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ABSTRACT

In this paper we investigate different error estimation procedures for use within a goal-
oriented adaptive algorithm for the SN equations on unstructured meshes. The method
is based on a dual-weighted residual approach where an appropriate adjoint problem is
formulated and solved in order to obtain the importance of residual errors in the forward
problem on the specific goal of interest. The forward residuals and the adjoint function are
combined to obtain both economical finite element meshes tailored to the solution of the
target functional as well as providing error estimates. Various approximations made to make
the calculation of the adjoint angular flux more economically attractive are evaluated by
comparing the performance of the resulting adaptive algorithm and the quality of the error
estimators when applied to two shielding-type test problems.
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1. INTRODUCTION

Mesh adaptivity is aimed towards generating economical solutions to physical problems by locally
enriching a computational mesh where it is most effective. Refinement procedures are driven
by error indicators that approximate the local solution error in some way. Traditionally, such
refinement indicators are usually based on variations of the local solution expressed in e.g.
solution gradients, or the local interpolation error; (see e.g. [1]). These methods have been
found to be very suitable for optimizing the quality of the obtained solutions.

Often one is not interested in the error of the solution throughout the domain, but in estimating
a specific quantity of the solution with great accuracy. In traditional refinement, the refinement
is driven by the solution, irrespective of the target of interest. This is far from optimal as
areas may be refined that hardly have any bearing on the quantity of interest. In goal-oriented
refinement procedures, the target quantity of interest defined by the user plays a key role as
regions are refined that are characterized by a high importance on the target of choice. In such
a way economical meshes are produced tailored towards the efficient computation of the target.
The importance of various regions of the domain to the response of interest is quantified through
the solution of an adjoint or dual problem which is driven by the detector response function.
Goal-oriented refinement algorithms explicitly use the importance function as weight factors
during the refinement process to express this sensitivity.
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In previous work [2] we developed an adaptive algorithm based on the dual weighted approach
[3–6] where an adjoint equation is solved to properly include the importance of regional errors
on the requested target functional. Due to Galerkin orthogonality the solution of the adjoint
flux cannot be sought in the same space as the forward problem. We used the commonly applied
technique of using a quadratic solution for the adjoint angular flux. In the present paper we
investigate several less expensive alternatives and see to what extent the quality of the error
estimation is affected and whether an adaptive algorithm based on such approximate adjoints
is effective.

This paper is organized as follows. In section 2 we present the discretization used together
with the corresponding variational principle and the adjoint problem. Section 3 discusses the a
posteriori error estimation procedure and the various approximations used for computation of
the adjoint angular flux. In the subsequent section, the mesh refinement algorithm based on the
LEPP bisection procedure is explained briefly. In section 5 the various methods are applied to
a set of test cases to investigate their performance in comparison with the original method. We
focus on the accuracy of the error estimation and error bound and on the overall performance
of the adaptive algorithm. Finally, in section 6 we draw conclusions.

2. ANGULAR and SPATIAL DISCRETIZATION

We consider the single group steady state radiation transport equation describing the angular
flux with isotropic scattering on a two dimensional domain.

Ω · ∇φ(r,Ω) + Σφ(r,Ω) =
Σs

4π

∫
4π
φ(r,Ω)dΩ + S in V (1)

augmented with incoming prescribed fluxes or reflective conditions on the boundary ∂V

φ(r,Ω) = g, r ∈ ∂VD, Ω · n̂ < 0 (2)
φ(r,Ω) = φr = φ(r,Ωr), r ∈ ∂VR, Ω · n̂ < 0 (3)

The transport equation is discretized in angle by the SN method although other methods can
also be combined with the method laid out in this paper.

The domain is subdivided in a mesh Th = {κ} consisting of triangular elements κ. For each
element κ we denote by n̂κ the unit outward normal vector to the boundary ∂κ. The element
boundary is considered outgoing or ingoing depending on the direction of neutron travel Ωm,
i.e.

∂κ+ = {r ∈ ∂κ : Ωm · n̂κ > 0} (4)
∂κ− = {r ∈ ∂κ : Ωm · n̂κ < 0} (5)

The spatial discretization will be based on the discontinuous Galerkin method [7] which leads
to high-quality solutions of the radiation transport equation, especially in the presence of large
jumps in material properties. We seek solution in the finite element space Sh,p consisting of
piecewise continuous polynomial functions of degree p.

The variational form of the SN equations can be obtained by summation over all directions m
weighted with the quadrature weights. The DGFEM is then formulated to find φh ∈ Sh,p

B(φh, v) = l(v),∀v ∈ Sh,p (6)
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where

B(φ, v) =
∑

κ

∑
m

wm

{
−

∫
κ
φmΩm · ∇vmdr +

∫
κ
Σφmvmdr −

∫
κ

Σs

4π
Φvmdr

+
∫

∂κ+

(Ωm · n̂)φint
m vint

m dS +
∫

∂κ−\∂Ω
(Ωm · n̂)φext

m vint
m dS +

∫
∂κ−∩∂VR

(Ωm · n̂)φrv
int
m dS

}
(7)

and the linear form l(v)

l(v) =
∑

κ

∑
m

wm

{∫
κ
Smvmdr −

∫
∂κ−∩∂VD

(Ωm · n̂)gmv
int
m dS

}
(8)

We use linear and quadratic triangular elements where the directional flux, φm(r), is expanded
in the relevant elemental basis functions φm(r) =

∑P
i=1 φm,ihi(r) where P is the number of basis

functions to span the linear or quadratic function space (3 or 6 respectively). For the solution
of the discretized SN equations we employ source iteration on the scattering source combined
with a sweep algorithm [8].

3. A POSTERIORI ERROR ESTIMATION

We are interested in controlling the error, J(φ)− J(φh), resulting from inadequate spatial reso-
lution, in a target output functional J of physical interest. Such a target may represent a point
value, an average or more generally, some linear functional of the angular neutron flux. The
target functional occuring most often in reactor physics is the observed count rate of a detector

J(φ) =
∫

V

∫
4π

Σdet(r)φ(r,Ω)dΩdr (9)

Here Σdet(r) is the detector response function (considered a function of space only here). A
second functional response of practical interest is the particle current passing through a surface,
i.e.

J(φ) =
∫

Sd

∫
Ω·n̂>0

ψ(r)(Ω · n̂)φ(r,Ω)dΩdS (10)

Here too, ψ(r) is a weight factor that might be needed to define the proper response of interest.
Other functional responses can be defined but are less frequently used in practice.

3.1 Dual Weighted Residual Approach

The error estimation is based on a duality argument using the general approach developed by
Rannacher and coworkers (see [3, 4]). The procedure starts by defining the following dual or
adjoint problem: find φ∗ ∈ V such that

B(w,φ∗) = J(w),∀w ∈ V (11)

where V is some suitably chosen space such that Sh,p ⊂ V . The dual problem can also be
obtained by directly applying the DG formalism to the continuous adjoint equation with the
appropriate right hand side, and boundary conditions, i.e.

−Ω · ∇φ∗(r,Ω) + Σφ∗(r,Ω) =
Σs

4π

∫
4π
φ∗(r,Ω)dΩ + S∗ (12)
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One then obtains

B∗(φ∗, w) = l∗(w),∀w ∈ V (13)

with B∗(φ∗, w) = B(w,φ∗) and J(w) = l∗(w), i.e. the problems are identical. Depending on the
quantity of interest, different adjoint sources and boundary conditions are needed.

The adjoint source and boundary conditions corresponding to the volumetric detector response
are

S∗(r) = Σdet(r) (14)
φ∗(r,Ω) = 0 for r ∈ ∂VD,Ω · n̂ > 0 (15)

For the purpose of estimating the surface current as detector response, the adjoint source and
boundary conditions must be set to

S∗(r) = 0 (16)
φ∗(r,Ω) = ψ(r) for r ∈ ∂VD,Ω · n̂ > 0 (17)

Using Galerkin orthogonality and the definition of the adjoint problem, the error in the computed
response functional ΔJ = J(φ)−J(φh), can now be expressed in terms of the computed solution
φh and the difference of the exact adjoint solution, φ∗ and its projection on Sh,p, i.e. φ∗h

ΔJ = J(φ− φh) = l(φ∗ − φ∗h) −B(φh, φ
∗ − φ∗h) (18)

The volumetric and surface integrals can be expanded and one obtains an expression containing
residuals of the forward problem weighted with the adjoint flux.

ΔJ = J(φ) − J(φh) =
∑

κ

ηκ (19)

where the elemental contributions, ηκ are

ηκ =
∑
m

wm

{∫
κ
Rh(φ∗ − φ∗h)dr +

∫
∂κ−\∂Ω

(Ωm · n̂)rh(φ∗ − φ∗h)intdS

+
∫

∂κ−∩∂VD

(Ωm · n̂)rh,D(φ∗ − φ∗h)intdS +
∫

∂κ−∩∂VR

(Ωm · n̂)rh,R(φ∗ − φ∗h)intdS

}
(20)

Here, Rh and various r factors denote the internal residual and element boundary flux jumps
corresponding to internal boundaries, Dirichlet boundaries and relective boundaries:

Rh = (Sm +
Σs

4π
Φ − Ωm · ∇φm − Σφm) (21)

rh = φint
m − φext

m (22)
rh,D = φint

m − gm (23)
rh,R = φint

m − φr
m (24)

Straightforward application of the triangle inequality directly leads to on a posteriori error
bound in the functional.

|J(φ) − J(φh)| ≤
∑

κ

|ηκ| (25)

The essence of the error estimator (eq. 19) is that the residuals of the forward problem are
weighted with an appropriate adjoint function (error) expressing the contribution such residuals
make to the goal functional of interest. Elements with a large contribution to the error are
subsequently designated for spatial refinement.
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3.2 Approximation of the Adjoint Flux

To make the error estimate and error bound a posteriori we need to approximate φ∗ in some
way. Due to Galerkin orthogonality the adjoint function can not be calculated in the same space
as the forward problem as the error estimation would return zero. In practice there are various
choices to compute a numerical approximation ([4, 6]). In general, for implementation reasons,
the adjoint solution is computed on the same mesh as the forward problem; a procedure we also
follow here.

3.2.1 Method 1: Full quadratic approximation

Lathouwers [2] approximates the adjoint solution by computing the adjoint flux solution, φ∗, on
the same mesh as the forward problem but by increasing the polynomial order of the elements
to quadratic. The method is straightforward to implement but has considerable cost associated
with it. Note that the adjoint angular flux φ∗h can be easily computed by a Galerkin projection
of the more accurate adjoint flux φ∗ to linear space:

AT Mp=2Aφp=1
m = AT Mp=2φ∗

m (26)

Here A is the operator that maps basis functions from p = 1 to p = 2 and Mp=2 is the mass
matrix for the quadratic element. The elemental contribution to the error representation (eq.
19) is then readily computed. Previous work indicated the full quadratic solution to perform
very well, leading to asymptotically correct error estimators and sharp error bounds.

3.2.2 Method 2: Elementwise quadratic approximation

A much less computationally intensive method is formed by using a piecewise linear approxi-
mation for the adjoint flux (which is itself useless for error estimation) which is then used as
starting point for an elementwise quadratic solution. Here, the streaming terms in the transport
equations are evaluated using the linear solution and thereafter frozen. Due to this freezing the
elements become spatially decoupled (Jacobi-like) and can be solved element by element.

3.2.3 Method 3: Sweeping

A slight improvement to the previous method is to use the most up to date quadratic flux
approximation in the streaming terms whenever they are available (Gauss-Seidel like). The cost
is similar to that of Method 2. This method can be extended to any number of sweeps (results
indicate 2 sweeps to already approximate to great extent the full quadratic approximation).
Note that no acceleration is applied.

4. ADAPTIVE MESH REFINEMENT

In this section we consider the design of an adaptive algorithm to ensure the efficient calculation
of a given target functional J of practical interest. The mesh refinement procedure in this work
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is based on the Lepp-bisection algorithm of Rivara ([9], [10]) where triangular elements are
bisected along their longest edge ensuring a quality triangulation. We use the so-called Lepp
implementation which is based on repeated construction of the so-called Long Edge Propagation
Path for an element marked for refinement and the subsequent long edge divison of the pair of
triangles tn−1 and tn (or only tn when the LEPP ends on the boundary) until the initial element
has been bisected. The advantage of the LEPP algorithm compared to traditional long-edge
bisection is that the mesh stays conforming throughout the refinement procedure and is therefore
easier to implement. More details can be found in the original references.

The complete adaptive mesh refinement algorithm is

1. Construct an initial mesh Th.

2. Compute the forward flux φh on Th with polynomial order p = 1.

3. Automatically construct the adjoint problem and compute the adjoint flux φ∗h on Th with
polynomial order p = 2.

4. Evaluate the approximate a posteriori error bound
∑

κ |ηκ|.

5. If
∑

κ |ηκ|/J(φh) ≤ TOL then STOP.

6. Otherwise, mark a fixed fraction (40%) of the total number of elements in the mesh for
refinement according to the magnitude of |ηκ| and generate a new mesh Th using the Lepp
bisection algorithm. GOTO step 2.

5. NUMERICAL TESTS

The performance of the various error estimators obtained from various adjoint flux approxima-
tions is evaluated by applying the adaptive algorithm to two shielding-type problems. We assess
the effectiveness of the error estimator and error bound corresponding to the different approxi-
mations of the adjoint function with the help of effectiveness parameters, θ1 and θ2, defined as
the ratio with the true error.

material Σ[cm−1] Σs[cm−1] S[cm−3s−1]
I 1.0 0.5 1
II 0.1 0.01 0
III 0.3 0.1 0
IV 0.3 0.1 0

Table I: Cross section data and isotropic source strength for various regions in shielding prob-
lem 1.

θ1 =
∑

κ ηκ

J(φ) − J(φh)
(27)

and

θ2 =
∑

κ |ηκ|
|J(φ) − J(φh)| (28)
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Figure 1: Geometry of shielding problem 1 with an isotropic source in region I and a volumetric
detector response in region III (left). Forward and adjoint scalar fluxes are shown in the middle
and right plots respectively.

We also evaluate the effectiveness of the adaptive algorithm by comparing the true error as
function of the number of elements in the problem to that obtained from uniform refinement.
Note that the forward and adjoint problems contain no iteration errors in order to evaluate
the error estimator and bound unambiguously. All test cases were performed with an S4 level
symmetric quadrature set.

5.1 Problem 1

The first problem is the simplified steel-water shielding problem [11]. The geometry is shown
in Figure 1 and the material data are listed in Table I. The detector response considered is the
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Figure 2: Effectivity indices θ1 and θ2 for a detector response in region III in shielding problem 1.

volume integrated flux in region III. The forward and adjoint solutions (see Figure 1) indicate
that the forward solution is almost constant in the source region and outside it drops off quickly
due to absorption. Similarly the adjoint solution is high in the detector region and decreases
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strongly outside of it. The initial mesh consists of a regular triangular mesh containing 200
elements.

In Figure 2 the effectiveness indicator θ1 is shown for various adjoint flux choices used to compute
the error estimate. On the coarsest meshes all methods are unreliable due to underresolution
of the physics. The full quadratic adjoint flux solution asymptotically tends to unity and is a
reliable error estimate that could potentially be used to obtain better estimates of the target
quantity. The Jacobi method utilizing only a local decoupled solve systematically underestimates
the error by around a factor 2. The single-sweep Gauss-Seidel method performs much better
and appears to asympotically approach a value near unity at similar cost to the Jacobi method.
Performing two sweeps leads to almost the same result as the full quadratic solution.

Indicator θ2 shows a similar behavior with the simpler methods leading to lower error bounds.
In fact the prediction no longer bounds the error and can not be used as stop criterion without
adding a safety margin. To investigate the overall performance of the adaptive algorithm we
compare the true error in the target quantity obtained with the adaptive algorithm and compare
it to uniform refinement. The results are shown in Figure 3 and show that adaptive refinement
is superior to uniform refinement. An important conclusion is that the specific choice made in
calculating the adjoint flux does not appear to affect the performance of the adaptive algorithm
very much. Note that around one order magnitude less elements are required to obtain similar
accuracy when compared to uniform refinement. In Figure 4 the meshes are shown that are
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Figure 3: Error in detector response as a function of the number of elements for the adaptive
and uniform refinement in problem 1.

used in step 11 of the adaptive algorithm for both the full quadratic adjoint solution and the
Jacobi based method. The meshes exhibit very similar refinement patterns. This is also the case
for the methods involving Gauss-Seidel sweeps (not shown). Refinement is most strong in the
outside part of the source, region II, and the inner part of region III, i.e. the route particles take
from source towards region III. Other parts of the domain contribute little to errors in the target
functional due to either a low flux and/or a low importance. Traditional refinement would have
refined the area around the source which is not necessarily beneficial for accurate calculation of
the target response.
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Figure 4: Meshes used in step 11 of the adaptive algorithm for problem 1 for the full quadratic
solution (left) and the Jacobi method (right).

5.2 Problem 2

The second geometry is that of a localized source partially shielded by a localized absorber
similar to the one used by [12] The geometry and boundary conditions are shown in Figure 5
and the material properties listed in Table II. The detector response is the outward directed

material Σ[cm−1] Σs[cm−1] S[cm−3s−1]
I 1.0 0.99 1
II 1.0 0.9 0
III 1.0 0.1 0

Table II: Cross section data and isotropic source strength for various regions in shielding prob-
lem 2.

current through the top face 9 < x < 11. The forward flux is high in and around the source
but quickly decreases in the outer regions leading to large differences in flux levels. Due to
the choice of boundary conditions and the resulting low flux levels this is a challenging case
for the adaptivity algorithm. The adjoint solution has similar variation. The initial mesh is
a regular triangular mesh containing 800 elements. In figure 6 the effectiveness indicator θ1
is shown for various adjoint flux approximations used to compute the error estimate. Again
the full quadratic solution has an asymptotically correct error estimate. Consistent with the
first problem the estimator based on the Jacobi-type adjoint flux underestimates the error. The
Gauss-Seidel based methods are close to the full quadratic solution case. This, together with the
fact that the sweep is unaccelerated and that source convergence for this case is not particularly
quick seems to indicate that this result might be fairly general and that the effectivity of single
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Figure 5: Geometry of shielding problem 2 with source region I, a local aborber region III
imbedded in bulk material II with volumetric detector at top right and outgoing current detector
at the top.

sweep Gauss-Seidel approach might be good for problems having high scatter-ratios as well.

The effectivity index θ2 is now much larger which is atributed to a loss of inter-element can-
cellation of the magnitude of the local error estimators when the triangle quantity is employed.
Indicator θ2 is also strongly underestimated in the Jacobi-based adjoint but very close to the
full quadratic for the other choices. It, however, still represents a bound on the error in this
problem.

The efficiency in terms of finite elements used is shown in Figure 7. The adaptive algorithm
displays around a factor of 6 reduction in elements required compared to uniform meshes de-
pending on the accuracy requested. The rate of convergence appears asymptotically similar to
that obtained for uniform refinement. Again the specific choice made in calculating the adjoint
flux does not appear to affect the performance of the adaptive algorithm very much. The meshes
obtained by the various methods are very similar. An example mesh is shown in Figure 7. One
can recognize the characteristic directions of the SN algorithm along which the refinements take
place (see also [13]).

6. CONCLUSIONS

We have developed a goal-oriented mesh adaptive algorithm for the SN equations on unstruc-
tured meshes. The method is based on the dual weighted residual approach where an adjoint
function is used to weigh the residuals. The adjoint function expresses the importance of errors
to the specific goal of interest and the adaptive approach proceeds by enriching the mesh in
regions where the combination of the residuals and the importance is high. The base method
uses a full quadratic solution for the importance on the elements. To make application of the
method cheaper, several approximations have been discussed in this paper to achieve a reason-
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Figure 6: Effectivity indices θ1 and θ2 for a detector response in region III in shielding problem 2.

ably accurate adjoint but at reduced cost. Numerical test on two shielding problems indicate
that the error estimate is no longer asymptotically correct (although close for some methods).
The error bound is also affected and proves to no longer bound the actual error in some cases.
One might still use the bound as stop criterion by including a safety factor. The adaptive al-
gorithm however performs very well with all of the approximations used for the adjoint flux.
The efficiency seems unaffected and the meshes are similar. Note that regardless of the adjoint
flux approximation used, the error estimator does retain its full angular dependence which is
expected to be important in shielding applications. Further work will focus on multigroup and
three-dimensional extension of the present appraoch.
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