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Abstract 

To identify the effect of microstructural parameters on the viscoplastic behaviour 
of nuclear fuels, micromechanical (also called homogenisation) approaches are 
used. These approaches aim at deriving effective properties of heterogeneous 
material from the properties of their constituents. They stand on full-field 
computations of representative volume elements of microstructures as well as on 
mean-field semi-analytical models. For light water reactor fuels, these approaches 
have been applied to the modelling of the effect of two microstructural parameters: 
the porosity effects on the thermal creep of dioxide uranium fuels (transient 
conditions of irradiation) as well as the plutonium content effect on the 
viscoplastic behaviour (nominal conditions of irradiations) of mixed oxide fuels 
(MOX). 

Introduction 

To assess the structural integrity of fuel elements, finite element computations are most of 
the time needed. These finite element computations require modelling the fuel element 
geometry, the loading imposed on its boundary as well as permanent strains 
occurring during the irradiation (thermals strains, irradiation-induced swelling, etc.). In 
addition, the mechanical behaviours of the materials constituting the fuel elements 
have also to be known. For many structural components, elastic properties (Young 
modulus and Poisson ratio) as well as limit criteria (plastic stress or/and toughness) are 
often sufficient to assess the integrity of the considered component. Unfortunately, due 
to the high temperature experienced by the fuel element, the mechanical study takes 
the longest to know the mechanical behaviour of its constituents in the viscoplastic 
range. The viscoplastic range corresponds to the occurrence of inelastic strains called 
viscoplastic strain. A viscoplastic model allows computing these strains as a function of 
time, temperature and stress. These 
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viscoplastic models are generally derived from experimental tests like uni-axial creep tests 
or displacement controlled tests [1]. For instance, the steady-creep regime is often 
modelled by a power law relation between the viscoplastic uni-axial strain rate and the 
applied stress.  

More recently, deductive approaches have been developed to represent the effect of 
microstructural parameters in mechanical models, for instance, porosity, grain orientation, 
and plutonium distribution (in mixed oxide fuels) are microstructural parameters 
considered hereafter. These deductive models are based on micromechanical approaches 
(also called homogenisation) which are shortly described in the first parts of this chapter. 
The second part is devoted to examples of application of such methods to nuclear fuels. 

A short review of micromechanical approaches 

Hereafter we consider a heterogeneous material whose heterogeneities are small 
compared with the dimension of a representative volume element (RVE) for which the 
mechanical model has to be established (scale separation). This is the case of cavities in 
UO2 fuels: for usual fuels, voids length never exceeds the size of the grains while the 
dimensions of the RVE are about ten times larger. In the same way, for usual MOX fuels, 
we observe a heterogeneous distribution of plutonium: agglomerates length must stay 
above the characteristic length of the RVE.  

To derive the macroscopic mechanical behaviour of the RVE, homogeneous stress or 
strain boundary conditions are classically imposed on the RVE boundary. The strain and 
stress-field solutions of this well-posed boundary value problem have to be chosen 
consistently with these boundary conditions. For such boundary conditions, the volume 
averages of the strain (stress) field equals to the macroscopic strain (stress) tensor applied 
at its boundary: 

( ) ( )∫∫ == dVx
V

anddVx
V

σσεε 11  

V denotes the volume of the RVE. More details on the foundations of 
micromechanics can be found in [2]. 

Several micromechanical approaches are commonly used: 

• full-field approaches consist in modelling a representative microstructure of the 
material and to solve numerically the boundary value problem described previously; 

• mean-field approaches are based on analytic (or semi-analytic) solutions of an 
elementary problem modelling a simplified heterogeneity in an infinite medium; 

• transformation-field analyses approaches use a decomposition of the microscopic 
anelastic strain-field on a finite set of transformation fields. 

Full-field approaches 
Full-field approaches consist in modelling a representative microstructure of the material 
and solving numerically the boundary value problem described previously. Apart from 
periodic microstructures encountered in some specific situations, general microstructures 
are disordered with two limit situations: 
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• Matrix-inclusions microstructures: one of the phases is geometrically continuous 
throughout the RVE (the matrix) and embeds inclusions. UO2 fuel can be 
considered as a continuous UO2 matrix containing voids (porosity), and MOX fuel 
can be as well considered as a continuous (U-Pu)O2 matrix containing UO2 and (U-
Pu)O2 inclusions. In that situation, tri-dimensional microstructures are modelled by 
positioning randomly inclusion centres in the matrix (see the random sequential 
adsorption algorithm (RSA) described in [3]).  

• Polycrystalline microstructures: the heterogeneous material is made of a very high 
number of phases, no phase playing any prominent morphological role. In that 
situation, grains are generated thanks to a Voronoi mosaic [4]. 

The next stage consists in meshing the model of RVE and solving the associated 
boundary value problem. For instance, if the mechanical behaviour is linearly elastic at 
each point of the RVE: 

( ) ( ) ( )xxxVx kk
r

ij
r

ij
r ελεµσ +=∈ 2,     (1) 

(summation on repeated indices). This relation corresponds to an isotropic behavior 
depending on the Lamé coefficients ( )rr λµ ,  for each phase (r). The effective properties of 
the RVE are determined by its effective strain energy function: 

( ) ( ) ( ) 
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εσε
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11     (2) 

where K denotes a set of kinematically admissible strain field with the macroscopic 
strain ε . 

For periodic boundary conditions, a resolution based on the Fast Fourier Transform 
(FFT) can also be used [5,6] for matrix-inclusions and polycrystalline microstructures, 
respectively). Main advantage of this method as compared to finite element resolution 
relies on the fact that it avoids the meshing of the microstructure. 

Mean-field approaches 
When the different phases constituting the RVE of the considered heterogeneous material 
obey to a linear elastic behaviour (for instance relation (1) in the isotropic case), bounds as 
well as estimates of the effective behaviour are available. Various estimates have been 
derived from the solution of the Eshelby’s problem [22] considering an elliptic inclusion 
submitted to an uniform strain free stress ε0 and embedded in an infinite medium (see 
Figure 1). The Mori-Tanaka estimates [8], well suited to matrix-inclusions microstructures, 
are derived by considering that each phase is surrounded by an infinite medium whose 
elastic behaviour is the matrix one. The self-consistent estimates [7], well suited to 
polycrystalline microstructures, are derived by considering that each phase (elastic 
modulus p

i niL ≤≤1, ) is surrounded by an infinite medium whose elastic behaviour is the 
effective one ( L~  ). 
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Figure 1. Estimates and bounds of the effective properties of the heterogeneous  
material derived by the use of Eshelby’s solution 

 

 

Bounds for the effective elastic modulus (or the effective compliance) can also be 
derived by considering the minimum potential energy theorem (respectively the 
complementary energy theorem). The sharpness of these bounds depends on the 
knowledge of the spatial distribution of the phases: 

• Voigt and Reuss bounds are the bounds available if only the volume fractions of 
each phase are known. Voigt bound can be easily deduced from relation (2) by 
considering the kinematically admissible uniform strain field: ( ) εε =∈∀ xVx , . This 
yields the well-known mixture laws on the effective shear and bulk modulus. 

• Hashin-Shtrikman type bounds [23] are available when the spatial distribution of 
the phases is isotropic [9] (for an ellipsoidal distribution of phases) and correspond 
to Mori-Tanaka estimates in particular situations. 

Closed-form expressions of bounds and estimates are given in [2]. Additional methods 
used to derive bounds and estimates are also depicted in this paper. 

When phases obey a linear viscoelastic behaviour, the total strain field can be 
decomposed as an elastic and a viscous field: 

( ) ( ) ( )xxxVx ve εεε +=∈ , . 

The deviatoric parts of the strain (e) - stress (s) relation is linear, for instance: 

( ) ( ) ( )txstxstxeVx
ve

,
2

1,
2

1,,
µµ

+=∈      (3) 

The constitutive law (3) corresponds to a Maxwellian behaviour, representative of 
situations encountered for nuclear fuels (nominal irradiation conditions). The classical 
method to solve such a problem (the so-called Lee-Mandel correspondence principle) 
leads to a fictitious elastic problem in the Laplace-Carson domain: 
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the Laplace-Carson of a given time function is given by: ( )∫
+∞ −=

0
)(ˆ dtetfppf pt . Usual 

homogenisation methods can then be applied to estimate the Laplace-Carson transform 
of the effective creep or relaxation functions. The time-responses are then deduced by the 
inversion of the Laplace-Carson transform. For instance, the deviatoric part of the 
macroscopic stress-strain relation (isotropic effective behaviour) is given by the following 
integral relation (Stieljes convolution product): 

( ) ( )∫ −=
t

duueutts
0

)(~ µ ,     (4) 

where ( )tµ~  is given by the inversion of its Laplace-Carson transform. In general, this 
inversion is performed numerically with a collocation method which consists in 
approximating the original functions as a sum of exponentials.  

Extension to nonlinear behaviours remains a field of intensive researches [10], 
dedicated to the effective behaviour of viscoplastic polycrystals. In that situation, the 
strain-stress relation is nonlinear, for instance: 

( ) ( ) ( ) ( )txsKtxstxeVx n
eq

e
,

2
3,

2
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µ

 , 

the viscoplastic part of the strain being a power law function of the stress. The case of 
porous material is of particular interest for nuclear fuels. In this last situation, the so-called 
elliptic potential [11] has been proved to be very efficient to predict the effect of the 
porosity on the steady creep of viscous materials obeying to a power law steady-creep 
behaviour. If the steady creep at nil porosity reads: 

n
eqeqvp Kσε =)(

  

the (macroscopic) viscoplastic strain of the porous material is derived from a 
macroscopic dissipation potential: 
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TdKnKf σσσ f denotes the porosity. 

Transformation-field approaches 
Transformation-field analysis [12] approximates local heterogeneous fields by piecewise 
uniform transformation fields εk

vp: 

∑
=

=
m

k

vp
kkvp txtx

1
)()(),( εχε  

where m is the number of subdomains and χk  the characteristic function of the 
subdomain (equal to one in the subdomain, and zero outer), and εk

vp are internal tensorial 
variables.  
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The need for a finer subdivision of the phases stems from the intrinsic nonuniformity 
of the plastic strain field which can be highly heterogeneous even within a single material 
phase. To reproduce accurately the actual effective behaviour of the composite, it is 
important to capture correctly the heterogeneity of the viscoplastic strain field. This 
observation has motivated the method called nonuniform transformation-field analysis, 
proposed in [13], where the viscoplastic strain decomposition lay on plastic modes μk, 
which are nonuniform (not even piecewise uniform). These modes are identified 
numerically or analytically, along monotone loading paths in the space of macroscopic 
stresses corresponding to uniaxial tension and pure shear.  

∑
=

=
M

k

vp
kkvp

txtx
1

)()(),( εµε  

Where M is the number of plastic modes, μk(x) are tensorial plastic modes 
(viscoplastic strain field), and εk

vp are internal scalar variables.   

Application to the fuel mechanical behaviour 

For light water reactor fuels, we report here recent advances to derive the effective 
properties of two microstructural parameters: the porosity in uranium dioxide fuels as well 
as the plutonium content distribution in mixed oxide fuels. 

Porosity effects on the steady creep of UO2 fuels 
Starting from the elliptic potential (see Section ”Mean-field approaches”), Monerie and 
Gatt [14] have proposed the following viscoplastic dissipation potential well adapted to 
UO2 fuel: 

( ) ( ) ( )2211 ,;,,;,)1(, nKfnKff σσσ ΨΘ+ΨΘ−=Ψ  

with Θ  a function of the stress and temperature. ( )11, nK  are material coefficients 
corresponding to low values of temperature and stress ( 0=Θ ) while ( )22 , nK  
corresponds to high values of temperature and stress ( 1=Θ ). If the pores are submitted to 
an internal pressure intp  (elaboration process, gaseous fission product), the hydrostatic 
stress have to be shifted to intpm +σ  in this last expression. 

More recently, improvements of this modelling have been proposed in two 
complementary directions: 

• a mean-field approach has been developed to represent the effect of two 
populations of voids of different sizes (see Figure 2a and [15,16]; 

• full-field simulations of UO2 polycrystals have been achieved to represent the effect 
of crystal misorientations on the intergranular stress-field throughout a RVE (see 
Figure 2b and [17].  
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Figure 2a. Two populations of voids of different sizes 

 

Figure 2b. Stress field occurring in a UO2 polycrystal 

 

Mixed oxide fuels 
Mixed oxide fuels display matrix-inclusions type microstructures whose behaviour in 
nominal conditions can be modelled as a linear viscoelastic one, the viscous strain in each 
phase depending linearly on the stress. In addition, this viscoelastic behaviour is ageing 
due to the temperature and irradiation dependencies of the creep. To derive effective 
properties in that particular situation, the classically used integral formulation of the 
effective behaviour (see relation (4)) is far less convenient than internal variables 
formulations with respect to computational aspects as well as theoretical extensions to 
ageing viscoelasticity. Recent works [18] have proposed to take advantage of the usual 
Prony series expansion of the effective properties to reduce the integral formulation to an 
equivalent internal variables formulation. Such formulation can lead to exact results for 
some particular situations as the ones studied for mixed oxide fuels considered as a two-
phase [18] or three-phase [19] heterogeneous material. Direct extension to ageing 
viscoelastic behaviour is done by the use of an incremental formulation. 

In parallel, full-field approaches have also been developed to compare mean-field 
approximated solutions to reference solutions (see Figure 3) while developments of an 
alternative approach based on these full-field simulation are in progress [20]. 
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Figure 3a. Simulated microstructures of MOX fuels: Spatial repartition of the matrix (three phases) [21] 

 

 

Figure 3b. Average equivalent stress in MOX phases obtained by full-field simulations (“FE 
model”), NTFA method and mean-field approach (“analytic model”) 

 

 

Conclusions 

Through this chapter, mean-field and full-field approaches used to derive the overall 
viscoplastic behaviour of nuclear fuels have been shortly presented. Examples reported here 
are limited to light water reactor fuels but it should be noted that HTR fuels [21] and metallic 
uranium [24] have also been studied with such methodology. 

References 

[1] Gatt, J.M., JC Menard (2007), “Overall viscoplastic behaviour of uranium dioxide”, 
SMIRT 19 Div C, Toronto,Canada. 

334 
 



NEA/NSC/R(2015)5 

[2] Zaoui, A. (2002), “Continuum micromechanics: Survey”, Journal of Engineering 
Mechanics, pp. 808-816. 

[3] Rintoul, M.-D., S. Torquato (1997), “Reconstruction of the structure of dispersions”, 
Journal of Colloid and Interface Science 186.467-476. 

[4] Barbe, F., L. Decker, D. Jeulin, G. Cailletaud (2001), “Intergranular and 
intragranular behavior of polycrystalline aggregate -Part 1: F.E. Model”, International 
Journal of Plasticity, 17, 513-136. 

[5] Moulinec, H., P. Suquet (1998), “A numerical method for computing the overall 
response of nonlinear composites with complex microstructures”, Computer Methods 
in Applied Mechanics and Engineering, 157, 69-94. 

[6] Lebensohn, R. (2001), “N-site modelling of a 3D viscoplastic polycrystal using Fast 
Fourier Transform”, Acta Metallurgica et Materialia 49, 2723-2732. 

[7] Kröner, E. (1958), “Berechnung der elastischen Konstanten des Vielkristalls aus den 
konstaten des Einkristalls”, Zeitschrift fur Physik, 151, 504-518. 

[8] Mori, T., K. Tanaka (1973), “Average stress in the matrix and average elastic energy 
of materials with misfitting inclusions”, Acta Metallurgica, 21, 571-574. 

[9] Willis, J.R. (1977), “Bounds and self-consistent estimates for the overall properties 
of anisotropic media”, Journal of the Mechanics and Physics of Solids 25, 185-202. 

[10] Lebensohn, R., C.N. Tomé, P. Castañeda (2007), “Self-consistent modelling of the 
mechanical behaviour of viscoplastic polycrystals incorporating intragranular field 
fluctuation”, Philosophical Magazine, 87, 28, 4287-4322. 

[11] Michel, JC., P. Suquet (1992), “The constitutive law of nonlinear viscous and porous 
materials”, Journal of the Mechanics and Physics of Solids 40, 783-812. 

[12] Dvorak, G.J. (1992), “Transformation field analysis of inelastic composite materials”, 
Proceedings of the Royal Society of London A, 437:311-327. 

[13] Michel, JC., P. Suquet (2003), “Nonuniform transformation field analysis”, 
International Journal of Solids and Structures 40, 6937-6955. 

[14] Monerie, Y., J.M. Gatt (2006), “Overall viscoplastic behavior of non-irradiated 
porous nuclear ceramics”, Mechanics of Materials 38, Issue 7, 608-619. 

[15] Julien, J., M. Garajeu, JC. Michel (2011), “A semi-analytical model for the behavior 
of saturated viscoplastic materials containing two populations of voids of different 
sizes”, International Journal of Solids and Structures 48, Issue 10, 1485-1498. 

[16] Vincent, P.G., Y. Monerie, P. Suquet (2009), “Porous materials with two 
populations of voids under internal pressure: I. Instantaneous constitutive relations”, 
International Journal of Solids and Structures 46, 480-506. 

[17] Pacull, J., B. Michel, O. Debordes (2010), “Polycrystalline aggregate model for the 
behavior of oxide fuels”, IV European Conference on Computational Mechanics (Solides, 
Structures and Coupled Problems in Engineering), Paris, France. 

335 
 



NEA/NSC/R(2015)5 

[18] Ricaud, JM., R. Masson (2009), “Effective properties of linear viscoelastic 
heterogeneous media: internal variables formulation and extension to ageing 
behaviours”, International Journal of Solids and Structures 46, 1599-1606. 

[19] Blanc, V., L. Barbie, R. Largenton, R. Masson (2011), “Homogenization of linear 
viscoelastic three phase media: internal variable formulation versus full-field 
computation”, International Congress on the mechanical behavior of Materials, Côme, Italie. 

[20] Largenton, R., JC. Michel, P. Suquet, R. Masson (2011), “Modélisation du 
comportement effectif du combustible MOX par une analyse micromécanique en 
champs de transformation non uniformes”, CSMA, 10e Colloque National en Calcul des 
Structures, Presqu’île de Giens, France. 

[21] Blanc V. et al. (2008), “Coated particle fuel modelling by multiscale approach”, ANS 
2008: American Nuclear Society (ANS) Annual Meeting, Anaheim, Etats-Unis. 

[22] Eshelby, J.D. (1957), “The determination of the elastic field of an ellipsoidal 
inclusion, and related problems”, Proceedings of the Royal Society of London A: 
Mathematical, Physical and Engineering Sciences 241, 1226, 376-396. 

[23] Hashin, Z., S. Shtrikman (1963), “A variational approach to the theory of the elastic 
behaviour of multiphase materials”, Journal of the Mechanics and Physics of Solids, 11(2), 
127-140. 

[24] McCabe, R.J. et al. (2010), “Deformation of wrought uranium: Experiments and 
modelling”, Acta Materialia, 58(16), 5447-5459. 

 

336 
 




