmin, τmax) is used to define the position in the medium and
µ ∈ [−1, 1], with µ = cos θ, and φ ∈ [0, 2π] are, respectively, the polar and azimuthal variables
that specify the direction of propagation. Here, µ is measured with respect to the positive τ -axis.
Furthermore,

I =


I
Q
U
V

 (2)

is the Stokes vector that characterizes the radiation field, $ is the single-scattering albedo, and
P(µ, µ′, φ− φ′) is the phase matrix [47] for scattering from an initial direction (µ′, φ′) to a final
direction (µ, φ). The Stokes parameters I, Q, U , and V in Eq. (2) depend on τ , µ, and φ, and
can be expressed in terms of complex oscillatory functions El and Er. Making use of l and r
to represent unit vectors along directions respectively parallel and perpendicular to a reference
plane (called meridian plane [2]), defined by the direction of propagation and the τ -axis, and
choosing the orientation of l and r such that r × l is in the direction of propagation, we can
write the electric field at a given position as

E = Ell + Err. (3)
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And so, we define the Stokes parameters as [40,41]
I
Q
U
V

 =


ElE

∗
l + ErE

∗
r

ElE
∗
l − ErE∗r

ElE
∗
r + ErE

∗
l

i(ElE∗r − ErE∗l )

⇒


Il + Ir
Il − Ir

2<{ElE∗r}
2={ErE∗l }

 , (4)

where ∗ denotes the operation of complex conjugation, i is the imaginary unit, and <{z} and
={z} are the real and imaginary parts of a complex number z. Even though Eq. (4) is strictly
true only for a monochromatic beam, it can still be applied to a quasi-monochromatic beam if
the components on the right side are understood as time averages [2]. Finally, the internal source
S(τ, µ, φ) in Eq. (1) can be either an emission source or the first-collision source resulting from
a decomposition of the Stokes vector into uncollided and collided components that is frequently
used for solving problems driven by monodirectional external sources.

To close this subsection, we believe it important to mention that some authors use definitions
of the Stokes vector that are slightly different than the one adopted in this work or, sometimes,
definitions based on different sets of Stokes parameters. One frequently used alternative repre-
sentation makes use of the intensities Il and Ir in the place of I and Q. Also, in some works, V
is defined as the negative of our V . Sometimes, a scalar appears multiplying the right side of
Eq. (4). When that scalar does not depend on the medium properties, no change is required in
the expressions for the interface relations that are presented in Sec. 3 of our work. Should the
scalar depend on the medium properties, the interface relation for transmission will have to be
modified accordingly.

2.2 The Fresnel Formulas

In general, upon reaching an interface between two media with different properties, the radia-
tion is partially reflected and partially transmitted. Consider a beam of radiation traveling in
medium a (characterized by an index of refraction na). When that beam reaches the interface
with medium b (characterized by an index of refraction nb), part of it is reflected specularly (we
assume a smooth interface) and part is refracted along a direction defined by Snell’s law,

na sinϑa = nb sinϑb, (5)

where ϑa, ϑb are angles measured with respect to the normal at the interface. The angle ϑa defines
the initial direction of propagation in medium a and the angle ϑb the direction of propagation
in medium b, after refraction.

The amplitude coefficients of reflection and transmission are given by the Fresnel formulas [44,45]

Rl = ERl /E
I
l =

tan(ϑa − ϑb)
tan(ϑa + ϑb)

, (6a)

Rr = ERr /E
I
r = −sin(ϑa − ϑb)

sin(ϑa + ϑb)
, (6b)

Tl = ETl /E
I
l =

2 sinϑb cosϑa
sin(ϑa + ϑb) cos(ϑa − ϑb)

, (6c)
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and
Tr = ETr /E

I
r =

2 sinϑb cosϑa
sin(ϑa + ϑb)

, (6d)

where the superscripts I, R, and T affixed to El and Er mean “incident”, “reflected”, and
“transmitted”.

At this point, a comment on the way Eqs. (6a) and (6b) have been written is important. As
discussed many years ago by Friedmann and Sandhu [48], the theory is unable to determine
which signs should be used on the right sides of these equations, out of the four possible choices
(++, +−, −+, and −−). Physically, a change of sign on the right side of Eq. (6a) [or Eq. (6b)]
means a change of π in the phase of the parallel (or the perpendicular) component of the reflected
electric field with respect to the phase of the parallel (or the perpendicular) component of the
incident electric field. In this work, we have followed the choice of signs recommended in the
Nebraska ellipsometry conventions [49], i.e. +−. Unfortunately, this choice of signs leads to a
physical inconsistency [49] that is discussed next.

The reflection and transmission coefficients defined by Eqs. (6) can also be written in the alter-
native (and sometimes more convenient) form:

Rl =
nb cosϑa − na cosϑb
nb cosϑa + na cosϑb

, (7a)

Rr =
na cosϑa − nb cosϑb
na cosϑa + nb cosϑb

, (7b)

Tl =
2na cosϑa

nb cosϑa + na cosϑb
, (7c)

and
Tr =

2na cosϑa
na cosϑa + nb cosϑb

. (7d)

For the case of normal incidence, ϑa = ϑb = 0, and so Eqs. (7a) and (7b) reduce to

Rl =
nb − na
nb + na

(8a)

and
Rr =

na − nb
na + nb

. (8b)

Clearly, this implies a phase difference of π between the parallel and perpendicular components
of the electric field upon reflection. Such a phase difference is unjustified on physical grounds,
since the parallel and perpendicular components are indistinguishable when the incidence is
normal to the interface. The fact that a change of π in the phase of the reflected electric field
with respect to the phase of the incident electric field is expected when nb > na [50] suggests that
using Eq. (6a) [and consequently Eq. (7a)] with a change in sign would be the most consistent
choice from a physical point of view.

3. INTERFACE RELATIONS FOR THE STOKES VECTOR

To obtain general formulas relating the reflected and transmitted Stokes vectors to the incident
Stokes vector at an interface, we consider, as in Subsec. 2.2, that the radiation beam is traveling
initially in medium a and, upon reaching the interface between media a and b, is partially
reflected back to medium a and partially transmitted into medium b.
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3.1 The Reflection and Transmission Matrices

Working with Eqs. (4) and the first equalities in Eqs. (6), we find that the reflected Stokes vector
IR is related to the incident Stokes vector II by

IR = Rab II , (9)

where

Rab =



1
2(RlR∗l +RrR

∗
r)

1
2(RlR∗l −RrR∗r) 0 0

1
2(RlR∗l −RrR∗r)

1
2(RlR∗l +RrR

∗
r) 0 0

0 0 <{RlR∗r} ={RlR∗r}

0 0 −={RlR∗r} <{RlR∗r}


(10)

is the reflection matrix. The subscript ab attached to R indicates radiation traveling in medium
a that is reflected by medium b.

Similarly, we find that the transmitted Stokes vector IT is related to the incident Stokes vector
II by

IT = Tab II , (11)

where

Tab = fT



1
2(TlT ∗l + TrT

∗
r ) 1

2(TlT ∗l − TrT ∗r ) 0 0

1
2(TlT ∗l − TrT ∗r ) 1

2(TlT ∗l + TrT
∗
r ) 0 0

0 0 <{TlT ∗r } ={TlT ∗r }

0 0 −={TlT ∗r } <{TlT ∗r }


(12)

is the transmission matrix. The subscript ab attached to T indicates radiation traveling in
medium a that is transmitted into medium b. In Eq. (12), fT is a factor that takes into account
the change of properties when going from medium a to medium b, and can be determined from
conservation of energy, as will be shown shortly.

The reflection and transmission matrices defined by Eqs. (10) and (12) can be written in a
more explicit way when both indices of refraction (na and nb) are real. For such purpose, it is
necessary to distinguish between two cases. The first case comprises two distinct situations: (i)
na/nb ≤ 1 or (ii) na/nb > 1 and ϑa < ϑc, where ϑc = arcsin(nb/na) is the critical angle [44, 45].
In this case, all of the reflection and transmission coefficients are real, and so, with the help of
Eqs. (7a) and (7b) and the definition

nab = na/nb, (13)

we can readily write the basic quantities that appear in the reflection matrix as

RlR
∗
l =

(
cosϑa − nab cosϑb
cosϑa + nab cosϑb

)2

, (14a)
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RrR
∗
r =

(
nab cosϑa − cosϑb
nab cosϑa + cosϑb

)2

, (14b)

<{RlR∗r} =
(

cosϑa − nab cosϑb
cosϑa + nab cosϑb

)(
nab cosϑa − cosϑb
nab cosϑa + cosϑb

)
, (14c)

and
={RlR∗r} = 0. (14d)

For the transmission matrix, we get, with the help of Eqs. (7c) and (7d),

TlT
∗
l =

(
2nab cosϑa

cosϑa + nab cosϑb

)2

, (15a)

TrT
∗
r =

(
2nab cosϑa

nab cosϑa + cosϑb

)2

, (15b)

<{TlT ∗r } =
4n2

ab cos2 ϑa
(cosϑa + nab cosϑb)(nab cosϑa + cosϑb)

, (15c)

and
={TlT ∗r } = 0. (15d)

To determine the transmission factor fT , we consider that the direction of propagation of the
beam in medium a is in a cone defined by a differential solid angle dΩa about Ωa. When
the beam strikes an elementary area dA on the interface with medium b, part of it is reflected
specularly and part is refracted into a cone defined by a differential solid angle dΩb about Ωb.
Since Il and Ir, the parallel and perpendicular components of the intensity, are independent of
each other, conservation of energy implies that

IIxdΩa(dA cosϑa) = IRx dΩa(dA cosϑa) + fT I
T
x dΩb(dA cosϑb), (16)

for both x = l and x = r. Here, as before, the superscripts I, R, and T indicate “incident”,
“reflected”, and “transmitted”. In addition, dA cosϑa and dA cosϑb are the projections of the
elementary area dA into planes perpendicular to the directions Ωa and Ωb. Using the formulas
dΩa = sinϑadϑadφ and dΩb = sinϑbdϑbdφ, and noting that

IRx = RxR
∗
xI
I
x (17a)

and
ITx = TxT

∗
x I

I
x, (17b)

for x = l and x = r, we find from Eq. (16)

fT =
(

cosϑa sinϑadϑa
cosϑb sinϑbdϑb

)(
1−RxR∗x
TxT ∗x

)
, (18)

for x = l and x = r. Now, multiplying Snell’s law by its differential, we can show that

n2
a cosϑa sinϑadϑa = n2

b cosϑb sinϑbdϑb. (19)

Using this result in Eq. (18), we find that fT can be expressed as

fT = n2
ba

(
1−RxR∗x
TxT ∗x

)
, (20)

2011 International Conference on Mathematics and Computational Methods Applied to
Nuclear Science and Engineering (M&C 2011), Rio de Janeiro, RJ, Brazil, 2011

6/15



Polarized radiation transport

for x = l and x = r. Using Eqs. (14a), (14b), (15a), and (15b), we find that both forms of
Eq. (20) [i.e., Eq. (20) for x = l and Eq. (20) for x = r] reduce to

fT = n3
ba

(
cosϑb
cosϑa

)
, (21)

a result that was obtained in a recent work by Sommersten et al. [38], using physical arguments.
Simply stated, fT can be understood as the product of three factors: one that adjusts for the
change in the power of the beam when an interface is crossed, another that is given by the
ratio between the areas obtained by projecting a unit area lying on the interface into planes
perpendicular to the directions of incidence and refraction, and one that takes into account the
angular redistribution of radiation caused by refraction.

The second case to consider when both indices of refraction na and nb are real is defined by
na/nb > 1 and ϑa ≥ ϑc and is known in the literature as total reflection [44, 45], since there is
no transmission of radiation from medium a to medium b in this case. It can be concluded from
Snell’s law that the angle of refraction ϑb is purely imaginary for this case, and so the algebra
has to be carried out in complex mode. We get, for the basic quantities that appear in the
reflection matrix,

RlR
∗
l = 1, (22a)

RrR
∗
r = 1, (22b)

<{RlR∗r} =
2 sin4 ϑa

1− (1 + n2
ba) cos2 ϑa

− 1, (22c)

and

={RlR∗r} = −
2 cosϑa sin2 ϑa(sin2 ϑa − n2

ba)
1/2

1− (1 + n2
ba) cos2 ϑa

. (22d)

Also, both forms of Eq. (20) yield fT = 0 for this case, and so Eq. (12) reduces to

Tab = 0, (23)

which confirms that there is no transmission of radiation from medium a to medium b when
na/nb > 1 and ϑa ≥ ϑc.

Finally, we note that to be more explicit in our notation we should have written the reflec-
tion and transmission matrices defined by Eqs. (10) and (12) as Rab(nab, cosϑa, cosϑb) and
Tab(nab, cosϑa, cosϑb), and keep in mind that nab, ϑa, and ϑb are related by Snell’s law.

3.2 Comparison with Other Works

In this subsection, we compare our results for the elements of the reflection and transmission
matrices that are reported in Subsec. 3.1 with similar results of other authors. In general, except
when explicitly noted, we have observed agreement with regard to the elements of the reflection
matrix. However, in the case of the transmission matrix, we have found many discrepancies, as
discussed next.

We begin with the works of Tsang and Kong [31] and Tsang, Kong, and Shin [5]. In spite of
some slight changes in notation, the final results reported in these works are the same, and so
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we focus on a comparison of our results with the results of the latter work [5], which is more
explicit than the former [31]. The transmission matrix of these authors is given by Eq. (13),
Section 6, Chapter 3 of Tsang, Kong, and Shin [5]. Working out this equation using the explicit
definitions of the reflection and transmission coefficients given by Eqs. (9a) and (9b), Section 6,
Chapter 2, of that same book [5], we found that it is equivalent to our result. However, in their
analysis of the interface relations, these authors [5] have defined the Stokes vector in a way that
differs from ours. They have used, in our notation,

I =
1
η


Il
Ir
U
−V

 , (24)

where η is the wave impedance of the medium, which is given by η = (µm/ε)1/2 for a dielectric.
Here, µm is the magnetic permeability and ε the electric permittivity of the medium. After
taking the presence of the factor 1/η in Eq. (24) into account, we concluded that the transmission
matrix of Tsang, Kong, and Shin [5] should be multiplied by (ε2/ε1)1/2, where ε1 is used by the
authors [5] to denote the electric permittivity of the medium that contains the incident beam
and ε2 the electric permittivity of the medium that contains the transmitted beam. Note that,
for dielectric media, (ε2/ε1)1/2 ≈ n2/n1.

Continuing with our comparison, we note that in the work of Kattawar and Adams [32] no
mention is made of the transmission factor fT that is needed to ensure conservation of energy.
This is also the case of a more recent work by Zhai, Kattawar, and Yang [33].

With regard to the work by Lam and Ishimaru [34], the transmission matrix that is expressed
by Eq. (16) of their work [34] should be multiplied by (nq/np)2 to agree with our result. These
authors [34] have used np to denote the index of refraction of the medium that contains the
incident beam and nq the index of refraction of the medium that contains the transmitted
beam. We also note that the term on the right side of the second equality in their Eq. (4) is
missing a minus sign, and so the Stokes parameter V of these authors, although defined in the
same way as we do in this work, ended up being the negative of what we have.

Concerning the work of Chami, Santer, and Dilligeard [35], which is specific for the case of an
atmosphere-ocean interface, we first note that the V component of the Stokes vector has been
neglected and so these authors have worked with a Stokes vector of only three components: I,
Q, and U . With regard to the reflection matrix, there are some corrections to be made in their
work [35]: the squares in their Eqs. (8) and (9) should be removed and a minus sign included
on the right side of their Eq. (8). The transmission matrix, which is given by Eq. (11) of their
work [35], will agree with our result only after multiplication by (nw/na)2, where nw denotes
the index of refraction of water and na ≈ 1 the index of refraction of air.

The work of He et al. [36] is also specific for an atmosphere-ocean interface. The reflection
and transmission matrices given by their Eqs. (36) and (37) are correct for incidence from the
atmosphere side. However, for incidence from the ocean side, nw (the index of refraction of
water) needs to be replaced by 1/nw in these equations.

In the work of Bordier, Andraud, and Lafait [37], a Stokes-vector representation based on the
Stokes parameters Il, Ir, U , and V has been used. A simple correction is required in the work of

2011 International Conference on Mathematics and Computational Methods Applied to
Nuclear Science and Engineering (M&C 2011), Rio de Janeiro, RJ, Brazil, 2011

8/15



Polarized radiation transport

these authors: the 11 and 22 elements of the reflection and transmission matrices [Eqs. (32) and
(33) of their work] should be squared. Moreover, to agree with our result, their transmission
matrix needs to be multiplied by (nj/ni)2, where transmission from medium i to medium j is
assumed by these authors [37].

Sommersten et al. [38] have also used the Stokes parameters Il, Ir, U , and V to define their
Stokes vector. These authors have selected the sign of Eq. (7a) in the physically consistent way
mentioned at the end of Sec. 2. This makes the signs of the 33, 34, 43, and 44 elements of
the reflection matrix that is given by Eq. (17) of their work [38] to be the opposite of what
we have. Other than that difference, which is only caused by a choice of sign that departs
from the conventional choice [49], the formulation of these authors for both the reflection and
transmission matrices is in perfect agreement with our formulation. We believe, however, that
a mistake was made by these authors in the derivation of the reflection coefficients for the case
of total reflection. We have found that the right sides of their Eqs. (19) and (20) should be
interchanged and multiplied by −1.

Finally, we comment on the work of Ota et al. [39], which is also specific for the case of an
atmosphere-ocean interface. We concluded that, in order to agree with our result, the trans-
mission matrix given by their Eq. (A.4) should be multiplied by (m̃2 − sin2 β)1/2/ cosβ, where
m̃ is the index of refraction of water relative to air and β is the angle of incidence from the
atmosphere. In addition, we have found that the 33, 34, 43, and 44 elements of the matrix for
total reflection given by their Eq. (A.8) are incorrect. To see this, it is sufficient to note that
the right sides of their Eqs. (A.9), when squared and added, do not yield unity, as required.

4. BOUNDARY AND INTERFACE CONDITIONS FOR THE RTE

4.1 A Single Interface

Let τ ∈ (τa, τab) define the location of medium a and τ ∈ (τab, τb) the location of medium b. The
position τab corresponds to the interface between these media.

To completely define the interface conditions for the Stokes vector at τab, we need to distinguish
what happens just on the left of τab from what happens just on the right of τab. We also need
to relate the polar variable µ ∈ [−1, 1] used in Eq. (1) to cosϑa and cosϑb, the cosines of the
incident and refracted angles in Snell’s law. For this purpose, we separate the range of µ into
two half-ranges, ±µ ∈ (0, 1], and simply use either cosϑa = µ or cosϑb = µ in Eqs. (14), (15),
and (22), as appropriate to each case. Note that when we take, for example, cosϑa = µ in these
equations Snell’s law implies that cosϑb = f(nab, µ), where

f(n, µ) = [1− n2(1− µ2)]1/2. (25)

And so, just on the left of τab, we get, after using the full notation of the reflection and trans-
mission matrices given at the end of Subsec. 3.1,

Ia(τab,−µ, φ) = Rab[nab, µ, f(nab, µ)]Ia(τab, µ, φ) + Tba[nba, f(nab, µ), µ]Ib[τab,−f(nab, µ), φ],
(26)

for µ ∈ (0, 1] and φ ∈ [0, 2π]. This equation simply states that radiation traveling away from the
interface τab in medium a is made up of two parts, one that is due to reflection of the radiation
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traveling toward the interface τab in medium a and another that is due to transmission from
medium b to medium a. Just on the right of τab, we get

Ib(τab, µ, φ) = Rba[nba, µ, f(nba, µ)]Ib(τab,−µ, φ)+Tab[nab, f(nba, µ), µ]Ia[τab, f(nba, µ), φ], (27)

for µ ∈ (0, 1] and φ ∈ [0, 2π]. The interpretation of this equation is similar to that of Eq. (26):
radiation traveling away from the interface τab in medium b is made up of two parts, one that
is due to reflection of the radiation traveling toward the interface τab in medium b and another
that is due to transmission from medium a to medium b.

As done for the scalar case [26,28–30], we can now make use of the Heaviside function

H(x) =
{

1, x ≥ 0,
0, x < 0,

(28)

to write Eqs. (26) and (27) in a more explicit and compact way. We get

Ia(τab,−µ, φ) = X(nab, µ)Ia(τab, µ, φ) + Y(nab, µ)Ib[τab,−f(nab, µ), φ] (29a)

and
Ib(τab, µ, φ) = X(nba, µ)Ib(τab,−µ, φ) + Y(nba, µ)Ia[τab, f(nba, µ), φ], (29b)

for µ ∈ (0, 1] and φ ∈ [0, 2π], where

X(n, µ) =
{

G(n, µ), n ≤ 1,
G(n, µ)H[µ− µc(n)] + Γ(n, µ){1−H[µ− µc(n)]}, n ≥ 1,

(30a)

and

Y(n, µ) =
{

D(n, µ), n ≤ 1,
D(n, µ)H[µ− µc(n)], n ≥ 1.

(30b)

Here,
µc(n) = (1− 1/n2)1/2 (31)

is the cosine of the critical angle and the non-zero elements of the 4×4 matrices G(n, µ), Γ(n, µ),
and D(n, µ) are given by

G11(n, µ) = G22(n, µ) =
1
2

{[
µ− nf(n, µ)
µ+ nf(n, µ)

]2

+
[
nµ− f(n, µ)
nµ+ f(n, µ)

]2
}
, (32a)

G12(n, µ) = G21(n, µ) =
1
2

{[
µ− nf(n, µ)
µ+ nf(n, µ)

]2

−
[
nµ− f(n, µ)
nµ+ f(n, µ)

]2
}
, (32b)

G33(n, µ) = G44(n, µ) =
[
µ− nf(n, µ)
µ+ nf(n, µ)

] [
nµ− f(n, µ)
nµ+ f(n, µ)

]
, (32c)

Γ11(n, µ) = Γ22(n, µ) = 1, (33a)

Γ33(n, µ) = Γ44(n, µ) =
2(1− µ2)2

1− (1 + 1/n2)µ2
− 1, (33b)

Γ43(n, µ) = −Γ34(n, µ) =
2µ(1− µ2)[µ2

c(n)− µ2]1/2

1− (1 + 1/n2)µ2
, (33c)
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D11(n, µ) = D22(n, µ) = 2n3µf(n, µ)
{

1
[µ+ nf(n, µ)]2

+
1

[nµ+ f(n, µ)]2

}
, (34a)

D12(n, µ) = D21(n, µ) = 2n3µf(n, µ)
{

1
[µ+ nf(n, µ)]2

− 1
[nµ+ f(n, µ)]2

}
, (34b)

and

D33(n, µ) = D44(n, µ) =
4n3µf(n, µ)

[µ+ nf(n, µ)][nµ+ f(n, µ)]
. (34c)

It should be noted that the above 11 elements are in perfect agreement with the results [28,51]
for the scalar case, where polarization effects are neglected. Also, it can be shown that

lim
µ→µc(n)

G(n, µ) = lim
µ→µc(n)

Γ(n, µ) = I4, (35)

where I4 denotes the 4× 4 identity matrix. In addition, since

lim
n→1

f(n, µ) = µ, (36a)

lim
n→1

X(n, µ) = 0, (36b)

and
lim
n→1

Y(n, µ) = I4, (36c)

it is easy to see that Eqs. (29) reduce to the usual continuity conditions

Ia(τab,±µ, φ) = Ib(τab,±µ, φ), (37)

for µ ∈ (0, 1] and φ ∈ [0, 2π], when na = nb.

4.2 A Multilayer System

We now consider a medium composed of K dissimilar layers. In each layer, the radiation field
is described by Eq. (1), which we repeat here with a subscript k added, to indicate that the
equation applies to a specific layer k. We thus write, for k = 1, 2, . . . ,K,

µ
∂

∂τ
Ik(τ, µ, φ) + Ik(τ, µ, φ) =

$k

4π

∫ 1

−1

∫ 2π

0
Pk(µ, µ′, φ−φ′)Ik(τ, µ′, φ′) dµ′dφ′+Sk(τ, µ, φ), (38)

where τ ∈ (ak−1, ak), µ ∈ [−1, 1], and φ ∈ [0, 2π]. In our notation, a0 defines the location of
the surface of the first layer, a1, a2, . . . , aK−1 define the locations of the interfaces between the
layers, and aK is the location of the surface of the last layer. Note that to each layer we associate
an index of refraction nk.

With regard to the boundary (surface) condition for the first layer, we assume that a known
distribution of radiation given by a Stokes vector Ψ0(µ, φ) strikes the surface located at τ = a0,
coming from an external medium (τ < a0) characterized by an index of refraction n0. Adapting
the notation used in Subsec. 4.1 to our present situation and replacing the unknown Stokes
vector in the transmission term of Eq. (29b) by the known incident Stokes vector, we can write

I1(a0, µ, φ) = X(n1,0, µ)I1(a0,−µ, φ) + Y(n1,0, µ)Ψ0[f(n1,0, µ), φ], (39)
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for µ ∈ (0, 1] and φ ∈ [0, 2π]. In general, we define nk,k′ = nk/nk′ .

At each of the interfaces, we rewrite Eqs. (29a) and (29b) as

Ik(ak,−µ, φ) = X(nk,k+1, µ)Ik(ak, µ, φ) + Y(nk,k+1, µ)Ik+1[ak,−f(nk,k+1, µ), φ] (40a)

and

Ik+1(ak, µ, φ) = X(nk+1,k, µ)Ik+1(ak,−µ, φ) + Y(nk+1,k, µ)Ik[ak, f(nk+1,k, µ), φ], (40b)

for µ ∈ (0, 1], φ ∈ [0, 2π], and k = 1, 2, ...,K − 1.

Finally, with regard to the boundary (surface) condition for the last layer, we assume that a
known distribution of radiation given by a Stokes vector ΨK(µ, φ) strikes the surface located at
τ = aK , coming from an external medium (τ > aK) characterized by an index of refraction nK+1.
Similarly to what was done for the first layer, we can adapt the notation used in Subsec. 4.1 and
replace the unknown Stokes vector in the transmission term of Eq. (29a) by the known incident
Stokes vector, to obtain

IK(aK ,−µ) = X(nK,K+1, µ)IK(aK , µ) + Y(nK,K+1, µ)ΨK [f(nK,K+1, µ)], (41)

for µ ∈ (0, 1] and φ ∈ [0, 2π].

5. CONCLUSIONS

In this work, we have presented what we believe to be a careful derivation of the relations
between the reflected and transmitted Stokes vectors and the Stokes vector incident on an
interface between two dissimilar media. In particular, we have obtained a general form of
a transmission factor that is required to ensure conservation of energy and we have shown
that most of the discrepancies encountered in published works are due to the use of improper
forms of this factor. The new result obtained for the transmission factor helps to explain, in a
rigorous way, the phenomenon of total reflection that occurs for angles of incidence larger than
a critical angle, when the index of refraction of the medium of incidence is larger than that of
the medium of transmission. Finally, we have also derived in this work explicit and compact
forms of the Fresnel boundary and interface conditions appropriate to the study of polarized
radiation transport in a multilayer medium.
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